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CLASSES OF HYPERSURFACES
WITH VANISHING LAPLACE INVARIANTS

CARLOS M. C. RIVEROS AND ARMANDO M. V. CORRO

ABSTRACT. Consider a hypersurface M™ in R*t! with n distinct princi-
pal curvatures, parametrized by lines of curvature with vanishing Laplace
invariants.

(1) If the lines of curvature are planar, then there are no such hyper-
surfaces for n > 4, and for n = 3, they are, up to Md&bius transformations,
Dupin hypersurfaces with constant Mdbius curvature.

(2) If the principal curvatures are given by a sum of functions of sepa-
rated variables, there are no such hypersurfaces for n > 4, and for n = 3,
they are, up to Mobius transformations, Dupin hypersurfaces with con-
stant Md&bius curvature.

1. Introduction

A hypersurface M is said to be Dupin if each principal curvature is constant
along its corresponding surface of curvature. The Dupin hypersurface M is
said to be proper if the number ¢ of distinct principal curvatures is constant
on M. The class of Dupin hypersurfaces is invariant under Lie transformations
[9]. Therefore, the classification of Dupin hypersurfaces is considered up to
these transformations. The local classification of Dupin surfaces in R? is well
known. Pinkall [8] gave a complete classification up to Lie equivalence for
Dupin hypersurfaces M3 C R*, with three distinct principal curvatures.

Pinkall [7] proved that proper Dupin hypersurfaces M"™ with g > 3 that
are Lie equivalent to isoparametric hypersurfaces cannot be parametrized by
lines of curvature. Niebergall [5, 6] and more recently Cecil and Jensen [1]
studied proper Dupin hypersurfaces with four distinct principal curvatures and
constant Lie curvature (see [4]). Riveros, Rodrigues and Tenenblat [11] studied
a class of proper Dupin hypersurfaces M™ in R**! parametrized by lines of
curvature, with n distinct principal curvatures and constant Mobius curvature.
They then showed that for n > 3 the principal curvatures of such hypersurfaces
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are functions of separated variables and for n > 4 proper Dupin hypersurfaces
M™ in R"*! with n distinct principal curvatures and constant Mébius curvature
cannot be parametrized by lines of curvature.

A known result is that in a proper Dupin hypersurface the lines of cur-
vature are circles or straight lines, in both cases the lines of curvature are
planar. In this paper, we ask if there exist other hypersurfaces that cannot
be parametrized by lines of curvature (aside from the afore-mentioned proper
Dupin hypersurfaces M™ in R"*! with n distinct principal curvatures and
constant Mobius curvature and those that are Lie equivalent to isoparametric
hypersurfaces). The study of the class of hypersurfaces whose lines of curva-
ture are planar and the class of hypersurfaces whose principal curvatures are
functions of separated variables is motivated by the results above.

The results presented here are based on the theory of higher-dimensional
Laplace invariants introduced by Kamran-Tenenblat [2]-[3]. In [10], Riveros
and Tenenblat used the Laplace invariants to obtain a characterization of Dupin
hypersurfaces in R®, parametrized by lines of curvature and with four distinct
principal curvatures.

This paper is organized as follows. In Section 2, we give some properties
of hypersurfaces parametrized by lines of curvature, with distinct principal
curvatures. Section 3 is devoted to showing our main results on classes of
hypersurfaces M™ in R™*!, parametrized by lines of curvature with n distinct
principal curvatures and vanishing Laplace invariants.

2. Preliminaries

Let © be an open subset of R™ and © = (21, x2,...,2,) € Q. Let X : Q C
R™ — R™! n > 3, be a hypersurface parametrized by lines of curvature, with
distinct principal curvatures A\;, 1 <i < n and let N : Q C R* — R"*! be a
unit normal vector field of X. Then

(1) (X, Xj) = 6ijgu, 1 <i,j <n,
(2) N; = —\X,,
where the subscript ; denotes the derivative with respect to x;. Moreover,
3) X —T45X:—T)X;=01<i#j<n,
i Aij .
(4) Fij:Aiji’ 1<i#j<n,
where I'¥; are the Christoffel symbols. From (3) we have
(5) k=Tl 1<i#j#k<n.
The Christoffel symbols in terms of the metric (1) are given by
kEo_ i _ Yii,i j _ Giig i _ Yiig
(6) ;=0 TIiy=5—, I 5 i

29 “2gg;7 29y

where 1, j, k are distinct.
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We now consider the higher-dimensional Laplace invariants of the system of
equations (3) (see [2]-[3] for the definition of these invariants)

(7) mij = —Ti, + LT,
mie = Uiy =T%, k#4,j, 1<k<n.

