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Abstract: The aim of this work is to propose a proportional log survival model (PLSM)
as a discrete alternative to the proportional hazards (PH) model. This paper presents the
formulation of PLSM as well as the procedures for verifying its assumption. The parameters
of the PLSM are inferred using the maximum likelihood method, and a simulation study
was carried out to investigate the usual asymptotic properties of the estimators. The PLSM
was illustrated using data on the survival time of leukemia patients, and it was shown to
be a viable alternative for modeling discrete survival data in the presence of covariates.
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survival analysis
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1. Introduction

The proportional hazards (PH) model [1] is one of the most popular regression models
in survival analysis, whose main characteristic is that the covariates act multiplicatively on
the hazard function, i.e., h(t|z) = g(z'B)ho(t), which results in

S(t|z) = [So(H)]FEP). (1)

In (1), So(+) is the baseline survival function, g(-) is a non-negative link function
that takes the value 1 when its argument is zero (usually the exponential function), and
B is the vector of coefficients associated with the vector of covariates z. Other models
with a proportional structure have been proposed [2], including the proportional reversed
hazard [3], the proportional odds survival model [4], the proportional mean residual life [5],
the proportional vitalities [6], the proportional mean past lifetimes [7], and the proportional
median residual lifetime [8].

Although the PH model is popular, it cannot be used when the survival times are
discrete (grouped into intervals or intrinsically discrete) since the hazard function is limited
in the unit interval.

Recently, discrete models with a proportional structure have been proposed, including
the proportional odds hazard model (POHM) [9] and the discrete proportional odds
survival model (POSM) [10]. The advantage of regression models with proportional
structure is due to their easy interpretation (more specifically, the interpretation of its
regression coefficients), which does not depend on the baseline probability distribution.
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In this context, this work aims to formulate a new regression model for discrete
time-to-event data with a proportional structure. More specifically, this work presents
the formulation of the proportional log survival model (PLSM) for discrete data as an
alternative to the POHM and POSM models. The main characteristic of the PLSM is that
the covariates act multiplicatively on the logarithm of the survival function. Consequently,
the survival function of the PSLM mimics the survival function of the PH model (1).
Therefore, the PLSM can be considered as a discrete version of the PH model.

Inferences about the parameters of the PLSM will be presented, as well as the proce-
dures for verification of the assumption of the model. The asymptotic properties of the
estimators are evaluated using simulated data while considering the discrete Weibull [11]
as the baseline distribution. In addition, the proposed model is illustrated using a dataset
on the survival time of patients with acute myeloid leukemia (AML) [12].

2. Proportional Log Survival Model for Discrete Time-to-Event-Data
2.1. Model Formulation

Let T be a discrete random variable that assumes non-negative integer values. The pro-
portional log survival model (PLSM) assumes that a vector of covariates Z =(z,..., Zp)
acts multiplicatively on the logarithm of the survival function, i.e.,

log [S(t|z)] = exp {z B} log [So(t)], 2)

which results in

S(t]2) = [So(1)]® (=B, 3)

In (2) and (3), Sp(+) is the baseline survival function of a discrete random variable,
and /3/ = (B1,---,Bp) is the vector of coefficients associated with the vector of covariates z.
It is important to emphasize that the By intercept does not appear in the linear predictor
because the baseline survival function, Sy(-), absorbs this constant term.

It is interesting to note that the survival function of the PLSM (3) mimics the survival
function of the PH model (1). Therefore, the PLSM can be considered a discrete version of
the PH model.

From (3), it follows that the probability and hazard functions of the PLSM are given,
respectively, by the following:

pltlz) = [1 — [So(0))F {z’ﬁ}r“‘” [[So(t _ el [So(t)]exp{z/ﬁ}} (1-T0}) W

and

gy 17 Tu=0y)
exp {z B}
[So(H]>P ] , )

r =0y
btk = 1= so(0)1= 8| 1 - ,
[So(t —1))P 7P}
where Sy(-) is the baseline survival function of the discrete random variable, 8 = (B1,.. ., Bp)
is the vector of coefficients associated with the vector of covariates z and Ij;_g, is the
indicator function that assumes the value 1 if t = 0 or the value 0if t =1,2,....

