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Abstract

We explore the limits of fractional dispersive effects and their incidence in the propaga-
tion of polynomial weights. More precisely, we consider the fractional KdV equation
when a differential operator of negative order determines the dispersion. We investi-
gate what magnitude of weights and conditions on the initial data that allow solutions
of the equation to persist in weighted spaces. As a consequence of our results, it fol-
lows that even in the presence of negative dispersion, it is still possible to propagate
weights whose maximum magnitude is related to the dispersion of the equation. We
also observe that our results in weighted spaces do not follow specific properties and
limits that their counterparts with positive dispersion.
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1 Introduction

This paper is concerned with the initial value problem (IVP) associated with the
negative dispersion fractional KdV equation (fKdV)

(1.1)

du— 0DV "y +udu=0, x,reR, ac (—%, -2),
u(x,0) = ¢(x),

where D! stands for the fractional derivative operator of order a + 1 with respect
to the variable x, which is defined via the Fourier transform as D?*! f = (|g|¢+! f)v.

For different dispersions a € R, equation fKdV has been used as a test model
to analyze the competition between dispersion and nonlinearity. When a = 1, one
obtains the widely studied Korteweg—de Vries equation, which appears in various
contexts such as shallow-water waves with weakly non-linear restoring forces, see
[31]. In this work, we focus on instances where the operator D+ is nonlocal, where
we highlight the following cases:

e Dispersion a = 0 in fKdV. The resulting model is the Benjamin—Ono equation,
which has been used to study waves in stratified deep water. Concerning well-
posedness in Sobolev spaces H*(R), see [1, 3, 19-21, 26, 27, 32, 36, 44], and
for persistence in weighted spaces, we refer the reader to [5, 11, 21]. See also [4]
regarding results on weighted spaces for a dissipative perturbation of (1.1).

e Dispersion0 < a < 1 infKdV. One obtains the dispersion generalized Benjamin—
Ono equation, which has been used to model physical phenomena such as vorticity
waves in the coastal zone [35, 42]. See [15], for well-posedness in H*(R) and [13]
for well-posedness in weighted spaces. Furthermore, well-posedness in weighted
spaces for a bidimensional version of (1.1) can be found in [9].

e Dispersion —1 < a < 0 in fKdV. We obtain the low-order dispersive fractional
KdV equation whose well-posedness in H*(R) was investigated in [30, 33], and
in weighed spaces in [38].

e Dispersion —2 < a < —1 in fKdV. The case a = —% has been proposed in the
study of water waves in two dimensions with infinite depth, see [18]. Concerning
well-posedness in weighted spaces and further remarks on that equation, see [24,
38].

e Dispersion a = —2 in fKdV. In this case, we obtain the Burgers—Hilbert
equation, introduced to study nonlinear constant-frequency waves [2, 17]. For
well-posedness in weighted spaces, see [38].

e The equation has also been studied in several variable settings. See [10, 16, 37,
39-41], and references therein.

We observe that dispersions a > —2 in (1.1) have been extensively studied in the
literature. This paper seeks to push the dispersive effects to the limit and consider the
extremes a < —2. Our goal is to characterize how the dispersion influences certain
conditions on the initial data to establish for which values of & > 0, the polynomial
weight |x|? is propagated by solutions of (1.1), i.e., we aim to determinate # > 0
such that there exists a local solution u of (1.1) with |x|9u e L*®°([0, T1; L*2(R)).
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This kind of question is well understood in the case a > —2, where it has been
established, in conjunction with some unique continuation principles (UCP), that 6 <
% + a is the weight limit propagated by solutions of (1.1), see [11, 13, 38] for details.
However, we will see that this limit on 8 changes for negative dispersions a < —2, and
extra conditions on the initial data are necessary to propagate weights. Consequently,
our results give a complete framework of the spatial decay of solutions of (1.1) in
polynomial spaces when a > —%.

On the other hand, we recall that for the Cauchy problem (1.1) some local UCP
and asymptotic at infinity UCP have been studied before. For more information on
these questions, see [29]. Actually, local UCP for various cases of dispersion a € R
in (1.1) have been obtained in [24, 25]. Concerning asymptotic at infinity UCP when
a > —2, see references [11-13, 38]. However, when a < —2, although there exist
results on local UCP, there seem to be no previous works dealing with asymptotic at
infinity UCP. Motivated by such a question, we decided to study (1.1) with negative
dispersions —% < a < —2, and we obtain some new UCP in Propositions 1.5 and 1.6
below.

Concerning conserved quantities, solutions of (1.1) formally preserve the mass

MIu(n)] =/ (e, )2 dx.
R

and the energy

E[u(r)]:%/Rw%u(x,t)ﬁdx—/Ru3(x,z)dx. (1.2)

Motivated by the energy invariant (1.2), for & > 0,a < —2, s € R, we consider the
space )
H o(R) :== H*(R) N H TV (R), (1.3)

where we recall that the homogeneous Sobolev space H@+D(R) consists of all
tempered distributions f for which f € L} (R) and [|[D@ TV f|| = |||g|@ Db f| <
0o, where || - || = || - ||;2 denotes the usual norm in L?(R). Thus, we assign the norm

||f||2;-‘9 = || £1I%5 + D@D £]12 to the space H} ,(R). In particular, when 6 = 1,
the energy (1.2) is justified in the space Hi L (R), s > %
2

Note that when —% <6 < a,and ﬁ—g <60 < —ﬁ, a parabolic regularization-
type argument can be used to show the existence of solutions to the Cauchy problem
(1.1) in the space H as ¢ (R) for regularity s > % (see Lemma 3.1 below). Such methods
are standard and have been applied in quite a few contexts, see for example [1, 8, 21,
22]. However, in the case of negative dispersion as that given in (1.1), it has not been
established whether such a method is valid for obtaining solutions in spaces H ; o (R).
For this reason, we have decided to deduce the existence of solutions of (1.1) in Sect. 5.
It must be highlighted, we do not know if there is a local well-posedness theory for
(1.1) in spaces Has,e(R) for0 < 0 < % orf > —ﬁ, and some s € R. Notice

that in the case of negative dispersion a < —2, itis not clear if dispersive effects would

help deduce the existence of solutions in spaces of lower regularity s < %
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Next, we introduce our weighted Sobolev spaces. Givena < —2,60 > 0, s,r € R,
we consider the space

Z&0 = HS ,(R) N L*(|x|* dx) (1.4)

endowed with the norm ||f||22a,9 = If11%:s + |llx|" f1I*>. We also consider the space
s, a,n

280 ={f ez x| DI, DITOOD () € LAR)), (1.5)

eqLHPPGdWIththeﬂofmIIfllzae = |If||2,,g+|||x|9 DI FPH DUFOCD (o f) )2,

Our first main result focuses on studylng well-posedness and persistence in the
spaces Z?g, Zfre, 0 >0,s >0,and a < —2. It must be clear that in this work,
we follow Kato’s notion of well-posedness, which consists in existence, uniqueness,
persistence property (if ¢ € X for some functional space, then the corresponding
solution describes a continuous curve in X, i.e., u € C([0, T]; X)), and continuous

dependence of the map data-solution.

Theorem 1.1 Assume —% < a < —2. The following statements hold:

1) IfO <60 <lands > % then the Cauchy problem (1.1) is locally well-posed in

Zggywhereé‘—z"’_a if0 <6 <24 and§ =0, if > 32,

T+a’
@) If1 <0 < —m ands > max{%+, W} then the Cauchy problem

(1.1) is locally well-posed in Za’9

(i) If —5iray <0 < iy 5 = max{— stsits, 2 and ¢ € 2y, then there exist

a time T > 0 and a unique solution u of (1.1) in the class

C([0, T1; H (R) N L([0, T1; L*(1x* dx)), (1.6)

with § = ( — 2(%%)_ Above, we follow the standard notation atf =a+te
0<exl

Remark 1.2 Before discussing some points in the proof of Theorem (1.1), let us give
some remarks.

(a) The local well-posedness in (i) and (ii) depend on the local existence of solutions

in H} , (R) given in Lemma 3.1, where it is assumed that b satisfies ﬁ“ <b<
3
T 2(4a)"
(b) Contrary to (i) and (ii), under the assumptions in (iii), we cannot deduce the
local well-posedness in Zsa’g because we do not know the local well-posedness in
H; 4(IR). The best we can say is the persistence result (1.6). However, our proof

extend to local well-posedness in Zﬁg provided that there exists a local theory in
H ,(R).

Concerning the proof of Theorem 1.1, given the difficulties in controlling the nega-
tive derivatives in weighted spaces, we first consider a regularized version of equation
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(1.1) (see (3.1) below), for which a contraction argument shows persistence in weighted
spaces. Afterward, the results for the Cauchy problem (1.1) follow by an approxima-

tion of such regularized equation. When —ﬁ <0 < zl(ﬁz), we use the result
of Theorem 1.1 for lower weights 6 < —ﬁ, and an iterative argument to get the

desired result. We remark that such an approach is possible by Proposition 3.3 that
shows extra decay properties for the nonlinear quadratic term ud,u. We also note
that because of the negative dispersion in the equation, we are forced to use different
arguments than those given for dispersion @ > —2 in [11, 13, 38]. Nevertheless, we
believe that our arguments can also be extended to such dispersion.

We emphasize that in the case of dispersion a > —2, a # —1, the number % +a
determines the maximum polynomial decay propagated by solutions of (1.1). Contrary
to that, when —% < a < —2, certain estimates that are only valid for such constraints
(see (3.34), and Proposition 2.7), allow us to extend such a decay limit. Thus, in

Theorem 1.1, we obtain persistence results for weights 6 < 21(;333)» where one has
14+2a

ta) > % + a. The above is one of the main differences of the fKdV equation when
compared witha < —2.
Note that Theorem 1.1 establishes local well-posedness in spaces Z zd P Zsa ,9, where

2+¢1 2+a
r=60if 6 > . Concerning cases where r < 6, given {; < 6 < 2(1+a), and

0<6<6,asa dlrect consequence of the proof of Theorem 1.1 (i) and (ii), and the
embedding (H*(R) N HITOY(R)) — (H*(®) N HITY(R)), s > 3, we deduce:

Corollary 1.3 Assume —% <a < =2 If““ <0 <1,0<60<86 ands > %

then the Cauchy problem (1.1) is locally well-posed in Z;Z”g. Ifl < 6 < —ﬁ,

1 <6 < 5, and s > max{%+, W}, then the Cauchy problem (1.1) is

locally well-posed in Zsa’be

In particular, setting 6 = %, the previous corollary establish local well-posedness
results for the space H; (RN L2(|x* dx),0 < 0 < %, which is motivated by the
2

energy (1.2).