As a consequence of (4) and the un-numbered lemma appearing in [3], we obtain
the following identities, valid for distinct ¢, 7, k, 1, 1 <4,5,k,l < n:

mijk +mgj; = 0,

Mijk,k — MijkMiki — Mg = 0,

(8) Mgk + MigkMik + Migimi; = 0,
Myjk — Mgl — Myje = 0,

Myik,j + MijiMes + myjgme;; = 0.

From (2) and (6), we obtain
J

The Gauss equation for the immersion X is given by
(10)

i i i1
J J 1 ik™ gk N
i5,] Giyi + Fji(rji — F”)} + Z QT + )\Z)\J =0.
ki
For hypersurfaces with distinct principal curvatures, the Mobius curvature

is defined, for distinct %, j, k, by

— [pi i -1 } +— [FJ
9ji 5T =155) Gis

Ai — Aj

Ao —Aj

Since all \; are distinct we conclude that C** £ 0 and CYF # 1. Mobius
curvatures are invariant under Mobius transformations.

The following result extends Lemma 3.2 in [11] for hypersurfaces parametri-
zed by lines of curvature.

(11) Ok =

Lemma 2.1. Forn > 3, let X: Q CR" —R""!, be a hypersurface parametrized
by lines of curvature, with distinct principal curvatures \;, 1 < i < n. Then
the Mébius curvatures are constants if and only if

(12) Xii + (N — /\k)C’ijkmﬁk = 0 for distinct 1i,j,k, and
(13) Mjei + CkSiC’ijkmksj = 0 for distinct 1i,7j,k,s.

Proof. Let i, j, k and s be distinct. We consider the Mobius curvature C¥F =
Ai — Ay . . .
———. By differentiation we obtain
Ak — A

g 1 g

C9* = —— i+ = M)C ],
K3 Ak*)\][ 1+( k) m]k:l
Cikj

Cz]k
J /\j — >\k

(Mg + i = A)C%myj]
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- ijk
cik — Ai — M) CFTlmy
k& /\j W [ k,k +( k) m k]} )
ij Ai = As si (vij

B = Sy, s+ RO ]

Therefore, the Mobius curvature is constant if and only if C? ¥~ 0and ci k=
0. These two equations are equivalent to the conditions (12) and (13). Observe
that the equations

Nii + (i = )0 myy = 0,
Ajj+ ()\i — )\j)Cj’”mijk = 0,
Mok + (N — M) CMimyy; =

are all equivalent. O

Remark 2.2. Tt follows from Lemma 2.1 that, for Dupin hypersurfaces paramet-
rized by lines of curvature, the condition of having constant Mobius curvature
is equivalent to having all higher dimensional Laplace invariants equal to zero.

The following proposition characterizes the hypersurfaces parametrized by
planar lines of curvature.

Proposition 2.3. For n > 3, let X : Q ¢ R* — R"L be a hypersurface

parametrized by lines of curvature, with distinct principal curvatures A\;, 1 <

i < n. The lines of curvature o;(z;) = X (29,29,... 29 |, 2,29, ,,...,20),

1 < i < n are planar if and only if
(14) Xiilh +Ami; =0, 1<i#j<n.