2.2. Parameter Estimation

This section presents the procedures for obtaining the point and interval estimates of
the PLSM parameters.

Let t1, ty, ..., t, be a random sample of T ~ PLSM(¢, B) with its respective censoring
indicators J;, where 6; = 1 if ¢; is a failure time and é; = 0 if is a right-censored time
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and z:- = (zin,zi, - .,zip) the covariates vector of individual i, i = 1,2,...,n. Here,
represents the vector of parameters of the baseline distribution and g = (81, B2, ..., Bp) is
the vector of regression coefficients. Thus, the likelihood function of the PLSM is given by
the following [13]:

Lt =010

L(¢ Bt 6,z) « ]_[{ [1— So(0]&)]eP {= ﬁ}}
(1_H{fi:0}>‘5i

X { [SO(ti _ 1|g)]exp{225} _ [SO(tiE)]exp{z:ﬁ}]
x [So(ti|§)}exp{ziﬁ}(1—5i)}_ ©

Applying the logarithm to the likelihood function (6) results in the following:

- Ié{ﬂ{t oyl | 1= (50010 18} +
+ lé{ (1 - H{t,-:o})‘si log {[So(ti —1§)]P {ziB} _ [So(ti|g)]exp{z2ﬁ}:| } )
Y- fexp {=4B)(1 - 6) log [So(t12)]} + ¢

I\
—_

where c is a constant that does not depend on ¢ and B.
The score equation is given by the following:

u(e) = od) _ . ®)

Thus, the value & = (@A', E) that satisfies (8) is the maximum likelihood estimator of
the PLSM, which, under appropriate regularity conditions, has, asymptotically, a multi-
variate normal distribution with mean & and variance and covariance matrix given by
the following:

~ [ 9%(9)
2(®) = {_ 09097 |,

The & = (Z, B) and the observed information matrix J(#) can be obtained numerically

-1
} = [J(®)],_5] - 9)
e

using computational optimization methods using the Newton-Raphson type algorithm,
which provides an accurate numerical approximation for this matrix. From these results, it
is possible to obtain asymptotic confidence intervals for the PLSM parameters.

An asymptotic (1 — «) x 100% confidence interval for the regression coefficient, f;,
j=1,2,...,p,is given by the following:

[EJ ~Z(1-a/2)\/ V‘X\r(ﬁ/) ’ ﬁ] +Z(1-a/2) \/ﬁ(ﬁ])} / (10)

where E] is the maximum likelihood estimator of B, Z(1_, ) is the quantile (1 —a/2) of a
standard normal distribution, and VE’( E j) is the variance estimate of E] obtained in (9).
Note that the confidence interval (10) is also valid for any parameter of a baseline
distribution that has no restriction on its parametric space. For a parameter, ¢, for which
the parametric space is restricted, for example, to positive values or in the unit interval
(0, 1), the confidence interval can be obtained using the log or the log-log transformations,
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respectively, i.e, ¢ = log(Z) or ¢ = log(— log(¢)). In both cases, the values of Var(¢) are
obtained via the delta method [14].

Thus, an asymptotic (1 — a) x 100% log type confidence interval for a positive param-
eter ¢ is given by

¢ ; , (11)

e e e [

[{:e V@) | g, vﬂr@)]
and an asymptotic (1 — a) x 100% log-log type confidence interval for a parameter ¢,
restricted in the unit interval (0, 1), is given by the following;:

_exp{ 200 gmEl ool e e
[{:e"p{ Tlog(@) W@)} ; geXp{ Flog@) ’"(g)} ) (12)

where (f is the maximum likelihood estimator of &, Z(;_, ) is the quantile (1—a/2)ofa

standard normal distribution, and VE/(E ) is the variance estimate of Z obtained in (9).

