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ARTICLE INFO ABSTRACT

Keywords: Magnetic fields are ubiquitous across different physical systems of current interest; from the
Magnetic fields early Universe, compact astrophysical objects, and heavy-ion collisions to condensed matter
Quantum chromodynamics systems. A proper treatment of the effects produced by magnetic fields during the dynamical

Quantum electrodynamics
Lattice quantum chromodynamics
Neutron stars

evolution of these systems can help to understand observables that otherwise show puzzling
behavior. Furthermore, when these fields are comparable to or stronger than Ay, they serve
as excellent probes to help elucidate the physics of strongly interacting matter under extreme
conditions of temperature and density. This work provides a detailed report that contains in-
depth analysis and expert insights into the specific topic of the effects of strong magnetic fields
on QED and QCD systems. In this sense, the report is intended as a white paper contribution
to the field. The subjects developed include the modification of meson static properties such
as masses and form factors, the chiral magnetic effect, the description of anomalous transport
coefficients, superconductivity in extreme magnetic fields, the properties of neutron stars, the
evolution of heavy-ion collisions, as well as effects on the QCD phase diagram. We describe
recent theory and phenomenological developments using effective models as well as LQCD
methods. The work was motivated by presentations and discussions during the “Workshop on
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Strongly Interacting Matter in Strong Electromagnetic Fields” that took place in the European
Centre for Theoretical Studies in Nuclear Physics and Related Areas (ECT*) in the city of Trento,
Italy, September 25-29, 2023.
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Part I. Introduction

The properties of physical systems influenced by the presence of strong magnetic fields have become a subject of intense research
over the recent past. It has been known already for a long time that the magnetic field leads to dimensional reduction in the
description of particle dynamics, which is at the core of a myriad of important effects involving the physical properties of systems
subject to the presence of magnetic fields. Among these, magnetic catalysis, namely the dynamical generation of mass and the
enhancement of the chiral condensate in the presence of a magnetic field. Nevertheless, it is by now known that in the simultaneous
presence of a heat bath and a magnetic field, strongly interacting matter exhibits an interesting phenomenon, whereby the chiral
condensate melts for temperatures close to the chiral transition, and the transition temperature itself also decreases. This effect
is dubbed inverse magnetic catalysis and was discovered about a decade ago by means of lattice QCD simulations. It is fair to
say that this unexpected phenomenon sparked a great deal of activity, mainly among practitioners conducting research on the
properties of strongly interacting matter under extreme conditions, since it was realized that a magnetic field of a strength similar
or greater than A, offered an excellent probe to explore QCD matter in this regime. The exploration includes studying the pattern
of modifications of mass and other static properties, such as form factors, in the meson and baryon sectors. On the other hand,
the intense magnetic fields present in semi-central heavy-ion collisions at large energies opened up the possibility to produce and
detect chirally imbalanced matter in this kind of systems, a phenomenon dubbed the Chiral Magnetic Effect (CME). This has further
motivated exploring the effects of these fields not only during the hot and dense phases of the reaction but also at the beginning, when
matter is not yet equilibrated but the field is the strongest. Although the CME has proved difficult to be experimentally confirmed, an
analogous effect has been successfully detected in condensed matter systems. This finding has also motivated another intense line of
research aiming to explore two-dimensional systems of electromagnetically interacting particles subject to the presence of magnetic
fields. In another front of research, the advent of gravitational wave detection has strengthened the era of precision cosmology
and astrophysics, motivating more detailed studies to elucidate the role played by the intense magnetic fields, present in compact
astrophysical objects, on the QCD equation of state. The goal in this context is to find possible explanations for the anomalous
mass—radius relations found for some of these objects, or the role that these fields may play as catalyzers of a rocket effect to help
understand the neutron star kick velocities.

This work is a report that contains detailed analysis and expert insights into the specific topic of the effects of strong magnetic
fields over a range of physical systems subject either to QED or QCD interactions. In this sense, the report is intended as a white paper
contribution to the field. The work was motivated by presentations and discussions during the “Workshop on Strongly Interacting
Matter in Strong Electromagnetic Fields” that took place in the European Centre for Theoretical Studies in Nuclear Physics and
Related Areas (ECT*) in the city of Trento, Italy, September 25-29, 2023. The work is organized as follows: In Part II we discuss
recent developments in the theory front, covering a wide range of topics, from the description of mixing of charged states and
the proper treatment of Schwinger phases to account for the magnetic field driven mass and form factor modifications for mesons
and baryons, photon production during pre-equilibrium in heavy-ion collisions, the thermomagnetic properties of QCD, including
finite volume effects, and finally the description of magnetic field effects in QED matter beyond the constant field approximation,
considering the field as a background of white noise around an average value. Part III is devoted to describing recent developments
in the description of non-perturbative phenomena in QCD and the electroweak theory with magnetic fields. In particular, we study
anomalous transport phenomena in QCD as well as in low-dimensional QED, a subject that is relevant for certain condensed matter
systems. Given the non-perturbative nature of these phenomena, they require either first-principles lattice field theory simulations or
effective approaches, for instance hydrodynamics, which are also discussed in this part. In Part IV we present several effective models
that have been developed for the description of few-nucleon systems, nuclear matter, nuclei and QCD matter, extended to describe
strongly interacting magnetized matter. Although these models were conceived to address specific features, they can still be used to
gain insight into the properties of strong interactions in the presence of magnetic fields or nonzero densities, which otherwise cannot
be obtained from first-principles calculations. In Part V we present recent theoretical advancements in the exploration of magnetic
field effects on the QCD phase diagram and dense magnetized matter. We discuss a new mechanism for accelerating proto-neutron
stars involving the chiral separation effect. We examine the impact of incorporating ring diagrams into the four-quark interaction on
the quark gap equation within a chiral model. Moreover, we use finite energy sum rules in dense nuclear matter and in the presence
of a constant and uniform external magnetic field to obtain information on different hadronic and QCD parameters. We also study
the momentum diffusion coefficients of heavy quarks in a hot, magnetized medium, examining a wide spectrum of external magnetic
field strengths. In addition, we address the effects of considering a quark anomalous magnetic moment to probe new phenomena
in the context of the magnetized QCD phase diagram. Part VI continues the discussion with neutron stars, which are among the
densest objects in astrophysics, formed from massive stars after a supernova explosion. They possess a large mass in a relatively
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small volume as well as strong magnetic fields in their interior. These objects provide laboratories for nuclear physics under extreme
conditions and therefore in this Part we discuss the their physics and the way magnetic fields can influence their properties. Finally
in Part VII we summarize and conclude.

Part II. Theory developments
1. Introduction

Electromagnetic fields are a unique tool for exploring the properties of the QCD vacuum, thermodynamics and phase structure.
When the energy associated to the field strength is larger than Agcp, the field is able to probe length scales smaller than the
hadron size, potentially revealing aspects of the dynamics associated to confinement and chiral symmetry breaking. For example,
it is by now well known that at zero-temperature magnetic fields catalyze the breaking of chiral symmetry, producing a stronger
light quark-antiquark condensate [1-5]. However, contrary to the first predictions from chiral models [6-8] and preliminary results
from LQCD [9], at finite temperature magnetic fields inhibit the condensate formation, reducing the critical temperature for chiral
symmetry restoration and thus giving rise to inverse magnetic catalysis (IMC), as found in LQCD analysis and described using
effective models with magnetic field-dependent couplings [10-28]. This behavior has motivated an intense activity aimed to search
for the influence of magnetic fields on hadron dynamics [29-91]. The possibility to generate large intensity, albeit short-lived,
magnetic fields in peripheral heavy-ion collisions at high energies [92-97] has further stimulated the experimental search for signals
associated to the presence of these fields in that environment. In fact, experimentally, a peak intensity of order B ~ 10!° G has been
inferred at RHIC energies [98,99]. In particular, intensive efforts have been made to search for the chiral magnetic effect, a subject
that has received a great deal of attention during the last few years. For a comprehensive treatment of the subject, we refer the reader
to recent excellent reviews [100-102,102]. The strength of these fields is usually taken as uniform, although it can in principle also
be treated as white noise around a maximum strength [103-105].

In this Part, we describe recent theoretical developments that contribute to the ongoing exploration of the properties of the
QCD vacuum using magnetic fields as a probe. We approach the study both from the point of view of hadron, as well as from
fundamental QCD degrees of freedom. Hadron properties are addressed from the perspective of effective models, in particular the
Nambu-Jona-Lasinio (NJL) model and the constituent quark model (CQM). In Section 2, the mass spectrum of light mesons in
the presence of a constant and homogeneous magnetic field is described. The importance of including the mixing between the
pseudoscalar, vector and axial-vector channels is emphasized. The description of this mixing is made using a two-flavor NJL-like
model which includes isoscalar and isovector couplings together with a flavor mixing ’t Hooft-like term. Attention is also payed
to the proper account of the effects of the Schwinger phase charged particles. In Section 3, the magnetic field modification of
constituent quark-meson form factors and of the one-meson exchange amplitude in the weak field limit, are explored. In Section 4,
photon production from gluon fusion and splitting induced by magnetic fields in relativistic heavy-ion collisions at pre-equilibrium
is studied as a possible venue to solve the photon puzzle. Next, in Section 5, thermo-magnetic properties of QCD are explored,
first from a perturbative computation of the pressure, the chiral condensate and the strange quark number susceptibility up to
two-loops for very large values of the field strength and for physical quark masses. The convergence of the perturbative series for
the pressure for different choices of the renormalization scale in the running coupling is also studied and results are compared with
recent LQCD data, away from the chiral transition. Effects of a finite baryon density and of the renormalization scale in the running
coupling and strange quark mass are also studied and the results are used to build a simple analytical model for the equation of
state of pure quark magnetars. In Section 6, the impact of a uniform magnetic field on the lowest two QCD topological cumulants
is explored using chiral perturbation theory. The nature of the corrections is discussed and low energy theorems that connect the
topological susceptibility with the chiral condensate and the fourth cumulant with the chiral condensate and susceptibilities, are
deduced. The nature of finite volume thermodynamics with a particular focus on the chiral condensate, renormalized magnetization
and the anisotropic pressure, is investigated. It is found that the local chiral condensate is doubly periodic on the plane transverse to
the magnetic field. Both the renormalized magnetization and (spatially averaged) chiral condensate exhibit significant corrections,
with the former being particularly sensitive to finite volume corrections due to its small size.

The effects of magnetic fields on QCD dynamics are usually explored assuming that the field intensity is constant and uniform.
Nevertheless this assumption is an idealization of physical systems where the magnetic fields may at least fluctuate in intensity
and even in direction in an extended space-time region. In order to include space and time fluctuations into a field theoretical
framework, Secs. Section 7, 8 and 9 are devoted to the description of the properties of fermions and gauge fields immersed in a
noisy magnetic field background. In Section 7, the effective quasi-particle fermion propagator, dressed with magnetic noise effects,
is obtained as a solution of the corresponding Dyson equation. The perturbative results at first-order in the magnetic noise indicate
a renormalization of charge as well as the emergence of an effective index of refraction. The picture that emerges corresponds
to quasiparticles propagating in a dispersive medium induced by the fluctuations of the background field. In Section 8, a vector
order parameter, representing an ensemble average over magnetic noise of the fermion currents, is introduced together with the
replica formalism to study the modification of the fermion propagator induced by white noise at mean field level. The region where
this order parameter becomes finite, thus breaking the U(1)-symmetry due to the magnetic noise, is identified. In Section 9, the
one-loop polarization tensor for photons and gluons in a magnetized medium, where the magnetic field experiences fluctuations, is
investigated. These fluctuations are described using the replica method. The resulting polarization tensor is not transverse and this
property is shown to be connected with the dynamical generation of a magnetic mass for otherwise massless gauge bosons (photons
or gluons).
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2. Magnetized mesons in the Nambu-Jona-Lasinio model

As already mentioned, the effects caused by magnetic fields, |eB| larger than ~ AZQC p» on the properties of strong-interacting
matter have attracted a lot of attention along the past decades. In this context, the understanding of the way in which the
properties of light hadrons are modified by the presence of an intense magnetic field becomes a very relevant task. Clearly, this
is a nontrivial problem, since first-principle theoretical calculations require to deal in general with QCD in a low energy non-
perturbative regime. As a consequence, the corresponding theoretical analyses have been carried out using a variety of approaches.
In particular, in the framework of Nambu-Jona-Lasinio (NJL)-like models the effect of intense external magnetic fields on =
meson properties has been extensively studied [43,44,46,49,50,53,55,58,60,106-116]. In addition, several results for the = meson
spectrum in the presence of background magnetic fields have been obtained from lattice QCD (LQCD) calculations [10,117-121].
Regarding the p meson sector, studies of magnetized p meson masses in the framework of NJL-like models and LQCD can be found
in Refs. [49,58,74,111,115,122,123] and Refs. [117-119,124-126], respectively. In most of the existing calculations the mixing
between states of different spin/isospin has been neglected. Although such mixing contributions are usually forbidden by isospin
and/or angular momentum conservation, they can be nonzero in the presence of the external magnetic field. In the framework of
NJL-like models effects of this kind have been studied recently in Refs. [127-129]. The aim of the present contribution is to review
the main results of those works.

2.1. Effective Lagrangian and mean field quantities

We consider the Lagrangian for an extended SU(2) NJL model in the presence of an electromagnetic field. We have

3
£ =g (iD= m) y(@) + g5 2| (F@mw@)’ + (F@ irsmr)’] - g [(F07,v®) + (#0715 7w0)’
a=0

— gy, (T 7, w(0) = g4, (T 7,75 w(0)” + 2gp (detlF(I(1 + 75y ()] + det[F()(1 = 75)w(0]) @.1)

where y = (u d)T, 7, = (1, 7), 7 being the usual Pauli-matrix vector, and m, is the current quark mass, which is assumed to be equal
for u and d quarks. The interaction between the fermions and the electromagnetic field A, is driven by the covariant derivative
D, = 0,+i oA s where O = diag(Q,.0,), with Q, =2e¢/3 and Q,; = —e/3, e being the proton electric charge. We consider the case
of a homogeneous stationary magnetic field B orientated along the axis 3, or z. To write down the explicit form of A# one has to
choose a specific gauge. Some commonly used (“standard”) gauges are the symmetric gauge, in which A#(x) = (0, =B x?/2, Bx'/2,0),
the Landau gauge 1, in which A#(x) = (0,—Bx%,0,0) and the Landau gauge 2, in which A#(x) = (0,0, Bx!,0). To test the gauge
independence of our results, all these gauges will be considered in our analysis.

Since we are interested in studying meson properties, it is convenient to bosonize the fermionic theory, introducing scalar,
pseudoscalar, vector and axial vector fields o, (x), 7,(x), p;: (x), az (x), with b =0, 1,2,3, and integrating out the fermion fields. The
bosonized action can be written as

Shos = —ilndet(iD) — fg / d*x [cro(x) oo(x)+1r(x)~zr(x)] - 4g(11—_2a) / d*x [o‘(x)-o‘(x)+7ro(x) 7o(x)

+ / d*x [p, () pH(0) + @, (x) - a"(x)] + —— / d*x pg, (x) Pl () + / d*x ag,(x)a'(x) . 2.2)
4gy 4gV0 0 0

4g 4

0

with
Dy = §W(x—x" {iD —Mmy—71, [Gb(x) +iysmp(x) +7, PZ(X) +YuYs aZ(x)] } . (2.3

In Eq. (2.2) we have introduced g = g4 + gp and a = gp/(gs + gp), in such a way that the flavor mixing turns out to be regulated
by the parameter a.

We proceed by expanding .Sy, in powers of the fluctuations of the boson fields around the corresponding mean field (MF)
values. We assume that the fields 6,(x) have nontrivial translational invariant MF values given by 7, 6, = diag(s,.5,), while vacuum
expectation values of other boson fields are zero; thus, we write

u

. : d
D,y = diag(D . D7) +6D,y X))
where D"/ = —i5@(x — x') (id+Q;A(x)— M;), with f =u,d. Here M; = m, + 5 is the quark effective mass for each flavor f.

X,X

The MF action per unit volume is given by

SMF (1—a)32 +6%) —2a5,5, iN -1
bos _ u "% u®d  HV, Z 4 g4 1 ( MF,f)
ve 8e(1 - 2a) ve f:M/ dxdxirpIn(Son) 25

where 1rj, stands for the trace over Dirac space and SMS = (iDi’Ii’,f )_' is the MF quark propagator in the presence of the magnetic

x,x!
field. Its explicit expression can be written as

g, e [ A ey
Sy S = et i PN 8 (pyLpy) (2.6)
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where the function @,(x,y) is the so-called Schwinger phase, which is shown to be a gauge dependent quantity. In addition,
introducing B, =|BQy|,s, = sign(BQ,) and t; =tan (cB;), one has

2
N
an

Sf(l’u’l’i):_i/o do exp[—ia(sz.—pﬁ+ —ie)] [(p” 7 +Mf) (1 —Sftfyl},Z)_(l—ti)pL~yl] . 2.7)

Here, we have defined p““ =(°,0,0,p), p/ =(0,p",p?,0), and equivalent definitions have been used for yy, 7,.

The gap equations needed to determine the effective masses M, are obtained from dS} /95, = 0. It is seen that they can be
written in terms of the quark condensates ¢, = (¥,y). As usual in NJL-like models, the expressions for the condensates involve
divergent loop integrals that have to be properly regularized. We use here the magnetic field independent regularization (MFIR)
scheme [130,131]: for a given unregularized quantity, the corresponding (divergent) B — 0 limit is subtracted and then it is added
in a regularized form. Thus, the quantities can be separated into a (finite) “B = 0” part and a “magnetic” piece. To regularize the
“B = 0” terms (which still keep an implicit dependence on the magnetic field, e.g. through the masses M ;) we use here a proper
time (PT) scheme. This requires the introduction of a dimensionful parameter A, which plays the role of an ultraviolet cutoff.

2.2. Meson masses in the NJL model at finite magnetic field

The quadratic piece of the bosonized action corresponding to the neutral mesons can be written as

quad, neutral  _ 1 4 41 T / ret
s =- 5/a' x d*x MleéM(X) Crrar (%, %) SM'(X') . (2:8)

Here M.M' = o, 7y, p}; ag , 03, 73, pg‘,a;‘. Note that o, 7, p, and g, correspond to the isoscalar states o, 7, @ and f;, while o3, 73, p;

and a3 stand for the neutral components of the isovector triplets a,, x, p and a,, respectively. The meson indices M, M’, as well as
!

the functions G,,,,/, include Lorentz indices in the case of vector mesons. This also holds for the functions 8,57, Tpspr7» c]fufM,, etc.,

introduced below. In the corresponding expressions, a contraction of Lorentz indices is understood when appropriate. The functions

Garm (x,x") can be separated in two terms, namely

Cumr(x.x") = L Samr 0P =X = Ty (6, %7 2.9
28y
where
1/g for M =M' =0y,
1 1/[g(1 = 2a)] for M =M' =03,
— Symr = - /gy for MM’ = pl;p},d;a, (2.10)
M -n"" /gy, for MM’ = p}p}
—n""/84, for MM’ = aga(v)

and 6y, = 0 otherwise. Here ##V is the Minkowski metric tensor, ##¥ = diag(l,—1,—1,-1). In turn, the polarization functions
T m(x,x') can be separated into u and d quark pieces,

T (x.x") = cﬂM,(x,x') + ep Ep CX;M,(x,x’) . (2.11)
Here, e,, = 1 for M = Uo,ﬂo,pg, ag and gy, = —1 for M = 63,7r3,p‘3’, ag’, while the functions C1f\if1(4’(x’ x") are given by
’ . . oMF, M’ . oMF, [ M
c[fufM,(x, x') =—iN, trp [1 Sx,x,fl" 'Sx/,xf r s (2.12)

with I'° =1, I'" = iy, I'"" = y# and T'" = y#y>.

We now address the charged mesons case, i.e. the states s* = (s; Fis,)/ \/5 and v+ = (v’l‘ F iv’z’ )/ \/5, with s = 6,7 and v = p, a.
We concentrate on the positive charge sector, noticing that the analysis of negatively charged mesons is completely equivalent. The
corresponding quadratic piece of the bosonized action can be written as

d, 1

Spuadt = -3 / d*x d*x’' Z SM(X)" Gpypppr (. x") SM'(X') , (2.13)
MM

where, for notational convenience, we simply denote the positively charged states by M, M’ = ¢, x, p#,a* (a proper contraction of

Lorentz indices of vector mesons is understood). Once again, the inverse propagator G, (x,x’) can be separated in a form as that

given by Eq. (2.9). In this case one has

Tumr (6 x) =2 ¢4 (6, x) (2.14)
and
1 1/g for M=M'==x
— Sym = 1/[g(1 —2a)] for M=M'=¢ s (2.15)
gM _rlyv/gv for MMI - pypv’ayav

with 6,y = 0 otherwise.
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To proceed we have to evaluate the functions e u M,(x x') in Egs. (2.11) and (2.14). From Egs. (2.12) and (2.6) we have
4
_ iy () ™t _ix—x') f S
MM,(x x') = e Puxx —(2”)4 e X=X CMM/(lH’tL) s (2.16)
where
/ . d* & afl - -
() = —tNC/ (2”‘)’4 wp |87 o I iS op T ] (2.17)

Here we have defined p* = p, +1,/2, where a =||, L. In addition, we have used @®,,(x, x " = (17Q (x,x") + d)Q ,(x’,x). It can be seen
that @,, vanishes in the case of the neutral mesons, while it does not for charged mesons.

In what follows we consider the particular case M = M’ = x. The procedure is similar for the all the other cases, although, in
general, the Lorentz structure is more complicated. Details can be found in Ref. [129]. We introduce

c,{,{”(@ci’):/d“ d*x Folxe, ) et . x) Fpx', ) (2.18)

where the functions F(x, §) are solutions of the meson field equations in the presence of an external constant and homogeneous
magnetic field. For the neutral pion g stands for the usual four-momentum, § = q = (¢°, q ), while Fo(x,q) = exp[—ig-x]. On the other
hand, for charged pions F(x, ) is a gauge dependent Ritus-like function; in this case one has § = @°. 7. y.4%), where 7 is an integer
related with the so-called Landau level, and the fourth quantum number y can be chosen according to the gauge fixing. Details on
this issue can be found in Ref. [132], where the explicit form of F(x, g) for the standard gauges is given. Replacing Eq. (2.16) into
Eq. (2.18) we find

4
/Gy = | 41 t.t) h t 2.19
27 (q,q) /(2”)4 et (” 1) ho@.q,1), (2.19)
where hy(q,4',1) is a gauge invariant quantity given by

hQ(q,q/,I) — /d4xd4x’ FQ(x,q)* FQ(XI —/)eztbg(xx) —it(x— x) (2.20)

For neutral pions it is easy to show that hp_o(q,q’,1) = 2x)* ¥ (q — ¢') 27)* §¥D(g — 1). Thus, one has 00, ¢y = @ry*e®(q -
q) C,{,,f'o(q”,ql), where C,{,{‘O(q”,qL) = E,{,{(q”,ql). Therefore, from Egs. (2.9), (2.11) and (2.18) we see that for neutral mesons
Garm (x,x") becomes diagonal when transformed into “Fourier space”. In turn, for charged pions it is possible to show [132] that
for all the standard gauges one has

ho=o(@.d.1) = 6, 2n)* 8%y —ap) Cn)* 6P(qy = 1) frrr(t1) (2.21)
where
driy* [or (22\ T oo (PN 2B, st
fff’(tl) = B—e F ?e Lf (B—B)e Li7e e” L (2.22)
Here B, = |eB|, s = sign(eB), L}'(x) are generalized Laguerre polynomials, and ti = [7,1(0,cos ¢ ,sing,,0). We can take these

expressions and integrate over ¢, using the fact that, due to invariance under rotations around the 3-axis and boosts in the 0-3
!
plane, ¢// ()-1) can only depend on tﬁ and 2. One gets in this way 4G, g = Qr)*6, 18,016 (q) — q”) cie, qy), where

CYH (e, q) = /0 dr @ (gy.11) pe(t3) (2.23)

with p,(2) = (1) e1/Be L,(22 /B,)/B, . Thus, from Egs. (2.9), (2.14) and (2.18) we see that for charged mesons Gy (x, x")
becomes diagonal when transformed into “Ritus space”. In this case, even for £ = 0, we cannot set #;, = 0, i.e. we cannot take a
charged meson to be rest.

As already mentioned, when vector or axial vector mesons are involved, the Lorentz structure of the polarization function is
more complicated. For example, in the case of the pion-axial vector mixing polarization functions one gets

au %gp.q0) =d’" @90 q, +d 2((1” a0 ¢} (2.24)

zral

0

for the neutral 7° — al

meson mixing, and

Cu +(f ll||)_ d

mak

T I +diy (@ q 1T = e (.q))is Y IT7 /B (2.25)

ra?2 a3

for the »+ — aT mixing, where I'[““ = ql‘l‘ and I'[f = <0,i\/BTM (\/f+ - \/2) ,—S\/BTM (\/t’+ 1+ \/?) ,0). The tensor structure

of all possible polarization functions, as well as the explicit form of the corresponding coefficients, can be found in Ref. [129]. It
should be noted that some of these coefficients involve divergent integrals. To regularize them we use the MFIR method discussed
in the previous section.

To proceed we have to contract the tensors G, that involve vector or axial vector mesons with the appropriate polarization
vectors. In the case of neutral mesons there are 4 independent polarization vectors: one of them, that we indicate by L, is timelike,

ﬂa]

10
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while the other three are spacelike and will be labeled with ¢ = 1,2, 3. For charged mesons the number of independent polarization
vectors depends on the Landau level #. For # = —1 there is no timelike vector, whereas only one spacelike vector exists ( ¢ = 1);
for # = 0 we have one timelike vector and two spacelike vectors (¢ = 1,2), while for # > 0 all four polarization vectors exist.
The explicit expressions of these vectors can be found in Ref. [129]. After performing the contractions, one is faced with a neutral
meson inverse propagator given by a 20 x 20 matrix Gy /(g q.), where N, N’ = 6, 7y, p}, 1., py > @p, 1. @p > b = 0, 3. For the positively
charged meson sector, the size of the corresponding matrix depends on ¢, since, as stated, not all polarizations are available for
¢ = —1,0. In any case, one finds at most a 10 X 10 matrix with elements Gy y/(Z, q)s where N, N’ =o,7,p;,p..a;,a, withc =1,2,3.
Once the above described matrices are obtained, the meson masses can be determined by solving the equations

det G(q”,ql)‘qo:m =0 =0 for neutral mesons , (2.26)

det G(¢, q l)|q 0 for charged mesons , (2.27)

0=E$q3=0 -

where E = \/m? + (2¢ + 1)B,.

At this point we note that the matrices become simplified due to an extra symmetry of the system, which corresponds to a parity
operation followed by a z-rotation around the direction of the B [129]. For charged mesons with # = —1, this symmetry implies
that p; and g, (the only states in this sector) do not mix, while for # = 0 it is seen that the lowest energy charged pion state only
mixes with p,, a; and a;. In the case of neutral mesons, the 20 X 20 matrix is given by a direct sum of four submatrices. One of
them corresponds to the states z, p,, a1, One to o, p, 1, a5, one to the (degenerated) S, = +1 p meson states and, finally, one to
the (degenerated) S, = +1 4 meson states.

To obtain numerical results it is necessary to fix the model parameters. As stated, in our framework divergent quantities are
regularized using the MFIR scheme, with a proper time cutoff A. Within this scenario, we take m, = 7.01 MeV, A = 842 MeV,
g = 594/A%, g, = 3.947/A% and a« = 0.114. At B = 0, this leads to M, ; = 400 MeV, ¢,, = (-227 MeV)}, m, = 140 MeV,
fr = 922 MeV, m, = 548 MeV, m, = 775 MeV and to a phenomenologically acceptable value of about 1020 MeV for the a,
mass (in fact, as usual in this type of model, the a; mass is found to lie above the ¢g production threshold and can be determined
only after some extrapolation). For simplicity, the remaining coupling constants are taken to be g, = g4, = gy, which leads to
mg, =m, and mp =m, .

Now, while most NJL-like models are able to reproduce the effect of magnetic catalysis at vanishing temperature, they fail to
describe the inverse magnetic catalysis effect observed in lattice QCD at finite temperature. One of the simplest approaches to
partially cure this behavior consists of allowing the model couplings to depend on the magnetic field [14,15,18]. Thus, we consider
here both the situation in which the couplings are constant and the one in which they vary with B. For definiteness, we adopt for
g(B) the form proposed in Ref. [108], namely

gB) = gF(B), F(B) = &y +(1 —x))e 2B (2.28)

with x; = 0.321 and «, = 1.31 GeV~2. Concerning the vector couplings, given the common gluonic origin of g and g}, we assume
that they get affected in a similar way by the magnetic field; hence, we take g, (B) = g, F(B).

In what follows we present and analyze some selected results for the effect of the magnetic field on meson masses. Let us start
with the neutral sector. As well known, for B = 0 pseudoscalar mesons mix with “longitudinal” axial vector mesons. For nonzero B
the mixing also involves neutral vector mesons with spin projection .S, = 0 (corresponding to the polarization state ¢ = 2). The four
lowest mass states of this sector are to be identified with the physical states 7°, 77, 5° and @, where the particle names are chosen
according to the spin—isospin composition of the states in the limit of vanishing external field. In addition, the neutral sector includes
states with spin projections S, = +1, i.e., spin parallel to the direction of the magnetic field. Here we concentrate only on the mass
of the lowest state, #°. Results for other states can be found in Ref. [129]. In Fig. 2.1 we compare our predictions with LQCD results
that have been obtained using different methods and various values of the B = 0 pion mass. For comparison, we include the results
obtained for NJL-like models in which different meson sectors have been taken into account. In the case where one considers just
the pseudoscalar sector, the result is quite different depending on whether g is kept constant or not. In the first case, the behavior
of m; with the magnetic field is found to be non-monotonic, deviating just slightly from its value at B = 0 (green dotted line). In
contrast, for a B-dependent g one can get a monotonic decrease, in good agreement with LQCD results [108]. When the mixing with
the vector sector is considered, the results for both constant and B-dependent couplings are similar to each other (red dash-dotted
line) and monotonically decreasing, lying however quite below LQCD predictions [127]. Finally, if the mixing with a; mesons is also
included, we obtain, for both constant (blue solid line) and B-dependent couplings (blue dotted line), a monotonic decrease which
is in good qualitative agreement with LQCD calculations. One may infer that the incorporation of axial vector mesons, being the
chiral partners of vector mesons, leads to cancellations that help to alleviate the magnitude of the neutral pion mass suppression.
Their inclusion into the full picture leads to relatively more robust results and improves the agreement with LQCD predictions.

We turn now to the charged meson sector. To study the lowest lying states one has to consider the Landau modes # = —1 and
¢ = 0. For £ = —1, the lowest mass state is the one that we have denoted as p, and its energy is given by E,+ = m?, — B,, where
m,+ is obtained from Eq. (2.27). The left panel of Fig. 2.2 displays our numerical results for E,+ as a function of eB, normalized
by m,+|p=o. It is seen that the results for constant g (blue solid line) and for g(B) (blue dashed line) are quite similar. In turn,
they differ considerably from those obtained in a similar model [128] that does not take into account the presence of axial vector
mesons (red dash-dotted line). In fact, here the differences between models that include or not axial vector mesons do not arise
from direct mixing effects but from the fact that axial vector states mix with pions already for B = 0; this leads to some change
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Fig. 2.1. Normalized mass of the #° meson as a function of eB.

in the model parameters so as to get consistency with the phenomenological inputs. In any case, it is found that — as in the case
of neutral mesons — the results from the full model (blue solid and dashed lines) appear to be rather robust: they show a similar
behavior either for constant or B-dependent couplings, and this behavior is shown to be in good agreement with LQCD calculations
of Refs. [52,119,125]. We point out that our results, as those from LQCD, are not consistent with p* condensation for the considered
range of values of eB. The curve corresponding to a pointlike p* meson is shown for comparison. It is worth mentioning that our
results are qualitatively different from those obtained in other works [60,111], which do find p* meson condensation for eB ~ 0.2
to 0.6 GeV? in the framework of two-flavor NJL-like models. Contrary to what is done here, in those works Schwinger phases are
neglected and it is assumed that charged = and p mesons lie in zero three-momentum states.

In the case of the mode # = 0, the lowest mass state z* is given in general by a mixing between the states that we have denoted
as z, py, a; and a,. Its energy is given by E_+ = ,/mfr . + B, where m_. is obtained from the lowest # = 0 solution of Eq. (2.27). Our
numerical results are shown in the right panel of Fig. 2.2 where we plot the values of the difference E,+(B)> — E,+(0)* as a function
of eB. Blue solid and dashed lines correspond to the cases of constant and B-dependent couplings, respectively. We also include for
comparison the results obtained from similar NJL-like models that just include the pseudoscalar meson sector (green dotted line),
or just include the mixing between the pseudoscalar and vector meson sectors (red full and dashed line), neglecting the effect of
the presence of axial vector mesons. It can be seen that the inclusion of the axial vector meson sector leads to an improvement of
the agreement with LQCD data. We remark, however, that our numerical results indicate a monotonic enhancement of the charged
pion energy with the magnetic field, in contrast with the nonmonotic behavior found by recent LQCD simulations, see Ref. [120].
It would be interesting to get more insight on this open issue from other effective models and further LQCD calculations.

2.3. Summary

We have considered the effect of a constant magnetic field B on light meson masses, taking into account the various possible
mixing effects. This has been done in the framework of a two-flavor NJL-like model that includes isoscalar and isovector couplings
in the scalar-pseudoscalar and vector—axial vector sector, as well as a flavor mixing term in the scalar-pseudoscalar sector. The
divergences associated with the non-renormalizability of the model have been regularized using the “magnetic field independent
regularization” method. We have also explored the possibility of using B-dependent couplings to account for the effect of the
magnetic field on sea quarks. As is well known, for B = 0 pseudoscalar mesons mix with “longitudinal” axial vector mesons. The
presence of an external uniform B breaks isospin and full rotational symmetry, allowing for a more complex meson mixing pattern.
The latter is constrained by the remaining unbroken symmetries, in such a way that the mass matrices can be separated into several
“boxes”.

In the case of neutral mesons, Schwinger phases cancel and the polarization functions become diagonal in the usual momentum
basis. We have found that when both vector and axial-vector interactions are taken into account, the mass of the lightest state in
this sector, 7#°, displays a monotonic decreasing behavior with B in the studied range ¢B < 1 GeV?, which is in good qualitative
agreement with LQCD calculations for both g = constant and g(B). This represents an improvement over the results that take into
account just the mixing with the vector meson sector, or no mixing at all.

In the case of charged mesons, the polarization functions are diagonalized by expanding meson fields in appropriate Ritus-like
bases, so as to account for the effect of non-vanishing Schwinger phases. Once again, the symmetries of the system constrain the
mixing matrices, which also depend on the value of the meson Landau level #. For # = —1 one has only one vector and one axial
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Fig. 2.2. Left panel: Normalized energy of the lowest p* meson state as a function of eB. Right panel: Difference E,.(B)> - E,.(0)* for the lowest
#* meson state as a function of eB.

vector polarization states that do not mix with each other. Thus, in this case the effect of the inclusion of axial vector mesons on
the p* mass comes solely from the model parametrization, which is affected by the presence of z-a; mixing at B = 0. Our results
show that when the axial-vector sector is included, the energy E,. of this state undergoes a considerable reduction, leading to a
decreasing behavior that is in qualitative agreement with LQCD predictions, independently of the assumption of a B-dependent
coupling constant. We notice that, in accordance with LQCD calculations, E,+ does not vanish for any considered value of B. For
¢ = 0, the pion mixing subspace is given by rﬁ'—pJ’—aTr for only certain polarizations states. Here, the lowest mass state can be
identified with the z*. We find that, even though vector mixing already induces a softening in the enhancement of the E,+ with B,
the inclusion of the axial vector meson sector reinforces this softening, leading to an improved agreement with LQCD predictions.

In this work we have only dealt with a two-flavor NJL model. Recently, some works have analyzed the B dependence of the
light-meson masses within SU(3) NJL models [111,114,133,134]. It would be interesting to incorporate the mixings considered in
this Section into these analyses.

3. Magnetic field effects in form factors and in the meson exchange potential

Hadron interactions have been shown to present different types of modifications in background magnetic fields, mostly due to
the non-trivial hadron structure with quarks and gluons [45,47,135-141]. Experimental measurements and theoretical descriptions
of form factors provide a powerful tool to understand hadron structure and interactions as described for example in Ref. [142].
Currently, there are several quite refined calculations for different types of form factors, mostly for the nucleon, based in ab initio or
continuous in-vacuum methods. However, it may be useful, and conceptually enriching, to decompose such type of calculations in a
CQM framework, such that the role of each degree of freedom may be tested or further understood [143,144]. Besides its historical
importance, the CQM is usually very good to describe global hadron properties, such as masses, overall interactions and decay
constants. In the CQM, in different versions, hadrons are built out from colorless states of valence quarks. A dynamical derivation
and investigation of constituent quark and quark-antiquark meson form factors in constant magnetic fields was initiated in the last
years, starting with a one-gluon exchange quark-antiquark interaction as the leading QCD quark effective action [45,47,137]. By
applying the background field method and the auxiliary field method, it is possible to describe the formation of quark-antiquark
meson multiplets and the chiral condensate, and the development of constituent quark currents that emerge as a dressing of quark
currents by a gluon cloud due to components of a non-perturbative gluon propagator. The resulting one-loop form factors, that may
be considered for constant or running quark masses, have a structure akin to the Schwinger-Dyson equations (SDE) in the rainbow
ladder approach [145,146]. This becomes more appealing when embedding hadrons in an external magnetic field, in which case,
the description of hadron structure and dynamics become more intricate. Expectations for the strength of magnetic fields during
the hadronic phase in relativistic heavy-ion collisions at relatively low beam energy and in magnetars may be of the order of
eB ~10'2-10'3 T that may be weak with respect to quark or hadron masses, eB ~ 0.1m2 —0.1M?, where m, and M ~ 0.35 GeV are
the pion and a constituent quark masses [139,147-149]. The weak magnetic field offers the possibility to allow (semi)analytical
calculations since, in this limit, quark and meson propagators usually have well established analytical expressions. In case the field
intensity is larger, calculations can still be performed at the expense of losing analytic tractability. In the CQM, mesons couple
to baryons via the baryon constituent quark that in turn couples to the magnetic field by means of insertions. In a slightly larger
distance scale, the knowledge of hadron interactions and, consequently nuclear interactions, has been the subject of a wide and
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Fig. 3.1. (a)-(e): One loop meson-constituent quark form factor with leading magnetic field insertions in the quark propagator. (f)-(h):
Meson exchange process, with the leading one or two weak magnetic field insertions in the meson propagator and the leading insertion in
the pseudoscalar form factor (h). Dashed lines stand for meson, solid (wiggly with a big dot) lines for quarks (gluons) and small wavy lines, with
a small dot, for magnetic field insertions.

extensive investigation, under the assumptions of meson exchange dominated processes from which nucleon and nuclear potentials
can be parametrized [150,151]. In meson exchange potentials, the meson propagator also couples to the magnetic field, which can
easily lead to non-trivial contributions for nucleon and nuclear interactions. In this section, some results obtained in Refs. [47,152]
are reviewed and highlighted: the leading weak magnetic field corrections for the one-loop axial and pseudoscalar pion-constituent
form factors are discussed for space-like momenta. With the magnetic field contribution for the pseudoscalar form factor and the
corresponding leading contribution for a (pseudoscalar) meson field propagator, the Fourier transform of the meson exchange process
is performed for off-shell pions and on-shell constituent quarks.

3.1. Meson and constituent quark form factors in constant magnetic fields

The one-gluon exchange quark-antiquark interaction is a leading term of the QCD quark effective action. It is convenient
to describe the structure of an effective gluon propagator in terms of longitudinal and transverse components: ﬁg,: (k) =

Sap [( g — k:—i‘v) Ry(k) + k:—é‘vR L(k)]]. The one loop background field method (BFM) can be applied such that the quantum quark
currents can be arranged into multiplets with the same quantum numbers as the quark-antiquark mesons. The auxiliary field method
(AFM) makes it possible to introduce multiplets of quark-antiquark local meson fields, although non-local meson fields can also
be defined. By integrating out the quantum quark field, a quark determinant is obtained with background quark currents and
local meson fields arranged in flavor multiplets. Given that the dressed gluon propagator and corresponding running quark-gluon
coupling constant has enough strength, Dynamical Chiral Symmetry Breaking (DChSB) takes place with the formation of a scalar
quark-antiquark chiral condensate in the ground state. This leads to a large correction of the Lagrangian quark mass leading to an
effective quark mass that can be considered at the basis of the CQM.

A large quark mass expansion leads to one-loop equations for meson-constituent quark current couplings that are well established
in phenomenological investigations. In the presence of the magnetic field, leading effects in the quark propagator can be computed.
Hereby, effects in the gluon propagator and in the quark-gluon running coupling constant will not be discussed. Magnetic field
effects in the propagator require numerical calculations, which make it more difficult to be analyzed. However, by resorting to the
weak magnetic field limit, weak with respect to the constituent quark mass, M ~ 0.30 —40 GeV, analytical or semi-analytical results
can be obtained.

The computation of weak magnetic field effects in the one-loop quark determinant, including in the resulting form factors, can
be done by considering at least two methods: The first one, more convenient for weak constant background magnetic fields, is the
expansion based in the Fock-Schwinger gauge [153]. A more commonly used approach is to consider the weak magnetic field limit
of the quark (or meson) propagator, usually calculated in the proper time Schwinger representation [154]. These contributions can
be translated into the corresponding diagrams, with the leading ones containing one or two magnetic field insertions, as shown in
diagrams (a)-(e) of Fig. 3.1. Notice however, that the meson coupling to quark in these diagrams happens through the flavor-Dirac
current with the same quantum numbers as the meson. Accordingly, the wiggly line with a big dot is not a full (dressed) gluon
propagator but instead only a component of it that can be written in terms of R; (k) and R (k). Each magnetic field insertion is of
order (eB/M?), with M being the constituent quark mass.

The dynamically generated terms for the leading magnetic field corrections for the dimensionless axial and pseudoscalar form
factors, with canonical normalization of the isotriplet pion local field P;, can be written in momentum space as

F20,.K)

By\’ . B
£l =g <e—°> [F2©. k) + FE40. K| P@)Gi, (K. 0 + de°”“3(jw—;’> -

M2 9,P(Q) (G (K, )", (3.1)

where F,ﬁ (0,K) (pr’”(Q, K)) is the isotropic (anisotropic) contribution for the pseudoscalar form factor and F f(Q, K) the one for the
axial form factor. Q and K are the pion and incoming constituent quark momenta, respectively. F = 92 MeV is the pion normalization
constant, namely, the pion decay constant, and the constituent quark currents are j;S = yiysA;w and jiw =Wy, rsAw with i = 1,2
for charged and i = 3 neutral pions. The following numerical coefficients were defined: ¢; = ¢, = —4/9 and ¢; = 5/9, respectively,
for the charged and neutral pion pseudoscalar couplings, and unique d = 1/3 for the axial coupling. ¢?#3 stands for some of the
components of the Levi-Civita tensor that picks up the transverse pion and axial current components. The leading contributions for
the pseudoscalar form factor is that of one magnetic field insertion for each of the internal quark lines, which is of order (eB)?, in
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Fig. 3.2. Ratio of leading magnetic field corrections to the pseudoscalar and axial form factors 10 x ﬂszf(Qz)/FpS(QZ) and BFE(0*)/F,(Q% in
the pion space-like region with K2 = M;

diagram (e). The two magnetic field insertions in a single quark propagator, diagrams (c) and (d), and one single magnetic field
insertion in only one quark propagator, diagrams (a) and (b), are either vanishing or sub-leading and will not be taken into account.
The axial form factor goes with (eB) corresponding to diagrams (a) and (b), leading to a linear behavior of the axial coupling with
magnetic fields [47] that is seemingly present in the pion-nucleon axial coupling [138]. However, it turns out that diagram (a)
provides a vanishing contribution and diagram (b) is responsible for the above result.

The leading magnetic field corrections to the corresponding form factors can be written as

d*k [k (k+Q)+M?);(—ky - (k; + Q)| R(~k — K)

Qr)* (k2 — M22[(k + Q)2 — M2]? K,
B 38w [ d*k 1 R (-k — K)
“rsTM 0 | Gt e - MK+ 07 — MR K,

[Fplj(Q, K): F2Q. K)] icE M+

F20.K)

(3.2)

where for the pseudoscalar coupling R(—k) = 3Ry (—k) + R, (—k), and for the axial coupling R*' (k) = g’ (Ry(—k) + R, (=k)) +
Zl‘lt—fv(RT(—k) — R;p), where R(—k) is the effective gluon propagator (EGP), with a normalization K, discussed below, and the
constant C}fs = 8N.aK, was defined. Hereby, an effective confining gluon propagator inspired in Ref. [155] is considered.

This leads to Dynamical Chiral Symmetry Breaking, given by R;(k) = R(k) = where K,, Mg are a dimensionful

normalization constant, that incorporates the running quark gluon coupling constant, and an effective (constant) mass, respectively.
The normalization of the effective gluon propagator was fixed by the pseudoscalar pion coupling constant in the vacuum, such that
it reproduces the phenomenological value G ,; ~ 13 [156] for a reasonably large gluon effective mass M = 0.5 GeV [152]. With this
EGP, it is possible to carry out overall analytical calculations, yielding form factors free of UV divergences, in spite of the need of a
renormalization, that settles the scale of K, . Besides that, it provides numerical results for mesons-constituent quark form factors that
are similar to results obtained using other effective gluon propagator extracted from SDE. These diagrams are in the class of triangle
diagrams analyzed in [157] for which the Schwinger phase does not contribute. In Fig. 3.2 the ratios of the magnetic field correction
to the pseudoscalar and axial form factors, with respect to their values in the vacuum, calculated by the same method [158], are
presented in the low momentum space-like region for different values of Qﬁerp that manifests in the anisotropic part of GE where in
the figure caption § = (eB)/M?. The magnetic field correction Gfs Q= ﬂszlz (0%)/F,,(0* (multiplied by a factor 10) is of order
(eB)? and smaller than Gﬁ Y = ﬂF/f (0*)/F,(Q%. The anisotropy of G,Ifx for different values of Qﬁm was not exploited before, and
it is small.

3.2. One-pion exchange potential
The leading magnetic field effects will be considered for the Feynman diagrams of Figs. 3.1 (f), (g) and (h). The magnetic field
contributions to the pion-constituent quark (nucleon) coupling is accounted for by means of its pseudoscalar form factor, shown

above, with the pion propagator obtained in Ref. [159]. In the weak field limit, the leading terms of the meson exchange amplitude
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Fig. 3.3. Ratio of magnetic field corrections to the Yukawa potential as a function of distance R, for the neutral and charged pions with
corresponding magnetic field corrections to their masses and three different constituent quark masses as described in the text. (eB) = 0.1 M? ~
0.01 GeV? and R, =1 fm.

in momentum space can be written as

V0,0,

13

|60 + P FE@.01)] [Do(@) + DP(©. 0] [g, + PPFE (.01
V(@) +V,2(0.0,) + V(0% 0,) + -+ (3.3)

where it has been assumed K2 = M?2, DO(QZ) is the pion propagator in vacuum and Df (0, 0,) the leading magnetic field correction
that contains an anisotropy expressed as a dependence on Q| . The first term, V;,(Q?), yields the (isotropic) Yukawa potential, and the
two types of corrections considered here are due to the pion propagator (VIB(Q, 0,)) and to the form factor (VfF(Q, 0.)), respectively,
which contain anisotropic terms expressed as a dependence on Q.. Due to the linearization above, these two terms add to each
other. The Fourier transform of the four-point Feynman diagrams amplitude, with off-shell meson propagation, 0 = —Q?, can be
performed semi-analytically and is given by

s
(298
where, due to the Fourier transform, the anisotropic can be written in terms of the distance between two sources and the longitudinal
distance between sources along the magnetic field direction R,.

The (semi)analytical result of this Fourier transformation was exhibited in [152] and it will not be written here. There are
mostly terms with two residual integrations in two Feynman parameters to be performed numerically, although some anisotropic
terms need a numerical integration in the pion transversal momentum Q,. Overall, the anisotropies in all contributions are very
small. In Fig. 3.3 the resulting ratio of the magnetic field corrections to the Yukawa potential with respect to the Yukawa potential is
presented for R, = 1 fm for the anisotropic terms of the potential. The anisotropy noted for the pseudoscalar form factor in Fig. 3.2
is washed out in the calculation of the potential such that, by fixing R, # 1 fm, the difference with respect to the results with another
value is hardly noted in this figure. It can be seen that results for neutral (pne) and charged (pch) pions are non-degenerate, and
there are two different reasons for that: First, the magnetic field contributions for the neutral (charged) pions in the range analyzed
(eB) ~ 0.01 GeV?, are of the order of —20 MeV (+20 MeV) [160,161]. Second, Eq. (3.1) showed that the neutral and charged pion
form factors have different coefficients ¢;. Three different cases for the constituent quark masses were considered. First, a typical
constituent quark mass with a correction due to the magnetic field M = (M, ¢ 10.02)GeV = (0.35+0.02) GeV [162]. Second, a larger
mass, as if the constituent quark carried all the nucleon mass, of order M ~ 3M,. The overall contributions are amplified for large
quark masses due to the structure of the magnetic field contributions to the form factor. Finally, a mixed case (Mix) in which the
normalization of the gluon propagator was considered to reproduce G,, = 13 with M = M, as described above. However, in the
magnetic field correction to the Yukawa potential, the quark mass was considered to be three times larger so that the role of the
form factors (the part that depends on the constituent quark mass) was reduced, in agreement with expectations that an infinite
quark mass leads to point-like interaction. The leading magnetic field contributions for the case of neutral pion exchange leads to
an increase of the strength of the potential with distance and consequently a larger range of the interaction. For the case of the

V(R,R,) = TR V0 0H + VE(0,0.) + VE(0,0) + ], (3.4)
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charged pion, results are more ambiguous since they strongly depend on the (considered) value of the constituent quark mass. This
is mostly due to a possible cancellation of different contributions from different effects, since the charged pion form factor receives
a contribution with opposite sign from the one of the neutral pion.

3.3. Discussion

The limit of constant magnetic fields, weak with respect to a hadronic mass scale such as the pion mass (m,), or the constituent
quark mass (M), was shown to make possible to develop analytical or semi-analytical calculations for intricate hadron processes
from the point of view of the fundamental constituents, quarks and gluons. The strength of such magnetic fields is nearly in the range
expected to appear in relativistic heavy-ion collisions and magnetars. For that, a leading term of the QCD (quark) effective action,
that is the quark-antiquark interaction mediated by one (non-perturbative) gluon exchange, is shown to produce, dynamically,
meson-constituent quark interactions described by one loop form factors. The form factors were calculated and used in the one-loop
level, being akin to the rainbow ladder approximation of the SDE. The pion pseudoscalar and axial form factors receive corrections
with (leading) strengths that are of order (eB/M?)? and (eB/M?), respectively. Whereas the pseudoscalar form factor presents
some sizeable anisotropy, manifested in the dependence on the perpendicular component of the pion momentum, Q , the leading
anisotropy of the axial form factor is mostly present in the shape of the interaction. Each of these pion couplings occur in color-
singlet quark currents that, nevertheless, were shown to be extracted from a color-quark current interaction. The pseudoscalar form
factor was employed in the calculation of magnetic field corrections to the one-pion exchange potential which requires an off-shell
pion. The limit of weak magnetic field allowed to linearize the potential in two different contributions: one from the magnetic
field dependent meson propagator and one from the form factor, since both are of order of magnitude (eB/M?)?. If a deuteron is
formed in a region with such weak magnetic field, when leaving this region it would go into an excited state or even disintegrate.
It should be possible to detect both processes by means of either the excitation emission spectrum or the outgoing neutron and
proton. The CQM offers a framework for the prediction of observable hadron dynamics that must be tested and whose precise role
must be understood in the more complete picture of baryon interactions. The use of the meson form factor in the meson exchange
process also, hopefully, will make possible to probe nucleon and meson quark and gluon structures as participants of the nucleon
and nuclear interactions. A more complete analysis of all the ingredients of these calculations is to be done with more complete
account of the dependence on the magnetic field, for example for gluon propagator and running coupling constant. It is therefore
possible to use magnetic fields (even relatively weak ones) as probes of the quark-gluon structure of hadrons and of the nucleon
(and consequently nuclear) interaction.

4. Magnetic fields in heavy-ion collisions: a catalyst of photo-production via gluon fusion
4.1. Introduction

Most of the photons produced in heavy-ion collisions are decay photons, a by-product of the fireball expansion, cooling and
eventual hadronization. The rest of the photons produced in heavy-ion collisions are the so called direct photons: prompt photons,
just as the ones produced in proton-proton collisions, so we expect they scale as the number of binary collisions and non-prompt
photons which can come from pre-equilibrium, jet-medium interactions or they can be purely thermal from the QGP phase or the
hadron gas phase. We have learned from recent experiments that direct photons produced in heavy-ion collisions, have a large
elliptic flow coefficient v,, in some cases as large as that of hadrons [163-165].

The evidence from data could be interpreted as direct photons being produced in the later stages of the collision, since it is
then when flow is already leaving an imprint in hadrons. But, looking closely at the photon yields, we can see that there is a large
thermal component that dominates over the prompt one, for low values of py, the transverse momentum. Now the p; dependence
of v, seems to confirm that most of the direct photons are really early photons, since v, for large p; is consistent with zero [166].
These observations initiated a discussion in the community a few years ago, that was named as the direct photon puzzle.

On top of this puzzle, the excess of low p; photons with respect to known sources, as reported by the PHENIX and the STAR
Collaborations, has eluded explanations and models that work well for other electromagnetic probes. In summary, these recent data
analysis show that the yield of these low p; photons scales with a given power of the number of binary collisions, both in large and
small colliding systems, which suggests that the source of these photons is similar for different colliding species and beam energies.
The data also shows tension between the yields measured by PHENIX and STAR, so further measurements of photon-production in
the low energy regime will complement these and will push the discussion towards elucidating the source of these soft photons or
making the effect disappear altogether [167-171].

4.2. New photo-production channel available in pre-equilibrium stage

Fig. 4.1 shows a diagram of the system created in heavy-ion collisions and its evolution in time. In the pre-equilibrium stage,
there are large number of gluons (glasma) available, unlike quarks which are suppressed due to the parametric proportionality in
a;.

In Refs. [173-175], we have reported how fusion and splitting processes involving quarks and gluons at this stage, can give rise

to an excess (over conventional sources) of photons. The posited source of this excess of photons is a new production channel via
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Fig. 4.1. Distinct epochs in a heavy-ion collision and its evolution [172].
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Fig. 4.2. New photo-production channel available in pre-equilibrium stage: gluon fusion into a photon, mediated by a quark loop in the presence
of an external magnetic field B.

gluon fusion which is possible by the presence of an intense external magnetic field B. Fig. 4.2 shows the Feynman diagram for this
process where all quark propagators include the effect of the external magnetic field.

The magnetic field acts as a catalyst of the newly open channel that would otherwise not be available, since in the B — 0 limit
we recover Furry’s theorem and QED and QCD are back to having charge conjugation symmetry. Altogether the idea we put forward
is to focus on processes that are catalyzed by these external magnetic fields in a heavy-ion collision epoch where there is a large
abundance of soft pre-equilibrium gluons and test weather this allows an enhancement of the photon yield and a large v,.

An immediate consequence of the presence of an external magnetic field in this pre-equilibrium stage is the breaking of Lorentz
invariance, so calculation of observables in space-time have to be done with tensorial structures that are now differentiated: parallel
and perpendicular with respect the external magnetic field.

Now, there is an initial limitation to this approach: the presence of an intense external magnetic field means that ¢B is the
dominant scale, in particular it is larger than the loop momenta, so the analysis of results should be constrained to the low photon
momenta regime.

4.2.1. Estimation and simulation of magnetic fields created in heavy-ion collisions
The classical approach to estimate the magnetic field B(r;,r) produced by non-accelerated charges moving along the beam
direction in a heavy-ion collision event, can be done using the Liénard-Wiechert potential as [179]

2
¢! —Uj) v; XR;

3/2°
3 _ (v,-><Rj)2
P

eB(r, 1) = a,, ),
J

where R; = r—r;(?), X;(7) is the position of the jth charge moving with velocity v; and the sum runs over charged particles in each
event. Fig. 4.3 shows the magnetic field pulse using the Liénard-Wiechert approach for Bi+Bi collisions at both Vi = 9GeV and
m = 200 GeV with an impact parameter b = 7 fm. We can appreciate how the intensity of the pulse is of the order of 3m? at
RHIC energies and about mfr /10 for smaller collision energies. This is contrast with the duration of the pulse which is approximately
3 fm in the low energy collision and approximately 1/10 fm for the RHIC energy collision. Fig. 4.4 shows similar results reported in
some of the recent reviews devoted to the topic of understanding the emergence and effects on observables of electromagnetic fields
produced in heavy-ion collisions [177,178,180]. We point out that the description of the time evolution of medium magnetic fields

18



P. Adhikari et al. Progress in Particle and Nuclear Physics 146 (2026) 104199

0.25 J TTT[TTTT[TT T T[T T T T TTTT[TTITT ‘ TTT \‘ TTT \‘ TTTTTT HT7 5 F ‘ ‘ B
i o i 45 =
ool Bi+Bi, | Syy=9 GeV 1 i Bi+Bi, /S =200 GeV ]
r b=7fm ] = .
e L W ] NE.ﬁs.s; b=7fm =
g: 0.15 —-Wave B é ? — LW E
=) i 1 o 25F =
o . 1 o ]
= 0.1 -4 = 2F 3
M i 1 @ F ]
' I 1 " 1sE ]
0.05/ =~ 7T T T =<\ . I8 E
i _ 0.50 3
0 7\ L1 ‘ L1l ‘ 111l ‘ ] ‘ L1l ‘ L1 ‘ 111l ‘ ] ‘ L1 ‘ L1 \7 0 E ‘ ‘ T . J

0 05 115 2 25 3 35 4 45 5 0 01 02 03 04 05

Time [fm] Time [fm]

Fig. 4.3. Evolution in time of the average dominant component of the magnetic field pulse, that would be created in heavy-ion collisions [176].
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Fig. 4.4. Evolution in time of the average dominant component of the magnetic field pulse, that would be created under diverse heavy-ion
collision conditions (colliding energy, impact parameter or centrality), as reported in Refs. [177,178].

is a challenging problem that has been investigated from different approaches. We refer the reader to some of the recent works
dealing with the subject [94,181-185]

Clearly, the interplay of the height and width of the magnetic field is key to keep in mind when implementing phenomenological
test to look for such effects. Using simulations, we have been able to include the magnetic field effects into relevant observables for
photo-production through gluon fusion so that effects of participant or spectator nucleons from the centrality of the collision, can
also be taken into account [173,174,186].

4.2.2. Magnetic-field induced gluon-fusion to produce photons in the early stages of the collision

The lowest order gluon fusion process comes from an amplitude made out of a quark triangle diagram with two gluons and one
photon attached each at one of the vertices of the triangle, as shown in Fig. 4.2. The over occupied gluon state can be modeled as
a quasi-particles system and perturbative methods are applicable [187]. In this context, the coordinate representation of the quark
Schwinger propagator is

S, x") = Dx, x) / ﬁe_”'(x_x,>5(p) 4.1)
’ ’ Qn)* ’ '
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Fig. 4.5. Mean magnetic field strength produced by (a) spectators and (b) spectators and participants at the middle of the interaction region as
a function of time for three centrality classes 0%-20%, 20%-40% and 40%-60% in Au+Au collisions and one centrality class 0%-40% in Cu+Cu
collisions at /5., = 200GeV, as reported in Refs. [173,174].

where S(p) is the Fourier transform to momentum space of the translational invariant part of the propagator, given by

ir [Pﬁ -ry tol o 2}) —m§+ie]

iS(p) = / L S— “4.2)
0 cos(|equ| T)
. PL
X [cos(’equ‘ )+ 717> sm(‘eqf B| T)] (mg +p”) - 5,
cos(‘equ‘ T)
and @(x, x") is the phase factor with exclusive coordinate dependence
&(x,x') = exp {ieqf // do* [Au + %FMV(U - x’)v] } , (4.3)

with eq, the quark charge in units of e, the absolute value of the electron charge. We assume a constant magnetic field that points
in the z-direction obtained from a vector potential A in the symmetric gauge A# = g(O, —y,x,0). Note that as we announced
previously, Lorentz invariance breaks and so from a four-momentum p*, we define pi =(0,p1,p2,0), pj = (py,0,0, p3), pi = pf + pg,

P} = p; — 3, and therefore p* = pi - p}. Then we can write the expression for the amplitude for the gluon fusion channel M,, ., as

M - _ /d4xd4yd4z/ d4r d4S d4t e—ir»(y—x)e—is-(x—z)e—ir-(z—y)e—ip<ze—ik~yeiq<x
sy Q@n)* 2m)* Qay*

x {Tr [i€0,741Suc(5)igY 1S uq(Pigr, 1158 1o (1)] + TE [i€d 7 Saq 1Vigr, 1118 1o (Migy 1S a(5)] }
X @(x, )Py, 2)P(z, )" (Ay)e” (e (Ay), 4.4

where p and k are the gluon and g the photon four-momenta, ¢, #¢ are Gell-Mann matrices, and the polarization vectors for the gluons
and the photon are €"(4,), €"(Ay), €%(4y), respectively. The Lorentz indices y,v,« and the space-time coordinates x, y, z associated

B
to each vertex, are also depicted in Fig. 4.2. The product of phase factors is @(x, y)®(y, z)®P(z, x) = exp {ileq%lem (2 = X),(x = y); },

where the indices m, j = 1,2 and ¢,,; is the Levi-Civita tensor.

If we pursue the idea that at the earliest times, when thermalization has not been achieved, the magnetic field is the dominant
internal energy scale in the process. This means that in the absence of thermal effects, and with |eq,B| > m2, we can work using
the quark propagators in the lowest Landau level. Notice that the first non-vanishing term is where one of the quarks in the loop is
in the first excited Landau level [173,174,186]. Once we have the matrix elements for both gluon fusion and splitting we can build

the invariant photon momentum distribution as follows

d N™a8 VAt d3p d3k 4 4) ~ 2
= 2 8@ (q—k— M,
“a d3q 2(2x)3 / @n)2w, J Q)3 2w, @m (@ p) n(wl’)"(wk)c§f| g |
+69 (g + k= pyn@)) [1 + (@] Y IM,_y, |2} (4.5)
c,p.f
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Fig. 4.6. Second harmonic coefficient and invariant photon spectra for Au+Au collisions at /s,y = 200 GeV with 20%-40% centrality events
compared with PHENIX data, as reported in Ref. [174].

where VAr is the space-time volume where the reaction takes place, spatial volume of the nuclear overlap region V(¢) at time r and
the time interval Az is where the magnetic field is taken as having a constant intensity B(r) as shown in Fig. 4.5. As we commented
back in Section 4.2.1, the overall lifetime A7 can be estimated calculating the duration of the magnetic pulse using simulations.
Once we calculate the invariant momentum distribution we can extract the second harmonic coefficient v, taking into account the
contribution from direct photons reported in the literature [188] as a weighted average

m dN mag d N direct direct
> —d%].[u2 @)+ 2 @) 1 (@,)
i

m dN J Ndirect
Zi:l [_] » + do, (wq)

Uy (@) = (4.6)

dw,

We can finally compare with data 'amd analyze the effectiveness of our model in explaining both the excess of low p; photon yield
and large v,. Fig. 4.6 shows the second harmonic coefficient and invariant photon spectra for Au+Au collisions at \/m = 200 GeV
with 20%-40% centrality events compared with PHENIX data, as reported in Ref. [174]. Our work indicates that the magnetic field
contribution improves the agreement with experimental data for the low part of the spectrum helping to describe the rise of v, as
the photon energy decreases, but requires improvements as a systematic effect for the behavior of flow at larger p,. At this point,
the limitation is the kinematic hierarchy imposed by us, when we claim that the magnetic field drives the dynamics and dominates
the loop momenta in gluon fusion. Another caveat to consider when computing the contribution of the magnetic field to the photon
v, is that the direction of the magnetic field with respect to the reaction plane suffers considerable fluctuations. In this sense, our
description should be regarded as providing the effect on average. As discussed in Ref. [189], it is important to select the optimal
centrality class, corresponding to an impact parameter b ~ 8 — 10 fm for comparison with the data. To address some of these issues,
we have embarked on an approach where we can improve our calculation and extend its range of applicability.

4.2.3. Recent improvements

In order to go beyond the access only to low p; photons and to push back on implementing the hierarchy between the magnetic
field and the loop momenta as 2|eq, B| > tﬁ,
as reported in Ref. [186]. The physical picture that emerges is the following: under a strong magnetic field two of the vector

sﬁ, rﬁ, we pursue a calculation where now we do a fully strong B-field approximation,

particles occupy parallel polarization states [190,191]. So, when the vertex involves a third vector particle, invariance under
charge conjugation and conservation of angular momentum require that its polarization is transverse. In a practical sense, using the
Schwinger propagators this time, one of the quarks that make up the loop needs to be placed not in the lowest Landau level but
instead in the first Landau level. There is plenty of work in the literature where the tensor and analytic structure of magnetized
vertices is well understood, so that properties and identities need to be satisfied under controlled conditions of the external strong
magnetic field [190,192-194]. In the approximation where the magnetic field is the largest of the kinematical energy (squared)
variables, the tensor structure can be expressed as F:bm = 6, ", where
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where I, (0,, @y, ¢?), n = 1,2,3, are scalar coefficients and ¢; ; is the Levy-Civita symbol in the transverse components: ¢, = —¢; = 1.

The contributing Feynman diagrams, obtained when placing two fermion propagators in the LLL and the other in the 1LL, after
integration of the configuration space variables, the vertex is given by

87%q, g
' = —6® (g — k- p)Tr [1,1,] ——

3
w” g2l (ki) 2 DM (4.8)
i=1

Il
[ear
We calculate I, (w,, oy, ¢?) for n = 1,2,3 by projecting onto the basis
Horrve v pHE o prRv
{ULH” LT 0T } (4.9
Using these results, we can go back to the vertex and collect the contributions that correspond to each coefficient I,(w,, @y, q%). The

projection with v/ IT HV" contributes to

84 2
ro= 48 s

n

prky) |a. | fn(a,p’wq’g). (4.10)
a2

As we reported in Ref. [186], we perform the calculation of ), |F,,|2 and with a thorough numerical analysis we find that it is larger
for a photon propagation within the reaction plane (0 = x/2) and that for § = z/2 it is also larger for smaller field intensities. We
also note that |q, |/ (prk1) also depends on 6 and peaks at small angles for large gluon energies, but here the square amplitude is
highly suppressed close to the reaction plane. So for small gluon energies and/or a large field strength, the pre-factor is dominated
by emission angles close to the reaction plane and vanishes for § = 0, which prevents photons from being emitted along the direction
of the magnetic field. Since at pre-equilibrium the largest gluon abundance happens for small energies, a positive v, coefficient may
be expected. The final steps to verify this result are work in progress.

4.3. Concluding remarks

Here we have reviewed the photon puzzle in the context of a new approach to understanding photon production at the earliest
stages of a heavy-ion collision, where intense magnetic fields could be present. We summarize the results in the literature where
we have computed the contribution to the photon yield and v, from gluon fusion by a magnetic field during the early stages of a
relativistic heavy-ion collision, where there is a large gluon occupation number below the saturation scale. We note an agreement
of the calculation with data in the lowest part of the spectrum: observed experimental fall between 0.5 and 1 GeV. Above 1 GeV
the calculation overshoots the data spectrum and v, peaks for energy values ~ \/5 We further analyze how we have improved
this approach by constructing a one-loop two-gluon and one-photon vertex where we fully include the effects of the magnetic field

in the tensor structure: we construct the vertex as IT/'" x éiﬁ which is required to have components in the transverse plane with

Il
respect to the B-field and we place two of the loop quarks in the lowest Landau level and the other one in the first Landau level.
We are in the process of obtaining and updated result for both the photon yield and the second harmonic coefficient, to further test

the range of our model in describing pre-equilibrium photon production in heavy-ion collisions.
5. Hot and dense perturbative QCD in a very strong magnetic background
5.1. Introduction

One of the systematic approaches to describe QCD matter at high temperatures and densities and extremely large magnetic
fields is perturbative QCD (pQCD) in a non-perturbative magnetic background. Thermodynamic quantities of magnetic QCD like
the pressure, chiral condensate and strange quark number susceptibility can be computed from first principles within perturbative
QCD at finite temperature and very high magnetic fields. This indeed has been accomplished up to two-loop order and for physical
quark masses [195-197], including a full implementation of the effects of the renormalization scale in the running coupling and
running strange quark mass. Within this framework, the one-loop QCD correction to the photon-quark-antiquark vertex has also
been computed, yielding a significantly altered contribution to the quark anomalous magnetic moment [198].

In this section, we summarize the technical approach and discuss the main findings for observables. In particular, these
perturbative magnetic QCD results for the chiral condensate and strange quark number susceptibility can be directly compared
to recent lattice QCD data away from the chiral transition. Furthermore, the calculation of the pressure at finite baryon density
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is discussed, as well as the simplifications that come about in the chiral limit. In fact, the effectively negligible contribution of
the exchange diagram allows for building a simple analytic model for the equation of state for pure quark magnetars. The latter,
however valid only for very large baryon densities, provides constraints on the behavior of the maximum mass and radius directly
from in-medium perturbative QCD.

5.2. Thermal pQCD in a strong magnetic background

To compute the thermal pressure and chiral condensate in the lowest Landau level approximation up to two loops in perturbative
QCD, we assume that the system is embedded in a uniform, very large magnetic field B = Bz, where the field strength B is much
larger than the temperature and all masses.

