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Abstract We numerically investigate the time evolution of
several physical observables for the so-called 2 R-Charge
Black Hole (2RCBH) model undergoing Bjorken flow. The
2RCBH model corresponds to a top-down holographic con-
struction describing a strongly interacting conformal fluid
defined at finite temperature and R-charge density. Taken
together with previous findings for the purely thermalN = 4
Supersymmetric Yang–Mills (SYM) plasma, and the 1 R-
Charge Black Hole (1RCBH) model, our results for the
2RCBH model provide strong numerical evidence for the
existence of far-from-equilibrium correlations between the
non-equilibrium holographic entropy defined through the
area of the apparent horizon of dynamical bulk black holes,
and the expectation value of the energy–momentum tensor
of the dual boundary quantum field theory. Such correlations
are relevant in the pre-hydrodynamic stages of some initial
data evolved in time, and seem to hold at least for strongly
interacting conformal fluids, be they charged or neutral.

1 Introduction

Out-of-equilibrium properties of dynamical systems, like
entropy production and the time evolution of different phys-
ical observables, may be used to describe how these systems
evolve from detailed initial out-of-equilibrium states toward
later stationary states, generally characterized by a set with
just a few state variables. Therefore, the investigation of far-
from-equilibrium dynamics constitutes an endeavor of great
importance in different areas of physics [1–7]. Of particular
relevance to the field of heavy-ion collisions, there is the so-
called Bjorken flow [8], which is a kind of out-of-equilibrium
and boost-invariant dynamics relevant to the modeling of
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the longitudinal expansion of the fluid produced in ultrarel-
ativistic nuclear collisions.1 Given the outstanding technical
difficulties regarding first principles real-time calculations
in QCD with a running coupling ranging from weakly to
strongly-coupled physics through the time evolution of the
system, the Bjorken flow has been widely studied in the liter-
ature for different models of relativistic fluids – see e.g. [9–
30]. By analyzing models of different nature, one general idea
is that one could obtain insights about possible similarities
and also fundamental differences between e.g. weakly and
strongly interacting dynamics, both of which are expected
to contribute to different stages of ultrarelativistic nuclear
collisions [31–38].

In what concerns strongly interacting models, one of the
most prominent theoretical frameworks of the last decades
is the holographic gauge-gravity duality [39–42]. Such a
framework posits a detailed mathematical dictionary relating
physical observables of some strongly interacting quantum
field theories (QFTs) defined in flat spacetime dimensions,
with calculations involving (semi-)classical gravity models
in asymptotically Anti-de Sitter (AdS) spacetimes. Since the
QFT lives at the (conformally) flat boundary of the bulk
asymptotically AdS spacetime, the bulk geometry has (at
least) one extra spatial dimension relatively to the spacetime
where the dual QFT is defined. Therefore, concerning appli-
cations to four-dimensional QFTs, holographic models are
usually defined in terms of five-dimensional gravity actions.

A very interesting feature of gauge-gravity models is that
they allow for full far-from-equilibrium numerical simula-
tions of real-time dynamics of some strongly interacting
QFTs, including systems defined at finite temperature and
chemical potential. Therefore, one can study how late time

1 In the Bjorken flow, one neglects the dynamics related to the fluid
expansion in the plane transverse to the colliding beam axis, so that it
should work better as an approximation for the fluid dynamics closer to
the beam axis and at high energies.
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hydrodynamic behavior emerges in the time evolution of
holographic media subjected to different kinds of far-from-
equilibrium dynamics. Although at early times the behavior
of the system is highly dependent on the details of its initial
state, several different initial states can typically converge
at late times to the same hydrodynamic attractor character-
ized by just a few variables, like the values of temperature
and chemical potential of the medium close to thermody-
namic equilibrium. This process of hydrodynamization of the
medium effectively happens at late times, when the system
loses memory of details regarding the initial conditions. This
effective erasing of information is accompanied by entropy
production in the medium.

Previous works on the holographic Bjorken flow of the
purely thermal N = 4 Supersymmetric Yang–Mills (SYM)
plasma [25,26], and the 1-R Charge Black Hole (1RCBH)
model [28] at finite R-charge density, have unveiled some
important differences in the pre-hydrodynamic stages of such
strongly interacting quantum fluids and classical weakly-
coupled plasmas described by kinetic theory [43]. In fact,
while the latter dictates time evolutions always satisfying
classical energy conditions (such as the dominant, strong,
and weak energy conditions) [44,45], holographic mod-
els can transiently violate such energy conditions in pre-
hydrodynamic stages. Moreover, due to fundamentally dif-
ferent spectra of quasinormal modes, the approach towards
equilibrium in holographic and kinetic theory systems is also
generally different [46].

Another important feature unveiled in Refs. [25,26,28]
was the existence of transient plateaus in the time evolu-
tion of the holographic non-equilibrium entropy associated
to the apparent horizon of some dynamical bulk black hole
solutions. These plateaus correspond to far-from-equilibrium
transient stages with zero entropy production, which is also
something that does not happen in kinetic theory models.
Furthermore, such transient plateau structures in the apparent
horizon entropy were found to be correlated with the expec-
tation value of the energy momentum-tensor of the boundary
QFT. More specifically, when such entropy plateaus begin to
be formed, they anticipate the later formation of local minima
in the pressure anisotropy normalized by the energy density,
which may be related to some violations of the dominant
energy condition [25,26,28].

The purpose of the present work is to numerically develop
the Bjorken flow dynamics of the holographic 2-R Charge
Black Hole (2RCBH) model [47,48], which as well as the
1RCBH model, is also a conformal theory defined at finite
temperature and R-charge density, but with a very differ-
ent phase diagram from the latter. We confirm here, also
for the 2RCBH model, the existence of the aforementioned
far-from-equilibrium correlations between apparent horizon
entropy plateaus and the later formation of local minima in
the pressure anisotropy normalized by the energy density.

This provides compeling numerical evidence for the gen-
erality of such pre-hydrodynamic correlations, at least in
what concerns strongly interacting conformal fluids, be them
charged or neutral. We further investigate in the present work
the behavior of the non-equilibrium entropy defined through
the area of the dynamical event horizon, which in contrast
to the apparent horizon, is never observed to produce tran-
sient plateaus. This indicates that the apparent horizon holo-
graphically encodes some far-from-equilibrium correlations
with the energy momentum-tensor of the dual boundary QFT,
which are not present in the event horizon.

We also analyze the time evolution of the normal-
ized scalar condensate of the medium and its thermaliza-
tion, besides the equilibration of the normalized dynamical
entropy associated to the apparent horizon, and the hydro-
dynamization process of the normalized pressure anisotropy
of the fluid. We find that the different relaxation time scales
associated to these different physical observables, with the
exception of the entropy density, are delayed as the R-charge
density of the fluid is increased. That is, overall, the denser
the fluid, the more time it takes to hydrodynamize, and later
thermalize.

It is important to remark that these two R-charged mod-
els, the 2RCBH and 1RCBH plasmas, should be viewed
as toy models for two different strongly interacting media.
Although physically different, as we shall see, both R-
charged models display some qualitative features in com-
mon, like the possibility of transient violations of energy
conditions when the system is still far from equilibrium,
besides correlations between transient time windows with
zero entropy production in the far-from-equilibrium regime,
and the later formation of minima for the pressure anisotropy
of the medium violating the dominant (or even the weak)
energy condition. Since these possibilities are allowed for
two different R-charged models, one may speculate or
conjecture that such possibilities are generally allowed by
strongly interacting quantum systems, even though such pos-
sibilities are not considered in current hybrid phenomenolog-
ical models of heavy ion collisions, where hydrodinamization
is modeled by classical kinetic approaches.

The present work is organized as follows. In Sect. 2,
we review the definition of the 2RCBH and 1RCBH mod-
els and their equilibrium thermodynamics. In Sect. 3, we
begin by reviewing the basics of Bjorken flow hydrodynam-
ics, and then discuss the holographic algorithm employed
here to dynamically evolve the bulk fields implementing the
far-from-equilibrium Bjorken flow dynamics. In Sect. 4, we
derive the relevant holographic formulas to numerically sim-
ulate the evolution of different dynamical observables at the
dual boundary QFT, with our numerical results and the corre-
sponding physical analysis being presented in Sect. 5. Finally,
we summarize our main findings in Sect. 6.
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In this work, we use natural units with h̄ = c = kB = 1
and a mostly plus metric signature.

2 The holographic R-charged black hole models

We are interested here in investigating the far-from-equilib
rium dynamics for different plasma states of the four-
dimensional N = 4 SYM theory at finite temperature and R-
charge density, as it evolves under Bjorken flow [8]: a boost-
invariant longitudinal expansion which is homogeneous and
isotropic with respect to the transverse plane. Via the gauge-
gravity duality, the four-dimensional SYM plasma states at
finite R-charge density are dual to charged black hole solu-
tions2 of the five-dimensional STU model [49,50]. In gen-
eral, the STU black hole solutions are charged under the
AbelianU (1)×U (1)×U (1) group, which corresponds to the
Cartan subgroup of the original global SU (4) R-symmetry
group of SYM theory in vacuum. In the grand canonical
ensemble, the three independent conserved U (1) charges
(Qa, Qb, Qc) are coupled to three distinct chemical poten-
tials (μa, μb, μc), which are holographically interpreted as
the R-charge chemical potentials of a given plasma state of
the dual SYM theory at finite temperature and R-charge den-
sity.

Here we consider two particular realizations of the STU
model [47,48,51]. One case corresponds to setting two of
the three conserved R-charges to zero, allowing the remain-
ing U (1) R-charge to take nonzero values, which is the so-
called 1RCBH model and features a single R-charge chemi-
cal potential. The second case, which is the main focus of
the present work, corresponds to setting one of the three
conserved R-charges to zero, while taking the other two R-
charges to be equal and allowing them to take nonzero values,
which is the so-called 2RCBH model and also features a sin-
gle independent chemical potential. The Bjorken flow of the
1RCBH model has been analyzed in [21,28], and here we
shall compare it to the new results obtained for the Bjorken
flow of the 2RCBH model, with the purpose of seeking for
possible general properties of different strongly interacting
R-charged fluids.

Both holographic models are described by the class of
five-dimensional Einstein–Maxwell-Dilaton (EMD) actions
of the general form,

S = 1
2κ2

5

∫
M5

d5x
√−g

[

R − f (φ)
4 FμνFμν − 1

2 (∂μφ)2

−V (φ)

]

+ SGHY + SCT, (1)

2 More precisely, black brane solutions with spatially extended and
translationally invariant event horizons.

where κ2
5 = 8πG5, with G5 being the five-dimensional

Newton’s constant, SGHY is the Gibbons–Hawking–York
(GHY) boundary action [52,53], needed for the consistency
of the gravitational variational problem in asymptotically
AdS spacetimes (and, more generally, in any spacetime with
a boundary [54]), and SCT is the holographic counterterm
boundary action [55], required to consistently removing the
divergences of the total on-shell boundary action according
to the holographic renormalization program [56–61].

The most general EMD field equations are found by
extremizing the bulk action in (1) with respect to the bulk
fields,

Rμν − gμν

3

(

V (φ) − f (φ)

4
F2

αβ

)

− 1

2
∂μφ∂νφ

− f (φ)

2
FμρF

ρ
ν = 0, (2a)

∇μ( f (φ)Fμν) = 1√−g
∂μ(

√−g f (φ)Fμν) = 0, (2b)

1√−g
∂μ(

√−ggμν∂νφ) − ∂φV (φ) − ∂φ f (φ)

4
F2

μν = 0.

(2c)

Within the general class of EMD actions, the 1RCBH and
2RCBH models are defined by the following specifications
of the dilaton potential V (φ) (the same for both models) and
the Maxwell-dilaton coupling function f (φ),

1RCBH model:

V (φ) = − 1

L2

(

8eφ/
√

6 + 4e−
√

2
3 φ

)

, (3a)

f (φ) = e−2
√

2
3 φ

, (3b)

2RCBH model:

V (φ) = − 1

L2

(

8eφ/
√

6 + 4e−
√

2
3 φ

)

, (4a)

f (φ) = e

√
2
3 φ

, (4b)

where L is the asymptotic AdS5 radius.
Although both the 1RCBH and 2RCBH models descend

from the same parent gravity model, the STU model, their
holographic duals, corresponding to strongly interacting flu-
ids at finite temperature and R-charge density, exhibit starkly
different thermodynamic phase structures. Different thermal
states in thermodynamic equilibrium at the boundary QFT
are holographically dual to different static, spatially homo-
geneous and isotropic charged EMD black hole solutions in
the bulk. Therefore, in what regards thermodynamics, one
considers the following ansatze for the bulk fields, written
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below in modified Eddington–Finkelstein (EF) coordinates
denoted with a tilde [55], which will be convenient for com-
parisons with out-of-equilibrium solutions to be considered
later in this work,

ds2 = gμνdx
μdxν

= dτ
[
2ea(r̃)+b(r̃)dr̃ − e2a(r̃)h(r̃)dτ

]
+ e2a(r̃)dx2,

(5a)

Aμ = Φ(r̃)δtμ, (5b)

φ = φ(r̃), (5c)

where the boundary lies at r̃ → ∞, and the bulk EF time
coordinate τ is related to the time coordinate t at the boundary
QFT as follows,

dτ = dt +
√

−gr̃r̃
gtt

dr̃ . (6)

In thermodynamic equilibrium, one substitutes the above
ansatze for the bulk fields into the general EMD field equa-
tions (2), from which a set of coupled ordinary differential
equations (ODEs) is derived. Analytical solutions for these
ODEs can be found in terms of two black hole parameters
corresponding to its mass M and charge Q as follows (from
now on we consider length units of L = 1) [47,48,51,55,62],

1RCBH model:

a(r̃) = ln r̃ + 1

6
ln

(

1 + Q2

r̃2

)

, (7a)

b(r̃) = − ln r̃ − 1

3
ln

(

1 + Q2

r̃2

)

, (7b)

h(r̃) = 1 − M2

r̃2(r̃2 + Q2)
, (7c)

φ(r̃) = −
√

2

3
ln

(

1 + Q2

r̃2

)

, (7d)

Φ(r̃) = − MQ

r̃2 + Q2 + MQ

r̃2
H + Q2

, (7e)

2RCBH model:

a(r̃) = ln r̃ + 1

3
ln

(

1 + Q2

r̃2

)

, (8a)

b(r̃) = − ln r̃ − 2

3
ln

(

1 + Q2

r̃2

)

, (8b)

h(r̃) = 1 − M2

(r̃2 + Q2)2 , (8c)

φ(r̃) =
√

2

3
ln

(

1 + Q2

r̃2

)

, (8d)

Φ(r̃) = −
√

2MQ

r̃2 + Q2 +
√

2MQ

r̃2
H + Q2

. (8e)

Here, the radial position of the black hole event horizon, r̃H ,
is specified by the largest real zero of the blackening function,
h(r̃),

1RCBH model: 2RCBH model:

r̃H =
√

1

2

(√
Q4 + 4M2 − Q2

)
, r̃H =

√
M − Q2. (9)

One can describe the different black hole solutions in equi-
librium by using either the pair of parameters (M, Q) or
(r̃H , Q).

