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ARTICLE INFO ABSTRACT

2020 MSC: We investigate a class of nonlinear reaction-diffusion-convection systems modeling combustion
35K55 fronts in multilayer porous media. The model describes the coupled dynamics of temperature
35Q79

and fuel concentration, departing from previous approaches that assumed prescribed fuel pro-

Zzigss files to simplify the analysis. By integrating the fuel concentration equations, we derive a non-

autonomous quasilinear evolution problem formulated purely in terms of the temperature vector.
Keywords: To address the analytical difficulties arising from the absence of a linear part in the differential
Multilayer porous medium operator, we introduce a higher-order regularization strategy that ensures control over second
Reaction-diffusion-convection system derivatives in Sobolev spaces. Using Banach’s fixed-point theorem and detailed Sobolev estimates,

Parabolic regularization

we establish global-in-time existence, uniqueness, and continuous dependence on both initial data
Well-posedness

and model parameters. By removing the assumption of prescribed fuel profiles and regularizing
the fully nonlinear system, this work provides the first global well-posedness result for a quasi-
linear combustion model in multilayer porous media, with numerical simulations confirming the
theoretical predictions and capturing physically consistent front propagation.

1. Introduction

Combustion in porous media has attracted significant attention due to its relevance in various industrial applications, including
heat exchangers, waste-to-energy systems, and enhanced oil recovery. Notably, Trimis and Durst [1] developed a combustion-based
heat exchanger that exploits the large surface area of porous structures to enhance heat transfer and allows precise control over
combustion temperatures. Experimental studies, such as those by Chen et al. [2], revealed the propagation dynamics of combustion
waves in foamed porous media, while Mujeebu et al. [3] provided a broad survey highlighting the diversity and practical scope of
combustion systems in porous media. Additionally, applications to stratified geological formations, such as in-situ combustion, have
been studied extensively [4,5]. Majdinasab et al. [6] provided a comprehensive review of landfill gas generation models, discussing
their specific characteristics and categorizing them into different types, such as mathematical, numerical, and first-order decay models.

From a modeling standpoint, Da Mota and Schecter [7] proposed a two-layer model describing lateral combustion front prop-
agation in porous media with distinct physical properties, the porous media where crude oil is found contain different layers that
are characterized by differences in porosity, density, thermal conductivity, etc (see [8]). Their formulation admits traveling wave
solutions connecting burned and unburned states, with the wave profiles depending on parameters such as interlayer heat transfer.
Assuming that the fuel concentrations in both layers are prescribed functions, the existence and uniqueness of classical solutions to
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$u = (u_1,\ldots ,u_n)$


\begin {align}\label {combustion-problem} \left \{ \begin {array}{@{}l} \partial _t u + L(x,t,u)u = f(x, t, u), \quad x \in \mathbb {R}, \; t > 0, \\ u(x, 0) = \phi (x), \end {array} \right .\end {align}


$L(x,t,u)$


$f(x,t,u)$


$H^s$


$H^s(\mathbb {R})^n$


$s \ge 2$


$s \geq 2$


$R$


\begin {equation}\label {h2-R} \begin {split} R=&\displaystyle \max _{0\leq k\leq [s]+1}\Big \{\|a^{(k)}\|_{\infty },\, \|b^{(k)}\|_{\infty },\,\|c^{(k)}\|_{\infty }, \, \|\lambda ^{(k)}\|_{\infty }, \,\|q^{(k)}\|_{\infty }, \,\|g^{(k)}\|_\infty , \|y_0\|_s, \, \|y_0''\|_\infty , \, a_{0}^{-1}, \, \max _{1\leq i \leq n}|A_i| \Big \}, \end {split}\end {equation}


$\phi = (\phi _1, \ldots , \phi _n) \in H^s(\mathbb {R})^n$


$T > 0$


$u = (u_1, \ldots , u_n) \in \mathcal {C}\big ([0,T], H^s(\mathbb {R})^n\big )$


$H^{s-2}$


$u \in \mathcal {C}\big ([0,T], H^s(\mathbb {R})^n\big )$


$\phi $


$T > 0$


$s > \frac {5}{2}$


$s \ge 2$


$H^s$


$L^2$


$L^{\infty }$


$n$


\begin {align}\label {main-problem} \left \{ \begin {array}{@{}l} \partial _t u_i - \alpha _i(y_i) \partial _x^2 u_i + \beta _i(y_i) \partial _x u_i = f_i(u, y_i),\quad x \in \mathbb {R},\; t > 0, \\ \\ \partial _t y_i = -A_i y_i g(u_i),\quad x \in \mathbb {R},\; t > 0, \\ \\ (u_i(x, 0), y_i(x, 0)) = (\phi _i(x), y_{i,0}(x)),\quad x \in \mathbb {R}, \end {array} \right .\end {align}


$u_i = u_i(x,t)$


$y_i = y_i(x,t)$


$i$


$A_i$


$i = 1, \dots , n$


$\phi _i$


$y_{i,0}$


$u = (u_1, \dots , u_n)$


$y = (y_1, \dots , y_n)$


$f = (f_1, \ldots , f_n)$


$\phi = (\phi _1, \dots , \phi _n)$


$y_0 = (y_{1,0}, \dots , y_{n,0})$


$\alpha _i$


$\beta _i$


\begin {align}\label {coeficientes-alpha-beta-i} \alpha _i(y_i) = \frac {\lambda _i}{a_i + b_i y_i}, \quad \beta _i(y_i) = \frac {c_i}{a_i + b_i y_i},\end {align}


\begin {align}\label {reaction-function} &f_1(u, y_1) = \frac {-(c_1)_x\,u_1 }{a_1 + b_1 y_1} + \frac {(K_1 b_1 u_1 + d_1)y_1\thinspace g(u_1)}{a_1 + b_1 y_1} + \frac {q_1(u_2 - u_1)}{a_1 + b_1 y_1} - \frac {\bar q_1(u_1 - u_e)}{a_1 + b_1 y_1}\,, \nonumber \\ &f_i(u, y_i) = \frac {-(c_i)_x\,u_i }{a_i + b_i y_i} + \frac {(K_i b_i u_i + d_i)y_i\,g(u_i)}{a_i + b_i y_i} - \frac {q_{i-1}(u_i - u_{i-1})}{a_i + b_i y_i} + \frac {q_i(u_{i+1} - u_i)}{a_i + b_i y_i}, \quad i = 2, \dots , n-1\,, \\ &f_n(u, u_n) = \frac {-(c_n)_x\,u_n }{a_n + b_n y_n} + \frac {(K_n b_n u_n + d_n)y_n\,g(u_n)}{a_n + b_n y_n} - \frac {q_{n-1}(u_n - u_{n-1})}{a_n + b_n y_n} - \frac {\bar q_2(u_n - u_e)}{a_n + b_n y_n}\,. \nonumber \end {align}


$a_i, b_i, c_i, d_i, K_i, \lambda _i$


$q_i$


$x$


$\bar q_1$


$\bar q_2$


$A_i$


$E$


$u_e$


$a_i$


$\lambda _i$


$g$


\begin {equation}\label {darcy} g(\theta ) = \begin {cases} e^{-\frac {E}{\theta }}, & \text {if } \theta > 0, \\ 0, & \text {if } \theta \leq 0. \end {cases}\end {equation}


\begin {align}\label {fuel} y_i(x, t, u_i) = y_{i,0}(x) \exp \left (-A_i \int _0^t g(u_i(x, \tau ))\, d\tau \right ).\end {align}


$u_i$


$y_i$


\begin {align}\label {operator-L} L(x, t, u)u = \big (L_1(x, t, u_1)u_1, \ldots , L_n(x, t, u_n)u_n \big ),\end {align}


\begin {equation}\label {operatorLi} L_i(x, t, u_i)u_i := -\alpha _i(x, t, u_i)\,\partial _x^2u_i + \beta _i(x, t, u_i)\,\partial _x u_i, \quad i = 1, \ldots , n.\end {equation}


$i$


$i$


$i$


$1, \ldots , n$


$x$


$u_i(x, t)$


$u_{i,0}(x)$


$y_i(x, t, u)$


$f_i(x, t, u)$


$\alpha _i(x, t, u_i)$


$\beta _i(x, t, u_i)$


$u_i(t)$


$u_{i,0}$


$y_i(t, u)$


$f_i(t, u)$


$\alpha _i(t, u_i)$


$\beta _i(t, u_i)$


$t$


$y_i(u)$


$f_i(u)$


$\alpha _i(u_i)$


$\beta _i(u_i)$


$\mathbb {R}$


$I \subset \mathbb {R}$


$T$


$X$


$Y$


$Y \subset X$


$L^p$


$L^1$


$L^2$


$L^{\infty }$


$\| \cdot \|_X$


$X$


$\partial _{t}=\frac {\partial }{\partial t}$


$\partial _{x}=\frac {\partial }{\partial x}$


$\partial _x^2=\frac {\partial ^2}{\partial x^2}$


$\| \cdot \|_{L^2(\mathbb {R})}$


$\| \cdot \|_{L^2(\mathbb {R})^n}$


$\| \cdot \|$


$\psi =(\psi _1,\ldots ,\psi _n) \in L^2(\mathbb {R})^n$


$\|\psi \|=\|\psi \|_{L^2(\mathbb {R})^n}=\displaystyle \max _{1\leq i \leq n}\|\psi _i\|_{L^2(\mathbb {R})}$


$\psi \in L^{\infty }(\mathbb {R})$


$\|\psi \|_{L^\infty }=\|\psi \|_\infty $


$\mathcal {C}(I,\, X)$


$I$


$X$


$I$


$f$


\begin {equation*}\hat {f}(\xi ) = \int _{\mathbb {R}} f(x) e^{-i \xi x} \, dx, \qquad \xi \in \mathbb {R}.\end {equation*}


$s \in \mathbb {R}$


$f$


\begin {equation*}\widehat {J^s f}(\xi ) = (1+\xi ^2)^{s/2} \hat {f}(\xi ) \quad \text {and} \quad \widehat {D^s f}(\xi ) = |\xi |^{s} \hat {f}(\xi ).\end {equation*}


$H^s := H^s(\mathbb {R})$


$L^2$


$\|\cdot \|_{s}$


$\|f\|_{s} := \|J^s f\|_{L^2(\mathbb {R})}$


$D^s f$


$s$


$f$


$\| \cdot \|_{H^s(\mathbb {R})}$


$\| \cdot \|_{H^s(\mathbb {R})^n}$


$\| \cdot \|_s$


$\psi =(\psi _1,\ldots ,\psi _n) \in H^s(\mathbb {R})^n$


$\|\psi \|_s := \|\psi \|_{H^s(\mathbb {R})^n} = \displaystyle \max _{1 \leq i \leq n} \|\psi _i\|_{H^s(\mathbb {R})}$


$H^s(\mathbb {R})^n$


$(\psi , \varphi )_s = \displaystyle \max _{1 \leq i \leq n} (\psi _i, \varphi _i)_s$


$\psi _i$


$\varphi _i$


$i$


$\psi $


$\varphi $


\begin {equation*}(\psi _i, \varphi _i)_s := \int _{R} (1 + |\xi |^2)^s \hat \psi _i(\xi ) \overline { \hat \varphi _i(\xi )} d \xi .\end {equation*}


$\mathcal {Q}$


$\tilde {\mathcal {Q}}$


$\mathcal {Q}_1$


$\mathcal {Q}_2$


$\mathcal {P}$


$\mathcal {P}_1$


$\mathcal {P}_2$


$[0,T]$


$H^s$


$\mathcal {AC}([0,T];H^s)$


$C$


$C_1,\, C_2,\, C_\mu $


$a$


$b$


$a \lesssim b$


$C$


$a \leq C b$


$r := \sup _{[0,T]} \|v\|_s$


$R$


$R^j$


$C^j$


\begin {equation}\label {C-j} C^j=\max _{1\leq i \leq n} C_{i,j}.\end {equation}


\begin {equation*}L(u)u=L(x,t,u)u=\big (L_1(x,t,u_1)u_1, \ldots , L_n(x,t,u_n)u_n \big ),\end {equation*}


$L_i$


\begin {align}\label {h2combustion-problem} \left \{ \begin {array}{@{}l} \partial _t u + L(u)u =f(u), \,\,\, x \in \R , \,\ \\ u(0) = \phi , \end {array} \right .\end {align}


$0\leq t\leq T$


\begin {align}\label {sigma-h2combustion-problem} \left \{ \begin {array}{@{}l} \partial _t u + \mu \partial _x ^4\thinspace u = h(u), \,\,\, x \in \R , \,\ \\ u(0) = \phi , \end {array} \right .\end {align}


$\mu $


$h(u)=f(u)-L(u)u$


$0\leq t\leq T$


$h(u)=(h_1(u),\ldots ,h_n(u))$


\begin {equation}\label {def_hi} h_i(u)=f_i(u)+\alpha _i(u_i)\partial _x ^2 u_i-\beta _i (u_i)\partial _x u_i.\end {equation}


\begin {equation*}U_{\mu }(t) \phi =(e^{-\mu t \xi ^{4}}\hat \phi )^{\vee }:=\big ((e^{-\mu t \xi ^{4}}\hat \phi _1)^{\vee },\ldots ,(e^{-\mu t \xi ^{4}}\hat \phi _n)^{\vee }\big ),\end {equation*}


\begin {equation}\label {h2-mu-int} u(t)=U_{\mu }(t) \phi +\int _{0}^t U_\mu (t-\tau )h(u(\tau ))d\tau .\end {equation}


$\alpha _i$


$\beta _i$


$f_i$


$a_0:=\min _{1\leq i \leq n} \inf a_i>0$


$k \in \N $


\begin {equation*}\|y_0\|_s=\displaystyle \max _{1\leq i \leq n}\|y_{i,0}\|_s, \quad \|y_0''\|_\infty =\displaystyle \max _{1\leq i \leq n}\|y_{i,0}''\|_\infty ,\end {equation*}


\begin {equation*}\|q^{(k)}\|_{\infty }=\max \big \{\|q_1^{(k)}\|_\infty ,\ldots ,\|q_{n-1}^{(k)}\|_\infty , \, |u_e|, \, \overline q_1, \, \overline q _2 \big \},\end {equation*}


\begin {equation*}\|a^{(k)}\|_{\infty }=\displaystyle \max _{1\leq i\leq n}\|a_i^{(k)}\|_\infty ,\end {equation*}


$\|b^{(k)}\|_\infty $


$\|c^{(k)}\|_\infty $


$\|\lambda ^{(k)}\|_\infty $


$[s]$


$L^\infty $


$\alpha _i:=\alpha _i(x,t,u_i)$


$\beta _i:=\beta _i(x,t,u_i)$


$\alpha _i$


$\beta _i$


$\alpha _i$


$\beta _i$


\begin {equation}\label {denote-alphai-ui} \alpha _i=\alpha ,\, \lambda _i=\lambda ,\, a_i=a,\, b_i=b,\, u_i=v,\, A_i=A,\, y_{i,0}=y_0,\end {equation}


\begin {equation}\label {psi-function} \psi =\psi (x,t,v):=e^{A\int _{0}^{t}g(v(x,\tau ))d\tau }.\end {equation}


\begin {equation}\label {express-psix} \partial _x \psi =A\;\psi \; \underbrace {\int _{0}^{t}g'\big (v(\tau )\big ) \partial _x v(\tau )d\tau }_{\sigma }\end {equation}


\begin {equation}\label {psixx} \begin {split} \partial _x^2 \psi =&\,\psi A^2\Big (\int _{0}^{t}g'\big (v(\tau )\big )\partial _x v (\tau )d\tau \Big )^2\\ &\qquad \quad +A \psi \int _{0}^{t}\Big (g''\big (v(\tau )\big )(\partial _x v(\tau ))^2+g'\big (v(\tau )\big )\partial _x^2 v(\tau )\Big )d\tau \\ =&\,A^2 \psi \sigma ^2+A\psi \partial _x \sigma . \end {split}\end {equation}


$\alpha _i = \alpha _i(u_i) = \alpha _i(x, t, u_i)$


$\beta _i = \beta _i(u_i) = \beta _i(x, t, u_i)$


$R<\infty $


\begin {align*}&(i) \,\,\|\alpha _i(u_i)\|_{\infty }, \|\beta _i(u_i)\|_{\infty }\leq R^2, \\ &(ii) \,\,\|\alpha _i(u_i)-\alpha _i(v_i)\|_\infty \leq R^4\|u-v\|_\infty ,\,\, \mbox {and}\,\, \|\beta _i(u_i)-\beta _i(v_i)\|_\infty \\ &\phantom {--}\leq R^4\|u-v\|_\infty , \\ &(iii) \,\, \|\alpha _i(u_i)-\alpha _i(v_i)\|\leq R^4\|u-v\|.\end {align*}


