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An overview of published work on the static and dynamic 
behavior of plates and shells subjected to different appli-
cations, loads and interactions with different media can be 
found in the reviews in [6–10].

In some structural applications, cylindrical shells may 
interact with an elastic base that exerts an additional reac-
tion force upon their assumption of equilibrium. This reac-
tion force deserves attention in view of its ability to resist 
displacements of the shells, which may be via bilateral or 
unilateral contact. The influence of constitutive models of 
the bilateral elastic response on the free vibration [11–14] 
and forced nonlinear [15–19] response of cylindrical shells 
has previously been investigated, and the influence of the 
stiffness parameters and the contact region of the bilateral 
elastic response on the static and dynamic nonlinear behav-
ior of the shells has been demonstrated.

The works cited above highlight the influence of the stiff-
ness and contact region in bilateral elastic foundations on 
the vibration behavior of different structures. By extending 

1  Introduction

Slender structures in contact with an elastic base or internal 
elastic support can be used in several applications in differ-
ent engineering fields to describe soil‒structure interactions 
[1–5]. Circular cylindrical shells and open circular cylin-
drical shells (cylindrical panels) are slender structures that 
can interact with an elastic base, and scholars have inves-
tigated their static and dynamic behavior over the years. 
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Abstract
The aim of this work is to analytically investigate the influence of a discontinuous unilateral elastic base on the nonlinear 
resonance curves of imperfect cylindrical panels. To achieve this, the set of partial differential nonlinear equilibrium equa-
tions representing the imperfect cylindrical panel is complemented with a transversal equilibrium equation derived from 
Donnell’s nonlinear shallow shell theory and Airy’s stress function. To discretize this set of equations, a standard Galerkin 
method is applied, using a particular modal solution for the transversal displacement field that includes simply supported 
boundary conditions, which can represent the nonlinear modal coupling commonly present in the dynamic behavior of 
cylindrical panels. The effects of the discontinuous unilateral elastic base are directly inserted into the equilibrium equa-
tion by using the Heaviside and signum functions to represent the reaction of the elastic base. From the set of discretized 
equilibrium equations, the nonlinear resonance curves, phase portraits and Poincaré section mapping are obtained via sev-
eral numerical strategies. The results presented here demonstrate that the unilateral contact of the elastic base significantly 
changes the dynamic behavior of the imperfect cylindrical panel by creating several bifurcation points that give rise to 
quasiperiodic responses. These also modify the stability along the resonance curves compared with the case where the 
elastic base is considered to be bilateral. This work contributes to the nonlinear dynamic analysis of imperfect cylindrical 
panels with discontinuous unilateral elastic foundations, and introduces a novel evaluation of bifurcation sequences and 
stability of resonance curves using a non-smooth contact model.
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these findings, the present work advances current knowl-
edge by considering unilateral and discontinuous contact. 
This model allows for a more realistic prediction of non-
linear dynamic responses, including resonance shifts and 
complex bifurcations, in systems where contact conditions 
are not continuously maintained. The global stiffness of the 
structural system is dependent on the displacement of the 
elastic base, which in turn can change the static and dynamic 
structural response. From this dependence on displace-
ment, the equilibrium equations of the structural problem 
can be expressed as a classical piecewise problem [20, 21], 
a formulation that has received attention in the literature. 
Lancioni and Lenci [22] reported that unilateral springs sig-
nificantly affect the motion of a semi-infinite beam at higher 
frequencies, and demonstrated that the superharmonic wave 
dominates the primary harmonic wave. Lenci and Clementi 
[23] found that compared with bilateral foundations, uni-
lateral contact alters the wave velocity in an infinite beam. 
Coskun and Engin [24] analyzed the nonlinear vibrations 
of a beam on a tensionless Winkler foundation, and used 
perturbation techniques to analyze the resulting contact 
and noncontact regions. Bhattiprolu et al. [25] conducted 
a dynamic analysis of a beam with unilateral contact on 
viscoelastic foundations, and applied the harmonic bal-
ance method to build a predictive model that incorporated 
nonlinear interactions. Panahandeh-Shahraki and Mir-
damadi [26] explored the thermal buckling of composite 
curved panels under unilateral constraints, and reported 
that the foundation plays a crucial role in determining sta-
bility under thermal loads. Silveira et al. [27] presented a 
semi-analytical Ritz-type methodology for nonlinear static 
analysis of unilateral contact problems in beams, columns, 
and arches resting on a tensionless Winkler-type elastic 
foundation. Vestroni and coworkers carried out a numerical 
investigation of beams with cracks or systems hitting elastic 
obstacles via nonlinear normal modes, and an experimen-
tal investigation of a vibrating system with piecewise linear 
characteristics [28–30]. It was observed in [22–30] that the 
presence of a unilateral contact between the elastic base and 
foundation significantly influences both the structural stiff-
ness and oscillatory behavior. This effect, which depends on 
the structural displacement, leads to notable changes in the 
structural response and stability. These studies reinforce the 
importance of modeling unilateral contact in structural sys-
tems with elastic foundations, since non-smooth interactions 
such as these directly affect the stiffness, oscillatory behav-
ior, and stability, thus providing theoretical and numerical 
evidence that the dynamic response is highly sensitive to 
the displacement-dependent activation of the elastic base.

Based on these previous studies, the present work extends 
this analysis to imperfect cylindrical panels, and highlights 
how discontinuous contact influences the resonance curves, 

bifurcation phenomena, and stability boundaries. This con-
tributes to a better understanding of nonlinear vibrations 
in structures with localized asymmetric and antisymmet-
ric elastic non-smooth media. Recently, Morais and Silva 
[31] investigated the nonlinear free vibrations of imperfect 
cylindrical panels in contact with a unilateral Winkler elas-
tic base. These authors explored the influence of the region 
of application of the elastic base, the magnitude of the initial 
geometric imperfections, and the unilateral contact on the 
natural frequencies and backbone curves (frequency‒ampli-
tude relation) of the cylindrical panels. In the present work, 
we carry out a nonlinear dynamic analysis of an imperfect 
cylindrical panel harmonically excited by a transverse load, 
and extend previous work to evaluate the sequence of bifur-
cation and the stability of the nonlinear resonance curves. To 
do this, the nonlinear equilibrium equation for the imperfect 
cylindrical panel is described by Donnell’s nonlinear shal-
low shell theory, and is discretized by the Galerkin method, 
in which a consistent modal expansion is used for the trans-
versal field displacement [31, 32]. The discontinuous uni-
lateral elastic base is governed by the Winkler constitutive 
law, associated with the Heaviside and signum functions, 
which represent the discontinuous region and the unilateral 
contact of the elastic base, respectively. Discretized non-
linear second-order differential equilibrium equations are 
employed, using various numerical strategies, to compute 
the nonlinear resonance curves along with their associated 
stability and bifurcation points, phase portraits, and Poin-
caré section mappings. This approach enables a compre-
hensive analysis of the influence of discontinuous unilateral 
elastic foundations on the dynamic behavior of the cylindri-
cal panel, thus contributing to a nonlinear dynamic analysis 
of imperfect cylindrical panels with discontinuous unilateral 
elastic foundations. A novel evaluation method for bifurca-
tion sequences and the stability of resonance curves is intro-
duced based on a non-smooth contact model.