The physical interpretation of the black hole parameters
M and Q is determined by the behavior of the solutions at
asymptotic radial distances, r̃ → ∞. For both holographic
models, the blackening function has the leading-order term
h(r̃) ≈ 1 − M2/r̃4. By comparing this deviation from the
pure AdS5 background with the standard ADM mass formal-
ism, the parameter M is identified as the black hole mass.
On the other hand, the charge can be identified using Gauss
Law. The bulk radial electric field, Er̃ = −∂r̃Φ(r̃), behaves
asymptotically as Er̃ ∝ Q/r̃3. Integrating the electric flux
over a large sphere yields a total enclosed charge propor-
tional to Q, confirming, therefore, its interpretation as the
black hole charge.

From the holographic dictionary, the temperature T and
the U (1) R-charge chemical potential μ of the dual strongly
interacting fluid can be calculated, respectively, from the
expressions for the Hawking temperature of the black hole
horizon, and the value of the bulk Maxwell field at the bound-
ary [47,48,51,55,62],

1RCBH model:

T =
√−(gtt )′(gr̃r̃ )′

4π

∣
∣
∣
∣
r̃=r̃H

= Q2 + 2r̃2
H

2π

√
Q2 + r̃2

H

, (10a)

μ = lim
r̃→∞

Φ(r̃) = r̃H Q
√
Q2 + r̃2

H

, (10b)

2RCBH model:

T =
√−(gtt )′(gr̃r̃ )′

4π

∣
∣
∣
∣
r̃=r̃H

= r̃H
π

, (10c)

μ = lim
r̃→∞

Φ(r̃) = √
2Q. (10d)

Due to the conformal symmetry of the holographic
2RCBH and 1RCBH models, the corresponding boundary
gauge theory plasmas in thermodynamic equilibrium depend
solely on the dimensionless ratio μ/T , which by virtue of
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(a) Entropy density (b) R-charge density

(c) Pressure (d) R-charge susceptibility

Fig. 1 Entropy density (a), R-charge density (b), pressure (c), and R-charge susceptibility (d) for the 2RCBH and 1RCBH models in thermodynamic
equilibrium

Eq. (10) can be written in terms of the bulk dimensionless
ratio Q/r̃H as follows,

1RCBH model: 2RCBH model:

Q

r̃H
= √

2

⎛

⎜
⎜
⎝

1 ±
√

1 −
(

μ/T
π/

√
2

)2

μ/T
π/

√
2

⎞

⎟
⎟
⎠ ,

Q

r̃H
= 1

π
√

2

μ

T
. (11)

From Eq. (11), the non-negativity of Q/r̃H implies a finite
interval μ/T ∈ [0, π/

√
2] for the phase diagram of the

1RCBH model, whereas for the 2RCBH model one has
μ/T ∈ [0,∞). In the case of the 1RCBH model, the ±
signs in Eq. (11) denote the existence of two distinct val-
ues of Q/r̃H for each value of μ/T . The lower sign cor-
responds to the thermodynamically stable branch of black
hole solutions with Q/r̃H ∈ [0,

√
2], while the upper sign

is associated with the thermodynamically unstable branch of
black hole solutions with Q/r̃H ∈ [√2,∞). Both branches
of solutions for the 1RCBH model meet at the critical point
Q/r̃H = √

2, corresponding to the end point of its phase dia-
gram at μ/T = π/

√
2. In contrast, the 2RCBH model fea-

tures a single branch of equilibrium black hole solutions and
no critical point. Furthermore, for Q/r̃H → 0 ⇒ μ/T → 0,
the AdS5-Schwarzschild solution, holographically dual to the
purely thermal SYM plasma with zero R-charge density, is
recovered as a particular limit in both the 2RCBH model and
within the stable branch of solutions of the 1RCBH model
[47,48,51,55,62].3

3 In the 1RCBH model, the limit μ/T → 0 can be also achieved
within the unstable branch of solutions by taking Q/r̃H → ∞: this
particular solution is not a black hole, corresponding instead to a charged
supersymmetric BPS solution called ‘superstar’ [63].
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According to the holographic dictionary, the thermody-
namic equilibrium entropy of the dual QFT is identified with
the Bekenstein–Hawking entropy of the bulk black hole event
horizon [64,65],4

SH = AH

4G5
= N 2

c

2π

∫

MH

d3x
√|γH |

= N 2
c

2π
g3/2
xx (r̃H )

∫

MH

d3x = N 2
c

2π
g3/2
xx (r̃H )VH , (12)

where AH is the hyperarea of the black brane event horizon
in the bulk, being γH the determinant of the induced metric
at the horizon and VH its spatial volume. Consequently, the
entropy density, s ≡ SH/VH , for the 2RCBH and 1RCBH
models in thermodynamic equilibrium is given by [47,48,
51,55,62],

1RCBH model:

seq

N 2
c T

3 = π2

16

⎡

⎣3 ±
√

1 −
(

μ/T

π/
√

2

)2
⎤

⎦

2

×
⎡

⎣1 ∓
√

1 −
(

μ/T

π/
√

2

)2
⎤

⎦ , (13a)

2RCBH model:

seq

N 2
c T

3 = π2

2

[

1 + (μ/T )2

2π2

]

. (13b)

The U (1) R-charge density of the dual QFT plasma can be
obtained in terms of the on-shell action by the formula, ρc =
limr̃→∞ δS/δΦ ′, which in thermodynamic equilibrium gives
[47,48,51,55,62],

1RCBH model:

ρc,eq

N 2
c T

3 = μ/T

16

⎡

⎣3 ±
√

1 −
(

μ/T

π/
√

2

)2
⎤

⎦

2

, (14a)

2RCBH model:

ρc,eq

N 2
c T

3 = μ/T

4

[

1 + (μ/T )2

2π2

]

. (14b)

The thermodynamic equilibrium pressure of both R-
charged plasmas can be obtained by substituting (13) or (14)

4 We make use of the following top-down holographic relation, which
is valid for SYM plasmas [66,67]: 1/κ2

5 ≡ 1/8πG5 = N 2
c /4π2L3 =

N 2
c /4π2 (in units of L = 1), where Nc is the number of color charges

at the boundary QFT.

into the Gibbs–Duhem thermodynamic relation,dp = sdT+
ρdμ. As a result, one obtains [47,48,51,55,62],

1RCBH model:

peq

N 2
c T

4 = π2

128

⎡

⎣3 ±
√

1 −
(

μ/T

π/
√

2

)2
⎤

⎦

3

×
⎡

⎣1 ∓
√

1 −
(

μ/T

π/
√

2

)2
⎤

⎦ , (15a)

2RCBH model:

peq

N 2
c T

4 = π2

8

[

1 + (μ/T )2

2π2

]2

. (15b)

Finally, using Eq. (15), one can calculate the specific heat
at fixed chemical potential [68], Cμ = T (∂2 p/∂T 2)μ =
T (∂s/∂T )μ, and the nth order R-charge susceptibility, χn =
(∂n p/∂μn)T = (∂n−1ρ/∂μn−1)T . Plots for the normal-
ized equilibrium entropy density, U (1) R-charge density,
pressure, and the second order R-charge susceptibility are
displayed in Fig. 1. There, solid black lines represent the
2RCBH thermodynamic observables, while blue and orange
dashed lines depict, respectively, the thermodynamic stable
and unstable branches of solutions of the 1RCBH model.
The divergence of the R-charge susceptibility, a second order
derivative of the pressure, confirms that the critical point of
the 1RCBH phase diagram is a point of second order phase
transition.

3 Holographic Bjorken flow

3.1 Viscous relativistic hydrodynamics with Bjorken flow
symmetry

In this section we discuss the relativistic hydrodynamic
description for the 1RCBH and the 2RCBH fluids when con-
strained by the Bjorken flow symmetry: a system invariant
under longitudinal boosts along some direction, which we
take to be the z-axis, and O(2) rotations around the transverse
xy-planes. The former symmetry implies that the fluid looks
the same to all observers moving at different constant veloc-
ities along the z-axis. This description is compatible with
a uniform expansion, where any two fluid elements move
away from one another with a relative velocity directly pro-
portional to the distance separating them. In the case of the
Bjorken flow, this fluid expansion is governed by a relative
velocity between fluid elements of magnitude z/t .5

5 We can demonstrate this by considering an observer O′ moving with
velocity V relative to the initial frame. The velocity of a fluid element in
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Since (i) the fluid velocity z/t is invariant under longitudi-
nal boosts in the z-direction; and (ii) boosts in the z-direction
amount to shifts in the rapidity ξ = arctanh(z/t), one con-
cludes that the fluid’s properties cannot depend on ξ . Further-
more, due to time dilation, the evolution of the system is best
described by the proper time τ ≡ √

t2 − z2 as the “internal
clock” for all fluid elements. Consequently, in the case of the
Bjorken flow symmetry, it is more natural to adopt the Milne
coordinates (τ, x, y, ξ), where we eliminate the dependence
on the z-coordinate in the dynamical description of the sys-
tem, whose evolution in these coordinates depends only on
the proper time τ . In Milne coordinates, the Minkowski met-
ric takes the form,

ds2
Mink4

= ημνdx
μdxν = −dτ2 + dx2 + dy2 + τ2dξ2. (17)

As an effective theory, relativistic hydrodynamics is
built upon conservation laws, constitutive relations, and
low energy expansions [6,69]. Since both the 1RCBH and
2RCBH holographic models represent, in the dual QFT, con-
formal fluids with finite U (1) R-charge density, we will now
consider the relativistic hydrodynamic description originated
from the local conservation of energy–momentum and R-
charge density,

∇μTμν = 0, and ∇μ J
μ = 0, (18)

where Tμν is the energy–momentum tensor, Jμ represent
the conserved R-charge current, and ∇μ denotes the geomet-
ric covariant derivative. As the Bjorken expanding system
is longitudinally boost-invariant, and homogeneous in the
transverse plane, physical observables in such a setup, when
written in terms of the Milne coordinates, depend only on the
proper time τ .

The Bjorken symmetry significantly simplifies the equa-
tions of motion of the system. By evaluating the covariant
derivatives using the nonzero Christoffel symbols of the met-
ric (17), �τ

ξξ = τ and �
ξ
τξ = 1/τ , the conservation laws in

Eq. (18) reduce to the following set of coupled differential
equations,

∇μT
μτ = ∂μT

μτ + �
μ
μλT

λτ + �τ
μλT

μλ

= ∂τT
ττ + 1

τ
T ττ + τT ξξ = 0, (19a)

Footnote 5 continued
this new frame, v′

z , is given by the relativistic velocity-addition formula.
As shown below, this formula is naturally satisfied if we define velocity
as position over time in the new frame using the Lorentz-transformed
coordinates (z′ = γ (z − V t) and t ′ = γ (t − V z)),

v′
z = vz − Vz

1 − vzVz
= z/t − Vz

1 − zVz/t
= γ (z − V t)

γ (t − zVz)
= z′

t ′
. (16)

This confirms that an observer in any boosted frame finds the same
simple rule governing the expansion: a fluid element’s velocity is its
position divided by time in that observer’s own reference frame (v′

z =
z′/t ′). This boost-invariance is the defining characteristic of Bjorken
flow, implying that no single inertial frame is preferred in its description.

∇μ J
μ = ∂μ J

μ + �
μ
μλ J

λ = ∂τ J
τ + 1

τ
J τ = 0. (19b)

To proceed, we must specify the constitutive relations for
Tμν and Jμ. For the charge current at leading order, one
considers the ideal fluid description, where Jμ = ρcuμ, with
ρc(τ ) being the local charge density and uμ denoting the
local fluid’s four-velocity. In its local rest frame, where uμ ≡
(1, 0, 0, 0), the fluid charge current is thus written as Jμ =
(ρc(τ ), 0, 0, 0). Substituting this into Eq. (19b) immediately
yields the evolution of the charge density,

∂τρc + ρc

τ
= 0 
⇒ ρc(τ ) = ρ0

τ
, (20)

where ρ0 is an integration constant which must be chosen
as part of the set of initial conditions of the Bjorken flow
dynamics of the fluid.

For the energy–momentum tensor, we consider first order
relativistic viscous hydrodynamics, where we have the rela-
tivistic Navier–Stokes constitutive relation,

Tμν = (ε + p)uμuν + pgμν + πμν + ΔμνΠ, (21)

with ε and p being the local equilibrium density and pressure
for the fluid in its local rest frame. Moreover, πμν = −2ησμν

is the shear stress tensor written in terms of the fluid’s shear
viscosity η and the shear tensor σμν ,

σμν = 1

2
ΔμαΔνβ

(∇αuβ + ∇βuα

) − 1

3
Δμν∇αu

α, (22)

whereas Π = −ζΔλσ ∇σuλ is the bulk viscous pressure
written in terms of the fluid’s bulk viscosity ζ . Here Δμν =
gμν + uμuν is a space-like projection operator.

We note that since,

uβuβ = −1 ⇒ ∇α(uβuβ) = 0 ⇒ uβ∇αuβ = 0, (23)

it follows that,

Δαβ∇αuβ = ∇αu
α + uαuβ∇αuβ = ∇αu

α. (24)

Therefore, the trace of the shear tensor vanishes,

σμ
μ = gμνσ

μν = 1

2
ΔμαΔμ

β

︸ ︷︷ ︸
=Δαβ

(∇αuβ + ∇βuα)

− 1

3
gμνΔ

μν

︸ ︷︷ ︸
=δ

μ
μ+uμuμ=4−1

Δαβ∇αuβ

= Δαβ∇αuβ − Δαβ∇αuβ

= 0, (25)

where in passing from the 1st to the 2nd line of the above
equation, we used the fact that, since the projector Δαβ is

123



 1012 Page 8 of 30 Eur. Phys. J. C          (2026) 86:1012 

a symmetric tensor, we may write, Δαβ(∇αuβ + ∇βuα) =
Δαβ∇αuβ +Δαβ∇βuα = (Δαβ +Δβα)∇αuβ = 2Δαβ∇αuβ .