Proof. We consider the line of curvature «;(z;) = X (29,23, ...,2% |, z;, x?_H,
..,29), 1 <i < n and by differentiation we obtain

(15) Q5 = X,i;

(16) Qi = X is-

Using (9) in (16) we obtain

(17) Q5 = F;ZXJ + ZF%XJ — giiAiN.
J#i

Taking the derivative of (17) with respect to x; we have

(18)

Qi i = Fii,iX,H-FZX,iH-Z ngin,j‘f'Z 17X 35— (Niigiit Aigii i) N —Nigai N i
J#i J#i
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Using (2), (3), (6), (7) and (9) in (18), we have
(19)

7 ) g” 28 pt
Qiiii = |This+ Th)* + Y T4TE — (A | Xi+ Z — 30T X
J#i J#z
— gii[3ATE + NN

The lines of curvature o; are planar if and only if o;;, ;4 and «; i are
linearly dependent, that is, there exist scalars a, b, ¢ not all zero, such that

(20) ac;; + boy 4 + ca i = 0.
Substituting (15), (17) and (19) in (20) we have
(21)
a+ wa +c F;z i + Z FzZF:J gu Xyi
J#i
+y [bF] it (1 3r;r;)} X — gis [DAi + cBNTE + M) N = 0.
J#i 9ii

The equation (21) is equivalent to the system

a+ bl +c T4, + (D)2 + Y 4T — (M)%gi| = 0,
(22) VE
—bFZ + c(mq; — 3I‘§ZF§j) = 0,5#1
b)\ +ce(BNTEL +Xii) = 0.

The system (22) has a nontrivial solution a, b, ¢, if for distinct 4, j, k
(23) )\i,il—‘é]‘ + )\imij = 0, and
(24) Ly ma, —Tiymi; = 0.

We observe that (23) implies (24), which is equivalent to (14).
Conversely, if A; ZF -+ A\im;; = 0 we obtain the following facts:

If \; =0, from (17) and (19) it follows cvi i = Tvi, s = [Th; i + (T)*]evs
If A; # 0, then

Aiyi i Ai
Tl | @i ’
N, i | +[ N

— % J i
igiii = (L5, — ’+ E T2 —(Ni)gii —

‘ + 3F21:| am-i.
J#i

Therefore, in both cases «; ;, «; ;; and «; ;;; are linearly dependent. Hence, the
lines of curvature «; are planar. (I

We further need the following result.
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Lemma 2.4. (i) For n > 4, there does not exist a hypersurface M™ in R*1,
parametrized by lines of curvature, with n distinct principal curvatures \;,
mij =0,V 1<i#j#k<n and

(25) )\i,il—‘;j = 0, 1< 75 j < n,

(ii) Up to Mobius transformations, there is a unique proper hypersurface
M3, immersed in R*, parametrized by lines of curvature, with three distinct
principal curvatures, myj; =0 and A;;I7; =0, 1 <1 # 35 <3.

Proof. (i) Assume that n > 4, and that there exists such a hypersurface M" in
R+ satisfying the hypotheses of the lemma and let X (z1,...,2,) be a local
parametrization of M™ by lines of curvature. Assuming that A;; # 0,V ¢ # j,
we have (from (25))

(26) =0,V 1<i#j<n

Using (26) in the Gauss equation (10), we obtain
@
D) A0 (0) =i+ XN gi = 0, T3 41505 —Th) +Aidegis = 0, i # j # 5.

Ji, 81,1
From (27) and the fact that m,;s = 0 we obtain
(28) gii)\i()\j — )\5) =0.

From (28) we get A\; = 0, which is a contradiction. Therefore, \;; = 0, V 4
and M™ is Dupin. Now Remark 2.2 implies that M™ has constant Mobius
curvature, which is a contradiction, since we know that there are no Dupin hy-
persurfaces parametrized by lines of curvature with constant Mobius curvature
(see Theorem A in [11]).

(ii) Using a similar argument, we may show that M3 is Dupin. Remark 2.2
then implies that M3 has constant Mdbius curvature. The result then follows
from [11] (see Theorem B). O

Remark 2.5. From the second equation of (8), we obtain that if mgj;; =0, V ¢ #
j 7é k then mi; = O,V’L 7&]

3. Main results

The following theorem characterizes a class of hypersurfaces M3 C R*, with
three distinct principal curvatures at each point, parametrized by planar lines of
curvature and vanishing Laplace invariants, in terms of the Dupin hypersurfaces
with constant Mobius curvature.