2  Problem formulation

2.1  Cylindrical panel equations

Figure 1 shows a thin circular cylindrical panel with radius 
R, thickness h, axial length ax, circumferential length aθ, and 
open angle Θ[= aθ /R]. It is assumed to be made of a linear 
elastic, isotropic, and homogenous material, with Young’s 
modulus E, Poisson’s coefficient ν, and density ρ. It is also 
considered to have an elastic base that can be internally 
positioned within the domain of the panel and in different 
regions. In Fig. 1, the parameters εi,j (i = 1, …, N and j = 1, 
…, 4) represent the corners of the rectangular domain of the 
elastic base, which are used to formulate the contact with 
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the i-th region of the elastic base. The displacement fields in 
the axial (u), circumferential (v), and transverse (w) direc-
tions, with their respective cylindrical coordinates x, θ, and 
z, are also shown in Fig. 1. An initial geometrical imperfec-
tion w0 in the transverse direction of the panel is also con-
sidered in this work.

To obtain the nonlinear equilibrium and compatibility 
and continuity equations, the deformation fields and the 
changes in the curvature of the middle surface of an imper-
fect cylindrical panel are assumed to obey Donnell’s non-
linear shallow shell theory [33, 34]. In this theory [33], six 
assumptions are made: (i) the structure is thin, i.e., h ≪ R 
and h ≪ ax; (ii) the transverse displacement field is small 
compared with R and ax; (iii) the mid-surface rotation is 
small, with |w,x| ≪ 1 and |w,θ/R| ≪ 1; (iv) the deforma-
tion components are small, allowing for linear elasticity; (v) 
the stresses normal to the mid-surface panel are negligible, 
with deformation varying linearly along the thickness, thus 
maintaining the undeformed mid-surface as straight and 
normal; and (vi) the tangential displacements u and v are 
infinitesimal, and the deformation fields retain only nonlin-
ear terms that depend on w. As a result, transverse shear and 
rotary inertia are neglected, and the cylindrical panel can be 
modeled using the displacement fields u, v and w [35]. Since 
the in-plane inertia is neglected, the nonlinear equilibrium 
equations depend solely on the transverse displacement and 
Airy’s stress function f [33], thus simplifying the degrees of 
freedom of the system, i.e.,

ρhẅ + 2η1ρhω0ẇ + D∇4w − f,θθ(w,x + w0,x),x + Rf,xx

−f,xx(w,θ + w0,θ),θ − 2fxθ (w,θx + w0,θx) + pk + p(t) = 0� (1)

∇4f = Eh

R4

(
w2

,xθ − w,xxw,θθ + Rw,xx + 2w,xθw0,xθ − (w,xxw0,θθ − w,θθw0,xx)
)� (2)

where D[= Eh3/12(1 − ν2)] is the flexural stiffness, 1 is the 
viscous damping factor, pk is the reaction of the elastic base, 
p(t) is a transversal time-dependent load, and

∇4 () = (),xxxx + 2
R2 (),θθxx + 1

R4 (),θθθθ� (3)

where ∇4 is the biharmonic differential operator.
The cylindrical panel is considered to be simply supported 

at each of the edges. Thus, the in-plane boundary conditions 
are satisfied by Airy’s stress function [33], and the transver-
sal geometric boundary conditions are as follows:

w (0, θ) = w (ax, θ) = w (x, 0) = w (x, Θ) = 0
Mx (0, θ) = Mx (ax, θ) = Mθ (x, 0) = Mθ (x, Θ) = 0� (4)

The time-dependent transverse load p(t) directly excites the 
fundamental vibration mode (m, n) of the simply supported 
cylindrical panel. To represent this, p(t) is assumed to be as 
follows:

p (t) = P sin
(

nπθ

Θ

)
sin

(
mπx

ax

)
cos (ωt)� (5)

where P and ω are the amplitude and the excitation fre-
quency of the lateral load, respectively, and m and n are the 
half-wavenumbers of the fundamental mode of vibration of 
the cylindrical panel in the longitudinal and circumferential 
directions, respectively.

2.2  Reaction of the elastic base and its contact 
hypotheses with an imperfect cylindrical panel

In this study, we analyze a cylindrical panel in contact with 
either an elastic medium or an internal elastic boundary con-
dition, which may be partially embedded within the panel 
structure and is subject to a unilateral constraint. The associ-
ated elastic reaction force, Pk, is defined as follows:

pk = KwHxHθ
(1 − sgnwr)

2
w� (6)

where wr represents the transverse displacement of the 
imperfect panel, capturing two possible contact configura-
tions with the elastic foundation; Kw denotes the Winkler 
stiffness parameter; Hx and H are Heaviside functions, 
which define the domain of the foundation; and the signum 
function, sgn, controls the unilateral contact response.

In Eq. (6), the product of the Heaviside functions (HxHθ) 
is used to delimit the elastic base region. The parameters 

Fig. 1  Geometry and displacement fields for a cylindrical panel with 
an elastic base positioned in the longitudinal direction 0 ≤ ε1,1 < ε 1,2 ≤ ax 
and in the circumferential direction 0 ≤ ε 1,3 < ε 1,4 ≤ Θ
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serves as the reference for computing the work done by the 
elastic base. This hypothesis is particularly relevant in the 
context of nonlinear vibrations of cylindrical panels: dur-
ing transverse oscillations (represented by the continuous 
magenta line in Fig.  2a), the displacement w may remain 
smaller than the initial gap, and contact with the elastic 
foundation does not occur. Contact only takes place if the 
negative oscillation amplitude of w exceeds the magnitude 
of the imperfection.

In Hypothesis 2 (Fig. 2b), it is assumed that the elastic 
foundation is perfectly coupled to the imperfect cylindrical 
panel with a positive imperfection amplitude (continuous 
blue line). In this case, the term wr = w is used in Eq.  (6), 
thereby eliminating the initial gap and ensuring continu-
ous contact. In this case, the imperfect panel configuration 
becomes the reference for evaluating the work done by the 
elastic base. Consequently, contact occurs for all negative 
values of the transverse displacement field w.

