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Abstract

Several nontrivial phenomena emerge when a quantum field is subjected to dynamical
perturbations, with prominent examples including the Hawking and Unruh effects, as well
as the dynamical Casimir effect. In this work, we compute the number of particles produced
via the dynamical Casimir effect in an ideal cavity, where one of the mirrors is allowed
to move under the influence of a gravitational wave. Assuming an oscillatory mirror
motion and a plane gravitational wave, we identify the resonance conditions that lead to an
exponential increase in the number of created particles through parametric amplification.
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1. Introduction
A variety of remarkable phenomena emerge from the quantum nature of fields.

In static settings, vacuum fluctuations give rise to effects such as the Lamb shift [1],
spontaneous emission [2], and the Casimir effect [3]. Under dynamical conditions, even
richer behavior emerges. The Hawking [4] and Unruh [5] effects originate from the observer
and time dependence of the particle concept. In the presence of strong external fields, the
vacuum exhibits phenomena such as the Schwinger effect [6] and vacuum birefringence [7].
The topological aspects of the quantum vacuum are exemplified by the Aharonov–Bohm
effect [8]. Finally, time-dependent boundary conditions can induce the creation of particles
from vacuum through the dynamical Casimir effect [9], which is the focus of this work.

The dynamical Casimir effect (DCE), which consists of particle creation from the
vacuum as a result of a time-dependent boundary condition imposed on the field, has
been extensively investigated in a wide range of physical settings. During the past five
decades, significant progress has been made, including studies of imperfect mirrors [10–13],
nontrivial geometries [14–18], nonlinear interactions [19–21], entanglement generation and
dynamics [22,23], and thermodynamic irreversibility [24]. A comprehensive overview of
these developments can be found in a recent review [25].

Beyond its fundamental significance, the DCE holds substantial physical and practical
relevance. It serves as a paradigmatic example of particle creation arising from time-
dependent boundary conditions [9,26]. Consequently, the DCE functions as a crucial
analogue model for quantum field theory in nonstationary backgrounds [27,28]. Within
this framework, it provides a controlled laboratory environment to investigate mechanisms
analogous to Hawking radiation and cosmological particle production [29]. Furthermore,
the effect has achieved successful experimental realizations in superconducting circuits
and related platforms [30,31], systems that enable the simulation of boundary motion at
relativistic speeds.
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The influence of gravitational fields on the dynamical Casimir effect has been explored,
for instance, in Refs. [32,33], where the impact of spacetime curvature on particle creation
was investigated. Specifically, the particle creation induced by the dynamical conditions
associated with gravitational waves has also been studied in the context of Bose–Einstein
condensates [34]. However, the specific interplay between the mechanical driving of
boundaries and the dynamical modulation of spacetime by a gravitational wave remains
less explored. That is the focus of the present article.

The central problem addressed in this work is to determine how a classical
gravitational wave modifies the resonance conditions and particle creation rates in a
cavity that is already subject to mechanical motion. Although standard DCE studies focus
on purely mechanical driving, we investigate the specific spectral signature introduced
by the gravitational perturbation. Our goal is to isolate the gravitational contribution to
the parametric amplification of vacuum fluctuations, distinguishing it from the standard
mechanical effect through its unique resonant structure.

While astrophysical gravitational waves are too weak to induce an observable
dynamical Casimir effect in current cavities, resonant cavity systems provide a theoretically
clean framework to study how spacetime perturbations couple to quantum vacuum
fluctuations. The present work characterizes this coupling at the level of resonance
conditions and particle production, and is relevant both for analogue-gravity platforms
and for understanding the quantum limits of gravitational-wave-induced field excitations.

This paper is organized as follows: In Section 2, we derive the field equations for
the system interacting with a gravitational wave. The Hamiltonian formulation of the
dynamical Casimir effect is reviewed in Section 3. In Section 4, we present the results for
the number of particles created in the field, and Section 5 is devoted to our conclusions.

2. Scalar Field Coupled with Gravitational Waves
To investigate how gravitational waves influence the creation of particles due to the

dynamical Casimir effect, it is crucial to obtain the equations of motion that govern the
field interaction with the gravitational wave. Although this is not new, we provide the
derivation here to establish the notation and enhance completeness.

In particular, we examine a real massless scalar field Φ(xµ) on a curved background
described by a (3 + 1)-dimensional manifold M with a Lorentzian metric gµν. The
associated field action is

S = −1
2

∫
d4x

√
−ggµν∂µΦ∂νΦ, (1)

with g being the determinant of the metric. Taking (1) to be stationary, one obtains the
Klein–Gordon equation

1√−g
∂ν

(√
−ggµν∂µ

)
Φ(xµ) = 0. (2)

As usual, the field conjugate momentum is defined as

Π(xµ) = −
√
−gg00∂0Φ(xµ).

In the linear approximation, the spacetime metric gµν can be expanded around a flat
metric ηµν in terms of a small perturbation hµν, namely,

gµν = ηµν + hµν, (3)

where |hµν| ≪ 1.
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We now proceed by considering the field equations outside any source of gravity. In
this way, we neglect the backreaction of both the gravitational wave and the field on the
spacetime curvature. Under this condition and taking advantage of the gauge invariance
of linearized gravity, we choose to work in the transverse-traceless (TT) gauge so that the
metric perturbation obeys h̄0ν = 0, h̄µ

µ = 0, and ∂µ h̄µν = 0 [35]. Under these conditions,
Einstein’s field equations take the linear form

□h̄µν = 0, (4)

which describes the propagation of gravitational waves hµν in flat spacetime. The solutions
to these equations are of the form

h̄µν(x) = hsϵs
µνeikρxρ

,

where hs denotes the wave amplitude of polarization s, which is generally referred to
as plus (+) and cross (×), with reference to the pattern of stretching and compression
caused by the wave. kρ is the wave vector and ϵs

µν is the polarization tensor that satisfies

the normalization conditions ϵs
ij(k)ϵ

ij
s′(k) = 2δs

s′ , the transversality kiϵs
ij(k) = 0, and the

traceless δijϵs
ij(k) = 0 conditions.

Putting everything together, the equation of motion for the scalar field in the TT gauge
and under the linearized gravity approximation takes the form

□Φ − h̄ij∂
i∂jΦ = 0, (5)

where the expansion
√−g = 1+ h/2+O(h2) = 1+O(h2) was employed. The first term of

this equation describes the evolution of the scalar field Φ, while the second term describes
its interaction with the gravitational wave.

In particular, from now on, we will consider, for simplification purposes, that the
gravitational wave is travelling in the z direction. In this circumstance, a set of solutions to
the wave Equation (4) takes the form of

h11(z, t) = −h22(z, t) = h+ cos[Ωg(t − z)], (6a)

h12(z, t) = h21(z, t) = h× cos[Ωg(t − z) + δg], (6b)

with all other components vanishing. Here, Ωg denotes the wave frequency, while δg is a
phase factor. In the next section, we discuss the dynamical Casimir effect for the scalar field
in this context.

3. The Dynamical Casimir Effect
In the TT gauge, the coordinate system (t, x, y, z) represents the inertial reference frame

of an idealized free-falling observer. This means that test masses, initially at rest, maintain
constant coordinate positions to the first order in the metric perturbation hµν. This reflects
the fact that gravitational waves induce tidal forces, altering the proper distances between
the test masses while leaving their coordinate positions unchanged in this gauge.