2.3. Verification of the Proportional Log Survival Assumption

The proportionality assumption of the logarithm of the survival function can be
verified in a similar way to that presented by [9,10] and which is described below. The
proposed model (2) assumes that the logarithm of the survival function for two individuals
is proportional.

Let T be a discrete random variable and a dichotomous covariate Z that assumes the
values of 0 and 1. The PLSM assumes the following:

log [S(t|Z =1)] = 0log[S(t|Z = 0)], (13)
which results in
log(—log [S(t|Z =1)]) = log(6) + log(—log [S(t|Z = 0)]), (14)

where S(+) is the survival function and 6 is the proportionality constant that does not
depend on t. Therefore, the relationship between R;(t) = log(—log[S(t|Z = 1)]) and
Ro(t) = log(—1log [S(t|Z = 0)]) is a straight line with the angular coefficient, m, equal to
1 and the linear coefficient my = log (), i.e.,

Ry(t) = mg +m1Ro(t). (15)

The assumption of proportional log survival can be verified graphically by fitting a
simple regression line with an angular coefficient equal to one (m; = 1). In this context, we
can plot a graph of points formed by the coordinates (Ro(t), R1(t)), and the proportionality
will be confirmed if these points are close to this regression line.

Alternatively, the proportionality can be checked by plotting R;(t) versus t or log(t)
on the same graph (I =0, 1). Under the assumption of proportionality (13), the two plots
would be approximately parallel. Note that the distance between the two curves is the
linear coefficient my = log(6), which does not depend on t.

Although a graphical analysis is very informative, it may be interesting (or necessary)
to make a decision based on a measure of evidence. Thus, when considering the relation (15),
a hypothesis test can be considered.

Lett ()’ withj=1,2,...,], be the j-th distinct time observed (censored or uncensored),
the verification can be conducted by testing the hypothesis of the angular coefficient of
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the straight line being different from one (m; # 1). Thus, the hypotheses of interest are
described by the following:

Hozm1:1 VsS. leml#l. (16)

The statistical test of the hypothesis (16) is given by the following [9]:

M= ™Mm=1 (17)
Ty — Ljoy % L) Y13 Y 1Y)
— j=1 iYi— j=1"] H~j= 1Y j=1"] _ j=1 Yi
where m; = >, X = i and § = i

JE % - (T )
with x; = log(—log [S(f(;)|Z = 0)]) and y; = log(—log [S(¢;|Z = 1)]). Assuming the nor-
mality of log(—1log[S(¢|Z =1)]), M follows a Student’s ¢ distribution with | — 2 degrees
of freedom.

The procedures for the verification of the assumption of proportional log survival
presented can be easily extended to categorical covariates with three or more levels by
comparing each level of the covariate two-by-two. For numerical covariates, the same
method can be adopted by categorizing the covariates to be tested.

2.4. Discrete Weibull Proportional Log Survival Model (PLSM-DW)

A discrete Weibull proportional log survival model is obtained by adopting Nakagawa
and Osaki’s discrete Weibull distribution (DW) [11] as the baseline distribution. Thus,
assuming that T ~ Discrete-Weibull(y,4), # > 0 and 0 < g < 1, the discrete Weibull
proportional log survival model (PLSM-DW) is given by (3) with So(t) = g+1)", i.e.,

S(t|z) — q(t+1)’7 exp {z,,B}' (18)

Thus, according to (4) and (5), the probability and hazard functions of the PLSM-DW
are given, respectively, by the following:

o] (- Ti=0y)
p(t|z) = [1 - exp {z 'B}:| |:th exp {Z B _ q(t+l)’7 exp {z ﬁ}:| 0 (19)
and
1o 1 He=0) (t+1)7 exp {2 B} (1-Ti—0y)
— |1 - gop{z 8} g Tre e
h(t|z) = [1 q } [1 T op (7] ] . (20)

In particular, when = 1, the DW distribution is reduced to the Geometric distribution
(G) and, therefore, the PLSM-WD reduces to the Geometric proportional log survival
model (PLSM-G).

