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Abstract

We obtain results of existence and uniqueness in the algebra G2((0, T )×
R

2) for the Cauchy problem to the Korteweg-de Vries hierarchy in R
2.

In particular, we show a result on the existence for initial rough data
such as the distribution δ-Dirac and its derivatives. Our results can be
extended to equations in R

n with minor changes on the initial data.

1 Introduction

In this work we extend for KdV hierarchy in the 2-dimensional space the

results obtained in [17] for the KdV hierarchy in R. We obtain results of

existence and uniqueness of solutions in G2((0, T )×R2), for the Cauchy problem

for KdV hierarchy in R2. Our results are general, since they allow singular initial

data such as the distribution δ -Dirac and its derivatives. The space G2(Ω), see

section 1.1, is a variant of the algebra of the generalized functions established

by J. F. Colombeau in [8] (see also [1] and [19]).

In 1-dimensional space other equations such as Korteweg de Vries, third

member of Lax hierarchy, Olver, Benney, Fisher, Benjamin-Bona-Mahony (BBM),
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Smith (S), Benjamin-Ono (BO), Burgers, cubic Schrödinger (NLS) and modi-

fied Korteweg-de Vries (mKdV) were studied in the same context, as shown in

[2], [3], [4], [5], [6], [16] and [17].

The KdV hierarchy in R is given by a family of equations of the form

ut =
∂

∂x
Gm(u), (1.1)

where u : (0,∞) × R → R, (t, x) → u(t, x) is the function to be determinated,

and for each m ∈ Z+, Gm(u) is the gradient in u of a functional Fm(u), which

is constant along solutions of the KdV equation

ut = uux + uxxx, (1.2)

i.e.,

d

dλ
Fm(u + λv)|λ=0 = (Gm(u), v) =

∫

R

Gm(u(x))v(x)dx, v ∈ L2(R).

Recent results of well-posedeness in Sobolev spaces with negative index were

obtained for the equation (1.2) in [7]. In [20], results of well-posedeness in

weighted Sobolev spaces, were obtained for the family (1.1).

The family of functionals {Fm(u)}|m∈Z+ in consideration, was exhibited by

Miura, Gardner, Kruskal and Zabusky in [14] and [18]. They show the existence

of infinitely many functionals of the form Fm(u) =
∫
R

fm(u)dx, where each

fm(u) is a polynomial of degree m + 1 in the x-derivatives of u up to order

m− 1, as seen in [22]. An alternative proof of the existence of these functionals

was presented by Lax in [15].

The generalization of equation (1.2) to the space Rn, as seen in [21], consists

in considering (t, x) ∈ R1+n and equation

ut = u

n∑

i=1

∂u

∂xi

+

n∑

i,j=1

∂3u

∂xi∂x2
j

. (1.3)

The proof of our main results, Theorem 2.2, depends on the existence of many

conserved functionals of the equation (1.3). We can observe directly three of

them, which are

F0(u) =

∫

Rn

3udx, F1(u) =

∫

Rn

1

2
u2dx and F2(u) =

∫

Rn

(
1

6
u3 − 1

2
|∇u|2)dx,
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whose respective gradients are given by

G0(u) = 3, G1(u) = u and G2(u) =
1

2
u2 + ∆u, (1.4)

where ∆ and ∇ are usual operators.

In [11] and [15] it is published the formula due to Lenart, valid for real case,

LGm =
∂

∂x
Gm+1,

where L is the operator ∂3

∂x3 + 2

3
u ∂

∂x
+ 1

3
ux. The generalization of this operator

to the case Rn is given by

L =
∑

α3

Dα3 +
2

3
u

∑

α1

Dα1 +
1

3

∑

α1

Dα1u, where αi ∈ Nn, |αi| = i.

Note that L is antisymmetric (L∗ = −L). The Lenart relation is now given by

LGm =
∑

α1

Dα1Gm+1, (1.5)

where Gm(u) for m = 0, 1, 2 is given by (1.4) and for m ≥ 3, it can be determined

by following [15], with minor changes. In fact, it is possible to prove that Gm(u)

is, for every m, the gradient of a functional

Fm(u) =

∫

Rn

fm(u)dx, (1.6)

which is a conserved quantity to equation (1.3). In the expression (1.6) fm(u)

is a polynomial in u and its derivatives in the variable x.

It is easy to verify that (1.5) holds for m = 0 and 1. By following the ideas

of Lax [15], it is possible to exhibit an infinite sequence of such functionals and

after rescaling, obtain that fm is given by

fm(u) =
∑

αm−1
(Dαm−1u)2 +

∑
αm−2

cαm−2u(Dαm−2u)2 + cα0u
m+1

+Qm(u, Dα1u, ..., Dαm−3u),
(1.7)

where cαi
are appropriate constants and Qm is a polynomial in the x-derivatives

of u up to order m − 3. The terms of fm are given by a product

m−1∏

i=0

(Dαiu)lαi , (1.8)
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where αi and lαi
satisfy the relation

m−1∑

i=0

(1 +
i

2
)lαi

= m + 1, (1.9)

see [18] for the real case. Thus we obtain a sequence Gm of gradients of func-

tionals Fm which are constant values along the solutions of equation (1.3). The

hierarchy of the KdV equation in dimension n, as seen in [21], is given by the

family of equations

ut =
∑

∂α1Gm(u). (1.10)

For the case m = 3 and n = 2, we obtain the KdV of fifth order in dimension

two, i.e.,

ut =
5

6
u2ux +

5

6
u2uy +

10

3
uxuxx +

4

3
uxuxy +

4

3
uyuxy +

4

3
uxuyy +

4

3
uyuxx +

10

3
uyuyy +

5

3
uuxxx +

5

3
uuxxy +

5

3
uuxyy +

5

3
uuyyy +

uxxxxx + uxxxxy + 2uxxxyy + 2uxxyyy + uxyyyy + uyyyyy.

