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1. Introduction

Mean square relative atomic displacements (MSRD) represent a
key parameter in characterizing lattice dynamics. They express
the effective amplitudes of atomic lattice vibrations in crystals[1,2]

and are a straightforward and useful tool for comparisons with
experimental data.[3] In this work, we derive analytical expres-
sions for MSRD and investigate them numerically in an impor-
tant range of temperatures. For this, we apply the correlative
method of unsymmetrized self-consistent field (CUSF)[4–9],
which is an efficient theory that has been developed to describe
anharmonicity in solids.

The CUSFmethod yields accurate results
for the thermodynamic properties of
strongly anharmonic crystals with a variety
of lattice structures and bonding types. It
has been successfully applied to van der
Waals crystals,[10,11] ionic crystals,[12] fuller-
ites,[13,14] and even to sodium[15,16] using
an effective interionic potential.[17,18] The
CUSF approach is suitable not only for ideal
anharmonic crystals but also for systems
containing lattice defects and surfaces.[19–25]

This versatility enables the investigation of
structural, dynamical, and thermodynamic
properties, with results showing good

agreement with available experimental data up to melting
temperatures.[26]

The statistical perturbation theory employed in the CUSF
method enhances the accuracy of anharmonic contributions
to the thermodynamic functions of crystals by accounting
for dynamical interatomic correlations at intermediate and
long distances. This approach enables the calculation of
MSRD in anharmonic crystals, including those with strong
anharmonicity.

Based on the CUSF approach,[4–9] general formulas were
derived for the MSRD in crystals, incorporating anharmonic
terms up to fourth order.[27–29] These expressions have been
applied to calculate these displacements in 1D linear
chains,[28,30] as well as in 2D[29,31,32] and 3D crystal
models.[13,33–37]

In the present study, the CUSF method is employed to calcu-
late the mean square relative atomic displacements (MSRD) in a
flat graphene monolayer under the weak anharmonicity approxi-
mation, which is valid at moderately low temperatures. For the
numerical calculations, we adopt the parametric interatomic
potential proposed specifically for graphene by Tewary and
Yang.[38–40]

2. General Relations

In the zeroth-order approximation of the CUSF method, the total
potential energy of the crystal, U, is replaced by a sum of indi-
vidual self-consistent potentials, ui, each corresponding to an
atom undergoing anharmonic vibrations around its equilibrium
lattice position,

U0ðr1, r2, : : : , rNÞ ¼
XN
i¼1

uiðr iÞ (1)
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in this context, the phase probability distribution is approximated
as a product of single-particle probability densities, whose con-
figurational components are denoted by

wiðr iÞ ¼
e�uiðr iÞ=ΘR
e�uiðr iÞ=Θdr i

(2)

both wiðr iÞ and the self-consistent potentials uiðr iÞ are deter-
mined by the fundamental equations of the CUSF method.[5–8]

In Equation (2), Θ ¼ kBT is the absolute temperature in energy
units (here, kB represents the Boltzmann constant).
Subsequently, the phase probability density in the configu-
rational space is expressed as

wðNÞðr1, r2, : : : , rNÞ ¼ Ae�U
0
=Θ

YN
i¼1

wiðr iÞ (3)

where

A�1 ¼
Z

e�U 0=Θ
YN
i¼1

wiðr iÞdr i (4)

and

U 0ðr1, r2, : : : , rNÞ ¼ U �U0 (5)

is treated as a perturbation. Consequently, when calculating sta-
tistical averages of functions dependent on atomic coordinates,
expansions of Equation (3) and (4) can be performed as power
series in the small parameter U 0=Θ.

In CUSF method,[4–8] the mean square relative atomic dis-
placements for two atoms i and j in a crystal with displacements
qi ¼ r i � Âni, are written as

DaaðijÞ ¼ ðqιa � qjaÞ2 ¼ ðqιaÞ2 þ ðqjaÞ2 � 2qιaqja (6)

where ðqιaÞ2 are the variances of the atomic positions, qιaqja are
the interatomic correlation moments between atoms i and j in a
crystal, Â is the lattice matrix, ni are vectors with integer compo-
nents, and a denotes the Cartesian components of atomic dis-
placements (being a ¼ x, y in a 2D lattice). For a perfect

crystal ðqιaÞ2 ¼ ðqjaÞ2.
We shall consider here the case of central pairwise interatomic

forces

Uðr1, r2, : : : , rNÞ ¼
1
2

X
i6¼j

Φðjr i � r jjÞ (7)