The one-loop (free) contribution to the pressure from the quark sector is given by the following renormalized expression, where
the pure vacuum term has been subtracted [199-202]:

Pq ( B)z x2
free qf ’ ’ 1 2 f
_c_zf = [g(_l,x/.)_g(_1,0)+§(xf_xf)lnx/.+7]

+T z i (1-6,0/2) / 2p {ln( e_ﬂ[E(""’Z)"‘f]> +1In (l + e PlEmp ] ) } )
2z
where E%(n, p,) = pﬁ +m?

ot 2q,Bn, x; = mi. /2q;B, T =1/p is the temperature, u is the quark chemical potential, N, is the number
of colors, f labels quark flavors, g, is the quark electric charge, and n = 0, 1,2, ... stands for the Landau levels. In this expression,
Matsubara sums have already been performed in the medium contribution. One should notice that there is an inherent arbitrariness
in the renormalization procedure (see Refs. [6,7,203-208] for further discussion). Taking the limit of very high magnetic fields
(m, < T < \/5), one ends up with the lowest Landau level (LLL) expression

2
free =—Z (q;ﬂi) [xfln ]+TZ /dpz{ 1+e B[E©.p,)- Mf])+ln(l+e ﬁ[E(Op)+uf]>} (5.2)

Since gluons do not carry electric charge, their one-loop contribution has the usual Stefan-Boltzmann form [209]

(5.1)

24
G 2 7T
Pfree =2(N; - I)W . (5.3)

Strong interactions may then be introduced perturbatively, with the first corrections appearing for the pressure at two loops.
The purely gluonic contribution at this order is given by the well-known formula [209]:

gT

Pf =-N.(N?- DT (5.4)

On the other hand, the exchange diagram for the pressure in the quark sector was first computed in Ref. [195] in the lowest
Landau level approximation, displaying a dimensionally reduced structure for the matter part. For numerical purposes, however, it
is convenient to recast the result found in that reference in a different fashion, where one first evaluates the momentum integrals
and then carries out the Matsubara sums numerically at 4 = 0, as detailed in Ref. [196]. The final expression for the exchange
pressure has the form

2
PLLL < ) B d _ M E, - &
exch 1 5 2 qr my 2B 4 n
=g sz ( > Y | S Eme P ) (5.5)
N, 2 e 2r

c E,E, 6, |E - ( & -, | +&, )

n
where &, = \/@? +m}, £, = /(@,, + @, 2 +m}, and €, = \/w? +m}, with the Matsubara frequencies given by w, = 2z¢T and
w,, = (2ny + Dz T. This expression has the advantage of being numerlcally simple. Its downside, however, is that it only holds for
u =0 and cannot be used for cold and dense QCD, as will be discussed in the sequel.

Besides the pressure, one may also extract other observables from these calculations. The chiral condensate represents a very
relevant physical quantity in the investigation of the phase diagram for strong interactions, since it can be considered a pseudo order
parameter for the chiral transition in this case. Of course, a perturbative analysis is reliable only for very large temperatures and
even larger magnetic fields, so that it cannot bring information on the region near the phase transition or crossover. Nevertheless,
since there are lattice results for high temperatures and magnetic fields, the comparison of these two first-principle calculations in
this regime is certainly relevant. The condensate is obtained from the pressure as a derivative with respect to the quark mass. So,
the f-flavor condensate is given by

oP,  OP[LL opLLL

7 =S Sree T exch (5.6)
<waf> om om, om,
On the lattice, one computes the f-flavor renormalized condensate
Z;(B.1)= 2f2 [(‘I’f‘/’f>sr <V7f‘/’f>o,o] ; &7
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Fig. 5.1. Full pressure as function of the magnetic field at 7 = 0.3 GeV (top-left) and T = 0.6 GeV (top-right), and as function of temperature at
eB =2 GeV? (bottom-left) and ¢B = 9 GeV? (bottom-right). The bands correspond to changes in the central scale by a factor of two. The running
a,(leB|) is not the standard pQCD one and has been proposed in Ref. [24].

Source: Figure from Ref. [196].

which eliminates additive and multiplicative divergences. Here, m, = 135 MeV, f, = 86 MeV, and m, = 5 MeV for the light quarks.
Within perturbative QCD in a nonperturbative magnetic background, however, one cannot simply take the zero-field limit and obtain
the vacuum condensate, since very large fields are assumed from the outset [195].
A different observable that can also be computed and directly compared to available lattice data is the strange quark number
susceptibility
;1 0%P
==—. (5.8)
¥ T? ou?
Given the presence of a derivative with respect to the chemical potential, pure vacuum terms are excluded. This presents an
advantage when comparing lattice results to pQCD, even if the temperature range in the simulations is still far from optimal for this
purpose [210,211].
The pressure and chiral condensate to this order depend also on the renormalization scale A via the scale dependence of the
strong coupling a,(A) and the strange quark mass m (A). Computing the pressure and chiral condensate consistently up to order a;,
the running coupling to be adopted reads [212]

o dn (| ime

where fiy = 11-2N,/3, f; =51-19N,/3, L =2In (/T/Am) and N is the number of quark flavors. Since «, depends on N, fixing
the mass of the quark at some energy scale also depends on the number of flavors. For the strange quark mass, one has

my(A) = i, (%)4/9 [1 +O.895062(%>] . (5.10)

with 7, being the renormalization group invariant strange quark mass, i.e. A independent. Since Eq. (5.9) for «, implies that different

values of N yield different values of A5, by choosing a (A = 1.5 GeV, Ny =3) = 0.336fg:8(1)§ [213], one obtains A2tL = 343:12 MeV.

Fixing the strange quark mass at m (2 GeV, N, = 3) = 92.4(1.5) MeV [214] gives #>*! ~ 248.7 MeV when using o>*! in Eq. (5.10).
As usual, there is arbitrariness in the way one should connect the renormalization scale A to a physical mass scale of the system
under consideration [209]. In thermal QCD where, besides quark masses, the only scale is given by the temperature, and 7 > m,
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Fig. 5.2. Renormalized light quark chiral condensate as a function of the temperature for eB =4 GeV? (left) and eB =9 GeV? (right).
Source: Figure from Ref. [196].
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Fig. 5.3. Strange quark number susceptibility as a function of the temperature for eB = 4 GeV> (left) and ¢B = 9 GeV? (right).
Source: Figure from Ref. [196].

the usual choice is the Matsubara frequency 22T with a band around it, i.e. zT < A < 4zT. In the present case, where the magnetic
field also provides a relevant mass scale given by \/5, the choice becomes more ambiguous. Therefore, one can find a few different
assumptions for the form of the running coupling in this case, ranging from different choices of the renormalization scale to entirely
modified running coupling expressions [24,215,216]. The case with the standard pQCD running and A = 1/(2zT)? + eB seems to be
the most physical, but results for a few relevant choices will also be presented below.

Fig. 5.1 displays the full pressure as a function of the magnetic field for two different values of the temperature, and as a function
of the temperature for two different values of the magnetic field. The bands, as usual, correspond to increasing/decreasing the central
renormalization running scale by a factor of 2. Notice that the green band in the last panel is divergent for small temperatures.
Deviations between the computations within different choices of the renormalization scale are large in the behavior of a,, m; and
the exchange term [196]. Here they seem to be small because the exchange correction becomes negligible for very high magnetic
fields, except in the case of the nonstandard a,(|eB|) that increases with B [24].

In Fig. 5.2 the renormalized light quark chiral condensate is shown as a function of the temperature for eB = 4 GeV? and eB = 9
GeV? computed using pQCD [196]. We also show points obtained via lattice simulations for comparison [211]. In Fig. 5.3 the same
is shown for the strange quark number susceptibility. Even though the temperature range for lattice results is still well below the
ideal for a fair comparison to pQCD, one can see that perturbative results are in the right ballpark for the upper end of temperatures.
In order to verify whether the perturbative calculations capture the qualitative trend at high temperatures, Lattice results for higher
temperatures, and even higher magnetic fields, are necessary. Since the strange quark number susceptibility represents a better
observable for our comparison, one can see from the figures that the results display a more promising trend for temperatures above
the ones currently simulated. One should recall that this framework is valid only if the hierarchy of scales m; <« T « \/E is
satisfied.

5.3. Cold and dense pQCD in a strong magnetic background

One can follow an analogous procedure to study the complementary sector of the phase diagram, namely the one of vanishing
temperature and high baryon density [197]. Cold and dense magnetic QCD, however, has a major difference with respect to its
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counterpart at finite temperature and zero net baryon density: the Sign Problem [217]. Monte Carlo simulations in the parameter
regime that is relevant for compact star physics — corresponding to large values of the baryon chemical potential — are hindered.
Besides magnetic pQCD, one can approach the equation of state in the limit of a large number of colors N, [218], via chiral
perturbation theory [62], using holographic models [219,220] and, of course, within effective models. For a detailed discussion
and list of references, see Refs. [199-202]. Effects from color superconductivity [221] in the presence of a strong magnetic
field [222-226], which might be relevant to transport phenomena in the core of neutron stars and magnetars, are not discussed
here.

The equation of state for a system composed by up, down and strange quarks at zero temperature and nonzero baryon chemical
potential, i.e. cold and dense quark matter, was first obtained within perturbative QCD more than four decades ago by Freedman and
McLerran [227,228], and also by Baluni [229] and Toimela [230]. Since then, it has been systematically improved [212,231-241].
One relevant feature of perturbative QCD for cold and dense quark matter is that it seems to be much better behaved, compared
to its thermal analog, as far as the convergence of the series is concerned [242]. Nevertheless, if one considers the exchange (two-
loop) contribution to the pressure, including the renormalization group running of a, and m, it brings corrections ~ 30% for u, ~
600 MeV [212]. Therefore, the enormous reduction in the size of the exchange term observed in thermal magnetic QCD [195,196]
has remarkable effects on the perturbative series. In fact, for cold magnetic QCD this feature is even more pronounced, making the
exchange diagram effectively negligible [197]. Therefore, one can build a simple, and yet nontrivial, (analytic) description for the
high-density sector of the equation of state, provided that the magnetic background is strong enough to justify the lowest-Landau
level description.

In the case with zero temperature, there is only the contribution coming from the quark sector. The free part contribution is
given by the following renormalized expression (subtracting the pure vacuum term) in the lowest Landau level (LLL) [195,196,199-
203,243]:

LLL

2
[ree (qu) [ ] (qu) 2 <ﬂf+PF>
=- xelny/x | + _ Pp —m’log | —— N 5.11
N, ; 272 4 s ; ag2 [PTET0R m; ( )
where P, = H? - m? is the Fermi momentum. The exchange contribution reads [197]
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As before, there is arbitrariness in the way one should connect the renormalization scale A to a physical mass scale of the
system under consideration [209]. In cold and dense QCD, besides quark masses, the only available scale is given by the quark
chemical potential u, > m,. The usual choice, then, is 2u, with a band around it, i.e. 4, < A< 4pu - Following the discussion in

Refs. [196,197], the most physical case is given by A = 4 /(2;4f)2 +eB.

Fig. 5.4 exhibits the free and full pressures, including their renormalization group running bands, for eB = 1 GeV2. For
comparison, the pressure in the chiral limit is also displayed. One can see that, for large magnetic fields, all cases are essentially
indistinguishable unless one goes to values of the chemical potential below u, = 300 MeV. This fact suggests that one could build a
pQCD-based simple analytic model for the equation of state of cold and dense quark matter under very large magnetic fields.

As discussed previously, the contribution of the two-loop exchange diagram is negligible when compared to the one-loop free
term in the case of very high magnetic fields. For magnetic fields expected to be found in the core of magnetars and higher, one
can show that the (two-loop) exchange contribution remains small, but renormalization group running effects are significant. This
point is illustrated in Fig. 5.5, that shows the free pressure Py,,, and how it compares to the total pressure P as functions of the
chemical potential for B = 10!° Gauss. One should notice the thicker running bands that appear for such values of magnetic field,
indicating the increasing error in the pQCD prediction at low densities.

Hence, as discussed in Ref. [197], one can build a simple analytic pQCD-based model for the equation of state by using

Pery (4,8 (4, B) 2 (Mt Pr
g e F D ()

c my

and w = 1/k2 + mi, where m; accounts for the gluon momentum components transverse to the magnetic field [195,243].

including the renormalization group running. This simple expression represents an excellent approximation to the two-loop pQCD
result at very large magnetic fields and intermediate to high densities. Once again, one will notice the larger bands for the pressure
as pQCD is applied for smaller values of the magnetic field, essentially leaving the strict region of validity for the full calculation.
Nevertheless, these bands provide a measure of the uncertainty in the perturbative calculation, a useful feature that is usually lacking
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Fig. 5.4. P, (left) and total pressure P (right) as functions of the chemical potential for eB = 1 GeV?. The bands correspond to changes in the
central scale by a factor of 2. For comparison, we also display the pressure in the chiral limit.
Source: Figure from Ref. [197].
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Fig. 5.5. P, (left) and P/P;,, (right) as functions of the quark chemical potential for B = 10" Gauss (eB = 0.059 GeV?). The bands correspond
to changes in the central scale by a factor of 2. For comparison, we also display the pressure in the chiral limit.
Source: Figure from Ref. [197].

in model calculations. In fact, one can use the perturbative band at a given chemical potential to restrict possible equations of state,
in the same fashion as performed in Ref. [235] for neutron star matter.'

The utility of this formulation can be illustrated by the computation of the maximum mass and total radius of pure quark
magnetars (strange magnetars) as functions of the magnetic field B. These results are shown in Fig. 5.6. The different curves
correspond to changes in the central scale by a factor of 2. The figure also shows results from the magnetic bag model for comparison.
These results place constraints on the behavior of the maximum mass and associated radius from perturbative QCD coming down
from very high values of the magnetic field. Any given model description should, ideally, approach these constraints for high enough
values of B.

It is clear that the equation of state extracted from perturbative QCD cannot provide a good description of the low- and
intermediate-density sectors all by itself. However, this equation of state is obtained from first principles and, thus, should guide
the description of the high-density regime. For instance, model calculations of the equation of state for quark matter in the presence
of strong magnetic fields should approach this behavior for high y and very high B. A more realistic description of the equation
of state in magnetar matter, even for very large magnetic fields, can only be achieved by matching a low-density equation of state
onto the equation of state from perturbative QCD.

Even though the window of applicability of hot and dense pQCD in a very strong magnetic field is still narrow, this framework
yields results obtained from a clean first-principle calculation, one that can be systematically improved and used to provide solid
bounds for other approaches. Furthermore, medium loop corrections seem to become essentially negligible as compared to the free
term for very high magnetic fields and physical choices of the renormalization running scale. This fact can, in principle, improve
the convergence of the theory in this limit and suggest simple effective models.

1 Even though the exchange contribution is small for B = 10" Gauss, such field is not high enough to justify the LLL approximation. Thus, the equation of
state above should not be naively applied to magnetars. Reliable results in the current description are only obtained for higher values of the magnetic field.
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Fig. 5.6. Maximum mass (left) and its respective radius (right) as functions of the magnetic field B obtained from perturbative QCD. The different
curves correspond to changes in the central scale by a factor of 2. We also show results from the bag model for comparison.
Source: Figure from Ref. [197].

6. Topological cumulants and finite volume thermodynamics in a magnetic field

In this section, we review recent developments characterizing the impact of a uniform magnetic field, assumed to point in the
longitudinal direction, on the lowest two topological cumulants in a model independent approach using chiral perturbation theory.
We identify low energy theorems that connect the topological susceptibility to the chiral condensate and the fourth cumulant to
chiral condensates and susceptibilities. We also investigate the nature of finite volume thermodynamics with a particular focus on
the chiral condensate, renormalized magnetization and the pressure, which becomes anisotropic. The local chiral condensate is
doubly periodic on the plane transverse to the magnetic field, while the renormalized magnetization and (spatially averaged) chiral
condensate exhibit significant finite volume corrections. The former is particularly sensitive to finite volume effects due to its small
size.

6.1. Chiral perturbation theory

Due to its versatility, chiral perturbation theory allows for model-independent investigations of a wide range of physical
phenomena. In the presence of magnetic fields, these include the study of pion polarizabilities [244-246], magnetic cataly-
sis [247-254], vacuum magnetization [255,256], pion superconductivity [257-259], magnetic vortices [260-262] and chiral soliton
lattices [263—267]. Since the primary objective of this section is to illustrate theory developments and the focus of this section is on
recent developments of the impact of magnetic fields on topological cumulants and finite volume thermodynamics in a magnetic
background, we refer readers interested in a thorough review of chiral perturbation theory to seminal papers [268,269] and review
articles [270,271].

Chiral perturbation theory is an effective theory of pseudo-Goldstone modes associated with chiral symmetry breaking by the
QCD vacuum. The resulting Goldstone manifold characterizes field fluctuations of these modes, which in two-flavor QCD are pions.
Observables and condensates constructed from chiral perturbation theory are model-independent and valid in the low energy regime
of QCD characterized by p < A,. The mass dimension one quantity, p, in the context of a magnetic background is either the pion
mass, or the renormalization invariant quantity, \/E. Throughout the discussion, we assume e > 0 and use B to denote the external
magnetic field. A, = 47 F, is a characteristic hadronic scale that is a function of the pion decay constant, F,, and emerges in one-loop
calculations. In the context of finite volume thermodynamics [272], a further scale, the box size, L, is required. Since modern lattice
calculations are conducted in the p-regime, for which box sizes fit a large number of pions, m, L > 1, standard power counting rules
of chiral perturbation theory apply.

6.2. Topological cumulants in a magnetic field

The QCD vacuum is characterized by C P-even topological cumulants constructed out of the gluon field tensor, Gy, and its dual,
(N}ZV = %fwa/;Gaﬂ . The lowest topological cumulant, the topological susceptibility, is a time-ordered correlation function of GG

265 26
(] 866w £G6O)
1 0) = l/d x<T—32”2 —32”2 > (6.1)

that is a measure of the susceptibility of the QCD-vacuum to second order changes in 6 near the QCD ground state. Assuming
2
a spacetime invariant angle 0, the topological susceptibility can be expressed as a partial derivative, y, = %' . The fourth
0=0

cumulant, on the other hand, is a four-point correlation function of GG and a measure of fourth order changes to the free energy as
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Fig. 6.1. (Left) Plot of the tree-level ground state value of « as a function of the vacuum angle 6. (Right) Plot of tree-level pion mass as a
function of 6 (normalized by the corresponding 6 = 0 value).

a function of the vacuum angle. These topological cumulants are nonvanishing as a consequence of the axial U(1) anomaly [273-280]
that prevents the vacuum angle from being rotated away. The experimental observation of the neutron dipole moment constrains
the angle to # < 10~!! [281,282]. Values of # many orders of magnitude larger than the upper bound do not significantly affect
observables [283,284] — in the absence of an adequate explanation for the zero value of the angle, 6 is for all practical purposes
zero. This is the strong C P problem.

The U(1) axial anomaly, however, is better understood. In addition to the color gauge symmetry, the n-flavor QCD Lagrangian
in the chiral limit has a U(n); x U(n)y flavor symmetry. The QCD vacuum possesses a nonzero chiral condensate, which breaks the
vector subgroup SU(n), leaving SU(n),, x U(1)4, x U(1),, intact. However, the low-energy spectrum of QCD only possesses n> — 1
Goldstone bosons (pseudoscalars). Naively, if U(1), were intact, one expects to observe parity partners (scalars) associated with
the pions (3), kaons (4) and eta (1). However, no parity partners or even approximate parity partners are present in the spectrum.
Additionally, if U(1), were spontaneously broken, one expects to observe an isosinglet with an independent pion decay constant
with a mass saturated at v/3m,.

The breaking of U(1), is rather strong (and expected to occur for instance through instantons [285-287]) — the integration
measure of the QCD partition function unlike the QCD Lagrangian (in the massless limit) is not invariant under U(1),. Consequently
the #-term of QCD

2 2
g0 ~ _ ) 4 g%0on| __
Ly=——=——GG DqgDqg —exp|—i [ d'x DqDgq , 6.2
0= "m0 qDq p[ / o2 | P1P4 (6.2)
which is permitted by color gauge symmetry, cannot be rotated away through an axial U(1) rotation of the quark field g — e=9754.
Under the transformation, the measure rotates [288,289] (as shown above) with a choice of © = —;—n eliminating the #-term at the
expense of introducing an imaginary quark mass term in the QCD Lagrangian proportional to the quark mass, m, for each flavor f

n n
ﬁmass:_szaqu_)_meafeieysqf . (63)
/=1 7=
For a chiral perturbation theory analysis of the cumulants [290-292], one requires, in addition to the external magnetic field, an
introduction of the 6-term through a scalar source.
The leading chiral perturbation theory Lagrangian

Ly={F*Tr(D, S D" S+ {F2Triy ="+ 4 2] (6.4)

is parametrized in terms of SU () fields, X, the scalar source y = 2ByM e~0/" and the external magnetic field that enters through the
covariant derivative, D, X =0X+i[Q, ieA;"’ ]. The presence of a § vacuum rotates the vacuum that points in the (isospin) direction
of the identity operator. For n = 2, the rotation of the vacuum, characterized by a, is understood from the isospin structure of the
quark mass matrix, M = %(’"u +my)l+ %(mu — my) 73, which favors the third direction in the presence of an isospin splitting

S, =cosal+isinad,r, dp,=1. (6.5)

An obvious corollary is that in the strong isospin limit, the vacuum remains unrotated. Since the effect of the magnetic field on the
free energy first enters at next-to-leading order, one requires the construction of the relevant Lagrangian and counterterms in terms
of the correct field fluctuations. Since the rotation of the vacuum is axial, an appropriate rotation of the pion field fluctuations is
required, X = d7n ei% ¢/2%. A non-trivial check to the validity of this construction is the cancellation of divergences that arise in
one-loop diagrams by the counterterms of chiral perturbation theory — there are both magnetic field independent and dependent
divergences. The latter leads to charge renormalization or equivalently a magnetic field renormalization that keeps eB invariant.

Additionally, the construction of the leading field-dependent free energy only requires the tree-level ground state even though the
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Fig. 6.2. Plot of the relative shifts of the topological susceptibility (left) and fourth cumulant (right) compared to tree-level values. The plots
also include the small field approximations (up to quadratic order) to the relative shifts.

magnetic field alters the ground state orientation, a result that is evident upon noting the perturbative nature of the free energy,
which allows for a perturbative evaluation of the ground state orientation. The resulting magnetic-field-dependent free energy has
an analogous structure to that of the 6 = 0 result

1.7 1 ®ds _i2o)s eBs (eBs)?

Fp0) = =By, — &2 oz O)s -1 .6
50 2R (4x)? /0 53 ¢ sinh eBs + 6 (6.6)
Bp=ZpBZy = 1+460 + —2— [ 10g <A _ 1 6.7)
= — + + 0 — .

R BbZp e n, 6(4m)2 g ﬁl}[(é))

with the tree-level pion mass, r,(0) replaced by its #-vacuum value ()

(6) = i (001 /1~ s sin® (6.8)

that is shown in Fig. 6.1. The mass decreases as a function of the vacuum angle reaching a minimum at § = = and is symmetric
about the angle. Also shown in Fig. 6.1 is the tree-level orientation of X that is odd about 6 = z. The high-energy constant, 4’(A),
depends on the M S-bar scale A and arises through field renormalization.

Since the pion mass squared appears in the negative exponential of the free energy integrand, the free energy has its largest
value at 6 = 0. The calculation of the impact of the magnetic field is now straightforward — they are derivatives with respect to 0
though one does need to take care to incorporate the §-dependent contribution of the renormalized magnetic field. The expressions
for the shifts for the topological susceptibillity and topological cumulants and their weak field behaviors are presented below in

[STES

terms of the reduced mass m = (mL + L)
u

mq
® ds 2 eBs 1 2 4
= —Bym e_"'ns[‘ —1]:3%— ¢B)? + O {(eB)*) | 6.9
Ap =P /0 (dns)? sinh e Bs 0 [6<4nm,,)2]( rrofen) ©9
— 1 1 Cds 2 eBs — [ ds _p2 eBs
=B m| =+ — '"”S[ _1]_332 / '"nS[ —1] 6.10
‘4B o (mg mz > /0 (4rs)? ¢ sinheBs o™ 0 (47;)258 sinh eBs ( )
3B2m’
= |-Bym* % + % + + ;z(eB)z + O{(eB)*} . (6.11)
myom mz 6(47m,)

A plot of the cumulants and their weak field behavior is presented in Fig. 6.2 with the two-flavor approximations exhibiting a larger
range of validity compared to three-flavor. We conclude this subsection by presenting low-energy theorems that relate the shift of
the cumulants to quark condensates and susceptibilities,
(n=2) dip=-M(Grap)p cup=m Y w;#b + 3m> Xopb - (6.12)
ar=ud  Tar
The shift in the topological susceptibility is proportional to the shift of each quark condensate, ¢, = u,d. The fourth cumulant is also
proportional to the shift of the quark condensates and to the quark susceptibility, which measures the change in the free energy to
second order changes in the quark mass.
Fascinatingly, these are manifestations of Ward-Takahashi identities that hold more generally in QCD and are constructed
through functional derivatives and subsequent space-time integration of the axial rotated and unrotated versions of the QCD
partition function. In particular, one can use functional derivatives to relate the topological susceptibility to the quark condensate
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and a space-time integral of a time-ordered two-point correlation of the C P-odd operator gMysq

fop === {aMa)y + & / d'x (T30 Mysa)TOMyr5a(0) ) -

allowing for the determination of the latter, which vanishes in the isospin limit

(n=2) i/ d*x (T §(x)Mysq(x)qg(0)Mysq(0)) g = % [—mu<ﬁu>3 + md(d_d)B] .

w My
While we forgo the discussion of the three-flavor low energy theorem, we refer the interested reader to Ref. [290]. The difference
from the two-flavor case arises due to the interaction of charged kaon loops with the external field. The resulting low energy theorem
for the topological susceptibility is simultaneously proportional to all three quark condensates though the expression for the fourth
cumulant is rather more involved. Nevertheless, in the limit of infinite strange quark masses, which is equivalent to integrating out
heavy mesons (excluding the pions), the low energy theorems reduce to that of two-flavor chiral perturbation theory.

6.3. Finite volume thermodynamics

Lattice QCD calculations offer a more comprehensive avenue to investigate the impact of magnetic fields on topological
cumulants [293]. Surprisingly, until very recently, systematic characterization of finite volume effects on lattice thermodynamic
observables and condensates in magnetic backgrounds did not exist [294]. In this section, we discuss the most important aspects
of this recent development beginning with a discussion of magnetic periodic boundary conditions and the resulting finite volume
Green’s function that encodes finite volume QCD thermodynamics.

Naturally, we work in Euclidean space with x, = (xg, X, x;,X3) and assume zero temperature or equivalently infinite extent in
the Euclidean time direction. Utilizing the fully asymmetric gauge A, = (0, —Bx,,0,0), it is clear that the background gauge field is
only periodic up to a gauge transformation [295]

A (x4 Lyky) = A, () + 0,0, + Ay))  (x + Ly%y) = e C0FA2) () (6.13)

that is characterized by A, = —BL,x, and a twist angle 6,. Protecting gauge invariance under periodic transformations, therefore,
requires an imposition of a boundary gauge transformation of the (positively charged) pion field, which we have denoted ¢ for
notational simplicity. There are further such periodic gauge transformations induced by twist angles in the remaining Euclidean
directions. A consequence of magnetic periodicity is the existence of gauge invariant objects, beyond electric and magnetic fields,
namely Wilson lines,

Wiy(x,) = e CO=BLax)) 7 (x)) = o0 +BLixy) 6.14)

that wrap around the first and second spatial directions, respectively.
Uniqueness of the pion field upon periodic translations in the transverse directions leads to quantization of magnetic flux. More
transparently, we consider the equalities

G+ L&) + Lyky) = Wa(xy + L)p(x + L %) = e COW,(x; + L)p(x) (6.15)
Dx+ Lyky + Ly %)) = e (xy + Ly%y) = e WS (x)b(x) - (6.16)

derived from imposing magnetic translations in different orders. Requiring the final results be identical leads to the condition that
magnetic flux, @ = eBL, L, is quantized in units of 27 N.

The study of thermodynamics is conducted through the construction of the relevant Green’s function. The infinite volume,
charged Green’s function, G (x',x) = (#*(x')z~(x)) in a magnetic background was constructed in the middle of the previous
century [296] and has been utilized extensively within chiral perturbation theory literature to construct the free energy, chiral
condensate and the renormalized magnetization. For a finite volume analysis, we require its finite volume counterpart, G, (x'x) that
satisfies the Green’s function relation

3
(=D, D, +m)G (', x) = [ ] 6, (¥, = x,) (6.17)
u=0
in addition to magnetic periodic boundary conditions. The §-functions are finite volume counterparts and possess compact support,
i.e. they are non-vanishing for coincident points modulo periodicity. The resulting Green’s function is related to its infinite volume
counterpart through a sum over images [297]

G (' x)= Y MW (eGP + v, L. x) (6.18)
V,EL
that unlike the zero field counterpart is dressed by translation symmetry breaking inverse Wilson lines. The infinite volume Green’s
function, G (x', x) = e/*B4¥1%2¢_(Ax), contains a translational symmetry breaking phase and the following translationally symmetric
contribution

1 “ds eBs _p2 1 eBs
Ax) = 43 €098  ,-mgs (__ [—A 244 2]) 6.19
8o (4%) (47;)2/0 52 sinheBse xp 4s LtanheBs 1 gl ( )
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with the full expression being coordinate independent in the coincident limit. We have used for notational compactness 4x,, = x; —Xy»

X, = %(x;‘ +Xx,)-
The periodic Green’s function, however, does not share this property with translational symmetry broken down to Z_ in each
of the transverse directions, a property encoded in the translational properties of the Wilson lines, which for integer » satisfies

Wi(x, + NL¢L2) = W(x,) WoH(x; + NL@Lz) = Wsh(x)) . (6.20)
Discrete translation symmetry in the transverse directions is also evident in the (local) chiral condensate, defined in terms of the

QCD partition function Z and a scalar source S(x), (g (x)y(x)) = —‘i;;fj Serom,” We construct the dimensionless ratio
X —>mq

R(x) = W(x)”’:;yi ;,f vy ) (6.21)
0

that characterizes deviations of the chiral condensate from its infinite volume counterpart, normalized by the tree level condensate.
Chiral perturbation theory predicts a doubly periodic structure in the transverse directions

R(x))=-— /m _ds e[yt _eBs fo 0y 2cos(ZNex1) 4 9 cos(ZNex2) (6.22)

+ 0o (4zsF,)? sinh eBs UL L g .
with leading finite volume corrections arising through transverse windings with magnitude one, |v| = 1. While twist angles have
been set to zero, their presence add independent phases in the periodic functions that appear in the transverse directions. The first
contribution arises from the neutral sector while the second contribution is due to charged pions — the latter contains a spatially
homogeneous piece that arises through windings in the longitudinal direction. The large volume limit is defined through m L —

and taken assuming fixed flux, ﬁ — 1, with the leading contribution characterized by

27 Ngx 2xNgpx m? —my L
o7l 1>+cos<—'b 2)]x z_¢

T F—l% —(2nm”L)3/2 . (6.23)

R(x,)=- [%+cos<

In Fig. 6.3 we plot the local chiral condensate for the lowest three flux quanta, Ng = 1,2,3, which is periodic on the transverse
plane. The periodic structure vanishes upon averaging due to projection to contributions arising from zero windings. The resulting
average shift (normalized by the tree level condensate)

2
_ 0 ds —mZs eBs __Tz _
(R) = (R)po = /() (4rnsF,)? ¢ [( sinh eBs 1) <193(0’ e ) 1)] ’ (6.24)

characterizes the size of the finite volume effect on the shift of the chiral condensate induced by the magnetic field. Comparison
with its infinite volume counterpart

°° ds —m2 eBs
R® — R® —_ j— mes [( _ 1)] ) 6.25
B=0 /0 (4nsF,)? ¢ sinh eBs ( )

is performed through their ratio that is plotted in Fig. 6.4,

2
% _ (R =R _ e L\ /2am, L [1 +0 (ml ) +(9( No )+ O(em”L)] . (6.26)

R® — R® L (m, L)

3

The asymptotic structure is notably independent of flux quanta as is the leading power law correction with flux quanta dependence
first appearing in the subleading correction. The asymptotic behavior most closely agrees with the lowest flux quanta result with
agreement already excellent for box sizes with m,L = 2.5 which is in significant contrast to higher fluxes. For m,L = 4, the size
of finite volume corrections is approximately > 10% for the lowest flux while for higher fluxes, finite size effects are significantly
smaller as the Landau wavefunctions fit more comfortably in the finite box.

In addition to finite volume corrections on the chiral condensate, it is also possible to consider such corrections on the matter
contribution to the free energy, 75 and renormalized magnetization, which measures the response of the free energy to infinitesimal
variations of the magnetic field, M, = —Z2  The latter is studied in lattice QCD through its relation to pressure anisotropy [298].
Since magnetic flux is quantized on the lattice, it is more natural and computationally cheaper to fix flux rather than the magnetic
field when varying the size of the box

L, 0F, L, 0Fy

_zi%8 A ) 6.27
VoLl P V JL, (6.27)

pi =

@.Ljy
Pressure characterizes the response of the free energy, Fp = V Fp to changes in the size of the system. The finite volume correction,
Fg Y to the infinite volume free energy, Fy, that excludes the pure gauge, renormalized contribution,

1 Cds  _p2s eBs 1
F®R = — — ""3[_ —1-= BZ] o
B (471')2/0 53 ¢ sinh eBs 6(e 9 (6.28)
1 ® ds 2 L2 eBs
Tel = X R -] 6.29
B (4rn)? /0 5 ¢ [ (%) sinh eBs (6.29)

requires no further renormalization. Rather fascinatingly, finite volume effects from the transverse plane only appears through
flux quantization — transverse lengths do not appear explicitly in the finite volume correction. The longitudinal extent, however,
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Fig. 6.3. Density plots of the local chiral condensate, N, = 1,2,3 respectively, on the transverse plane (normalized by the size L).
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Fig. 6.4. (Left) Plot of the magnetic field dependence of the finite volume effect on the chiral condensate, Eq (6.26), as function of m, L. (Right)
Plot of finite volume effect on the magnetic pressure anisotropy, Eq. (6.32), as function of m, L. The exact results for presented in solid lines
while the leading asymptotic behavior are shown in dashed lines. The asymptotic behavior that incorporates subleading corrections are shown
in dotted lines.

appears in the finite volume free energy through a Jacobi theta function. The two pressures in the longitudinal direction depend on
the longitudinal extent and are identical,
oF
-1, B
oLs
However, the transverse pressures, p,, and p,, in the two definitions differ due to an additional contribution proportional to

renormalized magnetization that appears when the flux is fixed. The pressure anisotropy, 4p, characterizes the pressure difference
at fixed flux between the transverse and longitudinal directions

P3=p3=-Tp pL—pL=—BM,. (6.30)

Ap=P, —Ps AP® = Ll}igloo (PL—D3)=—BM>. (6.31)

We compare this pressure anisotropy with its infinite volume counterpart, Ap®, constructed by taking the infinite longitudinal extent
limit while keeping eB fixed. This is equivalent to comparing the finite volume magnetization with its infinite volume counterpart.
For this comparison, we plot the quantity

— Ap— 4p* — 30 9/2 ,—m, L 1 -m, L
R(4p) = e v (m LY/%e [1 +(9( ”L> +0(e )] . (6.32)
and its large volume, asymptotic structure in Fig. 6.4. The size of finite volume corrections are substantial, significantly more so
than the chiral condensate even for the largest magnetic fields. Unlike the chiral condensate, the renormalized magnetization is
small and scales cubically with the magnetic field for small fields. Additionally, the asymptotic value of R(4p) is reached slowly.
The leading asymptotic behavior arises exclusively through the term proportional to the longitudinal derivative of the finite volume
free energy, Eq. (6.31). The leading relative correction is a power law (with coefficient —13/8) that arises through the finite volume
contribution to —BM,.. Its inclusion significantly improves agreement with the exact result (shown in dotted lines).

Finite volume corrections to thermodynamic observables and condensates in a magnetic field are substantial since the effect of
a magnetic field enters chiral perturbation theory at the same order as finite size effects. As such significantly large volumes are
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required to minimize the effect — for the lowest quanta, the chiral condensate exhibits corrections of size ~ 10% for m, L = 4
and an analysis of the neutral pion magnetic polarization, omitted in this review, presents corrections of a similar size, ~ 10% for
m,L = 4 [294]. The corrections to the renormalized magnetization are very significant even for m, L = 8 due to their smallness.
These results, while obviously relevant to lattice QCD calculations, may also be of theoretical and experimental interest in heavy
ion collisions where finite size effects may be important for certain observables.

7. QED fermions in a noisy magnetic field background: Perturbation theory and renormalized quasiparticles

Inhomogeneous and rapidly fluctuating magnetic fields are present in important physical scenarios, particularly in early stages of
heavy-ion collisions [173,174,186,299,300] and the corresponding genesis of the quark-gluon plasma [301-304]. Their effects can
influence the physical properties of both charged as well as neutral particles, the latter due to the quantum mechanical fluctuations of
the vacuum, leading to the creation of virtual charged fermion-antifermion pairs. Classical, static and uniform background magnetic
fields have been extensively studied in the context of the gluon polarization tensor [302,303,305,306] in relation to the emergence
of the vacuum birefringence phenomena [305,306], and the propagation of fermions in such magnetized background [307], as
expressed by the self-energy, that leads to the definition of a magnetic mass and to an spectral broadening [308] due to Landau
level mixing. Nevertheless, since spatio-temporal fluctuations with respect to a finite background magnetic field may indeed exist
in the different aforementioned physical scenarios [300], in the present work we shall study their effect on the renormalization of
the fermion propagator itself in QED.

As discussed in a recent work [309], a perturbative treatment of such fluctuations in the framework of the replica method [310,
311] allows us to show that their effect leads to a renormalization of the charge e — zje and an effective refraction index v’ /c = z L
We further show [309] that z; and z depend not only on the energy scale, as usual, but also on the magnitude of the average magnetic
field |B|, as well as on the strength of its spatial fluctuations, that we define as 4.

7.1. The model

Let us start by assuming a system of QED fermions y(x) immersed in a classical static magnetic field background, that nevertheless
possesses random spatial fluctuations with respect to an otherwise constant mean value. For the gauge fields A#(x), we shall
distinguish three physically different contributions [309]

At (x) — AF(x) + A]’;G(x) + zSA]’;G(X). (7.1)

Here, A¥#(x) represents the dynamical photonic quantum field, while BG stands for “background”, representing the presence of a
classical external field imposed by the experimental conditions. Moreover, for this BG contribution, we consider the effect of static
(quenched) white noise spatial fluctuations 5A§G(x) with respect to the mean value AgG(x), satisfying the statistical properties

(BAL (X)SA5 (X)) = Apd; 5> (x — X)),

B
(8AL.x)) = 0. (7.2)
These statistical properties are represented by a Gaussian functional distribution of the form
3 [‘MQG(")F
ap[sas] = N T D g 0] 73)

In the context of heavy-ion collisions (HIC), we expect strong spatial fluctuations in the strong magnetic fields B = V X Ag,
generated within small spatial regions in the early stages of individual collisions, where the characteristic length scale is L ~ \/E,
with o being the effective cross-section. In these collisions, the axial (z-direction) component of the magnetic field dominates, such
that on average we have (B) = é; B. However, there are also smaller transverse components B, and §B,, such that the fluctuation
of the field within the small collision region can be estimated to be on the order (§B)? ~ (§B,)> + (8 By)z. Since many such collisions
occur at different points in space, an approximate model for this physical scenario is provided by the spatial random noise Eq. (7.2).
By dimensional analysis, the magnitude of 4 is of the order:

Ap ~ (6B)* L° ~ (6B)* ¢°/%. (7.4)

As discussed in our recent work [309], this analysis leads to the following estimation

Nyar \ 52
A ~ 2P GBP AN D) 7.5
g~ w7 (6B) ry IN (7.5)
In peripheral heavy-ion collisions, the magnetic field fluctuations along the transverse plane are approximately |e5B| ~ mf[ /4,
where m, is the pion mass [312,313]. For instance, in a Aut+Au collision with N = 197, and if Np,/N = 1/2, we obtain

A=e2Ap ~ 2.6 MeV~!, while for less central collisions with Npart/N = 1/8 we have 4 ~ 0.26 MeV~!.
The Lagrangian for this model is a superposition of two contributions

L = Lgpg + Lngg- (7.6)
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where the first one represents the system of Fermions (and photons) immersed in the deterministic background field (FBG)
_ s 1
Lrpg :y/(ld—eABG—eA—m)v/— ZF#VFMV’ (7.7)

with F,, = 9,4, -9,A, the electromagnetic tensor for the quantum photon gauge fields. In contrast, the second term represents the
interaction between the Fermions and the static classical noise (NBG), represented by the spatial fluctuations 6A’;G(x)

Lypg = W (—eddpg) v (7.8)

The generating functional (in the absence of sources) for a given realization of the noisy fields is given by

Z[A] = / DIy, wlel/ 4**[Lrac+Enna] (7.9)

To study the physics of this system, we need to calculate the statistical average over the magnetic background noise 5A§G of the
In Z. For this purpose, we apply the replica method, which is based on the following identity [310]
In Z[A] = lim % (7.10)
n—0 n
Here, we defined the statistical average according to the Gaussian functional measure in Eq. (7.3), and Z" is obtained by
incorporating an additional “replica” component for each of the Fermion fields, i.e. y(x) - w“(x), for 1 < a < n. The “replicated”
Lagrangian has the same form as Egs. (7.7) and (7.8), but with an additional sum over the replica components of the Fermion fields.
Therefore, the averaging procedure leads to

Z"[A] = / HD[w Wl / D[54}

Xe‘/d x X (Lrpg ¥ W+ Lnpe W W)
n
= [ T pwe.pereistoval (7.11)
a=1

where in the last step the Gaussian integral over the background noise was explicitly calculated, leading to the definition of the
effective averaged action for the replica system [309]

S[q‘/”,y/”;A] :/ (Z lﬂ—eABG—eA m)u/ —%F VF‘”)

3
i—2 / d*x / d*y 3N G O Gy w198 (x - y). (7.12)
ab j=1
The result of the averaging procedure is an effective interacting theory, with an instantaneous local interaction proportional to
the fluctuation amplitude 4 that characterizes the magnetic noise, as defined in Eq. (7.2). The “free” part of the action corresponds
to Fermions in the average background classical field A;G(x). We choose this background to represent a uniform, static magnetic
field along the z-direction B = é; B, using the gauge [314]

AR (x) z
fd3x [ gAGB ]

AL () = %(0,—Bx2,Bx1,0). (7.13)

Therefore, this allows us to use directly the Schwinger proper-time representation of the free-Fermion propagator dressed by the
background field [314,315],

Sp(x,x) = &(x,x") / ﬁe—“"(*—)")s ) (7.14)
e ’ Qnyt s

Since the effective interaction is strictly local (i.e. proportional to §®)(x —y)), the Schwinger phase is a global common factor in the
corresponding Dyson equation for the dressed propagator. Therefore, we only need to consider the translational-invariant part of
the Schwinger propagator

oo tan(eBr) .
[Sp(K)], , = —i6, / _dr__ir(kj-Ig =52 n i) {[cos(eBr)+iyly2 sin(e Br)| (m + f;) + (7.15)
’ 0

K.
cos(eBT) cos(eB7) [’
which is diagonal in the replica space. Moreover, since it is an explicit function of the average magnetic field B = V X Agg (rather
than a function of the background gauge field A]‘;G), it is also gauge-invariant. Here, as usual, we separated the parallel from the
perpendicular directions with respect to the background external magnetic field by splitting the metric tensor as g#" = gl’l‘v +g!",

with
g"‘” = diag(1,0,0,-1),
giv = diag(0,-1,-1,0), (7.16)

thus implying that for any 4-vector, such as the momentum k*, we write ¥ = £, + £, and k* = kﬁ k}. In particular, k% = k2 — k2,

|
while k; = (k!, k?) is the Euclidean 2-vector lying in the plane perpendicular to the field, such that its square-norm is k£ = k2 + kg.
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===—(—+

Fig. 7.1. Dyson equation for the “dressed” propagator (double-line), in terms of the free propagator (single-line) and the self-energy X.

N

Fig. 7.2. Skeleton diagram representing the self-energy for the effective interacting theory. The dashed line is the disorder-induced interaction
Ap, while the box I represents the 4-point vertex function.

A
A

A

Fig. 7.3. Self-energy diagram at first order in 4 = ¢*4,.

As we showed in our previous work [309], the Schwinger propagator can be expressed exactly as follows,
[Se(b)],, = =i8as [(m+#y) A; + ity (m+ ) Ay + Asky] (7.17)

where we defined the scalar function
o i (1220 i .,
Al(k, B) _ / dTelr(k”—m +1e)—1 °B mn(eBr)’ (7.18)
0

that clearly reproduces the inverse scalar propagator (with Feynman prescription) in the zero-field limit

i

The other coefficients are nothing but momentum-derivatives of this basic scalar function, defined as follows
0 . 2_ 2 2. oA
A,(k, B) = / dr tan(eBr)elT(k" O -nsie) _op L (7.20a)
0 aky)
0 . 2 29 02
As(k, B) = / —2‘” Ar(krp@Id -nie) A, + (ieB) “24' . (7.20b)
o cos?(eBr1) a(kL)Z

Moreover, with these definitions it is straightforward to calculate the inverse of the Schwinger propagator Eq. (7.17) as [309]:

S'F_l(k) = ﬁ [(m - K\\) Ay —iy'y? (m- k”) A, = A3ki] , (7.21)
where
D) = U8 = (A} = A43) (K = ). (7.22)

Then, all the relevant expressions will be given in terms of A,.
7.2. Perturbation theory: Self-energy and dressed propagator

The effective action in Eq. (7.12) reveals a resulting fermion—fermion interaction arising from the average over the background
magnetic noise. Starting from a free Fermion propagator, as defined by Eq. (7.15), we include the magnetic noise-induced interaction
effects by “dressing” the propagator with a self-energy, as shown diagrammatically in the Dyson equation depicted in Fig. 7.1. We

remark that for this theory, the skeleton diagram for the self-energy is represented in Fig. 7.2.
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At first-order in 4 = €24, the self-energy depicted in the Feynman diagram in Fig. 7.3 is given by the integral expression [309]

2,(q)

. d3p A
(i8) / SV Sy =0y,

= 149 [ {3 (r°q0 — m) Ay (gq, p3: PL) +ir'y? (m — gor°) (ieB)iAl(qo,pg;pL)} -
@)} op}
After some elementary transformations [309], the self-energy (valid at all orders in the background average magnetic field B)
is
i(i4)
(2r)3

22@ = 5= [3(000 = m) Ay o) — ir'r(ime B) (m = qor°) Aaao)] (7.23)

where we have defined:
J‘T1(CIo) = /d3PA1(lIo,P3§PJ_),

+o0
Ay (qo) = / dp3Ai(qp, p3; Py = 0). (7.24)

Inserting this self-energy into the Dyson equation, as depicted diagrammatically in Fig. 7.1, we obtain the dressed inverse
propagator at first-order in 4

7' =S5 (k) - 2y, (7.25)

so that by using Eqgs. (7.21) and (7.23) we explicitly obtain [309]
iz
D(q

= % [(m - ﬁ“) A1) — 23 (iylyz) (m - ﬁn) Ay(q) — i-A3(‘I)aJ_] s (7.26)

AR 0)

[(m =gy = z7'a37°) A (@) — 23 (ir'7?) (m = qor° — 27" a37°) Ay (@) —1A45(@)z7 ¢ |

where in the last line we defined the four-vector §# = (¢°,z~'q) that incorporates the definition of the effective refraction index
v'/c = z7! due to the random magnetic fluctuations. Here, z and z; are the renormalization factors for the wave fermion field and
the charge, respectively. While z will emerge as a global factor in the dressed propagator, the factor z; will only be associated to
the tensor structures involving the spin-magnetic field interaction ea”VF]‘;GV = iy, rp,eB. The explicit algebraic expressions, at arbitrary
order in the background magnetic field, are [309]

i4 A

Lo 3143 1(‘10)D(q)’ (7.27a)

@y Ai(q)

| - inGa)eB) Ay(40) D)
= (27) Z(Az()q) (7.27b)
3iA 14y

I+ 25 Z9 D@

m/ =m, (727C)
and
~ -1

v 3id4 Ai(go)
—=zl=(1+4 D(q) (7.27d)
¢ < @2r)} A(9 1

By comparing Eq. (7.26) with Eq. (7.21), it is clear that they possess the same tensor structure. Therefore, by means of the
elementary properties of the Dirac matrices, this expression can be readily inverted to obtain the “magnetic noise-dressed” fermion
propagator [309]

. 1 D(g) ~
Sy(q) = —iz™! ) (’" + ﬂu) Ai(@)
Hzyy 7 (m+ ) 4@ + 5@, ] (7.28)

where D(q) was defined in Eq. (7.22), and
Do) = 422724} - (A3 - 43) (27203 - ) (7.29)

Let us now discuss the explicit magnetic field and magnetic noise dependence of the renormalized parameters defined in
Egs. (7.27a) and (7.27b), i.e z and z;. For this purpose, we shall distinguish three different regimes, corresponding to the very
weak, the intermediate and the ultra-intense magnetic field, respectively.
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7.2.1. Very weak field eB/m*> < 1
As shown in detail in [309], for very weak fields eB/m?> < 1 the function .4, (k, B) can be expanded in terms of the power series

i < (ieB’
A](k,B)—D—” 1+ D, &) |, (7.30)

j=1

where for notational simplicity, we defined the “parallel” inverse scalar propagator
Dy = ki —m’ +ie, (7.31)

and the dimensionless variable x = ki /eB. We also defined the polynomials &;(x), as those generated by the function emixtanv g e

. o/ »
E(x)= lﬁ%ﬁ (e7xtane) (7.32)

At the lowest order, and after subtracting the divergent vacuum contribution from Eq. (7.30), we have [309]

—2i(eB)* K2 .
A (k,B)— A(k,0) = i O((eB)"). (7.33)
k2 —m? +ie
Therefore, using this weak field expansion of the propagator, we obtain [309]
~ 2 B 2
A = -2 —“B | ogeny). (7.34)

6 (g5 —m2y1
In addition, at order @((eB)?) we also obtain [309]
Ay(gp) = ——=— + O((eB)"). (7.35)

2 2
qy —m
Therefore, from Egs. (7.27a), (7.33), (7.34), and (7.35), we can directly evaluate the renormalization parameters to obtain

_ 3ia A (q)
e o A P

1+ O((eB)"), (7.36)

and similarly from Eq. (7.27b)

23 = 1+ O((eB)*. (7.37)

7.2.2. Intermediate field
For intermediate magnetic field intensities, we calculate the integral .A; by means of an expansion in terms of Landau levels [309].
For this purpose, let us consider the generating function of the Laguerre polynomials [316]

i = (1 + 1)e*/? Z(—t)"LS(x), (7.38)
n=0

since

ety — oxp [-x (1- e’zw) /(1+ e’Zi”)] (7.39)

[s<]
(1+e72) ™ Y (=1)"e 2" LO(2x)
n=0

Therefore, we have (for x = ki /eB) after evaluating the corresponding integrals [309]

—x ® (=1 [L9%@2x) - LO_ (2x)
Al =i—|1+ Y [ ! | . (7.40)
Dyl A 1=2n%z
I
Inserting this expression into the definition of 4 1 of Eq. (7.24), we obtain
Ai(qp) = /d3PA1((I0,P3;PL)
=1+ ) (-1'D, (7.41)

n=1

Here, we defined [309]

2
—p’/eB
. e PL
11:1/"31’#2-
qy—Py—m + 1€
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0 10 20 30 40 50
E/m

Fig. 7.4. Spectral density for the Landau level spectrum p(E), as a function of the dimensionless energy scale E/m, for different values of the
average background magnetic field eB/m?. The inset is shown in order to appreciate in detail the staircase pattern produced by the discrete

Landau levels.

n%eB

\/qg—m2+ie

and

2p? 2p?
1, =i/d3pe—pi/e3 n\ eB n eB
o qg—pg—mZ—ZneB+ie

[so]
d
2reB(~1)" / P3

o qg—mz—pg—anB+ie
Inserting Eqgs. (7.42) and (7.43) into Eq. (7.41), we obtain (after shifting the index n - n+ 1)

2
- n“(eB)
Ai(qp) = ————
g5 —m? +ie
+oo 0 1
+27reB/ dp
—o 3,§)q§—m2—p§—2(n+l)eB+ie

Let us introduce the density of states for Landau levels

codp Rl
p<E>=/_ 2 20 (E-Er0).

0

with the dispersion relation for the spectrum

E,(p3) = \/p} +m? +2(n+ 1)eB.

As shown in detail in [309]

A(E) = O(E — V2 + 2¢B)—L

7\ eB

1 E?2—m?—-2eB
Je (3 E5 2 Nt)

1 E2—m?
_C<§’ 2¢B )]
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where we defined
2 _ 2
N, max(E) = LEZe—Bm
with | x| the integer part of x, and ¢(n, z) is the Riemann zeta function. The spectral density Eq. (7.47) is represented in Fig. 7.4, as a
function of the dimensionless energy scale E/m. For large magnetic fields eB/m? > 1, the spectral density displays a clear staircase
pattern, where each step represents the contribution arising from a single Landau level n = 0, 1,.... On the other hand, for weak
magnetic fields eB/m?> < 1, the spectral density exhibits a denser, quasi-continuum behavior.
With these definitions, we obtain from Eq. (7.45) the exact expression [309]

—1, (7.48)

~ 2 +oo E
Ai(gqp) = __ZeB +4ﬂ2eB/ dEsz),, (7.49)
,L/qé_m2+i€ - gy — E* +ie
On the other hand, from Eq. (7.24) we have [309]
As(q0) = / dp3pAi(qp,p3;PL = 0) (7.50)
T

\ 45 —m? +ie

In order to evaluate the formulas for z in Eq. (7.27a) and z; in Eq. (7.27b), we obtain explicit expressions for the following
coefficients (with x = ki/ (eB)) [309]

I N (a0 +2LY @0 - 1,00 =20, - L, 20) )
Ay =eB—— = —— |1+ > — (7.51)
ok I n=1 1-22=
Il
A
Ay = A+ (ieB? —
a3 2
e & L (L,,(zx) — L, 20 +2L" 2x)+46, , - L? 2x) - 2L (2x) - 40, 5 - L;?3(2x))
= j—
D _oneB
I =1 1-23

where 0,_, is the Heaviside step function

1,n>k
On-kc = { 0, otherwise (7.52)

Using these expressions, we evaluate
212 2 2\ (12 _ 2
D(k) = AJK] — (A] = A7) (kj —m?), (7.53)
and finally calculate z and z; with Egs. (7.27a) and (7.27b), respectively. These results can be appreciated in Figs. 7.5-7.10, as a

function of the energy scale g,/m, as well as the magnitude of the average background magnetic field eB/m?, respectively.

7.2.3. Ultra-intense (LLL) field eB/m?* > 1
In the ultra-intense magnetic field regime eB/m?> > 1, we obtain the corresponding asymptotic expression for A,(g) by
considering only the lowest-Landau level (LLL) n = 0 in Eq. (7.40). Therefore, we have [309]

—q2 /eB
A ~iS—, (7.54)
a-m
and the corresponding expressions for its derivatives are [309]
—q2 /eB
Ay = S5, (7.55)
a-m
and [309]
As(g) = 0. (7.56)
Similarly, we also obtained [309]
e—Zqi /eB
D(q) = 22—, (7.57)
gy —m?
Finally, the integrals of A,(g) are given, in this approximation, by the expressions [309]
- 2
A= 28 (7.58a)

\ 45 —m?
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Fig. 7.5. Wavefunction renormalization factor z as a function of the dimensionless energy scale g,/m. Here g; = 0.

Katan) = (7.58b)

q5 — m?

!

Applying these asymptotic results for the ultra-strong field regime, and substituting into the general definitions Eqgs. (7.27a) and
(7.27b), we obtain explicit analytical expressions for the renormalization factors z and zs, respectively, as follows [309]

3 A(eB)e~91/¢B

-1+
z 3

) (7.59)
b

59
|
3
)

and

2
A(eB 7qi/eB
z3 = 1+L -1

:

dmy/q3 —m?

2
—q7 /(eB)
1+ A(eB)e
4z qz—m2

U S (7.60)
(eB)
1+

ﬁ

2
3 aeB)e %L/

s
T

éTN
3
T

Remarkably, while for very large magnetic fields z ~ eB/m? grows linearly, z, instead converges asymptotically to the constant,
field-independent limit

. 1
Ellglm z3 = 3 (7.61)

£ -0
mz

7.3. Results

In Figs. 7.5-7.8, we display the behavior of the renormalization factors z and z; as a function of the energy scale g,/m, and the
average background magnetic field eB/m?, respectively, in the whole range of both parameters. As shown in Fig. 7.5, z presents a
monotonically decreasing behavior as a function of the energy ¢,/m, that asymptotically reaches the limit z — 1 as g,/m > 1, for all
values of the average background magnetic field eB/m?. The physical interpretation is that the quasi-particle renormalization due
to the random magnetic field fluctuations tends to be negligible as the energy of the propagating fermions becomes very large, but
in contrast it can be quite strong at low energy scales. This trend is also consistent with the effective refraction index v/ /c = z~!,
as shown in Figs. 7.9,7.10 for low energy scales, v//c < 1, indicating a strong renormalization of the effective group velocity
of the propagating quasi-particles due to the presence of the magnetic background fluctuations. In contrast, for larger energies
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Fig. 7.7. Charge renormalization factor z; as a function of the dimensionless energy scale g,/m. Here g; = 0.

the renormalization is weaker, thus recovering the asymptotic limit v//c — 1 as gy/m > 1. Since low energy and momentum
components in the Fourier representation of the propagator correspond to long-wavelength components in configuration space, our
results indicate that such long-wavelength components are more sensitive to the spatial distribution of the magnetic fluctuations,
and hence experience a higher degree of decoherence, thus reducing the corresponding group velocity. In contrast, the high-energy
Fourier modes of the propagator, corresponding to short-wavelength components in the configuration space, are less sensitive to
the presence of spatial fluctuations of the background magnetic field.

Concerning the charge renormalization factor z; displayed in Fig. 7.7, it experiences a strong effect z; < 1 at low quasi-particle
energies g,/m, but in contrast this effect becomes negligible a large energy scales g,/m > 1, since z; — 1 as an asymptotic limit. In
physical terms, we interpret this as a charge screening due to the spatial magnetic fluctuations in the background, consistent with
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Fig. 7.8. Charge renormalization factor z; as a function of the dimensionless magnetic field scale eB/m?. Here ¢, = 0, and eB/m? € [10,500].
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Fig. 7.9. Effective refraction index v'/c as a function of the dimensionless energy scale g,/m. Here g; = 0.

the aforementioned interpretation for the effective index of refraction as a function of energy. On the other hand, as displayed in
Fig. 7.8, z; decreases as a function of the average background magnetic field intensity, thus achieving an asymptotic limit z; - 1/3

as shown in Eq. (7.61).

7.4. Conclusions

In this section, we have studied the effects of quenched, white noise spatial fluctuations in an otherwise uniform background
magnetic field, over the properties of the QED fermion propagator. This configuration is important in different physical scenarios,
including heavy-ion collisions and the quark-gluon plasma, where spatial anisotropies of the background magnetic field may be
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Fig. 7.10. Effective refraction index v'/c as a function of the dimensionless magnetic field scale eB/m?. Here ¢, = 0, and eB/m? € [10,500].

present. Upon averaging over magnetic fluctuations using the replica formalism, we obtained an effective action in the replica
fields, leading to an effective particle—particle interaction proportional to the strength 4 of the spatial auto-correlation function of
the background noise. Our perturbative results show that, up to first order in 4, the propagator retains its form, thus representing
renormalized quasi-particles with the same mass m’ = m, but propagating in the medium with a magnetic field and noise-dependent
index of refraction v/ /c = z~!, and effective charge ¢’ = zye, where z and z; are renormalization factors. We showed that z presents
a monotonically decreasing behavior as a function of the energy g,/m, that reaches the asymptotic limit z — 1 as g5/m > 1, for
all values of the average background magnetic field eB/m?. In physical terms, this shows that the quasi-particle renormalization
due to the random magnetic field fluctuations, while being significant at low energy scales, tends to be negligible as the energy
of the propagating fermions becomes very large. This trend is also observed in the effective refraction index v’ /c = z~!, since at
low energy scales v’ /c < 1, indicating a strong renormalization of the effective group velocity of the propagating quasi-particles
due to the presence of the magnetic background fluctuations. In contrast, for larger energy scales the effect becomes weaker, thus
recovering the asymptotic limit v’ /c — 1 as go/m > 1.

On the other hand, our results show that the effective quasi-particle charge experiences a strong renormalization z; < 1 at low
energies g,/m, while the effect becomes negligible a large energy scales ¢,/m > 1, since z; — 1 as an asymptotic limit. We interpret
this as a charge screening due to the spatial magnetic fluctuations in the background. On the other hand, z; tends to decrease as
a function of the average background magnetic field intensity, achieving an asymptotic limit z; — 1/3 as shown in Eq. (7.61).
We remark that, in a semi-classical picture the relevant length-scale is the Landau radius £ = 1/ \/E, representing the typical
size of the “cyclotron radius” of the helicoidal trajectories that propagate along the magnetic field axis. Therefore, the stronger the
magnetic field, the smaller the Landau radius, and hence the quasi-particle propagator is modulated towards higher momentum and
energy components that, as previously discussed, are more sensitive to the magnetic noise renormalization effects, as is verified by
the trend observed both in z; and in v/ /c, that strongly decrease as the average magnetic field intensity increases eB/m? > 1.

The analysis and results presented in this work only concern the study of the quasi-particle fermion propagator in the noisy
magnetic field background. However, the effective model obtained via the replica method and its consequences can be extended
towards the study of other physical quantities, such as the photon polarization tensor.

8. QED fermions in a noisy magnetic field background from the perspective of the effective action approach
8.1. Introduction
In this section, we discuss an extended analysis of the work carried out in Ref. [317]. The present approach explores the noisy

magnetic background scenario, this time from the perspective of a non-perturbative approach. The basic idea is that the gauge field
A,,, can be decomposed according to

AR(x) = AH(x) + Al (X) + 6AR (%) 8.1)
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where the first term on the right side in the previous equation represents the quantum photon field, whereas BG refers a classical
background associated to the presence of an external magnetic field, which was assumed to be static and uniform. An additional
novelty of the present analysis is the consideration of space-time fluctuations whereas in [317] only spatial dependent fluctuations
were taken into account. The last term in the previous equation, 5A;; ™) encodes the white-noise fluctuations with respect to the
mean value AgG(x) that satisfy

<5A{3G(X)5A}§G(x’)>4 = ABéj,k5(4>(x _ x!),
<5AgG(X)>A . (8.2)

If we consider the case of relativistic heavy-ion collisions it is quite natural to incorporate the presence of spatio-temporal fluctuations
in the background field, corresponding to the most general case. In our previous discussion [317], only spatial fluctuations as source
of the noisy effects were considered. Here we extend such scenario. The source for such noisy gauge field will be a classical current
JH(x) + 6J!,(x). The noisy gauge fields are solutions of [J(A%,; + 64% ) = J//(x) + 6J/(x), and the background noisy magnetic field
Bp;+6Bpg = VX(Apg+06Aps) satisfies the Gauss law V- (Bgs +6Bpg) = 0. These statistical properties are represented by a Gaussian

functional distribution of the form

oo

ap|sas] = we T D A ). ®.3)

with the corresponding statistical average over background fluctuations defined by
(0 = / dp [sat;] O [s4ss) . 8.4)

There is a number of important physical scenarios where the presence of strong magnetic fields determine the dynamics of relativistic
particles. The quark-gluon plasma [301-304] and heavy-ion collisions [173,174,299,300] are among them. For technical reasons, as
we said, the theoretical analysis of such systems was simplified to the configuration of a constant (both static and uniform), such that
the Schwinger proper time formalism can be applied [314,315,318]. However, in a more realistic description of such phenomena,
the electromagnetic field may develop spatio-temporal patterns [299,300] that will then in principle modify the associated physical
predictions. We discussed such possibility in our recent work [317], in the frame of a perturbative analysis to conclude that such
magnetic noise effects may indeed be relevant. In this work, we emphasize this point again, we revisit the problem from a non-
perturbative point of view, in order to shed further light into such effects over a broader range of magnetic noise intensities.
Following the analysis presented in our previous work [317], we shall consider a physical scenario where a classical and static
magnetic field background, possessing local random fluctuations, modifies the quantum dynamics of a system of fermions. For this
purpose, we shall assume the standard QED theory involving fermionic fields y(x), as well as gauge fields A#(x). In the latter, we
shall distinguish three physically different contributions [317]

AF(x) - A*(x) + A]';G(x) + 5A§G(x). (8.5)

Here, A#(x) represents the dynamical photon quantum field, while BG stands for “background”, thus capturing the presence of a
classical external field B = (V X Agg(x)),, assumed to be static and uniform as imposed by the experimental conditions. Moreover,
for this BG contribution, we consider the effect of white noise fluctuations 5A]‘;G(x) with respect to the mean value AgG(x), satisfying
the statistical properties

(8AL ()6AL ()4 = Apd; 18P (x = ),
(8AL ()4 = 0. (8.6)

We remark that the sources of the noisy gauge field are, in the context of heavy-ion collisions, the anisotropic and incoherent
distribution of ionic beams in the initial stages prior to thermalization, that are modeled here as a classical current J C"l (x)+6J c“l(x).
Therefore, our noisy gauge fields are solutions of [](A’; ¢t 5A;G) =J c“l(x) +6J C“l(x), and hence by construction the background noisy
magnetic field Bg; + 6Bpg = V X (Apg + 6Ap) satisfies the Gauss law V - (Bp; + 6Bpg) = 0.

We also remark that in contrast with our previous work [317], where we assumed only spatial fluctuations, here we shall assume
spatio-temporal fluctuations in the background gauge fields. These statistical properties are represented by a Gaussian functional
distribution of the form

[‘MQG(")]Z

dP[(SAgG]=Ne_/d4X 24p D[&AQG(x)], 8.7)

with the corresponding statistical average over background fluctuations defined by
(0), = /dP [5A]';G] o) [5AgG] . (8.8)

In heavy-ion collisions (HIC), strong magnetic fields B = V X Apg are generated locally within a small spatial region whose
characteristic length scale is L ~ \/E, with o being the effective cross-section. In these collisions, the dominant component of
the magnetic field is along the axial z-direction, such that on average we have (B) = é; B. There are also smaller transverse
components 6B, and §B, such that we can estimate the fluctuation of the field within the small collision region to be on the
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order of (6B)> ~ (6B,)* + (5By)2. Since many such collisions occur at different points in space and their time-span 6t ~ L'/c, an
approximate model for this physical scenario is provided by the magnetic random noise Eq. (8.6). By dimensional analysis, the
magnitude of 4, is of the order:

Ag ~ (6B)* LL' ~ (5B)* ¢°/*L’. (8.9)

The effective cross-section for a nuclear collision can be estimated as the fraction f of the area of perfectly central collisions
between two nuclei, each with a radius of r,

o= fﬂri. (8.10)

Here, f represents the fraction of the geometrical cross-section cyeqm, Which is defined as the area of the circle with a radius of
ri+r, = 2R in a maximum peripheral collision, and the cross-section o, for a peripheral collision with impact parameter » [313,319]:

N 2/3
f= % _ ( part) ’ (8.11)
Ogeom 2N

where o, describes an effective nucleus of radius b. The nuclear radius is always written as r, = r, N'/3, where N is the number of
nucleons per ion and ry ~ 1073 MeV~!. Here, Nopare is the number of participants corresponding to the effective nucleus.
Therefore, under these considerations, we have

2N
In peripheral heavy-ion collisions, the magnetic field fluctuations along the transverse plane are approximately |e5B| ~ m2 /4,
where m, is the pion mass [312,313]. For an Au+Au collision with N = 197, and if Np,/N = 1/2, we obtain (for L' ~ r,)

Npart 53
AB~n5/2(5B)2r8N5/3<—pa> L. (8.12)

?Ap ~ 1.6 x 107 MeV 2, (8.13)
or for less central collisions with Ny, /N =1/8:
?Ap ~1.6x 1077 MeV~2. (8.14)

In general, for many technical details we will refer in what follows to Ref. [103], the original article were we presented our analysis.
As we shall later show, the effects of magnetic noise are controlled by the dimensionless parameter 4 = e*4pm%, where m ; is the
fermion mass. If one considers the mass of the proton, then the relevant dimensionless scale would be

Aproton ~ 0.16 = 1.6, (8.15)
whereas if one considers the mass of the constituent quark species

Aquark ~ 0.018 — 0.18. (8.16)
These considerations allow us to write the Lagrangian for this model as a superposition of two terms

£ = Lrpg + Lxpo- (8.17)

The first term represents the system of fermions (and photons) immersed in the deterministic background field (FBG)
_ . 1 v
EFBG=W(1¢_EABG_eA_mf)W_ZF;A\/F” , (8.18)

where F,, = d,A,-0d,A, is the strength tensor for the dynamical quantum gauge fields (photons). The second term in the lagrangian
Eq. (8.17) represents the interaction between the Fermions and the classical noise (NBG)

Lype =W (—edApg) v (8.19)

The generating functional (in the absence of sources) for a given realization of the noisy fields is given by
Z[A] = / DIy, et/ «*[Crmo+Ennc] (8.20)

We need the generator of connected correlation functions to extract the physics of this system. However, as the presence of disorder
is modeled by a statistical ensemble of different realizations of the magnetic background noise 5AgG(x), we need to calculate the
disorder-averaged generator of connected correlation functions (In Z),. For this purpose, we apply the replica method, which is
based on the following identity [310]
(Z"[A), -1

InZ[A =1
(In Z[A])4 Lim .

(8.21)

Here, we defined the statistical average according to the Gaussian functional measure of Eq. (8.7) as in Eq. (8.8), and Z" is obtained
by incorporating an additional “replica” component for each of the Fermion fields, i.e. w(x) - w“(x), for 1 < a < n. The “replicated”
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Lagrangian has the same form as Egs. (8.18) and (8.19), but with an additional sum over the replica components of the Fermion
fields. Therefore, the averaging procedure leads to

(Z"Al), = /Hv[w v ]/ D [sas)]

X elf d*x S (Crpgl® WO l+L ppG L wl)

B / [T ot waestoveal, (8.22)

a=1

sAE (x)
/ d4x [ 173?8}

where in the last step we explicitly performed the Gaussian integral over the background noise, leading to the definition of the
effective averaged action for the replica system

iS [u?”,l//”;A] =i /d4x <Z e (id—eABG —eh — mf) w? — ‘—ltFWF“V>
a

ZA 3
o / d*x / d4ya ; O G o). (8.23)

Clearly, we end up with an effective interacting theory between vector currents corresponding to different replicas, with a coupling
constant proportional to the fluctuation amplitude 4, that characterizes the magnetic noise, as defined in Eq. (8.6).

The “free” part of the action corresponds to Fermions in the average background classical field AgG(x). We choose this background
to represent a uniform, static magnetic field along the z-direction B = é; B, using the gauge [314]

1
H _ 2 1
ABG(x) = 5(0,—Bx ,Bx",0). (8.24)

In addition, as we shall focus on the analysis for the fermion propagator, we shall not consider the photons in this scenario
AF(x) = 0, and hence its corresponding strength tensor F,, = 0.