The components of the energy–momentum tensor for the
Bjorken flow are identified with the longitudinal pressure
pL along the expansion axis of the fluid, and the transverse
pressure pT . Considering the specific expressions for the case
of the Bjorken flow expansion, where ∇αuα = 1/τ , σ xx =
σ yy = −1/(3τ), and σ ξξ = 2/τ 3, one can calculate the
pressures through the spatial components of Tμν ,

pT (τ ) ≡ T x
x = ηxx T

xx = T xx = p(τ ) + 2η

3τ
+ Π(τ),

(26)

pL(τ ) ≡ T ξ
ξ = ηξξT

ξξ = τ 2T ξξ = p(τ ) − 4η

3τ
+ Π(τ),

(27)

whereΠ(τ) = −ζ/τ . By plugging into Eq. (19a) the energy–
momentum components T ττ = ε−ησ ττ and T ξξ = pL/τ 2,
which were calculated from Eq. (21), we obtain,

∂τ ε(τ ) + ε(τ ) + pL(τ )

τ
= 0, (28)

whereσ ττ was set to zero since, by definition, the shear tensor
is orthogonal to the fluid’s four-velocity, i.e., uνσ

μν = 0.
Since both the 1RCBH and 2RCBH models are conformal

field theories, the trace of the energy–momentum tensor must
vanish, Tμ

μ ≡ 0. From Eqs. (17), (21), (26), and (27), one
gets,

Tμ
μ = ημνT

μν = −ε + 3p + 3Π = −ε + pL + 2pT . (29)

Conformal symmetry also fixes the thermodynamic equation
of state to satisfy p = ε/3. Imposing the traceless condition
on the expression above therefore requires that the bulk vis-
cous pressure Π , and consequently the bulk viscosity ζ , must
vanish for conformal fluids as the 1RCBH and 2RCBH mod-
els.

Using Eq. (28) together with the traceless condition (29),
one can rewrite the longitudinal and transverse pressures
solely in terms of the fluid’s energy density,

pL(τ ) = −ε(τ ) − τ∂τ ε(τ ), (30a)

pT (τ ) = ε(τ ) + τ

2
∂τ ε(τ ). (30b)

Finally, the pressure anisotropy is defined as the difference
between the transverse and longitudinal pressures, Δp ≡
pT − pL . Thus, from Eq. (30), one obtains the following
dimensionless ratio,

Δp

ε
≡ pT − pL

ε
= 2 + 3

2
τ

∂τ ε

ε
. (31)

Returning to the discussion of the hydrodynamic equation
for the energy density ε(τ ), by substituting Eq. (27) (with

ζ = 0) into Eq. (28), we get,

∂τ ε + 4

3

ε

τ
= 4η

3τ 2 . (32)

Since both the 1RCBH and 2RCBH plasmas are holograph-
ically described in the bulk by effective gravitational actions
with at most two derivatives of the metric, and since at asymp-
totically late times the medium equilibrates into homoge-
neous and isotropic states, the famous Kovtun–Son–Starinets
(KSS) result [70] for the shear viscosity over entropy den-
sity ratio guarantees that for both holographic fluids, η/s =
1/4π ⇒ 4η = s/π . Moreover, using the thermodynamic
relation s = ε/T + p/T − μρc/T together with the con-
formally symmetric equation of state ε = 3p, we rewrite
Eq. (32) as,

∂τ ε + 4

3

ε

τ
= 1

3πτ 2

(
4

3

ε

T
− μρc

T

)

. (33)

Solutions to Eq. (33) can be found by first assuming that
x ≡ μ/T is kept fixed (as is the case for the late time equilib-
rium behavior), and second by considering the 1RCBH and
2RCBH thermodynamic expressions for the R-charge den-
sity ρc and temperature T obtained from Eqs. (14) and (15)
(with the conformal result ε = 3p),

ρc = κ−2
5 h(μ/T )T 3, and T = κ

1/2
5 f (μ/T )−1/4ε1/4,

(34)

where,

1RCBH model:

f (x) = 3π4

32

⎡

⎣3 −
√

1 −
(

x

π/
√

2

)2
⎤

⎦

3

×
⎡

⎣1 +
√

1 −
(

x

π/
√

2

)2
⎤

⎦ , (35a)

h(x) = π2

4
x

⎛

⎝3 −
√

1 −
(

x

π/
√

2

)2
⎞

⎠

2

, (35b)

2RCBH model:

f (x) = 3π4

2

(

1 + x2

2π2

)2

, (35c)

h(x) = π2x

(

1 + x2

2π2

)

. (35d)

In terms of the above expressions, we rewrite (33) as follows,

∂τ ε(τ ) + 4

3τ
ε(τ ) = A(x)

τ 2 ε3/4(τ ), (36)
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where

A(x) = 1

9πκ
1/2
5

4 f (x) − 3xh(x)

f (x)3/4 . (37)

The general and exact solution to Eq. (36), which is a
Bernoulli differential equation, is given by,

ε(τ ) = c0

τ 4/3

(

1 − 3A(x)

8c1/4
0 τ 2/3

)4

= 81A(x)4

4096τ 4 − 27A(x)3c1/4
0

128τ 10/3 + 27A(x)2c2/4
0

32τ 8/3

− 3A(x)c3/4
0

2τ 2 + c0

τ 4/3 , (38)

where c0 is an integration constant. In the long time regime,
we may truncate (38) as follows,

ε(τ ) = c0

τ 4/3 + 1

6πκ
1/2
5

c3/4
0

τ 2

3xh(x) − 4 f (x)

f (x)3/4 + O(τ−8/3). (39)

Finally, by fixing the value of the constant c0 in such a
way that the dominant term in the long time regime of (39)
matches the correspondingN = 4 SYM result for the energy
density of the plasma in the limit of zero charge density,
x ≡ μ/T → 0, one gets, c0 = 3π3Λ8/3/2κ2

5 , so that [21],

ε̂(τ ) ≡ κ2
5 ε(τ ) = 3π4Λ8/3

2

1

τ 4/3

+ π2Λ2

27/431/4

3xh(x) − 4 f (x)

f (x)3/4

1

τ 2 + O(τ−8/3), (40)

where Λ is an energy scale related to the initial energy density
of the plasma [9,71].6 For any quantity X , we define here the
notation X̂ ≡ κ2

5 X = 4π2X/N 2
c .

3.2 Ansatze for the bulk fields and the main algorithm

In terms of five-dimensional generalized infalling Eddington–
Finkelstein coordinates, the ansatze for the bulk EMD fields
compatible with the Bjorken symmetry can be written as
[9,21,28],

ds2 = 2dτ [dr − A(τ, r)dτ ] + Σ(τ, r)2

×
[
e−2B(τ,r)dξ2 + eB(τ,r)(dx2 + dy2)

]
, (41a)

Aμdx
μ = Φ(τ, r)dτ, (41b)

φ = φ(τ, r), (41c)

6 Notice that the dominant term for the Bjorken flow, Navier–Stokes
hydrodynamic energy density (40) in the τ → ∞ limit is: ε(τ →
∞) → 3π4Λ8/3/2κ2

5 τ 4/3 = 3π2N 2
c Λ8/3/8τ 4/3 = 3π2N 2

c T
4/8,

which does coincide with the equilibrium SYM result [72,73]; we used
in this manipulation the fact that at leading order in the Bjorken flow,
T (τ ) = Λ2/3/τ 1/3 [9,71].

with r being the radial coordinate of the asymptotically AdS5

spacetime, whose boundary is at r → ∞, where τ becomes
the usual proper time of the four-dimensional Bjorken flow
for the boundary plasma.

By plugging (41) into (2), one obtains the following set of
coupled partial differential equations (PDEs) in terms of five
background functions to be determined, {A(τ, r),Σ(τ, r),
B(τ, r), φ(τ, r), E(τ, r) ≡ −∂rΦ(τ, r)}. These equations of
motion are determined by five dynamical equations [21,28],

3Σ ′

Σ
+ ∂φ f

f
φ′ + E ′

E = 0, (42a)

4Σ(d+φ)′ + 6φ′d+Σ + 6Σ ′d+φ

+ ΣE2∂φ f − 2Σ∂φV = 0, (42b)

(d+Σ)′ + 2Σ ′

Σ
d+Σ + Σ

12

(
2V + f E2

)
= 0, (42c)

Σ (d+B)′ + 3

2
(B ′d+Σ + Σ ′d+B) = 0, (42d)

A′′ + 1

12

(
18B ′d+B − 72Σ ′d+Σ

Σ2

+ 6φ′d+φ − 7 f E2 − 2V
)

= 0, (42e)

and three constraint equations [21,28],

∂vE + AE ′ +
(

3
d+Σ

Σ
+ ∂φ f

f
d+φ

)

E = 0, (43a)

Σ ′′ + Σ

6

(
3
(
B ′)2 + (

φ′)2
)

= 0, (43b)

d+(d+Σ) + Σ

2
(d+B)2 − A′d+Σ + Σ

6
(d+φ)2 = 0, (43c)

where the notation X ′ ≡ ∂r X represent a directional deriva-
tive along infalling radial null geodesics, and d+X ≡ [∂τ +
A(τ, r)∂r ]X is the directional derivative along outgoing
radial null geodesics.

The full set of Eqs. (42) and (43b) constitute a nested set of
equations of motion which can be systematically integrated
using numerical techniques, while the constraint Eqs. (43a)
and (43c) can be used to monitor the accuracy of the numeri-
cal solutions so obtained. Before solving these PDEs, we first
need to determine the boundary conditions required for the
solutions to correctly describe the dual QFT dynamics at the
boundary. This can be done by finding the near-boundary
ultraviolet (UV) expansions of the bulk fields which are
consistent with the boundary conditions associated with the
Bjorken flow.

Since both the 1RCBH and 2RCBH background geome-
tries are asymptotically AdS5, in the generalized infalling
Eddington–Finkelstein coordinates, the bulk metric must
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recover the following form close to the boundary,

lim
r→∞ ds2 = ds2

AdS5
= 2dτdr + r2ds2

Mink4
, (44)

where r2 is the global AdS5 conformal factor. Therefore, by
comparing the near-boundary form (44) of Eq. (41) with the
Minkowski metric (17), one obtains the following boundary
conditions for the metric coefficients,

A(τ, r → ∞) ∼ r2

2
, (45a)

B(τ, r → ∞) ∼ −2

3
ln(τ ), (45b)

Σ(τ, r → ∞) ∼ τ 1/3r. (45c)

According to the holographic dictionary, the mass m of a
scalar field in an asymptotically AdS5 spacetime is related
to the conformal dimension Δ of its dual QFT operator at
the boundary by the formula, m2L2 = Δ(Δ − 4). Since the
expansion of the Dilaton potential from Eqs. (3a) and (4a) in
powers of φ, V (φ) = − 12/L2 − 2φ2/L2 + . . . , reveals a
tachyonic mass squared m2 = − 4/L2, the resulting confor-
mal dimension for both the 2RCBH and 1RCBH models can
be identified as Δ = 2. Therefore, it follows that the leading
contribution for the dilaton field near the boundary is given
by,

φ(τ, r → ∞) ∼ φ4−Δφ (τ)

r4−Δφ
= φ2(τ )

r2 . (46)

Finally, the nontrivial component of the Maxwell field is con-
nected to the R-charge chemical potential of the quantum
fluid at the boundary by the relation,

Φ(τ → ∞, r → ∞) = μ, (47)

where the τ → ∞ limit is also considered in the above identi-
fication of the equilibrium chemical potential μ of the bound-
ary QFT, since only at asymptotic times the system relaxes to
equilibrium. More precisely, in the case of the Bjorken flow,
as it was clear, e.g., from the hydrodynamic expressions (20)
and (40), which must be attained at late times in the dynam-
ical evolution of the system, both the charge density and the
energy density of the medium vanish in the infinite time limit.
What we call here as “equilibrium” corresponds to the long
time regime of the system where equilibrium thermodynamic
relations like those in Eqs. (34)–(35b) become valid (within
some small numerical tolerance). At early times, when the
system is far-from-equilibrium, not even hydrodynamic rela-
tions are valid. Characteristic time scales when hydrodynam-
ics becomes a good approximation to the dynamics of the
system are called hydrodynamization times, which are gen-
erally different for different physical observables [26,74].

Considering Eqs. (45), (46) and (47) as the leading order
terms for near-boundary UV expansions of the bulk fields,
one can construct the following series expansion in inverse
powers of the holographic radial coordinate r [21,55,57],

A(τ, r) = 1

2
[r + λ(τ)]2 − ∂τλ(τ) +

∞∑

n=1

an(τ )

rn
, (48a)

B(τ, r) = −2

3
ln(τ ) +

∞∑

n=1

bn(τ )

rn
, (48b)

Σ(τ, r) = τ 1/3[r + λ(τ)] +
∞∑

n=0

sn(τ )

rn
, (48c)

φ(τ, r) =
∞∑

n=2

φn(τ )

rn
, (48d)

Φ(τ, r) = Φ0(τ ) +
∞∑

n=2

Φn(τ )

rn
, (48e)

where λ(τ) is an arbitrary function of the proper time, and
by which the radial coordinate r can be additively shifted
without changing the metric (41), which corresponds to a
residual diffeomorphism invariance of the bulk theory [9,75].

By substituting the above UV expansions into the EMD
field equations, one obtains a set of algebraic equations
that can be solved order by order near the boundary. By
closely following the developments in Refs. [21,28], and
working with expansions up to order n = 8, one iden-
tifies four undetermined ultraviolet coefficients, namely
{a2(τ ), φ2(τ ),Φ0(τ ),Φ2(τ )}. The values of {a2(τ ), φ2(τ )}
at the initial time slice τ0 constitute part of the initial data
which must be chosen in the holographic Bjorken flow, as
we are going to discuss in more detail in Sect. 4.4. The
remaining two coefficients are fixed by physical constraints:
Eqs. (47) and (48e) lead one to identify Φ0(τ ) as the R-
charge chemical potential μ, while Φ2(τ ) = −ρ0/τ sets
the initial charge density via the choice of the parameter ρ0

(which is part of the initial data of the holographic Bjorken
flow). The latter relation can be deduced from the UV expan-
sion of the bulk fields at order n = 6, where one finds
that Φ2(τ ) = c/τ , with c being a constant determined by
comparing the expression obtained in Eq. (20) for the R-
charge density, ρ̂c(τ ) ≡ 〈 Ĵ τ 〉 = ρ0/τ , with the following
formula fixed by the holographic renormalization procedure
[55], 〈J τ 〉 = −Φ2(τ )/κ2

5 ; these imply the aforementioned
identification, Φ2(τ ) = c/τ = −〈 Ĵ τ 〉 = −ρ0/τ .

By integrating the Maxwell equation (42a) using the
Maxwell-dilaton coupling functions from Eqs. (3b) and (4b),
one obtains E = −Φ ′ = Σ−3 ec̄ eCφ , where C = 2

√
2/3 for

the 1RCBH model and C = −√
2/3 for the 2RCBH model.

The integration constant c̄ is then determined by matching
the solution’s asymptotic behavior at the boundary r → ∞.
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Comparing the near-boundary expansion, E(τ, r → ∞) ∼
−∂r (Φ0 + Φ2r−2) = 2Φ2r−3, with the right-hand side’s
expansion, ec̄ Σ(τ, r → ∞)−3 eC φ(τ,r→∞) ∼ ec̄ τ−1r−3,
yields ec̄ = 2Φ2(τ )τ = −2ρ0, therefore,

1RCBH model:

E(τ, r) = −2ρ0 Σ(τ, r)−3 e2
√

2/3 φ(τ,r), (49a)

2RCBH model:

E(τ, r) = −2ρ0 Σ(τ, r)−3 e−√
2/3 φ(τ,r). (49b)

We see that the bulk ‘radial electric field’ E = −Φ ′ is deter-
mined once the metric coefficient Σ and the dilaton field φ

are known.
To numerically handle the holographic Bjorken flow of

the 2RCBH and 1RCBH models, we employ here the so-
called characteristic formulation of numerical general rela-
tivity [76,77], as adequately adapted by Chesler and Yaffe to
asymptotically AdS spacetimes in [9,75,78]. In the charac-
teristic formulation, the bulk spacetime manifold is foliated
in null hypersurfaces of constant τ , which in the generalized
EF coordinates of (41) correspond to the paths of infalling
radial null geodesics. In such a framework, one has: (i) a
nested set of coupled PDEs which can be solved sequen-
tially, (ii) dynamical equations which are first order in time
derivatives.

