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Abstract
Non-equilibrium thermodynamics and quantum information theory are interrelated researchfields
witnessing an increasing theoretical and experimental interest. This ismainly due to the broadness of
these theories, which found applications inmany different fields of science, ranging frombiology to
the foundations of physics. Here, by employing the orbital angularmomentumof light, we propose a
newplatform for studying non-equilibriumproperties of high dimensional quantum systems.
Specifically, we use Laguerre-Gaussian beams to emulate the energy eigenstates of a two-dimension
quantumharmonic oscillator having angularmomentum. These light beams are subjected to a
process realized by a spatial lightmodulator and the corresponding work distribution is
experimentally reconstructed employing a two-pointmeasurement scheme. The Jarzynski fluctuation
relation is then verified.We also suggest the realization ofMaxwell’s demonwith this platform.

1. Introduction

The orbital angularmomentum (OAM) of light is a property of the topology of the opticalmodes, and are
characterized by discrete numbers associated to the amount of orbital angularmomentumper photon in the
mode [1]. The natural family of opticalmodeswith orbital angularmomentum are the Laguerre-Gaussian (LG)
modes, a set of solutions of the paraxial wave equation [2] that are described by their radial number p and the
azimuthal numberℓ. The study and application of thesemodes is relatively recent and has increased
considerably in the last two decades [1, 3, 4].

Single photons populatingmodes withOAMare physical realizations of high-dimensional quantum states
[5–12], leading to the possibility of encodingmore than one bit of information per photon. Such photonic qudits
can be explored in order to improve quantum communication schemes and quantum information processing
[13–20].Moreover, the transverse amplitude profiles of LG lightmodes are formally identical to the energy
eigenstates of the two-dimension quantumharmonic oscillator. Therefore, they stand as a platform for the
emulation of these quantum systems in a variety of interesting problems. In the present work, we employ these
lightmodes to experimentally study some thermodymical aspects of a high dimensional quantum system. A
similar approach has been successfully used to study the quantum limits of a chaotic harmonic oscillator [21].
Non-equilibrium thermodynamics is fundamentally concerned to the characterization of the response of a
systemunder external perturbations. The theory of the linear-response regimewas developed in [22–24], based
on earlier works such as [25–27]. The information about the complete nonlinear response is contained in the so
calledfluctuation theorems, which have been proved for classical [28–30] and for quantum systems [31, 32].

Fluctuation relations can be understood as a quantification of the probability of observing a violation of the
second law of thermodynamics for small systems (when fluctuations come into play) and short time-scales.
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Considering the new trend inminiaturization, suchfluctuations and time-scales are becomingmore important
for the development of new technological devices [33]. Therefore, the theoretical and experimental study of
quantumfluctuation relations are of primary interest, both for fundamental issues and for understanding the
limitations of implementing quantum information processing and communication devices.

The quantum versions of the classicalfluctuation theorems are possible only due to the two-point
measurement approach for definingwork.Work performed on (or by) the system is defined as the difference
between two energymeasurements, one before and one after the considered process takes place. To be specific,
let us consider an externally driven system  , whose time-dependentHamiltonian is denoted by H t ( ), initially
in the thermal state ρβ, withβ=1/kBT, whereT is the temperature of the system and kB is the Boltzmann
constant. The scenario considered here can be divided into three steps: (i)projectivemeasurement on the initial
Hamiltonian, H 0 ( ), eigenbasis; (ii) unitary (driven) evolution for a time interval τ; (iii) projectivemeasurement
on thefinalHamiltonian, H t( ), eigenbasis. Defining the two-pointmeasurement variableWmn=εm−εn,
where εm and εn are the eigenvalues of H t( ) and H 0 ( ), respectively, it is not difficult to show that this
stochastic variablemust obey the general fluctuation relation known as the Jarzynski equality [35, 36]

dWP We e e , 1W W Fòá ñ º =b b b- - - D( ) ( )

where P(W) is the probability density distribution associatedwith the randomvariableW andΔF=Fτ−F0 is
the variation of the free energy over the time interval τ duringwhich the system is subjected to the process. It has
been shown that equation (1) is also valid for unital processes [34], i.e. quantummaps that do not change the
identity.

