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Abstract
It is well known that a quantum correlated probe can yield better precision in estimating an unknown
parameter than classically possible. However, how such a quantumprobe should bemeasured
remains somewhat elusive.We examine the role ofmeasurements in quantummetrology by consider-
ing two types of readout strategies: coherent, where all probes aremeasured simultaneously in an
entangled basis; and adaptive, where probes aremeasured sequentially, with eachmeasurement one
way conditioned on the prior outcomes. Herewefirstly show that for classically correlated probes the
two readout strategies yield the same precision. Secondly, we construct an example of a noisymulti-
partite quantum systemwhere coherent readout yields considerably better precision than adaptive
readout. This highlights a fundamental difference between classical and quantumparameter estima-
tion. From the practical point of view, our findings are relevant for the optimal design of precision-
measurement quantumdevices.

1. Introduction

Quantummechanical systems can be used to outperform classical ones in information processing [1]. Quantum
correlations can be employed to beat the shot-noise (standard) limit inmetrology protocols. Such parameter
estimationmethods are crucial for both theoretical advances and the development of technologies. However,
almost all quantum technologies operate with some level of noise and howquantum enhancement fares in the
presence of noise is still unclear. Another intrinsic quantum feature is themeasurement process, which, in
general, disturbs the systembeingmeasured and the outcome depends on a basis choice. Here, we explore this
distinction to uncover a difference between coherent and adaptive readout strategies in a quantummetrology
protocol in the presence of noise.

A general framework to estimate a parameter involves a suitable probe and an interaction that physically
manifests the parameter. The probe, initially in state ϱ, acquires some information about the parameter,ϕ,
yielding the encoded stateϱϕ, which is then read out by some convenient strategy. The estimation process

depends on howmuch information about the parameter is encoded in the probe. The precision of the estimation
protocol, which can be saturated in a large number of trials, is limited by theCramér–Rao relation [2–4], in
which the rootmean square error, Δϕ, associatedwith an unbiased estimator, is bounded by the Fisher
information [5], , as Δϕ ⩾ 1 . Fisher information is a key concept inmetrology and gives us knowledge
about the effectiveness of a parameter estimation protocol.Measuring the encoded probe state affords the
probability distribution ϕp x( ), fromwhich can be computed directly from its definition,

 = ∑ ∂ϕ ϕ ϕp x p x( )[ ln ( )]x
2 (for discrete outcomes x). The quantumFisher information (QFI) is defined as the

maximumof over all possiblemeasurements, and to attain it we need to employ a readout procedure that
yields an appropriate distribution ϕp x( ).

A valuable ingredient in parameter estimation is the use of correlated probes, which can be employed to
improve the estimation. For instance, in the quantum case nonclassical correlations offer considerable
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advantages in quantummetrology [6–8] even in noisy scenarios [9–11]. Such studies are tractable becauseQFI
can be computed using only the initial probe state and the generator of the encoding [12–16]. Regarding the
readout strategy in quantummetrology, in [17] it was found that entangledmeasurements were important for
the optimal estimation of an unknownunitary. On the other hand in [18], it is argued that, for a restricted class
of states, entangledmeasurements did not provide an advantage for phase estimation in the studied cases. Very
recently, an experiment employed a jointmeasurement of phase and phase diffusion as an optimum
measurement scheme [19]. In the present article we address the need for correlations in the readout procedure
for estimating a single real parameter. That is, the need for entanglingmeasurements to produce a suitable

ϕp x( ). Specifically, we show that for some correlated probe states a coherent quantum readout procedure yields

a better estimate for the parameter of interest than an adaptive classical readout procedure.We begin by defining
coherent and adaptivemeasurements below.However, for simplicity’s sakewe only consider a bipartite probe
for now and address the generalmultipartite case at the end of the article.

2. Coherent and adaptivemeasurements

Let us consider the following game between three characters: Alice, Bob, andCharlie. They receive the same
bipartite encoded probeϱϕ. However, Charlie has access to thewhole state, while Alice and Bob have access only

to the local partitionsA andB, respectively.We suppose that Charlie has an apparatus able to perform joint
measurements on thewhole state yielding a bipartite probability distribution ϕp a b( , ). The precision that

Charlie can attain aboutϕ is bounded by Fisher information

 ∑= ∂ϕ ϕ ϕA B p a b p a b( , ) ( , ) ln ( , ) , (1)
a b,

2⎡⎣ ⎤⎦

with a and b being the outcomes associatedwith partitionsA andB, respectively.
Alice and Bob are allowed to communicate and perform any operations on their own partitions. Tomeasure

ϕwith optimal precisionAlice and Bob can employ a one-way adaptive strategy. First, Bob performs a suitable
measurement on his partition and observes outcome bwith probability ϕq b( ). He then communicates his result

to Alice and based on that Alice performs ameasurement on her partition observing outcome awith probability
∣ϕq a b( ). Putting their outcomes together, the precisionwithwhichAlice andBob can attainϕ is bounded by the

Fisher information of the joint probability distribution = ∣ϕ ϕ ϕq a b q b q a b( , ) ( ) ( ). That is, replace ϕp a b( , )with

ϕq a b( , ) in equation (1). Alternatively, the precisionwithwhichBob can attainϕ is bounded byBob’s Fisher

information

 ∑= ∂ϕ ϕ ϕB q b q b( ) ( ) ln ( ) . (2)
b

2⎡⎣ ⎤⎦

Similarly, Alice’s precision is bounded by the conditional Fisher information for the conditional distribution
∣ =ϕ ϕ ϕq a b q a b q b( ) ( , ) ( ):

 ∑≡ =ϕA B q b A B b( ) ( ) ( ), (3)
b

with ∣ = ≡ ∑ ∣ ∂ ∣ϕ ϕ ϕA B b q a b q a b( ) ( ) ln ( )a

2⎡⎣ ⎤⎦ being the Fisher information for Alice conditioned onBob’s

outcome b. Together their precision ofϕ is bounded by + ∣B A B( ) ( ). In general Alice and Bobmay use
ancillas to implement amany-round readout. In equation (A.3) of appendix A.1we give a generalized result for
such a readout strategy.

