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ABSTRACT

The Split Delivery Vehicle Routing Problem with Two-dimensional Loading Constraints (2L-SDVRP) integrates vehicle routing,
split delivery, and two-dimensional packing constraints. In the 2L-SDVRP, customers can be served by multiple vehicles, and
their demands consist of different two-dimensional rectangular items that must be packed in the vehicles’ bases. The problem
involves determining the least-cost routes that satisfy all customer demands while ensuring the feasible packing of items in each
vehicle. We present tailored branch-and-cut (BC) methods for solving the 2L-SDVRP. One of the methods is based on an effective,
relaxed two-index vehicle flow formulation that is newly introduced in this paper. To evaluate the performance of the BC methods,
computational experiments were conducted using both benchmark instances and new realistic instances inspired by cases from
Brazilian logistics companies. The results indicate the superior performance of the method based on the two-index formulation,
which obtained optimal solutions for 14 more instances than the other approach on the benchmark instances. This method also
performed better on newly created instances, improving solutions by 5.6% on average.

1 | Introduction

The Vehicle Routing Problem (VRP) is a widely known com-
binatorial optimization problem in logistics and transportation,
with numerous real-world applications, including product deliv-
ery, waste collection, public transportation, and supply chain
management [1]. This paper focuses on the Split Delivery Vehi-
cle Routing Problem with Two-dimensional Loading Constraints
(2L-SDVRP), a variant that integrates vehicle routing, split deliv-
eries, and packing decisions. Applications of the 2L-SDVRP
relate to situations in which items are distinct, have different

sizes, and cannot be stacked because they are tall or fragile. By
efficiently solving this problem, companies may improve their
decision-making process for transporting products like heavy
machinery, furniture, and pallets [2, 3].

The 2L-SDVRP combines the Capacitated Vehicle Routing
Problem with Two-dimensional Loading Constraints (2L-CVRP)
with the Split Delivery Vehicle Routing Problem (SDVRP), which
are challenging VRP variants widely studied in the literature [4,
5]. The problem involves determining vehicle routes to deliver
two-dimensional rectangular items associated with customer
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demands. A route is feasible only if the items delivered by the
route are orthogonally packed and entirely contained in the vehi-
cle’s rectangular base. Additionally, items cannot overlap, and
their position in the base must respect the delivery order. The
latter is called multidrop requirements, which is justified by the
presence of heavy or fragile products that should have free pas-
sage during unloading operations [6]. A customer can be visited
by one or more vehicles, and thus, the items requested by a cus-
tomer can be delivered in multiple visits if this reduces the cost.
The goal is to determine a feasible route plan that minimizes the
total distance traveled.

Despite its practical relevance, the 2L-SDVRP has received little
attention in the literature. A branch-and-cut (BC) method was
proposed in [7], based on a three-index vehicle flow formulation
for a variant of the 2L-SDVRP that considers a green objective
function, referred to as the G2L-SDVRP. The authors also applied
their method to instances of the 2L-CVRP and 2L-SDVRP, which
are the only exact approaches proposed thus far for the latter.
Results on benchmark instances indicate that the use of split
deliveries in the 2L-SDVRP leads to a cost reduction of approxi-
mately 1% compared to the 2L-CVRP solutions, with a maximum
reduction of 8.33%. Overall, considering a total of 60 instances,
the 2L-SDVRP improved the solution in 26 instances, so in almost
half of the cases. However, the BC method had difficulties in
obtaining high-quality solutions within reasonable computation
times for all considered variants. It could prove the optimality of
only small instances, with up to 21 customers. In [3], the authors
proposed an enhanced neighborhood search for a variant of the
2L-SDVRP in which items can be orthogonally rotated during
the loading and relocated during the unloading operation at cus-
tomers. The results reported by the authors show that savings can
be achieved by allowing split deliveries, especially when the total
area of items of each customer increases, that is, the area of items
associated with each customer is close to the total area available
in each vehicle.

