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This paper presents a unified Ritz-based framework for the free vibration analysis of shells, integrating symbolic
and numerical computation to automatically evaluate shell geometry from its position vector. Unlike many
existing Ritz-based models that are restricted to specific shell geometries, the proposed approach overcomes
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Doubly curved shells handle various boundary conditions. The modular framework allows comparison of different kinematic models,

where a seven-parameter formulation with Enhanced Assumed Strain effectively mitigates locking effects in
moderately thick shells. A key advantage of this methodology is its high computational efficiency, achieving
converged results with significantly fewer degrees of freedom compared to high-fidelity 3D finite element
models. While current applications are focused on linear problems within regular computational domains, the
formulation is conceived to enable future extensions to complex nonlinear analyses. The formulation robustness
is demonstrated by numerical examples on functionally graded and laminated composites, showing strong
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agreement with 3D finite element models.

1. Introduction

Shell structures are widely used in aerospace, civil, mechanical,
and maritime engineering due to their high spatial efficiency and
superior strength-to-weight ratio. Their load-carrying capacity is pri-
marily governed by curvature effects, allowing lightweight and high-
performance structural designs. Recent advances in material science
have significantly increased interest in the analysis of general com-
posite shells made of anisotropic laminates or functionally graded
materials, requiring refined formulations [1-4].

Historically, shell theories have evolved to address the limitations
of classical formulations. Classical shell theory (CST), based on the
Kirchhoff-Love hypothesis, neglects transverse shear deformation and
is consequently restricted to thin shells undergoing small strains and
moderate rotations [1,3,4]. To incorporate transverse shear effects in
moderately thick and composite shells, first-order shear deformation
theory (FSDT) was developed, characterizing shell kinematics by five
independent fields and generally assuming a plane stress state through
the thickness [4-6]. Several challenges related to nonlinear vibra-
tions, stability phenomena, and the mechanical behavior of advanced
composite and biological shell structures have been systematically

studied, establishing a robust theoretical basis for refined kinematic
models [7,8]. To further overcome the limitations of FSDT and re-
duce dependence on shear correction factors, higher-order shear de-
formation theory (HSDT) and layer-wise (LW) models have been intro-
duced. These enrich the through-thickness displacement field, allowing
for a more accurate representation of transverse shear stresses [3—
5]. Although HSDT and LW formulations deliver high-fidelity three-
dimensional stress predictions for multilayered shells, their compu-
tational cost can become considerable in nonlinear analyses due to
the increased number of kinematic parameters and independent fields
required to capture through-thickness behavior [9-11].

Over the last decade, the CST, FSDT and HSDT have been ex-
tensively employed in the analysis of advanced shell structures with
increasing geometrical and material complexity. In particular, unified
formulation frameworks have enabled the systematic derivation of
kinematic models within a single variational setting, allowing con-
sistent comparisons of accuracy and computational efficiency across
a wide range of shell problems [12,13]. Such approaches have been
successfully applied to static, vibration and stability analyses of lami-
nated, sandwich and functionally graded shells, including cylindrical,
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spherical, and doubly curved configurations [4]. In parallel, refined
shear deformation theories have continued to support detailed inves-
tigations of nonlinear vibration and post-buckling behavior of shells
under large deflections, as extensively documented in contemporary
studies on nonlinear shell dynamics [7,8].

Comprehensive treatments of vibration and stability in thin and
moderately thick shells, encompassing CPT, FSDT, and HSDT models,
affirm the sustained relevance of these theories in modern engineering
applications [14]. Spurred by these developments, the application of
such models has expanded considerably across a wide range of curved
shell geometries and engineering scenarios. For instance, refined FSDT
models have been employed to study the free vibration characteristics
of honeycomb sandwich shell structures [15], while modified numeri-
cal strategies have been introduced for the static and dynamic analysis
of laminated conical shells [16]. In the area of structural stability,
comprehensive review studies have consolidated the mechanisms gov-
erning buckling in curved shells, underscoring the need for high-fidelity
theoretical descriptions [17]. Further research efforts have focused
on vibration analysis of variable-thickness shallow shells [18,19] and
on the dynamic response of functionally graded, porous, and perfo-
rated curved structures [20]. Moreover, analytical studies of laminated
axisymmetric spherical shells and thick functionally graded spheri-
cal structures illustrate the continued pursuit of greater predictive
accuracy, particularly regarding interlaminar stress distributions and
thermomechanical effects, through refined kinematic theories [21-23].
The accurate implementation of such theories has driven an extensive
literature on high-order numerical methods, which are essential for
capturing complex deformation phenomena. Among these approaches,
Isogeometric Analysis (IGA) has established itself as a versatile tool
for advanced shell modeling, enabling everything from the accurate
representation of laminates with zigzag effects and efficient coupling
in stiffened structures to the analysis of complex nonlinear phenomena
such as post-buckling in piezoelectric materials and fluid-structure
interaction in turbulent regimes [24-28]. In parallel, the p-version of
the finite element method (p-FEM) allows for exponential convergence
by enriching the polynomial order of shape functions within each
element rather than refining the mesh, proving particularly efficient for
composite and sandwich structures [29,30]. Spectral Element Methods
(SEM), including techniques such as the Spectral Chebyshev Technique
(SCT), leverage the convergence properties of orthogonal polynomials
to significantly reduce the number of degrees of freedom required for
accurate solutions [29,31,32]. Furthermore, high-order Discontinuous
Galerkin formulations have demonstrated significant adaptability in
the analysis of multilayered structures, enabling a tuneable high-order
accuracy through both the shell thickness and the modeling domain.
Such frameworks have proven robust for handling complex geomet-
ric nonlinearities and transient dynamic responses while maintaining
computational efficiency compared to traditional 3D finite element
solutions [33,34]. Within this context, the Ritz method remains a ro-
bust and computationally efficient semi-analytical alternative, offering
high-fidelity global approximations for the free vibration and stability
problems of shells [24,35]. Collectively, these contributions reaffirm
the value of refined two-dimensional theories for curved shell config-
urations, while also highlighting a growing need for more comprehen-
sive modeling approaches capable of unifying such diverse structural
responses within a single theoretical framework.

A more general kinematic framework is offered by six-parameter
shell theories. According these formulations, the director vector is rep-
resented by its three components, resulting in a fully three-dimensional
stress state capable of describing complex deformation modes [5,36].
However, these models are frequently susceptible to locking phenom-
ena, notably thickness locking (or Poisson locking). This occurs be-
cause the assumed constant through-thickness distribution of the trans-
verse normal strain cannot accurately represent its linear variation,
as required under pure bending [10,11,36]. To overcome this lim-
itation, without resorting to artificial modifications of the material
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law, seven-parameter shell theories have been developed [9,36,37].
Following the Enhanced Assumed Strain (EAS) technique, the seventh
parameter enriches the transverse normal strain field by introduc-
ing a linearly varying component through the thickness [11,36,37].
Importantly, this additional parameter can be statically condensed
from the discretized global equations. This preserves the efficiency
of a displacement-based formulation while enabling the direct use of
unmodified three-dimensional constitutive laws [9,11,36].

This work presents a unified Ritz framework for general shell anal-
ysis, implemented in the ShellPy library [38], advancing significantly
in the unified Ritz framework for shell analysis by building upon the
previous works [39-42]. The numerical implementation is extended
to encompass a broader class of shell models, including the classical
three-parameter theory as well as first-order shear deformation-based
five-, six-, and seven-parameter theories. This flexibility allows for the
consistent inclusion of transverse shear effects, through appropriate
shear correction factors based on the cylindrical bending assumption,
the direct use of full three-dimensional constitutive laws without prior
stress or strain condensation in addition to thickness stretching. Several
constitutive models are supported, enabling the direct modeling of
advanced material systems, including functionally graded materials
and orthotropic laminated composites. Numerical integration through
the thickness and over the shell mid-surface is systematically han-
dled within the formulation, ensuring accuracy and robustness across
different kinematic assumptions. Furthermore, the displacement field
can be expanded using different Ritz bases, including eigenfunction
expansions derived from the free vibration problem of beams, trigono-
metric series, and polynomial bases such as Legendre and Chebyshev
polynomials. In particular, the enriched cosine series [43] presented
in this work improves convergence properties and enhances modeling
flexibility. Thanks to its modular and extensible design, the proposed
framework provides a powerful and versatile tool for the analysis
of shells with arbitrary geometry, boundary conditions, and material
behavior under linear and dynamic regimes. The numerical results
demonstrate the capability of the proposed approach to analyze the
free vibration of shells with functionally graded materials and or-
thotropic laminated composites, showing excellent agreement with
three-dimensional finite element solutions and thereby validating both
the formulation and its computational implementation. It is emphasized
that the novelty of the present contribution resides in the systematic in-
tegration of several key aspects within a unified Ritz-based framework.
In particular, the proposed approach combines an automatic geometry
description derived from the shell position vector, hierarchic enriched
trigonometric bases for flexible enforcement of boundary conditions,
and the consistent implementation of multiple shell theories within
a single modular computational structure. In addition, the framework
supports a wide range of material models, allowing the direct analysis
of complex heterogeneous structures without the need for case-specific
reformulations.