We are now ready to formally state our problem:we consider a challenge byCharlie to Alice and Bob to
attain the same precision forϕ as he does using the coherent strategy.WhenAlice and Bob are able tomeet
Charlie’s challenge, no quantum resources are necessary for the readout.Wewill showbelow that this is indeed
the case in classicalmetrology and evenN N00 or the equivalentN-qubit Greenberger–Horne–Zeilinger
(NGHZ) state (both to be defined below)metrology in the absence of noise.We then show thatwith the
introduction of noise there is a gap in the achievable precision between the two readout strategies.We have
graphically depicted the two readout strategies infigure 1.

2.1. Classicalmetrology
In classicalmetrology, the state of the probe is simply a probability distribution p a b( , )0 and the encoded state is
also a probability distribution ϕp a b( , ). Classical probabilities satisfy

2
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=ϕ ϕ ϕp a b p b p a b( , ) ( ) ( ). (4)

The left- and right-hand sides of equation (4) correspond toCharlie’s coherent readout, andAlice and Bob’s
adaptive readout, respectively. Thismeans that for classicalmetrologywe have the followingwell-known
additivity relation for Fisher information [4]

  = +A B B A B( , ) ( ) ( ). (5)

The implication is that Alice and Bob are able to attain the same precision as Charlie forϕ and thusmeet
Charlie’s challenge.We have given a full derivation of equation (5), including themultipartite case, in
appendix A.

2.2.Quantummetrology
In the quantum setting, the discrete probability distribution ϕp x( ) is nowobtained from a positive operator-

valuedmeasure (POVM)Π with elements Π{ }x acting on the encoded quantum stateϱϕ: ϱ Π=ϕ ϕp x( ) tr [ ]x

with Π∑ = x x . Remarkably, there is a simple formula that yields the optimal Fisher information over all
POVMs [12]:

 ∑ϱ
λ λ

λ λ
ψ ψ=

−

+Π
ϕ

( )
Hmax ( ) 2 , (6)

ij

i j

i j
i j

2
2

where λi and ψ∣ 〉i are the eigenvalues and eigenvectors ofϱ respectively, while theHamiltonianH is the

Hermitian generator of the unitary encoding = ϕ−U e Hi , whereϱ ϱ=ϕ U U †. Although the POVMdoes not

explicitly depend onϕ, in general the optimal POVM, in equation (6),may differ for different values ofϕ.We
will discuss further this issue below.

The implication here is that there exists a POVM that will yield the optimal Fisher information, but we do
not knowmuch about it—we shall return to this point later. Let us now go back to the game betweenCharlie
versus Alice andBob. Again the rule is that Charlie is able tomake operations with entangling power, while Alice
and Bob do not possess any entangling power.Wewill shortly show that Charlie’s coherentmeasurement allows
better precision in estimatingϕ thanAlice andBob’s adaptivemeasurements.

Figure 1.Two readout strategies for parameter estimation. In (i) the coherent readout process consists of applying an entangling
measurement. An entanglingmeasurement can be achieved by performing an entangling unitary followed bymeasuring both
partitions locally. In (ii) Bobmeasures his partition and observes outcome b, which he communicates to Alice. Next, Alicemeasures
her partition, conditioned onBob’s outcome, and observes outcome ∣a b. For classicalmetrology, (i) yields the left-hand side of
equation (5) and (ii) yields the right-hand side of equation (5). The key ingredient for coherent readout is the ability to perform an
entanglingmeasurement.
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3.Measurements in quantummetrology

To attain the optimal Fisher information requires, in general, an entangling operation involving all parts of the
probe.Wewill refer to such ameasurement as a coherentmeasurement.Wewant to compare the coherent
measurement strategy to ameasurement strategy wherewe have no entangling power. Such a strategy then
simply involves probabilistic-projectivemeasurements on qubits.Wewill refer to such ameasurement as an
adaptivemeasurement. Themeasurement operators of an adaptivemeasurement can be decomposed as
Π Π⊗∣a b b.While for a coherentmeasurement this, in general, cannot be done.

Let the subscripts ‘co’ and ‘ad’ refer to ‘coherent’ and ‘adaptive’ respectively. It is easy to see that ⩾co ad

since the set of coherentmeasurements contain the set of adaptivemeasurements. In this article we give
examples where >co ad, which proves that in general entangling power in the readout phase of quantum
metrology is necessary for optimal estimation. Also see [20] for a hierarchy ofmeasurements forQFI.

3.1. Globally and locally optimalmeasurements
In general equation (6) does not tell usmuch about the optimal POVM.The derivation of equation (6) does
identify the necessary and sufficient condition for the optimalmeasurement, namely that

Π ϱ Π ϱ=ϕ ϕ ϕL k (7)x x x

for constant ∈ kx and ϕL is the symmetric logarithmic derivative defined by ϱ ϱ ϱ∂ = +ϕ ϕ ϕ ϕ ϕ ϕ( )L L1

2
[12].

Although there is no known general solution for the POVMelementsΠx, a sufficient condition is that they are
projectors onto eigenspaces of ϕL . This construction yieldsmeasurements that are in general coherent and also
local in parameter space (optimal for only certain values ofϕ).

