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Higher order quark effective interactions are found for SU(2) flavor by departing from a non-local quark–
quark interaction. By integrating out a component of the quark field, the determinant is expanded in 
chirally symmetric and symmetry breaking effective interactions up to the fifth order in the quark 
bilinears. The resulting coupling constants are resolved in the leading order of the longwavelength limit 
and exact numerical ratios between several of these coupling constants are obtained in the large quark 
mass limit. In this level, chiral invariant interactions only show up in even powers of the quark bilinears, 
i.e. O(ψ̄ψ)2n (n = 1, 2, 3, ..), whereas (explicit) chiral symmetry breaking terms emerge as O(ψ̄ψ)n being 
always proportional to some power of the Lagrangian quark mass.

© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
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1. Introduction

The understanding of the effects and mechanisms by which 
quarks interact among themselves is a necessary step to provide 
a complete description of hadron structure and dynamics and the 
phase diagram of Strong Interactions. In low and intermediary en-
ergies these interactions can be parametrized in terms of realistic 
effective quark interactions that usually provide important infor-
mation to establish the needed relations between QCD and hadron 
dynamics [1,2]. The basic and fundamental mechanisms that give 
rise to each of the effective interactions and parameters present 
in effective models and theories should be expected to be well un-
derstood, although a quite large amount of different quark effective 
interactions are expected to emerge due to the intricate structure 
of QCD. The Nambu Jona Lasinio (NJL) model is known to describe 
qualitatively well several important effects in hadron phenomenol-
ogy [3,4] in spite of its known limitations. A large variety of possi-
ble corrections to the NJL coupling can be expected to emerge from 
QCD, and higher order quark interactions were shown to provide 
relevant effects for the ground state [5–7], chiral phase transition 
(flavor SU(2) and SU(3)) and higher energies [8–12] and eventually 
they might contribute to multiquark structures [13]. In FAIR-GSI 
the high density phase diagram will be tested eventually providing 
relevant information also about the role of multiquark interactions 
in different regions of the phase diagram. Few mechanisms have 
been shown to drive quark effective interactions by gluon exchange 
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[14–24]. Instanton mediation have been shown to provide one of 
the most investigated mechanisms for effective quark interactions 
for example by means of the Kobayashi–Maskawa–’t Hooft inter-
action or instanton gas model. It depends strongly on flavor and, 
for flavor SU(2), it yields a second order quark interaction dif-
ferent from the usual chiral NJL interaction, producing the axial 
anomaly and its phenomenological consequences [14,25,3,4]. Po-
larization effects were shown to produce low energy and higher 
order effective interactions [22].

In the present work, flavor SU(2) higher order quark effective 
interactions are calculated from polarization effects by departing 
from a dressed one gluon exchange (i.e. a global color model) along 
the lines of Refs. [22]. Simple gluon exchange is a basic mecha-
nism that cannot describe low energy hadron properties, includ-
ing dynamical breakdown of chiral symmetry (DχSB), although it 
can be dressed by gluon interactions producing enough strength 
for DχSB [26–28]. This work is organized as follows. In the next 
section the method is shortly described according to which the 
quark bilinears are separated into two components, i.e. ψ̄�ψ →
(ψ̄�ψ)1 + (ψ̄�ψ)2, as done in the background field method [29]. 
The background field (ψ1) remains as interacting quarks and the 
field ψ2 is integrated out. Instead of introducing auxiliary fields 
(a.f.) for the component that is integrated out, a weak field approx-
imation is considered such that: (ψ̄ψ)2

1 >> (ψ̄ψ)2
2. Results are the 

same as by introducing a.f. in the leading order since the a.f., for 
example as shown in Ref. [22,30,31], play no role in the resulting 
leading quark–quark effective interactions. The quark determinant 
is expanded in powers of quark bilinears yielding chiral invariant 
and also symmetry breaking terms proportional to the Lagrangian 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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quark mass. The corresponding effective couplings are resolved. 
This expansion is performed up to the eighth order for all the bi-
linears and up to the tenth order for the scalar-pseudoscalar ones. 
Some ratios between the effective coupling constant are shown to 
provide simple numerical values. Some numerical estimations are 
also shown.