Note that the final state is not necessarily a thermal state, since it is generated by a projectivemeasurement
followed by an evolution.However, what appears in the right-hand side of equation (1) is the equilibrium
quantity Fτ, which concerns the state the system ends up in if it is allowed to thermalizewith a reservoir at the
same temperature as the initial one. By defining the entropy production as W Fs b= - D( )we can rewrite the
fluctuation relation as e 1á ñ =s- .

The experimental investigation of such relation is new, specially in quantum systems. Regarding classical
systemswe canmention the experiments reported in [37–42]. In the quantum regime, experiments tend to get
trickier ormore complicated due to the difficulty in performing energy projectivemeasurements on arbitrary
systems.Only recently, based on an alternative scheme that avoid suchmeasurements [43, 44], an experimental
reconstruction of thework distribution associatedwith a process performed on a spin-1/2 systemwas reported
[45]. Considering the projectivemeasurements, the only experiment to date, as far as we know,was reported in
[46], where the authors employed trapped ions in order to investigate thework statistics associatedwith a
harmonic oscillator. Herewe contribute to this line by employing the projectivemeasurement scheme to
reconstruct the probability distribution associatedwith a process performed on the two-dimensional harmonic
oscillator with angularmomentumusing an optical setup, thus providing a new experimental platform for the
investigation of thermodynamic processes in the quantum regime. This platform allows excellent experimental
control, it is able to realize a large variety of physical processes, and has practical access to very high
dimensions [10, 11].

2. Simulating a quantum systemwith classical light

It is possible to simulate a class of quantum systems using classical light and the analogy between the paraxial
wave equation and the two-dimension Schrdinger equation. This analogy has been explored experimentally to
investigate the quantum limit of a chaotic harmonic oscillator [21] and to propose a study, similar to the one
done here, inwhich the characteristic function of thework distribution could bemeasured [47]. OAMoptical
modes emulate the energy eigenstates of the harmonic oscillator in the sense that the transverse distribution of
the electricfield of LG beams has the same form as the energy eigenfunctions of the 2Dquantumharmonic
oscillator.Moreover, under appropriate conditions, the propagation of the light beams is equivalent to the
Hamiltonian evolution of the harmonic oscillator [21, 47, 48].

This type of simulation accounts for all oscillatory aspects of quantum systems, such as state superposition,
coherence and decoherence. The intrinsic quantumproperties of light itself do not come into play in this
scenario, sincewe are exclusively interested in light’smodal structure, rather than in its photonic content, which
is usually explored by using detectors like avalanche photodiodes (for single photons) or low-reverse-bias
photodiodes (for the continuous variables regime).

In the schemewe present here, we use theOAMmodes to represent thewave functions of the two-
dimension quantumharmonic oscillator, for which theHamiltonian and angularmomentumoperatorsH and
Lz form aComplete Set of CommutingObservables. They are written in terms of the number operators for right
(Nr) and left (Nl) circular quanta as
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H N N 1 2r l w= + +( ) ( )

L N N 3z r l = -( ) ( )

and their eigenvalues are

pEnergy: 2 1 4p e w= + +ℓ(∣ ∣ ) ( )ℓ

Angular momentum: 5l = ℓ ( )ℓ

whereℓ and p are the azimuthal and radial quantumnumbers, respectively, which are analogous to the azimuthal
and radial indices used to identify the elements of the LGbasis ofmodes. Note that, for the subset of states having
the quantumnumber p=0, i.e. whenever eitherNr orNl has eigenvalue zero, the state energy

1 6e w= +ℓ(∣ ∣ ) ( )ℓ

depends only on the azimuthal quantumnumberℓ. Thus, in this case, projections in theOAMbasis are
equivalent to projections in the energy eigenbasis.