Finally, we outline below the general steps followed in
this work to solve the nested set of 1 + 1 PDEs describing
the Bjorken flow dynamics of both the 2RCBH and 1RCBH
models. The numerical algorithm proceeds iteratively as fol-
lows [28]:

i. Setting the initial conditions: At the initial time slice τ0,
we choose the initial profiles for the metric anisotropy
B(τ0, r) and the dilaton field φ(τ0, r), besides the initial
values for the charge density ρ0 and the dynamical UV
coefficient a2(τ0)

7;
ii. Solving the constraints: The Hamiltonian constraint,

Eq. (43b), is radially solved to find Σ(τ0, r). This, in
turn, determines E(τ0, r) via Eq. (49);

iii. Calculating the time derivatives:Next, we radially solve
in sequence the dynamical equations (42c), (42d), (42b),
and (42e), which determine, respectively, the directional
derivatives d+Σ(τ0, r), d+B(τ0, r), and d+φ(τ0, r), as
well as the metric function A(τ0, r). Using the defini-
tion of the directional derivative along radial outgoing
radial null geodesics, d+ ≡ ∂τ + A(τ, r)∂r , we then
compute the time derivatives ∂τ B(τ0, r) and ∂τφ(τ0, r).

7 As detailed in Sect. 3.4, the initial radial shift function λ(τ0) must also
be specified. Its subsequent time evolution is determined by requiring
the apparent horizon to remain at a fixed radial coordinate [75].

The derivative ∂τa2(τ0) is also determined at this stage,
as we shall discuss in Sect. 3.4;

iv. Evolving in time: The complete set of initial data and
their time derivatives allows us to evolve the system from
τ0 to the next time slice, τ0 + Δτ . For this work, the
radial integrations are performed using a pseudospectral
method [79], while time integration is carried out with
the fourth-order Adams-Bashforth method;

v. Iterating: The procedure between steps ii–iv is repeated
at each subsequent time slice, iteratively evolving the
system until a desired final time τend is reached.

3.3 Subtracted bulk fields and boundary conditions

By substituting the near-boundary expansions (48) into the
equations of motion (42), and then algebraically solving for
all possible UV coefficients in terms of the others, the UV
asymptotic behavior of the EMD fields reads as follows [28],

A(τ, r) = r2

2
+ λr + λ2 − 2∂τ λ

2
+ a2

r2

+ −4λa2 + ∂τ a2

2

1

r3 + O(
r−4) , (50a)

Σ(τ, r) = τ 1/3r + 1 + 3τλ

3τ 2/3 − 1

9τ 5/3r
+ 5 + 9τλ

81τ 8/3r2

− 20 + 60τλ + 54τ 2λ2 + 27τ 4φ2
2

486τ 11/3r3 + O(
r−4) , (50b)

B(τ, r) = − 2

3
ln(τ ) − 2

3τr
+ 1 + 2τλ

3τ 2r2 − 2 + 6τλ + 6τ 2λ2

9τ 3r3

+ 1

36τ 4r4

[
6 + 24τλ + 36τ 2λ2 − 2τ 4φ2

2 + 24τ 3λ3

− 36τ 4a2 − 27τ 5∂τ a2 − 3τ 5φ2∂τ φ2

]

− 1

180τ 5r5

{
24 + 120τ 2λ2(2 + 2τλ + τ 2λ2) − 48τ 4a2

+ 315τ 5∂τ a2 + 35τ 5φ2∂τ φ2 + 15τ 6(∂τ φ2)
2

− 20τλ
(

− 6 + 36τ 4a2 + 2τ 4φ2
2 + 27τ 5∂τ a2

+ 3τ 5φ2∂τ φ2

)
+ 135τ 6∂2

τ a2 + 15τ 6φ2∂
2
τ φ2

}

+ O(
r−6) , (50c)

φ(τ, r) = φ2

r2 + −2λφ2 + ∂τ φ2

r3 + 1

12τr4

[
36τλ2φ2

+ √
6τφ2

2 + (3 − 36τλ)∂τ φ2 + 9τ∂2
τ φ2

]
+ O

(
r−5

)
, (50d)

[d+B](τ, r) = − 1

3τ
+ 1

3τ 2r
− 1 + τλ

3τ 3r2 + 1

18τ 4r3

[
6 + 12τλ

+ 6τ 2λ2 + 36τ 4a2 + 2τ 4φ2
2 + 27τ 5∂τ a2

+ 3τ 5φ2∂τ φ2

]
+ O(

r−4) , (50e)

[d+Σ](τ, r) = τ 1/3r2

2
+ (1 + 3τλ)r

3τ 2/3 + −1 + 2τλ + 3τ 2λ2

6τ 5/3

+ 10

81τ 8/3r
+ −100 − 120τλ + 972τ 4a2 + 81τ 4φ2

2

972τ 11/3r2

+ O(
r−3) , (50f)

[d+φ](τ, r) = −φ2

r
+ O(

r−2) , (50g)

where the above expansions are identical for both the 1RCBH
and 2RCBH models up to the indicated orders, which pro-
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vide all the necessary UV contributions for the calculations
performed in this work.

To simplify the numerical integration of the equations of
motion, we adopt a compact radial coordinate u ≡ 1/r ,
in terms of which the asymptotically AdS boundary is at
u = 0. Furthermore, the bulk fields, denoted here generically
by X (τ, u), are conveniently rescaled and subtracted such
that the redefined fields, Xs(τ, u), converge at the boundary
to finite radial constants, allowing for a simpler extraction
of the relevant UV coefficients. Specifically, the subtracted
bulk fields are defined through the relation u pXs(τ, u) ≡
X (τ, u) − XUV(τ, u), where p is an integer, and XUV(τ, u)

is the UV expansion from (50), truncated at a given order.
Following the above considerations, the subtracted fields

are specified here as follows [28],

u2As(τ, u) ≡ A(τ, u) − 1

2u2 − λ

u
− λ2

2
+ ∂τ λ, (51a)

u3Σs(τ, u) ≡ Σ(τ, u) − τ 1/3

u
− 1 + 3τλ

3τ 2/3

+ u

9τ 5/3
− (5 + 9τλ)u2

81τ 8/3 , (51b)

u4Bs(τ, u) ≡ B(τ, u) + 2 ln(τ )

3
+ 2u

3τ

− (1 + 2τλ)u2

3τ 2 + (2 + 6τλ + 6τ 2λ2)u3

9τ 3 , (51c)

u2φs(τ, u) ≡ φ(τ, u), (51d)

u3[d+B]s(τ, u) ≡ [d+B](τ, u) + 1

3τ

− u

3τ 2 + (1 + τλ)u2

3τ 3 , (51e)

u2[d+Σ]s(τ, u) ≡ [d+Σ](τ, u) − τ 1/3

2u2 − 1 + 3τλ

3τ 2/3u

− −1 + 2τλ + 3τ 2λ2

6τ 5/3
− 10u

81τ 8/3 , (51f)

u[d+φ]s(τ, u) ≡ [d+φ](τ, u), (51g)

Es(τ, u) = E(τ, u), (51h)

whereas the corresponding boundary values can be expressed
by the following radial constants [21,28],

As (τ, u = 0) = a2, (52a)

Σs(τ, u = 0) = − 20 + 60τλ + 54τ 2λ2 + 27τ 4φ2
2

486τ 11/3 , (52b)

Bs(τ, u = 0) = 1

36τ 4

[
6 + 24τλ + 36τ 2λ2 + 24τ 3λ3

− 36τ 4a2 − 2τ 4φ2
2 − 27τ 5∂τ a2 − 3τ 5φ2∂τ φ2

]
, (52c)

φs (τ, u = 0) = φ2, (52d)

[d+B]s (τ, u = 0) = 1

18τ 4

[
6 + 12τλ + 6τ 2λ2 + 36τ 4a2

+ 2τ 4φ2
2 + 27τ 5∂τ a2 + 3τ 5φ2∂τ φ2

]
, (52e)

[d+Σ]s(τ, u = 0) = −100 − 120τλ + 972τ 4a2 + 81τ 4φ2
2

972τ 11/3 ,

(52f)
[d+φ]s(τ, u = 0) = −φ2. (52g)

By rewriting the original bulk fields in terms of the sub-
tracted ones using Eq. (51), and then substituting back into
the original equations of motion (42) and constraints (43),
one gets a nested set of 1 + 1 PDEs for the subtracted fields
written as functions of (τ, u). Numerical solutions for theses
equations are obtained here by discretizing the radial and time
directions, and employing the pseudospectral [79] and fourth
order Adams-Bashforth methods to integrate the equations in
the radial and time directions, respectively. For the interested
reader, we recommend Refs. [26,55] for more details about
the general algorithm.

3.4 Numerical time evolution

Here we discuss the data required to implement the algo-
rithm specified at the end of Sect. 3.2. The complete set
of initial conditions to be specified at the initial time slice
τ0 is {Bs(τ0, u), φs(τ0, u), a2(τ0), ρ0; λ(τ0)}. As aforemen-
tioned, λ(τ) is a function related to the residual diffeo-
morphism invariance of the metric (41), whose details are
going to be discussed in Sect. 4.2.2. We set here λ(τ0) = 0
and require its time derivative, ∂τ λ(τ), to satisfy Eq. (78).
To evolve the system to subsequent time slices, we also
need explicit expressions for the set of time derivatives
{∂τ Bs(τ, u), ∂τ φs(τ, u), ∂τa2(τ )}. The choice of the initial
data set {Bs(τ0, u), φs(τ0, u), a2(τ0), ρ0}, determining spe-
cific initial states of the holographic system, will be detailed
in Sect. 4. Our task in the present section is to derive the
aforementioned evolution equations.

To derive expressions for ∂τ Bs and ∂τφs , one can simply
rewrite expressions for d+B = ∂τ B + A∂r B and d+φ =
∂τφ + A∂rφ in terms of the subtracted fields and the radial
coordinate u ≡ 1/r . After lengthy algebraic manipulations,
one attains the following expressions [28],

∂τ Bs(τ, u) = [d+B]s
u

− 2

3τ 4u
− 2As

3τ
+ 2uAs

3τ 2 − 2u2As

3τ 3

+ 4u3As Bs + 2Bs

u
+ B ′

s

2
+ u4As B

′
s

+
(

4Bs − 2

uτ 3 + 4uAs

3τ
− 2u2As

τ 2 + uB ′
s

)

λ

+
(

− 1

3τ 3 − 7

3τ 2u
+2uBs− 2u2As

τ
+ u2B ′

s

2

)

λ2

−
(

1

τ 2 + 4

3τu

)

λ3 − λ4

τ

+
( 2

3τ 3 − 4uBs − u2B ′
s + 2λ

τ 2 + 2λ2

τ

)
∂τ λ, (53)

∂τ φs(τ, u) = [d+φ]s
u

+ φ′
s

2
+ u4Asφ

′
s + φs

u
+ 2u3Asφs
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+ (
uφ′

s + 2φs
)
λ +

(
u2φ′

s

2
+ uφs

)

λ2

−
(

2uφs + u2φ′
s

)
∂τ λ. (54)

Here, the radial derivatives X ′
s(τ, u) ≡ ∂u Xs(τ, u) are com-

puted at each time slice by employing the pseudospectral dif-
ferentiation matrix [79] to the vector solution Xs(τ, u). The
N components of this vector are associated with the solution
values at the N collocation points of the Chebyshev–Gauss–
Lobatto radial grid [26,55].

The expression for ∂τφ2(τ ) is obtained from Eqs. (50d)
and (51d) [28],

φs(τ, u) ≡ 1

u2 φ(τ, r = 1/u) = φ2(τ ) + u
(
∂τφ2(τ )

− 2λ(τ)φ2(τ )
)

+ O(u4)


⇒ φ′
s(τ, u = 0) ≡ ∂uφs(τ, u)

∣
∣
∣
u=0

= −2λ(τ)φ2(τ ) + ∂τφ2(τ )


⇒ ∂τφ2(τ ) = φ′
s(τ, u = 0) + 2λ(τ)φ2(τ ). (55)

By substituting Eq. (55) into Eq. (52c) and then solving for
∂τa2(τ ), one obtains,

∂τa2(τ ) = 2

9τ 5
− 4Bs(τ, u = 0)

3τ
+ 8λ(τ)

9τ 4 + 4λ(τ)2

3τ 3

+ 8λ(τ)3

9τ 2 − 4a2(τ )

3τ
− 2φ2(τ )2

27τ
− 1

9
φ2(τ )∂τ φ2(τ ). (56)

The radial integration algorithms used in [21,25,26,28,
55,80,81] require the boundary values of the bulk fields to be
calculated separately from the other bulk points. We imple-
ment this by using Eqs. (52a)–(52g) together with the follow-
ing results derived from the near-boundary expansions given
in Eqs. (50a)–(50g) [28],

∂τ Bs(τ, u = 0) = − 2

3τ 5
− 2λ

τ 4 − 2λ2

τ 3 − 2λ3

3τ 2 + 2∂τλ

3τ 3

+ 2λ∂τλ

τ 2 + 2λ2∂τλ

τ
− 7∂τa2

4
− 7φ2∂τφ2

36

− τ(∂τφ2)
2

12
− 3τ∂2

τ a2

4
− τφ2∂

2
τ φ2

12
, (57)

∂τφs(τ, u = 0) = ∂τφ2, (58)

where the following second order derivatives are derived,
respectively, from Eqs. (50c) and (50d) [28],

∂2
τ a2(τ ) = −4B ′

s(τ, u = 0)

3τ
− 8

45τ 6 − 8λ

9τ 5
− 16λ2

9τ 4 − 16λ3

9τ 3

− 8λ4

9τ 2 + 16a2

45τ 2 + 16λa2

3τ
+ 8λφ2

2

27τ
− 7∂τa2

3τ
+ 4λ∂τa2

− 7φ2∂τ φ2

27τ
+ 4λφ2∂τ φ2

9
− (∂τ φ2)

2

9
− φ2∂

2
τ φ2

9
, (59)

∂2
τ φ2(τ ) = 2φ′′

s (τ, u = 0)

3
− 4λ2φ2 −

√
2

27
φ2

2

− ∂τ φ2

3τ
+ 4λ∂τ φ2. (60)

4 Boundary physical observables and initial conditions

Relevant information about the hydrodynamization proper-
ties of the 1RCBH and 2RCBH plasmas is encoded in the
renormalized one-point functions of the dual QFT opera-
tors corresponding to the expectation values of the energy–
momentum tensor 〈Tμν〉 (dual to the bulk metric field gμν),
the U (1) vector current 〈Jμ〉 (dual to the bulk Maxwell
field Aμ), and the scalar condensate 〈Oφ〉 (dual to the bulk
scalar field φ). These expectation values can be related to
the bulk gravity ultraviolet coefficients {a2(τ ),Φ2(τ ) =
−ρ0/τ, φ2(τ )} and their time derivative via holographic
renormalization. Typically, the renormalization program for
the 1-point functions is carried out using the Fefferman-
Graham (FG) coordinates [55,57], where the bulk spacetime
metric takes the form,

ds2
FG = dρ2

4ρ2 + γμν(ρ, x) dxμdxν . (61)

In this description, ρ is the FG radial coordinate, which places
the spacetime boundary at ρ = 0. The Greek indices in
Eq. (61) run over the coordinates of the dual QFT. The term
γμν represents the induced metric on a constant ρ hyper-
surface, and it relates to the bulk metric via γμν(ρ, x) =
gμν(x)/ρ.

