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Abstract

In this work, we propose and analyze some methods to solve constrained nonlinear systems of

equations. First, we present a method that combines the inexact Newton-like method with a

specialized version of the conditional gradient method (also known as Frank-Wolfe method).

Using a majorant condition, which allows us to prove in a unified way convergence results for

some classes functions, the local convergence of the proposed method as well as results on its

rates are established. Second, we present a global version of the previous method by means

of a derivative-free and nonmonotone line search strategy. Under appropriate conditions

the global convergence of the proposed method is proved. Third, based on the well-known

Levenberg-Marquardt method, we also propose a Levenberg-Marquardt method with inexact

projections which combines the unconstrained Levenberg-Marquardt method with a notion

of inexact projetions. In this case, the local convergence of the proposed method is proved

using the error bound condition that is weaker than the standard condition full-rank of the

Jacobian. Moreover, we also present a global version of the latter method by means of a

nonmonotone line search technique. Finally, numerical experiments are also reported to

illustrate the performances of the proposed schemes.

Keywords: Constrained nonlinear systems, Inexact Newton-like conditional gradient

method, Nonmonotone and derivative-free line search, Inexact projections, Local and global

convergence.
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Resumo

Neste trabalho, propomos e analisamos alguns métodos para resolver sistemas de equações

não lineares com restrições. Primeiro, apresentamos um método que combina o método

do tipo Newton inexato com uma versão especializada do método do gradiente condicional

(também conhecido como método de Frank-Wolfe). Usando uma condição majorante, a qual

permite provar de uma maneira unificada, resultados de convergência para algumas classes

de funções, a convergência local do proposto método bem como resultados sobre suas taxas

são estabelecidos. Segundo, apresentamos uma versão global do método anterior por meio de

uma estratégia de busca linear livre de derivadas e não monótona. Sob condições apropriadas

a convergência global do proposto método é provada. Terceiro, baseados no bem conhecido

método de Levenberg-Marquardt, também propomos um método de Levenberg-Marquardt

com projeções inexatas, o qual combina o método de Levenberg-Marquardt irrestrito com

uma noção de projeções inexatas. Neste caso, a convergência local do proposto método é

provada usando uma condição de erro limite que é mais fraca que a condição padrão de posto

completo da Jacobiana. Além disso, também apresentamos uma versão global do último

método por meio de uma técnica de busca linear não monótona. Finalmente, experimentos

numéricos são também relatados para ilustrar os desempenhos dos métodos propostos.

Palavras-chave: Sistemas não lineares restritos, Método do tipo Newton gradiente

condicional inexato, Estratégia de busca linear não monótona e livre de derivadas, Projeções

inexatas, Convergência local e global.
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Chapter 1

Introduction

In this thesis, we are interested in proposing and analyzing some methods to solve two types

of nonlinear systems. In Chapters 3 and 4, we consider the following constrained nonlinear

system of equations

F (x) = 0, x ∈ C, (1.1)

where F : Ω→ Rn is a continuously differentiable nonlinear function, Ω ⊂ Rn is an open set

and C ⊂ Ω is a nonempty convex compact set, whereas in Chapter 5, our goal is to solve

the constrained (and not necessarily square) nonlinear system of equations

F (x) = 0, x ∈ C, (1.2)

where F : Ω→ Rm is a continuously differentiable nonlinear function, Ω ⊂ Rn is an open set

and C ⊂ Ω is a nonempty closed convex set. Problems of this nature appear frequently in

many important areas, for instance, engineering, chemistry and economy. Due to this fact,

the numerical solutions of problems (1.1) and (1.2) have been the object of intense research

in the last years and, consequently, different methods have been proposed in the literature.

Many of them are combinations of the Newton, Gauss-Newton and Levenberg-Marquardt

methods for solving the unconstrained systems with some strategies taking into account the

constraint set. Strategies based on projections, trust region, active set and gradient methods

have been used; see, e.g., [4, 5, 7, 17,18,34,35,38,39,46,48–50,54,55,60,62,63].

It is worth pointing out that depending on the deffinition/geometry of C, computing the

orthogonal projection of a point onto C can be difficult and expensive. In order to overcome

this drawback, in this thesis, we propose some methods which admit inexact projections

computed by means of an iterative algorithm such as conditional gradient (Frank-Wolfe)

method; see, for example, Chapters 3 and 4.

A Newton conditional gradient (Newton-CondG) method was proposed in [26] to compute

approximate solutions of (1.1). Basically, this method consists of computing a Newton step
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and later applying a conditional gradient (CondG) procedure in order to get the Newton

iterate back to the feasible set. It is important to point out that the CondG method, is

historically known as one of the earliest methods for solving convex constrained optimization

problems, see [15, 22]. The CondG method and its variants require, at each iteration, to

minimize a linear function over the constraint set, which, in general, is significantly simpler

than the projection step arising in many proximal-gradient methods. Indeed, projection

problems can be computationally hard for some high-dimensional problems. For instance, in

large-scale semidefinite programming, each projection subproblem of the proximal-gradient

methods requires to obtain the complete eigenvalue decomposition of a large matrix while

each subproblem of the CondG methods requires to compute the leading singular vector of

such a matrix. The latter requirement is less computationally expensive (see, for example,

[33] for more details). Moreover, depending on the application, linear optimization oracles

may provide solutions with specific characteristics leading to important properties such as

sparsity and low-rank; see, e.g., [23, 33] for a discussion on this subject. Due to these

advantages and others, the CondG method have again received much attention, see, for

instances [23, 30,33,41,47].

It is well-known that implementations of the Newton method for medium- or large-scale

problems may be expensive and difficult due to the necessity to compute all the elements of

the Jacobian matrix of F as well as the exact solution of a linear system for each iteration.

For this reason, the first goal of this thesis is to present an extension of the Newton-CondG

method in which the inexact Newton-like method is considered instead of the standard

Newton method. In each step of this new method, the solution of the linear system and the

Jacobian matrix can be computed in an approximate way; see the INL-CondG method and

Remark 3.1.1 in Section 3.1. From the theoretical viewpoint, we present a local convergence

analysis of the proposed method under a majorant condition. Furthermore, it is shown that

it converges linearly (or superlinearly for its exact version). The advantage of using a general

condition such as majorant condition in the analysis of Newton methods lies in the fact that

it allows to study them in a unified way. Thus, two applications of the majorant condition

are provided: one is for functions whose derivatives satisfy a Hölder-like condition and the

other is for functions that satisfy a Smale condition, which includes a substantial class of

analytic functions. It is worth pointing out that under a Lipschitz condition (which is an

instance of the Hölder-like condition considered) or the Smale condition, a quadratic rate of

convergence of the exact version of the INL-CondG method is recovered (see Remarks 3.1.7

and 3.1.9 in Section 3.1).

Second, we propose and analyze a global version of the INL-CondG method. It is worth

pointing out that in many cases, the globalization strategy can make the methods more

robust. Usually, the global convergence of the methods for solving (1.1) is obtained by
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ensuring the decreasing of the merit function

f(x) :=
1

2
‖F (x)‖2. (1.3)

See, for example, [13,39,49,50,54]. However, for the inexact quasi-Newton method, the search

direction, may not be a descent direction of (1.3). Hence, in this case, only a nonmonotone

globalization strategy can be considered. Almost all of these strategies are based on an

approximate norm descent condition proposed in [42]. Based on this condition, Morini et al.

proposed in [54] (see also [49]) a more general criterion, which will be used in the globalization

of the INL-CondG method.

Third, based on the well-known Levenberg-Marquardt method, which can be seen as a

regularization of the Gauss-Newton method, we propose a Levenberg-Marquardt method

with inexact projections (LMM-IP) for solving (1.2). More precisely, at each iteration, the

LMM-IP calculates the unconstrained Levenberg-Marquardt step and then computes an

inexact projection of the resulting point on the feasible set. Under suitable conditions and

using an error bound condition which is weaker than the standard full-rank assumption, the

local convergence of the LMM-IP is established. Furthermore, using a nonmonotone line

search technique as in [29], a global version of the LMM-IP (G-LMM-IP) is also presented.

From the applicability viewpoint, we report some numerical experiments for the

INL-CondG method as well as its global version on a set box- and polyhedral-constrained

nonlinear systems. In the box-constrained case, we compare the performance of the new

methods with a constrained dogleg method [6]. Moreover, we also report some preliminary

numerical experiments for the G-LMM-IP on a set box-constrained nonlinear systems and

compare its performance with a trust-region method [53].

This thesis is organized as follows. In Chapter 2, we first establish some notations

and present our definition of inexact projections. Next, a brief review of the conditional

gradient method for solving a specific problem is provided. In Chapter 3, we describe

the inexact Newton-like conditional gradient method and present its local convergence

theorem. Moreover, two applications of the main convergence theorem and some numerical

experiments of the proposed method are reported. The results of this chapter resulted in one

published paper, see [27]. In Chapter 4, we present a global version of the inexact Newton-like

conditional gradient method as well as its global convergence results. To illustrate its

performance some numerical experiments are reported. The results of this chapter resulted

in one submitted paper, see [28]. In Chapter 5, we describe a Levenberg-Marquardt method

with inexact projections. We also establish its local convergence analysis and propose a

global version of the latter method by means of a nonmonotone line search technique. Some

preliminary numerical experiments are reported to illustrate its performance. We conclude

this thesis with some remarks and future work in Chapter 6.
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Chapter 2

Preliminaries

In this chapter, we begin by introducing some notations commonly used throughout this

thesis. We also present our definition of inexact projections and a brief review of the

conditional gradient method.

2.1 Notations

The ith component of a vector x ∈ Rn is indicated by (x)i. The Jacobian matrix of F at

x ∈ Ω is denoted by F ′(x). Let the inner product and its associated norm in Rn be denoted

by 〈·, ·〉 and ‖ · ‖, respectively. The open and closed balls centered at a ∈ Rn with radius

δ > 0 are denoted respectively by

B(a, δ) := {x ∈ Rn : ‖x− a‖ < δ}, B[a, δ] := {x ∈ Rn : ‖x− a‖ ≤ δ}.

For a given linear operator T : Rn → Rn, we also use ‖ · ‖ to denote its norm, which is

defined by

‖T‖ := sup{‖Tx‖, ‖x‖ ≤ 1}.

The condition number of a continuous linear operator A : Rn → Rn is defined by

cond(A) := ‖A−1‖‖A‖.

We define by C∗ := {x ∈ C : F (x) = 0} and

dist(x,C∗) := inf
y∈C∗
‖y − x‖, (2.1)

the distance from x to the solution set C∗. We also represent by x̂ a point in C∗ which

realizes such distance, i.e.,

‖x− x̂‖ = dist(x,C∗).

6



2.2 Inexact projections

As already mentioned, in our algorithms, inexact projections are considered instead of exact

orthogonal projections. Next, let us introduce our notion of inexact projections. It is worth

mentioning that in this section C is a nonempty closed convex set.

Definition 2.2.1 Let x ∈ Rn and ε ≥ 0 be given. We say that PC(x, ε) is an ε–projection

of x onto C when

PC(x, ε) ∈ C and 〈x− PC(x, ε), y − PC(x, ε)〉 ≤ ε, ∀y ∈ C.

Note that, if ε = 0, then PC(x, 0) corresponds to the orthogonal projection of x onto

C, which will be denoted, simply, by PC(x). We also mention that, for a given ε ≥ 0,

an ε–projection of x onto C can be computed by means of an iterative method such as

conditional gradient (Frank-Wolfe) method.

It is well-known that the projection operator PC(·) is nonexpansive, i.e.,

‖PC(y)− PC(x)‖ ≤ ‖x− y‖, ∀x, y ∈ Rn. (2.2)

In the next proposition, we establish a similar property for the operator PC(·, ·).

Proposition 2.2.2 For any x, y ∈ Rn and ε ≥ 0, we have

‖PC(x, ε)− PC(y)‖ ≤ ‖x− y‖+
√
ε.

Proof. It follows from the characterization of orthogonal projection and Definition 2.2.1 that

〈x− PC(x), PC(x, ε)− PC(x)〉 ≤ 0, 〈x− PC(x, ε), PC(x)− PC(x, ε)〉 ≤ ε.

Hence, after some simple algebraic manipulations, we obtain

〈x− PC(x)− x+ PC(x, ε), PC(x, ε)− PC(x)〉 ≤ ε,

or, equivalently,

‖PC(x)− PC(x, ε)‖ ≤
√
ε.

Hence, using (2.2), we obtain

‖PC(x, ε)− PC(y)‖ ≤ ‖PC(x, ε)− PC(x)‖+ ‖PC(x)− PC(y)‖ ≤
√
ε+ ‖x− y‖,

concluding the proof. �
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2.3 Conditional gradient method

As mentioned before, in general, the conditional gradient (CondG) method and its variants

require, at each iteration, to minimize a linear function over the constraint set, which, in

general, is significantly simpler than the projection step arising in many proximal-gradient

methods. Moreover, depending on the application, linear optimization oracles may provide

solutions with specific characteristics leading to important properties such as sparsity and

low-rank; see, e.g., [23, 33] for a discussion on this subject.

We next specify the CondG method to solve the projection problem

min
u∈C

{
G(u) :=

1

2
‖u− y‖2

}
,

where y ∈ Rn and C is a nonempty convex compact set. For a given point x ∈ C and a

positive tolerance ε, the CondG procedure is described as follows.

CondG procedure z = CondG(y, x, ε)

P0. Set z1 = x and t = 1.

P1. Use a linear optimization (LO) oracle to compute an optimal solution ut of

g∗t = min
u∈C
{〈zt − y, u− zt〉}. (2.3)

P2. If g∗t ≥ −ε, set z = zt and stop the procedure; otherwise, compute αt ∈ (0, 1] and zt+1

as

αt := min

{
1,

−g∗t
‖ut − zt‖2

}
, zt+1 = zt + αt(ut − zt). (2.4)

P3. Set t← t+ 1, and go to P1.

Remark 2.3.1 (i) Note that g∗t in (2.3) is equivalent to minu∈C{〈G′(zt), u − zt〉} and the

stepsize αt in (2.4) is obtained using exact minimization, i.e., αt = argminα∈[0,1]G(zt +

α(ut − zt)). Note also that, since z1 ∈ C and {ut} ⊂ C, it follows from (2.4) and the fact

that C is convex that {zt} ⊂ C. (ii) In (P2), z is an ε–projection of y onto C calculated

by CondG procedure. (iii) In general, the CondG procedure requires an oracle which is

assumed to be able to minimize linear functions over the constraint set C. For example,

if C = {x ∈ Rn : c ≤ x ≤ d} and y /∈ C, then the optimal solution ut of (2.3) is given

by (ut)i = (c)i if (zt)i − (y)i ≥ 0 and (ut)i = (d)i otherwise. Moreover, if C is a general
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polyhedral set, then the subproblem (2.3) becomes a problem of linear programming for

which there are many efficient methods available. (iv) Let us now discuss in more details

the well-definedness of the procedure. The boundedness of C guarantees that subproblem

(2.3) has a solution. Let {zt} ⊂ C and {ut} ⊂ C be the sequences generated by the CondG

procedure. Suppose, by contradiction, that the sequence {zt} is infinite. Since C is compact,

there exist subsequences {ztj} and {utj} such that {ztj} → z̄ ∈ C and {utj} → ū ∈ C. By

step (P2), we obtain

〈z̄ − y, ū− z̄〉 = lim
j→∞
〈ztj − y, utj − ztj〉 ≤ −ε. (2.5)

On the other hand, it follows from [3, Proposition 2.1] that every limit point of the sequence

{zt} solves minu∈C{G(u) := ‖u− y‖2/2}. Hence,

〈G′(z̄), u− z̄〉 = 〈z̄ − y, u− z̄〉 ≥ 0, ∀u ∈ C,

which is a contradiction with (2.5). Therefore, the number of iterations of the CondG

procedure is finite. Moreover, in terms of convergence, it is known that the iterations of

the CondG method satisfy f(xk) − f(x∗) ≤ O(1/k), where x∗ being an optimal solution to

constrained convex minimization problem; see [16,22].

The following lemma presents a basic property of the CondG procedure, whose proof is

the same as in [26, Lemma 4]. For the sake of completeness, such proof is presented here.

Lemma 2.3.2 For any y, ỹ ∈ Rn, x, x̃ ∈ C and µ ≥ 0, we have

‖CondG(y, x, µ)− CondG(ỹ, x̃, 0)‖ ≤ ‖y − ỹ‖+
√

2µ.

Proof. Let us denote z = CondG(y, x, µ) and z̃ = CondG(ỹ, x̃, 0). From the CondG

procedure follows that z, z̃ ∈ C and

〈z − y, z̃ − z〉 ≥ −µ, 〈z̃ − ỹ, z − z̃〉 ≥ 0. (2.6)

Hence, after some simple algebraic manipulations we obtain

‖y − ỹ‖2 = ‖z − z̃‖2 + ‖(y − z)− (ỹ − z̃)‖2 + 2〈y − z − (ỹ − z̃), z − z̃〉,

which implies that

‖z − z̃‖2 ≤ ‖y − ỹ‖2 + 2〈z − y, z − z̃〉+ 2〈ỹ − z̃, z − z̃〉. (2.7)

Combining (2.6) and (2.7), we have

‖z − z̃‖2 ≤ ‖y − ỹ‖2 + 2µ.

Using the fact that
√
a+ b ≤

√
a+
√
b for all a, b ≥ 0, we concluded

‖z − z̃‖ ≤ ‖y − ỹ‖+
√

2µ,

which, together with the definitions of z and z̃, proves the lemma. �

9



Chapter 3

Inexact Newton-like conditional

gradient method

In this chapter, we propose an inexact Newton-like conditional gradient method for solving

constrained nonlinear systems. The local convergence of the new method as well as results

on its rate are established by using a general majorant condition. Two applications of such

condition are provided: one is for functions whose derivatives satisfy a Hölder-like condition

and the other is for functions that satisfy a Smale condition, which includes a substantial

class of analytic functions. Some numerical experiments illustrating the applicability of the

proposed method are also presented.

3.1 The method and its local convergence analysis

In this section, we present the inexact Newton-like conditional gradient (INL-CondG) method

for solving (1.1) as well as its local linear convergence theorem, whose proof is postponed to

Section 3.2. Our analysis is done by using a majorant condition, which allows to unify the

convergence results for two classes of nonlinear functions, namely, one satisfying a Hölder-like

condition and another one satisfying a Smale condition. The convergence results for these

special cases are established in this section.

The INL-CondG method is formally described as follows.

INL-CondG method

Step 0. Let x0 ∈ C and {θj} ⊂ [0,∞) be given. Set k = 0.

10



Step 1. If F (xk) = 0, then stop; otherwise, choose an invertible approximation Mk of

F ′(xk) and compute a couple (sk, yk) ∈ Rn × Rn such that

Mksk = −F (xk) + rk, yk = xk + sk, (3.1)

where rk ∈ Rn is the residual.

Step 2. If yk ∈ C, set xk+1 = yk and go to Step 3; otherwise, use CondG procedure to

obtain xk+1 ∈ C as

xk+1 = CondG(yk, xk, θk‖sk‖2). (3.2)

Step 3. Set k ← k + 1, and go to Step 1.

Remark 3.1.1 (i) In our local analysis of the INL-CondG method, the invertible

approximation Mk of F ′(xk) and the residual rk will satisfy classic conditions (see (3.6) and

(3.7)). The inexact Newton-like method with these conditions on Mk and rk was proposed

in [52] and, subsequently, also studied in, for example, [12,19]. (ii) The INL-CondG method

can be seen as a class of methods, depending on the choices of the invertible approximation

Mk of F ′(xk) and residual rk. Indeed, by letting Mk = F ′(xk) and rk = 0, the INL-CondG

method corresponds to Newton conditional gradient method which was studied in [26].

Another classical choice of Mk would be Mk = F ′(x0). We also emphasize that there are

some approaches to built Mk that do not involve derivatives, see, for example, [40, 43, 49].