The conditions DU+ ¢ |x |0~ 1 Dl+eg pDU+OO=D(xg) e L?(R)inthe assump-
tions of Theorem 1.1 may be completely technical. However, in the following theorem,
we show that such conditions are necessary to propagate fractional weights in L2-
spaces. It seems these conditions appear to originate from the dispersive effects
in fKdV. More precisely, we will show that if a sufficiently regular solution u €
C([0, T]; H*(R)) of (1.1) with u(0) = ¢ persists in some space L?(|x|?? dx) with
0<6<l,ie,uce L°°([O T1; L*(1x|* dx)), then DUF99¢ |x|?¢ e L2(R) must
hold. When 1 < 6 < 2(] +a),we show that u € L*®([0, T]; L>(|x|*? dx)) implies that
DUIFDO=D(x¢), |x|?¢ € L>(R), if and only if DU+99¢_ |x|@—Dpltag ¢ L2(R).
Such a result connects the extra conditions in the definition of the space ijf and the
fact that ¢ € Z?,’re )

14+2a

07y Assume also

Theorem 1.4 Suppose —% <a<—-2and0 <6 <

@ s>3if0<0<1;
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+ 50((1+a)@—D+D) | :
() s > max{3 ,%} if 1 <0 < —5g and
9464 A+ 1424
(©) s = max{—55755, 27} if - 2(1+a) <0 < sa70-

Letu € C([0,T]; HS(R)) N L°°([0, T, L2(|x|29 dx)) be a solution of (1.1) with
initial condition ¢.

(1) If0 < 0 < 1, then it must be the case that
DM, |x|"¢ € L*(R).

In particular, it follows that u € L ([0, T]; HIT9(R)).

(i) Let1 <6 < Hf;’) Consider the following conditions on ¢

DUFIO=D gy 1x|P¢ € L2(R), (4.7

and
D(1+a)0¢’ |x|(0—1)D1+a¢ c LZ(R). (1.8)

Then (1.7) holds true if and only if (1.8) holds true.

Note that in Theorem 1.4, we consider u as a solution of (1.1) in the class
C([0, T1; H*(R)) N L>®([0, TT; L2(|x|* dx)), which in general does not imply that
Ix|%u(x, 0) = |x|?$(x) € L2(R). However, our UCP in Theorem 1.4 actually shows
that such a condition on the initial data must hold true. Moreover, in Theorem 1.1,
the propagation of weights requires a condition such as u(t) € H1+0%(R) for some
6 > 0, but in contrast, the hypothesis of Theorem 1.4 does not make use of such
requirement. In this sense, Theorem 1.4 applies to a wider class of solutions of (1.1).

Let us deduce some consequences of Theorem 1.4. Consider ¢ € H %+(]R) N
L2(|x|?? dx) for some fixed 0 < 6 < 1, such that D1F9?¢ ¢ [2(R). Then, Theorem
1.4 (i) shows that there does not exist a time 77 > 0 and a solution u of (1.1) with
initial condition ¢ such that u € C ([0, T1]; H*(R)) N L>¥([0, T11; L2(|x|* dx)). In
this sense, the conditions D+%¢ |x|¢ e L?(R) in Theorem 1.1 (i) are sharp.

When 6 > 1, Theorem 1.4 provides similar conclusions to those presented above.

For example, let 1| < 6 < % s > 0 be given as in Theorem 1.4, ¢ € H*(R) N

L2(|x|?? dx) be such that (1.7) holds true, and D194 ¢ L%(R). For an example
of such an initial condition, take ¢ € C{°(R) be such that ¢(§) = 1, whenever
€] < 1, and set ¢ = V. Thus, Theorem 1.4 establishes that there does not exist
atime 77 > 0, and a solution u of (1.1) with initial condition ¢ such that u €
C([0, Ty]; H*(R)) N L®([0, T1]; L2 (x> dx)).

As a further consequence of the proof of Theorem 1.4, we obtain the following
UCEP for solutions of (1.1).

Proposition 1.5 Assume —% < a < —2ands > max{(sf—m),fr}. Let u €

c(o, 1], Z?y’ll) be a solution of (1.1). If there exist two different times t1, t; € [0, T]
such that .
u(ty) € L*(Ix[* dx), j=1,2,
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then
X" U (1)) ((xp) — 2+ a)t; D) € LAR), j =1.2. (1.9)
In particular, the initial condition ¢ satisfies (1.7) if and only if it satisfies (1.8).

Proposition 1.6 Suppose —% < a < —2,58 > max{—z(g%%,?"}, and § =

(21(1122))7- Letu € C([0, T); H2 ;(R)) N L([0, T); L(|x* dx)) be a solution

of (1.1) with 6 = ( - ﬁ>7 If there exist two times t1,t, € [0, T] with tp > #
such that
2 2( 142a ) .
u(t;) € L°(|x|"\20+a/ dx), j=1,2,

and

p 0G5 ), pIHOGEEE) un)), 0 D) € L®).
(1.10)
then
u=0.
1+2a
2(1+a)
polynomial decay propagated by solutions of (1.1). Indeed, let —% <a<-2,5s>0

We remark that the result in Proposition 1.6 establishes that is the maximum

14+2a
as in Proposition 1.6, and consider ¢ € H*(R) N L2(|x|2(2(T+a)) dx) such that
pt i) g, pIroGiHE 1) (vg), x|~ Dl*eg € L2(R).

Notice that such conditions are motivated by the results of Theorems 1.1 and Propo-
sition 1.5. Then if ¢ # 0, Theorem 1.1 assures that there exist a time 7 > 0 and a
unique solution u of (1.1) in the class C([0, T]; HY 5(R) NL>([0, T; L2(|x|* dx))

with 0 = (%)7 and 6 = ( - ﬁ)i However, Proposition 1.6 implies that

7 00 .72 2(M)
for any time 77 > 0, u ¢ L°°([0, T1]; L~ (|x|"\20+a)/ dx)).

Remark 1.7 Let us compare our results with the conclusions fora > —2 and a # —1
in (1.1) obtained in [11, 13, 38].

(a) In the case of Theorem 1.1, the conditions DU |x|?~1 plteg pU+a)@—1
(x¢) € L*(R) for dispersions @ > —2 are not necessary and are obtained in dif-
ferent ways. For example, it is common to use the zero-mean property $(0) =0to
deduce that D(H“)aq& € L2(R). For this reason, when ¢ > —2 one uses the
spaces HS(R) N L2(|x[¥ dx) N {f € H'@R) : f(0) = 0}. However, when
a < —2 the derivative D799 is too singular to guarantee integrability for
arbitrary functions with zero mean. Also, note that if ¢ € L?()x|?? dx), then
$ e HY (R), but in our case 6 < zl(ﬁg) < %, which is small to extract use-
ful properties for # and ¢ , as to say that it is Holder or Lipschitz continuous.
Hence, in this work, we have substituted the zero mean property by hypotheses
D(1+a)9¢, |x|0_1DH'“¢, D(l+a)(9—1)(x¢) c LZ(R)
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(b) In the case of Proposition 1.5, whena > —2,a # —1,1in [11, 13, 38], it has been
proved that if for two different times #1, #> one has that a solution u of (1.1) satisfies

|x|%+"u(tj) € L%(R), then the zero mean holds true,Ai.e., 5(0) = 0. However,
when a < —2, as we mentioned before, the condition ¢(0) = 0 is being replaced
by (1.9). We emphasize that when a > —2, using (1.9) an a few extra steps, we
obtain the UCP results deduced in [11, 13, 38].

(c) In the case of the UCP in Proposition 1.6, when the dispersion a > —2 with
a # —1,in[11, 13, 38], it has been proved that if for three different times #1, 1», 13,

the solution of (1.1) satisfies |x|%+au(tj) € L%(R), then u = 0. Such a result
depends strongly on the following identity for the solution of (1.1),

/xu(x, H)dx = /xd)(x)dx + %||¢||2. (1.11)

In our case, since we study arbitrary initial conditions for which the maximum decay
limitis 574 < 3. the above identity is not always justified. Additionally, fora < —2,
we note that estimates (3.31) and (3.34) are more beneficial than in the case a > —2.

For this reason, we do not need identity (1.11), and we can extend the polynomial decay

propagated by solutions of (1.1) to % > % + a. Complementing this, our results
from Proposition 1.6 show that if a sufficiently regular solution of (1.1) decays at two

times as ZI(TJEZ) and (1.10) holds, then such a solution must be identically zero. Note that
although we do not use three times (which is the typical assumption when a > —2),
we do have two times conditions and |x|?~! D!T¢¢, DU+0O0=D (x¢) e L2(R), which
somehow shows that even for the case a < —2, three conditions are still needed to get
Proposition 1.6.

This paper is organized as follows. In Sect. 2, we present the notation and preliminar-
ies needed to derive our results. In Sect. 3, we show our well-posedness and persistence
results in weighted spaces stated in Theorem 1.1. In Sect. 4, we deduce our unique
continuation principles. More precisely, we prove Theorem 1.4, and Propositions 1.5
and 1.6. Finally, we conclude with an appendix where we show local well-posedness
result for the Cauchy problem (1.1) in spaces H ;79 (R).

2 Notation and Preliminaries

We will use standard notation. Given a and b be two positive numbers, we say that
a < b if there exists a constant ¢ > 0 such that a < cb, and we say that a 2> b if
b < a.Wewritea ~ bifa < band b < a. The commutator between two operators
A, Bisdenoted as [A, B] = AB — BA.

Cy°(R) denotes the class of smooth functions with compact support on R. Given

1 < p < oo, we denote by || - ||» the usual norm in L?(R); when p = 2, as we
mentioned before, we write || - ||;2 =: || - ||, but depending on the context and to
emphasize the variable of integration, we will also use || - [|;2. Given s € R, J*

is defined via Fourier transform as 757(5) = (é)sf(f;‘), with (¢§) = (1 + |§|2)1/2.
Thus, the Sobolev spaces H*(R) consists of all tempered distributions f such that
I fllas = 1T° fII < oo.
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The group of bounded linear operators associated with the linear equation d;u —
9, D1y = 0 is defined via Fourier transform by

U ) = SE1GE), 1eR. @1
The following fractional Leibniz rule (see [14, 23]) will be used in our arguments.

Lemma 2.1 Lets > Qand 1 < p < oo, then
ID*(hf)liLr < ID*AliLe |l fllLee + I1D* fllLe Al Loe. (2.2)

We will apply the following commutator estimate.

Proposition2.2 Lets € (0, 1) and 1 < p < o0, then

LD, gl fliLe < ID*gllLeell fllLe, (2.3)
and

ILD*, glfllLr < ID°gllLrll fllLoe. (24)
Proof See [28] and reference therein. O

Next, we introduce equivalent definitions for fractional derivatives. Although we
work in one spatial dimension, we will state the following results for any dimension
d > 1. We denote by Lg (Rd ) the fractional Sobolev space defined as Lg (Rd) =

(11— A)_% L?(R%). Such spaces can be characterized by the Stein derivative of order
b.

