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Abstract
Weexplore the limits of fractional dispersive effects and their incidence in the propaga-
tion of polynomial weights. More precisely, we consider the fractional KdV equation
when a differential operator of negative order determines the dispersion. We investi-
gate what magnitude of weights and conditions on the initial data that allow solutions
of the equation to persist in weighted spaces. As a consequence of our results, it fol-
lows that even in the presence of negative dispersion, it is still possible to propagate
weights whose maximum magnitude is related to the dispersion of the equation. We
also observe that our results in weighted spaces do not follow specific properties and
limits that their counterparts with positive dispersion.
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1 Introduction

This paper is concerned with the initial value problem (IVP) associated with the
negative dispersion fractional KdV equation (fKdV)

{
∂t u − ∂x Da+1u + u∂xu = 0, x, t ∈ R, a ∈ (− 5

2 ,−2),

u(x, 0) = φ(x),
(1.1)

where Da+1 stands for the fractional derivative operator of order a + 1 with respect
to the variable x , which is defined via the Fourier transform as Da+1 f = (|ξ |a+1 f̂ )∨.

For different dispersions a ∈ R, equation fKdV has been used as a test model
to analyze the competition between dispersion and nonlinearity. When a = 1, one
obtains the widely studied Korteweg–de Vries equation, which appears in various
contexts such as shallow-water waves with weakly non-linear restoring forces, see
[31]. In this work, we focus on instances where the operator Da+1 is nonlocal, where
we highlight the following cases:

• Dispersion a = 0 in fKdV. The resulting model is the Benjamin–Ono equation,
which has been used to study waves in stratified deep water. Concerning well-
posedness in Sobolev spaces Hs(R), see [1, 3, 19–21, 26, 27, 32, 36, 44], and
for persistence in weighted spaces, we refer the reader to [5, 11, 21]. See also [4]
regarding results on weighted spaces for a dissipative perturbation of (1.1).

• Dispersion 0 < a < 1 in fKdV. One obtains the dispersion generalized Benjamin–
Ono equation, which has been used tomodel physical phenomena such as vorticity
waves in the coastal zone [35, 42]. See [15], for well-posedness in Hs(R) and [13]
for well-posedness in weighted spaces. Furthermore, well-posedness in weighted
spaces for a bidimensional version of (1.1) can be found in [9].

• Dispersion −1 < a < 0 in fKdV. We obtain the low-order dispersive fractional
KdV equation whose well-posedness in Hs(R) was investigated in [30, 33], and
in weighed spaces in [38].

• Dispersion −2 < a < −1 in fKdV. The case a = − 3
2 has been proposed in the

study of water waves in two dimensions with infinite depth, see [18]. Concerning
well-posedness in weighted spaces and further remarks on that equation, see [24,
38].

• Dispersion a = −2 in fKdV. In this case, we obtain the Burgers–Hilbert
equation, introduced to study nonlinear constant-frequency waves [2, 17]. For
well-posedness in weighted spaces, see [38].

• The equation has also been studied in several variable settings. See [10, 16, 37,
39–41], and references therein.

We observe that dispersions a ≥ −2 in (1.1) have been extensively studied in the
literature. This paper seeks to push the dispersive effects to the limit and consider the
extremes a < −2. Our goal is to characterize how the dispersion influences certain
conditions on the initial data to establish for which values of θ > 0, the polynomial
weight |x |θ is propagated by solutions of (1.1), i.e., we aim to determinate θ > 0
such that there exists a local solution u of (1.1) with |x |θu ∈ L∞([0, T ]; L2(R)).
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This kind of question is well understood in the case a > −2, where it has been
established, in conjunction with some unique continuation principles (UCP), that θ <
7
2 + a is the weight limit propagated by solutions of (1.1), see [11, 13, 38] for details.
However, we will see that this limit on θ changes for negative dispersions a < −2, and
extra conditions on the initial data are necessary to propagate weights. Consequently,
our results give a complete framework of the spatial decay of solutions of (1.1) in
polynomial spaces when a > − 5

2 .
On the other hand, we recall that for the Cauchy problem (1.1) some local UCP

and asymptotic at infinity UCP have been studied before. For more information on
these questions, see [29]. Actually, local UCP for various cases of dispersion a ∈ R

in (1.1) have been obtained in [24, 25]. Concerning asymptotic at infinity UCP when
a ≥ −2, see references [11–13, 38]. However, when a < −2, although there exist
results on local UCP, there seem to be no previous works dealing with asymptotic at
infinity UCP. Motivated by such a question, we decided to study (1.1) with negative
dispersions − 5

2 < a < −2, and we obtain some new UCP in Propositions 1.5 and 1.6
below.

Concerning conserved quantities, solutions of (1.1) formally preserve the mass

M[u(t)] =
∫
R

|u(x, t)|2 dx,

and the energy

E[u(t)] = 1

2

∫
R

|D a+1
2 u(x, t)|2 dx −

∫
R

u3(x, t) dx . (1.2)

Motivated by the energy invariant (1.2), for θ > 0, a < −2, s ∈ R, we consider the
space

Hs
a,θ (R) := Hs(R) ∩ Ḣ (a+1)θ (R), (1.3)

where we recall that the homogeneous Sobolev space Ḣ (a+1)θ (R) consists of all
tempered distributions f for which f̂ ∈ L1

loc(R) and ‖D(a+1)θ f ‖ = ‖|ξ |(a+1)θ f̂ ‖ <

∞, where ‖ · ‖ = ‖ · ‖L2 denotes the usual norm in L2(R). Thus, we assign the norm
‖ f ‖2Hs

a,θ
:= ‖ f ‖2Hs + ‖D(a+1)θ f ‖2 to the space Hs

a,θ (R). In particular, when θ = 1
2 ,

the energy (1.2) is justified in the space Hs
a, 12

(R), s > 1
2 .

Note that when − 5
2 < θ < a, and 2+a

1+a ≤ θ < − 3
2(1+a)

, a parabolic regularization-
type argument can be used to show the existence of solutions to the Cauchy problem
(1.1) in the space Hs

a,θ (R) for regularity s > 3
2 (see Lemma 3.1 below). Such methods

are standard and have been applied in quite a few contexts, see for example [1, 8, 21,
22]. However, in the case of negative dispersion as that given in (1.1), it has not been
established whether such a method is valid for obtaining solutions in spaces Hs

a,θ (R).
For this reason, we have decided to deduce the existence of solutions of (1.1) in Sect. 5.
It must be highlighted, we do not know if there is a local well-posedness theory for
(1.1) in spaces Hs

a,θ (R) for 0 < θ < 2+a
1+a or θ ≥ − 3

2(1+a)
, and some s ∈ R. Notice

that in the case of negative dispersion a < −2, it is not clear if dispersive effects would
help deduce the existence of solutions in spaces of lower regularity s ≤ 3

2 .



16 Page 4 of 43 Journal of Fourier Analysis and Applications (2025) 31 :16

Next, we introduce our weighted Sobolev spaces. Given a < −2, θ > 0, s, r ∈ R,
we consider the space

Za,θ
s,r = Hs

a,θ (R) ∩ L2(|x |2r dx) (1.4)

endowed with the norm ‖ f ‖2
Za,θ
s,r

= ‖ f ‖2Hs
a,θ

+ ‖|x |r f ‖2. We also consider the space

Za,θ
s,r = { f ∈ Za,θ

s,r : |x |θ−1D1+a f , D(1+a)(θ−1)(x f ) ∈ L2(R)}, (1.5)

equippedwith thenorm‖ f ‖2Za,θ
s,r

= ‖ f ‖2
Za,θ
s,r

+‖|x |θ−1D1+a f ‖2+‖D(1+a)(θ−1)(x f )‖2.
Our first main result focuses on studying well-posedness and persistence in the

spaces Za,θ
s,θ , Za,θ

s,r , θ > 0, s > 0, and a < −2. It must be clear that in this work,
we follow Kato’s notion of well-posedness, which consists in existence, uniqueness,
persistence property (if φ ∈ X for some functional space, then the corresponding
solution describes a continuous curve in X , i.e., u ∈ C([0, T ]; X)), and continuous
dependence of the map data-solution.

Theorem 1.1 Assume − 5
2 < a < −2. The following statements hold:

(i) If 0 < θ ≤ 1 and s > 3
2 , then the Cauchy problem (1.1) is locally well-posed in

Za,θ̃
s,θ , where θ̃ = 2+a

1+a , if 0 < θ < 2+a
1+a , and θ̃ = θ , if θ ≥ 2+a

1+a .

(ii) If 1 < θ < − 3
2(1+a)

and s ≥ max{ 32
+
,
5θ((1+a)(θ−1)+1)

3(2θ−1)−θ
}, then the Cauchy problem

(1.1) is locally well-posed in Za,θ
s,θ .

(iii) If − 3
2(1+a)

≤ θ < 1+2a
2(1+a)

, s ≥ max{− 9+6a
2(5+2a)

, 2+} and φ ∈ Za,θ
s,θ , then there exist

a time T > 0 and a unique solution u of (1.1) in the class

C([0, T ]; Hs
a,θ̃

(R)) ∩ L∞([0, T ]; L2(|x |2θ dx)), (1.6)

with θ̃ =
(

− 3
2(1+a)

)−
. Above, we follow the standard notation a± = a ± ε,

0 < ε 	 1.

Remark 1.2 Before discussing some points in the proof of Theorem (1.1), let us give
some remarks.

(a) The local well-posedness in (i) and (ii) depend on the local existence of solutions
in Hs

a,b(R) given in Lemma 3.1, where it is assumed that b satisfies 2+a
1+a ≤ b <

− 3
2(1+a)

.
(b) Contrary to (i) and (ii), under the assumptions in (iii), we cannot deduce the

local well-posedness in Za,θ
s,θ because we do not know the local well-posedness in

Hs
a,θ (R). The best we can say is the persistence result (1.6). However, our proof

extend to local well-posedness in Za,θ
s,θ provided that there exists a local theory in

Hs
a,θ (R).

Concerning the proof of Theorem 1.1, given the difficulties in controlling the nega-
tive derivatives in weighted spaces, we first consider a regularized version of equation
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(1.1) (see (3.1) below), forwhich a contraction argument showspersistence inweighted
spaces. Afterward, the results for the Cauchy problem (1.1) follow by an approxima-
tion of such regularized equation. When − 3

2(1+a)
≤ θ < 1+2a

2(1+a)
, we use the result

of Theorem 1.1 for lower weights θ < − 3
2(1+a)

, and an iterative argument to get the
desired result. We remark that such an approach is possible by Proposition 3.3 that
shows extra decay properties for the nonlinear quadratic term u∂xu. We also note
that because of the negative dispersion in the equation, we are forced to use different
arguments than those given for dispersion a ≥ −2 in [11, 13, 38]. Nevertheless, we
believe that our arguments can also be extended to such dispersion.

We emphasize that in the case of dispersion a ≥ −2, a 
= −1, the number 7
2 + a

determines themaximumpolynomial decay propagated by solutions of (1.1). Contrary
to that, when − 5

2 < a < −2, certain estimates that are only valid for such constraints
(see (3.34), and Proposition 2.7), allow us to extend such a decay limit. Thus, in
Theorem 1.1, we obtain persistence results for weights θ < 1+2a

2(1+a)
, where one has

1+2a
2(1+a)

> 7
2 + a. The above is one of the main differences of the fKdV equation when

compared with a < −2.
Note that Theorem 1.1 establishes local well-posedness in spaces Za,θ

s,r ,Za,θ
s,r , where

r = θ if θ ≥ 2+a
1+a . Concerning cases where r < θ , given 2+a

1+a ≤ θ̃ < − 3
2(1+a)

, and

0 < θ ≤ θ̃ , as a direct consequence of the proof of Theorem 1.1 (i) and (ii), and the
embedding (Hs(R) ∩ Ḣ (1+a)θ̃ (R)) ↪→ (Hs(R) ∩ Ḣ (1+a)θ (R)), s > 3

2 , we deduce:

Corollary 1.3 Assume − 5
2 < a < −2. If 2+a

1+a ≤ θ̃ ≤ 1, 0 < θ ≤ θ̃ , and s > 3
2 ,

then the Cauchy problem (1.1) is locally well-posed in Za,θ̃
s,θ . If 1 < θ̃ < − 3

2(1+a)
,

1 < θ ≤ θ̃ , and s ≥ max{ 32
+
,
5θ((1+a)(θ−1)+1)

3(2θ−1)−θ
}, then the Cauchy problem (1.1) is

locally well-posed in Za,θ̃
s,θ .

In particular, setting θ̃ = 1
2 , the previous corollary establish local well-posedness

results for the space Hs
a, 12

(R) ∩ L2(|x |2θ dx), 0 < θ ≤ 1
2 , which is motivated by the

energy (1.2).
The conditions D(1+a)θφ, |x |θ−1D1+aφ, D(1+a)(θ−1)(xφ) ∈ L2(R) in the assump-

tions of Theorem 1.1may be completely technical. However, in the following theorem,
we show that such conditions are necessary to propagate fractional weights in L2-
spaces. It seems these conditions appear to originate from the dispersive effects
in fKdV. More precisely, we will show that if a sufficiently regular solution u ∈
C([0, T ]; Hs(R)) of (1.1) with u(0) = φ persists in some space L2(|x |2θ dx) with
0 ≤ θ ≤ 1, i.e., u ∈ L∞([0, T ]; L2(|x |2θ dx)), then D(1+a)θφ, |x |θφ ∈ L2(R) must
hold. When 1 < θ < 1+2a

2(1+a)
, we show that u ∈ L∞([0, T ]; L2(|x |2θ dx)) implies that

D(1+a)(θ−1)(xφ), |x |θφ ∈ L2(R), if and only if D(1+a)θφ, |x |(θ−1)D1+aφ ∈ L2(R).
Such a result connects the extra conditions in the definition of the space Za,θ

s,r and the
fact that φ ∈ Za,θ

s,r .

Theorem 1.4 Suppose − 5
2 < a < −2 and 0 < θ < 1+2a

2(1+a)
. Assume also

(a) s > 3
2 if 0 < θ ≤ 1;
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(b) s ≥ max{ 32
+
,
5θ((1+a)(θ−1)+1)

3(2θ−1)−θ
} if 1 < θ < − 3

2(1+a)
; and

(c) s ≥ max{− 9+6a
2(5+2a)

, 2+} if − 3
2(1+a)

≤ θ < 1+2a
2(1+a)

.

Let u ∈ C([0, T ]; Hs(R)) ∩ L∞([0, T ]; L2(|x |2θ dx)) be a solution of (1.1) with
initial condition φ.

(i) If 0 < θ ≤ 1, then it must be the case that

D(1+a)θφ, |x |θφ ∈ L2(R).

In particular, it follows that u ∈ L∞([0, T ]; Ḣ (1+a)θ (R)).
(ii) Let 1 < θ < 1+2a

2(1+a)
. Consider the following conditions on φ

D(1+a)(θ−1)(xφ), |x |θφ ∈ L2(R), (1.7)

and
D(1+a)θφ, |x |(θ−1)D1+aφ ∈ L2(R). (1.8)

Then (1.7) holds true if and only if (1.8) holds true.