To study the field dynamics within a cavity under such conditions, we introduce a
three-dimensional ideal cavity in the form of the cuboid Σ(t) = {x : 0 ≤ x ≤ Lx, 0 ≤ y ≤
Ly, 0 ≤ z ≤ Lz(t)} that confines the field, as sketched in Figure 1. There, the complete
system is considered to be in free fall along the z-direction, such that the position of the
first mirror in this direction is fixed within the coordinate system, while the second mirror
is assigned a time-dependent coordinate position Lz(t) .
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In practice, implementing a free-falling optical cavity, although difficult, can, in
principle, be realized under certain experimental conditions. For example, space-based
platforms or suspended optical systems—such as those used in gravitational wave detectors
like LIGO—can approximate free-fall conditions.

Since we are considering an ideal situation, we impose Dirichlet boundary conditions
on all walls of the cavity (mirrors); that is, we demand Φ = 0 on the walls at every instant in
time. Recall that we have a non-trivial condition on the moving wall, Φ(x, y, Lz(t), t) = 0.

Motion

x

y

z

Lx

Ly

Lz(t)

Ideal Cavity
BC: Φ = 0 on walls

Figure 1. The system. A three-dimensional cavity that confines the quantum scalar field Φ. We
assume that the boundaries of the cavity are formed by perfect mirrors, thus imposing the Dirichlet
boundary conditions Φ(0, y, z, t) = Φ(Lx, y, z, t) = 0, Φ(x, 0, z, t) = Φ(x, Ly, z, t) = 0, and
Φ(x, y, 0, t) = Φ(x, y, Lz(t), t) = 0.

Inspecting Equation (5), it follows that the system must respect the corresponding set
of differential equations for Φ and its conjugate momentum Π

∂tΦ(x, t) = Π(x, t), (7a)

∂tΠ(x, t) = ∇2Φ(x, t) + h̄ij∂
i∂jΦ(x, t). (7b)

The quantum description of the problem is then obtained by promoting the
classical functions Φ(x, t) and Π(x, t) to the status of operators Φ̂(x, t) and Π̂(x, t),
simultaneously satisfying Equation (5) and the boundary conditions, as well as the equal-
time commutation relations[

Φ̂(x, t), Φ̂(y, t)
]
=
[
Π̂(x, t), Π̂(y, t)

]
= 0, (8a)[

Φ̂(x, t), Π̂(y, t)
]
= iδ(x − y), (8b)

with x, y ∈ Σ(t).
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In order to describe the dynamics of the system, we closely follow the formulation
given by [36], which is based on the introduction of a set of mode functions {φk[x, Lz(t)]}
defined through the differential equation(

∇2 + h̄ij(x, t)∂i∂j + ω2
k[Lz(t)]

)
φk[x, Lz(t)] = 0, (9)

subjected to the same dynamical boundary conditions. Here, both the mode function
and its eigenfrequency ωk[Lz(t)] are defined instantaneously with the mirror position
Lz(t). Although φk and ωk depend on time only implicitly through Lz(t), for simplicity of
presentation, from now on, we will employ the generic time dependence (t) on them.

Up to the second order in the perturbation h+, solutions to Equation (9) can be found
in the following form (see Appendix A for details):

φk(x, t) =

√
8

V(t)
sin(kxx) sin

(
kyy
)

sin[kz(t)z], (10)

where V(t) = LxLyLz(t) is the volume of the cavity, while kx = nxπ/Lx, ky = nyπ/Ly, and
kz(t) = nzπ/Lz(t), with nx, ny, nz ∈ Z, represent the wave numbers in the three spatial
directions. The eigenfrequencies are given by

ω2
k(t) = k2

x + k2
y + k2

z(t) + h+(k2
x − k2

y) cos
(
Ωgt

)
. (11)

Since {φk(x; t)} forms a complete and orthonormal set of mode functions, we can write

Φ̂(x, t) = ∑
k

q̂k(t)φk(x; t), Π̂(x, t) = ∑
k

p̂k(t)φk(x; t). (12)

Here, the position and momentum field quadratures, q̂k(t) and p̂k(t), are defined by

q̂k(t) =
∫

Σ(t)
d3x Φ̂(x, t)φk(x; t), p̂k(t) =

∫
Σ(t)

d3x Π̂(x, t)φk(x; t), (13)

and as a result of Equations (8a) and (8b), they satisfy the following commutation relations:[
q̂k(t), p̂j(t)

]
=
[
p̂k(t), p̂j(t)

]
= 0,

[
q̂k(t), p̂j(t)

]
= iδk,j. (14)

By differentiating Equation (13) with respect to time (and using Equations (7a), (7b) and (9),
and the orthonormalization condition for the mode functions), one can obtain the
following expressions:

dq̂k
dt

= p̂k + ∑
j

Gk,j(t)q̂j,
dp̂k
dt

= −ω2
k(t)q̂k − ∑

j
Gj,k(t) p̂j, (15)

where the time-dependent and anti-symmetric coupling coefficient takes the form

Gk,j(t) := −
∫

Σ(t)
d3x φk φ̇j = gk,j

L̇z(t)
Lz(t)

, (16)

with

gk,j =

(−1)jz−kz 2kz jz
j2z−k2

z

L̇(t)
L(t) δkx jx δky ,jy , kz = jz,

0, kz ̸= jz.
(17)
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To define the Fock space for the system, we further introduce the instantaneous
creation and annihilation operators

â†
k(t)e

iΘk(t) =
1√

2ωk(t)
[ωk(t)q̂k − i p̂k(t)], (18a)

âk(t)e−iΘk(t) =
1√

2ωk(t)
[ωk(t)q̂k + i p̂k(t)], (18b)

where we have introduced the time-dependent integrated frequency Θk(t) =
∫ t

0 dt′ωk(t′)
for later convenience. The introduction of this term at this stage has the effect of obtaining
the effective Hamiltonian already in the interaction picture. âk(t) and â†

k(t) satisfy the
standard commutation relations[

âk(t), âj(t)
]
=
[

â†
k(t), â†

j (t)
]
= 0,

[
âk(t), â†

j (t)
]
= δkj. (19)

Here, the name instantaneous refers to the physical interpretation that if we freeze the
system at some instant t0, the operators âk(t0) and â†

k(t0) must describe the particle notion
for the field as if the cavity mirror had stopped at position L(t0).

Taking the time derivative of Equations (18a) and (18b), one obtains the following:

dâk
dt

= ∑
j

[
µ[k,j] â

†
j ei[Θk+Θj ] + µ(k,j) âje−i[Θk−Θj ]

]
, (20a)

dâ†
k

dt
= ∑

j

[
µ[k,j] âje−i[Θk+Θj ] + µ(k,j) â

†
j ei[Θk−Θj ]

]
, (20b)

where µ(k,j) =
1
2
(
µk,j + µj,k

)
, µ[k,j] =

1
2
(
µk,j − µj,k

)
, and

µk,j(t) =


1
2

ω̇k(t)
ωk(t)

, k = j,

gk,j
L̇z(t)
Lz(t)

√
ωk(t)
ωj(t)

, k ̸= j.
(21)

By interpreting Equations (20a) and (20b) as the Heisenberg equations of motion
dÔ/dt = i

[
Ĥeff, Ô

]
, for âk(t) and â†

k(t), one can construct an effective Hamiltonian.