2. Framework formulation

Fig. 1 depicts a moderately thick shell of nonuniform thickness
h(',£2), embedded in the three-dimensional Euclidean space E3
spanned by the orthonormal basis vectors e,, e,, and e;. In reference
configuration, the shell occupies the region % ¢ E3. Its mid-surface,
denoted by S, is parametrized over a rectangular domain 2 c R?
with curvilinear coordinates (¢!, £2). The parametric space is bounded
by &l < ¢! < ¢l and & < & < £, while the thickness coordinate
&3 varies within —h/2 < & < h/2 along the direction normal to the
reference surface. The position of a point in the reference configuration
is expressed as

X', &%) =REL ) + EM;(E', &) €h)

where R denotes the position vector of the mid-surface, M; and M, are
the tangent vectors to S, and M; is the associated unit normal vector
satisfying M5 L M;, M,.
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Fig. 1. Schematic of a generic double-curved shell showing the mid-surface in the reference configuration S (position vector R) and in the current configuration
3 (position vector r). The shell occupies the volumes ¥ and v, and the thickness coordinate & is defined along the unit vector M;. The displacement vectors of
the mid-surface and the shell are u and U, and the director along the thickness is d. The parametric space (£!,£?) used to map the mid-surface is also illustrated.

Table 1

Geometric properties of the shell. Expressions are given for the mid-surface
and for a generic point in the shell; detailed formulas are provided in the
Appendix.

Geometric property Mid-surface (S) Shell (V)
Covariant base vectors M, M,
Contravariant base vectors M M
Metric tensor components Gy G G, G
c b
Curvature tensor components K5, K_/,i, Ko Ko
1 Y k
Christoffel symbols I, Il
Displacement components u;, v;, U, v, U
ui, o, U
Covariant derivatives Uy U'; Uy U1

A detailed description of the geometric properties of the mid-surface
and of the shell is provided in the Appendix. These definitions are given
both for the mid-surface and for the shell along the thickness, allowing
a complete representation of the shell geometry in different bases. For
clarity and convenience, Table 1 summarizes the main geometric prop-
erties, showing their corresponding quantities for the mid-surface and
for a generic point in the shell. Explicit expressions for each property,
including metric and curvature tensors, Christoffel symbols, and the
covariant derivatives, are provided in the Appendix. Throughout this
work, Greek indices a,f... range from 1 to 2 (in-plane directions)
while Latin indices i, ... range from 1 to 3 (three-dimensional space),
a different notation will be explicitly indicated when used.

To relate the basis vectors of the mid-surface and a generic point in
the shell along the thickness, the shift tensor ¥ = YﬁMﬂ ® M¢*, with
components Y = 5/ + £3k? | such that M, = Y - M,, is considered.
Similarly, the tensor A = A*M# ® M, relates the contravariant bases
of the shell and the mid-surface, i.e. M®* = A - M“. The components
of A are the inverse of those of Y, ensuring consistency between
covariant and contravariant representations along the shell thickness.

In summary, the bases are related as
M, =Y:M, M =AM/

M, = AFM, M =YIM® 2

while the unit normal vectors satisfy M; = M® = M; = M?. The detailed
derivation of all components and their properties is provided in the
Appendix.

2.1. Kinematics of the shell

The kinematics of the shell are described in terms of the dis-
placement fields. The vector u represents the displacement of the
mid-surface, while U denotes the displacement of a generic material
point within the volume %. Under a smooth deformation mapping, the
shell is carried into the current configuration, where it occupies the
region v. In this configuration, the mid-surface is mapped onto 3, and
the position vector of a generic point is given by x = X + U and the
position of the mid-surface is given by r = R+ u.

Initially, the Reissner-Mindlin assumptions are adopted. Specifi-
cally, straight lines initially normal to the reference mid-surface remain
straight after deformation, although not necessarily orthogonal to the
deformed mid-surface. Nonuniform shell thickness is also accounted
for. Within this framework, the displacement field can be expressed as

U=u+&d-8Mm; 3

where d, referred to as the director vector, represents the variation
of a vector initially normal to the reference mid-surface. Finally, by
rearranging terms, the displacement of a generic material point can be
conveniently written as

UE, &%) = uE', &) + v, &) &)

where v = d — M; represents the director variation.
2.2. Shell’s deformation

In the following, three different shell theories are presented, each
corresponding to a distinct set of assumptions and a different num-
ber of independent displacement fields. All three shell theories are
implemented within the ShellPy framework, allowing a direct com-
parison between different kinematic models and enabling flexible nu-
merical analyses depending on the thickness, material behavior, and
deformation regime of the shell.
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2.2.1. Six-parameter shell theory
Six-parameter shell theory is derived directly from the general kine-
matic assumptions presented in the previous section. This formulation
allows capturing both the in-plane and transverse deformations of the
shell consistently with the Reissner-Mindlin hypotheses.
The strain tensor of the shell in curvilinear coordinates is defined in
terms of the shell contravariant basis as
E=E, M @M 2E; =Ty,

i+ Ui+ O U1 )

where E;; denotes the components of the Green-Lagrange strain tensor
at a generic point along the thickness. The relations between the
covariant derivatives of the shell and the mid-surface can be compactly
expressed in terms of the shift tensor and its inverse, Y and A, with full
expressions provided in Appendix. Considering the linearized kinemat-
ics, the strain components can be written in terms of the mid-surface
displacement u and the director variation v as

(0 _
ZEaﬁ = Ug)p +llﬁ|a

(D _ 0 0

2Eaﬂ = K'aue‘ﬂ + K‘ﬂugm + Uqlp + Ugla
(2 0 0

2Eaﬁ = K»n(UGlﬂ + K‘ﬂvma

(0 (1) ~(0)
2E0t3 = W3a + Vg 2Ea3 =U34 E33 = U3. (6)

The superscripts indicate the dependence on the thickness coordinate
£3: EO is independent of &3, E(V) varies linearly with £3 and E® varies
quadratically, such that

- (0 (1 =2
E; = Ei(/.) +§3E,.(/.) +(§3)2Efj). )

These expressions clearly separate the contributions of the mid-
surface displacement u and the director variation v, providing a system-
atic representation of membrane, bending, and transverse shear strains
within the six-field shell formulation.

2.2.2. Five-parameter shell theory

In the five-parameter shell theory, the shell thickness is assumed
to remain constant, while transverse shear deformation is still allowed.
This assumption corresponds to enforcing v; = 0 which implies ES;) =0
and E;lx) =0.

Under these conditions, the kinematic description involves five inde-
pendent fields: the three components of the mid-surface displacement
vector u and the two components of the director variation vector v,
which represent the rotations of the director. The strain components
preserve the structure of the Reissner-Mindlin formulation, except for
the suppression of thickness stretching, and are expressed as

(0 _
2Eaﬂ = Uy p t+Uglg
2ED = KOy + KOy + Ug15 + v
af -a"01p -pH0la alp Bla
£ _ gt 0
2E ;= K Up)p + KipUpja
=(0
2EY) = uy, + v, ®)

Finally, the normal stress through the thickness is neglected, leading to
a plane stress condition.

2.2.3. Sanders-Koiter theory

Here, the Sanders—Koiter shell theory is obtained as a limiting
case of the five-parameter formulation by enforcing the Kirchhoff-Love
hypotheses, which are valid for thin shells (#/R < 1). In this limit,
transverse shear deformation and thickness stretching are neglected,
resulting in membrane-bending kinematics without transverse shear or
thickness stretching.

This reduction is achieved by imposing that the director remains
normal to the deformed mid-surface. This assumption leads to

5O _ %(um +u)=0 =

3 Vg = —U3jq- ©)
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As a consequence, the five independent kinematic fields of the Reissner—
Mindlin formulation are reduced to three mid-surface displacement
components, since the director rotations are fully determined by the
transverse displacement. The resulting strain—displacement relations
retain only the mid-surface stretching strains and the changes of
curvature. Neglecting higher-order terms in the thickness coordinate,
the nonzero strain measures of the Sanders—-Koiter theory are given by

1
Yap = 5 (taip + pja)
1
Pap = F;ﬁu3|y ~Uzap 5 (Kflugw + Kf;,uGM) (10$)

where ¢,; denotes the membrane strain tensor and p,,; represents the
change of curvature tensor of the mid-surface, such that

E = (7,5 + & pup)M, ® M. an

2.3. Shell’s energy

For elastic materials, the strain energy of the shell is computed as
U= / Uy(E)d7 (12)
-

where E denotes the Green-Lagrange strain tensor and Uy(E) is the
strain energy density function. For linear elastic materials, the energy
function is given by

Uy(E) = %E :C:E (13)

where C is the constitutive tensor for a Saint Venant-Kirchhoff mate-
rial.
The kinetic energy is expressed as

T=1/px~5<d°1/
2 )y

1 h2 o, ‘ ‘ _

- _/// p(u'u,. +2§3u'u,.+(.53)21>'u',.)\/5d§3d51d.§2 14
2 WlaJ-np

where p is the mass density per unit volume, and the kinematics is

expressed in terms of the mid-surface displacement u and the director

variation v.

