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2Departamento de Matemática, Universidade Federal do Piauı́, Teresina, PI, Brazil

Abstract. This paper presents a novel variant of the Broyden quasi-Newton secant-type method aimed
at solving constrained mixed generalized equations, which can include functions that are not necessarily
differentiable. The proposed method integrates the classical secant approach with techniques inspired by
the Conditional Gradient method to handle constraints effectively. We establish local convergence results
by applying the contraction mapping principle. Specifically, under assumptions of Lipschitz continuity,
a modified Broyden update for derivative approximation, and the metric regularity property, we show
that the algorithm generates a well-defined sequence that converges locally at a Q-linear rate.
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1. INTRODUCTION

Introduced by S. M. Robinson in the early 1970s, generalized equations have become a versa-
tile tool for describing, analyzing, and solving a wide range of problems in a unified manner, and
have been the focus of extensive research. For a thorough exploration of generalized equations
and their applications, we refer to [17, 33, 42, 44, 46] and the references therein. In particular,
Newton’s method and its variations for generalized equations have been extensively studied due
to their appealing convergence properties [2, 3, 7, 14, 16, 21, 22, 41]. These studies established
conditions for superlinear and/or quadratic local convergence of Newton-type methods, often
under assumptions such as strong regularity or metric regularity of the generalized equation,
and Lipschitz-like conditions on the derivative of the vector-valued function. Moreover, the
growing interest in developing both theoretical and computational tools for solving generalized
equations stems from their abilities to abstractly model various families of problems, including
systems of nonlinear equations, equilibrium problems, linear and nonlinear complementarity
problems, and variational inequality problems; see, e.g., [17, 23, 43–46].

In this paper, we propose a method to solve generalized equations subject to a set of con-
straints, namely, to solve the following problem:

find x ∈C such that f (x)+g(x)+F(x) 3 0, (1.1)
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where f : Ω→Rn is a continuously differentiable function, g : Ω→Rn is a continuous function
not necessarily differentiable, Ω ⊆ Rn is an open set, C ⊂ Ω is a closed and convex set, and
F : Rn ⇒ Rn is a set-valued mapping with closed nonempty graph. Constrained generalized
equations of the form (1.1) encompass important mathematical problems, including the con-
strained variational inequality problem. For instance, if g(x) = 0 for all x ∈ Ω and F is the
normal cone mapping ND : Rn ⇒ Rn of a convex set D⊂ Rn, then problem (1.1) reduces to the
following constrained variational inequality problem:

find x ∈C such that 〈 f (x),y− x〉 ≥ 0, ∀ y ∈ D, (1.2)

where C ⊆ D is a closed and convex set and 〈·, ·〉 denotes an inner product in Rn. A particular
case of problem (1.2) is the constrained nonlinear complementarity problem, which is formu-
lated as

find x ∈C such that x ∈ Rn
+, f (x) ∈ Rn

+, and 〈 f (x),x〉= 0,

where C ⊆ Rn
+. It is also known that if F is the zero mapping, i.e., F ≡ {0} and g = 0, then

problem (1.1) reduces to solving the constrained system of nonlinear equations f (x) = 0 with
x ∈ C. This class of problems were extensively studied, and various methods were proposed
for their solutions; see, e.g., [5, 26, 27, 34, 39]. Conversely, if C = Ω in problem (1.1), we have
unconstrained generalized equations, or simply generalized equations. An important example
of this type is the Karush-Kuhn-Tucker (KKT) system for a standard nonlinear programming
problem with a strict local minimizer; see [17, p. 269] for the case g = 0.

Let X be a Banach space and x0,x1 ∈ X be given. Geffroy and Piétrus [25] introduced the
Newton-secant method for solving (1.1) which consists in iteratively find xk+1 as a solution of
the following subproblem,

f (xk)+g(xk)+
(

f ′(xk)+ [xk−1,xk;g]
)
(xk+1− xk)+F(xk+1) 3 0, (1.3)

where k = 1,2, . . .. The term [xk−1,xk;g] represents the divided difference operator associated
with g : X→ Y, F : X⇒ Y is a set-valued mapping with closed nonempty graph, and Y is also
a Banach space. It is known that the above iterative process was investigated by Catinas in [8]
for the specific case F ≡ 0. Hernández and Rubio [29] also performed a semilocal convergence
analysis of this method (1.3) under the same conditions as in [8]. Additionally, significant mod-
ifications of the scheme (1.3) have been explored. For instance, Jean-Alexis and Piétrus [32]
proposed the following iterative approach for solving (1.1):

f (xk)+g(xk)+
(

f ′(xk)+ [2xk−1− xk,xk;g]
)
(xk+1− xk)+F(xk+1) 3 0,

for k = 1,2, . . .. Under appropriate assumptions, they established a local convergence analysis
for this approach in [32], demonstrating a superlinear convergence rate. Several years later,
Rashid, Wang, and Li [40] also conducted a local convergence analysis for the same method but
under distinct assumptions compared to [32].

It is widely recognized that Newton’s method presents certain practical challenges. For in-
stance, it requires the computation of the Jacobian matrix at each iteration, in addition to solving
a linear system exactly. These requirements can render Newton’s method inefficient, particu-
larly for large-scale problems, as discussed in [36]. To address these limitations, It was pro-
posed in [1, 12] that the following quasi-Newton method for solving the unconstrained version
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of (1.1) in Banach spaces, where the Fréchet derivative f ′(xk) is replaced by a perturbed Fréchet
derivative A(xk), is computationally more efficient or simpler to evaluate:

f (xk)+g(xk)+A(xk)+ [xk−1,xk;g](xk+1− xk)+F(xk+1) 3 0, (1.4)

for k = 1,2, . . .. The function A : X→ Y serves as an approximation of the Fréchet derivative
f ′ : X→ L(X,Y), and it satisfies a relaxed Hölder-type condition. The main assumptions used
in [1] are: (1) f is Fréchet differentiable with a Hölder continuous derivative; (2) g is a contin-
uous function allowing for the computation of first- and second-order divided differences; (3)
( f (x1)+(A(x1)+[x0,x1;g])(·−x1)+g(x1)+F(·))−1 is Aubin continuous at 0 for x2. In [1,12],
stronger assumptions were assumed to obtain linear convergence of the sequence {xk} generated
by (1.4).