$r:=\sup _{[0,T]}\|v\|_{s}$


$s\geq 2$


$v\in H^s(\R )$


$\psi =\psi (x,t,v)$


$t\in [0,T]$


\begin {equation}\label {EstimativasAs} \begin {cases} \|\partial _x \psi \|\leq AtRr \;e^{At},&\\ \| \partial _x^2 \psi \|\leq (AtRr)^2 \big (r + 1\big )\;e^{At},&\\ \|\psi \|_\infty \leq \,e^{A t},\\ \|\partial _x \psi \|_\infty \leq A t R r \,e^{A t}.\\ \end {cases}\end {equation}


$g$


\begin {equation*}\|\partial _x^2 v\|,\|v\|_\infty , \|\partial _x v\|_\infty \lesssim \|v\|_s\leq r.\end {equation*}


$\alpha $


\begin {equation}\label {alpha-function} \alpha =\frac {\lambda \psi }{a\psi + by_0}.\end {equation}


$\psi $


$L^2(\R )$


$L^\infty (\R )$


$\psi $


$\nu :=\frac {1}{a\psi + by_0}$


\begin {equation}\label {express-alphax} \partial _x \alpha =\,\nu \Big [\big (\lambda '\psi + \lambda \partial _x \psi \big )-\alpha \big (a'\psi + a\partial _x \psi +b' y_0 + by_0'\big )\Big ] = \nu (\lambda -\alpha a)\partial _x \psi + g_1,\end {equation}


\begin {equation}\label {def-g_1} g_1 := \nu \Big [(\lambda '-\alpha a')\psi -\alpha (b'y_0+by_0')\Big ].\end {equation}


$0\leq \delta <2$


\begin {equation}\|\alpha (v)\partial _x ^2 f \|_{\delta }\leq \;\mathcal {Q}(r,t,R) \|f\|_{\delta +2}, \label {Xeqn14-22}\end {equation}


$\mathcal {Q}$


\begin {equation}\label {alphaxinfinito} \begin {split} \|\partial _x \alpha \|_\infty \leq &\, R^2\big [\big (1+RArt\big )e^{At}+R\big (Re^{At}(1+RArt)+2R^2\big )\big ]\\ &:=\tilde {\mathcal Q}(r,t,R). \end {split}\end {equation}


$\tilde {\mathcal Q}$


$0\leq \delta <1$


\begin {equation}\label {Leib} \|\mathcal {D}^{b}(fg)\|_{L^2(\R ^d)} \leq \|f\mathcal {D}^{b}g\|_{L^2(\R ^d)} + \|g\mathcal {D}^{b}f\|_{L^2(\R ^d)}.\end {equation}


\begin {equation}\label {Lei} \mathcal {D}^b h(x)\lesssim \|h\|_{L^{\infty }(\R )}+\| h'\|_{L^\infty (\R )}.\end {equation}


\begin {equation}\label {est-delta-01} \begin {split} \|\alpha \partial _x ^2 f\|_\delta \lesssim &\, \|\alpha \partial _x ^2 f\|+\|\mathcal {D}^\delta \big (\alpha \partial _x ^2 f\big )\|\\ \lesssim &\, \|\alpha \|_\infty \|\partial _x ^2 f\|+\|\alpha \,\mathcal {D}^\delta \partial _x ^2 f\|+\|\partial _x ^2\, f\mathcal {D}^\delta \alpha \|\\ \lesssim &\, R^2\|\partial _x ^2 f\|+\|\alpha \|_\infty \|\mathcal {D}^\delta \partial _x ^2 f\|+\|\mathcal {D}^\delta \alpha \|_\infty \|\partial _x ^2 f\|\\ \lesssim &\, \big (3R^2+\|\partial _x \alpha \|_\infty \big )\|f\|_{2+\delta }. \end {split}\end {equation}


$1\leq \delta <2$


$\delta =1+\delta _1$


$\delta _1 \in [0,1)$


\begin {equation}\label {est-delta-12} \begin {split} \|\alpha \partial _x ^2 f\|_\delta \lesssim &\, \|\alpha \partial _x ^2 f\|+\|\partial _x \mathcal {D}^{\delta _1}\big (\alpha \partial _x ^2 f\big )\|\\ \lesssim &\, R^2\|\partial _x ^2 f\|+\|\alpha \,\mathcal {D}^{\delta _1} \partial _x ^3 f\|+\underbrace {\|\partial _x ^2\, f\mathcal {D}^{\delta _1}\partial _x \alpha \|}_{C_1}. \end {split}\end {equation}


$C_1$


\begin {equation}\label {h2-estimativa-psixx} \|\partial _x \psi \|_{\delta _1}\lesssim \|\partial _x \psi \|_1\lesssim \|\partial _x \psi \|+\|\partial _x^2 \psi \|.\end {equation}


\begin {equation}\label {des-stein-infinito} \|\D ^\delta (hf)\|\leq (\|h\|_\infty +\|h'\|_\infty )\|f\|+\|h\|_\infty \|\D ^\delta f\|,\end {equation}


\begin {equation}\label {Q1} \begin {split} \|\mathcal {D}^{\delta _1}\big (\nu (\lambda -\alpha a)\partial _x \psi \big )\|\lesssim &\, \big (\|\nu (\lambda -\alpha a)\|_\infty +\|\partial _x (\nu (\lambda -\alpha a))\|_\infty \big )\|\partial _x \psi \|_{\delta _1}\\ \lesssim &\, \mathcal Q_1(r,t,R), \end {split}\end {equation}


$\mathcal {Q}_1$


$g_1$


$\mathcal {Q}_2$


\begin {equation}\label {Q2} \|g_1\|_\infty +\|\partial _x g_1\|_\infty \lesssim \mathcal Q_2(r,t,R).\end {equation}


\begin {equation}\label {mathcal-B} \begin {split} C_1\lesssim &\, \|\partial _x ^2 f \mathcal {D}^{\delta _1}\big (\nu (\lambda -\alpha a)\partial _x \psi \big )\|+\|\partial _x ^2 f \mathcal {D}^{\delta _1}g_1\|\\ \lesssim &\, \|\partial _x ^2 f\|_\infty \|\mathcal {D}^{\delta _1}\big (\nu (\lambda -\alpha a)\partial _x \psi \big )\|+\|\partial _x ^2 f\| \|\mathcal {D}^{\delta _1}g_1\|_\infty \\ \lesssim &\, \|\partial _x ^2 f\|_\infty \|\mathcal {D}^{\delta _1}\big (\nu (\lambda -\alpha a)\partial _x \psi \big )\|+\|\partial _x ^2 f\| ( \|g_1\|_\infty +\|\partial _x g_1\|_\infty )\\ \lesssim &\, \|f\|_{2+\delta }\big ( \mathcal Q_1(r,t,R)+\,\mathcal Q_2(r,t,R)\big ), \\ \end {split}\end {equation}


$\|\partial _x ^2 f\|_\infty \lesssim \|f\|_{2+\delta }$


\begin {equation}\label {des-final-Q1Q2} \begin {split} \|\alpha \partial _x ^2 f\|_\delta \lesssim &\, \big (3R^2+\mathcal Q_1(r,t,R)+\,\mathcal Q_2(r,t,R)\big )\|f\|_{2+\delta }, \end {split}\end {equation}


$\|\alpha \|_\infty \leq R^2$


\begin {equation*}\|\mathcal {D}^{\delta _1} \partial _x ^3 f\|\lesssim \| \partial _x ^3 f\|+\|D^{\delta _1} \partial _x ^3 f\|\lesssim \|f\|_{2+\delta }.\end {equation*}


$\mathcal {D}^0:=Id$


$\alpha $


\begin {equation}\label {alphaxx} \partial _x^2 \alpha = \nu (\lambda +\alpha a)\partial _x^2 \psi +g_2,\end {equation}


\begin {align}\label {def-g_2g_2} g_2 := & \nu \Big [\big (\psi \lambda '' + 2\lambda '\partial _x \psi )- 2\partial _x \alpha \big (a'\psi + a\partial _x \psi + b'y_0 + by_0'\big )+ \alpha \big (a''\psi + 2a'\partial _x \psi +b''y_0 + 2b'y_0' + by_0''\big )\Big ].\end {align}


$v\in H^s(\R )$


$s\geq 2$


$\mathcal P$


\begin {equation}\|\alpha (v) f\|_{2}\leq \;\mathcal {P}(r,t,R)\|f\|_2, \label {Xeqn24-33}\end {equation}


$r:=\sup _{[0,T]}\|v\|_s$


$H^2$


\begin {equation}\label {estimativa-alpha-f-px2} \begin {split} \|\alpha f\|_2\lesssim &\, \|\alpha f\|+\|\partial _x ^2(\alpha f)\|\\ \lesssim &\, \|\alpha \|_\infty \|f\|+\|\alpha \partial _x ^2 f\|+2\|\partial _x \alpha \, \partial _x f\|+\|\partial _x ^2 \alpha f\|\\ \lesssim &\, \|\alpha \|_\infty \|f\|+\|\alpha \|_\infty \|\partial _x ^2 f\|+2\|\partial _x \alpha \|_\infty \|\partial _x f\|+\|f\partial _x ^2 \alpha \|\\ \lesssim &\, 2R^2 \|f\|_2+2\|\partial _x \alpha \|_\infty \|\partial _x f\|+\underbrace {\|f \partial _x ^2 \alpha \|}_{C_2}.\\ \end {split}\end {equation}


$C_2$


\begin {equation}\label {psixx-nu-alpha} \|\nu (\lambda +\alpha a)\|_\infty \|\partial _x^2 \psi \|\lesssim \mathcal P_1(r,t,R)\end {equation}


\begin {equation}\label {est-mathcal-G} \|g_2\|_\infty \lesssim \mathcal P_2(r,t,R),\end {equation}


$\mathcal P_1$


$\mathcal P_2$


\begin {equation}\label {ultima-est} \begin {split} C_2\lesssim &\, \|f\,\nu (\lambda +\alpha a)\partial _x^2 \psi \|+\|f \,g_2\|\\ \lesssim &\, \|f\,\nu (\lambda +\alpha a)\|_\infty \|\partial _x^2 \psi \|+\|f\|\|g_2\|_\infty \\ \lesssim &\,\|f\|_\infty \|\nu (\lambda +\alpha a)\|_\infty \|\partial _x^2 \psi \|+\|f\|P_2(r,t,R)\\ \lesssim &\, \big (\mathcal P_1(r,t,R)+\mathcal P_2(r,t,R)\big )\|f\|_2. \end {split}\end {equation}


$R<\infty $


$f = (f_1, \ldots , f_n):[0, T] \times H^2(\R )^n \to L^2(\R )^n$


$T >0$


$\sigma _1,\sigma _2>0$


$R$


\begin {equation*}\|f_i(t,w)\|\leq \|f(t,w)\|\leq \sigma _2 \|w\|+\sigma _1\end {equation*}


$t \in [0,\,T]$


$w \in H^2(\R )^n$


$t\in [0, T] \mapsto f(t, \,w)\in L^2(\R )^n$


$t \in [0,\,T]$


$w\in H^2(\R )^n \mapsto f_i(w,y_i)$


$L^2(\R )^n$


\begin {equation*}\| f_i(u,y_i) - f_i(w,y_i)\| \leq \sigma _3\, \| u - w\|,\end {equation*}


$u,w \in H^2(\R )^n$


$\sigma _3=\sigma _3(\varrho , R)$


$\varrho =\max \{\sup \|u\|_2, \sup \|w\|_2\}$


$\sigma _3$


$t$


$f_1$


$f_2,\dots ,f_n$


\begin {equation*}\varphi (u_1)=y_1(x, t, u_1) = y_{1,0}(x)e^{-A_i\int _0^t g(u_1(x, \tau ))d\tau },\end {equation*}


$\varphi (w_1)$


\begin {equation}\begin {split}\label {h2-f1-w1-u1-est} f_1(u,\varphi (u_1))-f_1(w,\varphi (w_1))=\frac {-(c_1)_x\,u_1 }{a_1 + b_1 \varphi (u_1)}-\frac {(c_1)_x\,w_1 }{a_1 + b_1 \varphi (w_1)} \\ +\underbrace {\frac {b_1K_1 u_1\varphi (u_1) g(u_1)}{a_1 + b_1 \varphi (u_1)}-\frac {b_1K_1 w_1\varphi (w_1) g(w_1)}{a_1 + b_1 \varphi (w_1)}}_{\mathcal B}\\ +\frac {d_1u_1\varphi (u_1) g(u_1)}{a_1 + b_1 \varphi (u_1)}-\frac {d_1 w_1\varphi (w_1) g(w_1)}{a_1 + b_1 \varphi (w_1)}\\ + \frac {q_1}{a_1 + b_1 \varphi (u_1)}(u_2 - u_1)-\frac {q_1}{a_1 + b_1 \varphi (w_1)}(w_2 - &w_1)\\ - \frac {\overline q_1}{a_1 + b_1 \varphi (u_1)}(u_1 - u_e)+\frac {\overline q_1}{a_1 + b_1 \varphi (w_1)}(w_1 - &u_e). \end {split}\end {equation}


$\mathcal B$


\begin {equation*}\theta \in \R \mapsto g_3(\theta ):=\theta g(\theta )\end {equation*}


\begin {equation}\label {w-u-Mean-value} \begin {split} \|& u_1 \varphi (u_1)g(u_1)-w_1 \varphi (w_1)g(w_1)\|\leq \|\big (u_1\thinspace g(u_1)-w_1g(w_1)\big )\varphi (u_1)\| \\ +&~\|w_1g(w_1)(\varphi (u_1)-\varphi (w_1))\| \leq \sup |g_3'|\|u_1-w_1\|+\|w_1\|_\infty \|u_1-w_1\|. \end {split}\end {equation}


\begin {align}\label {R-A1} \mathcal B=b_1K_1\Bigg [&\frac {u_1 \varphi (u_1)g(u_1)\big (a_1+b_1\varphi (w_1)\big )-w_1\varphi (w_1)g(w_1)\big (a_1+b_1\varphi (u_1)\big )}{\big (a_1 + b_1 \varphi (u_1)\big )\big (a_1 + b_1 \varphi (w_1)\big )}\Bigg ] \nonumber \\ =&~b_1 a_1 K_1\Big [\frac {u_1 \varphi (u_1)g(u_1)-w_1 \varphi (w_1)g(w_1)}{\big (a_1 + b_1 \varphi (u_1)\big )\big (a_1 + b_1 \varphi (w_1)\big )}\Big ] \nonumber \\ +&~b_1^2K_1\Big [\frac {u_1\varphi (u_1)g(u_1)(\varphi (w_1)-\varphi (u_1))+\varphi (u_1)\big ((u_1 \varphi (u_1)g(u_1)}{\big (a_1 + b_1 \varphi (u_1)\big )\big (a_1 + b_1 \varphi (w_1)\big )}\Big ] \nonumber \\ -&~b_1^2K_1\Big [\frac { w_1 \varphi (w_1)g(w_1)\big )}{\big (a_1 + b_1 \varphi (u_1)\big )\big (a_1 + b_1 \varphi (w_1)\big )}\Big ].\end {align}


\begin {equation}\label {mathcal R} \begin {split} \|&\mathcal B\|\lesssim \, R^3 \big (\sup |g_3'|\|u_1-w_1\|+\|w_1\|_\infty \|u_1-w_1\|\big )\\ &+R^5 \big (\|u_1\|_\infty \sup |g_3| \sup |\varphi '|\|w_1-u_1\|+\sup |\varphi '| \sup |g_3'|\|u_1-w_1\|\big )\\ \lesssim &\,\Big [R^3\big (\sup |g_3'|+\|w\|_2\big )+R^5\big (\|u_1\|_2\sup |g_3|+\sup |g_3'|\big )\Big ]\|u-w\|, \end {split}\end {equation}


$\varphi , \varphi '\leq 1$


$\lambda \geq 0$


$s'\in \R $


$t>0$


\begin {equation*}\|U_\mu (t) f\|_{s'+\lambda }\leq \Big [1+\Big (\frac {\lambda }{4\mu t}\Big )^{\frac {\lambda }{4}}\Big ]\|f\|_{s'}.\end {equation*}


$\mu ,\epsilon \in (0,1)$


$\phi \in H^s(\R )$


$s\geq 2$


$T_{\mu }=T_{\mu }(\|\phi \|_s, \mu , \epsilon )$


$u_\mu \in \mathcal {C}([0,T_\mu ];H^s)$


$T>0$


$u_\mu $


$\mathcal {C}([0,T];H^s)$


\begin {equation}\label {h2-eta-function} \|u_\mu (t)\|_s\leq \|\phi \|_s+\epsilon :=\rho ,\quad \mbox {for all}\quad t\in [0,T].\end {equation}