In terms of the FG coordinates, the EMD field expan-
sions near the boundary take the following form (where the
coefficients of the logarithmic terms below vanish for the
conformal 2RCBH and 1RCBH plasmas) [55,57],

γμν(ρ, x) = 1

ρ
γ(0)μν(x) + γ(2)μν(x) + γ(2,1)μν(x) ln ρ

+ ρ
[
γ(4)μν(x) + γ(4,1)μν ln ρ + γ(4,2)μν ln2 ρ

]

+ O(ρ2), (62a)

Aμ(ρ, x) = A(0)μ(x) + ρ
[
A(2)μ(x) + A(2,1)μ(x) ln ρ

]

+ O(ρ2), (62b)

φ(ρ, x) = ρ
[
φ(0)(x) + φ(0,1)(x) ln ρ

] + O(ρ2). (62c)

As discussed in detail in Appendix A of [55], for
the 1RCBH model, and also for the 2RCBH model, the
aforementioned renormalized one-point functions can be
expressed in terms of the UV coefficients of the FG near-
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boundary expansions (62) as follows,

〈Tμν〉 = 1

κ2
5

(

2γ(4)μν + γ(0)μν

φ2
(0)

6

)

, (63a)

〈Jμ〉 = 1

κ2
5

A(2)μ, (63b)

〈Oφ〉 = − 1

κ2
5

φ(0). (63c)

To relate the FG UV coefficients from Eq. (63) to their coun-
terparts in EF coordinates, it is necessary to establish the
coordinate transformation between the two charts, which we
discuss in the following subsection.

4.1 Equilibrium one-point functions

In this section we calculate the equilibrium values of the one-
point functions 〈Tμν〉eq, 〈Jμ〉eq and 〈Oφ〉eq, as expressed by
Eq. (63). Since the expressions for the equilibrium solutions
were written in Sect. 2 in the modified EF coordinate, r̃ , and
the holographic renormalization formulas are expressed in
the FG coordinate, ρ, we begin by rewriting the equilibrium
line element given by Eq. (2) in diagonal form,

ds2 = e2a(r̃)
[
−h(r̃)dt2 + dx2

]
+ e2b(r̃)

h(r̃)
dr̃2. (64)

Then, by imposing that the radial part of both line ele-
ments (64) and (61) are equal, such that, (gr̃r̃ dr̃2)EF =
(gρρ dρ2)FG, one obtains the following integral expression
[81],
∫

eb(r̃)
√
h(r̃)

dr̃ = −
∫

dρ

2ρ
= −1

2
ln ρ, (65)

with the minus sign following from the observation that r̃ →
∞ ⇒ ρ → 0. By perturbatively solving Eq. (65) with r̃ close
to the boundary employing the equilibrium backgrounds, one
obtains that [81],

1RCBH model:

r̃(ρ) = 1√
ρ

−
√

ρQ2

6
+ 1

72
ρ3/2

(
9M2 + Q4

)
+ O(ρ5/2),

(66a)

2RCBH model:

r̃(ρ)= 1√
ρ

−
√

ρQ2

3
+ 1

72
ρ3/2

(
9M2 − 2Q4

)
+ O(ρ5/2).

(66b)

The next step is to perform a series expansion of the equi-
librium solutions, given by Eqs. (7) and (8), in the region
close to the boundary. This expansion is most conveniently

carried out using the diagonal coordinate system defined in
Eq. (64). After obtaining the series, we rewrite them in terms
of the expression for r̃(ρ) derived above. This allows for a
direct comparison with the standard structure of the FG UV
expansions shown in Eq. (61). Through this matching proce-
dure, we find that [81],

1RCBH model:

γττ (ρ) = − 1

ρ
+ ρ

(
3M2

4
+ Q4

18

)

+ ρ2
(

−7M2Q2

24
− 13Q6

648

)

+ O(ρ3), (67a)

γxx (ρ) = 1

ρ
+ ρ

(
M2

4
− Q4

18

)

+ ρ2
(

−M2Q2

24
+ 13Q6

648

)

+ O(ρ3), (67b)

φ(ρ) = −
√

2

3
ρQ2 + ρ2Q4

3
√

6
+ O(ρ3), (67c)

Φ(ρ) = MQ

Q2 + r̃2
H

− MρQ + 2

3
Mρ2Q3 + O(ρ3), (67d)

2RCBH model:

γττ (ρ) = − 1

ρ
+ ρ

(
3M2

4
+ Q4

18

)

+ ρ2
(
Q6

162
− 7M2Q2

12

)

+ O(ρ3), (67e)

γxx (ρ) = 1

ρ
+ ρ

(
M2

4
− Q4

18

)

+ ρ2
(

−M2Q2

12
− Q6

162

)

+ O(ρ3), (67f)

φ(ρ) =
√

2

3
ρQ2 + ρ2Q4

3
√

6
+ O(ρ3), (67g)

Φ(ρ) =
√

2MQ

Q2 + r2
H

− √
2MρQ + 1

3

√
2Mρ2Q3 + O(ρ3).

(67h)

We then compare the coefficients of our asymptotic solutions
in Eq. (67) with the universal form of the FG UV expansions
presented in Eqs. (62).8 Upon identifying the equilibrium
FG coefficients, we insert them into the expressions for the
renormalized one-point functions from Eq. (63), obtaining
[81],

8 It should be noted that the logarithmic terms in the FG expansions
vanish for both models. This is due to their conformal symmetry, the
flat boundary, and the fact that the dual scalar operator Oφ has a scaling
dimension of Δ = 2, as discussed in [55].
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1RCBH model:

εeq ≡ 〈Tττ 〉eq = 1

κ2
5

3M2

2
= N 2

c

4π2

3M2

2
, (68a)

peq ≡ 〈T x
x 〉eq = 1

κ2
5

M2

2
= N 2

c

4π2

M2

2
, (68b)

ρc,eq ≡ 〈J t 〉eq = 1

κ2
5

MQ = N 2
c

4π2 MQ, (68c)

〈Oφ〉eq = 1

κ2
5

√
2

3
Q2 = N 2

c

4π2

√
2

3
Q2, (68d)

2RCBH model:

εeq ≡ 〈Tττ 〉eq = 1

κ2
5

3M2

2
= N 2

c

4π2

3M2

2
, (68e)

peq ≡ 〈T x
x 〉eq = 1

κ2
5

M2

2
= N 2

c

4π2

M2

2
, (68f)

ρc,eq ≡ 〈J t 〉eq = 1

κ2
5

√
2MQ = N 2

c

4π2

√
2MQ, (68g)

〈Oφ〉eq = − 1

κ2
5

√
2

3
Q2 = − N 2

c

4π2

√
2

3
Q2, (68h)

where the above thermodynamic observables, written in
terms of the bulk black hole parameters (M, Q), are the equi-
librium values for the energy density εeq, the equilibrium
isotropic pressure peq, the U (1) R-charge density ρc,eq, and
the scalar condensate 〈Oφ〉eq.

Using the 1RCBH and 2RCBH expressions for the ratio
Q/r̃H , as given by Eq. (11), one can rewrite the formula for
the dual boundary QFT parameters (T, μ), given by Eq. (10),
in the following form,

1RCBH model: 2RCBH model:

Q

T
= x

√
y2 + 1,

Q

T
= x√

2
, (69a)

M

T 2 = x2 (y2 + 1)3/2

y2 ,
M

T 2 = π2
(

1 + x2

2π2

)

, (69b)

where y ≡ Q/r̃H = √
2

(

1 ±
√

1 − (x/xc)2
)

/(x/xc),

with x ≡ μ/T and xc ≡ π/
√

2.
Plugging relations (69) into Eq. (68), one recovers the

exact expressions for the dimensionless quantities seq/N 2
c T

3,
ρc,eq/N 2

c T
3, and peq/N 2

c T
4, as given by Eqs. (13), (14), and

(15). On the other hand, the equilibrium value for the scalar
condensate can be obtained directly from the renormalized
one-point function (68d), which in terms of x ≡ μ/T read
as follows [81],

1RCBH model:

〈Oφ〉eq

N 2
c T

2 = 1

4
√

6

[

3 ±
√

1 − (x/xc)2
] [

1 ±
√

1 − (x/xc)2
]

,

(70a)

2RCBH model:

〈Oφ〉eq

N 2
c T

2 = − x2

4
√

6π2
. (70b)

Moreover, in the relativistic hydrodynamic description of
the Bjorken flow dynamics for the 2RCBH and 1RCBH mod-
els, it will turn out to be convenient to express the above
observables in terms of the dimensionless ratios ρ̂4/3/ε̂,
〈Ôφ〉/ε̂1/2 and ŝ4/3/ε̂. Their respective equilibrium expres-
sions are written as follows,

1RCBH model:

ρ̂
4/3
c,eq

ε̂eq
=

(4π2)1/3
[

x
16

(
3 ± √

1 − (x/xc)2
)2

]4/3

3π2

128

(
3 ± √

1 − (x/xc)2
)3 (

1 ∓ √
1 − (x/xc)2

) ,

(71a)

〈Ôφ〉eq

ε̂
1/2
eq

=
4

[
1±

√
1−(x/xc)2

x/xc

]2

3

√

1 + 2

[
1±

√
1−(x/xc)2

x/xc

]2
, (71b)

ŝ4/3
eq

ε̂eq
= (4π2)1/3

[
π2

16

(
3 ± √

1 − (x/xc)2
)2

]4/3

3π2

128

(
3 ± √

1 − (x/xc)2
)3

×
(

1 ∓ √
1 − (x/xc)2

)4/3

(
1 ∓ √

1 − (x/xc)2
) , (71c)

2RCBH model:

ρ̂
4/3
c,eq

ε̂eq
= 25/3

3
x4/3

(
x2 + 2π2

)4/3

(
x2 + 2π2

)2 , (71d)

〈Ôφ〉eq

ε̂
1/2
eq

= −2

3

x2

x2 + 2π2 , (71e)

ŝ4/3
eq

ε̂eq
= 8

3
π8/3

(
x2 + 2π2

)4/3

(
x2 + 2π2

)2 . (71f)

Finally, the plots for the dimensionless quantities expressed
in Eqs. (70) and (71) are displayed in Fig. 2.

4.2 Dynamical black hole horizons and holographic
non-equilibrium entropy

Before defining the non-equilibrium one-point functions in
Sect. 4.3, we briefly review the calculation of the non-
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Fig. 2 Plots for equilibrium dimensionless ratios of thermodynamic observables, both for the 2RCBH and 1RCBH models

equilibrium entropy density in terms of the area of the event
horizon (EH) and the apparent horizon (AH). To this end, we
start by discussing the notions of black hole event and appar-
ent horizons, and the determination of their radial location
within the bulk.

4.2.1 Event horizon

The event horizon of a black hole within an asymptotically
AdS5 bulk is defined as the surface formed by the family
of congruent light rays that separates trajectories capable of
reaching the conformal boundary from those trapped in the
deep interior. This causal disconnection signifies that light
rays contained within the horizon must remain unreachable to
boundary observers. Consequently, to avoid losing physical
information when numerically solving the bulk geometry,
one needs to integrate the radial part of the bulk equations of

motion at least from the EH (whenever one is present) to the
conformal boundary.

In this framework, the radial location of the EH, rEH (τ ),
is determined by solving the outgoing radial null geodesic
equation, with the asymptotic equilibrium condition that at
asymptotically large times the radial position of the event
horizon is given by the largest zero of the metric coefficient
A(τ, r),9

drEH(τ )

dτ
= A(rEH(τ )), rEH(τ → ∞) = r eq

EH, (72)

where r eq
EH is the largest root of equation A(τ → ∞, r) = 0.

9 Equation (72) can be obtained by calculating the holographic radial
distance from the black hole center where null rays cannot escape to
the boundary. This can be derived directly from the spacetime ansatze
Eq. (41) by applying the following two physical constraints: (i) null
condition, ds2 = 0; and (ii) holographic radial condition, dξ = dx =
dy = 0.
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By substituting the inverse radial coordinate u = 1/r and
the subtracted metric field As(τ, u) given by Eq. (51a) into
Eq. (72), the time evolution of the EH is governed by the
following differential equation,

duEH(τ )

dt
= −u2

EH(τ )A(τ, uEH(τ )) = −1

2
− uEH(τ )λ(τ)

− u4
EH(τ )As(τ, uEH(τ )) − u2

EH(τ )

(
λ2(τ )

2
− ∂τ λ(τ)

)

(73)

uEH(τ → ∞) = ueq
EH(μ/T ), (74)

where ueq
EH(μ/T ) is the smallest simple root of the following

equation,

A(τ → ∞, u) = u2As(τ → ∞, u) + 1

2u2 + λ(τ → ∞)

u

+ λ2(τ → ∞)

2
− ∂τλ

∣
∣
∣
τ→∞ = 0. (75)

Operationally, the asymptotic time limit τ → ∞ in
Eq. (75) is approximated by its evaluation at τ = τend, pro-
vided the numerical simulation runs long enough for the
geometry to reach a stationary state within some numeri-
cal tolerance. Moreover, notice that due to the asymptotic
late-time equilibrium condition given by Eq. (74), the EH is
understood as a global-in-time structure of the bulk geome-
try. This means that its determination demands the specifi-
cation of the entire time evolution of the metric coefficient
As(τ, u). For non-equilibrium settings, where one needs to
radially integrate the bulk equations of motion at each time
slice, a more convenient solution to prevent the loss of phys-
ical information at the boundary is to consider a different
causal surface, the apparent horizon, which is local in time,
as we discuss below.