(iii) Due to the existence of the constraint set C, the point yk in Step 1 may be infeasible and

hence the INL-CondG method uses a specialized version of the conditional gradient method

in order to obtain the new iterate xk+1 in C (more specifically, xk+1 is an εk–projection

of yk onto C, where εk = θk‖sk‖2). Therefore, by Remark 2.3.1(i), xk+1 obtained in (3.2)

is an approximate solution for the projection subproblem minu∈C {Gk(u) := ‖u− yk‖2/2}
such that 〈xk+1 − yk, u − xk+1〉 ≥ −θk‖sk‖2, for all u ∈ C. The specific choice of tolerance

εk = θk‖sk‖2 is essential to establish the local convergence of the INL-CondG method (see,

e.g., Lemma 3.2.3). (iv) It should be mentioned that the test yk ∈ C in Step 2 of the method

can be omitted in the case it is too expensive. In fact, this omission does not affect the

convergence results of the method.

The INL-CondG method may fail or even fail to be well defined. In order to ensure that

the method is well defined and converges to a solution of (1.1), some conditions must be

imposed. In the following, we state our main local convergence result for the INL-CondG

method whose proof is given in Section 3.2.

Theorem 3.1.2 Let F : Ω → Rn be a continuously differentiable nonlinear function and

Ω ⊂ Rn be an open set containing a nonempty convex compact set C. Assume that
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there exists x∗ ∈ C such that F (x∗) = 0 and F ′(x∗) is nonsingular. Let R > 0 and

κ := κ(Ω, R) = sup {t ∈ [0, R) : B(x∗, t) ⊂ Ω} . Suppose that there exists a f : [0, R) → R
continuously differentiable function such that∥∥F ′(x∗)−1 [F ′(x)− F ′(x∗ + τ(x− x∗))]

∥∥ ≤ f ′ (‖x− x∗‖)− f ′ (τ‖x− x∗‖) , (3.3)

for all τ ∈ [0, 1] and x ∈ B(x∗, κ), where

h1. f(0) = 0 and f ′(0) = −1;

h2. f ′ is strictly increasing.

Take the constants ϑ, ω1, ω2 and λ such that

0 ≤ ϑ < 1, 0 ≤ ω2 < ω1, ω1ϑ+ ω2 < 1, λ ∈ [0, (1− ω2 − ω1ϑ)/(ω1(1 + ϑ))) . (3.4)

Let the scalars ν, ρ and σ defined as

ν := sup{t ∈ [0, R) : f ′(t) < 0},

ρ := sup

{
δ ∈ (0, ν) : ω1(1 + ϑ)(1 + λ)

(
f(t)

tf ′(t)
− 1

)
+ ω1[(1 + ϑ)λ+ ϑ] + ω2 < 1, t ∈ (0, δ)

}
,

σ := min{κ, ρ}. (3.5)

Let {θk} and x0 be given in Step 0 of the INL-CondG method and let also {Mk} and {(xk, rk)}
be generated by the INL-CondG method. Assume that the invertible approximation Mk of

F ′(xk) satisfies

‖Mk
−1F ′(xk)‖ ≤ ω1, ‖Mk

−1F ′(xk)− I‖ ≤ ω2, k = 0, 1, . . . , (3.6)

and the residual rk is such that

‖Pkrk‖ ≤ ηk‖PkF (xk)‖, 0 ≤ ηk cond(PkF
′(xk)) ≤ ϑ, k = 0, 1, . . . , (3.7)

where {Pk} is a sequence of invertible matrices (preconditioners for the linear system in

(3.1)) and {ηk} is a forcing sequence. If x0 ∈ C ∩ B(x∗, σ)\{x∗} and {θk} ⊂ [0, λ2/2], then

{xk} is contained in B(x∗, σ) ∩ C, converges to x∗ and there holds

‖xk+1 − x∗‖ < ‖xk − x∗‖, lim sup
k→∞

‖xk+1 − x∗‖
‖xk − x∗‖

≤ ω1[(1 + ϑ)
√

2θ̃ + ϑ] + ω2, (3.8)

where θ̃ = lim supk→∞ θk. Additionally, given 0 < p ≤ 1, assume that the following condition

holds:

12



h3. the function (0, ν) 3 t 7→ [f(t)
/
f ′(t)− t]/tp+1 is strictly increasing.

Then, for all integer k ≥ 0, we have

‖xk+1 − x∗‖ ≤ ω1(1 + ϑ)(1 + λ)

(
f(‖x0 − x∗‖)
f ′(‖x0 − x∗‖)

− ‖x0 − x∗‖
)(
‖xk − x∗‖
‖x0 − x∗‖

)p+1

+ (ω1[(1 + ϑ)λ+ ϑ] + ω2) ‖xk − x∗‖. (3.9)

Remark 3.1.3 Using the definition of θ̃ and {θk} ⊂ [0, λ2/2], we have θ̃ ∈ [0, λ2/2]. Thus,

ω1[(1 + ϑ)
√

2θ̃ + ϑ] + ω2 ≤ ω1[(1 + ϑ)λ+ ϑ] + ω2 < 1,

where the last inequality is due to the inclusion in (3.4). Therefore, the second inequality

in (3.8) implies that the sequence {xk} converges linearly to x∗. On the other hand, for

the exact version of the method (i.e., ω1 = 1 and ω2 = ϑ = λ = 0), we obtain, from the

second inequality in (3.8) and the fact that θ̃ = 0, that {xk} converges superlinearly to x∗.

Additionally, if f ′ is convex, i.e., h3 holds with p = 1, the quadratic rate of convergence

follows from inequality (3.9), definition (3.5) and the fact that x0 ∈ C ∩B(x∗, σ)\{x∗}.

Remark 3.1.4 As mentioned before, the INL-CondG method can be viewed as a class of

methods. Hence, the above theorem implies, in particular, the convergence of some new

methods, which are named below. We obtain, from Theorem 3.1.2, the convergence for the

inexact modified Newton conditional gradient method if Mk = F ′(x0), the inexact Newton

conditional gradient method if ω1 = 1 and ω2 = 0 (i.e., Mk = F ′(xk)), and the Newton-like

conditional gradient method if ϑ = 0 (in this case ηk ≡ 0 and rk ≡ 0). We also mention that

when ω1 = 1, ω2 = 0 and ϑ = 0 (i.e., Mk = F ′(xk), ηk ≡ 0 and rk ≡ 0), Theorem 3.1.2 is

similar to Theorem 6 in [26].

Remark 3.1.5 A local convergence analysis of an inexact Levenberg–Marquardt method

for solving (1.1) was presented in [4]. It also proved that the latter method converges with

Q-order τ = min{β + 1, 2}, where β ∈ (0, 2] is a constant associated to the regularization

parameter as well as the level of inexactness of the method. An exact LP-Newton method for

solving (1.1) in the case that F is a continuous function was proposed and analyzed in [18].

It was proved that the LP-Newton method converges locally quadratically to a solution of

(1.1). Paper [46] established, in particular, the locally linearly convergence of a gradient

projection method for finding a stationary point of a continuously differentiable function

over a nonempty closed convex set. By considering an argument of nonlinear least squares

reformulation, problem (1.1) can be seen as an instance of the latter problem. It is worth

pointing out that INL-CondG and the aforementioned methods have distinct subproblems,

which can have different levels of difficulty to solve. Moreover, in general, the methods,
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except the gradient projection method, have similar rates of convergence for their equivalent

versions (exact and inexact). On the other hand, the analyses in [4, 18, 46] require an error

bound condition, which, in fact, is weaker than requiring that F ′(x∗) is nonsingular. However,

these analyses only consider the case in which F ′ is Lipschitz continuous and no estimate of

the convergence radius is provided. We also point out that a projected approximate norm

descent (PAND) algorithm was proposed in [54] for solving continuous and/or differentiable

constrained nonlinear systems. The latter algorithm is a quasi-Newton scheme embedded

into a nonmonotone derivative-free line search. Global convergence properties along with

a detailed numerical study of the PAND algorithm were presented in latter reference.

Moreover, an estimative of its convergence radius was provided in [54, Theorem 4.3].

We now specialize Theorem 3.1.2 for two important classes of functions. In the first one, F ′

satisfies a Hölder-like condition [24,25,32], and in the second one, F is an analytic function

satisfying a Smale condition [57,58].

Corollary 3.1.6 Let F : Ω → Rn be a continuously differentiable nonlinear function and

Ω ⊂ Rn be an open set containing a nonempty convex compact set C. Assume that there

exists x∗ ∈ C such that F (x∗) = 0 and F ′(x∗) is nonsingular. Let κ := κ(Ω,∞) as defined

in Theorem 3.1.2. Assume that there exist a constant K > 0 and 0 < p ≤ 1 such that∥∥F ′(x∗)−1[F ′(x)− F ′(x∗ + τ(x− x∗))]
∥∥ ≤ K(1− τ p)‖x− x∗‖p, (3.10)

for all τ ∈ [0, 1] and x ∈ B(x∗, κ). Take 0 ≤ ϑ < 1, 0 ≤ ω2 < ω1 such that ω1ϑ+ω2 < 1 and

λ ∈ [0, (1− ω2 − ω1ϑ)/(ω1(1 + ϑ))). Let

σ̄ := min

{
κ,

[
(1− ω1[(1 + ϑ)λ+ ϑ]− ω2)(p+ 1)

K(p− ω1[(1 + ϑ)λ+ ϑ− p]− ω2(p+ 1) + 1)

]1/p}
.

Let {θk} and x0 be given in Step 0 of the INL-CondG method and let also {Mk} and {(xk, rk)}
be generated by the INL-CondG method. Assume that the invertible approximation Mk of

F ′(xk) satisfies

‖Mk
−1F ′(xk)‖ ≤ ω1, ‖Mk

−1F ′(xk)− I‖ ≤ ω2, k = 0, 1, . . . ,

and the residual rk is such that

‖Pkrk‖ ≤ ηk‖PkF (xk)‖, 0 ≤ ηk cond(PkF
′(xk)) ≤ ϑ, k = 0, 1, . . . ,

where {Pk} is a sequence of invertible matrices (preconditioners for the linear system in

(3.1)) and {ηk} is a forcing sequence. If x0 ∈ C ∩ B(x∗, σ̄)\{x∗} and {θk} ⊂ [0, λ2/2], then

{xk} is contained in B(x∗, σ̄) ∩ C, converges to x∗ and there holds

‖xk+1 − x∗‖ < ‖xk − x∗‖, lim sup
k→∞

‖xk+1 − x∗‖
‖xk − x∗‖

≤ ω1[(1 + ϑ)
√

2θ̃ + ϑ] + ω2,
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‖xk+1−x∗‖ ≤
ω1(1 + ϑ)(1 + λ)pK

(p+ 1)[1−K ‖x0 − x∗‖p]
‖xk−x∗‖p+1+(ω1[(1+ϑ)λ+ϑ]+ω2)‖xk−x∗‖, k ≥ 0,

where θ̃ = lim supk→∞ θk.

Proof. It is immediate to prove that F , x∗ and f : [0,∞)→ R defined by f(t) = Ktp+1/(p+

1)− t satisfy the inequality (3.3), conditions h1, h2 and h3 in Theorem 3.1.2. Moreover, in

this case, it is easily seen that ν and ρ, as defined in Theorem 3.1.2, satisfy

ρ =

[
(1− ω1[(1 + ϑ)λ+ ϑ]− ω2)(p+ 1)

K(p− ω1[(1 + ϑ)λ+ ϑ− p]− ω2(p+ 1) + 1)

]1/p
< ν =

[
1

K

]1/p
,

as a consequence, σ̄ = min{κ, ρ} = σ (see (3.5)). Therefore, the statements of the corollary

follow directly from Theorem 3.1.2. �

Remark 3.1.7 (i) If a function F is such that its derivative is L-Lipschitz continuous, i.e.,

‖F ′(x)−F ′(y)‖ ≤ L‖x−y‖, for all x, y ∈ B(x∗, κ) where L > 0, then it also satisfies condition

(3.10) with p = 1 and K = L‖F ′(x∗)−1‖. Hence, we obtain the linear convergence of the

INL-CondG method under a Lipschitz condition. Additionally, if ω1 = 1 and ω2 = ϑ = λ = 0,

then the rate of convergence of the method will be quadratic. (ii) It is worth mentioning

that if ω1 = 1 and ω2 = ϑ = 0 in the previous corollary, we obtain the convergence of the

Newton-CondG method under a Hölder-like condition, as obtained in [26, Theorem 7].

We next specialize Theorem 3.1.2 for the class of analytic functions satisfying a Smale

condition.

Corollary 3.1.8 Let F : Ω → Rn be a continuously differentiable nonlinear function and

Ω ⊂ Rn be an open set containing a nonempty convex compact set C. Assume that there

exists x∗ ∈ C such that F (x∗) = 0 and F ′(x∗) is nonsingular. Let κ := κ(Ω, 1/γ) as defined

in Theorem 3.1.2. Assume that F : Ω→ Rn is an analytic function and

γ := sup
n>1

∥∥∥∥F ′(x∗)−1F (n)(x∗)

n!

∥∥∥∥1/(n−1) < +∞.

Take 0 ≤ ϑ < 1, 0 ≤ ω2 < ω1 such that ω1ϑ+ω2 < 1 and λ ∈ [0, (1− ω2 − ω1ϑ)/(ω1(1 + ϑ))).

Let a := ω1(1 + ϑ)(1− 3λ) + 4(1− ω1ϑ− ω2), b := 1− ω1[(1 + ϑ)λ+ ϑ]− ω2 and

σ̄ := min

{
κ,
a−
√
a2 − 8b2

4γb

}
.

Let {θk} and x0 be given in Step 0 of the INL-CondG method and let also {Mk} and {(xk, rk)}
be generated by the INL-CondG method. Assume that the invertible approximation Mk of

F ′(xk) satisfies

‖Mk
−1F ′(xk)‖ ≤ ω1, ‖Mk

−1F ′(xk)− I‖ ≤ ω2, k = 0, 1, . . . ,
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and the residual rk is such that

‖Pkrk‖ ≤ ηk‖PkF (xk)‖, 0 ≤ ηk cond(PkF
′(xk)) ≤ ϑ, k = 0, 1, . . . ,

where {Pk} is a sequence of invertible matrices (preconditioners for the linear system in

(3.1)) and {ηk} is a forcing sequence. If x0 ∈ C ∩ B(x∗, σ̄)\{x∗} and {θk} ⊂ [0, λ2/2], then

{xk} is contained in B(x∗, σ̄) ∩ C, converges to x∗ and there holds

‖xk+1 − x∗‖ < ‖xk − x∗‖, lim sup
k→∞

‖xk+1 − x∗‖
‖xk − x∗‖

≤ ω1[(1 + ϑ)
√

2θ̃ + ϑ] + ω2,

‖xk+1−x∗‖ ≤
ω1(1 + ϑ)(1 + λ)γ

2(1− γ‖x0 − x∗‖)2 − 1
‖xk−x∗‖2 +(ω1[(1+ϑ)λ+ϑ]+ω2)‖xk − x∗‖, k ≥ 0,

(3.11)

where θ̃ = lim supk→∞ θk.

Proof. Under the assumptions of the corollary, the real function f : [0, 1/γ) → R, defined

by f(t) = t/(1− γt) − 2t, is a majorant function for F on B(x∗, 1/γ); see, for instance,

[19, Theorem 15]. Since f ′ is convex, it satisfies h3 in Theorem 3.1.2 with p = 1; see

[19, Proposition 7]. Moreover, in this case, it is easily seen that ν and ρ, as defined in

Theorem 3.1.2, satisfy

ρ =
a−
√
a2 − 8b2

4γb
, ν =

√
2− 1√

2γ
, ρ < ν <

1

γ
,

and, as a consequence, σ̄ = min{κ, ρ} = σ (see (3.5)). Therefore, the statements of the

corollary follow from Theorem 3.1.2. �

Remark 3.1.9 (i) The convergence of the Newton-CondG method under a Smale condition,

as obtained in [26, Theorem 8], follows from the previous corollary with ω1 = 1 and ω2 = ϑ =

0. (ii) Note that, the quadratic rate of convergence of the exact version of the INL-CondG

method (i.e., ω1 = 1 and ω2 = ϑ = λ = 0) under a Smale condition follows trivially from

(3.11).

3.2 Proof of Theorem 3.1.2

The main goal of this section is to prove Theorem 3.1.2. First, we establish some properties

involving the majorant function and its Newton iteration map. Then, some properties of the

CondG procedure are discussed. Finally, the desired proof is presented.

From now on, we assume that all the assumptions of Theorem 3.1.2 hold, with the

exception of h3, which will be considered to hold only when explicitly stated.

16



Proposition 3.2.1 The constant ν is positive and f ′(t) < 0 for all t ∈ [0, ν). As a

consequence, the Newton iteration map nf : [0, ν)→ R defined by

nf (t) = t− f(t)

f ′(t)
(3.12)

is well defined and satisfies

nf (t) < 0 for all t ∈ (0, ν) and lim
t→0+

|nf (t)|
t

= 0. (3.13)

Moreover, the constants ρ and σ are positive and

0 < ω1(1 + ϑ)(1 + λ)|nf (t)|+ (ω1[(1 + ϑ)λ+ ϑ] + ω2)t < t, t ∈ (0, ρ). (3.14)

Proof. Firstly, since f ′ is continuous and f ′(0) = −1, it follows that the constant ν is positive.

Hence, h2 implies that f ′(t) < 0 for all t ∈ [0, ν), from which we conclude that nf is well

defined. On the other hand, in view of h2, f is strictly convex in [0, R). Therefore, using

ν ≤ R, we obtain f(0) > f(t)+f ′(t)(0− t), for any t ∈ (0, ν) which, combined with f(0) = 0

and f ′(t) < 0 for any t ∈ (0, ν), proves the inequality in (3.13). Now, using the fact that

f(0) = 0 and nf (t) < 0 for all t ∈ (0, ν), we obtain

|nf (t)|
t

=
1

t

(
f(t)

f ′(t)
− t
)

=
1

f ′(t)

(
f(t)− f(0)

t− 0

)
− 1, t ∈ (0, ν). (3.15)

Since f ′(0) 6= 0, the second statement in (3.13) follows by taking limit in (3.15), as t→ 0+.

It remains to prove the last part of the proposition. First, as λ < (1−ω2−ω1ϑ)/ω1(1+ϑ),

we have [1− ω1(1 + ϑ)λ− ω1ϑ− ω2]/ω1(1 + ϑ)(1 + λ) > 0. Hence, using (3.13), we conclude

that there exists δ > 0 such that

0 <
|nf (t)|
t

<
1− ω1(1 + ϑ)λ− ω1ϑ− ω2

ω1(1 + ϑ)(1 + λ)
, t ∈ (0, δ),

or, equivalently,

0 < ω1(1 + ϑ)(1 + λ)
|nf (t)|
t

+ ω1[(1 + ϑ)λ+ ϑ] + ω2 < 1, t ∈ (0, δ).

Hence, ρ is positive, which in turn implies that σ is positive and (3.14) holds. �

The following lemma gives some relationships between the majorant function f and the

nonlinear operator F .

Lemma 3.2.2 Let x ∈ B (x∗,min{κ, ν}). Then the function F ′(x) is invertible and the

following estimates hold:
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(i) ‖F ′(x)−1F ′(x∗)‖ ≤ 1/|f ′(‖x− x∗‖)|;

(ii) ‖F ′(x)−1F (x)‖ ≤ f(‖x− x∗‖)/f ′(‖x− x∗‖);

(iii) ‖F ′(x∗)−1 [F (x∗)− F (x)− F ′(x)(x∗ − x)] ‖ ≤ f ′(‖x− x∗‖)‖x− x∗‖ − f(‖x− x∗‖).

Proof. The proof follows the same pattern as the proofs of Lemmas 10, 11 and 12 in [19]

and will be omitted here. �

Before presenting the proof of Theorem 3.1.2, we first establish a technical result which

will be used to prove that the sequence {xk} is contained in C ∩ B(x∗, σ) and the sequence

{‖xk − x∗‖} is strictly decreasing.