The Broyden quasi-Newton secant-type method for generalized equations, originating from
the works of Josephy [33], has the following formulation: for the current iterates xk−1,xk ∈ Rn,
the next iterate yk is computed as a point satisfying the following inclusion:

f (xk)+g(xk)+
(
Bk +[xk−1,xk;g]

)
(yk− xk)+F(yk) 3 0, k = 0,1, . . . , (1.5)

where (Bk)k∈N is a sequence of bounded linear mappings between Rn satisfying the classi-
cal Broyden update rule, and [xk−1,xk;g] is the first-order divided difference of the function
g : Ω→ Rn at the points xk−1 and xk. The specific choice of how Bk is constructed dictates the
particular quasi-Newton method being used, such as Broyden, BFGS, SR1, and others. Typi-
cally, the initial mapping B0 is chosen to be a good approximation of f ′(x̄). Note that, at each
iteration, a partially linearized inclusion at the current iterate needs to be solved. The method
described by (1.5) thus serves as a framework for various iterative procedures in numerical non-
linear programming. For example, when F ≡{0}, this method reduces to the standard Newton’s
method for solving systems of nonlinear equations. If F represents the product of the negative
orthant in Rs with the origin in Rm−s, i.e., F =Rs

−×{0}m−s, then (1.5) corresponds to Newton’s
method for solving systems of nonlinear equalities and inequalities [10]. Furthermore, if prob-
lem (1.1) with C = Ω represents the Karush-Kuhn-Tucker optimality conditions for a nonlinear
programming problem, then (1.5) describes the well-known sequential quadratic programming
method [17, p. 384]; see also [15, 31]. For unconstrained problems, where C = Rn or C = Ω,
we can simply set xk+1 = yk. The iterative scheme described in (1.5) was initially proposed by
Catinas [8] for the specific case where F ≡ 0 and C = Rn, along with a local convergence anal-
ysis. This was followed by a semi-local analysis in [29]. Geoffroy and Pietrus [25] extended
this method to the case that C = Rn and F 6= 0, providing a local convergence analysis, with
a semi-local analysis appearing subsequently in [30]. Other significant variants of this method
were explored in [9, 32, 40].

Since the iterate yk in (1.5) can sometimes be infeasible with respect to the constraint set
C, a strategy is needed to ensure the feasibility of the generated sequence. To address this
issue, in this paper, we employ the conditional gradient (CondG) method, also known as the
Frank-Wolfe method. Originally proposed for quadratic problems over a polyhedron [24], this
method was generalized to other problems [13, 18–20, 37]. The CondG method received much
attention in recent years [28, 35, 38], motivating its use in conjunction with the Broyden quasi-
Newton secant-type method for solving problem (1.1), as used, for example, in [9]. From a
theoretical perspective, we establish that the Broyden quasi-Newton secant-type method (1.5)
is well-defined and locally convergent, with a q-linear convergence rate. The key assumptions
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required for these results include metric regularity, Lipschitz continuity of the derivative f ′,
the approximation of f ′(xk) via the sequence {Bk} of bounded linear mappings satisfying the
classical Broyden update rule, and boundedness of the second-order divided difference of g.
For a detailed discussion on metric regularity, we refer to [16].

The remainder of this paper is organized as follows. In Section 2, we present the notation and
some technical results that are used throughout the paper. In Section 3, we describe the Broyden
quasi-Newton secant-type method and present its local convergence properties. We conclude
the paper with some remarks in Section 4, the last section.

2. PRELIMINARIES

In this section, we introduce the notation and basic concepts that are used throughout the
paper. Let ‖ ·‖ denote the Euclidean norm in Rn. For x ∈Rn and δ > 0, we define the open ball
centered at x with radius δ as Bδ (x) := {y ∈ Rn : ‖x− y‖< δ}, and the closed ball as Bδ [x] :=
{y∈Rn : ‖x−y‖ ≤ δ}. Let L (Rn,Rn) denote the space of all continuous linear mappings from
Rn to Rn. For A ∈L (Rn,Rn), the norm of A is defined by ‖A‖ := sup{‖Ax‖ : ‖x‖ ≤ 1}. Let
Ω ⊆ Rn be an open set. The derivative of a differentiable function h : Ω→ Rn at x ∈ Ω is the
linear mapping h′(x) : Rn→ Rn.

2.1. Divided differences. Divided differences are fundamental tools in numerical analysis and
approximation theory, particularly in the context of interpolation and the analysis of iterative
methods such as the secant method. In the study of quasi-Newton methods for solving nonlinear
equations and generalized equations, divided differences are used to approximate derivatives
when exact derivatives are unavailable or expensive to compute. In this subsection, we formalize
the definitions of first and second order divided differences for vector-valued functions, which
play a crucial role in the convergence analysis of our proposed method.

Definition 2.1 (First Order Divided Difference). Let Ω⊆Rn be an open set, and let g : Ω→Rn

be a function. For any distinct points x,y ∈Ω with x 6= y, the first order divided difference of g
at the points x and y is the linear operator [x,y;g] ∈L (Rn,Rn) defined by the relation

[x,y;g](y− x) = g(y)−g(x).