By expanding Equation (1) and (7) in a power series of atomic
relative displacements and retaining anharmonic terms up to
fourth order,[6,7] the perturbation potential given in
Equation (5) can be written in the form

U 0 ¼ U 0
2 þU 0

3 þU 0
4 (8)

where

U 0
2 ¼ � 1

2

X
i 6¼j

X
α, β

Φαβ
ij qiα qjβ (9)

U 0
3 ¼ � 1

2

X
i 6¼j

X
α, β, γ

Φαβγ
ij qiα qiβ qjγ (10)

U 0
4 ¼ �

X
i6¼j

X
α, β, γ

Φαβγδ
ij

�
qiαqiβqiγqjδ

6
� qiαqiβðqjγqjδ � qjγqjδ0Þ

8
� qιαqιβ0qjγqjδ0

8

� (11)

The Greek letters α, β, γ, and δ stand for Cartesian
components, and the zero attached to the bar denotes
averaging over the unperturbed distribution, that is,
over (3) when U 0 ¼ 0 and A ¼ 1. In Equations (9)–(11), the fol-
lowing notation is used for the derivatives of the interatomic
potential

Φαβ : : :
ij ¼ ∂ : : :ΦðjrjÞ

∂xα ∂xβ : : :

� �
r¼Âðni�njÞ

(12)

In Equation (12), all Greek indices are free.
In this case, by using Equations (8)–(11) and including

anharmonic terms up to fourth order, we obtain the
following expression for the variances of the atomic
positions[28]

ðqiaÞ2 ¼ a2i
0 þ 1

2Θ2

X
k

ΦαβðikÞΦγδðikÞ

� βkδk
0a2i αiγi

0 þ a2i
0αiγi

0
h i

þ 1
8Θ2

X
k

ΦαβγðikÞΦδεξðikÞ

�
�
γkξk

0
�
a2i αiβiδiεi

0 � a2i
0αiβiδiεi

0
�

� 2δiεi0γkξk0
�
a2i αiβi

0 � a2i
0αiβi

0
�

þ
�
a2i αiδi

0 � a2i
0αiδi

0
��

βkγkεkξk
0 � βkγk

0εkξk
0
��

þ 1
6Θ2

X
k

ΦαβðikÞΦγδεξðikÞ

�
�
βkξk

0
�
a2i αiγiδiεi

0 � a2i
0αiγiδiεi

0
�

þ βkδkεkξk
0
�
a2i αiγi

0 � a2i
0αiγi

0
��

(13)

and for the interatomic correlation moments[28]
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qiaqja ¼
1
Θ
ΦαβðijÞaiαi0bjβj0 þ

1
6Θ

ΦαβγδðijÞ
� aiαiγiδi0bjβj

0 þ aiαi0bjβjγjδj
0� �

þ 1
Θ2

X
k

ΦαγðikÞΦβδðjkÞaiαi0bjβj0γkδk0

� 1
4Θ2 ΦαβγðijÞΦδεξðijÞaiαiγiδi0bjβjεjξj0

þ 1
4Θ2

X
k

ΦαβγðikÞΦδεξðjkÞaiαi0bjδj0γkδk0

�
�
βkγkεkξk

0 � βkγk
0εkξk

0
�
þ 1
4Θ2 ΦαβγðijÞ

�
X
k

ΦδεξðjkÞ
�
aiαi0bjβjγjδj

0

�ΦδεξðikÞbjβj0aiαiγiδi0
�
εkξk

0

� 1
4Θ2 ΦαβðijÞΦγδεξðijÞaiαiγiδi0bjβjεjξj0

þ 1
6Θ2

X
k

ΦαγðikÞΦβδεξðjkÞþΦβγðjkÞΦαδεξðikÞ
� 	

� aiαi0bjβj
0γkδkεkξk

0

þ 1
6Θ2

X
k

h
ΦαγðikÞΦβδεξðjkÞaiαi0bjβjδjεj0

þΦβγðjkÞΦαδεξðikÞbjβj0aiαiδiεi0
i
γkξk

0

(14)