For negative imperfection amplitudes, the imperfect 
panel (continuous blue line) remains in contact with the 
elastic foundation at the reference configuration in both 
hypotheses, as shown in Fig. 2c. Loss of contact only occurs 
during oscillations in the positive direction of the transverse 
displacement w.

The contact between the elastic base and the imperfect 
cylindrical panel introduces a discontinuity in the structural 
stiffness due to the nonlinear, piecewise nature of the unilat-
eral contact behavior. This discontinuity influences both the 
frequency of the forced response and the amplitude of oscil-
lation, and may affect the panel’s dynamic stability.

2.3  Discretization of the nonlinear equilibrium 
equation for the cylindrical panel

To obtain a discrete model for an imperfect cylindrical panel 
with a discontinuous unilateral elastic base, a transverse 
displacement field w is chosen to discretize the nonlinear 
partial differential transversal equilibrium equation into a 
set of nonlinear ordinary differential equilibrium equations. 

0 ≤ εi,1 < εi,2 ≤ ax define the region in which the i-th elastic 
base acts in the longitudinal direction, whereas the param-
eters 0 ≤ εi,3 < εi,4 ≤ Θ circumferentially determine the i-th 
elastic base region. The product of these Heaviside func-
tions is expressed as follows:

HxHθ =
N∑

i=1
[H (x − εi,1) − H (x − εi,2)] [H (θ − εi,3) − H (θ − εi,4)]� (7)

where N represents the number of regions with elastic bases.
In this work, the reaction of the elastic base exists only 

when it is compressed, i.e., the elastic base exerts a unilateral 
contact on the cylindrical panel. To represent this, we con-
sider the signum function, sgn, in Eq. (6), which returns + 1 
or − 1 depending on the signal of the argument wr,. Thus, 
when wr assumes positive values, the term (1 − sgn wr)/2 in 
Eq. (6) results in zero, taking pk to zero. Otherwise, when wr 
assumes negative values, the term (1 − sgn wr)/2 in Eq. (6) 
results in unity, and the elastic base reaction pk is fully con-
sidered in the equilibrium equation. This approach avoids 
the need for an evaluation of the contact between the elastic 
base and the cylindrical panel with external numerical rou-
tines or additional equilibrium equations. For comparison 
purposes, we define an elastic base with bilateral contact 
(i.e., the elastic base’s reaction occurs in both directions of 
wr) by replacing the term (1 − sgn wr)/2 in Eq. (6) with unity.

We now examine the argument wr appearing in Eq. (6), 
which allows for the consideration of two hypotheses 
regarding the simultaneous influence of initial geometric 
imperfections and the presence of a unilateral elastic foun-
dation, as illustrated in Fig. 2.

In Hypothesis 1 (Fig. 2a), a circumferential section of an 
imperfect cylindrical panel is considered, characterized by 
a positive amplitude of the imperfection (continuous blue 
line), while the elastic foundation is initially configured to 
match the shape of a perfect panel (dashed black line). In 
this configuration, a gap exists between the imperfect panel 
and the elastic foundation. Hence, Eq. (6) is evaluated using 
wr = w + w0, indicating that the perfect panel configuration 

Fig. 2  Circumferential section of the cylindrical panel, illustrating the 
contact scenarios between the unilateral elastic foundation and the 
imperfect cylindrical panel: a, b positive and c negative imperfec-
tion magnitudes (- -perfect panel, blue straight line imperfect panel, 

pink straight line panel during oscillation). w0(x, θ) represents the 
initial geometric imperfection, while w(x, θ, t) denotes the dynamic 
displacement
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3  Numerical results

In this section, we present a nonlinear forced and damped 
vibration analysis of a simply supported imperfect cylin-
drical panel in contact with a unilateral elastic base. The 
cylindrical panel has a radius of curvature R = 8.333  m, 
thickness h = 0.01  m, axial length ax = 1.0  m and circum-
ferential length aθ = 1.0 m. The material is linearly elastic, 
isotropic and homogeneous, with a modulus of elasticity 
E = 210 GPa, Poisson’s ratio ν = 0.3 and density r = 7800 kg/
m3. It is noteworthy that the geometric and physical param-
eters considered in this work do not correspond to a specific 
engineering application but were selected based on previous 
studies by the authors [31, 32]. This provides a simplified 
yet representative framework for investigating fundamen-
tal aspects of nonlinear dynamic behavior, thereby allowing 
for a deeper understanding of the underlying mechanisms 
before more complex real-world cases are addressed.

In this study, we investigate cylindrical panels with dis-
continuous elastic bases applied in different areas of the 
panel. Figure  3 shows the two different locations for the 
elastic base. Elastic Base 1 (Fig. 3a) shows an elastic base 
centered in one quadrant of the cylindrical panel (Q2), while 
Elastic Base 2 (Fig. 3b) represents an elastic base centered 
in two opposite quadrants (Q2 - Q4). For each case, we con-
sider three values of the variation in the contact area of the 
elastic base in relation to the area of the cylindrical panel, 
which are 7.5%, 10.0% and 12.5%. Table 1 gives the limits 
used in the Heaviside functions in Eq.  (7) to define each 
case for the elastic base shown in Fig. 3.

For these geometric parameters, Table  2 gives the first 
eight natural frequencies for the perfect cylindrical panel 
without an elastic base and for the two cases of the elas-
tic base shown in Fig. 3 [31]. The lowest natural frequen-
cies always occur in the vibration mode (m, n) = (1, 1). As 
observed by Morais and Silva [31], Elastic Base 2 creates an 
internal resonance of type 1:2 between the vibration modes 

This choice must be carefully made to correctly represent 
the nonlinear modal coupling and the nonlinear mechani-
cal behavior of the cylindrical shells and panels [36–40]. 
In this study, the transverse displacement field used was 
derived from the perturbation method [41], which has been 
applied to several dynamic problems involving cylindrical 
shells and panels [18, 32, 42–46]. The perturbation method 
starts by considering the fundamental vibration mode of the 
cylindrical panel as the initial solution, and then takes into 
account the boundary geometric condition of the cylindri-
cal panel to derive a general transversal displacement field. 
For more details about the application of the perturbation 
method to shells, see [41]. Using this approach, the follow-
ing general solution for the transversal displacement field 
of the simply supported cylindrical panel is obtained, which 
considers the nonlinear modal coupling and modal interac-
tion between the modes [35, 39, 47, 48] presented in the 
nonlinear equilibrium equation:

w =
∑

m=1,2,...

∑
n=1,2,...

∑
i=1,2,3...