We do not knowwhether optimality can be attainedwith an adaptivemeasurement nor dowe knowwhether
there exists ameasurement that is globally optimal, i.e., for any value ofϕ. Thefirst issue is inconvenient aswe
consequently have to search for optimal adaptivemeasurements on a case-by-case basis, but the second is of
purely theoretical interest and of little importance in practice for the following reason. The parameterϕ is
estimated froma large number ofmeasurements,M, sowe can employ an adaptive strategy inwhich ′M
( ′ ≪M M) suboptimalmeasurements are performed to estimateϕ, after whichwe can fix themeasurement to
be optimal at the approximate parameter value ϕ̃. It is a well-known result of classical statistics that amaximum
likelihood estimator (MLE) forϕ saturates theCramér–Rao bound as → ∞M , but we can only construct an
approximateMLE sincewe have used ameasurement that is optimal at ϕ̃ as opposed toϕ. Fortuitously, it is
nonetheless found to share the same asymptotic properties as the trueMLE, provided that ′M is sufficiently
large,meaning that globally optimalmeasurements confer no estimation advantage in the limit of large
M [21, 22].

In fact, we can reach a useful conclusion regarding the possibility of global optimality: whenϱϕ is full-rank

(and thus strictly positive) for allϕ, we show in appendixD that no globally optimalmeasurement exists.
Moreover, noise perturbs any zero eigenvalues consequentlymaking the result applicable to any practically
realisable state. In fact, such a strategy was recently implemented in an experiment reported in [23] and it could
also be eventually used in a proof-of-principle experiment of the ideas introduced here.

3.2. Classically correlated quantum states
Let usfirst prove that classically correlated probes do not require any entanglement in the readout. Suppose we
use as a probe a bipartite (ormultipartite) quantum state that is classically correlated:ϱ = ∑ ∣ 〉〈 ∣q a b ab ab( , )ab

which ismapped toϱ = ∑ ∣ 〉〈 ∣ϕ ϕ ϕ ϕ ϕϕ ϕ
q a b a b a b( , )a b due to the encoding, where∣ 〉 = ∣ 〉ϕj U j for =j a b, .

Now, note that this state is invariant under local projectivemeasurements

∑ϱ ϱ=ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ
ϕ ϕ

a b a b a b a b , (8)
a b

which is the definition of a classically correlated state [24, 25].However, there exists ameasurement Π{ }x that
yields the outcome probabilities Π ϱ=ϕ ϕp x( ) tr [ ]x leading to optimalQFI. Using equation (8) and the cyclic

invariance of the trace we get

∑ Π ϱ=ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ
ϕ ϕ

p x a b a b a b a b( ) tr . (9)
a b

x
⎡⎣ ⎤⎦
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It is then straightforward towrite the POVMelements as

∑Π Π= ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ
ϕ ϕ

a b a b a b a b , (10)x

a b

x

which is diagonal in a product basis.
Next, we assume that Alice and Bob have full knowledge of the elementsΠx. In order to implementΠx they

would need to implement entangling operations. However, instead theymay start with an estimate ϕ̃ of the
phase and apply the following POVM

∑Π Π= ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ
ϕ ϕ

a b a b a b a b˜ . (11)x

a b

x˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜

˜ ˜

Since they know the POVMelement they can easily compute the probability distribution Π〈 ∣ ∣ 〉ϕ ϕ ϕ ϕa b a bx˜ ˜ ˜ ˜ . Then

they simplymakemeasurements in basis ∣ 〉ϕ ϕa b˜ ˜ , which is local. After each round they can update the value of ϕ̃
so that it is closer to the actual value ofϕ. In this way they can adaptively approach the POVM in equation (10)
using localmeasurements and classical communication.

Thismeans that the such ameasurement can be implementedwithout the aid of an entangling operation.
Ourmain point here is that ifϱϕ is not classical then itmay not be possible to reproduce the optimal distribution

ϕp x( )via localmeasurements onA andB. On the other hand, for classical probes states the POVMelements, as

given in equation (10), can be implemented locally. Aword of caution is necessary here. In general
implementing a separable POVMmay require entanglement [26]. However, in the construction above, the basis
vectors of the POVMare locally distinguishable, i.e., δ〈 ∣ ′〉 = ′a a aa and δ〈 ∣ ′〉 = ′b b bb . Therefore it is possible to
implement this POVMvia LOCC.

Finally, note that this result is fully independent of the formula forQFI in equation (6).Moreover, itmight
seem that in order for Alice and Bob to implement the POVMgiven above, they need to know the value ofϕ. It is
important to keep inmind that the value ofϕ is not totally unknown, and it is the precision in the value ofϕ that
we desire. Therefore it is reasonable to assume that Alice andBob know the neighbourhood inwhichϕ lies and
implement Π ϕ

a b x, , with increasing accuracy.

3.3.Quantum correlatedNGHZandN00N states
Beforewe give an example exhibiting a gap between the coherent and adaptive Fisher information, let us discuss
the important case ofN N00 states. AN N00 state is an optical state ofN photons in superpositionwith the
vacuum in two arms of an interferometer: ∣ 〉 + ∣ 〉N N( 0 0 ) 2 . For linear encoding,N N00 states saturate the
ultimate bound for Fisher information, theHeisenberg limitN2 [6].

Here wewill workwithNGHZ states instead ofN N00 states, but in principal the two are equivalent [27–30].
AnNGHZ state before the encoding is where all qubits are in the state∣ 〉0 in superpositionwith all qubits in state

∣ 〉1 . It is written as ∣ 〉 = ∣ 〉 + ∣ 〉⊗ ⊗G ( 0 1 ) 2N N N which is transformed to ∣ 〉 = ∣ 〉 + ∣ 〉ϕ
ϕ⊗ ⊗G ( 0 e 1 ) 2N N N Ni

after the encoding. That is, the phase is encoded by ⊗U N with = ϕ∣ 〉〈 ∣U ei 1 1 . Here,∣ 〉0 and∣ 〉1 are the eigenstates of
the Paulimatrixσz .