Lemma 3.2.3 Assume that xk ∈ C ∩B(x∗, σ)\{x∗}. Then, for every k ≥ 0,

‖xk+1−x∗‖ ≤ ω1(1+ϑ)(1+
√

2θk)|nf (‖xk−x∗‖)|+(ω1[(1+ϑ)
√

2θk +ϑ]+ω2)‖xk−x∗‖,
(3.16)

where nf is as in (3.12). As a consequence,

‖xk+1 − x∗‖ < ‖xk − x∗‖, k ≥ 0. (3.17)

Proof. First, if xk+1 = CondG(yk, xk, θk‖sk‖2) in Step 2 of the INL-CondG method, it follows

from (3.1) and the fact that CondG(x, x, 0) = x, for all x ∈ C, that

‖xk+1 − x∗‖
=
∥∥CondG

(
xk −M−1

k (F (xk)− rk), xk, θk‖M−1
k (F (xk)− rk)‖2

)
− CondG(x∗, x∗, 0)

∥∥ .
Hence, using the Lemma 2.3.2 with

y = xk −M−1
k (F (xk)− rk), x = xk, µ = θk‖M−1

k (F (xk)− rk)‖2, ỹ = x∗, x̃ = x∗,

we obtain

‖xk+1 − x∗‖ ≤ ‖xk −M−1
k (F (xk)− rk)− x∗‖+

√
2θk‖M−1

k (F (xk)− rk)‖. (3.18)

On the other hand, if xk+1 = yk in Step 2 of the INL-CondG method, the above inequality

follows trivially from (3.1). Hence, we conclude that inequality (3.18) holds for the two cases

in Step 2 of the method. Now, simple calculations yield

xk −M−1
k (F (xk)− rk)− x∗

= M−1
k

(
F (x∗)− F (xk)− F ′(xk)(x∗ − xk)

)
+ (M−1

k F ′(xk)− I)(x∗ − xk) +M−1
k rk.
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Since xk ∈ C ∩ B(x∗, σ)\{x∗}, it follows from Lemma 3.2.2 that F ′(xk) is invertible. Thus,

combining the last two inequalities, we obtain

‖xk+1 − x∗‖
≤ ‖M−1

k F ′(xk)‖‖F ′(xk)−1F ′(x∗)‖‖F ′(x∗)−1[F (x∗)− F (xk)− F ′(xk)(x∗ − xk)]‖
+ ‖M−1

k F ′(xk)− I‖‖x∗ − xk‖+ ‖M−1
k F ′(xk)‖‖F ′(xk)−1P−1k ‖‖Pkrk‖

+
√

2θk‖M−1
k F ′(xk)‖‖F ′(xk)−1F (xk)‖+

√
2θk‖M−1

k F ′(xk)‖‖F ′(xk)−1P−1k ‖‖Pkrk‖,

which, combined with (3.6) and (3.7), yields

‖xk+1 − x∗‖ ≤ ω1‖F ′(xk)−1F ′(x∗)‖‖F ′(x∗)−1[F (x∗)− F (xk)− F ′(xk)(x∗ − xk)]‖
+ ω2‖xk − x∗‖+ ω1ηk‖F ′(xk)−1P−1k ‖‖PkF (xk)‖

+ ω1

√
2θk‖F ′(xk)−1F (xk)‖+ ω1ηk

√
2θk‖F ′(xk)−1P−1k ‖‖PkF (xk)‖. (3.19)

On the other hand, using the third inequality in (3.7), we find

ω1ηk‖F ′(xk)−1P−1k ‖‖PkF (xk)‖ ≤ ω1ηk‖(PkF ′(xk))−1‖‖PkF ′(xk)‖‖F ′(xk)−1F (xk)‖
≤ ω1ϑ‖F ′(xk)−1F (xk)‖.

Hence, it follows from (3.19) that

‖xk+1 − x∗‖
≤ ω1‖F ′(xk)−1F ′(x∗)‖‖F ′(x∗)−1[F (x∗)− F (xk)− F ′(xk)(x∗ − xk)]‖+ ω2‖xk − x∗‖

+ ω1ϑ‖F ′(xk)−1F (xk)‖+ ω1

√
2θk‖F ′(xk)−1F (xk)‖+ ω1ϑ

√
2θk‖F ′(xk)−1F (xk)‖.

Combining the last inequality with items (i), (ii) and (iii) of Lemma 3.2.2, we conclude that

‖xk+1 − x∗‖ ≤ ω1

(
f ′(||xk − x∗||)||xk − x∗|| − f(||xk − x∗||)

|f ′(||xk − x∗||)|

)
+ ω2‖xk − x∗‖

+
(
ω1ϑ+ ω1

√
2θk + ω1ϑ

√
2θk

) f(||xk − x∗||)
f ′(||xk − x∗||)

.

The latter inequality, the definition of nf in (3.12) and the fact that f ′(||xk−x∗||) < 0 imply

that

‖xk+1 − x∗‖

≤ ω1

(
f(||xk − x∗||)
f ′(||xk − x∗||)

− ||xk − x∗||
)

+ ω2‖xk − x∗‖+ ω1[(1 + ϑ)
√

2θk + ϑ]
f(||xk − x∗||)
f ′(||xk − x∗||)

= ω1|nf (||xk − x∗||)|+ ω2||xk − x∗||+ ω1[(1 + ϑ)
√

2θk + ϑ](|nf (||xk − x∗||)|+ ||xk − x∗||).
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Hence, inequality (3.16) now follows by simple calculations. Since
√

2θk ≤ λ and 0 <

‖xk − x∗‖ < σ ≤ ρ, it follows from (3.14) with t = ‖xk − x∗‖ that

ω1(1 + ϑ)(1 +
√

2θk)|nf (‖xk − x∗‖)|+ (ω1[(1 + ϑ)
√

2θk + ϑ] + ω2)‖xk − x∗‖ < ‖xk − x∗‖,

which, combined with (3.16), yields (3.17). �

We are now ready to prove Theorem 3.1.2.

Proof of Theorem 3.1.2: Since x0 ∈ C ∩B(x∗, σ)\{x∗}, combining the first statement of

Lemma 3.2.2, inequality (3.17) and an induction argument, it is immediate to conclude that

the sequence {xk} is contained in B(x∗, σ) ∩ C.

Let us prove that {xk} converges to x∗. Since, ‖xk − x∗‖ < σ ≤ ρ for all k ≥ 0, the

first inequality in (3.8) follows trivially from (3.17). Therefore, {‖xk − x∗‖} is a bounded

strictly decreasing sequence and, hence, it converges to some `∗ ∈ [0, ρ). Moreover, taking

into account that nf (·) is continuous in [0, ρ), in particular, from (3.16) we have

`∗ ≤ ω1(1 + ϑ)(1 + λ)|nf (`∗)|+ (ω1[(1 + ϑ)λ+ ϑ] + ω2)`∗,

which, combined with (3.14), implies that `∗ = 0 and, consequently xk → x∗.

Now, from (3.16) we obtain

‖xk+1 − x∗‖
‖xk − x∗‖

≤ ω1(1 + ϑ)(1 +
√

2θk)
|nf (‖xk − x∗‖)|
‖xk − x∗‖

+ ω1[(1 + ϑ)
√

2θk + ϑ] + ω2, k ≥ 0.

In order to prove the asymptotic rate in (3.8), we just take the limit superior in the last

inequality as k →∞ and use ‖xk − x∗‖ → 0, equality in (3.13) and lim supk→∞ θk = θ̃.

It remains to show the last part of the theorem. For this purpose, let us assume that h3

holds. It follows from (3.17) and (3.16) respectively that, for all k ≥ 0, ‖xk−x∗‖ < ‖x0−x∗‖
and

‖xk+1 − x∗‖ ≤ ω1(1 + ϑ)(1 +
√

2θk)
|nf (‖xk − x∗‖)|
‖xk − x∗‖p+1

‖xk − x∗‖p+1

+ (ω1[(1 + ϑ)
√

2θk + ϑ] + ω2)‖xk − x∗‖.

Therefore, the inequality (3.9) follows, due to assumption h3,
√

2θk ≤ λ and the definition of

nf in (3.12). �

Remark 3.2.4 Similar to the analysis in [26], we could have defined a scalar sequence {tk},
associated to the majorant function f , such that

‖xk − x∗‖ ≤ tk, k ≥ 0. (3.20)
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Indeed, if {tk} is defined as

t0 := ‖x0−x∗‖, tk+1 := ω1(1+ϑ)(1+
√

2θk)|nf (tk)|+(ω1[(1+ϑ)
√

2θk+ϑ]+ω2)tk, k ≥ 0,

it is possible to prove that (3.20) holds, and {tk} is well defined, is strictly decreasing

and converges to zero. Moreover, lim supk→∞ tk+1/tk = ω1[(1 + ϑ)
√

2θ̃ + ϑ] + ω2, where

θ̃ = lim supk→∞ θk.

3.3 Numerical experiments

In this section, we present the results of some preliminary numerical tests which show the

computational feasibility of the INL-CondG method. We checked the numerical behavior of

our method on some medium and large box-constrained nonlinear systems from the literature,

and a polyhedral-constrained nonlinear system. We made three implementations of our

INL-CondG method which differ in the way that the approximation matrices Mk’s are built.

In the first implementation, the matrices Mk’s were approximated by finite differences (FD),

whereas in the second and third ones, we used the Broyden-Schubert Update (BSU) [11,

56] and the Bogle-Perkins Update (BPU) [10], respectively. The three resulting methods

described above are denoted by FD-INL-CondG, BSU-INL-CondG and BPU-INL-CondG,

respectively. In the implementations of the BSU-INL-CondG and BPU-INL-CondG methods,

the matrices Mk’s were approximated by finite differences when k = 0 and mod(k−1, 5) = 0.

This strategy of periodically computing the Jacobian matrix F ′ seems to be crucial for the

robustness of these derivative-free methods. The linear systems in (3.1) were solved by direct

methods, i.e., rk = 0 for all k ≥ 0. The error parameter θk was set equal to 10−5 for all k

and the CondG procedure stopped when either the required accuracy was obtained or the

maximum of 300 iterations were performed. The stopping criterion ‖F (xk)‖∞ ≤ 10−6 was

used, and a failure was declared if the number of iterations was greater than 300 or no progress

was detected. It is worth pointing out that the BSU-INL-CondG and BPU-INL-CondG

methods are quasi-Newton implementations of the INL-CondG method, which, as far as we

know, do not satisfy (3.6). The computational results were obtained using MATLAB R2016a

on a 2.5GHz Intel R© CoreTM i5 with 6GB of RAM and Windows 7 ultimate system.

3.3.1 Box-constrained nonlinear systems

In this subsection, we demonstrate the performance of the FD-INL-CondG, BSU-INL-CondG

and BPU-INL-CondG methods for solving some box-constrained nonlinear systems. We

consider a set of 15 well-known box-constrained nonlinear systems (i.e., problem (1.1) with

C = {x ∈ Rn : c ≤ x ≤ d}, where c, d ∈ Rn) with dimensions between n = 400 and
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n = 10000 (see Table 3.1). Note that, in this application, the optimal solution ut of (2.3) is

given by (ut)i = (c)i if (zt)i− (y)i ≥ 0 and (ut)i = (d)i otherwise. For a comparison purpose,

we also run the constrained Dogleg solver (CoDoSol) which is a MATLAB package based on

the constrained Dogleg method [6], and available on the web site http://codosol.de.unifi.it.

The parameters of CoDoSol were set as the default choice recommended by the authors

(see [6, Subsection 4.1]). It is worth pointing out that the Jacobian matrices in the latter

solver are approximated by finite differences. The starting points were defined as x0(γ) =

c+ 0.25γ(d− c) where γ = 1, 2, 3.

Table 3.1: Test problems

Problem Name and source n Box

Pb 1 Chandrasekhar’s H-equation c = 0.99 [37] 400 [0, 5]

Pb 2 Discrete boundary value function [51, Problem 28] 500 [-100,100]

Pb 3 Troesch [44, Problem 4.21] 500 [-1,1]

Pb 4 Discrete integral [51, Problem 29] 1000 [-10,10]

Pb 5 Trigexp 1 [44, Problem 4.4] 1000 [-100,100]

Pb 6 Problem 74 [45] 1000 [0,10]

Pb 7 Problem 77 [45] 2000 [0,10]

Pb 8 Function 15 [13] 2000 [-10,0]

Pb 9 Tridiagonal exponential [44, Problem 4.18] 2000 [e−1, e]

Pb 10 Trigonometric function [13, Problem 8] 2000 [5,15]

Pb 11 Zero Jacobian function [13, Problem 19] 2000 [0,10]

Pb 12 Trigonometric system [44, Problem 4.3] 5000 [π, 2π]

Pb 13 Five diagonal [44, Problem 4.8] 5000 [1,105]

Pb 14 Seven diagonal [44, Problem 4.9] 5000 [0,105]

Pb 15 Countercurrent reactors [44, Problem 4.1] 10000 [-1,10]

Tables 3.2 and 3.3 reports the performance of the FD-INL-CondG, BSU-INL-CondG

and BPU-INL-CondG methods and CoDoSol for solving the 15 problems considered. In

Tables 3.2 and 3.3, “γ” is the scalar used to compute the starting point x0(γ), “It” is the

number of iterations of the methods, “Time” is the CPU time in seconds and “‖F‖∞” is the

infinity norm of F at the final iterate xk. Finally, the symbol “∗” indicates a failure, while

ς(q) means ς × 10q.
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From Tables 3.2 and 3.3, we see that the FD-INL-CondG, BSU-INL-CondG and

BPU-INL-CondG methods and CoDoSol successfully ended 42, 39, 37 and 42 times,

respectively, on a total of 45 runs. The FD-INL-CondG method is comparable to or even

slightly better than CoDoSol, because it required less iterations in 36 cases in which both

methods successfully ended. This behavior also has been observed in [26] for some small

and medium scale problems. Regarding the methods where the F ′ is not evaluated at each

iteration, the BSU-INL-CondG method solved 2 problems more than the BPU-INL-CondG

method, while the BPU-INL-CondG method required less (resp. more) iterations than

the BSU-INL-CondG method in 11 (resp. 8) cases in which both methods successfully

ended. Moreover, their CPU times were similar. Hence, we may say that the latter

two methods had similar numerical performance. On the other hand, note that the

BSU-INL-CondG and BPU-INL-CondG methods were, in general, faster than the methods

in which all Mk’s are approximated by finite differences. Therefore, the BSU-INL-CondG

and BPU-INL-CondG methods are comparable to the FD-INL-CondG method, because their

slower convergence rates are compensated by the fact that quasi-Newton approximations of

Mk’s are computationally cheaper.

We reported in Figure 3.1 numerical comparisons of the obtained results in Tables 3.2 and

3.3 using performance profiles [14]. We adopted the number of iterations and CPU time

as performance measurements. It is worth pointing out that the efficiency is related to the

percentage of problems for which the method was the fastest, whereas robustness is related

to the percentage of problems for which the method found a solution. In the performance

profile efficiency and robustness can be accessed on the extreme left and right of the graphic,

respectively.

From Figure 3.1 we see that the FD-INL-CondG, BSU-INL-CondG and BPU-INL-CondG

methods are, in general, more efficient than the CoDoSol on the chosen set of test

problems. To be specific, the efficiencies of the FD-INL-CondG, BSU-INL-CondG and

BPU-INL-CondG methods are 86.7% (respectively, 13.3%), 13.3% (respectively, 37.8%) and

17.8% (respectively, 55.6%) whereas of CoDoSol is 13.3% (respectively, 6.7%) considering

the number of iterations (respectively, CPU time) as performance measurement. Robustness

are 93.3%, 86.7%, 82.2% and 93.3%, respectively.

In order to illustrate the rate of convergence of the FD-INL-CondG, BSU-INL-CondG

and BPU-INL-CondG methods, we plot in Figure 3.2 the convergence curves ‖xk − x∗‖ for

Problem 1. We observe that the generated sequences locally converge at least with linear

rate.

Finally, based on the previous discussion, we conclude that the INL-CondG method seems

to be a promising tool for solving medium and large box-constrained systems of nonlinear

equations.
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Table 3.2: Performance of the FD-INL-CondG, BSU-INL-CondG and BPU-INL-CondG methods

and CoDoSol

FD-INL-CondG BSU-INL-CondG BPU-INL-CondG CoDoSol

Problem γ It Time/‖F‖∞ It Time/‖F‖∞ It Time/‖F‖∞ It Time/‖F‖∞
Pb 1 1 5 7.5(0)/1.3(−11) 5 3.3(0)/9.2(−7) 5 3.1(0)/7.0(−7) 7 1.2(1)/1.7(−11)

2 6 8.7(0)/4.0(−9) 7 4.6(0)/3.6(−8) 7 4.4(0)/2.4(−8) 7 1.2(1)/8.3(−7)

3 6 8.7(0)/3.0(−8) 9 4.6(0)/3.6(−9) 8 4.4(0)/5.8(−7) *

Pb 2 1 9 9.5(−1)/3.3(−8) 12 7.0(−1)/4.8(−7) 12 6.8(−1)/3.1(−8) 14 1.8(0)/3.7(−10)

2 1 1.2(−1)/2.6(−7) 1 1.2(−1)/2.6(−7) 1 1.2(−1)/2.6(−7) 2 3.0(−1)/2.2(−9)

3 9 7.7(−1)/2.2(−7) 12 4.7(−1)/2.9(−7) 12 4.5(−1)/2.1(−8) 14 1.4(0)/9.2(−9)

Pb 3 1 6 5.3(−1)/2.2(−7) 13 6.3(−1)/8.0(−7) 8 5.2(−1)/3.6(−8) 9 8.6(−1)/1.9(−9)

2 7 2.7(−1)/7.7(−8) 11 2.4(−1)/2.4(−7) 9 2.3(−1)/6.7(−8) 6 3.5(−1)/5.6(−9)

3 6 2.7(−1)/2.2(−7) 9 2.4(−1)/2.0(−7) 8 2.0(−1)/4.0(−8) 7 4.7(−1)/1.6(−7)

Pb 4 1 5 1.2(3)/2.6(−10) 7 7.1(2)/9.1(−12) 7 7.0(2)/2.9(−12) 9 2.4(3)/1.4(−10)

2 3 6.9(2)/2.8(−11) 3 4.6(2)/2.0(−9) 3 4.5(2)/2.0(−9) 3 9.2(2)/1.0(−7)

3 6 1.6(3)/5.1(−11) 7 6.9(2)/2.2(−8) 22 1.4(3)/7.3(−13) 9 2.3(3)/3.6(−8)

Pb 5 1 20 7.1(0)/2.6(−8) 79 1.2(1)/8.9(−9) 28 3.9(0)/2.7(−8) 21 1.0(1)/9.0(−7)

2 9 2.8(0)/3.4(−11) 13 2.2(0)/1.1(−7) 12 1.6(0)/8.0(−10) 10 4.1(0)/3.5(−9)

3 13 4.9(0)/5.2(−9) 19 3.3(0)/3.6(−10) 17 2.6(0)/2.8(−8) 23 1.0(1)/2.4(−8)

Pb 6 1 5 6.4(1)/5.7(−7) 7 3.5(1)/1.7(−7) 7 3.8(1)/2.0(−8) 7 1.0(2)/3.4(−7)

2 5 6.4(1)/4.4(−9) 7 3.9(1)/1.2(−7) 8 4.0(1)/1.1(−8) 9 1.3(2)/2.3(−8)

3 10 1.3(2)/7.3(−12) 16 5.3(1)/8.0(−8) 22 7.9(1)/6.9(−11) 12 1.7(2)/3.1(−8)

Pb 7 1 6 1.9(1)/3.2(−10) 7 1.2(1)/9.3(−9) 7 1.2(1)/9.4(−9) 9 3.1(1)/4.3(−7)