∑
j=1,2,3...

Aim,jn (t) sin
(

imπx
ax

)
sin

(
jnπθ

Θ

)

+
∑

m=1,2,...

∑
n=1,2,...

∑
α=0,1,2,3...

∑
β=0,1,2,3...

B(2+6α)m,(2+6β)n (t)
{[

3+6α
4+12α cos

(
6αmπx

ax

)

− cos
(

(2+6α)mπx
ax

)
+ 1+6β

4+12β cos
(

(4+6α)mπx
ax

)]
[

3+6β
4+12β cos

(
6βnπθ

Θ

)
− cos

(
(2+6β)nπθ

Θ

)
+ 1+6β

4+12β cos
(

(4+6β)nπθ
Θ

)]}

� (8)

where Aim,jn(t) and B(2+6α)m,(2+6β)n(t) are the modal ampli-
tudes of the transverse displacement field.

The initial geometric imperfection, w0, in the shape of 
the first vibration mode of the cylindrical panel is defined 
as follows:

w0 = wimp
0 hsin

(
mπx

ax

)
sin

(
nπθ

Θ

)
� (9)

where w0
imp is the amplitude of the initial geometric imper-

fection in relation to the thickness of the cylindrical panel.

Fig. 3  Positions on the cylindrical 
panel of the discontinuous elastic 
bases investigated here

 

1 3

Page 5 of 17  293



J Braz. Soc. Mech. Sci. Eng. (2026) 48:293

w =
∑

m=1,2

∑
j=1,2

A1m,1n (t) sin
(

mπx
ax

)
sin

(
nπθ
Θ

)

+
∑

m=1,2

∑
n=1,2

B2m,2n (t)
{[

3
4 − cos

(
2mπx

ax

)

+ 1
4cos

(
4mπx

ax

)] [ 3
4 − cos

( 2nπθ
Θ

)
+ 1

4cos
( 4nπθ

Θ
)]}

� (10)

To discretize the nonlinear equilibrium equation for the 
cylindrical panel, the particular transverse displacement 
field in Eq. (10) was chosen and substituted into the com-
patibility and continuity equation in Eq. (2), which was then 
solved analytically. The value of f obtained in this way and 
the chosen value of w were then substituted into the nonlin-
ear equilibrium equation in Eq. (1), and the Galerkin method 
was employed, with the harmonic functions of the modes of 
the transversal displacement field used as weight functions. 
In this way, a set of discretized second-order differential 
equations in terms of the modal amplitudes A1m,1n(t) and 
B2m,2n(t) was obtained, but this is omitted from this work 
due to its length and for ease of understanding.

The modal solution of Eq. (10) was then used to discretize 
the nonlinear equilibrium equation of the cylindrical panel 
in Eq. (1), and the resulting set of differential equations was 
solved using the MatCont package [49], a Matlab-based tool 
for numerical continuation and bifurcation analysis of ordi-
nary differential equations that includes stability assessment 
via Floquet multipliers, to obtain the resonance curves. In 
some of the numerical analyses, phase portraits and Poin-
caré section mappings were also obtained through direct 
time integration of the discretized equilibrium equations 
using the classical fourth-order Runge–Kutta method. A 
constant time step equal to 1/100 of the panel’s fundamental 
period was employed. Although adaptive time-step integra-
tion methods are often more appropriate for nonlinear and 
piecewise dynamic behavior, as displayed by the system 
investigated here, the classical Runge–Kutta method with a 
fixed time step provided sufficiently accurate results for the 
purposes of this study.

As shown in [31], Eq.  (10) represents convergence of 
the nonlinear free vibration analysis. To verify this con-
vergence for nonlinear forced analysis, Fig. 4 presents the 

(m, n) = (1, 1) and (m, n) = (2, 1), whereas for Elastic Base 1, 
the internal resonance between these modes is almost 1:2. 
In addition, the elastic bases centered in the quadrant may 
be asymmetrically inserted, as in the case of Elastic Base 1, 
or antisymmetrically, as in the case of Elastic Base 2, giv-
ing rise to oscillations that excite the vibration modes with 
two half-waves in both the longitudinal and circumferential 
directions. Thus, to consider these important features and 
capture the correct nonlinear modal coupling between the 
vibration modes [31], we used the transversal modal solu-
tion in Eq. (10). This was obtained considering the modes 
A1m,1n(t) (i = j = 1 in Eq. (8)) and B2m,2n(t) (α = β = 0 in Eq. (8)) 
for each of the first four linear vibration modes of Table 2 
(m = 1, 2 and n = 1, 2), giving a modal solution with eight 
degrees of freedom (8DOF), as follows:

Table 1  Values for εi,1, ε i,2, ε i,3 and ε i,4 (i = 1, 2) for each case of the 
elastic base
Case Contact 

area (%)
Longitudinal direction Circumferen-

tial direction
7.5 ε1,1 = 0.1130; ε1,2 = 0.3870 ε1,3 = 0.01356; 

ε1,4 = 0.0464
Elastic 
base 1

10.0 ε1,1 = 0.0920; ε1,2 = 0.4080 ε1,3 = 0.0110; 
ε1,4 = 0.0490

12.5 ε1,1 = 0.0732; ε1,2 = 0.4268 ε1,3 = 0.0068; 
ε1,4 = 0.0512

7.5 ε1,1 = 0.1130; ε1,2 = 0.3870 ε1,3 = 0.01356; 
ε1,4 = 0.0464

ε2,1 = 0.6130; ε2,2 = 0.8870 ε2,3 = 0.07356; 
ε2,4 = 0.1064

Elastic 
base 2

10.0 ε1,1 = 0.0920; ε1,2 = 0.4080 ε1,3 = 0.0110; 
ε1,4 = 0.0490

ε2,1 = 0.5920; ε2,2 = 0.9080 ε2,3 = 0.0710; 
ε2,4 = 0.1089

12.5 ε1,1 = 0.0732; ε1,2 = 0.4268 ε1,3 = 0.0068; 
ε1,4 = 0.0512

ε2,1 = 0.5732; ε2,2 = 0.9268 ε2,3 = 0.0688; 
ε2,4 = 0.1112

Table 2  First five natural frequencies (rad/s) and their ratio ω/ω0 with respect to the lowest frequency value for a perfect cylindrical panel without 
elastic base and with the unilateral elastic bases investigated here [31] (Hypothesis 2)
Vibration mode Without elastic base Elastic base 1 Elastic base 2
m n ω0 ω/ω0 ω0 ω/ω0 ω0 ω/ω0

1 1 437.91 1 464.66 1 496.19 1
1 2 782.30 1.79 815.83 1.76 858.67 1.73
2 1 918.23 2.10 950.47 2.05 987.70 2
2 2 1274.19 2.91 1314.31 2.83 1349.89 2.72
1 3 1546.01 3.53 1559.61 3.36 1573.68 3.17
3 1 1642.67 3.75 1655.52 3.56 1668.66 3.36
2 3 2017.26 4.61 2034.94 4.38 2052.80 4.14
3 2 2053.66 4.69 2069.64 4.45 2085.67 4.20
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The following numerical results were obtained for val-
ues for the magnitude of the lateral load, damping factor 
and elastic base stiffness of P = 2500 N/m2, h1 = 0.01 and 
Kw = 92.30 MN/m3, respectively, and a contact area of the 
elastic base equal to 7.5%, unless otherwise specified.