Theorem 3.1. Let M? C R*, be a hypersurface parametrized by lines of cur-
vature, with three distinct principal curvatures X;. M? has planar lines of
curvature and myj; = 0,Y 1 <i # j #k < 3 if and only if M?> is Dupin with
constant Mobius curvature.
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Proof. Let X (z1,z2,23) be a local parametrization of M3 by lines of curvature.
If the lines of curvature of M3 are planar, it follow from Proposition 2.3 that

(29) Xiilh + Aimi; =0, 1 <i# 5 <3
Using Remark 2.5, (29) reduces to
(30) Miilh; =0, 1<i#j<3.

It follows from Lemma 2.4 (item (ii)) and Remark 2.2 that M3 is Dupin with
constant Mobius curvature.

Conversely, if M3 is Dupin with constant Mdbius curvature then all higher
dimensional Laplace invariants are equal to zero, i.e., m;; = my;; = 0 for all
distinct 4, 7, k € {1,2,3} (recall Remark 2.2). Therefore (14) is satisfied by the
lines of curvature of M3, i.e., the lines of curvature are planar. (I

Theorem 3.2. For n > 4, there does not exist a hypersurface M™ in R™T1,
parametrized by planar lines of curvature, with n distinct principal curvatures

Aiand my;; =0,V 1 <i#j#k<n.

Proof. Assume that n > 4, and that there exists such a hypersurface M" in
R™*L Let X (x1,...,x,) be alocal parametrization of M™ by lines of curvature.
Since the lines of curvature of M™ are planar, it follows from Proposition 2.3
that )\iyifﬁj +Amy; =0, 1 <4 # j <n. From Remark 2.5 this equation
reduces to \; ;T;; = 0, which contradicts item (i) of Lemma 2.4. O

Theorem 3.3. Let M3 C R?, be a hypersurface parametrized by lines of curva-
ture, with three distinct principal curvatures \;. The hypersurface M?> is Dupin
with constant Mdébius curvature if and only if the following conditions hold:
(1) myji = 0 for all distinct i, j, k € {1,2,3} and
(ii) there exists functions of separated variables {fi,}},._, so that N =
3
> p—y fir(2r).
Proof. We observe that (4) and (7) yield

(31) Aigi = (N = Aj)mij — AiaTyy, 1<i#j <n.
If M3 is Dupin with constant Mobius curvature, then My =mi; =0, 1 <i#
j # k < 3 and therefore

(32) Aigj =0, 1<i#j<3.
Moreover, using (4), (5) and the fact that m;;, = 0, we obtain
(33) Aijr=0,1<i#j#k<3.

It follow from (32) and (33) that \; = S2°_, fir ().
Conversely, by hypothesis, A; j; =0, V1 <14 # j < 3. Using Remark 2.5,
(31) reduces to

(34) X TL = 0.
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It follows from Lemma 2.4 (item (ii)) and Remark 2.2 that M3 has constant
Mobius curvature. (]

Theorem 3.4. (i) For n > 4, there does not exist a hypersurface M™ in
R parametrized by lines of curvature, with n distinct principal curvatures
Ai, satisfying my;; = 0,V1 <i# j#k<n and \; = Zle gir ().

(ii) Up to Mébius transformations, there is a unique proper hypersurface
M3, immersed in R*, parametrized by lines of curvature, with three distinct
principal curvatures, my;; =0 and A\; = Zizl gir(xr).

Proof. (i) Assume that n > 4, and that there exists such a hypersurface M"

in R"*!. Let X (z1,...,7,) be a parametrization of M™ by lines of curvature.
By hypothesis, A; ;i =0, V 1 <17 # j <n. Using Remark 2.5, (31) reduces to
@) ATl =0

which contradicts the Lemma 2.4 (item (i)).
(ii) Theorem 3.3 implies that M3 is Dupin with constant Mobius curvature.
The result then follows from [11] (see Theorem B). O
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