Equivalently, we can write g(y) = g(x)+ [x,y;g](y− x). When g is differentiable at x, and in
the limit as y goes to x, the first order divided difference converges to the derivative of g at x.
Therefore, [x,x;g] = g′(x), where g′(x) is the Jacobian matrix of g at x.

The first order divided difference [x,y;g] can be viewed as an average of the derivatives of g
along the line segment from x to y. It provides a linear approximation to g over this segment,
capturing the behavior of g between x and y. We proceed by introducing the second order
divided difference.

Definition 2.2 (Second Order Divided Difference). Let Ω⊆Rn be an open set, and let g : Ω→
Rn be a function. For any distinct points x,y,z∈Ω with x 6= y, x 6= z, and y 6= z, the second order
divided difference of g at the points x, y, and z is the operator [x,y,z;g] ∈L (Rn,L (Rn,Rn))
defined by the relation

[x,y,z;g](z− x) = [y,z;g]− [x,y;g]. (2.1)
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When g is twice differentiable at x, and in the limit as y and z goes to x, the second order divided
difference converges to half the second derivative of g at x. Therefore, [x,x,x;g] = 1

2g′′(x), where
g′′(x) denotes the Hessian matrix of g at x.

The second order divided difference [x,y,z;g] captures the curvature of g over the region
spanned by x, y, and z. It provides a quadratic approximation to g in this region, which is essen-
tial in understanding the behavior of iterative methods that utilize second-order information. In
quasi-Newton and secant methods, divided differences serve as approximations to the Jacobian
or Hessian matrices. Specifically, the first order divided difference [xk,xk−1;g] approximates
the derivative g′(xk) and is used to construct updates in the iterative scheme. The analysis of
such methods relies on the properties of the divided differences and their relation to the true
derivatives. The use of divided differences allows for derivative-free implementations of itera-
tive methods, which can be advantageous when derivatives are difficult to compute. However,
careful analysis is required to ensure that the approximations do not adversely affect the con-
vergence properties of the method.

2.2. Set-valued mappings. Set-valued mappings generalize functions by allowing multiple
outputs for each input. They are essential in the study of generalized equations.

Definition 2.3 (Graph, Domain, and Range of a Set-Valued Mapping and its Inverse). Let F :
Rn ⇒ Rn be a set-valued mapping. The graph of F is defined as gphF := {(x,y) ∈ Rn×Rn :
y ∈ F(x)}. The domain of F is domF := {x ∈ Rn : F(x) 6= /0}, and the range of F is rgeF :=
{y∈Rn : y∈ F(x) for some x∈Rn}. The inverse of F is the set-valued mapping F−1 : Rn ⇒Rn

defined by F−1(y) := {x ∈ Rn : y ∈ F(x)}.

Understanding the distance between points and sets, as well as the excess of one set over
another, is fundamental in variational analysis.

Definition 2.4 (Distance and Excess). Let C and D be subsets of Rn. The distance from a point
x ∈Rn to the set D is defined by d(x,D) := infx̂∈D ‖x− x̂‖. The excess of C over D is defined by
e(C,D) := supx∈C d(x,D). We adopt the conventions that d(x,D)=+∞ when D= /0, e( /0,D)= 0
when D 6= /0, and e( /0, /0) = +∞.

Metric regularity is a key concept in variational analysis and is instrumental in establishing
convergence properties of iterative methods for solving generalized equations.

Definition 2.5 (Metric Regularity). Let Ω⊂ Rn be open and nonempty, and let G : Ω ⇒ Rm be
a set-valued mapping. We say that G is metrically regular at x̄ ∈Ω for ū ∈ Rm if ū ∈ G(x̄), the
graph of G is locally closed at (x̄, ū), and there exist constants κ > 0, a > 0, and b > 0 such
that Ba[x̄]⊂Ω and d(x,G−1(u))≤ κd(u,G(x)) for all (x,u) ∈ Ba[x̄]×Bb[ū]. If, in addition, the
mapping u 7→ G−1(u)∩Ba[x̄] is single-valued on Bb[ū], we say that G is strongly metrically
regular at x̄ for ū.

Remark 2.1. When the mapping u 7→ G−1(u)∩ Ba[x̄] is single-valued, we may write w =
G−1(u)∩Ba[x̄] instead of {w}= G−1(u)∩Ba[x̄] for simplicity.

The contraction mapping principle is a fundamental result in fixed-point theory and is used
in our analysis.



528 P. C. DA SILVA JUNIOR, O. P. FERREIRA, G. N. SILVA

Theorem 2.1 (Contraction Mapping Principle). Let Φ : Rn ⇒Rn be a set-valued mapping, and
let x̄∈Rn. Suppose that there exist scalars r > 0 and ζ ∈ (0,1) such that gphΦ∩(Br[x̄]×Br[x̄])
is closed, and

(a) d(x̄,Φ(x̄))≤ r(1−ζ );
(b) e(Φ(x)∩Br[x̄],Φ(x′))≤ ζ‖x− x′‖, for all x,x′ ∈ Br[x̄].

Then, Φ has a fixed point in Br[x̄]; that is, there exists x̂ ∈ Br[x̄] such that x̂ ∈ Φ(x̂). Moreover,
if Φ is single-valued, then x̂ is the unique fixed point of Φ in Br[x̄].

Proof. See [17, Theorem 5E.2, p. 313]. �

3. BROYDEN QUASI-NEWTON SECANT-TYPE METHOD

In this section, we introduce a secant-type method designed to solve constrained problem (1.1).
Assuming the metric regularity of the partial linearization of f +g+F , Lipschitz continuity of
the derivative f ′, and boundedness of the second-order divided difference of g, we analyze the
sequence generated by the proposed inexact Broyden quasi-Newton secant-type method. Our
method incorporates an inner subroutine, referred to as the CondG procedure, which computes
a feasible inexact projection onto the set C. This procedure is based on methods used in previ-
ous works (see, e.g., [6, p. 215], [11, 26], and [35]). Before detailing the CondG procedure, we
recall the concept of feasible inexact projection as introduced in [11].