Theorem 2.3 Letb € (0, 1) and 3%, < p < 0o. Then f € L}/ (RY) if and only if
(@) f e LP(RY),
_ 2 \2
(b) Db f(x) := ([ Mdy)2 e LP(RY), with
R4

Ix _ y|d+2b

I lep = 12 Fllp ~ Wl +1DP £l ~ 1 f Ly + 1D £l
In particular, when p = 2, |D? f|| ~ | D? f].
Proof We refer to [43]. O

One of the advantages of using D? is that it provides a suitable formula to obtain
pointwise estimates for fractional derivatives. In addition, from Fubini’s theorem, we
have the following product estimate

IDP(f)l 2 @ay < 1FD gl 2may + 18D £ 2 gy 2.5)

As a particular case of the previous inequality, and the definition of the derivative D?,
we have:

Birkhauser
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Proposition 2.4 Let b € (0, 1) and h be a measurable function on R? such that
h, Vh € L®(R?). Then, for almost every x € R4,

DPh(x) < Nl ooy + 1 VA oo gay- (2.6)
Moreover,
1D (B 2@y < 1D Rl ooyl £l 2wy + 1] oo @y 1P fll 2 ey (2.7)

We will also use the following interpolation estimate.
Lemma2.5 Leta, b > 0. Assume that J° f € L2(R?) and (x)? f = (14+x2)% f(x) €
L*(RY). Then, for any g € (0, 1),

— 1—
170 PP D)l aay < 16 I 2l 19 F 12 gy 2.8)

Proof We refer to [34, Lemma 4]. O

2.1 Weighted and Fractional Derivative Estimates

In this part, we deduce different estimates using the fractional derivative D? introduced
earlier. The goal is to deduce estimates in weighted spaces for the group {U (¢)}. For
this, we first obtain fractional derivative bounds for the multiplier associated with the
family {U (¢)}.

Proposition 2.6 Leta € —%, —2)and b € (0, 1). Then for any t € R it follows that
Db(el'tx|x\l+a) < <t>|x|(1+a)b,

for each x # 0. The implicit constant above is independent of x and t.

Proof Setting A = {y € R : |y — x| > |x|~17%}, we first divide our estimates as
follows

|l+a . eitylyll+a |2

itx|x
bt e\ _ [ 1€ ~ [ )=
(D) = [ S = [0 [ o= D

A change of variable and the definition of A yield

o0
L < / r172b gy~ PUFOP,
|x‘—l—a

To deal with I, we introduce the sets B = {y e R\ A: |x| < |y|}and C = {y €
R\ A: |y| <|x|}to write

- PG lx [ —yly|Hy |2
12=/ d)’=/("-)+/(~")=113+14.
R\A ly — x|1+2b B c
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Now, since
1 1 1 1 1
el — iy < 1y — xllx "+ ]|l = 1y, (2.9
we get
’xlxll"ra _y|y|1+a|2
I3 < |z|2f oy
B |y — x|

IyI?[1x|1Fe — |y|i+a?

< |z|2(|x|2<‘+“>/3 ly —x'"%bdy + dy) =hi+h;.

B |y—x|1+2b

Using that B C R\ A, the first term on the right-hand side of the inequality above can
be estimated in the following manner

| y =" dy
ly—x|<|x|~1-a 2.10)

S |t|2|x|2(1+a)b

To deal with /3 5, using that 0 < |x| < |y| forall y € B, we can apply the mean value
theorem to find
[l = 1T S Xy = ], 2.11)

this inequality together with the fact that |y|>(7%) < x>0+ allow us to infer

2|1y 14a 14a|2
2 1-2b], 1 14a |2 5 [ xP]lx e =yt

Lo Sl /Iy—xl |lx]'* — Iyl +"|aly+|t|/ Ay

B B ly — x|

< |t|2/ |y_x|172b(|x|2(1+a)+|y|2(1+a))dy+|l|2|x|2(]+a)/ ly — x|'~2dy
B B

2 2(1 1-2b
< [t |x20F ly —x|'"*dy
[y—x|<lx|~1-a

(2.12)
Next, we deal with I4. From (2.9), we have
4= c ly — x[1+2b Y
2
_ R e Pl
s|z|2<|x|2“+“>/ ly — x| 2”dy+f | T2 L) = I, + 142,
c c ly — x|+

In a similar way to (2.10), it follows that I4; < |¢|*|x|>( T, On the other hand,
given that a < —2, we use the mean value theorem to deduce

" =y = e T =y e T <y Ty = x ], (2.13)
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for all y € C. Hence, we get

Ly < |r|2/ Iy P39 x| 72|y — x| Py
C

|t|2/ (- )dy + |t]? (e)dy
cnZl <y cnlyl<hy

=:l401+ 142.

IA

On the support of the integral defining /4 2 1, we have that |y| ~ |x| and [x — y| <
Ix|=174, so
1-2b
Iy < |t|2|x|2(l+a)/ ly —x|"""dy
lx—yl<|x|~1=4
E |t|2|x|2(1+a)b.

Now, on the support of the integral defining 4, we have that % < |ly—x| <

1
min{3 x|, |x|~1=¢}, which forces us to have |x| < 2|x|~!7¢, i.e., 27% < |x|. Thus,
using that |y — x| ~ |x|, we get

Iyoo < |r]x|71720 f ly[** 9 dy

Iyl=Ix|
S |t|2|x|2(2+a)—2b

where the integrability of |y|>>*® follows form the fact that a > —%, and in the last
line we have used thata < —2 implies 2(24+a) —2b < 2(1+a)b, and that Zﬁ < |x].
This finishes the proof. O

Motivated by the regions used in the proof of Proposition 2.6, we can prove the
following result, which will be useful to study the cases 0 < b < 1, where U (¢)¢ ¢
L2(|x|* dx).

Proposition 2.7 Assume a € (—%, —2) and let ¢ € CG°(R) be such that ¢ = c for
some constant ¢ # 0 in some neighborhood of the origin. Consider ﬁ < p < oo

and <b < 1. Then

—1
p(1+a)
D (™) ¢ LP(R),

foranyt € R\ {0}.

Proof Without loss of generality, we will assume that ¢(x) = 1 on |x| < 1. Given
x € (0, 3), we consider By (x) = {y > 0: |x — y| < (min{(100[¢})~1, $})[x|~1~4}.
The definition of the operator Db implies that for all x € (0, %),

(Db(eitx|x|l+u(p))2(x) . / [ sin (£ Gl |1+ — yly| 1)) 2 o
Bk lx — y|i+2b
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where we have used that p(x) = ¢(y) = 1 when x € (0, %), and y € Bi(x). To
complete the estimate of the previous inequality, let us obtain first some preliminary
results.

Given that |x|~'=¢ < |x| provided that x € (0, %), and a < —2, we have for all
y € Bj(x) that

1, ., 1
Iz Il = x =yl = |x[ = Slx] z 5lxl, (2.14)

and since |y| < 2|x|, it follows [x| ~ |y|. Now, setting F'(x) = x|x|'*, the mean
value theorem assures the existence of some z € [|y], |x|] such that

It (x| |77 — |y =[] F ()] |x — y
=12 +alltllz]"|x — yl.

Thus, it follows from (2.14) and the definition of B (x) that

It (elx " — yly "] <2 + allelly 4 x — yl
<22 afjeflx (001D x T (05
1
<.
-2
Additionally, one has
e el — Iy MO 2 el -yl (2.16)
for all y € By (x). It follows from (2.15) and (2.16) that

[sin (£Celx |9 — yIy"T )| Zleelx T — iyt

1
Zlellx ] x =y,

where the implicit constant is independent of x € (0, %), and y € Bj(x). Thus, going
back to the first estimate, we get

. « \2
(D" (e10)) @) 2|t|2|x|2“+“>/ e = yI' "2 dy
By (x)

o (I

2(1 b
oy PFOD,

Since b > p(f—ia) implies that |x|(1T9P ¢ LP((0, %)), the desired result is a conse-

quence of the previous inequality. O

As a consequence of Proposition 2.6, we deduce weighted estimates in L2-Sobolev
spaces for solutions of the linear equation 8;u — 8, Dty = 0.
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Lemma2.8 Leta € (—3, —2) and 6 € (0, 1]. Then forall t € R,

IxPU@ 71 < (1D £+ 1) £1),
where U (t) is the linear group defined in (2.1). Moreover, if 1 < 0 < 2, we have

I U@ f1 <2 1DY f L+ ()| 1x1°7 DI £
0 [PV )l + 16 £

Proof When 0 < 6 < 1, changing to the frequency domain, the proof follows from
(2.5) and Proposition 2.6. The case § = 1 follows from the fact that the weight x
in frequency domain transfers to a local derivative % Now, when 6 > 1, we write
6 =14 6;. We observe

i +a i a . a 8
G T R) = N (2 4 ayi)g | f+£f).

Using the previous identity and the case 0 < ) < 1 above, we deduce
Ix®U@ f1I x| U@(Q2 + a)|e] D' f — xf)]|
<2 IDFOE fl + 1) [0 DI g
(@) | DTN @I+ )T £
The proof is thus completed. O

We also consider the following semigroup {U,(¢)} associated with the initial-value
problem 0;u — 9y Dty = u&%u, u(0) = ¢, which is defined via Fourier transform
as

U 0)9) (€)= ST 1 G &) 1 e[0.00). p>0. (2.17)

The following result will be useful in Sect. 3, i.e., in the proof of Theorem 1.1.

Corollary 2.9 Leta € —%, —2), and 0, i € (0, 1). Then for eacht € R,

1P U@ £ < @ (1D 14+ 1) 1),
where U, (t) is defined in (2.17). Moreover, if 1 < 6 < 2, we have

XU £
< (I Il 4 [P~ D fl + | DOV )+ 1) 1),

The implicit constants in the previous inequalities are independent of L.

Proof The proof follows from Lemma 2.8, and Proposition 2.4 making /(&) equal to
e MER and —ZMIEe"‘”S'z. O

Birkhauser



Journal of Fourier Analysis and Applications (2025) 31:16 Page 150f43 16

Now, we show that the semigroup {U,,(¢)} regularizes the initial condition in the
following sense.

Proposition 2.10 Let A € [0, 00), © > Oanda < —2. Forany s € R, andt > 0,

100l = (14 0077 Il ¢ € H'®),

where the implicit constant depends on .

Proof We first claim that for A, w, r > 0, it follows

I6% e | 20 < (A are) . 2.18)

The previous inequality follows by setting w = (¢ p.)%é , and maximizing the function
wzxe_“’z, @ > 0. For a similar idea, see [6, Lemma 2.1]. Now, since || U, ()@ || gs+1 =
I (E)sﬂe’/"szfﬁ(é) ||, the proof of Proposition 2.10 is a consequence of (2.18). m]

Proposition 2.11 Let ¢ € C3°(R). Then for any 6 € (0, 1), and 0 < g < % we have

D (&I Po@)(x) < x| P77, (2.19)
for all x # 0. Similar conclusion holds for DY (|&| 7P sgn(€)e(£)).

Proof We refer to [38, Proposition 2.13]. O

3 Persistence Results in Weighted Spaces

To deduce Theorem 1.1, we will use a regularized version of (1.1). More precisely,
let u € (0, 1), and consider the following Cauchy problem

5
a,u—axDHau—i—uaxu:uagu, xeR, teR, ac (——

2’ _2>’ (3.1
u(x,0) =o¢(x).

Following similar arguments in [1, 8, 21], see also the work for the KP equation
in [22], which exemplifies a study of negative dispersion, one can use a standard
parabolic regularization argument to take © — 0 in (3.1) to deduce the following
local well-posedness result in the space H ;’Q(R) (recall definition (1.3)).