$\Phi $


\begin {equation}\label {h2-mu-int-Phi} \Phi u(t) =U_{\mu }(t) \phi +\int _{0}^t U_\mu (t-\tau )h(u(\tau ))d\tau .\end {equation}


\begin {equation}\chi _T=\big \{u\in \mathcal {C}([0,T];H^s): \|u(t)\|_s\leq \rho , \, \mbox {for all}\, \, t\in [0,T]\big \}, \label {Xeqn34-44}\end {equation}


$d(u,v):=\sup _{[0,T]}\|u(t)-v(t)\|_s$


$u\in \chi _T$


$\Phi u\in \mathcal {C}([0,T];H^s)$


$u \in \chi _T$


\begin {equation}\begin {split} \|h_i(u(\tau ))\| \leq & \,\,\|\alpha _i\|_{\infty }\|\partial _x ^2 u_i\|+ \|\beta _i\|_{\infty }\|\partial _x u_i\|+\|f_i(u)\|\\ \leq & \,\,R^2 \|u\|_s+ R^2 \|u\|_s+\sigma _2 \|u\|+\sigma _1\\ \leq & \,(2R^2 + \sigma _2)\rho +\sigma _1, \end {split} \label {Xeqn35-45}\end {equation}


$H^s(\R )\hookrightarrow L^2(\R )$


\begin {equation*}\|\partial _x u_i\|, \,\, \|\partial _x ^2 u_i\|\leq \|u\|_s.\end {equation*}


$\|\cdot \|$


$L^2(\R )^n$


\begin {equation}\label {h2-est-h} \|h(u(\tau ))\|\leq \,\, (2R^2 + \sigma _2)\rho +\sigma _1.\end {equation}


$u\in \chi _T$


$\lambda =s$


$s'=0$


\begin {equation}\label {h2-pertence-chi} \begin {split} \|\Phi u(t)&\|_s \leq \,\, \|U_\mu (t)\phi \|_s+\int _{0}^t \|U_\mu (t-\tau )h(u(\tau ))\|_s d\tau \\ &\leq \,\, \|\phi \|_s+\int _{0}^t \Big [1+\big (\frac {s}{4 \mu (t-\tau )}\big )^{s/4}\Big ]\|h(u(\tau ))\|d\tau \\ &\leq \,\, \|\phi \|_s+\Big [t+\Big (\frac {s}{4\mu }\Big )^{\frac {s}{4}}\frac {4}{4-s} t^{\frac {4-s}{4}}\Big ]\Big [(2R^2 + \sigma _2) \rho + \sigma _1\Big ]. \end {split}\end {equation}


$2\leq s<4$


$s>4$


$T'_{\mu }:=T'_{\mu }(\|\phi \|_s,\mu ,\epsilon ) > 0$


\begin {align*}\|\Phi u(t)\|_s \leq \rho , \,\,\, \text {for all} \,\,\,t \in [0, T'_{\mu }],\end {align*}


\begin {align*}\Phi :\chi _{T'_{\mu }}\to \chi _{T'_{\mu }}.\end {align*}


$\tau \in [0,t]$


$u=(u_1,\ldots .,u_n), v=(v_1,\ldots ,v_n)\in \chi _T$


\begin {align}&\|h_i(u)-h_i(v)\|\leq \,\, \|\alpha _i(u_i)-\alpha _i(v_i)\|_{\infty }\|\partial _x ^2 u_i\|+\|\alpha _i(v_i)\|_{\infty }\|\partial _x ^2 (u_i-v_i)\| \phantom {--} \nonumber \\ &+\|\beta _i(u_i)-\beta _i(v_i)\|_\infty \|\partial _x v_i\|+\|\beta _i(u_i)\|_\infty \|\partial _x (u_i-v_i)\| +\|f_i(u)-f_i(v)\| \nonumber \\ &\leq \,\, R^4 \|u\|_s \|u-v\|_s+2R^2\|u-v\|_s+ R^4 \|v\|_s \|u-v\|_s +\sigma _3 \|u-v\|_s\\ &\leq \,\,(2R^4+2R^2+\sigma _3)\rho \|u-v\|_s, \nonumber \end {align}


$\|u-v\|_\infty \lesssim \|u-v\|_s$


\begin {equation}\label {h2-hu-hv} \|h(u)-h(v)\| \leq C_3\rho \|u-v\|_s).\end {equation}


$C_3 = 2R^4+2R^2+\sigma _3$


\begin {equation}\label {h2-contracao} \begin {split} \|\Phi u(t)-\Phi v(t)\|_s \leq & \,\,\int _{0}^t \Big [1+\Big (\frac {s}{4 \mu (t-\tau )}\Big )^{s/4}\Big ]\|h(u)-h(v)\| d\tau \\ \leq & \,\,\Big [t+\Big (\frac {s}{4\mu }\Big )^{\frac {s}{4}}\frac {4}{4-s} t^{\frac {4-s}{4}}\Big ]C_3\, \rho \,d(u,v). \end {split}\end {equation}


$T''_{\mu } > 0$


\begin {align}\Big [t+\Big (\frac {s}{4\mu }\Big )^{\frac {s}{4}}\frac {4}{4-s} t^{\frac {4-s}{4}}\Big ] C_3 \, \rho < 1, \,\,\, \text {for all} \,\,\,t \in [0, T''_{\mu }].\end {align}


$T_\mu =\min \{T'_{\mu }, T''_{\mu }\}$


$\Phi :\chi _{T_{\mu }}\to \chi _{T_{\mu }}$


$u_\mu $


$u_\mu $


$\mu \in (0,1)$


$T>0$


$u_{\mu }$


$\mathcal {C}([0,T];H^s)$


\begin {align}&T^\ast (\phi )=T^\ast =\sup \Big \{T_\mu >0; \, \mbox {there exists}\, u_\mu \in \mathcal {C}([0,T_\mu ];H^s)\,\,\mbox {solution of}\, \eqref {h2-mu-int}, \nonumber \\ &\qquad \qquad \qquad \qquad \mbox {such that}\, \|u_\mu (t)\|_s\leq \rho , \, \mbox {for all} \,\, t\in [0,T_\mu ] \Big \}.\end {align}


$T^\ast <\infty $


$\tilde {T}_\mu >0$


$u_\mu $


$\mathcal {C}([0,T^\ast +\tilde {T}_\mu ];H^s(\R )^n)$


$T^\ast $


$T^\ast =\infty $


$u$


\begin {equation}\label {reg2} u\in \mathcal {C}((0,T_\mu ]; H^\infty ).\end {equation}


$\tau \geq 0$


$C\geq 0,$


\begin {equation*}-\tau ^2 +C \tau \lesssim C^2.\end {equation*}


$\varphi _1(x)=-x^{2}+Cx$


$\alpha _i$


$\beta _i$


$u_i$


$f_i$


$u$


$s\geq 2$


$\mu ,\nu \in (0,1)$


$u_\mu , u_\nu $


$u_\mu (0)=u_\nu (0)=\phi $


\begin {equation*}\lim _{\mu ,\nu \downarrow 0}\sup _{[0,T]}\|u_\mu (t)-u_\nu (t)\|=0.\end {equation*}


$u_\mu $


$u_\nu $


$u_\mu (0)=v_\mu (0)=\phi $


$u_{\mu ,i}$


$u_{\nu ,i}$


$u_\mu $


$u_\nu $


$i$


$v:=u_{\mu ,i}$


$z:=u_{\nu ,i}$


$\alpha :=\alpha _i$


$\beta :=\beta _i$


$w=v-z$


$i$


\begin {equation}\label {eq-u-v-est} \begin {split} \partial _t w +(\alpha (z)-\alpha (v))\partial _x ^2 z&-\alpha (v)\partial _x ^2 w +(\beta (v)-\beta (z))\partial _x v+\beta (z)\partial _x w =\,-\mu \partial _x ^4 v+\nu \partial _x ^4 z+f_i(u_\mu )-f_i(u_\nu ). \end {split}\end {equation}


$w$


$\R $


\begin {align}\label {eq-u-v-est-derivada} \frac 12 \frac {d}{dt}\|w\|^2&+((\alpha (z)-\alpha (v))\partial _x ^2 z, w)-(\alpha (v)\partial _x ^2\thinspace w, w)+((\beta (v)-\beta (z))\partial _x v, w) \nonumber \\ &+(\beta (z)\partial _x w,w)=(-\mu \partial _x ^4 v+\nu \partial _x ^4 z, w)+(f_i(u_\mu )-f_i(v_\nu ), w).\end {align}


\begin {equation}\label {des-alphai-betai} \|\alpha (z)-\alpha (v)\|_\infty \lesssim R^4 \|w\|_1\lesssim R^4 (\|w\|+\|\partial _x w\|).\end {equation}


\begin {equation}\label {alpha-w} \begin {split} \big ((\alpha (z)-\alpha (v))\partial _x ^2 z, w\big )&\leq \,\,\|\alpha (z)-\alpha (v)\|_{\infty }\|\partial _x ^2 z\|\|w\|\\ &\lesssim \,\,R^4 (\|w\|+\|\partial _x w\|)\rho \|w\|\\ &\lesssim \,\,R^4 \rho \big (\|w\|^2+\|w\|\|\partial _x w\|\big ). \end {split}\end {equation}


\begin {equation}\label {alpha-0-def} \alpha _0:=\min _{1\leq i \leq n}\inf \alpha _i, \quad \mbox {where}\quad \inf \alpha _i=\frac {\inf \lambda _i}{\|a_i\|_\infty +\|b_i\|_\infty }.\end {equation}


\begin {equation}\label {alphax-Q} \begin {split} \|\partial _x \alpha (v)\|_{\infty }\leq \tilde {\mathcal Q}(r,t,R)\lesssim \tilde {\mathcal Q}(\rho ,T,R):= C_4, \end {split}\end {equation}


$C_4$


$\|\phi \|$


$R$


$T$


\begin {equation}\begin {split} \big (\alpha (v)\partial _x ^2 w, w\big )=&\,-\int \alpha (v)(\partial _x w)^2-\int \partial _x \alpha (v) w \partial _x w\\ \leq &\, -\alpha _0 \|\partial _x w\|^2+\|\partial _x \alpha (v)\|_{\infty }\|w\|\|\partial _x w\|\\ \leq &\, -\alpha _0 \|\partial _x w\|^2+C_4\|w\|\|\partial _x w\|. \end {split} \label {Xeqn46-60}\end {equation}


\begin {equation}\begin {split} \big ((\beta (v)-\beta (z))\partial _x v, w\big )\lesssim \,\, R^4 \rho \big (\|w\|^2+\|w\|\|\partial _x w\|\big ), \end {split} \label {Xeqn47-61}\end {equation}


\begin {equation}\begin {split} \big (\beta (z)\partial _x w,w\big ) &\leq \|\beta (z)\|_\infty \|\partial _x w\|\|w\|\leq R^2\|\partial _x w\|\|w\|. \end {split} \label {Xeqn48-62}\end {equation}


\begin {equation}\begin {split} \big (-\mu \partial _x ^4 v+\nu \partial _x ^4 z, w \big )&\leq \mu \|\partial _x ^2 v\|\|\partial _x ^2 w\|+\nu \|\partial _x ^2 z\|\|\partial _x ^2 w\|\\ &\lesssim \, (\mu +\nu )\rho ^2(T). \end {split} \label {Xeqn49-63}\end {equation}


\begin {equation}\label {est-h2-f-w} \begin {split} \big (f_i(u_\mu )-f_i(v_\nu ), w\big ) &\leq \|f_i(u_\mu )-f_i(v_\nu )\|\|w\|\leq \sigma _3 \|u_\mu -u_\nu \|^2. \end {split}\end {equation}


\begin {equation}\begin {split} \frac 12 \frac {d}{dt}\|w\|^2 \lesssim & \,\,-\alpha _0 \|\partial _x w\|^2+\underbrace {\big (2R^4 \rho +C_4+R^2\big )}_{C_5}\|w\|\|\partial _x w\|\\ &+2R^4\rho \|w\|^2+\sigma _3 \|u_\mu -u_\nu \|^2+(\mu +\nu )\rho ^2(T)\\ \lesssim &\,\, \big (\alpha _0^{-1}C_5^2+2R^4\rho \big )\|w\|^2+\sigma _3\|u_\mu -u_\nu \|^2+(\mu +\nu )\rho ^2(T). \end {split} \label {Xeqn51-65}\end {equation}


$H^s(\R )^n$


$t\in [0,T]$


\begin {equation}\|u_\mu (t)-u_\nu (t)\|^2\lesssim (\mu +\nu )\rho ^2(T)\exp \Big (\big [\alpha _0^{-1}C_5^2+2R^4\rho +\sigma _1\big ]\,T\Big ), \label {Xeqn52-66}\end {equation}


$2 \leq s < 4$


$s \geq 4$


$u_0:[0,T]\to H^s$


$u_\mu \rightharpoonup u_0$


$H^s$


$[0,T]$


\begin {equation}\label {h2-est-op-hs} \|u_0(t)\|_s \leq \rho \quad \text {for all } t\in [0,T],\end {equation}


$\rho = \|\phi \|_s+\epsilon $


$\kappa \in H^s$


\begin {equation}|(u_\mu (t),\kappa )_s| \leq \|u_\mu (t)\|_s \|\kappa \|_s \leq \rho \|\kappa \|_s. \label {Xeqn54-68}\end {equation}


$\mu \downarrow 0$


\begin {equation*}|(u_0(t),\kappa )_s| \leq \rho \|\kappa \|_s,\end {equation*}


$\|\kappa \|_s=1$


\begin {equation}\label {h2-umu-u0-conv} \|u_\mu -u_0\| \to 0 \quad \text {as } \mu \downarrow 0, \quad \text {uniformly on } [0,T].\end {equation}


\begin {equation}\label {h2-eq-F-mu} \partial _t u_\mu = F_\mu (u_\mu ),\end {equation}


$F_\mu (u_\mu ) = h(u_\mu ) - \mu \partial _x^4 u_\mu $


$u_{\mu ,i}$


$u_{0,i}$


$F_{\mu }(u_\mu )_i$


$i$


$u_\mu $


$u_0$


$F_\mu (u_\mu )$


$v:=u_{\mu ,i}$


$z:=u_{0,i}$


$\alpha :=\alpha _i$


$\beta :=\beta _i$


$i$


\begin {equation*}F_\mu (u_\mu )_i = -\mu \partial _x^4 v + \alpha (v)\partial _x^2 v - \beta (v)\partial _x v + f_i(u_\mu ).\end {equation*}


\begin {equation}\label {h2-F-w-u} F_\mu (u_\mu ) \rightharpoonup F_0(u_0) \text { in } H^{s-4}(\mathbb {R})^n, \text { uniformly on } [0,T].\end {equation}


\begin {align}\label {h2-F-nu-u0} F_\mu (u_\mu )_i -& F_0(u_0)_i = -\mu \partial _x^4 v + (\alpha (v)-\alpha (z))\partial _x^2 z + \alpha (v)\partial _x^2 (v-z) \nonumber \\ &\quad + (\beta (z)-\beta (v))\partial _x v - \beta (z)\partial _x (v-z) + f_i(u_\mu )-f_i(u_0).\end {align}


$\kappa \in H^{s-4}(\mathbb {R})$


\begin {equation}\label {h2-mu-px4} \mu (\partial _x^4 v,\kappa )_{s-4} \leq \mu \|v\|_s \|\kappa \|_{s-4} \leq \mu \rho \|\kappa \|_{s-4} \to 0 \text { as } \mu \downarrow 0.\end {equation}


$\epsilon _1>0$


$\kappa _1\in H^\infty (\mathbb {R})$


\begin {equation*}\|\kappa -\kappa _1\|_{s-4} < \epsilon _1\big (2\mathcal {Q}(\rho ,T,R)\big )^{-1},\end {equation*}


$\mathcal {Q}$


\begin {equation}\begin {split} |(f_i(u_\mu )-f_i(u_0),\kappa )_{s-4}| &\leq \|f_i(u_\mu )-f_i(u_0)\|_{s-4}\|\kappa \|_{s-4} \\ &\leq \|f_i(u_\mu )-f_i(u_0)\|\|\kappa \|_{s-4} \\ &\leq \sigma _3\|u_\mu -u_0\|\|\kappa \|_{s-4}. \end {split} \label {Xeqn59-74}\end {equation}


\begin {equation}(f_i(u_\mu )-f_i(u_0),\kappa )_{s-4} \to 0 \text { as } \mu \downarrow 0, \text { uniformly on } [0,T]. \label {Xeqn60-75}\end {equation}