2. Diquark interaction and quark field splitting

The departing point is the following quark effective interaction:

Sef f [ψ̄,ψ]

=
∫
x

⎡
⎣ψ̄ (i/∂ − m)ψ − g2

2

∫
y

jb
μ(x)R̃μν

bc (x − y) jc
ν(y)

⎤
⎦ , (1)

where b, c stand for color indices, the color quark current is 
jμb = ψ̄λbγ

μψ , the sum in color, flavor and Dirac indices are 
implicit, 

∫
x stands for 

∫
d4x, the kernel R̃μν

bc can be written in 
terms of transversal and longitudinal components (RT and R L ) as: 
R̃μν

ab ≡ R̃μν
ab (x − y) = δab

[
RT

(
gμν − ∂μ∂ν

∂2

)
+ R L

∂μ∂ν

∂2

]
with implicit 

Dirac delta functions δ(x − y). With a Fierz transformation [3,4,30,
31], by picking up the color singlet sector only, the above effective 
quark interaction can be expressed in terms of bilocal quark bilin-
ears, jq

i (x, y) = ψ̄(x)�qψ(y) where q = s, p, v, a and �q stands for 
Dirac and flavor SU(2) operators �s = I for the 2 × 2 flavor and 
4 × 4 identities, �p = σi iγ5, �μ

v = γ μσi and �μ
a = iγ5γ

μσi , being 
σi are the flavor SU(2) Pauli matrices. The Fierz transformed in-
teraction is written as: � = α

∑
q jq

i (x, y)Rq(x − y) jq
i (y, x), where 

α = 8/9, Rq are the kernels in each of the q channel of the in-
teraction. Next the quark field is separated into two components, 
one of them associated with polarization virtual processes eventu-
ally to the formation of quark bound states such as light mesons 
and the chiral condensate and the other component remains as 
(constituent) quark. This procedure is basically the one loop back-
ground field method [29], and this will be done by rewriting the 
quark bilinears above as:

ψ̄�qψ → (ψ̄�qψ)2 + (ψ̄�qψ)1. (2)

The Fierz transformed non-local interaction above can then be 
written as: � → �1 +�2 +�12 where �1 and �2 stand for the in-
teractions of each of the quark components, and �12 for the mixed 
terms. The component ψ2 will be integrated out and the fourth or-
der terms can be eliminated in different approximated ways. Firstly 
by simply considering a weak field approximation and therefore by 
neglecting �2 << �1. This yields the same results as the leading 
terms resulting from the auxiliary field method which eliminates 
the fourth order interactions �2, as discussed in Refs. [22,30,31]. 
In this case, bilocal auxiliary fields (S, Pi, V i

μ, Āi
μ) are introduced 

which couple to the remaining quark component. These couplings 
encode the non-linearities of the initial model. However in this 
work we are interested only in the quark self-interactions and 
these couplings can be neglected. Even if one were interested in 
the effective interactions induced by these couplings to the aux-
iliary fields (a.f.), the resulting quark–quark effective interactions 
induced by the a.f. would be of higher order and numerically 
smaller. By integrating out the component (ψ)2, and by writing the 
determinant as: det(A) = exp (T r ln A), the following non-linear
non-local effective action for quarks (ψ)1 is obtained:

Sef f = −i T r ln
{

i(S0)
−1(x − y)

− iαg2 R̄μν(x − y)γμσi
[
(ψ̄yγνσiψx) − iγ5(ψ̄yiγ5γνσiψx)

]
+ 2iαg2 R(x − y)

[
(ψ̄yψx) + iγ5σi(ψ̄yiγ5σiψx)

]} − I0, (3)
where T r stands for traces of discrete internal quantum numbers 
indices and integration of spacetime coordinates/momentum and 
I0 = ∫

x

[
ψ̄ (iγ · ∂ − m)ψ − g2

2

∫
y ja

μ(x)Rμν
ab (x − y) jb

ν(y)
]