Definition 3.1. Let C ⊂ Rn be a closed and convex set, x ∈C, and θ ≥ 0. The feasible inexact
projection mapping relative to x and forcing term θ , denoted by PC(·,x,θ) : Rn → C, is the
set-valued mapping defined as

PC(y,x,θ) :=
{

w ∈C : 〈y−w,z−w〉 ≤ θ‖y− x‖2, ∀z ∈C
}
.

Each point w ∈ PC(y,x,θ) is called a feasible inexact projection of y onto C with respect to x
and error tolerance θ .

Remark 3.1. Since C ⊂ Rn is a closed and convex set, the Proposition 2.1.3 of [6, p. 201]
implies that, for each y ∈ Rn, the exact projection PC(y) belongs to PC(y,x,θ). Therefore,
PC(y,x,θ) 6=∅ for all y ∈ Rn and x ∈C. Moreover, when θ = 0, we have PC(y,x,0) = {PC(y)}
for all y ∈ Rn and x ∈C. In this case, we simply write PC(y,x,0) = PC(y).

The following lemma, whose proof can be found in [26, Lemma 4] (see also [11]), establishes
a basic property of the feasible inexact projection and plays a crucial role in our analysis.

Lemma 3.1. Let y, ỹ ∈ Rn, x, x̃ ∈C, and θ ≥ 0. Then, for any u ∈ PC(y,x,θ),

‖u−PC(ỹ, x̃,0)‖ ≤ ‖y− ỹ‖+
√

2θ‖y− x‖.

We now present the CondG procedure, which computes a feasible inexact projection onto the
set C. This procedure is based on the conditional gradient method, also known as the Frank-
Wolfe algorithm (see, e.g., [6]). The CondG procedure with input data v, u, and θ is formally
described as follows.

We now highlight the key aspects of Algorithm 2. The algorithm aims to approximate the
projection of v onto the set C by iteratively improving the estimate w`. At each iteration, the
algorithm solves the linearized subproblem (3.1), which involves minimizing the linear approx-
imation of the distance function over C. The optimal value s∗` obtained in (3.1) measures the
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Algorithm 1(CondG Procedure)
Input: Choose θ ≥ 0, v ∈ Rn, and w ∈C (with w 6= v). Set w0 = w and `= 0.
Step 1: Use a Linear Optimization oracle to compute an optimal solution z` and the optimal value s∗` as

z` := argmin
z∈C
〈w`− v,z−w`〉, s∗` := 〈w`− v,z`−w`〉. (3.1)

Step 2: If −s∗` ≤ θ‖v−u‖2, then stop and set w+ = w`.
Step 3: Compute α` ∈ (0,1] and update w`+1 as

α` := min
{

1,
−s∗`

‖z`−w`‖2

}
, w`+1 := w`+α`(z`−w`).

Step 4: Set `← `+1 and return to Step 1.
Output: w+ = w`.

potential reduction in the objective function. If this reduction is smaller than the specified tol-
erance, i.e., −s∗` ≤ θ‖v−u‖2, the algorithm terminates, returning w+ = w` as the approximate
projection. If the condition is not met, the algorithm updates the current estimate by moving
towards z` using a step size α`. The choice of α` ensures sufficient decrease in the objective
function while keeping w`+1 within C due to the convexity of C. Under mild assumptions,
it can be shown that the sequence (s∗`)`∈N converges to zero (see, e.g., [4, Proposition A.2]),
guaranteeing that the algorithm will terminate after a finite number of iterations. In essence,
Algorithm 2 provides an efficient method for computing an approximate projection onto C that
satisfies the inexact projection condition required by our main algorithm.

Next, we present the inexact Broyden quasi-Newton secant-type method for solving the
mixed generalized equation (3.9). The method utilizes the CondG procedure to handle con-
straints and employs a Broyden update to approximate the Jacobian of f . The algorithm is
formally described below.

Algorithm 2 (Inexact Broyden Quasi-Newton Secant-Type Method)
Step 0: Initialize with x−1,x0 ∈C, a sequence (θk)k∈N ⊂ [0,+∞), and B0 ∈L (Rn,Rn). Set k = 0.
Step 1: If 0 ∈ f (xk)+g(xk)+F(xk), stop; a solution has been found. Otherwise, compute yk ∈ Rn satisfying

0 ∈ f (xk)+g(xk)+(Bk +[xk−1,xk;g]) (yk− xk)+F(yk). (3.2)

Update
sk := yk− xk, zk := f (yk)− f (xk),

and compute

Bk+1 := Bk +
(zk−Bksk)s>k
‖sk‖2 . (3.3)

Step 2: If yk ∈C, set xk+1 = yk. Otherwise, compute xk+1 ∈ PC(yk,xk,θk) using the CondG procedure.
Step 3: Set k← k+1 and return to Step 1.

At each iteration, the Algorithm 2 checks whether the current point xk satisfies the inclusion
defining the solution. If not, it computes an auxiliary point yk by solving an inclusion that in-
volves a linear approximation of f and g at xk, along with the operator F at yk. The Broyden
update (3.3) updates the approximation Bk of the Jacobian of f , ensuring that it satisfies the
secant condition Bk+1sk = zk. If yk lies within the constraint set C, it becomes the next iterate. If
not, we compute an approximate projection of yk onto C using the CondG procedure, ensuring
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that the next iterate xk+1 satisfies the inexact projection condition with tolerance θk. By itera-
tively applying this process, the algorithm generates a sequence (xk)k∈N within C, which under
appropriate conditions converges to a solution of (1.1).