2 8 2.5(1)/6.2(−11) 10 1.4(1)/1.3(−9) 10 1.4(1)/3.2(−8) 12 4.0(1)/2.1(−9)

3 9 2.8(1)/4.8(−11) 11 1.4(1)/8.4(−8) 12 1.8(1)/1.5(−11) 13 4.3(1)/2.4(−7)

Pb 8 1 7 1.7(1)/4.8(−10) 11 1.2(1)/6.5(−8) 9 1.1(1)/4.4(−8) 13 3.2(1)/7.4(−11)

2 6 1.4(1)/3.0(−7) 10 1.1(1)/1.4(−7) 8 1.0(1)/2.6(−7) 12 3.0(1)/1.8(−7)

3 6 1.4(1)/2.4(−13) 8 1.0(1)/9.4(−8) 7 9.5(0)/4.3(−7) 11 2.7(1)/1.9(−9)

Pb 9 1 2 1.5(0)/4.8(−14) 2 1.4(0)/4.8(−14) 2 1.3(0)/4.8(−14) 8 9.0(0)/6.0(−14)

2 2 1.3(0)/1.4(−13) 2 1.2(0)/1.4(−13) 2 1.2(0)/1.4(−13) 7 7.6(0)/6.2(−14)

3 2 1.3(0)/3.0(−14) 2 1.2(0)/3.0(−14) 2 1.2(0)/3.0(−14) 7 7.7(0)/4.0(−14)
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Table 3.3: Performance of the FD-INL-CondG, BSU-INL-CondG and BPU-INL-CondG methods

and CoDoSol

FD-INL-CondG BSU-INL-CondG BPU-INL-CondG CoDoSol

Problem γ It Time/‖F‖∞ It Time/‖F‖∞ It Time/‖F‖∞ It Time/‖F‖∞
Pb 10 1 7 2.3(1)/6.9(−10) 9 1.5(1)/4.5(−10) 15 2.1(1)/4.4(−7) 10 3.6(1)/2.2(−11)

2 3 1.0(1)/1.5(−7) 4 7.9(0)/2.2(−10) 4 7.8(0)/1.6(−10) 4 1.6(1)/3.4(−8)

3 10 3.3(1)/5.6(−7) 14 1.9(1)/7.8(−8) * 12 4.2(1)/1.4(−8)

Pb 11 1 17 3.7(1)/7.3(−7) 22 2.3(1)/9.6(−7) 27 2.9(1)/7.5(−7) 22 5.1(1)/2.6(−7)

2 18 3.9(1)/7.3(−7) 24 2.4(1)/6.1(−7) 28 2.9(1)/9.2(−7) 23 5.1(1)/5.6(−7)

3 19 4.1(1)/4.1(−7) 25 2.4(1)/5.4(−7) 30 3.1(1)/9.3(−7) 24 5.3(1)/4.6(−7)

Pb 12 1 * * * 18 6.4(2)/2.6(−8)

2 * * * 17 7.0(2)/9.0(−8)

3 * * * 16 6.4(2)/4.9(−9)

Pb 13 1 8 1.6(2)/0.0(0) 7 8.0(1)/0.0(0) 5 7.3(1)/0.0(0) 17 3.7(2)/8.8(−10)

2 12 3.1(2)/0.0(0) 22 4.2(2)/0.0(0) * *

3 16 4.0(2)/0.0(0) * 7 8.2(1)/0.0(0) *

Pb 14 1 4 8.5(1)/3.6(−10) 5 6.4(1)/1.7(−7) 5 6.7(1)/2.5(−8) 4 9.7(1)/4.1(−10)

2 12 3.6(2)/3.7(−7) 17 2.4(2)/1.3(−9) 17 2.8(2)/2.0(−11) 17 4.5(2)/1.3(−8)

3 20 4.1(2)/1.1(−12) * * 25 6.1(2)/1.3(−11)

Pb 15 1 11 4.0(2)/6.8(−9) * 21 6.3(2)/3.8(−7) 17 7.4(2)/2.3(−9)

2 12 4.6(2)/3.1(−8) 19 5.9(2)/6.1(−7) * 19 7.5(2)/2.1(−9)

3 13 4.7(2)/6.0(−9) 20 6.2(2)/3.2(−7) * 20 7.9(2)/2.1(−9)
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Figure 3.1: Performance profile comparing the FD-INL-CondG, BSU-INL-CondG and

BPU-INL-CondG methods and CoDoSol using as performance measurement: (a) number of

iteration; (b) CPU time.
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Figure 3.2: Convergence curves of the FD-INL-CondG, BSU-INL-CondG and BPU-INL-CondG

methods for the Problem 1.

3.3.2 Polyhedral-constrained nonlinear system

In this subsection, we apply the FD-INL-CondG, BSU-INL-CondG and BPU-INL-CondG

methods for solving a polyhedral-constrained nonlinear system. Define the constants R0 =

10, R5 = 0.193, R6 = 4.10622 × 10−4, R7 = 5.45177 × 10−4, R8 = 4.4975 × 10−7, R9 =
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3.40735× 10−5 and R10 = 9.615× 10−7. We consider problem (1.1) with

F (x) =



x1x2 + x1 − 3x5

2x1x2 + x1 + 3R10x
2
2 + x2x

2
3 +R7x2x3 +R9x2x4 +R8x2 −R0x5

2x2x
2
3 +R7x2x3 + 2R5x

2
3 +R6x3 − 8x5

R9x2x4 + 2x24 − 4R0x5

x1x2 + x1 +R10x
2
2 + x2x

2
3 +R7x2x3 +R9x2x4 +R8x2 +R5x

2
3 +R6x3 + x24 − 1

and C = {x ∈ R5 : 0.0001 ≤ x ≤ 100, Ax ≤ b}, where

A =



2 1 3 −1 −4

3 −1 4 −5 2

−8 4 5 −1 2

1 3 2 4 −6

5 −6 4 −3 2


and b =



80

226

156

305

155


.

The above problem is the Equilibrium Combustion problem [20, Problem 14.1.2] with the

additional constrained Ax ≤ b in its feasible set C. The starting points were defined as

x0(γ) = c + 0.25γ(d − c) for γ = 1, 2, 3, where c = (0.0001, · · · , 0.0001) ∈ R5 and d =

(100, · · · , 100) ∈ R5. In this application, the linear optimization problems in (2.3) was

solved via the MATLAB command linprog.

Table 3.4 displays the performance of the FD-INL-CondG, BSU-INL-CondG and

BPU-INL-CondG methods for solving the problem under consideration. As defined in the

previous subsection, in Table 3.4, “γ” is the scalar used to compute the starting point x0(γ),

“It” is the number of iterations of the methods, “Time” is the CPU time in seconds, “‖F‖∞”

is the infinity norm of F at the final iterate xk and ς(q) denotes ς × 10q. From Table 3.4,

we observe that the FD-INL-CondG, BSU-INL-CondG and BPU-INL-CondG methods were

successful in all runs. In terms of the number of iterations, the FD-INL-CondG method was

the most efficient, while the BSU-INL-CondG was more efficient than the BPU-INL-CondG

method. As already observed in Subsection 3.3.1, in general, the CPU times per iteration

of the BSU-INL-CondG and BPU-INL-CondG methods are smaller than the CPU time per

iteration of the FD-INL-CondG method. Therefore, the INL-CondG method may also be

an useful tool for solving polyhedral-constrained systems of nonlinear equations.
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Table 3.4: Performance of the FD-INL-CondG, BSU-INL-CondG and BPU-INL-CondG methods

FD-INL-CondG BSU-INL-CondG BPU-INL-CondG

γ It Time/‖F‖∞ It Time/‖F‖∞ It Time/‖F‖∞

1 11 3.3(−1)/1.0(−7) 17 4.5(0)/7.8(−7) 20 1.0(−1)/3.3(−8)

2 10 3.5(1)/8.3(−8) 17 1.9(1)/3.1(−9) 28 2.7(1)/6.8(−9)

3 18 3.7(1)/3.4(−7) 22 4.4(1)/2.5(−11) 64 7.2(1)/2.2(−7)
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Chapter 4

On the global convergence of the

inexact quasi-Newton conditional

gradient method

In this chapter, we propose a globally convergent method for solving constrained nonlinear

systems. The method combines the efficient inexact Newton-like conditional gradient method

studied in Chapter 3 with a derivative-free and nonmonotone line search strategy. The global

convergence analysis of the proposed method is established under suitable conditions, and

some preliminary numerical experiments are given to illustrate its performance.

4.1 Globalization strategy

Consider the problem of finding a vector x ∈ Ω such that

F (x) = 0, (4.1)

where F : Ω→ Rn is a continuously differentiable nonlinear function and Ω ⊂ Rn is an open

set. Among various methods for solving unconstrained nonlinear system (4.1), the Newton

method is regarded as one of the most efficient. Basically, it generates a sequence {xk} in

such a way that

xk+1 = xk + sk, ∀k ≥ 0,

where the Newton direction sk is computed by solving the linear system

F ′(xk)sk = −F (xk). (4.2)

We refer the reader to [1,9,19,25] where convergence results for the Newton method and its

variants have been discussed.
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In Chapter 3 it was proposed an inexact version of the Newton conditional gradient

(Newton-CondG) method introduced in [26] to compute approximate solutions of (1.1).

As shown in [26] and Chapter 3, the Newton-CondG method as well as its inexact version

performed well and compared favorably with other methods. However, no globalization

strategy was considered and hence only local convergence analyses of these methods were

presented. It is worth pointing out that, in many cases, the globalization strategy can make

the methods more robust. Usually, the global convergence of the methods for solving (4.1)

is obtained by ensuring the decrease of the merit function

f(x) :=
1

2
‖F (x)‖2. (4.3)

See, for example, [13, 39, 49, 50, 54]. However, for the inexact quasi-Newton method,

the direction sk, which is an approximate solution of (4.2) with F ′(xk) replaced by an

approximation of it, may not be a descent direction of (4.3). Hence, in this case, only

nonmonotone globalization strategies can be considered. Almost all of these strategies are

based on an approximate norm descent condition proposed in [42]. This condition can be

described as follows: a sequence of feasible iterates {xk} is generated in such a way that the

following nonmonotone condition is satisfied

‖F (xk+1)‖ ≤ (1 + ζk)‖F (xk)‖, ∀k ≥ 0, (4.4)

where {ζk} is a positive sequence such that

∞∑
k=0

ζk ≤ ζ <∞. (4.5)

Based on this condition, Morini et al. proposed in [54] (see also [49]) a more general criterion,

which replaced (4.4) by the following inequalities:

‖F (xk + π(sk, λk))‖ ≤ (1− α(1 + λk))‖F (xk)‖, (4.6)

or

‖F (xk + π(sk, λk))‖ ≤ (1 + ζk − αλk)‖F (xk)‖, (4.7)

with ζk as in (4.5), λk ∈ (0, 1], α ∈ (0, 1), and π(sk, λk) is a suitable direction. We mention

that the global method to be proposed here is based on the globalization criterion (4.6)–(4.7).

4.2 The method and its global convergence analysis

Our goal in this section is to present and analyze a new iterative method, namely the global

inexact quasi-Newton conditional gradient (GIQN-CondG) method, for solving (1.1).
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4.2.1 GIQN-CondG method

This subsection describes the GIQN-CondG method, which is obtained basically by

combining the inexact Newton-like conditional gradient method proposed in Chapter 3 with

a globalization strategy similar to the one in [54]. As already mentioned, in many cases, the

globalization strategy may make the methods more robust.

The GIQN-CondG method is formally described as follows.

GIQN-CondG method

Step 0. Let x0 ∈ C, α ∈ (0, 1/3), σ ∈ (0, 1), a positive sequence {ζj} satisfying (4.5), and

a positive sequence {θj} be given. Set k = 0.

Step 1. If F (xk) = 0, then stop.

Step 2. Choose an invertible approximation Mk of F ′(xk). Compute a couple (sk, yk) ∈
Rn × Rn such that

Mksk = −F (xk) + rk, yk = xk + sk, (4.8)

where the residual rk ∈ Rn satisfies a suitable condition.

Step 3. If yk ∈ C, set s̃k = sk; otherwise, let

s̃k = CondG(yk, xk, θk‖sk‖2)− xk.

Step 4. Set s+ = s̃k. If ‖s̃k‖ 6= 0 set s− = −s̃k else s− = −sk.

Step 4.1. Set λ = 1.

Step 4.2. Repeat

Step 4.2.1. If π(sk, λ) := λs+ satisfies (4.6), go to Step 5.

Else if π(sk, λ) := λs− satisfies xk + π(sk, λ) ∈ C and (4.6), go to Step 5.

Step 4.2.2. If ‖s+‖ 6= 0 and π(sk, λ) := λs+ satisfies (4.7), go to Step 5.

Else if π(sk, λ) := λs− satisfies xk + π(sk, λ) ∈ C and (4.7), go to Step 5.

Step 4.2.3. Set λ = σλ.

Step 5. Set λk = λ, pk = π(sk, λk), xk+1 = xk + pk.

Step 6. Set k ← k + 1, and go to Step 1.
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Remark 4.2.1 (i) As is well-known, implementations of the Newton method may be

expensive and difficult due to the necessity to compute all the elements of the Jacobian

matrix of F as well as the exact solution of a linear system for each iteration (see (4.2)). In

order to obtain a more practical algorithm, the GIQN-CondG method considers the inexact

quasi-Newton method (see Step 2), which allows the matrix F ′ and the solution vector sk
in (4.2) to be computed in an approximate way. There are different choices for, or ways

to build, the matrix Mk and the residual rk, from which variations of the GIQN-CondG

method originate. On the one hand, classical choices of Mk include Mk = F ′(xk) and

Mk = F ′(x0). We refer the reader to [10, 11, 56] for some derivative-free approaches

for building Mk. On the other hand, the standard condition on the residual rk in (4.8)

corresponds to ‖rk‖ ≤ τk‖F (xk)‖, where {τk} is a suitable forcing sequence. The latter

condition means that the linear system Mksk = −F (xk) is solved inexactly in such way that

the approximate criterion

‖rk‖ = ‖Mksk + F (xk)‖ ≤ τk‖F (xk)‖

is satisfied. In other words, the last inequality should be used as a stopping criterion, if the

aforementioned linear system is solved by means of an iterative method. It is worth pointing

out that if rk = 0 for all k ≥ 0 and Mk = F ′(xk) (resp. Mk = F ′(x0)), we obtain a globalized

version of the Newton (resp. modified Newton) conditional gradient method proposed in [26]

(resp. Chapter 3). (ii) The backtracking process given in Step 4 is well-defined, since its

repeat-loop in Step 4.2 terminates in a finite number of steps. Indeed, as F is a continuous

function and ζk is a positive scalar for every k, then there exists a small enough scalar λ̂ > 0

such that the following inequality is satisfied

(F (xk + λs))2i ≤ (1 + ζk − αλ)2(F (xk))
2
i ,

for λ ∈ (0, λ̂) and i = 1, . . . , n. Consequently, condition (4.7) trivially holds. (iii) Since

CondG(yk, xk, θk‖sk‖2) ∈ C (see Remark 2.3.1(i)), it follows from Step 3 and s+ = s̃k that

xk + λs+ belongs to C for every λ ∈ (0, 1]. On the other hand, the element xk + λs− can be

accepted as the next iteration for some λ ∈ (0, 1] if, in particular, it is feasible. Therefore,

as x0 ∈ C, we have that the sequence {xk} generated by the GIQN-CondG method is

feasible. (iv) The GIQN-CondG method is closely related to the quasi-Newton method

in [49]. However, they differ mainly in two respects. First, our approach computes a feasible

inexact projection by the CondG procedure, whereas the method in [49] requires, in each

iteration, two exact projections. As already mentioned, in many applications, computing the

projection step may be more difficult than solving (2.3). Second, in [49], the linear system

(4.8) is solved exactly (i.e., rk = 0 for every k ≥ 0), which may be expensive and difficult

for medium and large scale problems.
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4.2.2 Global convergence analysis

In this subsection, we present global convergence results for the GIQN-CondG method.

Specifically, we show that the sequence {‖F (xk)‖} is convergent and, under stronger

assumptions, it converges to zero. Moreover, the global convergence of the sequence {xk}
is also established. It is worth pointing out that, since the GIQN-CondG method can be

interpreted as an inexact version of Algorithm 1 in [49] (see Remark 4.2.1(iv) above), the

results to be presented here are extensions of those established in [49]. The latter algorithm,

on the other hand, is related to the PAND algorithm in [54].

The following lemma guarantees that the approximate norm descent condition (4.4) is

satisfied for every k and establishes some upper bounds for ‖F (xk)‖.

Lemma 4.2.2 Let {xk} and {λk} be sequences generated by the GIQN-CondG method.

(i) For all k ≥ 0, condition (4.4) holds and

‖F (xk+1)‖ ≤ eζ‖F (x0)‖, (4.9)

αλk‖F (xk)‖ ≤ (1 + ζk)‖F (xk)‖ − ‖F (xk+1)‖. (4.10)

(ii) Let {km}, with m ≥ 1 and k1 ≥ 1, be the indices of the iterates satisfying (4.6), i.e.,

‖F (xkm)‖ ≤ (1− α(1 + λkm−1))‖F (xkm−1)‖.

Then,

‖F (xkm)‖ ≤ (1− α)m eζ ‖F (x0)‖.

Proof. See proofs of [54, Theorem 4.2] and [49, Lemma 3.1] for items (i) and (ii). �

The following assumption is needed in order to investigate the global convergence of the

sequences {xk} and {‖F (xk)‖}.

Assumption 4.2.3 Approximation Mk of F ′(xk) is invertible for every k ≥ 0. Moreover,

assume that Mk and the residual rk satisfy

‖Mk
−1‖ ≤ c1, ‖rk‖ ≤ c2‖F (xk)‖, ∀k ≥ 0, (4.11)

for some scalars c1 > 0 and c2 ≥ 0.

Remark 4.2.4 (i) It is easy to see that the first equality in (4.8) and Assumption 4.2.3

imply

‖sk‖ ≤ c1(1 + c2)‖F (xk)‖.

(ii) See, for example, [2, 40] for more details in how to build matrices Mk such that

Assumption 4.2.3 trivially holds.
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Assumption 4.2.3 is essential to provide estimates for {s̃k} and {pk}, which will be useful

in the global analysis of the GIQN-CondG method.

Lemma 4.2.5 Let {xk}, {‖F (xk)‖} and {λk} be sequences generated by the GIQN-CondG

method. Assume that Assumption 4.2.3 holds and {θk} ⊂ (0, β2/2] where β > 0. Then, for

every k ≥ 0,

(i) ‖s̃k‖ ≤ c1(1 + β)(1 + c2)‖F (xk)‖;

(ii) ‖pk‖ ≤ c1(1 + β)(1 + c2)λk‖F (xk)‖.

Proof. (i) First of all, if s̃k = sk, then, from Remark 4.2.4(i), it follows that

‖s̃k‖ ≤ c1(1 + c2)‖F (xk)‖,

which, combined with the fact that β > 0, implies the inequality of item (i). On the other

hand, if s̃k = 0, the desired inequality trivially holds. Finally, let us consider the case where

0 6= s̃k = CondG(yk, xk, θk‖sk‖2)− xk.

Using the fact that CondG(x, x, 0) = x for all x ∈ C, Lemma 2.3.2 and the second equality

in (4.8), we obtain

‖s̃k‖ = ‖CondG(yk, xk, θk‖sk‖2)− CondG(xk, xk, 0)‖

≤ ‖yk − xk‖+
√

2θk‖sk‖
≤ (1 + β)‖sk‖,

where the last inequality follows from
√

2θk ≤ β. Hence, from Remark 4.2.4(i), we conclude

the proof of the item.

(ii) It follows from the GIQN-CondG method that

‖pk‖ = ‖π(sk, λk)‖ = λk‖s̃k‖ or ‖pk‖ = ‖π(sk, λk)‖ = λk‖sk‖.