. In this ex-

pression the label 1 for the quark field was omitted because it is 
the only one remaining from here on. (S0)

−1 = (S0)
−1(x − y) ≡

(iγ · ∂ − m), with an implicit Dirac delta function, and where in-
stead of m one could introduce an effective mass (m∗) which arise 
from the coupling to the scalar auxiliary variable s which produces 
the dynamical chiral symmetry breaking as discussed at length 
in Refs. [3,4,22,30,31]. The following kernels have also been de-
fined from the Fierz transformation: R = R(x − y) = 3RT + R L and 
R̄μν = R̄μν(x − y) = gμν(RT + R L) + 2 ∂μ∂ν

∂2 (RT − R L) with im-
plicit Dirac delta functions. By neglecting the derivative couplings, 
with a shorthand notation for which the non-local character of all 
the kernels is omitted, i.e R = R(x − y), R̄μν = R̄μν(x − y) and 
S0 = S0(x − y), the quark determinant above can be rewritten [32]
as:

Id ≡ − i

2
T r ln

[
S−1 S†−1

]
= − i

2
T r ln[ S̃−1

0 ]

− i

2
T r ln

[
1 + β S̃0

(
2Rψ̄ψ − R̄μνγμσiψ̄γνσiψ

)

+ g4
∑
q,q′

S̃0aq,q′(�qψ̄�qψ)(�
†
q′ψ̄�q′ψ)

]
, (4)

where β = 2mg2α was defined for the quark mass (symmetry 
breaking term), S̃0 ≡ S̃0(x − y) = −1/(∂2 +m2)δ(x − y) was factor-
ized producing an irrelevant multiplicative constant in the generat-
ing functional, aq,q′ are coefficients for each of the flavor channels, 
and crossed terms (q, q′ = s, p, v, a) with the corresponding opera-
tors �q and kernels Rq . This expression still has a strong non-local
character which is not written explicitly. This determinant will be 
expanded for small S̃0, i.e. large quark (effective) mass by consid-
ering that m may be an effective (constituent) quark mass. A small 
coupling g2 or weak quark field ψ1 yields essentially the same re-
sults such that the final polynomial quark effective interactions are 
written in terms of effective coupling constants in the local limit of 
the resulting couplings. It can be noticed that all the chiral invari-
ant interactions only appear from the contributions exclusively of 
the last term inside of the determinant. Therefore chiral invariant 
terms for this SU (2) flavor will be O[(ψ̄ψ)2]n . All the interactions 
for which the second term contributes (proportional to the quark 
mass) will be not chiral invariant. One of the first order terms 
yields a contribution for the quark effective mass [22] of the form: 
�m∗ = −i2αg2m T r S̃0 R .

3. SU(2) Quark effective interactions

The leading terms, by resolving the effective coupling constants 
in the longwavelength limit and the zero order derivative expan-
sion, are:

L4 = g4

[
(ψ̄ψ)2 + (ψ̄σi iγ5ψ)2

]
− gv4

[
(ψ̄σiγμψ)2 + (ψ̄σiγ5γμψ)2

]
+Lsb

4 (5)

where Lsb
4 = g4,sb(ψ̄ψ)2 + g4,v,sb(ψ̄σiγμψ)2 are symmetry break-

ing terms which emerge from the second order expansion although 
they are of the same order of magnitude as the first one, as it 
can be noted in the next expressions. These effective coupling con-
stants were resolved as:
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g4 (1 ; δi j ) = −i2(g2α)2Nc T r′′ S̃0 R2 (1 ; σiσ j), (6)

g4,sb = i4(g2α)2Nc T r′′ m2( S̃0 R)2, (7)

gv4 δi j gμν = − i

2
(g2α)2Nc T r′′ S̃0 R̄μρ R̄νσ (σiσ j)γργσ (8)