In addition, any distribution of non-negative discrete variables can be adopted as
the baseline distribution for the PLSM, such as the discrete log-logistic distribution [15],
the exponentiated discrete Weibull distribution [16], the discrete Burr and Pareto distribu-
tions [17] and others [18,19].

3. Simulation Study

This section presents a simulation study to investigate whether the usual asymptotic
properties of maximum likelihood estimators are present.
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The study of the PLSM is conducted considering simulated data in R version 4.3.3 [20].
The simulations performed in this work consider in the model a dichotomous covariate,
X1, generated from a Bernoulli distribution with a probability of success p = 0.5 and
a numerical covariate, X,, with a standard normal distribution. This simulation study
considers the discrete Weibull (DW) distribution as the baseline distribution.

The survival times of the PLSM-DW are simulated by the inverse transformation
method. Initially, continuous survival times are generated using the inverse of the survival

- -(2))

where 77 > 0 is the shape parameter and 7y > 0 is the scale parameter of the continuous

function given by (3), with

Weibull distribution. Note that, considering the parameters 7 and g of the discrete Weibull

distribution, the scale parameter, -y, of the corresponding continuous Weibull distribution is
given by v = {— @ 1/77. Moreover, the shape parameter, #, of the continuous Weibull
distribution is the same as that of the discrete Weibull distribution.

The survival times are generated according to a non-informative right censoring
mechanism. The times until censorship are generated independently of the survival time
and according to an exponential distribution. Finally, the generated continuous survival
times are discretized considering their integer part, that is, the largest integer smaller than
or equal to the generated value.

The simulation study is performed by considering two scenarios, which differ in the
behavior of the hazard function (varying # parameter). The parameters of the two proposed

scenarios are shown in Table 1.

Table 1. Scenarios adopted in the simulations.

Scenario N q B1 B2 Baseline Hazard
Sq 1.50 0.95 2.0 1.0 Increasing
Sy 0.75 0.95 2.0 1.0 Decreasing

For each scenario shown in Table 1, the mean estimates, the mean square error (MSE),
and the coverage probability (CP) of the estimators are obtained from 1000 Monte Carlo
replicates, given sample sizes of n = 30, 50, 100, 250, and 500 and censoring percentages
equal to 0%, 10%, and 30%. The PC’s are obtained from the 50% confidence intervals,
as suggested by [21]. The adoption of this level of significance in the probability of coverage
(instead of the 95% usually adopted) has the advantage of obtaining a measure whose
comparison is symmetrical. In fact, a CP = 0.98 can be considered a more significant
deviation from 0.95 than CP = 0.92.

The results referring to the estimates of g, #, f1 and B, for 0% censoring are presented
in Figures 1, 2, 3 and 4, respectively.

Analyzing the results of the Figures 14, it can be seen that the simulations showed
that the mean estimates of the parameters studied were close to their true values. The MSEs
were close to zero even for smaller sample sizes, and as the sample size becomes larger,
the results of the respective analyses converge to their true values, regardless of whether
the estimator refers to the baseline distribution (g and #) or to the estimators related to
the covariates (81 and 7). The CP’s remained close to the stipulated degree of confidence
regardless of the parameter and sample size (the biggest difference is 0.5 — 0.4360 = 0.064
for the i parameter in Scenario 2 with sample size equal to 30 and 0% censoring). In
addition, it can be inferred that the estimators are asymptotically unbiased. Furthermore,



Mathematics 2025, 13, 800

7 of 14

since the increase in sample size leads to lower MSE estimates (lower variance of the
estimator), it can be inferred that the estimators are consistent and, from what has been

shown, the estimators are asymptotically normal.
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CP=0.4890