We observe from (1.7) that the polynomial fm has degree m + 1 and order

m − 1. Also from (1.9) we have that Gm(u) is a polynomial of degree m and

order 2m−2. Thus, the equation (1.10) is a nonlinear equation of order 2m−1

and degree m. By using equation (1.5) it is possible to show that each functional

Fm(u) is also a constant along solutions of equation (1.10).

1.1 The G2(Ω) Algebra and some Definitions

We study the Cauchy problem for the 2D-KdV hierarchy in the Colombeau

algebra G2(Ω), a particular case of the algebras Gp,q(Ω), defined in [4].

Let I = (0, 1) and Ω ⊂ R n be an open set. We set

E2[Ω] = (H∞(Ω))I = {û : I → H∞(Ω), ε ∈ I 7→ ûε ∈ H∞(Ω),

real valued for all ε > 0},

where H∞(Ω) = ∩k∈ZHk(Ω).
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We set

EM,2[Ω] = {û ∈ E2[Ω] such that for all k ∈ Z+, ∃N > 0 such that

‖ûε‖k = O(ε−N), as ε → 0}, (1.11)

N2[Ω] = {û ∈ EM,2[Ω] such that for all k ∈ Z+, and M > 0,

‖ûε‖k = O(εM), as ε → 0},

where ‖·‖k is the usual norm of the Sobolev space Hk(Ω). The elements of

EM,2[Ω] are denoted by û, v̂,· · · and are called moderate. The set N2[Ω] is called

null space.

If Ω has the cone property, then, see [4]:

(i) EM,2[Ω] is an algebra with partial derivatives,

(ii) N2[Ω] is an ideal of EM,2[Ω] which is invariant under derivatives,

(iii) If Ω = Rn and û ∈ E2[Ω], then for all ε > 0 lim|x|→∞ ûε(x) = 0.

The set G2(Ω), defined by

G2(Ω) =
EM,2[Ω]

N2[Ω]
,

is also an algebra; its elements, denoted by u, v, · · · are called generalized func-

tions in Ω. The multiplication in G2(Ω) is defined on representatives i.e., if u, v

∈ G2(Ω) then the product uv is the class of ûv̂, where û and v̂ are the respective

representatives of u and v, It is easy to see that this product doesn’t depend on

the representatives. We then have

Theorem 1.1. ([4]) (i) There is a derivative operator in G2(Ω) which is linear

and is induced by the derivative in EM,2[Ω], i.e., if u ∈ G2(Ω) and α ∈ Nn

then Dαu := cl(Dαû) in G2(Ω), where û ∈ EM,2[Ω] is a representative of u, and

cl(Dαû) ∈ G2(Ω) is the class of Dαû.

(ii) There is an embedding of H−∞(Rn) = ∪s∈RHs(Rn) into G2(R
n) obtained

in the following way: we fix ρ ∈ S(Rn) such that
∫

Rn

ρ(x)dx = 1 and

∫

Rn

xαρ(x)dx = 0, ∀α ∈ Nn, |α| ≥ 1.
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Let ι : w → (w ∗ ρε)ε, where ρε(x) = 1

εn ρ(x
ε
). This defines a linear injec-

tion of H−∞(Rn) into EM,2[R
n], which induces an embedding H−∞(Rn) into

G2(R
n),(so we can look H∞(Rn) as a subalgebra of G2(R

n)).

Next we give some definitions:

Definition 1.1. For u ∈ G2((0, T ) × Rn), the restriction of u to {0} × Rn is

the class of ûε(0, ·) in G2(R
n), where ûε is a representative of u. We denote this

class by u|{t=0}.

Definition 1.2. We say that u ∈ G2(Ω) is of r-(log)
1
j -type, 2 ≤ r ≤ ∞, j ≥ 1,

if it has a representative û ∈ EM,2[Ω] such that

‖ûε‖Lr = O(| log ε| 1
j ) , as ε → 0.

Notice that if û ∈ EM,2[Ω], then (1.11) holds with the W k,r(Ω)-norm.

We also observe a nonlinear property of generalized functions: if F ∈
OM(Rl) i.e., F is a smooth function and together with all its derivatives grow at

most like some power of |x| as |x| → ∞, we can define F (u1, u2, · · ·, ul) ∈ G2(Ω)

for ui ∈ G2(Ω), i = 1, · · ·, l, (see [1]).