Remark 3.2. When g = 0 and F ≡{0}, Algorithm 2 reduces to the method studied in [26]. Ad-
ditionally, if the constraint set is the entire space, i.e., C =Rn, the algorithm becomes equivalent
to the finite-dimensional version of the secant method proposed in [25].

In the next section, we proceed with the analysis of the sequence (xk)k∈N, which we assume
to be infinite. Note that, in this case we have xk 6= x∗ and xk+1 6= xk for all k.

3.1. Convergence analysis. In this section, we analyze the convergence properties of Algo-
rithm 2. To establish the convergence of the algorithm, we first present some preliminary results
that will be instrumental in our analysis. We then proceed to state and prove our main conver-
gence theorem. We begin by recalling a theorem on perturbed metric regularity, which will play
a key role in our analysis its proof can be found in [2].

Theorem 3.1 (Perturbed Metric Regularity). Let H : Rn ⇒ Rm be a set-valued mapping with
a closed graph, and suppose that at (x̄, ȳ) ∈ gphH, the mapping H is metrically regular with
constants a > 0, b > 0, and κ > 0. Let µ > 0 be such that κµ < 1, and let κ ′ > κ . Then, for
every α > 0 and β > 0 satisfying

α ≤ a/2, µα +2β ≤ b, and 2κ
′
β ≤ α(1−κµ), (3.4)

and for every function h : Rn→ Rm satisfying

‖h(x̄)‖ ≤ β , and ‖h(x)−h(x′)‖ ≤ µ‖x− x′‖, ∀x,x′ ∈ Bα(x̄), (3.5)

the mapping h + H has the following property: for every y,y′ ∈ Bβ (ȳ) and every x ∈ (h +

H)−1(y)∩Bα(x̄), there exists x′ ∈ (h+H)−1(y′) such that

‖x− x′‖ ≤ κ ′

1−κµ
‖y− y′‖. (3.6)

Moreover, if H is strongly metrically regular at x̄ for ȳ—that is, the mapping y 7→H−1(y)∩Bα [x̄]
is single-valued and Lipschitz continuous on Bb[ȳ] with Lipschitz constant κ—then under the
same conditions on µ , κ ′, α , and β , and for any function h satisfying (3.5), the mapping y 7→

(h+H)−1(y)∩Bα [x̄] is Lipschitz continuous on Bβ (ȳ) with Lipschitz constant
κ ′

1−κµ
.

Assuming that h(x̄) = 0, Theorem 3.1 indicates that if H is (strongly) metrically regular at
x̄ for ȳ and h has a sufficiently small Lipschitz constant, then the perturbed mapping h+H
is also (strongly) metrically regular at x̄ for ȳ. Specifically, the estimate (3.6) implies that
(h+H)−1 possesses the Aubin property at ȳ for x̄, which is equivalent to the metric regularity
of h+H at x̄ for ȳ. Consequently, it recover the (extended) Lyusternik-Graves theorem as stated
in [16, Theorem 5E.1]. For the strong regularity aspect, is obtained a version of Robinson’s
theorem, as detailed in [16, Theorem 5F.1].

To proceed with the analysis of Algorithm 2, we assume throughout our presentation that the
following assumptions hold:

(A0) The derivative f ′ is Lipschitz continuous with constant L > 0 on Ω, i.e., ‖ f ′(x)−
f ′(y)‖ ≤ L‖x− y‖ for all x,y ∈Ω.
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(A1) There exists M > 0 such that ‖[x,y,z;g]‖ ≤ M for all distinct points x,y,z ∈ Ω, where
[x,y,z;g] denotes the second-order divided difference of g.

(A2) The mapping f +g+F is metrically regular at x∗, a solution to the generalized equation
1.1, for 0 with constants κ > 0, a > 0, and b > 0.

We begin by establishing some technical results that are needed in our analysis.

Lemma 3.2. Let f : Rn → Rn be a continuously differentiable function such that f ′ satisfies
(A0). Let r > 0 and ε > 0 be such that 2Lr < ε , and x∗ a solution to generalized equation (1.1).
Then, for all x,y ∈ Br(x∗), the following inequalities hold:

‖ f (y)− f (x)− f ′(x)(y− x)‖ ≤ L
2
‖y− x‖2, (3.7)

and
‖ f (y)− f (x)− f ′(x∗)(y− x)‖ ≤ ε‖y− x‖. (3.8)

Proof. Since f ′ is Lipschitz continuous with constant L, by applying Taylor’s theorem with
integral the equality (3.7) follows. To prove (3.8), we have

‖ f (y)− f (x)− f ′(x∗)(y− x)‖ ≤ ‖ f (y)− f (x)− f ′(x)(y− x)‖+‖[ f ′(x)− f ′(x∗)](y− x)‖
≤
(
(L/2)‖y− x‖+L‖x− x∗‖

)
‖y− x‖

≤ ε‖y− x‖,

where the last inequality holds because ‖y− x‖ ≤ 2r and 2Lr < ε . �

The following proposition shows that the operator defined in (3.3) satisfies a boundedness
condition that will be useful for our analysis. Its proof can be found in [2].

Proposition 3.1. Let f : Rn→Rn be a continuously differentiable function such that f ′ satisfies
(A0). Assume that x∗ ∈ Ω. Given Bk ∈L (Rn,Rn) and xk,yk ∈ Ω with yk 6= xk, the operator
Bk+1 defined as in (3.3) satisfies

‖Bk+1− f ′(x∗)‖ ≤ ‖Bk− f ′(x∗)‖+
L
2
(‖yk− x∗‖+‖xk− x∗‖) .