Note that in Theorem 1.4, we consider u as a solution of (1.1) in the class
C([0, T ]; Hs(R)) ∩ L∞([0, T ]; L2(|x |2θ dx)), which in general does not imply that
|x |θu(x, 0) = |x |θφ(x) ∈ L2(R). However, our UCP in Theorem 1.4 actually shows
that such a condition on the initial data must hold true. Moreover, in Theorem 1.1,
the propagation of weights requires a condition such as u(t) ∈ Ḣ (1+a)θ̃ (R) for some
θ̃ > 0, but in contrast, the hypothesis of Theorem 1.4 does not make use of such
requirement. In this sense, Theorem 1.4 applies to a wider class of solutions of (1.1).

Let us deduce some consequences of Theorem 1.4. Consider φ ∈ H
3
2

+
(R) ∩

L2(|x |2θ dx) for some fixed 0 < θ ≤ 1, such that D(1+a)θφ /∈ L2(R). Then, Theorem
1.4 (i) shows that there does not exist a time T1 > 0 and a solution u of (1.1) with
initial condition φ such that u ∈ C([0, T1]; Hs(R)) ∩ L∞([0, T1]; L2(|x |2θ dx)). In
this sense, the conditions D(1+a)θφ, |x |θφ ∈ L2(R) in Theorem 1.1 (i) are sharp.

When θ > 1, Theorem 1.4 provides similar conclusions to those presented above.
For example, let 1 < θ < 1+2a

2(1+a)
, s > 0 be given as in Theorem 1.4, φ ∈ Hs(R) ∩

L2(|x |2θ dx) be such that (1.7) holds true, and D(1+a)θφ /∈ L2(R). For an example
of such an initial condition, take ϕ ∈ C∞

0 (R) be such that ϕ(ξ) = 1, whenever
|ξ | ≤ 1, and set φ = ϕ∨. Thus, Theorem 1.4 establishes that there does not exist
a time T1 > 0, and a solution u of (1.1) with initial condition φ such that u ∈
C([0, T1]; Hs(R)) ∩ L∞([0, T1]; L2(|x |2θ dx)).

As a further consequence of the proof of Theorem 1.4, we obtain the following
UCP for solutions of (1.1).

Proposition 1.5 Assume − 5
2 < a < −2 and s ≥ max{ 3

(5+2a)
, 2+}. Let u ∈

C([0, T ]; Za,1
s,1 ) be a solution of (1.1). If there exist two different times t1, t2 ∈ [0, T ]

such that
u(t j ) ∈ L2(|x |2+

dx), j = 1, 2,
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then
|x |0+

U (t j )((xφ) − (2 + a)t j D
1+aφ) ∈ L2(R), j = 1, 2. (1.9)

In particular, the initial condition φ satisfies (1.7) if and only if it satisfies (1.8).

Proposition 1.6 Suppose − 5
2 < a < −2, s ≥ max{− 9+6a

2(5+2a)
, 2+}, and θ =(

1+2a
2(1+a)

)−
. Let u ∈ C([0, T ]; Hs

a,θ̃
(R)) ∩ L∞([0, T ]; L2(|x |2θ dx)) be a solution

of (1.1) with θ̃ =
(

− 3
2(1+a)

)−
. If there exist two times t1, t2 ∈ [0, T ] with t2 > t1

such that

u(t j ) ∈ L2(|x |2
(

1+2a
2(1+a)

)
dx), j = 1, 2,

and

D(1+a)
(

1+2a
2(1+a)

)
u(t1), D(1+a)

(
1+2a
2(1+a)

−1
)
(xu(t1)), |x | 1+2a

2(1+a)
−1D1+au(t1) ∈ L2(R),

(1.10)
then

u ≡ 0.

We remark that the result in Proposition 1.6 establishes that 1+2a
2(1+a)

is the maximum

polynomial decay propagated by solutions of (1.1). Indeed, let − 5
2 < a < −2, s > 0

as in Proposition 1.6, and consider φ ∈ Hs(R) ∩ L2(|x |2
(

1+2a
2(1+a)

)
dx) such that

D(1+a)
(

1+2a
2(1+a)

)
φ, D(1+a)

(
1+2a
2(1+a)

−1
)
(xφ), |x | 1+2a

2(1+a)
−1D1+aφ ∈ L2(R).

Notice that such conditions are motivated by the results of Theorems 1.1 and Propo-
sition 1.5. Then if φ 
= 0, Theorem 1.1 assures that there exist a time T > 0 and a
unique solution u of (1.1) in the classC([0, T ]; Hs

a,θ̃
(R))∩ L∞([0, T ]; L2(|x |2θ dx))

with θ =
(

1+2a
2(1+a)

)−
and θ̃ =

(
− 3

2(1+a)

)−
. However, Proposition 1.6 implies that

for any time T1 > 0, u /∈ L∞([0, T1]; L2(|x |2
(

1+2a
2(1+a)

)
dx)).

Remark 1.7 Let us compare our results with the conclusions for a ≥ −2 and a 
= −1
in (1.1) obtained in [11, 13, 38].

(a) In the case of Theorem 1.1, the conditions D(1+a)θφ, |x |θ−1D1+aφ, D(1+a)(θ−1)

(xφ) ∈ L2(R) for dispersions a ≥ −2 are not necessary and are obtained in dif-
ferent ways. For example, it is common to use the zero-mean property φ̂(0) = 0 to
deduce that D(1+a)θφ ∈ L2(R). For this reason, when a ≥ −2 one uses the
spaces Hs(R) ∩ L2(|x |2θ dx) ∩ { f ∈ Hs(R) : f̂ (0) = 0}. However, when
a < −2 the derivative D(1+a)θ is too singular to guarantee integrability for
arbitrary functions with zero mean. Also, note that if φ ∈ L2(|x |2θ dx), then
φ̂ ∈ H θ (R), but in our case θ < 1+2a

2(1+a)
< 3

2 , which is small to extract use-

ful properties for φ̂ and ∂ξ φ̂, as to say that it is Hölder or Lipschitz continuous.
Hence, in this work, we have substituted the zero mean property by hypotheses
D(1+a)θφ, |x |θ−1D1+aφ, D(1+a)(θ−1)(xφ) ∈ L2(R).
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(b) In the case of Proposition 1.5, when a > −2, a 
= −1, in [11, 13, 38], it has been
proved that if for two different times t1, t2 one has that a solution u of (1.1) satisfies

|x | 52+au(t j ) ∈ L2(R), then the zero mean holds true, i.e., φ̂(0) = 0. However,
when a < −2, as we mentioned before, the condition φ̂(0) = 0 is being replaced
by (1.9). We emphasize that when a ≥ −2, using (1.9) an a few extra steps, we
obtain the UCP results deduced in [11, 13, 38].

(c) In the case of the UCP in Proposition 1.6, when the dispersion a > −2 with
a 
= −1, in [11, 13, 38], it has been proved that if for three different times t1, t2, t3,

the solution of (1.1) satisfies |x | 72+au(t j ) ∈ L2(R), then u = 0. Such a result
depends strongly on the following identity for the solution of (1.1),

∫
xu(x, t) dx =

∫
xφ(x) dx + t

2
‖φ‖2. (1.11)

In our case, since we study arbitrary initial conditions for which the maximum decay
limit is 1+2a

2(1+a)
< 3

2 , the above identity is not always justified.Additionally, for a < −2,
we note that estimates (3.31) and (3.34) are more beneficial than in the case a > −2.
For this reason,we do not need identity (1.11), andwe can extend the polynomial decay
propagated by solutions of (1.1) to 1+2a

2(1+a)
> 7

2 + a. Complementing this, our results
from Proposition 1.6 show that if a sufficiently regular solution of (1.1) decays at two
times as 1+2a

2(1+a)
and (1.10) holds, then such a solutionmust be identically zero.Note that

although we do not use three times (which is the typical assumption when a > −2),
we do have two times conditions and |x |θ−1D1+aφ, D(1+a)(θ−1)(xφ) ∈ L2(R), which
somehow shows that even for the case a < −2, three conditions are still needed to get
Proposition 1.6.

This paper is organized as follows. InSect. 2,wepresent the notation andpreliminar-
ies needed to derive our results. In Sect. 3, we show ourwell-posedness and persistence
results in weighted spaces stated in Theorem 1.1. In Sect. 4, we deduce our unique
continuation principles. More precisely, we prove Theorem 1.4, and Propositions 1.5
and 1.6. Finally, we conclude with an appendix where we show local well-posedness
result for the Cauchy problem (1.1) in spaces Hs

a,θ (R).

2 Notation and Preliminaries

We will use standard notation. Given a and b be two positive numbers, we say that
a � b if there exists a constant c > 0 such that a ≤ cb, and we say that a � b if
b � a. We write a ∼ b if a � b and b � a. The commutator between two operators
A, B is denoted as [A, B] = AB − BA.

C∞
0 (R) denotes the class of smooth functions with compact support on R. Given

1 ≤ p ≤ ∞, we denote by ‖ · ‖L p the usual norm in L p(R); when p = 2, as we
mentioned before, we write ‖ · ‖L2 =: ‖ · ‖, but depending on the context and to
emphasize the variable of integration, we will also use ‖ · ‖L2 . Given s ∈ R, J s

is defined via Fourier transform as Ĵ s f (ξ) = 〈ξ 〉s f̂ (ξ), with 〈ξ 〉 = (1 + |ξ |2)1/2.
Thus, the Sobolev spaces Hs(R) consists of all tempered distributions f such that
‖ f ‖Hs = ‖J s f ‖ < ∞.
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The group of bounded linear operators associated with the linear equation ∂t u −
∂x Da+1u = 0 is defined via Fourier transform by

(U (t)φ)∧(ξ) = eitξ |ξ |1+a
φ̂(ξ), t ∈ R. (2.1)

The following fractional Leibniz rule (see [14, 23]) will be used in our arguments.

Lemma 2.1 Let s > 0 and 1 < p < ∞, then

‖Ds(h f )‖L p ≤ ‖Dsh‖L p‖ f ‖L∞ + ‖Ds f ‖L p‖h‖L∞ . (2.2)

We will apply the following commutator estimate.

Proposition 2.2 Let s ∈ (0, 1) and 1 < p < ∞, then

‖[Ds, g] f ‖L p ≤ ‖Dsg‖L∞‖ f ‖L p , (2.3)

and
‖[Ds, g] f ‖L p ≤ ‖Dsg‖L p‖ f ‖L∞ . (2.4)

Proof See [28] and reference therein. ��
Next, we introduce equivalent definitions for fractional derivatives. Although we

work in one spatial dimension, we will state the following results for any dimension
d ≥ 1. We denote by L p

b (Rd) the fractional Sobolev space defined as L p
b (Rd) :=

(1− 	)− b
2 L p(Rd). Such spaces can be characterized by the Stein derivative of order

b.

Theorem 2.3 Let b ∈ (0, 1) and 2d
d+2b < p < ∞. Then f ∈ L p

b (Rd) if and only if

(a) f ∈ L p(Rd),

(b) Db f (x) :=
(∫

Rd

| f (x) − f (y)|2
|x − y|d+2b dy

) 1
2

∈ L p(Rd), with

‖ f ‖b,p := ‖Jb f ‖p ∼ ‖ f ‖p + ‖Db f ‖p ∼ ‖ f ‖p + ‖Db f ‖p.

In particular, when p = 2, ‖Db f ‖ ∼ ‖Db f ‖.
Proof We refer to [43]. ��

One of the advantages of using Db is that it provides a suitable formula to obtain
pointwise estimates for fractional derivatives. In addition, from Fubini’s theorem, we
have the following product estimate

‖Db( f g)‖L2(Rd ) ≤ ‖ fDbg‖L2(Rd ) + ‖gDb f ‖L2(Rd ). (2.5)

As a particular case of the previous inequality, and the definition of the derivativeDb,
we have:



16 Page 10 of 43 Journal of Fourier Analysis and Applications (2025) 31 :16

Proposition 2.4 Let b ∈ (0, 1) and h be a measurable function on R
d such that

h,∇h ∈ L∞(Rd). Then, for almost every x ∈ R
d ,

Dbh(x) � ‖h‖L∞(Rd ) + ‖∇h‖L∞(Rd ). (2.6)

Moreover,

‖Db(h f )‖L2(Rd ) ≤ ‖Dbh‖L∞(Rd )‖ f ‖L2(Rd ) + ‖h‖L∞(Rd )‖Db f ‖L2(Rd ). (2.7)

We will also use the following interpolation estimate.

Lemma 2.5 Let α, b > 0. Assume that Jα f ∈ L2(Rd) and 〈x〉b f = (1+ x2)
b
2 f (x) ∈

L2(Rd). Then, for any β ∈ (0, 1),

‖Jαβ(〈x〉(1−β)b f )‖L2(Rd ) ≤ ‖〈x〉b f ‖1−β

L2(Rd )
‖Jα f ‖β

L2(Rd )
. (2.8)

Proof We refer to [34, Lemma 4]. ��

2.1 Weighted and Fractional Derivative Estimates

In this part, we deduce different estimates using the fractional derivativeDb introduced
earlier. The goal is to deduce estimates in weighted spaces for the group {U (t)}. For
this, we first obtain fractional derivative bounds for the multiplier associated with the
family {U (t)}.
Proposition 2.6 Let a ∈ (− 5

2 ,−2) and b ∈ (0, 1). Then for any t ∈ R it follows that

Db(eitx |x |1+a
) ≤ 〈t〉|x |(1+a)b,

for each x 
= 0. The implicit constant above is independent of x and t.

Proof Setting A = {y ∈ R : |y − x | ≥ |x |−1−a}, we first divide our estimates as
follows

(
Db(eit x |x |1+a

)
)2 =

∫ ∣∣eit x |x |1+a − eity|y|1+a ∣∣2
|y − x |1+2b

dy =
∫
A
(· · · ) +

∫
R\A

(· · · ) =: I1 + I2.

A change of variable and the definition of A yield

I1 ≤
∫ ∞

|x |−1−a
r−1−2bdr ∼ |x |2(1+a)b.

To deal with I2, we introduce the sets B = {y ∈ R \ A : |x | < |y|} and C = {y ∈
R \ A : |y| ≤ |x |} to write

I2 =
∫
R\A

∣∣1 − eit(x |x |1+a−y|y|1+a)
∣∣2

|y − x |1+2b dy =
∫
B
(· · · ) +

∫
C
(· · · ) =: I3 + I4.
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Now, since

|x |x |1+a − y|y|1+a | ≤ |y − x ||x |1+a + |y|∣∣|x |1+a − |y|1+a
∣∣, (2.9)

we get

I3 ≤ |t |2
∫
B

∣∣x |x |1+a − y|y|1+a
∣∣2

|y − x |1+2b
dy

≤ |t |2
(

|x |2(1+a)

∫
B

|y − x |1−2bdy +
∫
B

|y|2∣∣|x |1+a − |y|1+a
∣∣2

|y − x |1+2b
dy

)
=: I3,1 + I3,2.

Using that B ⊂ R \ A, the first term on the right-hand side of the inequality above can
be estimated in the following manner

I3,1 ≤ |t |2|x |2(1+a)

∫
|y−x |<|x |−1−a

|y − x |1−2bdy

≤ |t |2|x |2(1+a)(|x |−1−a)2−2b

≤ |t |2|x |2(1+a)b.