Definition 1.3. Let P (u, ∂αu) be a polynomial in u and its derivatives. We

say that u is a solution to the problem

ut = P (u, ∂αu) in G2((0, T ) × Rn)
u|{t=0} = g in G2(R

n),

if for every representative û ∈ EM,2[(0, T ) × Rn] of u and ĝ ∈ EM,2[R
n] of g,

there are N̂ ∈ N2[(0, T ) × Rn] and η̂ ∈ N2[R
n] such that

ût = P (û, ∂αû) + N̂ , in (0, T ) × Rn

û|{t=0} = ĝ + η̂ , in Rn.

For more details on generalized functions, see [1], [8], [9] and [19].
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2 Existence of generalized solutions to the hi-

erarchy in R2

In this section we shall establish a result on the existence of solutions in

G2((0, T ) × R2) for the Cauchy problem

ut = ∂x1Gm(u) + ∂x2Gm(u), in G2((0, T ) × R2)
u|{t=0} = g in G2(R

2).
(2.12)

The following result, due Saut [21, Theorem 2], is used in the proof of the

Theorem 2.2.

Theorem 2.1. Let g ∈ Hm(Rn) and T > 0 finite. Then the Cauchy problem

ut =
∑

α1
Dα1Gm(u),

u|{t=0} = g
(2.13)

has a solution in L∞((0, T ) : Hm(Rn)).

Remark 2.1. It follows from this result and Sobolev’s embedding theorem, that

if g ∈ Hj(Rn), j ∈ Z , then u ∈ C∞((0, T ) × Rn).

In the proof of the Theorem 2.2, we need the following lemma

Lemma 2.1. If u is a solution to the problem (2.13), for the case n = 2, then

for every k ∈ N there is a polynomial Pk+2 in the variables ‖Dαl ĝε ‖
0
, l ≤ k+2,

of degree k + 2, such that

‖Dαku‖L∞ ≤ Pk+2 (‖g‖
0
, ‖Dα1g‖

0
, · · ·, ‖Dαk+2g‖

0
). (2.14)

A similar estimate also holds for ‖Dαk+1u(t, ·)‖
0

, i.e.,

‖Dαk+1u(t, ·)‖
0
≤ P̃k+2 (‖g‖

0
, ‖Dα1g‖

0
, · · ·, ‖Dαk+2g‖

0
). (2.15)

Proof. To simplify the notations, we drop R2 in the integral; also the constants

are taken equal one. The conservation law

F1(u) =
1

2

∫
u2(x, t)dx,
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gives that ‖u(t)‖
0

= ‖g‖
0
. Therefore, it follows from the Gagliardo-Nirenberg’s

inequality (2.16), (see [10]),

‖Dαv‖Lp ≤ C
∥∥Dβv

∥∥θ

Lq ‖v‖1−θ

Lr , (2.16)

1

p
− |α|

n
= θ(

1

q
− |β|

n
) + (1 − θ)

1

r
, θ ∈ [

|α|
|β| , 1],

with p = ∞, n = 2, q = r = 2, α = 0, |β| = 2, θ = 1

2
and Young’s inequality

(2.17)

ab ≤ δ
ap

p
+ k(δ)

bq

q
,

1

p
+

1

q
= 1, (2.17)

with p = q = 2, that

‖u(t)‖L∞ ≤ ‖g‖
0
+

∑

α2

‖Dα2u(t)‖
0
. (2.18)

To estimate
∑

α2
‖Dα2u(t)‖

0
, we use the conservation law

F3(u) =

∫
[
∑

α2

(Dα2u)2 +
∑

α1

cα1u(Dα1u)2 + cu4]dx,

from which we obtain
∫ ∑

α2

(Dα2u)2dx = −
∑

α1

∫
cα1u(Dα1u)2dx − c

∫
u4dx +

∫ ∑

α2

(Dα2g)2dx +
∑

α1

∫
cα1g(Dα1g)2 + c

∫
g4dx.

Thus we have the following result

∑

α2

‖Dα2u(t)‖2

0
≤ ‖u(t)‖L∞

∫ ∑

α1

(Dα1u)2dx + ‖g‖L∞

∫ ∑

α1

(Dα1g)2dx+

c ‖u(t)‖2

L∞

∫
u2dx + c ‖g‖2

L∞

∫
g2dx. (2.19)

To estimate the term
∫ ∑

α1
(Dα1u)2dx, we use the conservation law

F2(u) =

∫
[
∑

α1

(Dα1u)2 + cu3]dx,

so we obtain
∫ ∑

α1
(Dα1u)2 =

∫ ∑
α1

(Dα1g)2 + c
∫

g3 − c
∫

u3,

and therefore

∫ ∑

α1

(Dα1u)2 ≤
∑

α1

‖Dα1g‖2

0
+c ‖g‖L∞

∫
g2+c ‖u(t)‖L∞

∫
u2,
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or

∫ ∑

α1

(Dα1u)2 ≤
∑

α1

‖Dα1g‖2

0
+ (‖g‖

0
+

∑

α2

‖Dα2g‖
0
) ‖g‖2

0
+ ‖u(t)‖L∞ ‖g‖2

0
.