In Equations (12)–(14), the Latin indices a and b are fixed,
whereas the Greek indices α, β, γ, δ, ε, and ξ are free. To abbre-
viate the notation, in the right-hand side of Equation (13) and (14),
qai , qαi ,…, are written as ai, αi,…, and the moments in the zeroth-
order approximation of the CUSF method qιaqια : : : 0 are written
as aιαι : : : 0. In Equation (13) and (14), the summation extends
over all k except for k ¼ j, and in the case of short-range forces,
one can restrict the summation over the nearest neighbors of the
atoms i and j. In Equation (13) and (14), only moments of type

q2α
0, q2αq2β

0, and q2αq4β
0 are nonzero. The moments on the right-

hand side of Equation (13) and (14) are calculated by the expres-
sion

qαqβ : : :
0 ¼

Z
qαqβ : : :w

0ðqÞdq (15)

which can be expressed in terms of Θ and the derivatives of the
interatomic potential (see Equation (12)). If interatomic forces
are sufficiently short ranged, then we can retain only derivatives
of nearest-neighbor potentials.

3. Graphene Monolayer

Graphene is one of the allotropic forms of carbon, as well as dia-
mond, graphite, carbon nanotubes, and fullerenes.[41,42] This
material can be considered as revolutionary as plastic and silicon.
When produced with high quality, it can be very resistant, light,
almost transparent, and an excellent conductor of heat and elec-
tricity.[43] Consisting of a flat sheet of densely packed carbon
atoms in a 2D honeycomb lattice, it is an ingredient for graphitic

materials of other dimensions, such as fullerenes, multilayer gra-
phene, and nanotubes. Graphene has great potential for
various technological and industrial applications such as medi-
cine, agriculture, construction, communication, nanotechnology,
military, etc.[44,45] Figure 1 shows the simplest model, a fragment
of a graphene, a honeycomb lattice.

For any given pair of atoms, we adopt a coordinate system in
which the x-axis is aligned with the line connecting the corre-
sponding lattice points. The MSRD are calculated for the nearest
and third neighbors using the coordinate system x � y, and for
second neighbors, the system x0 � y0 (see Figure 1). For the second
neighbors, the following expressions are used: x0 ¼ xcosðϕÞ þ
ysinðϕÞ and y0 ¼ ycosðϕÞ � xsinðϕÞ, with ϕ ¼ π=6, that is a rota-
tion of π=6 around the crystallographic z-axis.

The notation Dxx is used to stand for the MSRD in the direction
of the straight line connecting corresponding atoms i and j, and the
notation Dyy for the MSRD perpendicular to the line connecting
the atoms i and j (see Figure 1). Consequently, considering only
nearest-neighbor interactions and weakly anharmonic approxima-
tion, we obtain for the graphene monolayer the expressions

Dxxð1Þ ¼
4Θ
3f

1þ Θ
9f 2

2h
3
þ 5g2

3f
� 4g
3r0

þ 25f
r20


 �� �
(16)

Dxxð2Þ ¼
2Θ
f

1þ Θ
27f 2

�28h þ 31g2

f
þ 14g

r0
þ 457f

3r20


 �� �
(17)

Dyyð1Þ ¼
20Θ
9f

1þ Θ
5f 2

� 8h
3
þ 3g2

f
þ 20g

9r0
þ 13f

r20


 �� �
(18)

Dyyð2Þ ¼
62Θ
27f

1þ Θ
3f 2

� 50h
31

þ 113g2

62f
þ 25g
31r0

þ 493f
62r20


 �� �
(19)

DxxðkÞ ¼ DyyðkÞ ¼
20Θ
9f

1þ Θ
15f 2

�8h þ 9g2

f
þ 2g

r0
þ 41f

r20


 �� �

(20)

with k ≥ 3.

Figure 1. Fragment of a graphene lattice.
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In Equations (16)–(20), r0 is the minimum point of the inter-
atomic potential and e ¼ ΦðIÞðr0Þ, f ¼ ΦðIIÞðr0Þ, g ¼ ΦðIIIÞðr0Þ,
and h ¼ ΦðIVÞðr0Þ are the second, third, and fourth derivatives
of the potential ΦðrÞ in the point r0 (see Equation (13)).