(2.10)

To deal with I3,2, using that 0 < |x | < |y| for all y ∈ B, we can apply the mean value
theorem to find

||x |1+a − |y|1+a | � |x |a |y − x |, (2.11)

this inequality together with the fact that |y|2(1+a) ≤ |x |2(1+a) allow us to infer

I3,2 � |t |2
∫
B

|y − x |1−2b
∣∣|x |1+a − |y|1+a

∣∣2dy + |t |2
∫
B

|x |2∣∣|x |1+a − |y|1+a
∣∣2

|y − x |1+2b dy

≤ |t |2
∫
B

|y − x |1−2b(|x |2(1+a) + |y|2(1+a)
)
dy + |t |2|x |2(1+a)

∫
B

|y − x |1−2bdy

≤ |t |2|x |2(1+a)

∫
|y−x |<|x |−1−a

|y − x |1−2bdy

≤ |t |2|x |2(1+a)b.

(2.12)
Next, we deal with I4. From (2.9), we have

I4 ≤ |t |2
∫
C

∣∣x |x |1+a − y|y|1+a
∣∣2

|y − x |1+2b
dy

≤ |t |2
(

|x |2(1+a)

∫
C

|y − x |1−2bdy +
∫
C

|y|2∣∣|x |1+a − |y|1+a
∣∣2

|y − x |1+2b
dy

)
=: I4,1 + I4,2.

In a similar way to (2.10), it follows that I4,1 ≤ |t |2|x |2(1+a)b. On the other hand,
given that a < −2, we use the mean value theorem to deduce

||x |1+a −|y|1+a | = |y|1+a
∣∣|x |−1−a −|y|−1−a

∣∣|x |1+a ≤ |y|1+a |x |−1|y− x |, (2.13)
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for all y ∈ C . Hence, we get

I4,2 ≤ |t |2
∫
C

|y|2(2+a)|x |−2|y − x |1−2bdy

≤ |t |2
∫
C∩{ |x |

2 ≤|y|}
(· · · ) dy + |t |2

∫
C∩{|y|≤ |x |

2 }
(· · · ) dy

=: I4,2,1 + I4,2,2.

On the support of the integral defining I4,2,1, we have that |y| ∼ |x | and |x − y| <

|x |−1−a , so

I4,2,1 ≤ |t |2|x |2(1+a)

∫
|x−y|<|x |−1−a

|y − x |1−2bdy

≤ |t |2|x |2(1+a)b.

Now, on the support of the integral defining I4,2,2, we have that |x |
2 ≤ |y − x | ≤

min{ 32 |x |, |x |−1−a}, which forces us to have |x | ≤ 2|x |−1−a , i.e., 2
1

2+a ≤ |x |. Thus,
using that |y − x | ∼ |x |, we get

I4,2,2 ≤ |t |2|x |−1−2b
∫

|y|≤|x |
|y|2(2+a)dy

≤ |t |2|x |2(2+a)−2b

≤ |t |2|x |2(1+a)b,

where the integrability of |y|2(2+a) follows form the fact that a > − 5
2 , and in the last

line we have used that a < −2 implies 2(2+a)−2b ≤ 2(1+a)b, and that 2
1

2+a ≤ |x |.
This finishes the proof. ��

Motivated by the regions used in the proof of Proposition 2.6, we can prove the
following result, which will be useful to study the cases 0 < b < 1, where U (t)ϕ /∈
L2(|x |2b dx).
Proposition 2.7 Assume a ∈ (− 5

2 ,−2) and let ϕ ∈ C∞
0 (R) be such that ϕ ≡ c for

some constant c 
= 0 in some neighborhood of the origin. Consider −1
(1+a)

< p < ∞,

and −1
p(1+a)

≤ b < 1. Then

Db(eitx |x |1+a
ϕ
)

/∈ L p(R),

for any t ∈ R \ {0}.
Proof Without loss of generality, we will assume that ϕ(x) = 1 on |x | ≤ 1. Given
x ∈ (0, 1

2 ), we consider B1(x) = {y > 0 : |x − y| ≤ (
min{(100|t |)−1, 1

2 }
)|x |−1−a}.

The definition of the operator Db implies that for all x ∈ (0, 1
2 ),

(
Db(eitx |x |1+a

ϕ
))2

(x) ≥
∫
B1(x)

| sin (
t(x |x |1+a − y|y|1+a)

)|2
|x − y|1+2b dy,
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where we have used that ϕ(x) = ϕ(y) = 1 when x ∈ (0, 1
2 ), and y ∈ B1(x). To

complete the estimate of the previous inequality, let us obtain first some preliminary
results.

Given that |x |−1−a ≤ |x | provided that x ∈ (0, 1
2 ), and a < −2, we have for all

y ∈ B1(x) that

|y| ≥ |x | − |x − y| ≥ |x | − 1

2
|x |−1−a ≥ 1

2
|x |, (2.14)

and since |y| ≤ 2|x |, it follows |x | ∼ |y|. Now, setting F(x) = x |x |1+a , the mean
value theorem assures the existence of some z ∈ [|y|, |x |] such that

|t(x |x |1+a − y|y|1+a)| =|t ||F ′(z)||x − y|
=|2 + a||t ||z|1+a|x − y|.

Thus, it follows from (2.14) and the definition of B1(x) that

|t(x |x |1+a − y|y|1+a)| ≤|2 + a||t ||y|1+a |x − y|
≤2−(1+a)|2 + a||t ||x |1+a((100|t |)−1|x |−1−a)
≤1

2
.

(2.15)

Additionally, one has

|t(x |x |1+a − y|y|1+a)|| � |t ||x |1+a |x − y|, (2.16)

for all y ∈ B1(x). It follows from (2.15) and (2.16) that

| sin (
t(x |x |1+a − y|y|1+a)

)| �|t(x |x |1+a − y|y|1+a)|
�|t ||x |1+a |x − y|,

where the implicit constant is independent of x ∈ (0, 1
2 ), and y ∈ B1(x). Thus, going

back to the first estimate, we get

(
Db(eitx |x |1+a

ϕ
))2

(x) �|t |2|x |2(1+a)

∫
B1(x)

|x − y|1−2b dy

�t |x |2(1+a)(|x |−1−a)2−2b

∼t |x |2(1+a)b.

Since b ≥ −1
p(1+a)

implies that |x |(1+a)b /∈ L p((0, 1
2 )), the desired result is a conse-

quence of the previous inequality. ��
As a consequence of Proposition 2.6, we deduce weighted estimates in L2-Sobolev

spaces for solutions of the linear equation ∂t u − ∂x Da+1u = 0.
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Lemma 2.8 Let a ∈ (− 5
2 ,−2) and θ ∈ (0, 1]. Then for all t ∈ R,

‖|x |θU (t) f ‖ ≤
(
〈t〉‖D(1+a)θ f ‖ + ‖〈x〉θ f ‖

)
,

where U (t) is the linear group defined in (2.1). Moreover, if 1 < θ ≤ 2, we have

‖|x |θU (t) f ‖ ≤〈t〉2‖D(1+a)θ f ‖ + 〈t〉∥∥|x |θ−1D1+a f ‖
+ 〈t〉∥∥D(1+a)(θ−1)(x f )‖ + ‖〈x〉θ f ‖.

Proof When 0 < θ < 1, changing to the frequency domain, the proof follows from
(2.5) and Proposition 2.6. The case θ = 1 follows from the fact that the weight x
in frequency domain transfers to a local derivative ∂

∂ξ
. Now, when θ > 1, we write

θ = 1 + θ1. We observe

∂

∂ξ

(
eitξ |ξ |1+a

f̂
) = eitξ |ξ |1+a (

(2 + a)i t |ξ |1+a f̂ + ∂

∂ξ
f̂
)
.

Using the previous identity and the case 0 < θ1 ≤ 1 above, we deduce

‖|x |θU (t) f ‖ ≤‖|x |θ1U (t)
(
(2 + a)|t |D1+a f − x f

)‖
≤〈t〉2‖D(1+a)(1+θ1) f ‖ + 〈t〉∥∥〈x〉θ1D1+a f ‖

+ 〈t〉∥∥D(1+a)θ1(x f )‖ + ‖〈x〉(1+θ1) f ‖.
The proof is thus completed. ��

We also consider the following semigroup {Uμ(t)} associated with the initial-value
problem ∂t u − ∂x Da+1u = μ∂2x u, u(0) = φ, which is defined via Fourier transform
as

(Uμ(t)φ)∧(ξ) = eitξ |ξ |1+a−μt |ξ |2 φ̂(ξ), t ∈ [0,∞), μ > 0. (2.17)

The following result will be useful in Sect. 3, i.e., in the proof of Theorem 1.1.

Corollary 2.9 Let a ∈ (− 5
2 ,−2), and θ, μ ∈ (0, 1). Then for each t ∈ R,

‖|x |θUμ(t) f ‖ ≤ 〈t〉
(
‖D(1+a)θ f ‖ + ‖〈x〉θ f ‖

)
,

where Uμ(t) is defined in (2.17). Moreover, if 1 < θ ≤ 2, we have

‖|x |θUμ(t) f ‖
≤ 〈t〉2

(
‖D(1+a)θ f ‖ + ∥∥|x |θ−1D1+a f ‖ + ∥∥D(1+a)(θ−1)(x f )‖ + ‖〈x〉θ f ‖

)
.

The implicit constants in the previous inequalities are independent of μ.

Proof The proof follows from Lemma 2.8, and Proposition 2.4 making h(ξ) equal to
e−μt |ξ |2 , and −2μtξe−μt |ξ |2 . ��
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Now, we show that the semigroup {Uμ(t)} regularizes the initial condition in the
following sense.

Proposition 2.10 Let λ ∈ [0,∞), μ > 0 and a < −2. For any s ∈ R, and t > 0,

‖Uμ(t)φ‖Hs+λ ≤
(
1 + (μt)−

λ
2

)
‖φ‖Hs , φ ∈ Hs(R),

where the implicit constant depends on λ.

Proof We first claim that for λ,μ, t > 0, it follows

‖ξ2λe−μtξ2‖L∞
ξ

≤ (λ−1μte)−λ. (2.18)

The previous inequality follows by setting ω = (tμ)
1
2 ξ , and maximizing the function

ω2λe−ω2
, ω > 0. For a similar idea, see [6, Lemma 2.1]. Now, since ‖Uμ(t)φ‖Hs+λ =

‖〈ξ 〉s+λe−μtξ2 φ̂(ξ)‖, the proof of Proposition 2.10 is a consequence of (2.18). ��
Proposition 2.11 Let ϕ ∈ C∞

0 (R). Then for any θ ∈ (0, 1), and 0 < β < 1
2 , we have

Dθ (|ξ |−βϕ(ξ))(x) ≤ |x |−β−θ , (2.19)

for all x 
= 0. Similar conclusion holds for Dθ (|ξ |−βsgn(ξ)ϕ(ξ)).

Proof We refer to [38, Proposition 2.13]. ��

3 Persistence Results inWeighted Spaces

To deduce Theorem 1.1, we will use a regularized version of (1.1). More precisely,
let μ ∈ (0, 1), and consider the following Cauchy problem

⎧⎨
⎩ ∂t u − ∂x D

1+au + u∂xu = μ∂2x u, x ∈ R, t ∈ R, a ∈
(

− 5

2
,−2

)
,

u(x, 0) = φ(x).
(3.1)

Following similar arguments in [1, 8, 21], see also the work for the KP equation
in [22], which exemplifies a study of negative dispersion, one can use a standard
parabolic regularization argument to take μ → 0 in (3.1) to deduce the following
local well-posedness result in the space Hs

a,θ (R) (recall definition (1.3)).

Lemma 3.1 Let − 5
2 < a < −2, 2+a

1+a ≤ θ < − 3
2(1+a)

, and s > 3
2 be fixed. Consider,

φ ∈ Hs
a,θ (R). Then for each 0 ≤ μ < 1, there exist a common time T = T (‖φ‖Hs

a,θ
) >

0 independent of μ, and a unique solution uμ of (3.1) if 0 < μ < 1, and of (1.1) if
μ = 0, with common initial condition uμ(0) = φ such that

uμ ∈ C([0, T ]; Hs
a,θ (R)).



16 Page 16 of 43 Journal of Fourier Analysis and Applications (2025) 31 :16

Moreover, for each 0 ≤ μ < 1 fixed, the flow map data-to-solution φ �→ uμ is con-
tinuous in the Hs

a,θ -norm. Additionally, there exists a function ρ ∈ C([0, T ]; [0,∞))

such that
‖uμ(t)‖2Hs

a,θ
≤ ρ(t), t ∈ [0, T ],

for all 0 ≤ μ < 1.

Since the term ∂x Da+1u in (1.1) involves a negative order operator, in contrast
with [1, 8, 21] some extra conditions and arguments are required to obtain Lemma
3.1. For example, condition 2+a

1+a ≤ θ < − 3
2(1+a)

is needed to justify energy estimates

in L2(R). Since the literature on the parabolic regularization method does not deal
with equations with negative derivatives such as those given in (1.1), we have decided
to deduce Lemma 3.1 in the Appendix.

Remark 3.2 (i) In the proof of Lemma 3.1, the condition 0 < θ < − 3
2(1+a)

is important

to control the Ḣ (a+1)θ -norm of the nonlinear term in (3.1). To see this, when (a +
1)θ + 1 ≥ 0, we use the fractional Leibniz rule (see (2.2)) to get

‖D(a+1)θ ∂x (u
2)‖ = ‖D(a+1)θ+1(u2)‖ ≤ ‖u‖L∞‖D(a+1)θ+1u‖ ≤ ‖u‖2

H
3
2

+ , (3.2)

where we used the embedding H
3
2

+
(R) ↪→ L∞(R) and the fact ‖u‖2Hs

a,θ
= ‖u‖2Hs +

‖D(a+1)θu‖2. Now, when (a + 1)θ + 1 < 0, using that a > −1 − 3
2θ , and thus,

(a + 1)θ + 3
2 > 0, we deduce

‖D(a+1)θ ∂x (u
2)‖ = ‖|ξ |(a+1)θ+1û2(ξ)‖ ≤ ‖û2‖L∞‖|ξ |(a+1)θ+1‖L2(|ξ |≤1) + ‖û2‖L2(|ξ |≥1)

≤ ‖u‖2,
(3.3)

where we have also used that ‖û2‖L∞ ≤ ‖u2‖L1 = ‖u‖2.
(ii) Using energy estimates, part of the proof of Lemma 3.1 (see Appendix) shows

that uμ converges to u as μ → 0+ in the sense of C([0, T ]; L2(R)).

Proof of Theorem 1.1 We divide the proof into three main cases: 0 < θ ≤ 1, 1 < θ <
−3

2(a+1) , and
−3

2(a+1) ≤ θ < 1+2a
2(1+a)

. For the first two cases, we will deduce Theorem 1.1
by a contraction argument and a limiting process μ → 0 of solutions of (3.1). For the
latter, we will use the results of case 0 < θ < −3

2(a+1) , and some iteration.