2.4. Displacement expansion

2.4.1. Index mapping

The methodology presented here starts from a fully coupled repre-
sentation of the shell displacement field. However, for the purposes of
this study, the displacement field is considered in a decoupled form,
with separate expansions for the mid-surface displacements u and the
director variation v. In the present implementation, the formulation is
kept in a coupled form, which can be advantageous if the displacement
field is expanded in terms of vibration modes or reduced-order bases.

The displacement field is approximated by finite expansions

N
UE &80 =Y A0 (FE.&+86¢ ) (15)
r=1

where each vector basis F, and G, has three components. In compact
form, the expansions are

N
> AOFE A =uE &

r=1

N

D AOCE S =vE & (16)

r=1

where the same coefficients A,(r) would be used in the fully coupled

form, and separate coefficients can be introduced in the decoupled case.
To make the association between basis functions and vector compo-

nents, we introduce a mapping r — (k,., i,, j,) with
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* k, € {1,2,3,4,5,6} identifies the displacement field associated
with the basis function r: k, = 1,2, 3 correspond to the mid-surface
displacement fields u,u,,u; and k, = 4,5,6 correspond to the
director variation fields v, v, vs;

+ i, and j, index the one-dimensional shape functions qﬁf.l)(z;‘l) and

¢ (),

Each basis function is therefore associated with a single displacement
field, so that the shape functions are fully decoupled with respect to
the six components of the displacement vector. Accordingly, the kth
component of F" and G” is written as

Fre' ey =6f ¢'&he? e

G & =5f #EH e ar
where the corresponding vector fields are

F = FiM*

G =G M k=k-3fork=456. (18)

Here, 51’; is the Kronecker delta that enforces that each shape function
acts only in its associated displacement field k,.

Equivalently, one may introduce a multi-index notation (, i, j) and
write the expansions as sums over the admissible triples:

uE &= Y B, M)
(ki )ET,
veLEn= Y G0 MENEhe ) 19)
(kir))ET,
where 9, and ., are the index sets of triples assigned to the u and v
fields, respectively. This form makes explicit that each basis function
is associated with a single vector component and a separable spatial
shape.

The time-dependent coefficients A,(¢) (or their equivalents B, ; i
and G, ;(1)) act as generalized coordinates for the system, governing
the temporal evolution of the structural response. Their dynamics are
obtained from the variational formulation, leading to a set of ordinary
differential equations that capture the essential behavior of the original
continuous model, as shown below.

Finally, the total number of generalized coordinates (degrees of
freedom) can be expressed as

N =ny; nlf ng (20)

where the factor n, accounts for the number of fields depending on the
adopted theory, and n{ and ng denote the number of shape functions
along ¢! and &2, respectively, for each displacement field. Although
not all of these functions need to be retained for a given problem,
the selection of the shape functions was guided by a convergence
study, progressively increasing nlf and ng until the results reached
convergence.

2.4.2. Hierarchic trigonometric sets

The displacement expansions presented in the previous section re-
quire a set of suitable basis functions to approximate the surface fields
u and v. In this study, enriched cosine basis functions are employed,
following the methodology proposed by [43]. This approach allows for
the enforcement of boundary conditions in a straightforward manner
while maintaining good convergence properties. Two sets of basis func-
tions are considered: C° continuous and C! continuous. In the present
work, the C¥ set is used for the in-plane and director components
uy,uy, vy, 0y, U3, whereas the transverse displacement u; is represented
using the C! set, which provides higher continuity suitable for bending
behavior.

The enriched cosine functions for C° continuity are defined as

¢ = %(3§+ DE-D ¢ = ‘1-‘(35— DE+D
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Table 2
C° boundary conditions for in-plane and director displacement fields.
Boundary condition E=-1 E=1
Free full series retained full series retained
Restrained remove ¢, remove ¢,
Table 3
C! boundary conditions for transverse displacement u;.
Boundary condition E=-1 E=1
Free full series retained full series retained
Pinned remove ¢, remove ¢,
Clamped remove ¢, and ¢; remove ¢, and ¢,
Rotation-restrained remove ¢; remove ¢,
T, . i .
¢j=COSEU_3)(§+1)_¢1+(_1)I¢2 for j=3,4... 21)

These functions satisfy C° continuity and can be directly truncated or
modified to impose the desired boundary conditions. Table 2 summa-
rizes the treatment of restrained boundaries, where the corresponding
¢, or ¢, is removed at ¢ = —1 or & = 1. Here, each standard interval
& € [-1,1] is mapped to the physical coordinate directions £* € [5,",5‘;]
for @ = 1,2 using a linear transformation:
{3 a a
= 28" = (1 + ¢ ). 22)
s =&

This linear mapping allows the shape functions, originally defined on
the standard interval [—1, 1], to be consistently applied over a rectangu-
lar domain 2, while correctly accounting for the boundary conditions
imposed along the shell edges.

The transverse displacement u; requires C! continuity for accurate
bending representation. The enriched cosine set for C! reads

b= -1 BEHDEEHDE=TP == (E+ DG+ DE - P
by =—1cGE- DEE-DE+T b= 35— DGE- DE+ 17
®; :cos%(j—S)(§+ D =¢, +(=1Y¢; forj=56... (23)

where L = &*—¢7. The associated boundary conditions are summarized
in Table 3. Clamped, pinned, and rotation-restrained boundaries are
enforced at the domain endpoints by removing specific functions, as
indicated.

Expansions based on orthogonal polynomials, such as Legendre
polynomials, are known to offer strong algebraic orthogonality and
are attractive in Ritz formulations defined on standard domains. In
contrast, enriched trigonometric expansions retain spectral-like conver-
gence, naturally accommodate periodicity, and allow for the straight-
forward enforcement of boundary conditions through selective removal
of basis functions. The enriched cosine series is obtained by expanding
a modified cosine series, including an auxiliary polynomial to enforce
continuity of the periodic extension and of its derivatives up to a
prescribed order. This modification suppresses the Gibbs phenomenon
associated with standard Fourier expansions and yields a faster decay
of the coefficients. Further details can be found in [43].

2.4.3. Shape functions on a periodic coordinate

For shells where the curvilinear coordinate follows a closed loop
with periodic continuity, such that the start and end points coincide,
the shape functions along the coordinate £ (6 = 1, § = 2, or both, as in
the case of a torus) can be represented as a Fourier series. The functions
are defined on the interval [éf,éf ], which is periodic, and mapped to
[0, 2] via

S

. 24)
Te el

£=2
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The shape functions ¢; (&%) are then defined as

cos%é j=0,2,4...

;&) = ' (25)
Le =135,

. J+
sin

so that each even index corresponds to a cosine term and each odd
index corresponds to a sine term. It should be noted that the shell does
not need to be axisymmetric. The inclusion of both sine and cosine
terms in the Fourier series allows the representation of asymmetric
displacement patterns along the curvilinear closed-loop coordinate.

2.5. Biichter-Ramm-—Roehl shell theory

Six-parameter shell theories extend classical formulations by in-
troducing an independent thickness stretch, thereby allowing the de-
scription of shell kinematics in the presence of large displacements
and rotations. This extension represents a step back toward a three-
dimensional continuum description when compared to classical three-
parameter theories based on the Kirchhoff-Love hypothesis, as well as
five-parameter formulations employing Reissner-Mindlin kinematics.
In these lower-order theories, it is standard practice to condense the
three-dimensional constitutive relations by enforcing a vanishing stress
in the thickness direction, which renders the thickness strain a depen-
dent variable. While such condensation procedures are adequate for
many applications, they become questionable when stresses and strains
in the thickness direction play a non-negligible role [36].

However, although the six-parameter formulation provides a richer
kinematic description, it does not necessarily yield accurate results.
The assumption of a linear displacement variation across the thickness
leads to a constant thickness strain, which, when combined with a
constant normal stress assumption, requires an additional condensa-
tion of the bending part of the constitutive law. If this condensa-
tion is not performed consistently, even linear analyses may exhibit
relative errors of order v2. As a result, six-parameter shell theories
may exhibit numerical pathologies such as volumetric and thickness-
related locking, including Poisson locking, which manifests as an ar-
tificially stiff structural response. These deficiencies are particularly
pronounced in bending-dominated problems and in the analysis of
nearly incompressible materials [10,36].