\begin {align}\label {h2-alpha-low-s} \big |((\alpha (v) - \alpha (z))\, \partial _x^2 z, \kappa )_{s-4}\big | &= \left | \left ( J^{s-4}\big [(\alpha (v) - \alpha (z))\, \partial _x^2 z\big ],\, J^{s-4} \kappa \right )_{L^2} \right | \nonumber \\ &\leq \| (\alpha (v) - \alpha (z))\, \partial _x^2 z \|_{H^{s-4}} \, \|\kappa \|_{H^{s-4}} \nonumber \\ &\leq C\, \|\alpha (v) - \alpha (z)\|_{L^\infty } \, \|\partial _x^2 z\|_{H^{s-4}} \, \|\kappa \|_{H^{s-4}} \\ &\leq C\, R^4 \|v - z\| \, \|z\|_{H^{s-2}} \, \|\kappa \|_{H^{s-4}}, \nonumber \end {align}


$\delta =s-2$


\begin {equation}\label {h2-alpha-alpha0} ((\alpha (v)-\alpha (z))\partial _x^2 z, \kappa )_{s-4} \to 0 \text { as } \mu \downarrow 0, \text { uniformly on } [0,T].\end {equation}


\begin {align}\label {h2-z-alpha} |(\alpha (v)&\partial _x^2 (v-z),\kappa )_{s-4}| \nonumber \\ &\leq \|\alpha (v)\partial _x^2 (v-z)\|_{s-2}\|\kappa -\kappa _1\|_{s-4} + C_6 \\ &\leq 2\mathcal {Q}(\rho ,T,R)\|\kappa -\kappa _1\|_{s-4} + C_6 \lesssim \epsilon _1 + C_6, \nonumber \end {align}


$C_6$


\begin {equation}\label {L-z-est} \begin {split} C_6 & = \big (\alpha (v)\, \partial _x^2 (v - z),\, \kappa _1\big )_{s-4} = |(\partial _x^2 (v-z), \alpha (v)J^{2s-8}\kappa _1)| \\ &\leq \|J^{-2}\partial _x^2 (v-z)\|\|J^{2}(\alpha (v)J^{2s-8}\kappa _1)\| \\ &\lesssim \mathcal {P}(\rho ,T,R)\|J^{2s-8}\kappa _1\|\, \|u_\mu -u_0\| \to 0, \end {split}\end {equation}


$[0,T]$


$\mu \downarrow 0$


\begin {equation}\label {h2-alpha-derv-2} (\alpha (u_\mu )\partial _x^2 z,\kappa )_{s-4} \to 0 \text { uniformly on } [0,T] \text { as } \mu \downarrow 0.\end {equation}


\begin {equation}((\beta (u_0)-\beta (u_\mu ))\partial _x u_\mu , \kappa )_{s-4} \to 0 \text { uniformly on } [0,T] \text { as } \mu \downarrow 0, \label {Xeqn64-81}\end {equation}


\begin {equation}(\beta (u_0)\partial _x z, \kappa )_{s-4} \to 0 \text { uniformly on } [0,T] \text { as } \mu \downarrow 0. \label {Xeqn65-82}\end {equation}


$F_0(u_0)$


$H^{s-4}(\mathbb {R})^n$


$\tilde {\kappa } \in H^{s-4}(\mathbb {R})^n$


$t\in [0,T]$


\begin {equation}\label {igualdade-F-mu} \begin {split} (u_0(t)-\phi ,\tilde {\kappa })_{s-4} &= \lim _{\mu \downarrow 0} (u_\mu (t)-\phi ,\tilde {\kappa }) \\ &= \int _0^t (F_0(u_0(\tau )),\tilde {\kappa })_{s-4}\,d\tau . \end {split}\end {equation}


$u_0(t)-\phi = \int _0^t F_0(u(\tau ))\,d\tau $


$u_0 \in \mathcal {AC}([0,T];H^{s-4}) \cap L^\infty ([0,T];H^s)$


\begin {equation}\label {h2-eq-a-e} \partial _t u_0 + L(u_0)u_0 = f(u_0) \text { a.e. } t\in [0,T].\end {equation}


\begin {equation}\begin {split} \|u_0(t)-\phi \|_s^2 &= \|u_0(t)\|_s^2 + \|\phi \|_s^2 - 2\text {Re}(u_0(t),\phi )_s \\ &\leq \rho ^2 + \|\phi \|_s^2 - 2\text {Re}(u_0(t),\phi )_s \\ &\to \epsilon ^2+2\|\phi \|_s^2 - 2\|\phi \|_s^2 = \epsilon ^2, \text { as } t\downarrow 0. \end {split} \label {Xeqn68-85}\end {equation}


$\epsilon \in (0,1)$


$t_1 \in (0,T)$


$\omega (t,x)=u_0(t_1+t,x)$


$t_1 \in (0,T]$


$\omega (t,x)=u_0(t_1-t,-x)$


\begin {align}\label {omega-problem} \begin {cases} \partial _t \omega + \alpha \partial _x^2 \omega + \beta \partial _x \omega = 0, \\ \omega (0) = \tilde {u}_0(t_1), \end {cases}\end {align}


$\tilde {u}_0(t_1)(x):=u_0(t_1)(-x)$


$t=0$


\begin {equation*}\|\omega (t)-\omega (0)\|_s = \|u_0(t_1-t)-u_0(t_1)\|_s \to 0 \text { as } t\downarrow 0.\end {equation*}


$u_0\in \mathcal {C}([0,T];H^s)$


$t\in [0,T]$


$F_0(u_0):H^{s-2}(\mathbb {R})^n\to H^{s-2}(\mathbb {R})^n$


$\epsilon _1>0$


$\delta >0$


$|h|<\delta $


$\tau $


$t$


$t+h$


\begin {equation*}\|F_0(u_0(\tau ))-F_0(u_0(t))\|_{s-2} < \epsilon _1.\end {equation*}


$t\in [0,T]$


\begin {equation}\begin {split} \Big \|\frac {u_0(t+h)-u_0(t)}{h} - F_0(u_0(t))\Big \|_{s-2} \leq \frac {1}{|h|}\int _{t}^{t+h} \|F_0(u_0(\tau ))-F_0(u_0(t))\|_{s-2} d\tau < \epsilon _1. \end {split} \label {Xeqn69-87}\end {equation}


$u_0=u$


$u_0$


$v_0$


$\phi $


$u_\mu $


$v_\mu $


$\phi $


$u_\mu (0)=v_\mu (0)=\phi $


$u_\mu \equiv v_\mu $


$t\in [0,T]$


\begin {equation}\begin {split} &\|u_0(t)-v_0(t)\| &\leq \|u_0(t)-u_\mu (t)\| + \|u_\mu (t)-v_\mu (t)\| + \|v_\mu (t)-v_0(t)\| \to 0,\\ & \mbox {as} \quad \mu \downarrow 0, \end {split} \label {Xeqn70-88}\end {equation}


$u_0 \equiv v_0$


\begin {equation}\label {combustion-problem3j} \left \{\begin {array}{@{}l} \partial _t u^j+L^j(u^j)u^j=f^j(u^j),\\ u^j(0)=\phi ^j . \end {array}\right .\end {equation}


$L^j(u^j)u^j := \big (L_{1}^j(u^j)u^j, \ldots , L_{n}^j(u^j)u^j \big )$


\begin {align}\label {operatorAij} L^{j}_i(u^j)u^j& = -\alpha _{i}^j\,\partial _x ^2\thinspace u^j + \beta _{i}^j\,\partial _x u^j,\end {align}


\begin {align}\label {coeficients_appha_beta} & \alpha _{i}^j=\dfrac {(\lambda _i)^j}{(a_i)^j+(b_i)^j(y_i)^j}, \,\,\, \text {and} \,\,\, \beta _{i}^j=\dfrac {(c_i)^j}{(a_i)^j+(b_i)^j(y_i)^j},\end {align}


\begin {align}\label {fuel-j} (y_i)^j(x)= (y_{i,0})^j(x)e^{-A_i\int _0^t g(u_i^j(x, \tau ))d\tau }\,.\end {align}


$f^j = \big ((f_1)^j, \ldots , (f_n)^j \big )$


\begin {align}\label {raction-function-j} &(f_1)^j(z) = \frac {-((c_1)^j)_x\,z_1 }{(a_1)^j + (b_1)^j (y_1)^j} + \frac {\big ((K_1)^j (b_1)^j z_1+(d_1)^j\big )(y_1)^j\,g(z_1)}{(a_1)^j + (b_1)^j (y_1)^j} \nonumber \\ & \phantom {------}+ \frac {(q_1)^j(z_2 - z_1)}{(a_1)^j + (b_1)^j (y_1)^j} - \frac {\overline q_1 (z_1 - u_e)}{(a_1)^j + (b_1)^j (y_1)^j}\,, \nonumber \\ &(f_i)^j(z) = \frac {-((c_i)_x)^j\,z_i }{(a_i)^j + (b_i)^j (y_i)^j} + \frac {\big ((K_i)^j (b_i)^j z_i+(d_i)^j\big )(y_i)^j\,g(z_i)}{(a_i)^j + (b_i)^j (y_i)^j} \nonumber \\ & \phantom {----}+ \frac {(q_i)^j(z_{i+1} - z_i)}{(a_i)^j + (b_i)^j (y_i)^j} - \frac {(q_{i-1})^j(z_i - z_{i-1})}{(a_i)^j + (b_i)^j (y_i)^j}\,, \,\,i = 2,\ldots , n-1, \\ &(f_n)^j(z) = \frac {-((c_n)^j)_x\,z_n }{(a_n)^j + (b_n)^j (y_n)^j} + \frac {\big ((K_n)^j (b_n)^j z_n+(d_n)^j\big )(y_n)^j\,g(z_n)}{(a_n)^j + (b_n)^j (y_n)^j} \nonumber \\ & \phantom {------} - \frac {(q_{n-1})^j(z_n - z_{n-1})}{(a_n)^j + (b_n)^j (y_n)^j} - \frac {\overline q_2 (z_n - u_e)}{(a_n)^j + (b_n)^j (y_n)^j}\,. \nonumber \end {align}


$j$


$u^j$


$a_0^j:=\displaystyle \min _{1\leq i \leq n} \inf a_i^j>0$


$j,k\in \N $


\begin {equation*}\|y_0^j\|_s=\displaystyle \max _{1 \leq i \leq n}\|y_{i,0}^j\|_s, \, \, \, \|(y_0^j)''\|_\infty =\displaystyle \max _{1\leq i \leq n}\|(y_{i,0}^j)''\|_\infty ,\end {equation*}


\begin {equation*}\|(a^j)^{(k)}\|_{\infty }=\max _{1\leq i\leq n}\|(a_i^j)^{(k)}\|_\infty , \,\,\, \|(q^j)^{(k)}\|_{\infty }= (\max _{1 \leq i \leq n-1} \|(q_i^j)^{(k)}\|_\infty , \, \overline q_1, \, \overline q_2, \, u_e)\end {equation*}


$\|b^{(k)}\|_\infty $


$\|c^{(k)}\|_\infty $


$\|\lambda ^{(k)}\|_\infty $


\begin {align}\label {h2-R-j} R^j=&\displaystyle \max _{0\leq k\leq [s]+1}\Big \{ \|(a^j)^{(k)}\|_{\infty }, \, \|(b^j)^{(k)}\|_{\infty }, \, \|(c^j)^{(k)}\|_{\infty }, \, (\lambda ^j)^{(k)}\|_{\infty }, \nonumber \\ & \|(q^j)^{(k)}\|_{\infty }, \, \|g^{(k)}\|_\infty , \, \|y_0^j\|_s, \, \|(y_0^j)''\|_\infty , \, (a_{0}^j)^{-1}, \, \max _{1\leq i \leq n}|A^j_i| \Big \},\end {align}


$[s]$


$\tilde R >0$


$j\in \N $


\begin {equation}\label {R-R-j} R^j \leq \tilde R, \,\,\,\text {and also suppose that} \,\,\, R < \infty ,\end {equation}


$R$


$s\geq 2$


$j \in \mathbb {N}$


$\phi =(\phi _1,\ldots ,\phi _n) \in H^s(\R )^n$


$\phi ^j=(\phi _{1}^j,\ldots ,\phi _{n}^j) \in H^s(\R )^n$


$\phi ^j \to \phi $


$H^s(\R )^n$


$\mathcal {B}(0, R_1)$


$H^s(\R )^n$


$0$


$R_1$


\begin {equation}\label {def-K} \phi , \phi ^j \in \mathcal {B}(0, R_1),\end {equation}


$R_1$


$\|\phi \|_s$


$T>0$


$u^{j}_\mu $


$-\mu \partial _x ^4u^j$


$u_\mu $


$u^{j}_\mu , u_\mu \in \mathcal {C}([0,T];H^s(\R )^n)$


$j\in \N $


$u := u_\mu $


$v := u_\mu ^j$


$w_\mu :=u-v$


$w_\mu \in \mathcal {C}([0,T]; H^s(\R )^n)$


$w_\mu $


$w_\mu =w$


$\psi :=\phi ^j$


$w$


\begin {equation}\label {sigma-h1combustion-problem2-w} \begin {cases} \partial _t w+\mu \partial _{x}^{4}w=\tilde {h}(w), \ t\in \R ,\\ w(0)=\phi -\psi , \end {cases}\end {equation}


$\tilde {h}(w):=f(u)-f^j(v)+L^j(v)v-L(u)u$


\begin {equation}\begin {split}\label {G-i-dep} \tilde {h}_i(w)&=(\alpha _i(u_i)-\alpha _i^j(v_i)) \partial _x ^2 u_i+\alpha _i^j(v_i)\partial _x ^2 w_i+(\beta _i^j (v_i)-\beta _i(u_i))\partial _x v_i\\ &\qquad \qquad \qquad -\beta _i(u_i)\partial _x w_i +f_i(u)-f_i^j(v). \end {split}\end {equation}


$U_\mu $


\begin {equation}\label {mu-int-w} w(t)=U_{\mu }(t) (\psi -\phi )+\int _{0}^t U_\mu (t-\tau )\tilde {h}(w(\tau ))\,d\tau .\end {equation}


$\bar {R} := \max \{\tilde R, R\}$


$t\in [0,\tilde T]$


\begin {equation}\label {est-u-dep} \|u(t)\|_s\leq \|\phi \|_s \underbrace {\exp \Big \{ (2 \bar {R}^2+\sigma _2+\sigma _1)\big [t+\Big (\frac {s}{4\mu }\Big )^{\frac {s}{4}}\frac {4}{4-s} t^{\frac {4-s}{4}}\big ]\Big \}}_{C_\mu (t)},\end {equation}


\begin {equation}\label {est-v-dep} \|v(t)\|_s\leq C_\mu (t)\|\psi \|_s,\end {equation}


$\sigma _1$


$\sigma _2$


$\bar {R}$


\begin {align}C_{i,j} = \max \Big \{&\|(a_i)^j-a_i\|_\infty , \, \|(b_i)^j-b_i\|_\infty , \, \|(c_i)^j-c_i\|_\infty , \, \|(\lambda _i)^j-\lambda _i\|_\infty , \nonumber \\ & \|(d_i)^j-d_i\|_\infty , \, \|(y_{i,0})^j-y_{i,0}\|_s, \, \|(c_i)_x^j-(c_i)_x\|_\infty , \\ & |K_i^j - K_i|,\, |A_i^j - A_i|, \, q^j \Big \}, \nonumber \end {align}


$q^j:=\displaystyle \max _{1\leq i\leq n-1}\|(q_i)^j-q_i\|_\infty $


$\mu \in (0,1)$


$\phi \in H^s(\R )$


$s \geq 2$


$T > 0$


$w_\mu \in \mathcal {C}([0,T];H^s)$


\begin {equation}\label {desig-w} \|w_\mu (t)\|_s \leq 2\|\psi - \phi \|_s + C^j, \quad \text {for all } t \in [0,T].\end {equation}


$\Psi w$


$T \leq \tilde T$


$\tilde T > 0$


\begin {align}\label {chi_T} \tilde \chi _T = \Big \{w \in \mathcal {C}([0,T]; H^s):& \, \|w(t) - U_\mu (t)(\psi - \phi )\|_s \nonumber \\ &\leq \|\psi - \phi \|_s + C^j, \quad \text {for all } t \in [0,T] \Big \},\end {align}


$d(w^1,w^2) := \sup _{0 \leq t \leq T} \|w^1(t) - w^2(t)\|_s$


$w \in \tilde {\chi }_T$


$\Psi w \in \mathcal {C}([0,T]; H^s)$


$w \in \tilde \chi _T$


$f_i(u) - f_i^j(v) = f_i(u) - f_i(v) + f_i(v) - f_i^j(v)$


\begin {equation}\label {G-dep} \begin {split} \|\tilde {h}(w)\| &\leq \underbrace {\big [(2 \bar R^4 + C(\tilde R, R, T)(1 + C^j)\tilde K C_\mu (T) + 2 \bar R^2 + \sigma _3\big ]}_{\sigma _5} \|w\|_s \\ &\leq \sigma _5 \big (2\|\phi - \psi \|_s + C^j\big ). \end {split}\end {equation}