(2.20)

By replacing (2.20) in (2.19) and using (2.18), we obtain the estimate

∑

α2

‖Dα2u(t)‖2

0
≤ c(‖g‖

0
+

∑

α2

‖Dα2u(t)‖
0
)
∑

α1

‖Dα1g‖2

0
+ c(‖g‖

0
+

∑

α2

‖Dα2u(t)‖
0
)(‖g‖

0
+

∑

α2

‖Dα2g‖
0
) ‖g‖2

0
+ c(‖g‖

0
+

∑

α2

‖Dα2u(t)‖
0
)(‖g‖

0
+

∑

α2

‖Dα2u(t)‖
0
) ‖g‖2

0
+ c(‖g‖

0
+

∑

α2

‖Dα2g‖
0
)
∑

α1

‖Dα1g‖2

0
+ c(‖g‖

0
+

∑

α2

‖Dα2u(t)‖
0
)

‖g‖2

0
+ c(‖g‖

0
+

∑

α2

‖Dα2g‖
0
) ‖g‖2

0
.

By using repeatedly Young’s inequality (2.17) with p = q = 2, we obtain an

estimate to
∑

α2
‖Dα2u(t)‖

0
polynomial type in ‖g‖

0
and ‖Dαg‖

0
|α| = 1, 2 of

degree 2, which replaced in (2.18), gives

‖u(t)‖L∞ ≤ P2 (‖g‖
0
, ‖Dα1g‖

0
, ‖Dα2g‖

0
),

and therefore

‖u‖L∞ ≤ P2 (‖g‖
0
, ‖Dα1g‖

0
, ‖Dα2g‖

0
).

Coming back to Eq. (2.20), we obtain a similar estimate for
∑

α1
‖Dα1u‖

0
, i.e.,

∑

α1

‖Dα1u‖
0
≤ P̃2 (‖g‖

0
, ‖Dα1g‖

0
, ‖Dα2g‖

0
).

In the next, we use similar arguments, the conservation laws and induction

to complete the proof. Given an integer `, we have from (2.16) and (2.17), the

estimate

∑

α`

‖Dα`u(t)‖L∞ ≤
∑

α`

‖Dα`u(t)‖
0
+

∑

α`+2

‖Dα`+2u(t)‖
0
. (2.21)
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Taking into consideration results (2.14) and (2.15) for 1 ≤ k ≤ ` − 1, we prove

for k = `. By using the conservation law

F`+3(u) =

∫
{
∑

α`+2

(Dα`+2u)2 +
∑

α`+1

cα`+1
u(Dα`+1u)2 +

cα0u
`+4 + Q`+3(u, Dα1u, ..., Dα`u)}dx,

we obtain the equality

∑

α`+2

‖Dα`+2u(t)‖2

0
= −

∑

α`+1

cα`+1

∫
u(Dα`+1u)2dx − cα0

∫
u`+4dx −

∫
Q

`+3
(u, Dα1u, ..., Dα`u)dx +

∑

α`+2

∫
(Dα`+2g)2dx +

∑

α`+1

cα`+1

∫
g(Dα`+1g)2dx +

cα0

∫
g`+4dx +

∫
Q

`+3
(g, Dα1g, ..., Dα`g)dx.

And therefore we obtain the estimate

∑

α`+2

‖Dα`+2u(t)‖2

0
≤ ‖u‖L∞

∑

α`+1

‖Dα`+1u(t)‖2

0
+ ‖u‖`+2

L∞ ‖u‖2

0
+

|
∫

Q
`+3

(u, Dα1u, ..., Dα`u)dx| +
∑

α`+2

∥∥D`+2g
∥∥2

+ ‖g‖L∞

∑

α`+1

‖Dα`+1g‖2

0
+

‖g‖`+2

L∞ ‖g‖2

0
+ |

∫
Q

`+3
(g, Dα1g, ..., Dα`g)dx|.(2.22)

To estimate the factor ‖Dα`+1u(t)‖2

0
, we use the conservation law

F`+2(u) =

∫
{
∑

α`+1

(Dα`+1u)2 +
∑

α`

cα`
u(Dα`u)2 +

cα0u
`+3 + Q`+2(u, Dα1u, ..., Dα`−1u)}dx,
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from which we obtain the estimate,

∑

α`+1

‖Dα`+1u(t)‖2

0
≤ ‖u‖L∞

∑

α`

‖Dα`u(t)‖2

0
+ ‖u‖`+1

L∞ ‖u‖2

0
+

|
∫

Q
`+2

(u, Dα1u, ..., Dα`−1u)dx| +
∑

α`+1

‖Dα`+1g‖2 + ‖g‖L∞

∑

α`

‖Dα`g‖2

0
+

‖g‖`+1

L∞ ‖g‖2

0
+ |

∫
Q

`+2
(g, Dα1g, ..., Dα`−1g)dx|.(2.23)

By using induction hypothesis, we obtain that the term ‖u‖L∞

∑
α`
‖Dα`u(t)‖2

0

can be bounded by a polynomial in ‖g‖
0
, ‖Dα1g‖

0
, · · ·, ‖Dα`+1g‖

0
of degree

2 + 2(` + 1) = 2` + 4.