g4,v,sb δi j gμν = i(g2α)2Nc T r′′ m2 S̃0 R̄μρ S̃0 R̄νσ (σiσ j)γργσ , (9)

where T r′′ includes all the traces in internal and spacetime indices 
except the trace in color indices that has already been done. The 
couplings with g4 and gv4 are the usual NJL and vector NJL cou-
plings respectively with dimension 1/M2 for a mass scale M . For 
the class of diagrams of this one fermion loop level, by consider-
ing that g2 ∼ g̃2/Nc , the resulting n-quark coupling constants are 
of the order of N1−n

c in agreement with [33].
The non-derivative sixth order terms, after resolving the effec-

tive coupling constants, are all symmetry breaking and they were 
found to be:

L(6) = g(1)

6,sb(ψ̄ψ)
[
(ψ̄ψ)2 + (ψ̄σi iγ5ψ)2

]
− g6,sb,aεi jk(ψ̄σi iγ5γμψ)(ψ̄σ jγ

μψ)(ψ̄σkiγ5ψ)

− g6,sb,a

[
(ψ̄σiγμψ)2 + (ψ̄σi iγ5γμψ)2

]
(ψ̄ψ)

+ g(3)

6,sb(ψ̄ψ)3 (10)

where

g(1)

6,sb (1 ; δi j) = i2(αg2)3Nc T r′′ mS̃0 R( S̃0 R2) (1 ; γ 2
5 σiσ j),

g(3)

6,sb (1 ; δi j) = −i
32

3
(αg2)3Nc T r′′ m3( S̃0 R)3 (1 ; σiσ j),

g6,sb,a gνσ (δi j ; iεi jk)

= i(αg2)3Nc T r′′ mS̃0 R S̃0 Rμν Rρσ γμγργ 2
5 σiσ j (1 ; σk) ,

(11)

where for further calculation one defines R̄νσ
2 = R̄μν R̄σ

μ = (RT +
R L)

2 gνσ + 8RT (RT − R L)
∂ν∂σ

∂2 .
There are several chiral invariant and symmetry breaking non-

derivative eighth order interactions. They were found to be:

L(8) = g8

[
(ψ̄ψ)2 + (ψ̄ iγ5σiψ)2

]2

+ g(2)

8,sb(ψ̄ψ)2
[
(ψ̄ψ)2 + (ψ̄σi iγ5ψ)2

]
+ g(4)

8,sb(ψ̄ψ)4

+ g8v

[
(ψ̄γμσiψ)2 + (ψ̄γ5γμσiψ)2

]2

− g8v,sb(ψ̄ψ)2
[
(ψ̄γμσiψ)2 + (ψ̄γ5γμσiψ)2

]
− g8vs

[
(ψ̄γμσiψ)2 + (ψ̄γ5γμσiψ)2

][
(ψ̄ψ)2

+ (ψ̄ iγ5σiψ)2
]

+ gs
8(ψ̄γνσ jψ)2

[
(ψ̄γμσiψ)2 + (ψ̄γ5γμσiψ)2

]
, (12)

where the chiral invariant terms are of second order of the expan-
sion, and the symmetry breaking are of third and fourth orders in 
the expansion of Id . Up to this order of the expansion, terms in 
odd powers of the pseudoscalar and axial bilinears naturally dis-
appear due to the traces such as tr(γ5) = 0. The effective coupling 
constants are the following:

g8 (1 ; δi j) = 4i(αg2)4Nc T r′′ ( S̃0 R2)2(1 ; γ 2
5 σiσ j),

g(2)