8.2. Auxiliary boson fields

Let us now introduce a Hubbard-Stratonovich transformation via a set of complex boson fields Q;(x), by means of the Gaussian
integral identity

= AB Jats [aty X, X0 5y w et Gy wb )
- 4 4 n a i 4 s n - a a
Y [H / DO,(x)DQ’ (x)] o3 /40,0 e 4450, Ty oy | €500 Ty 9wy ) (8.25)

With this transformation into the averaged, replicated nth power of the generating functional Eq. (8.22), we obtain the equivalent
form

(Z"Agel)a = N [ / DQ;(x)DQ* (x)] i el

x [H / D[u‘z“,w”l] o Tl w0 (edagm e (0-0) Jut )

J

- N [J]i[l/ DQj(x)DQ;f(x)] i el [det (ia—eABG —my— ey (Q,- - Q))]

3 ) 2 ) .
- N H/ DQJ(x)DQ;‘(x) e_E/dAlX'Qj(X)' +nTr1n[1J—eABG—mf—eyJ (Q,—Qj )] (8.26)
j:
Based on this identity, and combined with Eq. (8.21), we obtain the effective action
1 SerlApgl — 1.59[Apgl = (In Z[Aggl) 4 — In Z[Apg]

- N[ [ po,come; (x>] e ol gy, ["T”“[i“’—em-m.f-W’(QrQﬁ] — 1| = In ZglAg]

n—=0n
= (Trin (id - edog = my = ey (@, = 0))))s = Trn (id - edng = my) (8.27)

where ((-)), represents the average over the Gaussian functional measure of the complex fields Q;(x). Let us define the inverse
fermion propagator, including the classical background field, as follows

Spl(x—y) = (id — ehpg —my) 6D (x—y) (8.28)
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Therefore, for the effective action we have
i SuilApg] = (Trln (ia — ey —my —er/(Q, — Q}f)))A
(Trin (SF_1 —er/(Q; - Q;))M
= TrinS;!
+ (Trin (1= eSpr/ (@, = ) ))a (8.29)

By noticing that i.Sy[Agg] = TrIn S;', we have

i SefflApg] — 1S¢[Apg]
= (Trhn (1 — S (0, - Q;f))) A (8.30)

where the right hand side contains all the effects of the noise.
8.3. Saddle-point approximation (mean-field)

The result in Eq. (8.30) can be expressed in the explicit functional integral form

3 > 2 "
iSeff[ABG] _ iS()[ABG] - N H/ DQ/(x)DQ;”(x) e_E/d4X|Q1(X)| +1n[Tr1n(l—eSF}’f(Qj—Qj))]. (8.31)
=1

J
In order to study the effects of the background noise, we shall adopt a mean-field approximation, by searching for the saddle-point
of the exponent in Eq. (8.26)

3 2 . )
o | x / ew0ie) +n [T 1 —eser'©, - 0] = 0.

R {_Z / d*y0,(»)Q; ) +In [Trin [1 - eSer'(Q, - O] )]]} = 0. (8.32)

This condition leads to the equation (assuming homogeneous solutions of the form Q;(x) = Q))

a, Tr[Ser (1-eser'@, - 0p) ']

S [1-eSpr!(Q, - 0)) (®.39
From the second equation in Eq. (8.32), we obtain the additional condition
0 =-0, (8.34)
We can combine both equations, by noticing that
0;+07 =0
4,=0;- 0} =2iIlmQ; #0, (8.35)

where the second line implies that ¢; is a pure imaginary number, and it satisfies the non-linear equation

Tr [SF}// (1- eSFy’q,)_l]

g, =ed (8.36)
/ 2 Trmn [1-eSpriq)]
The numerator of this equation can be expanded as an infinite geometric series as follows
i -1 < i !
Tr [SF7’ (1-eSpr'a) ] =Y eTr [SFV’ (Spr*ax) ]
1=0
[o]
= Z e |:Hi'=lqka:| Tr [SFyJSFyleFykz SFyk’] . (8.37)
=1

On the other hand, the denominator can also be expanded by means of the Taylor series for the natural logarithm, as follows

o0
!
Trln [1 - eSFqu,] = Z <1y [(SF;[)[]
il
! k k k
= Z T [H(quka] Tr [SF;/ 1Spy"™2 ... Spy ’] . (8.38)
I=1
From the exact expression Eq. (8.36), we can extract the leading contribution by retaining terms up to third order in the g;
coefficients in the numerator, while retaining up to second order in the denominator

el + S MiM™gq,q,

- , (8.39)
SMmg,q,

q; = edp
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Fig. 8.1. Non-trivial solutions of Eq. (8.56) for the Case 1 as a function of B for 4 € [0.1,0.04]. The dashed line represents the smooth envelope
connecting the discrete non-trivial solutions.

where we defined the matrix coefficients

M =Tr [SijSFy’]

d*k ; !
= [ —=tr[Spk)y! Sp(—=k)y'], 8.40
/(2”)4r[1:( 7! Sp(—ky'] (8.40)
and
Mt = Ty [SijSFy’SFy”'SFy"] (8.41)

d*k ) . )
- / (2,,)4” [Se(k)y! Sp(k)y' Sp(k)y™ Sp(k)y"] .

Here, tr[-] stands for trace over the space of Dirac matrices. The Schwinger propagator in Fourier space is defined by Eq. (7.15)
and, more importantly for calculation purposes, by its alternative form Eq. (7.17).
We can analyze the possible solutions to Eq. (8.39), by casting it into the form of a quasi-linear system

(AgpM + MIq]l)q =0, (8.42)

where we defined
[Miq)) = (—%51" M+ Ay M) g, (8.43)
There is always a trivial solution q = 0 to Eq. (8.42). However, nontrivial solutions q may exist provided that the (nonlinear)
matrix coefficient is singular, i.e.
det (45 M + MIq]) = 0. (8.44)

In order to analyze this second condition, we need to evaluate the matrix coefficients explicitly. For this purpose, we first discuss
the mathematical representation of the Schwinger propagator in the next section.

8.4. The schwinger propagator

As discussed in the previous section, the matrix coefficients depend on traces and integrals involving products of the fermion
propagator immersed in the constant background magnetic field. Therefore, this allows us to use directly the Schwinger proper-time
representation of the free-Fermion propagator dressed by the background field, whose direction is chosen along the z-axis, B = é; B,

as follows [314,315]

. & dr ir( k2-K2 w—mz +ie
[Sp®)],, = ‘15a,b/0 cos@BD)¢ (ki =55t o)
X {[Cos(eBr) + 7152 sin(eBr)] (my + K”)
KL
kL 8.45
+cos(eBr) (8.45)

which is clearly diagonal in replica space. Here, as usual, we separated the parallel from the perpendicular directions with respect
to the background external magnetic field by splitting the metric tensor as g" = gl’l‘ "+ g, with

g"‘” = diag(1,0,0,-1),
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Fig. 8.2. Non-trivial solutions for ¢; of Eq. (8.56) as a function of eB for 4, € [0.1,4].
gl = diag(0,~1,~1,0), (8.46)
thus implying that for any 4-vector, such as the momentum k*, we write
K=k +K (8.47)
and
K= ki -k, (8.48)

2
I
the field, such that its square-norm is 1(2l = k% + k%. The Schwinger propagator can alternatively be expressed

[SF(k)]a,b = =i, [(m/ +¥) A,

respectively. In particular, we have k

) OA; o 0PA
+(@ieB)y'y? (m; + §) =— + (ieB)* ¥

=16, [(my + ) Ay +7'7 (mp + Ky) A + A3k |

Here, we defined the function

00 . 2_
A, (k, B) = / dre (4
0

that clearly reproduces the scalar propagator (with Feynman prescription) in the zero-field limit

m2 +e

kZ
Lk
2 ) i-L tan(eB‘r),

1

k2—m§+ie’

li B) =
lim A, (k, B)

and its derivatives

as [317]

) . 5 .
Ay(k,B) = / dr tan(eBr)e"(kﬁ_'B(T)kL_mzf“é)
0
. 0A,
= 1eB—2,
ak?)
© dt i‘r(kz—t (r)k2 —m2 +ie>
A;(k,B) = / e\ BTy
: o cosZ(eBr)
0’4
= A] +(1€B)2 2] .
aK2)?
As we showed in detail in our previous work [317], an exact representation for the function (8.50) is given by
K2
e~ = i k2 —m2 +ie
Ay = L g (e p (7T T
2eB 2¢B

k2 —m? +ie k2
xU _¥’0, _J‘ s
2eB eB

50

= k% — k3, while k; = (k', k%) is the Euclidean 2-vector lying in the plane perpendicular to

(8.49)

(8.50)

(8.51)

(8.52a)

(8.52b)

(8.53)
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Fig. 8.3. Critical magnetic field B, of Fig. 8.2 as a function of 4, in two different ranges of such parameter.

where I'(z) is the Gamma function, while U(a, b, z) represents the Tricomi’s Confluent Hypergeometric function.
8.5. Results and discussion

For the analysis of our numerical results, it is convenient to define the following dimensionless groups,

A= Apm?,
B = %, (8.54)
"y

respectively. The matrices M/ and M/¥ | as defined by Eqs. (8.40) and (8.41) respectively, are calculated by tracing over the Dirac
matrix space. All technical details concerning the evaluation of traces as well as the resulting momentum integrals are explained in
appendices A and B in [103]. The interested reader is referred to those Appendices for further mathematical details.

In order to analyze the existence and features of non-trivial solutions for the order parameter q = (¢, ¢,, g3), we solve the secular
equation Eq. (8.44), by assuming two different symmetry conditions, according to the directions orthogonal (1) and parallel (||) to
the magnetic field, respectively.

8.6. Case 1: g3 = qﬁ, with ¢, = ¢, =0

If we impose the condition ¢; = g, = 0 into Eq. (8.43), we have

[Wiiq1])” (—%5”/\433 + eZABMjI33> ¢

¢ (8.55)
Therefore, substituting this reduced expression into the secular equation Eq. (8.44), we obtain
det (45M + g3 ) =0, (8.56)

Furthermore, using elementary matrix properties and given that the matrix M is non-singular, we can manipulate the expression
above as follows

det (45M+ i) ) = (8.57)
det (4pM) - det (13 + 145! M) ) = 0.

Given that M is non-singular, the above expression implies the secular condition
det (15 + 345! M) ) = 0. (8.58)

Our analysis at this point is consistent, up to second order powers in the components of the order parameter. Therefore, applying
the elementary identity det (1 +¢X) = 1 + etrX + O(e?), we expand Eq. (8.58) to obtain

2 4p
U= = e
r(M-1¢))
— S MBtr (M1) + 24ptr (MTTME)
1148
= 7B 8.59
1+ K 4p (8.59)
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Fig. 8.4. Discrete solutions for the order parameter (normalized by its asymptotic limit) as a function of 4, for fixed B (filled squares). The
continuous line represents the envelope function defined by Eq. (8.59) before the conditions of Eq. (8.35) have been applied.

where we defined the parameters

2
A= M3 tr (M’l)
26 (ML)
K, = v (8.60)
I M3Btr (M‘l)
as well as the reduced matrix
[ M(”)]” = MJI33, (8.61)

Fig. 8.1 illustrates the non-trivial solutions of Eq. (8.56) for Case 1, as a function of the external magnetic field and various values
of A. It can be observed that there exists a region where the discrete solutions exhibit a monotonically increasing pattern with a
smooth envelope, abruptly terminated at a point beyond which only the trivial solution ¢, = 0 exists. We refer to this point as the
critical magnetic field B,. A similar scenario arises when the magnitude of 4 is increased, as demonstrated in Fig. 8.2. Furthermore,
it is worth noting that for higher values of 4, the solutions become approximately identical, and the 53, converges towards a specific
limit as is shown in Fig. 8.3.

In line with the results presented above, it is worth emphasizing that a specific combination of parameters (4, 13) plays a pivotal
role in giving rise to a discrete set of non-trivial solutions characterized by g, # 0, or in the context of Eq. (8.35), resulting in
purely imaginary values for g;. This behavior is depicted in Fig. 8.4, offering valuable insights into the system’s dynamics. Fig. 8.4
illustrates a spectrum of these parameters, revealing that for fixed values of 3 not all the values of 4 produce non-trivial solutions
(those are discrete). We have also shown in Fig. 8.4, by a dashed line, the smooth envelope of those discrete points. Nevertheless,
for higher values of 4 the solutions become a quasi-continuum and saturate to the value qﬁ(oo) defined as

g(e0) = Jim ¢} = ’% (8.62)
where qﬁ is given in Eq. (8.59). In the opposite limit, for very small values of 4, Eq. (8.59) shows that the order parameter follows
an approximately linear trend with a slope defined by

- fim 92
2= AI;I’_I}O mq”. (8.63)
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Fig. 8.5. Non-trivial solutions of Eq. (8.56) for the Case 2 as a function of /3 for 4 € [0.1,0.04]. The dashed line is the smooth envelope connecting
those discrete non-trivial solutions.

8.7. Case 2: ql2 = q% = qi, with g3 =0
In this case, the matrix Eq. (8.43) reduces to
[M[qﬂ]ﬂ = (—%5” (MM + M2+ M2+ MY
+eP Ay (M4 MI2 4 MIT2 4 M1 g2
=c/'q. (8.64)

For this case, the secular Eq. (8.44) reduces to

det (ApM+43C;) =0, (8.65)
and repeating the same procedure as described in Case 1, we obtain
det (13 + g1 45' M~y ) =0. (8.66)
Finally, just as in Case 1, we retain only second order powers of ¢, in Eq. (8.66) to arrive at the explicit algebraic solution
A A
qi __ B ___X14B (8.67)

r(M-lcy)  1+Kp4g
where we defined the parameters
2
(Znm1p M) 1r (M)
s ) 565
(Znmip M) 1r (M)

and the reduced matrices

AL =

>

[ = fpitmn, (8.69)

As already discussed in Eq. (8.35), the order parameter q; (for j =1,2,3) is a pure imaginary number.

Fig. 8.5 illustrates the non-trivial solutions for ¢, in Case 2, considering various values of A. Similar to Case 1, these solutions
are discrete and highly dependent on the magnetic field and noise parameter. Notably, the critical magnetic field in this scenario
is lower compared to Case 1. Furthermore, Fig. 8.6 demonstrates the behavior of the critical magnetic field B,, which exhibits a
distinct functional form from that shown in Fig. 8.3. The relationship between qi and 4, with an envelope given by Eq. (8.67), is
depicted in Fig. 8.7, where discrete non-trivial solutions at particular values of 4 are permissible for a constant magnetic field. Here,
we can also identify the value at which the sigmoidal Eq. (8.67) saturates as a function of the noise 4,

gi(e0)= Jim g} = - (8.70)

In the opposite limit, for very small values of 4, Eq. (8.67) shows that the order parameter follows an approximately linear trend
with a slope defined by
2

.9
= lim —¢g%. 8.71
a= fim S (8.71)
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Fig. 8.6. Critical magnetic field B, of Fig. 8.5 as a function of 4 for the Case 2.
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Fig. 8.7. Discrete solutions for the order parameter (normalized by its asymptotic limit) as a function of 4, for fixed B (filled squares). The
continuous line represents the envelope function defined by Eq. (8.67) before the conditions of Eq. (8.35) have been applied.

Consequently, we can infer that the underlying physics in both cases is closely related, and the mechanism leading to the emergence
of a non-trivial value of the order parameter maintains a consistent nature and interpretation, regardless of the specific values of

(41,92, 93)-
8.8. Physical interpretation of the order parameter Q;

The physical interpretation of the order parameter components can be obtained from the functional representation Eq. (8.26),
before we integrate out the fermions, to obtain, via saddle-point, the mean expectation value

Q; =iedp{(Wy;w))s = —0j. (8.72)
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where here the double bracket stands for the statistical average over the classical noise in the background field, as well as the
quantum expectation value of the corresponding observable, which clearly is a component of the vector current for the fermions,
j=1,23.

It is important to remark the physical effect that this order parameter, at the mean-field level, produces in the disorder-averaged
fermion propagator, that is given by

iS5y (x = y) = (i — edpg —my —ef) 6D(x - ), (8.73)

where we defined ¢ = y/q;, for q; = Q; - o) the order parameter. Clearly then, the differential equation for the propagator in the
presence of the magnetic noise is given by

(id — edpg —my —ef)  Spalx—y) =i6D(x - y). (8.74)

It is straightforward to verify that, if Sp(x — y) represents the Schwinger propagator in the presence of the average background
magnetic field, then the function

Spa(x = y) = €U Sp(x — y) (8.75)
is a solution to Eq. (8.74). Indeed, by direct substitution, we have
(id — edpg —my —ef) Spalx—y) = (id —edpg —m; —ed) [e70OSp(x - y)
= e (ig — efgg —my) Sp(x —y) = i6@W(x - ), (8.76)

where in the last step we applied the definition Eq. (8.28) for the Schwinger propagator in the absence of noise. Therefore, we
conclude that at the level of the disorder-averaged propagator, Eq. (8.75) introduces an exponential damping effect given that the
order parameter g; is a pure imaginary number.

8.9. Summary

In this section, we considered a system of QED fermions submitted to an external, classical magnetic field. In particular, we
studied the effects of white noise in this magnetic field with respect to an average uniform value (B), = &; B, as a function of the
standard deviation 4, over the fermion propagator. As discussed in the introduction to this section, this represents a statistical
model for the actual scenario in heavy-ion collisions, where strong magnetic fields emerge for very short times within small spatial
regions, whose size is of the order of the scattering cross-section. Since several such collisions occur at different points in space, the
physical situation can be represented by a statistical ensemble, for different realizations of the magnetic field fluctuations, which
are then described as a random variable.

We analyzed our model by applying the replica formalism, that led us to an effective action in terms of auxiliary boson fields.
A mean field analysis of the corresponding effective action reveals that the magnetic noise effects can be captured by an order
parameter, whose physical interpretation is the statistical ensemble average of the expectation value of the fermion vector current
components. Therefore, non-trivial solutions where this order parameter acquires a non-zero value break the U(1) gauge symmetry
in the system, as a consequence of the statistical noise in the background magnetic field. An interesting feature of such non-trivial
solutions is that they exist only for certain discrete values of the average background magnetic field. Such discrete values can be
identified to be in correspondence with the quantized Landau levels associated to the average background field. This feature is then
consistent with the interpretation of the order parameter as the ensemble average of the fermion current. In addition, for a fixed
value of the disorder strength characterized by 4z, we find an upper critical value of the average background magnetic field 3.,
beyond which the non-trivial solutions cease to exist in favor of a vanishing order parameter. This region of parameter space is then
characterized by a dominance of the average background field over noise, whose effect then becomes negligible. In contrast, in the
limit of very strong magnetic noise 45 — oo, we observe that the order parameter asymptotically saturates to a constant finite value
q2|’ | (c0) that depends on the field, but is independent of 4, as can be clearly seen from Egs. (8.59) and (8.67), respectively.

Remarkably, in the context of the fermion propagator, we showed that the order parameter, which is strictly imaginary, represents
a finite screening length that leads to weak localization effects. Our present analysis is restricted to the fundamental level of the
fermion propagator, but its consequences could manifest themselves in physical observables, such as effective collision rates for
certain processes.

9. Photon mass generation from magnetic fluctuations
9.1. Introduction

The importance of the role of magnetic fields in processes related to high-energy physics has been garnering attention in recent
years. In particular, there is growing theoretical evidence indicating that during the early stages of a heavy-ion collision (HIC), very
intense magnetic fields are created, which must be included in current calculations and data analysis [320,321]. Moreover, these
magnetic fields are expected to have a direct impact on the final observables. Therefore, it is crucial to understand their role and the
modifications of the observables that arise from magnetic-related contributions. For instance, the emission of prompt photons during
these early stages has been studied, revealing that the inclusion of external magnetic fields in the participant’s region introduces
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Fig. 9.1. Feynman diagrams contributing to the one-loop photon polarization tensor depict arrows in the propagators indicating the direction
of charge flow, while dashed arrows represent momentum flux.

an additional source of photons carrying a characteristic elliptic flow [173,322-324]. This phenomenon arises from the breaking of
spatial symmetry due to the presence of a privileged direction marked by the magnetic field.

On the other hand, the creation of intense magnetic fields in HICs coincides with the Color Glass Condensate (CGC) stage,
where the medium is purely described by a high-density gluon occupation [325-328]. Indeed, the prompt photon production by
gluon fusion or splitting processes is enabled by the presence of magnetic fields which are otherwise not allowed. Therefore, it is
important to ask: How can the magnetic fields modify the dispersive relations of gauge fields, such as gluons and photons? In an
effort to answer that question, the one-loop polarization tensor for photons and gluons in the presence of an external magnetic field
has been computed, both for strong and weak limits [329]. Those works showed that the presence of constant magnetic fields does
not modify the dispersion relation of such particles, i.e., they do not generate an associated magnetic mass. The latter is achieved
by computing the poles of the inverse propagator at the limit of vanishing four momenta, which is crucial for preserving the U(1)
symmetry and ensuring the fulfillment of the Ward-Takahashi identity [330].

Clearly, assuming the existence of a constant magnetic field in HICs is not very realistic. In fact, simulations of collisions for
various centralities, energies, and species indicate that although the magnetic field in the collision center is predominantly oriented
in one spatial direction, there are fluctuations in other directions [313]. In some cases, these fluctuations are of the order of 1/4
of the highest value of the magnetic field. Following this scenario, in previous works, we proposed to study the impact of classical
background magnetic fields, which possess stochastic fluctuations, on the properties of a QED medium [331,332]. By employing
the so-called replica trick [333], we derived an effective interaction term for QED fermions in the presence of such a noisy magnetic
field. This approximation leads, at the perturbative level, to a renormalization of the fermion propagator, which now describes
quasi-particles propagating in a dispersive medium. The results from both perspectives revealed that magnetic fluctuations break
the U(1) symmetry, and thus, the dispersion relations for gluons and photons may be modified.

In this section, by computing the one-loop polarization tensor in the limit of vanishing four momenta, we show that gauge
fields may acquire a magnetic mass due to fluctuations in the external magnetic field. The structure of the paper is as follows: in
Section 9.2, we propose the expression for the one-loop polarization tensor that incorporates white-noise stochastic fluctuations.
In Section 9.3, we summarize the results in the limit p# — 0, where the expressions are analytically computed. In Section 9.4, we
present the analysis to determine the magnetic masses for the gauge fields. Finally, in Section 9.5, we summarize and present our
conclusions. This manuscript is based on the published version that can be found in Ref. [334].

9.2. The one-loop polarization tensor

To proceed with our analysis, we express the one-loop contribution to the photon/gluon polarization tensor, as illustrated in Fig.
9.1, as follows

. 1 d*k el s - o= 1 d*k S . .
my = =2 [ SSrefiqprisy) Wigpris k- }—-/—T{ VistH(—k His®i—io 9.1
i, 2/(2”)4 T\igsr 1S, (k)igpyiS, (k= p) g = 5 2t Ty ig,y"iS, (—k + plig rHiS T ( )} 9.1

where g, represents the electric charge of the fermion within the loop, accounting for both particle and antiparticle contributions.

To perform an analytical computation of Eq. (9.1), we will utilize the renormalized fermion propagator in the presence of static
(quenched) white noise spatial fluctuations, focusing particularly on the regime of a strong external magnetic field [331,332].
Specifically, the effective interaction between fermions arises from averaging over the background magnetic noise. We account
for the effects of magnetic noise-induced interaction by modifying the Schwinger propagator with a self-energy, as illustrated
diagrammatically in the Dyson equation shown in Fig. 7.1. It is noteworthy that in this theory, the skeleton diagram for the
self-energy is depicted in Fig. 7.2, and the dressed propagator is determined by

3
ot V3P’ .
is57(p) = C(p) <m +ror’ + 205 ) PO (p), ©-2)
where m is the fermion mass and
-p3/las Bl
=it (9.32)
pr—z m
Il
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3 Alay Ble P/

Zp) =14+ — (9.3b)
4 7y/p2 —m?
0
-p? /lay Bl
1 Alq,BleP1/ls
zz(p) = — |1+ ———|. (9.3¢)
P 4ﬂ\/p§—m2
1 . )
PEp) = = [1 £ signla; Biz;()r'y?] (9.3d)

As outlined in Ref. [331], the computation of the fermion propagator self-energy was carried out to order 4 = q;A g- Thus, to
preserve consistency with this approximation level, we expand Eq. (9.2) as follows

+ s ol : lq B| + + 3
557 = 15,7 () + i (—zf,, ) 0102y +mO™ - 0,)° 0% x 03y v (p, +m)]| + O, 9.4)
where
-p /lay Bl
iS(()i)(p) =92i 8p2l_ ”flz (]’” + m)o(i) 9.5)

Il
is the fermion propagator in the presence of an intense magnetic field, the spin-projection operator is given by

1 X .
O = 3 [1 + stgn(qu)lylyz] R (9.6)

and we defined the functions

2
3(1’ﬁ + m?)e 2P1/las Bl

0,(p) = , (9.72)

(v} = m?\/pg = m?

2
3p o 2P1/l4s Bl

O,pp= ———— (9.7b)

(py = m2)\/ Py — m?

-2p? /s Bl

0= ——= (9.7¢)

() = m)/pg = m?

Here, we distinguished between the parallel (||) and perpendicular (1) Minkowski subspaces, delineated by their respective
orientations relative to the background external magnetic field, by decomposing the metric tensor as

gyv — glﬁll\/ +gjl_V’ (983)
where

g"‘” = diag(1,0,0,—1)

gt = diag(0,-1,-1,0). (9.8b)

The latter implies that for any four-vector

P =p) +p) (9.9a)
we get

P =p - P, (9.9b)
with

= ry—p;

Pl = P +p3 (9.90)

9.3. The one-loop polarization tensor in the limit p* — 0

From Eq. (9.1), the one-loop polarization tensor takes the form
2 3
aslasBlA
iy =i i —— 3T, ©.10)

i=1
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where iH(’;V is the one-loop polarization tensor in the strong field limit and in the absence of fluctuations [335]:

ig? H v
ig;lasBl o
gt = L P 2lagBl 2 oy [ v ZIT
Uly = ———e ™ PiLop | 8y 2 ) 9.11)
I
with
1
x(1 —x
Zo(pﬁ)Z/ dx(—z). (9.12)
0 x(1 = x)p? — m?
Hence, in the limit p# — 0, the tensor is given by
2 3
qrlgsBlA S
STTHY S . UV
Jim i1 " ;p]ﬂlgloTi . (9.13)
where
ilq, B|
o H _ Hv
A = S 8 (9.14a)
lim T = _1lasB] (g"” + 25”5V) (9.14b)
pi—0 2 2 I 393 ) .
and
lg; Bl 1
Hv uv L uv
i R S [gL 280 ] (9.14c)

Further details of the calculation can be found in Ref. [334].

9.4. Mass of gauge fields by magnetic fluctuations

To understand how magnetic field fluctuations might influence the potential generation of mass in the gauge fields, we identify
the poles of the propagator. Utilizing the Dyson equation, the inverse of the propagator is given by

(D] ™ = [Dy @)™ - i), (9.15)
where the “free” photon propagator, in the Feynman gauge is
—igh
(P? +ie)
Adopting the method detailed in Ref. [336], the poles corresponding to the dynamic mass appear as the coefficients of gl’l‘“ and
gfv, respectively, when evaluating the limits p, — 0 and p — 0 in iI7#Y(p). So then, from Egs. (9.14):

Dy (p) = (9.16)

(@)™ =g (p2 +iM? + ie) +igh (p2 —iM? +ie) + 3iM2 1845, + -, (9.17)

where we defined the magnetic effective masses in both parallel and transverse projections by the coefficients

59, B*A
2 — em 2
M|| = —9671' m*,
a. B2A
M2 = S——p? (9.18)
3

We emphasize the physical interpretation of these effective masses by comparing them with the poles of the photon propagator
along each polarization direction, given by

P+ iMi” =p;-p*+ iMjII (9.19)

which indicates an effective photon dispersion relation for each polarization direction as

@L)(P) = /P? —iM7 , (9.20)

where the corresponding effective mass is complex

)'/2_1—i

myy=(-im2) " = M (9.21)

LIl

The real part signifies the typical damping effect, while the imaginary part introduces an oscillatory component. This character-
ization aligns with our understanding of random magnetic fluctuations creating an effective dispersive medium for both fermions
and photons (or gluons) equally.
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9.5. Summary

In this section, we focused on the one-loop contribution to the gluon and photon polarization tensor when these gauge fields are
in a medium subjected to a strong, external, and classical magnetic field with white-noise stochastic fluctuations. These fluctuations
are incorporated into the fermion propagators by correcting the free fermion propagators using the so-called replica trick, which
averages the fluctuations over the QED Lagrangian. This approach implies the existence of an effective model with fermion-fermion
interactions, which is perturbatively expanded to find the propagator at order A. By explicitly computing the tensor, we showed
that it does not satisfy the Ward-Takahashi identity, indicating a break in the U(1)-QED symmetry. This finding is supported by
previous works, using both perturbative and effective Lagrangian methods [331,332].

The lack of U(1) symmetry suggests a possible generation of magnetic mass for the considered gauge fields. In fact, by following
the standard process to find the poles of the photon’s propagator, we analytically computed the factor associated with these magnetic
masses. The results show that the generated masses possess imaginary parts, indicating that in a fluctuating magnetic medium, a
refractive index may appear. Importantly, the gauge field mass differs in each direction with respect to the magnetic field, also
indicating birefringent effects due to the violation of Lorentz symmetry.

All together, Sections 7, 8 and 9 explore the theoretical framework to describe the way magnetic fluctuations affect the
propagators of fermions and gauge bosons. These fluctuations, when present in a medium with stochastic magnetic noise, induce
birefringence effects for fermions and lead to the generation of magnetic masses associated with the breaking of the U (1) symmetry in
QED and QCD. The analysis has been extended to account for the impact of magnetic fluctuations on the fermion mass by computing
the fermion self-energy. As shown in Ref. [337], the inclusion of renormalized fermion and photon propagators reveals that, at
order a,m, the breaking of Lorentz invariance leads to distinct eigenvalues of the magnetic mass operator, depending on the spin
projections relative to the direction of the classical background magnetic field. Furthermore, the presence of magnetic fluctuations,
characterized by the noise autocorrelation parameter 4, results in a complete breaking of Lorentz symmetry. This breaking gives
rise to imaginary components in the eigenvalues of the mass operator, which depend on the spin polarization and the projections
onto the P* = (1 + yo) /2 subspaces corresponding to the fermion (+) and antifermion (—) sectors in the rest frame. The existence
of such imaginary parts implies the existence of associated resonances, which may indicate fermion quasi-particle modes that have
a finite lifetime.

From a phenomenological perspective, the theoretical framework outlined above has been applied to investigate photon and
dilepton production within a thermalized, magnetized medium that exhibits magnetic fluctuations. A central issue in this context
is the survival of magnetic fields generated in the early stages of heavy-ion collisions throughout the thermal evolution of the QGP
phase. As noted in Section 4, these fields are typically intense but short-lived. However, recent studies incorporating the finite
electric conductivity of the QCD plasma have demonstrated that residual magnetic fields could persist during the thermal stages
of the medium’s evolution [185]. These remnant fields exhibit spatial and temporal fluctuations and, in many cases, remain strong
relative to the scales set by light quark masses, as indicated by ratios such as |gq fB|/m§ ~ 37 and |q, B| /mz ~ 8.

By computing the complete form of the photon one-loop polarization tensor within the Matsubara formalism, Ref. [338] has
investigated photon production via pair annihilation in the presence of a strong magnetic field with fluctuations in a thermalized
medium. The results indicate that magnetic fluctuations enhance the photon production rate by approximately one order of
magnitude, while leaving the angular distribution of the emitted photons largely unchanged. In particular, the magnetic noise does
not introduce additional anisotropies, nor does it generate odd flow coefficients in the angular distribution. However, even-order flow
coefficients can be modified: while the elliptic flow coefficient v, is only weakly affected, higher-order coefficients such as v, and
ve exhibit significant sensitivity to stochastic magnetic noise. Notably, the v4 coefficient is suppressed in angular regions outside the
classical synchrotron emission lobes when compared to the case without noise. Furthermore, the energy of the emitted photons, and
by extension that of the parent fermions, plays a crucial role in determining both the yield and the angular pattern of the radiation.
For instance, low-energy photons are more susceptible to magnetic noise effects, which is intuitively clear since longer wavelength
modes are more likely to sample the spatially varying magnetic field fluctuations. Overall, these theoretical insights suggest that
magnetic noise can have a substantial impact on observable signals and should be incorporated into analyses of experimental data.
Although the current results are based on specific approximations, they point towards a possible role of magnetic noise in addressing
the “photon puzzle” found in heavy-ion collision experiments.

9.6. Conclusions and outlook

In this Part we have discussed recent theoretical developments whose aim is to elucidate properties of strongly interacting matter
under the influence of magnetic fields. We have tackled the problem from the perspective of hadron as well as of fundamental QCD
degrees of freedom. From the hadron perspective, special attention has been devoted to the magnetic driven change of meson masses,
interactions as well as the relation of the topological cumulants with the chiral condensate in a magnetic background for infinite
as well as finite volume. It is found that light meson masses are influenced by the mixing between pseudoscalar, vector and axial
vector mesons induced by the magnetic field. Arguments to explore the quark-gluon structure using relatively low magnetic fields
have been presented by discussing the calculation of meson form factors in meson exchange processes. It was also shown that finite
volume corrections to thermodynamic observables and condensates in a magnetic background are substantial since magnetic effects
enter into the chiral perturbation theory description at the same order than finite size effects.

From the point of view of fundamental QCD degrees of freedom, the properties of hot and dense strongly interacting matter in a
very strong magnetic field have also been explored using pQCD. It is found that medium loop corrections are negligible, as compared
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to the free term, for very large magnetic fields and physical choices of the renormalization running scale. Also, possible effects of
the presence of a strong magnetic field at pre-equilibrium during a heavy-ion reaction have been studied in terms of the photon
production channel. It is shown that both the yield and v, get enhanced allowing for an extra contribution that could explain
the slight differences found when applying state-of-the-art descriptions to photon production in a relativistic heavy-ion collision
environment. Finally, the consequences of a non-uniform, but instead fluctuating field, such as the one that would be more likely
to be produced in physical situations, has been also explored. The presence of a noisy background modifies the particle propagators
and shows up as an energy-dependent effective index of refraction causing screening for charged fermions as well as the generation
of a photon/gluon mass.

The review discussed in this Part is clearly non-exhaustive, but it provides a picture of some of the state-of-the-art efforts
to explore the strong interaction using as a probe a magnetic field. Important aspects of these studies such as the properties of
screening masses and their relation to IMC [86,106,107,120,121,339], the enhancement of particle emission induced by a magnetic
background [340], effects on the Mott transition [53,341], among others, have not been explored but certainly constitute avenues
that promise to produce a clearer picture of the properties of strongly interacting matter probed by magnetic fields.

Part III. Anomalous transport and non-perturbative phenomena on and off the lattice
10. Introduction

Background electromagnetic fields source a variety of fascinating phenomena in non-Abelian quantum field theories like
Quantum Chromodynamics (QCD) or the electroweak theory. For the strong interactions, all characteristic non-perturbative features
of the QCD medium, like chiral symmetry breaking, confinement or topology, are affected by background fields in a substantial and
non-trivial manner. Topological effects in particular, when combined with background electromagnetic fields or vorticity, can lead
to novel transport phenomena. Due to the prominent role played by the axial anomaly for them, these are referred to as anomalous
transport phenomena and are also found to arise in various condensed matter physics systems. Similarly intricate non-perturbative
effects are generated by background fields in the electroweak theory.

In this Part, we discuss recent developments pertaining to the impact of background magnetic fields on non-perturbative phe-
nomena in the realm of QCD and the electroweak theory. A special emphasis is put on the study of anomalous transport phenomena
in QCD as well as on low-dimensional QED, relevant for certain condensed matter systems. Most of these effects are deeply
non-perturbative and require either first-principles lattice field theory simulations or effective approaches like hydrodynamics.

We begin the discussion with lattice QCD simulations of anomalous transport phenomena. In Section 11, the leading-order
conductivities are determined on the lattice for the chiral magnetic effect (CME) and the chiral separation effect (CSE) in equilibrium.
The CSE coefficient is observed to be strongly suppressed in the chiral symmetry broken region and to approach its perturbative
massless value as the temperature grows. In turn, the in-equilibrium CME coefficient is found to vanish for all temperatures.
The chiral separation effect is investigated for nonzero chemical potentials in two-color QCD in Section 12 in the presence of
heavy flavors. The latter are found to enhance the CSE conductivity and, simultaneously, also lead to a reduction of the electric
conductivity. This type of behavior is discussed in relation to the Kondo effect.

Next, novel anomalous transport phenomena are studied in a hydrodynamic approach in Section 13, highlighting their potential
phenomenological applications for various physical systems. Hydrodynamics is based on symmetries, while the quark-gluon plasma
generated in heavy-ion collisions, neutron stars and astrophysical plasma is subject to symmetry-breaking, e.g., due to the chiral
anomaly of QCD and strong external magnetic fields, which break parity and isotropy, respectively. Thus, in Section 13, the
construction of the proper hydrodynamic description of such systems is reviewed taking these broken symmetries into account,
which gives rise to novel hydrodynamic transport effects. One well-known hydrodynamic transport effect arising from the breaking
of parity in a strong magnetic field is the CME. Section 13 discusses this effect far away from equilibrium in a holographic model,
focusing on the dependence of the time-evolution of the CME currents on initial conditions.

Moving from the QCD setting to non-relativistic condensed matter systems, analogous anomalous transport phenomena can be
found. The discovery of Dirac and Weyl materials, in which the charge carriers obey a relativistic-like equation of motion, allowed
for close analogies between high energy and condensed matter phenomena. While materials of this kind in 3-space dimensions have
been successfully explored, presenting an Abelian version of the CME, in Section 14 the yet poorly explored (2+1)-dimensional case
is discussed. The motivation for considering these materials is presented and new analogies that include these systems are proposed.
As a specific example, a new Hall effect, whose construction was inspired by the symmetry patterns of the CME, is discussed in detail
for planar Weyl materials.

Besides anomalous transport effects, background magnetic fields affect further non-perturbative features of quantum field
theories. In Section 15, the QCD phase diagram is investigated at nonzero baryon density in the presence of magnetic fields. By
determining the fluctuations of conserved charged in this magnetized and dense environment, the equation of state of the system is
constructed. Magnetic fields are expected to affect the phase structure not just in QCD, but also in the electroweak theory. Section 16
reports about the latest developments in the study of a superconducting phase emerging for magnetic fields comparable to the
electroweak scale. This novel phase is found to involve inhomogeneous condensates of both W and Z bosons with a vortex structure
that has features of both fluids and solids. The transition between the normal and superconducting phases is found to be an analytic
crossover, which is followed, at a higher field, by another crossover to a symmetric phase with restored electroweak symmetry.
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11. Anomalous transport coefficients from lattice QCD
11.1. Introduction

Anomalous transport phenomena provide a very interesting testing ground for the properties of the QCD vacuum. The interplay
between electromagnetic fields and vorticities with quantum anomalies yields a wide variety of these transport effects, whose
properties have been subject of intense study in the last decades.

The most celebrated of these phenomena is the chiral magnetic effect (CME) [342], the generation of a vector current in the
presence of a magnetic field and chiral imbalance. Its possible existence is not only interesting from a purely theoretical point of
view, but it is also currently subject to an intense experimental effort. It was detected in condensed matter systems [343] and it is
actively searched for in heavy-ion collisions [344-346].

Another example of these effects is the chiral separation effect (CSE) [347,348], which corresponds to the existence of an axial
current in dense and magnetized matter. Although often regarded as a “dual” of CME, the equilibrium properties of these two
phenomena greatly differ, as it will be discussed in this work. Together, the CME and the CSE are expected to form the chiral
magnetic wave (CMW) [349], a collective excitation that would arise in these extreme environments.

The main objective of this work is to review the analytic calculation of the CME/CSE conductivities (precisely defined below) for
non-interacting fermions, highlighting the importance of proper UV regularization, as well as in comparison to lattice calculation
results. We also present the results for the conductivities in the presence of interactions using full lattice QCD simulations. A detailed
discussion of all these results can be found in [350,351]. For a recent review on lattice investigations of anomalous transport
phenomena and, in general, on effects of background electromagnetic fields in QCD, see [352].

11.2. Conductivities

Let us consider a system in the presence of a constant background magnetic field B, which without the loss of generality we
choose to point in the third spatial direction. We can define the charged vector and axial currents

ar T _ ar T _
J\?zg?fv/d4XWf(x)vaf(x)a JVQ5 =;?f ;/d“xwf(x)yvyswf(x), (11.1)

where f =u,d,s, ... labels the quark flavors and ¢, are the corresponding electric charges. Analogously, we can consider the baryon
vector and axial currents

1 T _ 1 T _
JVB =3 Z ;/d4xwf(x)vaf(x), J‘g =3 z V/d4x (X, rswp(x). (11.2)
S f

To parametrize the zeroth component of these currents (the density and the chiral density), we use chemical potentials, which can
either couple to the electric charge <, ySQ or to the baryon number 45, yf. In the following we consider the physically motivated
case of a charged vector current and a baryon chiral chemical potential for the CME, as well as a charged axial current and a baryon
chemical potential for the CSE.? For clarity, we drop these indices in the rest of the manuscript.

For studying both effects, we will consider the first coefficient in the Taylor expansion of the conductivities, i.e. the linear
response to weak B and us/u

(J3) = Comg Hs eB + 0(#;2, B, (11.3)
(J35) = Cesg eB + O, B). (11.4)

We will refer to Ceyp/Cesg interchangeably as conductivity coefficients or simply conductivities. We can study these coefficients
via derivatives of the currents with respect to the appropriate chemical potential

o(J
{J5) = Ceyp eB., (11.5)
Ops Hs5=!
9{J3s)
=35 = CegpeB. (11.6)
o e CSE

We note that the expectation values on the left-hand side are to be evaluated at zero u/us but finite magnetic field B. This enables
a lattice QCD study of Ccg, since simulations at finite chemical potential suffer from a sign problem. Using the analogous approach
when studying CME is motivated by the possibility of using the same ensembles and that although simulations at x5 # 0 are possible,
an implementation with staggered fermions is technically challenging [350].

To understand the precise nature of these effects in equilibrium, we present in the next section the study of Cey and Cegg for
a system of free fermions.

2 For non-interacting fermions, there is no ambiguity in the choice of any possible combination. However, in full QCD different combinations change the
result in the case of CSE [351], but not for CME [350]. In the different setups there is an overall factor C,,, which we use to rescale all our results (see [351]
for a more detailed discussion).
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11.3. Non-interacting fermions

The seminal paper [342] established CME as a non-dissipative, stationary effect, whose conductivity is fixed by the axial anomaly
and hence topologically protected. It was further argued that it would survive in an equilibrium setup, with the same conductivity
as the real-time effect. However in thermal equilibrium, the focus of our current investigation, Bloch’s theorem forbids the global
flow of conserved currents and so the Cgyp must vanish [353].° The role of UV regularization in the vanishing result has been
widely raised in the CME literature, see [355-359] and references therein. We will now also illustrate it by the calculation of Coyg
for a system of free fermions. In addition, we present an analogous calculation of Ccgr where we reproduce the known results for
this conductivity [347,348].

11.3.1. Analytic results
We consider one flavor of a colorless, non-interacting fermion of charge ¢ and mass m, in the presence of a constant and
homogeneous magnetic field B. We start our discussion with the calculation of C¢yy at 7 = 0, which accounts to the calculation of
the two-point function
9(J3)
Ops

-7 [ & [ @y @wnpeonomsio). a17)

H5=0
We regularize the UV behavior using the Pauli-Villars method (PV) in a textbook manner [360]. Unlike a momentum cutoff, this
regulator respects gauge invariance in QED, which turns out to be a very important ingredient in the study of the CME. We introduce
three new regulator fields with coefficients ¢, and masses my, reserving s = 0 for the physical field (with physical mass m). The
parameters are then
cg=c =1, ¢=c3=-1, (11.8)
m(2)=m2, m%=m2+2/\2, m§=m§=m2+/\2, (11.9)
with A — oo to be taken at the end of the calculation.
Using Wick’s theorem we can rewrite the right hand side of Eq. (11.7) to obtain

3
iT
Cemg 4B = ’7 Z ¢ / d4x/ d*yTr [y3SS(x, WrorsSs (v, x)] s (11.10)

where the PV fields are already taken into account under the sum over s, and .S, is the fermion propagator for the field s in a
homogeneous magnetic background. The latter reads [361]

4
8,(%,7) = D(x, ) / L0 -iren 3, p). 1.1
Qr)*

Here

@(x,y) = exp [igB(x) + y))(x2 — 12)/2] , (11.12)
is the Schwinger phase, and

S i elB)

S.(p) :/ dze'# P07 g Nl [f+ my + (P17, — pyyy) tan(zgB)| [1 — v 7, tan(zgB)| . (11.13)

0

Carrying out the traces we obtain

3
CCMEqB:—4Z /(2”)4/ dz, dz, e'(71+72)(170—m -r3) (m _po p3)
5=0

2

[tan (z| gB)+tan (z34B)] [

e tan(z,¢B) + tan(z,¢B)| . (11.14)

Now we Wick rotate the momentum components p, = ip, and the Schwinger parameters iz, = Z, ,iz, = Z,. The momenta integrals
are simple Gaussians, and evaluating them factorizes the magnetic field dependence, uncovering an explicitly linear behavior in B.
The formula is simplified to

3

. d d —m2(Zl+ZZ)
C, = — VA Z . 11.15
CMESZO42/ 1/ 27 vz, ( )
Performing the integrals, we arrive at
| 3
Come = 73 Zocs =0. (11.16)
o

3 Notice that Bloch’s theorem allows local currents to flow, which have been discussed very recently in [354].
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Fig. 11.1. Leading coefficient in the CSE conductivity for non-interacting fermions as a function of m/T.

In this expression, the relevance of the regulator is clear. The PV fields cancel the contribution from the physical field, yielding a
vanishing Ccyg in equilibrium.

It is straightforward to generalize this calculation to finite temperatures 7, replacing the frequency component of the integral
by a sum over fermionic Matsubara frequencies

/ - 11.17)

n—foo

while also replacing p, — iw, = i2zT(n+ 1/2) in S,(p). This does not change the result for Ceyy, showing that the current vanishes
for temperature independently.
An analogous calculation for Ccg; leads, however, to a non-vanishing result. We start from

9(J35)
ou

= § / d*x / d*y (F)row T D)rarsw()) - (11.18)

Now

CespqB = 41 ¢ TZ/ (2”)3/ dz, dz, o 1Z1+22)(= w2—m —p;) (mz —w +p3)
5s=0

12
th

tan(@aBran @400 [an(z,qB) + tan(z,4 B)] - (11.19)

The p, , integrals can be carried out and the expression simplifies to

3 oo ©
1 i el em2—p?
Cese = 52 ZOCST 2/ dp3/0 dz, dz, e "G1¥=)C@=ms=ry) (m} -2 +p3) . (11.20)
5= n <=0

allowing the evaluation of the z; and z, integrals as well. We find

3
1 m —CU +p
Cesg=—55 2.¢T Z / dps = (11.21)
2r =0 n=—co 0)2 + p + mz)
The Matsubara sum then evaluates to
3 (s)
1 d”F(E )
Cese==55 Z / dp; —=— o (11.22)

where np(x) = (e¥/T + 1)~! is the Fermi-Dirac distribution and E(Y) \/ p% + mf. The derivative of the Fermi-Dirac distribution

vanishes for infinite masses, therefore only the s = 0, physical term remains from the sum over PV fields,

dn (E) o -
CCSE———/ py ——2 271[2/0 dps [1+cosh(\/p§+(m/T)2)] : (11.23)

We plot the result of the integral in Fig. 11.1, which shows that Ccg is a non-trivial function of m/T. Note that Bloch’s theorem
does not forbid the existence of CSE, since the axial current is not conserved due to the finite mass and the chiral anomaly.
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Fig. 11.2. Lattice spacing dependence of the CME (left panel) and the CSE (right panel) coefficients for non-interacting fermions. Besides the
correct, conserved vector currents, we also use a local, non-conserved current for Wilson quarks — this gives an unphysical result for both effects.
A comparison to the quenched study [365], which used a non-conserved vector current for the CME, is also included.

11.3.2. Lattice results

With these analytical results at hand, we now turn to the lattice formulation. First of all, we check the results in the non-
interacting case to benchmark our lattice setup. For a detailed discussion on the lattice observables and the definition of the currents,
see [350,351]. For free fermions we use two distinct discretizations: Wilson and staggered quarks. In both formulations it is possible
to define vector and axial currents which fulfill the Ward identities (see [362] for staggered and [363] for Wilson), which are
point-split, meaning that they connect fermions at nearest neighbor sites.

For comparison, in the Wilson formulation it is also possible to define a local vector current, involving fermion fields at the same
point, which however is not conserved on the lattice.

Nevertheless, it is commonly used in the study of hadron properties, since it has the correct quantum numbers. It was also used
to study CME with Wilson fermions in QCD and in the quenched approximation [364,365], obtaining Ccyp # 0. It is therefore
important to study the effect of using the non-conserved current, in order to clarify its role in the non-vanishing CME result.

On the lattice, the coefficients are obtained by calculating the expectation values (11.5) and (11.6) at different values of eB,
and then performing a linear fit. The slope of the fit (rescaled by the appropriate factor accounting for the charges of different
flavors) corresponds to the desired conductivities. In Fig. 11.2, we show the results for Coyp and Ceg for free fermions with a mass
of m/T = 4. The calculation is performed on a four-dimensional lattice with N spatial points and N, temporal points, with a the
lattice spacing. The spatial volume is V = L3 = (aN,)? and the temperature is T = (aN,)"!.

On the left panel of Fig. 11.2, we can see the results for the CME. Both Wilson and staggered fermions, when using a conserved
vector current, yield a vanishing Cgyg. This is in agreement with the arguments presented earlier, since the Euclidean lattice
formulation is inherently in equilibrium and uses a gauge invariant regularization. However, when a local vector current is used
with Wilson fermions, the continuum limit deviates from zero, which is an indication that the Cy # 0 in [365] is very likely linked
to the use of a non-conserved vector current. In particular our free results suggestively approach the continuum limit estimation
of [365] in the quenched theory.

It is important to emphasize at this point that the absence of the CME is not due to the lack of chirality in the system. It can
be shown, both analytically and on the lattice, that the axial susceptibility, which corresponds to the linear response of the chiral
density to a weak us, is not vanishing [350].

The right panel of Fig. 11.2 shows the result for the CSE. Similarly to the CME, when the appropriate currents are used, the
results in the continuum limit using either discretization agree with eq. 11.1 for m/T = 4, while the non-conserved Wilson current
shows a deviation. The same behavior was found for other values of m/T.

From these results we learn the importance of using the proper discretization of the current on the lattice, as well as a positive
cross-check of our setup. This enables us to proceed to the full QCD — this is what we discuss next.

11.4. Results

11.4.1. Quenched theory

We now present the results on how interactions affect the CME and the CSE. We start with an intermediate step: the quenched
theory. This setup is not only less computationally challenging, but also enables a direct comparison with existing lattice studies of
these effects in the literature.

We perform simulations with Wilson and staggered fermions as valence quarks, while the configurations are generated using
the plaquette action (these configurations were already used in [29,119]). The pion mass is tuned to be M, ~ 415 MeV in the
staggered case, while for Wilson fermions we use M, ~ 710 MeV. The latter is to best compare to the CME study [365]. Besides
zero temperature simulations we do a temperature scan in the range from 260 MeV to 520 MeV.
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Fig. 11.3. Lattice spacing dependence of the CME coefficient in quenched QCD, using conserved (blue) and non-conserved (black) vector currents,
including a comparison to [365].
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Fig. 11.4. Left panel: continuum extrapolation of the CME coefficient in full QCD [350]. Right panel: continuum extrapolation of the CSE
coefficient in full QCD, with a comparison to a model involving a free gas of p and X* hadrons at low temperature [351].

In our setup, Ccyr Was found to be zero in the whole range of temperatures, see [350] for details. This is a first confirmation
that interactions do not affect the arguments presented before, and will be further reinforced by the results in dynamical QCD.

However, there is another important aspect that can be studied. As already mentioned, we can directly compare our setup with
the one used in [365], where the vector current was directly measured at finite B and pu5. We show the comparison in Fig. 11.3.
As it can be seen, when a non-conserved vector current is used in our setup, we reproduce the results from [365], deviating from
zero. However, when a conserved current is used, Ccy vanishes. We conclude that the Cgyg # O result is just an artifact of using a
local vector current, and it shows the importance of using the appropriate discretization of currents to study anomalous transport
effects on the lattice.

For the quenched study of the CSE, there is a subtlety related to the effect of non-trivial Polyakov loop sectors, see [351] for
details. Once this is taken into account, the conductivity was found to be suppressed at low temperatures and approach the value
corresponding to the free massless fermion value for high T. The latter behavior is to be expected due to asymptotic freedom, and
is in qualitative agreement with a quenched study with overlap fermions with massless valence quarks [366].

11.4.2. Full QCD

In this last subsection we summarize our results for full dynamical QCD using 2+ 1 flavors of stout-improved staggered fermions
with physical quark masses. The conductivities are calculated for a wide range of temperatures, from 7' ~ 0 MeV to 400 MeV.

In the left panel of Fig. 11.4 we present the results for the CME. The coefficient vanishes within errors for all temperatures,
which confirms the arguments presented throughout this work about the absence of the Cqyy; in thermal equilibrium, generalizing
it to QCD. Analogously to the case of free fermions, we can again show that the zero value of CME is not due to the absence of
chirality in the system — the axial susceptibility in full QCD is also non-zero, just like in the free case. In particular, this observable
shows a gradual increase around the crossover temperature 7, towards the free massless value for high T [350].

Finally, we present the results for Cegg in the right panel of Fig. 11.4. Unlike Cgyg, it shows a highly non-trivial structure in
equilibrium. Ccgg is highly suppressed at low T, with a sharp increase around the chiral transition temperature, approaching the
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analytical value for free fermions Ccgp(m/T = 0) = 1/27” at high temperatures [351]. The suppression at low T is in agreement
with a two-color QCD study [367], and it can be further cross-checked with a hadron resonance gas type calculation. The results
are also in qualitative agreement with the recent results obtained using holographic QCD [368].

11.5. Summary and outlook

In this section, we have studied the equilibrium aspects of two anomalous transport phenomena, the chiral magnetic effect and
the chiral separation effect. We have shown an analytic calculation of the conductivity for these effects, pointing out the importance
of UV regularization. While the CSE shows a non-trivial behavior as a function of m/T even in thermal equilibrium, the CME may
only be present out-of-equilibrium. We cross-checked these results with a lattice evaluation with Wilson and staggered fermions,
which showed complete agreement with the analytical results if the appropriate discretization of currents was used. The latter turns
out to be the most crucial aspect of the simulation.

We then discussed interacting lattice QCD results, in the quenched approximation and in the full dynamical theory. In the
quenched theory for the CME, we were able to directly compare to the simulations of [365], where a non-zero result for Ceyg
was obtained, and show that the reason behind this is the use of a non-conserved vector current on the lattice. If a conserved one is
used, the CME vanishes within errors for all temperatures. In turn, the CSE conductivity was found to be suppressed at low T and
approach the free massless fermion limit of Cegg at high T'.

These results from the quenched theory are confirmed in full dynamical QCD with staggered fermions tuned to the physical
point, where the CME was found to vanish for a wide range of temperatures. Regarding the CSE, its conductivity vanishes for
temperatures lower than the crossover temperature, with a sharp increase over it, finally approaching the non-interacting massless
fermion limit. Although directly detecting Ccgr in experiments is very challenging since it amounts to an axial current, the structure
of the temperature dependence of the conductivity could play a role in the detection of the chiral magnetic wave.

An important open question is the out-of-equilibrium behavior of Cgy;; in QCD [369,370]. Lattice QCD simulations do not have
direct access to real-time properties, since only Euclidean correlators can be calculated. However, it is possible to learn about
these properties by inferring the spectral function from the Euclidean correlator [371] through spectral reconstruction. This is a
mathematically ill-posed problem and therefore a complicated and delicate procedure, where small uncertainties in the original
correlator may impact the final result substantially. However, there is a wide variety of tools that alleviate the difficulties of this
problem. As an outlook, we plan to use spectral reconstruction methods to calculate the out-of-equilibrium Cgyg in QCD, which
promises a deeper understanding of the effect of interactions for the CME.

12. Enhancement of Chiral separation effect due to heavy quark flavors: A signature of QCD Kondo effect?
12.1. Introduction

As anomalous transport phenomena became the subject of intense theoretical research in the past decades, it was quickly realized
that the CSE can get both perturbative [372] and non-perturbative [373,374] corrections in Quantum Chromodynamics (QCD)
and Quantum Electrodynamics (QED) where interactions between fermions are mediated by gauge bosons. In view of potential
experimental detection, in particular, in the data obtained during the RHIC isobar run [346], it becomes important to quantify the
strength of possible corrections to CSE in QCD. Currently, the only way to quantify such corrections entirely from first principles is
provided by lattice gauge theory simulations.

CSE is particularly suitable for lattice gauge theory simulations, as it exists in a state of thermal equilibrium and involves only
well-defined lattice observables. The Chiral Vortical Effect (CVE) is another anomalous transport phenomenon which exists in a
thermal equilibrium state. However, lattice signatures of CVE involve expectation values of the energy—-momentum tensor [375,376],
which is one of the most challenging quantities to define and measure on the lattice. In contrast, the Chiral Magnetic Effect (CME)
is known to vanish in thermal equilibrium state [356], which makes it conceptually difficult to simulate CME on the lattice.

A particular challenge for studying CSE in first-principle lattice QCD simulations is the infamous fermionic sign problem at
finite baryon density u, which is necessary for the CSE to exist. For this reason, first lattice studies of CSE [366] were performed
in quenched SU (3) lattice gauge theory with overlap valence quarks, where no statistically significant deviations from free quark
result were found on both sides of the confinement-deconfinement transition.

The next step is to consider CSE in one of the QCD-like gauge theories where the fermionic sign problem is absent due to some
special symmetry, like SU (2) gauge theory with N, = 2 light dynamical quarks. However, background magnetic field breaks the
time-reversal invariance which ensures the positive-definiteness of path integral weight in SU (2) gauge theory. This does not allow
to study CSE in simulations with finite background magnetic field, as in [366]. A way to resolve this difficulty is to use the linear
response approximation and expand the expectation value of electric current in powers of magnetic field. While this expansion does
not work for uniform magnetic fields by virtue of total flux quantization in a finite volume, one can consider magnetic fields with
nonzero wavelength k and zero total flux. This leads to the following Kubo formula for the CSE coefficient Cogp (u, T) [3771:

(55 (1) 77 (=13))
Cese (u.T.p3) = ——————.
H D3

The expectation value in this formula is taken with respect to the thermal equilibrium state without background magnetic field.
J 1Q5 (p;) and JZQ (—p3) are the Fourier transforms of the local axial and vector current densities defined in (11.1) with momentum

(12.1)
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that is directed along the 3rd (z) coordinate axis (that is, the other components p, and p, are equal to zero). The relevant limit for
hydrodynamical description of CSE is p; — 0.

The Kubo formula (12.1) was used in [367] to study CSE in finite-density SU(2) LGT with dynamical quarks. In this work, a
suppression of the CSE response was found at low temperatures and densities. Phenomenologically, this suppression can be described
by the formula Cogp (4, T) ~ JOQ (4, T) [ u, where JOQ (u, T) is the electric charge density induced by finite chemical potential u [374].

Subsequent effort to measure CSE in full lattice QCD simulations with SU (3) used linear expansion in the chemical potential u
in fixed background magnetic field B to circumvent the fermionic sign problem [351,378], confirming the suppression of CSE at
low temperatures.

12.2. CSE and the QCD Kondo effect

The suppression of anomalous transport phenomena in low-temperature QCD makes perfect sense, as non-Abelian gauge fields
tend to confine chiral fermions, thus preventing them from participating in collective transport responses. This common-sense
expectation makes it particularly exciting to find physical mechanisms that could actually enhance anomalous transport responses.

In this section we demonstrate one such mechanism related to the presence of heavy quarks. As demonstrated in [379,380], the
amplitude of scattering of light quarks off heavy quarks of mass m, is enhanced as log (mQ) in the vicinity of the Fermi surface of
light quarks. This phenomenon is analogous to Kondo effect in condensed matter physics, and has been termed “the QCD Kondo
effect”. The enhancement of heavy-light quark interactions near the Fermi surface leads to the formation of the Kondo condensate
(¥ ), where ¥ is the heavy quark field and y stands for light quarks [381]. At the mean-field level, this effect can be described
by an additional term in the Lagrangian [382]:

p
c —>E+A<l/_/'f’+l[_/y”ﬁ'f’>. (12.2)
p

This additional coupling between heavy and light quarks induces a divergence of the density of states of the light quarks y in the
vicinity of the Fermi surface [382]. The dominant contribution to the axial-vector current—current correlator (12.1) comes from
momenta in the vicinity of the Fermi surface (see Fig. 1 in [356]), thus an enhanced density of states in this region due to the
Kondo effect is likely to lead to an enhancement of the Chiral Separation Effect. This is precisely what was found in the mean-field
calculation in [382].

12.3. Lattice setup: SU (2) lattice gauge theory with N, = 2 + 1 light and heavy quark flavors

A beautiful mean-field prediction for the enhancement of the CSE response due to the presence of heavy quarks clearly calls
for a first-principle check in lattice gauge theory simulations. Since the full lattice QCD with SU (3) gauge group suffers from the
fermionic sign problem at finite chemical potential 4, in this Contribution we study the enhancement of CSE in SU (2) lattice gauge
theory with N, =2 + 1 light and heavy quark flavors.

In our study we use gauge field configurations generated using the standard HMC algorithm with N, = 2 mass-degenerate rooted
staggered fermions (with bare mass mf,’”g = 0.005), one extra flavor of heavy rooted staggered fermion, and a tree-level improved
Symanzik gauge action. We use ensembles with heavy fermion masses equal to amy = 1, amg = 0.5 and amg = 0.2, with numbers of
gauge configurations ranging from 200 to 1000. We use lattices with spatial size L, = 24 and variable temporal sizes ranging between
L, =10 and L, = 22. We work at fixed gauge coupling f = 1.7 and hence at fixed lattice spacing (which we do not determine),
changing the temperature by changing L,. The chiral crossover occurs at L, ~ 16. Overall, our lattice setup is similar to the one
used in the works [367,383].

To ensure the absence of fermionic sign problem because of the extra heavy flavor, chemical potential is only introduced for
light flavors. This is justified because, physically, only the existence of the Fermi surface for light quarks is crucial for the Kondo
effect. Furthermore, because of large quark masses, heavy flavors are much less sensitive to chemical potential.

For valence quarks, we use Wilson-Dirac fermions with HYP-smeared gauge links [384]. The main reason to use Wilson-Dirac
valence quarks is that the axial current operator entering (12.1) is easy to implement. We use the conventional point-split definition
of the axial current, introduced in [385], as well as the conserved lattice vector current operator.

The Wilson-Dirac bare mass for light flavors is tuned to my, , = —0.21 to achieve the same pion mass m, ~ 0.16 as for staggered
quarks that are used as sea quarks. The p-meson mass on the same ensemble is approximately m, ~ 0.4, thus our pion mass is still
quite large. On the other hand, large m, ensures the smallness of finite-volume artifacts on our moderately large lattices.

In order to work in the QCD-like regime of the SU (2) lattice gauge theory, we work at a small value of the chemical potential
ap =0.05 < am, /2. The reason to use such a small value is that at 4 > m_/2 the theory enters the diquark condensation regime,
where physics is quite different.

12.4. CSE enhancement in N, =2+ 1 SU (2) gauge theory

As in the work [367], we use the axial-vector current—current correlator (12.1) at finite momentum p; to extract the momentum-
dependent CSE coefficients o¢gp (4, T, mg, p3). It is important to stress that we only consider the contribution of light quarks into
this correlator, in order to isolate the trivial enhancement of CSE due to increased number of flavors from the nontrivial physics

that might be associated with the Kondo effect.

67



P. Adhikari et al. Progress in Particle and Nuclear Physics 146 (2026) 104199

4
4
5 3l Free quarks 1 Free quarks
- — N=2 S — N=2
< 3 —amg=1L1
62, 13 _amQ=O.5
g € - —amg=0.2
= =
2 2
@ 1F 1640
S st
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0
k, k,
(a) Ly =14 (b) Ly =22
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Fig. 12.2. Heavy quark mass dependence of electric conductivity and chiral condensate.

The lattice results for o¢gx (4. T, mg. p;) are shown on Fig. 12.1 for different values of the heavy quark mass. We use two values
of temperature above and below the chiral crossover temperature which corresponds to temporal lattice size L, ~ 1 (aT,) ~ 16. For
comparison, we also present the free-quark result obtained on the same lattice and the same fermion action (with bare Wilson-Dirac
mass my, , = 0.005), as well as numerical results for N ;=2 light flavors taken from [367]. The latter results formally correspond
to the limit my — +00, where heavy quarks completely decouple.

At the temperature 1/ (aT) = L, = 14 (left plot on Fig. 12.1), the presence of heavy quarks results in just a minor modification
of the CSE transport coefficient, although the trend towards enhancement is already visible. More or less all lattice results are
reasonably close to the corresponding free quark result.

On the other hand, at the lower temperature 1/ (aT) = L, = 22 (left plot on Fig. 12.1), CSE enhancement becomes obvious, and
the addition of heavy quark with bare mass amy = 0.2 changes the low-momentum limit of oy (.7, mg. p;) by almost a factor
of two in comparison with the result for two light flavors (blue line/data points). However, we never observe an enhancement that
would go beyond the corresponding free-fermion result.

One possible explanation for CSE enhancement is that adding more quark flavors drives the theory away from the confining
regime with spontaneous chiral symmetry breaking. We check to what extent is the chiral symmetry breaking for light quarks
because of the presence of heavy quarks, on Fig. 12.2(a) we also present lattice results for the chiral condensate of light quarks,
Wy, at different heavy quark masses and different temperatures. We indeed see that the chiral condensate decreases as the heavy
quark mass goes down and they influence the dynamics more and more. However, this effect is not very large. For example, for
1/(aT) = L, = 22 and mgp = 0.2, the chiral condensate is only around 25% smaller than for the two-flavor case (my — +0).
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This has to be compared with a factor of two increase in the CSE transport coefficient o g5. It seems therefore that the relatively
mild tendency towards restoration of spontaneously broken chiral symmetry with more quark flavors cannot explain much more
significant increase of the CSE response.

A paradigmatic signature of the Kondo effect in condensed matter physics is a non-monotonous dependence of the electric DC
conductivity ¢ on temperature, expressed by the famous formula [386]

ﬁ = 61—0+aT2+cmlog(T‘1)+bT5. 12.3)
While the b T term is related to electron-phonon interactions, the first three terms are universal and from the Fermi liquid behavior
of fermion degrees of freedom. This formula predicts a maximum of electric conductivity (equivalently, a minimum of resistivity) at
some intermediate temperature. Similar results were also obtained in the context of QCD Kondo effect using renormalization group
techniques [387].

In order to check whether we can observe such a non-monotonous dependence of conductivity on temperature, we also calculated
electric conductivity for our ensemble of gauge configurations. To this end we calculated Euclidean correlators of vector currents
(again, considering only the light quark contributions) and using the Backus-Gilbert algorithm to extract conductivity, as in [383].

Our results for the DC limit of electric conductivity are shown on Fig. 12.2(b). We only observe a monotonous decrease of ¢ (T')
towards lower temperatures, without any statistically significant dependence on the heavy quark mass.

12.5. Discussion and conclusions

Our lattice results qualitatively confirm the enhancement of the CSE response in the low-temperature regime in the presence
of heavy quarks, first predicted in the mean-field approximation in [382]. However, a complementary study of the temperature
dependence of electric conductivity, which is a “smoking gun” for Kondo physics, suggests that we are not in the Kondo regime yet.
In particular, the value of the chemical potential a 4 = 0.05 used in our study may be too small for the formation of a well-defined
Fermi surface. This is definitely true in the free quark case, where only the few lowest discrete lattice momenta k; = - would
contribute to the would-be Kondo effect. However, the fact that we do observe a significant enhancement of CSE in the presence of
heavy quarks suggests that the mechanism of this enhancement may be even more general than the Kondo effect as such.

Two ways to reach the true Kondo regime for SU (2) lattice gauge theory would be:

+ To use very large spatial lattice sizes L, where there would be sufficiently many discrete lattice momenta within the Fermi
surface e (p) < u. If we want to stay in the QCD-like phase of SU (2) lattice gauge theory with y < m_ /2, L, should be of the
order of few hundred sites, which is unfeasible with currently available computational resources.

+ To use very large values of y > m, /2. Even though such large values are in the diquark condensation phase, Fermi surface can
still be formed [388,389]. There are good reasons to expect that this weak-coupling, low-temperature, high-density regime
should be similar in both SU (2) gauge theory and in full QCD. This direction seems more promising for future exploration.

Another important feature of the Kondo effect is that formally the Kondo coupling is enhanced towards heavier fermions
log (mg) [386]. However, in lattice QCD simulations of the grand canonical ensemble the density of heavy fermions is suppressed
as e"#"o, which is a much stronger factor. Qualitatively, this explains why in our case the CSE response increases towards smaller
mg. A cleaner way to study Kondo physics as such would be simulations of the canonical ensemble with fixed density of heavy
quarks, rather than at fixed chemical potential [390]. In the limit of my — +o0, heavy quarks can also be introduced as insertions
of Polyakov loops in lattice observables. We leave these refinements for future work.

Experimentally, the enhancement of CSE in the presence of heavy quarks can be used to construct refined experimental probes,
where signatures of CSE or the closely related Chiral Magnetic Wave/electric quadrupole moment [391] would be correlated with
the abundance of heavy mesons or baryons (e.g. charmonium/bottomonium).

13. Novel hydrodynamic transport coefficients in extreme magnetic fields & the CME far from equilibrium
13.1. Introduction

Relativistic hydrodynamics is a state-of-the art framework for describing plasmas generated in heavy-ion collisions [392],
astrophysical plasmas [393,394], and neutron star mergers [395,396]. Hydrodynamics is based on the symmetries of the system to
be described, in particular, standard hydrodynamics assumes parity-invariance and spatial isotropy. However, it is experimentally
established [397,398] that the chiral anomaly of QCD, responsible for the fast pion decay, breaks the parity invariance [399,400].
In addition, strong magnetic fields, B, of leading order in the hydrodynamic derivative expansion (yet small compared to the
temperature scale T, i.e. B < T?) break spatial isotropy. Consequently, the hydrodynamic description of QCD-plasma subject to
strong magnetic fields needs to be constructed under these restricted symmetry constraints (anisotropy and parity-violation).