The coherent readout of the latter state requires a series of C-NOT gates between thefirst qubit and the

remaining −N 1qubits, resulting in the state ∣ 〉 + ∣ 〉 ⊗ ∣ 〉ϕ ⊗ −(1 2 )( 0 e 1 ) 0N Ni 1. Thefirst qubit can nowbe
measured in the∣ ± 〉 = ∣ 〉 ± ∣ 〉( 0 1 ) 2 basis and the desired Fisher information is achieved.However, the
same result is achieved adaptively bymeasuring each qubit in the∣±〉basis. After −N 1qubits aremeasured the

state of the remaining qubit is ∣ 〉 + − ∣ 〉ϕ( 0 ( 1) e 1 ) 2k Ni , where k is the number of times the outcome ∣−〉was
observed. If k is oddwe apply aσz operation, but no correction is required otherwise.

Strangely, this example shows that coherent processing is unnecessary for readout inmetrologywithNGHZ
states. It seems that for pure probes the adaptive strategy could be equivalent to the coherent strategy, as hinted at
in [6].Wewere unable to prove this, nor able tofind a counterexample. However, in a real experiment one never
has a pure state, sowewill now introduce the addition of noise to the problem.

3.4.Werner state
Let us now choose the probe as theWerner state  η η= − + ∣ 〉〈 ∣(1 )

4 00 00 , where

∣ 〉 = ∣ 〉 + ∣ 〉( 00 11 ) 200 . The parameter η ∈ [0, 1] is the strength of the signal, while η−1 indicates the
amount of white noise present in the probe state. Using equation (6)we can compute the optimal Fisher
information that Charlie can attain

5
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  η
η

=
+

( )
8

1
. (12)co

2

Now,we need to compare this result to the adaptive strategy. Bob’s local Fisher information vanishes
because his local state ismaximallymixed: he gets completely randombits for anyPOVMhe implements.

Furthermore, we canfine-grain the POVMto a projector onto the state β∣ 〉 = ∣ 〉 + ∣ 〉b b* 0 1 .0
*

1
* The

corresponding conditional states of Alice are η η β β= − + ∣ 〉〈 ∣ϕ
β

ϕ ϕ
(1 )A
2

, where

β∣ 〉 = ∣ 〉 + ∣ 〉ϕ
ϕb b0 e 1 .0

i2
1

The conditional state of Alice is as if Alice had prepared a state η η β β= − + ∣ 〉〈 ∣β∣ (1 )A
2

and sent it

through an interferometer with the phase generated by theHamiltonian ∣ 〉〈 ∣2 1 1 . Therefore we can simply
compute theQFI using equation (6).

We know that theQFIwill bemaximized for = =b b 1 20 1 , therefore we can conclude that Bobwillmake
measurements∣±〉. Aσz operation is applied toAlice’s statewhenBob’s outcome isminus tomake the two
conditional states the same. The adaptive Fisher information is

  η=( ) 4 . (13)ad
2

Note that there is afinite difference between the coherent readout and adaptive readout. The difference
vanishes onlywhen η = 0 or 1. Therefore, in this example, Charlie’s ability to perform coherent interactions
plays a non-trivial role in phase estimation in the presence of noise. This is our central result, but wewill discuss
its consequence after we generalize to the case ofN qubits.

3.5.Multipartite states
Wecan represent amultipartite probewithwhite noise as η η= − + ∣ 〉〈 ∣ G G(1 )N N N

2N
with

∣ 〉 = ∣ 〉 + ∣ 〉⊗ ⊗G ( 0 1 ) 2N N N . The phase shift is now introduced by the unitary ⊗U N with = ϕ∣ 〉〈 ∣U ei 1 1 .
Charlie’s Fisher information is computed using equation (6) (see appendix B for the details):

 
η η

η=
+ −( ) N

2

2 2(1 )
. (14)N

N

Nco
2 2

For the adaptive strategy, once again, the local Fisher information for any party is null since the local states
aremaximallymixed. The sequence of adaptivemeasurements on the space spanned by theN-parties is
equivalent to Alice applyingN times the phase on her qubit, resulting in the conditional Fisher information:

  η=( ) N (15)N
ad

2 2

which is greater than zero for a noisy probe (η ≠ 0, 1). The derivation of equations (14) and (15) via a direct
calculation of theQFI can be found in appendix B.On the other hand in appendix C,we provide an example
where the optimal POVM for both coherent and adaptive strategies is obtained for a given value ofϕ considering
a phase estimation protocol. The POVMapproach presented in appendix C is shown to yield the same result as
the derivation based onQFI.

4. Analysis and conclusions

Above, the coherent strategy offers a quadratic enhancement over the adaptive strategy in η. The ratio of the two
Fisher information amounts to the number of times the adaptive strategy has to be repeated tomatch the
precision attained by the coherent strategy. Even for a handful of qubits we have η− ≪ −1 2N 1 and

     η η η= + − ≈
−( ) ( ) ( )1

2
. (16)N

N
N N

ad 1 co co⎜ ⎟⎛
⎝

⎞
⎠

For highlymixed states with a very small value of η, the adaptive readout performs extremely poorly compared to
the coherent readout. This has huge implications formagnetic field sensing in the nuclearmagnetic resonance
setup [31, 32], where η ≈ −10 5 and impliesmore than three-hundred times better precision inϕ due to coherent
operations.

It is important to note that at small values of η there is no entanglement in the probe state. Therefore the
effect we uncover here has little to dowith entanglement andmore to dowith operations that have the potential
to generate entanglement.