Hence, for the first case, the desired inequality follows from item (i), while for the second

case, it follows from Remark 4.2.4(i) and the fact that β > 0. �

The next theorem discusses the global convergence of the sequences {xk}, {‖F (xk)‖} and

{λk‖F (xk)‖} as well as the case in which the GIQN-CondG method fails to solve (1.1).

Theorem 4.2.6 Let {xk}, {‖F (xk)‖} and {λk} be sequences generated by the GIQN-CondG

method. Then,

(i) The sequence {‖F (xk)‖} is convergent.
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(ii) The sequence {λk‖F (xk)‖} is convergent and such that

lim
k→∞

λk‖F (xk)‖ = 0. (4.12)

(iii) If (4.6) is satisfied for infinitely many k, then limk→∞ ‖F (xk)‖ = 0. If ‖F (xk)‖ ≤
‖F (xk+1)‖ holds for infinitely many k, then lim infk→∞ λk = 0. Finally, if ‖F (xk)‖ ≤
‖F (xk+1)‖ for all k sufficiently large, we have {‖F (xk)‖} does not converge to 0 and

limk→∞ λk = 0.

(iv) If in addition Assumption 4.2.3 holds and {θk} ⊂ (0, β2/2] where β > 0, then the

sequence {xk} is convergent.

Proof. Since conditions (4.6) and (4.7) are equivalent, respectively, to conditions (14) and

(15) in [54], the proofs of items (i)–(iii) follow the same pattern as proofs of items (ii)–(vii)

of [54, Theorem 4.2].

(iv) Our goal is to prove that {xk} is a Cauchy sequence and hence it converges. Before, let

us first prove that
∑∞

k=0 λk‖F (xk)‖ is a convergent series. It follows from (4.10) that

∞∑
k=0

λk‖F (xk)‖ ≤
∞∑
k=0

(
(1 + ζk)

α
‖F (xk)‖ −

1

α
‖F (xk+1)‖

)
=
∞∑
k=0

1

α
(‖F (xk)‖ − ‖F (xk+1)‖) +

∞∑
k=0

ζk
α
‖F (xk)‖

≤ 1

α
‖F (x0)‖+

∞∑
k=0

ζk
α
‖F (xk)‖,

which, combined with (4.5) and (4.9), yields

∞∑
k=0

λk‖F (xk)‖ ≤
1

α
‖F (x0)‖+

∞∑
k=0

ζk
α

eζ‖F (x0)‖ ≤
(

1

α
+
ζ

α
eζ
)
‖F (x0)‖.

Since λk‖F (xk)‖ is positive for every k, we conclude that
∑∞

k=0 λk‖F (xk)‖ is convergent.

Hence, from Lemma 4.2.5, we obtain
∞∑
k=0

‖pk‖ ≤ c1(1 + β)(1 + c2)
∞∑
k=0

λk‖F (xk)‖ <∞.

On the other hand, let m ≥ l and consider

‖xm − xl‖ = ‖pl + pl+1 + . . .+ pm−1‖ ≤
∞∑
k=l

‖pk‖ =
∞∑
k=0

‖pk‖ −
l−1∑
k=0

‖pk‖. (4.13)

Taking the limit in (4.13) as l goes to infinity, we have ‖xm−xl‖ tends to zero. This implies

that for every ε > 0, there exists l sufficiently large such that ‖xm − xl‖ ≤ ε, for all m ≥ l.

Therefore, {xk} is a Cauchy sequence and the proof of the item is complete. �
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Remark 4.2.7 Since (4.6) implies that (4.7) holds, we trivially have that condition (4.7) is

satisfied for every k ≥ 0. However, if ‖F (xk)‖ ≤ ‖F (xk+1)‖ for all k sufficiently large (in

particular, (4.6) does not hold), it follows from Theorem 4.2.6(iii) that {‖F (xk)‖} does not

converge to 0 and hence the GIQN-CondG method fails to solve (1.1).

For the last two results we will assume that the Jacobian F ′ is Lipschitz continuous.

Assumption 4.2.8 Assume that the Jacobian F ′ of F satisfies

‖F ′(x)− F ′(y)‖ ≤ L‖x− y‖, ∀x, y ∈ C.

We now prove that, under additional assumptions, the {‖F (xk)‖} converges to zero.

Theorem 4.2.9 is derived by suitable modifications of [54, Theorem 5.4].

Theorem 4.2.9 Let {xk} be a sequence generated by the GIQN-CondG method. Assume

that Assumptions 4.2.3 and 4.2.8 hold. If for all k sufficiently large the step s̃k satisfies

‖F ′(xk)s̃k + F (xk)‖ ≤ δ‖F (xk)‖, 0 ≤ δ < 1− 3α, (4.14)

then limk→∞ ‖F (xk)‖ = 0.

Proof. It follows from Lemma 4.2.5 that

‖s̃k‖ ≤ c1(1 + β)(1 + c2)‖F (xk)‖. (4.15)

Let us now prove that (4.6) holds for infinitely many k. Since ‖s̃k‖ 6= 0 (see (4.14)), we have

F (xk + λks̃k) = F (xk) +

∫ 1

0

F ′(xk + tλks̃k)λks̃k dt

= (1− λk)F (xk) + λk(F
′(xk)s̃k + F (xk))

+

∫ 1

0

(F ′(xk + tλks̃k)− F ′(xk))λks̃k dt.

Using (4.14), (4.15) and Assumption 4.2.8, we obtain

‖F (xk + λks̃k)‖ ≤ (1− λk)‖F (xk)‖+ λkδ‖F (xk)‖+
L

2
λ2k‖s̃k‖2

≤ (1− λk + λkδ)‖F (xk)‖+
L

2
[c1(1 + β)(1 + c2)]

2λ2k‖F (xk)‖2,

which, combined with the fact that λk ∈ (0, 1], yields

‖F (xk + λks̃k)‖ ≤ (1− λk + λkδ)‖F (xk)‖+
L

2
[c1(1 + β)(1 + c2)]

2λk‖F (xk)‖2

=

[
1− λk + λkδ +

L

2
[c1(1 + β)(1 + c2)]

2λk‖F (xk)‖
]
‖F (xk)‖.
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As a consequence of (4.12), we conclude that there exists a k̄ such that (L/2)[c1(1 + β)(1 +

c2)]
2λk‖F (xk)‖ < α for k ≥ k̄. Hence, condition (4.6) holds for k ≥ k̄ if

1− λk + λkδ + α ≤ 1− α(1 + λk).

or, equivalently,

λk(1− α− δ) ≥ 2α.

In Step 4.1, we set λ = 1. Thus, in Step 4.2, condition (4.6) is satisfied with λ = 1 if

(1 − α − δ) ≥ 2α. Since the latter inequality trivially holds from the second inequality in

(4.14), we conclude that condition (4.6) holds for every k ≥ k̄, and hence the statement of

the theorem trivially follows from Theorem 4.2.6(iii). �

Note that the first equation in (4.8) and second inequality in (4.11) imply that ‖Mksk +

F (xk)‖ ≤ c2‖F (xk)‖, for every k ≥ 0. Hence, condition (4.14) trivially holds if s̃k = sk and

Mk = F ′(xk) for all k sufficiently large, and c2 < 1 − 3α. In the next corollary, we give

conditions for which (4.14) also holds when Mk is only an approximation of F ′(xk).

Corollary 4.2.10 Let {xk} be a sequence generated by the GIQN-CondG method. Assume

that Assumptions 4.2.3 and 4.2.8 hold. If for all k sufficiently large the steps sk and s̃k
satisfy s̃k = sk and

‖F ′(xk)M−1
k ‖ ≤ ρ, ‖I − F ′(xk)M−1

k ‖ ≤ υ, υ + ρc2 < 1− 3α, (4.16)

where ρ > 0, υ ≥ 0 and c2 is given in Assumption 4.2.3, then limk→∞ ‖F (xk)‖ = 0.

Proof. By the first equality in (4.8), s̃k = sk, (4.16) and Assumption 4.2.3 it follows that

‖F ′(xk)s̃k + F (xk)‖ = ‖ − F ′(xk)M−1
k (F (xk)− rk) + F (xk)‖

≤ ‖(I − F ′(xk)M−1
k )F (xk)‖+ ‖F ′(xk)M−1

k rk‖
≤ (υ + ρc2)‖F (xk)‖.

Hence, the statement of the corollary now follows from Theorem 4.2.9 with δ = υ+ρc2. �

Note that, if the solution x∗ of (1.1) belongs to the interior of C, then it is expected that

yk ∈ C for all k sufficiently large, which, in view of Step 3, implies that s̃k = sk.

4.3 Numerical experiments

This section reports some preliminary numerical experiments obtained by applying the

GIQN-CondG method for solving box- and polyhedral-constrained nonlinear systems. We

tested the following variants of GIQN-CondG method which differ in how the approximation
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matrices Mk are built. In the FD-GIQN-CondG method, the matrices Mk were approximated

by finite differences, whereas in the BSU-GIQN-CondG and BPU-GIQN-CondG methods, we

used the Broyden-Schubert Update [11,56] and the Bogle-Perkins Update [10], respectively.

For the latter two methods, we also used the strategy of periodically (i.e., k = 0 and

mod(k − 1, 5) = 0) approximate the matrices F ′(xk) by finite differences. In all variants

of the GIQN-CondG method, the initialization data were α = 10−4, σ = 0.5 and θk = 10−5,

for every k ≥ 0. We set ζk = 0.99k(100 + ‖F (x0)‖2), for every k ≥ 0, which was the best

{ζk} from those considered in [39,40,42,49,54] for an initial small number of problems. It is

worth mentioning that the sequence {ζk} strongly influences the performance of approximate

norm descent methods. The linear systems in (4.8) were solved by direct methods, i.e.,

rk = 0 for all k ≥ 0. The CondG procedure stopped when either the stopping criterion

given in step (P2) was satisfied or the maximum of 300 iterations was performed. For a

comparison purpose, we also ran the local FD-INL-CondG method (Chapter 3) with initial

parameters as the corresponding ones of its global version (i.e., FD-GIQN-CondG method).

For all methods considered in this section, we used the same overall termination condition

‖F (xk)‖∞ ≤ 10−6, and a failure was declared if either no progress was detected or the total

number of iterations exceeded 300. All numerical results were obtained using MATLAB

R2016a on a 2.5GHz Intel R© CoreTM i5 with 6GB of RAM and Windows 7 ultimate system.

4.3.1 Box-constrained nonlinear systems

In this subsection, we are interested in applying the GIQN-CondG method to solve 17

test problems of the form (1.1) with C = {x ∈ Rn : l ≤ x ≤ u}, where l, u ∈ Rn; see

Table 4.1. In this case, subproblem (2.3) has a closed-form solution, i.e., if (zt)i − (y)i ≥ 0,

then (ut)i = (l)i; otherwise (ut)i = (u)i. For this application, we also ran the constrained

Dogleg solver (CoDoSol), which is a MATLAB package based on the constrained Dogleg

method [6], and available on the web site http://codosol.de.unifi.it. In the latter method, the

Jacobian matrices were approximated by finite differences. The parameters of the CoDoSol

were selected as recommended by the authors, see [6, Subsection 4.1]. In all methods, the

starting points were defined as x0(γ) = l + 0.2γ(u− l), where γ ≥ 0.

Tables 4.2, 4.3, 4.4 and 4.5 display all numerical results obtained. The methods were

compared on the total number of iterations (It), number of F-evaluations (Fe) and CPU

time in seconds (Time). The symbol “∗” indicates a failure, whereas ‖F‖∞ is the infinity

norm of F at the final iteration xk. The notation ς(q) means ς × 10q. In Tables 4.2 and

4.3, the number of F-evaluations of the FD-INL-CondG method was omitted in all cases,

because it is always equal to the number of iterations plus one.
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Table 4.1: Test problems

Problem Name and source n Box

Pb 1 Effati-Grosan problem 2 [59] 2 [−10, 10]

Pb 2 Reactor R = 0.935 [59] 2 [0, 5]

Pb 3 Merlet [59] 2 [0, 2π]

Pb 4 Brown’s almost linear system [20, Problem 14.1.5] 5 [−2, 2]

Pb 5 Countercurrent reactors 2 [44, Problem 4.2] 8 [−100, 10]

Pb 6 Chemical reaction problem [38, Problem 5] 67 [−20, 20]

Pb 7 Yamamutra [59] 100 [−100, 100]

Pb 8 Extended Freudenstein-Roth [44, Problem 4.11] 100 [−100, 100]

Pb 9 Tridiagonal system [44, Problem 4.7] 100 [−5, 5]

Pb 10 Extended Wood [44, Problem 4.17] 100 [−5, 5]

Pb 11 Singular Broyden [44, Problem 4.6] 100 [−100, 1]

Pb 12 Extended Powell singular [44, Problem 4.12] 100 [−5, 5]

Pb 13 Broyden tridiagonal [51, Problem 30] 500 [−100, 0]

Pb 14 Structured Jacobian [44, Problem 3.19] 500 [−100, 0]

Pb 15 Brent [44, Problem 4.20] 500 [−100, 100]

Pb 16 Bratu [44, Problem 4.24] 1024 [−100, 1.5]

Pb 17 Trigonometric function [13, Problem 8] 2000 [-50,150]

From Tables 4.2 and 4.3, in terms of the amount of problems solved, we can see that the

FD-GIQN-CondG method was more robust than the FD-INL-CondG method and CoDoSol.

This was because the FD-GIQN-CondG method solved 47 problems of a total of 51, whereas

the FD-INL-CondG method and CoDoSol sucessfully ended in 42 problems. Regarding to the

number of iterations, we observe that the FD-GIQN-CondG and FD-INL-CondG methods

had similar performance and, in general, they required less iterations than CoDoSol. Similar

efficiency can also be observed for the number of F-evaluations of the FD-GIQN-CondG

method and CoDoSol. The CPU times of the three methods were practically the same.

Comparing the methods in which F ′ is not evaluated at each iteration, we can observe,

from Tables 4.4 and 4.5, that the BSU-GIQN-CondG and BPU-GIQN-CondG methods

were similar in terms of robustness and efficiency. Note also that the slower convergence

rates of the BSU-GIQN-CondG and BPU-GIQN-CondG methods are compensated by their
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smaller CPU times per iteration. Such a behavior is due to the fact that quasi-Newton

approximations of F ′(xk) are computationally cheaper.

We also report in Figure 4.1 the performance profile [14] of the obtained results

in Tables 4.2, 4.3, 4.4 and 4.5 using as performance measurements the number

of iterations and CPU time. Efficiencies of the FD-GIQN-CondG, FD-INL-CondG,

BSU-GIQN-CondG, BPU-GIQN-CondG methods and CoDoSol are 70.6% (respectively,

11.8%), 72.6% (respectively, 5.9%), 13.7% (respectively, 43.1%), 11.8% (respectively, 43.1%)

and 23.5% (respectively, 5.9%) considering the number of iterations (respectively, CPU

time) as performance measurement. Robustness of the FD-GIQN-CondG, FD-INL-CondG,

BSU-GIQN-CondG, BPU-GIQN-CondG methods and CoDoSol are 92.2%, 82.4%, 84.3%,

88.2% and 82.4%, respectively.

As a summary of the previous discussion, we can say that the GIQN-CondG method seems

to be a robust and efficient tool for solving box-constrained systems of nonlinear equations.
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Table 4.2: Performance of the FD-GIQN-CondG, FD-INL-CondG methods and CoDoSol

FD-GIQN-CondG FD-INL-CondG CoDoSol

Problem γ It Fe Time/‖F‖∞ It Time/‖F‖∞ It Fe Time/‖F‖∞
Pb 1 1 * * *

2 29 31 7.6(−2)/6.7(−7) * 6 8 3.4(−2)/1.9(−8)

3 28 30 3.1(−2)/6.2(−7) 19 7.8(−2)/2.0(−7) 7 9 1.7(−2)/1.7(−10)

Pb 2 1 13 14 3.7(−1)/4.8(−12) 13 1.2(0)/4.8(−12) 13 14 2.7(−1)/4.8(−12)

2 23 24 2.2(−2)/8.1(−8) 23 2.1(−2)/8.1(−8) 23 24 4.4(−2)/8.1(−8)

3 33 34 1.5(−2)/7.3(−8) 33 2.3(−2)/7.3(−8) 33 34 1.0(−2)/7.3(−8)

Pb 3 1 3 4 5.1(−1)/1.4(−11) 3 4.1(−1)/1.4(−11) 3 4 1.8(−1)/2.0(−11)

2 4 5 1.2(−1)/ 0 3 1.0(−1)/7.4(−16) 5 8 4.7(−2)/6.6(−12)

3 4 5 9.0(−3)/ 7.4(−16) 3 1.1(−2)/0.0(0) 5 8 1.2(−2)/3.7(−12)

Pb 4 2.5 * * 6 7 1.7(0)/3.6(−10)

3.5 8 9 2.4(−2)/ 2.8(−11) 11 3.5(−2)/4.2(−8) 4 5 5.1(−2)/1.3(−10)

4.5 13 14 4.2(−2)/ 4.2(−8) * 6 8 1.4(−2)/7.1(−8)

Pb 5 0 118 119 5.2(−1)/ 2.0(−7) * *

1 * * *

2 * * *

Pb 6 0 18 19 2.8(0)/ 3.4(−7) * *

1 18 19 1.5(0)/ 6.2(−8) 25 2.0(0)/4.0(−7) 17 18 1.7(0)/6.9(−9)

2 15 16 1.2(0)/ 2.6(−8) 14 1.1(0)/2.6(−7) 16 19 1.3(0)/1.8(−7)

Pb 7 1 13 14 5.9(−1)/ 1.2(−8) 13 4.9(−1)/1.2(−8) 16 17 4.3(−1)/3.5(−7)

2 10 11 1.1(−1)/ 3.9(−7) 10 1.5(−1)/3.9(−7) 12 13 1.6(−1)/4.6(−7)

3 11 12 1.0(−1)/ 1.3(−8) 11 1.6(−1)/1.3(−8) 13 14 1.5(−1)/1.1(−8)

Pb 8 1 34 35 4.9(−1)/ 1.5(−13) 34 5.2(−1)/1.4(−13) *

2 18 19 1.6(−1)/ 5.2(−8) 18 2.3(−1)/5.2(−8) *

3 9 10 7.3(−2)/ 5.7(−14) 9 1.2(−1)/5.7(−14) 10 11 9.6(−2)/1.1(−10)

Pb 9 1 13 14 2.0(−1)/7.1(−10) 13 2.3(−1)/7.1(−10) *

2 9 10 2.3(−1)/7.7(−8) 9 1.3(−1)/7.7(−8) 10 12 1.0(−1)/1.2(−7)

3.5 7 8 5.3(−2)/4.0(−12) 7 6.4(−2)/4.0(−12) 7 8 7.2(−2)/2.7(−8)
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Table 4.3: Performance of the FD-GIQN-CondG, FD-INL-CondG methods and CoDoSol

FD-GIQN-CondG FD-INL-CondG CoDoSol

Problem γ It Fe Time/‖F‖∞ It Time/‖F‖∞ It Fe Time/‖F‖∞
Pb 10 1 15 16 2.4(−1)/ 8.0(−13) 15 2.6(−1)/9.0(−13) 21 28 3.5(−1)/7.9(−11)

2 5 6 5.5(−2)/ 7.5(−8) 5 6.8(−2)/7.5(−8) 10 14 1.3(−1)/6.1(−13)

3.5 8 9 8.1(−2)/ 2.9(−9) 8 1.0(−1)/2.9(−9) 10 12 1.2(−1)/8.1(−11)

Pb 11 1 27 28 4.0(−1)/5.0(−7) 27 3.0(−1)/5.0(−7) 32 33 2.8(0)/8.2(−7)

2 26 27 2.7(−1)/4.9(−7) 26 3.1(−1)/4.9(−7) 31 32 5.7(−1)/4.6(−7)

3 25 26 2.2(−1)/2.7(−7) 25 2.7(−1)/2.7(−7) 29 30 4.2(−1)/6.9(−7)