As a major result, novel transport effects arise [401-404]. Among those novel coefficients there is the non-dissipative shear-
induced Hall conductivity [404]. This coefficient measures the response of a charge current (for example, in x-direction) to a shear
in the fluid velocity perpendicular to it (for example, in the (y,z)-plane), see Fig. 13.1. There are also novel susceptibilities in
equilibrium, for example, the perpendicular magnetic vorticity susceptibility [404], which measures the shift in the equilibrium energy
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Fig. 13.1. Parity-violating transport effects arising in strong magnetic fields: the shear-induced Hall current is a novel effect requiring strong
magnetic fields, just like the novel energy/pressure shift induced by a strong vortical magnetic field in equilibrium. The chiral magnetic effect
(CME) already appears at weak and persists at strong magnetic fields. All three depicted transport effects require a nonzero chemical potential in
addition to parity-violation and strong magnetic field. There are 27 transport coefficients with Kubo formulae derived in [404]. For the definition

of equilibrium energy and pressure functions, €eq and Pegs> S€ [404].

density and pressure when the plasma is subject to a vortical magnetic field, see Fig. 13.1. How these novel effects are derived and
interpreted is outlined in Section 13.2, see [404] for a detailed interpretation.

Another major result due to the anisotropy is that known transport coefficients such as the shear viscosity take distinct
values along the plane containing the magnetic field (parallel) versus the plane perpendicular to it [404,405]. At large magnetic
fields, the parallel shear viscosity divided by the entropy density can drop below the holographic KSS value [406] and can
even vanish [404,405]. Remarkably, transport coefficients known from 2+1-dimensional systems, such as Hall viscosities, emerge
due to anisotropy [404]. These altered shear and Hall viscosities can affect the evolution of elliptic flow and thus may have
phenomenological consequences, since analyses like [407] need to be refined.

One transport process arising from parity-violation through the chiral anomaly already at weak magnetic fields, i.e. at sub-
leading order in the hydrodynamics gradient expansion, is the chiral magnetic effect (CME) [408-411]. This effect at strong
magnetic fields appears at leading order in the derivative expansion. Thus, the CME at strong magnetic fields potentially becomes
an equilibrium phenomenon under particular conditions which are explained in the main text. The CME predicts an electric charge
current in response to an external magnetic field in presence of an axial charge imbalance [410,411], see Fig. 13.1. The CME
was experimentally verified in Weyl semi-metals, see for example [343], while results from heavy-ion experiments are being
debated [346]. Two major insights into the CME stemming from holographic plasma are (i) the rigorous time evolution of charged
plasma states in magnetic fields [412-417], see Section 13.3, and (ii) the dynamical generation of axial charge imbalance [418].

13.2. Novel transport coefficients in extreme magnetic fields from chiral hydrodynamics [404]

Hydrodynamic constitutive relations can be derived either from a generating functional [401,419-427] or constructed di-
rectly [428,429]. For the chiral hydrodynamic constitutive relations, a hybrid approach turns out to be most efficient, deriving
their equilibrium part from a generating functional and constructing their non-equilibrium part directly.

Equilibrium generating functional & constitutive relations. Considering hydrodynamics as an effective field theory, one notes that
the hydrodynamic framework is constrained by the existence of an equilibrium generating functional. For systems with finite
correlation lengths that are in equilibrium, and with sources that vary on length scales much larger than the correlation length,
the generating functional W, = —iln Z[g, A] is a local functional of the Killing vector V and the sources [419,420]. The generating
functional can then be expanded in a derivative expansion. The traditional zero derivative terms are the temperature 7', fluid
velocity u# and chemical potential u, which can all be written in terms of the Killing vector V' and the external sources A and
g. In addition, for systems in strong magnetic fields B# = le“W’"uVFpa, one can take B* and B*> = B*B"g,, to be order zero in
derivatives [401,402,404]. In this case, the generating functional contains corrections at first order in the derivative expansion,
w,> [ d4x\/—_gM,,(T, u, B?)s, where M, are thermodynamic susceptibilities and s, are scalars containing only one derivative and
that do not vanish in equilibrium such as B*9, (?—j) and e/"?°F, F,;, see table 1 of [404].

The equilibrium constitutive relations which relate the one point functions of the stress energy tensor 7#* and the current J# to
the hydrodynamic variables can be derived by varying the equilibrium generating functional with respect to the sources, and they
depend on the susceptibilities. For example,

pressure ~ T"(g,, +u,u,) ~ Mye,, ,, B,u,0,B;, energy ~T"u,u, ~ Mye,,,, B,u,0,B;, 13.1)

indicates that there is an equilibrium response, a shift in the energy and pressure, to a non-uniform magnetic field.

The chiral anomaly. For systems with a chiral anomaly, the generating functional is not gauge invariant,
8 Weons = % / d4x\/§ae”V”"Fﬂvag, where C is the anomaly coefficient.* The consistent current found by varying the generating

4 For simplicity, a microscopic theory with one single anomalous U (1)-symmetry is considered here.
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functional W,,,, with respect to the sources is not gauge invariant, so it is useful to work with a covariant current J%, =
Jh s — éCe"V/"’AVF,m. Expanding the generating functional order by order in derivatives, and varying it with respect to the sources
we find the equilibrium constitutive relations for fluids with a chiral anomaly

TH = TH + opu* QY + vpgu B, T =T/ +0Q" +vgB. (13.2)
In the above, T/* and J! are the equilibrium stress tensor and current for a system without an anomaly, and
U=UTB=%M2+CIT2, vg=Cu, vT=§u3+2c1T2;4, (13.3)

are the chiral transport coefficients. The chiral magnetic conductivity v parametrizes the response of the current to a magnetic
field (the CME, see Fig. 13.1), the chiral vortical heat conductivity v; the response of the heat current to the fluid vorticity, and
the chiral vortical conductivity v = vy the response of the current to the fluid vorticity, and of the heat current to a magnetic
field. The coefficient ¢, is related to the mixed gauge-gravitational anomaly [430], and there is an additional coefficient ¢, [404]
(it vanishes for CPT invariant systems), which is set to zero in this section.

Equilibrium Kubo formulae. Varying the equilibrium constitutive relations twice with respect to the sources we find the static Kubo
formulae for thermodynamic coefficients. For example, for k = k.2, and a magnetic field B = B,z

(T*(RTY(-K)) = =2 B} Myk, . (J*(K)JY(-K)) ~ —ivgk, . (13.4)

Note that Eq. (13.4) together with Eq. (13.3) implies that the chiral magnetic effect can manifest itself on the level of two-point
functions in an inhomogeneous equilibrium state in presence of a strong magnetic field. This is because the factor of momentum
k, (after a Fourier transform) stems from a spatial derivative acting on the chemical potential x. Thus, in momentum space one
obtains (J*(k,)J¥(—k,)) ~ —iCpuk,, if an equilibrium state with inhomogeneous u(x) is subject to a magnetic field of zeroth order in
the derivative expansion. In agreement with this, there are restrictions imposed by the generalized Bloch theorem [353] in the case
of homogeneous states, i.e. when the chemical potential does not depend on spatial coordinates. In such cases, lattice computations
involving massive fermions, like those in Section 11, report not to find any CME in equilibrium states [350], see this topic reviewed
in [352]. In summary, an equilibrium CME is not possible in homogeneous states, but it would be possible if an inhomogeneous
state with a spatially dependent chemical potential could be prepared in equilibrium.

Out-of-equilibrium constitutive relations. The non-equilibrium terms in the constitutive relations can be constrained by symmetry
arguments.® For a relativistic fluid in strong magnetic fields, there are 14 independent hydrodynamic transport coefficients, 10 of
which are dissipative and 4 are non-dissipative. An example of a non-dissipative transport coefficient is the novel shear-induced Hall
conductivity 65 (a dissipative one is the novel shear-induced conductivity c5),°

JH~oyZH 4554, 3H= (A" - B'B'/B*)0,, B’ /VB2, 3H=e"u,B 3 [V B (13.5)
where o#v = A AVP (Vauﬂ + Vg — §gaﬂv~u) is the fluid shear tensor and A*¥ = g#¥ + utu".

Hydrodynamic Kubo formulae. Finding the Kubo formulae for the hydrodynamic transport coefficients requires solving the linearized
hydrodynamic equations. For example, for a magnetic field B = BjZ, one finds [404]

lim L Im G @,k = 0) ~ 05, lim - Im Goegye (0, k = 0) ~ 65.. (13.6)
=0 @ =0 @

Eigenmodes. With the hydrodynamic equations and the constitutive relations, one can study the eigenmodes of small perturbations

around equilibrium [404]. For example, for momenta k||B, we find two “sound” waves and the chiral magnetic wave

il
w=v.k——k°, w=vyk—i . .
k= =k ok — iDyk* (13.7)

The velocities v, and v, and damping coefficients I', and D, depend on the transport coefficients in the constitutive relations.
Remarkably, the chiral magnetic wave only propagates when there is an anomaly, i.e., v, « C, and the “sound” waves propagate at
different speeds depending on the direction they travel in, ie., |[v, —v_| < C.

Physics of transport coefficients. The hydrodynamic framework described above uncovers 14 non-equilibrium transport coefficients
(5 more are related through Onsager relations), 4 chiral transport coefficients and 5 thermodynamic transport coefficients [404]. An
example of a thermodynamic transport coefficient is the magnetic vortical susceptibility M, appearing in Eq. (13.1). It parametrizes
the response of the energy and pressure to a non-uniform magnetic field, see Fig. 13.1. It also parametrizes the shear response
to a non-zero Poynting vector B x E. For example, for B = Byz and E = E;¥y, there is a shear term T** ~ ’)aﬁB(z)EO. The chiral
conductivities are completely fixed in terms of the anomaly coefficients C and ¢, see Eq. (13.3). They parametrize the response
of the charge current and heat current to a magnetic field and fluid vorticity (see Eq. (13.2)), and are essential for propagation of

5 It is possible to formulate a non-equilibrium generating functional which sources the non-equilibrium constitutive relations [401,419-427]. However, doing
so significantly increases the complexity of the formalism so we approach the non-equilibrium terms with the standard phenomenological approach [428,429]
for simplicity.

6 The shear-induced conductivity is labeled ¢; and the shear-induced Hall conductivity is labeled c,, in [404].

71



10

P. Adhikari et al. Progress in Particle and Nuclear Physics 146 (2026) 104199
o (yTp 8 0 02 + 1224 2078 + 3404 5105 e 6521 e 75 g e 0 e 0z e 1228 e 2078 + 3408 e 5005« 651 e 75
0024 .’. .45.
10 %
00z o ®e LI
0.0
< oo 3 Ao, o...
= @, *
3 oo (00, - %o .
= * *
- 3?;.‘ % 8 Cooette s,
oo2f " . . §“ ®, 000009000 8 8 8
i A wiisdsss s g 4 § 4
000 005 010 015 020 025 * o o
- 6| 4 *®
/T d o * N A4
o . Lle e . L] g *
= 3| oo Slaedo * & 5 o*
*
3| oms ’: &&“ ., g% K
*
: %, ;
1| ge 3 * °
o} 1%
oo $
Hagy f
D00 o0 010 o5 0% 02 ¢ [ '] .
HT Ot 00060606066 6 6 6 & & o * * 0 000000600 6 0 & o o * *
-0.

200 400 600

B8

800

1000

200

400

8

600

800 1000

Fig. 13.2. Transport coefficients in the presence of the chiral anomaly (parametrized by y = 2/ \/— ~ C). Without chiral anomaly or for vanishing
chemical potential, all three transport coefficients are zero. Left: The dimensionless thermodynamic susceptibility M,T as a function of the axial
chemical potential u/T. Different curves correspond to magnetic fields B = B/T? = {0.05,12.5,30} (red, blue, purple). Middle: The dimensionless
shear-induced conductivity o5 /T3. Right: The dimensionless shear-induced Hall conductivity &5 /T2.

the chiral magnetic wave in (13.7). Thermodynamic and chiral transport coefficients are equilibrium quantities, and they can be
computed or experimentally observed in equilibrium configurations, see Eq. (13.4). The shear induced conductivities ¢5 and &5 are
examples of non-equilibrium transport coefficients. They measure the current response to a shear in the fluid velocity. For example,
for a system with shear in the (y, z)-plane subject to a magnetic field B = By, the current responds as J* ~ & (0,u, + d,u,), see Fig.
13.1 and J? ~ o5 (0 u, + 0,u,). Note that the &y response is orthogonal to the perturbation, and constitutes a Hall-like response
of the current to the shear, which turns out to be dissipationless. Non-equilibrium transport coefficients require time dependent
perturbations to compute or measure experimentally, see for example the hydrodynamic Kubo formulae in Eq. (13.6). For a detailed
discussion of all the transport coefficients, see section 2.5 of [404].”

A holographic model displaying chiral hydrodynamic behavior. As an explicit example that the above transport coefficients are non-zero
for a microscopic theory with a chiral anomaly, a simple holographic model was used in [404] to compute these coefficients for a
charged plasma in quantum field theory with a chiral anomaly at strong coupling and in presence of a (strong) magnetic field. The
model in question is a simplified version of the action (13.8) with the vector field V' (and F), the Stiickelberg field § and the gauge
field mass m, all set to zero. The dual theory corresponds to a sector of N = 4 Super-Yang-Mills (SYM) with gauge group SU(N,)
at large N, and large 't Hooft coupling A4.® The transport coefficients can be computed by first computing holographic two point
functions numerically, and using the Kubo formulae (13.4) and (13.6). See Fig. 13.2 for the plots of M,, o5 and &y in this model.’

13.3. The chiral magnetic effect far from equilibrium [416,417]

Holographic CME model. The holographic model used in [416,417], as far as we know originally due to [433], is given by

=— dsx\/_

21(

2
[R o= (F2 FZ)- %(A” ~ 0,07+ 5" (A, =0,0) (3FWFGT + Ff?FQ)] + Sguy + Ses (13.8)
where Sgyy is the Gibbons-Hawking-York boundary term to make the variational problem well defined, L is the anti-de Sitter
(AdS) radius, K52 is the Newton constant, « the Chern-Simons coupling and m, the mass of the gauge field. The Levi-Civita tensor
is defined as e#Y7°" = e(uvpor) /\/—_g . The Stiickelberg field is denoted as § whereas the field strengths are defined as F = dV and
Fi5y =dA. 6(x*) couples the operator Tr{G A G} (G is the gluon field strength) thus playing the role of the ¢ angle [434]. Note that
the gluon field strength does not appear explicitly but is mediated through 6. Moreover, the axial gauge field couples to 6 through
the mass term and hence the dual axial current is non-conserved due to the non-Abelian anomaly. Finally, the axial gauge field and
the vector gauge field are coupled through the Chern-Simons term accounting for the Abelian anomaly.

CME in holographic Bjorken flow. In both [416,417] time dependent solutions for the metric, the two gauge fields and the
Stiickelberg field were obtained working with generalized Eddington—Finkelstein coordinates and a metric ansatz consistent with
having the dual plasma expanding homogeneously and uniformly in a direction perpendicular to the magnetic field. This produces a
vector magnetic field whose magnitude is given by B! = £ as seen by a co-moving observer at the boundary. In addition, the gauge
field ansatz allows for choosing nonzero axial charge density and for a resulting vector current (CME current) along the magnetic
field.

7 A relation between the conformal anomaly and the Nernst effect was first observed in [431] and shown generally using hydrodynamics in [404].
8 The regime of applicability of hydrodynamics in strong magnetic fields for these systems has recently been considered in [432].
9 Note the different conventions for the Chern-Simons factor y compared to Section 13.3.
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Fig. 13.3. Left: The holographic CME current ( J,,r ) along the magnetic field is displayed for different beam energies (initial energy densities).

The inset image displays the same, but for initial data which holds fixed the choice of the initial axial charge density (J(OS) ) = 0.00032 GeV?, and
the initial magnetic field eB ~ m?. Right: The time integrated CME current, yielding the accumulated charge as a result of the CME current. The

purple dashed line corresponds to the main figure on the left, the yellow line corresponds to the inset.

Solving the Einstein-Maxwell equations of motion arising from (13.8), one obtains the expectation value of the energy-
momentum tensor, the vector and axial currents via the holographic correspondence [416,417]

K3 (Typ | Tpp) = diag (e(e), py (2), pao(2), p3(v)) 265 (JE ] JE) = (05(7),0,0,0),  2x5 (J*| J) = (0,Jcpr(7),0,0). (13.9)
From the Ward identity 9, (T | T%) = 0, the evolution equation for the energy density follows

2
et~ 10 20 2,20

0. (13.10)

When B/z® can be ignored and p, ~ p, ~ e(r)/3, this reduces to 7d,e(z) + 4/3e(z) = 0 which is the evolution equation describing
a conformal fluid undergoing Bjorken expansion [435]. This asymptotic behavior of the dual fluid is highly useful for making
instructive choices of the initial data, and parameters, so that the results of the calculation can be compared, as closely as
possible, to collider experiments which generate the QGP (and potentially produce chiral magnetic phenomena). Holographic time
evolution [436,437] requires an initial choice of the spatial metric components and the field V' on the initial time slice as well as
an initial choice of: energy density, axial charge density and magnetic field [416,417]. In addition, one must fix the gravitational
coupling x5 and Chern-Simons coupling a. Fixing the initial energy density, axial charge density etc. is typically done by ensuring
that the evolution of these flow through values associated with those used in hydrodynamic modeling of the QGP. For instance,
for the energy density, initial data is chosen by appealing to the asymptotic behavior of Eq. (13.10), while for the Chern-Simons
coupling «, one matches the value of the anomaly coefficient of three-flavor QCD. For further information and different matching
choices, we refer the interested reader to the detailed discussions given in [416,417].

Physical questions. With a holographic setup capable of mimicking basic aspects of a heavy-ion collision (HIC), the goals
of [416,417] are stated as: “Given reasonable assumptions on the initial conditions, what is the magnitude and evolution of the
CME current during a holographic HIC? How does the collision energy alter the CME current? Does enough CME signal build up if
one incorporates the fact that chiral charge is generated and dissipates dynamically via topological processes?”

Holographic CME results. The results of these calculations are best separated by m; = 0 [416] and m, # 0 [417]. Beginning
with m; = 0, a sample of the CME currents obtained from the numerical solutions is displayed in the left image of Fig. 13.3. Both
the image and inset image show the CME current generated during the evolution initially grow but quickly begin to decrease as
the axial charge is diluted by the expansion of the medium. The inset image shows the result of choosing the same initial value for
the magnetic field and the same initial axial charge density for each choice of initial energy density. The main image displays the
CME current generated when allowing for the initial values of the axial charge density and magnetic field to depend on the initial
energy density.

To better characterize the size of the CME response, consider the time integrated response, yielding the charge accumulated per
area gy, / A, displayed as a function of beam energy in the right image of Fig. 13.3. The yellow line corresponds to CME current in the
inset image of the left figure in Fig. 13.3 (yellow line), the purple dashed line is the result for the left main image of Fig. 13.3 (purple
dashed line). Interestingly these two curves in Fig. 13.3 (right), have opposite behavior as a function of beam energy, s!/2. The more
realistic choice of allowing for the energy dependence of the axial charge and magnetic field (purple curve) results in a larger CME
signal at larger beam energies. In the case of m, # 0, the model incorporates axial charge generation and relaxation by means of
the non-Abelian anomaly thus incorporating the effect of topological dynamics. This has the advantage that axial charge does not
have to be artificially introduced but rather is generated dynamically. The fact that the axial current is non-conserved for m, # 0
is reflected in the fact that it acquires an anomalous dimension (like the singlet U(1), current in QCD) dim((J5)) = 3 + 4, where

4 = -1+ 4/1+m? In the expanding non-Abelian plasma, the Chern-Simons diffusion rate and hence the axial charge relaxation
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Fig. 13.4. Left: (Joyg) /ei,/4 (blue), ny /e/e;/““/ 4 (black) and A,(1) (purple). The dashed lines correspond to 4 = 1.25- 1077 (m, ~ 0) and the solid
lines to 4 = 0.3 (m, # 0). The red lines are fits outlined in the main text. Right: Double logarithmic plot showing the late time behavior of the
chiral magnetic current for different values of A (black lines). The green dashed lines are formula (13.11) for the corresponding values. The plots
are for the \/_ =200GeV initial conditions (taken from [417]).

rate are time dependent due to the falloff of the magnetic field with time (B ~ 1/7). For small values (or for a = 0) of the Abelian
anomaly, the axial charge relaxation rate increases for increasing the strength of the magnetic field. If the Abelian anomaly is
strong enough, the opposite is true and the axial charge relaxation rate decreases [418]. The specific value of the Abelian anomaly
considered in [417], lies in the latter regime and hence axial charge relaxation is accelerated towards later times. The modified
relaxation dynamics also impacts the chiral magnetic current which relies on the axial charge and hence is decaying faster. Overall,
we find that for m, # 0, the chiral magnetic current decays faster and reaches lower peak values compared to the left figure in
Fig. 13.3 i.e. when m, = 0. The falloff follows (Joyg) /ei{4 ~ AeBT+C/7 D where the exponents B, C, D are monotonically increasing
functions of m,, see left side in Fig. 13.4. Note that for m, = 0, the late time decay follows (Jqyg) ~ 1/7*/. For details and values
see [418]. Remarkably, the late time behavior of the chiral magnetic current may be captured in terms of the horizon value of the
temporal component of the axial gauge field A,(z, 1), the magnetic field, the strength of the Abelian anomaly « and the strength of
the non-Abelian anomaly m;

(Jeme) = 37— Au(® D B, 13.11)

3(1

where A,(r,1) mimicks the role of an axial chemical potential in our system out-of-equilibrium with explicitly broken U(1),
symmetry. The excellent agreement can be seen in the right side of Fig. 13.4. Note the structural similarity of (13.11) to the
hydrodynamic formula Joyg ~ vg B ~ C u B, see Egs. (13.2) and (13.3).

13.4. Discussion and conclusions

Chiral hydrodynamics in strong magnetic fields. The first line of major progress reviewed in Section 13.2 stems from
developing hydrodynamics with magnetic fields as an effective field theory: In strong magnetic fields, a large number of novel transport
coefficients and susceptibilities can arise [401,402,404], see also Fig. 13.1. The relevance of these novel terms in QCD plasma has
to be estimated. If they turn out to be relevant, they will influence for example the time evolution of elliptic flow (since one of
the shear viscosities divided by entropy density can vanish), the time evolution of the magnetic field itself, and the detectability
of the chiral magnetic effect. Consequently, relevant effects should be included in hydrodynamic codes used for the analysis of
heavy-ion collision data or for the simulation of neutron star evolution, especially for magnetars. Already at weak magnetic fields,
the chiral magnetic effect is sufficient [438] to account for the observed [439] neutron star kicks accelerating proto neutron stars to
approximately 1,000 km per second. In strong magnetic field hydrodynamics, this kick mechanism may be amplified. In addition to
what was discussed here, there are several noteworthy transport coefficients, such as novel conductivities, novel Hall conductivities,
novel Hall viscosities, various bulk viscosities, the Nernst effect, and novel susceptibilities, see section 2.5 of [404] for a detailed
interpretation.

Relations to lattice QCD. Utilizing the chiral hydrodynamics constructed in [404], it may be possible to compute the eight
thermodynamic coefficients, including novel susceptibilities such as M,, in lattice QCD with magnetic fields [10-12]. Comparison
of lattice QCD data in various strong magnetic fields suggests that the ratio of transverse to longitudinal pressure as function of
T?/B matches that of A" =4 SYM from fairly small to large values of T2/B [440]. This motivates that holographic models provide
realistic estimates for QCD in strong magnetic fields, especially in the limit 72 > B considered in this contribution. Holographic
results can be compared to lattice results, see for example [440,441].

Chiral magnetohydrodynamics. The hydrodynamic Section 13.2 considered external (non-dynamical) magnetic fields. An
extension of the presented framework to include dynamical magnetic fields into magnetohydrodynamics (MHD) was demonstrated
for non-chiral hydrodynamics [402,442]. A subset of the possible terms of chiral MHD was derived in [443]. A full derivation
of all possible terms in chiral MHD is an open problem, but straightforward with the methods outlined in this contribution.
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Correspondingly, on the gravity side of holographic duals, the standard boundary conditions can be modified in order to obtain
dynamical gauge fields in the boundary gauge theory [444-446]. This technique allows to holographically model the interaction
of dynamical electric and magnetic fields with charged plasma, which should be applied to model the generation and evolution of
electric and magnetic fields in HICs. This will help estimate the CME in HICs, which is one goal of the AdS4CME Collaboration [447].

Extending chiral hydrodynamics to vector and axial symmetry. The chiral hydrodynamic framework discussed in Sec-
tion 13.2 only involves one single U(1), which is broken by an anomaly [404]. This suffices to tell what type of transport effects
can appear in either a conserved vector or an anomalous axial current. In order to match QCD more closely, in future work, two
U(1)-symmetries, one global axial and one vector gauge symmetry, should be considered. Similarly, the non-Abelian anomaly should
be included in the construction of chiral hydrodynamics.

Holographic models of the CME generation. The second line of major progress reviewed in Section 13.3 is based on the
holographic modeling of dynamically evolving plasma in search for the CME [416,417]: Collectively, the time evolution of all the
considered holographic CME currents very strongly depends on the choice of initial conditions and parameter choices, see Fig. 13.3 and 13.4.
One model [416] states that the energy dependence of the charge accumulated due to the CME current hinges on the initial
conditions of the Bjorken-like flow, compare the yellow solid curve to the dashed purple curve in Fig. 13.3. In the latter case,
the accumulated charge due to the CME is increasing monotonically with the collision energy s'/2, indicating that LHC would have
a better chance of seeing the CME than RHIC. In an extension of [416], axial charge is dynamically generated [417].}° This leads
to a faster decay of the CME current and to lower peak values compared to [416]. A fully dynamical study including dynamical
magnetic field and dynamically generated axial charges is a future goal for holographic models [445].

Main conclusions. In conclusion, the novel hydrodynamic effects arising in extreme magnetic fields, see Section 13.2 have
the potential to heavily impact various disciplines, ranging from heavy-ion collisions and neutron star physics, to the description
of astrophysical plasma. Holographic models including magnetic fields, serve as discovery tools for new physics, such as the
hydrodynamic chiral vortical effect [411,449,450], and as testing grounds for proposed hydrodynamic effects [404]. They can even
be pushed to investigate plasma dynamics far from equilibrium, as illustrated in the CME case study [413-417], see Section 13.3.

14. Anomalous transport in low dimensions
14.1. Introduction

The chiral magnetic effect (CME) is a remarkable mechanism based on anomalous properties of the quark-gluon plasma (QGP),
predicted almost two decades ago [342,451]. Due to its potential impact in different areas of physics, an intense activity — on both
theoretical and experimental fronts — has been carried out aiming to achieve a robust observation of it. The proposal developed by
Kharzeev and collaborators beautifully describes the microscopical theory behind it, connecting abstract concepts like the topological
properties of the configurations of non-Abelian gauge fields to tangible quantities that may be manifest in the final state of the
particles that reach the detectors in large accelerators colliding heavy-ions.

As it is well-known in the community, the mechanism predicts the generation of an electric current driven by the chiral anomaly
associated to a magnetic field. After hadronization of the quarks and gluons, this would result in a difference in the number of
positively charged pions and negatively charged pions in opposite hemispheres. Unfortunately, it is very hard to have control over
the two elements that are fundamental for the emergence of the CME in the QGP. On one hand, the topological configurations of
the gauge fields are confirmed by lattice QCD, but its rate, size of domains, etc, in the actual plasma are extremely hard to predict,
being possible that the signal is so small that it will be completely washed in experiments. On the other hand, only recently the
first experimental evidence of the huge magnetic field generated in non-central collisions predicted more than a decade ago was
achieved. The most reliable results involve ultra-peripheric collisions, which is not a suitable environment for the CME [99]. More
dramatic than that, it is not clear if the field lasts long enough to really affect the system. This is under investigation and a consensus
has not been reached.

Besides that the fundamental ingredients of the CME are far from being under control, the dynamics of the system involving
large thermal fluctuations is very likely to interfere in the signal. All this factors have represented obstacles hard to overcome during
the past decade in the run for obtaining an unambiguous signal of the CME. The community is currently tuned to new analysis on
isobar collisions [452], hoping to catch the evidence of this important phenomenon.

Nevertheless, the intense work accomplished during the last couple of decades has build a solid and sophisticated theoretical
framework based mainly on quantum field theory to describe the CME and other transport phenomena in the QGP. A few years ago
the theoretical knowledge developed in the context of the QGP gained an alternative application. It has been shown that in certain
materials the interaction of the charge carriers with the underlying lattice produces quasi-particles whose dynamics is described by
Dirac equation, mimicking the behavior of relativistic particles [453]. This behavior was predicted for honeycomb lattices before
the experimental discovery of Dirac materials and it was one of the first properties to be tested in graphene after its synthesis.

This connection with relativistic fermions allowed for the search of phenomena predicted in the context of high energy physics, in
Dirac/Weyl material. This is specially fruitful on what concerns transport phenomena, including the CME and other effects proposed

10 A holographic model recently predicted the dynamically generated spatial distribution of axial charge and its time evolution [418]. The spatial extent of
correlations of electric currents which are responsible for the experimental manifestations of the chiral magnetic effect in heavy-ion collisions are quite large
(~ 1 fm), grow with time, and behave consistent with sphaleron dynamics. Such results should be compared to lattice QCD for the sphaleron rate in three flavor
QCD [448]. Axial charge profiles dynamically generated from holographic models [418] should be used as input for hydrodynamic codes modeling HICs.
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Fig. 14.1. Honeycomb lattice represented as two triangular sublattices.

to be observed in the QGP. A few years ago, an Abelian version of the CME effect was observed in ZrTes [343]. The successful setup
produces the chiral anomaly by turning on collinear electric and magnetic fields, responsible for generating the necessary chiral
imbalance. More details on how the chiral anomaly operates in these systems can be found in [454]. The core of the observation is
on the quadratic dependence of the electric current on the magnetic field. This happens because the magnetic field plays a double
role, inducing the chiral chemical potential and aligning the spins. Therefore, the raise of chiral imbalance in this case is controlled
since the fields are external and their intensity can be tuned. This represents an important advantage on what concerns feasibility,
in contrast to the CME in the QGP. On the other hand, in materials the particles suffer scattering and the chirality is not preserved,
existing a relaxation time that dictates the typical scale for which the effect fades. After the first observation other groups have
reported similar results in other materials [455-458].

All the materials where macroscopic manifestation of the chiral anomaly was observed were in (3+1) dimensions. This is expected
since it is not possible to define chirality in odd dimensions. In this work we propose to extend the analogy, exploring materials
in (2+1)D, but considering mechanisms based on the parity anomaly rather than the chiral anomaly. Considering a symmetry
pattern totally analogous to the CME, we were able to predict a novel anomalous Hall effect in planar materials. From this point we
followed two avenues. The first was searching for lattice configurations where the symmetry pattern arises naturally. The second,
was checking if the symmetry breaking could be generated by interaction with external fields, in a similar fashion as the CME in
ZrTes.

14.2. Honeycomb lattices

We aim to explore planar materials containing relativistic-like fermions. We work with honeycomb lattices since in this kind
of structure it is very clear how the relativistic behavior appears. Although the pristine honeycomb does not satisfied the required
conditions, we start by considering its corresponding Lagrangian and on top of that we add the necessary interventions.

A pure honeycomb lattice, like in graphene, can be represented as in Fig. 14.1. It is usual to describe it using two triangular
sublattices, represented in Fig. 14.1 in different colors. When calculating the band structure one can check that there are two
inequivalent points where the energy vanishes. Those are called Dirac points. Expanding the Hamiltonian around these points, one
obtains a linear dispersion relation, what is a clear signature of a relativistic-like behavior. It is also usual to consider sublattice and
Dirac points as degrees of freedom of the fermionic system. If one represents the fermions in 4-component spinors, in addition to
the linear dispersion relation another feature typical from relativistic systems emerges: the equation of motion is written in terms
of Dirac matrices and taking the continuous limit the Lagrangian that comes out is totally analogous to the Lagrangian of massless
Quantum Electrodynamics in (2+1)D (QEDj3), [459,460],

£ =Y, (iy°hD, + ihvpy* D, + ihvpy’D,) v, (14.1)
N

Here the index s labels the (electron) spin and the covariant derivative D, = 9, — (ie/hc)A,. A, is the gauge field associated to
the electromagnetic interaction and the fields y, = w(f,r) denote four-component spinors that account for both Dirac point (also
called valley) and sublattice (also called pseudospin) index. Note that based on the structure of Dirac matrices, the valley index is
analogous to chirality quantum number in systems in (3+1)D.

To make the valley degree of freedom more transparent we rewrite our Lagrangian using the pseudo-chiral projections. We
decompose the fermion field as

1 1
l[/=l[lk+lllkr=§(1+}’5)l[/+§(1—y5)l[h (142)
Doing this we can write the Lagrangian in terms of each valley separately,
L= Z 7, liy’ho, + ihvpy™ D, + ihvpy’ D, (14.3)
s, x=k,k'
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Fig. 14.2. Blue cones represent valence bands and red cones represent conduction band. Honeycomb lattice generates gapless band structure,
where the bands touch in one point. From the six points of vanishing energy, only two are non-equivalent. The Dirac structure that comes out
naturally in the Lagrangian allows us to build an analogy between the two pairs of cones and the chirality degree of freedom.
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Fig. 14.3. The presence of a mass in the Lagrangian signals the opening of a gap between the valence and conducting bands. We propose
a configuration where the gaps opened in each pair of cones is different, mimicking the imbalance of chirality in the CME. This situation is
represented in the left panel of the figure, where we also added a chemical potential indicated by the red line, controlling the Fermi level. On
the right, besides opening a gap, we also lift the spin degeneracy in order to avoid cancellation of the current of particles with opposite spin.

Up to this point, this description is applicable to honeycomb lattice whose lattice points are all identical, as it happens in graphene.
The band structure around the Dirac points can be schematically represented in Fig. 14.2(a). There is no gap between the valence
and conduction band, and they touch in one point. The two species, analogous to the chiralities, can be represented at this stage
by two symmetric pairs of cones.

Following a close analogy with the CME, we want now to induce a specific symmetry breaking that will play the role of
the imbalance in chirality responsible for the CME. We achieve this, exploring the connection of the valley degree of freedom
and chirality of the quarks in Quantum Chromodynamics (QCD), described above. In order to mimic the imbalance in chirality
responsible for inducing the CME in the QGP, we need to break the symmetry between the two components in Eq. (14.3). The way
we choose to achieve this is by adding masses to the Lagrangian, where the magnitude of the masses are different for each projection
in Eq. (14.1). The resulting Lagrangian is [461]

L= Z q'/lvs[iyoha, +uy’ + ihvpy*D, + ihvpy” Dy +my y* 1w, (14.4)
s, y=k.k'
where we also included the chemical potential, 4. Without loss of generality, we may assume m;m) > 0. This is the final Lagrangian
for the fermions we employ in our procedure. In Fig. 14.3 we represent the Dirac cones after gap opening, considering different
gaps for each specie of fermion. The red line represents the chemical potential, strategically placed in a way that only one pair of
cones are contributing to the current. This point will be clarified in a moments.

14.3. Reduced-QED

In our analysis we aim to explore reactions of the system to external stimuli of electromagnetic fields. On doing this we must be
careful since the electrons in the systems of interest are constrained to the plane while the electromagnetic fields are not. Neither
the Quantum Electrodynamics in (3+1)D (QED,) nor Quantum Electrodynamics in (2+1)D (QED;) are suitable to describe it and we
need to use a framework that consider systems with different dimensionality interacting. We adopt the theory known as reduced-QED
(RQED) [462] or pseudo-QED (PQED) [463] as our framework. This is a scale invariant theory [464], where the gauge fields living
in (3+1)D suffer a dimensional reduction in order to obtain their effective action on the plane where the fermions are constrained.
For a comprehensive review on this theory, including formal aspects and applications, see [465].
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After the dimensional reduction, fermions in (2+1)D are added and a new effective theory completely defined in (2+1)D is
obtained. The action is given by

L juw). (14.5)

2
e 3.3
Serp = —g/d xd x' J*(x) —
E
Here, since the fermions are constrained to the plane, the third space component of the current, j3 = 0. It can be easily verified that
the action in Eq. (14.5) can be obtained from the Lagrangian

1 2

ERQED:_ZF”V [_] F,, —el'A, + Ly + Lgp, (14.6)
VO

where £, is the fermion Lagrangian given by Eq. (14.4) and Ly is a gauge fixing term. This is the Pseudo or Reduced-QED

Lagrangian. Note that the main consequence of this modified action compared to the usual QED, is that the dependence of the

photon propagator on momentum will appear as 1/q rather than the inverse of the square dependence obtained in QED,. This

softens the IR behavior of the theory.

14.4. Anomalous hall effect

After defining the Lagrangian, the next step is to investigate the transport coefficients. We are particularly interested in the
perpendicular conductivity, and work under the assumption that the system responds linearly to external fields,

(J) = oy, Ee,, (14.7)

where j is an electric current also in-plane but perpendicular to the applied E. The transverse current is usually associated to Hall
effect and we expect it to be topologically protected, that is the motivation of our interest. Of course one could also calculate the
direct current j,, but this would give us the usual Ohm law. Also, we are interested in the DC current, for which @ — 0, nevertheless
we will use the trick to consider a time dependent field and vector potential and take the limit until the end,

E= Ee_i“”ey, a= —Ee_iw’ey. (14.8)

@

To calculate the conductivity we apply Kubo formula of linear response theory. We follow the classical derivation described in [466]
to obtain

. t
(J®) = %<O| / dt[AH(7), J()]]0). (14.9)
getting the Kubo relation for the DC anomalous conductivity,
— 1 L ® iot
Oyy = ”1)1% P {/0 dze' (0] [J,(0), J ()] |0)} . (14.10)

The detailed development of the calculation of the conductivity can be found in [467]. The current—current correlator is closely
connected to the polarization tensor and can be written in terms of the latter as

o = lim LH”". (14.11)

w—0 hw
Kubo formula is particularly interesting in this context, since it was proved that the 1-loop contribution for the photon self energy
is exact in this case and higher order contributions are identically zero [468], which means that Coleman-Hill theorem applies to
PQED. Finally, calculating the polarization tensor [467] the result for the conductivity is given by

1 m e, , 2 m 2 9

—lim — 2 & 2 om? - 14.12
wn0 hiw [m| 47 2k ] O O (14.12)

for each one of the two-component spinor. Note that the result is independent of the magnitude of the mass and depends only on

its signal. The theta function controls the contribution from each valley, in a way that for a fixed gap, one can turn on and off the

conductivity by adjusting the chemical potential. Summing up the contributions from the two valleys,

o= O(m” — yz)eyxow =

2
Oyy = 48% <%0(mi —u- lrmn—’;:lé?(mi, - /42)> . (14.13)
The expression above shows that if the gaps for both pair of cones is the same, the conductivity and consequently the current j,,
vanishes. Conversely, if we are able to tune the chemical potential such that m;, > 0, m;; > 0 and mi, << mi, only one specie of
electrons, coming from one pair of cones, will contribute to the current and the cancellation does not occur. In addition, we verify
that considering the spin as an additional degree of freedom, may also cause a cancellation. The symmetries involved in a spin
flip (particularly how it reacts to time reversal symmetry) are translated in the Lagrangian as a flip of the mass signal. Therefore, if
non-polarized electrons are playing the game, the conductivity vanishes again and no transverse current is generated by applying an
electric field. We thus need to lift the spin degeneracy and adjust the chemical potential between the conduction bands of associated
to each spin type, as showed in Fig. 14.3.
To obtain this result, we assumed that asymmetric gaps could be produced without caring about how to generate it. Now it is
time to investigate how this could be produced in real setups. We followed two avenues. The first one was looking for materials
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whose structure naturally yields to the desired symmetry pattern. We have mapped features and symmetries and from that we have
proposed a few candidates to harbor the effect. Details and candidates can be found in [467]. The other possibility we explored,
was to check if interaction with external fields could lead to dynamical mass generation. This investigation is described in the next
subsection.

14.5. External fields generating anomalous transport

As we discussed in the last couple of subsections, a gap opening in the band structure is translated in the continuous limit as
a mass term for the fermions in the Lagrangian. As a possibility to obtain the mass structure required to activate the Hall effect
described in the last subsection, we investigated if interaction with external fields can drive dynamical mass generation [469].

In (3+1)D parallel electric and magnetic fields are the responsible for the chiral anomaly and flip of the chirality of some of the
electrons [343]. In our analogy, we seek for mechanisms that can break the symmetry between the pair of cones that are connected
by parity transformation. We choose to verify if the same configuration can generate this asymmetry, since this combination of
fields is odd under parity transformations. In terms of the gauge fields, the presence of parallel electric and magnetic fields can be
encoded in a Chern-Simons term,

Los =50 A0,A, A", (14.14)

Following the line we described previously, we apply PQED in order to deal with the difference in dimensionality of fermion and
gauge fields, and add the Chern-Simons term to obtain the total Lagrangian
£55pn = —3F" ﬁ F,, + ("o, +ey' A, (14.15)
+ m, +Tm,)y + i(a CA? + 0 mog g A ,
2¢ 4 wEveER
Note that in this Lagrangian we included a specific combination of mass terms that may open a gap in the system. Specifically, we
allow for the general case where an ordinary Dirac mass m,y can emerge. On top that, there is another mass term that potentially
may be generated and is particularly interesting to us, known as Haldane mass m,yry, with = = [y3,75]/2. This term does not break
chiral symmetry, but rather violates parity (and time-reversal) and because the CS is parity violating we expect a relation between
them. This choice is justified because working with chiral projectors, it yields to different magnitude of mass for each chirality.
As stated before, we are interested in dynamical mass generation driven by quantum effects. For this reason, we adopt the
Schwinger-Dyson formalism to verify if the interaction with the external fields generates a mass term non-perturbatively. In this
approach the bare propagators are corrected by the self-energy where all the propagators involved receive corrections, generating
an infinite tower of coupled equations to be solved. In practice it is necessary to truncate the system of equations at a certain level.
The corresponding equations for the two-point functions are

S p) = S5 () - Z(p), (14.16)

A(p) = A5 (p) = 11,,(p) (14.17)

The bare photon propagator derived from the Lagrangian Eq. (14.16) can be written as [468]:

~ 1 1 9,49y
A - L 5 _
,W(Q) 24 (1+ 62) < my Pz >

cdd 18
P S Ry 14.18
2 ¢ 2are)? (14.18)

where the influence of the Chern-Simons term is quantified by the parameter 6. Note that in the limit § — 0, the photon propagator
recover the usual form within PQED. To account for non-perturbative corrections, we assume a general form for the fermion
propagator:

SE'(p) = A (p)p + A(p)Tp — B.(p) — B,(p)r. (14.19)

and for the sake of simplicity, we adopt the rainbow-ladder approximation, where a bare photon-fermion vertex is considered. A
study of more a sophisticated vertex applied to PQED can be found in [470]. Given that, we start from the gap equation

d*k
@xy

ST = S5)(p) + 4ra / 7S, (07" 4,4, (14.20)

where

ST ) = P+ M)z
Sy p) = prs
+ M, (k)

‘ (14.21)
K2+ M2 (k) =

S.(k) = —
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Fig. 14.4. M, and M_ extracted from the gap equation as a function of external momentum for different values of the parameter 6. Here 6 = 76,
with 0 < # <1 and fixed value of the coupling a = 1.07q,.
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Fig. 14.5. M, re-scaled by their # = 0 value. The full line corresponds to M, and dashed line M_. The red dots are the absolute value of M,
above the critical 6.

Here M, = m, + m,, M_ = m, —m, and 4,, is the photon propagator given by Eq. (14.18). The details of this calculation can be
followed in [469] and the solution within our approach is given by:

I S PR | -=
M,(p)=p* e <Czp e +01>
+ f(0,p)
= AeF/Velel 4 £(6, p), (14.22)
where
a, = %(1 +6%) (14.23)

and

1@.p) = [n(92+1)(: 200 ><K(a+3n(92+1))

02 +1

(A + 14p%) — 5dp* (a4 7 (62 +1)) )]

1

T (a+7(02+1)) (a+37 (2 +1))

The first term in Eq. (14.22) presents the so called Miransky scaling and corresponds to the solution in the absence of the Chern—

Simons term. As usual, one can notice from Eq. (14.22) that there is a critical value of the coupling above which the solutions exists.

It means that provided the coupling has a suitable value, both the Dirac and Haldane masses can be generated by interaction with

external field in the configuration considered here. The solutions of Eq. (14.22) are represented in Fig. 14.4 as a function of external

momentum for different values of the parameter 6. In Fig. 14.5 the values of M, and M_ are represented in the static limit. We can

clearly see that from a certain critical value of 6 the masses associated to different chiralities assume different values, indicating
non-vanishing value of Dirac and Haldane mass.

(14.24)

14.6. Summary

Here we summarize results connecting the chiral magnetic effect and analogs in condensed matter in low dimensions. Although
the CME itself is forbidden in odd dimensions, we show that a close analogy is possible exploring the parity anomaly rather than
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the chiral anomaly to produce a conserved current. We explore the well-known fact that the valley degree of freedom in honeycomb
lattices corresponds to chirality on what concerns their group theory and propose to open different gaps in the two pair of Dirac
cones as a way to mimic the imbalance of chirality that is a fundamental element in the CME in the quark-gluon plasma. The result
is a topologically protected current that resembles a valley-Hall effect. We then proceeded to investigate how to physically generate
the gaps we need and follow two lines. The first is to perform ab initio simulations of electronic structure to identify candidates
that may intrinsically harbor the effect. The second track we follow is that the gaps may be open by interaction with external fields.
To investigate non-perturbative effects, we calculated the Schwinger-Dyson equations for the system and showed that for a given
critical coupling, two types of mass terms emerge in the Lagrangian. These combination is precisely what is needed to achieve the
gaps required. Along all the procedure we adopt the framework of pseudo-QED, that accounts for gauge fields in (3+1)D interacting
with fermions constrained to move in planar space.

15. Magnetic fields, nonzero densities and QCD on the lattice
15.1. Introduction

Basic ingredients for chiral effects are in general some external field and density of some charge. The most renowned example,
chiral magnetic effect [342], appears in systems with external magnetic field and chiral density. External magnetic field and nonzero
baryon density are expected to lead to an axial current, it is an essence of the Chiral Separation Effect (CSE) [347,348].

It is also expected that large magnetic fields and densities can be created in peripheral heavy ion collisions [92,451], possibly
leading to the emergence of chiral effects. For this reason in the current section we would like to discuss in general the properties of
QCD in external magnetic field with nonzero baryon density with a particular attention to the bulk properties, including the phase
diagram and the Equation State.

QCD thermodynamics is described by several conserved charges, including baryon number B, electric charge Q and strangeness
S, which in grand canonical description are coupled to the corresponding chemical potentials g, 1y, #s. In the lattice study one
typically works with chemical potentials y,, u;, u, coupled to the density of u, d and s quarks. Formulae connecting the chemical
potentials in two different bases read:

Hy Hp/3+2up/3 Hp = Hy t+2py

Ha = Hp/3—ug/3 Ho = Hy — Hyq (15.1)
My = up/3—ug/3—Hs Hs = Hg— Hy

In general one could study the properties of QCD as a function of all three chemical potentials up, ug, 5. However, in this
section we mainly discuss and present the results for the case y, = 0,4, = u; = ug/3 = u, which approximately corresponds to
the zero strangeness (S) ~ 0 and might approximate the conditions realized in heavy ion collisions. More detailed tuning of the
chemical potentials to meet the conditions created in heavy ion collisions (given by zero strangeness S = 0 and electric-to-baryon
charge ratio Q/B ~ 0.4) can be found in [471] (without magnetic field) and in [472] (with magnetic field).

15.2. Phase diagram

First we would like to summarize our knowledge about the QCD phase diagram as a function of three variables: temperature,
external magnetic field and density.

At zero magnetic field and vanishing baryon density the phase with the broken chiral symmetry at low temperatures and the
chirally restored phase are known to be separated by a wide crossover [473].

The phase diagram of QCD in the plane temperature — magnetic field was studied extensively on the lattice [9,10,210,211,
474,475]. It is currently known that nonzero magnetic field decreases the pseudo-critical temperature of the chiral phase transition
— the phenomenon is called inverse magnetic catalysis effect. The transition becomes sharper at larger magnetic field, possibly
becoming a first-order phase transition at very large magnetic fields eB ~ 5 — 10 GeV? [210,211].

The phase diagram of QCD in the plane baryon density (or chemical potential) — temperature has very important phenomeno-
logical meaning and is under active study by multiple groups (for recent reviews see, e.g., [476,477]). The main difficulty for lattice
studies of the phase diagram with nonzero baryon density is the sign problem [478]. Standard approaches to overcome this problem
include analytical continuation from imaginary up or Taylor expansion around up = 0. Both these methods are based on the fact
that the chiral phase transition at zero and small values of up is a crossover, thus for not very large values of the baryon chemical
potential physical observables are analytic functions of the system parameters in general and in particular of the . In this case one
can obtain results for QCD at nonzero yujp either by performing simulations at imaginary up, which is free from the sign problem,
and then analytically continue to real values of up, or by calculating the Taylor coefficients of various quantities at 4z = 0 and then
performing a numerical summation of the Taylor series. For this reason the precise data on the phase diagram of QCD at nonzero
baryon density are only known for small and moderate values of the chemical potential up/T < 2.5 —3 [479,480].

Much less is known about the phase diagram of QCD as a function of all three parameters: temperature, nonzero baryon density
and magnetic field. Lattice QCD studies of this problem were carried out in [481]. To overcome the sign problem, in this paper the
authors performed the simulations at the imaginary values of the baryon chemical potential and analytically continued the results
to the real values of up. This approach is justified since the phase transition in QCD is a crossover for small and moderate values
of magnetic field and chemical potential.
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Fig. 15.1. (From [481]). The tentative phase diagram in the plane temperature-magnetic field T — eB for several values of the baryon chemical
potential y; = 0,250 an 500 MeV.

In the paper [481] two different phase transitions were discussed: the chiral, which was determined from the chiral observables:
the chiral condensate and the chiral susceptibility, and the deconfinement phase transition, which was determined using the single
quark entropy [482]. Since the finite temperature phase transition in QCD is a crossover rather then a genuine phase transition,
different observables can follow different behavior and predict slightly different transition temperature and transition width.

The final sketch of the phase diagram from [481] is presented in Fig. 15.1. In this Figure the phase diagram of QCD in the
plane T-eB is shown for several values of the baryon chemical potential yp = 0, up = 250 MeV and up = 500 MeV, the data for
the latter two values of the magnetic field were obtained using the method of analytical continuation. We would like to stress, that
the method of analytical continuation might be questionable for the largest studied value of uz = 500 MeV, however we present
it here in order to enhance the effect of the corresponding parameters on the phase transition. We can learn from this plot that
both magnetic field and baryon density decrease the pseudo-critical temperature of the chiral and deconfining phase transition and
when both these parameters are turned on their effect is just combined. Note, however, that the width of the phase transition has a
nontrivial dependence on the parameters — with small magnetic field it decreases with x and at large magnetic fields it increases
with up. For the parameters under study no clear signatures of the first-order phase transition were observed.

15.3. Equation of state

Equation of State of plays a pivotal role in studies of the quark-gluon plasma, providing an important input for hydrodynamic
simulations. It describes how thermodynamic quantities, including pressure p, energy density e and others depend on the parameters
of the system. In this Section we discuss, how magnetic field changes the QCD Equation of State.

The basic quantity for the Equation of State is pressure p, which is given by the logarithm of the partition function Z:

T
p= Van(MB,uS,uQ,T, V.,eB), (15.2)

here T is the system temperature and V is its volume. Since the partition function Z and its logarithm cannot be determined in
lattice calculations, the standard way which is used for the determination of the pressure p is a calculation of its derivatives. For
example, baryon density is given by the derivative with respect to the baryon chemical potential: n; = -2 and can be directly
calculated on the lattice. Given that simulations at nonzero up are hampered by the sign problem, one typicglly studies the Taylor
expansion of the pressure p in terms of the chemical potential up:

p Hp\2 Hup\* Hp\° Hup\8
ﬁ:c0+c2<?3) +c4<?8> +c6(?8) +0 <?B> . (15.3)
It naturally leads to the following Taylor expansion of ny in terms of up:

3 5
;—'§=262”T—B +4c4(”?3) +6c6<”?3) +0((,43/T)7> (15.4)
Without external density up = 0 the Equation of State is given by the coefficients ¢, and its dependence on the temperature
and magnetic field. Coefficient ¢, was extensively studied in [12,483,484], where it was found that magnetic field leads to a large
additional contribution to the thermodynamic observables at magnetic fields eB ~ 0.5 GeV>.

The behavior of the coefficients ¢,, ¢4 and ¢4 and their dependence on the magnetic field was studied in [485]. In Fig. 15.2 we
present the dependence of these coefficients on the temperature for several values of magnetic field eB = 0.0 (from [486]), eB = 0.3,
eB = 0.6, eB = 1.2 GeV>. The main conclusion is that the coefficients c,, ¢, and ¢; and, consequently, the pressure p are significantly
enhanced by the external magnetic field. At large magnetic fields their temperature dependence exhibits a peak structure. One
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Fig. 15.2. The dependence of the coefficients c,, ¢;, ¢; on the temperature for several values of magnetic field. Data for eB = 0 were calculated
based on results of [486], data for nonzero magnetic field are from [485]. Dashed lines correspond to the ideal gas approximation.
Source: (From [485]).
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Fig. 15.3. Excess of the pressure 4p = p(ug) — p(uy = 0) due to nonzero baryon density u, for three different values of magnetic field
eB =03 GeV?, eB = 0.6 GeV* and ¢B = 1.2 GeV>. Dashed lines correspond to the ideal gas approximation.
Source: (From [485]).

can also expect that at high temperatures the system is described by an (almost) ideal gas approximation. Its predictions are
also presented in Fig. 15.2 by dashed lines, which seem to agree with the lattice results at high temperatures above the chiral
phase transition. Finally, in Fig. 15.3 we present an additional contribution to the pressure (15.3) coming from the baryon density
Ap = p(up) — p(0) for several values of magnetic field eB = 0.3, 0.6 and 1.2 GeV?. From Fig. 15.2 and 15.3 we can see that nonzero
magnetic field not only significantly increases the pressure, but also modifies its dependence on the temperature and the baryon
chemical potential yp.

In Ref. [472] the first results for the QCD Equation of State beyond the approximation u; = 0, u, = u, are presented. The authors
tuned the chemical potentials to maintain the conditions ng = 0, ny/ng = 0.4, which correspond to the initial conditions in heavy
ion collision. The authors also determine the leading order coefficient ¢, for these conditions, which is also significantly enhanced
by the magnetic field.

15.4. Fluctuations of the conserved charges

Fluctuations of the conserved charges: baryon density (B), electric charge (Q) and strangeness (S) are closely related to the
QCD phase diagram and its Equation of State, probing different degrees of freedom. Moreover, these quantities (more precisely,
their combinations) can be easily accessible experimentally, building a bridge between lattice calculations and heavy ion collision
experiments.

Coefficients that describe the fluctuations, are defined as:

ai+j+k ( P T4)
RS s L] a5
0" (up/T)0/ (g /T (us/T) J——
Due to the sign problem in QCD, on the lattice the Equation of State is computed as the Taylor expansion of the pressure p in up,
us and pg, thus naturally producing the values for the coefficients )(5,?5. Without magnetic field the behavior of the fluctuations

;(,.I;kQS was extensively studied on the lattice [479,480].

Behavior of the fluctuations up to the second order in QCD with the external magnetic field was studied in [472,487,488].
In [487] quadratic fluctuations and correlations of the conserved charges were calculated on the lattice at heavier than physical
pion mass m, ~ 220 MeV. It was found that magnetic field significantly changes the properties of the system. First, values of the
coefficients ;(fQS notably grow with increasing magnetic field. Second, the temperature dependence of these coefficients at high

k
magnetic field15 starts to be non-monotonous, exhibiting a peak around the pseudo-critical temperature. Finally, the position of an
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inflection point or a peak in the temperature dependence of ){ngs is shifted towards lower temperatures, indicating that the change
in the degrees of freedom occurs at lower temperatures. In [472] the quadratic fluctuations and the conditions corresponding to the
strange neutrality were studied for nonzero values of magnetic field and at the physical value of the pion mass. Results presented
in [472] seem to exhibit the same qualitative behavior as in [487]. Note that the results for the Equation of State of QCD in
magnetic field discussed in Section 15.3 also show the same trend. In [488] the authors studied specific combinations of observables:
the correlation between the baryon charge and the electric charge )(IBIQ and the ratio of the chemical potentials yy/up (tuned to
the conditions corresponding to the heavy ion collision experiments). Based on their results which indicate that these quantities
significantly grow at sufficiently large magnetic field, it was proposed that one can use these combination ;(IBIQ and pg/up to
estimate the values of the magnetic field produced in real heavy-ion collision experiments (the so-called magnetometer).

15.5. Summary

Bulk properties of QCD under such pairs of external parameters as density-temperature and magnetic field-temperature were
extensively studied in lattice simulations. However, much less is known about the properties of QCD in the three-dimensional space
temperature—density—magnetic field. In this section we reviewed current status of the lattice studies of this system: phase diagram,
Equation of State and related to it conserved charge fluctuations. Our knowledge is limited due to the sign problem for QCD at
nonzero density, for this reason, the studies are restricted mainly to the Taylor expansion of the corresponding quantities and small
values of the baryon chemical potential uz/T < 2.5 — 3. However, we see that magnetic fields and baryon density significantly
modify the properties of QCD, the critical temperature and possibly the nature of the phase transition. The results of the presented
studies also suggest some observables that can quantify the value of the magnetic field in experiments (magnetometer).

Presented studies do not go to larger values of magnetic field, in particular, they even do not come close to the CEP, which
is predicted to exist at very large values of magnetic field. Possible existence of this CEP and its connection to the chiral CEP in
QCD in the u — T plane could be a subject of possible future studies. Among other possible directions one could consider studies of
the phase diagram and other properties of QCD with other fields and other parameters, including the chiral chemical potential s,
electric field eE, non-homogeneous fields and others.

16. Superconductivity of vacuum in an extreme magnetic field: Evidence from the electroweak sector of the standard model
and implications for QCD

16.1. Introduction and motivation

16.1.1. Characteristic scales of magnetic field in particle physics

The impact of a magnetic field on a particular phenomenon is set by comparison of its strength with the relevant mass or length
scales involved. For example, for electromagnetic interactions described by quantum electrodynamics, the relevant intensity of the
magnetic field is set by the Schwinger limit,'!

BUD =2 /e~ 4 x10°T, (16.1)

determined by the electron mass m,. At this strength — which is already bypassed by the fields near the surface of magnetars [489]
— the vacuum acquires optical birefringence properties [490] and can act as a “magnetic lens” which is able to distort and magnify
images [491] similarly to the galactic-scale gravitational lens.

Strong interactions, described by quantum chromodynamics, become sensitive to the presence of the magnetic field when it
reaches the strength of the hadronic mass scale,

BYP ~ /e ~10'0T, (16.2)

where m,, is the proton mass. Such fields lead to the effect of magnetic catalysis [361,492,493], which implies, in particular, a
persistent enhancement of the chiral symmetry breaking in QCD vacuum as the external magnetic field strengthens.
A significant part of the preceding sections is devoted to processes in the fields of the order of the QCD scale (16.2). In this

section, we will be dealing with electroweak interactions that are influenced by much stronger magnetic fields,
BEV =, e~ 1.1x10°T, (16.3)

determined by the W-boson mass my, ~ 80.4 GeV, which sets a typical mass scale in the electroweak sector. More than thirty years
ago, it was suggested that such fields generate instability of vacuum, which proceeds via an onset of the condensation of the W
bosons. The presence of the instability can be deduced from the classical equations of motion of the electroweak model [494-499].
Much later, it became clear that the transition into this exotic electroweak vacuum state marks a radical change in the transport
properties of the vacuum, which acquires anisotropically superconducting [500] and superfluid [501] properties.

For completeness, we also mention that the electroweak vacuum should possess the second phase transition at an even higher
magnetic field:

BEW = m2, Je ~27x 10T, (16.4)

11 We use the units A =c = 1.

84



P. Adhikari et al. Progress in Particle and Nuclear Physics 146 (2026) 104199

which is determined by the Higgs mass my = 125.1GeV. Above this field, B,,, the electroweak symmetry is expected to be
restored [499,502,503].

16.1.2. Vacuum instability in the electroweak sector and the puzzle in QCD

The W boson plays a crucial role in the instability of the electroweak vacuum because this particle has three important properties:
it is an (i) electrically charged (ii) vector particle that (iii) possesses a large gyromagnetic ratio (the Landé factor), g = 2. As a result,
the W mesons strongly couple to the magnetic field via their large magnetic moments. The importance of these properties can be
understood from the energy spectrum of a free particle of a mass m placed in the background of an external steady uniform magnetic
field B:

53&(?1) = pi +Qn—gs, + eB+m>. (16.5)

Here n is a nonnegative integer number that labels the Landau levels, s, = 0, +1 is the spin projection on the axis of the field z, and
p, is the particle momentum along the z axis. We assume that eB > 0.

With an increase of the magnetic field, the mass of the W polarization branch (16.5) with the quantum numbers n =0, s, = +1,
p, = 0 decreases, M>(B) = m?> — eB, and becomes a purely imaginary quantity if the magnetic field exceeds the critical value
B, = m?/e. Notice that this effect arises due to the big gyromagnetic ratio g = 2. For W bosons, the critical field is given by
Eq. (16.3), above which the vacuum experiences a tachyonic instability associated with a second-order phase transition [495-499].
The vacuum turns into an inhomogeneous vortex-dominated phase which will be discussed in more detail below. In realistic quantum
field theories, the W bosons interact with other fields, so that this mechanism should be further scrutinized to ascertain its robustness
in the presence of interactions.

One can reasonably wonder whether analogous phenomena can exist in other physical systems that also host electrically charged
vector particles. A similar mechanism has indeed been suggested to operate at the level of QCD that possesses electrically charged
mesonic bound states with vector quantum numbers, the p-meson excitations [500]. In this case, the p-meson mass m, ~ 770 MeV
determines the free-limit value of the critical field, B, = mi /e, that appears to be of the order of the characteristic field in QCD,
B, ~ B9€P (16.2). If this mechanism works, then the vacuum may also acquire electromagnetic superconducting properties mediated
by the condensation of p* mesons.

The existence of this intriguing superconducting state of the QCD vacuum is supported by low-energy models [122] and
holographic approaches [78,504]. At the same time, it is questioned by symmetry arguments [125] and effective field theory
calculations [71]. Furthermore, this exotic phase avoids a direct first-principle detection in numerical simulations [119,125],
presumably because of numerical difficulties associated with the inhomogeneity of the charged condensate and the smooth crossover
nature of the suspected superconducting transition [505-507]. Moreover, the first-principle lattice simulations of QCD do not display
any signature of a tachyonic instability in a zero-temperature QCD vacuum exposed to high magnetic fields [64,117-119,125,508].
In other words, the masses of vector mesons do not vanish at the range of the relevant fields (16.2) in the apparent contradiction to
the classical analysis within effective models. While these results would be sufficient to exclude the presence of the superconducting
phase in QCD vacuum at strong fields, we show below that the same questions can also be asked at the level of the electroweak sector
there the tachyonic instability associated with a second-order phase transition, was also predicted by theoretical analysis [496-499].
Remarkably, despite the absence of any tachyonic instability, the electroweak vacuum still has a superconducting electroweak
phase [509]. This observation gives hope for a search for a similar phase in QCD, addressed in more detail in this paper.

The key argument in favor of the existence of the new QCD phase, which is consistent with available numerical results, is that
the transition from the usual hadron phase to the superconducting phase at the field strengths of the order of the QCD scale (16.2)
may proceed via a smooth crossover, which prevents any instability. While this statement sounds questionable in view of the
simple analysis of the free-particle spectrum (16.5), the first-principle numerical simulations show that no instability occurs in the
electroweak model, where the vacuum enters a similar W -condensed state via a magnetic-field-induced crossover. In other words,
in the absence of a second-order phase transition, the instability should never appear in the electroweak model. Still, the magnetic
field produces the superconducting phase in the electroweak model.

Thus, a QCD transition to the new phase can also occur at a nonvanishing p-meson mass in the absence of any thermodynamic
singularity [506]. The latter scenario has a hypothetical character since it requires confirmation from a first-principle simulation.
In this respect, the electroweak model provides us with a compelling playground, backed by the similarity of the superconducting
mechanisms in both QCD and electroweak systems.

Notice that even in the electroweak model, where the condensation of the W bosons has robustly been predicted at the classical
level, the existence of the magnetic-field-induced phase was questioned in the theoretical literature before the numerical first-
principle results [509] became available. At the classical level, the formation of the periodic vortex lattice in the background
magnetic field has been established not only analytically but also numerically [510]. However, this classical-level scenario, together
with the arguments based on loop computations [511], has been questioned in Ref. [512] where it was shown that quantum
corrections could add a radiative term to the classical W mass in such a way that the mass does not vanish at the critical field
B, = BEVW. Accordingly, it was concluded that no thermodynamic instability should appear in the electroweak model. Moreover,
earlier numerical simulations of the electroweak model in the background magnetic field did not reveal the presence of the vortex-
dominated phase around the finite-temperature electroweak crossover [513], which could be explained by a destructive role of strong
thermal fluctuations. Therefore, the very existence of the superconducting phase in an electroweak model is a rather nontrivial fact.
Below, we review the first-principle numerical results obtained in the electroweak model which demonstrate the existence [509].
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Before closing this section, it is worth mentioning that the mechanisms that drive the vacuum superconductivity at QCD [500]
and electroweak [500,501] scales are very similar to reentrant superconductivity that was suggested to occur in very clean
superconducting materials in high—in the condensed matter standards—magnetic fields [514]. This phenomenon is suggested to be
catalyzed by magnetic-field-induced condensation of Cooper pairs of electrons in a p-wave bound state. The p-wave Cooper pair is
a condensed-matter counterpart of the p* meson, the latter being an electrically charged bound state of a quark and an anti-quark.
The strength of the magnetic field required for this phenomenon to occur is suggested to be in the range of a few dozen Teslas. [514]

16.2. Magnetic-field induced vortex phase in the electroweak model

We consider the bosonic sector of the Electroweak model with the Lagrangian
Cow =-2rrav, wmy— Ly ym 4 D ¢ (Dhg) - (g0 - ) 16.6
ew = =5 Tr W W) = 2Y, Y5+ (D,¢) (") - 4(¢'¢ - 2 ). (16.6)

where Wi = 0,W -o,W!+ ige“”“WM”WVC and Y,, = d,Y, - 0,Y, are the field strengths of the SU(2) gauge field W and U(1)y
hypercharge gauge field Y,, respectively. These fields interact with the complex scalar Higgs doublet ¢ = (¢, ¢,)7 via the covariant
derivative, D, = 9, + égWﬂ”o‘” + ég’ Y,, where ¢¢ (a = 1,2,3) are the Pauli matrices. The ratio of the U(1) and SU(2) gauge
couplings, g’/g = tan@y,, defines the electroweak mixing (Weinberg) angle 6y, with sin®>6,, = 1 — m%‘/ /mzz = 0.22290(30) [515].
The dimensionless coupling 4 controls the self-interaction of the Higgs field, and the only dimensionful parameter v gives, at low
temperature, the vacuum expectation value to the Higgs field, (¢) # 0, breaking electroweak symmetry down to its electromagnetic
subgroup, SUQ)y, x U(1)y = U(1)em.. We do not consider fermions as they do not play any qualitatively important role in the
phenomena that we are interested in.

The particle content of the model is simple. In the T' = 0 broken phase, the Higgs field acquires the mass my = \/ﬁu. The model
also possesses the massless photon, 4, = W; sinfy, + Y, cosfy,, and three massive gauge bosons, which include the electrically
(off-diagonal) charged W bosons W3 = W”l +i Wﬂz, and the neutral (diagonal) Z boson, Z, = W‘f’ cos By, — Y, sinfy,, with the
masses my, = gu/2 and m, = my, / cos Oy, respectively.

The electroweak model (16.6) in the background of the magnetic field has been extensively studied in Ref. [509] using first-
principle numerical simulations. In simulations, we used the hypermagnetic field By associated with the hypergauge field Y, which,
in the broken phase, corresponds to the usual magnetic field B via the relation g’ B, = ¢B and plays an independent role in the
symmetry-restored phase, in which the magnetic field cannot be defined. The results of Ref. [509] reveal the existence of three
phases separated by two (pseudo)critical magnetic fields:

eB,; = 0.68(5)m, ., eB,, = 0.992)m?, . (16.7)

The first critical field B, ~ 0.7B§,W appears to be about 30% weaker than the value (16.3) predicted by the classical theoretical
analysis that does not take into account quantum fluctuations. However, the second critical field B,, ~ Bf" agrees precisely with
the theoretical value (16.4) within the accuracy of 1%.

The existence of these phases can be readily seen in Fig. 16.1(a), where a normalized expectation value of the Higgs condensate
is shown against the magnetic field. One can distinguish (i) the low-field phase at B < B, where the Higgs expectation value is
independent of the strength of the magnetic field; (ii) the intermediate phase at B,; < B < B,,, where the field gradually diminishes;
and (iii) the symmetry restored phase at B > B,,. Thus, the phase structure of the electroweak model in a strong magnetic field
is indeed nontrivial, and it agrees rather well with the predictions of the theory. However, what is the nature of the intermediate
phase and the bordering phase transitions?

Theoretically, the intermediate phase should be described by a classical inhomogeneous W -condensate solution. It can best be
imagined as a crystal made of parallel vortex-like structures that share a geometric similarity with the lattice of Abrikosov vortices
of a conventional type-II superconductor. For realistically heavy Higgs masses, my > m,, the vortices in the W condensate arrange
themselves into a hexagonal lattice [495,516,517]. It is worth also noticing that the similarity between the magnetized vortex
phase of the electroweak vacuum and a type-II superconductor is geometric rather than physical because the properties of the two
systems differ significantly. For example, the W vortices expel the magnetic field from their cores [496,518] while the Abrikosov
vortices carry the magnetic field lines inside their cores [519]. In addition, the vacuum in this exotic state exhibits superconductivity
(associated with the condensation of the W bosons [500]) and superfluidity (supported by the condensation of the Z bosons [501])
only along the direction of the magnetic field, being an insulator in the transverse plane [500,520]. On the contrary, an ordinary
superconductor supports dissipationless transport in all spatial directions.