Assume that 0 < θ ≤ 1. We fix s > 3
2 and consider φ ∈ Za,θ̃

s,θ , where if θ < 2+a
1+a ,

θ̃ = 2+a
1+a , and if θ ≥ 2+a

1+a , θ̃ = θ . For the definition of the spaces Hs
a,θ̃

(R), and Za,θ̃
s,θ ,

see (1.3) and (1.4), respectively. In virtue of Lemma 3.1, we have a family {uμ}0≤μ≤1
of solutions of (3.1), if 0 < μ < 1, and the solution of (1.1) ifμ = 0, all of them in the
same class C([0, T ]; Hs

a,θ̃
(R)) for a common time T > 0, and such that uμ(0) = φ.

We first show that for each 0 < μ < 1, the solution uμ is in the class C([0, T ]; Za,θ̃
s,θ ).

To get such a result, we will use the contraction mapping principle and uniqueness.
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We set

X s
T1,θ = {v ∈ C([0, T1]; Za,θ̃

s,θ ) : sup
t∈[0,T1]

‖v(t) −Uμ(t)φ‖
Za,θ̃
s,θ

≤ 2‖φ‖
Za,θ̃
s,θ

}, (3.4)

endowed with the distance function

d(v, v1) := sup
t∈[0,T1]

‖v(t) − v1(t)‖Za,θ̃
s,θ

= sup
t∈[0,T1]

(
‖v(t) − v1(t)‖Hs

a,θ̃
+ ‖|x |θ (v(t) − v1(t)

)‖L2

)
.

We consider the following function �(v), with v ∈ X s
T1,θ

, being given by the integral
formulation of (3.1)

�(v)(t) = Uμ(t)φ − 1

2

∫ t

0
Uμ(t − τ)∂xv

2(τ )dτ, (3.5)

where the operators {Uμ(t)}t>0 are defined as in (2.17). In what follows, we will show
that for T1 > 0 small enough, � defines a contraction on the complete metric space
X s
T1,θ

.

We first remark that the Za,θ̃
s,θ -norm of Uμ(t)φ is well-defined. This is easy to

check for the Hs
a,θ̃

-component of both norms. In the weighted space L2(|x |2θ dx), we
observe that the definition of the space Hs

a,θ̃
(R) yields D(1+a)θφ ∈ L2(R) (which, by

definition of θ̃ , follows from the fact Hs(R)∩ Ḣ (1+a)θ̃ (R) ↪→ Hs(R)∩ Ḣ (1+a)θ (R)).
Hence, it follows that φ satisfies the hypothesis in Corollary 2.9, from which we get
that Uμ(t)φ is defined in the space L2(|x |2θ dx), and it follows

‖Uμ(t)φ‖
Za,θ̃
s,θ

� 〈t〉‖φ‖
Za,θ̃
s,θ

with implicit constant independent of 0 < μ < 1. Moreover, one can also prove that

Uμ(t)φ defines a continuous curve in Za,θ̃
s,θ .

Let us estimate �(v) in the space X s
T1,θ

, where v ∈ X s
T1,θ

. We first study the Hs
a,θ̃

-
norm. Using that {Uμ(t)}t≥0 are contracting operators, Proposition 2.10, and the fact

that H
3
2

+
(R) is a Banach algebra, it is seen that

‖�(v)(t) −Uμ(t)φ‖Hs ≤
∫ T1

0
‖Uμ(t − τ)(v2)(τ )‖Hs+1 dτ

≤c
( ∫ T1

0
(1 + (μ(t − τ))−

1
2 ) dτ

)(
sup

t∈[0,T1]
‖v(t)‖Hs

)2

≤cT
1
2
1

(
T

1
2
1 + μ− 1

2

)(
sup

t∈[0,T1]
‖v(t)‖Hs

)2
.
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The argument in Remark 3.2 (i) establishes

‖D(1+a)θ̃ (�(v)(t) −Uμ(t)φ)‖ ≤
∫ T1

0
‖D(1+a)θ̃ ∂x (v

2)(τ )‖ dτ

≤cT1
(

sup
t∈[0,T1]

‖v(t)‖Hs

)2
.

(3.6)

The previous two estimates complete the study of � in the space Hs
a,θ̃

(R). To control

the L2(|x |2θ )-norm, we apply Corollary 2.9, and the arguments in Remark 3.2 to get

‖|x |θ (�(v)(t) −Uμ(t)φ)‖ ≤ c〈T1〉
∫ T1

0

(
‖D(1+a)θ ∂x (v

2)(τ )‖ + ‖|x |θ ∂x (v
2)(τ )‖

)
dτ

≤ c〈T1〉
∫ T1

0

(
‖v(τ)‖2Hs + ‖∂xv(τ)‖L∞‖|x |θ v(τ )‖

)
dτ

≤ cT1〈T1〉
(

sup
t∈[0,T1]

(‖v(t)‖Hs + ‖|x |θ v(τ )‖))2,
(3.7)

where to bound ‖∂xv‖L∞ , we used Sobolev embedding, and then Young’s inequality.

Similarly, the previous arguments show

‖�(v)(t) − �(v1)(t)‖Hs
a,θ̃

≤ cT
1
2
1

(
T

1
2
1 + μ− 1

2
)(

sup
t∈[0,T1]

‖v(t)‖Hs + sup
t∈[0,T1]

‖v1(t)‖Hs
)

× (
sup

t∈[0,T1]
‖v(t) − v1(t)‖Hs

)
,

and it follows

‖|x |θ (
�(v)(t) − �(v1)(t)

)‖
≤ cT1〈T1〉

(
sup

t∈[0,T1]
(‖v(t)‖Hs + ‖|x |θ v(t)‖Hs

) + sup
t∈[0,T1]

(‖v1(t)‖Hs + ‖|x |θ v1(t)‖
))

× (
sup

t∈[0,T1]
‖v(t) − v1(t)‖Hs + sup

t∈[0,T1]
‖|x |θ (

v(t) − v1(t)
)‖).

Consequently, gathering our previous estimates, and taking T1 = T1(μ, φ) > 0 suffi-
ciently small such that

⎧⎪⎪⎨
⎪⎪⎩
cT

1
2
1

(
T

1
2 + μ− 1

2
)〈T1〉2‖φ‖

Za,θ̃
s,θ

<
1

2
,

cT1〈T1〉2‖φ‖
Za,θ̃
s,θ

<
1

2
,

it follows that � : X s
T1,θ

→ X s
T1,θ

is a contraction, where c > 0 above comes from
our estimates and it is independent ofμ, φ, and T1 > 0. Therefore, Banach fixed point
theorem guarantees that there exists a unique solution of the integral formulation of
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(3.1) in the space X s
T1,θ

, but such a solution is also a solution of (3.1) in the class
C([0, T1]; Hs

a,θ̃
(R)). It turns out from the uniqueness statement in Lemma 3.1 that

uμ ∈ C([0, T ∗]; L2(|x |2θ dx)), where T ∗ = min{T , T1}. Next, we show that the
solution uμ can be extended, if necessary, to the whole spaceC([0, T ]; L2(|x |2θ dx)).
To get such result, we have that if T1 < T and uμ ∈ C([0, T1]; L2(|x |2θ dx)), the
arguments in Remark 3.2, and (3.7) yield

‖|x |θuμ(t)‖ ≤ ‖|x |θUμ(t)φ‖ +
∫ t

0
‖|x |θUμ(t − τ)∂xu

2
μ‖dτ

≤ c〈T 〉‖φ‖
Za,θ̃
s,θ

+ cT 〈T 〉( sup
t∈[0,T ]

ρ(t)
)

+ c〈T 〉( sup
t∈[0,T ]

ρ(t)
1
2
) ∫ t

0
‖|x |θuμ(τ)‖ dτ,

(3.8)

for all t ∈ [0, T1], and the function ρ(t) as in Lemma 3.1. Consequently, (3.8), and
Gronwall’s inequality show

sup
t∈[0,T1]

‖〈x〉θuμ(t)‖ ≤ C(φ, T ) < ∞ (3.9)

for a constant C(φ, T ) > 0 independent of μ and T1 > 0. This in turn implies that uμ

can be extended to the class C([0, T ]; L2(|x |2θ dx)), and (3.9) holds for t ∈ [0, T ].
Additionally, since uμ → u in C([0, T ]; L2(R)) (see Remark 3.2 (ii)), we can take
μ → 0+ (using Fatou’s lemma) in the inequality above to deduce

sup
t∈[0,T ]

‖〈x〉θu(t)‖ ≤ C(φ, T ),

fromwhichu ∈ L∞([0, T ]; L2(|x |2θ dx)). The continuityu ∈ C([0, T ]; L2(|x |2θ dx))
follows by approximation (e.g., see [7]), and it can be obtained from energy estimates.
Continuous dependence also follows similarly. This completes the proof of Theorem
1.1 (i).

Assume that 1 < θ < −3
2(1+a)

. Here, we fix s ≥ max{ 32
+
,
5θ(((1+a)(θ−1)+1))

3(2θ−1)−θ
}, and

consider φ ∈ Za,θ
s,θ (see (1.5)).Wewill follow the same strategy as in the previous case.

Thus, by Lemma 3.1, let {uμ}0≤μ≤1 be a family of solutions of (3.1) if 0 < μ < 1,
and the solution of (1.1) if μ = 0, all of them in the same class C([0, T ]; Hs

a,θ (R))

for a common time T > 0, and with the same initial data uμ(0) = φ. We define

X s
T1,θ = {v ∈ C([0, T1];Za,θ

s,θ ) : sup
t∈[0,T1]

‖v(t)−Uμ(t)φ‖Za,θ
s,θ

≤ 2‖φ‖Za,θ
s,θ

}, (3.10)
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equipped with distance

d(v, v1) := sup
t∈[0,T1]

‖v(t) − v1(t)‖Za,θ
s,θ

= sup
[0,T1]

(
‖v(t) − v1(t)‖Hs

a,θ
+ ‖|x |θ (v(t) − v1(t)

)‖L2

+ ‖|x |θ−1D1+a(v(t) − v1(t)
)‖L2

+ ‖D(1+a)(θ−1)(x(v(t) − v1(t))
)‖L2

)
.

We consider the same function � as in (3.5), but here it is given over X s
T1,θ .

Wefirst note thatUμ(t)φ is defined inZa,θ
s,θ . The continuity of the semigroup {Uμ(t)}

in L2-spaces shows that the Hs
a,θ (R)-norm of Uμ(t)φ is well-defined. Now, by the

definition of Za,θ
s,θ , we have |x |θ−1D1+aφ, D(1+a)(θ−1)(xφ), and D(1+a)θφ belong to

L2(R). Hence, it follows that φ satisfies the hypothesis in Corollary 2.9, from which
we get that Uμ(t)φ is defined in the space L2(|x |2θ dx). Additionally, Corollary 2.9
also shows D(1+a)(θ−1)

(
xUμ(t)φ

) ∈ L2(R), |x |θ−1D1+aUμ(t)φ ∈ L2(R) provided
the assumptions over φ hold. Summarizing, we have

‖Uμ(t)φ‖Za,θ
s,θ

� 〈t〉2‖φ‖Za,θ
s,θ

,

and the mapping t �→ Uμ(t)φ ∈ Za,θ
s,θ is continuous.

Let us show the contraction property of � over X s
T1,θ . By Remark 3.2, the Hs

a,θ -
norm is estimated as in the case 0 < θ ≤ 1 above. To study the L2(|x |2θ dx)-norm,
we use Corollary 2.9 to get

‖|x |θ (�(v)(t) −Uμ(t)φ)‖

≤ c〈T1〉2
∫ T1

0

(
‖D(1+a)θ ∂x (v

2)(τ )‖ + ‖|x |θ−1D1+a∂x (v
2)(τ )‖

+ ‖D(1+a)(θ−1)(x∂x (v
2))(τ )‖ + ‖|x |θ ∂x (v2)(τ )‖

)
dτ.

(3.11)

We continue with the estimate of the right-hand side of the expression above. For
the moment, we omit the dependence on the time variable τ . Notice that by Remark
3.2, the first and last term above can be estimated as in (3.7). Using Theorem 2.3, the
property (2.5) of Dθ−1, and writing ξ = |ξ |sgn(ξ), we have

‖|x |θ−1D1+a∂x (v
2)‖

≤‖Dθ−1(|ξ |2+asgn(ξ)ϕv̂2(ξ)
)‖ + ‖Dθ−1(|ξ |2+asgn(ξ)(1 − ϕ)v̂2(ξ)

)‖
≤‖Dθ−1(|ξ |2+asgn(ξ)ϕ)v̂2(ξ)

)‖ + ‖|ξ |2+aϕDθ−1(v̂2
)‖

+ (‖|ξ |2+asgn(ξ)(1 − ϕ)‖L∞ + ‖Dθ−1(|ξ |2+asgn(ξ)(1 − ϕ)
)‖L∞

)‖J θ−1
ξ (v̂2)‖,
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where we used a function ϕ ∈ C∞
0 (R) with ϕ(ξ) = 1, whenever |ξ | ≤ 1. We proceed

with the estimates of the right-hand side of the above inequality. Since 0 < −(2+a) <
1
2 , and 1 < θ < − 3

2(1+a)
≤ 7

2 + a, we can apply Proposition 2.11 to deduce

‖Dθ−1(|ξ |2+asgn(ξ)ϕ)v̂2(ξ)
)‖ �‖|ξ |3+a−θ v̂2‖L2(|ξ |≤1) + ‖v̂2‖L2(|ξ |≥1)

≤‖|ξ |3+a−θ‖L2(|ξ |≤1)‖v̂2‖L∞ + ‖v2‖
≤‖v2‖L1 + ‖v‖L∞‖v‖ ≤ ‖v‖2Hs .

Let −(2 + a) < β < 1
2 , by Hölder’s inequality, and Hardy-Littlewood-Sobolev

estimate, we deduce

‖|ξ |2+aϕDθ−1(v̂2
)‖ ≤‖|ξ |2+aϕ‖

L
1
β
‖Dθ−1(v̂2

)‖
L

2
1−2β

≤‖J θ−1(v̂2
)‖

L
2

1−2β

≤‖J θ−1+β(v̂2
)‖ ≤ ‖v‖L∞‖〈x〉θ v‖,

(3.12)

where we also applied Theorem 2.3 to bound the fractional derivative Dθ−1 by J θ−1

in L
2

1−2β (R). Notice that the last line above also provides an estimate for ‖J θ−1
ξ (v̂2)‖.

Summarizing, we arrive at

‖|x |θ−1D1+a∂x (v
2)‖ ≤ ‖v‖2Hs + ‖v‖Hs‖〈x〉θ v‖. (3.13)

On the other hand, using Plancherel’s identity and distributing the local derivative ∂
∂ξ

provided by the weight x in the frequency domain, it follows

‖|D(1+a)(θ−1)(x∂x (v
2))‖ ≤ ‖|ξ |(1+a)(θ−1)v̂2‖ + ‖|ξ |(1+a)(θ−1)+1 ∂

∂ξ
v̂2‖.

Using that θ < − 3
2(1+a)

< 1+2a
2(1+a)

, and dividing into frequencies |ξ | ≤ 1 and |ξ | ≥ 1,
we find

‖|ξ |(1+a)(θ−1)v̂2‖ ≤ ‖|ξ |(1+a)(θ−1)‖L2(|ξ |≤1)‖v̂2‖L∞ + ‖v̂2‖ ≤ ‖v‖2Hs .