Ĥeff(t) =
i
2 ∑

k
µ[k,k](t)

(
â†2

k e2iΘk(t) − â2
ke−2iΘk(t)

)
+

i
2 ∑

j ̸=k

[
µ[k,j](t)

(
â†

j â†
kei[Θk(t)+Θj(t)] − âj âke−i[Θk(t)+Θj(t)]

)

+ µ(k,j)(t)
(

â†
j âke−i[Θk(t)−Θj(t)] − â†

k âjei[Θk(t)−Θj(t)]
)]

, (22)

where âk(t = 0) = âk. Since the operators in (18a) and (18b) incorporate the integrated
frequency Θk(t), the resulting effective Hamiltonian (22) is inherently expressed in the
interaction picture. In this representation, the standard free-energy terms proportional to
â†

k âk are naturally absorbed into the definition of the operators. See Appendix B for details
of the calculation.

From Equation (22), one can see the existence of two different contributions to the
dynamical Casimir effect. First, there is a scattering process governed by terms that
contain operators â†

k âj, where particles are scattered from one mode to another without
changing the total number of particles in the field. Second, we have a pair-creating process
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characterized by the terms â†
k â†

j and â†2
k , where particles are created even from the vacuum

in pairs of different and equal frequencies.
In the next section, we will discuss how to calculate the number of particles created in

a certain unperturbed mode of the field using the aforementioned effective Hamiltonian.

4. Number of Particles Created
The defining feature of DCE is captured by the process of particle creation as a result

of time-dependent changes imposed on the field. We consider that the perturbation acts
on the cavity during the time interval t ∈ [0, T]. After this, the cavity returns to its initial
position. Using the effective Hamiltonian (22), the number of particles created in the k-th
field mode is given by

Nk(T) = ⟨0; in|â†
k(T)âk(T)|0; in⟩ = ⟨0; in|Û†(0, T)â†

k(0)âk(0)Û(0, T)|0; in⟩,

where |0, in⟩ is the vacuum state prepared initially, whereas

Û(0, T) = T exp
{
−i
∫ T

0
dtĤeff(t)

}
(23)

is the time evolution operator, with T being the time order operator.
Expanding the final operators âk(T) and â†

k(T) in terms of a linear combination of the
initial operators âk(0) and â†

k(0), one obtains the following:

âk(T) = ∑
j

[
αjk(T)âj(0) + β∗

jk(T)â†
j (0)

]
, (24a)

â†
k(T) = ∑

j

[
βjk(T)âj(0) + α∗jk(T)â†

j (0)
]
, (24b)

where αjk(T) and βjk(T) are the Bogoliubov coefficients.
By substituting the expansions (24a) and (24b) into Equation (28e) and considering the

defining property of the vacuum state in terms of the initial operators, i.e., âk(0)|0, in⟩ = 0,
it can be shown that

Nk(T) = ∑
j
|βkj(T)|2, (25)

meaning that whenever the mirror motion leads to a non-vanishing βkj(T), particles will be
created in the field. For explicit expressions for the Bogoliubov coefficients, we encourage
the reader to check Appendix C, where they are obtained in terms of an expansion of the
time-dependent Hamiltonian coefficients.

By assuming the cavity field to be weakly perturbed periodically by the motion of
one of its mirrors, one can select specific field modes to be excited by imposing resonance
conditions. For this purpose, we consider the second mirror in the z-direction to perform
weak oscillations in the form

Lz(t) = Lz[1 + ϵ sin(Ωct)], (26)

where ϵ ≪ 1 is a small amplitude and Ωc is the oscillation frequency of the cavity.
In the case of one-dimensional cavities, the unperturbed field frequencies are all

proportional to π/L, making them equidistant. This has the effect that, whenever one
mode is resonantly excited, there will generally always be another mode that will strongly
couple with the first. Because of the equidistant property, one can guarantee a chain of
modes coupled with each other. This is best exemplified in the case (without gravitational
waves) where the cavity is set to oscillate with double the k-th unperturbed field frequency
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ωk. In such a situation, it can be demonstrated that, based on the parametric creation of
particles in the mode k, this mode will strongly couple to the (k + 2)-th mode, scattering
some initial particles into it. This thread continues with the mode k + 2 coupling to the
(k + 4)-th mode, and so forth, thus effectively creating a chain of coupled modes in a
cascade of particle creation.

However, for a three-dimensional cavity, as in our case, the spectrum of eigenfrequencies
is non-equidistant, meaning that one rarely finds modes whose frequencies are multiples of
one another. The consequence is that, in general, we do not need to worry about a sequence
of strongly coupled modes, as in the one-dimensional case. For this matter, we suppose
a cavity configuration in which at most only a pair of modes can couple with each other.
Using this configuration along with the rotating-wave approximation, one can simplify the
Hamiltonian considerably and obtain analytical expressions for the number of particles
found at a given field mode.

Calculating expressions for the number of particles created from the vacuum (see
Appendix D), one finds the existence of four different resonance conditions of gravitational
origin that substantially enhance particle production (Equations (28a)–(28d)), alongside the
standard DCE resonance of purely mechanical origin (Equation (28e)). There, the number
of particles Nk that are created in the k-th field mode can, under all resonance conditions,
be expressed in the form

Nk(T) = sinh2(χkT), (27)

where χk is the rate of (exponential) growth of particles due to the parametric amplification of
vacuum fluctuations induced, in this case, by mechanical and gravitational influences [27,37].
For each different resonance condition and whenever kx = jz and ky = jy, one can write χk

as follows:

ωk =
Ωg

2
: χk =

∣∣∣∣∣h+8 Ωg

ω2
k,0

(k2
x − k2

y)

∣∣∣∣∣, (28a)

ωk =
|Ωc ± Ωg|

2
: χk =

∣∣∣∣∣ ϵh+
8

(k2
x − k2

y)k2
z

ω3
k,0

Ω2
c + Ω2

g

ΩcΩg

∣∣∣∣∣, (28b)

ωk + ωj = Ωg ± Ωc : χk =

∣∣∣∣∣ h+ϵ

16ωk,0ωj,0

Ωc

Ωg

(k2
x − k2

y)kz jz
√

ωk,0ωj,0

(
1 +

Ωg

2
Ωg ± Ωc

ωk,0ωj,0

)∣∣∣∣∣, (28c)

ωk + ωj = Ωc − Ωg : χk =

∣∣∣∣∣ h+ϵ

16ωk,0ωj,0

Ωc

Ωg

(k2
x − k2

y)kz jz
√

ωk,0ωj,0

(
1 −

Ωg

2
Ωc − Ωg

ωk,0ωj,0

)∣∣∣∣∣, (28d)

ωk =
Ωc

2
: χk =

∣∣∣∣∣ k2
zΩcϵ

4ω2
k,0

∣∣∣∣∣, (28e)

where ω2
k,0 = k2

x + k2
y + k2

z(0).
An important aspect of the above results is that Equation (28a) matches the exact

expression obtained in Ref. [38]. In that context, the authors calculated the number of
particles created from a scalar field confined in a static cavity (more specifically, a phonon
field of a trapped Bose–Einstein condensate), while it was being perturbed by gravitational
waves. Since Equation (28a) corresponds to the only resonant condition where the cavity is
static, it can be regarded as a consistency check for the validity of our calculations.

The dependence on the gravitational wave amplitude h+, which ranges from 10−20 to
10−21 [39,40] in typical gravitational interferometer experiments, makes the contribution to
the number of particles created in Equation (28a) extremely small. For the remaining cases
in Equation (28e), the contribution is even smaller since the corresponding expressions
depend on both h+ and the small mirror oscillating amplitude ϵ, defined as the ratio of the
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mirror’s oscillation amplitude to the total cavity size. Physically reasonable values for ϵ, as
found in the literature, typically range from 10−6 to 10−11 [29,30,37]. Regarding realistic
frequency scales, mechanical driving frequencies in circuit Quantum Electrodynamics
(cQED) are usually in the microwave regime (GHz), while astrophysical gravitational
waves detected by ground-based interferometers have frequencies in the audio band (kHz).
This creates a clear scale separation where Ωg ≪ Ωc, ensuring the validity of the long-
wavelength approximation LzΩg ≪ 1.