If we restrict ourselves to processes acting on the harmonic oscillator that only changeℓ andwe project the
system’sfinal state onto an eigenstate of the angularmomentum, thework done in one experiment run depends
solely on the change in ℓ∣ ∣. Indeed, when the system goes from an initialℓ to afinalℓ′, thework done is
W w= ¢ -¢ ℓ ℓ(∣ ∣ ∣ ∣)ℓℓ . Thework probability distribution is then

P W p W W , 7
,
å d= -

¢
¢ ¢( ) ( ) ( )

ℓ ℓ
ℓℓ ℓℓ

where p p p=¢ ¢ℓℓ ℓ ℓ ℓ∣ is the probability of observing the transition  ¢ℓ ℓ , with pℓ being the probability of
havingℓ at the input and p ¢ℓ ℓ∣ the probability of observingℓ′ at the output given that the input isℓ.

In the context of Jarzynski equality, pℓ is found in the expression of the initial thermal state Ze Hr =b
b- ,

whereZ is the partition function. This statemay be explicitly written as:

p p
Z

Z, with
e

and e tanh
2

. 81 år
b w

= = =b

be
b w

=-¥

+¥ -
-ℓ ℓ∣ ⟩⟨ ∣ ( )

ℓ
ℓ ℓ

ℓ

Note that, since the states ñℓ∣ and - ñℓ∣ have the same energy, their probabilities are the same: pℓ=p−ℓ. In fact,
every energy level has degeneracy 2, except for the ground state 0= ñℓ∣ .

3. Experimental setup

The sketch of the experimental setup is shown infigure 1. The light from aHe-Ne laser is sent through a beam
expander consisting of two lenses in a confocal arrangement, with focal lengths f1=50 mmand f2=300 mm,
resulting in an expansion factor of 6. The expanded beam is sent to the first Spatial LightModulator (SLM1),
where anOAMmode is preparedwith the usual approachwith a forked hologram [1].

SLM1 generatesmodes withOAM ℓ per photon and they are sent to a second spatial lightmodulator,
SLM2, where another phasemask realizes some operation on themdepending on the protocol. The resulting
light beam is sent to a device calledmode sorter [49], which litterally sorts the differentOAMcomponents of the
beamalong the horizontal axis of a CCD camera. Themeasurement scheme is calibrated sendingOAMmodes
one by one andmeasuring the intensity distribution at the output of themode sorter with no phasemodulation
on SLM2 (flat phasemask). Typical calibration curves are shown in gray infigure 2, where each curve represents
the intensity distribution at the output for a given value ofℓ, from−15 to+15 in this case.

Figure 1.Experimental setup (left): SLM1 generates an inputOAMmode, which undergoes a process implemented by SLM2. Its
output is analysed by amode sorter. General idea (right): themode sorter sorts theOAMcomponents along the x-axis of the CCD
camera. The image is then integrated along the y-axis.
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Step i of the two-pointmeasurement protocol consists in preparing the thermal state described by
equation (8) and performing a projectivemeasurement in the initial Hamiltonian eigenbasis or, equivalently, in
theOAMbasis.

The preparation of the thermal state ismade by sending aGaussianmodewithℓ=0 to the spatial light
modulator SLM1, which appliesmasks that generateOAMstates withℓ ranging from 7 7 - ℓ . Eachmask
is turned on for 3 s, according to a random choice ofℓwithweight pℓ. The resulting light beam is sent to SLM2,
that acts just asmirror in this case, and then to themode sorter, which analyses theOAMcomponents. The light
intensity at the output of themode sorter ismeasuredwith aCCDcamera, and the images are analyzed as
explained in detail in appendix A. A typical result is shown infigure 3, where the final distribution is obtained
from300 runs of the experiment. The distribution obtained for the absolute value ofOAM is normalized and
fitted to the function

p N Ne e , 91 = =be b w- - +ℓ(∣ ∣) ( )ℓ(∣ ∣ )ℓ∣ ∣

which represents the BoltzmannDistribution, leavingN (the normalization factor) and b w as free parameters.
For the results shown infigure 3, we obtained an excellent agreementwith the fitted function, with
b w= 0.67±0.01.