Given the lack of effective exact approaches for the 2L-SDVRP,
we seek to bridge this gap by presenting new BC methods. One
of the methods is based on a relaxed two-index vehicle flow for-
mulation that we introduce in this paper. This type of formula-
tion has been proven highly effective for various other SDVRP
variants [8-10]. The contributions of this paper are summarized
as follows:

i) A new BC method based on a relaxed two-index vehicle
flow formulation that does not initially consider all con-
straints of the 2L-SDVRP. Whenever a candidate incum-
bent solution is identified, a procedure is called to check
its feasibility for the 2L-SDVRP. This method relies on
cuts to eliminate infeasible solutions. We also embed
valid inequalities generated using the CVRPSEP library to
improve the lower bound provided by the linear program-
ming (LP) relaxation [11]. Additionally, the method resorts
to a tailored procedure to check packing feasibility using
heuristics, lower bounds, and a constraint programming
(CP) formulation.

ii) An improved version of the BC method of [7], by incorpo-
rating valid inequalities for routing decisions.

iii) Three new classes of instances based on real-world applica-
tions concerning the delivery of pallets, providing practical
and relevant benchmarks for practitioners and researchers
to evaluate new, future methods for the 2L-SDVRP and
related variants.

We conducted extensive computational experiments using the
benchmark and newly created instances. The new BC method,
based on the relaxed two-index formulation, presented a supe-
rior overall performance, obtaining proven optimal solutions for
14 more instances than other approaches. The relaxed formula-
tion promoted better feasible solutions and significant reductions
in computation times.

The remainder of this paper is organized as follows. Section 2
presents the relevant literature on the 2L-SDVRP and its variants.
Section 3 defines the 2L-SDVRP and presents the two-index and
three-index vehicle flow formulations considered in this paper.
Section 4 details the BC algorithms, and Section 5 presents the
results of computational experiments using benchmark and the
newly created instances. Finally, Section 6 shows our concluding
remarks and ideas for future research.

2 | Literature Review

This section reviews the literature concerning the 2L-SDVRP and
related variants, including the SDVRP and 2L-CVRP.

2.1 | Split Delivery Vehicle Routing Problems

The SDVRP was introduced in [12, 13] and has received con-
siderable attention since then [14, 15]. In this problem, a cus-
tomer’s demand can be served by one or more vehicles (split
deliveries) if this brings advantages regarding travel costs and/or
the number of vehicles used. Exact methods for the SDVRP
include a branch-and-bound algorithm based on constraint relax-
ation [16], a cutting-plane algorithm [8], a dynamic program-
ming algorithm [17], an iterative two-stage method [18], an
algorithm combining column- and cut-generation [19], BC meth-
ods [9, 10, 20], and branch-price-and-cut approaches [ 5, 21]. Con-
cerning heuristic and hybrid methods, there have been several
approaches proposed in the last years, including local search
methods [22], column-generation-based approaches [23], an iter-
ated local search [24], and hybrid heuristics [25, 26].

Most approaches have considered the traditional SDVRP, but con-
tributions have also addressed variants motivated by real-world
applications [26, 27]. Moreover, there are studies addressing the
SDVRP with time windows [10, 28—-30]; a heterogeneous fleet of
vehicles [31, 32]; stochastic demands [33]; multiple commodities
[34, 35]; and the emission of pollutant gases [32, 36].

2.2 | Vehicle Routing Problems With
Two-Dimensional Loading Constraints

The 2L-CVRP was introduced in [2], motivated by practical con-
straints encountered in the distribution of furniture, mechani-
cal components, and household appliances. In this variant, each
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customer’s demand is given by a set of items that cannot be
stacked in the vehicle’s base. Thus, only the rectangular bases
of these items are considered during the loading operations. We
refer the interested reader to the comprehensive surveys [37] and
[38] for a more detailed discussion on the 2L-CVRP.

Among the few exact methods proposed for the 2L-CVRP, we
find BC methods [2, 7, 39-42], and one branch-price-and-cut
algorithm [43]. Heuristic approaches for the 2L-CVRP are more
common and include tabu search [44-46], neighborhood-based
search [47], local search [48], and simulated annealing [49, 50].