The numerical results on the inhomogeneities of the vacuum phases are presented in the insets of Fig. 16.1(a) corresponding
to different values of the background magnetic field. The snapshots of the cross-sections of typical lattice configurations do indeed
reveal the presence of flux-like vortices in the intermediate phase. Contrary to a crystalline hexagonal structure suggested by the
theory, the vortices form an amorphous medium, which can be characterized as a disordered solid or a liquid but not a crystal. We
attribute the difference between the numerical results and the theoretical predictions on the structure of the inhomogeneous state
to the quantum fluctuations that were not taken into account by the semiclassical estimations. A qualitative comparison between
the vortex arrangement in the cross-section 2d plane proposed by the theory and found in the simulations is given in Fig. 16.1(b),
while the 3d visualization of a typical field configuration found in the simulations is presented in Fig. 16.1(c). Our simulations also
reveal that at a higher magnetic field, the solid state of the vacuum melts down (at zero temperature) and disappears: the vacuum
enters the homogeneous symmetry-restored state at B > B,,. This observation agrees with earlier theoretical estimations [521,522].

86



P. Adhikari et al. Progress in Particle and Nuclear Physics 146 (2026) 104199

theory

simulation

Fig. 16.1. (a) A normalized value of Higgs condensate squared (¢?),. The insets represent the density plots of the Z,, fluxes in the cross-sections
normal to the magnetic field axis obtained in numerical simulations at the values of the magnetic field shown by the arrows. (b) An illustration
of a hexagonal crystalline order of the vortices predicted by the theory (top) and the result obtained in the numerical simulations (bottom); (c)
A typical 3d configuration in the superconducting phase (B,, < B < B,,) in the magnetic field background eB = 1.1, . The blue and red (green)
surfaces show equipotential surfaces of the W (Higgs) condensate in complementary regions.

Source: Figure adapted from Ref. [509].

What is also interesting—and this property should definitely be crucial in an analysis of the corresponding phase in QCD—is
that both numerically observed transitions are smooth crossovers. As it is demonstrated in Ref. [509], the susceptibility of the Higgs
field does not possess a local maximum across either B,, or B,, as it could be expected in a case of a phase transition of first or
second order, or in a case of a strong crossover. Therefore, these transitions are not marked with thermodynamic singularities. As
a consequence, no instability may occur.

16.3. Magnetic-field induced vortex phase in QCD

We expect that a similar scenario can also be realized in QCD, where the role of the W bosons is played by the charged p mesons.
The numerical simulations of the electroweak model reveal the absence of any tachyonic instability at the critical transition field,
while the vortex phase does exist at the intermediate values of the magnetic field. Likewise, the tachyonic instability has not been
found in QCD as well. However, do vortex-like structures appear in QCD in the background magnetic field? This question has been
addressed in Ref. [523] in the quenched approximation in the simplest, two-color version of the theory. In this section, we highlight
certain findings of that paper.

The superconducting ground state should be characterized by the presence of the mixed quark-antiquark condensates, composed
of u and d quarks, (ay,d) = p and (ay,d) = —ip, that carry the quantum numbers of the electrically charged p mesons. Effective
models predict that these condensates should have an inhomogeneous vortex-like structure in the plane normal to the axis of the
magnetic field. This phenomenon can be interpreted as the p-meson condensation.

To probe the emergence of these inhomogeneous states, Ref. [523] employed lattice Monte-Carlo simulations of SU(2) Yang-Mills
lattice gauge theory. The quark fields were introduced by the overlap lattice Dirac operator D with exact chiral symmetry [524].
The background magnetic field has been introduced via the twisted spatial boundary conditions [525]. The quarks, treated in the
quenched approximation, were subjected to the background magnetic field in the range eB = (0...2.14) GeV?, which includes the
critical field (16.2).

Due to the oscillating phase of the complex p-meson condensate and the motion of vortices, the calculation of the local value
of this condensate appears to be a challenging task. Therefore, the inhomogeneous properties of the vacuum were accessed via the
following p-meson correlator:

= d(x: —(,F — 1 1
()= p(x; A, B) =(p" (0)p(x) ) g g =Tr (DM(A,B)+m Yu D,(A B +m n) > (16.8)

computed in the background of both the non-Abelian gauge field A and the Abelian magnetic field B. The point x = 0 has been
taken at the origin of the lattice.

The potential inhomogeneous properties of the p-meson condensation can be probed in the spirit of Ref. [526], where the
existence of a confining chromoelectric flux tube has been revealed in lattice Yang—Mills theory. The flux tube has been introduced
with the help of a rectangular Wilson loop W as a source of heavy quark-antiquark pair and then studied the local energy density
operator £ = £(x) as a probe of the flux tube formed due to the presence of the pair.

Working in analogy to Ref. [526], one can construct the normalized scalar energy of the p-meson field £(x), the normalized
electric (super)current density j,(x) generated by the p-meson field, and the local vortex density v(x), respectively:

2
E(x) = m, D, =0,—ieA,. (16.9)
[€9]
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Fig. 16.2. (a) An illustration of the classical vortex solution in the superconducting QCD vacuum. The vortices arrange themselves parallel to the
background magnetic field in a hexagonal structure; (b) the longitudinal and (c) transverse cross-sections of typical gauge-field configurations
in quenched SU(2) QCD as revealed by the energy correlator (16.9), preceded by an illustration of the relevant cross-section for a partially
disordered, realistic configuration.

Source: Figure adapted from Ref. [523].
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;—ﬂai%a%argax), ab=12. (16.11)

Our experience with the electroweak model tells us that the ideal semiclassical hexagonal lattice of p vortices, shown in Fig.
16.2(a), should get perturbed by quantum fluctuations, forming a disordered solid or a fluid. The fluctuations impact vortex patterns
in the cross-sections. For example, a transverse (x, y) cross-section of the volume may contain some linear segments of the vortices
instead of a set of localized points in an ideal vortex lattice. In addition, the linear vortex instructions may disappear from one
longitudinal (x, z) plane as the vortices may propagate to another slice. The orientations of the cross-sections are illustrated in the
first plots of the panels in Figs. 16.2(b) and 16.2(c), respectively.

Within the core of a physical p-vortex, the energy density is elevated relative to the surrounding regions. Consequently, if
physical p-vortices emerge within a sufficiently strong magnetic field, one would expect to observe localized point-like energy density
concentrations in the transverse (x, y) plane, as indeed seen in Fig. 16.2(b). In the picture, the magnetic field is oriented along the
z-axis. We can also expect the formation of long linear structures in the longitudinal (x, z) plane, which is also the case according
to Fig. 16.2(c). In these figures, typical examples of the distribution of the energy density in the transverse (x, y) and longitudinal
(x, z) planes are shown for weak (eB = 0.356 GeVz), moderate (eB = 1.07 GeV?) and high (eB=2.14 GeVv?) magnetic fields.

In accordance with our qualitative expectations, at a low magnetic field, the vortex lattice is not formed. At the moderate
magnetic field, the appearance of a coherent vortex structure is seen. However, the vortices are not rigidly ordered in the transverse
plane, and they are not quite parallel to the magnetic field. At a higher magnetic field, the physical picture shown in Fig. 16.2
becomes visually consistent with the presence of a melted lattice (liquid) of the p vortices. This picture of the vortex formation in
QCD [523] strongly resembles the formation of the superconducting W vortices in electroweak model [509].

One can also numerically observe [523] that the lumps in the energy density (16.9) are surrounded by circulating electric
currents (16.10) while the position of the energy lumps correspond to the locations of the vortex cores as revealed by the vorticity
density (16.11). These expected features correspond to the properties of the p vortices obtained from the analytical solutions in
Ref. [500]. Thus, the results of quenched two-color QCD strongly suggest that similar superconducting vortex patterns may also
emerge in realistic QCD with dynamical quarks.

(16.10)

Jux) =

v(x) = singarg ¢(x) =

16.4. Conclusions

First-principle numerical simulations of the electroweak model in a strong magnetic field reveal the presence of an inhomoge-
neous phase made of vortices parallel to the magnetic field [509]. Contrary to various theoretical estimations, the transition to this
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phase proceeds via a very smooth crossover, which does not show any signature of a tachyonic instability, claimed to be responsible
for the emergence of this new phase. Still, the inhomogeneous phase does exist, and most of its features qualitatively coincide with
the predictions coming from the semiclassical analysis [495-499]. A notable difference between the theory and simulations appears
to be in the geometrical structure of this phase, which, contrary to the hexagonal crystalline order, resides in an exotic disordered
solid/liquid state. The observed condensation of the W and Z fields implies that the vacuum in this phase should also be an unusual,
strongly anisotropic superconductor and, simultaneously, an anisotropic superfluid [500,501]. Such anisotropic superconducting
properties also imply that the vacuum becomes a hyperbolic metamaterial that behaves as a diffractionless ’perfect lens.” [527-529].
The results obtained in the electroweak model—where the existence of the superconducting phase can be revealed analytically
at a classical level—suggest that a similar situation can occur in QCD: the superconducting inhomogeneous phase may be reached
in strong magnetic fields in the absence of a tachyonic instability and with a perfectly analytical behavior of masses of the p mesons.
In the absence of the Higgs field in QCD, which has a global expectation value in the vortex phase in the electroweak model, the
existence of the inhomogeneous phase of QCD is difficult to reveal. The observables that could show the existence of the vortex
structure should perhaps be related to local correlators of the p-meson fields such as energy (16.9), electric current (16.10), and
vorticity (16.11) that were shown to exhibit robust vortex-like features in quenched QCD in strong magnetic fields [523].

17. Outlook

The chiral magnetic effect in QCD is by now understood as an inherently out-of-equilibrium phenomenon. The main challenge for
the theory remains to find reliable ways to estimate the size of the effect including interactions. Comparison to heavy-ion experiments
can be carried out through hydrodynamic simulations, which need the CME conductivity as an input. Via linear response theory,
out-of-equilibrium transport coefficients can be determined using lattice Monte-Carlo simulations of equilibrium QCD. Nevertheless,
purely non-equilibrium properties are hidden in the spectral function, in contrast to the Euclidean correlators directly available
on the lattice. As a desirable extension of current lattice simulations, an analytic continuation (spectral reconstruction) must be
performed to obtain the out-of-equilibrium CME conductivity. The calculation of this conductivity from first-principle lattice QCD
simulations could, in combination with other effective theory approaches to strongly interacting matter phenomenology, provide
valuable information towards the goal of detecting the CME in heavy-ion collision experiments.

Lattice simulations turned out to be very efficient in studying equilibrium properties of QCD, such as the QCD phase diagram or its
equation of state. The introduction of an external magnetic field, from one side, leads to plenty of new phenomena, including inverse
magnetic catalysis, possible critical endpoints, enhancement of fluctuations and others. From another side, it makes the parameter
space of the system very large and complicates lattices studies, especially if one takes the continuum limit. Despite recent progress
in understanding QCD bulk properties in the temperature-magnetic field-baryon density space, there are still multiple open issues,
which could be studied further. These include, e.g., the existence of the critical endpoint at large magnetic fields and its connection
to the chiral critical endpoint in QCD in the u — T plane, or the existence of new non-trivial phases. A more detailed study of QCD
properties in a larger parameter space, including strangeness or electric chemical potential, as well as the tuning of the parameters to
the conditions relevant for the heavy ion collision experiments would be beneficial. One could also possibly extend existing studies
and results to various other parameters, including the chiral chemical potential us, electric field eE, non-homogeneous fields and
others.

Novel chiral hydrodynamic effects arising in extreme magnetic fields, see Section 13, have the potential to heavily impact various
disciplines. Developing chiral hydrodynamics as an effective field theory has lead to the conclusion that in strong magnetic fields, a
large number of novel transport coefficients and susceptibilities can arise, see also Fig. 13.1. The relevance of these novel transport
effects for QCD plasma, neutron star mergers, and astrophysical plasma has to be estimated. If they turn out to be relevant, they
should be included in hydrodynamic codes used for the analysis of heavy-ion collision data or for the simulation of neutron star
evolution, especially for magnetars. Such effects can, for example, account for the observed neutron star kicks. A subset of the
novel transport effects are susceptibilities obeying time-independent Kubo relations, and can thus be computed in equilibrium from
lattice QCD. For the example of the magnetic vorticity susceptibility, M,, Eq. (13.4) and Fig. 13.1 illustrate what would need to be
calculated for such susceptibilities: In a homogeneous magnetic field pointing in z-direction, one needs a y-dependent magnetic field
in x-direction in order to have non-vanishing magnetic vorticity. In this state, the (T**(+k)T”z(—k)) correlator needs to be calculated.
No time-dependence is needed here, only spatial inhomogeneity, making M, and its peers (M, M3, M,, and Ms) a well defined
target for future lattice computations. A complete extension of the chiral hydrodynamics framework from Section 13 into chiral
magnetohydrodynamics, including dynamical magnetic fields obeying Maxwell’s equations is an open problem. In addition, the
framework should be extended to include axial U(1) and vector U(1) symmetries simultaneously. Taking chiral transport far away
from equilibrium, holographic models show that the time evolution of the CME currents very strongly depends on the choice of
initial conditions and parameter choices. A fully dynamical study including dynamical magnetic field and dynamically generated
axial charges is a future goal for holographic models. In general, holographic models including magnetic fields, serve as discovery
tools for new physics and as testing grounds for novel hydrodynamic effects. They can even be pushed to investigate plasma dynamics
far from equilibrium, as illustrated in the CME case study.

Another facet of the aforementioned transport phenomena with great potential to be explored is their condensed matter analogs.
The table-top setups used in this kind of study are enormously simpler than high energy experiments and have attracted attention of
distinct communities, providing technological applications, insight on fundamental physics and hopefully will provide some insight
on their non-Abelian cousins. So far, a few groups have claimed to have observed the CME in (3+1)D materials. However, it is still
hard to state firmly that the samples really belong to the Weyl type. ARPES (Angle-resolved Photoemission Spectroscopy) technique
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has given support on this issue but at this point it is very useful to build analogs in materials whose charge carriers can be more
easily identified as relativistic-like. Reminding that the CME is one example of a plethora of transport phenomena, anomalous or
not, that may take place in the quark-gluon plasma, increasing our understanding and confidence on the nature of these materials
and having other kinds of structures that may harbor analogs will allow for the search of other transport mechanisms such as chiral
separation effect, chiral magnetic wave, etc.

Finally it is worth to remark that by constructing these type of analogs is a rich procedure to export benefits from high energy
to condensed matter, since several theoretical aspects of the theory of anomalies and transport in general have been well developed
and understood by particle physicists. On the other hand, it would be breakthrough if one could formulate how to explore tabletop
setups in order to have more concrete insight about their hard to access high energy counterparts.

The relevance of the strong magnetic fields of the electroweak scale to the physics of the present-day Universe poses an intriguing
question. Such fields with the typical electroweak magnitudes of 10%° T may still exist in the atmospheres of the extreme magnetically
charged black holes. These magnetized Reissner-Nordstrom black holes should have zero temperature, implying that they do not
radiate Hawking radiation and are, potentially, stable. In-falling matter will, however, heat the atmospheres of the black holes
and lead to thermal fluctuations of the electroweak superconducting vortices. Being positioned above the event horizon of such a
black hole, the vortices should emit high-energy rays that, after a gravitational well red-shift, will appear, for a distant observer, as
radiation in a lower-energy electromagnetic spectrum. If the population of such black holes is statistically significant, their radiation
can potentially have an observable imprint on the cosmic background.

Our idea poses the challenging question of finding properties of the superconducting electroweak phase subjected to the strong
gravitational field of a black hole. To this end, the lattice gauge theory methods adapted to curved space-times can provide us with
insight into the realistic structure of this vortex-populated phase and give us vital knowledge for detecting magnetic black holes
using astrophysical observations.

Part IV. Effective models
18. Introduction

Strongly interacting matter is one of the many fascinating physical systems being intensively investigated in the last decade.
Nuclear matter, quark matter and even cold atoms may be considered strongly interacting matter, though in different scales. Most
of the problems in dealing with such systems arise from the (infinite) degrees of freedom and from the fact that the couplings
are strong (non-perturbative). Without any extreme conditions, that may come from higher temperatures, higher densities, strong
magnetic fields or any other environmental condition, strong interacting matter is already a complex system due to its many-body
nature. This means that the description of such system has to undergo some approximation, even in ab initio frameworks. Many
different approaches have been used and most of what we currently know about strongly interacting matter is the result of a great
effort during decades in order to understand systems that are supported by strong interactions.

Many effective models have been developed to describe few-nucleon systems, nuclear matter, nuclei and QCD matter. Although
they were designed to describe some specific properties, they provided a great knowledge on strong interactions that would be
extremely difficult to acquire directly from the fundamental theory with first-principle calculations. In this Part, several effective
approaches aimed to describe strongly interacting magnetized matter will be discussed.

19. Modified NJL models

Among the many effective models that have been developed to study strongly interacting matter under extreme conditions,
there is one approach that is based on the NJL model [530] for a basic strong interaction, in general, two and three-flavor quark
matter have been considered. The unknown details are represented by a thermo-magnetic coupling G(eB, T') which encodes the
temperature and magnetic field effects. The first attempts in this direction were made one decade ago and considered an analytical
ansatz for the thermo-magnetic coupling [14,15]. Later, in 2017, an improvement of this approach was developed by numerically
building G(eB, T) with the constrain that the average of u and d condensates obtained with lattice QCD are reproduced by the
effective model for given values of T and eB [19]. The beauty of this approach is that it reproduces the inverse magnetic catalysis
observed in lattice QCD calculations in a very simple way, a feature that the standard NJL model fails to describe.

In Fig. 19.1, we show how the average v and d quark condensates obtained from lattice QCD simulations can be reproduced in
the NJL model by introducing a thermo-magnetic coupling, G(eB, T), which is constructed by a fit to the lattice QCD results. Note
that the standard NJL model gives a very poor description of the ab-initio results.

Inverse magnetic catalysis is obtained with the thermo-magnetic dependence of the coupling, as can be observed in the thermal
susceptibilities displayed in Fig. 19.2 and in the pseudo-critical temperature for the chiral transition shown in Fig. 19.3.

Another interesting result is obtained, at zero temperature, by using a B-dependent coupling which is also built by performing a
fit procedure with lattice QCD results [108]. This can be observed in Fig. 19.4 where we display the condensates and the pion mass
as functions of the magnetic field at T = 0. The B-dependent coupling is constructed to reproduce the average condensates, and the
pion mass is a prediction based on the new coupling. In Ref. [108], we emphasize the importance of a proper regularization for the
excellent agreement between the pion pole mass calculation and LQCD results. This issue is a key point for any calculation using
effective models under extreme electromagnetic fields, although, many authors still do not use correct regularization techniques
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panel) and thermo-magnetic coupling G(eB,T) (right panel).

Source: Figures taken from Ref. [19].
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Fig. 19.3. Pseudo-critical temperature as a function of the magnetic field in three strategies, for a fixed coupling G (left panel) and for the

thermo-magnetic coupling G(eB,T) (right panel).
Source: Figures taken from Ref. [19].

causing, in general, unphysical results for the observables. A common signal of improper regularizations is unphysical oscillations

that are artifacts of a wrong calculation [131]

The thermo-magnetic coupling also affects the magnetization of the hadronic matter [207]. A numerical evaluation is summarized
in Figs. 19.5 and 19.6, where the pseudo-critical temperature and the renormalized magnetization, obtained in our modified NJL
model, are compared to lattice QCD calculations. In another study [531], we computed the magnetization in the case of zero
temperature and finite density. Fig. 19.7 displays the magnetization of cold hadronic matter for baryonic densities between zero and
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1 fm=3, considering two values of the magnetic field. In the presence of strong magnetic fields, the breaking of rotational symmetry
due to the magnetic field, causes the parallel and perpendicular pressures, with respect to the direction of the external field, to be
different, and the size of this difference is determined by the magnetization. Our results in [531] show that for typical magnetic
fields found in magnetars, i.e., a special class of neutron stars with strong surface magnetic fields, the parallel and perpendicular
pressures are almost identical.

As a last sample of a recent application of the NJL model, we show the calculation of the neutral p meson pole mass in a full
random phase approximation, considering vector interactions [123]. In Fig. 19.8, we show the p° mass as a function of the magnetic
field background for three different values of the vector interaction.

Given that a magnetic field strength of about 3 x 10'® G is estimated to already generate effects in the equation of state, a way to
explore possible venues to improve these results is to include a strong vector interaction in a fully self-consistent general-relativistic
calculation, to investigate whether the interaction can increase the maximum stable stellar central magnetic field strength.

We conclude by emphasizing that to make the NJL model more self-consistent, one should go beyond a fixed phenomenological
coupling, ideally introducing a dynamically generated running coupling, nonlocal interactions, or constraints from more fundamental
approaches, like Schwinger-Dyson equations or the Renormalization Group flow equations to evolve the effective couplings from a
QCD-like theory in the ultraviolet to the NJL scale.
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Fig. 19.8. Neutral p meson mass as a function of the magnetic field for different values of the vector interaction, compared to the effective
quark mass times two.
Source: Figure taken from Ref. [123].
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20. Background magnetic field helps fixing model parameters: The NJL model case
20.1. Motivation

In this section, we focus on how the known properties of a QCD medium in the presence of an external magnetic field such as
magnetic catalysis (MC) and inverse magnetic catalysis (IMC) can be utilized to constrain the parameter space of a model and work
out explicitly within the framework of the NJL model. In turn, the constraints can be tested by predicting some observables. It is
also interesting to observe how these medium properties can be used to understand better the working principles of such effective
models.

After being first observed in lattice QCD, the IMC effect has been observed in various effective models, including the NJL model
(local version), the LSM, and the QM model by tweaking the models, particularly by introducing a magnetic field and a temperature-
dependent coupling constant [14,15,19,532,533]. This obviously requires the addition of further parameters to the models. On the
other hand, the non-local NJL model can capture the IMC effect through its very construction and does not require the introduction
of any additional parameters.

We realize that the running of the coupling constant is the crucial property that is responsible for producing the IMC effect. In
the non-local NJL model, the coupling constant becomes momentum-dependent through the form factor. On the other hand, in local
versions, the coupling constant becomes a running one only after it is made dependent on temperature and magnetic field.

This particular feature of the non-local NJL model gives us an opportunity to check whether such a model is capable of
reproducing other known observables predicted by lattice QCD, even without introducing any new external parameters. In the
process, it hands us the scope to constrain the model parameters which are otherwise completely unknown or not so precisely
known.

One such parameter is the strength of the 't Hooft determinant term in a 2-flavor NJL model [304]. Its value is governed by a
dimensionless parameter, c. There exists literature that provides us with some possible ranges of it [534,535]. However, no efforts
had been made to directly determine its value until recently, when a 2-flavor non-local NJL model in the presence of a magnetic
field was utilized to fit its value [536].

Once its value is estimated, it can be further tested by calculating observables such as topological susceptibility (y,) at zero
magnetic field and predicting its (y,) values for non-zero magnetic field [536]. This value of ¢ is further utilized in a study that
investigates the intertwined effects of the 't Hooft determinant term and a difference in light quark masses on the QCD corrections
to the pion mass difference [537].

In this Section, we first provide the required formalism in short and then briefly describe the process of fitting the parameter ¢
while describing some associated results. We, then, present the results obtained with that fitted ¢ value for different observables

20.2. Determining the strength of the ’t Hooft determinant term

The version of the Lagrangian that we utilize here is a 2-flavor non-local NJI model written in the Euclidean space as,

Lnyp = (—id+m)w — Gy {j,()jo(¥) + [, ()} = Gy {ja(x)ja(x) = J()],(0)} (20.1)

where the currents are given by
i 7 (x)= 4 7 Z F _z
a7 () = / d*z H)w (x +2 ) r,)fw (x : ) . (20.2)

The I'’s are defined as I' = (I, I';) = (L iys7/) and I = (I, I';) = (iys,©/) with = = (z!, 7%, 7°) representing the Pauli matrices. The
current quark mass matrix, m = m x I, with m, = my; = m. H(z) is the form factor, which if taken to be a §-function reduces the
Lagrangian in Eq. (20.1) into a local one. It is important to note that the second part of the interaction term breaks the U(1), term.
Thus, putting G, = 0 makes the Lagrangian symmetric under SU(2), x SU2)4, x U(1),, x U(1)4 in the chiral limit.

In the absence of isospin symmetry breaking (equal non-zero current quark mass does not break it), the symmetry allows only
(ww) condensate that depends on the G, + G, combination. On the other hand, if there is an isospin symmetry-breaking agent such
as isospin chemical potential (4;) and/or magnetic field (eB) there is an explicit breaking of SU(2),, symmetry. In that circumstance,
one can have another condensate such as (yr3y) that couples to the fermions with coupling strength G, — G,. This motivates to
parametrize the coupling constants G; = (1 — ¢)G,/2 and G, = ¢G,/2 in terms of a single coupling constant, G, and the parameter,
c. Its value (c¢) determines the strength of the ’t Hooft determinant term, and ¢ = 1/2 reduces the Lagrangian in Eq. (20.1) to that
of the usual NJL model.

It is well-known how to obtain the free energy starting from the mean-field version of the Lagrangian given in Eq. (20.1).
Eventually, to perform numerical calculation a few more things need to be known. One of them is the form of H(z), the form factor.
The Fourier transform of which is denoted as g(p) and can only be a function of p> due to the Lorentz invariance: g(p) = e
The other important things are the parameters in the model such as m, G, and A. It should be mentioned that A does not serve as
a cut-off in the same way as in the usual local model; instead, it sets the scale of the theory.

These parameters are fixed by fitting known QCD observables such as pion mass (m,), pion decay constant (F,) and the chiral
condensate ((yy)). Occasionally, these observables are chosen from different studies. However, in the pursuit of determining the
¢ parameter [536] these are taken from a single lattice QCD study [538] to maintain consistency. One needs to be careful while
fitting such observables obtained in lattice QCD calculation, for which generally the scale is set at 2 GeV. On the other hand, the
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Table 20.1
Central and two other sets, along with the fitted parameters of the model given on the right of the double bars.
(ww,)'? (MeV) m, (MeV) F, (MeV) F,o (MeV) m (MeV) G, (GeV™?) A (MeV)
Parameter Set CC 224.8 135 87.3 84.25 5.87 43.34 697.22
Parameter Set HH 228.6 135 92.9 90.63 6.31 57.15 660.46
Parameter Set LH 221.1 135 92.9 91.00 6.94 80.26 605.05
Tco(eB
Tco — LacDh
1.3¢
= CC
HH
v HL
+ LH
LL

s ——— eB(GeV?)
00 02 04 06 08 10

Fig. 20.1. QCD phase diagram in the T — eB plane for different parameter sets and also in lattice QCD.

Table 20.2
x? fitting of condensate difference in c.

c x* per DoF
Parameter Set HH 0.044 £ 0.079 0.149
Parameter Set LH 0.149 £ 0.103 0.634

scale of the effective model is roughly 1 GeV. In order to express the lattice QCD results at a desired scale of 1 GeV one can utilize
the perturbative renormalization group (RG) running [539].

After utilizing perturbative RG running the condensate value becomes (jy)!/3| u=1Gev = 224.8(3.7)MeV. On the other hand, F,
being a scale-independent quantity remains the same, F, = 87.3(5.6) MeV. The pion mass is taken to be 135MeV. To explore the
whole observable space while fitting the model parameters one needs to include the errors in both in (yy) and F,. This makes a
total of nine different sets of observables to fit. Out of which, considering the four corner sets along with the central one will be
enough to understand all possible physical scenarios arising from different combinations.

Out of those five observable sets, the most important three are quoted here along with the fitted parameter values in Table
20.1. The rest of the sets can be found in Ref. [536]. The letters C, H and L stand for the central, highest and lowest values of the
observables, respectively. For each parameter set, the first letter corresponds to the value of the condensate and the second to that
of the pion decay constant. With the fitted parameters, one can now proceed with the calculation. So far the whole discussion is in
a vacuum. To introduce the magnetic field the non-local currents in Eq. (20.1) need to be modified as

ja(x)/fa(x)=/d4z H(z)yp (x+§)WT (x+§,x) Fu/faW(x,x—g) u/(x—%), (20.3)

where, W (s,t) = P exp [—iQ A ! dr,A, (r)] with r running over arbitrary path and connecting s and 7. A, (x) represents the background

magnetic field and O = diag(q,, q,) With g, and g, being the electric charge of u and d quark, respectively.

It is to be noted here that the very definition of the currents in Eq. (20.3) helps produce the IMC effect in a non-local NJL model.
To get to the non-zero temperature Matsubara formalism is used, which connects the Euclidean time component to the temperature.

In Fig. 20.1, the QCD phase diagram (PD) in the T — eB plane is shown. The band represents the lattice QCD data [10]. The
plot displays five data sets [536] including the three given in Table 20.1 that reproduces the decreasing behavior of the crossover
temperature (T(). The IMC effect is also captured for these three sets. It is to be mentioned that although decreasing 7, and the
IMC effect accompany each other, the simultaneous occurrence of the two is not guaranteed [540]. The T, is calculated from the
inflection point of the condensate average for each value of eB following the lattice QCD given definition of the condensate [11]
as.

[ _ 2m _ e _ Iz
o= g [P = ) + (20.4)

where N = (m,F,)'/> with F,, being the pion decay constant in the chiral limit. From the three sets which capture the decreasing
behavior of T, the sets LH and HH do it better and are comparable. Thus, these are the two parameter sets for which the fitted
c-values are further considered.

In Fig. 20.2, a specimen of the fitting of the light quark condensate difference in ¢ is shown for the set CC. This is done for
zero temperature and the result for ¢ = 1/2 is also shown. Similar figures can be obtained for other parameter sets. Two such fitted
values for HH and LH sets are given in Table 20.2.
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Fig. 20.2. The condensate difference fitted in c.
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Fig. 20.3. The condensate difference for the fitted value of ¢ in the LH parameter set.

To narrow down further on the best possible parameter set and decide on the c-value the #* phenomenology is evoked, n* is
nothing but the mass of the fluctuations in the isoscalar pseudoscalar channel [541]. However, it cannot be directly used to fit
for ¢ as there is no physical particle representing the »*. But physical consideration can help constrain c¢. Considering it to be an
admixture of # and #/, the mass of #* to be a few times z°. Imposing the physically motivated constrain that M, > 400MeV it is
possible to find a lower bound on ¢ [536]. It is found to be ¢ > 0.12. With this constraint, the only viable parameter set is LH and
the corresponding fitted value of ¢ = 0.149*01%.

With the fitted value of ¢ at zero T, the lattice-defined condensate difference at non-zero T for different values of eB is obtained
as a prediction of the model. This is shown in Fig. 20.3 along with the lattice QCD result. The gray band in the figure gets excluded
with a consideration of M,. > 400 MeV resulting in a better match with the lattice QCD result.

20.3. Topological susceptibility

The CP-violating topological term that can be added to the QCD Lagrangian is written as [542],

AL = euvo'/l 0 a pra
6

T (20.5)

where 6 can be related to the axion field (a) as 6 = a/ f,, with f, being axion decay constant. This term can be removed by making
a suitable U(1), transformation on the fermionic fields. Under such a transformation the first interaction term in Eq. (20.1) remains
invariant but the second one picks up phase as

Gy [€088 {4 (x)j(x) = Jo ()] (x) } + 28in0 {jo(x)jo(x) = ji(x)]i(0)}] . (20.6)
with i running from 1 to 3. With this modification the free energy (£2) is calculated and from there the topological susceptibility
()

_d’0

d6? la=o
In the left panel of Fig. 20.4, we show the sensitivity of y, to c¢ for zero eB. We have both the fitted c-value and ¢ = 1/2, the standard
NJL model results. For both values of ¢, y, below T, is the same and is within the lattice result given by the red band [543]. With

increasing temperature, they become different and fall at a faster rate than the lattice results [543,544]. However, at non-zero eB
(in the right panel), the model predicts an enhancement in y, below T, which could be tested in future lattice QCD simulations.

Xt (20.7)

20.4. QCD corrections to the pion mass difference

We know that the charged and neutral pion mass difference (4M) can arise because of both the QED and QCD contributions.
The current quark mass difference (4m) is responsible for the QCD corrections. In a 2-flavor non-local NJL model (Eq. (20.1)) this
QCD contribution has been calculated [537] and it is found that ’t Hooft determinant parameter, ¢ plays an important role when
intertwined with Am. This is shown using a contour plot in Fig. 20.5, which has been drawn for different AM -values. The magenta
and gray bands are from yPT calculation [269,545], respectively.
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Fig. 20.4. y, for zero eB (left panel) and non-zero eB (right panel) for a central value of the U(1), symmetry breaking term ¢=0.149. The red
and the gray bands are lattice results.
Source: Figures taken from Ref. [536].
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Fig. 20.5. Contour plot of (AM,) in Am and c. The bands are from yPT calculation (please see text).
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Fig. 20.6. Left panel: AM, as a function of Am for the fitted ¢ value from Ref. [536]. The bands are obtained using yPT calculations. Right
panel: the Am dependence of the low energy constant /. For details, please check the main text.

In the left panel of Fig. 20.6, AM, is plotted as a function of Am with the fitted value of ¢ = 0.149fg:623. Using that fitted c-value
and different AM values from Refs. [269,545], one can determine the allowed range of Am in the model as from Ref. [269], and

from Ref. [545]
Am = 2.59 (¥022) (+12) MeV for AM,,

—-0.24/ \-0.35
(20.8)
am =355 (%) (43 MeV foraM,

In turn, these Am-values enable us to extract the chiral perturbation theory low-energy constant, /,, given in the right panel of Fig.
20.6. It is also observed that the value of /,; increases with increasing c¢. The estimated /; value using the 2-flavor non-local NJL
model is /; = 17.21’3;% x 1073, Such an estimation is within the range provided by other studies [268,546,547].

We conclude this Section by mentioning that it is possible to improve the results presented in the analysis. Newer or more refined
data could alter the best-fit parameter regions, especially for the chiral condensate and the U(1), symmetry breaking parameter c.
While the current work uses available LQCD benchmarks, incorporating newer and more precise data, especially at finite magnetic
field and temperature, would certainly improve the physical robustness and quantitative accuracy of the model predictions. Such
refinements are limited not by theoretical obstacles but by the computational cost and complexity of the required lattice simulations.
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21. Supersymmetric quantum mechanics and the dynamics of Dirac matter under external electromagnetic fields

Supersymmetry or SUSY is a theoretical framework in particle physics that proposes a symmetry between fermions and bosons in
extensions to the Standard Model. The first mathematical construction dates back to the Wess-Zumino model [548]. Supersymmetry
gained traction as it offered elegant solutions to several theoretical challenges (see, for example, Ref. [549]), such as the hierarchy
problem, Higgs stabilization, grand unification of fundamental interactions and even provided a candidate for dark matter. Despite
the lack of direct experimental confirmation of its existence to date, supersymmetry remains a pivotal and highly studied component
of modern theoretical physics, promising profound insights into the fundamental structure of the universe.

Supersymmetry in quantum mechanics (SUSY-QM) is a powerful framework that offers significant advantages and insights in
the study of quantum systems, making it a valuable tool in theoretical and mathematical physics [550]. One of the primary uses
of SUSY-QM is its ability to provide exact solutions to certain quantum mechanical problems that are otherwise difficult to solve.
By introducing a symmetry between bosonic and fermionic states, SUSY-QM allows for the construction of partner Hamiltonians
whose spectra are related, simplifying the analysis of complex systems. SUSY-QM is instrumental in understanding the algebraic
structures underlying quantum mechanics. It offers a natural context for exploring the properties of shape-invariant potentials,
which are central to solving the Schrédinger equation for a variety of potentials [550]. This has practical applications in fields such
as molecular physics, statistical mechanics, optics and condensed matter physics, just to mention some examples.

In discussing the main ideas of SUSY-QM, one often starts from two Schrodinger-like Hamiltonians H* which are intertwined
by means of an operational relation

HYL" =L "H". (21.1)
This is know as intertwining relation, where L™ = d/dx + w(x) is the intertwining operator, and w(x) the superpotential function.
The corresponding potentials ¥*(x) can be written in terms of the superpotential as

dw(x)
dx ’
where ¢ is a constant called factorization energy. Thus, the supersymmetric partner Hamiltonians H* turn out to be factorized as

VEx) — e = wi(x) + (21.2)

HY—-e=L"LY, H —-e=L"L", (21.3)

being Lt = (L7)' = —d/dx + w(x). All these elements satisfied the supersymmetric algebra, which is defined with the following
commutation rules:

[Hgs,0*1=0, {0*,07} = Hgg. (21.4)

Often, the supersymmetric Hamiltonian Hgg and the superchargers are written as 2 X 2 matrices of the form

L. (0 L* _ (0 0 _(H -¢ 0
=0 5) o= (0 e (T w) @)

The primary use of the supersymmetric transformations defined in Eq. (21.1) is to construct a supersymmetric partner Hamiltonian
H™ from an initial Hamiltonian H~ whose eigenfunctions y;, (x) and eigenvalues E, are known. This process also involves
determining the eigenfunctions " (x) of H* from those of H . It is worth noting that a consequence of the supersymmetric algebra is
that the supersymmetric partner Hamiltonians are either isospectral or their spectra differ only by one energy level (the factorization
energy level), depending on the square-integrability conditions of the respective eigenfunctions. The supersymmetric algorithm to
build a supersymmetric partner Hamiltonian is the following: Given a seed solution u(x) satisfying H ~u(x) = eu(x), the superpotential
function can be obtained as

du(x)/dx

o) (21.6)

w(x) =

thus, using Eq. (21.2), we can calculate the supersymmetric partner potential V' *(x). Moreover, from Egs. (21.1) and (21.3), assuming
the eigenfunctions y, (x) are normalized, we arrive at

L¥yF(x)
vE) = . (21.7)
n— €
Finally, the eigenfunction w} of H* corresponding to the factorization energy e is given by
V)= (21.8)

u(x)’
except for a normalization factor. This algorithm describes a first-order supersymmetric transformation since L* are first-order
differential operators. However, the supersymmetric algorithm can be generalized if the intertwining operators are taken as second-
order differential ones. In this process, two seed solutions and their respective factorization energies are necessary to construct the
supersymmetric partner Hamiltonian but the intertwining relation in Eq. (21.1) remains. In general, we can carry out a kth order
supersymmetric transformation. For a more complete discussion on this issue, see Refs. [551-555] and references within.
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General kth order SUSY-QM is a hard nut to crack. Yet, second-order SUSY-QM has been proven to be a very useful tool. In a
second-order SUSY transformation, the Hamiltonians H* are intertwined by a second-order operator L}, which can be written as

__ d? d
L2 = m + H(X)E + y(x), (21.9)

where 5(x) and y(x) are functions to be determined. The corresponding intertwining relation is

HYL; =L;H". (21.10)
The SUSY partner potentials ¥*(x) and the function y(x) can be written in terms of the function #(x) as follows:
2 dn(x)/d +

V+(x) = V_(x) + Zdrl(x)’ y(x) = n ()C) — M — V_(x) + M,

dx 2 2 2 (21.11)

L dnfdx? (dn(x)/dx\?  dn) ) | (ete a-a\’ '
Vo) = - - + + + .
2n(x) 2n(x) dx 4 2 2n(x)

This time, there are two factorization energies ¢, and ¢, associated with two seed solutions u;(x) and u,(x), which are solutions of
the Hamiltonian H~. In terms of the seed solutions, the function 5(x) is given by
dW (uy(x),u,(x))/dx
n(x):-M, (2112)
W (uy (), up(x))
being W(f,g) = fg — f'g the Wronskian. Furthermore, the eigenfunctions w*(x) for the Hamiltonians H* are related by the
following equalities:

LIy (x)

WEGo) = ’ (21.13)
V (En - el)(En - 62)
while the functions y* turn out to be
J
pr=—t2® e m™ (21.14)
bWy (x), up(x)) 2 W (x), up(x)

Finally, the products of the intertwining operators L) are second-degree polynomials on H%, i.e.,

L;L;r =HY —e))(H — &), L;L; =(H™ —¢)(H™ —¢). (21.15)

First and second order SUSY-QM have been widely implemented in exploring the dynamics of non-relativistic charged particles
in external static electromagnetic fields. This is valuable for exploring the dynamics of Dirac particles under similar circumstances,
as we show below.

21.1. SUSY and the Dirac equation

The supersymmetric structure of the Dirac equation reveals a deep connection between SUSY and relativistic quantum mechanics.
The Dirac equation, which describes the behavior of fermions such as leptons and quarks, can be reinterpreted within a supersym-
metric framework, highlighting symmetries between different quantum states. The Dirac equation in natural units (2 = ¢ = 1) is
given by:

(iy“d” —my =0, (21.16)

where y# are the Dirac matrices, d,, is the four-gradient, m is the mass of the particle, and v is the Dirac spinor. To reveal the SUSY
structure in the Dirac equation, we consider the stationary form of the Dirac equation:

with
H=a-p+pm. (21.18)

Here, o; = y%' and § = y°, with p the momentum operator.
In a suitable representation, the Hamiltonian H can be decomposed into a block form that resembles a pair of supersymmetric
partner Hamiltonians:

H = (:& g) s (21.19)

where A and AT are operators that act on the components of the spinor y. The supercharges Q and Q' can be defined as:

:
0= (2 g), of = (8 ’2)) . (21.20)
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These supercharges satisfy the SUSY algebra:
{0.0"y=H, @*=(@©")’=0. (21.21)

In this framework, the operators A and AT correspond to the creation and annihilation operators in the context of the Dirac equation.
They map solutions of the Dirac equation to one another, revealing the underlying supersymmetric structure.

The supersymmetric structure shows that for every solution of the Dirac equation with positive energy, there is a corresponding
solution with negative energy, forming a supersymmetric pair. This pairing reflects the symmetry between particles and antiparticles.

21.2. Bound states in external electromagnetic fields

The influence of external magnetic fields into the Dirac equation can be straightforwardly included through the minimal
substitution replacement 9, —» D, = d, +ieA,, where A, is the vector potential giving raise to the external fields. Bound states for
Dirac fermions have been widely explored for static fields. In the case of magnetic fields, the uniform magnetic field configuration has
lead to a lot of interest. For large magnetic fields compared to the rest mass of the Dirac particle, it is known that such configuration
gives rise to the relativistic Landau levels, which are of the utmost importance in many branches of physics [556]. Going beyond
this configuration, adding the influences of static electric fields, either parallel or perpendicular to the magnetic field, and the plane
wave configuration are among the handful of examples that can be exactly solvable by standard technique [557].

SUSY-QM provides the means to analytically find the bound states in static magnetic fields with varying profiles, such as an
exponentially decaying field, a Péschl-Teller-like well, hyperbolic well, a trigonometric singular well, a singular field, a hyperbolic
singular field [550,558,559]. Moreover, second-order SUSY-QM gives modifications of these profiles [560,561]. Even, it is possible
obtain complex fields [562]. Many features of the SUSY structure of 2D Dirac fermions in uniform magnetic fields were discussed
in [563].

The effect of combined electric and magnetic fields has been valuable to explore transport properties of Dirac matter. For instance,
under the influence of the parallel electric and magnetic fields, a chiral magnetic current is induced in ZrTes [564]. This current
is directly proportional to the applied magnetic field strength and the chiral chemical potential difference induced by the electric
field. A negative longitudinal magnetoresistance is observed, which is a signature of the chiral anomaly. This effect manifests as
a decrease in electrical resistance with increasing magnetic field strength when the fields are aligned. This is the signature of the
Chiral Magnetic Effect, which has been observed in several Dirac-Weyl semimetals as predicted first in the context of heavy ion
collisions [451,565,566].

Recently, a configuration in which static and non-uniform parallel electric and magnetic fields was considered [567]. Such
configuration is applied to a 3D Dirac material and SUSY-QM is used to solve the eigenvalue problem, finding bound states for
hyperbolic and trigonometric profiles. It is worth mentioning that the zero-energy bound state has an associated probability current
due to the chiral symmetry conservation, which is perpendicular to the fields but in the same plane, thus defining a chiral planar
Hall effect (PHE). This phenomenon has been also addressed in Weyl semimetals with perturbations, such as strains, in other
words, the Weyl semimetals are in the presence of electromagnetic pseudofields, and an in-plane transverse voltage appears in
the material [568]. Furthermore, in the particular case of bilayer graphene, a non-linear PHE was studied, as a consequence of an
orbital effect from the in-plane magnetic field on the electrons without spin—orbit coupling [569].

21.3. Green functions

In many physical situations, finding the wave functions for electronic states it is equally useful as to know the corresponding
propagator. However, because the asymptotic in- and out-states in the background of a classical electromagnetic field do not
correspond to plane waves, representing the two-point function is cumbersome, making it nearly impossible to express the propagator
in a closed form except in a few specific cases, such as for uniform electric or magnetic fields (either parallel or perpendicular)
and plane wave electromagnetic fields [557]. To address this, alternative representations have been developed. Among these, the
Schwinger method [557] and the spectral representation, the Ritus method [570-572] which was pedagogically discussed in [573],
provide ways to express the propagator in a closed form.

We focus our attention to the expansion of the propagator in the basis of Ritus functions which correspond to the eigenfunctions of
the operator (y - IT)> where IT u = P, +eA, is the canonical momentum operator that includes the effect of the external magnetic field
through minimal coupling (with A, denoting the corresponding vector potential and e is the elementary charge) and y# denote the
Dirac matrices. Considering a general situation in which a static magnetic field of general spatial profile points perpendicularly to the
plane of motion of Dirac fermions, working in a Landau-like gauge, we introduce an electromagnetic potential A# = (0,0, Wy(x),0),
where W, (x) is a scalar function such that W(’)(x) = 0, Wy(x) defines the profile of the field. In these circumstances, the fermion
propagator cannot be diagonalized on a plane wave basis because, as mentioned before, the asymptotic states of these fermions in
a background field do not correspond to the kinematical momentum eigenfunctions. Motivated by this observation, we notice that
the Green function for Dirac particles, G(z, z’), satisfies

((r - I = m)G(z,2') = Pz - 2'), (21.22)

with z# = (1, x, y, z). We omit the Lorentz index in the vectors to keep a shorthand notation when necessary. Since G(z, z’) commutes
with (y - IT)?, we expand the propagator on the basis of the eigenfunctions of the later, namely,

(r - N’E(2) = p°E,(2), (21.23)
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where the eigenvalue p? can be any real number corresponding, as we shortly will see, to the magnitude squared of the vector
p* (or simply p to avoid cumbersome notation) that labels the functions E,(z). We refer to the functions E,(z) as the Ritus

eigenfunctions [570-572]. It can be directly verified that these functions E,(z) fulfill the closure and completeness relations
/ d*zE, ()E,(2) = 15(p - p), (21.24a)
/ d*pE,()E,(z) = 15(z - 2), (21.24b)

with I_Ep(z) = yOE:(z)yO and I is the unit matrix. The hat over the 6 function refers to the situation when quantum numbers induced
by the external fields should be considered discrete labels, whereas those that remain unaffected are continuous variables.
In order to construct the Ritus eigenfunctions, we notice that the operator
e
(- I =y*y" 11,101, = IT* + EGWF,W, (21.25)

where F,, =0, A, — 9,4, is the electromagnetic field strength tensor and ¢#" = i[y*, y"]/2. Hereby and throughout this Section we
use the metric in Minkowski space Diag.(1,—1,—1,—1). For a static magnetic field pointing perpendicularly to the plane, the only
non-vanishing components of these tensors are

Fip=-F) =W)x), o¢%=25;. (21.26)
Then, the eigenvalue Eq. (21.23) becomes

(IT* + e S W) (0))E (2) = p°E,(2), (21.27)

from where we observe that the Ritus eigenfunctions are actually block matrices, depending upon the dimensionality of the
representation of the Dirac matrices y#. Notice that the Ritus functions are labeled by a subscript p, which is the shorthand notation
of the vector p* = (py, p,, p3, k) is a vector that contains the eigenvalues of the operators id,, —id,, 9, and H,,, respectively, and whose
norm squared corresponds to the eigenvalue in Eq. (21.23). That is, the components of the vector p# are the numbers such that

i0,E,(2) = poEy(2), i0,E,(2) = —p,E,(2), i0.E,(2) = p3E,(2), H,E,(2) = kE,(2), (21.28)
with H, = —(y - IT)> + Hg + H32. These eigenvalues allow us to write the scalar functions as

E, o (x) = e "PITPRYIE, L(x), (21.29)
where o = +1 are the eigenvalues of o3 and the functions Fy ,, ,(x) satisfy

(02 + (py + Wy(X))* — eoW) ()1 F p, o = (k+ P3)Fy 50 (21.30)

which corresponds to a Pauli equation for a particle with mass m = 1/2 and gyromagnetic factor g = 2. This equation possesses a
supersymmetric structure as we will briefly discuss below. Thus, Fy , ,(x) are the solutions of the equations in (21.30) associated
to each of the supersymmetric-partner potentials

VE(x) = (py + eWy(x))* — eaW)(x). (21.31)

From now on, we fix the value ¢ = 1. Then, we have the required ingredients to construct the Ritus eigenfunctions from a first-order
supersymmetric formalism.

Therefore, we can use these functions to diagonalize the fermion propagator S(z, z’) in momentum space in the same way plane
waves are used to define the Fourier transform,

S(z,2') = /d4p d*p B, (2) Sp(p.p) Ey(2). (21.32)
Inserting this Green’s functions in Eq. (21.22), using the property [570]

(r - IDE,(2) =E,(2)(r - D), (21.33)
where 5 is the shorthand notation to define the three-momentum vector 3* = (p, 0, Vk, p;) that satisfies p? = p? = P+ p}—k [573]
and the properties (21.24a), the propagator in momentum space takes the form

1
Sp(p) = ————, (21.34)
y-p—m
similar to the free-particle propagator, but the momentum p, which carries the quantum numbers induced on the dynamics of Dirac

fermions by in the presence of the external field. In the configuration space, we write the propagator as

S(z,7) = /d4p d*p E,(2) [;] E, ()
vy-p—m

- / d*p d*p'E,(2) [%] E,(2). (21.35)
p-—m
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From this expression we can find the value of the vacuum current density
JH = Trly*S(z, 2)]. (21.36)

The propagator has been widely explored for constant magnetic fields in the context of the phenomenon of magnetic catalysis
(see, for example, [574-579]). Extensions to exponentially decaying magnetic fields were considered in [580] exploring the local
electric current correlation function. In low dimensions, this propagator has been discussed for uniform and exponentially decaying
fields [573,581]. It has also been discussed for second-order SUSY-generated magnetic fields generated from these profiles as seed
fields [582]. Furthermore, the same Ritus basis has been used to derive the Foldy—-Wouthuysen transformation in external magnetic
fields, rendering it to a free from with the quantum numbers induced by the field [583].

For the future, it becomes interesting to incorporate effects of background classical fields, such as vorticity and curvature, in the
propagators, within the formalism hereby developed.

22. Quark condensate nonequilibrium dynamics under a strong magnetic field

In this section, we address the non-equilibrium dynamics of the quark condensate under a strong magnetic field. Time evolution
is a common feature of strongly interacting matter in settings such as the early universe, collapsing stars, and heavy-ion collisions.
A complete understanding of the condensate dynamics in these settings requires solving a complex nonequilibrium quantum many-
body problem in QCD. Although solving such a problem is beyond our present capabilities, we can nevertheless gain insight into
it by focusing on some general aspects that transcend features peculiar to a specific setting. Within such a perspective, we employ
a Langevin field equation to describe the dynamics [584]. Langevin field equations are widely used in field theory treatments of
dynamical phase transitions [585,586]; they are either motivated phenomenologically or derived from a microscopic model for the
system of interest—for an extensive list of references on these approaches, see Ref. [584]. In this communication, we discuss a
recent derivation [584] of a Langevin field equation from the linear sigma model [587] with quarks (LSMq) coupled to an external
magnetic field. We also present new results [588], not contemplated in the original publication [584], regarding the long-time
evolution of condensate and its thermalization.

The Langevin equation we discuss here was derived in Ref. [584] using the Schwinger—Keldysh closed-time path (CTP)
effective action [589,590] and the Feynman-Vernon influence functional (IF) [591] formalisms of nonequilibrium quantum field
theory [592,593]. More specifically, Ref. [584] built on the semiclassical approach developed in Ref. [594] to include magnetic-field
effects. The derived Langevin equation contains magnetic field-dependent damping and noise kernels that reflect the condensate’s
interactions with a locally equilibrated magnetized quark medium. These kernels determine time scales associated with the chiral
crossover dynamics in the presence of a magnetic field.

The explicit numerical results presented here relate to a quench scenario of dynamical phase transitions, using parameters
relevant to heavy-ion collisions. In this scenario, the thermodynamic state of the system changes much more rapidly than any
variation in an external parameter or field. A classic example is a temperature quench in a spin system, where a sudden drop in
temperature drives the system irreversibly from a spin-disordered phase into a spin-ordered phase. Although our results focus on
parameters pertinent to heavy-ion collisions, the derived Langevin equation is also applicable to other contexts, such as the early
universe and collapsing stars.

22.1. Langevin equation from the LSMq

We outline the derivation in Ref. [584] of the Langevin field equation for the condensate. Due to the lack of space, we cannot
go into much detail, but the reader is directed to that reference for an in-depth discussion. To make the discussion self-contained
and set the notation, we write the LSMq Lagrangian density used to derive the Langevin equation describing the quark condensate
dynamics:

. . 1 A
L = glid — glo +iyst - m)lg + 3 [0/466”6 +9,m- otr| — Z(az + 72—’ - hyo — Uy, (22.1)

where g = (u, d)T is a fermion isodoublet representing the light u and d quark Dirac fields, and x and ¢ are respectively a pseudoscalar
isotriplet and scalar—isoscalar fields that Yukawa couple to the quarks with strength g. Although the Lagrangian is written in
a real-field basis the charged basis, where z* = 1/ \/5(7:, F m,), was used throughout the calculation Finally, U, is an arbitrary
constant that sets to zero of the classical ground-state energy. We use the metric signature g#* = (1,—1,-1,—1) and the Bjorken-
Drell [595] conventions for the Dirac y# matrices, for which {y#,y"} = 2g"*. One can fit the parameters of the model to chiral
physics observables—a fit at the classical level, for example, sets the parameters as: h, = f,m2, v* = f2—m2 /4, m2 = 24f2+m?, and
m, = g(o). Here f, and m, are the pion weak decay constant and mass, m, the s-meson mass, and m, the constituent-quark mass. The
external magnetic field is introduced by the minimal substitution, in that 9, — D, = 9, +igA,,, where A, the electromagnetic vector
field and ¢ is the quark charge. In this study pions are neglected; therefore, the 6 < gq processes are the only source of dissipation,
as we discuss at the end of this section. The parameters of the model were set so that in the mean-field approximation and B = 0
it leads to a crossover transition; the values are [594] g = 3.3 and 4 = 20. These lead to m, = 604 MeV and m, = 290 MeV. The
crossover temperature is 7, ~ 150 MeV, close to the lattice QCD value [596], T, = 160 MeV. Although the LSMq in the mean-field
approximation does not reproduce lattice QCD results close to the chiral transition when B # 0, it nevertheless provides a great deal
of insight in many aspects of magnetic field effects in hadron physics. In addition, going beyond the mean-field approximation by
e.g. including it can be improved to self-coupling and boson-fermion coupling.
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Fig. 22.1. Schwinger—Keldish contour.

The starting point for the derivation of the Langevin field equation for ¢ is the semi-classical effective action:
I, S]=T,lo]+iTrinS —iTr (i) —my) S + Lo, S], (22.2)

where I [0, S] contains the 2PI diagrams, for which it was taken the fermion tadpole:
Lo, S1=¢ / d*xtr [STH, )0t () + .57 (x, )0 ()] (22.3)
c

where o* mean fields and the quark propagators .S, ,, S__, and S, are defined on the Schwinger—Keldysh contour C shown in Fig.
22.1, and tr means trace over color, flavor, and Dirac indices. The two fields c*(x) are not independent; they couple through the
CTP boundary condition ¢*(T,x) = 67 (T, x) where T — +oo (borders of the CTP contour) so that there is a single mean field &(x)
given by the equation of motion [592]:

ol[o,S] _ oI, S]

Z ollo, 5] =0. 22.
5ot () lotmommc  Bo-(x) lort=o=s (22.4)

Next, quarks are integrated out by using their equation of motion obtained by varying the action w.r.t. to the components of S:

ol[o,S]
—_— s - 22.5
859 (x, ) 229
which leads to
) . 6lo, S1 , .
(iB — go0(x)) S (x.y) - /C @2 Sty S @Y = 18500 - ). (22.6)

The above equations of motion are very difficult to solve, even numerically. A tractable approximate scheme to solve these
equations is to “expand around the local equilibrium”, in a sense similar to the hydrodynamic description of many-particle systems.
That is, the full o and .S are written as a sum of terms with the leading contribution being the corresponding equilibrium quantities
o, and S,,,,(where the subscript “thm” stands for thermo-magnetic) at fixed values of temperature T and magnetic field. Specifically:

c%(x) = ag(x) + 60(x), (22.7)
S%(x,y) = S (x,y)+86SP(x,y) + 675 (x, y) + -+ (22.8)

in which the leading terms are solutions of

orl,
ad = —gTrS"(x,x), (22.9)
560()6)
[iB — mo — g 0(x)] Sip, (x. ) = =i66D (x = ) , (22.10)

and the terms 65%(x, y) and 625%(x, y) are constructed iteratively [584,594]. Eq. (22.10) was solved in Ref. [584] for a constant
magnetic field and using the lowest Landau-level (LLL) approximation, which is valid only for very strong magnetic fields. The
equation is easily solved in momentum space. Taking the magnetic field pointing in the z-direction, one can define transverse
and longitudinal momentum components pi = pi + pi, pﬁ = p(z) - pﬁ, in terms of which the individual S;’}fm components of the
thermomagnetic quark propagator are given by [584]:

S (p) = e P Bl A) | L —2anp(p)6 (0 — D) | (22.11)
thm pﬁ _ mg +ie II q

St (p) = e PL/lasBl A(p)27r5(pﬁ —m2) [0(=po) = np(po)] » (22.12)

Sy ) = P 4027657 — m2) [0(p0) — np(po)] (22.13)

Sin(@ = €L Ap) S 2anp(p)3 —m) | (22.14)
pﬁ —m2—ie 4

where A(p) = (p +m,) [1+iy'y2sign(gB)] with b= Y°po — 7’p, and m, = goy, q, = 2¢/3, q, = —e¢/3, where e = 1/4/137, and nx(p,)
is the Fermi-Dirac distribution:

np(py) = (22.15)

elrol JT +1°
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The asymmetry between the dependencies p, and p, in these propagator components imposes an asymmetry in the Langevin field
equation, as we shall discuss in the following.

The traditional method of varying the action I'[c, S] w.r.t. 6* to obtain an e.o.m. is not well defined because the action is complex.
The Feynman-Vernon trick is used to identify the imaginary part with a noise source coupling linearly to the field such that a real
action is obtained and the variation w.r.t. ¢ leads to a Langevin equation for ¢. The resulting Langevin equation features dissipation
and noise kernels with memory. The presence of memory in those kernels obstructs an analytical treatment, and further simplification
is necessary to deal with such effects analytically. A common way to proceed is to use the so-called linear harmonic approximation, in
that the memory dynamics is effectively taken into account by soft-mode (long wavelengths) harmonic oscillations around a mean
field—for details, see Refs. [584,594,597,598]. This leads to the following Langevin equation in momentum-space [584]:

0%o(t, p) do(t, p)
Tp +p?0(t.p) +1,(p)) azp + F,(1,p) = v,(1, p), (22.16)
where 7,(p,) is the transverse-momentum-dependent dissipation coefficient
N, 1 _p?
M) = 827 [1 =207 (E,(p)/2T)] 200 \ E2(py) — 4m? fzd gy Bl e P/l Bl (22.17)
o =u,

with E,(p,) = (p3 + m2)!/2. The noise field v,(z, p) has zero mean, (v,(t, p)), = 0, and its correlations also controlled by #,(%.p,),
namely:

(v,(t, P, (t, p)), = QuY’8(p+ p') 6t —1") N, (p,), (22.18)
where

No(py) =n(p1) E;(p)) coth(Eg(p,)/2T), (22.19)
a feature reflecting the fluctuation-dissipation theorem. Finally, F,(z, p) is given by

F,(t,p) = / dPx e P [l o(t, x) (0’2(1, x) — 112) + g p (o) + hq] , (22.20)

with the scalar density p,(c,) given by the sum p (o) = p57 (o) + p5(5), where p57(c()) depends on B and T and p2(c,) depends
only on B:

N, o np(Eqy(p.))

BT 4 q\Fz
6y) =——m B|+|q;B dp, —————, (22.21)

Ty = =5 m, (10,81 +lagB) | dp. o
Blog) =~ 3 1a,BI [lnf(x )= tnoz4x, - Lox, — Dinx (22.22)

Psl00)==7"3 tzquf 773 sy aE :
m—y

where N, = 3 is the number of colors, np(E,) is the Fermi-Dirac distribution given in Eq. (22.15) with E, = pﬁ +m§,

Xp= mf] /(2lg;Bl), and I'(x) the Euler gamma function. Eq. (22.16) displays the (p,, p,) asymmetry imposed by the magnetic field,
as mentioned above. More specifically, the asymmetry comes through the p, dependence of the dissipation coefficient—Ref. [594]
deals with zero magnetic fields and obtains a momentum-independent 7, namely:

2N, 1 3/2
2 c 2 2
Mo(eB = 0) = g2 < [1 = 2np(my/27)] - (mg - 4mq) . (22.23)

Eq. (22.16) describes the nonequilibrium dy%arnics of the condensate, the field 6. Compared to the traditional mean field equation
of motion for o, Eq. (22.16) is modified by two important physical effects: dissipation and fluctuation, the first is described by the
first-order time derivative and the second by the noise field v. Both effects are driven by the dissipation coefficient #,, which is
sourced by the o < gg processes; from Eq. (22.17), one sees that if E, < 2m,, 5, vanishes. The magnetic field affects both the sigma
mass and the quark mass, and the temperature dependence of , might be very different from that of B =0, as we discuss shortly.
If pions were included, they would also contribute to dissipation through the ¢ < zx processes.

22.2. Explicit results

Before presenting explicit numerical solutions of the Langevin equation (22.16) and analyzing the effect of the magnetic field, it is
instructive to recall well-known qualitative facts about the solutions at short and long times. We consider a high-to-low temperature
quench, such that at ¢ = 0 the temperature T > T, suddenly drops to a value T < T,.. Right after the temperature quench, the
field ¢ is still small and one can neglect the term ¢° in F, and analytically solve (22.16) for o(z, p) of the field, since the equation
becomes linear in o(#, p). The solution for the field average (¢'(+, p)), = o(t, p) is of the form:

at.p)|_, = A-) MPI2 4 A (p) AP (p) = —ny £ /02 + 4407 - p?), (22.24)

where A, (p) are determined by initial conditions and are irrelevant for the following discussion. This result shows the well-known
short-time “‘explosion” of an order parameter after a temperature quench [599,600]. The explosion, i.e., the short-time exponential
growth, is driven by long-wavelength fluctuations, i.e., fluctuation modes with p?> < Av?, for which + > 0, with the zero mode p =0
giving the most important contribution. However, short-wavelength fluctuations, for which p? > iv?, decay exponentially with time
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Table 22.1
Values of the zero-mode dissipation coefficient, 5,(p, = 0).
eB/m? T [MeV] m, [MeV] m, [MeV] n, [fm™]
o 50 601 307 0
100 448 271 0
10 50 726 342 1.12
100 690 339 0.62
15 50 810 370 1.89
100 775 367 1.49

(for p? > n?/4 + iv? they are damped oscillations). The time scales involved in this short-time behavior depend on the values of
1,(p,) and, of course, on Av?, which is related to the ¢ mass, as we discuss shortly. As time increases, the linear equation cannot be
used and one needs to solve the full, nonlinear equation. The initial explosion is stopped by the term ¢ in F,. For long times, the
field eventually thermalizes, that is, it reaches an equilibrium value. Denoting ¢’(z, p) the fluctuations around the equilibrium value
o, the Langevin equation for o'(t, x) can, again, be linearized, and the resulting equation for ¢’(#, x) is in the form of a stochastically
driven damped harmonic oscillator. The average of ¢’(z, x) is given by the homogeneous solution of this equation, namely:

E/U,P)Hoo = o7 st/2 [A,(p) Pt 4 A_(p) e—im(P)t] , w(p) = \/pz +A (3gezq _ Uz) _ ”(2r/4. (22.25)

For the parameter values used in this work, the frequencies w(p) are real for any value of p?, a characteristic that implies that the
long-time behavior of the field is in the form of damped oscillations, as should be, since the system has to reach equilibrium for a
nonzero value of #,,.

Next, we present numerical results of the full Langevin equation and make contact with the short- and long-time behaviors just
discussed. We first discuss the impact of a strong magnetic field on the dissipation coefficient 7, which is a key parameter in the
time evolution of o, as seen above. We limit our discussion to the contribution of the zero mode p, =0 to 7,, since it is the most
important mode in the dynamics of o, as seen above. Therefore, from Eq. (22.17), one sees that the value of 7, is nonzero only
when m; > 2m,. For eB = 0, the study in [594] has shown that 7, vanishes below the pseudocritical temperature T, = 150 MeV.
For eB # 0, the situation changes substantially [584]: m,, m, and the transition temperature increase (magnetic catalysis) [601],
m, and can be greater than 2m, and so 5, can be nonzero even below the new critical temperature. In Table 22.1 we show selected
results for #, from [584] for two values of temperature and eB —we recall that we are restricted to use relatively high values of
eB due to the use of the LLL approximation. We have chosen the temperature values T = 50 MeV and T = 100 MeV to emphasize a
quench scenario for the simulation results we present shortly. The results shown in the table reveal that, for a given temperature, 7,
increases with eB. This result is driven partially by the linear dependence on e B shown in Eq. (22.17), which is a direct consequence
of the dimensional reduction brought about by the magnetic field: the dimensional reduction replaces the (m(z7 - 4m§)3/ 2 in the zero
field expression for #, in Eq. (22.23) by (mi - 4’”5)1/ 2 ¢B. On the other hand, for a given value of eB, 7, decreases with T, because
both m, and m, decrease with T.

We numerically solved the Langevin equation in coordinate space. We solved the equation in the (x, y) plane, perpendicular to
the magnetic field; in doing so, we took the field independent of the z coordinate. We used a leapfrog algorithm to evolve the field
in discrete time and a finite differences to discretize the spatial derivatives [588,602,603]. Fig. 22.2 displays the results for the
spatial average of o, that is, the average of ¢ over the lattice, with the lattice extent being 10 fm. The results displayed are for two
temperature quenches, T, = 50 MeV and 7, = 100 MeV, and two values of the magnetic field, ¢eB/m> = 10,15, the same as those
in Table 22.1.

Both the short-time fast growth and the long-time damped oscillations discussed above are clearly visible in both panels of the
figure. Short-time growth occurs within a time interval of about of 1 fm/c after the quench in all cases. The growth is controlled
by 4,(0) = 1/44v2 + 42 — 5, > 0, which grows with T because 5, decreases with T for the parameter values used in this work.
Thermalization of the field occurs within a time interval of 10 fm/c for both temperature quenches and eB = 15m2, whereas for
eB =10 mlzr, only for Tyen = 50 MeV it thermalized within that time interval. We recall from Eq. (22.25) that the thermalization
of the field is determined mainly by the value of 5, which, for eB = 10m2 for T,,;, = 50 MeV is the smallest among all the values
considered in Table 22.1.

22.3. Conclusions and perspectives

We addressed the non-equilibrium dynamics of the quark condensate under a strong magnetic field within the framework
developed in Ref. [584]. That framework bases the dynamics on a mean-field Langevin equation derived from the linear sigma
model using the Schwinger—Keldysh closed-time path effective action and the Feynman-Vernon influence functional formalisms of
non-equilibrium quantum field theory. We summarized the main steps involved in the derivation of the Langevin field equation and
presented new results regarding the long-time evolution of the condensate and discussed its thermalization, results that were not
contemplated in the original publication [584]. Although the results presented have omitted important physical effects, they served
the purpose of getting insight and developing an intuition on what to expect in a more complete calculation. Among other effects,
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Fig. 22.2. Time dependence of average of the quark condensate corresponding to the temperature and eB values in Table 22.1.

a more complete calculation must include those due to pions and take into account the time dependence of the magnetic field.
In addition, to address phenomenological consequences of the time evolution of the quark condensate in a heavy-ion setting, one
needs to address the expansion and magnetohydrodynamics of the medium. We close by remarking that the framework developed
in Ref. [584] can be adapted to study magnetic field effects on the QCD phase transition in the early universe and in the interior
of magnetized compact stars (magnetars).

Part V. Dense magnetized matter and phase diagram
23. Introduction

Quantum chromodynamics (QCD) encompasses multiple phases characterized by different degrees of freedom [604]. Quarks
and gluons, though fundamental to the theory, are not directly observable experimentally; instead, we observe their bound states,
namely mesons and baryons. It is well known that phenomena at low energies are primarily governed by the dynamics of the
lightest mesons. Considerable effort has been devoted to exploring QCD under extreme conditions such as very high temperatures
and densities [605]. A significant challenge lies in understanding the physics governing quark-gluon plasma (QGP), a novel state of
matter observed experimentally as a thermally equilibrated, deconfined phase of nuclear matter. Numerous experiments involving
heavy-ion collisions (HIC) are actively investigating this unique phase of QCD matter to provide insights into constructing an accurate
QCD phase diagram.

From a theoretical perspective, substantial efforts have been directed towards elucidating the QCD phase diagram. However, our
understanding remains limited primarily due to the necessity of performing QCD calculations in the nonperturbative regime, which
is currently impractical. Challenges in the ab initio lattice QCD approach, particularly in regions of moderately high densities due to
the sign problem, further complicate this endeavor [606,607]. Consequently, much of our current understanding of the QCD phase
diagram derives from effective models, which offer predictions for phenomena inaccessible through lattice techniques.

Recent years have seen a notable focus on the generation of strong magnetic fields during noncentral heavy-ion collisions,
reaching strengths up to 102 G. These fields, emerging immediately after the collision, can significantly impact the phases of
QCD, often exceeding or matching the Aycp scale. The study of strong magnetic fields in systems described by QCD has seen
significant growth in various fields, including magnetars, non-central heavy-ion collisions, neutron star mergers, and early universe
physics. Recent reviews provide comprehensive insights into the phase structure and transitions of QCD matter under strong magnetic
fields [27,201,202,352,608]. The number of works investigating quark/nuclear matter under intense magnetic fields has expanded
greatly. Studies using lattice QCD simulations have explored the effects of strong magnetic fields on hadron spectra and scenarios of
chiral symmetry restoration, yielding nontrivial results such as inverse magnetic catalysis [11] at high temperatures and unexpected
behaviors of neutral mesons [121].