Figure 2. Intensity distributions at the output of themode sorter. In gray, the calibration curves obtained by sendingOAMmodes
ranging fromℓ=−15 toℓ=+15, with no process applied (flat phasemask on SLM2). Colored curves: (a) process

25 5 ++ -( ) (defined from equation (10)) is applied by SLM2 ontoℓ=−7, splitting the inputmode into twomodeswith
ℓ′=−12 andℓ′=−2; (b) Input atℓ=3 split up intoℓ′=−2 andℓ′=8 by the same process. Each curve is obtained by
integrating the output intensity profile over the vertical direction of camera.

Figure 3.Normalized intensity distribution as a function of ℓ∣ ∣. b w= 0.67±0.01.
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The parameter k TB b w w= can be interpreted as the ratio between the ground state energy and the
typical scale of thermal energy at temperatureT. So, for a given system, the greater b w, the lower the
temperature.

We showhow to prepare a thermal state and perform the projectivemeasurements in the energy eigenbasis
in order to illustrate this procedure. However, in the second step of the protocol, we prepare each energy
eigenstate separately and submit it to the process in order to obtain the transition probabilities. This is strictly
equivalent to using the states resulting from thefirstmeasurement andmeans a considerable simplification in
the set up.

Step ii consists in sending inputmodes preparedwith SLM1 and havingOAMranging fromℓ=−7 to
ℓ=+7 to SLM2,where a phasemask is applied, realizing the process whosework distributionwill be
measured. Thismask couples the inputmode to otherOAMmodes, thus inducingOAM transitions. The energy
spectrumof the system is discrete and infinite.However, the thermal weight of states corresponding to higher
energies can bemade negligible by choosing sufficiently low temperatures, so thatwe can truncate the initial
distribution of states, as we did.

Using themode sorter, we are able tomeasure thefinal distribution ofOAMmodes and their corresponding
weights. This device implements a projectivemeasurement in the orbital angularmomentumbasis, which in our
case is equivalent to the energy under the assumption that the radial number p=0.Observing themode sorter
output, we can compute the transition probabilities and, consequently, reconstruct thework distribution.
Nonetheless, as the calibration figure shows, there is a considerable overlap between adjacent curves (adjacent
orbital angularmomenta). This appreciably reduces the resolution of theOAMsorter. Newer generations of
mode sorters, as well as other strategies [50], minimise this technical inconvenient.

In the present proof of principle experiment, we overcome this issue using a process in SLM2which
generates superpositions ofOAMmodes that can be easily resolved by themode sorter. Specifically, the process
in our experiment implements the linear operation 25 5 ++ -( ) , wherewe define

5 . 105 ñ =  ñ ℓ ℓ∣ ∣ ( )

In this way, the overlap between the two components at the output becomes negligible. Typicalmeasurement
results are shown infigures 2(a) and (b).

For eachmeasured output, we performed a linear least squares regression in order to obtain the values of the
orbital angularmomenta and their respective weights (see appendix A for details). The normalised set of all
OAMweights for all outputs is exhibited in thematrix offigure 4(a). This is a density plot where the index of the
input (output)modes are the labels of the vertical (horizontal) axis. In otherwords, these are the transition
probabilities for a typical run of the experiment. figure 4(b) shows thematrix for the ideal process.

4. Results and discussion

In our experiment, wemeasured the conditional transition probabilities p ¢ℓ ℓ∣ as shown infigure 4. As explained
earlier, we truncated theOAMspace and limited the inputmodes to 7ℓ∣ ∣ . That is to saywe operate in a
regime of low temperatures where the Boltzmannweights for 7>ℓ∣ ∣ can be neglected, i.e. 1 b w ,
i.e. k TB w .