Average=0.9549
MSE = 0.0008

nario 1 and n=500

imates

15 CP=0.4710 CP=0.4850
15
20 30 40
210 210 2z 2z 2z
‘@ ‘@ ‘@ ‘B ‘B
c o c c 20 c
Q (7] Q Q Q
hel hel hel hel hel
10 20
5
5 10
0 0 0 0 0
0.85 0.90 0.95 1.00 0.85 0.90 0.95 1.00 0.88 0.92 0.96 0.88 0.92 0.96 0.875 0.900 0.925 0.950 0.975
q q q q q
Scenario 2 and n=30 Scenario 2 and n=50 Scenario 2 and n=100 Scenario 2 and n=250 Scenario 2 and n=500
Estimates 20 Estimates Estimates 4o Estimates Estimates
Average=0.9548 Average=0.9539 Average=0.9518 Average=0.9502 Average=0.9502
MSE = 0.0008 MSE = 0.0005 MSE = 0.0002 MSE = 0.0001 MSE = 0.0001
CP=0.4700 CP=0.4780 CP=0.5040 CP=0.5120 CP=0.4900
15
20 30 40
> > > >
=10 = = =
7 7 @ @
< < < 20 c
Q O () Q
© © kel hel
10 20
5 10
0 0 0 0
0.95 1.00 0.88 0.92 0.96 0.85 0.90 0.95 0.875 0.900 0.925 0.950 0.975
q q

090 095 085 0.90
q

q

0.85
q

Figure 1. Results from 1000 Monte Carlo replications for the parameter g separated by scenario and

sample size with the respective estimated normal curves for 0% censoring.
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Figure 2. Results from 1000 Monte Carlo replications for the parameter # separated by scenario and
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Figure 3. Results from 1000 Monte Carlo replications for the parameter 3; separated by scenario and
sample size with the respective estimated normal curves for 0% censoring.
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Figure 4. Results from 1000 Monte Carlo replications for the parameter 8, separated by scenario and
sample size with the respective estimated normal curves for 0% censoring.

The entire evaluation to this point was carried out in the absence of censoring. There-
fore, considering the same scenarios and sample sizes, Table 2 shows the estimates (mean
of the parameter estimates, MSE, and CP) considering censoring percentages of 0%, 10%,
and 30%. These estimates are based on the result of 1000 Monte Carlo replications.
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Table 2. Average estimates, MSE, and coverage probability (CP) for the PLSM-DW parameters
considering the simulation scenarios and different sample sizes and censoring percentages.