Additional constraints have been considered in related variants
of the 2L-CVRP, such as time windows [51], facility location
requirements [52], pickup and delivery [53], heterogeneous fleet
of vehicles [54, 55], backhauls [56], and stochastic travel times
or demands [57, 58]. Realistic variants that appear in the food
and construction industries were investigated in [54] and [51],
respectively.

2.3 | Split Delivery
and Two-/Three-Dimensional Loading
Constraints

To the best of our knowledge, only two publications have simul-
taneously addressed split delivery and two-dimensional loading
constraints thus far in the literature. In [7], the authors con-
sider four VRP variants with two-dimensional items, namely
the 2L-CVRP, the 2L-SDVRP, and extensions of both prob-
lems incorporating green requirements regarding CO, emissions
(G2L-CVRP and G2L-SDVRP, respectively). The authors pro-
posed a BC method with specific procedures to identify subtours
and check the feasibility of packing the items delivered in each
route. These procedures are based on several approaches, includ-
ing heuristics, lower bounds, and a CP model.

Differently from [7], a heuristic approach is proposed in [3],
which consists of a neighborhood search with three neighbor-
hood operators based on insertion and swap. They extended these
operators to include split deliveries. Also, they did not consider
multidrop requirements; that is, they do not guarantee that the
position of items in the vehicles respects the delivery order. Thus,
it may be necessary to rehandle and/or rotate items by 90 degrees
during unloading operations.

A few studies have addressed variants with split delivery and
three-dimensional loading constraints, and thus far, there are
only heuristic approaches, namely: a one-stage local search [59];
a data-driven three-layer search [60]; a tabu search [61]; a local
search [62]; and a column-generation based algorithm [31].

Therefore, based on the presented literature, there is a lack
of contributions regarding the VRP with loading constraints
and split deliveries, especially regarding the proposal of effec-
tive exact methods. Our paper differs from the previous stud-
ies in terms of the solution approach. While [3] presented a
heuristic, we are concerned with exact solutions. Moreover, we
assume the multidrop requirements, which are practical limi-
tations in several real-world situations. Compared with [7], we
adapt their three-index vehicle flow formulation and enhance

their BC approach by adding valid inequalities. Furthermore, we
introduce a new BC method considering a lighter but relaxed
formulation, which has been successfully used to solve other
split delivery variants [9, 10]. Different from these previous stud-
ies, we resort to tailored cuts for the 2L-SDVRP and apply an
enhanced procedure to solve the packing subproblems related
to the items delivered by each route. All these components con-
tribute to improving previous literature results, resulting in a new
state-of-the-art method for the 2L-SDVRP.

3 | Problem Description and Mathematical
Models

We define the 2L-SDVRP as follows: Let N, = {1, ..., n} be the
set of n > 0 customers and G = (N, A) be a complete directed
graph, with the node set N = {0} U N, and the arc set A =
{(i,j)li,j € N,i # j}. Node 0 represents the depot for which all
routes have tostartand end. Set K = {1, ..., K, } represents the
fleet of K,,,, > 0 identical vehicles available at the depot to serve
the customers’ demand for rectangular items. Each vehicle has
a maximum load capacity of O and a two-dimensional rectangu-
lar base whose area is A, = W x L, with W as the width and
L as the length. Each arc (i, j) € A has a non-negative cost c;;,
and we assume the corresponding cost matrix satisfies the trian-
gle inequality.

Each customer’s demand j is given by the set R; of rectangu-
lar items. Each item r € R; is characterized by a specific width
w;,,length I, , weight p;,, and area a;, = w;, X I;,. Thus, the total
weight of the items required by customer j is P, = 3. R, Pir and

the total areais A; = 3 . @;

reRr; 4jr:

The 2L-SDVRP consists of finding delivery routes with mini-
mum transportation costs to meet all customers’ demands. These
routes need to respect the following routing requirements: (R1)
each vehicle starts and ends its route at the central depot; (R2)
a vehicle can execute at most one route; (R3) a customer can be
served by more than one vehicle, but a vehicle can visit a cus-
tomer only once; (R4) the vehicle capacity in terms of weight and
area cannot be exceeded; (R5) each route can serve one or more
customers; (R6) the demand of each customer must be completely
satisfied. In addition, the following loading requirements must
be respected: (L1) items cannot overlap when packed in the vehi-
cle’s rectangular base; (L2) items assigned to a vehicle must be
fully contained inside this vehicle’s rectangular base; (L3) items
must be packed with their sides parallel to the vehicle base sides
(orthogonal packing); (L4) items have a fixed orientation and can-
not be rotated, that is, items must be loaded according to a pre-
determined orientation, which is part of the input instance and
not a decision variable (this orientation cannot be modified after-
ward); and (L5) items cannot be rearranged during the unload-
ing operation at customers (multidrop requirement). This means
the sequence of visits must be compatible with the loading plan,
also called the last-in-first-out (LIFO) constraint. This constraint
ensures that when a customer is visited, all their items must be
accessible without obstruction from items belonging to other cus-
tomers scheduled for later delivery. Hence, an item can only be
unloaded if no other item blocks (even partially) the unloading
door of the vehicle. Consequently, all the items of customer i must
be in a position of the vehicle base for which their removal is not
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Q Depot

1 customer S H T TTEEETT
— Route r
- - - Route r,
|:| .
r r
1 2
Infeasible Feasible
FIGURE1 | Example of feasible and infeasible packing considering the LIFO constraints.
[E——
O Depot
(1 Customers " "
--+ Route r,
— Route r 2(3x3)|  2(4x3)
3(7x5)
2(2x1)
Route r Route r
FIGURE2 | Example of a unique optimal solution with two routes having two customers in common and arcs traversed more than once.

obstructed by any other item from a customer j, with j # i, who
is served later in the route.

Figure 1 illustrates the packing associated with the LIFO con-
straint, highlighting the critical role of the customer service order
in determining route feasibility. In the example shown in this
figure, there are four customers, each requiring a single item. Two
routes are presented for the same set of customers, but with differ-
ent service sequences. Specifically, route r; is0 -2 -4 -3 -1 —
0 (solid line) and route r, is 0 —4 — 2 — 3 — 1 — 0 (dashed line).
The packing associated with route r; is the leftmost depicted in
Figure 1. It is infeasible because, according to the LIFO rule, the
item for customer 4 must be loaded before the item for customer
2. Consequently, the item for customer 4 must not be obstructed
by any item belonging to customers 2, 3, or 1, as these are sched-
uled for unloading at a later stage. However, this order makes it
impossible to position item 2 in a feasible manner. Instead, when
following the order of visit associated with route r,, a feasible
packing exists, as shown on the right in Figure 1.

Before presenting the formulations, it is worth focusing on an
important difference between the 2L-SDVRP and the traditional
SDVRP. In the literature, authors commonly rely on a few prop-
erties to strengthen the formulations of the SDVRP. According
to [12, 13], in the SDVRP optimal solution, two routes have at
most one customer in common, and any arc connecting two

customers is traversed only once. However, these properties are
not valid for the 2L-SDVRP. In Figure 2, we show an example
of an optimal solution in which they are violated. Consider an
instance with three customers and three vehicles. The vehicle
base has dimension (W, L) = (7,7). Customer 1 demands two
items, such that (wy;,1;;) = (7,4) and (wy,, I;,) = (7, 1); customer
2 demands three items, where (w,;,15;) = (2, 1), (W5, 1) = (3,3)
and (w3, 1,3) = (4,3); and customer 3 demands one item with
(w4, 157) = (7, 5). For the sake of simplicity, we consider a sym-
metric graph with the arc costs ¢y, = ¢y, = ¢g3 = ¢;3 =2and¢;, =
¢,; = 1. The optimal solution in this example has the objective
value 11, and two routes serve all customers. Customers 1 and 2
are served by two vehicles, and the arc (2,1) is traversed twice.
There is no alternative optimal solution for this example, so the
properties mentioned above do not hold.