Figure 4.Conditional transition probabilities p ¢ℓ ℓ∣ . (a) Input-outputmatrix obtained from the experimental results for the process

25 5 ++ -( ) applied to inputmodes 7 7 - ℓ . (b)Theoretical prediction for the same process.
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Figure 5 shows a plot of the quantity e Wá ñb- as a function of b w. The inset displays the probability
distributions of work computed from themeasurement results for 2b w = . The probabilities in the vertical
axis are obtained summing up all values of p ¢ℓℓ (given in equation (7)) for which the corresponding transition
results in a given value of workW. Regarding the Jarzynski equality, equation (1), the considered process givesΔ
F=0 as it does not change theHamiltonian of the system. In otherwords, transitions are induced, but the
energy levels do not change. Therefore, equation (1) becomes simply e 1Wá ñ =b- .

The curve named theory represents e Wá ñb- computed for an ideal (but truncated) process. The
corresponding ideal transition probabilities are illustrated infigure 4(b). The curve named experiment represents
the same quantity computed from themeasured transition probabilities shown infigure 4(a).Within the range

1 b w (gray area), we obtain e 1Wá ñ <b- even for the theory curve, due to the truncation of the input states in
7ℓ∣ ∣ . However, for larger values of b w, we see that the theory curve is essentially constant and equal to 1,

while the experiment curve is always below unity.We interpret this result as a consequence of entropy increase
due to natural technical limitations present in a real worldmeasurement (which includes classical fluctuations
coming from laser pointing instability,mechanical vibrations on the set-up and camera thermal noise) and
experimental imperfections (such asmisalignment, limited pixel resolution on the SLMand on the camera and
limited optical resolution on themode sorter). The uncertainty band shown infigure 5 accounts only for the
fluctuations detected upon several subsequent identicalmeasurements (see appendix B for details). For instance,
for 2b w = , we have found e 0.910 0.046W = b- (95%-confidence interval), clearly different from1.We
atribute the remaining difference to the experimental imperfections listed above that are not captured by our
error estimation procedure, but that is captured by the Jarzynski’sfluctuation relation.

5.Maxwell’s demon

While equation (1) is valid for any unital process [34], in a general context includingmeasurements and
feedback, i.e., whenMaxwell’s demon come into play, a new equality holds [51]:

e 1, 11Iá ñ =s- - ( )

where I is the information acquired by the demon due to themeasurement process. This implies amodification
of the second law of thermodynamics as Is - , highlighting the demon’smain feature, which is the use of
information to reduce entropy production.

We propose an experimental scheme for realizingMaxwell’s demonusingOAMmodes. figure 7 shows the
sketch of the suggested scheme. A laser beam is sent to spatial lightmodulator SLM1, which produces a thermal
state ofOAMmodes as discussed in section 3. The light beamprepared in the thermal state is then sent through
mode sorterMS1. Themodeswith positive angularmomentumwill be deflected to the right, while thosewith
negative angularmomentumwill drift to the left. These two groups of beams are separated and directed tomode
sortersMS2 andMS3working in reverse [52, 53], converting themback toOAMmodes.With this approach, it is
possible to separateOAMmodes according to sign ofℓ. SLM2 is used to apply the operation 5+ to themodes
with negativeℓ and SLM3 is used to apply 5- to themodes with positiveℓ. They arefinally sent tomode sorters
MS4 andMS5 that perform the finalmeasurement of theOAMusingCCDcameras CCD1 andCCD2. The
measurement and feedback, in this case, increases the probability of lowering the absolute value of orbital
angularmomentum (ℓ∣ ∣) of the system, thus extractingwork from the initial thermal state. As an example, let us
start withℓ=+3: the operation 25 5 ++ -( ) , and subsequentmeasurement, results in eitherℓ=−2 or