To overcome these limitations, the Biichter-Ramm-Roehl shell the-
ory [36] is employed. Within this framework, the strain field is enriched
by introducing an independent assumed strain component in addition
to the compatible strain derived from the displacement field. Conse-
quently, the total strain is decomposed into a compatible part and an
enhanced part. Starting from the Hu-Washizu functional, the governing
equations are derived as

Upw(U,E,S) = / [Uo(E) =S : (E—E®™U))] d¥ (26)
o

where U denotes the displacement field, E the independent strain field,
and S the corresponding stress field. Following the seven-parameter
shell theory proposed by [36], the total strain tensor is defined as

E = E®°™P(U) + & 27)

where E®©°™P(U) denotes the compatible strain tensor associated with
the displacement field U, corresponding to the Green-Lagrange strain
tensor, whose components are given in (6). The term & represents the
enhanced assumed strain field.

The enhanced strain field

E=&; M @M (28)

is introduced exclusively in the thickness strain component, with the
corresponding non-vanishing component defined as

(3% (29)
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where u(£',£%) is an independent scalar field defined on the shell
mid-surface. The introduction of this additional field increases the
number of parameters from six to seven, allowing for a more flexible
representation of the through-thickness deformation and contributing
to the alleviation of thickness-related locking effects.

With the introduction of an independent enhanced strain field, a
purely displacement-based energy functional is no longer adequate.
Substituting the strain decomposition from (27) into the Hu-Washizu
functional (26) and eliminating the independent strain field yields the
following mixed formulation:

U.z8) = / [U(EU) +&)—S : €] dV (30)
v

where U, & and S denote the independent displacement, enhanced
strain and stress fields, respectively.

This mixed variational principle enforces energetic consistency be-
tween the strain derived from the displacement field and the indepen-
dent enhanced strain field in a weak sense. The energetic interaction
between the enhanced strain field and the stress field is governed by
an orthogonality condition, which is enforced through an appropriate
choice of the enhanced strain approximation. Since only the thickness
stretching component of the enhanced assumed strain is nonzero, the
internal work contribution associated with the enhanced strain reduces
to

/é : Sd°l/=/ 533533&7/:/ SBE pE, 2y av. (31)
v v v

Assuming a constant approximation for the thickness stress com-
ponent S33 through the shell thickness, the energetic orthogonality
condition simplifies to

/ & u@ &) dv = 0. (32)
v

To satisfy this requirement, the scalar field u(&!, £?) is approximated by
a finite expansion of orthogonal basis functions,

M
pE =Y aw Ny &) (33)
s=1

where a mapping s — (i, j,) is introduced and M denotes the total
number of internal variables. The functions v, and y;, are chosen
as Legendre polynomials due to their orthogonality properties, which
ensure energetic orthogonality of the enhanced strain modes with
respect to the assumed constant stress field. For periodic coordinates, a
Fourier series expansion is adopted, naturally satisfying periodicity and
preserving the orthogonality of the basis functions.

As a consequence, the enhanced assumed strain does not con-
tribute spurious internal work, effectively alleviating volumetric and
thickness-related locking phenomena. The internal energy of the shell
can therefore be written as

U, p) = / Uy(E(U) + &) dV. (34
v

If the enhanced strain field vanishes, i.e. u(&',£2) = 0, the enhanced
strain contribution & disappears, the mixed functional reduces to the
original energy functional (12), and the formulation recovers the stan-
dard six-parameter shell theory.

While the assumed strain defined in Egs. (28)-(29) mitigates locking
phenomena, the fidelity of the through-thickness strain description is
inherently limited by the order of the adopted kinematic expansion.
Previous higher-order formulations have demonstrated that enriched
thickness representations can significantly improve the prediction of
transverse normal deformation fields [44,45].
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2.6. Constitutive tensor

For a linear elastic material, the constitutive behavior is described
by a fourth-order tensor. In curvilinear coordinates, this tensor can be
written as

C=C"M,@M; @M, ®M,. (35)
The strain energy density can be expressed, using vectorization, as

1 = = =
U0=§{E}T[C]{E} (36)

allowing the fourth-order tensor to be represented as a matrix suitable
for numerical computations. The components E;; form a 3 x 3 matrix,
which is reshaped into a 9 x 1 column vector { E} through vectoriza-
tion. Similarly, the components of the fourth-order constitutive tensor
CiKl | originally forming a 3 x 3 x 3 x 3 array, are mapped into a 9 x 9
matrix [C] by combining pairs of indices: (i, j) from the first two indices
are mapped to the row index, and (k,/) from the last two indices are
mapped to the column index.

It is convenient to express the constitutive tensor in an orthonormal
basis & where the tensor takes the simple form

C=Cjué 0808 (37)

The orthonormal basis offers not only a convenient framework for
computations but also the natural reference system in which material
parameters are typically defined. A practical orthonormal triad

é = & & = 1\_/[—2 & =M, (38)
(M, | IM2|

can be constructed by selecting two vectors tangent to the mid-surface
and one vector aligned with the surface normal. In this construction, &,
and &, span the tangent plane of the mid-surface, whereas &; coincides
with the outward unit normal. Aligning the orthonormal basis with the
local tangents is particularly advantageous when material properties
vary through the thickness (e.g. fiber-reinforced shells, orthotropic
laminates, or functionally graded materials) because it simplifies both
the constitutive description and the projection of material parameters
onto the mid-surface.

Let R;; = & - M/ denote the components of the contravariant basis
vectors in the orthonormal frame. The strain tensor in the orthonormal
basis is
E=E,68% Ey=RyuE;R; (39)
or, in vectorized form,

{E} = ((RI® [RD{E} (40)

so the strain energy density can also be expressed in the material frame
as

Uy = 5 (EYICIE). @1

Using the Voigt notation the symmetric strain tensor can be vector-

ized in a compact form
{EWoige = [PIE) {E} = [P*H{E }oiges (42)

that eliminates redundant components and rescales the shear terms,
with

[Pl =

[=NeNeNeR-2=
—_ O O O O o
S = O O OO
—_ o O O O o
(=N oo =l
S o= O O 0
(=i =R e R )
S o= O OO
[=eNeN =]
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1 00 0 0 0
000 0 0 3
000 0 3 0
000 0 0 3
[P*]=l0 1 0 0 0 0 (43)
000 5 00
0000 3 0
000 5 00
001 0 0 0

Here, the operators {-}yqig OF [-lvoig; indicate that the tensors are writ-
ten in Voigt notation: symmetric second-order tensors (strain or stress)
are represented as 6 x 1 vectors, while the fourth-order constitutive
tensor is represented as a 6 X 6 matrix.

Substituting (40) and (42) into (41), the strain energy density can
be expressed as

Uy = S(E)T

2 Voigt ([T]T [é]Voigt [T]) {E}Voigt (44)

where [CA‘]VOigt is the constitutive matrix defined in the material frame
and using Voigt notation, and {E}y,g is the strain vector evaluated
in the shell frame using Voigt notation. The transformation matrix
[T] maps quantities between these two frames, ensuring consistency
between the material law and the shell formulation:

[T]=[PI((RI ® [RD[P*]. (45)

Although (44) can accommodate general types of linear elastic behavior
for shell analysis, in this work only a few representative cases are
illustrated.

Here, the material is intrinsically orthotropic and is described in a
rotated global reference frame aligned with an in-plane rotation of the
fiber directions. The resulting constitutive matrix

¢ Cn G 0 0 Cie
Cp Cp Gy 0 0 Cae
. C; Gy C 0 0 0
[C]Voigt — 13 23 33 A A (46)
0 0 0 Cuxl Cusk; O
0 0 0 G2 Gk 0
Cis  Ca 0 0 0 Ceo

includes shear correction factors arising from the adopted plate/shell
kinematic assumptions. The coefficients C;; are functions of the nine
independent elastic constants of the orthotropic material (E,, E,, Es,
Gy, G35 Ga3, Vio, Vi3, Vo3) as well as of the rotation angle a with
respect to the &; axis. The shear correction factors k; and x, are
determined by enforcing the static cylindrical bending condition about
the é, and &, axes, following the procedure proposed in [46]. This
approach relies on the strain energy equivalence method, ensuring that
the SCFs accurately reflect the specific stacking sequence and material
anisotropy of the laminate. By explicitly accounting for the extensional,
coupling, and bending stiffnesses, these refined factors overcome the
limitations of the traditional 5/6 constant, especially for unsymmetric
and angle-ply configurations. Furthermore, this formulation remains
valid for general doubly curved shells, as the equilibrium equations
under the assumed bending conditions converge to the same functional
form as plate theories [46]. In accordance with the same reference, the
coupling factor is defined as K’§ =

For functionally graded materials (FGM), the elastic properties (E,
v, p) vary spatially according to the base material properties (E,, vy,
p4) and (Eg, vg, pp) and a material distribution law Vf(§3) representing
the volume fraction of one constituent. If the material is orthotropic
and laminated, each layer possesses its own orthotropic properties and
orientation. The constitutive behavior of the laminate is obtained by
assembling the contributions of individual layers, typically using clas-
sical laminate theory. The overall laminate stiffness is then computed

K1Kp.
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by integrating the layer properties through the thickness, resulting in
an effective constitutive matrix that captures both the orthotropy of
each layer and the stacking sequence of the laminate.