On the other hand, since 0 < θ < 1+2a
2(1+a)

, we have (1+ a)(θ − 1) + 1 > 0. Thus, we
distribute the local derivative to get

‖|ξ |(1+a)(θ−1)+1 ∂

∂ξ
v̂2‖ � ‖ ∂

∂ξ

(〈ξ 〉(1+a)(θ−1)+1v̂2
)‖ + ‖ ∂

∂ξ

(〈ξ 〉(1+a)(θ−1)+1)v̂2‖
� ‖Jξ

(〈ξ 〉(1+a)(θ−1)+1v̂2
)‖

≤ ‖〈ξ 〉s1 v̂2‖
θ1−1
θ1 ‖J θ1

ξ v̂2‖ 1
θ1 , (3.14)
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where we applied complex interpolation with θ1 = (4s−1)
2s θ and s1 = θ1((1+a)(θ−1)+1)

(θ1−1) ,

and that | ∂
∂ξ

(〈ξ 〉(1+a)(θ−1)+1
)| � 〈ξ 〉(1+a)(θ−1)+1. Since, ‖J θ1

ξ v̂2‖ = ‖〈x〉θ1v2‖,
Sobolev embedding, H

1
4 (R) ↪→ L4(R), and complex interpolation yield

‖〈x〉θ1v2‖ = ‖〈x〉 θ1
2 v‖2L4 ≤‖J 1

4 (〈x〉 θ1
2 v)‖2

≤‖〈x〉θ v‖ 4s−1
2s ‖v‖

1
2s
Hs .

(3.15)

We have that s1 ≤ 5θ((1+a)(θ−1)+1)
3(2θ−1)−θ

≤ s, then since Hs(R) is a Banach algebra, it is
seen that

‖〈ξ 〉s1 v̂2‖ ≤ ‖J s(v2)‖L2 � ‖v‖2Hs .

Collecting the previous estimates, we deduce

‖|D(1+a)(θ−1)(x∂x (v
2))‖ ≤‖v‖

2(θ1−1)
θ1

Hs

(‖〈x〉θ v‖ 4s−1
2s ‖v‖

1
2s
Hs

) 1
θ1

=‖〈x〉θ v‖ 1
θ ‖v‖

2((4s−1)θ−2s)+1
(4s−1)θ

Hs .

(3.16)

We observe that one can use Young’s inequality in the deduction of (3.16) to obtain

‖D(1+a)(θ−1)(x∂x (v
2))‖ ≤ ‖〈x〉θ v‖2 + ‖v‖2Hs .

Plugging (3.13), and (3.16) into (3.11) establishes

‖|x |θ (�(v)(t) −Uμ(t)φ)‖ ≤ cT1〈T1〉2
(

sup
t∈[0,T1]

(‖v(t)‖Hs + ‖|x |θ v(τ )‖))2.
(3.17)

Similarly,

‖|x |θ (
�(v)(t) − �(v1)(t)

)‖
≤ cT1〈T1〉2

(
sup

t∈[0,T1]
(‖v(t)‖Hs + ‖|x |θ v(t)‖Hs

) + sup
t∈[0,T1]

(‖v1(t)‖Hs + ‖|x |θ v1(t)‖
))

× (
sup

t∈[0,T1]
‖v(t) − v1(t)‖Hs + sup

t∈[0,T1]
‖|x |θ (

v(t) − v1(t)
)‖).

It remains to estimate |x |θ−1D1+a�(v), and D(1+a)(θ−1)(x�)(v). An application of
the first inequality in Corollary 2.9, together with (3.3) and (3.13) yield

‖|x |θ−1D1+a(�(v)(t) −Uμ(t)φ)‖
≤

∫ t

0
‖|x |θ−1Uμ(t − τ)D1+a∂x (v

2)(τ )‖ dτ
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≤c
∫ t

0
〈t − τ 〉(‖D(1+a)θ ∂x (v

2)(τ )‖ + ‖|x |θ−1D1+a∂x (v
2)(τ )‖) dτ

≤cT1〈T1〉2
(

sup
t∈[0,T1]

(‖v(t)‖Hs + ‖|x |θ v(τ )‖))2. (3.18)

Using the identity

xUμ(t) f = Uμ(t)
(
x − (2 + a)t D1+a − 2μt∂x

)
f ,

Corollary 2.9, and (2.18), we deduce

‖D(1+a)(θ−1)(x(�(v)(t) −Uμ(t)φ)
)‖

≤
∫ t

0
‖D(1+a)(θ−1)

(
xUμ(t − τ)∂x (v

2)(τ )
)
‖ dτ

≤c
∫ t

0
〈t − τ 〉

(
‖D(1+a)(θ−1)(x∂x (v

2))(τ )‖ + ‖D(1+a)θ ∂x (v
2)(τ )‖

+ μ
1
2 (t − τ)−

1
2 ‖D(1+a)(θ−1)∂x (v

2)(τ )‖
)
dτ

≤cT
1
2
1 〈T1〉 3

2

(
sup

t∈[0,T1]
(‖v(t)‖Hs + ‖|x |θ v(τ )‖))2,

(3.19)
where we have also used (3.16) and (3.3). Summarizing

‖|x |θ−1D1+a(�(v)(t) −Uμ(t)φ)‖ + ‖D(1+a)(θ−1)(x(�(v)(t) −Uμ(t)φ)
)‖

≤cT
1
2
1 〈T1〉 5

2

(
sup

t∈[0,T1]
(‖v(t)‖Hs + ‖|x |θ v(τ )‖))2,

and in a similar fashion

‖|x |θ−1D1+a(�(v)(t) − �(v1)(t))‖ + ‖D(1+a)(θ−1)(x(�(v)(t) − �(v1)(t)φ
)‖

≤cT
1
2
1 〈T1〉 5

2

(
sup

t∈[0,T1]
(‖v(t)‖Hs + ‖|x |θ v(t)‖Hs

)
+ sup

t∈[0,T1]
(‖v1(t)‖Hs + ‖|x |θ v1(t)‖

))
× (

sup
t∈[0,T1]

‖v(t) − v1(t)‖Hs + sup
t∈[0,T1]

‖|x |θ (v(t) − v1(t)
)‖).

Consequently, gathering our previous estimates, and following a similar argument to
that given in the previous cases 0 < θ ≤ 1, it follows that there exists T1 = T1(μ, φ) >

0 sufficiently small such that � : X s
T1,θ → X s

T1,θ is a contraction. Thus, for each
μ > 0, there exists a unique solution of the integral formulation of (3.1) in the space
X s

T1,θ , but such a solution is also a solution of (3.1) in the class C([0, T1]; Hs
a,θ (R)).

Uniqueness forces then uμ ∈ C([0, T ∗];Za,θ
s,θ ), where T ∗ = min{T , T1}. Next, we

extend, if necessary, to the whole time interval [0, T ], and take μ → 0.
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The ideas in (3.7), together with (3.13) and (3.16) establish

‖|x |θuμ(t)‖ ≤ ‖|x |θUμ(t)φ‖ +
∫ t

0
‖|x |θUμ(t − τ)∂xu

2
μ‖ dτ

≤c〈T 〉2
(
‖φ‖Za,θ

s,θ
+ ‖|x |θ−1D1+aφ‖ + ‖D(1+a)(θ−1)(xφ)‖)

+ cT 〈T 〉2( sup
t∈[0,T ]

ρ(t) + (
sup

t∈[0,T ]
ρ(t)

) 2((4s−1)θ−2s)+1
(4s−1)(θ−1)

)

+ c〈T 〉2(1 + sup
t∈[0,T ]

ρ(t)
1
2
) ∫ t

0
‖|x |θuμ(τ)‖ dτ.

(3.20)

The arguments in (3.18), (3.13) and (3.16) show

‖|x |θ−1D1+auμ(t)‖ ≤ ‖|x |θ−1D1+aUμ(t)φ‖ +
∫ t

0
‖|x |θ−1D1+aUμ(t − τ)∂xu

2
μ‖ dτ

≤c〈T 〉‖φ‖Za,θ
s,θ

+ cT 〈T 〉( sup
t∈[0,T ]

ρ(t) + (
sup

t∈[0,T ]
ρ(t)

) 2((4s−1)θ−2s)+1
(4s−1)(θ−1)

)

+ c〈T 〉(1 + sup
t∈[0,T ]

ρ(t)
1
2
) ∫ t

0
‖|x |θuμ(τ)‖ dτ.

(3.21)
Finally, using (3.19), (3.13) and (3.16), we find

‖D(1+a)(θ−1)(xuμ

)
(t)‖

≤‖|D(1+a)(θ−1)(xUμ(t)φ
)‖ +

∫ t

0
‖|D(1+a)(θ−1)(xUμ(t − τ)∂xu

2
μ

)‖ dτ

≤c〈T 〉‖φ‖Za,θ
s,θ

+ cT
1
2 〈T 〉 3

2
(

sup
t∈[0,T ]

ρ(t) + (
sup

t∈[0,T ]
ρ(t)

) 2((4s−1)θ−2s)+1
(4s−1)(θ−1)

)

+ c〈T 〉
∫ t

0
‖|x |θuμ(τ)‖ dτ.

(3.22)
Consequently, defining

G(t) := ‖|x |θuμ(t)‖ + ‖|x |θ−1D1+auμ(t)‖ + ‖|x |θ−1D1+auμ(t)‖, (3.23)

the previous inequalities establish

G(t) ≤c〈T 〉2‖φ‖Za,θ
s,θ

+ cT
1
2 〈T 〉 5

2
(

sup
t∈[0,T ]

ρ(t) + (
sup

t∈[0,T ]
ρ(t)

) 2((4s−1)θ−2s)+1
(4s−1)(θ−1)

)

+ c〈T 〉2(1 + sup
t∈[0,T ]

ρ(t)
1
2
) ∫ t

0
G(τ ) dτ,

for all t ∈ [0, T1]. Gronwall’s inequality now yields

‖|x |θuμ(t)‖+‖|x |θ−1D1+auμ(t)‖+‖|x |θ−1D1+auμ(t)‖ ≤ C(φ, T ) < ∞, (3.24)
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for each t ∈ [0, T1], a constant C(φ, T ) > 0 independent of μ and T1 > 0. Since we
already know that uμ ∈ C([0, T ]; Hs

a,θ (R)), (3.24) shows that uμ can be extended to

the class C([0, T ];Za,θ
s,θ ), and (3.24) holds for t ∈ [0, T ]. Convergence uμ → u in

C([0, T ]; L2(R)) implies that taking μ → 0+ in (3.24) one infers

u ∈ L∞([0, T ];Za,θ
s,θ ).

Since the mapping t �→ U (t)φ ∈ Za,θ
s,θ is continuous, the previous fact and using

similar estimates to (3.20), (3.21) and (3.22), we deduce u ∈ C([0, T ];Za,θ
s,θ ). Finally,

the continuous dependence can be obtained using a differential inequality similar to
that obtained for G(t) (i.e., arguing as in (3.20)–(3.22)), together with the continuous
dependence on Hs

a,θ (R) given by Lemma 3.1. To avoid repetitions, we omit further
details.

Assume that −3
2(1+a)

≤ θ < 1+2a
2(1+a)

. An inspection of the arguments in Remark

3.2, tells us that θ < −3
2(1+a)

appears to be a candidate to be the decay limit allowed
by solutions of (1.1). However, we will show that the integral formulation of (1.1)
allows larger decay as long as it is less than 1+2a

2(1+a)
. Since the previous approximation

argument with (3.1) focuses on condition θ < −3
2(1+a)

, in this part, we must use
a different strategy to achieve the desired results. Firstly, we show that the integral
formula allows faster decay than the linear part. Since such a result is valid for arbitrary
0 < θ < 1+2a

2(1+a)
, we will establish a more general result.

Proposition 3.3 Let − 5
2 < a < −2, 0 < θ < 1+2a

2(1+a)
. Consider the following restric-

tion on s: s > 2 if 0 < θ < 1, s ≥ max{ 3
(5+2a)

, 2+}, if 1 ≤ θ < − 3
2(1+a)

, and

s ≥ max{− 9+6a
2(5+2a)

, 2+}, if − 3
2(1+a)

≤ θ < 1+2a
2(1+a)

. Let u ∈ C([0, T ]; Hs(R)) ∩
L∞([0, T ]; L2(|x |2θ dx)). Then there exists 0 < θ < θ1 < 1+2a

2(1+a)
such that

∫ t

0
U (t − τ)(∂xu

2)(τ ) dτ ∈ L∞([0, T ]; L2(|x |2θ1 dx)).

In the case θ =
(

− 3
2(1+a)

)− = − 3
2(1+a)

− ε, for ε > 0 is sufficiently small

and s ≥ max{− 9+6a
2(5+2a)

, 2+}, one can take θ1 = − 3
2(1+a)

. Moreover, in the case,

− 3
2(1+a)

≤ θ < 1+2a
2(1+a)

, one can take any θ1 such that θ < θ1 < min{ 2(s−1)
s θ, 1+2a

2(1+a)
}.

Proof When 0 < θ < 1, following the ideas in (3.7), which depend on Lemma 2.8
and Remark 3.2, it is enough to show that there exists 0 < θ < θ1 < 1 for which

∂x (u
2) ∈ L∞([0, T ]; L2(|x |2θ1 dx)). (3.25)
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Now, setting θ < θ1 < min{1, 2(s−1)
s θ}, since H1(R) is a Banach algebra, complex

interpolation shows

‖〈x〉θ1∂x (u2)‖ ≤ ‖(〈x〉 (s−1)θ
s u

)2‖H1 ≤‖〈x〉 (s−1)θ
s u‖2H1

≤‖〈x〉θu‖2 + ‖J su‖2.
(3.26)

This establishes (3.25), and in turn the case 0 < θ < 1.
Next, we deal with the case 1 ≤ θ < − 3

2(1+a)
. By the argument in estimate

(3.11), Remark 3.2, and the previous case, we are reduced to show that there exists
θ < θ1 < min{ 1+2a

2(1+a)
,
2(s−1)

s θ} such that

|x |θ1−1D1+a∂x (u
2), D(1+a)(θ1−1)(x∂x (u

2)) ∈ L∞([0, T ]; L2(R)). (3.27)

For any θ < θ1 < min{− 3
2(1+a)

,
2(s−1)

s θ}, by similar consideration in the deduction
of (3.13) (for more details see, (3.12)), and (3.26) we find

‖|x |θ1−1D1+a∂x (u
2)‖ ≤‖u‖2Hs + ‖〈x〉θ1− 1

2 u2‖
≤‖u‖2Hs + ‖(〈x〉 (s−1)θ

s u
)2‖H1

≤‖〈x〉θu‖2 + ‖J su‖2.

