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Higher order effective interactions and effective bosonized
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Abstract. In this work, an effective fermion model with particular higher order inter-
actions given by: I, = ZHN g (Wap,)?", for finite N, is investigated by means of the
auxiliary field method by taking into account 2n-particle states as proposed in Ref. [1].
The bosonized model was found to exhibit an approximate symmetry when expanded for
weak field fluctuations around the mean field solutions. In the present work, the role of
the mean field solutions for the corresponding auxiliary fields is investigated. With the in-
tegration of fermions, the resulting determinant is expanded in a polynomial boson model
in the weak field approximation and the approximate symmetry found for this series does
not appear if the boson mean fields are considered to be zero.

1 Introduction

The auxiliary field method [2-5] is a powerful non perturbative method which reduces the non linear-
ities of a theory at the expenses of introducing interacting auxiliary fields (a.f.). It has been successe-
fully applied in different systems from quantum field, strong interacting and nuclear systems models
to many body atomic and electronic systems [5-9]. N-body effective interactions can contribute in
few and many body systems and it is one extremely difficult problem to take them into account. Lately
it has been shown that these higher order interactions constitute important part of the Effective Field
Theory approach (EFT) [10, 11]. Some new few body states and interactions have been observed
in several systems in the last years such as in meson spectroscopy with the appearance of tetraquark
states and in cold atoms. A particularly interesting observed feature is an apparent approximate degen-
eracy of 2-particle and 4-particle states in light scalar mesons (masses below/around 1 GeV) [12] and
also in 2 and 3 or 4 particle states in cold atoms by means of their binding energies [13]. Even though
this last systems are non relativistic one might search for general feature(s) of few body states built
with few body interactions. In the present work a complementary calculation to Ref. [1] is performed
based in a dynamical fermion effective model. In the present work, the particular series addressed in
[1] given by I;; = ZnN gon(Wap,)*", for finite N, is analysed within the auxiliary field method if there
are no mean field solutions. The logics of the work is the following. A dynamical model with higher
order interactions is considered and it is bosonized by introducing a set of N auxiliary fields. Although
from EFT power counting or renormalization group arguments the more relevant terms of a series of
interactions are not those present in the series /;;, the idea of the present development is the following:
to investigate the role of separate terms or classes of higher order effective interactions by switching
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on and off the others to understand their roles in the bosonized resulting effective model, which de-
scribes sets of 2n— particles composite states. The minimum number of a.f. is introduced such as to
cancel out all the interacting terms by means of minimum number of shifts, which are considered to
be the simplest ones. Although this approach is strictly valid for weak fluctuations of the a.f. with
respect to a coupling constant scale, it was shown in Ref. [1] that it yields the correct expressions
if this weak field approximation is lifted. By integrating out the original fermion fields a bosonized
model for a collection of N-particle states is obtained which can be expanded in polynomial boson
effective interactions. The saddle point equations of the bosonized model are considered to have only
trivial solutions without the formation of mean fields differently from Ref. [1]. The resulting polyno-
mial effective model is found and compared to the case in which there is non trivial a.f. mean field
(condensates). It will be shown that the new approximate symmetry between N-fermion states appear
only if the condensates (mean fields) are formed, i.e. if mean fields are taken into account.

2 Auxiliary fields and bosonization

Consider the following generating funcional with a polynomial effective model:

Z= fD[lZ’a’ (!/a]e iLLII[Wmlzu], (1)

where the following series of bilinears will be considered:

N
-Lll = lpa(x) (l@ - mu) l/’a(x) + Z gon (lZaFWa)zu 5 (2)
n=1

where N even and I' = [ will be addressed; where g,» are the effective coupling constants with
dimension: [¢*'] = M?@=D?" where M has dimension of mass, m, are the masses for each of the
fermion species and the index a = 1...N, stands for the fermion components. The auxiliary fields,
with dimension [M?], are introduce by means of N/2 unity integrals that are given by:

N’ f Z)[gon]e_ifx EPP A A GO 1, o
The simplest necessary shifts of the auxiliary fields that cancel out the interactions can be written as:

9 = (on = Buatba)® ), 4)

where 3, are dimensionful parameters that are determined by imposing the corresponding cancelations
of all polynomial interactions. There are other possible shifts in the auxiliary fields, however these
are the simplest ones with the minimal number of auxiliary fields that cancel out all the polynomial
interactions without introducing further previously non existing interations. This reduces eventual
ambiguities in the procedure.