3. Ritz approximation

A finite-dimensional approximation of the shell is obtained by en-
forcing stationarity of the energy functional

1

ZIU, ul = / (T101- 01U, ul) dt (47)
To

with U and T defined in (12)-(14) and (34).

Introducing the Ritz expansions (15) for the displacement field and
for the enhanced strain field, and requiring 6% = 0 for arbitrary varia-
tions of the generalized coordinates, leads to the discrete equations of
motion

[M]{x(0} + [K]{x(®)} = {0} (48)

where the vector of generalized coordinates is partitioned as

_J{4a)
{x}—{{a}} (49)

with {A} = {A,,... Ay} denoting the displacement-related degrees of
freedom and {a} = {a,, ... a), } representing the internal EAS variables.
The stiffness matrix assumes the block structure

_ |[Kaal Kyl
1= [[KMJ [Kaa]] ©0)
while the mass matrix

_ [[IM44] [0] 1
[M]‘[ [0] [01] e

involves only the displacement degrees of freedom.

Because the enhanced strain parameters {a} are internal variables
without associated inertia, they can be eliminated by means of static
condensation as follows. Solving the algebraic relation

[Kopalfa} = —[K 41{A} (52)

and substituting into the equilibrium equations yields the condensed
system

M {AD) + KT A@) = {0} (53)
where the condensed stiffness matrix
[K1M = [K 4 4] = [K 4 ][K o] [K 4l (54

accounts for the effect of the enhanced assumed strain modes while pre-
serving the original displacement-based degrees of freedom. Essential
boundary conditions on u and v are enforced a priori by selecting the
shape functions (18) to vanish along the prescribed edges of Q.

For free-vibration analysis, the generalized coordinates are assumed
to vary harmonically, A4,(1) = ®,¢”, reducing (53) to the eigenvalue
problem

(IK1°°M — ?[M 441){@} = {0} (55)

whose solutions define the natural frequencies and mode shapes of the
shell.

Compared to other numerical approaches, such as finite element
or isogeometric methods, the Ritz methodology provides a global ap-
proximation of the solution fields, typically achieving high accuracy
with a significantly lower number of degrees of freedom. This effi-
ciency is particularly advantageous for nonlinear vibration analysis,
where computational costs are highly sensitive to the size of the global
system. Furthermore, while most traditional implementations of the
Ritz method are case-dependent, often restricted to specific geometries
due to the complexity of manual analytical derivations, the proposed
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framework overcomes these limitations by integrating symbolic com-
putation for the automatic evaluation of shell parameters directly from
the position vector. This ensures a unified and versatile approach that
is not confined to predefined shapes, offering a robust alternative to
the geometry-specific models typically found in the literature. Finally,
boundary conditions can be enforced in a straightforward manner
through the appropriate selection of enriched basis functions, ensuring
both flexibility and numerical robustness.

4. Results

4.1. Computational aspects

The numerical results presented in this section were obtained using
the ShellPy library, whose computational framework and underlying
theoretical formulation were detailed in the previous sections. ShellPy
is a Python library developed for the analysis of shell structures based
on variational formulations. The library combines symbolic and numer-
ical capabilities through the use of SymPy and NumPy, enabling the
automatic determination of the geometric properties of the shell middle
surface directly from the definition of the position vector.

The geometric description includes the computation of surface met-
rics, curvature measures, and thickness-related quantities, allowing the
formulation to be applied to general shell geometries without requiring
explicit analytical expressions for these quantities. The displacement
fields can be set using different types of expansions, including trigono-
metric series, polynomial series, and eigenfunctions of beam vibration
problems. This flexibility allows the consideration of a wide range
of boundary conditions in a unified framework, making the library
suitable for the analysis of shells with distinct support configurations.

ShellPy is designed to handle materials of different natures. Cur-
rently, the library includes implementations for isotropic materials,
functionally graded materials, and orthotropic laminated composites.
This enables the analysis of both homogeneous and heterogeneous shell
structures, including laminated configurations with arbitrary stacking
sequences. The integration of the energy functionals is performed nu-
merically over the rectangular parametric domain 2 of the middle
surface and through the thickness direction. This approach accommo-
dates variable thickness distributions and spatial variations of material
properties.

The code architecture was conceived to be modular and extensi-
ble, allowing straightforward implementation of new material models,
kinematic assumptions, numerical integration schemes, and solution
strategies. As a result, ShellPy provides a flexible and expandable
framework for research and development in shell analysis.

Although the present study is restricted to single-patch geometries
defined on a square parametric domain, the formulation is naturally
suited to multi-patch extensions. Since the displacement fields are de-
fined on parametric domains and boundary conditions are enforced by
basis-function manipulation, standard multi-patch coupling strategies
based on strong or weak continuity constraints can be incorporated
without conceptual difficulty.

4.2. Numerical examples

All Ritz models associated with the numerical examples investi-
gated in this work, including geometry definitions, material parame-
ters, boundary conditions, and numerical settings, are made publicly
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available in the ShellPy repository [38], ensuring full reproducibil-
ity of the presented results. For validation purposes, finite element
models were developed in the commercial software Ansys. The scripts
used for the automatic generation of the corresponding finite element
models, including geometry definition, mesh generation, and material
properties, are also provided within the ShellPy repository.

4.2.1. Free vibration of functionally graded shells

Here, the free vibration behavior of simply supported moderately
thick shells made of FGM is investigated for different curvature con-
figurations. The objective is to assess the accuracy of the considered
shell theories in predicting the vibration response of shells with varying
curvature.

All shell edges are assumed to be simply supported, and the shell
is composed of a mixture of metal and ceramic constituents whose
volume fractions vary continuously through the thickness direction.
The simply supported boundary conditions are expressed as u; = u; =0
at £2 = 0,b and u, = u3 =0 at &l = 0,q. The material constituents
considered in the present study are aluminum as the metal phase and
alumina as the ceramic phase. The material properties of aluminum are
Ey =70x% 10° N/m2, v,, = 0.3 and p,, = 2702 kg/m>. The properties
of alumina are E. =380 x 10° N/m?2, v = 0.3 and p. = 3800 kg/m?>.

The shell middle surface is described using a Cartesian parametriza-
tion, which allows plates and doubly curved shells to be analyzed
within a unified framework. The position vector of the middle surface
is given by
R=¢le, + &%, + [L (-9) + (52—9)2] & (56)

2R, 2/ 7 2R, 2

where 0 < &' < g and 0 < &2 < b. The quantities a and b denote the
in-plane dimensions of the shell, R, and R, are the principal radii of
curvature along the &' and £? directions. A square planform is adopted
with a/b = 1, and the shell thickness is taken as » = a/10. By
varying the curvature ratios a/R, and b/R, different shell geometries
are obtained, including flat plates, cylindrical, spherical, and hyperbolic
shells.

The effective material properties

V(&) = v,
57

EE)=Ey+(Ec—EV;  p@E)=ppy + (o — o)V

of the functionally graded shell are assumed to vary only along the
thickness coordinate £, according to a rule of mixtures, where vy
denotes the volume fraction and v, is assumed to be constant for both
constituents. The variation of the volume fraction through the thickness

3\ P
v, = <1+§—> (58)

is described by a power-law distribution, in which p is the power-law
index controlling the material gradation. If p = 0, the shell is fully
ceramic, whereas increasing values of p correspond to a higher metal
content near the lower surface. All obtained results correspond to p = 4.

To assess the influence of the kinematic assumptions, the vibration
responses are computed using shell theories with 5, 6, and 7 param-
eters. The results are compared with three-dimensional finite element
solutions, as well as with reference solutions available in the literature.
Table 4 presents these comparisons in terms of the non-dimensional
frequency parameter 2 = why/pc/Ec.