As in (3.16) and (3.14),

‖D(1+a)(θ1−1)(x∂x (u
2))‖ ≤‖u‖2Hs + ‖Jξ

(〈ξ 〉(1+a)(θ1−1)+1û2
)‖

≤‖u‖2Hs + ‖〈ξ 〉 3((1+a)(θ1−1)+1)
(5+2a) û2‖ + ‖J− 3

2(1+a)

ξ û2‖,

where we have also used interpolation Lemma 2.5. Hence, for any 1 ≤ θ < θ1 <

min{− 3
2(1+a)

,
2(s−1)

s θ}, we have 3((1+a)(θ1−1)+1)
(5+2a)

≤ 3
(5+2a)

≤ s. Now, changing to the
frequency domain and using interpolation, a similar argument to (3.15) establishes

‖J− 3
2(1+a)

ξ û2‖ ∼ ‖〈x〉− 3
2(1+a) u2‖ ≤ ‖〈x〉θu‖2 + ‖J (1+a)θ

4(1+a)θ+3 u‖2.

Since (1+a)θ
4(1+a)θ+3 ≤ 2 < s, the previous estimates allow us to conclude

‖D(1+a)(θ1−1)(x∂x (u
2))‖ ≤ ‖〈x〉θu‖2L2 + ‖J su‖2L2 .

This completes the proof of the present case.
We continue with the remaining case− 3

2(1+a)
≤ θ < 1+2a

2(1+a)
. Here, we assume that

max{− 9+6a
2(5+2a)

, 2+} ≤ s. Since θ > 1, in view of the identity xU (t) f = U (t)(x f −
(2 + a)t D1+a f ), we are reduced to show that there exists θ < θ1 < 1+2a

2(1+a)
such that
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∫ t

0
U (t − τ)(x∂xu

2 − (2 + a)(t − τ)∂x D
1+au2)(τ ) dτ ∈ L∞([0, T ]; L2(|x |2(θ1−1) dx)).

(3.28)

Taking θ < θ1 < min{ 2(s−1)
s θ, 1+2a

2(1+a)
} fixed, we will show that (3.28) holds for this

weight side θ1. Firstly, we will deduce that

∫ t

0
U (t − τ)(x∂xu

2)(τ ) dτ ∈ L∞([0, T ]; L2(|x |2(θ1−1) dx)).

Since − 3
2(1+a)

< θ1 < 1+2a
2(1+a)

implies that 0 < θ1 − 1 < 1, using Lemma 2.8, it
follows that the previous statement holds if we show

〈x〉θ1∂x (u2), D(1+a)(θ1−1)(x∂xu
2) ∈ L∞([0, T ]; L2(R)). (3.29)

When θ < θ1 < 2θ , arguing as in (3.26), we deduce

‖〈x〉θ1∂x (u2)‖ ≤ ‖〈x〉θu‖2 + ‖J 2θ
2θ−θ1 u‖2.

Thus, taking θ < θ1 <
2(s−1)

s θ with s > 2, we have ‖J 2θ
2θ−θ1 u‖ ≤ ‖u‖Hs . Following

the estimates leading to (3.16), we have

‖D(1+a)(θ1−1)(x∂x (u
2))‖ ≤‖u‖2Hs + ‖Jξ

(〈ξ 〉(1+a)(θ1−1)+1û2
)‖

≤‖u‖2Hs + ‖J
θ1((1+a)(θ1−1)+1)

θ1−1 u2‖ + ‖〈x〉θ1u2‖.

Since the function f (θ1) = θ1((1+a)(θ1−1)+1)
θ1−1 is non-increasing, f (θ1) ≤ f ( −3

2(1+a)
) =

− 9+6a
2(5+2a)

≤ s. Thus, we conclude

‖D(1+a)(θ1−1)(x∂x (u
2))‖ ≤ ‖u‖2Hs + ‖〈x〉θu‖2.

Given that u ∈ C([0, T ]; Hs(R)) ∩ L∞([0, T ]; L2(|x |2θ dx)), the estimates deduced
above imply (3.29). Going back to (3.28), it only remains to show

∫ t

0
U (t − τ)((t − τ)∂x D

1+au2)(τ ) dτ ∈ L∞([0, T ]; L2(|x |2(θ1−1) dx)). (3.30)
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Taking the Fourier transform and using a function ϕ ∈ C∞
0 (R) with ϕ(ξ) = 1, when

|ξ | ≤ 1, we write

∫ t

0
ei(t−τ)ξ |ξ |1+a

(t − τ)ξ |ξ |1+aû2(τ ) dτ

=
( ∫ t

0
ei(t−τ)ξ |ξ |1+a

(t − τ)ξ |ξ |1+aϕ(ξ)û2(0, τ ) dτ
)

+
∫ t

0
ei(t−τ)ξ |ξ |1+a

(t − τ)ξ |ξ |1+aϕ(ξ)
(
û2(ξ, τ ) − û2(0, τ )

)
dτ

+
∫ t

0
ei(t−τ)ξ |ξ |1+a

(t − τ)ξ |ξ |1+a(1 − ϕ(ξ))û2(ξ, τ ) dτ

=:A1 + A2 + A3.

(3.31)

We have that (3.30) is equivalent to shows thatA1,A2,A3 ∈ L∞([0, T ]; H θ1−1
ξ (R)).

Using (2.7) and the fact that a < −2 implies that the function ei(t−τ)ξ |ξ |1+a
ξ |ξ |1+a is

bounded with bounded derivative outside the origin, we get

‖Dθ1−1A3‖ ≤
∫ T

0

(
‖Dθ1−1(ei(t−τ)ξ |ξ |1+a

(t − τ)ξ |ξ |1+a(1 − ϕ(ξ))
)
û2(ξ, τ )‖

+ ‖(t − τ)ξ |ξ |1+a(1 − ϕ(ξ))Dθ1−1(û2(ξ, τ ))‖
)
dτ

≤
∫ T

0

(
‖∂x

(
ei(t−τ)ξ |ξ |1+a

(t − τ)ξ |ξ |1+a(1 − ϕ(ξ))
)‖L∞

+ ‖(t − τ)ξ |ξ |1+a(1 − ϕ(ξ))‖L∞
)‖J θ1−1

ξ (û2(ξ, τ ))‖ dτ

≤〈T 〉2
(

sup
t∈[0,T ]

‖u(t)‖2Hs + sup
t∈[0,T ]

‖〈x〉θu(t)‖2
)
,

where we have also used that ‖J θ1−1
ξ (û2(τ ))‖ ∼ ‖〈x〉θ1−1u2(τ )‖ ≤ ‖u(τ )‖L∞‖〈x〉θ

u(τ )‖, and Sobolev embedding. Before we deal with A2, we write

û2(ξ, τ ) − û2(0, τ ) = ξ

∫ 1

0

∂

∂ξ
û2(σξ, τ ) dσ.

Then, Sobolev embedding H1(R) ↪→ L∞(R) and a change of variables yield

∥∥∥ ∫ 1

0

∂

∂ξ
û2(σξ, τ ) dσ

∥∥∥
L∞ ≤

∫ 1

0

(∥∥∥ ∂

∂ξ
û2(σξ, τ )

∥∥∥ + σ

∥∥∥ ∂2

∂ξ2
û2(σξ, τ )

∥∥∥)
dσ

≤
∫ 1

0

(
σ− 1

2

∥∥∥ ∂

∂ξ
û2(ξ, τ )

∥∥∥ + σ
1
2

∥∥∥ ∂2

∂ξ2
û2(ξ, τ )

∥∥∥)
dσ.
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Using Plancherel’s identity and similar ideas as in (3.15), one deduces

∥∥∥ ∂

∂ξ
û2(ξ, τ )

∥∥∥ +
∥∥∥ ∂2

∂ξ2
û2(ξ, τ )

∥∥∥ ≤ ‖〈x〉2u2‖ =‖〈x〉u‖2L4

≤‖〈x〉θu‖ 2
θ ‖J θ

4(θ−1) u‖ 2(θ−1)
θ .

(3.32)

Notice that θ ≥ −3
2(1+a)

and s > 2 imply that ‖J θ
4(θ−1) u‖ ≤ ‖J su‖. We conclude that

∥∥∥ ∫ 1

0

∂

∂ξ
û2(σξ, τ ) dσ

∥∥∥
L∞ ≤ sup

t∈[0,T ]
‖〈x〉θu(t)‖2 + sup

t∈[0,T ]
‖u(t)‖2Hs . (3.33)

Weproceedwith the studyofA2.UsingTheorem2.3 and theproperties of the fractional
derivative, we get

‖D(θ1−1)(A2
)‖ ≤

∫ t

0

∥∥∥D(θ1−1)(ei(t−τ)ξ |ξ |1+a )
(t − τ)|ξ |3+aϕ(ξ)

( ∫ 1

0

∂

∂ξ
û2(σξ, τ ) dσ

)∥∥∥ dτ

+
∫ t

0

∥∥∥(t − τ)D(θ1−1)(sgn(ξ)|ξ |3+aϕ(ξ)
( ∫ 1

0

∂

∂ξ
û2(σξ, τ ) dσ

))∥∥∥ dτ

=:A2,1 + A2,2.

Proposition 2.6, the fact that |ξ |3+a+(1+a)(θ1−1)ϕ ∈ L2(R), and (3.33) yield

A2,1 ≤
∫ t

0
‖(t − τ)|ξ |3+a+(1+a)(θ1−1)ϕ‖

∥∥∥ ∫ 1

0

∂

∂ξ
û2(σξ, τ ) dσ

∥∥∥
L∞ dτ

≤〈T 〉2
(

sup
t∈[0,T ]

‖〈x〉θu(t)‖2 + sup
t∈[0,T ]

‖u(t)‖2Hs

)
.

To estimate A2,2, we commute with the derivative D(θ1−1) to get

∥∥∥D(θ1−1)
(
sgn(ξ)|ξ |3+aϕ(ξ)

( ∫ 1

0

∂

∂ξ
û2(σξ, τ ) dσ

))∥∥∥
≤

∥∥∥ [
D(θ1−1),

(
sgn(ξ)|ξ |3+aϕ(ξ)

)] ( ∫ 1

0

∂

∂ξ
û2(σξ, τ ) dσ

)∥∥∥
+

∥∥∥|ξ |3+aϕ(ξ)D(θ1−1)
( ∫ 1

0

∂

∂ξ
û2(σξ, τ ) dσ

)∥∥∥.
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Let us estimate each factor on the right-hand side of the inequality above. By the
commutator estimate in Proposition 2.2 and (3.33), we infer

∥∥∥ [
D(θ1−1),

(
sgn(ξ)|ξ |3+aϕ(ξ)

)]( ∫ 1

0

∂

∂ξ
û2(σξ, τ ) dσ

)∥∥∥
≤‖D(θ1−1)(sgn(ξ)|ξ |3+aϕ)‖

∥∥∥ ∫ 1

0

∂

∂ξ
û2(σξ, τ ) dσ

∥∥∥
L∞

≤ sup
t∈[0,T ]

‖〈x〉θu(t)‖2 + sup
t∈[0,T ]

‖u(t)‖2Hs ,

where the fact that θ1 − 1 < (3 + a) + 1
2 (recall that θ1 < 1+2a

2(1+a)
) implies

D(θ−1)
(
sgn(ξ)|ξ |3+aϕ(ξ)

) ∈ L2(R), which is a consequence of [13, Proposition 2.9].
Now, 3 + a > 0 shows us that

∥∥∥|ξ |3+aϕ(ξ)D(θ1−1)
( ∫ 1

0

∂

∂ξ
û2(σξ, τ ) dσ

)∥∥∥
≤ ‖|ξ |3+aϕ‖L∞

∫ 1

0
σ (θ1− 3

2 )‖D(θ1−1) ∂

∂ξ
û2(ξ, τ )‖ dσ

≤ ‖〈x〉θ1u2(τ )‖.

The estimate above follows as a consequence of (3.26). Accordingly, collecting the
previous results, we deduce

‖Dθ1−1(A2)‖ ≤ 〈T 〉2
(

sup
t∈[0,T ]

‖〈x〉θu(t)‖2 + sup
t∈[0,T ]

‖u(t)‖2Hs

)
.

Finally, we proceed with the analysis of A1. The L2-conservation law implies
û2(0, τ ) = ‖u(τ )‖2 = ‖φ‖2, for all τ ∈ [0, T ]. It then follows

A1 = −
(
t(iξ |ξ |1+a) − 1

)
eitξ |ξ |1+a + 1

ξ |ξ |1+a
ϕ(ξ)‖φ‖2

= −i teitξ |ξ |1+a
ϕ(ξ)‖φ‖2 − (eitξ |ξ |1+a − 1)(ξ |ξ |1+a)−1ϕ(ξ)‖φ‖2

=: −i teitξ |ξ |1+a
ϕ(ξ)‖φ‖2 − A1,2.

(3.34)

We first show thatA1,2 is in the space H θ1−1(R) uniformly with respect to t ∈ [0, T ].
Let ϕ̃ ∈ C∞

0 (R) be such that ϕ̃ϕ = ϕ and write

‖D(θ1−1)((eit2ξ |ξ |1+a − 1)(ξ |ξ |1+a)−1ϕ̃(ξ)ϕ(ξ)
)‖

≤ ‖D(θ1−1)((eit2ξ |ξ |1+a − 1)
)
(ξ |ξ |1+a)−1ϕ(ξ)‖ + ‖D(θ1−1)((ξ |ξ |1+a)−1ϕ̃(ξ)

)
ϕ(ξ)‖

+ ‖(ξ |ξ |1+a)−1ϕ̃(ξ)D(θ1−1)(ϕ(ξ))‖.
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We follow with the estimates of each factor in the previous inequality. Using Propo-
sition 2.6, and that |(ξ |ξ |1+a)−1| ≤ |ξ |−(2+a), it is seen that

‖D(θ1−1)((eitξ |ξ |1+a − 1)
)
(ξ |ξ |1+a)−1ϕ(ξ)‖ ≤〈T 〉‖|ξ |(1+a)(θ1−1)−(2+a)ϕ‖ ≤ 〈T 〉,

where we have used that |ξ |(1+a)(θ1−1)−(2+a)ϕ ∈ L2(R) provided that our conditions
assure (1+a)(θ1−1)−(2+a)+ 1

2 > 0. Given that θ1−1 < −(2+a)+ 1
2 , the results

in [13, Proposition 2.9] establish that D(θ1−1)
(
sgn(ξ)|ξ |−(2+a)ϕ̃(ξ)

)
ϕ(ξ) ∈ L2(R),

thus we get

‖D(θ1−1)((ξ |ξ |1+a)−1ϕ̃(ξ)
)
ϕ(ξ)‖ = ‖D(θ1−1)(sgn(ξ)|ξ |−(2+a)ϕ̃(ξ)

)
ϕ(ξ)‖ ≤ 1.

Since −(2 + a) > 0 and ϕ, ϕ̃ ∈ C∞
0 (R), we obtain

‖(ξ |ξ |1+a)−1ϕ̃(ξ)D(θ1−1)(ϕ(ξ))‖ ≤‖|ξ |−(2+a)ϕ̃‖L∞‖D(θ1−1)ϕ‖ ≤ 1.

Given that 1 < θ1 < 1+2a
2(1+a)

, we can apply Lemma 2.8, and familiar arguments to

conclude D(θ1−1)
(
eitξ |ξ |1+a

ϕ) ∈ L2(R). This establishes (3.30).

Finally, we remark that the arguments in the last case hold for θ =
(

− 3
2(1+a)

)− =
− 3

2(1+a)
−ε, and θ1 = − 3

2(1+a)
provided that s ≥ max{− 9+6a

2(5+2a)
, 2+}, and0 < ε 	 1.