8,sb(1 ; δi j) = 128i(αg2)4Nc T r′′ m2( S̃0 R)2( S̃0 R2)(1 ; γ 2
5 σiσ j),

g(4) = 64i(αg2)4Nc T r′′ m4( S̃0 R)4,

g8v

g8v

g8v

g(s
8

wh
gμρ

sio
sca

L(1

wh

g(1
10

g(3
10

g(5
10

The
can
in 

g(m
2n

of 
pro
larg
its:
abo
the

∣∣∣∣ g

g∣∣∣∣ g

g∣∣∣∣ g

g∣∣∣∣ g

g

The
sta
The
den
Som
the
8,sb
�μ1ν1ρ1σ1�i jkl = i

2
(αg2)4Nc T r′′ S̃0 R̄μ1μ2 R̄ν1ν2 S̃0 R̄ρ1ρ2 R̄σ1σ2

× (γμ2γν2γρ2γσ2)(σiσ jσkσl),

s gμρδi j = −i4(αg2)4Nc T r′′ ( S̃0 R2)( S̃0 Rμν Rρσ )σiσ jγνγσ ,

,sb gμρδi j = −i8(αg2)4Nc T r′′ m2( S̃0 R)2

× ( S̃0 Rμν Rρσ )σiσ jγνγσ ,

)
�

μ1ρ1
μρ δi jkl = − i

2
(αg2)4Nc T r′′ m2( S̃0 Rμ1ν1)( S̃0 Rρ1σ1)

× (S̃0 Rν
μRσ

ρ )γν1γσ1γνγσ (σiσ jσkσl), (13)

ere �i jkl = δi jδkl +δilδ jk −δikδ jl and �μνρσ = gμν gρσ + gμσ gνρ +
gνσ . Some of these terms were considered in Ref. [9].

The tenth order interaction terms (leading terms from expan-
n up to the fifth order) are all symmetry breaking and the 
lar-pseudoscalar terms can be written as:

0) = g(1)
10 (ψ̄ψ)

[
(ψ̄ψ)2 + (ψ̄σi iγ5ψ)2

]2

+ g(3)
10 (ψ̄ψ)3

[
(ψ̄ψ)2 + (ψ̄σi iγ5ψ)2

]
+ g(5)

10 (ψ̄ψ)5, (14)

ere:

) = − i

2
(4αg2)5Nc T r′′ m( S̃0 R)( S̃0 R2)2,

) = i3

4
(4αg2)5Nc T r′′ m3( S̃0 R)3( S̃0 R2),

) = − i

10
(4αg2)5Nc T r′′ m5( S̃0 R)5. (15)

 symmetry breaking terms of the scalar-pseudoscalar channel 
 be written in a general form for the n-term of the expansion 

terms of a number (combinatorial) am ,:

)

,sb = i

n
am(2αg2)n T r mm( S̃

(n+m)
2

0 Rn). (16)

One can consider two particular limits for calculating ratios 
the quark effective coupling constants depending on the gluon 
pagator components. These ratios are obtained by assuming a 
e quark mass and by choosing one of the two following lim-
 (I) R L = 0 (T ), or (II) RT = 0 (L ). With the expressions shown 
ve which turns out to depend on the vector or axial bilinears, 
 moduli of some ratios yield:

4

v4

∣∣∣∣
T

∼
∣∣∣∣4 g4

g4,v,sb

∣∣∣∣
T

∼ 3,

∣∣∣∣∣
g(1)

6,sb

g6,sb,a

∣∣∣∣∣
T

∼ 6,

8

8vs

∣∣∣∣
T

∼ 3

4
, (17)

4

v4

∣∣∣∣
L

∼
∣∣∣∣4 g4

g4,v,sb

∣∣∣∣
L

∼ 1,

∣∣∣∣∣
g(1)

6,sb

g6,sb,a

∣∣∣∣∣
L

∼ 2,

8

8vs

∣∣∣∣
L

∼ 1

4
. (18)

 ratios between the chiral invariant fourth order coupling con-
nts ( g4

gv4
) are in good agreement with phenomenology [34–36]. 

se ratios might therefore present quite strong gauge depen-
ce and this issue will not be discussed in the present work. 
e ratios are independent of the gluon kernel component and 

ir moduli are given by:
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∣∣∣∣ g4

g4,sb

∣∣∣∣ ∼ 1

2
,

∣∣∣∣∣
g(1)

6,sb

g(3)