Figure 5. (a) Fluctuation relation. Plot of e Wá ñb- for the process 25 5 ++ -( ) . The shaded gray area indicates the regionwhere
the effect of truncation of the input states is non negligible. Curves labelled theory and experiment are obtained using an ideal process
and the experimental results, respectively. Thefilled region between the dashed lines (experimental curves) represents the assessed
measurement uncertainty, within a 95% confidence level (see appendix B for details). (b)Work distribution. Experimentally
reconstructed probability distribution for each possible value of workwith 2b w = (point indicated by the arrow at subfigure (a)).
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ℓ=+8with equal probabilities, leading to an averagework of 2w. Now, ifMaxwell’s demon takes action,ℓ
goes invariably from+3 to−2 andW 0w= - < , whichmeans that work is extracted from the system.

As themeasurement ofOAMsign providesMaxwell’s demonwith one bit of information, I ln 2= , and
equation (11) leads to e 2á ñ =s- for all b w, which is the Jarzynski’s fluctuation relationwith demon’s action
for the ideal case. This scenario has been computed and plotted infigure 6 (curve named theory). Note that the
values of eá ñs- below 2 at high temperatures (shaded gray area on the left) are simply due to truncation of the
OAMspace dimension.

Wewould also like to have some insight on the effect of noise in theMaxwell’s demon scenario. In order to
do that, we have added the same noise that appears infigure 4 to the probability transitions of theMaxwell’s
demon scheme. The result is the curve named noise infigure 6, that carries an uncertainty band calculated in the
sameway as for the experimental curve infigure 5. Notice that the randomnoise decreases the average value of
e s- , meaning that the decrease in entropy production caused byMaxwell’s demonwould be affected by
experimental noise.

The inset shows the probability distributions for the possible values of work in the case of b w= 2. Even
though the value of eá ñs- changes dramatically from1 to 2when the demon takes action, thework distribution
and the average work do not change toomuch: W 5.0 wá ñ = withoutMaxwell’s demon and W 4.8 wá ñ =
with it. This is due to the fact that, in this sytem, for low enough temperatures such as 2b w = , there is a large
contribution from the state componentwithℓ=0 in the input thermal state. For an inputwithℓ=0, both

5+ and 5- contribute for positive work, which dominates thework distribution.

6. Conclusion

In conclusion, we have experimentally investigated the quantumversion of thermodynamic work and the
Jarzynski’s fluctuation relation using the orbital angularmomentumof light, a discrete degree of freedomwith

Figure 6. (a) Fluctuation relation. Plot of e Wá ñb- for theMaxwell’s demon schemewith process 5+( applied to negativeOAMmodes
and 5- applied to negativeOAMmodes. The shaded gray area indicates the regionwhere the effect of truncation of the input states is
non negligible. Curves labelled theory and experiment are obtained using an ideal process and the results from a simulated experiment,
respectively. (b)Work distribution. Experimentally reconstructed probability distribution for each possible value of workwith

2b w = (point indicated by the arrow at subfigure (a)).

Figure 7. Sketch of the scheme.He-Ne is aHelium-Neon laser. SLM is spatial lightmodulator.MS ismode sorter. CCD is charge
coupled device, which is a camera. The arrows near themode sorters indicates inwhich sense they are being used.
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infinite dimension usually employed in the single-photon regime to realize a qudit, with applications in
quantum communication and quantum information processing. Here, by exploring the analogy between the
Paraxial wave equation and Schrdinger equation, we have usedOAMof light to simulate the eigenstates of the
two-dimensional quantumharmonic oscillator and their evolution through a given process.Wemeasured the
work distribution associatedwith this process and obtained the experimental Jarzynski’s fluctuation relation.
We have also proposed a scheme for implementing aMaxwell’s demonmeasurement and feedback action.
These results illustrate the usefulness of Laguerre-Gaussian beams as a practical platform to investigate aspects of
the growing field of quantum thermodynamics in high dimensional Hilbert spaces. This platform allows
practical realization ofHilbert spaceswith very high dimension and excellent experimental control, including
the possibility of realizingmany different kinds of processes.Withminor changes in the set-up, we can study of
the role of bipartite andmultipartite entanglement in thermodynamic processes, as well as the role of the
environment, i.e., non-unitary and non-unital processes.
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AppendixA.Datafitting

When an Laguerre-Gaussianmode passes through amode sorter, its intensity profile (initially presented in a
donut-like shape) becomes an elongated spot along the vertical direction on the camera. The integration of such
an image along the vertical axis gives a curve (among the 31 calibration curves onfigures 2(a) and (b)) showing
themarginal distribution of intensity along the horizontal direction of the sorted LGmode. The right side of
figure 1 outlines this idea.