This completes the proof of Proposition 3.3. ��
We are now in a position to prove Theorem 1.1 (iii) case − 3

2(1+a)
≤ θ < 1+2a

2(1+a)
,

s ≥ max{− 9+6a
2(5+2a)

, 2+}. Consider φ ∈ Za,θ
s,θ . By the results proved in the previous

case, i.e., Theorem 1.1 (i) with weights < −3
2(1+a)

, there exist a time and a unique
solution u of (1.1) in the class

u ∈ C(0, T ]; Hs
a,θ0

(R)) ∩ L∞([0, T ]; L2(|x |2θ0 dx)), (3.35)

where θ0 =
(
− 3

2(1+a)

)−
, and we have also used Lemma 3.1 to assure that u describes

a continuous curve in the class Hs
a,θ0

(R). We also remark that our present assumptions

on s show that the conditions of regularity in the case weights 0 < θ < − 3
2(1+a)

hold.
It follows from Lemma 2.8 and hypothesis on φ that

U (t)φ ∈ L∞([0, T ]; L2(|x |2θ dx). (3.36)

By Proposition 3.3 and (3.35), we have that

∫ t

0
U (t − τ)(∂xu

2)(τ ) dτ ∈ L∞([0, T ]; L2(|x |2θ1 dx)),

with θ1 = − 3
2(1+a)

. Then the previous remark and (3.36) yield

u ∈ C(0, T ]; Hs
a,θ0

(R)) ∩ L∞([0, T ]; L2(|x |2θ1 dx)). (3.37)
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If θ1 = θ , we are done.Otherwise, if θ1 < θ , we consider θ2 = min
{(

2(s−1)+s
2s

)
θ1, θ

}
(notice that

(
2(s−1)+s

2s

)
θ1 is the middle point of the interval (θ1,

2(s−1)
s θ1)). It follows

from Proposition 3.3 that

∫ t

0
U (t − τ)(∂xu

2)(τ ) dτ ∈ L∞([0, T ]; L2(|x |2θ2 dx)),

which together with (3.36) show

u ∈ C(0, T ]; Hs
a,θ0

(R)) ∩ L∞([0, T ]; L2(|x |2θ2 dx)).

Hence, if θ2 = θ we are done. Otherwise, we can iterate the previous argument with

the sequence θ j = min{
(
2(s−1)+s

2s

)
θ j−1, θ}, j ∈ Z

+, j ≥ 2 to obtain

u ∈ C(0, T ]; Hs
a,θ0

(R)) ∩ L∞([0, T ]; L2(|x |2θ j dx)).

However, s ≥ max{− 9+6a
2(5+2a)

, 2+} is independent of θ , and 2(s−1)+s
2s > 1. These facts

imply that there has to be a finite number of iterations J ≥ 2 such that θ j = θ for all
j ≥ J . This completes the proof of the theorem. ��

4 Unique Continuation Principles

In this section, we deduce Theorem 1.4, and the unique continuation principles stated
in Propositions 1.5 and 1.6.

Proof of Theorem 1.4 Under our assumptions, let u ∈ C([0, T ]; Hs(R))∩ L∞([0, T ];
L2(|x |2θ dx)) be a solution of (1.1) with u(0) = φ ∈ Hs(R).

Let us start with part (i), where we assume 0 < θ ≤ 1. We will only deduce the
most difficult case 0 < θ < 1 as θ = 1 follows from our ideas below, and using the
local derivative d

dξ
instead of the fractional derivative Dθ . By the decay assumption

on u, and the integral formulation of (1.1), we have

u(t) = U (t)φ − 1

2

∫ t

0
U (t − τ)∂xu

2(τ )dτ ∈ L∞([0, T ]; L2(|x |2θ dx)). (4.1)

Now, since u ∈ C([0, T ]; Hs(R)) ∩ L∞([0, T ]; L2(|x |2θ dx)), estimates in (3.6),
(3.7), (3.11) and (3.17) yield

∫ t

0
U (t − τ)∂xu

2(τ )dτ ∈ L∞([0, T ]; L2(|x |2θ dx)). (4.2)

Hence, it follows from (4.1) that

U (t)φ ∈ L2(|x |2θ dx) for almost every t ∈ [0, T ],
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which is equivalent to

Dθ
(
eitξ |ξ |1+a

φ̂
)

∈ L2(R) for almost every t ∈ [0, T ]. (4.3)

Let t, t1 ∈ [0, T ] be such that the above statement holds true, and t − t1 > 0. We
define φ̃(ξ) := eit1ξ |ξ |1+a

φ̂(ξ), i.e., φ̃ is the Fourier transform of U (t1)φ. It follows
from (4.3) that Dθ (ei(t−t1)ξ |ξ |1+a

φ̃), Dθ (φ̃) ∈ L2(R). Notice that we have considered
two times t and t1 as at this point, we do not know if Dθ (φ̂) ∈ L2(R).

Now, for almost every ξ and η, we have

|(ei(t−t1)ξ |ξ |1+a − ei(t−t1)η|η|1+a )
φ̃(ξ)|2 ≤|ei(t−t1)ξ |ξ |1+a

φ̃(ξ) − ei(t−t1)η|η|1+a
φ̃(η)|2

+ |φ̃(ξ) − φ̃(η)|2,

then the above inequality and the definition of the fractional derivative Dθ imply that
for almost every ξ ,

|φ̃(ξ)|Dθ (ei(t1−t2)ξ |ξ |1+a
)(ξ) ≤ Dθ (ei(t−t1)ξ |ξ |1+a

φ̃)(ξ) + Dθ (φ̃)(ξ).

Given that Dθ (ei(t−t1)ξ |ξ |1+a
φ̃), Dθ (φ̃) ∈ L2(R), by Theorem 2.3, and the previous

inequality, it must be the case that

|φ̃(ξ)|Dθ (ei(t−t1)ξ |ξ |1+a
)(ξ) ∈ L2(R). (4.4)

However, arguing as in the proof of Proposition 2.6, we can find a constant 0 < c < 1
for which

Dθ (ei(t−t1)ξ |ξ |1+a
)(ξ)1{0<|ξ |≤c}(ξ) � |ξ |(1+a)θ1{0<|ξ |≤c}(ξ), (4.5)

where 1{0<|ξ |≤c} denotes the indicator function on the set {ξ ∈ R : 0 < |ξ | ≤ c},
and the implicit constant above is independent of ξ in such a set and depends on
t − t1 > 0. Consequently, using that |φ̃| = |φ̂|, together with (4.4) and (4.5), we get
|ξ |(1+a)θ |φ̂|1{0<|ξ |≤c} ∈ L2(R). But since φ ∈ L2(R), and (1 + a)θ < 0, it follows
that |ξ |(1+a)θ φ̂ ∈ L2(R), i.e., φ ∈ Ḣ (1+a)θ (R).

Now, we can prove that it holds Dθ (φ̂) ∈ L2(R), that is to say, φ ∈ L2(|x |2θ dx).
Since for almost every ξ and η,

|φ̂(ξ) − φ̂(η)|2 ≤ |eit1ξ |ξ |1+a − eit1η|η|1+a |2|φ̂(ξ)|2 + |eit1ξ |ξ |1+a
φ̂(ξ) − eit1η|η|1+a

φ̂(η)|2,

we get from the definition of Dθ and Proposition 2.6 that

Dθ (φ̂)(ξ) ≤Dθ (eit1ξ |ξ |1+a
)(ξ)|φ̂(ξ)| + Dθ (eit1ξ |ξ |1+a

φ̂)(ξ)

≤|ξ |(1+a)θ |φ̂(ξ)| + Dθ (eit1ξ |ξ |1+a
φ̂)(ξ),
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for almost every ξ . The previous inequality, the fact that φ ∈ Ḣ (1+a)θ (R), U (t1)φ ∈
L2(|x |2θ dx), and Theorem 2.3 imply that Dθ (φ̂) ∈ L2(R) as desired.

Finally, as we have already shown that φ ∈ Ḣ (1+a)θ (R) ∩ L2(|x |2θ dx), using that
u is a solution of the integral equation associated to (1.1), we can apply the ideas in
Remark 3.2 to conclude that u ∈ L∞([0, T ]; Ḣ (1+a)θ (R)). This completes the proof
of part (i) in Theorem 1.4.

Next we prove part (ii). Here we have 1 < θ < 1+2a
2(1+a)

. We begin by noting that

θ > 1 implies that u ∈ L∞([0, T ]; L2(|x |2 dx)). Then an application of part (i) gives

D1+aφ, xφ ∈ L2(R). (4.6)

Arguing as in the proof of part (i) abovewhen 0 < θ < − 3
2(1+a)

, and using Proposition

3.3 when − 3
2(1+a)

≤ θ < 1+2a
2(1+a)

, it follows from (4.1) and (4.2) that (4.3) holds for

1 < θ < 1+2a
2(1+a)

. However, such fact is equivalent to

xU (t)φ ∈ L2(|x |2(θ−1) dx) for almost every t ∈ [0, T ]. (4.7)

We emphasize that 0 < θ − 1 < 1 provided that θ < 1+2a
2(1+a)

and a < −2. We observe
that the validity of (4.6) implies

xU (t)φ = U (t)((xφ) − (2 + a)t D1+aφ) ∈ L2(R),

and thus (4.7) is equivalent to

U (t)((xφ) − (2 + a)t D1+aφ) ∈ L2(|x |2(θ−1) dx) for almost every t ∈ [0, T ].
(4.8)

Now, let us assume that

D(1+a)(θ−1)(xφ), |x |θφ ∈ L2(R). (4.9)

It follows from Lemma 2.8 that U (t)(xφ) ∈ L2(|x |2(θ−1) dx). Hence, (4.8) implies
that there exist two different times t, t1 ∈ [0, T ] such that

U (t)(D1+aφ),U (t1)(D
1+aφ) ∈ L2(|x |2(θ−1) dx).

Accordingly, we can use the same arguments in the proof of Theorem 1.4 (i) with the
function D1+aφ, and weight size θ − 1 to deduce

D(1+a)θφ, |x |(θ−1)D1+aφ ∈ L2(R). (4.10)

Conversely, if we assume that the conditions in (4.10) hold, we have from Lemma 2.8
thatU (t)(D1+aφ) ∈ L2(|x |2(θ−1) dx). Then (4.8) yields that there exist two different
times t, t1 ∈ [0, T ] such that

U (t)(xφ),U (t1)(xφ) ∈ L2(|x |2(θ−1) dx).
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It follows from the arguments in the proof of part (i) that (4.9) holds. ��
Remark 4.1 We note that in the proof of Theorem 1.4, the linear part of the equation
mainly establishes the conclusion in this theorem. This can be justified by the fact that
we used and deduced the following result.

Proposition 4.2 Let φ ∈ Hs(R), s ≥ 0 be such that for two different times t1, t2 ∈ R,
one has

U (t j )φ ∈ L2(|x |2θ dx),
j = 1, 2.

(i) If 0 < θ ≤ 1, it follows that

D(1+a)θφ, |x |θφ ∈ L2(R).

(ii) If 1 < θ ≤ 2. Then we have

U (t j )((xφ) − (2 + a)t j D
1+aφ) ∈ L2(|x |2(θ−1) dx),

j = 1, 2. In particular, it follows that (4.9) holds if and only if (4.10) holds.

We emphasize that Proposition 4.2 (ii) holds for the range 1 < θ ≤ 2. In contrast,
Theorem 1.4 (ii) is valid for 1 < θ < 1+2a

2(1+a)
. This is a consequence of the estimates

for the nonlinear term u∂xu in the deduction of Theorem 1.1.

4.1 Proof of Proposition 1.5

With Propositions 3.3 and 4.2 in hand we are able to establish Proposition 1.5.

Proof of Proposition 1.5 Let u ∈ C([0, T ]; Za,1
s,1 ) be a solution of (1.1) with initial

condition u(0) = φ. Since there exist two different times t1, t2 ∈ [0, T ] such that
u(t j ) ∈ L2(|x |2+

dx), j = 1, 2, and Proposition 3.3 establishes extra decay for the
integral factor u(t) − U (t)φ, it follows from the integral formulation of (1.1) (see
(4.1)) that

U (t j )φ ∈ L2(|x |2+
dx),

for each j = 1, 2. Consequently, we can apply Proposition 4.2 to get the desired result.
��

4.2 Proof of Proposition 1.6

We first present the following consequence of the proof of Proposition 3.3.

Remark 4.3 Some estimates in the proof of Proposition 3.3 extend to weights of order
1+2a
2(1+a)

. More precisely, let s ≥ max{− 9+6a
2(5+2a)

, 2+}, and θ =
(

1+2a
2(1+a)

)−
. Assume that
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u ∈ C([0, T ]; Hs(R)) ∩ L∞([0, T ]; L2(|x |2θ dx)). The deduction of (3.29) in the
proof of Proposition 3.3 implies

∫ t

0
U (t − τ)(x∂xu

2)(τ )dτ ∈ L∞([0, T ]; L2(|x |2
(

1+2a
2(1+a)

−1
)
dx)). (4.11)

Moreover, under the same conditions on u, and recalling the factorsA2,A3 in (3.31),
and A1,2 in (3.34). The arguments in the proof of Proposition 3.3 yield

D
1+2a
2(1+a)

−1A1,2, D
1+2a
2(1+a)

−1A2, D
1+2a
2(1+a)

−1A3 ∈ L∞([0, T ]; L2(R)). (4.12)

Proof of Proposition 1.6 Without loss of generality, we will assume that t1 = 0. Thus,
denoting u(0) = φ, we have that the assumptions in Proposition 1.6 are

u(t2), φ ∈ L2(|x |2
(

1+2a
2(1+a)

)
dx),

and

D(1+a)
(

1+2a
2(1+a)

)
φ, D(1+a)

(
1+2a
2(1+a)

−1
)
(xφ), |x | 1+2a

2(1+a)
−1D1+aφ ∈ L2(R).

The previous conditions and Lemma 2.8 imply that U (t)φ ∈ L∞([0, T ]; L2

(|x |2
(

1+2a
2(1+a)

)
dx)). Consequently, we have that u(t2) ∈ L2(|x |2

(
1+2a
2(1+a)

)
dx) if and only

if ∫ t2

0
U (t2 − τ)(∂xu

2)(τ ) dτ ∈ L2(|x |2
(

1+2a
2(1+a)

)
dx),

which in view of the identity xU (t) f = U (t)(x f − (2 + a)t D1+a f ) is equivalent to

∫ t2

0
U (t2 − τ)(x∂xu

2 − (2 + a)(t2 − τ)∂x D
1+au2)(τ ) dτ ∈ L2(|x |2

(
1+2a
2(1+a)

−1
)
dx).