Lemma 3.1 Let —% <a< =2, ﬁ—j <0 < —ﬁ, and s > %beﬁxed. Consider,
¢ € H;e(R). Then foreach0 < u < 1, there exist a common time T = T(”d)”Hﬁg) >
0 independent of |, and a unique solution u,, of (3.1) if 0 < pu < 1, and of (1.1) if
w = 0, with common initial condition u, (0) = ¢ such that

uy € C([0, T1; HS 4(R)).
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Moreover, for each 0 < . < 1 fixed, the flow map data-to-solution ¢ +— u, is con-
tinuous in the Htfﬁ—norm. Additionally, there exists a function p € C([0, T]; [0, 00))
such that

lup @iy, < p@). 100,71,

orall0 < u < 1.
Jf

Since the term 8, D1y in (1.1) involves a negative order operator, in contrast
with [1, 8, 21] some extra conditions and arguments are required to obtain Lemma

3.1. For example, condition ﬁ“ <0< ﬁ is needed to justify energy estimates

in L2(R). Since the literature on the parabolic regularization method does not deal
with equations with negative derivatives such as those given in (1.1), we have decided
to deduce Lemma 3.1 in the Appendix.

Remark 3.2 (i) In the proof of Lemma 3.1, the condition0 < 6 < is important

3
. T 2(1+a)
to control the H©@+tD?_norm of the nonlinear term in (3.1). To see this, when (a +
1)6 + 1 > 0, we use the fractional Leibniz rule (see (2.2)) to get

1DV, @) = DTV @) < ull Lo | DO u) < ul® L4, (32)
H?2

n
where we used the embedding H% (R) < L°°(R) and the fact ||u||%1 = |lul%, +

| D@+ |12, Now, when (a + 1)0 + 1 < 0, using that a > —1 — 5>, and thus,
(a+ 16 + % > 0, we deduce

1D, @) = €1V 2E) ) < o I1EN TV e <1y + 1620 L2 21) (3.3)
< llull?,
where we have also used that ||u?2||ze < ||u2||L1 = ||u||2.

(i1) Using energy estimates, part of the proof of Lemma 3.1 (see Appendix) shows
that u;, converges to u as u — 0% in the sense of C([0, T]; LZ(R)).

Proof of Theorem 1.1 We divide the proof into three main cases: 0 <6 < 1,1 <6 <

2((;31) ,and »—— 2(a +]) <6< 21(T_+22) For the first two cases, we will deduce Theorem 1.1
by a contraction argument and a limiting process | ,u — 0 of solutions of (3.1). For the

latter, we will use the results of case 0 < 0 < TSy +1)’ and some iteration.

Assume that 0 <6 < 1. Wefixs > Z and consider ¢ € Z“’g, where if 0 < %,
0 = ﬁz ,and if 6 > ﬁ“ R 6 = 6. For the definition of the spaces H § ~(R) and Z% . 9 s

see (1.3) and (1.4), respectively. In virtue of Lemma 3.1, we have a famlly {uuo<p<i
of solutions of (3.1),if0 < u < 1, and the solution of (1.1) if & = 0, all of them in the
same class C([0, T]; Has g(R)) for a common time 7 > 0, and such that u,, (0) = ¢.

We first show that for each 0 < < 1, the solution u,, is in the class C([0, T']; Zf”g).
To get such a result, we will use the contraction mapping principle and uniqueness.
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We set

o=l eCO.TEZY) © sup 0®) = UpDbl o < 2061 o5}, (B:4)

1€[0,T1]

endowed with the distance function

d(v,v) := sup [[v(®) = vi@®]l a7
t€[0,Tq] 5.6

= sup (I = vl + 15 (00O = 0 ®)l,2)-

te(0,71]

We consider the following function ®(v), with v € X;l .9 being given by the integral
formulation of (3.1)

t
D)) = U, (1)p — %/O Ut — )00 (0)d, (3.5)

where the operators {U,,(t)};>0 are defined as in (2.17). In what follows, we will show
that for 77 > 0 small enough, ® defines a contraction on the complete metric space
X;‘l ,0 ~

We first remark that the ny’g -norm of U, (t)¢ is well-defined. This is easy to
check for the Has g-component of both norms. In the weighted space L2(|x|% dx), we
observe that the definition of the space H? ~(R) yields DUHD%% ¢ L2(R) (which, by
definition of &, follows from the fact H* (R) N H +“)g(R) < HS(R)N HI+D9(R)).
Hence, it follows that ¢ satisfies the hypothesis in Corollary 2.9, from which we get
that U,, ()¢ is defined in the space L(|x|* dx), and it follows

IIUu(t)d)IIZq,g S <t>||f/>llzq,;7

with implicit constant independent of 0 < < 0 < 1. Moreover, one can also prove that

U, (t)¢ defines a continuous curve in ze s 0
Let us estimate @ (v) in the space X7, ,, where v € X7 ;. We first study the H’ 5 '

norm. Usmg that {U,(¢)};>0 are contracting operators, Proposition 2.10, and the fact

that H 3 (R) is a Banach algebra, it is seen that

T
[®)(#) — U @)Pll as S/O UL (t — D)) (@)l o1 dT

<e( [0+ G = Har)( s o)’

t€l0,Tq]

1,1 1 2
<et? (17 + 17 8)( sup o))
tel0,T1]
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The argument in Remark 3.2 (i) establishes

~ Ty ~
DM (@ )(1) = Up()P)I| < f 1D, (v (0) | d
0 ) (3.6)
=cTi( sup Jo)lae) -
1€[0,T1]
The previous two estimates complete the study of @ in the space Has g(R). To control

the L2(|x|?)-norm, we apply Corollary 2.9, and the arguments in Remark 3.2 to get

Ty
IIxl? (@ @)@ = Up )] < e(T1) /0 (10, @H @)l + 1”0 0D (@) ) d
h 2 0
< c<T1>f0 (W@ + lasv@ 1 vl de

2
=) swp (IOl + Ix”v@1))
t€[0,T1]
3.7

where to bound |0, v|| L, we used Sobolev embedding, and then Young’s inequality.

Similarly, the previous arguments show

1
Ie@W@) = DOlgs , = Ty (T2 +u2)( sup v@llgs + sup Jvi@)lgs)
a0 te[0,T1] te[0,T1]

x (- sup v —vi®)llgs),
t€[0,T1]

and it follows

1% (@ () (1) — @) @)

=) swp (IWOlas + 1x0Olms) + swp (lo1®las + 1x7010)1))
tel0,T1] t€[0,Tq]

< (sup o) —vi@lgs + sup [llx|? (v(@) = vi@)1).
1€[0,T1] 1€[0,T1]

Consequently, gathering our previous estimates, and taking 77 = T1(u, ¢) > 0 suffi-
ciently small such that

3k _1 1
TP (T2 41 2) T2 a7 < 5
5,0

5 1
T T I$) o7 < 5

it follows that @ : X} e A7 » is a contraction, where ¢ > 0 above comes from
our estimates and it is mdependent of u, ¢, and T1 > 0. Therefore, Banach fixed point
theorem guarantees that there exists a unique solution of the integral formulation of
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(3.1) in the space XT rr but such a solution is also a solution of (3.1) in the class
C(0, T11; H s ~(R)) It turns out from the uniqueness statement in Lemma 3.1 that

u, € C(0, T*], L2(|x|* dx)), where T* = min{T, T;}. Next, we show that the
solution u,, can be extended, if necessary, to the whole space C ([0, T'; L2(|x |29 dx)).
To get such result, we have that if 71 < T and u, € C([0, T1]; L2(|x|2(9 dx)), the
arguments in Remark 3.2, and (3.7) yield

t
Ixl®up O < N1x1° U1l + /O Ix|?U,(t = ).l ldT

<e(T)I9l 5+ eTATI( sup p(®) (3.8)
s, tell

+o(T)( sup p(n)?) / Ix1%u, (0)ll d,

t€l0,T]

for all + € [0, T1], and the function p(¢) as in Lemma 3.1. Consequently, (3.8), and
Gronwall’s inequality show

sup [[(0) u, ()| < C(@, T) < o0 (3.9)
1€[0,T1]

for a constant C (¢, T') > 0 independent of v and 77 > 0. This in turn implies that u,,
can be extended to the class C([0, T']; L?(|x|*? dx)), and (3.9) holds for ¢ € [0, T].
Additionally, since u;, — u in C([0, T']; LZ(R)) (see Remark 3.2 (ii)), we can take
u — 07 (using Fatou’s lemma) in the inequality above to deduce

sup [[{x)?u(®)| < C(g, T),
t€l0,7T]

fromwhichu € L*®([0, T]; L?(|x|*? dx)). The continuity u € C ([0, T]; L?(|x|*’ dx))
follows by approximation (e.g., see [7]), and it can be obtained from energy estimates.
Continuous dependence also follows similarly. This completes the proof of Theorem
1.1 ().

Assume that 1 <6 < {3+ w} and

2(1+a) Here, we fix s > max 300 -1)=

consider ¢ € Z“ p (see (1.5)). We will follow the same strategy as in the previous case.
Thus, by Lemma 3.1, let {u;, Jo<u<1 be a family of solutions of (3.1)if 0 < u < 1,
and the solution of (1.1) if & = 0, all of them in the same class C([0, T']; HS’Q(R))
for a common time 7" > 0, and with the same initial data u, (0) = ¢. We define

Xy o= eCU0, T2 sup W) =Uu@ll oo < 20$ll gao}, (3.10)
’ t€[0,T7] 5,6 5,0
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equipped with distance

d(,v) := sup [[v(t) — vi ()]l zas
te[0,71] 5.0

= sup (00 = w11z, + ¥ (00 = 01 O) 2
[0,71] ’

+l1x177I D (v () — v ()1l 2
+ IDIFOCD (x(w(r) = v (1) 2)-

We consider the same function ® as in (3.5), but here it is given over ESTI’Q.

We firstnote that U, (1) ¢ is defined in Zig . The continuity of the semigroup {U, ()}
in Lz—spaces shows that the H 5,9 (R)-norm of U, (t)¢ is well-defined. Now, by the
definition of Zsa’g, we have |x|?~1D!*teg, DUFOO=D (x) and DI+ $ belong to
L*(R). Hence, it follows that ¢ satisfies the hypothesis in Corollary 2.9, from which
we get that U, (t)¢ is defined in the space L?(|x|* dx). Additionally, Corollary 2.9
also shows DUTVO=D(xy, (1)¢) € L*R), x|~ ' DU, (t)¢ € L*(R) provided
the assumptions over ¢ hold. Summarizing, we have

1Uu 01 500 < (02101 500

and the mapping ¢ — U, (t)¢ € Zf”ge is continuous.