For an arbitrary n, these conditions can be written in the following form:

ﬁn+l ﬁi
o= = nel + ——, | N,
g2 doot ©On+l 2d, orn <
2
gon 2'[2’ , forn = N. 5)

From these expressions the parameters 8, might become functions of the fields ¢,,; without changing
the unity Jacobian. This minimal procedure is valid when all the fermion coupling constants, except
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gov, are quite strong and the subset of ¢y_; fields only assume positive values and/or these auxil-
iary fields are weak with respect to the mean field which are weaker than the (normalized) fermion
coupling constants. This means that higher order auxiliary fields, which are introduced to cancel out
progressively more irrelevant fermion interactions, are progressively weaker, i.e. |8, < g1 for
positive coupling constants.

The resulting effective action for fermions interacting with the auxiliary fields is given by:

ﬁ N
Seff = fd4x [&a(ia_ma""d_i?’l)’vl’a_;

The saddle point equations for these auxiliary fields provide relations between the ground state average
of the auxiliary fields the progressively large power of bilinears, i.e. ¢, ~ (Y.f,)", with an implicit
summation on the index a. Therefore the auxiliary fields represent corresponding scalar composite
fermion states, basically as a sum of states. By integrating out fermions and by using that detA =
exp (TrinA) it yields:

N
. : Bi fl 2

Serr = —iTrl - — - s 7

eff iTr og(z@ My + R ,,:El E7RZ 7

where T'r is the traces taken over all the internal indices and integration over space-time. According
to expression (5), there is a recursive dependence on all the a.f. in the determinant because: S8;[¢,].
Only the trivial zero solutions for the gap equation will be considered.

. (6)

1 2
2d, @n

3 Expanded effective boson model

The first terms expansion corresponds to:

0 e 1 528 oy
Serr = S, 01+ -
" rrole;] ZI: Zj: n;ln;! fxl,xZ 0¢i(x1)0¢;(x2)

where fx o= f dx f dxy, h.o. stands for (even) higher order derivatives, n;, n; in the second deriva-
tive term and n;, nj, ny in the third order are such that n; + n; = 2 and n; +n; + n; = 3 respectively. The
first derivative term is set to zero due to the stability condition.

By assembling the interaction terms, it yields for the first three auxiliary fields:

o € pi /k o
v o= Z;‘ TP{ * ; tikg Py + ';1 ki P13 05 ©)
= Joh= o=

@i(x1)@;j(x2) + h.o. ®)
‘Pi:‘PEO)

where c; are the resulting self interaction coupling constants for ¢y, ¢z for j + k > 2 and #;; for
j+k+i> 3. Itis seen that only the first a.f. develops a mass term, and higher order fields only couple
to successively lower order a.f., i.e. ¢, only develops couplings to all the a.f. of the type (][] L omon).
This is a result of the zero condensates case. For the sake of comparison the following expression
obtained in Ref. [1] is reproduced here for the case of non zero condensates in the case the fields are

suitably redefined to incorporate:

: 1 2 2 2 2
vl = 3 [cy(] +(c2+ )Xy +(ca+ oo+ 23) x5+ (ca+can+ a3+ Coa)xy+ ]
i
+ Z [entl + (Cn + cnd)Xh + (cu + Caz + Cas)h + o] + Z kXXX
n>3 Ljk
tijk fori+ j+k > 2, atleast two indices non zero, (10)
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where ¢, and ¢, ,, are the resulting self interaction coupling constants and contributions for masses,
and also the couplings #; jx are those couplings between at least two different components, being
that at least two indices are non zero, i.e. i,j # 0 or i,k # 0 and so on. From this expression the
limit of progressively relatively large condensates yielded an effective potential with an approximate
symmetry. By comparing expressions (9) and (10) it is seen there is a complete absence of the explicit
effective and approximate symmetry that was found in the case of non zero (relatively large) higher
order condensates [1].

4 Conclusions

In this work an effective bosonized model for n-fermion scalar states was built from a dynamical
effective fermion model with very particular higher order interactions by means of the auxiliary field
method in the case of zero mean fields. By integrating out fermions the resulting determinant was
expanded in polynomial boson effective interactions. The approximate symmetry found in Ref. [1] in
the case of relatively large higher order condensates (mean fields) was found to be completely absent
in the case of zero scalar fields condensates. The resulting effective potential (9) exhibits a preferential
role for the lowest order scalar a.f. (¢;) which appears in all interaction terms.
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