Figure 5 shows the resonance curves for the cylindrical 
panel with a bilateral elastic base in the panel quadrants 
shown in Fig. 3 and different initial geometrical imperfec-
tions. In this figure, the nonlinear forced behavior is almost 
linear for both cases of the elastic base. The initial geomet-
ric imperfections affect the amplitude of the main resonance 
peak, which decreases as the magnitude of the imperfec-
tion decreases. In the case of Elastic Base 1 (Fig.  5a), a 
secondary resonance peak becomes more pronounced with 
decreasing levels of imperfection, resulting in an unstable 
path delimited by the limit point cycle (LP).

The resonance curves for perfect cylindrical panels with 
unilateral contact (Elastic Bases 1 and 2) were obtained as 
shown in Fig. 6a, b, respectively. These figures reveal that 
the introduction of unilateral contact significantly alters the 
system’s nonlinear dynamic behavior compared to the bilat-
eral configuration presented in Fig.  5. More specifically, 
unilateral contact increases the number and complexity of 
the bifurcation points, including Neimark–Sacker (NS), LP, 
and period-doubling (PD) bifurcations, and creates a greater 
sensitivity to parameter variations. These bifurcations 
indicate transitions to more complex oscillatory regimes, 
and are associated with changes in stability along several 
branches of the resonance curves.

It can also be observed that the resonance curves for the 
unilateral cases are shifted to the left relative to the bilat-
eral case. This frequency shift results from the intermittent 
nature of the contact between the structure and the elas-
tic base, which modifies the effective stiffness during the 
vibration cycle. Since the contact is only partial (piecewise 
dynamic condition), the system effectively behaves as a 
softening oscillator in regions where detachment occurs.

To better understand the nature of these dynamic 
responses, Fig. 6c, d show the corresponding Poincaré sec-
tions for Fig. 6a, b, respectively. These mappings confirm 
that the unstable segments of the resonance curves are asso-
ciated with quasiperiodic motion. In particular, the spread 
of the Poincaré points aligns with the unstable branches and 
the location of the NS bifurcations, thus reinforcing the link 
between these bifurcations and the onset of quasiperiodic-
ity. An important implication of the appearance of quasipe-
riodic windows is the loss of continuity in some solution 
branches. These disconnected paths arise from the failure of 
numerical continuation techniques, such as those employed 
in MatCont, to converge in quasiperiodic regimes. This 
emphasizes the increased numerical complexity introduced 
by the unilateral constraint.

Poincaré section maps for perfect cylindrical panels with 
unilateral Elastic Bases 1 and 2, for the different modal 
solutions of Eq.  (8). It also includes a comparison of the 
frequency–amplitude relationship (backbone curves) for a 
perfect cylindrical panel without an elastic base with results 
from Kobayashi [50]. It is worth noting that for a perfect 
cylindrical panel, w0 is assumed to be zero, and the con-
tact hypotheses presented in Fig. 2 remain the same. In this 
case, contact is represented by wr = w in Eq. (6). To obtain 
the nonlinear forced results, the following initial condition 
was considered: A1m,1n (t) = B2m,2n (t) = 1e − 4 and 

˙˙ 1m,1n (t) = B2m,2n (t) = 0A (m, n = 1,2). From a quali-
tative point of view, it can be observed from this figure 
that these mappings present several paths with periodic 
responses of period 1 T interspersed by aperiodic responses, 
represented by the dispersed points in Fig.  4. All of the 
modal solutions investigated here adequately capture the 
bifurcation points that mark the transition from the periodic 
response to the aperiodic response. However, the modal 
solution with 6DOF is the only modal solution that shows 
greater dispersion of the point cloud at certain values of the 
excitation frequency. Hence, the modal solution composed 
of the modes with 8DOF, in Eq. (10), shows convergence 
for the transverse displacements for the two investigated 
elastic bases. Our convergence strategy is in line with the 
standard practices of nonlinear dynamics, as described in 
foundational works such as [51–53], which emphasize that 
the Poincaré map is the most effective tool for analyzing 
steady-state dynamics under periodic forcing and for iden-
tifying bifurcations. Also, to illustrate the convergence of 
dynamic stable response with the number of DOF, Fig. 4c–f 
depicted the time response of the modal amplitude of the 
fundamental vibration mode for the used models. Accord-
ing to these figures, the stable permanent response presents 
convergence increasing the number of DOF for both elastic 
bases and different frequency excitation that provokes peri-
odicity 1T in the bifurcation diagrams of Fig. 4a, b.

The quality of the modal solution with 8DOF is also 
observed in the backbone curve for a perfect cylindrical 
panel without an elastic base, as shown in Fig. 4g. The back-
bone curve of Fig. 4g presents the same softening nonlin-
ear behavior observed by Kobayashi [50]. In addition, the 
8DOF modal solution is validated in Fig. 4h by comparison 
with the backbone curve obtained numerically from a finite 
element analysis. This curve was derived from a nonlinear 
time-domain simulation, in which small damping elements 
and initial conditions were incorporated corresponding to 
the first vibration mode shape with zero initial velocity. As 
shown in the figure, the nonlinear softening behavior pre-
dicted by the 8DOF modal solution is in good agreement 
with the finite element results, and gives better results than 
a 6DOF modal solution.
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Figure  9 presents the resonance curves for imperfect 
cylindrical panels with both Elastic Bases 1 and 2, with 
geometric imperfections of magnitudes ± 0.05 and ± 0.10. 
To assess the influence of these geometric imperfections, 
the results for imperfect panels in Fig. 9a–d are compared 
with the perfect configuration for Elastic Base 1 (Fig. 6a). 
It is evident that the presence of imperfections significantly 
alters the dynamic response of the structure, introducing 
notable changes in the number and stability of the resonance 
branches.