\begin {align}\label {h2-pertence-chi-dep} \|\Psi w(t) - U_{\mu }(t)(\psi &- \phi )\|_s \leq \int _{0}^t \|U_\mu (t - \tau ) \tilde {h}(w)\|_s \, d\tau \nonumber \\ &\leq \int _{0}^t \left [1 + \left (\frac {s}{4\mu (t - \tau )}\right )^{s/4} \right ] \|\tilde {h}(w)\| \, d\tau \\ &\leq \sigma _5 \left [t + \left (\frac {s}{4\mu }\right )^{s/4} \frac {4}{4 - s} t^{\frac {4 - s}{4}} \right ] \big (2\|\phi - \psi \|_s + C^j\big ). \nonumber \end {align}


$w^1, w^2 \in \tilde \chi _T$


\begin {equation}\tilde {h}_i(w^1) - \tilde {h}_i(w^2) = \alpha _i^j(v_i)\partial _x^2(w^1_i - w^2_i) + \beta _i(u_i)\partial _x(w^1_i - w^2_i), \label {Xeqn82-108}\end {equation}


\begin {equation}\label {G-w1-w2-R} \|\tilde {h}(w^1) - \tilde {h}(w^2)\| \leq 2 \bar R^2 \|w^1 - w^2\|_s.\end {equation}


\begin {align}\label {h2-pertence-chi-dist} \|\Psi w^1(t) - &\Psi w^2(t)\|_s \leq \int _{0}^t \|U_\mu (t - \tau )\big (\tilde {h}(w^1) - \tilde {h}(w^2)\big )\|_s \, d\tau \nonumber \\ &\leq \int _{0}^t \left [1 + \left (\frac {s}{4\mu (t - \tau )}\right )^{s/4} \right ] \|\tilde {h}(w^1) - \tilde {h}(w^2)\| \, d\tau \\ &\leq 2 \bar R^2 \left [t + \left (\frac {s}{4\mu }\right )^{s/4} \frac {4}{4 - s} t^{\frac {4 - s}{4}} \right ] d(w^1, w^2). \nonumber \end {align}


$T_\mu ' > 0$


$\Psi : \tilde \chi _{T_\mu '} \to \tilde \chi _{T_\mu '}$


$t \in [0,T_\mu ']$


\begin {align*}\|w_\mu (t)\|_s \leq \|w(t) - U_\mu (t)(\psi - \phi )\|_s + \|U_\mu (t)(\psi - \phi )\|_s \leq 2\|\psi - \phi \|_s + C^j .\end {align*}


\begin {equation}\begin {split} T^* = &\sup \Big \{T_\mu > 0: \; \text {there exists } w_\mu \in \mathcal {C}([0,T_\mu ']; H^s) \text { solving } \eqref {mu-int-w}, \\ &\text {such that } \|w_\mu (t)\|_s \leq 2\|\psi - \phi \|_s + C^j \text { for all } t \in [0,T_\mu '] \Big \}, \end {split} \label {Xeqn84-111}\end {equation}


$w_0$


$\mu =0$


$w_0=\lim _{\mu \downarrow 0}w_\mu \in \mathcal {C}([0,T];H^s)$


\begin {equation}w_\mu \rightharpoonup w_0, \,\,\mbox {in}\,\, H^s,\,\, \mbox {uniformly in}\,\,\, [0,T],\,\,\mbox {with}\,\, \mu \downarrow 0. \label {Xeqn85-112}\end {equation}


\begin {equation}\label {w0-desig} \|w_0(t)\|_s \leq 2\|\psi -\phi \|+C^j,\;\; \mbox {for all}\;\; t\in [0,T].\end {equation}


$\varphi \in H^s$


\begin {equation}|(w_\mu (t),\varphi )_s|\leq \|w_\mu (t)\|_s \|\varphi \|_s\leq \big (2\|\psi -\phi \| + C^j\big )\|\varphi \|_s. \label {Xeqn87-114}\end {equation}


$\mu \downarrow 0$


\begin {equation*}|(w_0(t),\varphi )_s|\leq \big (2\|\psi -\phi \| + C^j\big )\|\varphi \|_s.\end {equation*}


$\|\varphi \|_s=1$


$\mu $


$0 \le x \le l$


$t \ge 0$


$u = (u_1,\, u_2,\, u_3)$


$\mu $


$0$


$x$


$i = 1,\, 2, \, 3$


\begin {align}\label {parametros1} &a_i = \frac {\Phi _i \rho _g^* \rho _{g_i} c_{g_i} + (1 - \Phi _i) \rho _{r_i} c_{r_i}}{\bar {\rho _r c_r}}, b_i = \frac {\eta ^o_i c_{c_i}}{\bar {\rho _r c_r}}, c_i = \frac {\rho _g^* \rho _{g_i} c_{g_i} v_i}{\bar {\rho _r c_r}},\end {align}


\begin {align}\label {parametros2} d_i = \frac {A_i \eta ^o_i Q_{h_i}}{T^* \bar {\rho _r c_r}}, A_i = t^* \hat {A}_i, E = \frac {\bar {E}}{\bar {R}\,T^*}, \lambda _i = \frac {t^* \lambda _{s_i}}{(x^*)^2 \bar {\rho _r c_r}},\end {align}


$a_i, b_i, c_i, d_i, A_i, \lambda _i, q_i, \bar {q}_1, \bar {q}_2$


$E$


$i = 1,\, 2,\, 3$


$x^{\star } = 3.0\ \text {m}$


$t^{\star } = 1.0\ \text {day}$


$\rho _g^{\star } = 0.717\ \text {kg/m}^3$


$\tilde {l} = l / x^\star $


$l$


$l$


\begin {align}\label {parametros3} q_i = \frac {t^* Q_i}{\bar {\rho _r c_r}}, \qquad \bar {q}_1 = \frac {t^* \bar {Q}_1}{\bar {\rho _r c_r}}, \qquad \bar {q}_2 = \frac {t^* \bar {Q}_2}{\bar {\rho _r c_r}},\end {align}


$\bar {\rho _r c_r} = \frac {1}{3}( \rho _{r_1} c_{r_1} + \rho _{r_2} c_{r_2} + \rho _{r_3} c_{r_3})$


$x = 0$


$x = l$


\begin {align}\label {init_T} \phi _i(x) = \left \{ \begin {array}{@{}ll} u_0, & \text {if } 0 \leq x \leq l_1, \\ 0, & \text {if } l_1 < x \leq l, \end {array} \right . \quad i = 1,\,2,\,3.\end {align}


$x = 0$


$y(x,t)$


\begin {align}\label {init_y} y_i(x, 0) = \begin {cases} 0.0, & \text {if } 0 \leq x \leq l_1, \\ y_0, & \text {if } l_1 < x \leq l, \end {cases} \quad \text {for } i = 1,\,2,\,3.\end {align}


$u_0 = 0.38$


$y_0 = 0.40$


$0 < x < l_1$


$l_1 < x < l$


$\phi _i$


$y_i$


$i=1,2,3$


$H^2([0,l])$


$\Phi _1 = 0.50$


$\Phi _2 = 0.45$


$\Phi _3 = 0.40$


$u_0$


$u_0 + 773.15\ \text {K}$


$[0, l]$


$N$


$h = \Delta x = l/N$


$x_i = ih$


$i = 0, 1, \ldots , N$


$k = 0.25h$


$t_j = jk$


$j = 0, 1, \ldots , M$


$M$


\begin {equation*}u_i^j = \big ((u_1)_i^j,\; (u_2)_i^j,\; (u_3)_i^j\big )\end {equation*}


$(x_i, t_j)$


\begin {equation*}u_i^{j+1} = \big ((u_1)_i^{j+1},\; (u_2)_i^{j+1},\; (u_3)_i^{j+1}\big )\end {equation*}


\begin {equation*}u(x, 0) = \phi (x) = \big (\phi _1(x),\; \phi _2(x),\; \phi _3(x)\big ).\end {equation*}


$\mu = 0.02$


$t_1=12.5$


$t_2=31.2$


$t_3=55$


$\mu = 0.0002$


$t_1=12.5$


$t_2=31.2$


$t_3=55$


$1$


$2$


$3$


$\mu = 0.02$


$\mu = 0.0002$


$t_1=12.5$


$t_2=31.2$


$t_3=55$


$\mu $


$Q_1 = Q_2 = 0.02$


$t_1=12.5$


$t_2=31.2$


$t_3=55$


$Q_1 = Q_2 = 1.0$


$t_1=12.5$


$t_2=31.2$


$t_3=55$


$Q_1$


$Q_2$


$Q_1 = Q_2 = 0.0025$


$Q_1 = Q_2 = 0.02$


$Q_1 = Q_2 = 1.0$


$Q_1$


$Q_2$


$Q_1 = Q_2 = 1.0$


$L^{p}_{b}(\mathbb {R}^d)$


$L^{p}_{b}(\mathbb {R}^d):=(1-\Delta )^{-\frac {b}{2}}L^{p}(\R ^d)$


$b$


$b\in (0,1)$


$\frac {2d}{d+2b}<p<\infty .$


$f\in L^{p}_{b}(\R ^{d})$


$f\in L^{p}(\R ^{d}),$


$\mathcal {D}^{b}f(x):={\displaystyle \left ( \int _{\R ^{d}}\frac {|f(x)-f(y)|^{2}}{|x-y|^{d+2b}}dy\right )^{\frac {1}{2}}} \in L^{p}(\R ^{d}),$


\begin {equation}\label {equiv-frac-stein} \|f\|_{b,p}:=\|J^{b}f\|_{p}\sim \|f\|_{p}+\|D^{b}f\|_{p}\sim \|f\|_{p}+\|\mathcal {D}^{b}f\|_{p}.\end {equation}


$\mathcal {D}^b$


$d=1$


$b\in (0,1)$


$h$


$\R $


$h,h'\in L^{\infty }(\R )$


$x\in \R $


$\mathcal {Q}_1:=\mathcal {Q}_1(r,t,R)$


$\mathcal {Q}_2:=\mathcal {Q}_2(r,t,R)$


\begin {equation}\begin {split}\label {igua-Q1} \mathcal {Q}_1=AtR^3r e^{At}\big [R^2 e^{At}(1&+AtRr)(1+R^2) \\ &+2+\tilde {\mathcal Q}\big ]\big [AtRr(r+1)+1\big ] \end {split}\end {equation}


\begin {equation}\begin {split}\label {igua-Q2} \mathcal {Q}_2=&R^2 e^{At}\big [1+R^2(2+AtRr)\big ((1+R^2)e^{At}+2R^3\big )\big ]+2R^4+\\ &+R^2\big [\big (1+\tilde {\mathcal Q}+R^2+(1+R^2)AtRr\big )e^{At}+2R^2 \tilde {\mathcal Q}+4R^4\big ], \end {split}\end {equation}


$\tilde {\mathcal Q}$


$\|y_0'\|_{\infty }\lesssim \|y_0\|_s\leq R$


$f_\mu \in \mathcal {C}([0,T];H^s)$


\begin {equation*}\lim _{\mu ,\nu \downarrow 0}\sup _{[0,T]}\|f_\mu - f_\nu \|=0.\end {equation*}


$f_0:[0,T]\to H^s$


\begin {equation}\label {weakly-unif} f_\mu \rightharpoonup f_0, \;\; \mbox {as} \;\; \mu \downarrow 0, \;\; \mbox {uniformly in} \;\; [0,T].\end {equation}


$f_\mu \in \mathcal {C}([0,T];H^s)$


\begin {equation*}f_\mu \rightharpoonup f_0, \;\; \mbox {as} \;\; \mu \downarrow 0, \;\; \mbox {uniformly in} \;\; [0,T].\end {equation*}


$f_0:[0,T]\to H^s$
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the associated Cauchy problem were established in [9] using the monotone iteraction method of upper and lower solutions. Assuming
that the fuel concentrations are not prescribed, that is, they are also treated as dependent variables, the existence of a solution to the
Cauchy problem was proved in [10] using the Arzeld-Ascoli’s theorem and Zorn’s Lemma.

This two-layer model was extended by Batista and Da Mota [11] to an arbitrary number of layers, leading to a coupled reaction-
diffusion-convection system in which the fuel concentrations were assumed to be known functions. Existence and uniqueness of
classical solutions were then obtained using monotone iteration techniques. Later, in [12], the assumption of prescribed fuel concen-
trations was removed, and the existence of local and global solutions was established using Schauder’s fixed-point theorem, although
uniqueness and continuous dependence were not addressed.

A new version of the layered combustion model introduced in [11], incorporating spatially varying parameters, was recently
proposed in [8]. Analytical results for the corresponding Cauchy problem were obtained in this work and in [13], using semigroup
theory and Kato’s method. These analyses retained the simplifying assumption that the fuel concentrations were prescribed functions,
thereby preserving the linearity of the evolution operator.

In the present work, we generalize the mathematical system modeling combustion in a porous medium by considering both
temperature and fuel concentration as unknown variables. The problem consists of a nonlinear reaction-diffusion system of PDEs
governing the temperature dynamics, derived from the energy balance, coupled with a system of ordinary differential equations
(ODEs) modeling the fuel concentrations according to the Arrhenius law.

Following the integration of the ODEs, the problem reduces to a quasilinear PDE system depending solely on the temperature
vector u = (uy, ..., u,), which takes the form:

{a,u + L(x,t,wu = f(x,t,u), x€R, t>0, o

u(x,0) = ¢(x),

where L(x,t,u) is a nonlinear differential operator reflecting diffusion, convection, and reactive terms, and f(x,,u) includes source
terms arising from the fuel dynamics (see Section 2). This formulation leads to a non-autonomous quasilinear evolution equation
outside the scope of classical semigroup theory.

Our main contributions are as follows:

¢ We address the full system where both temperatures and fuel concentrations are unknowns to be determined. This significantly
generalizes previous models [7,10-12], removing a key simplifying assumption and allowing for more realistic simulations of
combustion fronts in heterogeneous porous structures.

e We introduce a novel fourth-order parabolic regularization strategy for this quasilinear problem, inspired by ideas from [14-16],
which provides H*-norm control of second derivatives that would not be controlled by standard second-order smoothing.

* We prove the global-in-time existence and uniqueness of solutions in Sobolev spaces H*(R)", for s > 2, even in the absence of a

linear component in the evolution operator. This is achieved using energy estimates combined with a fixed-point argument.

We establish uniform bounds via Banach’s fixed-point theorem, in contrast with the more traditional approaches based on Kato-

Ponce-type commutator estimates [17].

¢ We prove continuous dependence of solutions on both initial data and model parameters, a property not previously addressed in
the more general model formulations.

e We present numerical simulations to support the analytical findings and show consistency with expected physical behavior, in the
spirit of recent simulation-based studies such as [8,18].

These advances overcome limitations in earlier analyses, which typically assumed known fuel profiles or employed restrictive
analytical frameworks, such as semigroup theory or monotone iterations under tight conditions.
We now state our two main theorems, which summarize the key mathematical results of this work.

Theorem 1.1 (Global solution). Suppose s > 2, and let R be a constant defined in (13). If ¢ = (¢y, ..., ¢,) € H*(R)", then for all T > 0,
there exists a unique solution u = (uy, ... ,u,) € C ([0, T, H S(R)") to the initial-value problem (1), in the sense of the H*~2-norm.

Theorem 1.2 (Continuous dependence). Under the same assumptions as in Theorem 1.1, the solution u € C ([0, T, H S(R)”) depends
continuously on the initial data ¢ and on the model parameters, for every T > 0.

Since the IVP (1) has a quasilinear nature, one might consider applying Kato’s quasilinear theory [19]. Nevertheless, we observe
that this approach does not yield better results than the parabolic regularization technique. Indeed, by applying this theory, the
hypothesis A3 of Theorem 6 (see [19]) imposes an additional regularity condition on the initial data, which requires us to have s > %,
instead s > 2.

The remainder of this article is organized as follows. Section 2 provides a concise summary of the model rigorously derived in [8].
In Section 3, we introduce the notation and definitions used throughout this work. The proof of Theorem 1.1 is presented in Section 4
using a regularization approach. This proof relies on a sequence of estimates, established in the H*, L?, and L™ norms, which are
proved by lemmas introduced earlier.

In Section 5, we establish the continuous dependence of solutions with respect to both the initial data and model parameters,
based on uniform estimates and convergence arguments. Section 6 presents numerical simulations that validate the analytical results,
demonstrating consistency between the integral solution and the profiles obtained via finite difference methods, as well as agreement
with the expected physical behavior. Section 7 discusses the implications of our results and outlines directions for future research.

Appendix A includes background material on fractional derivatives, including the definition of the Stein derivative employed in
Section 4. Finally, a table with some physical parameters used in the numerical simulations is presented in Appendix B.