In this Part, we delineate recent theoretical advancements that enhance the continuous exploration of the magnetic field effects
on the QCD phase diagram and dense magnetized matter. In Section 24 a new mechanism for accelerating proto-neutron stars
involving the chiral separation effect is proposed, which induces an axial vector current in dense environments. This study focuses
on neutrino scattering interactions with the background axial vector current of electrons. It has become clear that the presence of
anisotropy, whether in the magnetic field or density within momentum space, is essential for generating a nonzero recoil effect. This
phenomenon, termed “chiral anisotropy conversion”, requires conditions such as a strong magnetic field and moderate anisotropy.
Under these conditions, the results suggest that chiral anisotropy conversion can lead to velocities of the order of typical pulsar
kicks, comparable to velocities observed in nature.
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In Section 25, we examine the impact of incorporating ring diagrams into the four-quark interaction on the quark gap equation
within a chiral model. This in-medium coupling is shown to decrease the chiral transition temperature in certain chiral models and
has the potential to induce inverse magnetic catalysis at finite temperatures. Furthermore, the influence of confining forces on this
phenomenon will also be analyzed.

In Section 26 we apply finite energy sum rules (FESR) in dense nuclear matter and in the presence of a constant and
uniform external magnetic field to obtain information on different hadronic and QCD parameters. Nucleon coupling currents and
hadronic continuum thresholds can be obtained from the nucleon-nucleon correlator. The hadronic threshold signals confinement
or deconfinement, so it is the main parameter provided in this formalism. The objective of this work is the study of the nuclear
axial coupling constant, which can also be obtained through the correlation of nucleons and axial-vector current. This scenario of
dense, magnetized matter emulates the interior of magnetars, so it may give an idea of what to expect there. The direct signal is
the neutrino emission through the Urca process, which is a function of nuclear axial coupling. As a result, it is confirmed that dense
matter tends to deconfine, while the magnetic field promotes confinement. It is also confirmed that the axial coupling at nuclear
saturation density is ~ 1. Apparently, in this order of density values, the magnetic field has no important relevance, but it does for
the most dilute or extremely dense nuclear matter.

In Section 27 we investigate the momentum diffusion coefficients of heavy quarks in a hot, magnetized medium, examining a
wide spectrum of external magnetic field strengths. Our methodology involves systematically integrating the magnetic field’s effects
by using effective gluon and quark propagators designed for such a medium. To achieve gauge independence and derive analytical
form factors applicable to all Landau levels, we utilize the hard thermal loop approach to the effective gluon propagator. By applying
this resummed gluon propagator along with the generalized Schwinger quark propagator, we are able to analytically determine both
longitudinal and transverse momentum diffusion coefficients for charm and bottom quarks, going beyond the static approximation.

In Section 28 the exploration of the magnetized QCD phase diagram is of considerable interest due to its potential to
replicate fundamental properties of matter found in magnetars, the primordial universe, and peripheral ultrarelativistic heavy-ion
collisions. Effective theories and models are commonly employed in the non-perturbative QCD regime because of their simplicity,
which facilitates the investigation of conditions involving high temperatures, densities, and magnetic fields. Additionally, novel
environments and effects could provide connections between effective models and lattice QCD. In this context, the quark anomalous
magnetic moment (AMM) presents an opportunity to probe new phenomena within the magnetized QCD phase diagram. Current
literature, using the Nambu-Jona-Lasinio model, predicts notable effects such as potential first-order phase transitions induced
by strong magnetic fields, inverse magnetic catalysis at both zero and finite temperatures, and various non-physical oscillations in
quark condensates. These phenomena are often associated with regularization procedures that intertwine magnetic field and vacuum
contributions within the thermodynamic potential. This study will elucidate why these effects result from regularization issues and
how the vacuum magnetic regularization (VMR) scheme can effectively address these challenges.

24. Axial-vector current and implications to the phase diagram and the pulsar kick
24.1. Induced vector and axial-vector currents

It is a widely accepted idea that the magnetic field coupled with the vector (axial vector) field induces the axial vector (vector)
current, which is concisely summarized as jZ x eMP?(9,¢y) F,, and j\’;  €"'7(9,¢p) F,,. The best known examples include the chiral
magnetic effect (CME) and the chiral separation effect (CSE) [609,610], that is,
HseB . peB
220 T e
for single Dirac fermion with the electric charge e. Here, u is the chemical potential coupled to the fermion number (if the fermion
represents a single-flavor quark, u is the quark chemical potential), while 5 is the chiral chemical potential. We note that a finite
mass should modify j,, while the CME current jy is robust with respect to infrared scales such as the mass and the temperature.

Usually, these vector expectation values are considered as realization of topological transport. Of course, this interpretation is
completely legitimate. Nevertheless, it is strange that almost nobody had taken account of jy; and j, for the phase diagram research
of magnetized quark matter. Actually, it is a common approach to postulate an effective interaction of four fermions, that is,

Lig== Y Gulwiyly. (24.2)
i

Jv= (24.1)

The interaction bases should contain the scalar, the pseudo-scalar, the vector, the axial-vector, and the spin (anti-symmetric tensor)
channels. Therefore, the mean-field interaction from I = y# (and y#y>) has a contribution proportional to the squared quantity of
Jv (and j,, respectively). Let us specifically consider the CME current only. Then, the mean-field interaction reads [611]:

Line mr = —GylJy * Jv +2Gyjy wyw . (24.3)
The first term is the mean-field energy and the second term is regarded as the gauge coupling. That is, in view of the Dirac kinetic
term, iy, 0"y, the above second term can be incorporated in the replacement of 9" — D¥ = 9" —iA* with A = -2Gyjy.
Now, it is straightforward to write down the grand potential. For the concrete setup, let us take the magnetic field direction
along the z axis. The grand potential should be

_ 22 _ 22 leB| dp*
IV =GR+ @IV = GG ~ I S, [ oo, (24.4)
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where the dispersion relation is [342]
2 2 2 2 2
W =+ |lpl +sgnGPsus| . 1P = (F + A% + 2leBln (24.5)
with the Landau level n. The spin degeneracy factor is a,, = 1 for n # 0 and «, = 6, , for s = +. In the ordinary case of equilibrated
quark matter, the chiral chemical potential x5 should be vanishing, and the phase diagram is not modified unless x5 # 0 is introduced
by hand.

Still, it is an interesting question how Gy may have impact to jy. The mean-field, jy, should be determined from the
self-consistency condition, i.e.,

&, /V)
— =0 (24.6)
djy
We shall treat the induced gauge field as a perturbation, and then the perturbative expansion gives the following expression:
aR4/V) 0%(2,4/V) leB| o
2z, z _ _ ¥4
YT o GA2 o = —27[2 sgn(eB)s 2GV)(V Jy - (24.7)
Here, the correction from the vector interaction is proportional to the susceptibility defined by
0*(L2,4/V) |eB| ( 242
©) A
=—2 - =—(1+ . 24.8
v 0AZ2  |pzm9 212 3leB| ) ¢ )

It should be noted that the first term appears from the Lowest Landau Level contribution (that is the derivative of the CME current)
and the second term from the higher Landau levels has scheme dependence with the ultraviolet cutoff A. In the above expression, A
is the four-vector cutoff, that is, A2 = 2|eB|n+ A% with the longitudinal momentum cutoff A,. The numerical value of the coefficient
in front of A% may differ for other regularization such as the proper-time regularization. In fact, ;(\(,O) is nothing but the mass of the
gauge field A%, and it must be zero if |eB| — 0. Therefore, the term « A? should be an artifact from the explicit breaking of gauge
symmetry due to naive momentum cutoff. This implies that the properly renormalized value of yy should be yy = |eB|/272. Then,
finally, we can conclude that the self-consistent CME current should take the following form:
_ 1 HseB

T 142Gyxy 222

Jv (24.9)
This very simple exercise tells us a stimulating lesson. If we impose a condition that the CME formula should hold regardless of the
interaction, one possible interpretation of the above result is that the input variables receive in-medium modification. Because |eB|
is renormalization invariant, it is unlikely that B is screened. Thus, we see a renormalization of the chiral chemical potential as

Hs _ Hs
1+2Gyyy  1+GyleB|/z%"

We should be aware that ys5 can be medium modified just like u shifted by the vector interaction. It is noteworthy that the effective
us is significantly suppressed if Gy is positive and large. This is qualitatively understandable. Suppose that the magnetic field is
sufficiently strong to justify the dimensional reduction along the longitudinal dynamics. Then, in such a (14+1)-dimensional system,
the spatial component of the vector current is identified as the temporal component of the axial-vector current. A finite u5 leads to
a nonzero chirality ns, so that the axial-vector interaction gives rise to renormalization of us.

A more interesting question, which is potentially relevant to the phase diagram research, is the effect of the axial-vector current
from the CSE at finite density and magnetic field. In the same way as the previous discussions, we can consider the mean-field
interaction as

s — (24.10)

Lint M. = —Gada - Ja +2GAjaWYYsW - (24.11)
This extra term causes the axial gauge field, —As - wyysy, with A5 = —2G,js. It is a nontrivial observation that this induced axial
gauge field results in a finite density as

00 _ 1
Jind = —ﬁAS -eB. (24.12)

Then, a natural extension we may want to ask is whether an axial-vector current is further induced or not. The short answer is
yes, but the final expression depends on the cutoff and renormalization scheme again. We can parametrize it with an unknown
coefficient a. Then, the same argument as before leads to

. |eB| o) .
z o 1 —- z
In= S H =20k Ua (24.13)
with the susceptibility given by
(24, /V) B
O B = ol<Bl (24.14)
0AZ  laz=0 272

Here again, the susceptibility has the divergence from the Landau sum, that is, the naive expression involves a =142, with n
the nonzero Landau level, which could be somehow renormalized. In such a way, after all, the in-medium CSE current is modified
into the following screened form:

1 ueB

=—— K7 24.15
1+2Gpxp 272 (24.15)

Ja
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We have seen that these induced currents may be affected by the interaction effects in extreme environments. So far, there are not
many theoretical works to study the in-medium modification effects, but definitely, the question deserves further investigations in
the future. Now, does it make sense to think of an opposite possibility that the medium properties are influenced by these currents?

24.2. Inhomogeneous condensation and the axial-vector interaction

Let us deepen our thinking about the physical meaning of the axial-vector interaction. The low-energy effective theory in general
would accommodate the axial-vector interaction like

Line = =GaWy,rsw Wrtysw . (24.16)

Using the Dirac representation, it is easy to take the nonrelativistic limit; v = (¢, o - p/(E + m)@)" in which the lower component
is negligible in the nonrelativistic treatment. In this approximation, we immediately see, yyysy =~ @*o¢@. Therefore, the above
interaction, L, ~ Ga@*6¢ - ¢*o@, represents the spin—spin interaction in the scattering of heavy fermions.

Such interaction vertices are also known in nuclear physics since long time ago. In the conventional notation, the short-range
Landau-Migdal interaction is parametrized as

2
FNN +ENNOL O+ fynT1 Ta+ <m—’;>g;\w(al N CITRE R (24.17)
T
where ¢; and 7, are the spin and the isospin operators, respectively. For the p-wave pion condensation, the most important term is the
last one with g;v N together with the counterparts with 4, i.e., g;V A and g’A a Although 4 is a spin—isospin 3/2 baryon, the generalization
is straightforward with the replacement of o; and r; by the transition spin-isospin operators. The task for the investigation of the pion
condensation is the computation of the pion dispersion relation D !(w, k) with increasing baryon density. The propagator inverse
involves the pion self-energies (which are dominated by the p-wave z N interaction) as well as the diagrams with the Landau-Migdal
interaction. Then, one may find D;‘ (@ =0,k =k,) =0 at a threshold density p = p. depending on the values of g;v N’ gjv 4 and gz "
Experimentally, g;V N and g;v 4 are constrained, while g’A 418 undetermined; see Ref. [612] for a review. Many nuclear theorists are
not in favor of the pion condensation based on the analysis with the universality ansatz, g\, ~ g\, ~ &}, = 0.6-0.8, but the case is
not closed yet. These calculations and interpretations are usually presented in the nonrelativistic language, but the full relativistic
translation can be easily done with the covariant form of the axial-vector current interaction. It should be worth approaching the
possibility of the pion condensation from the higher density where the relativistic formulation is more appropriate.

Surprisingly, what is discussed in the context of quark matter has remarkable similarity. In a sense, if quark-hadron phases are
continuously connected, quark matter may well have a dual of the pion condensed phase. Let us simplify the story by assuming
an effective (1+1)-dimensional system. The dimensional reduction could occur in the strong magnetic field limit or even near the
Fermi surface at very high density. Then, in the chiral limit, the chemical potential can be absorbed in the fermion basis rotation
as

W[4 = wr* +0.r7w =9 Our* + or ' (24.18)
where
v = e”7274zy/’ , W= q‘/'e‘”zﬂl . (24.19)

At first glance, the chemical potential is just eliminated from the theory, and physical observables seem to be independent of
u. If this is true, the derivative of the grand potential with respect to u is naturally zero, meaning that the density is zero even
though the chemical potential was originally finite. Is it really possible to delete all the fermions by the basis rotation only? This
plausible conclusion is drawn from careless momentum shift implied by the basis rotation. We may indeed split the fermion into
two components according to the eigenvalues of y?y*. Because of the anti-commutative nature, y*y* is an anti-Hermitian matrix,
and its eigenvalues are +i. Thus, we can introduce two eigenstates; y*y*y, = +iy, and y*y*w_ = —iy_. The basis rotation takes a
simple form of e*#Z, which results in the momentum shift by +u.

We can express the grand potential in the form of the phase space integration of the zero-point oscillation energy. In the chiral
limit, the energy dispersion relation is simply €(p) = |p|. If the original theory has a mass term, @y, it is not invariant under the
basis rotation. Nevertheless, we may still consider a situation that some interaction yields a finite mass in terms of y’. If this is the
case, the dispersion relation is (p) = v/p* + m?. Then, y, bases are mixed and the grand potential is written as

A—p d A+p
p £(p) / dp &(p)
Qv =- — - — —, 24.20
W/ /,,HM 2 2 Joau2m 2 (24.20)
Interestingly, for A > u, we can extract the finite-density correction as
2
Qu/V =2u=0/V - e (24.21)

from which we derive the density as ny,eq = —0(2/V)/0u = u/z. We note that the density is mass independent even though the
energy dispersion relation explicitly contains a finite mass. This mass independence is quite important. Let us presume a system of
(1+1)-dimensional fermion without any basis rotation at all. Then, with a dynamically generated mass, M, the density should be
Mpon-rotated = Pr/7 0(u — M) with pp = v/u2 — M2. It is obvious that nyiteq > Mnon-rotated f0r M # 0, and so the free energy with the
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Fig. 24.1. Phase boundaries calculated in the holographic QCD model (Sakai-Sugimoto model) with the dimensionless temperature 7" and u.
The solid curve represents the onset of the spatially modulated phase at B = 0, which is pushed up towards higher density with increasing B.
Source: Figure is adapted from Ref. [616].

basis rotation should be smaller than the non-rotated case. This energy consideration explains why the basis rotation to eliminate
the u term from the Lagrangian is more favored. After the change of the basis, a condensate (y'y’) is formed, which generates a
dynamical mass but does not suppress the density due to the anomalous nature as we have elaborated above. Suppose that we have
a homogeneous condensate, > = ('y’) # 0, this state has a helical condensate once expressed in terms of the original basis. That
is, it is easy to see [613]:

(Wy) = Zcosuz),  (Frytw) = —XsinQuz), (24.22)

which is conventionally called the chiral spirals. In this simple (1+1)-dimensional system, y?y* could be identified as a counterpart
of y5, and then, the above expresses an alternative helical condensate with ¢ and # mesons. Interestingly enough, such a structure
is analogous to what is called the Alternating-Layer-Spin (ALS) structure of neutral pion condensate [614], which is characterized
by z° ~ cos(k,z).

This type of helical condensate should naturally be affected by the Landau-Migdal-type interaction, specifically, g for this
example. Of course, not in the (14+1)-dimensional case but in the (3+1)-dimensional case, one can generalize the helical condensate
with ¢ and z° with the isospin matrix inserted in the condensate, which is called the dual chiral density wave state [615]. For such
a system, a counterpart of g’ should be taken into account and the axial-vector iso-vector interaction like

Line = =Gl 0y, 15Ty - Wr'ysTy . (24.23)

would be necessary. In the neutron star environment, isospin symmetry is broken and it is expected that the iso-nonsinglet axial-
vector should arise. For example, the component coupled to 73 is nothing but the difference between the axial-vector current of u
quarks and that of d quarks. It is a quite nontrivial question whether this axial-vector iso-vector interaction in neutron star matter
(nearly pure neutron matter) would favor or disfavor the helical condensate structures in quark matter similar to the ALS in nuclear
matter.

A systematic investigation is desirable in the future, but for the moment, we introduce a suggestive result from the holographic
QCD model as shown in Fig. 24.1; see Ref. [616] for details. Here, the solid curve represents the onset of the spatially modulated
phase at B = 0. In the region below this solid curve and above the dotted curve with the label, “Homogeneous Chiral Phase
Boundary”, only the inhomogeneous condensate is formed. According to the previous arguments, stronger B would render the
system closer to the (1+1)-dimensional situation, and the chiral spirals should be preferred. However, surprisingly, the onset curve
is pushed up towards higher density with increasing B as seen in Fig. 24.1. One feasible account for this observation is that the
background field of the axial-vector current enhances the effect of the axial-vector interactions that destroy the inhomogeneous
condensates. Although the holographic QCD model is a powerful approach including nonperturbative interactions, it is difficult to
diagnose the microscopic mechanism behind the resulting answer. To clarify the role played by the axial-vector interaction with
strong magnetic field at finite density, model studies would provide us with useful insights.

24.3. Axial-vector background scattering for the pulsar kick
Finally, let us take one more example to demonstrate the implication of the mean-field background of the axial-vector current
with magnetic field at finite density. The proto-neutron star has strong B and the neutrino density is so high that the mean-free-path

of the neutrinos can be less than 1m. In cores of the proto-neutron star, the baryon density is high, and the neutrinos cannot escape
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Fig. 24.2. Neutrino scattering processes in the presence of the background field of the axial-vector current. The dotted region schematically
represents the neutrino sphere.
Source: Figure is adapted from Ref. [618].

outside, which defines the neutrino sphere from where the neutrinos can be emitted. Inside of the neutrino sphere, scatterings makes
the neutrinos thermally equilibrated with the electrons.

Since the electrons are charged particles, in response to the external magnetic field, they immediately develop the axial-vector
current following the CSE formula. There is no direct coupling between the magnetic field and the neutrino (except for the magnetic
moment), but in the hydrodynamic regime, the axial-vector background may contain the neutrino component as well as the electrons.
If this is true, the CSE formula gives an estimate for the neutrino transport in the proto-neutron star along the magnetic direction.
Because the neutrino emission has a preferred direction reflecting the presence of the background current, the recoil accelerates the
proto-neutron star. In this way, the pulsar-kick mechanism can have a novel origin from the CSE current [438,617].

This scenario has a hypothesis of the hydrodynamic regime, however. Even though the neutrinos are trapped in the neutrino
sphere due to scatterings, it is not so conceivable that scatterings bend the neutrino motion coherently along the magnetic direction.
It is thus a challenging question what microscopic processes can realize the macroscopic transport of the neutrinos along the axial-
vector current of the electrons. This can be studied in a simplified treatment of the physical system in which the axial-vector current
of the electrons is given as a background field [618]. The weak interaction describes the interaction between the electrons and the
neutrinos, and we introduce a mean-field approximation into those electron-neutrino vertices. More specifically, the mean-field
effective interaction is found as

Legr = 3G—Fj,‘(g 7, (1 = 5)v, - (24.24)
2427
Using these vertices, we can consider the scattering processes such as v, +j,, — v, and v, +j, , = 7,. Now, the background field has
a preferred direction proportional to B, and it is a natural anticipation that the scatterings parallel to the current and anti-parallel
to the current may exhibit different amplitudes. In other words, the weak interaction explicitly breaks the parity symmetry. Because
the magnetic field is externally applied, the neutrino emission and absorption must have anisotropy.

Concrete calculations conclude that there is no difference between the upward scattering and downward scattering as schemati-
cally sketched in Fig. 24.2. This is understandable from the weak interaction. For the anisotropic emission of the neutrino, the spin
flip of the nucleus is necessary [619]. However, the background field of the axial-vector current cannot achieve the spin flipping
and thus there is no anisotropic scattering. Now, we learn a lesson; the scattering between the electron axial-vector current and the
neutrino is not sufficient to justify the hydrodynamic regime with the neutrino axial-vector current. One should then deal with the
scattering processes of the electron and the neutrino under the magnetic field. Such a setup itself constitutes an alternative scenario
for the pulsar-kick mechanism.

Although no kick is derived from the scattering between the electron axial-vector current and the neutrino, the presence of the
current at least tends to focus the scattering directions and some beaming effects are expected. The problem is that the neutrinos
are emitted equally in both directions parallel and anti-parallel to the magnetic field. Since the total energy of emitted neutrinos is
huge, only a small imbalance would suffice to accelerate the pulsar. If we see the supernovae simulations, the distributions of the
magnetic field and the electron density profile, which both contribute to the axial-vector current, are not isotropic at all. Therefore,
it should be an acceptable assumption that the background field of the axial-vector current has spatial anisotropy. Then, we can
make a statement that the scattering on top of the spatially distorted axial-vector background is an efficient process to convert the
spatial anisotropy to the acceleration (i.e., the chiral anisotropy conversion) [618].

It should really be a challenging attempt to model the proto-neutron star evolution including the full dynamics of the neutrino
and the background field effect of the electron axial-vector current. It is always a subtle question how much effects can survive
outside of the neutrino sphere where the density is small. So far, the implication of the CSE current has been discussed based on
the order of magnitude estimates. To go beyond the order of magnitude estimates, the numerical simulations should be refined in
the future studies.
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25. Driving chiral phase transition with ring diagram
25.1. Introduction

Understanding the properties of QCD matter under extreme conditions, such as those created in ultra-relativistic heavy-ion
collisions or in the cores of neutron stars, demands a reliable description of chiral symmetry restoration in a medium of partially
deconfined quarks and gluons. Effective models are a robust exploratory tool for studying such dynamical systems. One advantage
of these models is their ability to include or suppress specific interactions or diagrams, allowing for isolated examination of their
effects. Additionally, they provide insights into the values of phenomenological parameters and their connections to the properties of
underlying constituents. This approach is valuable for interpreting results from first-principle methods such as lattice QCD (LQCD).

Magnetic field provides an additional handle to probe the QCD phase diagram. While most effective chiral models can capture
the magnetic catalysis in vacuum, i.e. chiral condensate increases in magnitude at 7 = 0 on increasing B, they predict the opposite
trend from LQCD calculations [10,13] on the magnetic field dependence of the chiral transition temperature [535,620].

There is yet another problem: The standard NJL model lacks a description of confinement. A common remedy is to couple quarks
to the Polyakov loop, resulting in the Polyakov-NJL (PNJL) model [621,622], or to resort to a confining contact interaction [623].
However, this class of models tends to overestimate the pseudocritical temperature, predicting 7,, ~ 200 — —220 MeV instead of
the LQCD result of T,, ~ 156.5 MeV. Currently there is no satisfactory solution to this problem and one has to resort to a ad hoc
rescaling of the deconfinement transition temperature T, in the gluon potential from its physical value of T; ~ 270 MeV to about
T, ~ 200 MeV [624-626]. Such an adjustment is far from ideal and indicates missing interactions in the original model.

In Ref. [627], we proposed a natural resolution to the aforementioned problems by including the polarization (ring) diagram.
This approach drives the screening of the four-quark interaction, which lowers the T,, at B = 0 and leads to inverse magnetic
catalysis at B # 0. A key merit of this method is that it introduces no new parameters and leaves vacuum properties unaffected, as
the ring diagram vanishes in vacuum. In field-theoretical terms, this represents an improved truncation scheme beyond the standard
mean-field approximation, specifically beyond the self-consistent Hartree—-Fock method.

25.2. Chiral Quark model

We review an effective chiral quark model motivated by the Coulomb Gauge QCD [627-629]. The Lagrangian density reads:

L(x) = §x) (idy = m)y(x)

1

(25.1)
- /d4yp”(X) Ve (x,y) pP(»)

2

where m is the current quark mass, p®(x) = ¥ (x)y°T% (x) is the color quark current, and T? is a generator of the SU(N,) symmetry
group, with a = 1,2, ..., ch — 1. For the class of models where the interaction potential V' is instantaneous and color-diagonal, i.e.,

Vh(x,y) = 6P x 60 =) V(x —y), (25.2)

the gap equation for the dynamical quarks has been derived [629]. It can be summarized as follows:

S\ py=p-m-Z(p) (25.3)
where
sp=c / B ) 25.4)
") ot

N2-1 . . . . - . . . .
The constant Cp, = S s introduced via the quadratic Casimir operator. A particularly transparent case is a contact interaction

Vip-q) - W. (25.5)
The solution to the gap equation (25.3) becomes
M=m+Tr(2)/Tr)
dq M
Qr)} 2E
X (1 =2 Ny (E)),

=m+CpV, (25.6)

where E = v/¢2 + M2 and N,,(E) = (¢’ + 1)7! is the Fermi-Dirac distribution. Eq. (25.6) is of the same form as the familiar result
for quark mass (N I flavors) in the model of Nambu-Jona and Lasinio (NJL) [630].
The in-medium dressing of the interaction potential V;, by the polarization tensor I7y, is implemented via [629]
> —1 —1 1
Vo =V, —=N/1II 25.7
0 0 5 N Hoo ( )
where the polarization is given by

oo, p) = é er (1°S@°Sq +p). (25.8)
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Fig. 25.1. The electric mass (Eq. (25.9)) for the 2-flavor case at fixed quark mass M = 0.18 GeV, as a function of temperature.

Here ﬁ denotes a Matsubara sum over the fermionic frequencies (w, = (2n+1) z/$), and an integral over the momenta d3g. Eq. (25.7)
describes the screening of the gluon propagator by the Debye mass. The factor of % in Eq. (25.7) comes from the color structure,
ie. TrTT? = % 6%, and is essential to reproduce the known result of the perturbative Debye mass for QCD, rather than for QED.
For simplicity we only consider the screening by the static limit of II,,. The vacuum part vanishes exactly. The matter part is
related to the Debye (electric) mass via
N 1
iy, = -3 Ny o’ =0,p - 0)
1 d’q (25.9)
=3 Ny x / o 4BN,,(1 = N,p).

In Fig. 25.1 we demonstrate a numerical calculation of the Debye mass Eq. (25.9) at fixed value of M = 0.18 GeV (a typical value
near the transition), and N =2 flavors. The results at finite B are also shown.

The following limits help interpret the results:

1. At B=0and M — 0 (or large T):

o 1 T2
m, ~ 5 Nf X T, (25.10)
2. At B # 0, considering the contribution from the lowest Landau level (LLL):
L 1lefIB [ dg, aplVEH
# L . (25.11)
i T PVEM Ly
which for massless quarks reduces to:
) 1 |ef|B
R v (25.12)

Observe how the exact numerical result follows the LLL at low temperature and eventually reaches the limit in Eq. (25.10) at
high temperature. Note that the limit in Eq. (25.12) is not realized.

Following the dressing of the four-quark coupling in Eq. (25.7), it is intuitive to see the effect of the ring diagram: the coupling is
substantially weakened at high temperatures, allowing a transition at lower 7,,. Additionally, at a fixed temperature, the coupling is
weakened by the magnetic field, driving inverse magnetic catalysis. The actual prediction by the model involves a complex interplay
between chiral symmetry and confinement. A typical result is shown in Fig. 25.2. See Ref. [627] for details.”

25.3. Towards dense matter

To advance our understanding of chiral quarks at finite baryon density, it is essential to incorporate additional physical effects
absent in the current model. Chief among these is restoring the momentum dependence of various quark dressing functions, such as

12 For completeness we give the model setup here: we use V,(T; M,#) = Vo(T;(M),¢), and fix (M) = 0.136 GeV. The set of model parameters is given by:
A = 1076 GeV, Gy, A2 = 4232, Ryp(g) = e /4", and a current quark mass m = 5 MeV. In the vacuum, this gives: f, = 92.9 MeV, m, = 137.8 MeV, and
(gw) = —(250MeV)® (per flavor).
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Fig. 25.2. The chiral condensate (with current quark mass contribution subtracted), normalized to the vacuum value, versus the temperature,

at zero (left) and finite (right) magnetic field. Dashed lines represent results obtained from a PNJL model without screening effect. The model
with dressed coupling is capable of producing the inverse magnetic catalysis at finite temperature.

the constituent mass function and wavefunction renormalization, through improved modeling of the confining potential [629]. This
would enhance our understanding of deconfinement beyond the statistical confinement picture employed [620,631]. Additionally,

a lattice computation of the gluon Debye mass at low temperature with a finite magnetic field could validate the relevance of ring
diagram screening to inverse magnetic catalysis.

26. Nucleon axial coupling constant under magnetars conditions

26.1. Introduction

The study of dense nuclear matter and high-energy processes focuses the attention of researchers mainly on the study of quantum
chromodynamics (QCD) phase transition in relativistic heavy ion collisions and the interior of neutron stars. One of the particular
problems for studying QCD under extreme baryon density is that lattice QCD simulations are not applicable under this regime, due
to the well-known sign problem [606]. This scenario provides the need to deal with effective models to describe the properties in the
QCD medium, in particular at high baryon chemical potential, or baryon density. The particular case of compact stars completely
escapes the possibilities of lattice simulation, so the use of effective hadronic or QCD models with non-perturbative effects becomes
the only way at the moment. The possibility of extracting information from the hadronic sectors as well as from the quark degrees of
freedom makes the QCD sum rules a versatile tool, since it can connect any hadronic model at intermediate energies to the general
QCD description with non-perturbative effects parametrized by the operator product expansion (OPE).

Here we show the implementation of the finite energy sum rules (FESR) at high baryon density under the presence of an external
magnetic field, considering nucleon correlators. The calculation of the axial coupling constant will be presented in detail.

There are different formalisms of addition rules, all of them with their own advantages and disadvantages. Here FESR will be
presented as a practical tool for the determination of various in-medium hadronic and QCD parameters based on quark-hadron
duality. Among the different types of sum rules in the literature, FESR establishes a clear criterion for the separation between the
hadronic and QCD sectors. Considering a form factor IT(s) generated by current correlation, with s = ¢2, the FESR are obtained by
integrating the form factor along the well-known contour pac-man, as shown in Fig. 26.1 (left). The hadronic resonances lie on the
positive real axis, while the QCD sector lies on the circle. The radius of this circle, s, is the hadronic continuum threshold, denoted

as the energy where the resonances begin to overlap. At finite temperature, s, acts as an order parameter for the deconfinement
phase transition.

From Cauchy’s theorem, quark-hadron duality relates both sectors, i.e.

S0
/ Es”mﬂ““(s):—}{ d—s,sNHQCD(s), (26.1)
0o T 50 27

where the factor sV is an analytic kernel. To relate these two sectors, non-perturbative effects are included, parametrized in terms of

the operator product expansion (OPE) leading to 1 (s) = Cy(s) + Y., C,(5)(0,,)/s", where the first term corresponds to perturbative
QCD, and the second term is the sum of operators corresponding to combinations of quark and gluon background fields.

26.2. In-medium nucleon—nucleon correlator

In order to describe nucleon currents we use Ioffe’s interpolating function [632] for protons

1,(x) = €[ (x) Cy ub(X)lyHys d°(x), (26.2)
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Fig. 26.1. Pac-man contour used in FESR (left). Proton, neutron and axial-vector currents in the hadronic sector (center) and in the QCD sector
(right).

where C is the charge conjugation matrix given by C = iyyy,. The neutron current is the same but exchanging the quark flavors,
i.e. u © d. In the hadronic sector n(x) is defined by their matrix elements as (0|ny(x)|N(p,s)) = Ayupn(p,s)e’”~, being Ay the
current-nucleon coupling, a phenomenological parameter, and with u, the nucleon spinor. The interpolating function can then
be expressed in terms of the asymptotic nucleon field as ny(x) = Ay¥y(x) which turns to be convenient if we want to calculate
in-medium correlators. The two-point function is I1(q) = i f d*x €4 (0|T y(x)7(0)|0).

The procedure now consists of treating the interpolating function in terms of nucleon fields and calculating the time-ordered
correlators by considering fermion propagators in a magnetic background. Also he same procedure will be used in the QCD sector
with quarks. Here we will expand the propagator in power series of the magnetic field B, getting a general expression for the Green
function G(x,x") = e?®x)S(x — x'), where S is the local part of the propagator and @ is the Schwinger phase.

The information of the presence of a uniform and constant magnetic field is provided by the propagators. In the QCD sector, the
correlator s can be expanded in powers of B, which after contour integration becomes a series in powers of (eB/s()". Considering
that s, > 1 GeV?2, the magnetic field can reach easily physical values for systems like relativistic heavy-ion collisions or magnetars.

The general expression for the local part of the fermion propagator in momentum space is [81].

l(p+m) i612(P” +m)

(py+m [pi -1 _’")] i(p + m)o o (p + m)
= - i(qB)? - AT i
S = pr—m?+ie @B (P> —m? +ie)? *EB (P> —m? +iey* (B (P? — m? +ie)?

+..., (26.3)

where « is the anomalous magnetic moment of the fermion. In the hadronic sector, it is customary to introduce a perpendicular
fermion velocity denoting the symmetry breaking by the background magnetic field, so in this case p = (»°, v, p,, p*). This velocity
is related with the perpendicular screening mass as m; = m/v,.

In vacuum, the nucleon correlator can be decomposed as IT(p) = pII L(P®) + I, (p?). However, the magnetic field will introduce
new structures which has to be combined with the electromagnetic tensor F#'. The most general decomposition of a correlator is
given in germs of the Clifford algebra structures, scalar, pseudoscalar, vector, axial-vector, and tensor

=g +iysHp+y, 00} +v,ys114 + 0,1 (26.4)

uv

ITp = 0 unless topological anomalies be present. So, the most general combinations of the vector, tensor and axial-vector components
must involve p,, g,,, €,,,p and F,,, considering that the correlator must be parity even:

Hva,
Ho_ ool Mol =MoL " W o_ MVl Hov v iy prlld Uy v=py il
HV_pH HV +PJ_ HV +PJ_HV, HA—P”HA» HT =€ HT +(P”17J_—PHPJ_)HT +(pHpJ__P”pJ_)H s (26.5)
where §| = €| p,, ﬁﬁ = e"“ “pq> with the anti-symmetric tensors defined as ¢/ = ¢%** and eﬁ"’ = eH12v,

One may notice that we now have eight independent structures instead of two. This abundance of information is compensated
by the appearance of new condensates, where for example the gluon condensate will now be divided into chromoelectric and
chromomagnetic condensate, along or perpendicular to the external magnetic field.

Each independent form factor can now be integrated along the FESR contour in the frame. p, = 0 with pi = s. FESR has the
advantage of skipping the form factor calculation, because the contour integration can be done before the integration of the internal
loop momentum. This simplifies the calculations considerably [83,633].

In [83] the structures ITg, IT ‘ll, II [} and H% were used to calculate the proton and neutron current couplings4,, 4,, the hadronic
thresholds s, s,, the mass parameters m,, m,, the perpendicular velocities v’i, v'| and the spin polarization of the quark condensates
(iic|,u) and (do,d).

QCD sum rules for baryons in dense baryonic medium has been strongly studied since the first set of papers [634-638]. The
dense medium will break Lorentz symmetry and hence temporal and spatial coordinates will split. This is often parametrized by the
introduction of the fourth vector u = (1,0, 0,0) denotes as the fourth-velocity in the thermal bath rest frame.

The structure of correlators now changes and new condensates appear. All correlator structures can be separated into even and
odd contributions in terms of p, as IT(py, p*) = IT e(pg, p?) + poIT "(p(z), p?). In this case, the contour integration will be done in the
frame p = 0 with s = p(z). In the case of the effective nucleon propagator, assuming a generalized momentum-expanded self-energy,

115



P. Adhikari et al. Progress in Particle and Nuclear Physics 146 (2026) 104199

the breaking of the Lorentz symmetry will lead to some correction of the baryon chemical potential, as well as to the appearance
of a velocity in the third component of the momentum. This can be summarized in Eq (26.3) by setting p = (p° + 4u, v, p, , o 7).

26.3. Axial-vector coupling

To obtain the nucleon axial coupling we need the following current correlator
,(x,y,2) = =01 T n,(x)A,(») 71,(2) |0}, (26.6)

where in the QCD sector A4,,(y) = d(y) 745 u(y) and in the hadronic sector it can be expressed in terms of the elements of the axial
current matrix involving nucleons

W5 1A, WP, s) = & (7)) T, (q) () €07, (26.7)

with ¢ = p’ — p and with T is the most general form is
q
T, =G,(0y,rs + Gp(Dys 5— 2 + Gr(0o,,7s 2—‘/, (26.8)
my

with ¢ = ¢ and my the vacuum nucleon mass. The nucleon Axial coupling constant is defined as g, = G,(0). We can write the axial
current related with nucleons in terms of the nucleon fields

A, = / d* v, ()T, — Y, (v), (26.9)

where Ty (x) is the inverse Fourier transformation of T,(¢) in configuration space. So now, we can explicitly deal with magnetic field
dependent propagators. The hadronic correlator is expressed diagrammatically in Fig. 26.1 (center). The Fourier transformation of
the correlator is

m,(p.p) = / dtyd*ze @I 01 (0, y, 2). (26.10)

which in the hadronic sector is, in vacuum case
(p+m)T, ()P +m,)
T )
Now we want to isolate G,(r) from the other form factors. Tracing the correlator multiplied by a gamma matrix will produce
the desired selection in the following way:

3 (p,p) = 4,2 (26.11)

tr[11,(p, p') v, = —4ic€,0pp" 0P T (s, 5’ 1), (26.12)

with s = p?, s/ = p’2. IT in the hadronic sector is

G 4(1) + Gp(t)(m, —
(s, ', 1) = 4,4 A0+ Gr@my = mp)/my (26.13)
’ (s = m2)(s" —m2)

If we neglect the term (m, —m,)/my, this procedure isolates G 4.
The current correlator in the QCD sector is described diagrammatically in Fig. 26.1 (right). The same procedure applied to the
QCD sector at t = 0 produces at leading order
s In(=s/u?) — s> In(—s' / %)
Qn)*(s' =)

PP (s, 5", 0) = + regular terms, (26.14)
where y is the MS scale. Regular terms means terms without discontinuities on the real axes, nor singularities which would vanish
when integrating in the FESR contour. Now we have two variables so a double FESR [84,639,640] must be used for each current
channel, in this case the momentum associated to nucleon currents.

s ’
/ 45 1, / 45 1m (s, o' 1) = }l{ }{ L3 eens, 1), (26.15)
0o T 0 o 27 2ri

where Im, f(s) = lim._oImf(s + ie). Applying the double FESR to the proton-axial-neutron currents correlator projected to G, in
the frame 7 = 0 we get
L [53 0(s, —s,)+s>0(s, —s )] (26.16)
484 Lm0 T e e

where s, and s, are the proton and neutron current hadronic thresholds. The values of the current-couplings and the hadronic
thresholds are obtained through the nucleon-nucleon correlator FESR [83]. In vacuum, both nucleon thresholds are equal so
g4 = 5(3) /487:4}%]. In [84], this value was calculated in vacuum by fitting the experimental value of g, and then searching for
the allowed values of the quark condensate and the gluon condensate. When medium effects are taken into account, it is expected
that the axial-vector contribution to the form factor splits into different components, according to the symmetry breaking induced
by external magnetic field and thermal or dense bath

gAj'nAp =

Gary = GVro+GPrE + GO+ GuF (26.17)
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Fig. 26.2. In-medium nucleon axial coupling constant as a function of baryon density for different values of the magnetic field (left), and as a
function of the magnetic field for different values of the baryon density (right).

The case in the presence of magnetic field only was obtained in [84], while the effects of both, baryon density and magnetic field
was obtained in [640]. There was considered only the leading contribution in Eq. (26.16), medium effects will be present only
through the nucleon-current couplings and nucleon hadronic thresholds.

26.4. Results

For the combined magnetic field and baryon density problem, we select only six FESR from the neutron-neutron and proton—
proton correlators, in order to obtain the current-couplings 4,, 4,, the hadronic thresholds s,, s,, and the condensates (iic|,u) and
(doy,d). The inputs considered for the in-medium condensates depend mainly on the baryon density, except for the quark condensate
(see details in [640]). The first thing to be noticed is that, for all the range of values considered both for baryon density and magnetic
field, s, > s,. This mean that the axial-vector coupling constant at finite baryon density and magnetic field is then

3
1 Sy

4874 Ay,

The medium evolution of the nucleon axial-vector coupling constant can be seen in Fig. 26.2 as function of the baryon density and

as function of the magnetic field strength. The axial-vector coupling constant decreases both with the baryon density and with the

magnetic field. It is worth to notice that at B = 0 and at the nuclear saturation density pz = p, = 0.16 fm™ we get g% = g4(py) = 0.92,
in agreement with other approaches which get the result g} <1 [641-650].

As can be seen in Fig. 26.2, for pp ~ p, there is no significant variation with the magnetic field, except for lower values of the
baryonic density. For p > 1.25p,, g, appears to increase with the magnetic field and there is a flip in the behavior of the curves.
This behavior can be enhanced for higher values of baryon density and magnetic field, for example, near the core of a magnetar.
At present, these are the only results in the literature considering these two effects. We hope that similar studies performed with
other models and techniques can reproduce these results.

84 (26.18)

27. Dynamics of heavy quarks in a magnetized medium
27.1. Introduction

Heavy quarks have been extensively studied within the heavy-ion community as a prominent signature for characterizing the
properties of hot and dense quark matter. Considering the non-centrality of the HIC experiments and the subsequent generation
of strong magnetic fields, studies related to heavy quarks have recently been extended to magnetized medium. Unlike most of the
previous heavy quark (HQ) dynamical studies, in the present study we go beyond those limiting scenarios to tackle the most general
case of arbitrary valued external magnetic fields.

The HQ momentum diffusion coefficients are crucial theoretical quantities needed to describe the evolution of heavy quarks
and significantly impact the phenomenology of heavy quarks, influencing theoretical predictions for relevant experimental ob-
servables [651]. We use the widely adopted Langevin equations which assumes that heavy quarks receive random “kicks” from
the thermal partons in the surrounding medium. In absence of the magnetic field and within the nonrelativistic static limit of HQ
(i.e. p~ 0, M > T, pand M being the HQ momentum and mass respectively) there is no anisotropy imposed on the system resulting
in a single diffusion coefficient . Several studies have evaluated this x using various techniques [652-654]. Moving beyond the
static limit involves attributing a finite velocity, where yv < 1 (i.e. p = yMv < M) to the heavy quark (HQ). This introduces an
anisotropy in the system due to the HQ’s motion in a preferred direction. Consequently, the momentum diffusion coefficient « splits
into longitudinal and transverse components, denoted as x; and, x;-, which also has been extensively studied [655-659].
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The presence of an external magnetic field introduces additional anisotropy into the system, raising intriguing questions about
how to incorporate the scale eB. Most current studies have adopted the Lowest-Landau-Level (LLL) approximation [660-662], or
the weak magnetic field approximation [663]. The validity of these approximations depends on the strength and time-dependence
of the magnetic field generated in non-central heavy-ion collisions (HICs). However, extending calculations to arbitrary external
magnetic fields eliminates these constraints, freeing us from limitations imposed by the scale of e¢B.

To compute HQ momentum diffusion coefficients, which crucially depend on the HQ scattering rate, in the presence of
arbitrary magnetic fields, it is necessary to generalize the effective gluon propagator for a hot magnetized medium beyond the
LLL approximation. This involves using hard thermal loop (HTL) approximations to calculate the form factors of the effective
generalized gluon propagator across all Landau levels. Recent approaches have also incorporated the magnetic field effect differently
in calculations of HQ potential and HQ energy loss, where the medium’s influence is assumed to be encapsulated solely through the
medium-dependent Debye mass [664-666]. Within the static limit, comparing results from these methods provides insights into the
limitations of using the simplified approximation of a medium-modified Debye mass.

27.2. Formalism

We examine a dynamic heavy quark (HQ) system (denoted as (P = (M, p) = (E,v))) interacting with an anisotropic magnetic
field B = B2, deriving the complete expressions for longitudinal and transverse momentum diffusion coefficients for charm and
bottom quarks. Despite the heavy quark mass M > \/5, T being the dominant scale, we do not impose additional scale hierarchies
relative to eB and T, unlike the LLL or weak field approximations. Following Refs. [660,662], we utilize the HTL approximation
with the condition a,eB < T? (where «, denotes the QCD running coupling), allowing us to neglect soft self-energy corrections of
quarks and gluons during scattering rate calculations.

When the HQ moves in the presence of an external magnetic field, focusing on two distinct scenarios is beneficial: v 1 B and
v 1 B. In the former case v i1 B, two distinct diffusion coefficients x; and « arise, which are linked to the HQ scattering rate as

1 3 dT'(v) , _ 3 dTI'(v) ,
kr(p) = E/d KIqul, kp(p)= [ d’q & q;- (27.1)
On the contrary, v L B case generates three different diffusion coefficients ;’s (j = {x, y, z} = {1,2,3}), i.e.
d I'(v
K;(p) = /d3qT;)qu. (27.2)

It is clear that when we consider the static limit (v — 0) in a magnetized medium, only one anisotropy remains, dictated by the
direction of B, which causes the scenario v L B to vanish.

From Egs. (27.1) and (27.2), it is evident that to calculate the momentum diffusion coefficients, we first need to determine
the scattering rate or interaction rate of 2 « 2 scatterings between the light quark/gluon and the heavy quark (i.e. ¢gH & gH
and gH < gH). To evaluate these scattering rates, we employ an effective method initially introduced by Weldon [667]. In this
approach, we express the t-channel 2 < 2 scatterings involving the heavy quark as the cut/imaginary parts of the heavy quark
self-energy, which can be formulated as

L v

2E 14 e E/T
where X(P)’s represent the effective HQ self energy with an HTL resummed effective gluon propagator which duly incorporates the
soft contributions. The detailed calculation of I'(P) and hence «;’s has been done in Ref. [668].

I'(P) = Tr|(P+ M) Im Z(p, + i€, p)| . (27.3)

27.3. Results

We start with our most general static limit results for magnetized medium in Fig. 27.1, by varying the ratio K(LS/)T /x® with respect
to the external magnetic field. x*) is the zero magnetic field value of the single isotropic momentum diffusion coefficient. We opted
for two relatively higher temperatures, specifically T = 0.4 and 7 = 0.6 GeV, to maintain consistency with the HTL approximation
used throughout our calculations. Observations from the plots reveal that at lower values of eB, both the longitudinal (solid curves)
and transverse (dashed curves) momentum diffusion coefficients exhibit a more pronounced rate of increase compared to higher
eB values. This effect is particularly prominent for charm quarks (red curves), leading to a crossover with the bottom quark (blue)
curves. Throughout the magnetic field range depicted in Fig. 27.1, the values of k; consistently surpass those of x for both static
charm and bottom quarks. Finally, as temperature increases, the overall ratio decreases, as expected due to the competing influences
of eB and T scales.

In the present study, we also explore an alternative method to incorporate the influence of magnetic fields on heavy quark (HQ)
scattering rates and momentum diffusion coefficients. Here, all medium effects are encapsulated through the medium-modified
Debye screening mass. In Fig. 27.2, we present comparisons between results obtained from the exact calculation (k) and those from
the Debye mass approximation (k) which illustrates the variation of the ratio x’/x with respect to the magnetic field strength for
two distinct temperatures, T = 0.4 GeV and T = 0.6 GeV. For both longitudinal and transverse components of charm and bottom
quarks, the general trend is similar: the Debye mass approximated results consistently underestimate the exact results for larger
values of eB and overestimate them for smaller values of eB. These discrepancies are more pronounced for bottom quarks due to
their heavier mass (M, = 4.18 GeV) compared to charm quarks (M, = 1.27 GeV).
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Fig. 27.1. The variation of the scaled momentum diffusion coefficients with respect to the magnetic field strength eB is illustrated for longitudinal

(solid lines) and transverse (dashed lines) diffusion in the static limit, considering both charm (red curves) and bottom (blue curves) quarks. This

comparison is presented for two distinct temperatures: T = 0.4 GeV (left panel) and T = 0.6 GeV (right panel). The masses of charm and bottom
quarks, denoted as M, are specified in the accompanying text.
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Fig. 27.2. The plots depict the variation of the ratio between the Debye mass approximated results (x’) and the exact results (k) with respect to

the magnetic field strength eB. This comparison is shown for both longitudinal (solid lines) and transverse (dashed lines) momentum diffusion

coefficients within the static limit, considering charm (red curves) and bottom (blue curves) quarks. The analysis is conducted at two distinct
temperatures: 7 = 0.4 GeV (left panel) and T = 0.6 GeV (right panel).

Additionally, it is noticeable that the ratio of transverse components (kJ./x7) is consistently larger than that of the longitudinal
components (x /x;) across the entire range of B considered. This observation aligns with the findings in Fig. 27.1. The dominance
of k; over k can be attributed to the predominant gluonic contributions in the ¢-channel scatterings studied in this context.

Next we present our estimated results for longitudinal and transverse momentum diffusion coefficients beyond the static limit,
while maintaining confinement within the small energy transfer regime and the scale hierarchy M > p > T. We fix the HQ
momentum at p = 1 GeV and consider temperatures T = 0.4 GeV and T = 0.6 GeV, consistent with the applied HTL approximation.

Firstly, in the v || B case, we examine the variation of longitudinal and transverse momentum diffusion coefficients with external
magnetic field in Fig. 27.3 for the aforementioned fixed temperatures. The coefficients are scaled relative to their respective values
at eB = 0. Similar to the static limit, we observe that for higher values of eB, the rate of change of x; ;; becomes relatively flat,
especially for charm quarks (red curves). Interestingly, x; (dashed curves) dominates over «; (solid curves) throughout the range

of eB considered for charm quarks. Conversely, for bottom quarks (blue curves), «; is larger than «, until a higher threshold of eB,
beyond which a crossover occurs. These crossovers reflect the interplay among the three competing scales M, T, and eB. Bottom
quarks, with their higher mass, require a correspondingly higher eB to exhibit similar behaviors in «, ;- as observed for charm

quarks. The right panel of Fig. 27.3 demonstrates this trend more clearly, where the absence of an immediate crossover indicates
that bottom quarks would require an even higher ¢B for similar behavior.
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Fig. 27.3. v n B case : The longitudinal (solid curves) and transverse (dashed curves) momentum diffusion coefficients are depicted for charm
(red curves) and bottom (blue curves) quarks as functions of the external magnetic field strength. These results are shown for two distinct
temperatures: T = 0.4 GeV (left panel) and T = 0.6 GeV (right panel). The magnetized momentum diffusion coefficients are normalized relative
to their values at eB = 0.
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Fig. 27.4. v L B case : The variation of the transverse components «; (solid curves), k, (dashed curves), and the longitudinal component &
(dotted curves) of the momentum diffusion coefficient is illustrated for charm quarks (left panel) and bottom quarks (right panel) as functions of
the external magnetic field. These results are presented at a fixed temperature of T = 0.4 GeV. The magnetized momentum diffusion coefficients
are normalized relative to T3.

Fig. 27.4 illustrates the results for the perpendicular case, v L B. At eB = 0, no such configuration exists, thus we scale the values
of K; with T3 here. Transverse components Kk, (solid curves) and k, (dashed curves) dominate over the longitudinal component x5
(dotted curves) for both charm and bottom quarks. The specific choice of p, ensures «, is larger than «,. Unlike previous cases, no
saturation behavior is observed for any of the momentum diffusion coefficients at higher eB values; instead, their rates of change
visibly increase with increasing eB. Additionally, the values of momentum diffusion coefficients for bottom quarks (right panel) are
approximately an order of magnitude lower compared to those for charm quarks (left panel).

Combining the results from both cases, we observe that for lower eB values, the effect of the external magnetic field on various
momentum diffusion coefficients is more pronounced when the HQ moves parallel to the magnetic field direction with higher
momentum. This effect tends to saturate as ¢B increases. Conversely, when the HQ moves perpendicularly to the external magnetic
field, the effect of magnetic field on the momentum diffusion coefficients increases continuously with higher e¢B values.

27.4. Summary

In this section, we have discussed the momentum diffusion coefficients of heavy quarks (HQ) within a magnetized medium. We
have explored both general cases: (a) arbitrary values of the external magnetic field and (b) beyond the static limit by considering a
finite HQ velocity. By comparing our exact results with an alternative Debye mass approximated procedure within the static HQ limit,
we have clearly identified the limitations of the alternate approach. We emphasize the necessity of incorporating the full structure
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of gluon two-point correlation functions in a hot and magnetized medium. Across both static and non-static scenarios (particularly
when the HQ moves parallel to the magnetic field), we observe a consistent pattern in the dependence of momentum diffusion
coefficients on eB: rapid increase at lower e¢B values followed by saturation, especially pronounced for charm quarks. Conversely,
when the HQ moves perpendicularly to the magnetic field, we observe increasing changes in momentum diffusion coefficients with
higher eB values. Within the static limit, soft gluon scatterings dominate the longitudinal diffusion coefficient over the transverse
counterpart, reflecting the dynamics of #-channel processes at leading order of strong coupling. However, beyond the static limit, we
observe an opposite trend. The interplay among scales such as M, p, eB, and T is clearly manifested in our findings. This study opens
avenues for future research directions, such as investigating the in-medium evolution of HQ and its implications on experimental
observables like directed and elliptic flow of open heavy flavor mesons.

28. The role of quark anomalous magnetic moment in magnetized quark matter
28.1. Introduction

The description of the magnetized QCD (Quantum Chromodynamics) phase diagram has remarkable developments in the past
few years, with intensive efforts from both lattice QCD (LQCD) and effective model communities. In LQCD at zero density, it is well
known the magnetic catalysis (MC), which is the increasing of the chiral condensate as function of the magnetic field [202]. However,
close to the pseudocritical temperature it is observed the inverse magnetic catalysis (IMC) [11], which is the non-monotonic behavior
of the quark condensate as a function of the magnetic field. Both effects are very important in order to describe the basic physics of
the strongly interacting quark matter, but, unfortunately, just the MC effect is well described by effective models in the mean field
approximation [27]. These results have motivated several possibilities in effective approaches, as one can see in the references
therein Ref. [201]. Particularly, in the case of the Nambu-Jona-Lasinio model [530,669] one can explore beyond mean field
approximations [670], fittings of the coupling [14,19,54,82,201] and, also including the anomalous magnetic moment (AMM) of
the quarks [73,75,115,116,208,671-693].

In the recent literature, the quark AMM has been used as a new set of parameters in the NJL model, included in the Lagrangian
by the Schwinger ansatz. These parameters are obtained in order to fix the magnetic moment of proton and neutron [673].
Then, they can be used to explore several properties of the magnetized QCD phase diagram. Some of the modern predictions
are claiming that, at low temperatures (zero temperature, in some cases), it is possible to obtain IMC and first-order phase
transitions [73,75,115,673,674,680,683]. However, it is well established that these effects are not predicted by LQCD [11,211].
Also, all the phase transitions obtained in the region of interest, i.e., eB < 1.0 GeV?, relevant to the heavy ion collisions, indicate
crossover transitions [694], with the possibility of first-order phase transitions at very strong magnetic fields, i.e., eB ~ 8 GeV? [211].
In this way, recent works [208,690] have been calling the attention that the use of inappropriate regularization procedures can be the
source of nonphysical phenomena. At zero AMM case, the methods called MFIR (magnetic field independent regularization) [131]
are claimed to eliminate nonphysical oscillations in quark condensate as a function of the magnetic field and also in several other
quantities [206]. The main idea of these methods is to separate the contribution of the magnetic field from the natural divergences
of the model, which must be regularized. In Ref. [208], the authors adapt the Heisenberg-Weisskopf effective lagrangian, used in
the context of the electrons with anomalous magnetic moment [695], for quarks in the NJL model. Then the vacuum magnetic
regularization (VMR) scheme [206], which is a step-forward of the MFIR scheme, is applied. The results indicate very different
behavior of the effective quark masses as function of the magnetic field, with no indication of first-order phase transition in the
region eB < 0.3 GeV? and just a very small window of IMC when considers sizable values of the quark AMM parameters.

The solution for the difference between the model results is then detailed explained in Ref. [690], where one observes that
the non-MFIR procedures hidden mass-dependent terms in the ultraviolet limit of the model which are inducing first-order phase
transitions. These transitions can be obtained by both high enough magnetic fields or quark AMM values in the model, when it is
considered as a free control parameter. If one uses the full lagrangian with the inclusion of the Schwinger ansatz, it is possible to
show that in the limit of eB/ Mé < 1, one can reproduce the Heisenberg-Weisskopf effective lagrangian, changing the electron mass
for M, the effective quark mass in the vacuum. Then, the mass-dependent terms can be avoided in the UV limit, eliminating the
possible first-order phase transitions.

In this section we revisit the main ideas explored in the recent literature, some of the basic results and how and what can still be
done. The work has the following structure: In Section 28.2 we present the basic analytical structure of the NJL model in a constant
magnetic field with quark AMM. In Section 28.3 we define the two main regularization procedures we want to study. The discussion
of the basic results are given in Section 28.4 and the conclusions in Section 28.5.

28.2. Nambu—Jona-Lasinio SU(2) with quark AMM in a constant magnetic field

The lagrangian density of the Nambu-Jona-Lasinio (NJL) model with two quark flavors possessing anomalous magnetic moments
(AMM) in an external electromagnetic field environment is given by [673]

L=y (iB-n+ %éo‘wF’”) v+ G [@y)? + @irstw)], (28.1)
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where y is the quark fermion field w = (y, )7, the bare quark mass matrix is /% = diag(m,, m,), which is in the isospin limit
m, = my = m, where i = m1. The AMM matrix is @ = diag(a,, a,). The phenomenological Pauli term %fzawF #v couples each quark
AMM flavor with the electromagnetic tensor. At one-loop approximation level, we have the following definitions

2
aeqf 1
af:qfafyB, af:7, ae:m. (282)
The electromagnetic gauge field is A# and the electromagnetic tensor is F#¥ = 0# A — 9" A, Here, we adopt Q as the diagonal quark
charge matrix'® Q = diag(g, = 2/3, g, = —1/3). The covariant derivative is given by D# = (3" +ieQA*) and P =y, D*. The coupling
constant is given by G.
In a mean field approximation, the lagrangian becomes

— (. 1, v M —m)?
E:W(IE—M+ an#"Fﬂ )w—T, (28.3)
where the effective quark mass is defined as
M=m-2G(py), (28.4)

where () is the chiral condensate. Working with constant AMM values, we can define a Bohr magneton as up = ¢/2M. As we
are interested in constant values of quark AMM, in our case we have adopted up = ¢/2M,,, where M, is the vacuum effective quark
mass. Choosing the Landau gauge, A, = 6,,x, B, in order to satisfy Vx A = B = Bé; and V - A = 0, we can work with a constant
magnetic field in the z-direction.

28.2.1. Thermodynamic potential with quark AMM
The general structure of the thermodynamic potential at zero temperature with the quark AMM in a constant magnetic field
environment is given by [208,673,690]

(M —m)?

Q QMB8(M, B 28.
e + (M, B), (28.5)
where Q™38 is written as the magnetic field term, given by
o 0 dp
mag __ 3 S
QUS(M,B) =—-N, z |By| Z E [w 4”2E,,,5, (28.6)

f=ud n=0 s=+1

in which N, = 3 is the number of colors; B, = gseB, s = x1 is the spin index, n are the Landau levels and the quark energy
dispersion relation is defined as

El =\/n+ (M[; —sa; B (28.7)

where we define M,{ = \/ [Bfl2n+1=s;8)+ M 2 and s s = sign(q,) as the charge sign function.
Since Eq. (28.6) is divergent, one need to adopt a regularization procedure.

28.3. Regularization

There are several choices used in the literature, which can be divided in two central regularization procedures, the VMR (vacuum
magnetic regularization) [206], which is a MFIR-type (magnetic field independent regularization) [131] technique, and non-MFIR
procedures, mostly based in Form-Factor functions [131]. Recent works are using the VMR/MFIR regularization [208,680,687,690,
692] and Form-Factor procedures [115,116,673,679,681-683,685,688,689] to deal with the AMM of the quark in the NJL model.
Here we will discuss some of the basic properties of the most common regularization methods applied with the inclusion of quark
AMM.

28.3.1. Form-factor regularization
The idea of form-factor (FF) regularization resides in use some function to regularize the ultraviolet divergent integrals. We can
multiply the vacuum contribution in Eq. (28.6) by a FF the function used in Ref. [673]

[l (AeB) = ! (28.8)

| +exp (((p§+\qfeB|(2n+1—ss/))1/2—A)>

A

where A is the cutoff of the model and A is a new parameter of regularization. We will call this type of FF function as FF,.
The second FF function we will use is the FF,, from Ref. [115,683]
AN
J](AeB) = N7 (28.9)
AN 4 (p2 + lgreB|Q2n+1—ss/))

13 We are using the Gaussian natural units, i.e., 1 GeV> = 1.44x 10" G and e = 1/1/137.

122



P. Adhikari et al. Progress in Particle and Nuclear Physics 146 (2026) 104199

where N is a new regularization parameter. These two regulators should be sufficient to explore the main effects that we are
interested. However, there are a variety of different regularization prescriptions that are non-MFIR procedures with different FF
functions that we will discuss briefly later.

28.3.2. VMR regularization
The magnetic field contribution of the thermodynamic potential Eq. (28.6) at zero temperature in the VMR regularization is
written in the Schwinger proper-time method as [690]

N [so]
QmEM, B) = —5 / LM o), (28.10)
87z oo T

where the function F,(r) is given by
Fi(z) = e @B 1| B, | [s sinh(r2a, BM) + F<2>(T)] (28.11)
7 sy i ) ; .

and the function F®(7) is
k

® (72a, BM)* k [B;\"  gn
@), N _ f iy S
F¢ (T)_;:O: —Gor ;:0 <n>( i) <—2> FETAG coth(| B, |7). (28.12)

Now, we have to apply the subtraction of divergences in the thermodynamic potential, Eq. (28.10). The integral diverges when
7 — 0. When considering the Taylor expansion of the function F,(r) around z = 0 up to the order O(z?), we obtain

F)(@) = 14(a; B’ + Rp(By, M)7* + O(), 7 < 1, (28.13)
in the last expression, the coefficient of 72 is given by
|B/*  (a;B)* .
Ry(By. M) = —— = —— +2(a; B’ M +5,2|B/|(a; B)M. (28.14)

Then the prescription of VMR can be applied as

QMR M) = [QM38(B,M)—-Q"P(B, M)+ Q2"P(B, M)
— Q7B M)+ QVM(B, M), (28.15)
where _er?ag = Qma(B, M) — QVP(B, M) is the magnetic part of the regularized thermodynamic potential, 2"P(B, M) is the
vacuum-divergent contribution and 2" (B, M) is the vacuum-magnetic contribution, which must be regularized.

It is possible to show that, in the limit of eB/ Mg < 1, we can expand the F/(z) function in the thermodynamical potential in
order to obtain

cosh((ay + 1)|Bf|7)
F — o—7lasB)? B S 28.16
(t)=e 7| By| Sinh(B, <)) ( )
The expansion of F})(r) is then, given by
(Byr)?
F@) = 14+ —— (3¢ =1) + 0. (28.17)
which has no dependence on the effective quark masses. The thermodynamical potential can be written as
N, © dr 2 cosh(c,|By|7)
Q=< ar of |7|B, | —L—L—1, 28.18
872 zf:/o 3¢ [Tl 7l sinh(| B, 7)) (28.18)

in the last expressions we have defined Koy = \:M 24 (a fB)2 and ¢ r=a;+1L This result is the same obtained in [208] where the
one-loop Schwinger-Weisskopf lagrangian in [695] is adapted to the NJL model. The regularization of this expression is given by
applying the prescription Eq. (28.15).

28.4. Recent achievements

The vast literature focuses in the case of magnetized Nambu-Jona-Lasinio model in the mean field approximation with constant
values of quark AMM, based in the ideas developed in Ref. [673]. Then, the main difference between most works concerns in
the regularization procedures. Several different properties of the magnetized QCD phase diagram have been explored, as the
thermodynamics [680,685,686,692], transport coefficients [689] meson masses [73,75,115,116,677] and dilepton production [674].

Recently the study with quark AMM has been extended to non-constant values. In Ref. [683], three cases were considered, in
which «, 4 = constant, x, 4 « o and k, 4 6%, where ¢ is the chiral condensate, that depends on the magnetic field and temperature
in the context of the FF,. The results with «, ; = constant reproduces well the forthcoming discussion.

Besides the FF regularization, there are other regularizations that can be applied in the group of non-MFIR procedures, as is the
case of Pauli-Villars (PV) regularization. In Ref. [206], the zero AMM case is explored and, in fact, PV regularization shows very
similar result for the average quark condensates as a function of the magnetic field for both MFIR and non-MFIR groups. One of
the clear advantages of using PV regularization in this case is to avoiding the nonphysical oscillations previously discussed. The
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Table 28.1

In FF, we follow Ref. [673]. In FF, we follow Ref. [115].
Regularization A [MeV] m, [MeV] GA? Extra parameters
FF, 664.30 5.000 2.440 A =0.054
FF, 681.38 4.552 1.860 N = 10.00

eV]

M

Fig. 28.1. Effective quark masses as a function of the magnetic field for the two sets of quark AMM with the form-factor regularizations FF,
and FF,.

non-zero AMM case with PV regularization in a non-MFIR procedure has been in the context of chiral and deconfinement phase
transitions [675,684] . In the case of the magnetic field dependent three momentum cutoff, some of the results are qualitative the
same when compared to the Form-Factor regularization, as the decreasing of the pseudocritical temperature as a function of the
magnetic field and oscillations in the effective quark masses [73,674].

It is possible to study the behavior of the quark AMM as a function of temperatures and magnetic fields in the NJL model
as derived in Ref. [679], by evaluating the photon-quark-antiquark vertex function, which is out of scope of the present work.
However, the study focuses in the use of non-MFIR procedures, and future developments with MFIR/VMR schemes could be useful
in order to provide comparisons between different methods.

28.4.1. Form-factor procedures

We can summarized the basic set of parametrizations used in FF, and FF, as (see Table 28.1).

The set of parameters can change depending on the vacuum values of quark condensate (yy ), the pion mass m, and pion decay
constant f, [206]. However, the general qualitative behavior is preserved.

The quark AMM for each flavor is determined to match the experimental values of the magnetic moments of the proton and
neutron [673]. Then, one can obtain two different sets of parameters, which depends on k, defined in Eq. (28.2) by a; = q;a,up —
a; = qsek . For the set 1, we can consider the higher values of AMM as

kT =0.29016 Gev™', kL' =035986 Gev',
alll = 0242, al!l = 0304, (28.19)
while the second set 2 is given by

k2! =0.00995 Gev™!, k7 =0.07975 Gev~',
a2l = 0.006, al?l = 0.056. (28.20)

The set 2 of quark AMM values induces almost no difference when compared to the zero AMM case for the effective quark masses
as a function of the magnetic field in which the magnetic catalysis effect is observed [696]. The main ideas behind the application of
FF regularization with quark AMM are represented in Fig. 28.1. The first aspect we want to evidence is the nonphysical oscillations
observed in the effective quark masses, which are present due the non-MFIR regularizations, already observed in the zero AMM
case [131]. The second aspect concerns to phase transitions. For the set 1, the FF, regularization induces a possible first-order phase
transitions close to eB ~ 0.6 GeV?, while the FF, the transition occurs when eB ~ 0.4 GeV? [673,683]. Therefore, the basic aspects
with quark AMM in the two-flavor NJL model are in qualitative agreement between the two form-factor regularizations explored
in this work. Nevertheless, first-order phase transitions at low temperatures are predicted to happen at very strong magnetic fields,
e.g., eB, ~ 8 GeV? [211], which is far beyond the validity range of the model, since ¢B, > AZ2. In this way, we believe that the
evaluations with FF regularization could not be allowing to reproduce well-known aspects of the magnetized QCD phase diagram
and further developments are necessary in order to improve the applications with FF and quark AMM.
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Table 28.2
In VMR, we follow Ref. [208]. In VMR, we follow Ref.
[690].
Regularization A [MeV] GA? m, [MeV]
VMR, 591.60 2.404 5.723
VMR, 886.62 4.001 7.383
1.0 0.210
0.9 f—— VMR, & 0.205} —— VMR, £
I~y — —— VMR, «!!
> = 0.200 1
S 1 80195
= 0.6 = 0.190
0.185
E 0.180
0.0 0.2 0.4 0.6 0.8 0.05 0.10 0.15 020 0.25 0.30
eB[GeV?] eB[GeV?]

Fig. 28.2. Left: Effective quark masses as a function of the magnetic field for different values of quark AMM. Right: Pseudocritical temperature
as a function of the magnetic field for different values of quark AMM. We have defined the zero AMM case as «'%.

2.75F —— VMR; k=0.0GeV~! L
9700 — VMRer=02Gev! L 2.60
E=N - VMR, k=0.4 GeV-! AR
; 2.65; ... VMR, k=0.6 GeV! A 2.55
AN
@ 2.50
S 245
0.0 0.1 0.2 0.3 0.4 0.5 00 01 02 03 04 05
M[GeV] M[GBV]

Fig. 28.3. Effective potential as a function of the effective quark mass at eB = 0.3 GeV>. Left: Mass-dependent regularization. Right: Mass-
independent regularization.

28.4.2. MFIR/VMR procedures

In the MFIR/VMR prescription, some seminal results have been obtained in Refs. [208,690], in which the quark AMM effect has
less prominent results when compared to the FF case. We adopt two sets of parameters for the VMR scheme with 3-D sharp cutoff
in Ref. [208] and Proper-Time Ref. [690], given in Table 28.2.

The first interesting result is that we can observe no oscillations in the quark condensate as a function of the magnetic field for
zero temperatures when considering both sets of AMM parameters as observed in the left plot of Fig. 28.2. This is a signature of
MFIR procedures as explored in detail in Ref. [131]. One can verify that there is no first-order phase transitions in the region of
magnetic fields explored [208]. In what concerns to inverse magnetic catalysis, we can look to the right plot of Fig. 28.2. For the set
2, there is almost no difference with the zero AMM case, in which one obtains the usual magnetic catalysis effect. For the set 1, with
sizable quark AMM, a small window in which the pseudocritical temperature decreases with the magnetic field is observed [208].

As it is discussed in Ref. [690], in FF regularization there are due mass-dependent (MD) terms in the ultraviolet limit of the
model, as described in Eq. (28.13). These terms could change the gap equation, 022/d0M = 0, and, therefore, induce artificial first-
order phase transitions. One way to circumvent this problem is to apply the VMR prescription. However, it is not easy to treat the
regularization of these mass-dependent terms in a general way. In fact, in the context of effective QED, the Heisenberg-Weisskopf
lagrangian has the Schwinger ansatz, which is valid in the region where eB/m? <« 1, with m, being the electron mass. In our case,
therefore, the limit is given by eB/ Mg < 1, which is the first term, n = 0, in the series expansion Eq. (28.12). When considering this
situation, we obtain a mass-independent (MI) regularization, given by Eq. (28.15) by using the F})(r) function given in Eq. (28.17),
and the resulting effective potential is analogous with that obtained in Ref. [695], but applied in the context of the two-flavor NJL
model [208]. The full analysis is given in Ref. [690] and in Fig. 28.3 we have the comparison between the thermodynamic potential,
Eq. (28.5), with MD (left) regularization and MI regularization (right) scenarios at eB = 0.3 GeV2.