4.2.2 Apparent horizon

In general relativity, a trapped null surface constitutes a com-
pact surface traced out by light where both ingoing and outgo-
ing light rays are converging (i.e., its surface area is decreas-
ing). In a dynamic situation, multiple trapped surfaces can
form. The outermost trapped null surface is then the bound-
ary enclosing all other trapped surfaces where the expansion
of the outgoing null geodesics is precisely zero. In this con-
text, the apparent horizon is defined locally as the outermost
trapped null surface. It delineates the spacetime region where
outward-directed null geodesics begin to converge from the
region where they can still expand outward. The radial loca-
tion of the apparent horizon, rAH, is identified by the condi-
tion where the expansion of outgoing null geodesics vanishes

[75],

[d+Σ](τ, rAH) = 0. (76)

In dynamic scenarios like the holographic Bjorken flow,
the radial position of the apparent horizon can fluctuate dra-
matically over time. These large oscillations may eventually
cause the apparent horizon to cross a fixed infrared cutoff for
radial integration in the Gauss–Lobatto grid [26,55], poten-
tially compromising the reliability of the numerical simula-
tion by allowing information causally connected to boundary
observers to be missed. To avoid this issue, we exploit the
residual diffeomorphism invariance related to the radial shift
function λ(τ). Since λ(τ) is an arbitrary function of time, we
follow [75] and impose that the apparent horizon remains at a
fixed radial coordinate, rAH , throughout the entire evolution
of the system.

By requiring that ∂τ rAH(τ ) = 0 and that Eq. (76) remains
valid at all times, it follows that ∂τ [d+Σ](τ, rAH) = 0,
implying thatd+[d+Σ](τ, rAH)=A(τ, rAH)∂r [d+Σ](τ, rAH).
Substituting this result into the constraint Eq. (43b), and then
combining it with other components of Einstein’s equations,
one obtains that,

A(τ, uAH) = 6([d+B](τ, uAH))2 + 2([d+φ](τ, uAH))2

2V + f E2 ,

(77)

where we used Eq. (76) together with the definition of the
inverse radial coordinate u = 1/r .

By using now Eq. (51a) evaluated at the apparent horizon
position u = uAH, it follows that,

∂τλ(τ) = u2
AHAs(τ, uAH) + 1

2u2
AH

+ λ(τ)

uAH

+ λ2(τ )

2
− A(τ, uAH). (78)

The temporal evolution of the function λ(τ) from a cho-
sen initial value, λ(τ0), is dictated by Eq. (78), a method
employed to anchor the apparent horizon at a constant radial
coordinate. Adopting the methodology of Refs. [25,26], we
impose the initial condition λ(τ0) = 0. The initial horizon
location is then computed by finding the root of Eq. (76),
combined with Eq. (51b), via the Newton–Raphson algo-
rithm. This approach ensures the horizon’s position is held
static at this initial value for the duration of the evolution,
within some numerical tolerance.

4.2.3 Non-equilibrium entropy

Since the event horizon is non-local in time, while the
apparent horizon is local, in dynamic holographic scenarios
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one usually considers the definition of the non-equilibrium
entropy through the area of the apparent horizon [7,9–12,82–
86]. For dissipative systems, as in the case of the holographic
Bjorken flow of the 1RCBH and 2RCBH models, the appar-
ent horizon lies behind and asymptotically converges to the
event horizon as the black hole relaxes towards a station-
ary state in the long time regime, guaranteeing that the non-
equilibrium entropy defined through the area of the appar-
ent horizon coincides with the usual Bekenstein–Hawking’s
entropy relation in thermodynamic equilibrium, which is
defined through the area of the equilibrium event horizon
[64,65].

In the present work, we shall obtain numerical results for
both, the time evolution of the holographic non-equilibrium
entropy defined through the area of the apparent horizon, and
via the area of the event horizon. As we shall discuss, when
transient plateaus are formed in the non-equilibrium entropy
of the AH, they correlate with some patterns of the pres-
sure anisotropy of the system, while such correlations cannot
be seen in the non-equilibrium entropy of the EH. Conse-
quently, the AH seems to holographically encode some far-
from-equilibrium correlations with the energy momentum-
tensor of the dual boundary QFT, which are not present in
the EH.

In the presentation of the results for the time evolution
of the holographic non-equilibrium entropy, SH(τ ), the sub-
script H denotes either the AH or the EH. The holographic
non-equilibrium entropy is defined in terms of the non-
stationary version of the Bekenstein–Hawking relation,

SH(τ ) = AH(τ )

4G5
, (79)

where AH (τ ) is the time-dependent hyperarea of either the
AH or EH,

AH(τ ) =
∫

d3x
√−g

∣
∣
∣
∣
u=uH

=
∫

dxdydξ
√−g

∣
∣
∣
∣
u=uH

= √−g

∣
∣
∣
∣
u=uH

A = |Σ(τ, uH)|3A. (80)

In Eq. (80), V(τ ) = τA = τ
∫
dxdydξ is the expanding

volume of the medium in the Bjorken flow. Therefore, the
entropy density sH (τ ) scaled by the gravitational constant
reads as follows,

ŝH(τ ) ≡ κ2
5 sH(τ ) = κ2

5
SH(τ )

V(τ )
= 2π |Σ(τ, uH)|3

τ
, (81)

where Σ(τ, uH) is determined from the numerical result for
Σs(τ, uH) via the relation in Eq. (51b), evaluated at the hori-
zon’s radial coordinate uH .

The dimensionless ratio between the entropy and energy
densities, ŝ4/3

H /ε̂, corresponds to an important physical
observable to track during the time evolution of the sys-
tem. This is mainly due to the equilibrium formula given
by Eq. (71c), which serves as a highly nontrivial consistency
check of the late-time validity of the numerical simulations,
associated to the late-time convergence of the dynamical bulk
geometry to the corresponding equilibrium black hole solu-
tions discussed before. Besides that, such a comparison also
allows to extract characteristic equilibration times for the
fluid [26].

On the other hand, since the energy density is itself a non-
trivial function of time, in order to understand specifically the
time evolution of the entropy function SH(τ ), which is related
to the apparent or event horizon area AH(τ ) by Eq. (79), we
also consider the following alternative dimensionless nor-
malization,

τ ŝH(τ )

Λ2 = ŜH(τ )

AΛ2 = 2π AH(τ )

AΛ2 = 2π |Σ(τ, uH)|3
Λ2 . (82)

The parameter Λ is a characteristic energy scale determined
for each individual initial state being evolved in time. Its value
is obtained by fitting the late-time behavior of our numerical
energy density to the established analytical solution from
Navier–Stokes hydrodynamics [21,25,26,28].

The energy scale Λ is also employed here to construct
a dimensionless time measure, ωΛ(τ) ≡ τTeff(τ ). Here, as
also done in Refs. [25,26,28], we take the ‘effective non-
equilibrium temperature’, Teff(τ ), to be defined according to
the following third order hydrodynamic expression derived
for the purely thermal SYM plasma [5,87]:

T SYM
3rd (τ ) = Λ

(Λτ)1/3

[

1 − 1

6π(Λτ)2/3 + −1 + ln 2

36π2(Λτ)4/3

+ −21 + 2π2 + 51 ln(2) − 24 ln2(2)

1944π3(Λτ)2

]

. (83)

4.3 Non-equilibrium one-point functions

Before presenting the non-equilibrium versions of the one-
point functions, 〈Tμν〉, 〈Jμ〉 and 〈Oφ〉, we need to establish
a map between the EF radial coordinate, r , in terms of which
the non-equilibrium metric ansatz in (41) is expressed, and
the FG radial coordinate, ρ, in terms of which the renormal-
ized one-point functions are written.

This can be accomplished by comparing the diagonalized
version of the EF metric (41), with the FG metric (61). By
introducing the EF time coordinate, given by Eq. (6), into
Eq. (41), together with the requirement that the resulting r t-
component is zero, we obtain that, gtt = −2A and grr =
1/2A, which diagonalizes Eq. (41). Therefore, by imposing
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the equality (grrdr2)EF = (gρρdρ2)FG, it follows that,
∫

dr√
2A(τ, r)

= −
∫

dρ

2ρ
= −1

2
ln ρ, (84)

where the minus signs is a direct consequence of the condition
r → ∞ ⇒ ρ → 0. By expanding the integral (84) as a
perturbative series in terms of negative powers of r with the
help of Eq. (50a), we obtain the following relation between
the radial coordinates r and ρ [26],

r(ρ) = 1√
ρ

− a2(τ )ρ3/2

4
− ∂τa2(τ )ρ2

10
+ O(ρ5/2). (85)

Equation (85) is the same for both the 1RCBH and 2RCBH
models. Matching the FG metric coefficients from Eq. (61)
with the EF ansatze in Eq. (41), and substituting the r(ρ)-
expansion from Eq. (50) into the resulting expression yields,

γττ (ρ) = − 1

ρ
− 3

2
ρa2(τ ) + O(ρ3/2), (86a)

γxx (ρ) = 1

ρ
+ 1

12
ρ
(

− 9τ∂τa2(τ ) − 18a2(τ )

− τφ2(τ )∂τφ2(τ ) − 2φ2(τ )2
)

+ O(ρ3/2), (86b)

γξξ (ρ) = 1 + τ 2

ρ
+ 2τ√

ρ
+ τ 2

6
ρ
(

9τ∂τa2(τ ) + 9a2(τ )

+ τφ2(τ )∂τφ2(τ )
)

+ O(ρ3/2), (86c)

φ(ρ) = ρφ2(τ ) + O(ρ3/2), (86d)

Φ(ρ) = Φ0(τ ) + ρΦ2(τ ) + O(ρ3/2). (86e)

Inserting Eq. (85) into the near-boundary expansions given
by (50a)–(50g) allows us to extract the UV coefficients in
FG coordinates. These coefficients are required for the holo-
graphic renormalization of the dual QFT one-point functions
[55]. Consequently, the renormalized one-point functions
for both the 1RCBH and 2RCBH plasmas subjected to the
Bjorken flow are given by [21],

ε̂(τ ) ≡ κ2
5 〈Tττ 〉(τ ) = −3a2(τ ) − 1

6
φ2(τ )2, (87a)

p̂T (τ ) ≡ κ2
5 〈T x

x 〉(τ ) = κ2
5 〈T y

y 〉(τ ) = −3a2(τ )

− 1

6
φ2(τ )2 − 3

2
τ∂τa2(τ ) − 1

6
τφ2(τ )∂τφ2(τ ), (87b)

p̂L(τ ) ≡ κ2
5 〈T ξ

ξ 〉(τ ) = 3a2(τ ) + 1

6
φ2(τ )2 + 3τ∂τa2(τ )

+ 1

3
τφ2(τ )∂τφ2(τ ), (87c)

ρ̂c(τ ) ≡ κ2
5 〈J τ 〉(τ ) = −Φ2(τ ) = ρ0

τ
, (87d)

〈Ôφ〉(τ ) ≡ κ2
5 〈Oφ〉(τ ) = −φ2(τ ). (87e)

From the above holographic formulas for the physical
observables in the 2RCBH and 1RCBH plasmas, it is straight-
forward to verify that the boundary system is conformal, pos-
sessing a vanishing trace anomaly: 〈T μ

μ 〉 = −ε+pL+2pT =
0. Here, pL and pT denote the longitudinal and transverse
pressures, respectively, while Δp ≡ pT − pL represents
the pressure anisotropy. Furthermore, expressing the bulk
electric field from Eq. (49) in terms of the R-charge density
ρc(τ ) = κ−2

5 ρ0/τ , we find,

1RCBH model:

E(τ, r) = −8π2τρc(τ )

N 2
c

Σ−3(τ, r) e2
√

2
3 φ(τ,r)

, (88a)

2RCBH model:

E(τ, r) = −8π2τρc(τ )

N 2
c

Σ−3(τ, r) e−
√

2
3 φ(τ,r)

. (88b)

Finally, to determine the value of the dimensionless ratio
of R-charge chemical potential over temperature, μ/T , we
evolve our numerical simulation until it reaches its late
time regime, and compare the asymptotic value for the ratio
[ρ̂4/3

c /ε̂](τ ) with its corresponding stable equilibrium solu-
tions in Eq. (71a). We adopt this approach because the ratio
μ/T is not an initial data for the holographic Bjorken flow,
but an emergent result extracted from the late time asymptotic
behavior of the system. For accurate estimations of the values
of μ/T analyzed in the present work, we choose to perform
the above comparison at a large late time τend = 60, where
the physical observables are expected to have converged to
their asymptotic values within some numerical tolerance.10

By substituting the value of μ/T , as extracted from the
aforementioned analysis, into the known analytical expres-
sions for the stable equilibrium observables [〈Ôφ〉/ε̂1/2]eq

and [ŝ4/3
H /ε̂]eq, given by Eq. (71), we obtain the equilibrium

asymptotes that the corresponding dynamical quantities are
expected to approach at late times. Since both the equilibrium
and near-equilibrium hydrodynamic values for these quan-
tities are independent of the specific far-from-equilibrium
initial conditions, depending only on the ratio μ/T , these
asymptotes serve as a robust analytical validation of our
numerical results.

Analogously, the pressure anisotropy, [Δ p̂/ε̂](τ ), must
converge at late times to the analytical result derived
from Navier–Stokes (NS) hydrodynamics in Eq. (31), with
ε̂NS(τ, μ/T ) given by Eq. (39) evaluated at the same value

10 For increasing values of the initial charge density parameter ρ0, such
a convergence is slower, and since μ/T generally increases with ρ0,
larger values of μ/T require larger values of τend in order to be accu-
rately estimated. This is particularly important for the 2RCBH model
which has μ/T ∈ [0,∞).
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of μ/T obtained from the late time analysis of [ρ̂4/3
c /ε̂](τ ).

Indeed, for all initial conditions, we consistently observe the
convergence of these different physical observables to their
corresponding analytical hydrodynamic or thermodynamic
limits, fixed by the same value of μ/T . These outcomes con-
stitute independent and highly nontrivial consistency checks
of our numerical simulations against analytical results in the
late time regime of the system.

4.4 Initial data and energy conditions

As mentioned in Sect. 3.4, the numerical simulation of the
fluid’s expansion requires the specification of the initial data
{Bs(τ0, u), φs(τ0, u), a2(τ0), ρ0; λ(τ0)}. In this work, we set
λ(τ0) = 0 and consider the following general formulas for
the initial profile of the subtracted dilaton field φs(τ0, u), and
metric anisotropy coefficient Bs(τ0, u),

φs(τ0, u) =
3∑

i=0

ciu
i + ζ e−u2/σ (89a)

Bs(τ0, u) = � sin(γ u) +
5∑

i=0

βi u
i + α

u4

[

− 2

3
ln

(

1 + u

τ0

)

+ 2u3

9τ 3
0

− u2

3τ 2
0

+ 2u

3τ0

]

. (89b)

We remark that formulas (89) are particular cases of more
general functional forms employed in Ref. [28].

Throughout this work, we employed a set of four differ-
ent combinations of initial conditions (ICs) for the profiles
of the subtracted functions φs(τ0, u) and Bs(τ0, u). These
varied profiles enable the investigation of a diverse range of
dynamical scenarios for the 1RCBH and 2RCBH plasmas
undergoing Bjorken flow. The particular set of values for
their parameters is enumerated in Table 1.