In order to estimate the integral
∫

Q
`+3

(u, Dα1u, ..., Dα`u)dx in (2.22), we use

the fact that each term of Q
`+3

has degree ≥ 3 and is of the form,
∏`

i=0
(Dαiu)lαi ,

where
∑`

i=0
(1 + i

2
)lαi

= ` + 4, as seen in (1.8). Thus we can write each term of
∫

Q`+3dx in the form

∫
ulα0 (Dα1u)lα1 · · · (Dαiu)lαi

−1 · · · (Dαju)lαj
−1 · · · (Dα`u)lα`DαiuDαjudx,

where 0 ≤ i, j ≤ ` − 1. The expression above can be estimated by

‖u‖lα0
L∞ ‖Dα1u‖lα1

L∞ · · · ‖Dαiu‖lαi
−1

L∞ · · · ‖Dαju‖lαj
−1

L∞ · · ·
‖Dα`u‖lα`

L∞ ‖Dαiu(t)‖
0
‖Dαju(t)‖

0
.

By induction hypothesis, we have that ‖Dαiu‖L∞ , 1 ≤ i ≤ `−1, can be bounded

by a polynomial P ∗
i+2(‖g‖0

, ‖Dα1g‖
0
, ···, ‖Dαi+2g‖

0
), therefore

∫ ∏`

i=0
(Dαiu)lαidx

can be bounded by a polynomial in ‖g‖
0
, ‖Dα1g‖

0
, · · ·, ‖Dα`+1g‖

0
whose degree

is given by

2lα0 + 3lα1 + · · · + (i + 2)(lαi
− 1) + · · · + (j + 2)(lαj

− 1)

+ · · · +(` − 1 + 2)(lα`
− 1) + (i + 1) + (j + 1),

which equals to 2`+4. From where we obtain that
∫

Q`+3(u, Dα1u, · · ·, Dα`u)dx

can be estimated by a polynomial in ‖g‖
0
, ‖Dα1g‖

0
, · · ·, ‖Dα`+1g‖

0
of degree
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2` +4. Analogously
∫

Q`+2dx in (2.23) can be estimated; the same result holds

for
∫

Q`+3(g, Dα1g, · · ·, Dα`g)dx in (2.22) and
∫

Q`+2(g, Dα1g, · · ·, Dα`−1g)dx in

(2.23). By replacing (2.23) in (2.22), we obtain

‖Dα`+2u(t)‖
0
≤ P̃`+3(‖g‖0

, ‖Dα1g‖
0
, · · ·, ‖Dα`+2‖

0
), (2.24)

which replaced in (2.23) yields (2.15). Finallly, inequalities (2.21) and (2.24)

yield, the estimate (2.14).

�

Theorem 2.2. Let g ∈ G2(R
2) and T > 0 finite. Then the Cauchy problem

(2.12) has a solution in G2((0, T ) × R2).

Proof : Let ĝ be a representative of g in EM,2[R
2]. Since ĝε ∈ H∞(R2), for all

ε > 0, by Theorem 2.1 and remark 2.1, there is a solution ûε in C∞([0, T ] ×
Rn) ∩ L∞([0, T ], H∞(Rn)) to the problem

∂tûε = ∂x1Gm(ûε) + ∂x2Gm(ûε) in (0, T ) × R2

ûε(0) = ĝε in R2.
(2.25)

Hence, given α ∈ N1+2, it follows from the equation in (2.25) that Dαûε(t, ·) ∈
L2(R2) for all t ∈ (0, T ) and ε > 0. Since

‖Dαûε‖0
≤

√
T supt ‖Dαûε(t, ·)‖0

, (2.26)

we have ûε ∈ H∞((0, T ) × R2). In particular the map û : I × (0, T ) × R2 →
R, (ε, t, x) 7→ ûε(t, x) belongs to E2[(0, T )×R2]. The proof of û ∈ EM,2[(0, T )×
R2] is a consequence of inequality (2.26) and of the lemma 2.1.

�

3 Uniqueness Result

The following result establishes the uniqueness of solutions to the problem

(2.12).
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Theorem 3.1. If u and its x-derivatives up to order 3m−3 are of ∞-(log)
1

2(m−1)2 -

type, then there is at most one solution u ∈ G2((0, T ) × R2) to the problem

(2.12).

Proof : Let u, v ∈ G2((0, T )×R2) be two solutions of (2.12) as stated above, i.e.,

there are respective representatives û = ûε(·, ·) and v̂ = v̂ε(·, ·) in EM,2[(0, T ) ×
R2)] such that û = (ûε)ε, v̂ = (v̂ε)ε satisfy the condition: their x-derivatives

up to order 3m − 3 satisfy the estimate ‖ûε‖L∞ = O(| log ε|
1

2(m−1)2 ) , as ε → 0.

There are N̂ ∈ N2((0, T ) × R2) and η̂ ∈ N2(R
2) such that

∂t(ûε − v̂ε)(t, x) =
∑

2

1
∂xi

(Gm(ûε) − Gm(v̂ε))(t, x) + N̂ε(t, x)
(ûε − v̂ε)(0, x) = η̂ε(x).