With these preliminary results in hand, we now state and prove our main convergence theorem
for Algorithm 2.

Theorem 3.2. Let Ω ⊆ Rn be an open set, C ⊆ Ω be a closed and convex set, and let f : Ω→
Rn be a continuously differentiable function. Let g : Ω→ Rn be a continuous function (not
necessarily differentiable), and let F : Rn ⇒ Rn be a set-valued mapping with closed graph.
Suppose that x∗ is a solution to the generalized equation

f (x)+g(x)+F(x) 3 0. (3.9)

Assume that conditions (A0), (A1), and (A2) hold. Take the initial approximation B0 satisfying

δ := ‖B0− f ′(x∗)‖<
1

2κ
. (3.10)

Let (θk)k∈N ⊂ [0,+∞) be a sequence with θ̂ = supk∈Nθk <
1
2

. Then, there exists τ > 0 such

that, for any initial points x−1,x0 ∈ Bτ [x∗]∩C, there exists a sequence (xk)k∈N ⊂ Bτ [x∗]∩C
generated by Algorithm 2 with starting points x−1,x0 converges q-linearly to x∗. If, in addition,
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f + g+F is strongly metrically regular at x∗ for 0, then the sequence (xk)k∈N starting from
x−1,x0 is unique and converges q-linearly to x∗.

Proof. Let L > 0 satisfying (A0), M > 0 satisfying (A1) and κ ≥ 0, a > 0, and b > 0 satisfying
(A2). Choose κ ′ > κ and γ > 0 such that

κ ′δ

1−κδ
< 1 and

κ ′δ

1−κδ
< γ < 1.

To proceed with our analysis, it is convenient to note the function (0,+∞) 3 t 7→ κ ′t/(1−κt)
is strictly increasing. Then, we can choose a sufficiently small ε > 0 that satisfies the following
two conditions

ε < δ and
κ ′

1−κ(δ + ε)
(δ + ε)< γ.

In addition, considering that δ > 0 satisfies (3.10), without loss of generality, we can also
assume that a > 0 and τ > 0 satisfy the following three conditions

a <
ε

2L
, κ

(
δ +

(L/2)a
1− γ

+Mτ

)
< 1,

and
κ ′

1−κ

(
δ +

(L/2)a
1− γ

+Mτ

)(δ + ε +
(L/2)a
1− γ

+Mτ

)
< γ. (3.11)

It is also convenient to define the constant

µ := δ +
(L/2)a
1− γ

+Mτ. (3.12)

Choose α > 0 and β > 0 satisfying (3.4) in Theorem 3.1, i.e., satisfying following inequalities

ε +3αM ≤ µ, 0 < α ≤ a
2
, µα +2β ≤ b, 2κ

′
β ≤ α(1−κµ). (3.13)

Finally, taking into account that β > 0, we can again make τ > 0 sufficiently small such that

0 < τ <
1
M

[
(γ−
√

2θ0)(1−κµ)

(1+
√

2θ0)κ ′
− (ε +δ )

]
,

(
ε +δ +

(L/2)a
1− γ

+Mτ

)
τ ≤ β . (3.14)

Before continuing with our analysis, let us note that the first two inequalities in (3.14) implies
that

κ ′

1−κµ

(
ε +δ +

(L/2)a
1− γ

+Mτ

)(
1+
√

2θ0

)
+
√

2θ0 ≤ γ. (3.15)

Consider
h(x) = f (x∗)+g(x∗)+

[
f ′(x∗)+ [z,x∗;g]

]
(x− x∗)− f (x)−g(x), (3.16)

Note that h(x∗) = 0. Fr all x,x′,z ∈ Bα [x∗], we have

‖h(x)−h(x′)‖= ‖ f (x′)+g(x′)− f (x)−g(x)+( f ′(x∗)+ [z,x∗;g])(x− x′)‖
≤ ‖ f (x′)− f (x)− f ′(x∗)(x′− x)‖+‖g(x′)−g(x)− [z,x∗;g](x′− x)‖. (3.17)

To bound the first term in (3.17), we note that the (3.8) in Lemma 3.2 implies that

‖ f (x′)− f (x)− f (x∗)(x′− x)‖ ≤ ε‖x′− x‖. (3.18)
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Now, we are going to bound the second term (3.17). We note that

‖g(x′)−g(x)− [z,x∗;g](x′− x)‖= |[x,x′;g](x′− x)− [z,x∗;g](x′− x)‖
= ‖

(
[x,x′;g]− [z,x∗;g]

)
(x′− x)‖

= ‖
(
[x,x′;g]− [z,x;g]− ([z,x∗;g]− [z,x;g])

)
(x′− x)‖

Considering that [z,x∗;g]− [z,x;g] = [z,x∗;g]− [x,z;g], the last inequality implies that

‖g(x′)−g(x)− [z,x∗;g](x′− x)‖= ‖
(
[x,x′;g]− [z,x;g]− ([z,x∗;g]− [x,z;g])

)
(x′− x)‖.

Thus, by using (2.1) and A1, and taking into account that x,x′,z ∈ Bα [x∗], we conclude that

‖g(x′)−g(x)− [z,x∗;g](x′− x)‖= ‖
(
[z,x,x′;g](x′− z)− [x,z,x∗;g](x∗− x)

)
(x′− x)‖

≤
(
‖[z,x,x′;g]‖‖x′− z‖+‖[x,z,x∗;g]‖‖x∗− x‖

)
‖x′− x)‖

≤ 3αM‖x′− x‖.