6,sb

∣∣∣∣∣ ∼ 3

4
,

∣∣∣∣∣ g8

g(2)

8sb

∣∣∣∣∣ ∼
∣∣∣∣∣ g8

2g(4)

8sb

∣∣∣∣∣ ∼ 1

32
,

∣∣∣∣∣ g(1)
10

g(3)
10

∣∣∣∣∣ ∼ 1,

∣∣∣∣∣ g(1)
10

g(5)
10

∣∣∣∣∣ ∼ 5, (19)

the first of this ratios shows that the exclusive contribution of the 
explicit chiral symmetry breaking via the Lagrangian quark mass 
for the coupling (ψ̄ψ)2 is of the same order of magnitude as the 
NJL coupling. Next, some numerical values are shown by replacing 
the traces in spacetime coordinates by momentum integration ro-
tated to Euclidean space in the limit of zero momentum exchange. 
A simplified confining gluon propagator from Ref. [26] is consid-
ered with the same values for the prescription given by expression 
(10) of Ref. [26]. The only ultraviolet divergent effective parameter 
presented above is the one for the effective mass correction be-
fore Section 3. It can be directly renormalized with the Lagrangian 
mass counterterms and it will not be estimated here. The mass for 
the quark kernel S̃0 was considered to be an effective mass from 
DχSB m = 0.33 GeV and the coupling constant g2 as the zero mo-
mentum limit of the QCD lattice calculations divided by 1000, i.e. 
g2 = 17.8π/(103 Nc) from Ref. [37]. It is reasonable to consider 
a reduced value because a full running coupling constant would 
reduce the contribution of the higher energy modes. The result-
ing values were found to be g4 � 1.2 GeV−2, g6 � −28.2 GeV−5, 
g8 � 4.1 · 104 GeV−8 and g(1)

10 � 2.2 · 108 GeV−11. These values are 
comparable to values obtained in the literature by phenomenolog-
ical fitting except the higher order ones. From Ref. [9] some SU(2) 
flavor coupling constants were considered as: g4 ∼ 10 GeV−2 and 
g8 ∼ 100–450 GeV−8, and for the sake of comparison for SU(3) 
Refs. [6] g4 ∼ 10 GeV−2, g6 ∼ −1100 GeV−5, g8 ∼ 6000 GeV−8. 
The values for the higher order couplings are somewhat larger 
than the values obtained from phenomenology and this might be 
related to the truncated momentum dependence considered and 
to the values of the parameters m, g2 considered above.

The emerging quark–quark potential is therefore composed by 
several types of chiral invariant and symmetry breaking terms and 
this intricate structure is expected from a confining theory [2]. Ob-
vious corrections to the effective interactions found above are due 
to the derivative interactions that were not calculated and which 
may be expected to be relevant for a complete effective theory for 
quark dynamics. It is interesting to emphasize two points: firstly it 
can be seen in expressions (7), (9), (11) and the symmetry break-
ing couplings of expressions (13) and (15), that all the symmetry 
breaking effective interactions have the effective couplings propor-
tional to the Lagrangian quark mass, that is the explicit symmetry 
breaking term. If the quark mass were corrected by the quark con-
densate to an effective quark mass the same conclusion holds. 
Secondly, the strength of the resulting symmetry breaking effective 
couplings are of the order of the chiral invariant terms. The expres-
sions for these effective quark interactions were obtained without 
an explicit form of the gluon propagator which plays a fundamen-
tal role in the resulting relative strength of the resulting effective 
coupling constants. Furthermore all the expressions for the effec-
tive coupling constants were written in a way to make possible 
to compute the corresponding form factors. It is also interesting 
to emphasize that results of this work allows for systematic com-
putation of effective coupling constants without performing exten-
sive phenomenological fits with hadron masses and/or couplings. 
Although the gluon propagator and higher order gluon interac-
tions in the departing quark effective action might induce different 
quark–quark effective interactions they should not be expected to 
change the shape of the effective interactions found in the present 
work.
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