(3.27)

By changing representatives, we may assume η̂ = 0. For simplicity, we drop

the ε and hat in our notations. Thus, setting w = u− v, problem (3.27) can be

written in the form

∂tw =
∑

2

1
∂xi

(Gm(u) − Gm(v)) + N

w|t=0 = 0.
(3.28)

By [12, proposition 3.4(ii)] see also [13], it is sufficient show that

‖w‖
0

= O(εq), as ε → 0.

After multiplying equation in (3.28) by w and integrating with respect to x and

t, it results, after integration by parts, in

1

2

∫ t

0

∫

R2

∂tw
2dxdt = −

∫ t

0

∫

R2

2∑

1

∂xi
w(Gm(u)−Gm(v))dxdt+

∫ t

0

∫

R2

wNdxdt.

(3.29)

In what follows, we drop R2 and dxdt in the integrals. Remind that Gm(u)

is the gradient of the functional Fm(u) in u, where Fm(u) has the form (1.6),

and each term of fm(u) is of type (1.8). In particular the terms

∑

αm−1

(Dαm−1u)2 and
∑

αm−2

(Dαm−2u)2u of fm leads to

2(−1)m−1
∑

αm−1

D2αm−1u and
∑

αm−2

[2(−1)m−2Dαm−2(uD
αm−2

u) + (D
αm−2

u)2],
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respectively, in Gm. The first expression does not contribute in (3.29), and the

contribution of the second expression is given by

|
∫ t

0

∫ ∑
2

1
∂xi

w
∑

αm−2
[2(−1)m−2Dαm−2(uD

αm−2
u − vD

αm−2
v)

+(D
αm−2

u)2 − (D
αm−2

v)2]|

= |
∫ t

0

∫
2(−1)m−1

∑

αm−1

Dαm−1w
∑

αm−2

(uD
αm−2

w + wD
αm−2

v) +

∫ t

0

∫
(−1)m−1

2∑

l=1

∂xi
w

∑

αm−2

Dαm−2w(D
αm−2

u + D
αm−2

v)|.

Which, after using the inequality (2.17), can be estimated by

c

∫ t

0

[‖w(s)‖2

0
+

∑

α1

‖Dα1w(s)‖2

0
+

∑

αm−2

‖Dαm−2w(s)‖2

0
+

∑

αm−1

‖Dαm−1w(s)‖2

0
].

Which, after using of the inequality (2.16), can be estimated by

c

∫ t

0

[‖w(s)‖2

0
+

∑

αm−1

‖Dαm−1w(s)‖2

0
]ds,

where c = 2(‖u‖L∞ +
∑

αm−2
(‖Dαm−2u‖L∞ + ‖Dαm−2v‖L∞)).

The term um+1of fm(u) gives in Gm(u) the term (m+1)um, whose contribution

in (3.29) is given by

|
∫ t

0

∫ 2∑

1

∂xi
w(um − vm)|

= c|
∫ t

0

∫ 2∑

1

∂xi
ww(um−1 + um−2v + · · · + uvm−2 + vm−1)|

≤ c

∫ t

0

(‖w(s)‖2

0
+

∑

α1

‖Dα1w(s)‖2

0
) ds,

where c = ‖u‖m−1

L∞ + ‖u‖m−2

L∞ ‖v‖L∞ + · · · + ‖u‖L∞ ‖v‖m−2

L∞ + ‖v‖m−1

L∞ .

In a similar fashion the other terms in (3.29) can be estimated giving, after

summing up the results and substituting into (3.29), the estimate

‖w(t)‖2

0
≤ ‖w‖

0
‖N‖

0
+ c

∫ t

0

(‖w(s)‖2

0
+

∑

αm−1

‖Dαm−1w(s)‖2

0
)ds, (3.30)
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where c is a polynomial in ‖Dαku‖L∞, ‖Dαkv‖L∞ , k = 0, 1, 2, · · ·, m − 2, with

degree at most m − 1.

After multiplying equation in (3.28) by Gm(u) − Gm(v) and integrating in

x and t it results in
∫ t

0

∫
∂tw(Gm(u) − Gm(v)) =

∫ t

0

∫
N(Gm(u) − Gm(v)). (3.31)

The term 2(−1)m−1
∑

αm−1
D2αm−1u of Gm(u), gives on the left-hand side of

(3.31) the contribution

2(−1)m−1

∫ t

0

∫
∂tw

∑

αm−1

D2αm−1w =

∫ t

0

∫
∂t

∑

αm−1

(Dαm−1w)2 =
∑

αm−1

‖Dαm−1w‖2

0
.

Therefore equation (3.31) can be written in the form

∑

αm−1

‖Dαm−1w‖2

0
=

∑

λ≤m−2

Jαλ
(w(t)) +

∫ t

0

∫
N(Gm(u) − Gm(v)), (3.32)

where the J ′
αλ

s are contributions in the left hand side of (3.31) obtained as it

follows: we consider the following cases:

(a) term (m + 1)um of Gm , whose contribution in (3.31) is

J
α0

=

∫ t

0

∫
∂tww(um−1 + um−2v + · · · + uvm−2 + vm−1).