n Scen Cens. q 1 B B2
Perc. Average MSE CP Average MSE CP Average MSE CP Average MSE CP
Sy 0% 0.9549 0.0008 0.4710 1.6720 0.1146 0.4450 2.1967 0.3592 0.4650 1.1116 0.1102 0.4660
Sy ® 09548 0.0008 0.4700 0.8348 0.0278 04360 2.1919 0.3417 04580 1.1096 0.1044 0.4670
30 Sy 10% 0.9531 0.0009 0.4910 1.6805 0.1316 0.4550 2.1873 0.4327 0.4580 1.1102 0.1385 0.4740
Sy ° 09548 0.0008 0.4800 0.8468 0.0345 04420 22406 04215 04700 1.0937 0.0984 0.4550
Sy 30% 0.9525 0.0013 0.4690 1.7631 0.2399 0.4190 2.1337 0.4754 04740 1.0854 0.1533 0.4580
Sy ° 09530 0.0010 0.4550 0.8463 0.0430 0.4250 2.2026 0.4496 04650 1.1266 0.2111 0.4820
S 0% 0.9540 0.0005 0.4850 1.6085 0.0589 0.4500 2.1364 0.2219 0.4780 1.0789 0.0629 0.4550
Sy ® 09539 0.0005 0.4780 0.8031 0.0142 04390 2.1285 0.2066 0.4690 1.0781 0.0617 0.4520
S1 10% 0.9534  0.0006 0.4740 1.6253 0.0784 0.4350 2.1543 0.2522 0.4440 1.0635 0.0630 0.4980
50 Ss ° 09536 0.0005 0.4800 0.8104 0.0150 04500 2.1180 0.1898 0.4830 1.0263 0.0552 0.5060
Sy 30% 0.9538  0.0007 0.4550 1.6511 0.1005 0.4150 2.1014 0.2798 0.4490 1.0477 0.0717 0.4460
Sy ° 09542 0.0006 0.4580 0.7920 0.0208 0.4950 2.1823 0.2808 0.4690 1.0798 0.0818 0.4850
S 0% 0.9519 0.0002 0.4890 1.5504 0.0214 0.4880 2.0666 0.0784 0.4980 1.0357 0.0252 0.5000
Sy ° 09518 0.0002 05040 0.7743 0.0052 04830 2.0631 0.0766 0.4980 1.0345 0.0246 0.4970
100 Sy 10% 0.9505 0.0003 0.5000 1.5460 0.0244 0.4680 2.0348 0.0942 0.4510 1.0247 0.0236 0.4770
Sy ° 09507 0.0003 0.4930 0.7824 0.0064 0.4690 2.0296 0.0852 0.4960 1.0186 0.0215 0.4930
S 30% 0.9530 0.0003 0.4910 1.5711 0.0382 0.4860 2.0271 0.1182 0.4730 1.0045 0.0269 0.4390
Ss ° 09510 0.0003 04870 0.7722 0.0080 0.4880 2.0587 0.0970 0.4940 1.0336 0.0290 0.4890
S1 0% 0.9502  0.0001 0.5020 1.5151 0.0071 0.5050 2.0146 0.0300 0.5050 1.0068 0.0068 0.5310
S> ° 09502 0.0001 05120 0.7574 0.0017 0.5000 2.0146 0.0288 0.5220 1.0068 0.0066 0.5370
250 S1 10% 0.9508 0.0001 0.5080 1.5228 0.0086 0.4980 2.0112 0.0301 0.5200 1.0039 0.0088 0.4720
Sy ° 09499 0.0001 05070 0.7636 0.0022 04740 1.9993 0.0319 04740 1.0013 0.0074 0.4940
Sy 30% 0.9518 0.0001 0.5010 1.5273 0.0120 0.4920 1.9853 0.0386 0.4860 0.9897 0.0114 0.4510
Sy ° 09513 0.0001 05090 0.7513 0.0029 04890 2.0446 0.0387 0.4920 1.0233 0.0102 0.4830
Sy 0% 0.9497  0.0001 0.4940 1.5060 0.0036 0.4950 2.0016 0.0145 0.4910 1.0039 0.0034 0.4880
Sy ® 09502 0.0001 04900 0.7539 0.0009 04870 2.0113 0.0147 04700 1.0050 0.0036 0.5030
500 Sy 10% 0.9510 0.0001 0.4950 1.5124 0.0041 0.4960 2.0046 0.0152 0.5160 1.0006 0.0041 0.5160
Sy ° 09505 0.0001 05070 0.7592 0.0011 0.4950 2.0096 0.0143 0.5080 1.0033 0.0040 0.4830
S 309 0.9523 0.0001 0.4840 1.5185 0.0059 0.5140 1.9775 0.0198 0.4810 0.9830 0.0057 0.4580
Sy ° 09509 0.0001 05140 0.7483 0.0014 0.5040 2.0185 0.0179 0.5030 1.0148 0.0047 0.5160

It can be seen that the results in the presence of censoring are similar to that of the
estimators in the absence of censoring, a fact corroborated by the estimates shown in Table 2.
Considering the situation with more censoring, i.e., a larger sample size (n = 500) and a
higher censoring percentage (30%), the biggest difference between the estimate and the true
value of the parameter is 2.000 — 1.9775 = 0.0225 and the largest value of the MSE is 0.01980
(both referring to parameter 1 in Scenario 1), and the largest difference between the CP
and the adopted degree of confidence is 0.5000 — 0.4580 = 0.0420 (referring to parameter 3,
in Scenario 1).