2
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2. Summary of the model

The model is based on the full formulation developed in [8], where a horizontal one-dimensional porous medium composed of
n parallel layers was considered. Each layer initially contains a solid fuel, such as coke, with a prescribed concentration. Physical
parameters within each layer are assumed to be functions of the spatial variable. The effects of radiation, viscous dissipation, and
work due to pressure changes are neglected, and the hypothesis of local thermal equilibrium is adopted. However, the model includes
reaction kinetics, longitudinal heat conduction, interlayer heat exchange, and heat loss to the surrounding rock formation. Assuming
incompressibility, the Cauchy problem describing the temperature and fuel concentration dynamics in each layer is given by:

Ou; — ai(y,-)agu,- +p,(y)ou; = fi(u,y), x€R, >0,
0y; =—Aygw), x€R,1>0, @)

©;(x,0),y;(x,0)) = (¢;(x), y; p(x)), x€ER,

where u; = u;(x,1) and y; = y;(x,1) denote the temperature and the fuel concentration in layer i, respectively. The partial differential
equation (PDE) is derived from the energy balance, and the ordinary differential equation (ODE) arises from the Arrhenius law for
the combustion reaction. Here, A; is the pre-exponential Arrhenius factor for i = 1, ..., n, and the initial data are given by ¢, and y, .
In vector form, we write u = (uy,....u4,), y = (Vs ..» ¥ f = (f1o oo )y @ = (d1, ... ), and yy = (Y10, ...+ Vo)-
The coefficient functions «; and p; are defined by

o= —2 By = —— 3)
Gt _ai+biyi’ i _ai+biyi7

and the source terms by

(et L Kb +doyig) @ —u) | Gl —ue)

fiuy) = ,
PR e by ay+byy ay+byy a;+byy;
—(¢;), u; K:bu; +d;)y; g(u; (= iU —u;
fi(“’yi): (I)X i +( iYi%i l)ylg( l)_ql 1( i i 1)+ql( i+1 l)’ i=2,...,}’l—1, (4)
a; + by a; +b;y; a; + b;y; a; + by
f (wu,) = _(Cn)x Uy (Knbnun + dn)yn g(un) _ qn—l(un - un—l) _ ‘72(un - ue)
T ay by, a, +b,¥, a, +b,¥, a, +b,¥,

Here, the parameters a;, b;, ¢;, d;, K;, 4;, and g;, are non-negative functions of the spatial variable x, reflecting physical properties
such as porosity, thermal conductivity, and initial fuel content. The other parameters g,, §,, A;, and E are non-negative constants.
Their detailed definitions are provided in [8]. The external ambient temperature is denoted by u, and is treated as a constant as well.
Notably, g; and 4; are strictly positive. The function g is given by:

E

“o, ife>0,

g@=4°" " ®)
0, ifo <o0.

By integrating the second equation in (2) with the given initial condition, we obtain:

t
Yi(x, t,u;) = y; 0(x) exp (—A,-/ g(u;(x, T))dr>. (6)
0

Thus, once the temperature u; is known, the fuel concentration y; can be explicitly computed from (6).
Substituting (6) into the first equation of (2), as well as into (3) and (4), the problem (2) reduces to the quasilinear Cauchy problem
for the temperature field, given in (1), where

L(x,t,u)u = (Ll(x, tuug, ..., Ly(x,t, u,,)u,,), @
with

Li(x,t,upu; 1= —a;(x,t, u,-)d)z(u,- +pi(x,tbu)ou;, i=1,...,n ®
3. Notations and general definitions

Throughout this study, the index i refers to layer i of the porous medium, where i takes values in the range 1, ..., n, unless specified
otherwise.

When there is no risk of ambiguity, we will omit the variable x from notations such as u;(x, 1), u; o(x), y;(x. t,u), fi(x,t,u), a;(x, 1, u;),
and f;(x, t,u;); we will instead utilize the simplified forms u;(¥), u; o, y;(t,w), f;(t,u), a;(t,u;), and f;(t, ;). Additionally, for convenience,
we may also omit the variable ¢, resulting in the notations y;(w), f;(u), ;(4;), and B;(u;).

The set of real numbers is denoted by R, and an interval is represented by I c R. The symbol T stands for a positive temperature.
We designate X and Y as Banach spaces, where Y C X. The L? spaces referenced in this study include L', L2, and L®. The notations
adopted are as follows:
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2
Il - Il x denotes the norm in the space X. The partial derivatives are represented by o, = %, 0y = %, and 0% = ;7.
If there is no ambiguity, both norms || - || ;2 and || - || ;2(gy» Will be denoted as || - ||, where for y = (v, ...,y,) € L2(R)", we
define [y} = IlWll 2y = max vl ey For w € L2(R), we denote [yl = [[¥ll-

C(I, X) represents the space of continuous functions defined from I into X. If I is compact, then it forms a Banach space with the
supremum norm.
The Fourier transform of a function f is defined as:

fe@= / f®e ¥ dx,  ZeR.
R

For any s € R, The Bessel and the Riesz potentials of the function f are defined, respectively, via Fourier transforms as:

IO =0+&27© and D7©) =€ f(&.

The Sobolev space, denoted by H*® := H*(R), is based on the L> norm and endowed with the norm | - ||,, where | f]|, :=
IV° f1l L2(r)- The operator D° f may be referred to as the fractional derivative of order s of the function f.

For clarity, if there is no ambiguity, both norms || - || s, @and || - || z7sw)» Will be denoted by | - ||, where for v = (v, ..., w,) €
H*R)", we obtain ||y |l; := [yl gsgy = max {1y l| s w)-

The inner product in H*(R)" is defined as W, @), = 1max(y/,-, @,;)5, where y; and ¢; are the ith components of the vectors y and
<i<n

@, respectively, and
Wi @) 1= /(1 +IEP (O, (E)dé.
R

We denote by Q, §, Q,, and Q, continuous functions that are increasing in their arguments, as defined in Lemma 4.3. Additionally,
we use P, P, and P, to denote other continuous functions that are also increasing in their arguments, as outlined in Lemma 4.4.
The space of all absolutely continuous functions mapping from [0, 7] to H* is denoted by .AC([0, T]; H*).
Throughout the text, generic constants are represented by C, while auxiliary constants are indexed (e.g., Cy, C,, C,) upon their
introduction.

For positive numbers a and b, we use the notation a < b to indicate the existence of a constant C such that a < Cb.

Several specific constants are defined in the text, including:

r = supr vl

R, as defined in (13),

R/ and C/, defined via (94) and (103), respectively.

4. Existence of solution

In this section we show the existence solution for the IVP (1). Initially, by setting
Lwu = L(x, t,wu = (LyCx, t,uuy, ..., L(x, t,u,)u,),

where L; is given in (8), the initial value problem (1) assume the following form

{6,u + Lwu=fu), x€eR, ©)
u0) = ¢,
where 0 <t <T.
We then consider the next IVP
ou+ uotu=h@), x eR,
x (10)
{M(O) =¢,
where y is the parabolic regularization parameter, h(u) = f(u) — L(wu, and 0 <t < T
Observe that we can write A(u) = (h;(u), ..., h,(w)), for
h(u) = fi(w) + ai(ui)d)z(u,. — Pi(u;)0u;. (11)
By setting
U, = §)Y 1= (@ dp)Y. @ §,)Y),
it follows that the integral equation for (10) is given by
1
u(t) = U”(t)dJ + / UM(t — )h(u(r))dr. (12)
0

To establish our main results, we require certain assumptions and definitions concerning the coefficients «;, f;, and the functions
f;- Thus, we assume a;, := min,;, inf a; > 0. Also, for all k € N, by setting

I /"
= max ||y;oll, = max ||y s
Iyolls = max lviollse M5 leo = max o
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K K -
l4® N = max {11g llsor - 14%, o 1], T1. T2}
and
k _ (k)
la®l,, = max lla;" Nl o
with similar definition for ||6®], ||c®||, and ||A®¥||,, we define the following constant
k k k K K K -1
R = pemax | {lla( Moor 16 Moo 1e® e AP N gr 1% N1 egr 18 N e0- 190115 17 leor a5 lrgl?l;lf\[l}, (13)

where [s] denotes the integer part function.

In our arguments, we also need the L*-norm of the coefficients a; := a;(x,t,u;), f; := pi(x,t,u;), and their derivatives. In what
follows, due to the similarity of the expressions for «; and f;, it is enough to obtain the estimates for «;, since the case for f; is
analogous. Here, we denote

o =a, 4=Aa=ab=bu=vA=A,y,=Y (14)
and
v =y(x, o) i=e’ I swlxr)dr (15)

Hence, a straightforward computations reveals that

t
ow=Ay / g (v(0))o,u(r)dr (16)
0
| —

o

and
0?1,/:1//142(/ g/(y(r))axu(r)dr)z
0

t
1
+ AW/O (g//(v(‘r))(axv(‘r))z +g’(v(‘r))d§v(r))dr an

2, 2
=Ayo" + Ayd,o.

The following lemma provides estimates for the coefficients «; = o;(y;) = o;(x,1,u4;) and f; = B;(u;) = p;(x,1,u;). Since the proof
follows from standard calculations, we omit it here.

Lemma 4.1. Suppose that R < co, then
() Nl @lloos 18 W) lloo < R?,
(i) llay () = i)l oo < R lu = vlleo, and 118 ) = Bi(0))lloo
< RYJu - vl
(i) llay(u;) = &) < Rl = oll.
For the next results, we denote r := supyy 7y 1]l
Lemma 4.2. Let s > 2. Assume that v € H*(R), and let w = w(x,1,v) be as defined in (15). Then for all t € [0,T]
llo,wll < AtRr e,
03wl < (ArRr?(r +1) e,

Il < e,
0wl < AfRre?.

(18)

Proof. Follows from an easy computation, using the fact that derivatives of g are bounded, (13) and (15)—(17), together with the
inequalities
03011, 10l o 19, 0llo S Hlolly <
a
Now, we proceed with the estimates for the coefficient a.
Substituting (6) in (3), and using (14) and (15), it follows that

A
a= ¥ __ (19)
ay + by,

On the other hand, the Taylor expansion for the exponential implies that y does not belong to L*(R). Consequently, in our proofs,
we need to use the L®(R)-norm of y. Thus, putting v := praTeh straightforward calculation yields
0

o.a = v[(}/y/ +20,y) —a(d'w +ad,y +b'yy + byg)] =v(A— aa)dy + g, (20)

5
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where

g = v[(l' —ad)y —ab'yy + byg)]. 2n
Lemma 4.3. Let 0 <6 < 2, then

la(a?fll; < Qi1 RIS ll542: (22)
where Q is a continuous function and increasing in its arguments.
Proof. First, from (13), (18), and (20), we obtain

o alle, < R*[(1+ RArt)e™ + R(Re*(1 + RAr?) + 2R?)]

- (23)
=9(r, 1, R).
where 0 is a continuous and increasing function in its arguments.
We divide the proof in two cases.
Case: 0 < § < 1. Using Holder’s inequality, (A.2), and (A.3),
ll@o? fll5 S llady fIl + I1D° @0y )|
Sllallo 02711+ la D*3% £ 1l + 103 fDPal| o)
SR N + llallo ID°0Z 1l + 1D allo 107 /I
S (3R + l10calloo) 11 f ll245-
Case: 1 < 6 < 2. Here, we can write § = 1+ §;, for ; € [0, 1).
Then
llwd? fll5 S Nad f1l + |0, D (ad2f )
SRS+ la D3Il + 103 f D% dall. (25)
[ R——
Cy

Next, we deal with the C, term. First, observe that
lo.wlls, S 0wl S llogwll + 107w l. (26)
Thus, from (18), (26), and (A.4),
D% (v(4 = @@)o,w) Il S (IV(2 = @@l + 19,((4 = @)l ) 19,0l
$Qi(r 1, R),

where Q,, calculated in Lemma A.3, is continuous and increasing in its arguments.
Recalling that g, is given in (21), it is easy to see that there exists 9, (computed in Lemma A.3), continuous and increasing in its
arguments, such that

181 llco + 110481 lleo S Qa(r, 1, R). (28)
Hence, from (25), (27), and (28),
C) SN0/ (v(A — aa)o,w) || + 110, f D g |
SN0 fllo 1D (v(A = aao,w ) Il + 1102 F D gy o
S F N ID% (v(d = aa)d ) Il + 102 £11ClIE oo + 119,81 1l o)
S llags (Q1(r 8, R) + Qy(r 1, R)),

where we used Sobolev embedding to obtain [102 £l S II.f ll24s-
Therefore, in view of (25) and (29)

lad?fll5 S (BR* +Q(r,t, ) + Qy(r,t, Rl f llnss (30)
where Lemma 4.1 (i) is used to ensure that ||a||,, < R%>. We also use the estimate
ID% 0} £1l S LA+ 1D 0L £1l S 1S s

Above we use D° := Id. Finally, (24) and (30) imply the desired result.
This ends the proof. [

(27)

(29

To obtain our next result we need the second derivative of a. From (20), we have
0)2((1 =v(A+ aa)aiu/ + &, (31
where
oy ::v[(wl” +24'0,y) - 20, a(d'w + ad,y + b yo + by)) + a(d”w +2d 0w + b yy + 26"y + byg)]. (32)

6
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Lemma 4.4. Let v € H*(R), for s > 2. Then there exists a function P, continuous and increasing in its arguments, such that
lla@)flly < Plr.t. B Sl (33)
where we recall that r := supy 7 [|0]l,-
Proof. We observe that from the definition of H2-norm it follows that
lafllo S llaf Il + 103l
Slalloll /1l + llad} £1l + 2110 @ 0, f 1| + llo5af I

Slalloll Il + Nl 0z 1l + 20l0,all G0, F 1| + 1 foall B34
S2R(Iflla + 2M10callo 19, £ 1| + 11 O%al] -
——
G

Next, we deal with the term C,.
First, note that by (13), (18), and (31) imply

V(A + aa)ll L l10%w Il S Py(r,t, R) (35)
and
lg2llo S Pa(r. 1. R), (36)

where P and P, are continuous and increasing functions in their arguments.
Hence, by (31), (35), and (36) imply

G S vA+aa)diw | + 1 f &l
SIf v+ aa)ll 2wl + 171112 Nl
SNV + aa)li 102w | + [1Lf 1 P, 1, R)
3 (P, t, Ry + Py, 1, ) £ Il

Therefore, (23), (34), and (37) yields us the desired result.
This finishes the proof. O

(37)

Lemma 4.5. Assume that R < co. Then the source function f = (fy, ..., f,) : [0,T1x H>(R)" — L*(R)", for any fixed T > 0, satisfies the
following properties:

i) There exist constants ¢,,0, > 0, which depends on R, such that

ILf;@ wll < NLf @ wl < osllwll + oy
forallt € [0, T].
ii) For a fixed w € H*(R)", the function t € [0,T] — f(t, w) € L*(R)" is continuous.
iii) For each t € [0, T, the function w € H*(R)" = f;(w, ;) is Lipschitz in L*(R)", that is
1£: G y) = fiw, y)Il < o5 [lu — wll,
for all u,w € H*(R)", where o5 = 05(0, R) is increasing in its arguments and ¢ = max{sup ||u||,, sup |lw||,}. In addition, o5 is independent
of t.
Proof. First, we will proof (iii).
Initially, observe that, in view of (4), it is enough to deal with f,, since the proof for f,, ..., f, is analogous. We define

1
@) = yi (X, tyuy) = yp o(x)e i Jo g Gerndr

with an analogous definition for ¢(w,).
Thus, from (4)
—(e)ywy (e wy
ay +bypu) a; +bypw,)
+ b Kyuy pQuy)g(uy) by Kyw; pw,)gw,)

S, o)) — f1(w, p(w))) =

ay +biouy) ap +bye(w;)
B
dyuyo(uy)g(uy) _ dyw p(w))g(w,) (38)
ay + by p(uy) ay + by p(wy)
q; a1
ey — ) — ——————(wy—w))
ay+bio) > VT ay+biew)
q; q;
T —u)F ———(w,-u).
aj + b)) ¢ aj + by ¢
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Next, we deal with term /3. First, note that since the function
0 ER - g(0) :=0g(6)
has bounded derivative, using the Mean value theorem, it follows that

lluy p(up)guy) — wipw gl < Il (uy gy) = wigwy)) @)l

(39)
+ [l g(w) (@) — @)l < sup [g5llluy — wyll + 1wy ll ey = oy 1l
We can write
B=b K “1¢(ul)g(“1)(‘11 + bl(p(wl)) - wl(p(wl)g(wl)(al + bl(ﬂ(u1))
i (ay + byo))) (ay + byp(w)))
u(uy)guy) — wyp(w,)g(w,)
=bja K
e [ (al + bl‘/’(”l)) (‘11 + b1¢(w1)) ]
+ b%Kl [”l(p(”1>g(“1)((ﬂ(w1) — @) + (p(ul)((ul(p(ul)g(ul)]
(ay + byo())) (a; + by p(w)))
- 5K | et ) | (40)
(ay +byo@)))(a; + by(w,))
Thus (39) and (40) give
18I < R3(Sup |&5 g = wy |l + ey |l oo lluy — wil|)
+ R (llu; ll sup |g3] sup @' [y — uy || + sup || sup |g4|llu; — w,]l) (41)

SR (sup 151+ lwly) + R® a1y sup lgs | + sup lg}1) | llu = aoll,

where we used that ¢, ¢’ < 1.
The other terms in (38) can be estimated in a manner similar to (41).
Thus we conclude the proof of (iii).
The argument for cases (i) and (ii) follows similarly.
This ends the proof. O

Lemma 4.6. Let 1 >0, s’ € R and t > 0. Then,

10, f s < [1+ (%m)ﬁ]llfll.«-

Proof. It follows from similar ideas as in [20,21]. [

Proposition 4.7. Let u,¢ € (0,1) and ¢ € H*(R), for s > 2. Then, there exists T, =T,(¢ll, u, €) and a unique solution u,, € C([0,T,1; H*)
of (10). In addition, for all T > 0, u, can be extended to C([0,T); H®) and

lu, @l < gl + € 2= p. forall 1€ [0.7] 42)
Proof.