We remark that we tested several other ICs besides those
specified by the particular values presented in Table 1. Based
on the features we selected to analyze (which, as we are
going to discuss, feature ICs that do not develop transient
violations of energy conditions, as well ICs that present such
transient violations with different structures for the extrema
of the pressure anisotropy; ICs without transient plateaus for
the entropy, as well ICs with such plateaus), at least from the
larger set of ICs that we effectively simulated, the 4 ICs dis-
played in Table 1 are a representative set of typical situations,
in the sense that the other ICs that we have not plotted behave
in qualitatively similar ways to those plotted, at least with
regard to the selected features we analyzed. A more system-
atic approach, scanning for other possible general features
and correlations that we may have eventually missed in our
analysis, would likely require evolving in time a very large
set of ICs (which is a computationally demanding task) and

then using some neural network to identify other possible
patterns that we eventually did not notice.

As established in Sect. 3.2, the initial charge density of the
medium, ρ̂c(τ0) = ρ0/τ0, is determined by the parameter ρ0,
whereas the initial energy density, ε̂(τ0), is in turn specified
by the combination of a2(τ0) and φ2(τ0) = φs(τ0, u = 0) via
Eq. (87a). In the subsequent section, we are going to explore
the effects of varying the initial charge density for fixed con-
figurations of the subtracted function profiles and the initial
value of a2(τ ). In particular, to observe the effective thermal-
ization of the scalar condensate at late times, we evolve the
numerical simulations from an initial proper time τ0 = 0.2 to
the final time τend = 60. This time duration is approximately
two times longer than that used in Ref. [28].

To complete our analysis, we explore if the weak energy
condition (WEC) and the dominant energy condition (DEC)
are valid for the strongly interacting conformal fluids which
we are studying under the Bjorken flow expansion. The latter
are conditions, usually enforced on classical matter sources in
general relativity, to guarantee, for example, energy positivity
and the requirement of causality. It is important to remark,
that although being a criterion for reasonability of possible
classical matter configurations, there exists certain quantum
phenomena, such as the Casimir effect, that are known to
violate such energy conditions [88,89].

Formally, the WEC asserts that, for any timelike vector
tμ, the condition 〈T̂μν〉tμtν ≥ 0 is true. Crudely, this means
that the energy detected by an arbitrary observer in space-
time must always be non-negative. In the case of the Bjorken
expansion of a conformal fluid, this condition entails the ful-
fillment of the following constraints [25,26,71],

ε̂(τ ) ≥ 0 and − 4 ≤
[
Δ p̂

ε̂

]

(τ ) ≤ 2. (90)

Consequently, a WEC violation must originate either from
a negative energy density or through a normalized pres-
sure anisotropy going outside the above interval – in this
work, as well as in [25,26,28,81], the observed WEC viola-
tions originated purely from the latter case. Such violations
occurred only in the transient far-from-equilibrium regime
of the time evolution of some initial states, while the energy
density remained positive throughout the entire time evolu-
tion. Notably, for conformal systems, the strong energy con-
dition (SEC), defined by 〈T̂μν〉tμtν ≥ −〈T̂μ

μ 〉/2, reduces to
the WEC as a consequence of the null trace of the energy–
momentum tensor. The DEC, on the other hand, establishes
that the vector Xμ ≡ −〈T̂μν〉tν needs to be a future-directed
timelike or null vector for any timelike vector tμ who is also
future-directed.11 In simple language, it can be understood

11 By future-directed we mean a vector whose time component is pos-
itive. It indicates that it points towards the future (increasing time) and
not towards the past.
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Table 1 Set of parameters for the initial profile of the subtracted dilaton field (89a) and the metric anisotropy (89b) analyzed in this work

IC Bs parameters φs parameters

# � γ β0 β1 β2 β3 β4 β5 α c0 c1 c2 c3 ζ σ

01 0.0 0.0 0.5 − 0.5 0.4 0.2 − 0.3 0.1 1.0 0.7 − 0.9 0.0 0.4 0.0 1.0

02 0.0 0.0 − 0.2 − 0.5 0.0 0.0 0.0 0.0 1.0 0.0 0.0 0.0 0.0 0.0 1.0

03 0.0 0.0 − 0.3 − 0.5 0.0 0.0 0.0 0.0 1.0 − 0.8 1.1 0.6 0.0 0.0 1.0

04 1.0 8.0 0.0 0.0 0.0 0.0 0.0 0.0 1.0 0.0 0.0 0.0 0.0 0.5 2.0

Fig. 3 a Normalized pressure anisotropy (solid lines) and the corre-
sponding hydrodynamic Navier–Stokes attractor given by Eqs. (31)
and (40) (dashed lines) – the gray and red zones indicate violations
of the DEC and WEC, respectively; b normalized charge density; c
normalized scalar condensate (solid lines) and the corresponding ther-
modynamic stable equilibrium result (dashed lines); d normalized non-
equilibrium entropy density associated to the apparent horizon ŝ4/3

AH /ε̂

(solid lines) and the corresponding thermodynamic stable equilibrium
result (dashed lines); e radial location of the apparent horizon (solid

lines) and event horizon (dashed lines); and f non-equilibrium entropy
ŜH /AΛ2 = τ ŝH /Λ2 calculated from the area of the apparent horizon
(solid line) and from the area of the event horizon (dashed lines). The
plots make use of each of the four ICs in Table 1 to compare the time
evolution of different initial states of the 1RCBH and 2RCBH plas-
mas. The results were obtained by calibrating the initial charge density
parameter ρ0 such as to produce evolutions equilibrating towards the
same approximate value of μ/T ≈ 1.2. For all the curves, the initial
energy density was fixed using a2(τ0) = −7.40
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as a sufficient condition, although not necessary, for matter
to propagate in a causal manner [45]. As demonstrated in
[25,26], in regard to conformal fluids, the DEC enforces the
following bounds,

ε̂(τ ) ≥ 0 and − 1 ≤
[
Δ p̂

ε̂

]

(τ ) ≤ 2. (91)

5 Numerical results and physical analysis

In this section we present our main results. Figures 3,
4, 5, 6 and 7 comprise six plots each, displaying results
for the following quantities: [Δ p̂/ε̂](ωΛ), [ρ̂4/3

c /ε̂](ωΛ),
[〈Ôφ〉/ε̂1/2](ωΛ), [ŝ4/3

H /ε̂](ωΛ),uH (ωΛ) and [τ ŝH/Λ2](ωΛ).
Figure 3 shows a comparison between the 1RCBH and the
2RCBH models, while Figs. 4, 5, 6 and 7 focus on different
time evolutions for the 2RCBH model.

5.1 Comparison between the 1RCBH and 2RCBH models

In Fig. 3, we compare the 1RCBH and 2RCBH models using
the four ICs given in Table 1, with a2(τ0) = −7.40. For each
of these initial data, we calibrated the initial charge density
parameter ρ0 to ensure that all evolution trajectories converge
in the late time regime to approximately the same equilibrium
value of μ/T ≈ 1.2. The results for the 1RCBH and 2RCBH
models are depicted in varying shades of blue and red curves,
respectively.

Figure 3a displays a comparison between the evolution of
the normalized pressure anisotropy for the different ICs (solid
lines) and their corresponding Navier–Stokes hydrodynamic
attractors (dashed lines). At early times the system exhibits
a strong dependence on the initial conditions, displaying a
diverse range of transient behaviors. On the other hand, at
late times this dependence fades away as the different curves
converge to the corresponding hydrodynamic Navier–Stokes
attractor, and the systems are said to have hydrodynamized.
For most of the evolution, curves for the pressure anisotropy
with the same IC from the two different plasmas reveals no
clear separation for the considered value of μ/T ≈ 1.2. It
is only within a short transient window of 0.5 � ωΛ � 0.9
that curves from the 1RCBH and 2RCBH models are more
easily distinguished. Some of the time evolutions transiently
violate the DEC (gray zone) or even the WEC (red zone)
when the system is far-from-equilibrium, even though all the
initial states were chosen to satisfy such energy conditions at
the initial time slice. In the late time hydrodynamic regime,
no violations of energy conditions happen.

Figure 3b shows the evolution of the normalized R-charge
density for both holographic models. Although the systems
are initialized with different charge densities, each set of col-
ored curves relax towards constant values at late times, as

expected in the equilibrium regime. The observation that the
numerical results for the 1RCBH (blue) and 2RCBH (red)
models converge into stable and distinct equilibrium values,
provides a qualitative check on the consistency of the numeri-
cal simulations. The corresponding value ofμ/T is estimated
by employing the Newton–Raphson algorithm to numeri-
cally find the value of μ/T for which [ρ̂4/3

c,eq/ε̂eq](μ/T ) in
the equilibrium formula (71a) matches the numerical value
[ρ̂4/3

c /ε̂](τend) evaluated at the end time of the simulation,
when the system effectively equilibrated.

Figure 3c, d present the numerical results for the nor-
malized scalar condensate and entropy density (calculated
from the area of the apparent horizon), respectively, along-
side their thermodynamic equilibrium values derived from
the analytical formulas (71). Both plots reveal a clear sepa-
ration between curves corresponding to distinct initial con-
ditions and holographic models in the far-from-equilibrium
regime. Importantly, all simulated trajectories converge to
the correct equilibrium asymptotes calculated with the same
value of μ/T extracted from the aforementioned analysis of
the normalized charge density, providing a highly nontriv-
ial quantitative consistency check of our numerical results.
Notably, each set of four colored curves coalesces to a dif-
ferent equilibrium value determined by the corresponding
holographic dual. While the scalar condensate asymptotes
exhibit a significant separation, the entropy density curves
converge to nearly identical equilibrium values (though not
exactly the same).

Consistent with previous studies on the Bjorken flow of
the 1RCBH model and also the purely thermal SYM plasma
[21,25,26,28], we also see that for the 2RCBH model the
effective thermalization of the scalar condensate occurs on
a time scale generally longer than the hydrodynamization
time of the pressure anisotropy. This delay appears slightly
more pronounced for the 1RCBH trajectories compared to the
2RCBH case. Another important characteristic of the scalar
condensate is immediately apparent in the asymptotic limit:
the 1RCBH plasma (blue curves) relaxes towards a positive
equilibrium value, whereas the 2RCBH plasma (red curves)
relaxes towards a negative value. This behavior is consistent
with the analytical thermodynamic expressions obtained for
each model in Eq. (71).

Figure 3e illustrates the time evolution of the radial posi-
tion of the apparent horizon (solid lines) and the event horizon
(dashed lines). The inverse radial position uH = 1/rH of the
AH is kept constant (within some numerical tolerance) due
to the way the residual diffeomorphism radial shift function
λ(τ) was fixed, while the EH evolves dynamically. The con-
vergence of the EH curves to the AH curves at late times
signals the thermalization of the black hole horizon. Finally,
as expected, at early times, when the system is out of equi-
librium, the AH is always behind the EH (remember that in
the radial u = 1/r coordinate, the boundary lies at u = 0).

123



Eur. Phys. J. C          (2026) 86:1012 Page 23 of 30  1012 

Fig. 4 a Normalized pressure
anisotropy (solid lines) and the
corresponding hydrodynamic
Navier–Stokes attractor given by
Eqs. (31) and (40) (dashed lines)
– the gray and red zones indicate
violations of the DEC and
WEC, respectively; b
normalized charge density; c
normalized scalar condensate
(solid lines) and the
corresponding thermodynamic
stable equilibrium result (dashed
lines); d normalized
non-equilibrium entropy density
associated to the apparent
horizon ŝ4/3

AH /ε̂ (solid lines) and
the corresponding
thermodynamic stable
equilibrium result (dashed
lines); e radial location of the
apparent horizon (solid lines)
and event horizon (dashed
lines); and f non-equilibrium
entropy ŜH /AΛ2 = τ ŝH /Λ2

calculated from the area of the
apparent horizon (solid line) and
from the area of the event
horizon (dashed lines). The
results were obtained by varying
the initial charge density
parameter ρ0, while keeping Bs
and φs fixed according to the
IC#01 in Table 1, with
a2(τ0) = − 6.6667

Figure 3f tracks the time evolution of the dimensionless
non-equilibrium entropy, ŜH/AΛ2 = τ ŝH/Λ2, calculated
from the area of the AH (solid lines) and from the area
of the EH (dashed lines). In several solid lines, we observe
complex non-monotonic (albeit non-decreasing) behavior at
early times before the system settles into the monotonic
growth characteristic of the hydrodynamic regime. Specif-
ically, we identify the emergence of transient plateaus and
quasi-plateaus (periods of near-zero entropy production) far-
from-equilibrium, a phenomenon consistent with previous
analyses on the 1RCBH model and the purely thermal SYM
plasma undergoing Bjorken flow [25,26,28]. These earlier
studies qualitatively spotted a correlation between the for-
mation of plateaus in the far-from-equilibrium regime of the
entropy associated to the apparent horizon and the subse-
quent production of local minima in the normalized pres-
sure anisotropy (which may lead to DEC violations from
below). A discussion about such correlations in the con-
text of the 2RCBH model and the specific initial condi-
tions considered here is provided below in Sect. 5.2. Finally,
the agreement between the AH and EH entropy calcula-
tions at late times confirms the consistency of our numerical
setup.

5.2 Comprehensive analysis of the Bjorken flow for the
2RCBH model

In this subsection, we discuss in detail the time evolution
of physical observables of the 2RCBH plasma for different
values of the system’s initial charge density parameter, ρ0.
The results are presented in four panels, each containing six
plots corresponding to the initial conditions IC#01 (Fig. 4),
IC#02 (Fig. 5), IC#03 (Fig. 6), and IC#04 (Fig. 7) specified in
Table 1. Within each figure, five distinct colored curves rep-
resent different initial charge densities for the same IC. As
in the previous subsection, solid curves denote the numer-
ical simulation data, while dashed lines serve as analytical
standards for the late time behavior of the system, either of
hydrodynamic or thermodynamic origin.

5.2.1 Normalized pressure anisotropy: [Δ p̂/ε̂](ωΛ)

Figures 4a, 5, 6 and 7a display the time evolution of the
normalized pressure anisotropy, with the gray and red zones
describing, respectively, regions where the DEC (91) or even
the WEC (90) are violated (from Eqs. (91) and (90), one notes
that any WEC violation also implies in DEC violation). In
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Fig. 5 a Normalized pressure
anisotropy (solid lines) and the
corresponding hydrodynamic
Navier–Stokes attractor given by
Eqs. (31) and (40) (dashed lines)
– the gray and red zones indicate
violations of the DEC and
WEC, respectively; b
normalized charge density; c
normalized scalar condensate
(solid lines) and the
corresponding thermodynamic
stable equilibrium result (dashed
lines); d normalized
non-equilibrium entropy density
associated to the apparent
horizon ŝ4/3

AH /ε̂ (solid lines) and
the corresponding
thermodynamic stable
equilibrium result (dashed
lines); e radial location of the
apparent horizon (solid lines)
and event horizon (dashed
lines); and f non-equilibrium
entropy ŜH /AΛ2 = τ ŝH /Λ2

calculated from the area of the
apparent horizon (solid line) and
from the area of the event
horizon (dashed lines). The
results were obtained by varying
the initial charge density
parameter ρ0, while keeping Bs
and φs fixed according to the
IC#02 in Table 1, with
a2(τ0) = − 6.6667

particular, the initial conditions used throughout this work
were purposefully selected to illustrate a variety of scenar-
ios, including cases that satisfy these energy conditions dur-
ing the entire time evolution of the system, and cases which
transiently violate these energy conditions, when the system
is far-from-equilibrium (see Sect. 4.4), although all the initial
data considered here satisfy the DEC and WEC at the initial
time τ0.