Interestingly, the gap in the Fisher information is reminiscent of the gap in theHolevo quantity between
coherent decoding versus adaptive decoding, which is shown to be quantumdiscord in [33, 34]. There are
several characteristic traits of quantummechanics that distinguish it from the classical theory: besides non-

6
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classical correlations like entanglement and discord, the possibility of performing coherent interactions between
different partitions of the probe does not have a classical analogue [35, 36].

In this article we showed that, in general, coherent readout leads to better precision over adaptive readout in
quantumparameter estimation.We also showed that the two readouts are equivalent for classical probe states.
Finally, the noise in some quantum correlated probes can be quadratically suppressedwith the use of quantum
coherent operations, leading to better precision for parameter estimation. In thismannerwe have highlighted
the importance of coherentmeasurements in quantummetrology in the presence of quantum correlations.
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AppendixA. Classical-additivity of Fisher information

In this sectionwewill derive equation (5) of themain text and its generalization to amultipartite case will be
obtained. From conditional probability, we canwrite the bipartite probability distribution as

= ∣ϕ ϕ ϕp a b p a b p b( , ) ( ) ( ) and its associated Fisher information reads

 ∑ ∑

∑

∑

∑ ∑ ∑ ∑

∑ ∑

= ∂ =
∂

=
∂

=
∂

+
∂

=
∂

+
∂

+ ∂ ∂

ϕ ϕ ϕ ϕ
ϕ ϕ

ϕ

ϕ ϕ

ϕ ϕ ϕ

ϕ ϕ

ϕ ϕ
ϕ ϕ

ϕ

ϕ ϕ

ϕ

ϕ

ϕ ϕ

ϕ
ϕ

ϕ ϕ

ϕ

ϕ ϕ ϕ ϕ

( )A B p a b p a b p a b
p a b

p a b

p a b p b
p a b p b

p a b p b

p a b p b
p a b

p a b

p b

p b

p a b
p b

p b
p b

p a b

p a b

p b p a b

( , ) ( , ) ln ( , ) ( , )
( , )

( , )

( ) ( )
( ) ( )

( ) ( )

( ) ( )
( )

( )

( )

( )

( )
( )

( )
( )

( )

( )

2 ( ) ( ). (A.1)

a b a b

a b

a b

a b b a

b a

,

2

,

2

,

2

,

2

2 2

⎡⎣ ⎤⎦
⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎡

⎣
⎢⎢⎢

⎡⎣ ⎤⎦ ⎤

⎦
⎥⎥⎥

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦

Nownote that∑ ∣ = =ϕ ϕ ϕp a b p b p b( ) ( ) ( ) 1a and therefore∑ ∂ ∣ = ∂ ∑ ∣ =ϕ ϕ ϕ ϕp a b p a b( ) ( ) 0a a , we obtain



   

∑ ∑ ∑ ∑

∑

=
∂

+
∂

= + = = +

ϕ

ϕ ϕ

ϕ
ϕ

ϕ ϕ

ϕ

ϕ

A B p a b
p b

p b
p b

p a b

p a b

B p b A B b B A B

( , ) ( )
( )

( )
( )

( )

( )

( ) ( ) ( ) ( ) ( ), (A.2)

a b b a

b

2 2⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦

which is the equation (5) of themain text.

A.1.Multipartite case
Now, let us consider the three partition case (a b, and c) with joint probability distribution ϕp a b c( , , ). In this

case two successive applications of the definition of conditional probability result in

= ∣ ∣ϕ ϕ ϕ ϕp a b c p a bc p b c p c( , , ) ( ) ( ) ( ). In this fashion, we canwrite
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 ∑

∑

=
∂

=
∂

ϕ
ϕ ϕ

ϕ

ϕ ϕ ϕ

ϕ ϕ ϕ ϕ

ϕ ϕ ϕ

A B C p a b c
p a b c

p a b c

p a bc p b c p c
p a bc p b c p c

p a bc p b c p c

( , , ) ( , , )
( , , )

( , , )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
,

abc

abc

2

2

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎡

⎣
⎢⎢⎢

⎡⎣ ⎤⎦ ⎤

⎦
⎥⎥⎥

which after some algebra turns out to be



  

∑ ∑ ∑

∑ ∑

=
∂

+
∂

+
∂

= + +

ϕ ϕ

ϕ
ϕ

ϕ ϕ

ϕ

ϕ

ϕ ϕ

ϕ

( )

A B C
p c

p c
p c

p b c

p b c

p bc
p a bc

p a bc

C B C A BC

( , , )
( )

( )
( )

( )

( )

( )
( )

( )

( ) ( ) ( ).

c c b

bc a

2 2

2

⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦

By successive applications of the definition of conditional probability, it is easy to show that for amultipartite
probe (withN partitions X X{ , ..., }N1 ), we canwrite a fancy generalization as

  ∑= +
=

−

+( ) ( ) ( )X X X X X X... ... . (A.3)N N

k

N

k k N1

1

1

1

Appendix B. Fisher information for N

B.1. Coherent Fisher information
Herewewish to compute theQFIwith coherent readout for the following state

 η η= − +
G G(1 )

2
, (B.1)N

N
N N

where ∣ 〉 = ∣ 〉 + ∣ 〉⊗ ⊗G ( 0 1 ) 2 .N N N Todo this we need the eigenvectors and eigenvalues of the state above.
Eigenvector∣ 〉GN comeswith eigenvalue η η+ −(1 ) 2N and all other −2 1N eigenvectors comewith
eigenvalue η−(1 ) 2N . Next note that theHamiltonian that encodes the parameter to be estimated is