The horizontal size of an image on the camera (∼80 pixels) sets the extension of the horizontal axis in
figure 2, which shows collections of lists of 80 elements. Let us call the lists corresponding to the LG inputs

xxj j k k, 0 80= <{ } and the lists at the output yyi i k k,= { } , where i7 7 - and j15 15 - may be
associatedwithℓ andℓ′, respectively.Wemodel the process implemented by SLM2 as a linear operation
represented by a 15×31matrixA acting on the set of possible inputmodes X x i i= { } and leading to the set of
its outcomes Y yj j= { } , i.e.

Y AX. 12= ( )

In order tofind thematrix that best fits our experimental data, we apply a linear least squares approach,
numerically solving theminimization problem

Y AXmin 13
A

2-∣∣ ∣∣ ( )

with the additional constraints that all elements ofmatrixAmust be non-negative and that the sum of the elements in
each linemust equal 1. The result is amatrix similar to the ones shown infigure 3.

The non-negativity is equivalent to the assumption that the overall phases of eachOAMcomponent of the
output are the same or, at least, that theOAMcomponents are far enough from each other so that they do not
interfere and their relative phases do not play a significant role. The sumover each line equaling 1 stands for the
unitarity of the process (no optical loss), which can be assumedwithout loss of generality.

Appendix B.Measurement uncertainty

Ameasurement consists in taking a picture, integrating it and obtaining itsmarginal intensity distribution
yyi i k k,= { } . The goal here is to assess the uncertainty on each yi,kmeasured and, from this, to calculate the

uncertainty:

• on each element of thematrix of conditional transition probabilities offigure 3(a) and

• on themean value e Wá ñb- as a function of b w (uncertainty band onfigure 4).

Let us callσi,k the uncertainty on yi,k. In order to assess theseσ′s, we performed a series of ten identical
measurements on the same transformedmode over a timewindowof a fewminutes and obtained a set of
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intensity distributions fluctuating, for each k, around amean valueμkwith standard a deviationσk. These
standard deviations turn out to be dependent onμk and on k itself, butmostly onμk.We noticed, for instance,
that the relative standard deviation (σ/μ) is always smaller than 10%, for any k. Thesemeasurements were used
tomodel the typical error associated to a yimeasurement. This procedure led to a set of numbersσi,k used as
input for ourmodel, inwhichwe assume each yimeasured is a realization of a random variable following the
multivariate normal distributionwith estimatedmean values yi,k and standard deviationsσi,k. This procedure
above allows us to simulate sets ofmeasurements, realizingMonte Carlo experiments.

Ten different experimentalmatricesYwere randomly generated in thismanner, from each ofwhichwe
numerically solved theminimization problem above tofind a different probabilitymatrixA.We could see from
the set osmatricesA that the relative uncertainty on eachmatrix element was never bigger than 2%.

Similarly (andfinally), we performed 1000Monte Carlo experiments in order to estimate the uncertainty on
e Wá ñb- for each b w ranging from0.05 to 5.We observed that the randomvariable e Wb- nearly follows a
normal distribution for all values of b w. For instance, for 2b w = , we have found e 0.910Wá ñ =b- with a
standard deviationσ=0.022. From the 1.96σ rule, we established our 95%-confidence interval for e W2 w- to
be 0.910±0.046. By doing that same for all values of b w, wewere able to plot the uncertainty band shown in
figure 4.
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