The evolution of the pressure anisotropy in the 2RCBH
plasma reveals a rich variety of transient behaviors, heavily
depending on the initial metric anisotropy profile. Each curve
converges to its corresponding NS attractor at late times,
which depends only on the value of μ/T , confirming the
late time hydrodynamization of the 2RCBH fluid undergoing
Bjorken flow. For IC#01 in Fig. 4a

5.2.2 Normalized charge density: [ρ̂4/3
c /ε̂](ωΛ)

In Figs. 4b, 5, 6 and 7b, the normalized charge density is
plotted as a function of the effective dimensionless time mea-
sure ωΛ. The general behavior observed across the tested
ICs for the 2RCBH model is similar to the findings of Refs.
[21,28] for the 1RCBH model, where the magnitude of the
normalized charge density consistently increases with μ/T .

However, the early time qualitative behavior of ρ̂
4/3
c /ε̂ varies

significantly depending on the initial data considered.
IC#01 follows a strictly monotonic, non-oscillatory decay

from an initial maximum, devoid of any transient growth.
In contrast, IC#02 and IC#03 exhibit a rapid transient rise
toward a global maximum before relaxing towards equilib-
rium following a monotonic decay. Finally, IC#04 distin-
guishes itself by exhibiting a pronounced local minimum
followed by an even more pronounced maximum in the far-
from-equilibrium regime, whose magnitudes increase with
the increase of ρ0 before settling into its final equilibrium
state. In the late time regime, we observe that a higher ini-
tial ρ0 leads to a higher equilibrium μ/T . We also note
that, at early times, for all the ICs analyzed in Table 1,
the oscillatory patterns observed for ρ̂

4/3
c /ε̂ and ŝ4/3

AH /ε̂ are
clearly correlated. Since the time evolution of the R-charge
density is rather simple in the holographic Bjorken flow,
ρc(τ ) = ρ0/τ according to Eq (87d), and the entropy is
itself a non-decreasing function of time, such correlations
appear related to the behavior of the energy density used in
the normalizations.
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Fig. 6 a Normalized pressure
anisotropy (solid lines) and the
corresponding hydrodynamic
Navier–Stokes attractor given by
Eqs. (31) and (40) (dashed lines)
– the gray and red zones indicate
violations of the DEC and
WEC, respectively; b
normalized charge density; c
normalized scalar condensate
(solid lines) and the
corresponding thermodynamic
stable equilibrium result (dashed
lines); d normalized
non-equilibrium entropy density
associated to the apparent
horizon ŝ4/3

AH /ε̂ (solid lines) and
the corresponding
thermodynamic stable
equilibrium result (dashed
lines); e radial location of the
apparent horizon (solid lines)
and event horizon (dashed
lines); and f non-equilibrium
entropy ŜH /AΛ2 = τ ŝH /Λ2

calculated from the area of the
apparent horizon (solid line) and
from the area of the event
horizon (dashed lines). The
results were obtained by varying
the initial charge density
parameter ρ0, while keeping Bs
and φs fixed according to the
IC#03 in Table 1, with
a2(τ0) = − 6.6667

(a) (b)

(c) (d)

(e) (f)

5.2.3 Normalized scalar condensate: [〈Ôφ〉/ε̂1/2](ωΛ)

Figures 4c, 5, 6 and 7c illustrate the graphical results for
the normalized scalar condensate. All the numerical curves
saturate at late times to the precise values predicted by the
analytical thermodynamic formulas (represented by dashed
lines), providing a further consistency check of the validity
of our numerical data.

Similar to what was found in Ref. [28] for the 1RCBH
model, we also observe in the 2RCBH model that increas-
ing μ/T delays the thermalization of the scalar conden-
sate. This process is noticeably much slower than the hydro-
dynamization of the pressure anisotropy, highlighting the
distinct relaxation timescales governing these observables.
Also, the magnitude of the 2RCBH plasma scalar conden-
sate always increases as μ/T is increased.

A prominent feature of the 2RCBH model, confirmed here
numerically and consistent with the analytical formula (71b),
is the relaxation of the scalar condensate towards a negative
equilibrium for nonzero R-charge densities, in direct contrast
to the positive values found in the 1RCBH model.

5.2.4 Normalized entropy density: [ŝ4/3
AH /ε̂](ωΛ) and

[τ ŝH/Λ2](ωΛ)

Figures 4d, 5, 6 and 7d show the time evolution of the
non-equilibrium entropy density over energy density ratio,
[ŝ4/3

AH/ε̂](ωΛ). All numerical curves asymptotically converge
to the constant values predicted by the thermodynamic equa-
tion of state. This agreement between the late time numeri-
cal results and the analytical equilibrium formulas reinforces
once more the physical consistency of the numerical simu-
lations, confirming that the system correctly relaxes towards
the expected stable thermodynamic configurations.

In Figs. 4e, 5, 6 and 7e, we plot a comparison between
the inverse radial location of the AH, uAH = 1/rAH (solid
lines), and of the EH, uEH = 1/rEH (dashed lines). Consis-
tently with the entropy results, a higher initial charge den-
sity parameter ρ0 implies a larger final equilibrium value for
uH = 1/rH across all initial conditions (notice that the larger
the value of the inverse radial location of the horizon, the
smaller is its area, and consequently the associated entropy).

Figures 4f, 5, 6 and 7f display a comparison between
the time evolution of the dimensionless ratio ŜH/AΛ2 =
τ ŝAH/Λ2 calculated both in terms of the apparent and the
event horizon radial position. This normalization is interest-
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Fig. 7 a Normalized pressure
anisotropy (solid lines) and the
corresponding hydrodynamic
Navier–Stokes attractor given by
Eqs. (31) and (40) (dashed lines)
– the gray and red zones indicate
violations of the DEC and
WEC, respectively; b
normalized charge density; c
normalized scalar condensate
(solid lines) and the
corresponding thermodynamic
stable equilibrium result (dashed
lines); d normalized
non-equilibrium entropy density
associated to the apparent
horizon ŝ4/3

AH /ε̂ (solid lines) and
the corresponding
thermodynamic stable
equilibrium result (dashed
lines); e radial location of the
apparent horizon (solid lines)
and event horizon (dashed
lines); and f non-equilibrium
entropy ŜH /AΛ2 = τ ŝH /Λ2

calculated from the area of the
apparent horizon (solid line) and
from the area of the event
horizon (dashed lines)

(a) (b)

(c) (d)

(e) (f)

ing because it makes no use of the energy density to produce a
dimensionless ratio, allowing to directly track the time evo-
lution of the area of the horizon, which is non-decreasing
along the entire time evolution of the system, in compati-
bility with the second law of (black hole) thermodynamics
(see e.g. [26]). Similarly to the results for the 1RCBH model
undergoing Bjorken expansion [28], we also observe that
across every tested initial condition for the 2RCBH model,
an increase in the equilibrium value of μ/T is always asso-
ciated with a decrease in the magnitude of the entropy.12

Furthermore, we observe a universal feature across all
ICs: an inverse hierarchy regarding the behavior of the
different physical observables as μ/T is increased: while

12 Our numerical results for the 2RCBH model show that τ ŝH /Λ2

decreases as the initial charge density (and, consequently, the late time
equilibrium value of μ/T ) increases. At first sight, this behavior might
appear counterintuitive given that, in thermodynamic equilibrium, the
dimensionless ratio seq/N 2

c T
3 in Fig. 1 grows monotonically with μ/T .

The resolution lies on the fact that for a fixed black hole mass M ,
increasing the black hole charge Q reduces the horizon radius rH , see
Eq. (9). Since the entropy is proportional to the horizon area, it must
also decrease. The reason why the dimensionless ratio seq/N 2

c T
3 instead

increases, is because besides the entropy density itself, also the temper-
ature decreases with increasing Q at fixed M , see Eq. (10a) and (10c).

[ρ̂4/3
c /ε̂](ωΛ) increases, [〈Ôφ〉/ε̂1/2](ωΛ), [ŝ4/3

AH/ε̂](ωΛ),
and τ ŝH(ωΛ)/Λ2 decrease.

Another key finding shared with Refs. [25,26,28] regard-
ing the purely thermal SYM and the 1RCBH plasmas, is that
also in the 2RCBH model different initial data lead to dis-
tinct entropy evolution scenarios, characterized by the pres-
ence or absence of transient (quasi-)plateaus structures for
the far-from-equilibrium entropy associated specifically to
the apparent horizon. In the present work, we also analyzed
the behavior of the entropy calculated through the event hori-
zon and we did not find any transient plateaus associated to
it.

More specifically, in the cases of IC#03 in Fig. 6f and
IC#04 in Fig. 7f, we found transient double and single
quasi-plateaus, respectively, in the time evolution of the nor-
malized non-equilibrium entropy of the apparent horizon,
ŜAH/AΛ2 = τ ŝAH/Λ2. These reported quasi-plateau struc-
tures for the non-equilibrium entropy were followed by local
minima in the normalized pressure anisotropy which led to
DEC violations from below with Δ p̂/ε̂ < −1 (in the case
of IC#04, some of the local minima also violated WEC from
below with Δ p̂/ε̂ < −4); moreover, IC#02 in Fig. 5f

The overall picture found for the holographic Bjorken
flow in Refs. [25,26], concerning the purely thermal SYM
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plasma at zero R-charge density; in Ref. [28], regarding
the 1RCBH plasma at finite R-charge density; and now in
the present paper, regarding the 2RCBH plasma at finite R-
charge density, is as follows. Transient and exact single or
double plateaus in the apparent horizon entropy are corre-
lated to a later formation of local minima for the pressure
anisotropy with, respectively, Δ p̂/ε̂ ∼ −1 or Δ p̂/ε̂ < −1
(thus, associated to DEC violations from below in the lat-
ter case).13 In face of the different systems analyzed, such
far-from-equilibrium correlations between the entropy of the
apparent horizon and the pressure anisotropy normalized by
the energy density seem to be of a very general nature, at
least for strongly interacting and conformal fluids, be them
neutral or charged.

6 Conclusions

In the present work, we numerically investigated the far-
from-equilibrium Bjorken flow dynamics of the holographic
2RCBH plasma, corresponding to a strongly interacting and
conformal quantum fluid defined at finite temperature and
R-charge density. We found that the hydrodynamization and
the later thermalization of the fluid is delayed by increasing
its initial R-charge density, which later results into higher
values of μ/T in equilibrium. We also found that the normal-
ized scalar condensate, 〈Ôφ〉/ε̂1/2, and the non-equilibrium
entropy associated either to the area of the apparent or the
event horizon, are both reduced with increasing values of
μ/T . The normalized pressure anisotropy,Δ p̂/ε̂, can display
varied far-from-equilibrium behaviors depending on the ini-
tial states considered for the fluid, including some time evo-
lutions transiently violating the dominant energy condition
or even the weak energy condition, even though all the initial
states considered here satisfy all the energy conditions. Such
transient violations of energy conditions only happen when
the system is far-from-equilibrium, ceasing before the fluid
relaxes to the hydrodynamic regime. Also in the far-from-
equilibrium regime, some time evolutions reveal the forma-
tion of plateau structures in the non-equilibrium entropy asso-
ciated to the apparent horizon, although such plateaus are
never seen in the non-equilibrium entropy associated to the
event horizon.

Indeed, taken together with previous results in the litera-
ture for the purely thermal SYM plasma [25,26] and for the
1RCBH model [28], the present results for the 2RCBH model
undergoing Bjorken flow provide strong qualitative evidence
for a putative generality of the observed far-from-equilibrium
correlations between the non-equilibrium entropy of the
apparent horizon of dynamical bulk black branes and the

13 Such correlations do not hold in reverse order, i.e. there are time
evolutions violating DEC from below with no previous formation of
plateaus in the entropy.

expectation value of the energy–momentum tensor of the dual
boundary QFT. Namely, in all the aforementioned strongly
interacting conformal quantum fluids, exact single or dou-
ble plateaus were observed to be correlated with subsequent
developments of local minima for the normalized pressure
anisotropy with, respectively, Δ p̂/ε̂ ∼ − 1 or Δ p̂/ε̂ < − 1
(therefore, leading to DEC violations from below in the lat-
ter case). Such far-from-equilibrium correlations cannot be
seen if one chooses to define the holographic non-equilibrium
entropy through the area of the dynamical event horizon, due
to the absence of transient plateau structures in its time evo-
lution, which is a clear indication that the apparent horizon
encodes information not available in the event horizon when
the system is far from thermodynamic equilibrium. More-
over, such information is effectively erased when the system
later enters into the hydrodynamic regime, by losing mem-
ory of the initial conditions which directly affects its pre-
hydrodynamic stages.

The aforementioned far-from-equilibrium correlations
were observed in the pre-hydrodynamic stages of holo-
graphic strongly interacting conformal fluids, both neutral
and charged. It is important to investigate in the future
whether similar correlations are also observed in the pre-
hydrodynamic stages of non-conformal holographic models,
such as in phenomenological EMD models designed to holo-
graphically emulate the quark-gluon plasma formed in rela-
tivistic heavy ion collisions [90].
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A Smoothing of numerical noise

Throughout the time evolution of the system implemented
through a numerical code written in F90, the radial location
of the apparent horizon typically displays a type of struc-
tured noise which largely increases at late times, affecting
the plots for the corresponding non-equilibrium entropy. In
the cases where it was not enough to simply select an appro-
priate number of radial collocation points in order to diminish
the numerical noise increasing with the passage of time, we
proceeded to smooth out the resulting data noise by using a
dynamic smoothing procedure adjusted to distinct time win-
dows.

The noise treatment procedure uses a multi-stage algo-
rithm to separate the physical signals from spurious numeri-
cal artifacts. First, the data is downsampled and divided into
variable time windows: we use shorter intervals during the
early transient stages to resolve rapid changes, and longer
time windows for the late time evolution. We then fit these
segments using cubic splines. This method approximates the
data using piecewise polynomials, which ensures that the fil-
tered curves remain smooth and differentiable – a property
that is essential for our analysis. Furthermore, we apply adap-
tive smoothing strengths adjusted to the specific noise level
of each quantity being analyzed: a stronger smoothing factor
is used to filter the entropy, while a weaker factor is sufficient
to treat the cleaner data of the horizon and energy density.
This post-processing approach, implemented in Python using
the Scipy Library, was essential to obtain stable results for
the time derivative of the entropy, allowing us to distinguish
plateaus and quasi-plateaus.

Our main F90 code and our initial Python post-processing
filtering code were written solely by humans, but our final
version of the Python filtering code was improved with the
AI assistance of Gemini 3 Pro.
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