Based on the results of the simulations and the similarity of the results in the absence
and presence of censoring, the asymptotic normality of the estimators was met. Therefore,
the construction of confidence intervals approximated by a Normal distribution for the
parameters of the baseline distribution, as well as for the parameters associated with the
covariates, is valid and can be used for interval estimation of the model parameters. As a
result, hypothesis tests approximated by a Normal distribution to check the significance of
the covariate can also be used in applications.

4. Application

This section presents an application of the PLSM-WD to a dataset obtained from
the book [12] and refers to the survival time in weeks of 30 patients with acute myeloid
leukemia (AML). The database presents two possible prognostic factors (age and cellularity
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status). However, similarly to [10], this illustration only considers the covariate age in a
dichotomous form:

. - 1, if the patient is 50 years old or older.
B 0, otherwise.
The application data are presented in Table 3.

Table 3. Survival time of 30 AML patients.

Survival Time z Survival Time z
18 0 8 1
9 0 2 1
28+ 0 26+ 1
31 0 10 1
39+ 0 4 1
19+ 0 3 1
45+ 0 4 1
6 0 18 1
8 0 8 1
15 0 3 1
23 0 14 1
28+ 0 3 1
7 0 13 1
12 1 13 1
9 1 35+ 1

Note: “+” indicates censored observations. Source: [12].

The data in Table 3 were adjusted by the discrete Weibull proportional log survival
model (PLSM-DW). Initially, the assumption of the PLSM-WD was verified, observing the
proportionality between the levels of the covariate age. The graphs ¢ x R;(t),] = 0,1, and

Ro(t) x R1(t) and the p-value of hypothesis test (16) are presented in Figure 5.

tx R(t) Ro(t) x Ry(1)
o | v ]
T 0 —0—-900—-0—0—0o . T Verification test
0 < Ho:my =1
- (1] .
© /’ - fhy =0.835
o | K p=0558 Y
o o 0 | o o/
- . e e-e—e—e . = o
o I (1] Vs
- 1 / - - o P4
o oo /‘ o S /e
— oo oo /e
/ /
0 . 2 — d
T Age ‘
|
° 720 o | ° °
N / z=1 T /
0 0 /
o e - -
! T T T T ! T T T T
10 20 30 40 -3 -2 -1 1
t Ro

Figure 5. Verification of assumption of proportional log survival for the covariate age.

Through the results of the test presented in Figure 5 it is noted that the assumption

of proportional log survival was not rejected (considering a significance level of 5%).

The graph Ro(t) x Ry(t) corroborates such a statement since the points formed by the

coordinates are close to the adjusted regression line. In addition, the graph t x R;(t),

I = 0,1, also confirms the statement that the proportional log survival assumption is valid
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since the log-log values of the survival function of the different categories are approximately
parallel to each other.

The parameter estimates for the PLSM-WD, taking into account the age covariate, are
presented in Table 4.

Table 4. PLSM-DW parameter estimates.

Variable Parameters Estimate Standard Error CI (95%) p-Value
q 0.9881 0.0084 [0.9528; 0.9971] -
Age? " 1.2611 0.1962 [0.8545; 1.8611] -
B 1.1484 0.4383 [0.2894;2.0074]  0.0088

2 Reference level: The patient is less than 50 years old (z = 0).

Through the estimates in Table 4, an interpretation can be obtained regarding the odds
of survival for the different categories of the age covariate. Since exp{B} represents the
ratio of the log survival of the different groups, constant over time, assuming the group
of patients that is 50 years or older (z = 1). In this context, the log survival of a patient
who is 50 years or older is exp{1.1484} = 3.153 times the log survival of patients younger
than 50 years. This result implies that the survival of a patient who is 50 years or older is
lower than the survival of a patient who is less than 50 years old (since the logarithm of the
survival function is negative).