There are some attempts similar to the VMR/MFIR procedures that are based in the subtraction of divergences, as explored in
Ref. [676,677]. Recently, the VMR/MFIR prescription has been applied to some aspects of the chiral phase transition [680], at zero
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temperature [686] and to investigate the anisotropy structure of magnetization in the context of Polyakov—-Nambu-Jona-Lasinio
model with quark AMM [692].

28.5. Conclusions

In this section we have analyzed the basic aspects chiral phase transitions in a magnetized two-flavor Nambu-Jona-Lasinio model
with the inclusion of quark AMM. The Schwinger ansatz is used in order to include the quark AMM as a set of new parameters in the
model, which is studied in the mean field approximation at zero temperature. Then, we explore two central groups of regularization,
the MFIR/VMR procedures and the non-MFIR procedures with FF regularizations. We conclude that FF regularizations can induce
non-physical results as, oscillations in the effective quark masses, first-order phase transitions and IMC at low temperatures. These
effects can be avoided by the application of VMR procedures in the mass-independent regularization case.

It is possible that further studies will be necessary to understand how to apply properly the FF regulators in order to avoid
possible nonphysical results. Also, some non-MFIR procedures also need more specific and detailed analysis to test the consistence
of the results. Future studies can be made in order to understand the dependence of the quark AMM as a function of magnetic
field, temperature and density, as well as the thermodynamics, meson masses and equations of state in the context of MFIR/VMR
procedures. The quark AMM connection to the IMC phenomena is an important topic to forthcoming work.

29. Summary and outlook

In conclusion, this Part elucidates significant theoretical advancements in the exploration of magnetic field effects on the
QCD phase diagram and dense magnetized matter. We have introduced a novel mechanism for the acceleration of proto-neutron
stars through the chiral separation effect, underscoring the critical role of anisotropy in generating observable recoil effects. The
examination of ring diagrams has demonstrated their essential function in modulating the chiral transition temperature and has
indicated potential instances of inverse magnetic catalysis.

Furthermore, our analysis employing finite energy sum rules in dense nuclear matter has facilitated the extraction of pivotal
parameters related to nucleon interactions, thereby enhancing our understanding of dense matter behavior in strong magnetic
fields. The investigation into momentum diffusion coefficients for heavy quarks in a hot, magnetized medium has broadened our
comprehension of quark dynamics under varying magnetic field strengths.

The implications of these findings are profound, as they bridge theoretical predictions with the physical conditions characteristic
of magnetars, the primordial universe, and ultrarelativistic heavy-ion collisions. Additionally, the exploration of quark anomalous
magnetic moments provides further insight into emergent phenomena within the magnetized QCD phase diagram, emphasizing the
necessity for effective models to navigate the complexities of non-perturbative QCD.

Collectively, these results contribute significantly to the ongoing discourse regarding the interplay between magnetic fields and
QCD, advancing our understanding of fundamental properties of matter in extreme environments.

Part VI. Neutron stars
30. Introduction

In this Part, we report on selected topics, organized in eight sections, on neutron star (NS) physics for which the consideration
of strong magnetic fields is essential. For magnetic fields to have a direct effect on QCD properties, i.e. the hadron structure and
the equation of state (EOS) of dense nuclear matter, the scale of Aycp ~ 200 MeV is relevant which corresponds to field strengths
of ~ 10'8 G. These field strengths influence integral properties of NSs such as masses, radii and tidal deformabilities. They may
explicitly occur in the general relativistic equations of hydrodynamic stability of neutron star configurations and thus modify the
standard Tolman-Oppenheimer-Volkoff (TOV) equations. More subtle effects are occurring on the scale of nucleonic pairing gaps
A 5 1 MeV for field strengths of the order ~ 10! G and influence transport phenomena like neutron star cooling. For the occurrence
of these extreme field strengths, observational evidence is reported for a special class of neutron stars, the magnetars. But also for
the more typical populations of young pulsars like Crab or Vela and old, recycled millisecond pulsars in the period-derivative vs.
period diagram, with surface magnetic fields of ~ 10'2 G and ~ 10® G, respectively, there may prevail superstrong magnetic fields
in their interiors due to a density-dependent field profile and/or collimation of field lines in superfluid or superconducting vortices.

We begin this part with Section 31 where the stage is set for discussing the present status of observational constraints for
observational properties of NSs and their relation to properties of the equation of state of dense QCD matter described by relativistic
(Walecka-type) or nonrelativistic (Skyrme-type) density functionals. These models parametrize the phenomenology of nuclear
saturation properties and allow for an extrapolation to supranuclear densities and isospin asymmetry as they are relevant for the
description of NS interiors in f-equilibrium with electrons and muons. These constraints concern also the symmetry energy and
its slope at the nuclear saturation density. Using the one-to-one relationship between the EOS of NS matter and the mass-radius
relation obtained by integrating the TOV equations one may discuss constraints on models for the EOS from a comparison to the
actual status of NS mass and radius measurements. Starting from this baseline, in the following Section 32 the NS matter model is
extended to include heavier baryon states such as hyperons and resonances as well as the effect of a strong B-field on the EOS and
thus the structure of the NS and its global properties as mass and radius when field strengths exceed 10'7 G. Spherical harmonics
of the B-field are considered in Section 32, while in Sections 33 and 34 a density-dependent profile of the B-field inside the NS are
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considered. In Section 34 the modifications of the TOV equations due to extremely strong radially and transversely oriented B-fields
are presented and the possibility to see effects on gravitational wave signals in present and future laser interferometer instruments
are discussed. Turning to more subtle effects, in Section 35 the influence of string B-fields on nuclei in the inner crust and pasta
structures at the crust-core interface are considered. While modifications of integral NS properties (mass, radius, tidal deformability
etc.) require extremely strong magnetic fields, phenomena like cooling and glitches as well as neutrino and electromagnetic neutron
star kicks are obtained in less extreme fields. Section 36 discusses that strong B-fields destroy the superfluidity and superconductivity
in the neutron and proton pairing channels which results in astrophysical implications not only for neutron star cooling, but also
for pulsar precession and fast radio bursts. In Section 37 the topological surface effects are explained, which occur in the neutron
p-wave superfluids structures of NSs. The final section, 38 considers the complex phenomenon of NS kicks that may be inherently
related to the presence of strong magnetic fields as a precondition. Two types of kicks are distinguished: the natal kicks which NS
obtain at birth in a supernova due to a neutrino rocket effect and the less strong kicks of cold recycled pulsars which are subject to
an electromagnetic rocket effect due to radiation bursts in off-center magnetic fields. The latter may play a role in explaining why
only a fraction of millisecond pulsars (MSPs) in binaries have eccentric orbits and how isolated MSPs originate.

Future observational campaigns may provide more precise data, but may also discover more interesting compact stars that
challenge the scenarios which have been developed in order to explain the rich NS phenomenology largely based on the interplay
of strong and electroweak matter with extreme magnetic fields.

31. Effective hadronic models applied to compact stars
31.1. Overview

Nuclear matter can exist in various temperature and density regimes, and the equation of state (EoS) is critical for describing
macroscopic nuclear and astrophysical phenomena. As a result, it is essential to improve our understanding of this concept. To study
nuclear matter beyond saturation density (p, ~ 0.16 fm~3) in laboratory settings, nuclear reactions are necessary. Consequently, the
improvement of the EoS has been one of the studies of the heavy-ion collisions experiments at intermediate energy [697-701]. In
recent years, the determination of bulk properties of nuclear matter such as the symmetry energy (isovector component of the EoS)
received a lot of attention from researchers, propelled by advancements in multimessenger astronomy with the NICER (Neutron star
Interior Composition ExploreR) [702-705] and the Ligo-Vigo collaboration [706-708]. These advances have significantly improved
our ability to measure the properties of neutron stars, offering new approaches to studying the matter inside these compact objects.
However, the manifestation of exotic degrees of freedom in the interior of massive neutron stars, where the density exceeds several
times the saturation density, appears theoretically feasible but remains an unresolved question. For example, the existence of
hyperons [709,710] and the possibility of the presence of a quark matter core [711,712].

In finite systems, properties are very well established for stable nuclei, in which the number of protons and neutrons is not
that different. With the current experiments, measurements of nuclear masses and radii of unstable heavy nuclei with large excess
neutrons will help in a better understanding of the theory for finite nuclei and neutron stars crust [713,714]. In this sense, neutron
stars represent one of the densest and most intriguing objects in astrophysics, with formed from the remnants of massive stars
undergoing gravitational collapse after a supernova explosion. These stellar remnants pack an extraordinary amount of mass around
2M, [715-719]. They also are known to be associated with strong magnetic field, which has a maximum value, estimated by the
virial theorem ~10'® G [720]. Neutron stars serve as critical laboratories for nuclear physics under extreme conditions, providing
insights into the behavior of matter under pressures and densities unattainable in laboratories.

Theoretically, such systems can be studied using two distinct phenomenological approaches: (i) The microscopic approach, where
the description of nucleon-nucleon (N N) interaction is carried out through a potential whose parameters are adjusted based on
few-nucleon nuclear physics observables, such as deuteron properties and scattering data [721,722]. To account for nuclear medium
effects, many-body formalisms such as the (nonrelativistic) (Dirac-)Brueckner-Hartree-Fock approximation [723-727] or variational
methods [728] are applied. (ii) The macroscopic approach, where the description of nuclear matter is conducted using relativistic
and non-relativistic effective models.

The relativistic mean-field models (RMF) have their simplest version given by the Walecka model [729], and other nonlinear
versions (NLW) [730]. Another class of relativistic models is the point-coupling models [731], assuming zero-range nucleon-nucleon
interactions (fermions do not interact via meson exchange). Its linear version is directly derived from the Walecka model [732,733],
and the nonlinear version from NLW [731,734,735]. Although these models have different EoS structures compared to the Walecka
model, they yield the same relevant physics for the description of nuclear matter [736-738] and neutron stars [739].

For the nonrelativistic case, a representative class of models is the Skyrme model, initially developed by T. H. R. Skyrme and
further studied by D. Vautherin and D. M. Brink [740,741]. Later, this type of model was developed with different extensions [742—
745]. The Skyrme interaction, initially formulated for finite nuclei and nuclear matter at saturation density, represents a low-
momentum expansion of the effective two-body nucleon-nucleon (NN) interaction in momentum space. The precise boundaries of its
applicability—both lower and upper limits—remain to be definitively determined. A significant aspect of the Skyrme interaction is
that it incorporates certain correlation effects via its parameters. Consequently, while it is theoretically represented as a zero-range
interaction in coordinate space [741], it manifests certain finite-range characteristics [746]. For more details on the behavior of
these models, see [747-749].
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Fig. 31.1. Correlation between symmetry energy and its slope at saturation density from different constraints: “HIC” [754], “Polarizability” [755],
“Arnp(Sn)” (neutron skin thickness) [756], “FRDM” (constraint from the finite-range droplet mass model calculations [757]; “IAS” (isobaric analog
state) [758], “IAS + 4r,,” [758], “Neutron Stars” (constraint obtained from a Bayesian analysis of mass and radius observations of neutron star by
considering the 95% confidence values for the slope of symmetry energy) [759], “Unitary Gas” [760], and PVES (derived from the PREX-II [761]
and CREX [762]).

Source: Figure extracted from Ref. [763].

31.2. Symmetry energy

The EoS used to describe matter in neutron stars is strongly influenced by symmetry energy S, a crucial term in the nuclear
equation of state that represents the energy difference between symmetric nuclear matter (equal number of protons and neutrons)
and matter with excess neutrons [750,751].

S(p) = E(p,y=05) - E(p,y =0), (31.1)

where E(p, y) is the energy per particle in asymmetric matter, y = Z/(Z + N) the proton fraction, and » the baryonic density.

The nuclear symmetry energy, and particularly its dependence on nuclear density, has been the focus of extensive research over
the past decade. This quantity provides critical insights into the isospin dependence of nuclear forces, which are significant both in
the context of nuclear matter and in finite nuclei. Its quadratic form can be right as

10%Ep,y)
S0 =g 5" (31.2)
y y=0.5
The symmetry energy can be also expanded in terms of the density parameter x = (p — py)/(3p,) as
1
$1= Egma + Loyma X+ 5 Ky X2 (31.3)
where the E;,, 5, Lyy2, K;ymo are the quadratic nuclear empirical parameters.

Several experimental constraints on the symmetry energy in finite nuclei have been established [752,753]. The Fig. 31.1
illustrates a selection of these constraints.

In Ref. [763] the study, using 415 relativistic mean field and nonrelativistic Skyrme-type interactions, finds that the better
reproduction of low-energy nuclear physics data by nuclear models only weakly impacts the global properties of canonical
mass neutron stars. The experimental constraint on the symmetry energy is identified as the most effective means for reducing
uncertainties in neutron star matter. The authors isolate a group of interactions (Dyj,,,) that exhibit a strong correlation between
the symmetry energy (E,,,,) and its slope (L,,,,,). The estimate found was E,,,, = 31.8 £ 0.7 MeV and L, = 58.1 +£ 9.0 MeV,
indicating a significant relationship between these parameters.

ym, sym,

31.3. Neutron stars macroscopic properties

The macroscopic properties of neutron stars, including mass, radius, angular momentum, and tidal deformability, are intricately
linked to nuclear data. While low-energy nuclear physics provides essential constraints, the complexities of high-density matter
and the density dependence of the EoS introduce significant challenges in accurately predicting these properties [763]. The density
dependence of the EoS plays a crucial role in determining the mass and radius. To evaluate these quantities it is necessary to solve
the Tolman-Oppenheimer-Volkoff (TOV) equations [764,765]. The TOV equations describe the structure of a static, spherically
symmetric star in hydrostatic equilibrium. They are essential for understanding how matter behaves under extreme gravitational
forces, such as those found in neutron stars.
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In the description of neutron stars, the RMF model and the Skyrme-type model are widely used in the literature. The EoS for
pressure and energy density for both are given, respectively, by

1 20, A3 B 4 1 5349 C 5 29 1 35 & _ L )22 900
Crur = 5MG0" + 307+ poT = omoay = Z(gw“’o) + 8u@oP = SM,Pyz) + 5 Po)P3 Eaggwg,,%l)o@)
a'g o alg o
180 = 280
- g,8200} <0‘1 +— - gggiopé(3) xn+—= +el e, (31.4)
and
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where the Fermi momentum for proton/neutron is given by kp,,. The zero component (¢, »,) and isospin space third component
(Poy,) are the expectation values of the mesons fields in the expressions above. M* = M. — g, o and the is the effective nucleon
mass and y = 2 is the degeneracy factor for asymmetric matter. The self-consistency of the model imposes to M* the condition of

2

. g, A, B 5 _ ) _yM* R 2gk
M* =M+ m—g(pxp +psn) - ﬁ()‘ - m_%_o- =0, with Pspn = W A m (31.7)
and
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The pressure of the model as
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i=1

The nucleon rest mass M,,. = 939 MeV is the same for both models used. A particular parametrization is defined by a specific set
of the following free parameters.

In order to determine the macroscopic properties of neutron stars, a series of essential steps must be undertaken [766,767]: (i) the
combination of the EoS for hadronic matter with the EoS for free leptons; (ii) the imposition of conditions regarding charge neutrality
and chemical equilibrium; (iii) the incorporation of the crust description, for example, the Baym—Pethick-Sutherland (BPS) EoS [768]
for low densities into the EoS for hadrons and leptons; (iv) the utilization of the resulting EoS as an input for the TOV, which represent
the differential equations governing the structure of a static, spherically symmetric star in hydrostatic equilibrium. Subsequently,
the leptonic EoS only takes into account electrons and muons, as we specifically focus on the zero-temperature deleptonized phase
of stellar evolution.

An example of the results for the mentioned EoSs is shown in Fig. 31.2. In this figure, were used the parametrizations SLy4 [769]
and BRS8 [770] (D), are utilized for the hadronic component of the system. These specific parametrizations have undergone
recent scrutiny [763], revealing their compatibility with neutron stars and the properties of finite nuclei. In the latter context [763],
delved into an analysis of data on various aspects of spherical nuclei, such as ground state binding energies, charge radii, and giant
monopole resonances. The nuclei studied included 160, 34Si, 40Ca, 48Ca, 52Ca, 54Ca, 48Ni, 56Ni, 78Ni, 90Zr, 100Sn, 132Sn, and
208Pb.

It is important to mention that different studies present in the literature provide information about the contribution of the
slope of the symmetry energy in the mass-radius diagram [752,763,773], with some additional contribution from the second-order
derivative of the symmetry energy. The value of K, , determines the stiffness of the EoS, and the softer the EoS, the smaller the
radius and the greater the central density for a given mass of the star. To some extent, the stiffness of the EoS is determined by the
value of Ly, ,. The values of these quantities for these two parametrizations are indicated in Table 31.1.

As a remark, future research should focus on refining nuclear models, incorporating more experimental data, exploring the density
dependence of the energy density functional, investigating phase transitions, and utilizing advanced statistical methods to enhance
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Fig. 31.2. Mass-radius relations for SLy4 and BSR2 parametrizations. The contours are related to data from the NICER mission, namely,
PSR J0030+0451 [702,703] and PSR J0740+6620 [704,705], the GW170817 event [706,771], and the GW190425 event [708], all of them at
90% credible level. The red (brown) horizontal lines are related to PSR J0740+6620 [719] (PSR J0952+0607 [772]). The recent observational
constraint on neutron star mass, GW190814 [707], is shown as the violet horizontal lines.

Table 31.1
Some properties for the parametrizations showed. E, (binding energy), E,,,», L;,,,, and K, , are given in MeV,
except for n,, given in fm~3, the maximum NS mass, M, is given in units of solar mass (M,). Both radius are given

max

in km.

Parametrization ny E, Egymo Loymo Koym2 M ok R Ry,
SLy4 [769] 0.160 -15.97 32.00 45.94 -119.73 2.05 10.01 11.83
BSR8 [770] 0.147 -16.04 31.08 60.25 -0.74 1.97 11.56 13.15

the understanding of neutron star properties. These efforts could lead to more accurate predictions and a deeper understanding of
the fundamental physics governing neutron stars [763]. Also, the authors from Ref. [739] call for significant efforts to address the
current theoretical uncertainties and to explore the implications of their findings for various astrophysical phenomena, including
the dynamics of neutron star binary mergers and the nucleosynthesis of heavy elements.

32. Neutron-star matter under strong magnetic fields and magnetars
32.1. Introduction

The description of the macroscopic structure of compact stars — including neutron stars and their various subclasses — begins at
the microscopic level, with the choice of the composition of dense stellar matter to be considered and of the microscopic model to
accurately characterize the behavior of these components. These two ingredients are the starting point for obtaining the equation of
state (EoS) of dense matter. The extraordinarily high densities within neutron star lead to the creation of heavier particle species,
beyond the conventional proton-neutron—electron composition assumed in earlier models of pulsars, that are governed by some
model of the strong force interactions. The calculation of the stellar matter EoS subsequently defines the distribution of baryons and
leptons, constrained by equilibrium conditions such as fg-stability and charge neutrality, while establishing relationships between
energy density, pressure, and baryon density. Going from micro to macrophysics requires applying the EoS that describes dense
matter to conditions of mechanical (or hydrostatic) equilibrium. Compact stars are characterized by their exceptionally strong
gravitational fields, necessitating the establishment of equilibrium within the framework of general relativity [774,775].

Magnetars are a unique class of neutron stars distinguished by having the most intense stable magnetic fields known in the
nature. Surface field strengths, primarily of the poloidal component, are estimated to range from 10'! to 105 G, with interior values
surpassing these by more than an order of magnitude [776]. The magnetic field intensity in the central regions remains uncertain
but could potentially reach up to 10'® G according to the scalar virial theorem [777,778].

The extreme magnetic field strength B found in magnetars impacts the formalism describing compact stars in two significant
ways. At the microscopic level, we must consider how the particles interact with the external electromagnetic field in addition
on how they interact with each other. So, the energy spectra of the particles will be altered by their interaction with B. At
the macroscopic level, magnetic fields exceeding ~ 10'% G, lead to deformations in the stellar geometry away from spherical
symmetry [779]. Consequently, the standard relativistic hydrostatic equations used for describing non-magnetized stars, such as
the Tolman-Oppenheimer-Volkoff (TOV) equations [780,781], which assume spherical symmetry in their derivation from general
relativity equations, become inadequate. Addressing these non-spherical configurations and the anisotropies introduced by magnetic
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Table 32.1

Vacuum mass, electric charge, isospin 3rd component, spin, and normal-
ized anomalous magnetic moment of baryons considered in this work.
Electric charge is shown in units of the electron charge and u, is the
nuclear magneton.

M, (MeV) g5(e) I3y Sy Ky/Hy
p 939 +1 +1/2 1/2 1.79
n 939 0 ~1/2 1/2 -1.91
A 1116 0 0 1/2 -0.61
z* 1193 +1 +1 1/2 1.67
>0 1193 0 0 172 1.61
x- 1193 -1 -1 1/2 -0.37
g0 1315 0 +1/2 172 -1.25
c 1315 -1 -1/2 1/2 0.06
At 1232 +2 +3/2 3/2 3.47
A+ 1232 +1 +1/2 3/2 1.73
A° 1232 0 -1/2 3/2 0.06
A~ 1232 -1 -3/2 3/2 -1.69

fields also leads to the determination of the magnetic field profile in the star interior, linking the surface value of B with the higher
values expected deeper within the star.

In the following, we summarize the formalism developed for the description of magnetars in our previous studies — for
more detailed expositions and discussions, we refer to [782,783] and, mainly, [784]. The formalism employed in the microscopic
description of magnetized neutron-star matter is presented in Section 32.2, and the procedure of going from the EoS to the
macroscopic description of a compact star through General Relativity is discussed in Section 32.3. The main conclusions are drawn
in Section 32.4.

32.2. Microphysics

The high energies found in neutron star cores can yield heavier particle species beyond the conventional proton-neutron-electron
mix. The spin-1/2 baryon octet has been extensively studied in literature to the point of being almost standard procedure to include
them in the stellar matter composition, and recently attention has also been directed towards the spin-3/2 decuplet, also called
baryon resonances — see, e.g., Refs. [785-788]. The lightest members of this decuplet, the 4 baryons, are only about 30% heavier
than nucleons and lighter than the heaviest spin-1/2 baryons, as shown in Table 32.1. The relative strengths of the coupling constants
are determined by SU(3) symmetry arguments proposed in [789], which sets the complete hyperon-meson coupling scheme from a
single free parameter «,. Despite the value of «,, hyperons are always present in the neutron-star matter and the sequence of hyperon
thresholds are always the same, with an inversely proportional relationship between «, and the stiffness of the EoS. In this work,
we choose to use a, = 0.5, which results in hyperon potential depths of U, = —28 MeV, Uy = +21.8 MeV and Uz = +35.3 MeV. On
the other hand, the 4 baryon couplings are less constrained due to our limited knowledge about their interactions. From available
literature, they are anticipated to exhibit an attractive potential of approximately 2/3 to 1 times the potential of nucleons [790,791].
We analyze the scenarios with x,, = x,, = 1.0 and x,4 = x,,4 = 1.2, keeping x,, = 1.0, that generates, respectively, potentials
U, = —66.25 MeV (equal to the nucleon potential) and —79.50 MeV.

Furthermore, investigating the impact of strong magnetic fields on baryon resonances is of special interest due to the possibility
of them having large electric charge and additional spin projections. The effects of Landau levels in dense stellar matter containing 4
baryons were initially explored in neutron-star contexts and subsequently in 4-admixed hypernuclear stellar matter [782]. Different
properties of baryons considered in this study are shown in Table 32.1.

To model hadronic dense matter under magnetic fields, it is necessary to propose a Lagrangian density that describes the particle
interactions with each other and with the external electromagnetic field. To address the strong force interaction, we employ two
relativistic models to have two distinct frameworks for comparison. The first model is a nonlinear extension of the Walecka model,
where baryon interactions are mediated by mesons like o, ®, p, and ¢ within the mean field approximation. Specifically, we adopt
the L3wp parametrization [792], which includes an additional wp interaction crucial for predicting the symmetry energy slope,
neutron-star radii, and tidal deformabilities. The ¢ meson, with hidden strangeness, interacts exclusively with hyperons, addressing
the hyperon puzzle and enabling the reproduction of higher maximum masses for neutron stars. The second model utilized is the
chiral mean-field (CMF) model, based on a nonlinear realization of the chiral sigma model. Baryon masses are dynamically generated
by the medium, allowing for chiral symmetry restoration at high temperatures or densities, consistent with lattice QCD results. Here,
we focus on the hadronic version developed in Ref. [793], excluding phase transitions to quark matter. An additional wp interaction is
introduced to enhance agreement with symmetry energy slope, neutron-star radii, and tidal deformability data, while a higher-order
* interaction is included to model more massive neutron stars [794,795].

In order to study modifications introduced by an external magnetic field B on fermions, we modify the calculation of
thermodynamical quantities of each (hadronic and leptonic) particle species with non-zero electric charge g according to the general
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Fig. 32.1. Particle composition of neutron-star matter with 4s, with B = 0 (top panels) and magnetic field B = 3x 10'® G (bottom panels), when
considering (solid lines) or disregarding (dashed lines) the effects of the AMMs.
Source: Reproduced from [784].

procedure of taking

S%,/d% - % WZ;,;/dkz’ (32.1)

where k is the momentum, z is the local direction of the magnetic field and » is the discretized orbital angular momentum that
the charged particle acquires in the plane transverse to B. The sum in n, at zero temperature, goes until a maximum (integer)

corresponding to Landau level v for which kz2 >0, ie.,

2 2
(E%, +sk,B)" = M
V € Ve (8) = | —22 STarlB b (32.2)

where v =n + % - %% depends on spin and electric charge, and the total effective energy of a particle with effective mass M; is

given by

2
EL= K (v, 9) + <\/M;‘2 +2v|g,|B - sbe> ) (32.3)

The number and scalar densities are defined for electrically neutral particles as

k}b(s) sk, B

1 *
nb:ﬁ;{ 3 5 [(Mb—SKbB)ka(S)

M — sk, B
X E;Zb <arcsin (b—b> - E)] } ) (32.4)
E}, 2

M}
b
mo= 1 2 |Er ko)
N

and

- (M- sr(,,B)2 In

kpp(s)+ E%,

2.
M — sk, B ] (32.5)

respectively, and, for charged particles as
lg,| B
m==- %),ka<v, 5) (32.6)
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and

lay| BM; \/M;‘2+2v|qb|B—s1<bB
- 272 Z 2
sV \/ M +2vg| B

kpy(v,s)+ E*
x In b Fb . (32.7)

\/Mgz +2v|q,|B — sk, B

The expressions for energy density and pressure are different for each model and can be obtained from the energy—-momentum
tensor for matter in the usual manner.

In Fig. 32.1, we present the particle composition in neutron-star matter containing 4 baryons under the influence of strong
magnetic fields, considering both scenarios with and without anomalous magnetic moment (AMM) corrections. The enforcement of
charge conservation and chemical equilibrium results in diverse behavior among particles, depending on the sign and strength of
their AMMs. Overall, the inclusion of AMMs generally leads to an increase in charged particle populations, whereas the populations
of neutral particles tend to decrease.

Ngp

32.3. Macrophysics

In addressing the influence of magnetic field effects on the mechanical equilibrium of compact stars, several considerations
arise due to deviations from ideal conditions induced by B. The TOV equations of relativistic hydrostatic equilibrium are derived
imposing isotropic matter and spherical symmetry, both assumptions broken by extreme magnetic fields. Various approaches have
been suggested in the literature to address the effects of magnetic fields on compact stars. These include disregarding the anisotropy
altogether [782,783], employing perturbative solutions applicable only to weak magnetic fields [796], which might not influence
matter properties significantly, or assuming chaotic distributions of magnetic fields [797].

Also, magnetars exhibit B = 10'> G in the star surface, escalating to approximately 10'® G in its core. Several studies try to
delineate the magnetic field profile interpolating these extremes, typically involving the ad hoc proposition of profiles for the
magnetic field within the TOV framework. Typically, these ansatz are some variation on the parametrization introduced by Ref. [798]
in the late 90s. However, [799] highlighted that this kind of magnetic field profiles are physically inaccurate because they do not
adhere to Maxwell’s equations, not preserving the condition V- B = 0. Assuming such profiles in a spherically symmetric star implies
a purely monopolar distribution of the magnetic vector field.

Hence, the usual TOV equations are unsuitable for describing magnetars due to their assumption of spherical symmetry, which
does not hold under strong magnetic fields. These fields cause highly deformed stellar shapes, requiring the stellar structure to be
determined by solving the Einstein equations together with the Maxwell equations. To compute the effect of the strong magnetic
fields on the structure of the magnetars, then, we solve the Einstein-Maxwell equations within the numerical library LORENE'
using a multi-domain spectral method.

To explore thoroughly effects of Landau quantization and AMMs on the star macroscopic properties, one must solve these
equations with a magnetic field-dependent EoS. Refs. [800,801] used this approach with magnetic field-dependent quark EoS but
found that the maximum neutron star mass is minimally affected by magnetic fields. Therefore, in this section of the study, we
assume a non-magnetic matter contribution to the EoS, incorporating the magnetic field only through the pure electromagnetic
field. However, these effects are relevant for the microscopic properties of matter, as discussed in the previous section.

The numerical routine employed in the solution of the Einstein-Maxwell equations decompose the magnetic field norm in terms
of spherical harmonics,

B(r,0) = ) B/(NY(®). (32.8)

In Fig. 32.2, we plot the first four even multipoles (/ = 0,2,4,6) as function of coordinate radius for both the EoS models and
coupling strengths. We also plot the profile of the dominant monopolar, spherically symmetric, term (/ = 0) inside the star in Fig.
32.3.

In Fig. 32.4, we show the mass-radius relations as a function of equatorial radius for a given stellar central magnetic field.
The differences between the mass-radius curves for the same B case (the same line dash pattern) arise from variations in the
non-magnetic EoS, while differences between the same EoS with different magnetic fields (the same line color) result from the
pure electromagnetic field contributions. The Lorentz force from the electromagnetic field affects the low-density part of the EoS,
which is why the maximum mass of very massive stars remains unchanged with increasing magnetic field strength, while the mass
and radius of less massive stars increase significantly. We observe that as the radius of the neutron star remains fixed, increasing
the strength of the central magnetic field raises both the central baryon and energy densities. This occurs because greater matter
pressure is needed to counterbalance the Lorentz force.

14 http://www.lorene.obspm.fr
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Fig. 32.2. Magnetic field distribution inside a neutron star of mass 1.8 M, and central magnetic field of B = 5x10'7 G. Solid, dashed, dashed-dotted
and dotted are / = 0,2,4,6.
Source: Reproduced from [784].

32.4. Conclusion

This research aimed to shed light on the intricate interplay between strong magnetic fields, exotic particles like hyperons and
baryon resonances, and the overall properties of magnetars. By investigating the microphysics stellar hadronic matter under extreme
magnetic conditions, we highlighted significant alterations in the energy spectra and particle population distributions. These effects
are crucial for understanding the composition and behavior of neutron star interiors under magnetic fields that can exceed 10'® G.

At the macroscopic level, we addressed the challenges posed by strong magnetic fields to the conventional models of compact
stars. The spherical symmetry assumptions underlying traditional models like the TOV equations are no longer valid under such
conditions, necessitating the solution of the Einstein and Maxwell equations together. This approach reveals how magnetic fields
reshape the internal structure and macroscopic properties of magnetars, influencing their magnetic field profiles and mass-radius
relations.

In conclusion, the comprehensive analysis presented in this paper enhances our understanding of magnetars as natural
laboratories for testing the limits of matter under extreme magnetic fields. Future research directions may explore additional
complexities introduced by Landau quantization and AMMs, providing further insights into the interplay between magnetic fields,
exotic particles, and the overall properties of neutron stars.

33. Hyperons in magnetized neutron stars

Anomalous X-ray pulsars and soft y-ray repeaters are described as magnetized neutron stars with a surface magnetic field of
~ 10 — 105 G [802-804]. This type of compact stars are identified as magnetars, that is, neutron stars with magnetic fields much
larger than the canonical surface dipole magnetic fields B ~ 10'2—10'3 G of the bulk of the pulsar population [805,806]. Early works
on dense matter in magnetars found out that the equation of state (EoS) of dense nuclear matter will be modified by magnetic fields
larger than B/B¢ = 105, with B¢ = 4.414 x 10!3 G defined as the critical magnetic field at which the electron cyclotron energy is
equal to the electron mass [807-813].

The study of the effects of very strong magnetic fields upon the EoS of matter made of hyperons was initiated in Ref. [814]
and has been addressed later on by several groups [815-824] within different relativistic mean field (RMF) theories, where baryons
interact through the exchange of mesons, providing a covariant description of the EoS.

Within these approaches, the introduction of magnetic fields induces some important modifications in the lagrangian density.
Under the assumption of minimal coupling of electromagnetic fields, the covariant derivative becomes D, = 9, +iqA,,, where A, is

W
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Fig. 32.3. Magnetic field distribution inside a neutron star of mass 1.8 M, and central magnetic field of B =5x10'7 G. Solid, dashed and dotted
are the / = 0 term at the 0 = 0, 7/4, z/2 orientations.
Source: Reproduced from [784].

the electromagnetic vector potential and q is the charge of the particle. Also, the coupling of the particles to the electromagnetic field
tensor via the baryon anomalous magnetic moments could be considered, as done in Refs. [815,822]. Moreover, strong magnetic
fields modify the orbits of the charged particles (leptons and charged baryons) in the direction perpendicular to the field becoming
Landau quantized. Therefore, the single-particle energies of the charged baryons and leptons as well as the scalar and vector densities
have to be modified accordingly, where the integration in the orthogonal to the B-field plane must be replaced by a summation
over the Landau levels up to a maximum value (for a review see Ref. [824] and references therein).

With all these modifications, the EoS for hyperonic matter together with the global properties of neutron stars, such as mass and
radius, can be obtained under strong magnetic fields. In order to illustrate the behavior of hyperonic matter in magnetized neutron
stars, we consider the approach of Ref. [818]. In Ref. [818] two slightly different parametrizations for baryonic matter within the
RMF approach were developed, the FSU2R and FSU2H. The FSU2R was fitted to nuclear matter and finite nuclei properties while
fulfilling some restrictions on high-density matter deduced from heavy-ion collisions as well as reproducing 2M, observations and
radii below 13 km for pure nucleonic matter, whereas the FSU2H emerged by slightly refitting the parameters of the FSU2R so
that FSU2H fulfills the 2M, limit with hyperons. These parametrizations were improved in Refs. [825,826] and extended to finite
temperature in Refs. [827,828].

The effects of strong magnetic fields were introduced in Ref. [818] by considering the following density dependent magnetic
field profile

B(n) = B, + B, {1 — exp [—ﬁ (n/no)y]} s (33.1)

with # the baryonic density, following Ref. [807]. The surface magnetic field value of B, = 10> G was taken, which is consistent
with the surface magnetic fields of observed magnetars [802-804] and a strong core magnetic field value of B, = 2 x 10'® G. The
parameter f determines the density where the magnetic field saturates, whereas y gives the steepness of the transition from the
surface to the core field. Changes of these parameters were allowed, although the magnetic field configuration with g = 0.0065
and y = 3.5 was the preferred one, as the magnetic field has practically saturated to its maximum value at the densities inside the
core (n ~ 5 — 6ny, with n; the nuclear saturation density). With this magnetic field profile, the Tolman-Oppenheimer—Volkov (TOV)
system was solved in order to determine the mass and radius of magnetized neutron stars.

In Fig. 33.1 the particle fractions for the FSU2H parametrization are shown for neutron star matter as functions of the baryon
density. The upper panel displays the fractions in the absence of magnetic field, whereas the other panels include the density
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Fig. 32.4. Stellar mass as a function of equatorial radius for different compositions and interaction strengths, for central magnetic fields B =0
(solid lines), B =5x 107 G (dashed lines), and B = 10'® G (dotted lines).
Source: Reproduced from [784].

dependent magnetic field profile previously described for three different values for f and y. Landau oscillations are seen in the
charged particle fractions when a magnetic field is applied, reflecting the successive filling of the Landau levels. For a given density,
the smaller the magnetic field, the more Landau level can be accommodated and, hence, the more oscillations observed. As density
increases, the magnetic field increases for all cases, and this leads to the need of only one Landau level to fit in the population
of the charged particles. Thus, the oscillations smoothen out and disappear with increasing density. Also, it is observed that the
magnetic field affects the charged particles mostly, increasing their population with respect the B = 0 case. At low and intermediate
densities up to n ~ 4n), an increase in the occupation of negatively charged electrons and muons is clearly seen, which delays
the appearance of the negatively charged hyperons. Therefore, it can be concluded that hyperonic magnetars re-leptonize and de-
hyperonize with respect to zero-field stars. At the same time, the proton abundance increases substantially, which might facilitate
direct Urca processes and affect the cooling evolution of a magnetized neutron star.

With regards to the mass and radius of highly-magnetized neutron stars that contain hyperons, in Fig. 33.2 the mass and radius
are displayed for the FSU2R parametrization (left panel) and the FSU2H one (right panel), both considering only nucleons as well
as nucleons and hyperons. Whereas the solid lines correspond to vanishing magnetic field, the dashed lines include the effects of
the magnetic field configuration with g = 0.0065 and y = 3.5. The thin black lines indicate nucleonic neutron stars, denoted by
nuc, and the thick red lines correspond to the hyperonic stars, indicated by hyp. The inclusion of magnetic field produces stars with
larger maximum masses, due to the increase in the total pressure. This enhancement is larger for the hyperonic stars than for the
nucleonic ones, which is essentially due to the additional effect of de-hyperionization that takes place in the presence of a magnetic
field. The reduction of hyperons is responsible for enhancing the value of the pressure, since the Fermi contributions of the other
species are larger than in the B = 0 case. However, it is observed that large magnetic fields do not lead to large changes in the mass
(or the radius).

We note that the work of Ref. [818] as well as early works on hyperonic matter under magnetic fields [815-817] assumed
ad hoc profiles of the magnetic field within the TOV system (that results from solving the Einstein equations for a spherically
non-rotating neutron star) without solving Maxwell’s equations. However, it is nowadays clear the need of solving the coupled
Einstein-Maxwell field equations in order to determine stable anisotropic magnetic-star configurations [822,823,831]. Nevertheless,
the general conclusions presented here regarding the behavior of hyperons under strong magnetic fields are expected to remain
unchanged.

136



P. Adhikari et al. Progress in Particle and Nuclear Physics 146 (2026) 104199

T T 1T
=~}
n
o

0.1

T

n./n

0.01

F B=0.0065,y=3.5 1

0.1

n/n

0.01

|

0.1

n./n
=TT
1
|

0.01

Ll

T=TTFm

01 _---" - TTTTTTTTTTTTTT

n./n
“ ~ u\\HH‘

=

0.01

T TTTI
|

|

0.001

[e]
A~
o=
0

Fig. 33.1. Particle fractions as functions of the baryonic density for the FSU2H without magnetic field (upper panel) and including different
magnetic field configurations (second, third and fourth lower panels), as described in the text.
Source: Figure taken from [818].

25 e T T
r FSU2R {1 nuc: \\\ FSU2H 4
2;nuc, _____ el hyp - ——~~ B
:hyp ————— 1L ]

L nuc, B=0 ]

s 150 --— nue, B=2x10"° G ]
é N —— hyp,B=0 ]
L -—- hyp,B=2x10"° G ]
05 1r 1
071\\\‘\\\\‘\\\\‘\\\\‘\\\\7 oo b b b by
10 11 12 13 14 0 11 12 13 14 15

R [km] R [km]

Fig. 33.2. Mass-radius relationship of neutron stars for FSU2R (left panel) and FSU2H (right panel), with (thick red lines) or without (thin
black lines) hyperons, and without (solid lines) or with (dashed lines) a magnetic field with the configuration described in the text. The two
shaded bands indicate the masses M = 1.97+0.04M, in the pulsar PSR J1614-2230 (gray band) [829] and M =2.01 +0.04M, in the pulsar PSR
J0348+0432 (turquoise band) [830].

Source: Figure taken from [818].
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34. Massive, magnetized neutron stars
34.1. Introduction

Compact stars, particularly neutron stars (NS) and white dwarfs are incredibly rich objects from a theoretical perspective,
integrating various fields of physics. One of the most fundamental results of theoretical astrophysics involving compact stars is
the Chandrasekhar limit [832], which defines the maximum mass of a white dwarf. This concept synthesizes astrophysics, gravity
and quantum statistics in one single formula. However, despite over five decades since the detection of the first NS, no analogous
limit has been established for NSs due to the extreme densities at their cores, which can far exceed the nuclear saturation density.
Understanding the behavior of matter at these high densities remains a significant challenge.

NSs serve as unique laboratories in the universe where such extreme densities are found. The exact behavior of matter under
these conditions is still unknown, which multiple candidate equation(s) of state (EOS) proposed for the NS interior. These EOS
are constrained by both nuclear physics and astrophysical observations, making the study of NS structure vital for unraveling the
mysteries of supranuclear matter.

Recent observations have made the question of the maximum mass of an NS extremely interesting. Specifically, the discovery of
“mass gap” candidates through gravitational waves (GW) and other means has intensified interest in this topic. The lower mass gap,
an observational range roughly between 2.5-5M, was previously void of observed objects. However, events like GW190814 [833],
which detected the merger of a 22.2-24.3 M black hole with an object precisely in this mass gap (2.5-2.67 M), challenged
this notion. Other GW observations, such as GW200210_092254 [834] and recent pulsar timing results [835] further support the
existence of mass gap objects.

Thus, the above-mentioned observations suggest that the mass gap is not a theoretical inevitability, prompting the investigation
of whether these objects are massive NSs or light black holes. Thus, the critical question arises: How massive can a NS be?

In this section, we explore the possibility that massive NSs could populate the mass gap. It turns out that pure EOS effects
might not suffice to support mass gap NSs due to softening effects at high densities. Therefore, we investigate additional physics,
specifically the roles of magnetic fields and anisotropy, in enhancing the masses of NSs.

Magnetic fields of compact stars represent another rich area of study with many open questions. It has been shown that strong
magnetic fields can significantly affect the structure of NSs. For example, in white dwarfs, they might even be responsible for
violation of the Chandrasekhar limit [836,837]. Observationally, NSs are known to have significant magnetic fields, with typical
surface fields ranging from 10% — 1013G. Magnetars, a subset of NSs with extreme magnetic fields, constitute about 10% of the NS
population, with surface fields up to 101G and potentially higher central fields [838,839]. These magnetic fields modify the structure
of NSs through magnetic pressure and stress. Additionally, for high enough fields, the magnetic fields can alter the microphysics of
the system via Landau quantization. However, this requires quite high fields, higher than 3 x 10'8G [816] for hyperonic matter. We
find that magnetized NSs with strong fields (~ 10'® in the core) can serve as candidates to explain mass gap objects. We put bounds
on their magnetic to gravitational energy ratio (E,,/E,,,,) to ensure the physicality of our results.

Another recent constraint on the NS EOS, coming from GW observations, is that of the tidal deformability, which measures
how NS matter deforms in an external gravitational field. The tidal deformability is essentially the ratio of the quadrupole moment
(Q;;) developed in an external field to that external field ¢;. Thus, Q;; = —Ae;;, where 1 is the tidal deformability of the star.
In dimensionless form, A = A/M> = (2/3)k,C~>, where C = M/R is the compactness of the star. Tidal deformability can
further be linked to the dimensionless second love number k, arising from multipole expansion as shown in previous work [840].
Constraints on A for a 1.4M star have been computed from GW events GW170817 (A, < 580 and A, < 800), and GW190814
(458 < A, 4 < 889) [833,841,842]. However, these constraints are not all independent. In fact the constraint from GW190814 was
obtained by re-weighting the spectral EOS distribution from GW170817 with the probability that the maximum mass aligns with
the mass of the secondary object observed in GW190814. Thus, the constraint obtained from GW190814 ended up favoring stiffer
EOS as compared to the constraints from GW170817. Hence, tidal deformability is an evolving constraint. We require more such
events to put better constraints on this quantity. We have, in the current article, ensured that our results are in line with the current
constraints.

Massive, magnetized NSs have many interesting implications, including the potential to emit continuous GWs (CGWs). They also
could be pulsar candidates emitting electromagnetic radiation. This paper aims to summarize the key features of these NSs and their
observational implications, contributing to the broader understanding of compact star physics and the nature of mass gap objects.

This section is organized as follows. In Section 34.2, we set up the formalism required to describe the structure of our massive NSs.
In Section 34.3, we describe our results and their possible implications. We explore the plausible detection of massive, magnetized
NSs through CGWs in Section 34.4. We end by summarizing and providing an outlook based on our results in Section 34.5.

34.2. Massive neutron star structure

We obtain the structure of massive NSs by solving the general relativistic, hydrostatic equilibrium equations, i.e., the Tolman—
Oppenheimer-Volkoff (TOV) equations [843]. The isotropic TOV equations are modified due to the inclusion of magnetic fields and
anisotropic effects (both from the magnetic field and general matter effects). We follow the same modification of the TOV equations

138



P. Adhikari et al. Progress in Particle and Nuclear Physics 146 (2026) 104199

outlined in previous work by our group [844,845], given by

2
(107 (5~ 22 ) on)

~(p+pr) . +24
i - r;rz—- m)d r for RO
dm > B2\ dp, (“ﬂ(ﬂ)(ﬁ))
dm _ g2 (4 B) 22 ; (34.1)
dr 87 dr 2 (4:rr3 (p,+g—>+m)
~(ptp Iy 42y
= =2 m 4 for TO.

(s (2)(2)

Here, m denotes the mass, p the density, and B the magnitude of the magnetic field at a given radial distance r within the star.
Additionally, we have considered two different orientations for our magnetic field — radially oriented (RO) and transversely oriented
(TO). These can be considered as one-dimensional analogs of poloidal and toroidal geometries, respectively. Due to the presence of
anisotropy, there is a difference between the pressure along the radial direction, p,, and the pressure along the transverse direction,
p;- This difference is expressed in the effective anisotropy factor 4 defined as

A=p, —p,.+ B?/4x for RO; A =p, — p, — B*/8x for TO. (34.2)

34.2.1. Modified Bowers-Liang model for anisotropy

In order to close the system of equations defined above, we use the general parametric form first introduced by Bowers and
Liang [846]. As done previously in our group [844,845], we modify the Bowers-Liang form to further include the effects of the
magnetic field. The anisotropy factor 4 is then given by

2 2 2
w+p) (o430, 2) o+ ) (o430, + L)
A= kr? for RO; 4 = xr? for TO. (34.3)
1= 2 1= 2
r r

This model is derived keeping in mind the following key assumptions:

» The anisotropic force must vanish at the center, leading to the anisotropy term vanishing quadratically at the center.

+ Anisotropy varies with position inside the star.

+ A includes the effects due to local fluid anisotropy as well as the anisotropy due to the magnetic field (both its magnitude and
orientation).

We restrict x to the range [-2/3,2/3] [847]. This ensures the physicality of the solution, i.e., that we do not obtain a positive
dp/dr.

34.2.2. Magnetic field profile
The magnetic field is introduced in the star through a density-dependent profile [798], given by

14
B(p) = B, + B, [1 —exp{—n<pi> }] (34.4)
0

Through this profile, we obtain the magnitude of the field as a function of the density and, thus, the radius of the star. The parameters
here are: B, the surface field of the star; By, p,, which control the field at the stellar center; # and y control how the field decays from
the center to the surface. Within our one-dimensional formalism and for the two orientations considered, this profile is consistent
with the Maxwell equations [844].

In this work, we choose B, to be 1013 G throughout. Our results are not particularly sensitive to this value, as long as B, and B,
are not comparable. We also restrict ourselves to maximum central fields of ~ 10'8G. At such values, the field is not strong enough
the affect the microphysics [816].

34.2.3. Equations of state

The final crucial ingredient in our depiction of massive NSs is the EOS. Terrestrial analogs for the matter at supranuclear
densities found within NS cores do not exist. There are a number of proposed EOS for high-density matter, encompassing both
phenomenological and microscopic approaches. In the current work, we have considered multiple phenomenological EOS. We have
considered several relativistic mean field (RMF) EOS: GM1L [848], SWL [849], DD2 [850], DD-ME1 [851], and DD-ME2 [852].
These EOS are chosen because they best satisfy the constraints derived from both NS observations and the properties of nuclear
matter at saturation density.

In the RMF approach, matter is modeled at the hadron level (quantum hadrodynamics). Baryon-baryon interactions present in
NS matter are mediated by meson fields, which are then set to their mean values. Three such meson fields have been included in
this approach: the scalar meson ¢ describing attraction between baryons; the vector meson w describing repulsion; and the isovector
meson p which is required to properly model isospin-asymmetric matter.

At the high densities found within NS cores, another source of uncertainty is the potential presence of exotic particles,
i.e., particles that are not energetically favorable at the densities found in atomic nuclei. We have considered in this work, pure
nucleonic (npey) EOS, as well as hyperon and 4 admixed (npeu — Y A) EOS. The inclusion of hyperonic matter is achieved through
meson-hyperon couplings based on the SU(3) ESCO8 model. The inclusion of A particles is done by including a near-universal
meson-4 coupling (x;,), with x;, = g;4/g;x = 1.2. Here, g represents the coupling constants; the subscript 4 indicates the A particles,
N the nucleons, and i represents the mesons mentioned above. All EOS are shown in Fig. 34.1.
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Fig. 34.1. Different RMF EOS: Here, the upper branch denotes the npeu EOS, while the lower branch represents the hyperon-4 admixed npey—Y A
EOS.
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Fig. 34.2. Mass-radius curves and tidal deformability for the isotropic cases. The dashed lines represent nucleonic cases, while solid lines
represent the npey — Y A cases.

34.3. Results

One can first investigate the pure EOS effect in massive NSs by examining the stars constructed with « = 0 and B = 0. As shown
in the left panel of Fig. 34.2, all the EOS considered in this study give rise to NSs with maximum-masses larger than 2M,. In the
pure nucleonic cases, one obtains masses that are well in the mass gap. However, the presence of hyperon softening reduces the
maximum masses to values below ~ 2.2M. Nevertheless, by examining the tidal deformability of these NSs, shown in the right
panel of Fig. 34.2, we observe that the npey — YA EOS are more likely to meet the strictest observational constraints. Thus, the
inclusion of exotic particles is well justified from both energetic and observational perspectives.

We are now thus motivated to investigate massive NSs and potential mass gap candidates by incorporating magnetic fields
and/or anisotropy. To reiterate, we control the field values and their decay throughout the star using density-dependent magnetic
field controlled by some parameters. However, as it is impossible to probe the magnetic field within a star, the exact magnetic field
profile remains an open question.

To investigate these effects, we begin by introducing a magnetic field to the star using two different profiles/variations within the
star, as shown in Fig. 34.3, with fixed x = 0.5. Profile “1” has a broad variation with n = 0.2,y = 2, whereas profile “2” has a more
shallow variation with = 0.01,y = 2. We introduce the field and anisotropy while maintaining the stiffest EOS, namely DDMEX.
The resulting mass-radius curves for profile “1”, considering different values of B, and various field orientations, are depicted on
the left side of Fig. 34.4. Similar results for profile “2” are shown on the right side. The corresponding results are presented in Table
34.1.

Some trends emerge. We see that the presence of anisotropic effects itself can enhance the masses of these objects from their
isotropic values. However, we must note that in this treatment, the anisotropic and magnetic effects are not strictly independent
of each other, as one of the reasons behind anisotropy could be the presence of the magnetic field itself. It is also seen that the
presence of a magnetic field does not necessarily increase mass. TO fields increase the mass while RO fields decrease the mass. Thus,
the geometry of the field, not just its magnitude, matters. It seems that for addressing the mass gap agenda, it is the TO fields that
play an important role.
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Fig. 34.3. Two different magnetic field profiles considered in this work.
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Fig. 34.4. Mass-radius relations for anisotropic, magnetized NSs with the DDMEX EOS for two different profiles, with « = 0.5.

Table 34.1
Numerical values for the physical parameters of magnetized, anisotropic (x = 0.5) NSs from the DDMEX EOS.
Field profile: n =02,y =2 Field profile:  =0.01,y =2
B, (10%G) Mg (Mg) R (km) Epag/Egran B, (10%G) M, (Mg) R (km) Epag/ Egrav
0.9 (RO) 2.34 12.05 0.192 0.92 (RO) 2.52 13.32 0.031
0.6 (RO) 2.49 12.76 0.057 0.71 (RO) 2.56 13.3 0.019
0 2.62 13.26 - 0 2.62 13.26 -
0.9 (TO) 2.75 13.69 0.115 0.95 (TO) 2.67 13.22 0.035
1.2 (TO) 2.84 13.99 0.192 1.18 (TO) 2.69 12.18 0.056

Additionally, on comparing across profiles, one sees that the variation within the star also ends up playing a significant role.
This is shown in Table 34.1. Although profile “1” gives us quite high maximum mass (M,,,), even as high as ~ 2.8 M in the highly
TO magnetized case, the E,,/E,,,, ends up being high enough that it could destabilize the star. On the other hand, for the same
central field value, profile “2” gives a slightly lower maximum mass, however with a much better value for E,,,/E,,,,-

This difference is further established when we look at the tidal deformability of these cases, as shown for profile “1” in Fig. 34.5
(left) and profile “2” in Fig. 34.5 (right). One can see that the TO magnetized stars of profile “1”, particularly the ~ 1.2 x 10'8 G
case mentioned earlier, violates both the limits of tidal deformability set out by GW170817. However, for the similar central values
of field in profile “2”, we see that even the strictest constraints of A, , are comfortably met by profile “2”.

The presence of anisotropy also has interesting implications for the tidal deformability constraint. As shown in Fig. 34.6, higher
degree of anisotropy (x) leads to lower values of tidal deformability. Stiffer EOS, which might have been ruled out by purely isotropic
analyses, may still be good candidates for the NS EOS if one considers this additional effect. This was also reported in other work,
including [853].

141



P. Adhikari et al. Progress in Particle and Nuclear Physics 146 (2026) 104199

Tidal deformability (DDMEX, n=0.2, y=2) Tidal deformability (DDMEX, n=0.01,y = 2)
A —— Bo=0G,k=0 B, 0G.K=0
1400 1400 : o .
77 Bo=06,k=05 { --- Bo=0G,k=05
—_— = 18 - H
1200 : i APt 1200 43 2 —m By=0.95x 10" G,k =0.5,TO
Is By=0.9x10'8 G, k=0.5R0O f}‘ ] e Bo=110% 108G = 0:5.T0
=== Bo=0.9%x 10 G,k=0.5TO LY -I—|| P o
—=+ Bg=12x108G,k=05,TO * : =3z Bg=il. ,k=0.5,
B | ’ 1900 ‘%’s S Bo=0.92 x 10 G, k = 0.5, RO
800
< <
600
400
200
0+ 0+ ; . . .
1.2 1.4 16 18 2.0 22 1.2 1.4 16 18 2.0 2.2
M(Mo) M (Mo)

Fig. 34.5. Tidal deformability for anisotropic, magnetized NSs with the DDMEX EOS for two different profiles, with x = 0.5.
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Fig. 34.6. Change in A with change of «.

34.4. Plausible detection through continuous gravitational waves

The detection of NSs is possible in many ways, e.g., by detecting their radio pulses (pulsars), measuring the X-ray counterpart
of accreting NSs, and detecting GW from a binary system. However, the detection of isolated NSs remains a challenge due to their
faintness and small size. Those isolated rotating NSs, if magnetized, can emit GWs for a very long time (many years) as long as they
spin fast with the spin axis misaligned with the magnetic axis, i.e. non-zero obliquity angle. Such GWs are called CGWs because
they are emitted over a much longer timescale compared to the transient waves radiated by binary systems. Here, we explore the
tantalizing possibility of directly detecting these isolated NSs via CGWs, which would enable the measurement of the magnetic field
and provide stronger constraints on the EOS.

The essential source of any system emitting GWs is non-zero, time varying quadrupole moment. If a NS consists of high magnetic
field, the magnetic pressure can deform the star. The poloidal and toroidal fields deform the star to oblate and prolate spheroids,
respectively. Similarly, rotation can also deform the star, resulting in the oblate spheroid. For non-zero obliquity angle, the system
generates a non-zero time-varying quadrupole moment and hence becomes a source of CGWs. The emerging GW signal strength is

2

o = 20 ZOL 10,200 (34.5)
where c is the speed of light, G is Newton’s gravitational constant, y is the obliquity angle, © is the angular frequency of the object,
and d is the distance between the detector and the source object. The ellipticity is defined as ¢ = |I,, — I,.|/I,,, where I, and I,
are the principal moments of inertia of the star about the x- and z-axes, respectively. The ellipticity directly depends on the EOS
and the magnetic field strength. The function f has a (maximum) value of 0.0110297 for r = 0, d = 10 kpc, and y = 3° (small
angle approximation). To understand the detection viability, we need to calculate the GW signal strength and compare it with the
sensitivity of current and future GW detectors in similar frequency ranges. Measuring parameters such as the mass and radius is
essential for calculating A.
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Fig. 34.8. GW amplitude for NSs before and after v and y decay along with the sensitivity curves of various detectors (Left) and SNR for various
detectors as a function of integration time for a toroidal magnetic field dominated NS with B, = 9.5 10'® G, initial y = 3° and v = 200 Hz
(Right). The orange line corresponds to SN R,j,cshoa = 12

In the previous sections, for ease of discussion, we neglected the rotation of NSs and focused on one-dimensional calculations.
However, for the discussion of CGWs, rotation is indispensable. Therefore, for the present purpose, we perform several simulations
solving the Einstein-Maxwell equations using the publicly available XNS code, without restricting the analysis to one dimension.
Also unlike the previous sections, we consider here a polytropic EOS of P = K ' with K being the polytropic constant. Based on
the output of the simulation run, we calculate . However, it is very important to note that the GW signal strength is a function
of time as £ and y are functions of time. £2 and y can decrease with time due to angular momentum extraction from a NS due
to electromagnetic and gravitational radiation [854]. Here, we will consider a NS having a toroidally dominated internal magnetic
field; hence, only gravitational radiation plays an important role in decay. The equations governing the decay are

d(21 2 z’) _ 2G ax 12_G

dr 56 dr 5¢5

where f,(y) and f,(y) are some complicated functions of y. Due to the surface poloidal field of the NS, there will be an extra term

due to electromagnetic radiation. However, due to the dominance of the central field, the surface field hardly would change the

angular momentum extraction (the case would be different if the NS is centrally poloidally dominated). Note, throughout the decays

of 2 and y, one may consider the magnetic field practically constant, as the field decay time scale is at least a thousand times larger

than the other two. Hence, it is generally expected that the CGW strength emitted by the NSs just after birth will decrease with

time and might become undetected by some detectors. Here, we show a case in Fig. 34.7 where the NS can be detected initially,
but after some years, it becomes undetectable even by Cosmic Explorer.

We may try to increase the detection possibility by calculating the integrated signal-to-noise ratio (SNR) for a year. See other
work [854] for details. In some cases, such as in Fig. 34.8, it can be seen that the NS, which was not detectable by any detectors,
might come into detection after some months of integrating the signal when it crosses above an SNR threshold limit of detection.
Nevertheless, we have to keep in mind that the SNR carries the disadvantage of non-coherent GW search as the rotation rate and,
hence, phase of GW changes with time, and hence, the SNR is some factor lower than that of coherent search. Also, in such a long
time, the antenna pattern may change with time, and there might be movement of the antenna which may change SNR, making
the setup even more challenging.

The decay of GW strength sets a robust upper bound in the detection timescale. Although not a single isolated NS has been
detected via CGW so far with LIGO-VIRGO-KAGRA detectors, with the knowledge of the timescales, future detections can be targeted

dy

U, = L2 f1(0)s Ly (I, = L2 f,(x). (34.6)
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carefully with Cosmic Explorer and Einstein Telescope. If the detection is successful, one can directly estimate the central magnetic
field and the EOS property, as the ¢ is a function of the magnetic field and EOS type and is easily measurable once the GW is
detected. The question remains, however, in their ’active timescale’ (as long as some detectors detect them): what is the probability of
detection? We can calculate the number of NSs to be detected in a galactic volume in 5-year observational timescales by multiplying
the birthrate of the NSs (0.002 [855]) in galaxy per year with the observational timescale (5 yr in this case). This number comes
out to be 0.01, much smaller than unity. To detect a considerable number of NSs in the possible observational time, we may need
to strengthen the sensitivity of detectors and, hence, we will be able to catch more distant sources (at least up to 500 kpc). This
will dramatically change the number of detectable NSs as it increases by 43, making the number of NSs to be detected greater than
10 in observational timescale.

34.5. Summary and outlook

The observations of objects with masses in the lower mass gap range raises many interesting questions. The true nature of these
mass gap objects can have many implications to our understanding of compact star physics. One of the most prominent examples of
these objects is the secondary object in GW190814, which has been inferred to have a mass 2.5-2.67M,. As we report in the present
article, we find that the masses of NSs from pure EOS are not high enough to be in this range, mainly because of the competition
from hyperon softening. Hence, we are motivated to turn to the additional effects of magnetic fields and/or anisotropy.

In this section, we have investigated these objects by probing the possible maximum masses for a NS, under a combination
of different effects including EOS, magnetic field and anisotropy/deformation. We initially consider the deformation effects to be
sufficiently small so as to restrict ourselves to a spherically symmetric framework. On introducing magnetic fields along with a
model anisotropy, we find that there is enhancement of the masses of NSs to mass gap values. However, this result is very much
dependent on not only the magnitude of the magnetic field considered, but also the geometry/profile that it follows within the
star itself. It seems that anisotropy has an essential part to play in all this as well. The anisotropy considered here, however, is not
completely independent of the magnetic field, as we consider anisotropy to be partly due to the magnetic field effects, along with
the matter effects.

Other authors tackled the question of enhancement of maximum masses through inclusion of alternate effects. Specifically for the
secondary object in GW190814, the question of it being a quark/hybrid star has been investigated [856,857]. Some other authors
considered modifications to gravity [858], or to the coupling constant arising in the RMF theories [859,860]. Another important
effect that can significantly affect the eventual NS masses is rotation [861,862].

When considering rotation, an interesting implication is the possibility of CGW emission. These waves arise due to the nonzero,
time-varying quadrupole moment generated by a deformed, rotating, magnetized massive NS. To investigate these CGWs, simulations
were set up using the XNS code with polytropic EOS. However, the plausible detection of the CGWs is complicated by the fact that
there are decays of Q2 and y on the time scale at most of a few years. This decay leads to the decrease in GW amplitude, and leads
to a strict upper bound on detection timescales for these objects. We must consider advanced, highly sensitive future detectors,
such as the Cosmic Explorer and the Einstein Telescope, which will be capable of probing NSs at greater distances. In addition,
integrating the signal can help increase the SNR, thereby enhancing the possibility of detection. Therefore, the study of massive
NSs, facilitated by mass gap observations, holds significant implications for both the theoretical understanding of compact objects
and their potential observational evidence.

35. Strong magnetic fields and the inner crust of neutron stars
35.1. Introduction

Neutron stars (NS) are very dense and compact objects, with a typical radius of about 10—15 km and a mass of about 1.4 M, [863].
They are constituted by cold catalyzed stellar matter, their composition is strongly asymmetric, very neutron-rich, and their central
densities can reach several nuclear saturation densities, n,, ~ 0.15 fm~3. They are structured in layers, with a surface constituted
by an %6Fe grid, where the pressure is zero. In the outer crust, we have very neutron-rich nuclei embedded in an electron sea. As
the density further increases towards the interior of the star, neutrons start dripping out of the nuclei. This defines the transition to
the inner crust. In this region of the star, the nucleons can form heavy clusters with different geometrical structures, termed ”pasta
phases‘ [864-873], due to the competition between the Coulomb and the strong forces. Eventually, these structures will melt, and
the core of the star starts. In there, purely homogeneous neutral matter exists, and in the very center, hyperons or even deconfined
quark matter may occur.

These heavy clusters may form not only in the inner crust of neutron stars, but also in other astrophysical systems, like proto-
neutron stars or neutron star mergers, that are under different thermodynamical conditions. In these kind of systems, where the
temperatures can reach several MeV [874], other clusters, like deuterons or a-particles, can also form. These light clusters have also
been observed in heavy-ion collisions at GANIL [875,876] or NIMROD [877], in a range of temperatures from ~ 5 to ~ 10 MeV.

The appearance of these clusters will modify the neutrino transport, and, therefore, consequences on the dynamical evolution
of supernovae and on the cooling of proto-neutron stars are expected [878]. Magnetars, in particular, may have an inner crust
even more complex than non-magnetized stars [879-882] due to the presence of these clusters, as we will see in the course of
this paper. In Pons et al. [883], it was shown that a fast decay of the magnetic field could be the reason for the absence of stars
with periods of rotation higher than 12 s, and this may be related to the existence of an amorphous inner crust, i.e pasta phases.
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Regarding the macroscopic structure of the star, the explicit inclusion of clusters in the inner crust affects the radius of intermediate
mass stars: for 1.4M,, calibrated relativistic mean-field (RMF) models predicted a radius of 13.6 + 0.3 km with a crust thickness of
AR =1.36 +0.06 km [884].

In order to obtain the structure of the star, we need the equation of state (EoS) to solve the TOV equations. In the available
literature, one can find plenty of models, like the phenomenological ones, whose parameters are fitted to finite nuclei, and are
constrained by different observables, like ab initio calculations, experiments or observations. The relativistic mean-field models and
the non-relativistic Skyrme are examples. A collection of several of these models is gathered in the public, free online repository
CompOSE [885,886]. One example of the several observational constraints available is the simultaneous measurement of the
NS mass and radius by the NICER telescope. Their most recent measurements have put the radius and mass of the pulsar PSR
J0740+6620 with 12. 49:’(') gg km and 2. 0731’8 ggg M, [887], and the brightest rotation-powered millisecond pulsar PSR J0437-4715
with M = 1.418 +0.037 My, and R = 11.36*)> km [888]

Magnetars [889-892], malnly Soft Garnma Repeaters (SGRs) and Anomalous X-ray Pulsars (AXPs), belong to a kind of neutron
stars with very strong magnetic fields at the surface, up to 10" ~ 1015 G [893,894], and quite long spin periods, of the order of
2 ~ 20 s. Nowadays, about thirty of such objects have been observed [894]. Moreover, magnetars are good candidates to be a source
of continuous gravitational wave emission, and we expect that in the future it will be possible to detect this type of gravitational
waves.

In this section, we will briefly introduce the formalism used to calculate the inner crust EoS under the effect of a strong external
magnetic field B within a RMF framework, then we will show some of the results obtained, and finally some conclusions will be
drawn.

35.2. Theoretical framework

Here, we describe NS matter within the non-linear Walecka model, where the mesons are responsible for mediating the nuclear
force. We include the isoscalar-scalar meson o, the isoscalar-vector meson @ and the isovector-vector meson p. Electrons are also
included to achieve electrical neutrality. An external electromagnetic field, oriented along the z-axis, is considered, A# = (0,0, Bx, 0).
Throughout the results, we define B* as B* = B/B¢, with B¢ = 4.414x10'3 G the critical field at which the electron cyclotron energy
is equal to the electron mass.

The Lagrangian density of our system is given by

L= ) L+l Lo+ L+ L+ Lo+ Ly (35.1)
i=p,n

L, and £, are the electron Lagrangian density and electromagnetic term, given by

L, =w,[r,(i0" +eA’) —m,|w,, (35.2)

Ly= —iF,,VF‘”, (35.3)
with F,, =9d,A, —9d,A,. The nucleon Lagrangian density is given by

L= 'i[yﬂtD" M*—%MNkba ]y/i, (35.4)
with

M*=M-g,¢, (35.5)

the nucleon effective mass and

g 1+
iD= i0h — g V¥ = Lo b —e 2T3 eA (35.6)

The Lagrangian density for the meson fields are given by

L,= %(aﬂqﬁa“q’) - ml¢* - %m—* - %Mf‘) . (35.7)

L, = —%Q Q,,+ 2mmv yH + o vg LWV, (35.8)

£, =B, B+ 1nlb, b (35.9)
with the tensors written as

Q, =d,V,-d,V,, (35.10)

B, =9d,b,-d,b,—g,(b,xb,). (35.11)

The parameters include the couplings of the mesons to the nucleons, g,, g,, g,, the nucleon and electron masses M and m,,
respectively, and the higher-order coupling constants k, 4, and v. The electromagnetic coupling constant is given by e = /4x /137,
and 73 = +1 is the third component of the Pauli matrices for protons (+1) and neutrons (—1). We also introduce in the model the
anomalous magnetic moment (AMM) of the nucleons with ¢, = %[y”, 7,1 and strength k,, with k, = —1.91315 for the neutron and
k, = 1.79285 for the proton. uy is the nuclear magneton. We neglect the AMM contribution for the electrons as it is negligible [889].
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Table 35.1
Symmetric nuclear matter properties at saturation density for the NL3 and NL3wp models: binding energy E/A,
saturation density p,, normalized nucleon effective mass, M*/M, incompressibility K, symmetry energy &,,, and
its slope L.