Although the mechanical signal is orders of magnitude larger, it is confined to the
frequency Ωc/2. In contrast, the gravitational signal appears as distinct neighboring peaks
shifted by ±Ωg/2. To distinguish these signals, the cavity’s resonance must be extremely
sharp, requiring a linewidth narrower than the frequency gap |Ωg/2|. For a GHz cavity and
a kHz gravitational wave, this implies a quality factor Q ≳ 107. Under these conditions,
the mechanical background can be effectively suppressed at the sideband frequencies
ωk = (Ωc ± Ωg)/2, leaving the gravitational signal as the theoretically dominant source of
resonant particle production. While this offers a mechanism for spectral separation from
the mechanical input, it does not account for other noise sources like thermal fluctuations
that could still populate these sidebands.

Furthermore, even if spectral resolution is achieved, the absolute intensity of the
gravitational signal remains fundamentally limited by the small value of h+. Since
the particle production rate scales with the square of the amplitude, the gravitational
contribution is suppressed by a factor of roughly h2

+ ∼ 10−42 compared with the standard
mechanical effect. Thus, in principle, the primary barrier to detection is not the interference
from mechanical input, but the extreme sensitivity required to register such a faint signal.

In this context, we clarify that our primary objective in this work is to theoretically
isolate and characterize the specific contribution of the gravitational wave to the particle
creation process. We acknowledge that, under realistic experimental conditions (where
Ωg ≪ Ωc), the standard dynamical Casimir effect driven by the mechanical motion
of the mirrors would overwhelmingly dominate the total particle count. However, the
gravitational interaction induces unique resonant signatures (at sideband frequencies) that
are distinct from the purely mechanical signal. For this reason, we have neglected higher-
order terms in ϵ that describe standard mechanical particle creation. This approximation
allows us to study the perturbative gravitational effect in a conceptually clean manner,
treating it as a distinct signal to be resolved rather than merely a subleading correction to
the mechanical background.

To illustrate the specific dependence of expressions (28a), (28b), and (28c) on the
frequencies Ωc, Ωg, and ωk, Figure 2 shows the coefficient χk/ϵκ, which corresponds to
the effective amplification rate, as a function of the cavity frequency Ωc for each resonance
condition in Equation (28e). Due to the subtleties involved in the nontrivial relationship
between the quantities Ωc and ωk and the length of the cavity, it is necessary to be careful
when interpreting the information presented by these graphs. This occurs because an ideal
cavity can only support resonant field modes whose frequencies are inversely proportional
to their size. Consequently, for a fixed gravitational wave frequency, the cavity size must
be appropriately tuned to satisfy resonance conditions.

In our analysis, we started from the assumption that the gravitational wave oscillation
frequency Ωg is externally given and, thus, not subject to experimental control. On the
other hand, we considered that both the oscillation frequency of the cavity Ωc and the
length of the unperturbed cavity, L, can be conveniently varied (we choose a cubic cavity
Lz = Lx = Ly = L).

https://doi.org/10.3390/e28020177

https://doi.org/10.3390/e28020177


Entropy 2026, 28, 177 10 of 22

100 102 104 106 108

10-4

100

104

108

1012

1016

(a) 2ωk = Ωc + Ωg

100 102 104 106 108

10-4

100

104

108

1012

1016

(b) 2ωk = Ωc − Ωg
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Figure 2. Effective amplification rate. The figure shows coefficient χk/ϵκ as a function of the cavity
frequency Ωc for different values of Ωg (assuming h = κΩ2

g, as typically expected for an oscillating
binary system). We considered a cubic cavity of length L and a fixed pair of modes k = (2, 1, 2) and
j = (2, 1, 1), computing χk/ϵκ solely as a function of Ωc. This was performed by expressing the
unperturbed field frequencies in terms of the cavity length L(Ωc) required to satisfy the resonance
conditions. The dashed lines indicate the values of Ωc for which the corresponding cavity length
violates the approximation LzΩg ≪ 1 (here we imposed LzΩg < 10−3 for graphical purposes),
meaning that our analytical formulas cease to reliably describe the physics of the system in that
regime. We emphasize that these results isolate the purely gravitational contribution. In a realistic
experimental setup, the standard dynamical Casimir effect (driven by mechanical mirror motion)
would dominate the total particle production rate. However, as discussed in the main text, the
gravitational contribution possesses a distinct spectral signature that allows, at least in principle, to
be distinguished from the mechanical input. Finally, this figure is intended to illustrate the qualitative
behavior, parametric dependencies, and resonant structure of the gravitational interaction in an
idealized regime.

In the graph, we choose to fix the first two subsequent modes supported by the cavity,
k = (2, 1, 2) and j = (2, 1, 1). As a consequence of fixing these modes, for each value of
Ωc, the resonance condition imposes a specific value for the cavity size Lz since both ωk,0

and ωj,0 depend on Lz. In other words, in order to maintain the resonance condition, it is
necessary to change the cavity length Lz as the oscillation frequency Ωc is varied.

However, it is important to note that our theoretical framework is based on the
approximation Lz Ωg ≪ 1, which ensures that the gravitational wave does not vary
significantly across the cavity. Therefore, for values of Ωc that lead to cavity sizes that
violate this condition, the approximations underlying our model break down. In the graph,
the region where this occurs is indicated by a dashed line, signaling that the corresponding
values of Ωc lie outside the validity regime of our results. Thus, while the full curve is
shown for completeness, only the solid portion should be interpreted as physically reliable
within the assumptions of our model.
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Another important consideration in the above graphical representation is the
assumption that the gravitational wave amplitude is proportional to the square of the
characteristic angular frequency of the source, i.e., h = κΩ2

g, where κ is a proportionality
constant that depends on the specific parameters of the source and its distance from
the observer. This scaling behavior is motivated by the quadrupole formula for
gravitational radiation, which predicts that the amplitude of gravitational waves emitted
by a time-varying mass quadrupole is proportional to the second time derivative of the
quadrupole moment.

Moreover, all the graphs in Figure 2 share a universal tendency where the curves
corresponding to the higher oscillating frequencies of the gravitational wave Ωg attain
larger values for χk/ϵκ compared with those of lower frequencies. This behavior is
physically justified by the fact that gravitational waves with higher frequencies are generally
associated with higher temporal variations in the spacetime metric. Consequently, as energy
can be transferred more efficiently from the gravitational wave to the quantum field, one
expects an enhancement in the amplification of vacuum fluctuations into particle pairs.

5. Conclusions
In this work, we investigated the dynamical Casimir effect for a scalar quantum field

trapped in a three-dimensional cavity with one of its mirrors allowed to move. The entire
system is subjected to a plane gravitational wave. Our main findings and conclusions are
summarized as follows:

• We demonstrated that the gravitational wave modifies the proper length of the cavity,
leading to a modulation of the field’s natural frequencies. This interaction introduces
new resonance conditions for particle creation that are distinct from those of the
standard (purely mechanical) dynamical Casimir effect.

• We derived analytical expressions for the particle production rates under these new
resonance conditions (Equations (28a)–(28d)). Specifically, we identified resonances at
sideband frequencies ωk = |Ωc ± Ωg|/2, where the effective coupling strength scales
with the gravitational strain amplitude h+.