Integration by parts in the variable t gives

J
α0

≤ c
∥∥um−1 + um−2v + · · · + uvm−2 + vm−1

∥∥
L∞

∫
w2

+c
∥∥∂t(u

m−1 + um−2v + · · · + uvm−2 + vm−1)
∥∥

L∞

∫ t

0

∫
w2.

Since the right hand side of the equation in the problem (2.12) has degree m

∂t(u
m−1 + um−2v + · · · + uvm−2 + vm−1) has degree 2m − 2 and we obtain the

estimate

J
α0

≤ c{‖w(t)‖2

0
+

∫ t

0

‖w(s)‖2

0
ds},

where c is a polynomial in
∥∥Dku

∥∥
L∞

,
∥∥Dkv

∥∥
L∞

, k = 0, 1, 2, · · ·, 2m − 1, of

degree 2m − 2.
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(b) Taking into consideration the term

∑

αm−2

[2(−1)m−2Dαm−2(uD
αm−2

u) + (D
αm−2

u)2]

of Gm, we have the following contribution in (3.31)

Jαm−2 =

∫ t

0

∫
∂tw

∑

αm−2

2(−1)m−2Dαm−2(uDαm−2u − vDαm−2v)

+

∫ t

0

∫
∂tw

∑

αm−2

[(Dαm−2u)2 − (Dαm−2v)2]

=

∫ t

0

∫
∂tw

∑

αm−2

[2(−1)m−2Dαm−2(uDαm−2w + wDαm−2v)]

+

∫ t

0

∫
∂tw

∑

αm−2

D
αm−2

w(D
αm−2

u + D
αm−2

v).

By using integration by parts in x, we reach

J
αm−2

≤ |
∫ t

0

∫
2

∑

αm−2

Dαm−2∂tw(uDαm−2w + wDαm−2v)

+

∫ t

0

∫
∂tw

∑

αm−2

Dαm−2w(Dαm−2u + Dαm−2v)|.

Therefore

J
αm−2

≤ |
∫ t

0

∫ ∑

αm−2

[∂t(D
αm−2w)2u + 2Dαm−2∂twwDαm−2v]

+

∫ t

0

∫ ∑

αm−2

∂twDαm−2w(D
αm−2

u + D
αm−2

v)|.

By integration by parts in t, we obtain

J
αm−2

≤ |
∫ ∑

αm−2

(Dαm−2w)2u −
∫ t

0

∫ ∑

αm−2

(Dαm−2w)2∂tu +

2

∫ ∑

αm−2

Dαm−2wwDαm−2v − 2

∫ t

0

∫ ∑

αm−2

Dαm−2w∂t(wDαm−2v).

+

∫ t

0

∫ ∑

αm−2

∂twDαm−2w(Dαm−2u + Dαm−2v)|.
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Using the equality

∂twDαm−2wDαm−2u = Dαm−2w∂twDαm−2v + ∂tw(Dαm−2w)2,

we obtain

Jαm−2 ≤ |
∫ ∑

αm−2

(Dαm−2w)2u −
∫ t

0

∫ ∑

αm−2

(Dαm−2w)2∂tu +

2

∫ ∑

αm−2

Dαm−2wwDαm−2v +

∫ t

0

∫ ∑

αm−2

∂tw(Dαm−2w)2 −

2

∫ t

0

∫ ∑

αm−2

Dαm−2ww∂tD
αm−2v|.

Thus, we have

Jαm−2 ≤ ‖u‖L∞

∑

αm−2

‖Dαm−2w(t)‖2

0
+ ‖∂tu‖L∞

∫ t

0

∑

αm−2

‖Dαm−2w(s)‖2
ds

+2 ‖Dαm−2v‖L∞

∑

αm−2

(‖w(t)‖2

0
+ ‖Dαm−2w(t)‖2

0
)

+ ‖∂tw‖L∞

∫ t

0

∑

αm−2

‖Dαm−2w(s)‖2

0
ds

+ ‖∂tD
αm−2v‖L∞

∫ t

0

∑

αm−2

(‖w(s)‖2

0
+ ‖Dαm−2w(s)‖2

0
)ds.

Therefore, we have the following estimate

Jαm−2 ≤ c{(‖w(t)‖2

0
+

∑

αm−2

‖Dαm−2w(t)‖2

0
)

+

∫ t

0

(‖w(s)‖2

0
+

∑

αm−2

‖Dαm−2w(s)‖2

0
)ds}.

Since equation in the problem (2.12) has order 2m − 1, we have that c is a

polynomial in ‖Dαku‖L∞ and ‖Dαkv‖L∞, k = 0, 1, 2, · · ·, 3m − 3 of degree m.

Similarly the other terms in (3.32) can be estimated, giving

Jαλ
≤ c{‖w(t)‖2

0
+

∑

αλ

‖Dαλw(t)‖2

0
+

∫ t

0

(‖w(s)‖2

0
+

∑

αλ

‖Dαλw(s)‖2

0
)ds},
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where λ is an integer such that 0 < λ < m − 2 and c is a polynomial in

‖Dαku‖L∞and ‖Dαkv‖L∞ , k = 0, 1, 2, · · ·, 3m − 3, of degree ≤ 2m − 3.