= ⊕H HN i i with = ∣ 〉〈 ∣H 1 1i .
Nowwe simply utilise equation (6) inmain text and computeQFI.We begin by noting that the eigenstates

with the same eigenvalues do not contribute and the action of theHamiltonian on ∣ 〉GN is ∣ 〉⊗(1 2 1 )N .
Therefore the only other eigenvector thatmatters is∣ 〉 = ∣ 〉 − ∣ 〉⊗ ⊗Ḡ ( 0 1 ) 2N N N . This is because all other
eigenstates ofϱN are orthonormal to the∣ 〉⊗1 N term. TheQFI is then:

  η η η

η η η
=

+ − − −

+ − + −( )
( )

G H G4
(1 ) 2 (1 ) 2

(1 ) 2 (1 ) 2
¯ (B.2)N

N N

N N
N

N
N

co

2

2

η
η η

=
+ −

−⊗ ⊗ ⊗( )N
2(1 ) 2

0 1 1 (B.3)
N

N N N
2 2

η η
η=

+ −
N

2

2 2(1 )
. (B.4)

N

N
2 2

B.2. Adaptive Fisher information
Now let us compute theQFI for adaptive readout. ForN qubits the adaptive strategy reduces tomaking
(probabilistic) projectivemeasurements.We begin by considering themeasurement by the first qubit. Since the
local state of this qubit ismaximallymixed, the local Fisher information vanishes. Therefore, tomaximize the
Fisher information for adaptive readout, the Fisher information of the remaining −N 1qubitsmust be
maximized.
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After the parameter has been encoded the state ofN qubits is

 η η= − + +

× +

ϕ
ϕ

ϕ

⊗ ⊗

⊗ − ⊗

 ( )

( )

(1 )
2

1

2
0 e 1

0 e 1 . (B.5)

N
N

N N N

N N N

i

i

Let us imagine that the last party has ameasurement outcome along some direction〈 ∣ = 〈 ∣ + 〈 ∣m m m0 10 1 , with

∣ ∣ + ∣ ∣ =m m 10
2

1
2 . The corresponding conditional state of the remaining qubits is

 η η= − + +

× +

ϕ
ϕ

ϕ

−
−

⊗ − ⊗ −

⊗ − − ⊗ −



( )

( )m m

m m

(1 )
2

0 e 1

0 e 1 (B.6)

N
N

N N N

N N N

1
1 0

1
1

i 1

0
* 1

1
* i 1

Wewant tofind values ofm0 andm1 thatmaximize the Fisher information of the last state.We note that the last
state is exactly as if we had prepared the state of −N 1

 η η= − + +

× +

−
−

⊗ − ⊗ −

⊗ − ⊗ −



( )

( )m m

m m

(1 )
2

0 1

0 1 (B.7)

N
N

N N

N N

1
1 0

1
1

1

0
* 1

1
* 1

and sent it through a process generated by theHamiltonian ⊕ ∣ 〉〈 ∣− 1 1N

N i1
. The coherentQFI of the last state

can be computed to be

 
η

η=
− − −

−
−

− −( )
( )

N m m4
2

2 2 2 (1 )
, (B.8)N

N

N N
co

1
1

1 1

2
0 1

2 2

which ismaximum for = =m m 1 20 1 . Therefore we can conclude that thefirstmeasurement is in the∣±〉
basis. The resultant conditional state of the −N 1qubits is

 η η= − + ±

× ±

ϕ
ϕ

ϕ

−
−

⊗ − ⊗ −

⊗ − − ⊗ −

 ( )

( )

(1 )
2

1

2
0 e 1

0 e 1 . (B.9)

N
N

N N N

N N N

1
1

1 i 1

1 i 1

But this state looks exactly like theN qubit state we startedwith in equation (B.5). Therefore by carrying out the
exact same analysis we find that the nextmeasurement also has to be in the∣±〉basis.

After all but the last party hasmeasured the final qubit has the state

 η η= − + ± ±ϕ
ϕ ϕ− ( )( )(1 )

2

1

2
0 e 1 0 e 1 . (B.10)N N1 i i

Let us denote the number of parties that observe ∣−〉with k. If k is odd then aσz is applied to change theminus
sign in the superposition. This state is exactly as if we had prepared the state

 η η= − + + +ϕ


(1 )
2

1

2
( 0 1 )( 0 1 ) (B.11)1

and sent it through a process generated byHamiltonian ∣ 〉〈 ∣N 1 1 . The Fisher information for thisHamiltonian
and the last state is the Fisher information for adaptive readout:

  η
η η

η=
+ −

=( ) N N
(1 )

. (B.12)N
ad

2
2 2 2

AppendixC. Explicit example of the optimal POVM for N

In this sectionwewill illustrate how to build the optimal POVMthrough a specific phase estimation example for
the probe state N in equation (B.1) and the generatorHN defined previously. Here, wewill employ the general
Fisher information expression, as given in equation (1), considering a probability distribution obtained by a
POVM instead of using theQFI.Wewill also show that in this example themeasurement is optimal for a given
value of the parameterϕ resulting in the same gap between the global and local strategies obtained in the
previous appendix. Let us start from the encoded probe state given by

9
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  η η= = − +ϕ ϕ ϕ
⊗ ⊗ 

U U G G(1 )
2

, (C.1)N N N N
N

N N†

with∣ 〉 = ∣ 〉 + ∣ 〉ϕ
ϕ⊗ ⊗( )G 0 e 1 2N N N Ni .