To begin, we define an operator ® by the right-hand side of (12), that is

'
Du(r) = U, (0 +/ U, @ — t)h(u(r))dz. (43)
0

Next, we establish the following complete metric space
ar ={ue€C(0,T]; H®) : [lu@ll; < p, for all € [0, T1}, (44)

equipped with the metric d(u, v) := supjg ) llu(?) — v(@®||,. By the Lebesgue dominated convergence theorem, it is easy to prove that if
u € yr, then ®u € C([0,T]; H*).
From (11), using Lemmas 4.1(i) and 4.5(), for u € y;, we obtain

12, @I < Nl 03w 11 + 11l 0 I+ 11.£: )l
< RPlully + RPllull; + o llull + oy (45)
<Q2R*+0y)p+o0y,
where we have used the Sobolev embedding H*(R) < L%(R), and the estimates
llou;l, lozu;ll < llull,-
Thus, by the definition of the norm || - || in L*(R)", we have

lh@@)ll < QR* +0y)p+ 0. 46)
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Then, for u € yp, applying Lemma 4.6 with A = s and s’ = 0, we obtain

IPu®ls < IIU,,(I)¢||S+/0 U, — Dhu()lldz

< ol + [ t [1+ (=) e (47)
< ||¢||S+[z+(ﬁ)iisz?][(2R2+az)p+ul].

Here, we assume 2 < s < 4. The case s > 4 can be treated similarly, as demonstrated in [20]. A straightforward calculation shows

that there exists a value T‘ﬁ 1= T}; (llplls, 4, €) > 0, sufficiently small, such that
lou®)ll, < p, forall r € [0,T,],

which implies that
D : ), = X1}

On the other hand, for 7 € [0,1], u = (uy, ... .,u,), v = (v}, ...,v,) € yr and from Lemmas 4.1 and 4.5, it follows that

@) = @) < Nl () = 0l 1020 1| + Nl ()l 102 = vl
+ 118;w;) = Bl 1050l + 1 B; upll o 1105 (u; — 0PI + || f:(w) = f3 ()]
< RYullgllu = vlly + 2R%||u = oll; + RH*||vllllu = ol + o5]lu = vl (48)
< @R +2R* +o3)pllu—vll,,

where we have also used the Sobolev embedding, |lu — v|l,, < |lu— vll,-
Consequently,
[l1h@) = h@)I| < Cspllu - vll). (49)
where C; = 2R* +2R? + o5.
Thus, we obtain

N

D [ t 1 " h h()||d
— < —
llDucr) v(z)nx_/o [1+( 5) " Jin@ = nwias

A -
sﬂ( T (50)
s\ 4 A=
<[r+(2) (5 | pda o).
[ * 4u/) 4-s +]CGpdwo)
Again, a straightforward calculation shows that there exists a value T‘i " > 0, sufficiently small, such that
s \T 4 4= "
[r+<—) = ]cgp<1, for all ¢ € [0,7"]. (51)
du/) 4-—s - H

Therefore, defining 7, = min{T’i R Tl:’ }, we conclude that @ : xr, = 1, is a contraction. Hence, using the Banach fixed-point the-
orem, there exists a unique solution u, of (10). The uniqueness of u, follows from an application of Gronwall’s lemma.

Let u € (0, 1). Then, its can possible to show that for all T > 0, the solution u u of (12) can be extend to C([0,T]; H®).

Indeed, let us define

T*(¢p) = T* = sup {TM > 0; there exists u, € C(0,T,1; H*) solution of (12),
such that|ju, ()|, < p, for all t € [0,T, } (52)

Assume that T* < oo. Then, following the ideas in [22, Section 5.2] and using the results proved above, we can prove that there
exists T » > 0 such that u, can be extended to C([0,T* + TH]; H*(R)"). This contradicts the definition of T*. Therefore, T* = co.
This ends the proof. [

Proposition 4.8. Let u solution of IVP (10), then
u € C((0, Tﬂ]; H®). (53)

Proof. It follows from the bootstrapping argument, see [20,21]. O
Lemma 4.9. Let 7 >0 and C > 0, then
-2 +Cr 5 C2

Proof. It follows from studying the maximum of the function ¢;(x) = —x* + Cx. O
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Observe that from (2), we can assume that the coefficients «; and g; depend on u;, meanwhile f; depends on u. Using this information
we can show the following result.

Proposition 4.10. Let s > 2. Suppose u,v € (0,1) and u,, u, are solutions of (10), with u,(0) = u,(0) = ¢. Then

lim sup |lu,(t) —u, ()| = 0.
Jim, sup 1, ©) = 4, O

Proof. Let u, and u, such that u,(0) = v,(0) = ¢. By u,; and u,; we denote the ith coordinate of u, and u,, respectively. In our
argumentation, we will omit the index i, then here we put v :=u,;, z :=u,;, @ := «; and f := f,. Thus, by setting w = v — z, the ith
equation in (10) is given by

dw + (a(z) — a(0))02z — a(V)P2w + (BW) — ()0, + f(2),w = —pdtv +vodz + fi(w,) — fi(u,). (54)

i

To obtain our result, we use (53). Multiplying (54) by w, and integrate over R, we obtain
1d
5 71017 + (@(2) — a0z, w) = (@(V)F w, W) + (P©) = A)0,v, w)

+ (B0, w, w) = (—udtv + vatz, w) + (fi(w,) — f,(v,), w). (55)

Next, we estimate each term of (55).
First, by using Lemma 4.1 and Sobolev embedding

la(z) = a@)llo S R*Mlwlly S R* el + ll0,w0])). (56)
Hence, from (42) and (56), we have

((@(2) — a)diz,w) < |la(z) — a (V)] 1032l [|w]]
R (Jlwll + 1o, wiDpllwl| (57)
R p(llwl* + llwllllowl).

Before dealing with the next term in (55), we need the following definition

1%\

N

S . inf 4;
@y := min infa;, where infq;= ——7—"7"7—. (58)
I<izn llailleo + 1151l
From (23), we have that
10,2Vl < Or,t, R) S O(p, T, R) :=Cy, (59)
where C, is a constant depending on ||¢||, R, and 7. Hence, by using integration by parts, (58), and (59), we obtain
(a(v)?w, w) = — / a(v)(0,w)* - / 0, a(v)wd, w
< - qllwll® + 19, lwll g0l (60)
< = allo,wl? + Cyllwll|jo,wll.

By analogous to (57),

((B@) = p@)o,v.w) 5 Rp(llwl + wllogwll). (61)
and from Lemma 4.1,

(B0, 10) < 1Bl l0cw0llllwll < R 10wl llew]l. (62)
Integration by parts together with (42) yields us

(= uotv+vatz.w) < ulloollllo2wll + viloZz]| 02wl

S (u+ (D).

Finally, an application of Lemma 4.5 (iii) gives

(fiw) = fiw), w) < N fiw,) = fiw)lllwll < o3 llu, —u, 1> (64

Therefore, from (54), (64), and Lemma 4.9, we have that

1d
S—llwl? S = agllo,wl® + (2R*p + C, + R?) [lwlll|o,wl|

2 dt
——
Cs (65)
+ 2R pllwll* + o3I, — u, II* + (4 + v)p*(T)

S (a5"C3 + 2R p) 1wl + o3, — w, I + (u + V)P (T).

(63)

Then, from the definition of norm in H*(R)" together with Gronwall’s lemma, we conclude that, for all ¢ € [0,T],
ity (0 = w12 G+ PP Trexp (o €2 + 2R+ 0] T), (66)

which implies the desired result.
This finishes the proof. O

10
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Proof of Theorem 1.1. We begin by considering the case 2 < s < 4. The case s > 4 follows analogously.
Propositions 4.10 and A.4 imply the existence of a weakly continuous function u, : [0,7] - H* such thatu, — u; in H’, uniformly
on [0, T']. Moreover, we have the uniform bound

llug@®)ll, < p forallzel0,T], (67)
where p = ||¢|| + € by (42). For any x € H*,

11, (0, ), < N, @Il < Il 68)
Taking the limit as y | 0 yields

[y @), )| < plixlls,

and by taking the supremum over ||x||, = 1, we recover (67).
From Proposition 4.10, we obtain the strong convergence

lu, —uoll - 0 asu 0, uniformly on [0,T]. (69)
We now establish weak convergence results. The differential equation in (10) can be expressed as
Qu, = F,(u,), (70)

where F,(u,) = h(u,) — uotu,.
Let u,;, uy;, and F,(u,); denote the ith components of u,, uy, and F,(u,), respectively. Setting v :=u,,;, z 1= uy;, « := a;, and
p := p;, the ith component becomes

F,(u,); = —ud*v + a(v)d?v — f(0)0,v + fiu,).
We will prove the weak convergence
F,(u,) = Fy(up) in H**(R)", uniformly on [0, 7. (71)
To establish this, we analyze each term in the decomposition
F,(u,)—Fy(up); = —uotv + (a(v) — a(2))0%z + a(0)d*(v — 2)
+ (B(z) = B0 v — f(2)0, (v — 2) + fiu,) — filup). (72)
For any x € H*~*(R), we have
00, 6),g < pllollllxlls_y < pplllls_y — 0 as u L 0. (73)
For ¢; > 0, choose x; € H*(R) satisfying
llk = K1l < € (2Q6. T, R)) ™,
where Q is from Lemma 4.3. Using Lemma 4.5(iii), we estimate
[(fiQu,) = filug), ©)s—gl < N filuy) — fiCup)lls—allxlls—g
<Sfiw,) = fiCudliclls—g (74)
< ozlluy, —uglllllls—s-
The convergence (69) implies that
(fi(u,) = filug), k)s_g — 0 as u | 0, uniformly on [0, T]. (75)
Using Parseval’s identity, we bound
(@) = a(2) 022, 0),| = | (7 [(@(@) — a2 022], 774x)
< @) — a(2)) 0%zl rs-a [l s-s
< Clla() = a(@)ll o 11032 s Il o-s (76)
< CRYIw =zl 1zl s N1kl gysmss
where we applied Lemma 4.3 (with § = s — 2) and Lemma 4.1(iii). This yields
((a(v) — a(z))diz, K)s—4 — 0 as u | 0, uniformly on [0, T]. (77)
Similarly, we have
()33 (v = 2), K),_4l
< la@}w = Dllsallk = &1 lls—4 + Co (78)

<29(p.T, Bk — k1 lls—4 + Cs S €; + Cg,

11
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where Cg satisfies

Co = (av) 02 — 2), &) _, = [(03(v = 2), a(V)T > k)|

S—

< T2 = DI X @) T2k (79)
S P, T. RN k|| lu, — ugll = 0,

uniformly on [0,T] as u | 0. Thus,
(a(u,)d?z,x),_4 — 0 uniformly on [0,T] as 4 | 0. (80)
Analogous arguments show
((Bug) = p(u,))0xu,,, k);_s — 0 uniformly on [0,T] as u | 0, (81)
and
(B(u)dy 2, x)s_s — 0 uniformly on [0,T] as y | 0. (82)

Combining these results establishes (71). Proposition A.5 then implies that F,(u,) is weakly continuous in H*~*(R)".
For any ¥ € H*~*(R)" and ¢ € [0, T], we have

(up(®) = . )y = lﬂiﬁ}(u,,(t) - $.k)

t (83)
= / (Fo(up(7)), K)5_y d7.
0
This implies uy(t) — ¢ = fot Fy(u(z)) dt, showing that uy, € AC([0,T]; H*~*) n L®([0, T]; H®) satisfies
d,ug + Lug)ug = f(uy) a.e. t €[0,T]. .

To prove continuity at the origin, we use Proposition A.4 and (67):

llug® — @lI> = llup®II> + | plI> — 2Re(uy(), ),
<P + 19117 — 2Re(uy(1), @), (85)
= +2)1¢l> - 2l1$lI> =€, ast | 0.

Therefore, the result follows, since € € (0, 1) is arbitrary.
Right continuity at 7, € (0,T) follows by observing that the differential equation in (9) is invariant under the transformation
(t,x) = uy(t; +1,x), which is continuous at the origin. Left continuity at ¢; € (0,T7] is obtained via w(t, x) = uy(t; — t, —x), leading to

{a,w +adw + poyw =0, 86)

@(0) = dy(t)),
where (7, )(x) := uy(t;)(—x). The solution’s continuity at ¢ = 0 implies
[lo(?) — @(0)|[5 = llup(ty — 1) —up(t))lly > Oasz ] 0.

We conclude that u, € C([0,T]; H*). To verify (84) holds for all ¢ € [0,T] (with left/right derivatives at endpoints), note that
Fy(uy) : H2(R)" - H*"2(R)" is continuous. For ¢; > 0, there exists § > 0 such that for || < § and 7 between  and ¢ + A,

[1Fo(up()) = Folug)lls—n < €.
Thus, for t € [0,T],

” uo(t + h) - Llo(t)

1 t+h
- = Fowo®] _, < / I1Fo () = Folatg)lls—d7 <€) (87)

Setting u, = u completes the proof. Next, we establish the uniqueness of solutions for the IVP (9). Suppose that u, and v, are
solutions of the IVP (9) with the same initial data ¢. Let u, and v, be solutions of the IVP (10) with initial data ¢, that is, u ,(0) =
v,(0) = ¢. Then, by Proposition 4.7, it follows that u, = v,. Hence, from (69), for all 7 € [0, T,

llug(®) = oo < Nlug(®) = u, Ol + [l () = 0, D] + 1, @) = (D)l = 0,

(88)
as ulo0,

which yields u, = v, and completes the proof of uniqueness. [

12
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5. Continuous dependence

In this section, we deal with the continuous dependence on the initial data and parameters. Thus, we consider a sequence of
problems similar to (9) as follows

6,uj + L = fi@)),
{u’ 0)=¢’. ®9)
Here, L' W)/ := (Lg W, ..., L{,(uf)uf), where
L =—a 02w + pl o, (90)
with
! (ai)j + (b,’)j(yi)j ! (a,')j + (bi)/(yi)j
and
01 () = () (x)e ™ o 8t (eede (92)
Finally, the source function in (89), is defined by f/ = ((fV.....(f,)), where
e — eV, 24 (K byYzy +(d Y ) (1) gz1)
! (@) + 0 () (@) + ) ()
(41 (zy — 21) 4z —uy)
(@Y + G (@)Y + b))
Y () = —((e)y) z (KY b)Yz + (@Y )0 8(z)
! (a,')j + (bi)j(yi)j (ai)j + (bi)j(yi)j
(qi).j(zwl — Zi). _ (qi—l.)j(zi _vzi—l.) i=2..n-1, (93)
(ai)J + (b,-)/ (y,-)f (a,-)/ + (bi)/ (.Vi)/
Y@ = —((e,)), 2, (K b,Y 2, +(d,Y ) 3,Y &(2,)
" (@, + (b)) (y,) @,y + O,y
_ (@ne1Y (2, = 2,-1) q5(2, — )

@V + b)) (@) + b))

To guarantee that, for each natural j, the IVP (89) has a solution «/, Theorem 1.1 requires certain hypotheses on the coefficients of

(89). To this end, we assume a{) = 1min inf a{ > 0. Also, for each j, k € N, by setting
<i<n

. . o o
Il = max fylgllss 16%) Nl = max 1070)" l-

ANON = max I1(aH® ANON = max N@®ON . 7.3
1@ Pl = max @) e, 10Vl = ( max 1) s Ty T 1)

with similar definition for ||6®||,, [[c®|l, and [|A%®]|,, we define the following constant

R = { NN NP 1O GO
pemax | A IE@) Pl 1D P lleo 1) PN, ()P lles

iN(k) (k) j N j\—1 j
168 o 18P ller 1351l 103 o (@)™ ma 1471}, 94)

where [s] denotes the integer part function.
Suppose that there exists R > 0 such that, for all j € N

R/ < R, and also suppose that R < oo, (95)

where R is given by (13). _ )
Lets>2,j €N, ¢ =(dy,....0,) € HR) and ¢/ = (¢],... , ) € HS(R)" satisfying ¢/ — ¢ in H*(R)". Hence, there exists an open
ball B(0, R,) in H*(R)", centered in 0 and radio R,, such that

¢. ¢’ € BO,Ry), (96)

where R, depends on ||¢||,.