Let us show the contraction property of ® over ?STI - By Remark 3.2, the H, a‘ 0"

norm is estimated as in the case 0 < # < 1 above. To study the L2(|x|* dx)-norm,
we use Corollary 2.9 to get

I1xI” (@) (1) = U ®))
T
<er? [ (1D a0 @ 1+ DGO Gy
0
+ DD (e, @) @) + 141 00D (O] d.
We continue with the estimate of the right-hand side of the expression above. For
the moment, we omit the dependence on the time variable 7. Notice that by Remark

3.2, the first and last term above can be estimated as in (3.7). Using Theorem 2.3, the
property (2.5) of D1, and writing & = |€|sgn(&), we have

Ix?~ I DM, w2
<D (1EPH 4 sgn(@) g2 ©) 1l + 1D (1817 sgn(@) (1 — 9)v2(®)
<ID~ 1 (1617 sgn(@)e)v2 ) I + 1€ 9D? ! (2))
+ (g7 sgn@) (1 — @)l oo + 1D~ (1P sgn@) (1 — @) 1) 17~ @21,
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where we used a function ¢ € C;°(R) with ¢(§) = 1, whenever |£| < 1. We proceed
with the estimates of the right hand side of the above inequality. Since 0 < —(2+4a) <
%, and 1 <0 < — 2 + a, we can apply Proposition 2.11 to deduce

2(l+a)
1D~ (1&17sgn@) @) v @) SHEPT 02 2 1<1y + 1021220612 1)
<IEPT N2 <1y 022 + 17

2 2
<lv=lizr +llvlizellvll < lvllgs-

Let -2 +a) < B < %, by Holder’s inequality, and Hardy-Littlewood-Sobolev
estimate, we deduce

g eD @)l g0l 1D @)1l 2
<1%" ‘(v2)|| (3.12)

7/5
<IIP Q)| < ol )l

where we also applied Theorem 2.3 to bound the fractional derivative D?~! by /¢!

2 . . . . 1,53
in L =2f (R). Notice that the last line above also provides an estimate for || Jg ! @)].
Summarizing, we arrive at

x1P~ D9, DI < ol + ol as 1Hx) ]l (3.13)

On the other hand, using Plancherel’s identity and distributing the local derivative %
provided by the weight x in the frequency domain, it follows

- h5 et 0
N L e e [ v

3 14+2a

—30ra < 2074y and dividing into frequencies |£| < 1 and |§]| > 1,

Using that 6 <
we find

1 0—1) > 1 6—1 5 - 2
E[TFOE=Dy2 ) < i1 DD o 02l + 02 < (lvlls.

On the other hand, since 0 < 0 < ZI(ﬁZ)’ we have (1 +a)(@ — 1) +1 > 0. Thus, we

distribute the local derivative to get

3 o~
(I+a)(@—1)+1 v2 < (I+a)(O=1)+1,2 +
IlE] TRAES ||ag(<s> M+
< e ((&)IT0@=DHL2)

%(@)(lﬂz)(@—l)—&-l);}”

~ bt ~ 1
< &) 2| o I (3.14)
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where we applied complex interpolation with 6; = (452—;1)9 ands| = W,

and that | & ((£)1+OC-DH)| < (£)+0O-DH Since, I = ()02,

Sobolev embedding, H 1 (R) = L*(R), and complex interpolation yield

(4 (4
61,2 L2 1 +oN2
)™ o7l = (1) 2 vll7a <15 (x) 2 v
I S
<)l "= vl gs-

(3.15)

50((4+a)(0—D+1)

We have that 5| < 300-1=0

seen that

< s, then since H*(R) is a Banach algebra, it is
s1 A2 < s 2 < 2
146) vl < 17 )2 < Nvlls-
Collecting the previous estimates, we deduce
| ) 2(9{1) 4s—1 11
IDMFDCD ea NI <llvll " (1) w17 vl )

y o1 2((45(;1)6]—)53’)+1
=) 7 vl gs ™

(3.16)

We observe that one can use Young’s inequality in the deduction of (3.16) to obtain
IDIFOC=D (a2 < 1) I + vl s

Plugging (3.13), and (3.16) into (3.11) establishes

2
lxI? @) ©) = U )| =TT ( sup ([l + lxlo(@1))

1e[0,T7] Ga7)
Similarly,

lx? (@) — DO
=t swp (@ las +1xv@las) + sup (lv1@las + 15’01 O1))

t€[0,Ty] t€l0,T1]
x ( sup [v@) —vi®llgs + sup |||x|9(v(t) —vi()I).
t€l0,71] t€[0,71]

It remains to estimate |x|?~! D¢ ® (v), and DI+DE—D (xd)(v). An application of
the first inequality in Corollary 2.9, together with (3.3) and (3.13) yield

I1x1°~ D (@ () (1) — U ())

t
< fo Nx1°~ U, (r — D8, (v} (0) | dT
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t
<c f (t — ) (IDIFT 9, ) () + Il1x1° ' D9, (v?) (0)]l) dT
0

2
<eTi(Ti( sup (ol + 11" v(ol)) (3.18)
tel0, 17

Using the identity
xU, () f = Uu()(x — 2+ a)tD'™ —2u1dy) f,
Corollary 2.9, and (2.18), we deduce
IDMHDO=D (2 (@) (1) — Up()$)

t
< [0 (0, - 0. 1 de
0

t
<c f = o) (IDHCD o, @)@ + 1D 00D )
0
+u2 (= 07 DOy, ) (o)) ) de

1 2
et ()3 sup (Ol + I ool))
1€[0,T1]
(3.19)

where we have also used (3.16) and (3.3). Summarizing

x|~ D (@ () (1) — Up()$) | + IDITDED (x(@ () (1) — UL (1))

T3 0 2
et sup (@ las + I v@l))
1e[0,T1]

and in a similar fashion
X1~ 'D* (@ ) (1) — D)) + IDTFDED (x (@ )(1) — DW1)(1))ll

1
et (1) sup (Olae + Il o) 1)

te[0,T]
+ sup (lloi@llms + |||x|9v1(r>||))
tel0,T1]
0
x (sup (@) —vi@llgs + sup [xl”(v(@) — vi@)I]).
tel0,T1] te[0,T1]

Consequently, gathering our previous estimates, and following a similar argument to
that given in the previous cases 0 < 6 < 1, it follows that there exists 71 = T (u, ¢) >
0 sufficiently small such that ® : Xy, , — X’y , is a contraction. Thus, for each
u > 0, there exists a unique solution of the integral formulation of (3.1) in the space
?STI’@, but such a solution is also a solution of (3.1) in the class C ([0, T1]; H{;ﬂ (R)).

Uniqueness forces then u, € C([0, T*]; Zf"g), where T* = min{T, T;}. Next, we

S,
extend, if necessary, to the whole time interval [0, T], and take u — 0.
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The ideas in (3.7), together with (3.13) and (3.16) establish

t
Ixl®uu O < 1x1°Up (]l + /0 Ix1? Uyt = T)dus, |l de

=e(T? (Il oo + N~ D10 + | DTHED (xg) )

2 2((4s=1)§—25)+1 (3.20)
+cT(T)*( sup p(t)+ ( sup p(t)) @DED )
tel0,T] +e[0,7]

+c(T)*(1+ sup p(t)2 / 1%, (2) || d.
t€[0,T]

The arguments in (3.18), (3.13) and (3.16) show

t
x4, o) < 11x1P 7 DU (e +f =P~ DU, — T)dul | dT
0
2((4s—1)0—2s)+1
<c(T)1$ll gao + cT(T)( sup p(t)+( sup p(r) @=DE=1 )
5,0 tel0,T] tel0,T]
1 t
+c(TY(1+ sup p(1)2) |||x|9uu(r)||dr.
t€[0,T] 0
(3.21)
Finally, using (3.19), (3.13) and (3.16), we find

I D(1+a)(971) (xuu)(t) I

t
<D=V (xU, ()| + / I DMHOE=D (U, (¢ — T)d5u3,) | dT
0
2((4s—1)0—2s)+1 )

§C<T>||¢||ZH,G+CT%<T)%( sup p(t)+( sup p(t)) @—DE-1)
5,0 te[0,T] te[0,T]

1
T) /0 I1x 1w (@)l d.
(3.22)
Consequently, defining

G(@t) := lxu O+ Nx1° " D, (Ol + 1x D u, (o), (3.23)

the previous inequalities establish

2((4s—1)0—2s)+1 )

G(t) <c(T) ||¢>||Zae+cTz<T>%( sup p(1) + ( sup p()) D@D
tel0,T] te[0,T]

L1+ sup pn)? /g(r>dr

te[0,T]

for all ¢ € [0, T7]. Gronwall’s inequality now yields

17w, (O + 117~ Dy, (01| 4+ 1P~ DU, ()] < C(, T) < 00, (3.24)
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for each t € [0, T1], a constant C(¢, T') > 0 independent of u and 77 > 0. Since we
already know that u,, € C([0, T]; H} G(R)) (3.24) shows that u,, can be extended to
the class C([0, T']; Zig), and (3.24) holds for t € [0, T']. Convergence u;, — u in
C([0, T1; LA(R)) implies that taking .+ — 07 in (3.24) one infers

ue L0, TL; 249).

Since the mapping t +— U(t)¢ € Z”’g is continuous, the previous fact and using

similar estimates to (3.20), (3.21) and (3.22), we deduce u € C([0, T']; Za ) Finally,
the continuous dependence can be obtained using a differential 1nequa11ty similar to
that obtained for G(¢) (i.e., arguing as in (3.20)—(3.22)), together with the continuous
dependence on H, S‘Q(R) given by Lemma 3.1. To avoid repetitions, we omit further
details.

Assume that 2(1_—+3a) <6< ;d'fZ) An inspection of the arguments in Remark

3.2, tells us that 6 < m appears to be a candidate to be the decay limit allowed
by solutions of (1.1). However, we will show that the integral formulation of (1.1)

allows larger decay as long as it is less than 21J+Z) Slnce the previous approximation

argument with (3.1) focuses on condition 6 < Tra) +a), in this part, we must use
a different strategy to achieve the desired results. Firstly, we show that the integral
formula allows faster decay than the linear part. Since such aresult is valid for arbitrary
0<6 < 21(;’—32), we will establish a more general result.

Proposition 3.3 Ler —% <a<-20<0< 21(T+22) Consider the following restric-

tionons:s >2if0 <60 < 1,5 > max{ﬁ,f‘}, ifl1 <6 < —ﬁ, and

s = max{— 559 2T if — 5y < 0 < sty Letu € C([0, T H (R) N

L®([0, T1; L2(1x|?? dx)). Then there exists 0 < 6 < 6; < ;(ﬁg) such that

t
/ Ut — 1)(0xu>)(t)dr € L([0, T1; L*>(|x*" dx)).
0

In the case 6 = ( — ﬁ)7
and s > max{—2(95162“a), 2%}, one can take 0, = —ﬁ
3

—307a) = <60 < Z(Tfa)’ one can take any 01 such that 0 < 0; < min{

—ﬁ — €, for € > 0 is sufficiently small

Moreover, in the case,

-0, ).

Proof When 0 < 6 < 1, following the ideas in (3.7), which depend on Lemma 2.8
and Remark 3.2, it is enough to show that there exists 0 < 6 < 0; < 1 for which

3y (u?) € L°°([0, T1; L*(|Ix|*%" dx)). (3.25)
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Now, setting 6 < 61 < min{l, @9}, since H 1(]R) is a Banach algebra, complex
interpolation shows

(s=1)p -1

1 8, @) < 1 (05 u) g <),
<I1x)ull> + 115 u?