4. Results

To obtain numerical estimates, we employ the parametric inter-
atomic potential for graphene developed by Tewary and Yang.[38]

The authors have later used this potential to investigate the
MSRD at zero temperature.[39] Despite its simplicity, this inter-
atomic potential provides good results on the thermodynamic
properties of a graphene monolayer (see, for example,
references[46–48]). It has the form

ΦðrÞ ¼ ε

B� A

�
B

eAðr�r0Þ �
A

eBðr�r0Þ

�
(21)

where ε ¼ 4.93 eV,[40] A ¼ 2.69 Å�1, [38] B ¼ 3.28 Å�1,[38]

r0 ¼ 1.42 Å,[40] being ε the depth of the potential well. The values
of the derivatives of the Tewary-Yang interatomic potential
present in Equation (16)–(20) are: e ¼ 0, f ¼ 13.37ε=r20,
g ¼ �98.21ε=r30, and h ¼ 543.02ε=r40.

Figure 2 and 3 show, respectively, the components DxxðnÞ and
DyyðnÞ of theMSRD between the first (black dot line), second (red
dash line), and third (blue solid line) neighbors in a graphene
monolayer. In general, the MSRD increase as the interatomic
distance increases.

Figure 4 shows a comparison between the componentsDxxð2Þ
and Dyyð2Þ of the MSRD for second neighbors in a graphene
monolayer. It is possible to notice that the difference between
the two curves increases with increasing temperature. A similar
behavior also occurs for first neighbors: Dxxð1Þ and Dyyð1Þ.
Additionally, Figure 5 shows MSRD for first, second, and third
neighbors in a graphene monolayer for a fixed temperature
(Θ=ε ¼ 0.20). One can notice that the MSRD in the direction
of the straight line connecting two pairs of atoms are smaller
than the perpendicular ones, and that the MSRD increase as

Figure 3. MSRD perpendicular to the direction of the straight line
connecting atoms i and j in graphene.

Figure 4. MSRD for second neighbors: Dyyð2Þ (blue solid line) and Dxxð2Þ
(red dash line).

Figure 5. MSRD as a function of n for a fixed temperature (Θ=ε ¼ 0.20).
Figure 2. MSRD in the direction of the straight line connecting atoms
i and j in graphene.
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the interatomic distance increases. As demonstrated in the pre-
vious section Dxxð3Þ ¼ Dyyð3Þ (see Equation (20)).

Figure 6 shows the MSRD in the direction of the straight line
connecting the nearest neighbors, Dxxð1Þ, in hexagonal (black
dot line), square (red dash line), and graphene (blue solid line)
lattices. For the calculation of the MSRD in hexagonal[31] and
square[32] lattices, the Lennard-Jones potential was employed.
It can be seen that the greater the coordination number, Z,
the less the MSRD: graphene lattice ðZ ¼ 3), square lattice
(Z ¼ 4), and hexagonal lattice (Z ¼ 6).

5. Final Comments

In this article, we employed the correlative method of the CUSF
to calculate the MSRD in a flat graphene monolayer, within the
approximation of weak anharmonicity. A parametrized inter-
atomic potential specifically developed for graphene (proposed
by Tewary and Yang) was used to obtain the numerical estimates.

The focus on MSRD in a flat graphene monolayer, especially
in the approximation of weak anharmonicity, is a relevant topic,
particularly for understanding the mechanical and thermal prop-
erties of graphene at the atomic level. The study’s aim to explore
MSRD and its dependence on temperature and interatomic dis-
tances is valuable. Such insights are critical for developing theo-
retical models and designing graphene-based materials.

Summarizing the results: a) In general, the MSRD increase as
the interatomic distance increases; b) The MSRD in the direction
of the straight line connecting two pairs of atoms are smaller
than perpendicular ones; c) In comparison with other 2D lattices,
the MSRD in graphene lattice are greater than those in the hex-
agonal[31] and square[32] lattices.

The present study has some limitations. Previous work has
shown that the MSRD in graphene is not only temperature
dependent but also depends on the size of the system,[49] and
also closely related to the thermal expansion of graphene.[50]

Furthermore, we once again note that the anharmonicity of lat-
tice vibrations in 2D crystals is expected to be strong.[51–55]

Therefore, a logical continuation of this study would be to move
toward a strong anharmonicity approximation. The influence of
strong anharmonicity on the dynamic properties of graphene
monolayer will be addressed in a future paper.
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