From an experimental standpoint, the detection of particle creation as predicted by
the DCE constitutes an extremely challenging task, even without considering gravitational
wave influences. This is illustrated by the fact that, in more than 50 years since the
seminal work of G. Moore, a concrete experimental realization of the phenomenon has
been reported only through the work of Wilson et al. in 2011 [30] and that of Lähteenmäki
et al. in 2013 [31], where effective moving boundaries were simulated by superconducting
circuits in the microwave regime.

In this respect, the prospect of detecting contributions to particle creation with an
exclusive classical gravitational wave origin represents an even greater challenge. The
main obstacle for detection lies in the extremely small magnitude of the gravitational wave
amplitudes that reach terrestrial or near-Earth laboratories.

Another obstacle in this task is related to the requirement for extremely high levels
of precision in maintaining the resonance conditions between the unperturbed field
frequencies ωk,0 and ωj,0 and both the cavity’s mechanical and gravitational oscillation
frequencies Ωc and Ωg. Since the experimentalist cannot control Ωg, which solely depends
on the astrophysical source, gravitationally induced DCE must then rely on fine-tuning the
cavity’s parameters, such as Lz and Ωc, in order to satisfy such requirements.

An additional source of complexity arises from the fact that any attempt to measure
the created particles must distinguish their signatures from competing noise sources and
from particles generated by purely mechanical oscillations of the cavity (in the absence
of gravitational waves). Assuming that environmental noise induces a frequency shift
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Ωc → Ωc + δ in the standard DCE contribution (Equation (28e)), the particle growth rate
should maintain the amplitude scaling χk ∝ ϵΩc, resulting merely in a shift of the spectral
peak’s location. In contrast, the gravitational interaction (Equation (28b)) at the condition
ωk = |Ωc ± Ωg|/2 scales as χk ∝ ϵh+(Ωc/Ωg). If we assume that the gravitational
frequency behaves like a mechanical drift (Ωg → δ), the gravitational particle production
shows an enhancement proportional to Ωc/δ. Thus, even if a random shift δ in the cavity
frequency mimics the frequency scale of a gravitational wave (δ ∼ Ωg), the gravitational
signal should, at least in principle, be distinguishable from environmental noise due to its
unique scaling signature.

From a fundamental point of view, it would be interesting to investigate the action of
the quantum gravitational field on the dynamical Casimir effect. At least in the weak field
limit considered here, this should be possible. This would certainly introduce decoherence
due to the quantum fluctuations of spacetime [41,42], but it could lead to interesting
new effects.
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Appendix A. Instantaneous Mode Function
By considering high-frequency waves such that h̄ij(x, t) does not vary appreciably

with the position inside the cuboid, we write

hs

[
ω
(1)
k (t)

]2
= −h̄ij(t)

∫
Σ(t)

d3x φ
(0)
k (x, t)∂i∂j φ

(0)
k (x, t). (A1)

Let us now note that terms with i ̸= j will lead to integrals of the form

∫ L

0
dξ sin

(
kξξ
)

cos
(
kξ ξ
)
= 0. (A2)

Therefore, only diagonal terms in the metric perturbation field will contribute. In terms
of the gravitational wave traveling in the z-direction, Equations (6a) and (6b), we see that
only the plus polarization leads to a non-zero contribution, hs = h+. We may then write[

ω
(1)
k (t)

]2
= − cos

(
Ωgt + δg

) ∫
Σ(t)

d3x φ
(0)
k (x, t)

(
∂2

x − ∂2
y

)
φ
(0)
k (x, t)

=
(

k2
x − k2

y

)
cos
(
Ωgt + δg

)
(A3)
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Lastly, putting everything together, we obtain the following:

∇2 φ
(1)
k (x, t) = −

[
ω
(0)
k (t)

]2
φ
(1)
k (x, t) (A4)

for the first-order correction to the mode functions. This implies either φ
(1)
k (x, t) = 0 or

φ
(1)
k (x, t) = φ

(0)
k (x, t). However, the latter cannot hold due to the orthogonality condition

of the mode functions, so we must have the following:

φ
(1)
k (x, t) = 0. (A5)

In summary, one has

φk(x, t) = φ
(0)
k (x, t) + O(h2), (A6a)

ω2
k(t) = [ω

(0)
k (t)]2 + h+(k2

x − k2
y) cos

(
Ωgt

)
+ O(h2), (A6b)

where we dropped the phase factor δg for convenience.

Appendix B. Hamiltonian Derivations
We start by deriving the expressions for the ODEs (15), which describe the time

derivatives for the position and momentum quadrature operators q̂k(t) and p̂k(t).

Appendix B.1. Time Derivatives of the Quadrature Operators

From the q̂k and p̂k definitions (13) together with the expressions (7a), (7b) and (12),
one finds

dq̂k
dt

=
∫

Σ(t)
d3x

[
∂tΦ̂φk + Φ̂φ̇k

]
=
∫

Σ(t)
d3x

[
Π̂φk + Φ̂φ̇k

]
= ∑

j
p̂j

∫
Σ(t)

d3x φj φk + ∑
j

q̂j

∫
Σ(t)

d3x φj φ̇k

= p̂k + ∑
j

Gk,j(t)q̂j, (A7)

and

dp̂k
dt

=
∫

Σ(t)
d3x

[
∂tΠ̂φk + Π̂φ̇k

]
=
∫

Σ
d3x

[
∇2Φ̂φk + h̄ij∂

i∂jΦ̂φk + Π̂φ̇k

]
= ∑

j

∫
Σ

d3x
[
q̂j(∇2 + h̄ij∂

i∂j)φj φk + p̂j φj φ̇k

]
= −ω2

k(t)q̂k − ∑
j

Gj,k(t) p̂j. (A8)

Appendix B.2. Time Derivatives of the Annihilation and Creation Operators

Next, we find the ODEs (20a) and (20b) for the instantaneous creation and annihilation
operators âk(t) and â†

k(t). Considering the inverses of Equations (18a) and (18b), we obtain

p̂k = i
√

ωk
2

(
a†

keiΘk − ake−iΘk
)

, q̂k =
1√
2ωk

(
a†

keiΘk + ake−iΘk
)

. (A9)
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Thus

dp̂k
dt

= −ω2
k q̂k − ∑

j
Gj,k p̂j

= −ωk

√
ωk
2

(
a†

keiΘk + ake−iΘk
)
− i ∑

j
Gj,k

√
ωj

2

(
a†

j eiΘj − aje−iΘj
)

(A10)

and

dq̂k
dt

= p̂k + ∑
j

Gk,j q̂j

= i
√

ωk
2

(
a†

keiΘk − ake−iΘk
)
+ ∑

j
Gk,j

1√
2ωj

(
a†

j eiΘj + aje−iΘj
)

. (A11)

Taking the time derivatives from definitions (18a) and (18b),

˙̂ake−iΘk = −1
2

ω̇k
ωk

1√
2ωk

[ωk q̂k + i p̂k] +
1√
2ωk

[
ω̇k q̂k + ωk ˙̂qk + i ˙̂pk

]
+ iωk âke−iΘk

= µk,k â†
keiΘk +

1
2 ∑

j
[µk,j + µj,k]â

†
j eiΘj +

1
2 ∑

j
[µk,j − µj,k]âje−iΘj , (A12)

allowing thus to write

dâk
dt

= ∑
k

[
µ(k,j) â

†
j ei[Θk+Θj ] + µ[k,j] âje−i[Θk−Θj ]

]
. (A13)

Appendix B.3. Effective Hamiltonian

With the ingredients derived in Section Appendix B.2, we can construct the effective
Hamiltonian that generates the dynamical Equations (20a) and (20b) by considering the
most general quadratic operator

Ĥ(t) = ∑
kl

[
Akl(t)â†

k(t)â†
l (t) + Bkl(t)â†

k(t)âl(t)

+Ckl(t)â†
l (t)âk(t) +Dkl(t)âk(t)âl(t)

]
, (A14)

which is (i) hermitian, by satisfying the conditions Akl(t) = D∗
kl(t) and Bkl(t) = C∗

kl(t), and
(ii) invariant over an index change, with the conditions Akl(t) = Alk(t), Dkl(t) = Dlk(t),
Bkl(t) = Clk(t), and Blk(t) = Ckl(t).