(3.26)

This establishes (3.25), and in turn the case 0 < 6 < 1.
Next, we deal with the case 1 < 6 < —ﬁ. By the argument in estimate
(3.11), Remark 3.2, and the previous case, we are reduced to show that there exists

0 < 6 < min{524, 26=D6} such that

x| Dy w?), DIHDO-D (x5 w2)) € L0, T]; L2(R)). (3.27)

For any 6 < 61 < min{—ﬁ, 2(351)9}, by similar consideration in the deduction

of (3.13) (for more details see, (3.12)), and (3.26) we find

_ _1
Ix (@~ D8, @) <llullZs + [1(x)% 202

5 G=10 2
<Nullggs + ()= u) Ml g

<[1x)ull® + 1175 u)?.

Asin (3.16) and (3.14),

[ DIFDO=D g @) <NullFys + 1 (§) THOG=DH2))

3((14a) (@) —1)+1)

2 —Ga 2(1+a)
<llullys +1¢g) =0 2|I+||J +“ w2,

where we have also used interpolation Lemma 2.5. Hence, forany 1 < 6 < 6 <

min{—2(13+a), 26=D g1 we have 3((1+2‘5)f2‘a_)1)+1) < (532{1) < 5. Now, changing to the

frequency domain and using interpolation, a similar argument to (3.15) establishes

~ X —5— 3 ) Atas
I/ u? || ~ 1) T w || < [[(x) u|” A || T8 g |2

; (1+a)6
Since I

Ta)63 < 2 < s, the previous estimates allow us to conclude

IDMOO=D g @) < 1) ull3, + I175ul7,

This completes the proof of the present case.
We continue with the remaining case — 2(11[[) <0 < % Here, we assume that

max{— 2(951622), 27} < 5. Since @ > 1, in view of the identity xU () f = U (t)(xf —

(2 4+ a)tD't f), we are reduced to show that there exists 6 < 6; < zl(ﬁz) such that
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t
/ Ut — 1)(xdeu® — 2+ a)(t — 1) D' T4 (r) dr e L0, T1; L2(1x 2@ =D dx)).

0
(3.28)

Taking 6 < 0; < min{ 2(ss—l)9’ zl(ﬁz)} fixed, we will show that (3.28) holds for this

weight side 6. Firstly, we will deduce that

t
/ Ut — 7)(xdcu®)(t)dt € L0, TT; L>(|x >~ gx)).
0

Since —ﬁ < b1 < 21(;:%3) implies that 0 < 61 — 1 < 1, using Lemma 2.8, it

follows that the previous statement holds if we show

()99, (w?), DUTYO=D (x5 42y € L®([0, T]; L*(R)). (3.29)

When 6 < 0 < 26, arguing as in (3.26), we deduce

_20
1) 3 W) < 1) ull® + 11777 w2

20
Thus, taking 0 < 0; < @0 with s > 2, we have ||J =% u|| < ||ul| gs. Following
the estimates leading to (3.16), we have

IDIFOC=D e de @D <llullgys + I1Jg () HTOO=DH2))
01 ((1+a)(O1 —1D)+1)
<lullps + 10" T WP+ 1))

Since the function f(61) =

_ _946a
2(5+2a)

01((1+a) (1 =1 +1) ; . . _
% is non-increasing, f(01) < f(z(]—fa)) =

< s. Thus, we conclude

IDIFDO=D (a2 )| < [lull % + 1 (x)7ull.

Given that u € C([0, T]; H* (R)) N L>®([0, T1; L*(|x|*? dx)), the estimates deduced
above imply (3.29). Going back to (3.28), it only remains to show

t
/ U@t —1)((t — )3, D' Tu?)(t) dt € L0, T1; L>(Ix)*@~V dx)). (3.30)
0
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Taking the Fourier transform and using a function ¢ € C§°(R) with ¢(£§) = 1, when
€] < 1, we write

t -
/ Pl (r — DEIEI U2 (v) dt
0

t -~
=( [ e~ opelel e 0. ) dr)

t -~ o~
+ /O U=V ¢ el 1 g(E) (26, 1) — 120, D)) dr 7))

. ~
+f QORI (e (1 — ()€, T) dT
0

We have that (3.30) is equivalent to shows that Ay, Az, A3 € L*([0, T']; H;'_l (R)).
Using (2.7) and the fact that a < —2 implies that the function ei(t_f)§|§|l+a.§ |E]1F4 is

bounded with bounded derivative outside the origin, we get
T ) . .
| D7 A 5/ (I =" (PRI (¢ — o)) (1 — p(E)iE, )
0
+ 1 = DEIE 1 — 9 @D W, D)) d
T ) .
< [ (19 = opelel 1 - p@) e

1= DEEI L — pEDNe) 177 W2 (E, D)l de

=2( sup W@l + s 107u01),
1€[0,T] t€l0,

where we have also used that |70~ (2 (0) | ~ |0} "' (@)]| < llu(@)l 2 [ (x)?
u(7)||, and Sobolev embedding. Before we deal with Ay, we write

~ —~ 1 —~
u?(€, 1) —u*0,7) = é/ iuz(oé, T)do.
0o 0§

Then, Sobolev embedding H HR) < L®(R) and a change of variables yield

H/OI e nda] 5/01 (gt o]+ o]z Z(as,r)H)da

5/01(0 il

oo

w2, 0| +o?

3532

Birkhauser



Journal of Fourier Analysis and Applications (2025) 31:16 Page290f43 16

Using Plancherel’s identity and similar ideas as in (3.15), one deduces

H e et o7 2<s,r)H < 1102l =l @ull. (3.32)

<|l{x)?

Notice that 6 >

= 2(f+a) and s > 2 imply that ||J4“’ Du| < ||JSu|l. We conclude that

1 9 ~
| [ Geresndo| < swp 1wl + sup julF. (33
o 9§ L® 7 4e[0,T] 1€[0,T]

We proceed with the study of A3 . Using Theorem 2.3 and the properties of the fractional
derivative, we get

t
1D ()] < / [ D@D () @ — et ( iuZ(as 0)do) | e
0 0o 09§

o e =00 sen@ler o o) | | st 0do))|dx
=Az1 + A2

Proposition 2.6, the fact that |& |3+ +(1+)@=Dy, ¢ 12(R), and (3.33) yield

t 1 9 ~
Aoy < /0 I = D)l Frert+o@ =Dy | / Ge o Do _dr

(TP ( sup 10w + sup (). ).
tel0,T] tefo,

To estimate Aj >, we commute with the derivative DD o get

|p@=b (sgn<s>|s|3+“<p(s>( fo l %uz(aé TWU)) |

=[ [P, sen@gr 0 @) ] ( /0 | %bﬁwg, Do)

+ H|s|3+“<p(s)D<91”(/01 %Lﬁ(as, 0do)|.
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Let us estimate each factor on the right-hand side of the inequality above. By the
commutator estimate in Proposition 2.2 and (3.33), we infer

[PV, (sen@ P o) |( /0 QR T do)|

<1 (sgn @)l 1> | f e nda|

< sup [(0)%u@®)?+ sup Hu(t)IIHs,
t€[0,T] 1€[0,T]

where the fact that 0, — 1 < 3 + a) + % (recall that 6; < zl(ﬁfl’)) implies

DOV (sgn(€)|€]*Tp(&)) € L*(R), which is a consequence of [13, Proposition 2.9].
Now, 3 + a > 0 shows us that

H|s|3+“<p<5)0<91—”(/01 S, v do)|

1
< |||s|3+“¢||mo/0 o= | DO~ ‘>8$ W2, 7)| do

< )" u? ().

The estimate above follows as a consequence of (3.26). Accordingly, collecting the
previous results, we deduce

107~ (A = (T sup 1) w2+ sup [u(o)ly )-
t€[0,T] t€[0,T]

Finally, we proceed with the analysis of A;. The L*-conservation law implies
u2(0, ) = |lu(t)||? = ||¢||%, for all = € [0, T. It then follows

tGEIEIITa) — 1)eitElE1T 1 g
4 = - LaEEl )g|g|12:l el

= —ite"SE T @) g2 — @ EET — DElg) ) o) o)1
=t —ite! 5 (&) 19112 — Aua.

(3.34)

We first show that A 7 is in the space H o1—1 (R) uniformly with respect to ¢ € [0, T].
Let ¢ € C§°(R) be such that ¢ = ¢ and write

IDO =D (251 _ 1y 1) ) Lo @) @) |
< D@D (e 2EET 1)) 1)) )| + DD (E1E T 5 E)) e (@)
+EETTIgE DO D (@)
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We follow with the estimates of each factor in the previous inequality. Using Propo-
sition 2.6, and that |(£]&]'T9) ™| < |£]7 @+ it is seen that

IDO=D (T — D)l T )l <(T) g IFOO D) < (T,

where we have used that |&|(1T®0@1—-D-C+a)y, ¢ [ 2(R) provided that our conditions
assure (1+a)(@1—1)—2+a)+ % > 0.Giventhatd; —1 < —(2+a)+ %, the results
in [13, Proposition 2.9] establish that D@~ (sgn(&)|&|~ TG (&))e(€) € L*(R),
thus we get

IV (161 TIEE)) @) = 1DV (sen(@) £~ TFE)p @)l < 1.

Since —(2 +a) > 0 and ¢, ¢ € C{°(R), we obtain

IEIEIT) TG E DY (@@ <IIEI™ AT o | D V) < 1.

Given that 1 < 6 < 21(]:23), we can apply Lemma 2.8, and familiar arguments to
conclude D1 =D (7515 ") € L2(R). This establishes (3.30).

Finally, we remark that the arguments in the last case hold for 6 = ( - ;) =

2(1+a)
—ﬁ—e,and@l 2(1+a provided thats > max{— 2(95*;62‘;),2+} and0 < € < 1.
This completes the proof of Proposition 3.3. O
We are now in a position to prove Theorem 1.1 (iii) case — <0 < 21(T_+22)’

2(1+a) -
s > max{— 2(95162“[1), 2%}, Consider ¢ € nyg. By the results proved in the previous

case, i.e., Theorem 1.1 (i) with weights < z(l_—fa), there exist a time and a unique
solution u of (1.1) in the class
u e CO, Tl HS 5 (R) N L>([0, T1; L*(|x[** dx)), (3.35)

where ) = (— ﬁ) 7, and we have also used Lemma 3.1 to assure that u describes

a continuous curve in the class H; g, (R). We also remark that our present assumptions

on s show that the conditions of regularity in the case weights 0 < 0 < —57°"— a +a) hold.
It follows from Lemma 2.8 and hypothesis on ¢ that
Ut)¢ € L0, T1; L*>(Ix)*? dx). (3.36)
By Proposition 3.3 and (3.35), we have that
t
/ Ut — 0)@xu)(0) dt € L¥(0, T]: L2 (1x " d)),
0
with 6] = — ﬁ Then the previous remark and (3.36) yield
u € CO, T Hy o (R) N L([0, T1; L*(|x|* dx)). (3.37)
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If6, = 6, we are done. Otherwise, if 8; < 6, we consider 6 = min {(W)Gl 9}

(notice that (%)91 is the middle point of the interval (61, 26=06))). Tt follows
from Proposition 3.3 that

t
f U(t — 1) (@u®) () dt € L0, T); L2(|x|** dx)),
0

which together with (3.36) show
u € C(0, TT; Hy 4 (R) N L([0, T1; L*(|x[** dx)).