Pb 12 1 14 15 3.3(−1)/9.1(−7) 14 2.7(−1)/9.1(−7) 15 16 4.1(−1)/9.9(−7)

2 13 14 1.2(−1)/5.4(−7) 13 1.7(−1)/5.4(−7) 14 15 1.8(−1)/3.3(−7)

3 13 14 1.2(−1)/5.4(−7) 13 1.7(−1)/5.4(−7) 14 15 1.6(−1)/3.3(−7)

Pb 13 1 10 11 1.6(0)/7.9(−8) 10 1.6(0)/7.9(−8) 16 17 3.0(0)/7.6(−8)

2 10 11 1.5(0)/2.1(−10) 10 1.5(0)/2.1(−10) 16 17 2.7(0)/3.0(−13)

3 9 10 1.3(0)/8.0(−8) 9 1.4(0)/8.0(−8) 15 16 2.4(0)/3.8(−12)

Pb 14 1 10 11 1.8(0)/5.6(−8) 10 1.9(0)/5.6(−8) 17 18 3.4(0)/2.7(−9)

2 10 11 1.6(0)/9.7(−11) 10 1.6(0)/9.7(−11) 16 17 3.0(0)/3.1(−7)

3 9 10 1.4(0)/6.4(−8) 9 1.5(0)/6.4(−8) 16 17 2.9(0)/9.2(−12)

Pb 15 1 15 16 2.1(0)/3.4(−8) 15 2.3(0)/3.4(−8) 19 20 2.9(0)/3.9(−7)

2 13 14 1.6(0)/4.5(−7) 13 2.0(0)/4.5(−7) 16 17 2.2(0)/8.3(−8)

3 11 12 1.4(0)/7.6(−11) 11 1.7(0)/7.6(−11) 13 14 1.8(0)/1.4(11)

Pb 16 1 1 2 9.9(−1)/9.5(−7) 1 7.3(−1)/9.5(−7) 10 11 7.3(0)/2.2(−7)

2 2 3 1.2(0)/1.8(−8) 2 1.2(0)/1.8(−8) 10 11 7.3(0)/1.9(−7)

3 1 2 6.6(−1)/9.5(−7) 1 6.6(−1)/9.5(−7) 9 10 6.1(0)/2.0(−7)

Pb 17 0 6 7 2.0(1)/6.4(−8) * *

1 14 15 4.4(1)/3.7(−8) 14 4.8(1)/3.0(−8) 7 8 2.5(1)/5.8(−10)

2 15 16 4.6(1)/2.1(−8) 15 7.0(1)/1.4(−10) 17 18 5.4(1)/1.5(−9)
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Table 4.4: Performance of the BSU-GIQN-CondG, BPU-GIQN-CondG methods

BSU-GIQN-CondG BPU-GIQN-CondG

Problem γ It Fe Time/‖F‖∞ It Fe Time/‖F‖∞

Pb 1 1 12 13 2.9(−1)/4.6(−9) 32 33 2.2(−1)/3.0(−10)

2 36 38 3.2(−2)/6.4(−7) 64 66 7.2(−2)/9.4(−7)

3 13 14 2.0(−2)/1.8(−9) 12 13 1.2(−2)/1.0(−9)

Pb 2 1 17 18 1.6(−1)/3.6(−11) 16 17 1.8(−1)/3.2(−7)

2 31 32 1.4(−2)/2.0(−7) 31 32 1.5(−2)/1.5(−9)

3 46 47 1.3(−2)/3.4(−8) 44 45 1.3(−2)/3.5(−8)

Pb 3 1 3 4 9.0(−2)/7.6(−7) 3 4 8.7(−2)/7.6(−7)

2 6 7 5.8(−2)/1.3(−10) 6 7 3.9(−2)/1.3(−10)

3 6 7 6.2(−3)/1.3(−10) 6 7 6.9(−3)/1.3(−10)

Pb 4 2.5 10 11 7.1(−1)/2.1(−7) 10 11 1.5(−1)/2.0(−7)

3.5 10 11 1.9(−2)/2.4(−9) 10 11 2.3(−2)/2.5(−9)

4.5 16 17 6.5(−2)/7.4(−7) 15 16 8.5(−2)/5.8(−7)

Pb 5 0 62 63 5.0(−1)/1.5(−9) 104 105 3.6(−1)/2.6(−8)

1 * 38 39 7.3(−2)/6.1(−10)

2 * *

Pb 6 0 * *

1 * *

2 * *

Pb 7 1 17 18 2.6(−1)/3.3(−9) 22 23 5.5(−1)/7.2(−10)

2 13 14 6.1(−2)/4.8(−7) 27 28 1.6(−1)/1.4(−11)

3 14 15 5.5(−2)/3.2(−7) 35 36 2.0(−1)/6.3(−7)

Pb 8 1 28 29 3.0(−1)/6.7(−10) 27 28 2.8(−1)/1.1(−11)

2 18 19 7.6(−2)/4.5(−10) 78 79 2.5(−1)/2.1(−9)

3 12 13 4.7(−2)/2.9(−12) 12 13 4.7(−2)/4.8(−12)

Pb 9 1 61 62 3.4(−1)/2.6(−7) 92 93 6.5(−1)/5.2(−7)

2 * 127 128 7.2(−1)/9.7(−7)

3.5 17 18 8.0(−2)/1.2(−11) 13 14 4.4(−2)/9.5(−10)
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Table 4.5: Performance of the BSU-GIQN-CondG, BPU-GIQN-CondG methods

BSU-GIQN-CondG BPU-GIQN-CondG

Problem γ It Fe Time/‖F‖∞ It Fe Time/‖F‖∞

Pb 10 1 * *

2 8 9 4.8(−2)/2.2(−8) 7 8 5.6(−2)/8.5(−8)

3.5 13 14 5.8(−2)/2.9(−8) 20 21 7.5(−2)/2.2(−8)

Pb 11 1 36 37 3.8(−1)/6.4(−7) 37 38 2.5(−1)/7.2(−7)

2 35 36 1.1(−1)/4.2(−7) 37 38 1.2(−1)/3.1(−7)

3 32 33 1.1(−1)/9.1(−7) 33 34 1.5(−1)/5.9(−7)

Pb 12 1 19 20 2.7(−1)/5.0(−7) 20 21 2.3(−1)/8.2(−7)

2 17 18 8.2(−2)/4.7(−7) 18 19 1.1(−1)/7.4(−7)

3 17 18 7.3(−2)/4.7(−7) 18 19 7.0(−2)/7.4(−7)

Pb 13 1 14 15 1.1(0)/9.4(−8) 13 14 9.8(−1)/9.9(−8)

2 13 14 8.0(−1)/7.0(−7) 12 13 6.9(−1)/8.0(−7)

3 13 14 7.3(−1)/3.5(−9) 12 13 7.0(−1)/5.4(−10)

Pb 14 1 14 15 1.1(0)/7.3(−7) 13 14 1.1(0)/4.1(−7)

2 14 15 8.2(−1)/5.1(−8) 13 14 8.2(−1)/8.7(−8)

3 13 14 7.8(−1)/3.7(−7) 13 14 8.6(−1)/2.9(−9)

Pb 15 1 22 23 1.2(0)/5.1(−8) 20 21 9.9(−1)/1.1(−7)

2 19 20 8.2(−1)/6.5(−7) 17 18 8.0(−1)/9.3(−7)

3 15 16 6.2(−1)/9.1(−8) 14 15 6.1(−1)/9.8(−9)

Pb 16 1 1 2 8.7(−1)/9.5(−7) 1 2 8.7(−1)/9.5(−7)

2 2 3 1.2(0)/1.8(−8) 2 3 1.2(0)/1.8(−8)

3 1 2 6.1(−1)/9.5(−7) 1 2 6.2(−1)/9.5(−7)

Pb 17 0 8 9 1.3(1)/4.5(−10) 11 12 1.5(1)/1.8(−7)

1 18 19 2.3(1)/10.0(−7) 25 26 3.1(1)/1.5(−7)

2 * *
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Figure 4.1: Performance profile comparing the FD-GIQN-CondG, FD-INL-CondG,

BSU-GIQN-CondG and BPU-GIQN-CondG methods and CoDoSol using as performance

measurement: (a) number of iteration; (b) CPU time.

4.3.2 Polyhedral-constrained nonlinear systems

In this subsection, we apply the GIQN-CondG method to solve 8 test problems of the form

(1.1) with C = {x ∈ Rn : l ≤ x ≤ u, Ax ≤ b}, where l, u ∈ Rn, b ∈ Rm and A ∈ Rm×n.

In this application, the linear optimization problems in (2.3) were solved via the MATLAB

command linprog. As in Subsection 4.3.1, in all instances, the starting points were defined

as x0(γ) = l + 0.2γ(u − l), where γ ≥ 0. Our test problems are originally box-constrained

nonlinear systems for which the constraints Ax ≤ b were added in their corresponding feasible

sets. In the following, we list the function, the vectors l, u and b, and the matrix A for each

problem.

Problem 1: The Himmelblau function in [20, Problem 14.1.1],

l =

 −5

−5

 , u =

 5

5

 , A =

 3 2

−1 5

 and b =

 19

25

 .

Problem 2: The Series of CSTRs R = 0.945 in [20, Problem 14.1.8],

l =

 0

0

 , u =

 1

1

 , A =

 1 1

1/2 −1

 and b =

 3/2

0

 .
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Problem 3: The Ferraris-Tronconi system in [20, Problem 14.1.4],

l =

 0.25

1.5

 , u =

 1

2π

 , A =

 3 −1

10 1/2

 and b =

 10

15

 .

Problem 4: The Effati-Grosan problem 2 in [59],

l =

 −10

−10

 , u =

 10

10

 , A =

 −3 6

−2 7

 and b =

 15

32

 .

Problem 5: The Countercurrent reactors 2 in [44, Problem 4.2],

l =


−100

...

−100

 , u =


10
...

10

 , A =
(

3 −1 10 1/2 −4 9 5 2

)
and b = (59).

Problem 6: The Merlet in [59],

l =

 0

0

 , u =

 2π

2π

 , A =

 3 2

−1 5

 and b =

 32

23

 .

Problem 7: The Equilibrium combustion in [20, Problem 14.1.2],

l =


0.0001

...

0.0001

 , u =


100

...

100

 , A =



2 1 3 −1 −4

3 −1 4 −5 2

−8 4 5 −1 2

1 3 2 4 −6

5 −6 4 −3 2


and b =



80

226

156

305

155


.

Problem 8: The Brown’s almost linear system in [20, Problem 14.1.5],

l =


−2
...

−2

 , u =


2
...

2

 , A =



3 −1 −2 4 −7

1 6 8 2 3

5 9 2 3 4

3 2 1 6 4

−6 −1 3 2 4


and b =



15

28

33

29

20


.
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Tables 4.6 and 4.7 contain all the numerical results obtained by applying the

FD-GIQN-CondG, FD-INL-CondG, BSU-GIQN-CondG and BPU-GIQN-CondG methods

to solve the 8 test problems. The notation in Tables 4.6 and 4.7 is the same as the one

used in Tables 4.2, 4.3, 4.4 and 4.5. Again, we have omitted, in all cases, the number of

F-evaluations of the FD-INL-CondG method because it is always equal to the number of

iterations plus one.

A comparison between the FD-GIQN-CondG and FD-INL-CondG methods shows that

the first was more robust than the second. Indeed, from Table 4.6, we see that the

FD-GIQN-CondG (resp. FD-INL-CondG) method successfully ended in 21 (resp. 17)

instances. Considering now the cases where both methods successfully ended and analyzing

the number of iterations and CPU time per iteration, we observe that both methods had

practically similar behaviors.

From Table 4.7, we can note that the performance of the BSU-GIQN-CondG method was

slightly better than the one of the BPU-GIQN-CondG method.

We also report in Figure 4.2 the performance profile [14] of the obtained results in

Tables 4.6 and 4.7 using as performance measurements the number of iterations and

CPU time. Efficiencies of the FD-GIQN-CondG, FD-INL-CondG, BSU-GIQN-CondG and

BPU-GIQN-CondG methods are 75.0% (respectively, 20.8%), 58.3% (respectively, 29.2%),

16.7% (respectively, 37.5%) and 16.7% (respectively, 12.5%) considering the number of

iterations (respectively, CPU time) as performance measurement. Robustness of the

FD-GIQN-CondG, FD-INL-CondG, BSU-GIQN-CondG, BPU-GIQN-CondG methods and

CoDoSol are 92.2%, 82.4%, 84.3%, 88.2% and 82.4%, respectively.

According to the above discussion, we can say that the GIQN-CondG method may be a

robust and efficient tool for solving polyhedral-constrained systems of nonlinear equations.
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Table 4.6: Performance of the FD-GIQN-CondG, FD-INL-CondG methods

FD-GIQN-CondG FD-INL-CondG

Problem γ It Fe Time/‖F‖∞ It Time/‖F‖∞

Pb 1 1.5 7 8 1.9(0)/2.4(−13) 7 1.2(−1)/2.4(−13)

2.5 4 5 1.1(−2)/1.2(−9) 4 1.1(−2)/1.2(−9)

3.5 7 8 5.7(0)/2.6(−11) 7 3.4(0)/2.7(−11)

Pb 2 1.5 41 43 7.9(0)/5.7(−7) *

2.5 7 8 1.5(−2)/6.9(−8) 7 1.1(−2)/6.9(−8)

3.5 * *

Pb 3 1 3 4 4.7(0)/9.5(−8) 3 5.2(0)/9.5(−8)

2 4 5 4.0(−3)/2.8(−9) 4 4.2(−3)/2.8(−9)

3 5 6 3.2(−3)/2.3(−8) 5 4.0(−3)/2.3(−8)

Pb 4 1 21 22 2.1(1)/ 4.2(−8) 25 2.8(1)/1.7(−7)

2 46 48 1.6(1)/ 7.3(−7) *

3 6 7 4.2(0)/ 4.1(−12) 45 3.7(1)/6.1(−8)

Pb 5 0 109 110 1.5(1)/ 4.5(−8) 155 1.6(1)/2.3(−8)

1 46 47 4.3(1)/ 2.9(−12) *

2 64 65 9.8(0)/ 2.5(−10) 38 6.5(0)/1.3(−10)

Pb 6 1.5 3 4 1.4(−2)/1.4(−11) 3 9.9(−3)/1.4(−11)

2 4 5 2.1(0)/ 7.8(−13) *

3.5 3 4 2.6(−3)/1.4(−11) 3 1.7(−3)/1.4(−11)

Pb 7 1 11 12 2.5(−2)/9.2(−12) 11 1.2(−2)/9.2(−12)

2 12 13 9.6(0)/ 1.3(−8) 12 6.7(0)/1.3(−8)

3 16 17 3.8(1)/ 7.7(−8) 16 4.1(1)/7.7(−8)

Pb 8 1 6 7 2.6(−2)/ 1.1(−8) 6 2.9(−2)/1.1(−8)

2 * *

3 * *
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Table 4.7: Performance of the BSU-GIQN-CondG, BPU-GIQN-CondG methods

BSU-GIQN-CondG BPU-GIQN-CondG

Problem γ It Fe Time/‖F‖∞ It Fe Time/‖F‖∞

Pb 1 1.5 12 13 4.7(−1)/8.5(−14) 13 14 7.7(−1)/2.9(−9)

2.5 5 6 1.6(−2)/4.4(−7) 5 6 1.5(−2)/1.7(−8)

3.5 10 11 2.8(0)/1.7(−7) 17 18 2.7(0)/2.8(−14)

Pb 2 1.5 * *

2.5 12 13 1.3(−2)/2.1(−10) 11 12 1.1(−1)/3.6(−8)

3.5 * *

Pb 3 1 4 5 2.5(0)/4.3(−8) 4 5 3.5(0)/3.2(−8)

2 5 6 1.7(−3)/7.7(−7) 6 7 2.4(−2)/8.5(−7)

3 7 8 2.6(−3)/8.3(−7) 8 9 1.1(−2)/2.8(−7)

Pb 4 1 12 13 3.7(−2)/4.6(−9) 26 27 1.4(1)/1.7(−7)

2 35 37 4.2(−2)/9.3(−7) 97 99 1.6(1)/8.3(−7)

3 10 11 3.5(0)/1.1(−8) 12 13 2.3(0)/2.7(−9)

Pb 5 0 * *

1 * *

2 * *

Pb 6 1.5 3 4 6.9(−2)/7.6(−7) 3 4 8.5(−3)/7.6(−7)

2 6 7 5.3(−3)/1.3(−10) 6 7 3.4(−2)/1.3(−10)

3.5 3 4 2.1(−2)/7.6(−7) 3 4 2.4(−3)/7.6(−7)

Pb 7 1 18 19 2.5(−2)/6.1(−9) *

2 15 16 1.2(1)/3.2(−7) 23 24 1.7(1)/2.3(−8)

3 17 18 3.5(1)/3.9(−8) *

Pb 8 1 8 9 2.7(−2)/3.6(−8) 8 9 4.8(−2)/3.6(−8)

2 12 13 3.2(0)/3.1(−11) 11 12 3.6(0)/6.6(−7)

3 12 13 3.2(0)/3.1(−11) 11 12 3.3(0)/6.6(−7)
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Figure 4.2: Performance profile comparing the FD-GIQN-CondG, FD-INL-CondG,

BSU-GIQN-CondG and BPU-GIQN-CondG methods using as performance measurement: (a)

number of iteration; (b) CPU time.
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Chapter 5

Levenberg-Marquardt method with

inexact projections

In this chapter, we present a Levenberg-Marquardt method with inexact projections for

solving constrained (and not necessarily square) nonlinear systems. Briefly speaking, this

method is based on the well-known Levenberg-Marquardt method combined with inexact

projections. It is worth mentioning that in Chapters 3 and 4 the conditional gradient method

was used to calculate inexact projections. In this chapter, we use a more general concept and

assume an inexact projection can be calculated by means of other iterative methods. The

local convergence of the proposed method as well as results on its rate are established by using

an error bound condition that is weaker than the standard full-rank condition. Moreover,

we also present a global version of the proposed method by means of a nonmonotone line

search technique based on [29].

5.1 The method and its local convergence analysis

In this section, we propose and analyze a Levenberg-Marquardt method with inexact

projections (LMM-IP) to solve (1.2). Basically, this method calculates the unconstrained

Levenberg-Marquardt step and then obtains the inexact projection of the resulting point

on the feasible set. It is worth pointing out that, given an initial point x0 ∈ Rn, the

unconstrained Levenberg-Marquardt method generates a sequence {xk} in such a way that

xk+1 = xk + dUk , (5.1)

where the step dUk is the solution of the problem

min
d∈Rn

‖F (xk) + F ′(xk)d‖2 + µk‖d‖2, (5.2)
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or equivalently, dUk = −(F ′(xk)
TF ′(xk) + µkI)−1F ′(xk)

TF (xk), where {µk} is a positive

sequence. It is worth mentioning that, throughout this chapter, we will assume that µk :=

‖F (xk)‖2 for all k ≥ 0, as proposed by Yamashita and Fukushima in [61].

We are now ready to formally describe the Levenberg-Marquardt method with inexact

projections.

LMM-IP

Step 0. Let x0 ∈ C and {θj} ⊂ [0,∞) be given. Set k = 0.

Step 1. If F (xk) = 0, then stop; otherwise, set µk := ‖F (xk)‖2 and compute dUk ∈ Rn

such that

(F ′(xk)
TF ′(xk) + µkI)dUk = −F ′(xk)TF (xk). (5.3)

Step 2. Define εk := θ2k‖dUk ‖2. Compute PC(xk + dUk , εk) an εk–projection of xk + dUk onto

C, and set

xk+1 := PC(xk + dUk , εk). (5.4)

Step 3. Set k ← k + 1, and go to Step 1.