For positive imperfections, an increase in the number of 
stable and unstable paths is observed, with the emergence 
of an NS bifurcation on the right side of the main resonance 
peak. This bifurcation indicates the onset of quasiperiodic 
behavior, which is not observed for the perfect panel. Con-
versely, negative imperfections lead to the formation of 
a secondary resonance peak around ω/ω0 = 1.1, which is 
associated with a stable periodic response. This behavior 
replaces the quasiperiodic window observed at the same fre-
quency for the perfect panel. These results demonstrate that 
imperfections do not merely perturb the resonance struc-
ture but can fundamentally alter the underlying bifurcation 
mechanisms and the nature of the system’s attractors.

For Elastic Base 2 in Fig. 9e–h, the inclusion of imperfec-
tions induces comparatively minor changes in the resonance 
curves. The locations of the bifurcation points and the over-
all pattern of stable/unstable paths remain similar to those 
observed in the perfect configuration in Fig. 6b. This indi-
cates that the influence of geometric imperfections is also 
strongly dependent on the characteristics of the elastic base 
and its interaction with the structure’s unilateral constraints.

A key observation is related to the shift in the resonance 
peaks, which depends on the sign and magnitude of the 
imperfection. Due to the sensitivity of the natural frequen-
cies to both the geometric imperfection and the unilateral 
elastic base [31], there is a rightward shift of the main reso-
nance peak for panels with negative imperfections, Fig. 
9a,b,e,f, relative to the perfect panel, whereas for positive 
imperfections, Fig. 9c,d,g,h, there is a leftward shift. This 
shift reflects the change in the effective stiffness induced by 
the imperfection and its interplay with the piecewise nature 
of the contact condition.

Overall, the inclusion of geometric imperfections in the 
analysis proves to be essential for capturing the full range of 
possible dynamic behaviors in cylindrical panels with uni-
lateral elastic foundations. The results underscore the need 
for realistic modeling of imperfections in nonlinear struc-
tural dynamics, especially when bifurcations and stability 
transitions are of interest.

Figure 10 shows the phase portraits and Poincaré sections 
for the imperfect cylindrical panels investigated in Fig. 9 for 
chosen values of the excitation frequency that coincide with 

The richness of the dynamic behavior observed here is 
further illustrated in the phase portraits in Fig.  7, which 
show the transitions between different oscillatory regimes 
for unilateral contact (Elastic Base 1). Specifically, as the 
excitation frequency ratio ω/ω0 increases, the system tran-
sitions from a quasiperiodic orbit, Fig.  7a, to a 1  T peri-
odic orbit, Fig. 7b, and then to another quasiperiodic orbit, 
Fig. 7c. The quasiperiodic attractors in Fig. 7a–c represent 
unstable paths that lie between NS bifurcation points. This 
finding underscores the coexistence of multiple attrac-
tors and the strong influence of nonlinearity and piecewise 
dynamics on the overall system response.

The presence of the elastic base centered in the panel’s 
quadrants Q2 excites the modal amplitudes A1,2(t), A2,1(t) 
and A2,2(t) in the region of the resonance region around the 
main resonance peak, as illustrated in Fig. 8a–c, demon-
strating the influence of this asymmetrical elastic base on 
the nonlinear oscillations. Figure 8b shows that the vibra-
tion amplitude for mode A2,1(t) is greater than for modes 
A1,2(t) (Fig.  8a) and A2,2(t) (Fig.  8c). In contrast, for the 
antisymmetric elastic base positioned in quadrants Q2 and 
Q4, only the modal amplitude A2,2(t) is excited in the reso-
nance region of the driven mode, as illustrated in Fig. 8d, 
demonstrating that this elastic base vibrates in only the 
antisymmetric mode with two wavenumbers in both the 
longitudinal and circumferential directions. The vibration 
of these modes plays an important role in the behavior of 
the nonlinear resonance curves, influencing the other reso-
nance peaks and the several bifurcation points previously 
observed in the resonance curves of the driven mode A1,1(t) 
(Fig. 8a, b).

An initial geometric imperfection is introduced in the 
numerical analysis. As described in the previous section 
and shown in Fig. 2, the imperfection is considered in two 
scenarios, the difference between them being the reference 
used to calculate the work done by the reaction of the elas-
tic base. Initially, the initial geometrical imperfection rep-
resented as Hypothesis 2, Fig. 2b, is considered to obtain 
the resonance curves of the cylindrical panel. In this case, 
there is no gap between the imperfect panel and the elastic 
base, ensuring that the panel is only detached from the elas-
tic base during the positive phase of the vibrating cycle of 
the transversal displacements.

Fig.  4  Poincaré section mapping for perfect cylindrical panels with 
unilateral contact: a elastic base 1 and b elastic base 2, (P = 2500 N/
m2, η1 = 0.01, Kw = 92.30 MN/m3, contact area equal to 7.5%, direct 
time integration). Time response of permanent stable response consid-
ering c, d elastic base 1 and e, f elastic base 2 and c, e ω/ω0 = 0.95, d, 
f ω/ω0 = 1.15. Comparison of frequency-amplitude relations for a per-
fect panel without elastic base with results from g Kobayashi [50] and 
h finite element analysis. A1,1(t), A1,2(t), A2,1(t), A2,2(t), B2,2(t), B8,2(t); 
8 DOF: 6DOF + B2,8(t), B8,8(t); 9DOF: 6DOF + A1,3(t), A3,1(t), A3,3(t); 
11DOF: 8DOF + A1,3(t), A3,1(t), A3,3(t))
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of the imperfection is increased to − 0.05 (Fig. 10b) and 0.05 
(Fig. 10c), the nonresonant orbits are unstable quasiperiodic 
orbits that can coexist with periodic stable orbits (Fig. 10b). 
When the magnitude of the imperfection is increased further 
to 0.1, the imperfect cylindrical panel again displays a peri-
odically stable orbit (Fig. 10d). In contrast, for the imperfect 
panel with Elastic Base 2 and an excitation frequency of ω/

the nonresonant paths. This figure illustrates the changes in 
the orbits and the stability of the resonance curves in Fig. 9 
as the magnitude of the imperfection is increased from − 0.1 
to 0.1. For the imperfect panel with Elastic Base 1 and the 
same excitation frequency ω/ω0 = 1.03, as shown in Fig. 
10a–d, an imperfection magnitude of − 0.1 (Fig. 10a) leads to 
a stable periodic orbit with period 1 T. When the magnitude 

Fig. 6  a, b Resonance curves and 
c, d Poincaré section mapping for 
perfect cylindrical panels with 
unilateral contact a, c elastic base 
1 and b, d elastic base 2. (P = 2500 
N/m2, η1 = 0.01, Kw = 92.30 MN/
m3, contact area equal to 7.5%, a, 
b MatCont package and c, d direct 
time integration)