Hence, if 8, = 6 we are done. Otherwise, we can iterate the previous argument with
the sequence 0; = min{(%)@hl, 0}, j € ZT, j > 2 to obtain

u € C(0, T1; Hy 4 (R)) N LO([0, T1; L* (x> dx)).
However, s > max{— 2(95162”‘1) , 2% is independent of 6, and % > 1. These facts
imply that there has to be a finite number of iterations J > 2 such that ; = 6 for all
j = J. This completes the proof of the theorem. O

4 Unique Continuation Principles

In this section, we deduce Theorem 1.4, and the unique continuation principles stated
in Propositions 1.5 and 1.6.

Proof of Theorem 1.4 Under our assumptions, letu € C([0, T]; H*(R)) N L*°([0, T'];
L2(|x|* dx)) be a solution of (1.1) with u(0) = ¢ € H*(R).

Let us start with part (i), where we assume 0 < 6 < 1. We will only deduce the
most difficult case 0 < 8 < 1 as 8 = 1 follows from our ideas below, and using the
local derivative di instead of the fractional derivative DY. By the decay assumption
on u, and the integral formulation of (1.1), we have

t
u@) =U@{)p — %/0 Ut — 1)ou’()dt € L0, T1; L*(|1x)?? dx)).  @4.1)

Now, since u € C([0, T]; H*(R)) N L*([0, T1; L*(|x|*’ dx)), estimates in (3.6),
(3.7), (3.11) and (3.17) yield

t
/ Ut — 1)du’(t)dt € L¥([0, T; L*(Jx|*? dx)). 4.2)
0

Hence, it follows from (4.1) that

Uit)p € L2(|x|29 dx) for almost every t € [0, T,
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which is equivalent to
D’ (e”f‘f‘”"a) e LX(R) for almost every 7 € [0, T]. (4.3)

Let ¢, 1 € [0, T]' be S}JCh that the anve statement holds true, and t — f; > 0. We
define (&) := €118kl +aq&(é), i.e., ¢ is the Fourier transform of U (¢1)¢. It follows

from (4.3) that DY (¢ (—EIEI Z) - po (¢) € L2(R). Notice that we have considered
two times ¢ and 7, as at this point, we do not know if D?(¢) € L?(R).
Now, for almost every & and n, we have

|(ei(t—t1)5|€|”“ _ ei(r—n)mm‘*“)g(g”z <|ef (—EIENT T gy i t=tomln™ gy 12
+16©) — I,

then the above inequality and the definition of the fractional derivative DY imply that
for almost every &,

1B(&)DF (/1 =EE ) () < DO (£ E-EEIT By (&) + D () (8).

Given that D? (e"(’*t‘mé‘w #), DY(¢) € L2(R), by Theorem 2.3, and the previous
inequality, it must be the case that

1B(&)DF (e EET (6 € L2(R). (4.4)

However, arguing as in the proof of Proposition 2.6, we can find a constant 0 < ¢ < 1
for which

DI (! EEY () 110 e <1 (€) 2 181D 110 ey < 6), (4.5)

where 1{g|¢|<¢) denotes the indicator function on the set {§ € R : 0 < [§] < ¢},
and the implicit constant above is independent of & in such a set and depends on
t — 11 > 0. Consequently, using that |<$| = |$|, together with (4.4) and (4.5), we get
|g|<1+a>9|$|nﬁ<|§|fc} € L*(R). But since ¢ € L*>(R), and (1 4+ a)f < 0, it follows
that ||+ € L2(R), i.e., p € HITV)(R).

Now, we can prove that it holds DY (a) € L2(R), that is to say, ¢ € L2(|x|29 dx).
Since for almost every & and 7,

-~

1BE) — DI < [l MEIENT _ gitninl T2 By 2 | inEIET By _ pinninl Gy 2,

we get from the definition of DY and Proposition 2.6 that

‘H»a ‘H»a/\

DY (@) (&) <D’ ("5 (6)1p(&)| + DY (515 gy (€)
<|E|H ()| + D (M-I By &),

Birkhauser



16 Page34o0f43 Journal of Fourier Analysis and Applications (2025) 31:16

for almost every &. The previous inequality, the fact that ¢ € HIDOR), Ut €
L2(]x|?? dx), and Theorem 2.3 imply that D?($) € L2(R) as desired.

Finally, as we have already shown that ¢ € H(1+a)0 R)N L2(|x|29 dx), using that
u is a solution of the integral equation associated to (1.1), we can apply the ideas in
Remark 3.2 to conclude that u € L ([0, T]; H1*9?(R)). This completes the proof
of part (i) in Theorem 1.4.

Next we prove part (ii). Here we have 1 < 0 < 1+2a

2(1+a) "
6 > 1 implies that u € L*°([0, T']; L?(|x|?dx)). Then an application of part (i) gives

We begin by noting that

D'*¢, x¢ € L*(R). (4.6)
Arguing as in the proof of part (i) above when 0 < 0 < — ﬁ, and using Proposition
3.3 when — 5755 < 6 < 5%, it follows from (4.1) and (4.2) that (4.3) holds for
1 <0< zl(ﬁg) However, such fact is equivalent to
xU@t)p € L2(|x|2(9_1) dx) for almostevery ¢ € [0, T]. .7
142a

We emphasize that 0 < 6 — 1 < 1 provided that6 < 5 and a < —2. We observe

(I4a)
that the validity of (4.6) implies
XU =U@)((x¢) — 2+ a)tD'*¢) e L*(R),
and thus (4.7) is equivalent to
U@ ((xp) — 2+ a)tD' ) e L*(jx*~V dx) for almost every ¢ € [0, T].
4.8)
Now, let us assume that

DI (xg), [x)"p € L2(R). (49)

It follows from Lemma 2.8 that U (r)(x¢) € L?>(|x|?®~D dx). Hence, (4.8) implies
that there exist two different times ¢, t; € [0, T'] such that

U)(D'¢), Ut))(D'™¢) e L*(|x[*O~D ax).

Accordingly, we can use the same arguments in the proof of Theorem 1.4 (i) with the
function D1+“¢, and weight size 6 — 1 to deduce

DUy x| @=Dpltay ¢ L2(R). (4.10)
Conversely, if we assume that the conditions in (4.10) hold, we have from Lemma 2.8
that U (t)(D'1¢) € L?(|x|>?~D dx). Then (4.8) yields that there exist two different
times 7, t; € [0, T'] such that

Ut)(x¢), Ut)(xp) € L*(Ix[*~D ax).
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It follows from the arguments in the proof of part (i) that (4.9) holds. O

Remark 4.1 We note that in the proof of Theorem 1.4, the linear part of the equation
mainly establishes the conclusion in this theorem. This can be justified by the fact that
we used and deduced the following result.

Proposition 4.2 Let ¢ € H*(R), s > 0 be such that for two different times t, t € R,
one has
Utj)$ € L*(1x|* dx),

j=1,2
(i) If0 < 6 < 1, it follows that

DMy x| e LA(R).
(ii) If 1 < 0 < 2. Then we have
U(tj)((xp) — 2 +a)t; D' ¢y e L*(|x|*~V dx),

j =1, 2. In particular, it follows that (4.9) holds if and only if (4.10) holds.

We emphasize that Proposition 4.2 (ii) holds for the range 1 < 6 < 2. In contrast,

Theorem 1.4 (ii) is valid for 1 < 6 < ZI(T—JEZ) This is a consequence of the estimates

for the nonlinear term ud,u« in the deduction of Theorem 1.1.

4.1 Proof of Proposition 1.5

With Propositions 3.3 and 4.2 in hand we are able to establish Proposition 1.5.

Proof of Proposition 1.5 Let u € C([0, T]; Z;‘”II) be a solution of (1.1) with initial
condition ©#(0) = ¢. Since there exist two different times t{,#, € [0, T] such that
u(t;) € L2(|)c|2+ dx), j = 1,2, and Proposition 3.3 establishes extra decay for the
integral factor u(t) — U (t)¢, it follows from the integral formulation of (1.1) (see
(4.1)) that

Utj)p € L2(|x]* dx),

foreach j = 1, 2. Consequently, we can apply Proposition 4.2 to get the desired result.
O

4.2 Proof of Proposition 1.6

We first present the following consequence of the proof of Proposition 3.3.

Remark 4.3 Some estimates in the proof of Proposition 3.3 extend to weights of order

1+2a_ Nore precisely, let s > max{— O+6a >+ andf = ( 1424 )7. Assume that

2(14a) " 2(542a)° 2(14a)
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u € C([0, TT; HE(R)) N L°([0, T1; L*>(|x|* dx)). The deduction of (3.29) in the
proof of Proposition 3.3 implies

t 14+2a
/ U(t — 7)(xd,u®)(t)dt € L°([0, T1; L2(|x|2(72(13a)_1) dx)). 4.11)
0

Moreover, under the same conditions on u, and recalling the factors A;, A3z in (3.31),
and A 7 in (3.34). The arguments in the proof of Proposition 3.3 yield

14+2a -1 1+2a -1 14+2a -1 00 2
DI Ay, Do Ay, DI T A3 € L0, T1; L2 (R)). (4.12)

Proof of Proposition 1.6 Without loss of generality, we will assume that r; = 0. Thus,
denoting u(0) = ¢, we have that the assumptions in Proposition 1.6 are

u(t), ¢ € L2(|x|2(%) dx),

and

D(”“)(zl&zﬁ))(p, D(”“)(%*l)(mﬁ), |x|%*101+‘1¢ e LA(R).

The previous conditions and Lemma 2.8 imply that U(t)¢ € L*([0,T]; L?

2a a
(|x |2(21<T+a>) dx)). Consequently, we have that u(r;) € L2(|x|2(2|(ﬁa>) dx) if and only
if
n 1424
| v = 06utywdr e xS o),
0

which in view of the identity xU (#) f = U(#)(xf — 2+ a)tD1+”f) is equivalent to
/Otz Uty — 1) (xdu® — 2 +a)(ta — 1)3: D Tu?) (1) dt € L2(|x|2(%*‘) dx).
Hence, from (4.11) in Remark 4.3, and the preceding conclusion it follow

[0& Uty — 7)((ta — 7)d D' Tu?) (1) d7 € L2(|x|2(%*‘) dx). (4.13)

Now, going to the frequency domain and using the decomposition (3.31) with the same
terms A;, A and Ajz (also recall the decomposition of A; in (3.34)), we use (4.12)
to deduce that (4.13) is equivalent to

1+2a

p Ui =1) (81 () 1117 € LA(R), (4.14)

14+2a . a
which follows if and only if D(Z(TH)*I) (e”zsml+ (p(S))H(]&H2 € L%(R), where ¢ €

CSO(R) with0 < ¢ < 1, (&) = 1, whenever |&| < 1. However, since 21(1+4%Z) - 1=
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2(1_—#), the result of Proposition 2.7 shows

'D(%il) (e”2§|§|l+a(p(é—)) ¢ LZ(R),

but then (4.14) forces us to have ||¢]| = 0. The proof is thus completed. O

Appendix

This part is devoted to deriving the local well-posedness result presented in Lemma
3.1. We will use a parabolic regularization argument, as given in [1, 8, 21, 22]. We
emphasize that the presence of the operator 8, D'+ complicates certain estimates and
motivates to detail the proof of Lemma 3.1.