Remark 5.1.1 (i) Since µk > 0, it follows that the matrix of the linear system (5.3) is

symmetric positive definite and hence Step 1 is always well-defined. (ii) From Step 2 of the

LMM-IP and Definition 2.2.1, we have xk+1 satisfies, for every k ≥ 0,

xk+1 ∈ C, 〈xk + dUk − xk+1, y − xk+1〉 ≤ θ2k‖dUk ‖2, ∀y ∈ C. (5.5)

(iii) An εk–projection of xk + dUk onto C can be computed by finding x ∈ C which

approximately solves

min
x∈C

1

2
‖x− (xk + dUk )‖2.

When C is bounded, for example, this can be done by means of the conditional gradient

method. Given z0 ∈ C, this method generates a sequence {zj} ⊂ C, where zj+1 = zj +

αj(z̄j − zj), with αj ∈ (0, 1], and z̄j is the solution of the subproblem

min
z∈C

〈zj − (xk + dUk ), z − zj〉.

If this inner procedure is stopped when

〈zj − (xk + dUk ), z̄j − zj〉 ≤ θ2k‖dUk ‖2,

then condition (5.5) holds by setting xk+1 = z̄j.
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5.1.1 Local convergence of the LMM-IP

In order to analyze local convergence of the LMM-IP, the following assumptions are made

throughout this subsection.

(A0) Assume C∗ 6= ∅ and let x∗ ∈ C∗ be an arbitrary element of the solution set.

(A1) There exist L, δ1 > 0 such that the F ′ is L-Lipschitz continuous in B[x∗, δ1], i.e.,

‖F ′(x)− F ′(y)‖ ≤ L‖x− y‖, ∀x, y ∈ B[x∗, δ1].

(A2) There exist ω, δ2 > 0 such that ‖F (x)‖ provides a local error bound on B[x∗, δ2], i.e.,

ω dist(x,C∗) ≤ ‖F (x)‖, ∀x ∈ B[x∗, δ2]. (5.6)

It is worth mentioning that (A2) was used in [36] to analyze local convergence of

constrained and projected Levenberg-Marquardt methods. Although (A2) may not be

satisfied for zeroes of F in the boundary of C, the condition (A2) is still weaker than

the standard full-rank condition of the Jacobian matrix (see, for example [36]).

An immediate consequence of (A1) is given in the following proposition, whose proof

follows easily from smoothness properties of the mapping F .

Proposition 5.1.2 If (A1) holds, then

‖F (y)− F (x)− F ′(x)(y − x)‖ ≤ L

2
‖x− y‖2, ∀x, y ∈ B[x∗, δ1]. (5.7)

Moreover, there exists L0 > 0 such that

‖F (x)− F (y)‖ ≤ L0‖x− y‖, ∀x, y ∈ B[x∗, δ1].

The next result summarizes some well-known properties which are consequences of the

latter two assumptions above.

Proposition 5.1.3 Suppose that (A1) and (A2) hold and consider the unconstrained

Levenberg-Marquardt iterations (5.1)-(5.2) with µk = ‖F (xk)‖2. If xk ∈ B[x∗, δ/2], where

δ = min{δ1, δ2}, then

‖dUk ‖ ≤ c1dist(xk, C
∗), (5.8)

and

‖F (xk) + F ′(xk)d
U
k ‖ ≤ c2dist(xk, C

∗)2, (5.9)

where

c1 :=
√
L2/(4ω2) + 1, c2 :=

√
L2/4 + L0

2. (5.10)
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Proof. The proof is similar to the one presented in [61]. �

In the following, we establish some auxiliary results which will be used to prove that the

sequences {dist(xk, C
∗)} and {xk} converge.

Lemma 5.1.4 If xk, xk + dUk ∈ B[x∗, δ/2], where δ = min{δ1, δ2}, then

dist(xk+1, C
∗) ≤ θkc1dist(xk, C

∗) +
(2c2 + Lc21)

2ω
dist(xk, C

∗)2, (5.11)

where c1 and c2 are as in (5.10).

Proof. It follows from (2.1) and (5.4) that

dist(xk+1, C
∗) = dist(PC(xk + dUk , εk), C

∗) = inf
x∈C∗
‖PC(xk + dUk , εk)− x‖. (5.12)

Since PC(x) = x for every x ∈ C, we obtain, from Proposition 2.2.2, that

inf
x∈C∗
‖PC(xk + dUk , εk)− x‖ = inf

x∈C∗
‖PC(xk + dUk , εk)− PC(x)‖

≤
√
εk + inf

x∈C∗
‖xk + dUk − x‖

=
√
εk + dist(xk + dUk , C

∗). (5.13)

Hence, from (5.6), (5.12) and (5.13) and the fact that εk = θ2k‖dUk ‖2, we have

dist(xk+1, C
∗) ≤

√
εk + dist(xk + dUk , C

∗) ≤ θk‖dUk ‖+
1

ω
‖F (xk + dUk )‖. (5.14)

On the other hand, it follows from (5.7) that

‖F (xk + dUk )‖ − ‖F (xk) + F ′(xk)d
U
k ‖ ≤ ‖F (xk)− F (xk + dUk ) + F ′(xk)d

U
k ‖ ≤

L

2
‖dUk ‖2,

which, combined with (5.9), (5.10) and (5.14), yields

dist(xk+1, C
∗) ≤ θk‖dUk ‖+

1

ω

(
‖F (xk) + F ′(xk)d

U
k ‖+

L

2
‖dUk ‖2

)
≤ θkc1dist(xk, C

∗) +
1

ω

(
c2dist(xk, C

∗)2 +
L

2
c21dist(xk, C

∗)2
)
.

Therefore, the desired inequality follows trivially from the above one. �

As a consequence of Lemma 5.1.4, we obtain a useful corollary. More precisely, let us show

that xk+1 is closer to C∗ than xk as long as xk and xk + dUk are in a suitable neighborhood

of x∗.
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Corollary 5.1.5 Assume that θk ≤ θ̄ < 1/c1 and xk, xk + dUk ∈ B[x∗, σ/2], where c1 is as in

(5.10) and

σ < min

{
δ1, δ2,

4ω(1− θ̄c1)
2c2 + Lc21

}
. (5.15)

Then,

dist(xk+1, C
∗) ≤ ηdist(xk, C

∗), (5.16)

with η := [θ̄c1 + (2c2 + Lc21)σ/(4ω)] ∈ (0, 1).

Proof. The inequality in (5.16) follows from Lemma 5.1.4 and the facts that θk ≤ θ̄ and

xk ∈ B[x∗, σ/2]. Now, in view of the definition σ in (5.15), we trivially have η ∈ (0, 1). �

In the next lemma we will prove that for an initial point sufficiently close to the solution

set, the sequences {xk} and {xk + dUk } are contained in B[x∗, σ/2].

Lemma 5.1.6 Assume that θk ≤ θ̄ < 1/c1 for every k ≥ 0, and define

r :=
σ(1− η)

2(1 + c1)[1− η + (1 + θ̄)c1]
, (5.17)

where c1, σ and η are as in Proposition 5.1.3 and Corollary 5.1.5. If x0 ∈ B[x∗, r]∩C, then

xk, xk + dUk ∈ B[x∗, σ/2] for every k ≥ 0.

Proof. We will proceed by induction on k. Since r < σ/2 < δ/2, where δ = min{δ1, δ2}, we

have

(B[x∗, r] ∩ C) ⊂ (B[x∗, σ/2] ∩ C) ⊂ (B[x∗, δ/2] ∩ C).

Therefore, x0 ∈ B[x∗, σ/2] ∩ C. Moreover, using (5.8), we obtain

‖x0 + dU0 − x∗‖ ≤ ‖x0 − x∗‖+ ‖dU0 ‖ ≤ r + c1dist(x0, C
∗) ≤ r + c1‖x0 − x∗‖ ≤ (1 + c1)r.

Since, in particular, r < σ/[2(1 + c1)], we conclude that x0 + dU0 ∈ B[x∗, σ/2]. Now, suppose

xl, xl+d
U
l ∈ B[x∗, σ/2] for all l = 0, . . . , k and let us show that xk+1, xk+1+dUk+1 ∈ B[x∗, σ/2].

Using (5.4) and Proposition 2.2.2, we find

‖xk+1 − x∗‖ = ‖PC(xk + dUk , εk)− PC(x∗)‖ ≤ ‖xk + dUk − x∗‖+
√
εk.

By the triangle inequality and the facts that εk = θ2k‖dUk ‖2 and θk ≤ θ̄, for every k ≥ 0, we

obtain

‖xk+1 − x∗‖ ≤ ‖xk − x∗‖+ (1 + θ̄)‖dUk ‖.

Hence,

‖xk+1 − x∗‖ ≤ ‖x0 − x∗‖+ (1 + θ̄)
k∑
l=0

‖dUl ‖ ≤ r + (1 + θ̄)c1

k∑
l=0

dist(xl, C
∗), (5.18)

56



where the last inequality follows from x0 ∈ B[x∗, r], xl ∈ B[x∗, σ/2] ⊂ B[x∗, δ/2], for all

l = 0, . . . , k, and (5.8). On the other hand, since xl, xl + dUl ∈ B[x∗, σ/2] for all l = 0, . . . , k,

by Corollary 5.1.5, we have

dist(xl, C
∗) ≤ ηdist(xl−1, C

∗) ≤ η2dist(xl−2, C
∗) ≤ . . . ≤ ηldist(x0, C

∗) ≤ ηlr, (5.19)

for all l = 0, . . . , k, where the last inequality is due to the fact that x0 ∈ B[x∗, r]∩C. Hence,

it follows from (5.18) and (5.19) that

‖xk+1 − x∗‖ ≤ r + (1 + θ̄)c1r
∞∑
l=0

ηl.

Since η ∈ (0, 1), we have
∑∞

l=0 η
l = 1/(1− η). Hence, using the last inequality, we obtain

‖xk+1 − x∗‖ ≤ r +
(1 + θ̄)c1r

1− η
. (5.20)

As, in particular, r < (1 − η)σ/[2(1 − η + (1 + θ̄)c1)], we conclude that xk+1 ∈ B[x∗, σ/2].

It remains to prove that xk+1 + dUk+1 ∈ B[x∗, σ/2]. Since xk+1 ∈ B[x∗, σ/2], it follows from

(5.8) that

‖xk+1 + dUk+1 − x∗‖ ≤ ‖xk+1 − x∗‖+ ‖dUk+1‖ ≤ (1 + c1)‖xk+1 − x∗‖,

which, combined with (5.20) and the definition of r in (5.17), yields

‖xk+1 + dUk+1 − x∗‖ ≤ (1 + c1)

[
r +

(1 + θ̄)c1r

1− η

]
=
σ

2
,

i.e., xk+1 + dUk+1 ∈ B[x∗, σ/2] and then the proof is complete. �

We are now ready to prove the convergence of the sequences {dist(xk, C
∗)} and {xk}.

Theorem 5.1.7 Assume that θk ≤ θ̄ < 1/c1 for every k ≥ 0. Let {xk} be the sequence

generated by the LMM-IP with starting point x0 ∈ B[x∗, r] ∩ C, where r is as in (5.17).

Then,

(i) the sequence {dist(xk, C
∗)} converges to zero linearly. If, additionally, limk→∞ θk = 0,

the convergence is superlinear;

(ii) the sequence {xk} converges to a point belonging to C∗.

Proof. (i) The first part follows immediately from Corollary 5.1.5 and Lemma 5.1.6. Now,

the second one follows by dividing (5.11) by dist(xk, C
∗) and taking the limit as k →∞.
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(ii) Since {dist(xk, C
∗)} converges to zero and {xk} ⊂ B[x∗, σ/2]∩C, it suffices to show that

{xk} converges. Let us prove that {xk} is a Cauchy sequence. To this end, take p, q ∈ N
with p ≥ q. It follows from Proposition 2.2.2 and the facts that εk = θ2k‖dUk ‖2 and {xk} ⊂ C

that

‖xp − xq‖ = ‖PC(xp−1 + dUp−1, εp−1)− PC(xq)‖
≤ ‖xp−1 + dUp−1 − xq‖+ θp−1‖dUp−1‖
≤ ‖xp−1 − xq‖+ (1 + θp−1)‖dUp−1‖,

Repeating the process above, we get

‖xp − xq‖ ≤ (1 + θq)‖dUq ‖+ . . .+ (1 + θp−2)‖dUp−2‖+ (1 + θp−1)‖dUp−1‖,

which, combined with the fact θk ≤ θ̄, for every k ≥ 0, yields

‖xp − xq‖ ≤ (1 + θ̄)

p−1∑
l=q

‖dUl ‖ ≤ (1 + θ̄)
∞∑
l=q

‖dUl ‖.

Now, by (5.8) and (5.19), we have

‖dUl ‖ ≤ c1dist(xl, C
∗) ≤ c1η

lr.

Combining the last two inequalities, we obtain

‖xp − xq‖ ≤ (1 + θ̄)c1r
∞∑
l=q

ηl = (1 + θ̄)c1r

(
∞∑
l=0

ηl −
q−1∑
l=0

ηl

)
.

As η ∈ (0, 1), taking the limit in the last inequality as q → ∞, we obtain ‖xp − xq‖ → 0.

Therefore, {xk} is a Cauchy sequence and hence it converges. �

Before analyzing the convergence rates of the sequence {xk}, let us first establish the

following result.

Lemma 5.1.8 Assume that θk ≤ θ̄ for every k ≥ 0 with

θ̄ <
−(1 + 4c1) +

√
(1 + 4c1)2 + 8

8c1
, (5.21)

where c1, c2 are as in (5.10). Let {xk} be the sequence generated by the LMM-IP with starting

point x0 ∈ B[x∗, r]∩C, where r is as in (5.17), converging to its limit point x̄. Then, for all

k ∈ N sufficiently large, there exist positive constants c3, c4, c5, c6 such that

(i) dist(xk, C
∗) ≤ c3‖dUk ‖;
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(ii) ‖dUk+1‖ ≤ c4‖dUk ‖+ c5‖dUk ‖2;

(iii) c6‖xk − x̄‖ ≤ ‖dUk ‖ ≤ c1‖xk − x̄‖.

Proof. (i) First note that,

‖dUk ‖ = ‖xk + dUk − xk‖ ≥ ‖PC(xk + dUk , εk)− PC(xk)‖ −
√
εk,

where the last inequality is due to Proposition 2.2.2. Using (5.4) and the facts that εk =

θ2k‖dUk ‖2, θk ≤ θ̄ for every k ≥ 0 and {xk} ⊂ C, we conclude

‖dUk ‖ ≥ ‖xk+1 − xk‖ − θ̄‖dUk ‖,

which implies

(1 + θ̄)‖dUk ‖ ≥ ‖xk+1 − xk‖.

Now let x̂k+1 ∈ C∗ satisfying dist(xk+1, C
∗) = ‖xk+1 − x̂k+1‖. Hence, from the previous

inequality, we obtain

(1 + θ̄)‖dUk ‖ ≥ ‖x̂k+1 − xk‖ − ‖xk+1 − x̂k+1‖
≥ dist(xk, C

∗)− dist(xk+1, C
∗)

≥
[
1− θ̄c1 −

(2c2 + Lc21)

2ω
dist(xk, C

∗)

]
dist(xk, C

∗), (5.22)

where the last inequality follows from the Lemma 5.1.4 and fact θk ≤ θ̄ for every k ≥ 0.

Since {dist(xk, C
∗)} converges to zero (see, Theorem 5.1.7(i)) we may assume, without loss

of generality, that
(2c2 + Lc21)

2ω
dist(xk, C

∗) <
1

2
, (5.23)

for all k ∈ N sufficiently large. Hence, combining (5.22) and (5.23), we have

(1 + θ̄)‖dUk ‖ ≥
(

1

2
− θ̄c1

)
dist(xk, C

∗),

which, combined with the fact that (5.21) implies that θ̄ < 1/(2c1), proves item (i) with

c3 := (1 + θ̄)/(1/2− θ̄c1).

(ii) It follows from (5.8) and Lemma 5.1.4 that

‖dUk+1‖ ≤ c1dist(xk+1, C
∗)

≤ c1

[
θkc1dist(xk, C

∗) +
(2c2 + Lc21)

2ω
dist(xk, C

∗)2
]

≤ θ̄c21c3‖dUk ‖+
(2c1c2 + Lc31)c

2
3

2ω
‖dUk ‖2,
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where the last inequality follows from item (i) and the fact that θk ≤ θ̄ for every k ≥ 0.

Therefore, item (ii) follows with c4 := θ̄c21c3 and c5 := (2c1c2 + Lc31)c
2
3/(2ω).

(iii) The second inequality follows easily from (5.8). In order to verify the first inequality,

let k ∈ N sufficiently large so that item (ii) applies and c5‖dUk ‖ < 1/4 holds. Moreover, it

follows from (5.21) that c4 < 1/4. Therefore, c4 + c5‖dUk ‖ < 1/2 and hence, from item (ii),

we conclude that ‖dUk+1‖ ≤ (1/2)‖dUk ‖. Hence, for all j = 0, 1, 2, . . . , we obtain

‖dUk+j‖ ≤
(

1

2

)j
‖dUk ‖. (5.24)

On the other hand, we have

‖xk − xk+l‖ = ‖PC(xk)− PC(xk+l−1 + dUk+l−1, εk+l−1)‖
≤ ‖xk − xk+l−1 − dUk+l−1‖+

√
εk+l−1

≤ ‖xk − xk+l−1‖+ (1 + θk+l−1)‖dUk+l−1‖.

Repeating the process above, we get

‖xk − xk+l‖ ≤ (1 + θk)‖dUk ‖+ . . .+ (1 + θk+l−2)‖dUk+l−2‖+ (1 + θk+l−1)‖dUk+l−1‖,

which, combined with the fact θk ≤ θ̄ for every k ≥ 0 and (5.24), yields

‖xk − xk+l‖ ≤ (1 + θ̄)
l−1∑
j=0

‖dUk+j‖ ≤ (1 + θ̄)‖dUk ‖
l−1∑
j=0

(
1

2

)j
. (5.25)

Taking the limit in (5.25) as l→∞, we obtain

‖xk − x̄‖ = lim
l→∞
‖xk − xk+l‖ ≤ (1 + θ̄)‖dUk ‖

∞∑
j=0

(
1

2

)j
.

Since
∑∞

j=0

(
1
2

)j
= 2, we conclude from inequality above that

‖xk − x̄‖ ≤ 2(1 + θ̄)‖dUk ‖,

which implies the item (iii) with c6 := 1/[2(1 + θ̄)]. �

The following theorem proves the local convergence rate of the sequence {xk} generated

by the LMM-IP.

Theorem 5.1.9 If θk = 0 for every k ≥ 0, then the sequence {xk} generated by the LMM-IP

with starting point x0 ∈ B[x∗, r] ∩ C converges quadratically to its limit point x̄. Moreover,

there exist a positive constant α such that if θk ∈ [0, α) for every k ≥ 0, then the sequence

{xk} converges linearly to its limit point x̄.
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Proof. If θk = 0 for every k ≥ 0, it follows from Lemma 5.1.8 that

c6‖xk+1 − x̄‖ ≤ c21c5‖xk − x̄‖2,

where we used the fact that c4 = 0. Therefore, the last inequality implies the quadratic

convergence of the sequence {xk}.
Let us now prove the second part. For this purpose, let α1 be such that

α1 <
−(1 + 4c1) +

√
(1 + 4c1)2 + 8

8c1
.

Hence, if θk ∈ [0, α1) for every k ≥ 0, it follows from items (ii) and (iii) of Lemma 5.1.8 that

c6‖xk+1 − x̄‖ ≤ ‖dUk+1‖ ≤ c4‖dUk ‖+ c5‖dUk ‖2 ≤ c1c4‖xk − x̄‖+ c21c5‖xk − x̄‖2.

Hence, dividing the last inequality by ‖xk − x̄‖ and taking limit as k →∞, results in

lim
k→∞

‖xk+1 − x̄‖
‖xk − x̄‖

=
c1c4
c6

,

which implies {xk} converges linearly to x̄ as long as c1c4/c6 < 1. Let g : [0,+∞) → R be

defined by

g(α) :=
4c31α(1 + α)2

1− 2αc1
− 1.