Hence, from (4.11) in Remark 4.3, and the preceding conclusion it follow

∫ t2

0
U (t2 − τ)((t2 − τ)∂x D

1+au2)(τ ) dτ ∈ L2(|x |2
(

1+2a
2(1+a)

−1
)
dx). (4.13)

Now, going to the frequency domain and using the decomposition (3.31) with the same
terms A1, A2 and A3 (also recall the decomposition of A1 in (3.34)), we use (4.12)
to deduce that (4.13) is equivalent to

D
(

1+2a
2(1+a)

−1
)(
eit2ξ |ξ |1+a

ϕ(ξ)
)‖φ‖2 ∈ L2(R), (4.14)

which follows if and only if D
(

1+2a
2(1+a)

−1
)(
eit2ξ |ξ |1+a

ϕ(ξ)
)‖φ‖2 ∈ L2(R), where ϕ ∈

C∞
0 (R) with 0 ≤ ϕ ≤ 1, ϕ(ξ) = 1, whenever |ξ | ≤ 1. However, since 1+2a

2(1+a)
− 1 =
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−1
2(1+a)

, the result of Proposition 2.7 shows

D
(

1+2a
2(1+a)

−1
)(
eit2ξ |ξ |1+a

ϕ(ξ)
)

/∈ L2(R),

but then (4.14) forces us to have ‖φ‖ = 0. The proof is thus completed. ��

Appendix

This part is devoted to deriving the local well-posedness result presented in Lemma
3.1. We will use a parabolic regularization argument, as given in [1, 8, 21, 22]. We
emphasize that the presence of the operator ∂x D1+a complicates certain estimates and
motivates to detail the proof of Lemma 3.1.

Proof of Lemma 3.1 We will only deduce existence and uniqueness of solutions for
(1.1) and (3.1). The continuous dependence follows from our arguments and the ideas
in references [1, 8, 21, 22]. To simplify the presentation of our estimates, we will
divide our considerations into five key steps.

(i) Existence of solutions for the regularized equation (3.1). Let 0 < μ < 1 be
fixed. Using the integral formulation of (3.1), one can apply a contraction argument
similar to the one developed in the proof of Theorem 1.1 to show that there exist a
time Tμ > 0 and a unique solution uμ of (3.1) with initial condition uμ(0) = φ such
that

uμ ∈ C([0, Tμ]; Hs
a,θ (R)).

The above result depends strongly on the estimates in Remark 3.2 for the nonlinear
term uμ∂xuμ.

(ii) We will show that the solutions uμ, 0 < μ < 1 constructed in (i) can be
extended to a common time T > 0 independent of μ and depending on φ, and there
exists ρ ∈ C([0, T ]; [0,∞)), independent of μ, such that

‖uμ(t)‖2Hs
a,θ

≤ ρ(t). (5.1)

We first observe that using energy estimates with the Eq. (3.1), and the embedding

H
3
2 (R) ↪→ W 1,∞(R), one gets the differential inequality

d

dt
‖uμ(t)‖2Hs ≤ cs‖uμ(t)‖3Hs , (5.2)

where the constant cs > 0 is independent of μ. It is important to mention that the
energy estimate used to get the above expression, and the fact that the term involving
the dispersion can be canceled, are justified by the condition θ ≥ 2+a

1+a > 1
2 + 1

2(1+a)
.

To see this, writing ∂x = HD, where H denotes the Hilbert transform, it follows

∫
∂x D

1+a J suμ J
suμ dx =

∫
HD

2+a
2 J suμD

2+a
2 J suμ dx . (5.3)
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Thus, sinceH defines a skew-symmetric bounded operator in L2(R), the above integral

is zero if we prove D
2+a
2 J suμ ∈ L2(R). We note that in (5.3), we do not use directly

that the operator ∂x D1+a is skew-symmetric, as we first need to justify that such
integral is defined. Now, Plancherel’s identity, the fact that θ > 1

2 + 1
2(1+a)

, and
dividing into frequencies, we observe

‖D 2+a
2 J suμ‖ ≤‖|ξ | 2+a

2 −(1+a)θ 〈ξ 〉s |ξ |(1+a)θ ûμ‖L2(|ξ |≤1) + ‖|ξ | 2+a
2 〈ξ 〉s ûμ‖L2(|ξ |≥1)

≤‖D(1+a)θuμ‖ + ‖uμ‖Hs .

Consequently, the above estimate implies that (5.3) is null. Next, let ρ1 ∈
C([0, T ∗); [0,∞)) be the maximal extended solution of

{
∂tρ1(t) = csρ1(t)

3
2 ,

ρ1(0) = ‖φ‖2Hs .

Then one has from (5.2) that

‖uμ(t)‖2Hs ≤ ρ1(t).

Using the integral formulation of (3.1), the fact that {Uμ(t)} defines a semigroup of
contractions (see (2.17)), (3.2), and (3.3), we have

‖D(1+a)θuμ(t)‖ ≤‖D(1+a)θφ‖ + 1

2

∫ t

0
‖D(1+a)θ ∂x (u

2
μ)(τ )‖ dτ

≤‖D(1+a)θφ‖ + c
∫ t

0
‖uμ(τ)‖2Hs dτ

≤‖D(1+a)θφ‖ + c
∫ t

0
ρ1(τ ) dτ.

Summarizing, we have deduced that

‖uμ(t)‖2Hs
a,θ

=‖uμ(t)‖2Hs + ‖D(1+a)θuμ(t)‖2

≤ρ1(t) +
(
‖D(1+a)θφ‖ + c

∫ t

0
ρ1(τ ) dτ

)2 =: ρ(t).
(5.4)

Consequently, since ρ ∈ C([0, T ∗); [0,∞)), and T ∗ do not depend on μ, it follows
that for any time 0 < T < T ∗ = T ∗(φ), the inequality (5.4), and the usual extension
method show that uμ can be extended to the class C([0, T ]; Hs

a,θ (R)).
(iii) By the previous step, let T > 0 be such that uμ ∈ C([0, T ]; Hs

a,θ (R)) for all
0 < μ < 1. In this part, we will show that when μ → 0+, uμ converges to a function
u inC([0, T ]; L2(R)), and in the weak sense ofCw([0, T ]; Hs

a,θ (R)). Moreover, such
limit u satisfies (5.1).

Using the equation in (3.1), and the cancellation of the dispersive term provided
by the argument below (5.3), one can use energy estimates to get that there exists
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u ∈ C([0, T ]; L2(R)) such that uμ → u asμ → 0+ in the sense ofC([0, T ]; L2(R)).
Moreover, it is not hard to see that this fact implies that uμ → u in the weak sense of
Cw([0, T ]; Hs(R)).

Now,we claim that uμ → u inCw([0, T ]; Ḣ (1+a)θ (R)). But first, wewill introduce
some approximations for an arbitrary function f ∈ Ḣ (1+a)θ (R). We consider ψ ∈
C∞(R) be such that ψ(ξ) = 1, if |ξ | ≥ 2, and ψ(ξ) = 0, if |ξ | ≤ 1. We define
then ψn(ξ) = ψ(nξ) and fn = (ψn f̂ )∨, for each integer n ≥ 2. We observe that the
support of the function ψn implies that for almost every ξ ,

||ξ |(1+a)θ f̂ (ξ) − |ξ |(1+a)θψn(ξ) f̂ (ξ)|2 = |1 − ψn(ξ)|2||ξ |(1+a)θ f̂ (ξ)|2 → 0

as n → ∞, and

||ξ |(1+a)θ f̂ (ξ) − |ξ |(1+a)θψn(ξ) f̂ (ξ)|2 ≤ ||ξ |(1+a)θ f̂ (ξ)|2 ∈ L1(R).

Consequently, the previous facts and Lebesgue’s dominated convergence theorem
yield fn → f as n → ∞ in Ḣ (1+a)θ (R). Additionally,

‖D2(1+a)θ fn‖ ≤ n−(1+a)θ‖D(1+a)θ f ‖.

Now, denoting by 〈·, ·〉Ḣ (1+a)θ the usual inner product of Ḣ (1+a)θ (R) (recall that Ḣβ(R)

is a Hilbert space if β < 1
2 ), we have for μ, ν ∈ (0, 1)

|〈uμ(t) − uν(t), f 〉Ḣ (1+a)θ |
≤|〈uμ(t) − uν(t), f − fn〉Ḣ (1+a)θ | + |〈uμ − uν, fn〉Ḣ (1+a)θ |
≤‖uμ(t) − uν(t)‖Ḣ (1+a)θ ‖ f − fn‖Ḣ (1+a)θ + |〈uμ − uν, D

2(1+a)θ fn〉L2 |
≤M‖ f − fn‖Ḣ (1+a)θ + n−(1+a)θ

(
sup

t∈[0,T ]
‖uμ(t) − uν(t)‖

)
‖D(1+a)θ fn‖,

(5.5)
where using (5.4), M > 0 is such that sup

0<μ<1
sup

t∈[0,T ]
‖uμ(t)‖Hs

a,θ
≤ M . Given

that uμ converges in C([0, T ]; L2(R)) and that fn → f in Ḣ (1+a)θ (R), inequal-
ity (5.5) establishes that uμ converges in Cw([0, T ]; Ḣ (1+a)θ (R)), which leads to
u ∈ Cw([0, T ]; Ḣ (1+a)θ (R)). Consequently, we have proved that when μ → 0+, uμ

converges to u in Cw([0, T ]; Hs
a,θ (R)). Using this fact, we can also deduce that u

satisfies (5.1).
(iv) Letu ∈ C([0, T ]; L2(R))∩Cw([0, T ]; Hs

a,θ (R))be theweak limit of the family
uμ of solutions of (3.1) deduced in (iii), which also satisfies (5.1). We will show that
u ∈ C1

w([0, T ]; Hs−2(R)) ∩ AC[0, T ]; Hs−2(R)), u(0) = φ, and u satisfies (1.1) in
a week sense, that is,

∂t 〈u(t), f 〉Hs−2 = 〈∂x Da+1u(t) − u(t)∂xu(t), f 〉Hs−2 ,

for all f ∈ Hs−2(R), and almost every t ∈ [0, T ], where AC([0, T ]; Hs−2(R)) is
the space of absolutely continuous functions with values in Hs−2(R). Moreover, for



16 Page 40 of 43 Journal of Fourier Analysis and Applications (2025) 31 :16

φ ∈ Hs
a,θ (R), the weak solution of (1.1) constructed above is unique in the class

of bounded functions u : [0, T ] → Hs
a,θ (R), which are also in C([0, T ]; L2(R)) ∩

Cw([0, T ]; Hs
a,θ (R)) ∩ C1

w([0, T ]; Hs−2(R)) ∩ AC[0, T ]; Hs−2(R)).

To deduce (iv), we first observe that 2+a
(1+a)

≤ θ < − 3
2(1+a)

, the fact that uμ

converges to u in the sense of Cw([0, T ]; Hs
a,θ (R)), and that u satisfies (5.1) imply

∂x D
1+auμ⇀∂x D

1+au, in Hs−2(R),

uμ∂xuμ⇀u∂xu, in Hs−2(R),

∂2x uμ⇀∂2x u, in Hs−2(R),

(5.6)

asμ → 0+. The last two convergences above follow as a consequence of the results in
(iii). However, we emphasize that the first convergence in (5.6) requires the condition
2+a

(1+a)
≤ θ < − 3

2(1+a)
. To see this, let f ∈ Hs−2(R) and ϕ ∈ C∞

0 (R) be such that

ϕ ≡ 1, whenever |ξ | ≤ 1. We set Pϕ f = (ϕ f̂ )∨, then the definition of the inner
product in Hs−2(R) and the fact that f = Pϕ f + (I − Pϕ) f yield

〈∂x D1+auμ − ∂x D
1+au, f 〉Hs−2 =〈∂x D1+a−(1+a)θ J s−2D(1+a)θ (uμ − u), J s−2Pϕ f 〉L2

+ 〈∂x D1+a J s−2(uμ − u), (I − Pϕ)J s−2 f 〉L2

= − 〈D(1+a)θ (uμ − u), ∂x D
1+a−(1+a)θ J2s−4Pϕ f 〉L2

− 〈J s−2(uμ − u), (I − Pϕ)∂x D
1+a J s−2 f 〉L2

=:I1,μ + I2,μ.

Now, using the definition of the operator Pϕ , and the fact that 2+a−(1+a)θ ≥ 0, we
get ∂x D1+a−(1+a)θ J 2s−4Pϕ f ∈ L2(R). We can prove using the week convergence
of uμ to u deduced in (iii), and (5.1), that D(1+a)θuμ⇀D(1+a)θu in the L2(R) sense.
Collecting these previous facts, we have that I1,μ → 0 as μ → 0+. On the other
hand, by support properties of the operator I − Pϕ , and using that a < −2, we have
(I−Pϕ)∂x D1+a J s−2 f ∈ L2(R). Thus, the week convergence of uμ in Hs(R) implies
that I2,μ → 0 as μ → 0+. This shows the convergences in (5.6).

Now, given that uμ solves the integral equation associated to (3.1), it follows that
for any f ∈ Hs−2(R),

〈uμ(t), f 〉Hs−2 = 〈φ, f 〉Hs−2 +
∫ t

0
〈μ∂2x uμ(τ)

+ ∂x D
auμ(τ) − uμ(τ)∂xuμ(τ), f 〉Hs−2 dτ.

Hence, (5.6) shows that when μ → 0+,

〈u(t), f 〉Hs−2 = 〈φ, f 〉Hs−2 +
∫ t

0
〈∂x Dau(τ ) − u(τ )∂xu(τ ), f 〉Hs−2 dτ.
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The above identity and similar ideas to those in [1, 8, 21, 22], show that u satisfies
the equation in (1.1) in the weak sense of Hs−2(R) and u ∈ AC[0, T ]; Hs−2(R)).
Finally, using energy estimates at L2-level, one gets the uniqueness statement.

(v) Let u be the solution obtained in (iv), we will show u ∈ C([0, T ]; Hs
a,θ (R)).

Note that once we have proved that u ∈ C([0, T ]; Hs
a,θ (R)), the conclusion in

(iv) completes the proof of existence of solutions for the equation (1.1). Since
u ∈ Cw([0, T ]; Hs

a,θ (R)) is a solutionof (1.1), andu satisfies (5.1), given f ∈ Hs
a,θ (R)

with ‖ f ‖Hs
a,θ

= 1, we get

|〈φ, f 〉Hs
a,θ

| = lim
t→0+ |〈u(t), f 〉Hs

a,θ
| ≤ lim inf

t→0+ ‖u(t)‖

≤ lim sup
t→0+

‖u(t)‖ ≤ lim sup
t→0+

ρ(t)
1
2 ≤ ‖φ‖Hs

a,θ
,

where we have used the fact that limt→0+ ρ(t) = ‖φ‖2Hs
a,θ

(see (5.4)). Consequently,

since f is arbitrary, we deduce limt→0+ u(t) = φ in Hs
a,θ (R), i.e., u is continuous to

the right of t = 0. Given t ′ ∈ [0, T ], let v be the weak solution of (1.1) with initial
condition u(t ′) (such a solution exists by steps (i)-(iv)). It follows from the uniqueness
results in (iv) that v(t) = u(t + t ′), and by the previous argument, we have v(t) is
continuous to the right at the origin, it follows that u is continuous to the right at
t = t ′, i.e., since t ′ is arbitrary, u is continuous to the right in [0, T ]. Finally, since
the equation in (1.1) is invariant under the transformation (x, t) → (−x, t ′ − t), we
deduce continuity to the left at t ′ from uniqueness, and continuity to the right of weak
solutions of (1.1). Summarizing u ∈ C([0, T ]; Hs

a,θ (R)), which completes the proof.
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