Proof of Lemma 3.1 We will only deduce existence and uniqueness of solutions for
(1.1) and (3.1). The continuous dependence follows from our arguments and the ideas
in references [1, 8, 21, 22]. To simplify the presentation of our estimates, we will
divide our considerations into five key steps.

(i) Existence of solutions for the regularized equation (3.1). Let 0 < u < 1 be
fixed. Using the integral formulation of (3.1), one can apply a contraction argument
similar to the one developed in the proof of Theorem 1.1 to show that there exist a
time 7, > 0 and a unique solution u,, of (3.1) with initial condition u, (0) = ¢ such
that

uy € C([0, T, 1; Hy »(R)).

The above result depends strongly on the estimates in Remark 3.2 for the nonlinear
term u,, 0x i, .

(i1) We will show that the solutions u,, 0 < u < 1 constructed in (i) can be
extended to a common time 7 > 0 independent of x and depending on ¢, and there
exists p € C([0, T]; [0, 00)), independent of 1, such that

Ol < p(0). 5.1

We first observe that using energy estimates with the Eq. (3.1), and the embedding
H? (R) = W (R), one gets the differential inequality

d
Enuﬂ(r)n%p < esllup @) lys, (5.2)

where the constant ¢; > 0 is independent of p. It is important to mention that the

energy estimate used to get the above expression, and the fact that the term involving
. . . . . 2+4a 1 1
the dispersion can be canceled, are justified by the condition 6 > 7 > 5 + Ta)

To see this, writing 9, = H D, where H denotes the Hilbert transform, it follows
/ 8 DTS U, TS uy dx = / HD™ Ju, D FPuy, dx. (5.3)
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Thus, since H defines a skew-symmetric bounded operator in L2 (R), the above integral

is zero if we prove Dz% Jiu, € L?(R). We note that in (5.3), we do not use directly
that the operator 9, D' is skew-symmetric, as we first need to justify that such
integral is defined. Now, Plancherel’s identity, the fact that 6 > % + m, and
dividing into frequencies, we observe

24a 24a_ _ 2o
1D Pyl <llE]17T M%&) 16| TG0 2 eg<r) + N1EL E) itnll 20121

1 o
<UDy ||+ Nl s

Consequently, the above estimate implies that (5.3) is null. Next, let p; €
C ([0, T*); [0, 00)) be the maximal extended solution of

{ dp1(t) = csp1(1)?,
p1(0) = 911

Then one has from (5.2) that

i (D13 < p1(2).

Using the integral formulation of (3.1), the fact that {U,(¢)} defines a semigroup of
contractions (see (2.17)), (3.2), and (3.3), we have

1 t
IDU () <Dl + 5 / I D0 @) (@) d
0
t
<DVl 4 ¢ [ @)1 dr
0
t
<IDTF g + ¢ f pi(1)dr.
0

Summarizing, we have deduced that

it O 11Fys | =l @ + 1D, ()]

<0+ (1Dl +c [ pmar) = pw.

Consequently, since p € C([0, T*); [0, 00)), and T* do not depend on p, it follows
that for any time 0 < T < T* = T*(¢), the inequality (5.4), and the usual extension
method show that u,, can be extended to the class C([0, T']; H, ;79 (R)).

(iii) By the previous step, let 7' > 0 be such that u, € C([0, T']; HaSﬁ(R)) for all
0 < u < 1. In this part, we will show that when u — 0, u,, converges to a function
uin C([0, T]; L%(R)), and in the weak sense of C,, ([0, T']; H;,e (R)). Moreover, such
limit u satisfies (5.1).

Using the equation in (3.1), and the cancellation of the dispersive term provided
by the argument below (5.3), one can use energy estimates to get that there exists
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u € C([0, T]; L*(R)) such thatu,, — u as w — 0% in the sense of C ([0, T1; L*(R)).
Moreover, it is not hard to see that this fact implies that u,, — u in the weak sense of
Cu ([0, T1; H* (R)). _

Now, we claim thatu,, — uin Cy, ([0, T'1; H+®9(R)). But first, we will introduce
some approximations for an arbitrary function f € H*9?(R). We consider ¢ €
C*®(R) be such that ¥ (§) = 1, if |§] > 2, and ¥(§) = 0, if |§] < 1. We define
then ¥, (§) = Y (n€) and f, = (wnf)v, for each integer n > 2. We observe that the
support of the function v, implies that for almost every &,

11E11F09 Fe) — 15100y, ) F©)1* = 11 — (@) P11E| T F ()P — 0

asn — 0o, and

|1E11F09 F&) — 15|00y, 6) F(6)1* < (1619 F©)* € L'(R).

Consequently, the previous facts and Lebesgue’s dominated convergence theorem
yield f, — f asn — ooin HTD9(R). Additionally,

||D2(1+u)9fn ” S n—(1+u)9”D(l+a)0f”

Now, denoting by (-, -) g a+ae the usual inner product of H1+09(R) (recall that H? (R)
is a Hilbert space if 8 < %), we have for u, v € (0, 1)

[{uy () — uy(2), f>1i1(1+a)9|
<Hup (@) —uy (), f- fn)H(1+a)0| + [y —uy, fn)]-](l+a)9|
<N () — us Ol gasan | f = full gasawe + Ny — wy, DXITD0 Ly 5
<ML = fullasan +n~ 05 (Csup (@) = w1 IDS ),

te[0,T]
(5.5)

where using (5.4), M > 0 is such that sup sup ||”u(t)||Hg(, < M. Given
O<p<l11€l0,T] ’

that u,, converges in C ([0, T]; L>(R)) and that f, — f in HU+9%(R), inequal-

ity (5.5) establishes that u, converges in C,, ([0, T']; H (40 (RY), which leads to

u € Cy([0, T1; HI+DY(R)). Consequently, we have proved that when yo — 0%, u,,

converges to u in Cy, ([0, T']; H;,e (R)). Using this fact, we can also deduce that u

satisfies (5.1).

(iv)Letu € C([0, T]; L2(R)NCy, ([0, TT; H;’Q(R))betheweaklimitofthefamily
u,, of solutions of (3.1) deduced in (iii), which also satisfies (5.1). We will show that
u € CL([0, T]; H*2(R)) N ACIO, T1; H*~2(R)), u(0) = ¢, and u satisfies (1.1) in
a week sense, that is,

O (u(t), f)gs—2 = (0 DT u(t) — u(®)du(t), f)ps-2.

for all f € H* 2(R), and almost every ¢ € [0, T], where AC([0, T]; H*"2(R)) is
the space of absolutely continuous functions with values in H*~2(RR). Moreover, for
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¢ € H] Q(R) the weak solution of (1.1) constructed above is unique in the class
of bounded functions u : [0, T] — H® G(R) which are also in C([0, T]; L*(R)) N
Cu ([0, T1: H ,(R) N CL([0, T]; H*~ 2(R)) NACI[0, T]; HS~ 2(R))

To deduce (iv), we first observe that (2+“) <60 < —30ra) + , the fact that u,
converges to u in the sense of Cy, ([0, T]; H a,e (R)), and that u satlsﬁes (5.1) imply

9, DT, —8, D", in H2(R),
uydyuy—udu, in HS(R), (5.6)
92u,—d2u, in H2(R),

as i — 0. The last two convergences above follow as a consequence of the results in
(iii). However, we emphasize that the first convergence in (5.6) requires the condition

(ﬁ—g) <0 < 2(1+ o To see this, let f € H°~ 2(R) and ¢ € C°(R) be such that

¢ = 1, whenever |§] < 1. Weset P, f = (¢f )V, then the definition of the inner
product in H 5=2(R) and the fact that f = Pyf + (I — Py) f yield

(BXDH'auM — 9, DTy, £ s :<8xDl+a—(l+a)9JS—ZD(1+a)9(uM —u), JS—2p¢f)L2
+ (0D 2wy — ), (1= P )0
_ (D(H-a)@(uu _ u)’ axDl+a—(l+a)0J2s—4P(pf>L2
— (I 72y —u), (I — Pp)dx D' TAT572 f) 1
=T u+2Lou.

Now, using the definition of the operator Py, and the fact that2+a — (1+a)6 > 0, we
get 9, D!Ha—(+a)0 y2s—4 Pyf € L?(R). We can prove using the week convergence
of u,, to u deduced in (iii), and (5.1), that DUT9%y —~ DU+ in the L2(R) sense.
Collecting these previous facts, we have that Z; , — 0 as & — 0T. On the other
hand, by support properties of the operator / — Py, and using that a < —2, we have
(I—=Py)oyD I4a =2 ¢ ¢ [2(R). Thus, the week convergence of u, in H* (R) implies
thatZ , — Oas u — 0. This shows the convergences in (5.6).

Now, given that u,, solves the integral equation associated to (3.1), it follows that
forany f € H*72(R),

t
U 0)s )z = (s Fhrgss + /0 (102, (0)

+ 0 DUy (1) — (V)1 (T), f) o2 dT.

Hence, (5.6) shows that when © — 07,

t
@), flys—2 = (¢, [us— +/O (0:D"u(t) — u(r)oxu(r), f)ps—2dr.
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The above identity and similar ideas to those in [1, 8, 21, 22], show that u satisfies
the equation in (1.1) in the weak sense of H*"2(R) and u € AC[O0, T]; H*~2(R)).
Finally, using energy estimates at L>-level, one gets the uniqueness statement.

@ Let u be the solution obtained in (iv), we will show u € C([0, T]; H g’Q(R)).
Note that once we have proved that u € C([0,T]; H;,Q(R))’ the conclusion in
(iv) completes the proof of existence of solutions for the equation (1.1). Since
ue Cy(0,T1; HQ’Q(R))isasolutionof(l.l),andu satisfies (5.1), given f € Hg’e(R)
with ||f||H;’0 =1, we get

Kb, frus | = lim [u(@), f)gs,| <liminf |lu(2)]]
a t—0t @ t—0t+

. . 1
<limsup [u(r)|| < limsup p(1)2 < lPllps
t—0t t—0t ’

where we have used the fact that lim,_, o+ p(¢) = ||<]5||2 s (see (5.4)). Consequently,
a,l

since f is arbitrary, we deduce lim,_, o+ u(t) = ¢ in H (j é(R), i.e., u is continuous to
the right of £ = 0. Given ¢’ € [0, T], let v be the weak solution of (1.1) with initial
condition u(¢’) (such a solution exists by steps (i)-(iv)). It follows from the uniqueness
results in (iv) that v(t) = u(¢ + t’), and by the previous argument, we have v(z) is
continuous to the right at the origin, it follows that u is continuous to the right at
t = t',ie., since t’ is arbitrary, u is continuous to the right in [0, T']. Finally, since
the equation in (1.1) is invariant under the transformation (x, t) — (—x,t —t), we
deduce continuity to the left at ' from uniqueness, and continuity to the right of weak
solutions of (1.1). Summarizing u € C([0, T']; H, ;,0 (R)), which completes the proof.

O
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