By combining these results with (3.32) we obtain, after we use (2.16), the

following estimate

∑

αm−1

‖Dαm−1w(t)‖2

0
≤ c{‖w(t)‖2

0
+

∑

αm−2

‖Dαm−2w(t)‖2

0
+

∫ t

0

(‖w(s)‖2

0
+

∑

αm−2

‖Dαm−2w(s)‖2

0
)ds} + ‖N‖

0
‖Gm(u) − Gm(v)‖

0
. (3.33)

Inequality (2.16), with α = m − 2, β = m − 1, θ = m−2

m−1
and p = q = r = 2,

gives

‖Dαm−2w‖2

0
≤ c ‖Dαm−1w‖2

m−2
m−1

0 ‖w‖
2

m−1

0 .

Applying inequality (2.17) with p = m−1

m−2
, we obtain

‖Dαm−2w(t)‖2

0
≤ δ ‖Dαm−1w(t)‖2

0
+ k(δ) ‖w(t)‖2

0
, (3.34)

where k(δ) = δ2−m and δ > 0 (arbitrary). By substituting (3.34) in the estimate

(3.33), we obtain

∑

αm−1

‖Dαm−1w(t)‖2

0
≤ c{‖w(t)‖2

0
+ k(δ) ‖w(t)‖2

0
+ δ

∑

αm−1

‖Dαm−1w(t)‖2

0
}+

c

∫ t

0

(‖w(s)‖2

0
+

∑

αm−1

‖Dαm−1w(s)‖2

0
)ds + ‖N‖

0
‖Gm(u) − Gm(v)‖

0
.

Choosing δ conveniently, we obtain

∑

αm−1

‖Dαm−1w(t)‖2

0
≤ c ‖w(t)‖2

0
+ c

∫ t

0

(‖w(s)‖2

0
+

∑

αm−1

‖Dαm−1w(s)‖2

0
)ds

+ ‖N‖
0
‖Gm(u) − Gm(v)‖

0
,

where c is a polynomial in
∥∥Dku

∥∥
L∞

and
∥∥Dkv

∥∥
L∞

, k = 0, 1, 2, · · ·, 3m− 3, of

degree 2(m − 1)2. By using (3.30), we find

∑

αm−1

‖Dαm−1w(t)‖2

0
≤ c ‖w‖

0
‖N‖

0
+ c

∫ t

0

(‖w(s)‖2

0
+

∑

αm−1

‖Dαm−1w(s)‖2

0
)ds

+ ‖N‖
0
‖Gm(u) − Gm(v)‖

0
.
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Adding this inequality to (3.30) it results in

‖w(t)‖2

0
+

∑

αm−1

‖Dαm−1w(t)‖2

0
≤ c

∫ t

0

(‖w(s)‖2

0
+

∑

αm−1

‖Dαm−1w(s)‖2

0
)ds

+c(‖N‖
0
‖Gm(u) − Gm(v)‖

0
+ ‖N‖

0
‖w‖

0
).

By using Gronwall’s Lemma, we obtain

‖w(t)‖2

0
+

∑

αm−1

‖Dαm−1w(t)‖2

0
≤ αecT , (3.35)

where α = c(‖N‖
0
‖Gm(u) − Gm(v)‖

0
+ ‖N‖

0
‖w‖

0
) and c is a polynomial in

‖Dαku‖L∞ and ‖Dαkv‖L∞ , k = 0, 1, 2, · · ·, 3m − 3, of degree 2(m − 1)2.

The solutions u, v and its x-derivatives up to order 3m − 3 are of ∞-

(log)
1

2(m−1)2 -type, i.e. their representatives u and v can be chosen such that

‖Dαkuε‖L∞ , ‖Dαkvε‖L∞ = O(| log ε|
1

2(m−1)2 ), as ε → 0, k = 0, 1, 2, · · ·, 3m − 3.

From (3.35) and since N ∈ N2((0, T ) × R), we have

‖w(t)‖2

0
+

∑

αm−1

‖Dαm−1w(t)‖2

0
≤ cεq, ∀q and ε > 0, small enough. (3.36)

We have then that sup0≤t≤T ‖wε(t)‖2

0
= O(εq) as ε → 0, ∀q; and therefore

‖wε‖0
= O(εq), as ε → 0. (3.37)

Remark 3.1. A consequence of the Lemma 2.1 is that if g ∈ G2(R
2), together

with x-derivatives up to order 3m − 1 are of 2-(log)
1

2(3m−1)(m−1)2 -type, then the

solutions given in Theorem 2.2, together with their x-derivatives up to order

3m − 3 are of ∞-(log)
1

2(m−1)2 -type.

We observe that our results extend for equations in Rn.

Remark 3.2. By following the same technique, we can prove the following

result: let g ∈ G2(R
n) and T > 0 finite. Then the Cauchy problem

ut =
∑

α1
Dα1Gm(u), in G2((0, T ) × Rn)

u|{t=0} = g in G2(R
n),

has a solution in G2((0, T )×Rn). Moreover, if g and its derivatives up to order

3(m− 1) + n are of 2-(log)
1

2(3m−1)(m−1)2 -type, then there is an unique solution in

G2((0, T ) × Rn).
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Brazil