C.1. Global coherent strategy
As in any practical scenario wewill restrict our analysis to some class of POVMs.Note that in a given
experimental setup the kind of operations thatwe can performwithout adding ancillary systems is limited by the
nature of the setup.Wewill start from the optimal POVM for the global coherent strategy in the the noiseless
case (outlined infigureC1 (i)).Wewill further see that this choice of POVM is optimal for a specific value ofϕ.
Indeed, this POVM is the set of projectors on the Bell basis state (note that N is aBell diagonal state). Such a
readout can be constructed bymeans of a sequence of coherent interactions (C-NOT gates) as indicated in
figureC1(i).We can compactly represent theNC-NOT gates in the readout strategy as

σ= ⊗ + ⊗⊗ − ⊗ −C 0 0 1 1 , (C.2)N N
x

N
NOT 2

1 1

so that

 η η

η

= + − ⊗

+ − ⊗ −

ϕ ϕ ϕ
⊗ −

⊗ − ⊗ −




( )

G GC C (1 )
2

0 0

(1 )
2

0 0 , (C.3)

N N N
N

N

N
N N

NOT NOT
2 1

2
2

1 1

⎡
⎣⎢

⎤
⎦⎥

with∣ 〉 = ∣ 〉 + ∣ 〉ϕ
ϕ( )G 0 e 1 2Ni . The global POVMset can bewritten as

Π = ∣ 〉〈 ∣H k k H{ C C }k
G N N

NOT (bin) (bin) NOT , where = −k 0, 1, 2, ...,(2 1)N andk(bin) is the binary representation
of kwithN-bits. In this readout scheme the obtained probability distribution reads

 Π=ϕ ϕ( )p k( ) Tr . (C.4)N
k
G

Since =
ϕ ϕ
∂

∂ p k( ) 0 for ≠ −k 0, 2N 1, the global Fisher information, in this case, is given by

 ∑=
∂

=
∂

+
∂ϕ ϕ

ϕ

ϕ ϕ

ϕ

ϕ ϕ

ϕ

−

−

( )
( )

p k

p k

p

p

p

p

( )

( )

(0)

(0)

2

2
, (C.5)

k

N

N
co

2 2
1

2

1

⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦

where η= +ϕ
ϕ η−( )p N(0) cos2
2

1

2N and η= +ϕ
ϕ η− −( )p N(2 ) sinN 1 2
2

1

2N . Fromwhich it follows that


η η

η=
+ −ϕ

Nmax
2

2 2(1 )
. (C.6)

N

N{ }
co

2 2

FigureC1.Two readout strategies for parameter estimation for themultipartite casewith probe state N . In (i) the coherent readout
process consists of applying a series of C-NOT gates, which are entangling operations, followed bymeasuring all partitions. In (ii) each
partymeasures their partition in the∣±〉 basis and communicates the outcome to thefirst party. The first party applies aσz if the
number of ∣−〉 outcomeswas odd. Finally, shemakes ameasurement on her qubit. The key ingredient for coherent readout is the
ability to perform an entangling unitary transformation, which is the C-NOT gate here.
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C.2. Adaptive strategy
In the adaptive strategy, the set of local POVMs corresponding to the circuit displayed infigure C1(ii) is

Π Π⊗ ⨂ ={ }( )N
x

k
N

k
x

1 2 ...
( )

2
( )k1 . Themeasurement on the qubits N2, 3, ..., is a projectivemeasurement performed

in theσx basis andΠ = ∣ 〉〈 ∣x xk
x

k k
( )k for ⩾k 2, where =+ −x ,k . This is an optimal POVM for the noiseless

scenario. A convenient form for these projectors is given byΠ σ= + −( )( 1) 2k
x f x

x
( )

2
( )k k with =f x( ) 0, 1k .

Therefore, the POVMset for the adaptive strategy can bewritten as

Π σ σ Π= ⊗ ⨂μ μ

=
H x x H , (C.7)z z

k

N

k
x

ad 1 1
2

( )k
⎧⎨⎩

⎛
⎝⎜

⎞
⎠⎟

⎫⎬⎭
where =x 0, 11 and μ∑ ≡= f x( ) (mod 2)k

N
k2 is the parity of the outcomes x x{ , ..., }N2 .

Let us inspect the action of thesemeasurements on the state ϕ
N given in equationC.1. Considering the

operationΠN
x( )N on theNth qubit, we have

Π Π η η
Π

= + − ⊗ϕ ϕ ϕ
− −

⊗ −

−


G G (1 )

2 2
, (C.8)N

x N
N

x N N
N

N

N
x

( ) ( ) 1 1 2
1

1

( )
N N

N⎡
⎣⎢

⎤
⎦⎥

where∣ 〉 = ∣ 〉 + − ∣ 〉ϕ
ϕ− ⊗ −

⊗ −( )G 0 ( 1) e 1 2N N f x N
N

1 1 ( ) i
1

N and xN is the outcome of themeasurement on the

Nth qubit. Now, applying the operations Π⨂ =
−

k
N

k
x

2
1 ( )k on the −N{2, ..., 1} remaining qubits, we have

Π ρ Π η η

Π

⊗ ⨂ ⊗ ⨂ = + −

⊗ ⨂ ×

ϕ ϕ
μ

ϕ
μ

= =

=
−

 


G G
2

(1 )
2

1

2
, (C.9)

k

N

k
x

k

N

k
x

k

N

k
x

N

2
2

( )
2

2

( ) 2

2

( )
1

k k

k

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

where∣ 〉 = ∣ 〉 + − ∣ 〉ϕ
μ μ ϕ( )G 0 ( 1) e 1 2Ni . At this stage the probe is an uncorrelated state and all the

information aboutϕwas transferred to the qubit 1.
The last step is tomanifest the phase in a probability distribution via the classically conditioned operation

Π σ σ= ∣ 〉〈 ∣μ μH x x H( ) ( )N
x

z z1 2 ...
( )

1 1
1 on the qubit X1. This operation removes the extra phase − μ( 1) from

∣ 〉〈 ∣ϕ
μ

ϕ
μG G resulting in

η ϕ ϕ η Π+ − ⊗ ⨂ ×
=

−


(1 )