3.1 | Three-Index Vehicle Flow Formulation

We present a three-index vehicle flow (3IVF) formulation for the
2L-SDVRP, adapted from the model originally presented in [7] for
the G2L-SDVRP. In addition to the notation introduced above, let
Q be the set of routes for which the assigned items and the load-
ing plan are infeasible, that is, some of the conditions (L1)-(L5)
described above are not satisfied. Each element of this set is rep-
resented by a tuple (E, A, ﬁ), associated with a route, in which .S
is the subset of customers served in the route; A is the subset of
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arcs traversed by the route; and R s the subset of items delivered
to customers in the route. Additionally, K,,;, is a lower bound on
the number of vehicles required to serve all customers in N, (i.e.,

K, = maX{ [Z,ENE PJ/Q]’ [ZjeNf AJ/AT} })'

The 3IVF formulation considers the following binary variables:
xf.‘j, which assumes the value of 1 if and only if arc (i, j) € A is
traversed by vehicle k € K; and szr , which assumes the value of
1if and only if item r € R; of customer i € N, is served by vehi-
cle k € K. Using the presented notation, the 3IVF formulation is
given as follows:

min Z Z CiXiss (€Y

keK (i,j)eA
st ) xg <l VKEK D k> Ky 2)
Jj:(0.))EA
k _ .
x;=1 VK€K :k<K,, 3)
Jj:(0,))EA
Y xf <1, VjeN;VkeK, (4)
ii(i,j)EA
xp= ) xb. VieN;VkeK, 5)
h:(h,i)EA Jji(i,j)EA

xk o+ xk <1, V(i,j)EA:i,jEN;Vke K, (6)

ij Ji
Yz=1, VieN;VreR, @)
keK
k k ; . .
<Yk VieN; VreR; Vkek, (8)
JEN
> Yz <0,  VkeK, ©)
iEN, rer;
> Ya,zl <A; VKEK, (10)
iEN, reR,;
2 X <IR-1+ Y a-xp).
i€S reR;NR (i.)EA
V(S,A,R) C Q;Vk € K, (11)

Zx{fj<|§|-1, VSCN,:[S|>2;VkeKk, (12)

()EA:

ijeS

xjfj € {0,1}, Y(i,j) € A; Vk € K, (13)
zF € {0,1}, Vi€ N,; Vr € R;; Vk € K. (14)

The objective function (1) consists of minimizing the total travel
cost. Constraints (2) ensure that the number of routes starting at
the depot is limited to the total number of vehicles |K| = K,,,,,.,
while constraints (3) impose at least K,,;,, vehicles on being used.

Constraints (4) impose that a vehicle can visit a customer at most
once. Constraints (5) are classical flow conservation constraints.
Constraints (6) impose that at most one of the arcs in two oppo-
site directions, (i, j) or (j,i), i,j € N, is traversed by the same
vehicle k£ but not both, helping to eliminate subtours. Although
constraints (12) imply (6), we decided to keep these constraints
after conducting preliminary tests that demonstrated a positive
impact. Constraints (7) ensure to satisfy all customer demands.
Constraints (8) impose to assign an item requested by a customer
only to a vehicle visiting that customer. Constraints (9) and (10)
ensure that the vehicle’s capacity in terms of weight and area is
satisfied. Constraints (11) impose the infeasible-path inequalities,
eliminating paths with an infeasible packing. Constraints (12)
are subtour elimination constraints. Finally, the integrality con-
ditions are given in constraints (13) and (14).

Due to the constraints of split delivery and packing, it is possi-
ble to visit a customer without delivering any item. To address
this, in addition to constraints (2) to (14), the study in [7] includes
additional constraints to ensure that at least one item is delivered
whenever a customer is visited. However, rather than adopting
this approach, we enforce the triangle inequality on costs, ensur-
ing that each customer visit involves the delivery of at least one
item. Both approaches were tested in this study, and preliminary
computational experiments indicated that enforcing the trian-
gle inequality is computationally less costly than introducing an
additional constraint into the model.