Hence, using (3.18) and the last inequality, we obtain from (3.17) and the first inequality in
(3.13) that

‖h(x)−h(x′)‖ ≤ (ε +3αM)‖x′− x‖ ≤ µ‖x′− x‖. ∀x,x′ ∈ Bα [x∗]. (3.19)

To simplify the notation, we define the mapping

G(x) = f (x∗)+g(x∗)+
[

f ′(x∗)+ [z,x∗;g]
]
(x− x∗)+F(x). (3.20)

It follows from (3.16) and (3.20) that G = H + h, where H = f + g+F . It follows from (A2)
that H is metrically regular at x∗ for 0 with constants κ > 0, a > 0, and b > 0. Considering that
h(x∗) = 0 and using (3.13) and (3.19) we can apply Theorem 3.1 with x̄. We conclude that G is
metrically regular at x∗ for 0 with constant κ . Therefore, there exist positive constants a and b
such that

d(x,G−1(y))≤ κd(y,G(x)), ∀x ∈ Ba[x∗], ∀y ∈ Bb[0].

Let O := Bτ [x∗], and choose any points x0,z ∈ O∩C with x0 6= z, x0 6= x∗ and z 6= x∗. Define

h0(x) := f (x0)+g(x0)+(B0 +[z,x0;g])(x− x0)− f (x∗)−g(x∗)− ( f ′(x∗)+ [z,x∗;g])(x− x∗),
(3.21)

and w0 := f (x0) + g(x0)− f (x∗)− g(x∗) + (B0 + [z,x0;g])(x∗− x0). Then, w0 = h0(x∗). We
proceed to estimate ‖h0(x∗)‖. For that, using (3.21), some manipulations show that

‖h0(x∗)‖ ≤ ‖ f (x0)− f (x∗)− f ′(x∗)(x0− x∗)‖+‖(B0− f ′(x∗))(x∗− x0)‖+
‖g(x0)−g(x∗)+ [z,x0;g](x∗− x0)‖. (3.22)

Let us first bound the right hand side of the last inequality. For the first term, using (3.8) in
Lemma 3.2, we have

‖ f (x0)− f (x∗)− f ′(x∗)(x0− x∗)‖ ≤ ε‖x0− x∗‖.

We bound the second tern by using definition of δ in (3.10), which gives

‖(B0− f ′(x∗))(x∗− x0)‖ ≤ δ‖x0− x∗‖.
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For the term involving g, we use the definition of the second-order divided difference and as-
sumption (A1). Thus, we have

‖g(x0)−g(x∗)+ [z,x0;g](x∗− x0)‖= ‖[x0,x∗;g](x∗− x0)− [z,x0;g](x∗− x0)‖
= ‖[z,x0,x∗;g](x∗− z)(x∗− x0)‖
≤M‖x∗− z‖‖x0− x∗‖ ≤Mτ‖x0− x∗‖.

Combining these estimates and taking into account that x0 ∈ O∩C, inequality (3.22) yields

‖h0(x∗)‖ ≤ (ε +δ +Mτ)‖x0− x∗‖ ≤ (ε +δ +Mτ)τ ≤
(

ε +δ +
(L/2)a
1− γ

+Mτ

)
τ. (3.23)

Thus, it follows from (3.14) that ‖h0(x∗)‖ ≤ β . Hence w0 = h0(x∗) ∈ Bβ [0]. Similarly, we give
x,x′ ∈ Bα(x∗) and consider z = x−1. By using definition (3.21), one sees that some algebraic
manipulations imply that

‖h0(x)−h0(x′)‖= ‖(B0 +[z,x0;g])(x− x′)− ( f ′(x∗)+ [z,x∗;g])(x− x′)‖
≤ ‖(B0− f ′(x∗))(x− x′)‖+‖[z,x0;g]− [z,x∗;g]‖‖x− x′‖.

Thus, after some calculations, Definition 2.2 concludes that

‖h0(x)−h0(x′)‖ ≤ ‖(B0− f ′(x∗))(x− x′)‖+‖[z,x0;g]− [z,x∗;g]‖‖x− x′‖
= ‖(B0− f ′(x∗))(x− x′)‖+‖[z,x0;g]− [x∗,z;g]+ [x∗,z;g]− [z,x∗;g]‖‖x− x′‖
= ‖(B0− f ′(x∗))(x− x′)‖+‖[x∗,z,x0;g](x0− x∗)+ [z,x∗,z;g](z− z)‖‖x− x′‖
≤ ‖(B0− f ′(x∗))(x− x′)‖+‖[x∗,z,x0;g]‖‖x0− x∗‖‖x− x′‖.

Since [z,x∗,z;g](z− z) = 0, using properties of the norm, we obtain from the last inequality that

‖h0(x)−h0(x′)‖ ≤ ‖(B0− f ′(x∗))(x− x′)‖+‖[x∗,z,x0;g]‖‖x0− x∗‖‖x− x′‖.

Finally, using (3.10), assumption (A1), and definition of µ in (3.12), we conclude that

‖h0(x)−h0(x′)‖ ≤ δ‖x− x′‖+Mτ‖x− x′‖ ≤ µ‖x− x′‖, ∀x,x′ ∈ Bα(x∗).

By Theorem 3.1, with x̄ = x∗, h = h0, H = G, y = w0 ,and x = x∗, there exists y0 ∈ (h+G)−1(0)
satisfying (3.2), for k = 0, and

‖y0− x∗‖ ≤
κ ′

1−κµ
‖h0(x∗)‖.