The three-dimensional finite element analysis was carried out us-
ing the commercial software Ansys. The shell was discretized with
SOLID186 elements, employing a structured mesh of 50 x 50 x 10 ele-
ments along the ¢&!, £2, & directions. Each layer through the thickness
was assigned material properties according to the local value of the
thickness coordinate &3, following the prescribed functional gradation
law. In order to properly enforce the simply supported boundary con-
ditions, the nodal coordinate systems at the shell edges were rotated

Composite Structures 389 (2026) 120444

to align with the local tangential and normal directions. Additional
kinematic constraints were imposed at the boundary nodes to ensure
that the shell motion at the edges follows the shell director vector.
This procedure guarantees a kinematically consistent edge behavior
and helps to mitigate artificial stress concentrations that may arise from
an improper enforcement of boundary conditions in three-dimensional
finite element models. For this benchmark, 15 enriched trigonometric
trial functions are retained, leading to N = 1125 degrees of freedom
for the five-parameter theory and N = 1350 for the six- and seven-
parameter theories. In contrast, the three-dimensional finite element
model requires 314,559 degrees of freedom to achieve comparable
accuracy. Although the six- and seven-parameter theories involve a
higher number of unknowns than the five-parameter model, no further
increase in the global system size is observed when moving from six
to seven parameters, as the additional thickness-stretching terms are
handled via static condensation. These results highlight the computa-
tional advantage of the present Ritz-based approach, which provides
accurate vibration characteristics using several orders of magnitude
fewer degrees of freedom than the high-fidelity 3D finite element
discretization.

The results show that the five-parameter shell theory systematically
underestimates the natural frequencies, whereas the six-parameter for-
mulation tends to overestimate them, especially in shells with lower
curvature. In contrast, the seven-parameter formulation provides con-
sistently accurate predictions for all curvature configurations consid-
ered, with relative discrepancies remaining below 1%, demonstrating
its robustness with respect to both positive and negative Gaussian cur-
vature. As the curvature increases, a clear stiffening effect is observed,
leading to higher natural frequencies for spherical and cylindrical shells
when compared to flat plates. Conversely, hyperbolic shells exhibit
reduced stiffness due to their negative Gaussian curvature. Additional
comparisons with the results reported by [47] further confirm the
accuracy and robustness of the proposed seven-parameter formulation.

Fig. 2 illustrates the corresponding fundamental mode shapes ob-
tained with the present formulation and the finite element model,
highlighting the correct reproduction of the number of half-waves,
modal symmetries, and locations of maximum transverse displacement
for all curvature configurations.

4.2.2. Free vibration of an isotropic simply supported cylindrical shell

Now, the free vibration behavior of a simply supported cylindrical
shell is investigated in order to verify the accuracy of the present
seven-parameter shell formulation for different vibration modes. Par-
ticular attention is given to modes characterized by different dominant
displacement fields, including transverse, in-plane, shear-related, and
thickness-related deformations.

The cylindrical shell has radius R = 0.15 m, length L = 0.52 m,
thickness 4 = 0.03 m. The material is assumed to be homogeneous and
isotropic with E = 198 x 10° Pa, v = 0.3 and p = 7800 kg/m3. The
geometry is described by the parametrization

R = Rcos&2e; + RsinéZe, + &ley (59

with 0 < &' < L and 0 < &2 < 27. The directions &' and &2 stand for
the axial and circumferential coordinates. Simply supported boundary
conditions are imposed at the shell ends, i.e. u = u3 = v, = v; =0 at
g=0,L

The numerical results obtained using the present seven-parameter
formulation are compared with three-dimensional finite element so-
lutions computed in Ansys. The cylindrical shell was discretized us-
ing SOLID186 elements, adopting a structured mesh composed of
40 x 80 x 4 elements along the &', £2, & directions. This discretization
was found to be sufficient to accurately capture the global vibration
characteristics of the shell while maintaining a reasonable computa-
tional cost. In this case, 10 enriched trigonometric trial functions are
used, yielding N = 600 degrees of freedom, against 255,664 in the
finite element model. The natural frequencies comparison is carried
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Table 4
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Comparison of non-dimensional frequency parameters for shells with different curvatures using five-, six-, and seven-parameter
shell theories. The following configurations are considered: plate (R, = 0), spherical shell (R, = R,), hyperbolic shell (R, = -R))
and cylindrical shell (R, = 0). The error represents the relative difference with respect to the finite element results.

Geo. a/R, Ansys 5-parameter 6-parameter 7-parameter [47]
Q err. (%) Q err (%) Q err. (%) Q err. (%)
Plt. 0 0.03655 0.03540 -3.12 0.04046 10.70 0.03655 0.00 0.03811 4.28
Sph. 0.5 0.04613 0.04505 -2.35 0.04901 6.24 0.04603 -0.21 0.05034 9.12
Sph. 1.0 0.06594 0.06476 -1.79 0.06735 213 0.06584 -0.16 0.07453 13.02
Hyp. 0.5 0.03397 0.03291 -3.10 0.03771 11.03 0.03400 0.10 0.03716 9.41
Hyp. 1.0 0.02865 0.02768 -3.36 0.03182 11.08 0.02867 0.10 0.03469 21.10
Cyl. 0.5 0.03825 0.03714 -2.91 0.04186 9.43 0.03819 -0.16 0.04131 8.00
Cyl. 1.0 0.04408 0.04305 -2.34 0.04679 6.16 0.04401 -0.15 0.04905 11.28
Plate Spherical
>
[a W)
=
[)
-~
wn
n
>
0
=}
<
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>
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=
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>
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=
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Fig. 2. First vibration mode shapes of simply supported functionally graded shells for different curvature configurations: plate, cylindrical, spherical, and
hyperbolic shells. The results obtained with the present formulation are compared with finite element solutions, showing an excellent agreement in terms of

modal shapes.

Table 5

Comparison of natural frequencies obtained from the present formulation, Ansys models, and the reference
solution [44]. The mode numbers (m,n) denote the circumferential and axial wave numbers, respectively. The
column “Dominant disp. field” indicates the displacement component (u;, u,, us;, vy, v,, v3) with the largest
modal participation. The relative error is computed with respect to the finite element results.

(m, n) Dominant Ansys Present [44]
disp. field Freq. (Hz) Freq. (Hz) Error (%) Freq. (Hz) Error (%)

(1,2) uy 1307.6 1306.8 —-0.06 1305.9 -0.13
(1,1) uy 1758.8 1758.9 0.01 1756.7 -0.12
(1,3) us 2559.8 2554.7 —-0.20 2558.3 —-0.06
(1,0) uy 4429.8 4429.8 0.00 4440.4 0.24
(1,2) u, 7626.9 7626.9 0.00 7646.0 0.25
(1,2) u, 13181 13187 0.05 13163 -0.13
(1,2) vy 52773 53102 0.62 52756 -0.03
(1,2) v, 54200 54724 0.97 54248 0.09
(1,2) Uy 98792 107 668 8.98 97 299 -1.51

out for several vibration modes, each one associated with a distinct
dominant displacement field, allowing a clear distinction between
flexural, membrane, shear-related, and thickness-dominated vibration
mechanisms. The results are summarized in Table 5.

Overall, an excellent agreement is observed between the present
formulation and the finite element results for most vibration modes,

10

particularly those dominated by transverse and in-plane displacement
components. These modes primarily involve flexural and membrane-
type deformations, which are well represented by the seven-parameter
kinematic description. Some discrepancy arises for the mode domi-
nated by thickness deformation, which strongly activates higher-order
kinematics and through-thickness effects. This difference is attributed



F.A.X.C. Pinho et al.

ShellPy

Ansys
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(1,2) (51

Fig. 3. Representative vibration mode shapes of the simply supported cylindrical shell associated with the modes listed in Table 5. The results obtained with the
present formulation are compared with finite element solutions, showing an excellent agreement in terms of modal shapes.

to the distinct kinematic descriptions used for thickness deformation.
While the present model employs a seven-parameter kinematic expan-
sion, [44] adopts a more refined eight-parameter formulation, which
provides an enhanced representation of through-thickness deformation
effects. As a result, the reference solution achieves a closer agreement
with the three-dimensional finite element results for this specific mode.
Despite this limitation, the present formulation shows very good predic-
tive capability for vibration modes dominated by transverse, in-plane,
and shear-related displacement fields, providing a reliable compromise
between accuracy and computational efficiency for practical engineer-
ing applications. The results indicate that, although a richer kinematic
expansion may be required for modes strongly influenced by thickness
deformation, the seven-parameter theory remains well suited for the
analysis of a wide range of vibration modes in moderately thick shells.

Representative vibration mode shapes corresponding to selected
modes listed in Table 5 are shown in Fig. 3. The comparison highlights
the ability of the present formulation to accurately reproduce the global
modal characteristics predicted by the three-dimensional finite element
models.

4.2.3. Free vibration of laminated composite shells

In this section, the dynamic behavior of laminated composite shells
is investigated using the seven-parameter shell theory to verify the
influence of different lamination schemes on the vibration response.
The accuracy of the formulation is assessed under conditions of strong
material anisotropy and coupling effects induced by fiber orientation,
focusing on shells composed of multiple orthotropic laminae arranged

11

in various stacking sequences. Each lamina ply has thickness Ay,
0.13 mm and the following material properties: E;, = 128 GPa, E, =
Ey =11 GPa, G}, = Gj3 = 448 GPa, G,; = 1.53 GPa, v}, = vj3 = 0.25,
Va3 = 045, and p = 1500 kg/m>.