For diagnostic analysis of the model, by way of comparison, a discrete Weibull propor-
tional odds hazard model (POHM-WD) presented by [9] and a discrete Weibull proportional
odds survival model (POSM-WD) presented by [10] were fitted taking into account the
data in Table 3.

The survival functions of the POHM-WD and POSM-WD are, respectively, given by
the following:

T 1 —ho(k)
SPOHM—WD(t|z) = g 1+ (exp {Z/,B} “ ko (k) ’ (22)
and )
; exp {2 BYSo(1) )

rostane (112) = 4 o (2B — 1)50(0)

" "
where hy(t) = qr}ﬁ and So(t) = q**V)" are, respectively, the hazard and survival

t
functions of DW distribution.
In addition, the maximum errors of the survival function estimates were calculated for
the three models considered (Table 5). This error, €, is based on the maximum difference
between the survival estimates of the models, 5(t), and the empirical Kaplan-Meier (KM)

estimates [22]. The maximum error € is defined as follows [23]:
€ = max |S(t) — Skum(t)]. (24)

Table 5. Maximum errors from model estimation (AML data).

Covariate Level €PLSM—WD €POHM—WD €POSM—WD
Z=0 0.11122 0.11297 0.16937
Z =1 0.14214 0.14049 0.11118

Figure 6 shows the fits of the PLSM-DW, POHM-WD and POSM-WD.
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Figure 6. Models fit to leukemia data by level of the age covariate.

Note that, through Table 5 and Figure 6, the three models designed for discrete time-
to-event data (PLSM-DW, POHM-DW and POSM-DW) presented a good fit to the data,
with the estimates of the survival function of these models always being close to the
empirical estimates. It is interesting to note that the PLSM-WD and POHM-WD estimates
were practically the same. However, even though the results were similar, the PLSM has
the advantage of having a simple closed-form equation for the survival function, which is
not the case in the POHM.

5. Conclusions

The aim of this work was to propose a proportional log survival model (PLSM) as
an alternative to the proportional odds hazard model [9] and proportional odds survival
model [10]. The PLSM is equivalent to the proportional hazards (PH) model when the
variable is continuous, but this equivalence does not apply in cases where the variable is
discrete. Thus, the PLSM can be seen as a discrete alternative to the PH model.

This paper presented the formulation of the PLSM, as well as the procedures for
verifying its assumption. Although the PLSM can be applied to any discrete distribution as a
baseline distribution, this work focused on the discrete Weibull distribution (WD), resulting
in the discrete Weibull proportional log survival model (PLSM-DW). The parameters of
the PLSM-DW were inferred using the maximum likelihood method, and computational
optimization methods were applied to obtain the estimates.

A simulation study was carried out using R version 4.3.3 to evaluate the bias, the mean
square error of the estimates, and the coverage probability of the proposed asymptotic
confidence intervals. These simulations are considered two scenarios. The results showed
that the estimators were consistent and asymptotically normal.

The PLSM-DW was illustrated using data on the survival time of patients with
leukemia and showed a good fit for the application data, demonstrating that it is a vi-
able alternative for modeling discrete survival data.

For future works, new studies could be conducted to verify the behavior of the PLSM
with different discrete baseline distributions and other censoring mechanisms, such as left
and interval censoring, as well as the inclusion of time-dependent covariates.
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Abbreviations

The following abbreviations are used in this manuscript:

AML acute myeloid leukemia

CI confidence interval

CP coverage probability

DW discrete Weibull

KM Kaplan-Meier

MSE Mean squared error

PH proportional hazard

PLSM proportional log survival model

PLSM-DW discrete Weibull proportional log survival model
POHM Proportional odds hazard model

POHM-DW  discrete Weibull proportional odds hazard model
POSM-DW  discrete Weibull proportional odds survival model
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