2

1

2
,

k

N

k
x

N

2

2

( )
1

k
⎡
⎣⎢

⎤
⎦⎥

⎛
⎝⎜

⎞
⎠⎟

where ϕ∣ 〉 = ∣ 〉 + ∣ 〉ϕ ϕ( ) ( )N Ncos 0 i sin 1
2 2

. The Fisher information turns out to be

  ∑ ∑= +
=

( )( )p p x p x p( )... ( ) , (C.10)
k

N

k
x

N N x xad

2 { }
2 2 1 ...

k

N2

with p( )k being the Fisher information for the local probability distribution, p x( )k k , associated to the

measurement ofΠk
x( )k (on the kth qubit). Regarding the local distributions, we have∂ =ϕp 0k for ≠k 1 implying

that the local Fisher information vanishes, ∑ == p( ) 0k
N

k2 .Moreover, the product

× × = −p x p x( ) ... ( ) 1 2N N
N

2 2
1 for any combination of outcomes ∣ =x k N{ 2, ..., }k .

The Fisher information of themultipartite adaptive strategy reduces to = p( )ad 1 , where

ρ= ∣ 〉〈 ∣p x x x( ) Tr ( )1 1 1 1 1 (with =x 0, 11 ) and ρ η ϕ ϕ η= ∣ 〉〈 ∣ + − (1 ) 21 2
⎡⎣ ⎤⎦. Now,we have

η= +ϕ
ϕ η−( )p N(0) cos2
2

1

2
and η= +ϕ

ϕ η−( )p N(1) sin2
2

1

2
, and thuswe have

 η=
ϕ

Nmax . (C.11)
{ }

ad
2 2

Weobserve that themaxima in equations (C.6) and (C.11) occur at the same value,ϕ π= N(2 ).Moreover,
the Fisher informations in equations (C.6) and (C.11) that comes from the POVM implemented in circuit
depicted infigure C1 are equal to the ones obtained from theQFI formula in the appendix B. This shows that the
POVMs implemented here are optimal atϕ π= N(2 ). It is worthwhile to observe that, we are interested in
small deviations of a given value of phase. Sincewe onlymeasure relative phases, we can always calibrate the
interferometer tomeasure a small deviation fromπ N(2 ). So, the optimal POVMpresented above can be used
tomeasure a small deviation around any value ofϕ by suitably calibrating themeasurement apparatus in our
example. This of course assumes that ϕ( ) is an analytic function, which is trivially true here; it is amild
assumption that can be expected to break down in only themost pathological examples.
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AppendixD. Existence of globally optimalmeasurements

Here, we outline the proof of the result that full-rank density operators do not admit globally optimal
measurements (that is, for any value ofϕ); we shall begin by pointing outwhy this result of seemingly narrow
scope is of wide applicability. Let ( )denote the convex hull of all density operators

 ϱ ϱ ϱ∈ ⩾ ={ ( ): 0, tr ( ) 1}on afinite-dimensional Hilbert space where =d dim( ). ( ) can be
naturally partitioned into subsets of given rank:

   ϱ ϱ= ⋃ ∈ =
=

{ }j( ) where : rank( ) . (D.1)
j

d

j j
1

Now supposewe take a rank-deficient state (  ϱ ∈ ⧹ d) and add an arbitrarily small amount of noise, we obtain

the stateϱ η η ϱ= + −˜ (1 )
d

. Exploiting the fact that density operators areHermitian and therefore unitarily

diagonalizable, we can re-write this in the formϱ η η= + −V D V˜ ( (1 ) )
d

† , whereD is the diagonal

representation of ϱ, we can see immediately that the noise has perturbed all the eigenvalues, causing the state ϱ̃ to
collapse into the subsetPd. Since noise is inevitable, the aforementioned result applies to any practically realisable
state.We shall now turn to the proof.

Consider a stateϱϕ that is full-rank for allϕ and impose the furthermild assumption that the symmetric

logarithmic derivative ϕL is non-degenerate (all eigenvalues are distinct) at least one value ofϕ. Using the result
that any POVMcan befine-grained to rank-one elements (without reduction of the Fisher information),
Barndorff-Nielsen et al [37] have shown that any POVMonϱϕ satisfying equation (7) can befine-grained to a

projectivemeasurement of ϕL (discussed above). It now remains to establish the condition for the observable ϕL
to beϕ-independent.

The starting point is a result ofNagaoka: if a globally optimalmeasurement exists, whichwe shall assume to
befine-grained to an observableT, thenϱϕ is amember of the quantum exponential family (Barndorff-Nielsen

et al helpfully recapitulate this in detail [37]). Fujiwara has used information geometry to develop an equivalent
condition:ϱϕ must be an e-geodesic on theRiemannianmanifold of quantum states [16]. In our case, we have

unitary families of statesϱ ϱ=ϕ
ϕ ϕ−e eH Hi i for someHermitian generatorH; Fujiwara has proved thatϱϕ is an e-

geodesic if and only if   ϱ= ϕH H[ , ] i ( )0 , where0 is the rather unusual commutation operator (at

ϕ = 0): ϱ ϱ=X Xi[ , ] { , }1

2
[38].

It turns out that we can readily recast the condition in terms of amore familiar operator as
 ϱ= ϕL H[ , ] i ( ),0 where L0 is the SLD in theHeisenberg picture = ϕ ϕ ϕL U L U0

† . However, it is a result of

functional analysis that ∝A B[ , ] i (canonical commutation relation) cannot be satisfied infinite-dimensional
Hilbert spaces—this trivially follows from taking the trace (well-defined forfinite d) of the commutation
relation and noting that the left-hand side vanishes by virtue of the cyclic invariance of the trace, whereas the
right-hand side is proportional to the trace of the identity. Sincewe are exclusively interested infinite d, this
completes the proof.
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