The geometry is defined by a radius of curvature R, = 127.5 mm
and in-plane dimensions a = 152.4 mm and b = 76.2 mm along the &'
and &2 directions, respectively. The position vector of the mid-surface

b 2
R=¢le +§2e2+VR§— (52—5) e,

with 0 < ¢! < @ and 0 < &% < b, represents a shallow cylindrical panel
with curvature along the &> direction while remaining flat along the
&' direction. The panel is assumed to be cantilevered, with one edge
fully clamped and the remaining edges free. The clamped boundary is

(60)

located at &' = 0 where u; = u, = u3 = 0, v; = v, = v; = 0 and
du;/0&' = 0. None kinematic constraints are imposed along the other
edges.

Table 6 presents a comparison of the natural frequencies obtained
with the present formulation. The three-dimensional finite element
models have structured meshes of 20 x 20 x 8 SOLID186 elements
along the &', £2 and & directions. The element through the thickness
direction & represents an individual lamina, allowing for an actual
layerwise modeling of the laminated composite. Here, 15 enriched
trigonometric trial functions are retained, resulting in N = 1350 degrees
of freedom for the seven-parameter theory, compared to 45,048 degrees
of freedom in the finite element model. As verified through preliminary
convergence analyses, the adopted mesh is sufficiently refined to ensure



F.A.X.C. Pinho et al.

Table 6
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Comparison of natural frequencies of laminated composite cylindrical shell panels obtained from the present
formulation, Ansys models, and the reference solution [14]. The shell is a clamped cylindrical panel. The stacking
sequences are indicated using standard laminate notation, with the subscript s denoting symmetric laminates. The
relative error is computed with respect to the finite element results.

Layup Mode Ansys Present [14]
Freq. (Hz) Freq. (Hz) Err. (%) Freq. (Hz) Err. (%)
1 145.02 145.05 0.02 133.10 -8.22
2 231.87 232.21 0.15 236.20 1.87
[45/ — 45/ — 45/45], 3 746.31 748.12 0.24 746.60 0.04
4 789.03 790.12 0.14 758.80 -3.83
5 1013.70 1017.71 0.40 1037.00 2.30
1 165.61 164.12 —-0.90 163.80 -1.09
2 289.21 288.74 -0.16 269.50 -6.82
[0/0/30/ — 301, 3 586.09 584.85 -0.21 593.00 1.18
4 713.80 704.30 -1.33 702.50 -1.58
5 818.18 811.62 -0.80 824.80 0.81
1 189.84 188.62 -0.64 190.80 0.51
2 236.17 236.54 0.15 217.50 -7.91
[0/45/ —45/90] 3 696.13 690.55 -0.80 695.50 -0.09
4 788.65 787.17 -0.19 804.80 2.05
5 959.75 959.12 -0.07 954.10 —-0.59
mesh-independent results. The results in Table 6 demonstrate a close Table 7

agreement between the present formulation and the finite element
solutions obtained with Ansys for all lamination sequences and vibra-
tion modes analyzed, with relative differences remaining below 1%
in most cases. This level of accuracy confirms the capability of the
proposed model to correctly capture the dynamic behavior of lami-
nated composite shells with different stacking sequences and strong
material anisotropy. The comparison with the results reported by [14]
shows larger discrepancies for some modes, likely due to differences in
kinematic assumptions and numerical modeling strategies.

Fig. 4 illustrates the first vibration modes of the laminated cylin-
drical panel obtained with the present formulation and the three-
dimensional finite element models. A good agreement is observed
in terms of modal shapes, confirming that the proposed formulation
accurately reproduces the dominant deformation patterns associated
with lamination sequences.

4.2.4. Free vibration of laminated orthotropic parabolic conoid shells

This last example investigates the influence of boundary conditions
on the free vibration characteristics of laminated orthotropic parabolic
conoid shells. The objective is to assess the capability of the proposed
Ritz formulation to accurately enforce different kinematic constraints in
the presence of strong geometric coupling induced by double curvature

and material anisotropy.
(2 e, e
fi) a b »

The parametrization
with 0 < ¢! < a and 0 < &2 < b, represents a doubly curved shell with
opposite curvatures along the &' and &2 directions, characteristic of
parabolic conoidal surfaces. The geometric parameters are set as a/b =
1, a/h =100, a/f, =5 and f,/f, = 0.25. The shell is modeled as a four-
layer orthotropic laminate with stacking sequence [0/90/0/90]. Each
lamina has uniform thickness /4 and material defined by E,;/E,, =
25, G1o/Eyy = 0.5, v =0.25.

The considered boundary conditions include fully simply supported,
fully clamped, mixed clamped-simply supported, and configurations in-
volving free edges, allowing a comprehensive evaluation of the formu-
lation under progressively relaxed kinematic constraints. All results are
compared in Table 7 with three-dimensional finite element solutions
by means of the non-dimensional frequency parameter wa?+/p/ E,,h?.
The shell was discretized with 20-node quadratic hexahedral elements,
employing a structured mesh of 20 x 20 x 4 SHELL186 elements along
the &', £ and & directions. Using 15 enriched trigonometric trial

R=¢le + &%, + f) [1—(1—
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Comparison of the non-dimensional fundamental frequency @ of laminated
orthotropic parabolic conoid shells under different boundary conditions. The
present results are compared with three-dimensional Ansys models and refer-
ence results [48]. The non-dimensional frequency is @ = wa? \/p/E—zzh2

BC Ansys Present [48]
Freq. (@) Freq. (@) Err. (%) Freq. (@) Err. (%)

SSSS 53.3686 53.8813 0.96 53.0019 —-0.69
CCCC 83.5349 83.5308 —-0.00 87.9146 5.24
CCSS 62.3098 62.4212 0.18 64.8209 4.03
SSCC 77.7356 77.8550 0.15 81.7723 5.19
CSCS 64.0508 64.2769 0.35 65.8085 2.74
SCSC 61.3465 61.5271 0.29 62.1497 1.31
CCFF 46.8458 46.8967 0.11 50.8846 8.62
FFCC 59.3633 59.3711 0.01 60.7244 2.29
CFCF 7.9508 7.9551 0.05 8.0513 1.26
FCFC 27.6232 27.6366 0.05 28.4566 3.02

functions, the proposed formulation requires only N = 1350 degrees of
freedom in this case, in contrast to 21,147 in the finite element model.

The results show a close agreement between the present formu-
lation and Ansys models, with relative differences remaining below
1% for all assigned boundary conditions, demonstrating the ability
of the proposed formulation to accurately enforce diverse kinematic
constraints. Fully clamped configurations lead to the highest funda-
mental frequencies, reflecting the increased global stiffness imposed by
the edge constraints, while configurations involving free edges exhibit
a significant reduction in stiffness and, consequently, lower natural
frequencies. The comparison with the reference results reported by [48]
reveals a reasonable agreement for several cases, while discrepancies
are observed depending on the imposed boundary conditions.

Fig. 5 illustrates representative fundamental vibration mode shapes
of the parabolic conoid shell corresponding to the boundary condition
configurations listed in Table 7. The qualitative agreement with the
finite element solutions further confirms the robustness of the en-
riched cosine series in modeling diverse boundary conditions within
the proposed seven-parameter framework.

It is worth noting that the percentage errors reported in Tables 4,
5, 6 and 7 are computed with respect to 3D finite element bench-
marks, which serve as reference solutions. The observed discrepancies
remain within the expected accuracy range for two-dimensional shell
formulations, particularly for moderately thick configurations where
higher-order kinematic assumptions are employed. These minor differ-
ences are primarily attributed to the inherent modeling gap between 3D
elasticity and shell-theoretic assumptions. Moreover, consistent error
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Fig. 4. Comparison of the vibration modes of the laminated cylindrical panel obtained with the present formulation and the three-dimensional finite element
models for different stacking sequences.
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Fig. 5. Fundamental vibration mode shapes of the laminated orthotropic parabolic conoid shell corresponding to the boundary condition configurations reported
in Table 7. The comparison shows a good qualitative agreement for all boundary conditions.
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trends across different geometries and boundary conditions support the
robustness of the proposed framework.

5. Conclusion

This work presented a unified Ritz-based framework for the free
vibration analysis of shells, implemented within the ShellPy Python
library. A key feature of the proposed approach is the seamless inte-
gration of symbolic and numerical computations, which enables the
automatic evaluation of geometric quantities directly from the shell
position vector. This strategy allows the analysis of a broad class of
shell geometries, without requiring case-specific analytical derivations.

The formulation employs hierarchical sets of enriched trigonometric
basis functions, which proved effective in enforcing a wide range of
boundary conditions while preserving satisfactory convergence char-
acteristics. The modular structure of the framework further enabled
systematic comparisons among different kinematic models, ranging
from the classical Sanders—Koiter theory to higher-order five-, six-,
and seven-parameter formulations. In particular, the seven-parameter
model incorporating the Enhanced Assumed Strain concept demon-
strated an improved capability to mitigate thickness-related and Pois-
son locking effects, leading to more reliable predictions for moderately
thick shells.