Suppressing the notation for time dependence, the correspondent Heisenberg equation
of motion for the annihilation and creation operators is therefore

˙̂aj = i
[
Ĥ, âj

]
= −i ∑

k

[(
Akj +Ajk

)
â†

k +
(
Bjk + Ckj

)
âk

]
(A15)

and
˙̂a†
j = i

[
Ĥ, â†

j

]
= i ∑

k

[(
Dkj +Djk

)
âk +

(
Bkj + Cjk

)
â†

k

]
. (A16)

Comparing (A19a) with (A15) and (A19b) with (A16), we obtain the following system:
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−i
[
Akj(t) +Ajk(t)

]
= −2iAkj(t) = B∗

kj(t), (A17a)

−i
[
Ckj(t) + Bjk(t)

]
= −2iCkj(t) = Akj(t), (A17b)

i
[
Dkj(t) +Djk(t)

]
= 2iDkj(t) = Bkj(t), (A17c)

i
[
Bkj(t) + Cjk(t)

]
= 2iBkj(t) = A∗

kj(t). (A17d)

Inserting the last coefficients into Equation (A14), one obtains the following expression for
the effective Hamiltonian in the Schrodinger picture:

ĤS(t) =
i
2 ∑

jk

[
Akj(t)â†

j âk + B∗
kj(t)â†

j â†
k − h.c.

]
. (A18)

Appendix C. Obtaining the Bogoliubov Coefficients
From the differential equation for âj and â†

j as

˙̂aj = ∑
k

(
Akj âk + B∗

kj â
†
k

)
, (A19a)

˙̂a†
j = ∑

k

(
Bkj âk + A∗

kj â
†
k

)
, (A19b)

where
Akj =

1
2
[
µkj − µjk

]
e−i[Θk−Θj] Bkj =

1
2
[
µkj + µjk

]
e−i[Θk+Θj]. (A20)

Solutions for the set of differential Equations (A19a) and (A19b) can be obtained
through considerations of the Bogoliubov transformations

âk(t) = ∑
j

[
αjk(t)âj(0) + β∗

jk(t)â†
j (0)

]
(A21)

where αjk(t) and βjk(t) are the “instantaneous” Bogoliubov coefficients with the initial
conditions αjk(0) = δjk and βjk(0) = 0. Inserting the expression (A21) and its hermitian
conjugated into Equation (A19a), one obtains

˙̂ak(t) = ∑
jj′

{[
Akj(t)αj′j(t) + B∗

kj(t)βj′j(t)
]

âj′(0)

+
[

B∗
kj(t)α

∗
j′j(t) + Akj(t)β∗

j′j(t)
]

â†
j′(0)

}
. (A22)

Equating the last expression with the time derivative of Equation (A21) given by
˙̂ak(t) = ∑j

[
α̇jk(t)âj(0) + β̇∗

jk(t)â†
j (0)

]
, we find the following differential equations for the

Bogoliubov coefficients:

α̇jk(t) = ∑
j′

[
Akj(t)αj′j(t) + B∗

kj(t)βj′j(t)
]
, (A23a)

β̇jk(t) = ∑
j′

[
Bkj(t)αj′j(t) + A∗

kj(t)βj′j(t)
]
. (A23b)
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Since the coefficients Akj(t) and Bkj(t) have a dependence in first order in ϵ and h, if we
suppose the cavity to move much slower than the speed of light (l̇(t) ≪ 1), one can expand
the Bogoliubov coefficients in terms of ϵ and h. The zero-th-order solution is

α
(0)
jk (t) = αjk(0) = δjk, β

(0)
jk (t) = βjk(0) = 0. (A24)

Substituting Equation (A24) into the right side of Equation (A24), we obtain the following:

α̇
(1)
jk (t) = ∑

j′

[
Akj(t)α

(0)
jj′ (t) + B∗

kj(t)β
(0)
jj′ (t)

]
, (A25a)

β̇
(1)
jk (t) = ∑

j′

[
Bkj(t)α

(0)
jj′ (t) + A∗

kj(t)β
(0)
jj′ (t)

]
, (A25b)

whose solutions are given by

α
(1)
jk (t) =

∫ t

0
dt′ Akj(t′), β

(1)
jk (t) =

∫ t

0
dt′ Bkj(t′). (A26)

Continuing with the same iteration scheme, solutions can be obtained at high orders of
magnitude of the perturbation parameter

α̇
(2)
jk (t) = ∑

j′

[
Akj(t)α

(1)
jj′ (t) + B∗

kj(t)β
(1)
jj′ (t)

]
, (A27a)

β̇
(2)
jk (t) = ∑

j′

[
Bkj(t)α

(1)
jj′ (t) + A∗

kj(t)β
(1)
jj′ (t)

]
, (A27b)

and consequently,

α
(2)
jk (t) =

1
2 ∑

j′

[
α
(1)
kj (t)α

(1)
jj′ (t) + β

(1)∗
kj (t)β

(1)
jj′ (t)

]
, (A28)

β
(2)
jk (t) =

1
2 ∑

j′

[
β
(1)
kj (t)α

(1)
jj′ (t) + α

(1)∗
kj (t)β

(1)
jj′ (t)

]
, (A29)

As we will only be interested in the first-order solution for the Bogoliubov coefficients, we
resume the Bogoliubov expressions to be

αjk(t) = δjk +
∫ t

0
dt′ Akj(t′), βjk(t) =

∫ t

0
dt′ Bkj(t′). (A30)

Appendix D. Calculations
In this appendix, we will tackle the question of how to compute the number of particles

created from the vacuum using time-independent Hamiltonians in the resonance regime.

Appendix D.1. Calculating the Number of Particles

Under the assumption that the cavity setup is able to couple at most two field modes
with each other, together with the rotating-wave approximation, one expects to simplify
the effective Hamiltonian (22) to the form

Ĥ =
i
2

[
gâ†

k â†
p − g∗ âk âp

]
, (A31)
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where g = |g|eiδ is a complex coefficient. In this special case, the time evolution for the
annihilation operator takes the closed form for k = p,

âk(t) = eiĤt âke−iĤt

=

(
1 +

(gt)2

2!
+

(gt)4

4!
+ . . .