To speed up solving the 3IVF formulation, we add the constraints
(15) and (16), introduced in [7]. These constraints reduce the
symmetry of the problem associated with a homogeneous fleet
of vehicles while preserving an optimal solution. Hence, con-
straints (15) and (16) reduce the feasible solution space by remov-
ing redundancies arising from the problem’s symmetry. Incorpo-
rating these constraints enables the method to more efficiently
identify optimal or near-optimal solutions, as it avoids explor-
ing solutions that are merely equivalent variations. In (15), the
first vehicles serve the customers with the lowest indexes, that is,
customer i can only be served by vehicle k € K \ {1} if at least
one customer of index smaller than i is partially or completely
served by vehicle k — 1. Constraint (16) imposes that all or part of
the demand of customer 1 is served by vehicle 1, that is, vehicle
1 always serves customer 1. Note that (16) is not needed and is
inserted to strengthen the formulation.

k k-1
iji < Z Z Xin

JEN JEN  heN.

J#i J#i h#jh<i
Vie N,VkeK :k>1, (15)
Y =1 (16)

JEN
J#

3.2 | Relaxed Two-Index Vehicle Flow
Formulation

‘We now propose a relaxed two-index vehicle flow (R2IVF) formu-
lation for the 2L-SDVRP. This formulation is relaxed in the sense
that, as explained later, it might produce infeasible solutions. It
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makes use of the following decision variables: x; s 18 the number
of times that an arc (i, j) € A is traversed by some vehicle; v i, 18
the number of times that node j € N is visited. The formulation
reads as follows:

min Z CiiXijs a7
(i.j)EA
n
s.t. Z x;=v;, Vj€EN, (18)
ii(i,j)EA
Xp= ) X; ViEN, (19)
h:(hi)EA Ji(i.)EA

Y oy zmax| 3 Y YA
(i)€A: ies rER; 0 ies rER; Ar

i€S.j¢S

VSCN,.[S|>1, (20)

Xo; Smin{|R;|, K,pox}, V(0,j))EA:jEN,, @1
x;o <min{|R,|, K.}, V(,00€A:j€EN,, (22)
x; <min{|R,|,|R;|}, V(i.j)€EA:ij€EN,, (23)
1<v; <min{|R;|, Ko}, VjEN,, 4
Koy < Vo < Kops (25)
x; €Z,, V(ij) €A, (26)
v,€Z,, VjEN. 27)

The objective function (17) is related to minimizing the total
travel cost. Constraints (18) link variables x; ; and v;, ensuring
that the number of visits to the node j is equal to the number of
arcs that enter this node. Constraints (19) ensure that the num-
ber of arcs that enter a node equals the number of arcs that leave
this node. Constraints (20) guarantee that the vehicle’s capacity is
respected, besides eliminating subtours. Constraints (21) to (24)
impose an upper bound on the number of times that each arc
can be traversed. These bounds consider the number of items a
customer requests and the maximum number of available vehi-
cles. Constraints (26) and (27) specify the domain of the decision
variables.

Notably, the R2IVF formulation has no constraint related to
the loading requirements (L1)-(L5) presented above for ensur-
ing packing feasibility. Hence, a feasible solution obtained with
this formulation may be infeasible for the 2L-SDVRP in terms
of packing the items on each route. That is why we call it a
relaxed formulation, as it includes solutions that are not feasible
for the 2L-SDVRP. Hence, for an R2IVF solution to be considered
feasible for the 2L-SDVRP, it is necessary to check the packing
feasibility of that solution. Moreover, there is no variable in the
R2IVF formulation that represents which items are transported

1x7

i . i
FIGURE3 | Example of an R2IVF solution where a customer is vis-

ited twice without information about which customer items are trans-
ported on each route.

by each route, which further complicates checking the feasibility
of a solution when a customer is visited by two or more vehicles.
Figure 3 presents an example illustrating the mentioned issues.
There are five customers (numbered from 1 to 5) and two routes
in this example, and the following arcs are traversed only once:
(0,1), (0,4), (1,2), (4,2), (2,3), (2,5), (3,0), and (5, 0). One vehi-
cle departs from the depot and goes to customer 1, next to cus-
tomer 2, and then has two possible destinations: customer 5 or
3. No information in this solution defines which of these two
options is the next customer on this route, nor what items must
be in each vehicle when they depart from customer 2. Hence,
to check the feasibility of this solution regarding the 2L-SDVRP,
we need to consider two different pairs of routes and verify the
packing feasibility regarding different allocations of the items
of customer 2.