 

Fig. 5  Resonance curves for the 
cylindrical panel with bilateral con-
tact: a Elastic base 1 and b Elastic 
base 2. (P = 2500 N/m2, η1 = 0.01, 
Kw = 92.30 MN/m3, contact area 
equal to 7.5%, MatCont package)
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and both Elastic Bases 1 and 2. These results were obtained 
through direct time integration, in which unstable branches 
are not explicitly identified. This limitation is due to the 
pronounced sensitivity of the system’s dynamic response 
under this contact scenario, resulting in multiple regions 
dominated by quasiperiodic oscillations, regardless of the 
magnitude of the imperfection or the specific configura-
tion of the elastic base. As shown in Fig. 11, the dynamic 

ω0 = 1.10, as shown in Fig. 10e–h, the phase portraits dis-
play well-behaved periodic stable orbits with a period of 1 T 
as the magnitude of the imperfection increases. The orbits 
identified in Fig.  10 are in agreement with the resonance 
curves in Fig. 9.

Figure 11 illustrates the results for Hypothesis 1, defined 
in Fig. 2a, in terms of the resonance curves and Poincaré sec-
tion mappings for various magnitudes of the imperfection 

Fig. 8  Resonance curves for 
perfect cylindrical panels with 
unilateral contact: a–c elastic base 
1 and d elastic base 2, for modal 
amplitudes aA1,2(t), bA2,1(t) and c, 
dA2,2(t). (P = 2500 N/m2, η1 = 0.01, 
Kw = 92.30 MN/m3, contact area 
equal to 7.5%, MatCont package)

 

Fig.  7  Phase portraits and Poincaré sections for perfect cylindrical panels with unilateral contact (elastic base 1). (P = 2500 N/m2, η1 = 0.01, 
Kw = 92.30 MN/m3, contact area equal to 7.5%, black lines—time response, blue dots—Poincaré section, direct time integration)
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Hypothesis 1, which significantly modifies the nature of the 
contact between the panel and the elastic base.

One of the most critical effects of this hypothesis is the 
introduction of a gap between the panel and the elastic base, 

behavior becomes highly fragmented, with resonant and 
non-resonant branches interspersed with stable periodic 
solutions and complex quasiperiodic responses. This pat-
tern underscores the increased nonlinearity introduced by 

(a) w0imp=−0.1 (EB1) (b) w0imp=−0.05 (EB1) (c) w0imp=0.05 (EB1) (d) w0imp=0.1 (EB1)

(e) w0imp=−0.1 (EB2) (f) w0imp=−0.05 (EB2) (g) w0imp=0.05 (EB2) (h) w0imp=0.1 (EB2)

Fig. 10  Phase portraits and Poincaré sections for imperfect cylindrical 
panels with unilateral contact: a–d elastic base 1 (EB1) and e–h elastic 
base 2 (EB2), for a–d ω/ω0 = 1.03 and e–h ω/ω0 = 1.10. (P = 2500 N/m2, 

η1 = 0.01, Kw = 92.30 MN/m3, contact area equal to 7.5%, Hypothesis 
2, black lines—time response, blue dots—Poincaré section, directtime 
integration)

 

(a) w0imp=-0.1 (EB1) (b) w0imp=-0.05 (EB1) (c) w0imp=0.05 (EB1) (d) w0imp=0.1 (EB1)

(e) w0imp=-0.1 (EB2) (f) w0imp=-0.05 (EB2) (g) w0imp=0.05 (EB2) (h) w0imp=0.1 (EB2)

Fig. 9  Resonance curves for imperfect cylindrical panels with unilateral contact: a–d elastic base 1 (EB1) and e–h elastic base 2 (EB2), with vary-
ing magnitudes of the imperfection. (P = 2500 N/m2, η1 = 0.01, Kw = 92.30 MN/m3, contact area equal to 7.5%, Hypothesis 2, MatCont package)

 

1 3

293  Page 12 of 17



J Braz. Soc. Mech. Sci. Eng. (2026) 48:293

The choice of contact hypothesis is not merely a modeling 
detail, but a key factor in predicting the full range of nonlin-
ear dynamic phenomena.

To illustrate the influence of Hypothesis 1 on the reso-
nance curves in Figs. 11, 12 shows some phase portraits and 
Poincaré sections for the imperfect cylindrical panel under 
this hypothesis of contact. For the panel with Elastic Base 1, 
shown in Fig. 12a, b, this scenario gives rise to quasiperiodic 
orbits for a magnitude of imperfection w0

imp =  ± 0.05, and in 
the case where w0

imp =  − 0.05, there is a stable periodic orbit 
of 1 T. Compared with the orbits in Fig. 10b, c, those in 
Fig. 12a, b are similar and independent of the contact sce-
narios illustrated in Fig. 2. In contrast, the phase portraits in 
Fig. 12c, d are different from those in Fig. 10f, g, showing 
a new stable periodic orbit with a low vibration amplitude 
coexisting with a large stable periodic orbit (Fig. 12c) and a 
quasiperiodic orbit (Fig. 12d).

The magnitude of the contact area of the elastic base 
was also investigated. Figure  13 shows the Poincaré sec-
tion mapping and resonance curves obtained from direct 
time integration for an imperfect cylindrical panel with 
w0

imp = 0.05, for both Elastic Bases 1 and 2 and varying con-
tact area of the elastic base. With increasing contact area, 
the behavior of the Poincaré section mapping remains very 
similar, independent of the type of elastic base (Fig. 13a–c 
and e–g), with several windows of quasiperiodic responses 
that intercalate periodic stable 1 T responses for each case 
of the elastic base. The main influence of the contact area is 

particularly in the presence of positive imperfections. In 
such cases, the transverse displacement may reach nega-
tive values without initiating contact with the elastic base. 
This loss of contact delays the engagement of the elastic 
restoring force, altering both the stiffness profile and the 
energy transfer mechanisms within the system. In contrast, 
for negative imperfections, where the reference configura-
tion is the perfect panel, the deformed geometry ensures that 
the panel maintains contact with the elastic base during the 
entire negative phase of the oscillation. As a result, the uni-
lateral base is activated more frequently, leading to a stiffer 
dynamic response compared to the case of positive imper-
fection. This contrast directly influences the resonance char-
acteristics and promotes different bifurcation behaviors and 
stability transitions.