)
âk +

(
gt +

(gt)3

3!
+

(gt)5

5!
. . .
)

â†
k

= cosh(|g|t)âk + sinh(|g|t)eiδ â†
k, (A32)

where we have used the following identity (which can be derived from the Baker-Campbell-
Hausdorff formula):

eiV̂λÔe−iV̂λ = Ô + iλ
[
V̂, Ô

]
+

(iλ)2

2!
[
V̂,
[
V̂, Ô

]]
+

(iλ)3

3!
[
V̂,
[
V̂,
[
V̂, Ô

]]]
+ . . . . (A33)

In the case of k ̸= p, the instantaneous annihilation operators take the form

âk(t) = cosh
(
|g|t

2

)
âk + sinh

(
|g|t

2

)
eiδ â†

p. (A34)

This means that, for âp|0⟩ = 0 and âp|0⟩ =
∣∣1p
〉
, the average number of particles in

the p-th mode is

⟨Np⟩ = ⟨0|â†
p(t)âp(t)|0⟩ = sinh2

(
|g|t

2

)
. (A35)

Appendix D.2. Applying the Rotating-Wave Approximation

We search for resonance conditions that amplify the particle creation process from the
vacuum from the effective Hamiltonian

Ĥeff(t) =
i
2 ∑

k
Bk,k(t)â†2

k +
i
2 ∑

j ̸=k

[
Bk,j(t)â†

j â†
k + Ak,j(t)â†

j âk

]
+ h.c., (A36)

where

Bk,k(t) =
1
2
(
µk,j(t) + µj,k(t)

)
e2iΘk(t), (A37)

Bk,j(t) =
1
2
(
µk,j(t) + µj,k(t)

)
ei[Θk(t)+Θj(t)], (A38)

Ak,j(t) =
1
2
(
µk,j(t) + µj,k(t)

)
e−i[Θk(t)−Θj(t)], (A39)

with µk,j(t) given by Equation (21), while Θ(t) =
∫ t′

0 dt′ ωk(t′).
We assume the cavity to perform weak oscillatory motion

L(t) = Lz[1 + ϵ sin(Ωct)], (A40)

where ϵ ≪ 1 and Ωc is the oscillation frequency of the cavity.
With these ingredients at hand, we begin computing a second-order expansion for the

time-dependent frequency ωk in terms of the parameters ϵ and h+, as given by

ωk(t) = ωk,0

{
1 − k2

z

ω2
k,0

ϵ sin(Ωct) +
h+
2

k2
x − k2

y

ω2
k,0

cos
(
Ωgt

)
+

ϵh+
2

k2
z

ω2
k,0

k2
x − k2

y

ω2
k,0

sin(Ωct) cos
(
Ωgt

)}
, (A41)
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where we have defined ω2
k,0 = k2

x + k2
y + k2

z(0).

Appendix D.2.1. For the Bk,k(t) Terms

Here, we will analyze how to simplify the part of the Hamiltonian proportional to
Bk,k(t) by applying the rotating-wave approximation. From Equation (A41), one can easily
obtain the second-order expansion for µk,j,

µkk(t) = − ω̇k
2ωk

=
1
2

ϵΩc
k2

z

ω2
k,0

cos(Ωct) +
h+
4

Ωg
k2

x − k2
y

ω2
k,0

sin
(
Ωgt

)
+

ϵh+k2
z

2

k2
x − k2

y

ω4
k,0

[
Ωg sin(Ωct) sin

(
Ωgt

)
− Ωc cos(Ωct) cos

(
Ωgt

)]
,

and the following expansion in order hϵ:

e2iΘk(t) =

[
1 − 2iϵ

Ωc

k2
z

ωk,0
+

2iϵ
Ωc

k2
z

ωk,0
cos(Ωct) +

ih+
Ωg

k2
x − k2

y

ωk,0
sin
(
Ωgt

)]
e2iωk,0t. (A42)

Combining them into the expression Bk,k(t), one obtains at second order

Bk,k(t) =

[
k2

zϵΩc cos(Ωct)− h+k2
zϵΩc

k2
x − k2

y

ω2
k,0

cos(Ωct) cos
(
Ωgt

)
+

h+
2

Ωg(k2
x − k2

y)

(
1 − 2ik2

zϵ

ωk,0Ωc

)
sin
(
Ωgt

)
+ iϵh+k2

z
k2

x − k2
y

ωk,0

(
Ωg

Ωc
+

Ωc

Ωg

)
cos(Ωct) sin

(
Ωgt

)
+ ϵh+k2

zΩg
k2

x − k2
y

ω2
k,0

sin(Ωct) sin
(
Ωgt

)] e2iωk,0t

2ω2
k,0

.

By expressing all the periodic functions in terms of complex exponentials, one obtains

Bk,k(t) =
1
4

ϵΩc
k2

z

ω2
k,0

ei[2ωk,0+Ωc ]t +
1
4

ϵΩc
k2

z

ω2
k,0

ei[2ωk,0−Ωc ]t

− h+
8i

Ωg
k2

x − k2
y

ω2
k,0

ei[2ωk,0+Ωc ]t − h+
8i

Ωg
k2

x − k2
y

ω2
k,0

ei[2ωk,0−Ωc ]t

− ϵh+
8

k2
z(k2

x − k2
y)

ω3
k,0

Ω2
c + Ω2

g

ΩcΩg
ei[2ωk,0+(Ωc+Ωg)]t

− ϵh+
8

k2
z(k2

x − k2
y)

ω3
k,0

Ωc + Ωg

ΩcΩg
ei[2ωk,0−(Ωc−Ωg)]t

+
ϵh+

8

k2
z(k2

x − k2
y)

ω3
k,0

Ωc + Ωg

ΩcΩg
ei[2ωk,0−(Ωg−Ωc)]t

+
ϵh+

8

k2
z(k2

x − k2
y)

ω3
k,0

Ωc − Ωg

ΩcΩg
ei[2ωk,0−(Ωc+Ωg)]t. (A43)

By choosing specific resonance conditions and supposing that no other mode will
couple with it, it is possible to see that only one term for each resonance condition sets its
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exponential amplitude to unity (ei[2ωk,0±(Ωc±Ωg)] → 1). We then allow for approximating
Equation (A43) to

Bk,k(t) →


ϵ
4

Ωck2
z

ω2
k,0

, for 2ωk,0 = Ωc,

ih+
8

Ωg(k2
x−k2

y)

ω2
k,0

, for 2ωk,0 = Ωg,

ϵh+
8

k2
z(k2

x−k2
y)

ω3
k,0

Ω2
c+Ω2

g
ΩcΩg

, for 2ωk,0 = |Ωc ± Ωg|,

(A44)

which is justified in light of the fact that all the other terms with highly oscillating
exponential amplitudes average to zero after a time average procedure.

We then have the following three different resonance conditions:

ωk =
Ωc

2
: Ĥ = − g0

2

(
â†2

k + â2
k

)
with g0 =

∣∣∣∣∣ ϵ4 Ωck2
z

ω2
k,0

∣∣∣∣∣, (A45a)

ωk =
Ωg

2
: Ĥ = − g1

2

(
â†2

k + â2
k

)
with g1 =

∣∣∣∣∣h+8 Ωg

ω2
k,0

(k2
x − k2

y)

∣∣∣∣∣, (A45b)

ωk =
|Ωc ± Ωg|

2
: Ĥ =

ig2

2

(
â†2

k − â2
k

)
with g2 =

∣∣∣∣∣ ϵh+
8

(k2
x − k2

y)k2
z

ω3
k,0

Ω2
c + Ω2

g

ΩcΩg

∣∣∣∣∣. (A45c)

Appendix D.2.2. For the Bk,j(t) Terms

Again, by using Equation (A41), one can prove the following expansions:

Gkj(t) = (−1)jz−kz
2kz jz

j2z − k2
z

ϵΩc cos(Ωct)δkx jx δky ,jy for jz ̸= kz,√
ωk(t)
ωj(t)