E/A (MeV) po (fm™3) M*/M K (MeV) Eym (MeV) L (MeV)
NL3 16.24 0.148 0.60 270 37.34 118
NL3wp 16.24 0.148 0.60 270 31.66 55

35.2.1. Equation of state

Here, we consider two EoS models, NL3 [895], and NL3wp [884,896,897], that share the same isoscalar properties. In the NL3wp
model, an interaction term between the » and the p meson, £,,,, is added to model the density dependence of the symmetry energy,
since NL3 has a very large slope of the symmetry energy at saturation, L = 118 MeV. NL3wp, on the other hand, has L = 55 MeV.
Some of the symmetric nuclear matter properties at saturation density for these models are shown in Table 35.1. This extra term is
given by

2,2
Lop = A0p8,8,V, Vb, - B

The fields equations follow from the Euler-Lagrange equations, and in the mean-field approximation, these fields are given by
their constant expectation values, ¢, V;, and b,. In the following, for simplicity, we omit AMM in the equations. The interested
reader can consult e.g. Ref. [898] for the equations with that term. The scalar and vector densities for nucleons, and the electron
density, are given by

GBM s KD
Pop= ”2—2 g, In —‘ (35.12)
4 v=0 \/ M2+ 2vq,B
M* . |KFt EE
psﬁn = ﬁ I:E;l:krll, — M* In T N (35.13)
P
qu Vimax )
Pp= 5 2, &K (35.14)
272 =~ v
3
kg
Pn = ﬁ N (35.15)
|q |B anax
Pe = Ze 2 Z gskeF,v ’ (3516)
4 v=0
where v = n + % - %l"ms =0,1,...,v,,, are the Landau levels (LL) for fermions with electric charge g, g, = —e for electrons and

q, = e for protons. s is the spin quantum number, +1 for spin up cases and —1 for spin down cases. The spin degeneracy factor of
the Landau levels, g, is equal to g, = 1 for v =0 and g, = 2 for v > 0, and v,,,, is the maximum number of LL, for which the square
of the Fermi momentum of the particle is still positive, given by

ax

Ee2 _ m2
V;gx - _F € , (3517)
2lq.|B
EPZ _ M*Z
F
Vr[:mx = quB : (3518)
k‘} , and E} are the Fermi momenta and energies of the particles, defined as

Kb =\/EP* — M*2 —2vgq,B, (35.19)
Ky =\ Ef} = M*2, (35.20)
kS, =\ Eff —=m2=2v|q,|B. (35.21)

The bulk energy density is given by:

E=E+E,+E,, (35.22)
where
2 4 2 2
My o V8 u s My kg
Gttt ek
A oq 221,22
+ ﬂ¢0+3Ampgpng0 by, (35.23)
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&

n

1 N
=m [k;E; - EM* < M*k;,E;

k" n
rtErp >] ’ (35.24)

*

+ M*In

qu Vmax
&= > g | kb ER+ (M +2vq,B
i
Kb+ E®
‘In #‘ (35.25)
M*2 +2vq,B
The chemical potentials for protons, neutrons, and electrons are given by
1
Hp =Eb +g,Vy + 285k (35.26)
1
My =Ep + 8,V — Egﬂbo, (35.27)

— — 2
pe =Eg. = \[kZ +m2 +2v]q,|B. (35.28)

and the pressure is
P=p,p,+ pyp, — €. (35.29)
For neutron star matter, the f—equilibrium and charge-neutral conditions are imposed:

Hn = Hp+ He (35.30)
Pp = Pe- (35.31)

35.2.2. Pasta structures in the CP and CLD approximations

Here, we consider the coexistence-phase (CP) [898,899] and the compressible liquid drop (CLD) [900,901] models to calculate
the inner crust structures in f—equilibrium magnetized matter.

In the CP approximation, separated regions of high (heavy clusters) and low (background nucleon gas) densities are considered.
Gibbs equilibrium conditions are imposed, together with the charge-neutrality condition:

uho=
Hy o= nut,
pl = pll
pe = oy = I+ (1= pll (35.32)

Here, I labels the cluster phase and I/ the gas phase. In this approximation, the finite size effects are taken into account by a
surface and a Coulomb terms in the energy density, that is only added after the coexistence phases are achieved.

In the CLD model, the total energy density is minimized, including the surface and Coulomb terms. The equilibrium conditions
become

/‘i _ M:I’ (35.33)
€
”;f = /‘/f - - (35.34)

(A= Nfl=plh)”

; I 3 da 1 90 ((l—f)p£+fp1],’)
Pl=pPlie, |-t - — | (35.35)
200f 20 0f  (1-1)f(pf—plD
The total energy density of the system is given by
E=[E + (1= NET + Ecpy + Equrr + &, (35.36)
where f is the fraction of volume occupied by the dense phase. The surface and Coulomb terms are given by:
2
Econ = 2027 DR (p; - pzl) . (35.37)
caD
Ssurf = R—d (35.38)
where a = f for droplets, rods and slabs and « = 1 — f for tubes and bubbles, and R, is the size of the cluster. @ is given by
2— Do!72/P 1
D = , D=1,3,
< p—2 "%)D+2
a—1—-Ina
D= — D=2. .
D+2 (35.39)
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Fig. 35.1. Dynamical spinodal regions for NL3wp, for a momentum transfer of k = 75 MeV, with anomalous magnetic moment for B = 4.41x10'®
G (left), and B = 4.41 x 10'7G (right). A comparison with the B = 0 (black lines) results is also made. The EoS for f—equilibrium matter is also
shown (blue).

Source: Figure adapted from Ref. [880].

The surface tension parameter ¢ was obtained from a fit to a relativistic Thomas-Fermi calculation [899]. The following relation is
obtained, when minimizing the surface and Coulomb terms with respect to R,

8surf = 2‘ElCoul ’ (3540)
1/3

Ry=|—92 | . (35.41)

2
2 I _ I
4re’d ( Py =P, )
35.3. Results and discussion

Here, we start by addressing the results of the estimation of the crust-core transition density from a dynamical spinodal
calculation within the Vlasov formalism [884,902,903] for magnetized nuclear matter. For f—equilibrium and zero temperature,
i.e. NS conditions, this calculation is in very good agreement with more sophisticated calculations, like Thomas-Fermi [870]. In this
calculation, the instability region is determined from the collective modes of nuclear matter that correspond to small oscillations
around equilibrium. Only longitudinal modes are considered, and the boundary of this region is defined by the frequency of these
modes to be zero. Inside this (unstable) region, the mode with the largest frequency drives the system to the formation of the
instabilities. To calculate the crust-core transition, we cross the EoS with these spinodal surfaces, in the (p» py) space. In Ref. [884],
it was seen that the larger the slope of the symmetry energy, the smaller the spinodal regions. This was then reflected in an
anti-correlation between L and the crust-core transition density: the larger the L, the smaller the density [884].

In Fig. 35.1, we show the dynamical spinodal regions for the NL3wp model, for two different values of the magnetic field, and
we also compare with the B = 0 result. We observe that the magnetic field is giving rise to alternate bands of homogeneous and
non-homogeneous matter, that appear due to the Landau levels. The stronger the magnetic field is, the greater the size of the spinodal
region. Also, with the increase of the magnetic field, the number of the bands becomes smaller and the bands become wider. This
happens because as the B—field increases, there is a decrease in the number of Landau levels. We also observe that the crust-core
transition extends to a larger range of densities, as opposed to what happens at B = 0.

In Fig. 35.2, we plot the largest growth rate as a function of the density for NL3wp, and three different values of the magnetic
field. We observe the appearance of oscillations around the B = 0 results, below the B = 0 crust-core transition density, that is
given when the mode goes to zero, and above this value, we get this alternate regions of clusterized and non-clusterized matter,
as already observed in Fig. 35.1. Since the magnetic field is giving rise to larger crust-core transition densities, the correspondent
pressures also become larger, and this has a direct influence in the fractional moment of inertia of the crust (see Table I of [880]),
that also becomes larger.

In the following, we show the results obtained from a CP and CLD calculations for the NS magnetized inner crust. We start with
the CP calculation.

In Fig. 35.3, we show the radii of the Wigner-Seitz (WS) cell (red) and of the nucleus (green) as a function of the density for
the same model as above and considering results with (bottom) and without (top) AMM. We consider the highest B—field strength
in our calculations to be B* = 10%, or B = 4.41 x 10'7G. As for comparison, the blue lines represent the maximum growth rates as
shown in Fig. 35.2. These results seem to be in agreement with what we previously found with a dynamical spinodal calculation:
several disconnected regions of non-homogeneous matter appear above the B = 0 region. If AMM is considered, these regions are
more numerous (the double) and narrower, because the spin polarization degeneracy is removed.
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Fig. 35.2. Largest growth rate versus density for NL3wp, with a proton fraction of yp = 0.035, with anomalous magnetic moment. Three different
values of B are considered: B =4.41x10°G (red), B = 4.41 x10'° (green), and B = 4.41 x 10'’G (blue). A comparison with the B = 0 (black lines)
results is also made.

Source: Figure adapted from Ref. [880].
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Fig. 35.3. Radii of the WS cell (red) and nucleus (green) for f—equilibrium matter using the NL3wp parametrization without (left) and with
(right) the inclusion of AMM for B = 4.41 x 10'7G. The no-field case is also shown with gray points as a reference. Growth rates obtained with a
dynamical spinodal calculation in [880] are plotted with blue lines.

Source: Figure adapted from Ref. [898].

In Fig. 35.4, we show the proton fraction and the evolution of the shapes as a function of the density. We observe that the larger
the magnetic field, the larger the proton fraction, showing fluctuations due to the opening of new Landau levels. For NL3wp model,
these disconnected pasta regions that appear above the main B = 0 region contain all types of geometric configurations in their
narrow density range. For the NL3 model, that only shows the droplet configuration in the B = 0 case, the finite magnetic field
induces the appearance of all geometric structures in the first region (see Fig. 3 of Ref. [898]), as well as in the narrow disconnected
regions.

Now we focus on the CLD results. In Fig. 35.5, we show the baryonic and proton densities in the gas and liquid phases as
a function of the density. Also shown are the maximum growth rates in a dynamical spinodal calculation (see Fig. 35.2). These
results are for the NL3 model. A comparison with a CP calculation from Wang et al. [898] is also made, though one can almost
not distinguish except for the inset panel in the bottom panel. We see that the crust-core transition density (orange lines, referred
as p..) gets shifted to higher values with respect to the B = 0 case (green lines, referred as p,_,,). As before, in the CP case, this
results are in line with the previous studies using the dynamical spinodal calculations [879-881]. It is interesting to notice that in
this extra region that appears due the magnetic field, the proton and baryonic densities of the liquid and gas become very similar.

In Fig. 35.6, we show the same quantities as above but this time for the NL3wp model. Unlike for the NL3 model, here we see
that with increasing B, the crust-core transition decreases and the extra region does not appear, unlike with the CP calculation. In
Wang et al. [898], an extra region of non-homogeneous matter was found for this model, although smaller than for the NL3 model.
However, in this work, the energy criterium, according to which the stable configuration has the lowest free energy, was not applied
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Fig. 35.4. The proton fraction (left) and the evolution of the pasta phases (right) as a function of the baryonic density for f—equilibrium matter
using the NL3wp model, considering different magnetic field strengths. The results consider calculations with (dark colors) and without (light
colors) AMM. In the case of the shapes, only the results without AMM are shown.

Source: Figure adapted from Ref. [898].
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Fig. 35.5. Baryonic (left) and proton (right) densities of liquid (1, blue) and gas (2, red) phases as function of the total baryon density for the
NL3 model in a CP (dashed lines) and CLD (solid line) calculations, with B* = 5 x 103. We also plot the magnetized growth rates divided by a

factor 10, |@,,,,| (light blue), as well as the densities in the B =0 case (black). The green and orange segments indicate, respectively, p,_, and
e, both defined in the text.

Source: Figure adapted from Ref. [901].
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Fig. 35.6. Baryonic (left) and proton (right) densities of liquid (1, blue) and gas (2, red) phases as function of the total baryon density for the
NL3wp model in a CP (dashed lines) and CLD (solid line) calculations, with B* = 5 x 10°. We also plot the magnetized growth rates divided by

a factor 10%, |w,,,,| (light blue), as well as the densities in the B =0 case (black). The orange segments indicate the p,,
Source: Figure adapted from Ref. [901].

150



P. Adhikari et al. Progress in Particle and Nuclear Physics 146 (2026) 104199

‘///<//'
25 - ]
/'//‘
o
e
///
20 P
P
s s
Q
g 15
£
@

w

o Yp=0.5

sk

NL3 ——
. . ‘ NL3wp
0 o 0.02 0.04 0. 06_3 0.08 01 0.2
p (fm™)

Fig. 35.7. Symmetry energy as a function of the density for the NL3wp and NL3 models.

as in [901], and some non-homogeneous configurations for the larger densities have an energy above homogeneous matter. Notice,
however, that the calculation is not self-consistent as it would be, for instance, a Thomas-Fermi calculation that tends smoothly
to the homogeneous solution, and, therefore, the crust-core transition should be further analyzed. The different behavior of the
two models can be explained by the different behavior of their symmetry energy: even though the slope of the symmetry energy
at saturation is higher for the NL3 model than for NL3wp (see Table 35.1), for densities below ~ 0.1fm~3, the symmetry energy
of NL3wp is higher than the one of NL3, as we can see from Fig. 35.7. This means that NL3wp (NL3) will have a larger (smaller)
proton fraction, that will translate into a smaller (larger) effect of the magnetic field, and therefore a smaller (larger) extension of
the crust. The symmetry energy behavior favors larger proton fractions for NL3wp, and smaller B—field effects, when compared to
NL3.

We also need to point out that, even though both these calculations tend to give similar results, they are not self-consistent,
since the surface tension is parametrized from a fit to a Thomas-Fermi calculation without magnetic field. This quantity influences
the crust-core transition density so in a near future it would be interesting to obtain a calculation for a magnetized surface tension,
and to analyze where the crust-core transition occurs.

35.4. Conclusions

In this section, the structure of the inner crust of a neutron star in the presence of a strong magnetic field, within a relativistic
mean-field framework, using the coexistence phase and compressible liquid drop models for the calculation of the pasta phases,
was addressed. These results were compared to a dynamical spinodal method [879-881]. Two RMF models, NL3 [895] and
NL3wp [896,897], were considered.

We found that an extended region of clusters appears due to the presence of the magnetic field. This region contains matter
in different geometric structures, and, in there, the cluster and gas densities are very close, for both neutrons and protons. This
extra region seems to depend on the behavior of the symmetry energy in the crustal EoS. We found that the transition densities
given by the CLD calculation are in good agreement with the CP approximation, and also in agreement with the dynamical spinodal
calculation. These heavy clusters are very dependent on the surface tension, therefore a calculation of a magnetized surface tension
should be explored in a near future.

36. Superconductivity and superfluidity in strong magnetic fields
36.1. Introductory remarks

We have observed that extremely large magnetic fields, on the order of B ~ 10'® —10'° G, can impact the hydrostatic equilibrium
and, consequently, the integral parameters (mass, radius, tidal deformability, etc.) of compact stars. However, much smaller magnetic
fields are needed to influence properties governed by the quasiparticle spectrum near the Fermi surface. These properties include the
superfluidity and superconductivity of nucleonic fluids (neutrons and protons) and transport phenomena associated with fermionic
(primarily electrons, protons, and neutrons) and bosonic degrees of freedom (such as pion and kaon condensates). The changes in
these properties due to magnetic fields can significantly affect the macroscopic behavior of magnetars, as discussed in this subsection.

There are two mechanisms of suppression of nucleonic superfluids in strong magnetic fields [904,905]. The interaction of the
magnetic field with the neutron or proton spin induces an imbalance in the number of spin-up and spin-down particles, which
implies that the Cooper pairing will be suppressed because not all spin-up particles will find spin-down “partners” [904]. This
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so-called Pauli paramagnetic suppression acts for both proton and neutron condensates, but is the sole suppression mechanism only in
the case of neutrons. The proton condensate is also suppressed due to the Larmor motion of protons in the magnetic field (Landau
diamagnetism) [905]. We now discuss these effects on a more quantitative level.

An important threshold is reached when electromagnetic interactions approach the nuclear energy scale for cold neutron stars,
typically, between 0.1 and 1 MeV. The first suppression mechanism that acts independent of particle charges arises when the
interaction energy between the magnetic field and the nucleon spin is given by uy B, where uy = efi/2m, is the nuclear magneton
become of the order of scales indicated above. A simple comparison of these scales shows that the magnetic fields on the order of
10'° — 10'7 G would significantly influence 0.1 to 1 MeV-scale physics through the nucleonic spin-B-field interaction.

An additional interaction channel arises for charged particles due to the coupling of the particle charge to the magnetic field.
Physically, the suppression becomes effective when the Larmor radius quantifies the winding of the particle trajectory in the magnetic
field becomes small enough (once the field is large enough) to be comparable to the condensate coherence length. The latter defines
the size of the Cooper pairs in the limit of weak-coupling BCS theory, which is appropriate for neutron and proton fluids in neutron
stars. At this threshold the coherence of Cooper pairing is destroyed by the field. To make a simple estimate of the effect, we
use the Landau criterion for the critical velocity is given by v, ~ 4/p,, where 4 is the pairing gap and p, is the characteristic
momentum in the plane orthogonal to the field. Since this momentum is smaller than the Fermi momentum p, < pp, we find that
the relevant energy scale is given by v,pp ~ z(v,/c)(v/10 fm)(B/10'® Gauss) MeV by equating the particle’s Larmor radius ppc/eB
to the coherence length of the condensate, which for neutrons and protons are of the order of v ~ 10 fm. In our estimate we used
that v;/c < 0.3. We conclude that the fields needed to suppress the pairing by magnetic fields are significantly smaller than those
that would affect their equation of state and structure.

36.2. Destruction of S-wave neutron superfluidity by strong magnetic fields

In the case of S-wave pairing the condensate consists of Cooper pairs of neutrons with opposite spins and momenta. When
magnetic field is applied, the spin-up and spin-down populations become unequal because of the interaction of the neutron’s spin
magnetic moment with the magnetic field — there are more neutrons aligned with the magnetic field than neutrons that are anti-
aligned. This imbalance has a disruptive effect on S-wave neutron Cooper pairs, as has been first established in the context of
ordinary superconductors with magnetic impurities (for a review see [906]). A sufficiently strong magnetic field can completely
suppress this pairing as neutrons with spins along the field will not find opposite spin partners to pair. This critical field will be
referred to as H, is the analog of the Chandrasekhar-Clogston limit in ordinary superconductors [907].

As the density is lowered there is also a possibility of BCS-BEC crossover from the weakly coupled pairs of neutrons (BCS regime)
to the strongly coupled regime (BEC regime). Such a transition in nuclear systems was studied first in the context of proton-neutron
pairing where in the vacuum there is a bound state — the deuteron. Naturally enough, one would expect in this case formation
of Bose gas of deuterons at very low densities and a smooth transition from the BCS regime to the BEC regime as the density is
lowered [908-911]. However, in this case, the isospin asymmetry - a feature common in the finite and infinite nuclear systems — has
a destructive effect, analogous to the spin-polarization, and the phase diagram is not limited to BCS-BEC crossover but various novel
phases may arise [912,913]. Since two neutrons do not form a bound pair in free space, there is no initial basis for a Bose-Einstein
condensate (BEC) of neutron-neutron pairs. However, by applying Noziéres-Schmitt-Rink theory [914], it was possible to identify
several signatures in neutron matter that can be viewed as precursors to the BCS-BEC crossover. In the case of zero polarization,
similar results were obtained [915-918].

Ref. [904] have determined the critical field for un-pairing of the neutron condensate to be in the range B ~ 10'7 G. In Fig. 36.1
we plot values of H,, for the neutron condensate as a function of density, determined based on a phase-shift-equivalent nucleon—
nucleon interaction and numerical solutions of the BCS equations in the case of spin-polarized neutron matter [904]. The shape
of the curve reflects the corresponding density dependence of the pairing gap and its temperature dependence follows the BCS
prediction: it is largest at T = 0 and decreases as the pairing gap decreases with increasing temperature. Thus, if the local field in a
magnetar crust exceeds the value H’,, the magnetic field will destroy the condensate. Note that according to Fig. 36.1 the critical
field is larger for lower temperatures because (a) the pairing gap increases with temperature and (b) the magnetic field required to
produce a certain polarization increases with decreasing temperature.

From a phenomenological perspective, S-wave pairing is important in the crust of magnetars, which extends below the density
of half the saturation density of symmetric nuclear matter. At higher densities, the dominant pairing state in neutron matter shifts
to the 3 P,-3F, channel, where neutrons pair in a total spin-1 state (see [919,920]). In this situation, the spin-polarizing effect of the
magnetic field on the internal structure of spin-1 pairs does not break the pairing [921-923].

36.3. Destruction of S-wave superconductivity of protons in strong magnetic field

BCS superconductors are characterized by at least three distinct length scales: (i) the London penetration depth 4, (ii) the coherence
length v, and (iii) the interparticle distance d. For this discussion, it is assumed that the interparticle distance d is much smaller than
the other two scales, indicating that the superconductor is in the weakly coupled regime. The ratio of the remaining two scales, 4
and v, defines the type of superconductivity through the Ginzburg-Landau parameter ¥ = A/v (see, e.g., [907]). If 1 /\/5 < Kk < o0,
the material is classified as a type-II superconductor; otherwise, it is type-I. In type-II superconductors, the magnetic field is carried
by electromagnetic vortices with quantum flux ¢, = z/e (with 7 = ¢ = 1 assumed hereafter), while in type-I superconductors, the
magnetic field forms domain structures [924-927].
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Fig. 36.1. Critical unpairing magnetic field H,, for the neutron condensate due to spin alignment, shown for two temperatures. The density is
expressed in units of the nuclear saturation density.
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Fig. 36.2. The proposed layered structure of a magnetar features a constant magnetic field in the core (represented by the dashed line) [929].
To the right of the point where this field intersects with H_,, the proton fluid is non-superconducting; to the left, where B < H,,, it remains
superconducting. The crust contains a uniform magnetic field B. The density is expressed in units of the nuclear saturation density.

These two scales, 4 and v, also define three distinct magnetic field scales when combined with the flux quantum:

Hclz%, Hcm:%, chz(f—;) (36.1)
In type-II superconductors, the hierarchy of these fields is H,, < H,,, < H.,, when « > 1. At and above H_, the formation of a
single flux tube (Abrikosov quantum vortex) becomes energetically favorable. The field H,,, is the thermodynamic magnetic field,
where the energy density equals the difference between the energy densities of the superconducting and normal states. Finally, H,,
is the field strength at which superconductivity vanishes, as the density of flux tubes becomes so high that the normal vortex cores
overlap.

The Ginzburg-Landau theory of neutron-proton superfluid mixtures was used to compute the upper critical magnetic field in
Refs. [905] and is extended to account for coupling between the neutron and proton currents in Ref. [928].

The dependence of the H,, field on density is depicted in Fig. 36.2. Several key features are worth mentioning. The H,, field
reaches its maximum near the crust-core interface at a density of n, = 0.5n), where n,, is the nuclear saturation density. As seen
from the figure, a magnetar is likely to have a layered structure, consisting of (a) an inner core devoid of superconductivity, (b) an
outer core threaded by flux tubes, and (c) a crust containing a homogeneous magnetic field of magnitude B. If the field B exceeds

153



P. Adhikari et al. Progress in Particle and Nuclear Physics 146 (2026) 104199

the maximum H,,, the flux-carrying region in the outer core vanishes, resulting in the complete destruction of superconductivity
within the magnetar.

36.4. Astrophysical implications: Precessing magnetars and fast radio bursts (FRBs)

The absence or partial presence of superfluidity in magnetars will significantly impact various both macrophysical and
microphysical properties of magnetars. Below, we illustrate the key modifications without the intent to give a complete picture.

The possibility of neutron star precession remains an intriguing unsolved issue, the main obstacle being the fact that the
precession is strongly suppressed by the coupling of the crust to the superfluid phases inside the neutron stars, see [930]. The
precession in magnetars may not have the same fate if the fields are in the range where the suppression of proton superconductivity is
effective [929] and it has been suggested that free precession can account for FRBs [931]. The reason is the following: when protons
become unpaired, they can scatter off neutron quasiparticles in the vortex cores, a process that is significantly more effective than
the scattering of electrons off magnetized neutron vortices via electromagnetic forces, which is the dominant mechanism in type-I
proton superconductors [927,932]. However, in the more realistic scenario of type-II superconductivity, which would be absent in
magnetars due to unpairing, the coupling mechanism is likely more complex due to significant interactions between protonic flux
tubes and neutron vortices [933-936]. It has been proposed that FRBs are associated with magnetars and the subclass of repeated
FRBs may originate from the precession of magnetars [937-940]. The fact that only a small subclass of FRBs shows periodicity might
be interpreted as these objects having a favorable magnetic field configuration admitting weak coupling of the neutron superfluid
to the crust. If the magnetic field in the core of a magnetar completely unpairs the proton fluid, it will interact with the electron
fluid on plasma time scales, which are significantly shorter than hydrodynamical time scales. As a result, the unpaired core of a
magnetar can be described as a two-fluid system, consisting of a superfluid neutron condensate and a normal component made up
of the proton and electron fluids. The mutual coupling between these components is expected to be weak in this case.

Finally, it is important to note that, in addition to precession, the dynamic coupling between the superfluid and the normal
plasma plays a crucial role in understanding the rotational irregularities of magnetars. This includes phenomena such as glitches,
anti-glitches, post-glitch relaxation, and oscillations.

36.5. Neutrino radiation from magnetars

The suppression of pairing by MeV-scale magnetic fields will also have profound consequences on the thermal evolution of
magnetars, because the dominant processes of neutrino radiation will not be suppressed by the Boltzmann factor containing the gap
in the quasiparticle spectrum of baryons. At the same time, the processes that are intrinsic to condensates, such as the pair-breaking
emission of neutrino-anti-neutrino pairs, will not operate by definition.

Let us start with the direct Urca process: n - p + e + ¥, where n stands for neutron, p - proton, e - elections and v, for
electron antineutrino. It is well known that proton and neutron pairing suppresses the Urca process when nucleons transition into a
superconducting or superfluid state. At very low temperatures, emissivity is reduced by a factor of exp(—4,/T) for each participating
nucleon, where 4 represents the relevant pairing gap and T is the temperature. The suppression is evidently reduced when neutron
and proton S-wave pairing is terminated by the magnetic field. Since the neutron pairing gap in the P-wave channel is smaller
than the proton pairing gap in the .S-wave channel, the disruption of proton superconductivity by a MeV-scale magnetic field will
significantly impact Urca emissivity. Numerical examples are provided in Ref. [905].

Next, consider pair-formation and breaking (PFB) processes: [NN] - N+ N +v aa7: where N stands for either neutron or proton,
vy and v ’ for neutrino and anti-neutrino of flavor f (for a review see [906]). The rates of neutrino emission through PBF processes
follows the relation € « 4>T”, where 4 is the pairing gap. As a result, the unpairing of .S-wave condensates will effectively eliminate
PBF processes in regions where the magnetic field locally surpasses the unpairing thresholds for protons and neutrons. Consequently,
the overall neutrino emission rate will asymptotically decrease to the level associated with PBF emission by the P-wave condensate.

Apart from emission rates, the thermal evolution of magnetars depends on the specific heat of the interior matter, i.e. star’s
thermal inertia. In neutron stars that are fully superconducting or superfluid and have low magnetic fields, the heat capacity is
predominantly determined by electrons because of the exponential suppression of specific heat of nucleons. Once magnetic unpair
nucleons, their specific heat will contribute to the total budget of the star’s thermal inertia. An increase in the specific heat of the
interior matter will lead to a longer cooling time scale for a magnetar. For the current state of the simulations of coupled magnetic
and thermal evolution see Refs. [941] and references therein.

37. Neutron P-wave superfluids in neutron stars: topological surface defects
37.1. Introduction

Neutron stars are important subjects which are studied by many researchers in astrophysics, nuclear physics and condensed
matter physics (see recent reviews, e.g., Refs. [942,943]). Neutron superfluids have been interested since the early stage of
researching neutron stars. It is considered that the neutron 'S, superfluids exist at low density region near the surface of neutron
stars. This superfluid is produced by spin-singlet neutron pairings with .S-wave by the low-energy scattering process. At higher
density, there appears another type of the pairing structure: spin—triplet and P-wave denoted by 3P;. In this pairing, the total
angular-momentum J = 2 is favored, while the J = 0 and J = 1 channels are disfavored, because the latter channels are repulsive.
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Thus, the neutron matter is described as the neutron > P, superfluids. The neutron 3 P, pairings exhibit interesting properties induced
by the rich structures of the internal degrees of freedom combined by spin and angular momentum. In this section, we review our
recent studies on the neutron 3 P, superfluids.

We summarize briefly the history of the researches of the neutron 'S, and 3P, superfluids. In the condensed matter physics,
there are rapid development of the researches of fermion superfluids. In 1972, 3He atom (fermion) superfluids were discovered in
experiments [944,945], where it was studied that spin-triplet P-wave Cooper pairs stem from the spin-fluctuation interactions. In
1995, Ru atom (boson) superfluids were discovered in experiments [946-948]. In 2003, the fermionic condensate was found in
an experiment by using “°K (fermion) atom [949]. In parallel to the development in the condensed matter physics, the possibility
of superfluids has been pursuit in nuclear physics. In 1960, Migdal first proposed the existence of neutron 1S, superfluids at low
density [950]. In 1966, however, Wolf discussed that strong repulsion core makes the interaction to attractive one at high density,
and it makes the neutron 1SO pairings unstable [951].

As a new type of pairings, in 1968, Tabakin proposed that the neutron 3P, superfluids can be realized by an attraction in this
channel due to the nuclear LS potential at high energy scatterings [952]. The LS potential exhibits the dependence on both relative
angular momentum (L) and total spin (.S) of the scattering two neutrons. After this pioneering work, further studies have been
developed by many authors, see, e.g., Refs. [953-958] as early works. For example, it was presented that the 3 P, channel is coupled
to the 3F,, and the mixing effect can enhance the gap size in the neutron 3P, superfluids leading to a few MeV order [954-956].
Recent calculations, however, indicate the pairing size may be smaller due to many-body effects in nuclear matter. The neutron 3P,
pairings are also concerned with the cooling process of neutron stars [959-961] (see also Refs. [962-964]).

The P-wave pairings show the topological properties. For example, the Weyl and/or Majorana fermions can exist in the neutron
3 p, superfluids [965-967]. There are also rich bosonic excitations in the neutron * P, superfluids [968-980] which may be relevant
to the cooling process. The exotic topological vortices also exhibit many interesting properties such as the spontaneous magneti-
zations [957,981-983] and vortices with Majorana fermions [967,984,985], half-quantized non-Abelian vortices [967,985-988],
solitonic excitations on a vortex [989], and domain walls [990]. The neutron 3P2 superfluids also exhibit interesting topological
defects at the surface on the neutron stars [991], as discussed in details in Section 37.3. Recently, it was shown that since a singly
quantized vortex is split into two half-quantized vortices [985,987], vortex junctions are produced at the interface between the
neutron 'S, superfluid and the neutron 3 P, superfluid, thereby inducing the vortex networks which can explain the power-law of
the glitches in neutron stars [992]. The vortex junctions at the boundary of the superfluids are called the boojums which were
discussed originally for 3He superfluids by N. D. Mermin, see, e.g., Ref. [993]. Thus, the 3 P, superfluids are important subjects, not
only in the nuclear physics and the astrophysics, but also in the condensed matter physics.

The neutron 3P, superfluids especially play important roles in magnetars. The magnetars are the special neutron stars with
very strong magnetic fields which reach 10'> Gauss [994]. This is about hundred times larger than the magnetic fields in neutron
stars 103 Gauss. The neutron 3P, superfluids are stable against the strong magnetic fields. This can be intuitively understood: the
spin-parallel (spin-one) pairs in the neutron 3 P, superfluids are irrelevant to the Zeeman splitting. This property is sharply contrasted
to the fragility of the spin-antiparallel (spin-zero) pairings in the neutron 'S, superfluids. Therefore, it is expected that the neutron
matter in the magnetars is dominated by the neutron 3 P; superfluids.

In the followings, we introduce the basic properties of the neutron 3P, superfluids in Section 37.2. After summarizing the
symmetries of the neutron 3 P, superfluids in Section 37.2.1, we explain the Bogoliubov—de Gennes (BdG) equation and the Ginzburg-
Landau (GL) theory in Section 37.2, and present that they give the phase diagram with rich structures. In Section 37.3, based on
the GL theory, we show our study on the topological surface defects on the boundary of the neutron 3 P, superfluids. We summarize
our presentation in Section 37.4. This section is dedicated to the summary of our previous studies performed partly by the author.
The relevant references are shown in the text.

37.2. Phase diagram of neutron 3 P, superfluids

37.2.1. Symmetry

Let us describe some basic properties of the neutron 3 P, pairings in neutron matter. The neutron 3 P, pairs have the total spin one,
s = (s!, 52, 5%), as a sum of two neutrons. Besides, the neutron 3 P, pairings have also dependence on three-dimensional momentum,
q = (4", 4% ¢%), transferred between two neutrons. Those properties stem from the LS potential which is dominantly important in the
interaction between two neutrons at high-energy scatterings. They induce the tensor-type condensate for the neutron 3 P, superfluids,
whose pairing form denoted by A% is given by

A% %(s”q” +sPq? — %ﬁabs -q, (37.1)

as a symmetric and traceless tensor over the indices a, b, ¢ = 1,2, 3. The pairing matrix (37.1) is described essentially by five complex
components as independent degrees of freedom. Including the overall global phase, the neutron 3 P, gap can be parametrized by the
matrix form. In general, the matrix A in Eq. (37.1) can be expressed by

f1(x)  g3(x) &%)
AX) =] g(x)  fr(x) 81(x) ) (37.2)
&) g(x) —fi(x)— fr(x)

where f;(x) (i = 1,2) and g;(x) (j = 1,2,3) are complex functions with the three-dimensional coordinate x.
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Table 37.1

The bulk phases and symmetries of the uniform neutron 3P, superfluids
are shown for the different strengths of magnetic fields (cf. Fig. 37.1).
r is an internal parameter in the pairing matrix, see Eq. (37.3). More
detailed classification of phases is found in Ref. [995].

Magnetic field Zero Weak Strong
r -1 (-1,-1/2) -1/2
Bulk phase UN D,-BN D,-BN
Symmetry 0Q2) D, D,

When the neutron 3P, superfluid is uniform in space, the pairing matrix A can be expressed simply by a diagonal form as

r 0 0
A=A 0 1=+ 0| (37.3)
0 0 1

Here A, is a complex scalar including a complex phase, and r indicates the internal parameter in the neutron 3P, gap which is given
by the range of r can be restricted to be —1 < r < —1/2 without loss of generality. According to the value of r, the neutron 3P,
pairing exhibits various phases with different (continuous or discrete) symmetries: the O(2) symmetry for r = —1, the D, symmetry
(a discrete symmetry for rectangular form) for -1 < r < —1/2 and the D, symmetry (a discrete symmetry for square prism) for
r = —1/2. These states are called the UN (uniaxial nematic) phase, the D,-BN (D, biaxial nematic) phase and the D,-BN (D, biaxial
nematic) phase, respectively. The phases are determined by minimizing the free energy with respect to r at different magnetic fields,
see Table 37.1.
In each phase, the symmetry breaking patterns are given as redundant information with the above

U(1) X SOB3)p,5 — O(2), (37.4)
in the UN phase,

U(1) X SOB3)45 — Da, (37.5)
in the D,-BN phase and

U(1) X SOB3)y.,5 — Di. (37.6)

in the D,4-BN phase. Here U(1) is the global symmetry and SO(3); .5 is the symmetry for simultaneous rotation in three-dimensional
space and spin stemming from the LS potential.

The symmetry breaking patterns in Eqs. (37.4), (37.5) and (37.6) are important for the properties of the neutron 3 P, superfluids.
We remind us that, in the symmetry breaking from the group G to the subgroup H, the coset space G/H exhibits nontrivial homotopy
groups r,(G/H), see, e.g., Refs. [965,995]. In two-dimensional space, a variety of homotopy groups in r,(G/H) leads to the rich
phenomena of quantum vortices in neutron stars in rotations and/or magnetic fields.

37.2.2. BdG theory and phase diagram

The neutron 3 P, superfluids are described in terms of the non-relativistic Hamiltonian with the inter-neutron interaction. The
relativistic corrections are supplied by the LS potential which is proportional to L - S. Here, the angular momentum L is coupled
to the total spin § in the two neutron pairs, where the total spin is defined by S = s, + s, with s; the spin operator for neutrons
labeled by i = 1,2. The interaction with the magnetic field (B) is introduced through the term —y,s; - B, where y, = 1.2 x 10713
MeV/T (T for unit of tesla) is the gyromagnetic ratio of a neutron.

The superfluid state can be analyzed by solving the BAG equation for the given Hamiltonian for neutrons. In the BdG equation, the
gap function is obtained by the self-consistent solution in the mean-field approximation, see, e.g., Ref. [965,995] as recent studies.
This is equivalent to the evaluation of the effective action in the one-loop approximation in the field theory. The BAG equation gives
the precise solution of the gap in terms of the fermionic degrees of freedom.

The phase diagram of the neutron * P, superfluids is obtained by the BdG equation as shown schematically in Fig. 37.1 (see also
Table 37.1). In the figure, T, is the critical temperature for phase transition from superfluid phase to normal phase. The properties
of the phase diagram is explained in the followings. At zero magnetic field, the UN phase is realized on the temperature axis below
T,. This phase is, however, unstable against the nonzero magnetic field, and it changes to the D,-BN phase at nonzero but small
magnetic fields. At stronger magnetic fields, instead of the D,-BN phase, the D,-BN phase appears as the most stable state. The
D,-BN phase survives in the strong magnetic fields due the parallel spin in the neutron pairings as explained in Section 37.2.1.

More detailed information is explained for the phase diagram in Fig. 37.1. The transitions between the UN phase and the D,-BN
phase is the second-order transition, while the transitions between the D,-BN phase and the D4-BN phase exhibit the first-order
transition at lower temperatures and the second-order transitions at higher temperatures. It is important to note the existence
of the critical end point (CEP) at the meeting point of the lines from the first-order and the second-order phase transitions. The
CEP shows the power-law divergences for several physical quantities, such as the heat capacity, the magnetization, and the spin
susceptibility [996]. Interestingly, it leads to the new universality class for powers which has not been known for the other quantum
systems.
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Fig. 37.1. The schematic figure for the phase diagram of the neutron 3P, superfluids is shown on the plane spanned by temperature (T) and
magnetic field (B) (cf. Table 37.1). More precise information is found in Refs. [965,995]. See the text for the details.

37.2.3. GL theory: Bosonic effective theory

Near the critical temperature (T < T,), the relevant degrees of freedom are given basically in terms of the bosons, i.e., the pairs
of fermions (nucleons). In this temperature region, the bosons are regarded as the low-energy effective degrees of freedom. The
effective theory for bosons is given by the GL theory as the effective theory of the BdG equation for fermions [957,982,983,986,
991,995-1004].

Noting the traceless and symmetric 3 x 3 tensor, A, for the order parameter in Eq. (37.2), whose diagonal form was shown in
Eq. (37.3), the GL free energy is given by

f5141 = fO1A1+ 50141 + 150141 (37.7)

as a truncated series of the power function of A up to O(A®), see, e.g., Refs. [995,996,1001,1003]. Each term is defined by

O] — x©O
FOTAL = KO 3 (VALY A + VALY A + V47,94,
ijp=123

+a®(tra*a) +pO((wra*a)’ - (waa?))
+© (—3(tr A*A) (tr A7) (tr A%2) + 4(tr A7 A)” +6(tr A7 A) (tr A2 A7) + 12(tr A" A) (tr A* AA* A)
—6(tr A" (tr A A%) — 6(tr A%) (tr A 4) — 12(tr AP A%) + 12(tr A A2 A% A) + 8(trA*AA*AA*A)>
+6(°)<(trA*2)2(trA2)2 +2(tr A72)7 (tr A%) = 8(tr A7) (tr A* AA* A) (tr A7) — 8(tr A*?) (tr A% A4) (tr A)
—32(tr A*?) (tr A*A) (tr A% A%) = 32(ir A*?) (tr A*AA*A®) — 16(tr A*?) (tr A* A2 A* A7)
+2(tr 4) (tr 42)7 + 4(tr A*) (tr 4%) - 32(tr 472 4) (tr A7 A) (tr A7)
—64(tr A A) (tr A*A%) = 32(tr A AA*A) (tr A%) — 64(tr A A2 A% A%) — 64(tr A A%) (tr A7 A)
—64(tr A AA2A) — 64(tr A2 AAA%) (tr A* A) + 16(tr A2 A2)° +32(tr A24%) (tr A% A)°
+32(tr A7 A7) (tr A" AA*A) + 64(tr A2 A2 A2 A7) — 16(tr A2 AA™A) (tr A7) +8(tr A*A4)*
+48(tr A*A)” (tr A" AA* A) + 192(tr A*A) (tr A*AA™ A7) + 64(tr A* A) (tr A* AA* AA* A)
—128(tr A*AA™3 A%) + 64(tr A AAT2AA" A%) + 24(tr A" AA*A)” + 128(tr A" AA" A4 A2)
A (tr ATAATAATAA" A) ), (37.8)
FE014) = pOB A" AB + f¥| B B' A" AB, (37.9)
5141 = y(2)<—2 |BI?(tr A%) (tr A*?) — 4 |B|2(trA*A)2 +4|B|*(tr A*AA* A) + 8 |B|* (tr A2 A?) + B'A>B(tr A*?)
—8B'A*AB(tr A*A) + B'A”B(tr A) + 2 B'AA*?AB + 2 B'A*A’A*B — 8 B'A*"AA*AB
-8 B'AA’B), (37.10)
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with the derivative V; for the spatial direction i = 1,2,3 and the external magnetic field B. The coefficients in the GL free energy
are obtained as

4 2
KO = 7§(3)NFPF o _ NFPF o 1

Wom T2 ¢T3 Ty
60 (=2 48(1 + G (T
0= _ 31¢GNppryd o _ 3LLONpP,
768(1 + G (a T 13440 (2 T,.)*
4.2 ]
o _ SLEONFpT, © _ 127EDNFpp (37.11)
3840(1 + G2 (aTo )t 387072 (xT,)° .

Here we define N = mpy/(2z?) for the density-of-state of the neutrons on the Fermi surface for the neutron mass m and the Fermi
momentum pg. {(n) is the zeta function. The GL free energy (37.7) with the coefficients in Eq. (37.11) is deduced analytically by the
one-loop approximation for the effective action from the BdG equation. In the derivation, the particle-hole symmetry is supposed
as an approximation for simplicity which should be valid at sufficiently high density. In the above expression, we consider that
the neutron magnetic moment u, in vacuum should be replaced to p; = y,s/(1 + Gg’)) with a neutron spin s and the neutron
gyromagnetic ratio y, due to the modification by the Landau parameter G(()") in the Fermi liquid theory at finite density.

In the GL free energy (37.7), each term has the following meanings. At O(A?), the first term (K°) is the kinetic term and the
second term (a(?) indicates the leading interaction. At 9(A*), the interaction term (§©) exhibits the SO(5) symmetry as the dynamical
symmetry which is absent in the BAG theory. This symmetry appears accidentally up to this order, and it generates the quasi Nambu—
Goldstone (QNG) bosons [1005]. The SO(5) symmetry is, however, explicitly broken by the term (y©) at ®(A%), and hence the QNG
bosons disappear finally. Nevertheless, we cannot stop the expansion up to ()(A%), because the GL free energy up to this order has
only the local minimum but no global minimum. This problem is solved by the term () at ©®(A®) by which the global minimum
is realized successfully [1003]. It is important that the terms up to 9(A®) reproduce qualitatively the position of the CEP that is
already known in the BdG theory (cf. Fig. 37.1). Thus, the GL free energy up to O(A®) supplies the minimum set of terms. The
complexity of the GL equation for the neutron 3P, superfluids is qualitatively different from the case of usual S-wave superfluids
with second-order phase transition in which usually the terms up the quadratic order are enough.

In Eq. (37.7), the magnetic terms are calculated not only at the leading order (LO) () O(B?A?) but also at the next-to-leading
orders (NLO) (f® and y®) O(B*A?) and O(B>A*) [1001]. The NLO terms for the magnetic field are necessary in order for checking
the convergence of the expansion series in strong magnetic fields such as in magnetars.

The minimization of the GL free energy with respect to the order parameter A provides the phase diagram of the neutron 3P,
superfluids as shown, e.g., in Refs. [991,995,996,1001,1003]. The GL equation up to ((A%) reproduces the general features of the
phase diagram obtained in the BdG equation (cf. Fig. 37.1). At quantitative level, however, we notice that the positions of the
first-order phase transition line and the CEP in the GL theory are different from the original ones in the BdG theory. Nevertheless,
it should be emphasized that the neutron 3 P, superfluid phases changing from the UN phase to the D,-BN phase through the D,-
BN phase can be described by the GL theory successfully. Therefore, the GL theory can be used to understand the properties of
the neutron 3P, superfluids inside neutron stars and magnetars. We comment that the GL free energy (37.7) can be furthermore
extended to include the condensate of the neutron 'S, superfluids allowing the coexistence of the neutron 'S, and 3 P, phases [1004]
for studying a wide range of phases in neutron stars and magnetars.

37.3. Topological surface defects on neutron star and magnetar

As introduced in Section 37.2.1, there are many interesting topological properties in the neutron 3 P, superfluids. Among them,
we focus on the topological defects on the surface of neutron star and magnetars [991]. This subject is interesting not only in the
astrophysics but also in the condensed matter physics such as the 3He superfluids and liquid crystals [1006-1008]. In this subject,
we are interested in the properties of the neutron 3P, superfluids at the surface, not in bulk, and thus it is important to consider
the appropriate boundary condition for the neutron 3 P, faced to the outer space.

At the surface, the directions of the neutron 3 P, superfluids are constrained due to the anisotropy of space. Let us consider
for simplicity that the boundary region is regarded approximately as the flat plane by neglecting the curvature [991]. Such
approximation will be valid for the surface of a neutron star, because the scale length of the coherent length of the neutron 3P,
pairings is much smaller than the scale size for curvature of the star surface. Thus, the boundary condition is characterized by the
normal vector n whose direction is perpendicular to the surface. Here the positive direction of n is defined to be outward from the
inside to the outside.

In our setting for the boundary condition, we suppose that the outer space of the neutron 3P, superfluids is simply a vacuum
rather than the other matter phase, such as the neutron 'S, superfluids. In reality, we may need to consider that the neutron 3P,
superfluid may be faced to the neutron 'S, superfluids, because the 'S, superfluids should be realized at lower density region near
the surface of the neutron stars (cf. Ref. [1004]). Thus, the present simple setting should be regarded as being to the first step
to investigate the surface effect. Regardless of the simple approximation, we will show that there are rich phenomena induced by
topology on the surface.
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Fig. 37.2. The schematic figure for the topological charges is shown for the two-dimensional vector fields on the surface. The panels (a)-(d)
indicate +1 charge, and the panels (e)-(h) indicate —1 charge. See the text for the details.

We consider the constraint condition for the condensate matrix A at the surface:
n'An =0, (37.12)

where n is the normal vector perpendicular to the surface. Here n’ is a transpose of n. In addition, we define the two-dimensional
vector

A, =n'A, (37.13)

which satisfies the condition A,-n = 0 from Eq. (37.12). Thus, A, is a two-dimensional vector field confined on the surface. The
two-dimensional vector A, exhibits an interesting behavior on the surface: it induces the topological defects as vortices. Such defects
emerge from the property that the boundary condition (37.12) has the symmetry (S' x S')/Z,: the invariance under the one-axis
rotation around the normal vector n and the global U(1) phase in the complex matrix A.

Here we note that, in general, there are two different types of topological surface defects with topological charges +1, see Fig.
37.2. The vector-field configurations with topological charges can be deformed smoothly. As a result, the defects with the same
charge are not distinguished from the topological point of view, while the configurations with different topological charges cannot
be transformed without creating singular points. Thus, the charges of topological defects on the surface should be classified to either
+1 or —1. Therefore, it should be expected that the two-dimensional vector A, should exhibit the topological defects as well.

The solutions of the condensate matrix A under the boundary condition (37.12) can be obtained numerically. Similarly to
Eq. (37.2), we express A by

f1(x) g3(x) 8(x)
AX) = gx) f,(x) g1(x) , (37.14)
o) g —f100 - fL(x)

where the one-dimensional axis (x > 0) is defined as the half line. This half line is directed from the surface of the neutron star
(x = 0) to the bulk space in center of a neutron star (x — o). Because the neutron stars are too large in comparison with the
coherence length of the neutron 3P, superfluids, the large limit of x can be regarded as an infinity. The boundary condition at the
infinity is supplied by the bulk phases, i.e., the UN, D,-BN and D,-BN phases, according to the strengths of the magnetic fields, as
summarized in Table 37.1. We observe, as a matter of course, that the condensate matrix A are dependent on the distance from the
surface. Some examples of the behaviors of the solutions are shown in Ref. [991]. We notice that the off-diagonal components, g;, g,
and g3, in Eq. (37.14) cannot be eliminated by global transformation in general due to the boundary condition (37.12). Indeed, not
only the diagonal components, f| and f,, but also the off-diagonal components, g, g, and g3, play important roles for generating
the topological surface defects. They all together contribute to form the two-dimensional vector field A,,.

With the above setup, the configurations of A, can be presented on an “atlas” of the neutron star surface, where the Mercator
projection is adopted with the longitude (¢) and the attitude () [991]. We consider zero, weak and strong strengths of the magnetic
fields, in which the corresponding bulk phase is given by the UN phase, the D,-BN phase and the D,-BN phase at the center of neutron
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Table 37.2

The numbers of the topological surface defects are sum-
marized for different bulk phase at center of neutron stars
under different strengths of magnetic fields [991]. See the
text for the details.

Magnetic field strength Zero Weak Strong
Bulk phase at center UN D,-BN D,-BN
Positive charge 10 12 8
Negative charge -8 -10 -6

star, see Table 37.1. The vector stream lines on the surface are different to each magnetic field (or the bulk phase), as presented
in Ref. [991]. We notice that there exist several topological defects with charges +1, regarded as the vortices, induced by A,. It is
interesting that the spatial distributions of the topological charge on the surface are changed by tuning the strengths of the magnetic
field, as summarized in Table 37.2. Correspondingly, the surface defects have +10 and —8 charges in the case of the UN phase, +12
and —10 charges in the case of the D,-BN phase and +8 and —6 charges in the case of the D,-BN phase. In any case, the total charges
are always +2 irrespective to the symmetries in the bulk phases.

The total charge +2 is not accidental, because the total charges of defects of two-dimensional vector fields on closed manifolds
should be determined solely by the Euler characteristic of the closed manifold. This is the Poincaré-Hopf theorem known as the
hairy ball theorem. Precisely, this theorem is stated as

Z indexp v=y(M), (37.15)

PEM
for the closed manifold M and the vector field v on M. In the left-hand side, p € M is the points on M and index, v means the
index zero-point of v at p, indicating charges +1 in our case. Thus, the left-hand side presents the sum of the indices on M. In
the right-hand side, y(M) is the Euler characteristic for the manifold M, giving y = 2 in the case of a ball-like neutron stars and
magnetars. Therefore, the total charges of the two-dimensional vector fields on the sphere should be always two. This theorem is
applied to the case of the neutron 3 P, superfluids, where the two-dimensional vector field is supplied by A,, and the total charge +2
is assured always. In terms of the dynamics, it is interesting to observe pair-creations and annihilations of the defects on the surface
of neutron stars: two pairs of defects and anti-defects are created from zero magnetic field to weak magnetic field, and four pairs
of defects and anti-defects are annihilated from weak magnetic field to strong magnetic field. Notice that a pair of defects with +1
and —1 charges should be simultaneously created and/or annihilated to conserve the total charge.

Summarizing this section, considering the bulk phase and the boundary condition induces the topological surface defects whose
total charge is conserved by the Poincaré-Hopf theorem. This also has impact on the astrophysical research: the correspondence
between the distributions of defects on the surface and the bulk phase at the center makes it possible to research the internal bulk
phase by observing the defects on its surface. Such topological surface defects may be investigated by observing neutron stars and
magnetars.

37.4. Summary

In this section, we have reviewed recent progress on the neutron 3P, superfluids in neutron stars and magnetars focusing on
the surface defects. The research of the neutron 3P, superfluids is still producing new results and phenomena which should be
shared not only with researchers in astrophysics and nuclear physics but also with those in condensed matter physics. Especially
the topology is an important key word to understand the properties of the neutron 3 P, superfluids. It is expected that neutron stars
and magnetars are researched in terms of the topological stars in the coming future.

38. Neutron star kicks: rocket effects in strong B-fields
38.1. Introduction

Pulsars are rotating neutron stars with high magnetic fields causing observable radio dipole signals. Most of the known pulsars
are born in the neighborhood of the galactic plane and move away from it with natal kick velocities which are typically higher than
those of their progenitors [1009]. This implies that the birth process of pulsars also produces their high velocities and thus cannot be
entirely isotropic [1010]. Two examples for directly observed pulsar motion are the isolated neutron star RX J1856.5-3754 and for
the binary system B0950+08. The spatial distribution of observed pulsar kick velocities in galactic coordinates is given in [1011].
Up to now, the mechanisms driving this asymmetry are far from clear. There are several hypotheses, ranging from asymmetric
supernova explosions [1012] over neutron star instabilities [1013,1014] and magnetorotational effects [1015,1016] to the model
of an electromagnetic [1017] or neutrino rocket [438,1012,1018,1019]. For a recent overview, see [1020,1021] and references
therein. It is also not clarified whether the distribution of pulsar kick velocities is bimodal with a lower component of v < 100 km/s
(20% of the known objects) and a higher component of v > 500 km/s (80%) as suggested by [1022] or whether it can be explained
by a one-component distribution [1011]. Note, that the high velocity tail is possibly underrepresented, due to the fact that pulsars
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Fig. 38.1. Vortex structure in highly magnetized superconducting quark stars.

with high velocity move out of the observational area faster than lower ones [1023]. Most of the models are capable of explaining
kick velocities of v ~ 100 km/s, but it is a nontrivial problem to explain the highest measured pulsar velocities around 1600 km/s.

While there is evidence for the alignment of kick velocity vectors with the rotation axis of pulsars [1024] the suggestion of a
correlation between magnetic field and kick velocity [1010,1025] could not be verified from observations so far.

In this section we show that beamed neutrino radiation from a strongly magnetized strange star in a color superconducting state
could lead to an acceleration during the early cooling phase of the neutron star. It has recently been suggested that the typical
properties of gamma ray bursts might be explained by the neutrino release off a strongly magnetized quark core star [1026,1027]
since neutrinos can very effectively be converted into e*e™ pairs and gammas [1028]. Here we show that such a collimated neutrino
release (neutrino rocket) can lead to high neutron star kick velocities in qualitative agreement with the observational data. The key
ingredient to this mechanism are: (i) the mass defect of the order of 1052 erg in the formation of a (color superconducting) quark star
[1029,1030], (ii) the anisotropic neutrino transport (beaming) since normal quark matter vortices (short mean free path) aligned
with the strong magnetic field are immersed in a superconducting matrix (free neutrino propagation) and (iii) parity nonconservation
of neutrino production in the strong magnetic field [1031,1032] which leads to a sufficiently large net momentum transfer to the
star resulting in a pulsar kick. The color superconductivity plays an essential role since those neutrinos generating the propulsion
of the star propagate without secondary interaction thus circumventing the no-go theorem [1031,1033], that there is no parity
violation in equilibrium. In the remainder of this contribution, we explain the ingredients of the model and present results of a
model calculation [1018].

38.2. Neutrino beaming by magnetic vortices and cooling delay

When designing a scenario for the origin of natal pulsar kicks it is natural to make contact to other puzzling phenomena occurring
in the realm of a supernova explosion such as gamma ray bursts (GRBs). It has been suspected that GRB characteristics could find
an explanation in the phase transition to quark matter in the protoneutron star (see [1026,1027] and Refs. therein) whereby the
phase with all quarks being paired with large gaps in a color-flavor-locking (CFL) state is of particular interest for our concern of the
neutrino propagation. Let us, in the following, assume that the bulk of the star is in the CFL phase with a tiny hadronic crust and
a surface magnetic field in excess of B, ~ 10! G. Then, one may expect by flux conservation that the inner magnetic field at the
quark core surface can reach values of By, ; = B,(n;,/n,)*> = 102 — 107 G, where n, ~ 6 x 10710 fm™ and n;, ~ 0.3 fm™> are the
corresponding densities at the core-crust interface. The presence of such high magnetic fields allows creation of a vortex structure
along the magnetic axis [1034] as shown in Fig. 38.1.

Due to magnetic flux conservation the number of vortices in the quark star interior is N,, = B, ,R*/(6®;), where &, =

21077 G cm? is the magnetic flux quantum, cf. [1034-1036]. Superconductivity is expelled from the vortex interior, where the
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Fig. 38.2. Time evolution of neutrino luminosity, temperature and neutrino beaming angle.

matter is in the state of a strongly magnetized quark-gluon plasma. The volume of a vortex can be estimated as V,, ~ Zm% R, where
the Debye screening length 4, is of the order of the penetration depth

derr = (4y/300 MeV)™ (1 = T/T,)™"/2 fm, (38.1)

and for the critical temperature the BCS relation, T, = 0.57 4, can be adopted. The vortex volume has a large neutrino emissivity
due to the quark direct Urca (QDU) process [1037]

€2PV ~22%10% o, u Yc,l/3 T96 erg em™ 57, (38.2)

with a; ~ 1 being the strong coupling constant, the compression u = n,/n, is the factor by which the baryon density exceeds its
value at saturation ny = 0.16 fm~3, Y, is the electron fraction and T, the temperature in units of 10° K. Correspondingly, the neutrino
mean free path (MFP) in normal quark matter becomes very small

A, =34x10° o w7 P 15 em. (38.3)

Note that the direct Urca processes in quark matter, which is the responsible for the high neutrino production inside the star, remain

virtually unaltered in the presence of magnetic fields in this range [808]. In the region between the vortices matter is in the CFL

state with pairing gaps 4 ~ 100 MeV, so that the direct Urca process is suppressed by the exponential factor {,p = exp(—4/T) and

the neutrino MFP 4{"" = (7} 4, exceeds the radius of the star for temperatures below T.0"" ~ 15 MeV. This prominent difference

between the neutrino MFP in normal (vortex core) and in CFL quark matter (matrix) leads to anisotropic neutrino emission from the

star within a cone of the temperature-dependent opening angle ,(T") ~ 4,(T)/R, where 1,(T) = A,(T) V /(N,, V,,), see Fig. 38.2.
The cooling evolution T'(¢) can be described by inverting the solution of

/T(” Cy(T") dT’
T

e (38.4)

t=

i

where T; ~ 40 MeV is the initial temperature of the protoneutron star, Cy(T) = [1 — N,,V,,/V] CL(T) {py is the specific heat
dominated by the normal quark matter contribution, and the luminosity

L(T) = [1 = cos 8,(T)|Ly(T) = Ly(T)6,(T)*/2 (38.5)

takes into account the effect of the neutrino beaming. The isotropic luminosity
Lo(T) = (N,,V,,/V) / dVe2PU(T) + [1 = (NyoVyo/ V) / dve2PU(T) ¢opy (38.6)
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Fig. 38.3. Time evolution of the pulsar kick velocity for different magnetic fields (right panel) and magnetic field dependence of the final kick
velocity (left panel).

has contributions from both, the unsuppressed QDU process from the small volume of the vortices and the suppressed contribution
from the large CFL matrix volume. Results for the time evolution of neutrino luminosity, temperature and neutrino beaming angle
shown in Fig. 38.2 demonstrate the effect of cooling delay due to neutrino beaming in a strong magnetic field.

38.3. Pulsar kicks from color superconductivity parity violation

Parity nonconservation in the weak interaction QDU neutrino production process under the conditions of a strong magnetic field
in a protoneutron star leads to a violation of reflection symmetry since the neutrino flux is a polar vector while the magnetic field
is an axial one. The magnitude of this asymmetry has been estimated as 4, ~ 10~ By, where B, = B/10'* G, see [1031,1032] for
a similar result. This nonvanishing A, leads to a net momentum transfer from the neutrino flux to the star of mass M resulting in
a time-dependent kick velocity

12
Mc

which saturates at the B-dependent asymptotic value

A, c [!
un) = —— /0 di'L(T) , (38.7)

0=3.6XB14(M/Mg)" km s7! (38.8)

as soon as the beaming ceases. Numerical results are shown in Fig. 38.3 for a typical compact star with M = 1.4 Mg and R = 10
km. In order to obtain pulsar kicks as large as 10’ km s~!, magnetic fields of the order of 10'® — 10'7 G in the stars interior are
required. Such values correspond to our above estimates.

We have to comment on the argument, that any initial asymmetry in neutrino emission processes is only a local phenomenon
and cannot survive at large distances due to strong neutrino scattering inside the neutron star (no go theorem [1031,1033]). Note,
that in our case the neutrinos move along the magnetic axis between the normal quark matter vortices in areas where the quark
matter is in a CFL phase and therefore all neutrino interactions are exponentially suppressed with the gap in the energy spectrum.
This leads to a strong suppression of scattering processes in this direction. The initial asymmetry in neutrino emission can therefore
survive and lead to the observable pulsar kick.

Finally, one can test the predictive power of the neutrino rocket scenario by testing the correlation between the pulsar mass
distribution and the kick velocity distribution.

38.4. Electromagnetic rocket effect

The electromagnetic rocket effect was introduced in [1038] and has recently been revisited by [1017]. It is based on a
displacement s of a strong dipolar magnetic field from the center of the NS (see Fig. 38.4) and the sufficiently fast rotation of the
latter. As it was discussed in [1017], observational evidence provided by the NICER (Neutron star Interior Composition ExploreR)
X-ray observatory, particularly from investigating the location of hot spots on the surfaces of MSPs [1039,1040], indicates that
the magnetic field diverges from a centered dipole configuration. Based on the results for PSR J0030+0451, [1041] estimated the
magnetic field structure and found an off-centered magnetic field consisting of dipole and quadruple components.

Since both the neutrino and electromagnetic rocket mechanisms require strong magnetic fields of at least the young pulsar field
strength B ~ 10'2 Gauss, such effects seem at first glance unlikely for “old” MSPs with low magnetic fields of B ~ 10% Gauss.
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Fig. 38.4. Displacement of the strong dipolar magnetic field inside the NS as a condition for the electromagnetic rocket effect.
Source: Figure from Ref. [1017].
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Fig. 38.5. Eccentricity vs. orbital period for millisecond pulsars in binaries with white dwarf companions. Left panel: observations compared
with the Phinney line [1046], from Ref. [1047]. Right panel: Monte-Carlo simulation for the post-transition distribution of orbital eccentricities
resulting from a transition-triggered mass loss of AM = 0.016 M, and a fixed magnitude kick velocity w corresponding to model m2 of Ref. [1048].

However, in systems with mass accretion from a companion star like in the case of LMXBs, the argument of [1042] can be applied
that the strong magnetic field of the interior gets buried in the crust of the pulsar [1043-1045]. Thus, a small surface magnetic field
is compatible with a super-strong magnetic field in the interior. Due to such a magnetic field profile, kick velocities of a few dozens
of km s~! can be produced in MSPs, as it has been demonstrated in Ref. [1017] by applying the electromagnetic rocket effect to
the case of PSR J0030+0451 with its true transverse velocity not exceeding 17 km/s that is obtained by the electromagnetic rocket
effect for a displacement s = 3.02 km and the initial spin period 3.52 ms.

38.5. Eccentric and isolated MSPs from accretion-induced twin star transition

In concluding this section, we discuss a possible application of neutron star kick mechanisms by electromagnetic or neutrino
rocket effects for the explanation of the puzzle why a few millisecond pulsars in low-mass X-ray binaries with periods in the range
of 20-50 days have orbits with large eccentricities e ~ 0.1, while generally the orbits are rather circular with eccentricities following
the Phinney line [1046], see Fig. 38.5.

In Ref. [1047] it has been suggested that an accretion-induced phase transition from nuclear to quark matter in the inner core
of the neutron star, transforming it to a hybrid star on the disconnected third family branch [1049] entails a mass defect that is
sufficient to cause an orbital reconfiguration that explains the observed large eccentricities e ~ 0.1. Earlier, in Refs. [1050,1051] the
authors have already discussed that an eccentricity of ~ 0.11 —0.15 will be induced just by instantaneous gravitational mass loss of
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the NS due to a phase transition in its interior, even without invoking an explicit kick mechanism. However, in their scenario, it may
not be possible to explain the “instantaneity” of the transition when the NS spin is included. As has been pointed out by Glendenning
et al. in [1052] in the context of their scenario for an accretion-induced phase transition to a hybrid star branch connected with
the NS one, the reconfiguration of the mass distribution in the NS interior is accompanied by a change in the moment of inertia.
This would entail a “pirouette effect” (a spin-up), which in turn would inhibit the completion of the transition due to the sensible
dependence of the density profile inside the star on its spin state caused by centrifugal forces. The authors obtain in their scenario
a time scale of 10° years for the completion of the phase transition, which is in stark contrast with the requirement that the mass
defect has to occur on a timescale much smaller than the orbital period.

This problem is circumvented when the phase transition leads to a member of the third family of compact stars (so-called “twin
stars”) beyond the conventional white dwarf (WD) and NS classifications, which could emerge as the result of a sufficiently strong
phase transition in the NS core [1053-1055]. In that case, baryon number and angular momentum can be conserved simultaneously
during the transition so that this process can occur almost instantaneously, on a dynamic timescale, which is insignificant compared
to the orbital period. This twin transition scenario has been worked out in detail recently in Ref. [1048], where also a Monte-Carlo
simulation was performed which resulted in a distribution of post-transition eccentricities as a function of the orbital period which
is shown in Fig. 38.5 (right panel), including an additional explicit kick velocity parameter w, varied between 0 and 100 km/s.

The evolution of the orbit and the NS spin were followed until the NS reached the phase transition threshold (see Fig. 38.6, left
panel), when the phase transition occurred instantaneously (i.e., on a time scale that is much shorter than the orbital period). To
investigate the impact of the phase transition on the orbit, the prescriptions of [1056,1057] were used, in which the ratio of the
post-transition semi-major axis a; to the pre-transition one (q;) is given by:

as 1-AM/M

a1 =24M /M — (w/v,e)? — 208 O(w/vre)
Here AM is the instantaneous mass defect corresponding to the released gravitational binding energy during the phase transition, M
is the total mass of the pre-transition system, v, is the relative velocity between the two stars (v, = \/GM /q;), w is the magnitude

of the kick velocity, and 6 is the kick angle between the kick velocity vector and the pre-transition orbital velocity vector. The
eccentricity of the post-transition binary system is given by:

(38.9)

2
2E01’b,fLorb,f

2 Af2 2’
nG= Mg, Mg,

(38.10)

where Loy ¢ = aje\/(vge) + wcos 0)2 + (wsin 0 sin $)? is the post-transition orbital angular momentum, with ¢ being the kick angle
on the plane perpendicular to the pre-transition velocity vector, y is the post-transition reduced mass, and Eqy, ¢ = ~G Mg M5 /2a;
is the post-transition orbital energy as a function of the post-transition masses My, and Mg, in the binary.

To investigate the post-transition orbital configurations, a mass defect of AM = 0.016 M obtained for the considered hybrid
EOS (see Fig. 38.6, right panel) and secondary kicks with magnitudes w up to 100 km s~! were considered. It was assumed that the
kick lacks a preferential orientation, so that the kick angles 6 and ¢ were modeled as uniformly distributed variables. The range of
kick velocities is consistent with results for the electromagnetic rocket effect discussed in Section 38.4.

The results for the model m2 are shown in the right panel of Fig. 38.5 and compare well with the observed effect shown in the
left panel of that figure, even without an explicit kick mechanism like electromagnetic or neutriino rocket effect. However, when
such rocket effects in the strong magnetic field of a pulsar are considered, the model [1048] for accretion-induced twin star phase
transitions in low-mass X-ray binaries allows to explain the disruption of the binary and thus provides a scenario for the origin of
isolated MSPs.

38.6. Summary and outlook

In this section, we have demonstrated on the example of neutrino and electromagnetic propulsion (rocket) effects for neutron stars
that if these mechanisms can serve as the explanation of kick velocities up to 1000 km/s, they require strong magnetic fields in excess
of 10'2 G. The neutrino rocket effect we outlined here requires a channeling and thus collimation of the neutrino emission along the
magnetic field axis where magnetic vortex lines are formed in color superconducting (CFL phase) quark matter. Perpendicular to
the vortex lines, the neutrino propagation is in the diffusion regime because of the frequent scattering on the dense network of these
lines while parallel to them the neutrinos are free streaming along the B-field axis because of their long mean free path in CFL quark
matter where scattering processes are exponentially suppressed by large pairing gaps. Within the cores of the vortex lines quark
matter is normal (non-superconducting) and therefore copious neutrino production by the unsuppressed direct Urca process can
take place, in particular at the early (hot) stages of the evolution. The neutrino rocket scenario seems to be most appropriate for NS
at their birth in supernova explosions, where velocities up to 1000 km/s can be reached for young pulsars with high, magnetar-like
B-fields.

For the late evolution phases of cold, recycled MSPs in LMXBs, the electromagnetic rocket effect seems to be appropriate which
produces moderate kick velocities of ~ 10...100 km/s. Those kick velocities are sufficient to provide a possible scenario for the origin
of both eccentric and isolated MSPs, as has been demonstrated in recent Monte-Carlo simulations discussed in this section. It has
been pointed out that for the accretion induced phase transition scenario of explaining MSPs with eccentric orbits it is important
that a disconnected third family branch of hybrid stars exists. This requires that the QCD deconfinement transition is strongly first
order and occurs at moderate densities in NS with typical masses of 1.4 M,.
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Fig. 38.6. Left panel: Gravitational mass vs. equatorial radius for constant angular momentum values J =0, ...,0.45 J, (dotted lines). The black
dashed line highlights the points of maximum stability in the hadronic branches, signaling the onset of a phase transition (PT). The thick magenta
curve connects points on the hybrid star branches that can be reached through a collapse conserving both angular momentum and baryon mass.
Star markers denote the endpoint trajectories for direct (M2) and delayed (m3) collapse models. Here, the arrows are inclined because gravitational
mass, unlike baryonic mass, is not conserved during the PT. Right panel: Baryonic mass (M,) and gravitational mass (M,) as functions of the
central energy density (e,) for a fixed angular momentum J. Vertical gray lines mark the central energy densities at the onset (e, = 275 MeV/fm®)
and completion (e, = 595 MeV/fm?) of the phase transition (PT). Black dotted lines and the blue-shaded region denote unstable configurations.
The inset zooms into the PT region, illustrating the mass defect AM, = 0.016 M, associated with the transition from hadronic to quark matter.
From Ref. [1048].

Future observations and further theoretical studies have to contribute to a further clarification of the role of the phase transition
to quark matter, color superconducting phases and anomalous neutrino transport in QCD at strong magnetic fields as they can be
met in neutron stars.

Part VII. Conclusions

In this work we have presented a comprehensive review of the state-of-the-art in the investigation of the properties of particle
systems subject to the influence of strong magnetic fields. The review was motivated by discussions and presentations during the
“Workshop on Strongly Interacting Matter in Strong Electromagnetic Fields” that took place in the European Centre for Theoretical
Studies in Nuclear Physics and Related Areas (ECT*) in the city of Trento, Italy, September 25-29, 2023. We have divided the
work into five parts, each accounting for the main subject discussed during one of the five days of the workshop. Based on the
different frontier topics that are hereby discussed, we can conclude that the field is very active and rapidly evolving. Nevertheless,
the present work captures a large enough cross section of the main subjects of current interest, and provides also a very extensive
list of references. The prospective for future developments will benefit from this kind of crosstalk exercises where different methods
and techniques are used across seemingly different fields but in reality closely related by a driving subject, in this case, the physics
of systems of particles in the presence of magnetic fields.
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