Suppose that (95)—(96) hold. Then, following the proof of Proposition 4.7, it follows that for all T > 0, if uf; denotes the solution
of the initial value problem (89) obtained by perturbing it with the term —ud*w/, and u, is the solution of the Cauchy problem
(10), we conclude that u{,,u# € C([0,T]; H*(R)"), for all j € N. Then, by denoting u :=u
w, € C([0,T]; HSR)").

Our strategy is to proceed as in Proposition 4.7 and show that it is possible to solve the IVP (89), where the solution w,, is bounded
by a suitable function (see Proposition 5.1 below).

e o :
s U= Uy, and w, =u-uv,it follows that

13
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Setting w, = w and y := ¢/, we see that w satisfies the following problem

0w+ pdtw = h(w), t € R, ©7)
w0) =¢ -y,
where A(w) := fw) — f/(v) + L) (v)v — L(w)u and
hi(w) = (a;(u;) — & (V))0u; + & (V)% w; + (B (V) = B (U)o v; ©8)
= Bupdw; + f,w) = ().
From the definition of U,,, we can see that the integral equation for (97) is given by
t
w)=U,0y —¢)+ / U, - h(w(r)) dr. (99)
0
Next, we put R := max{R, R}. Then, from similar estimates to (49) and Gronwall’s Lemma we conclude that for all ¢ € [0, 7]
=2 N % 4 A=
)l < 191l exp { QR+ 400+ () 72517 1. (100)
C, (0
and
[lodlly < C,DOllwll, (101)

where o, and o, are given in Lemma 4.5, and here, they depend on R.
In addition, we set

C;; = max { ”(ai)j = il > ”(bi)j = billeos ”(Ci)j = Cilleos ||(}~,')j = Ailleos
||(di)j —dill > ||(J’,',o)j - y,~’0||5, ||(c,-){( = (x> (102)

K =KL, 14] = Al ¢},

where ¢/ :=  max l(g;) - ¢;1lco- Moreover, we define
<i<n—
C/ = max C; ;. (103)
1<i<n >

Proposition 5.1. Let u € (0,1), ¢ € H*(R), s > 2. Then, for each T > 0, there exists a unique solution w, € C([0,T]; H?) of (97), such
that

[lw, Olls < 2lly — @l + C/, fordl:e[0,T]. (104)
Proof. We denote by Pw the right-hand side of (99). Let T < T for some fixed T > 0, and consider the following complete metric
space:

Ir = {w € C(0,T]; H*) : lw(®) - U, 0)(w — ),

<lly-oll, +C/, forallte [O,T]}, (105)
equipped with the metric d(w!, w?) := supy<r Il (1) — W@,
By the Lebesgue dominated convergence theorem, it is easy to see that if w € 7, then Yw € C([0,T]; H*).

Let w € jp. Writing f;(u) — fij(u) = f;(w) — f;(v) + fi(v) — fi/(u) and proceeding analogously to (49), using (96), (100), and (101),
we conclude that

IA@)ll < [CR* + C(R, R, T)(1 + CHKC,(T) +2R* + 03] |wll;
o5 (106)

<os5(2ll¢—wl, +C7).
Thus, from (106) and (100),

() - U, (0w — B, < /0 U, ¢ = DR, d

t s s/4 ~
</ [1+(m> ]nh(w)ndr 107)

s/4
s 4 4 i
< — - AN
_65[t+<4#> 4_St4](2||¢ vl +CY)

14
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Moreover, if w!, w? € 7r, then by (98),
hi(w") = hy(w?) = & (0)0> (W} — w?) + Bi(u)o, (w! — w?), (108)
hence
A" = Rl < 2R ||w' = w?|l,. (109)

Using (109), we obtain

t
W' (-0, < /0 Ut = ) (hw") = hu?) I, d=

! S g 7 1 T (1112
</ [1+(m> ]uh(w)—h(w lde (110)

s/4 4
<2R? [t+ (%) 4 t4]d(wl,w2).
u

4—5

Therefore, from (107) and (110), we conclude that there exists T‘i > 0 such that ¥ : )?T;i — ;ZT); is a contraction. Also, for all
t €0, T/: ], note that

lw,®ll; < llw® = U, 00w = @)l + U, O = D)l < 2lly — ¢l +C7.
Defining

T* =sup {T, >0 : there exists w, € C(0,T,]; H*) solving (99),
ain
such that [|w, ()], < 2lly — $ll, + €’ for all 1 € [0.77] }

we conclude the desired result using the ideas from the proof of Proposition 4.7. O

Proof of Theorem 1.2. By the proof of Theorem 1.1, the solution w of (99) (with u = 0) satisfies w, = lim, o w, € C([0,T]; H*).
Furthermore, by following the same approach as in the initial steps of the proof of Theorem 1.1, we conclude that

w, = wy, in H*, uniformly in [0,T], with u | 0. 112)
Consequently
lwolls < 2|ly — @l +C/, forall te[0,T]. (113)

Indeed, for all ¢ € H*S

(w, 1), @)| < llw, Ol llells < 2llw = ol +C7)llgll,- 114

Then, when u | 0 we obtain

[(wo @), @)s| < (2lly = ¢ll +C7)lloll;.

Thus, taking the supremum over ||¢||, = 1, in the last inequality, we obtain inequality (113), which implies the desired result.
This concludes the proof. O

6. Numerical results

To illustrate the behavior of the solution to the initial value problem (1), we numerically implement the integral representation
formula (12), which solution depends on the parabolic regularization parameter y. The simulations are carried out in a domain
composed of three horizontal layers, each representing a distinct porous region, over the spatial interval 0 < x </ and for ¢ > 0. The
theoretical solution for the temperature vector u = (u;, u,, u3) of (1), corresponds to the limit when y goes to 0.

The initial conditions and physical parameters adopted in this work are exactly the same as those used in the previous study [8].
For clarity, we reproduce these values here. This consistency enables a direct and meaningful comparison of the results obtained using
the new solution methodology. All physical parameters are assumed to be spatially uniform average values, rather than functions
of x. The specific values and nomenclature are presented in Tables B.1.

Consequently, the parameters a;, b;, ¢;, d;, A;, 4;,4;,4,.d», and E, for i = 1, 2, 3, appearing in Section 2 are also treated as constants.

Using the dimensionless formulation and the reference values x* = 3.0 m, r* = 1.0 day, p* = 0.717 kg/m°>, and | = I/x* (where the
length / is still denoted simply by /), the parameters are defined as follows (see Appendix A in [8]):

D, pip,c, +(1—D)p, c, nc Pipgc, U;
g=—L28E N = B (115)
PrCr Prcr PrCr

ARy, . E =

A-=I*A-E= =T,
(x*)*pre,

T g, T T T R (1)

A
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1.0 -
I — wilx,00 —— ya(x,0)
! — u(x,0) —— ys3(x,0)
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Fig. 1. Initial temperature and fuel concentration profiles in the three-layer medium.
o, __ 10 __ 1o
G=— G=— B=— 117)
PrCr PrCr Prcr

_ 1
where PrCr = g(pr] cr| + przcrz + pr3 cr3 .
Neumann boundary conditions with zero flux are imposed at x = 0 and x = /, and the initial temperature field is defined piecewise
as:

$i(x) = {g‘) g?i’;?; i=1,23. (118)
This condition models the injection of a hot gas at the left boundary (x = 0) of each layer, initiating combustion and allowing the
thermal front to propagate rightward.
The PDE system in (1) remains fully nonlinear, with its coefficients and reaction source terms evaluated iteratively using the
updated fuel concentration at each time step. Unlike previous works, where y(x,t) was prescribed as a fixed function, it is now
dynamically computed by solving Eq. (6), subject to the following initial condition:

00, fO<x<I,,
7,(x,0) = BUSXSIe fri=1,2,3. (119)
yo. ifl; <x<U,

Fig. 1 illustrates the initial states for u, = 0.38 and y, = 0.40. Initially, no fuel is present in the region 0 < x < /,, while in the
interval /| < x < I, fuel is fully available but the temperature is zero.

In accordance with Theorems 1.1 and 1.2, the data used in the numerical simulation consist of smooth approximations of the
initial profiles ¢, and y,, for i = 1,2,3, chosen so that they belong to the space H?>([0, /).

In order to focus on the integral Eq. (12), we assume average constant values for the physical parameters across the layers, except
for porosity. The values used are ®; = 0.50, ®, = 0.45, and @5 = 0.40, consistent with typical physical values, as listed in Table B.1.

The temperature is also rescaled so that the reference value 0 corresponds to the initial (and ignition) temperature u;, and 1
corresponds to u, + 773.15 K.

Under these simplifications, we adopt an iterative scheme based on a uniform discretization of the space-time domain to numeri-
cally solve Eq. (12). The spatial interval [0, /] is divided into N subintervals with step size h = Ax = //N, defining the spatial nodes
x; =ih,fori=0,1,..., N. The time domain is discretized using a time step k = 0.25h, so that the temporal nodes are given by ¢ 5=k,
where j =0,1,..., M, and M is determined by the final simulation time.

The computation proceeds iteratively as follows. Suppose that the vector-valued function

w = (@)l @, wy)))

16
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Evolution of temperatures and concentrations over time - integral equation

10

— Temperature
== Concentration
— Layer 1
— Layer 2

—— Layer 3
—_— =125
—_— t=31.2
— t=55.0

100

Fig. 2. Temperature and fuel concentration profiles obtained by solving the integral Eq. (12) with u = 0.02, for three different rescaled times,
t; =12.5,1, =312, and 1; = 55, based on the initial data shown in Fig. 1.

Evolution of temperatures and concentrations over time - integral equation

1.0
—— Temperature

== Concentration
— Layer 1
— Layer 2

0.8 ”<\ /{\ —— Layer3
LA =

0 20 40 60 80 100

Fig. 3. Temperature and fuel concentration profiles obtained by solving the integral Eq. (12) with x = 0.0002, for three different rescaled times,
t; =12.5,1, =31.2, and 1; = 55, based on the initial data shown in Fig. 1.

17



M.R. Batista et al. Communications in Nonlinear Science and Numerical Simulation 162 (2026) 110211
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Fig. 4. Temperature and fuel concentration profiles obtained from the full model (2), using the Crank-Nicolson finite difference scheme, for three
different rescaled times, #, = 12.5, 1, = 31.2, and 7; = 55, based on the initial data shown in Fig. 1.

is known at each grid point (x;, ;). Then, using Eq. (12), we compute the next time step

j+1 j+1 j+1 j+1
uf =((M1),J- a('/lz),j» ,(u3){ )

iteratively, starting from the initial condition

u(x,0) = ¢(x) = (¢ (x), h2(x), P3(x)).

Figs. 2 and 3 present the graphs of the solutions to integral Eq. (12) for layers 1, 2, and 3 at three distinct time instances. The
solutions were obtained using initial condition illustrated in Fig. 1 . Fig. 2 corresponds to the parabolic parameter yx = 0.02, whereas
Fig. 3 corresponds the case with u = 0.0002.

Fig. 4 shows the solution of Problem (2) obtained by directly solving this problem using the finite difference method (Crank-
Nicolson scheme). We observe that as the parameter y decreases, the graph produced by the integral equation becomes increasingly
closer to the one obtained via finite differences, which confirms that our theoretical solution is consistent with the solution of the
original problem.

Although a detailed discussion of the physical properties of the solution based on the variation of the parameters is beyond the
scope of this work, we include here, for reference, Figs. 3, 5, and 6. These figures were generated using the same parameter values
as in Table B.1, except for the interfacial transfer coefficients Q; and Q,, which were set to O, = Q, = 0.0025, Q; = O, = 0.02, and
0, = 0, = 1.0, respectively.

We observe that as the values of O, and Q, increase, the solutions for the three layers become increasingly similar. In the last
case, with O, = 0, = 1.0, the three solutions essentially coincide, behaving as if there were only a single homogeneous layer. This
outcome is physically consistent, as higher transfer coefficients promote stronger coupling between layers, effectively eliminating
thermal gradients at the interfaces.
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Lo Evolution of temperatures and concentrations over time - integral equation
- Temperature
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— t=31.2
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100

Fig. 5. Temperature and fuel concentration profiles obtained by solving the integral Eq. (12) with O, = Q, = 0.02, for three different rescaled times,
t; =12.5,1, =312, and 1; = 55, based on the initial data shown in Fig. 1.

Evolution of temperatures and concentrations over time - integral equation
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Fig. 6. Temperature and fuel concentration profiles obtained by solving the integral Eq. (12) with Q, = Q, = 1.0, for three different rescaled times,
t; =12.5,1, =31.2, and 1; = 55, based on the initial data shown in Fig. 1.
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7. Conclusions

We have established a well-posedness theory for a class of quasilinear reaction-diffusion-convection systems modeling combustion
in multilayer porous media, where both temperature and fuel concentrations evolve as coupled unknowns. By integrating the fuel
equations and introducing a fourth-order parabolic regularization, we overcame the lack of a linear structure and proved the global
existence, uniqueness, and continuous dependence of solutions in Sobolev spaces. This analysis significantly extends previous models
by removing the assumption of prescribed fuel profiles and allowing spatially heterogeneous parameters. Numerical simulations
further confirm the consistency of the solutions with expected combustion behavior. These results offer a more general and realistic
framework for the mathematical modeling of reactive transport in complex porous structures, and open avenues for future work on
stability analysis, asymptotic behavior, the extension to higher-dimensional geometries, and the inclusion of additional dependent
variables such as gas-phase pressure and oxygen fraction.
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Appendix A. Stein derivative

In our work, we also use a notion of derivative equivalent to the fractional derivative, as presented in Section 3. Thus, let L[”)(R" )

b
the fractional Sobolev space defined as Lg(Rd ) := (1 — A)"2 LP?(R?). Such spaces can be characterized by the Stein derivative of order
b.

Theorem A.1. Let b € (0,1) and % <p<o.Then f € L’;(Rd) if and only if

@) feLR®RY,
_ 2
b) D'f(x) = ( / Mdy) € LIRY), with
R4

|x — y|d+2b

)=

W5y = 0T Fll, ~ UF L, + 0D £, ~ If N, + 1D 11, (A1)

Proof. See [23]. O
From Fubini’s theorem, can deduce the following product estimate

ID°(f D 2y < I DPgll 2y + 118D° £l 2y (A.2)
As an application of the previous inequality, and the definition of the derivative D?, for the case d = 1, we have:
Proposition A.2. Let b € (0, 1) and h be a measurable function on R such that h, i’ € L®(R). Then, for almost every x € R,

D h(x) S 1Al ooy + 1A [l oo - A.3)
We will also need of the following inequality

1D’ < (lAllo + IR TSI+ Nl ID 711, A9
which the proof can be deduced from (A.2) and (A.3).
Lemma A.3. Let Q; :=Q,(r,7,R) and Q, := Q,(r,t, R) as in (27) and (28), respectively. Then

Q, = AtR re® [R?e* (1 + AtRr)(1 + R?) (A.5)
+2+ Q| [AfRr(r+ 1) + 1]

and
Q, =R%M |1 + R*2 + AtRr)((1 + RYe™ +2R%)| + 2R*+ A6
+R2[(1+ 0+ R?+ (1 + R)AtRr)e™ +2R?Q + 4RY), '
where Q is given in (23).
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Proof. The proof of (A.5) involves finding an upper bound for the right-hand side of (27). Thus, by using (13), (23) and (26) and the
Sobolev embedding || )’6”00 S lyolly £ R, we obtain the desired result. The proof of (A.6) corresponds to obtaining an upper bound for
the left-hand side of (28) and follows a similar approach to the one above. [

Proposition A.4. Let fu €CUO,T]; H?) such that

lim suj - =0.
Jim, sup 11, = £,

Then, there exists f,, : [0,T]1 - H* with

fu—foo as ul0, uniformly in [0,T].

Proof. See [15].

Proposition A.5. Let fu €CUO,TI; HY) such that

fu—fo, as ulo, uniformly in [0,T].

Then, f, : [0,T] —» H* is weakly continuous.

Proof. See [15].

Appendix B. Physical values

In this section, we present Tables B.1 with some average physical values used in the numerical simulations.
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