=

√
ωk,0

ωj,0

[
1 +

h+
4

(
k2

x − k2
y

ω2
k,0

−
j2x − j2y

ω2
j,0

)
cos
(
Ωgt

)]
+O(ϵ, h2) (A46)

In this situation, one has the following:

µkj(t) = (−1)jz−kz
2kz jz

j2z − k2
z

√
ωk,0

ωj,0
Ωcϵ cos(Ωct)

[
1

+
h+
4

(
k2

z − j2z
ω2

k,0ω2
j,0

)
(k2

x − k2
y) cos

(
Ωgt

)]
δkx jx δky ,jy , (A47)

where we have used the identity ω2
k,0 − ω2

j,0 = k2
z − j2z whenever kx = jx and ky = jy. As a

result, one has

1
2

[
µkj + µjk

]
= (−1)jz−kz Ωcϵ cos(Ωct)

kz jz
j2z − k2

z

ωk,0 − ωj,0
√

ωk,0ωj,0
δkx jx δky ,jy

+ (−1)jz−kz
ϵh+

4
Ωc

kz jz
ω2

k,0ω2
j,0

ωk,0 + ωj,0
√

ωk,0ωj,0
(k2

x − k2
y) cos(Ωct) cos

(
Ωgt

)
δkx jx δky ,jy . (A48)

Using the fusion expressions (A47) and (A48), one obtains
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Bkj =
1
2
[
µkj + µjk

]
ei[Θk+Θj] ≈ (−1)jz−kz Ωcϵ

{
kz jz

j2z − k2
z

ωk,0 − ωj,0√
ωk,0ωj,0

cos(Ωct)ei[ωk,0+ωj,0]t

+
h+
4

kz jz
ω2

k,0ω2
j,0

ωk,0 + ωj,0√
ωk,0ωj,0

(k2
x − k2

y) cos(Ωct) cos
(
Ωgt

)
ei[ωk,0+ωj,0]t

− ih+
2Ωg

kz jz
j2z − k2

z

ωk,0 − ωj,0√
ωk,0ωj,0

ωk,0 + ωj,0

ωk,0ωj,0
(k2

x − k2
y) cos(Ωct) sin

(
Ωgt

)
ei[ωk,0+ωj,0]t

}
δkx jx δky ,jy .

One then has

Bkj ≈
(−1)jz−kz

2
Ωcϵ

kz jz
j2z − k2

z

ωk,0 − ωj,0√
ωk,0ωj,0

ei[ωk,j+Ωc ]t +
(−1)jz−kz

2
Ωcϵ

kz jz
j2z − k2

z

ωk,0 − ωj,0√
ωk,0ωj,0

ei[ωk,j−Ωc ]t

− (−1)jz−kz
h+ϵ

8ωk,0ωj,0

Ωc

Ωg

(k2
x − k2

y)kz jz
√

ωk,0ωj,0

(
1 +

Ωg

2
ωk,0 + ωj,0

ωk,0ωj,0

)
ei[ωk,j+(Ωc+Ωg)]t

+ (−1)jz−kz
h+ϵ

8ωk,0ωj,0

Ωc

Ωg

(k2
x − k2

y)kz jz
√

ωk,0ωj,0

(
1 −

Ωg

2
ωk,0 + ωj,0

ωk,0ωj,0

)
ei[ωk,j−(Ωc−Ωg)]t

+ (−1)jz−kz
h+ϵ

8ωk,0ωj,0

Ωc

Ωg

(k2
x − k2

y)kz jz
√

ωk,0ωj,0

(
1 +

Ωg

2
ωk,0 + ωj,0

ωk,0ωj,0

)
ei[ωk,j−(Ωg−Ωc)]t

+ (−1)jz−kz
h+ϵ

8ωk,0ωj,0

Ωc

Ωg

(k2
x − k2

y)kz jz
√

ωk,0ωj,0

(
1 +

Ωg

2
ωk,0 + ωj,0

ωk,0ωj,0

)
ei[ωk,j−(Ωc+Ωg)]t (A49)

Again, by choosing specific resonance conditions and supposing that no other mode
will couple with it, we can approximate Equation (A49) as

Bk,k(t) →


(−1)jz−kz h+ϵ

8ωk,0ωj,0

Ωc
Ωg

(k2
x−k2

y)kz jz√
ωk,0ωj,0

(
1 + Ωg

2
Ωc±Ωg
ωk,0ωj,0

)
, for ωk,0 + ωj,0 = Ωg ± Ωc,

(−1)jz−kz h+ϵ
8ωk,0ωj,0

Ωc
Ωg

(k2
x−k2

y)kz jz√
ωk,0ωj,0

(
1 − Ωg

2
Ωc−Ωg
ωk,0ωj,0

)
, for ωk,0 + ωj,0 = Ωc − Ωg,

(A50)

We then have the following two more resonance conditions:

ωk,0 + ωj,0 = Ωg ± Ωc : Ĥ =
ig1

2

(
â†

k â†
j − âk âj

)
,

with g1 =

∣∣∣∣∣ h+ϵ

8ωk,0ωj,0

Ωc

Ωg

kz jz(k2
x − k2

y)
√

ωk,0ωj,0

(
1 +

Ωg

2
Ωc ± Ωg

ωk,0ωj,0

)∣∣∣∣∣,
ωk,0 + ωj,0 = Ωc − Ωg : Ĥ =

ig2

2

(
â†

k â†
j − âk âj

)
,

with g2 =

∣∣∣∣∣ ih+ϵ

8ωk,0ωj,0

Ωc

Ωg

kz jz(k2
x − k2

y)
√

ωk,0ωj,0

(
1 −

Ωg

2
Ωc − Ωg

ωk,0ωj,0

)∣∣∣∣∣. (A51)

Using the Hamiltonian operators Equations (A45a)–(A45c) and (A51) together with
Formula (A35), we can finally calculate the number of particles created in the vacuum in
each resonance condition as follows:

https://doi.org/10.3390/e28020177

https://doi.org/10.3390/e28020177


Entropy 2026, 28, 177 21 of 22

ωk =
Ωg

2
: Nk(T) = sinh2

∣∣∣∣∣h+8 Ωg

ω2
k,0

(k2
x − k2

y)T

∣∣∣∣∣, (A52a)

ωk =
|Ωc ± Ωg|

2
: Nk(T) = sinh2

∣∣∣∣∣ ϵh+
8

(k2
x − k2

y)k2
z

ω3
k,0

Ω2
c + Ω2

g

ΩcΩg
T

∣∣∣∣∣, (A52b)

ωk + ωj = Ωg ± Ωc : Nk(T) = sinh2

∣∣∣∣∣ h+ϵ

16ωk,0ωj,0

Ωc

Ωg

(k2
x − k2

y)kz jz
√

ωk,0ωj,0

(
1 +

Ωg

2
Ωc ± Ωg

ωk,0ωj,0

)
T

∣∣∣∣∣, (A52c)

ωk + ωj = Ωc − Ωg : Nk(T) = sinh2

∣∣∣∣∣ h+ϵ

16ωk,0ωj,0

Ωc

Ωg

(k2
x − k2

y)kz jz
√

ωk,0ωj,0

(
1 −

Ωg

2
Ωc − Ωg

ωk,0ωj,0

)
T

∣∣∣∣∣, (A52d)

ωk =
Ωc

2
: Nk(T) = sinh2

∣∣∣∣∣ k2
zΩcϵ

4ω2
k,0

T

∣∣∣∣∣, (A52e)

whenever kx = jx and ky = jy.
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