The new contact conditions introduced by Hypothesis 1 
therefore play a decisive role in shaping the nonlinear oscil-
latory behavior of the imperfect panel. When compared 
with the results under the original contact formulation, as 
shown in Fig. 10b,c,f,g, it becomes evident that the physical 
assumptions regarding activation of contact must be care-
fully considered. Even small changes in these assumptions 
can lead to substantial modifications to the system’s reso-
nance structure, stability properties, and the occurrence of 
complex dynamical regimes such as quasiperiodicity. This 
analysis emphasizes the importance of accurately modeling 
the interaction between the panel and the elastic base, espe-
cially when dealing with geometrically imperfect structures. 

(a) w0imp=−0.05 (EB1) (b) w0imp=0.05 (EB1)

(c) w0imp=−0.05 (EB2) (d) w0imp=0.05 (EB2)

Fig.  11  Resonance curves and Poincaré section mapping for imper-
fect cylindrical panels with unilateral contact: a–b elastic base 1 (EB1) 
and c–d elastic base 2 (EB2) under contact conditions of Hypothesis 1 

shown in Fig. 2a. (P = 2500 N/m2, η1 = 0.01, Kw = 92.30 MN/m3, con-
tact area equal to 7.5%, direct time integration)

 

1 3

Page 13 of 17  293



J Braz. Soc. Mech. Sci. Eng. (2026) 48:293

13a–c and e–g reveal that despite variations in the contact 
area, the general structure of the dynamic response remains 
qualitatively similar for both types of elastic bases. In all 
cases, the response is characterized by alternating windows 
of quasiperiodic motion and stable periodic (1 T) solutions. 
This suggests that the system retains a complex nonlinear 
signature that is dominated by mode interactions and bifur-
cation phenomena intrinsic to the interaction between the 
panel and elastic base.

However, a significant and physically meaningful effect 
of increasing the contact area is observed in the resonance 
curves shown in Fig. 13d and h. As the contact area increases, 
the main resonance peak shifts to the right, indicating a rise 
in the effective stiffness of the system, and consequently 

observed in the shifting of the resonance curves to the right 
(Fig. 13d, h) due to the changes in the natural frequency of 
the imperfect cylindrical panel with increasing contact area 
[31].

Finally, we investigated the influence of the contact area 
of the elastic base, under the conditions described in Hypoth-
esis 2 for the contact interaction between the elastic base and 
the cylindrical panel, in order to better understand its role in 
the nonlinear dynamic behavior of the imperfect cylindri-
cal panel. Figure 13 presents the resonance curves and cor-
responding Poincaré section mappings obtained via direct 
time integration for a panel with an imperfection magnitude 
of w0

imp = 0.05, for both Elastic Bases 1 and 2, and a vary-
ing value of the contact area. The Poincaré sections in Fig. 

(a) 7.5% (EB1) (b) 10% (EB1) (c) 12.5% (EB1) (d) resonance curve (EB1)

(e) 7.5% (EB2) (f) 10% (EB2) (g) 12.5% (EB2) (g) resonance curve (EB2)

Fig. 13  a–c, e–g Poincaré section mapping and d, h resonance curves 
for imperfect cylindrical panels with unilateral contact: a–d elastic 
base 1 (EB1) and e–h elastic base 2 (EB2), with varying contact area 

for the elastic base. (P = 2500 N/m2, η1 = 0.01, Kw = 92.30 MN/m3, 
w0

imp = 0.05, Hypothesis 2, direct time-integration)

 

Fig. 12  Phase portraits and Poincaré sections for imperfect cylindrical 
panels with unilateral contact: a, b elastic base 1 (EB1) and c, d elastic 
base 2 (EB2), with a, b ω/ω0 = 1.03 and c, d ω/ω0 = 1.10. (P = 2500 N/

m2, η1 = 0.01, Kw = 92.30 MN/m3, contact area equal to 7.5%, Hypoth-
esis 1, black lines—time response, blue dots—Poincaré section, direct 
time integration)
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impact on the resonance behavior, in terms of modifying 
stability boundaries and increasing the extent of unstable 
response paths. The presence of an initial gap between the 
shell and the foundation further intensified the system’s 
sensitivity, introducing additional bifurcation points and 
amplifying the complexity of the stable/unstable dynamics. 
Finally, the position of the resonance peaks was found to 
depend strongly on the magnitude of the imperfection, the 
characteristics of the contact (unilateral or bilateral), and the 
effective contact area of the elastic base.
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an increase in the natural frequency of the imperfect panel. 
This behavior is consistent with previous findings [31] in 
which extension of the contact region leads to a greater por-
tion of the panel being constrained during vibration, thus 
effectively reinforcing the system and modifying its iner-
tial–stiffness balance. These results highlight the critical 
role of the contact area parameter in the design of nonlin-
ear structural systems with unilateral foundations. Although 
the contact area does not significantly alter the qualitative 
nature of the dynamic attractors, as shown by the Poincaré 
maps, it plays a fundamental role in shaping the quantitative 
characteristics of the system, particularly in terms of tun-
ing the resonance frequencies and influencing the overall 
stiffness of the imperfect panel–elastic base assembly. It is 
worth noting that both the stiffness of the elastic foundation 
and the size of the contact area can affect the convergence 
of the modal solution used in Eq. (10), potentially requiring 
the inclusion of additional terms. In this manuscript, conver-
gence of the modal solution with 8DOF is ensured for the 
stiffness of the elastic foundation considered here and for 
contact areas smaller than 12.5%, as shown in Fig. 4.

4  Concluding remarks

In this work, the influence of a discontinuous unilateral elas-
tic force on the nonlinear resonance behavior of simply sup-
ported imperfect cylindrical panels was investigated. Our 
semi-analytical model was developed from a set of nonlin-
ear partial differential equilibrium equations, in which Don-
nell’s shallow shell theory for the transverse displacement 
was combined with Airy’s stress function for in-plane stress 
fields. These equations were discretized via the Galerkin 
method, with a consistent modal expansion for the trans-
verse displacement field, previously obtained through a 
perturbation technique [31]. The effects of the discontinu-
ous unilateral elastic foundation were incorporated directly 
into the nonlinear equilibrium equation using Heaviside and 
signum functions, thereby enabling the modeling of local-
ized and non-smooth contact behavior. Numerical strategies 
were applied to compute nonlinear resonance curves, phase 
portraits, and Poincaré sections, considering variations 
in the initial geometric imperfections and the parameters 
defining the elastic base (location, contact area, and type 
of contact). Numerical results showed that the inclusion 
of unilateral contact significantly alters the stability of the 
resonance curves, with multiple NS, period-doubling, and 
limit-cycle bifurcations being introduced due to the inter-
mittent engagement of the elastic base during the vibration 
cycle. The system exhibited strong sensitivity to excitation 
frequency under the assumption of unilateral contact. More-
over, the initial geometric imperfections had a substantial 
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