Since g(0) = −1 < 0 and g is a continuous function, there exists a positive constant α2 such

that for all α ∈ [0, α2), we have g(α) < 0, which implies c1c4/c6 < 1. Therefore, the result

now follows by taking α = min{α1, α2}. �

5.2 Global version of the LMM-IP

In this section, our goal is to propose and analyze a global version of the Levenberg-Marquardt

method with inexact projections (G-LMM-IP) studied in the previous section. Basically,

the global method consists of combining the LMM-IP with a nonmonotone line search

technique [29], which has been shown to be more efficient than the monotone one, see for

instance [8, 29] and references therein. It is worth mentioning that the strategy used here,

guarantees a nonmonotone decrease of the merit function

f(x) :=
1

2
‖F (x)‖2. (5.26)

The formal description of the G-LMM-IP is given below.

G-LMM-IP
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Step 0. Let x0 ∈ C, an integer M ≥ 0, η1, η2, η3 > 0, γ, β ∈ (0, 1) and {θj} ⊂ [0,∞) be

given. Set k = 0 and m0 = 0.

Step 1. If F (xk) = 0, then stop; otherwise, set µk := ‖F (xk)‖2 and compute dUk ∈ Rn

such that

(F ′(xk)
TF ′(xk) + µkI)dUk = −F ′(xk)TF (xk). (5.27)

Step 2. Define εk := θ2k‖dUk ‖2 and compute PC(xk + dUk , εk) an εk–projection of xk + dUk
onto C. Set

d̄k := PC(xk + dUk , εk)− xk.

If |〈∇f(xk), d̄k〉| > η1‖d̄k‖2 and η2‖∇f(xk)‖ ≤ ‖d̄k‖ ≤ η3‖∇f(xk)‖, then

dk :=

d̄k if 〈∇f(xk), d̄k〉 < 0;

−d̄k if 〈∇f(xk), d̄k〉 > 0,

and go to Step 4.

Step 3. Compute yk ∈ C such that

〈xk −∇f(xk)− yk, x− yk〉 ≤ εk := θ2k‖yk − xk‖2, ∀ x ∈ C, (5.28)

i.e., yk is an εk–approximate projection of gradient step xk −∇f(xk) onto C, and set

dk = yk − xk.

Step 4. Set α = 1.

Step 5. If

f(xk + αdk) ≤ max
0≤j≤mk

{f(xk−j)}+ γα〈∇f(xk), dk〉, (5.29)

set αk = α, xk+1 = xk + αkdk, k ← k + 1 and mk ≤ min{mk−1 + 1,M}, and go to

Step 1.

Step 6. Set α = βα and go to Step 5.

Remark 5.2.1 It is easy to see that if yk is the orthogonal projection of xk −∇f(xk) onto

C, i.e., yk = PC(xk −∇f(xk)), then yk trivially satisfies (5.28). Note also that if dk = 0 was

given by Step 3 of the G-LMM-IP, then xk is a stationary point of minx∈C{‖F (x)‖2/2}, i.e.,

〈∇f(xk), x− xk〉 ≥ 0, for all x ∈ C.
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The next theorem guarantees that the G-LMM-IP is well-defined, i.e., the Step 5 in the

G-LMM-IP is satisfied in a finite number of iterations. In addition, we will also show that all

limit points of the sequence generated by the G-LMM-IP are stationary points. It is worth

pointing out that the proof of the next result is based on the proof of the theorem in [29].

Theorem 5.2.2 Assume that θk ≤ θ̄ < 1 for all k ≥ 0. Then, the G-LMM-IP is well

defined, and any accumulation point of the sequence generated {xk} is a stationary point of

minx∈C f(x), where f(x) is as in (5.26).

Proof. We will first prove that there exist positive constants τ1, τ2 and τ3 such that the

search direction dk satisfies

〈∇f(xk), dk〉 ≤ −τ1‖dk‖2 (5.30)

and

τ2‖PC(xk −∇f(xk))− xk‖ ≤ ‖dk‖ ≤ τ3‖∇f(xk)‖, (5.31)

for every k ≥ 0. If dk is given by Step 2 of the G-LMM-IP, we trivially have that (5.30)

and the second inequality in (5.31) hold with τ1 = η1 and τ3 = η3. On the other hand, from

Step 2 of the G-LMM-IP, (2.2) and the fact that {xk} ⊂ C, we obtain

‖dk‖ ≥ η2‖∇f(xk)‖ ≥ η2‖PC(xk −∇f(xk))− xk‖,

which implies that the first inequality in (5.31) holds with τ2 = η2.

Let us now prove that if dk is given by the Step 3 of the G-LMM-IP, then inequalities

(5.30) and (5.31) are also satisfied. From (5.28) with x = xk and the fact that dk = yk − xk,
we have

〈∇f(xk), dk〉 ≤ θ2k‖dk‖2 − ‖dk‖2 = (θ2k − 1)‖dk‖2,

which, combined with the fact that θk ≤ θ̄ for all k ≥ 0, yields

〈∇f(xk), dk〉 ≤ −(1− θ̄2)‖dk‖2.

Hence, inequality (5.30) holds with τ1 = (1 − θ̄2). Now, by Step 3 of the G-LMM-IP,

Proposition 2.2.2 and the fact that {xk} ⊂ C, we have

‖dk‖ = ‖PC(xk −∇f(xk), εk)− PC(xk)‖
≤ ‖xk −∇f(xk)− xk‖+

√
εk

= ‖∇f(xk)‖+ θk‖dk‖,

where the last equality follows from εk = θ2k‖dk‖2. Hence, as θk ≤ θ̄ < 1 for all k ≥ 0, we

conclude that

‖dk‖ ≤
1

(1− θ̄)
‖∇f(xk)‖,
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which implies that the second inequality in (5.31) holds with τ3 = 1/(1 − θ̄). On the other

hand, from Step 3 of the G-LMM-IP, we obtain

‖dk‖ = ‖PC(xk −∇f(xk), εk)− xk‖. (5.32)

Note that,

‖PC(xk −∇f(xk))− xk‖ ≤
√
εk + ‖PC(xk −∇f(xk), εk)− xk‖. (5.33)

Indeed, by the triangle inequality, we find

‖PC(xk −∇f(xk))− xk‖
≤ ‖PC(xk −∇f(xk))− PC(xk −∇f(xk), εk)‖+ ‖PC(xk −∇f(xk), εk)− xk‖
≤
√
εk + ‖PC(xk −∇f(xk), εk)− xk‖,

where last inequality is due to Proposition 2.2.2. Thus, combining (5.32) and (5.33), we have

‖dk‖ ≥ ‖PC(xk −∇f(xk))− xk‖ −
√
εk

≥ ‖PC(xk −∇f(xk))− xk‖ − θ̄‖dk‖, (5.34)

where in the last inequality we also used the facts that εk = θ2k‖dk‖2 and θk ≤ θ̄ < 1 for all

k ≥ 0. Therefore, from (5.34), we obtain

(1 + θ̄)‖dk‖ ≥ ‖PC(xk −∇f(xk))− xk‖,

which implies that the first inequality in (5.31) holds with τ2 = 1/(1 + θ̄).

Let us now show that any accumulation point of the {xk} is a stationary point of

minx∈C f(x). For this end, let x̃ ∈ C be an accumulation point of {xk}, and relabel {xk} a

subsequence converging to x̃. We must analyze two cases separately.

(I) inf αk ≥ ρ > 0. In this case, suppose by contradiction that x̃ is not a stationary point

of minx∈C f(x). Therefore, there exists ξ > 0 such that ‖PC(x̃−∇f(x̃))− x̃‖ ≥ ξ > 0. Let

l(k) be an integer such that k −mk ≤ l(k) ≤ k and

f(xl(k)) = max
0≤j≤mk

f(xk−j).

We will show that the sequence {f(xl(k))} is monotonically nonincreasing. It follows from

(5.29) that, for k > M ,

f(xl(k)) = f(xl(k)−1 + αl(k)−1dl(k)−1)

≤ max
0≤j≤ml(k)−1

{f(xl(k)−1−j)}+ γαl(k)−1〈∇f(x(l(k)−1)), d(l(k)−1)〉

= f(xl(l(k)−1)) + γα(l(k)−1)〈∇f(x(l(k)−1)), d(l(k)−1)〉. (5.35)

64



By continuity, for k ≥ k̄ sufficiently large, ‖PC(xk − ∇f(xk)) − xk‖ ≥ ξ/2. Hence, from

(5.30), the first inequality in (5.31) and (5.35), we obtain

f(xl(k)) ≤ f(xl(l(k)−1))− γρτ1‖d(l(k)−1)‖2

≤ f(xl(l(k)−1))− γρτ1τ 22 ‖PC(xk −∇f(xk))− xk‖2

≤ f(xl(l(k)−1))−
γρτ1τ

2
2 ξ

2

4
, (5.36)

which implies the monotonicity of the sequence {f(xl(k))} since (γρτ1τ
2
2 ξ

2)/4 > 0. Now,

since f is a continuous function and {xk} → x̃, we obtain that {f(xk)} → f(x̃). Hence, by

taking limit in (5.36) as k →∞, yields γρτ1τ
2
2 ξ

2 ≤ 0, which is a contradiction.

(II) inf αk = 0. In this case, there exists a subsequence {xk}K such that

lim
k∈K

αk = 0.

Let αk be chosen in the Step 5 of the G-LMM-IP such that αk = ᾱk/2 (without loss of

generality we assume β = 1/2), where ᾱk was the last step that fail in (5.29), i.e.,

f(xk + ᾱkdk) > max
0≤j≤mk

{f(xk−j)}+ γᾱk〈∇f(xk), dk〉 ≥ f(xk) + γᾱk〈∇f(xk), dk〉. (5.37)

By the mean value theorem, there exists ζk ∈ [0, 1] such that (5.37) can be written as

〈∇f(xk + ζksk), sk〉 = f(xk + sk)− f(xk) > γ〈∇f(xk), sk〉, (5.38)

where sk := ᾱkdk. On the other hand, from the second inequality in (5.31), we have ‖dk‖ ≤
τ3‖∇f(xk)‖, and hence using that sk = 2αkdk and limk∈K αk = 0, we concluded that sk goes

to zero as k ∈ K goes to infinity. So, from (5.38), we have〈
∇f(xk + ζksk),

sk
‖sk‖

〉
> γ

〈
∇f(xk),

sk
‖sk‖

〉
. (5.39)

By taking limit in (5.39) as k ∈ K1 goes to infinity, where K1 is such that

lim
k∈K1

sk
‖sk‖

= s,

we obtain (1− γ)〈∇f(x̃), s〉 ≥ 0. Since (1− γ) > 0, we have

〈∇f(x̃), s〉 ≥ 0. (5.40)

On the other hand, it follows from (5.30) that 〈∇f(xk), dk〉 < 0 for all k ≥ 0, which combined

with the fact that sk := ᾱkdk, yields〈
∇f(xk),

sk
‖sk‖

〉
< 0, ∀k ≥ 0
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Hence, by taking limit in the last inequality, we conclude that 〈∇f(x̃), s〉 ≤ 0, which

combined with (5.40), yields 〈∇f(x̃), s〉 = 0. Using the definition of sk, (5.30) and (5.31),

we have〈
∇f(xk),

sk
‖sk‖

〉
=

〈
∇f(xk),

dk
‖dk‖

〉
≤ −τ1‖dk‖ ≤ −τ1τ2‖PC(xk −∇f(xk))− xk‖.

Therefore, by taking limit in the last inequality as k ∈ K1 goes to infinity, we have

0 = 〈∇f(x̃), s〉 ≤ −τ1τ2‖PC(x̃−∇f(x̃))− x̃‖.

So, ‖PC(x̃−∇f(x̃))− x̃‖ = 0, which proves x̃ is a stationary point of minx∈C f(x). �

5.3 Numerical experiments

This section reports some preliminary numerical experiments obtained by applying the

G-IMM-IP to solve 13 test problems of the form (1.2) with C = {x ∈ Rn : l ≤ x ≤ u}, where

l, u ∈ Rn, see Table 5.1.

Table 5.1: Test problems

Problem Name and source m n

Pb 1 Problem 46 [31] 2 5

Pb 2 Problem 53 [31] 3 5

Pb 3 Problem 56 [31] 4 7

Pb 4 Problem 63 [31] 2 3

Pb 5 Problem 75 [31] 3 4

Pb 6 Problem 77 [31] 2 5

Pb 7 Problem 79 [31] 3 5

Pb 8 Problem 81 [31] 3 5

Pb 9 Problem 87 [31] 4 6

Pb 10 Problem 107 [31] 6 9

Pb 11 Problem 111 [31] 3 10

Pb 12 Problem 2 [36] 150 300

Pb 13 Problem 4 [36] 150 300
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We compare the performance of G-LMM-IP with a Trust-Region Solver for Nonlinear

Equalities and Inequalities (TRESNEI), which is a MATLAB package based on the

trust-region method [53], and available on the web site http://tresnei.de.unifi.it/. In both

methods, the Jacobian matrices were approximated by finite differences. The parameters

of the TRESNEI were selected as recommended by the authors, see [53, Subsection 6.2].

All numerical results were obtained using MATLAB R2016a on a 2.5GHz Intel R© CoreTM i5

with 6GB of RAM and Windows 7 ultimate system. The starting points and the constraint

set were defined as in [21]. Moreover, we used the same overall termination condition

‖F (xk)‖ ≤ 10−6. In the G-LMM-IP, the initialization data were M = 15, η1 = 10−4,

η2 = 10−3, η3 = 10−2, γ = 10−8, β = 10−3 and θk = 0 for all k, (i.e., we consider exact

orthogonal projection which is given by PC(x) = min{u,max{x, l}} in this application). The

linear systems in (5.27) were solved via the MATLAB command QR factorization.

Table 5.2 display all numerical results obtained. The methods were compared on the total

number of iterates (It), number of F-evaluation (Fe) and CPU time in seconds (Time). The

notation ς(q) means ς × 10q.

From Table 5.2, in terms of the amount of problems solved, we can see that the G-IMM-IP

and TRESNEI solved all the problems considered. Regarding to the number of iterations,

we observe that the G-LMM-IP is comparable to or even slightly better than TRESNEI,

because it required less iterations in 6 cases. Similar behavior can also be observed for the

number of F-evaluations. The CPU times of the two methods were practically the same.

We report in Figure 5.1 the performance profile [14] of the obtained results in Table 5.1

using as performance measurements the number of iterations and CPU time. Efficiencies of

the G-LMM-IP and TRESNEI are 84.6% (respectively, 61.5%) and 53.9% (respectively,

38.5%) considering the number of iterations (respectively, CPU time) as performance

measurement. As can be seen, the robustness is 100.0% for both methods.

As a summary of the previous discussion, we can say that the G-LMM-IP seems to be a

robust and efficient tool for solving box-constrained systems of nonlinear equations.
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Table 5.2: Performance of the G-LMM-IP and TRESNEI

G-LMM-IP TRESNEI

Problem It Fe Time It Fe Time

Pb 1 8 9 1.9(−1) 8 9 2.8(−1)

Pb 2 1 2 1.8(−2) 2 3 2.8(−2)

Pb 3 3 4 2.2(−2) 3 4 1.6(−2)

Pb 4 5 6 2.3(−2) 5 6 2.4(−2)

Pb 5 16 27 9.8(−2) 41 54 1.3(−1)

Pb 6 6 7 3.1(−2) 6 7 3.3(−2)

Pb 7 4 5 2.2(−2) 4 5 2.0(−2)

Pb 8 8 9 4.0(−2) 72 77 1.6(−1)

Pb 9 48 49 3.3(−1) 54 55 6.0(−2)

Pb 10 8 11 1.6(−1) 6 7 1.8(−2)

Pb 11 33 34 1.8(−1) 17 18 3.7(−2)

Pb 12 2 3 5.5(−2) 8 9 1.2(−1)

Pb 13 9 10 1.9(−1) 15 16 2.5(−1)
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Figure 5.1: Performance profile comparing the G-LMM-IP and TRESNEI using as performance

measurement: (a) number of iteration; (b) CPU time.
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Chapter 6

Final remarks

In this thesis, we proposed and analyzed some methods for solving constrained nonlinear

systems of equations.

In Chapter 3, we proposed a method which combines the inexact Newton-like and

conditional gradient methods. Under appropriate hypotheses and using a majorant

condition, it was shown that the sequence generated by new method converges locally linearly

(or superlinearly for its exact version). Additionally, we were able to provide convergence

results for two important classes of nonlinear functions, namely, functions whose derivatives

satisfy Hölder-like condition and functions that satisfy a Smale condition. In order to

show the practical behavior of the proposed method, we tested it on some medium and

large box-constrained nonlinear systems, and a polyhedral-constrained nonlinear system.

The numerical experiments showed that it works quite well and compares favorably, in the

box-constrained case, with a constrained dogleg method [6].

In Chapter 4, we proposed a global version of the inexact Newton-like conditional gradient

method studied in Chapter 3. Under suitable conditions, the global convergence analysis

of the new method was established. Our numerical experiments showed that, in general,

the proposed global version of the method is more robust than its original (local) version.

Furthermore, it compared favorably, in the box-constrained case, with a constrained dogleg

method [6].

In Chapter 5, we proposed a Levenberg-Marquardt method with inexact projections.

Furthermore, under appropriate hypotheses and using an error bound condition, it was shown

that the sequence generated by the method converges locally linearly (or quadratically for its

version with exact projection). Considering that, in many cases, the globalization strategy

can make the methods more robust, a global version of the Levenberg-Marquardt method

with inexact projections was also presented. Our preliminary numerical experiments showed

that, in general, the proposed method works well and compares favorably with a trust-region
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method [53].

Interesting future research topics would be to study the inexact Levenberg-Marquardt

method with inexact projections taking into account that the inexact versions may be

computationally more efficient for medium- or large-scale problems than the exact one.
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[9] E. G. Birgin, N. Krejić, and J. M. Mart́ınez. Globally convergent inexact quasi-Newton

methods for solving nonlinear systems. Numer. Algorithms, 32(2):249–260, 2003.

[10] I. D. L. Bogle and J. D. Perkins. A new sparsity preserving quasi-Newton update for

solving nonlinear equations. SIAM J. Sci. Statist. Comput., 11(4):621–630, 1990.

[11] C. G. Broyden. The convergence of an algorithm for solving sparse nonlinear systems.

Math. Comp., 25(114):285–294, 1971.

71



[12] J. Chen and W. Li. Convergence behaviour of inexact Newton methods under weak

Lipschitz condition. J. Comput. Appl. Math., 191(1):143–164, 2006.

[13] W. L. Cruz and M. Raydan. Nonmonotone spectral methods for large-scale nonlinear

systems. Optim. Methods Softw., 18(5):583–599, 2003.
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[45] L. Lukšan and J. Vlček. Test problems for unconstrained optimization. Technical Report

N. 897, Institute of Computer Science, Academy of Sciences of the Czech Republic, 2003.

[46] Z.-Q. Luo and P. Tseng. Error bounds and convergence analysis of feasible descent

methods: a general approach. Ann. Oper. Res., 46/47(1-4):157–178, 1993.

[47] R. Luss and M. Teboulle. Conditional gradient algorithms for rank-one matrix

approximations with a sparsity constraint. SIAM Review, 55(1):65–98, 2013.

[48] M. Macconi, B. Morini, and M. Porcelli. Trust-region quadratic methods for nonlinear

systems of mixed equalities and inequalities. Appl. Num. Math., 59(5):859 – 876, 2009.

[49] L. Marini, B. Morini, and M. Porcelli. Quasi-Newton methods for constrained nonlinear

systems: complexity analysis and applications. Comput. Optim. Appl., 71(1):147–170,

2018.

74



[50] M. J. Mart́ınez. Quasi-inexact-Newton methods with global convergence for solving

constrained nonlinear systems. Nonlinear Anal., 30(1):1–7, 1997.
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