Numerical studies involving functionally graded materials and lam-
inated orthotropic composites confirmed the versatility and robustness
of the proposed framework. The computed natural frequencies and
mode shapes exhibited an excellent agreement with three-dimensional
finite element solutions. These results highlight the ability of the pro-
posed approach to capture the main dynamic characteristics of complex
shell structures while retaining computational efficiency, making it a
suitable tool for advanced vibration analyses of shell components in
engineering applications.

Although the present work is restricted to linear free vibration
analysis, the proposed framework is well suited for extensions to geo-
metrically and materially nonlinear shell problems, including nonlinear
statics and dynamics. In this context, the Enhanced Assumed Strain
approach is particularly attractive, as it improves the predictive perfor-
mance of the formulation without increasing the number of degrees of
freedom. By enriching the strain field rather than the displacement ap-
proximation, the method enhances accuracy while preserving a reduced
system size, which is a key advantage in nonlinear analyses where the
computational cost is strongly influenced by the number of degrees of
freedom.
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Appendix. Geometric properties of the shell

A.1. Mid-surface differential geometry

Let R = R(£!, £2) denote the position vector of an arbitrary point on
the mid-surface of the shell in the reference configuration, parametrized
by the curvilinear coordinates &' and &2.

The vectors
= ) =

IR
0&2
define the natural (covariant) basis of the mid-surface in the reference
configuration. The first two vectors are tangent to the surface along the
parametric directions, whereas Mj; is the unit normal. The reciprocal
(contravariant) basis M!, M2, and M? satisfies

M; xM,

= 2 Al
|M; x M, | A1

1 3

M, M =5/ (A.2)

These bases are used to express all geometric quantities of the shell in
the reference configuration.

The metric tensor, expressed in covariant, contravariant, and mixed
forms, characterizes the local inner products of the basis vectors:

G, =M, M, G/ =MW G, =M-M; =6 (A.3)
The curvature tensor
o oMy _ oM, _ . OM,
W o T e T g
oM> 5 OM*
K% =M - =-M- - A.4
i oeh P (A4)

captures the variation of the surface normal along the parametric
directions. The Christoffel symbols

.M, =M, - (A.5)
0EP i Y ’
encode the connection on the surface and appear naturally in expres-

sions for covariant derivatives.
Using the curvature tensor together with the Christoffel symbols,
the Gauss and Weingarten relations

r’, =M * oM
ap

oM, N oM, ,
35" KM, i Il M, - K,;M;

oM? a )Y G —— u

F = KD(ﬁM F = _F}/ﬂM - K,;M} (A.6)

fully describe the differential geometry of the mid-surface in the refer-
ence configuration.

A.2. Tensorial description of the shell geometry

The position vector of an arbitrary point within the shell is given
in terms of the mid-surface and the normal direction, as in (1). Partial
derivatives of the shell position vector with respect to the curvilinear
coordinates

oM
X _ M, +&— 9X _ M,
el o0& 0&3 i
yield the covariant base vectors of the shell, which incorporate the mid-
surface curvature via the curvature tensor K,,;. Equivalently, this can

be expressed as
0X

(A7)

6_5" =M, (A.8)

where

M, =X, =(f +8K) )M, M; =X; =M, (A.9)
Consider the shift tensor

Y =Y/M, @ M” YE =60+ 2K (A.10)
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to describe the geometry of a shell at a distance & from the mid-surface.
This tensor defines a linear mapping from the natural covariant basis
of the mid-surface M, to the covariant basis of the shell

M,=T-M, (A.11)

whose components are Y# = 6¢ + £k | then M, = K"iMﬂ. Physically,
the tensor Y encodes how the covariant basis vectors stretch and rotate
as one moves along the thickness direction & due to the curvature
of the mid-surface. Its components reduce to the identity at the mid-
surface, and they vary linearly with & following the curvature tensor
Kﬂ This simple linear relation allows us to proper map geometric
quantities from the mid-surface to any point within the shell. Similarly,
the reciprocal (contravariant) basis of the shell M* = A - M* can be
related to the mid-surface contravariant basis M* through the tensor
A= A'/;'M/’ ®M,, so that M* = A'ﬂ“Mﬂ.

The components A'ﬁ" are defined as follows. First, the tensor A
is set as the transpose inverse of Y, i.e. [A]T = [Y]™!, ensuring
that the contravariant and covariant bases remain mutually orthogonal
throughout the shell. This inverse relationship is crucial for defining the
metric tensor and all derived geometric quantities consistently across
the thickness of the shell. Second, the inverse of the shift tensor

o]
Y '=G+EK) ' = Z(—1)"(§3K)" =AT (A.12)
n=0
is set as a power-series around &> = 0, according to the Neumann series.
Then,

A=

5 “ee
5 +

a _ £3 pa 3\2 o gV £3\3 pra pY
6y =& K+ (&) KK, — (&%) KE KK (A.13)
The Gauss—-Weingarten relations, which describe the variation of the

basis vectors along the surface,

oM, oM,  _,

2ar ~ KM ozr ~ LMy~ KapMs

oM} _ o o aM* cwvr | P

= R, yM* 3" —FM7 — K%M, (A.14)

can also be extended from the mid-surface to the shell. Importantly,
while the mid-surface bases M, and M’ are independent of &, the shell
bases M; and M’ explicitly depend on the thickness coordinate. This
dependence is governed by the curvature of the mid-surface through
the relations

oM, _

ap KM S =K
These expressions show that the change of the basis vectors along the
thickness direction is directly linked to the curvature of the mid-surface.
They allow for a natural extension of the differential geometry from
the mid-surface to the full shell, which is essential for formulating the
kinematics and strains in shell theory.

Finally, the metric tensors

oM A (A.15)

S _yly4 ~af _ pea g B 04 S A Well
Gop =YY }Gy, G = agnlG Gy =AY, G,

(A.16)
the Christoffel symbols
I =AY I, + ATY ), (A17)
and the curvature tensor
Kpo = Y Kp, Kb = ATK® (A.18)

are expressed in terms of the mid-surface tensors and the shift tensors
Y and A. In this way, the full geometry of the shell is completely
described in terms of the mid-surface geometry and the curvature map-
ping, providing a consistent framework for strain and stress analysis
across the shell thickness.
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A.3. Covariant derivatives of the displacement vector

Let the displacement vector
U=U¢".&.8)

parametrized by the curvilinear coordinates &', £2, £3. It can be decom-
posed in different bases as

(A.19)

U=0UM =0'M, =UM =U'M,. (A.20)
It follows that U; = U? = U, = U°.
The covariant derivatives of U
U — . . )
oz = UiV =07 1 M, = UMY = U/ M, (A.21)

can be expressed in terms of the respective bases, where the double bar
| denotes covariant differentiation with respect to the shell basis M;,
and the single bar | denotes covariant differentiation with respect to
the mid-surface basis M;.

A.3.1. Covariant derivatives along the mid-surface
In the mid-surface basis, the covariant derivatives

U,

sle = Usa =I5 U, + Koy Us Usje = Us,, — KU, (A.22)

account for the surface curvature and connection coefficients. The
derivatives

Uz = Uy Us;3=Us3 (A.23)

along the thickness direction can be simplified because the mid-surface

basis vectors are independent of &3. For the contravariant components

in the mid-surface basis, the corresponding covariant derivatives are

uel, = U"ﬂ -I; U+ KU
3 3

U, = U,a - K, U*

Ua|3 = Uof3

Uy =U7, (A.24)

A.3.2. Covariant derivatives in the shell basis
In the shell basis, the derivatives along the mid-surface directions
are

UD'HO( = Uo',a - f:a[__/.[ + ka503 03”0{ = 03# - k:lUT (A.25)
Covariant derivatives along the thickness direction

U _ 0 7y N3\ N Ry R v
Pl (O M* +U;M°) = U, sM* - UK M® + U3 3M (A.26)
must account for the dependence of M? on &3, so that

Uy = Uy — K50, Us3 = Uz (A.27)

A.3.3. Relations between shell and mid-surface covariant derivatives
Finally, the shift tensors Y and A allow expressing shell derivatives
in terms of mid-surface derivatives:

7 —_ vt 7 —_ vyt i = 7 =
Uaip = Y Uaip Uus = Yo Usis Uz = Uy, Usjs = Us
U, = A5U°N, U ll= AU’ U, =U%, U =07,
(A.28)

This formulation provides a consistent framework to compute covariant
derivatives of the displacement vector in any shell-related basis, while
naturally accounting for the geometry of the mid-surface.

Data availability
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ShellPy: A Python framework for general shell analysis (Original data)
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