It follows from the first inequality in (3.23) and the last inequality, by taking into account (3.11)
and (3.12), that

‖y0− x∗‖ ≤
κ ′

1−κµ
(ε +δ +Mτ)‖x0− x∗‖ ≤ γ‖x0− x∗‖. (3.24)

In view of γ < 1, we conclude that y0 ∈ O. Next, applying Lemma 3.1 with u = x1, y = y0,
x = x0, ỹ = x∗, x̃ = x∗, and θ = θ0, we obtain that

‖x1− x∗‖ ≤ ‖y0− x∗‖+
√

2θ0‖y0− x0‖

≤ ‖y0− x∗‖+
√

2θ0(‖y0− x∗‖+‖x∗− x0‖)

≤ (1+
√

2θ0)‖y0− x∗‖+
√

2θ0‖x0− x∗‖.
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Using (3.15) and (3.24), we conclude that

‖x1− x∗‖ ≤
[

κ ′

1−κµ
(ε +δ +Mτ)(1+

√
2θ0)+

√
2θ0

]
‖x0− x∗‖ ≤ γ‖x0− x∗‖.

Since γ < 1, we obtain that x1 ∈ O∩C. By induction, suppose that, for some n ≥ 1, we have
points xk ∈ O∩C, yk ∈ O, satisfying

‖yk−1− x∗‖ ≤ γ‖xk−1− x∗‖, ‖xk− x∗‖ ≤ γ‖xk−1− x∗‖, k = 1, . . . ,n.

Thus, it follows from Proposition 3.1 together with the two last inequalities that

‖Bn− f ′(x∗)‖ ≤ ‖B0− f ′(x∗)‖+
L
2

(
‖x0− x∗‖+

n

∑
k=1

(‖xk− x∗‖)+
n

∑
k=1
‖yk−1− x∗‖)

)
≤ δ +

L
2
‖x0− x∗‖+L

n

∑
k=1

γ
k‖x0− x∗‖ ≤ δ +L

n

∑
k=0

γ
k‖x0− x∗‖

≤ δ +
L‖x0− x∗‖

1− γ
.

Hence, using (3.13), we conclude that

‖Bn− f ′(x∗)‖ ≤ δ +
(L/2)a
1− γ

.

Consider z = x−1 and define

hn(x) := f (xn)+g(xn)+(Bn +[z,xn;g])(x− xn)− f (x∗)−g(x∗)− ( f ′(x∗)+ [z,x∗;g])(x− x∗)

and

wn := f (xn)+g(xn)− f (x∗)−g(x∗)+(Bn +[z,xn;g])(x∗− xn) = hn(x∗).

Using similar estimates as before, to obtain (3.23), we can also obtain that

‖wn‖ ≤
(

ε +δ +
(L/2)a
1− γ

+Mτ

)
‖xn− x∗‖ ≤ β .

Hence, ‖hn(x∗)‖= ‖wn‖ ≤ β . In addition, we can also obtain

‖hn(x)−hn(x′)‖= ‖(Bn +[z,xn;g])(x− x′)− ( f ′(x∗)+ [z,x∗;g])(x− x′)‖
≤ ‖(Bn− f ′(x∗))(x− x′)‖+‖[z,xn;g]− [z,x∗;g]‖‖x− x′‖

≤
(

δ +
(L/2)a
1− γ

)
‖x− x′‖+Mτ‖x− x′‖

= µ‖x− x′‖, ∀x,x′ ∈ Bα [x∗].

By applying Theorem 3.1, with x̄ = x∗, h = hn, H = G, y = wn, and x = x∗, there exists yn ∈
(hn +G)−1(0) satisfying (3.2) for k = n, and

‖yn− x∗‖ ≤
κ ′

1−κµ
‖wn‖ ≤

κ ′

1−κµ

(
ε +δ +

(L/2)a
1− γ

+Mτ

)
‖xn− x∗‖ ≤ γ‖xn− x∗‖. (3.25)
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Again, considering that γ < 1, we conclude that yn ∈ O. Next, applying Lemma 3.1 with u =
xn+1, y = yn, x = xn, ỹ = x∗, x̃ = x∗, and θ = θ0, and inequality (3.15), we obtain

‖xn+1− x∗‖ ≤ ‖yn− x∗‖+
√

2θ0‖yn− xn‖

≤ ‖yn− x∗‖+
√

2θ0(‖yn− x∗‖+‖x∗− xn‖)

≤ (1+
√

2θ0)‖yn− x∗‖+
√

2θ0‖xn− x∗‖.

Using (3.15) and (3.25), we conclude that

‖xn+1− x∗‖ ≤
(

κ ′

1−κµ
(ε +δ +

(L/2)a
1− γ

+Mτ)(1+
√

2θ0)+
√

2θ0

)
‖xn− x∗‖

≤ γ‖xn− x∗‖.

Hence, the induction is completed. Moreover, taking into account that γ < 1, we conclude
that xn+1 ∈ O∩C. Therefore, ‖xk− x∗‖ ≤ γ‖xk−1− x∗‖, k = 1,2, . . . . Consequently, (xk)k∈N ⊂
Bτ [x∗]∩C and converges q-linearly to x∗.

If H = f + g+ F is strongly metrically regular at x∗ for 0, then G is strongly metrically
regular. From the uniqueness part of Theorem 3.1, (xk)k∈N⊂ Bτ [x∗]∩C is unique and converges
q-linearly to x∗. This completes the proof. �

4. CONCLUSIONS

The proposed Broyden quasi-Newton secant-type method extends existing techniques for
solving constrained generalized equations by incorporating elements of the Conditional Gradi-
ent method. The method achieves local Q-linear convergence under standard assumptions, such
as Lipschitz continuity and metric regularity. Future work could explore extensions to global
convergence and performance improvements for large-scale applications, as well as adaptations
for specific problem classes, such as variational inequalities and complementarity problems.
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[26] M. L. N. Gonçalves and J. G. Melo, A Newton conditional gradient method for constrained nonlinear systems,

J. Comput. Appl. Math. 311 (2017), 473-483.
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