Figure 4 shows the two possible pairs of routes and their respec-
tive packing of items that may be derived from the R2IVF
solution depicted in Figure 3. Figure 4a shows routes 0 — 4 —
2-3-0and 0-1-2-5-0, while Figure 4b corresponds
to routes 0—4—-2-5—0 and 0—1-2-3-0. We consider
that the vehicle base has dimension (W, L) = (7,10). Customer
1 demands two items, with (w;;,1;;) = (4,4) and (wy,,1;;) =
(1, 7); customer 2 demands three items where (w,;,/,;) = (2,1),
(wyy, 15,) = (2,4) and (w,3, 1,3) = (5, 6); customer 3 demands one
item, with (ws;,/5;) = (4,4); customer 4 demands one item
where (w,;,14;) = (7,6); and customer 5 demands two items
where (ws;,15;) = (2,4) and (ws,,ls,) = (2,4). The total area,
summing over all the items, is 137, and since two vehicles are
used, their capacities are merged. Thus, the total area avail-
able is 140, which is large enough to accommodate all items
in terms of total area. However, given that a single item can-
not be split and the packing of items in each vehicle must sat-
isty the loading requirements (L1)-(L5) presented above, the
solution in Figure 3 is infeasible for the 2L-SDVRP, regard-
less of the combination of routes and items. Indeed, in both
pairs of routes presented in Figure 4, the items from customers
without split delivery are shown as already packed. Therefore,
we need to decide how to split the items from customer 2 (in
red) to obtain a feasible solution. However, it is impossible to
pack the item (5 x 6) for customer 2 on either route. Conse-
quently, the R2IVF solution shown in Figure 3 is infeasible for
2L-SDVRP.
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4x4
1x7
4x4

Route: 0-4-2-3-0 Route: 0-1-2-5-0

(a) Solution 1.

1x7]

Route: 0-1-2-3-0

Route: 0-4-2-5-0
(b) Solution 2.

FIGURE4 | Possible route solutions from the example in Figure 3. (a) Solution 1., (b) Solution 2.

To effectively identify appropriate solutions derived from this
formulation for the 2L-SDVRP that adhere to the packing con-
straints, which have not been explicitly considered in R2IVF, we
propose a BC method that uses cutting planes to eliminate infeasi-
ble solutions to the 2L-SDVRP from the feasible set of the R2IVF
formulation. The subsequent section provides a detailed expla-
nation of the methodology for assessing the feasibility of solu-
tions obtained with the R2IVF formulation in the context of the
2L-SDVRP. Additionally, we discuss the procedures employed to
evaluate whether a route has a feasible packing arrangement.

4 | Branch-And-Cut Algorithms

In this section, we describe BC algorithms for solving the formu-
lations presented in Section 3. Specifically, Section 4.1 presents
the algorithm for the 3IVF formulation, while Section 4.2 details
the algorithm for the R2IVF formulation. We note that both for-
mulations have an exponential number of constraints that are ini-
tially relaxed; thus, we use separation procedures to add dynam-
ically when violated. Moreover, in Section 4.3, we describe the
procedure used to solve the packing subproblem. As this proce-
dure does not depend on the formulation, it is used in both BC
algorithms.

4.1 | BC Algorithm for the 3IVF

The BC algorithm used to solve the 3IVF formulation is based
on that introduced in [7] to solve the G2L-SDVRP. Different from
what was done in the latter paper, we use the procedures available
in the CVRPSEP library [11] to separate subtour elimination con-
straints (12). Our BC algorithm solves the 3IVF formulation with-
out the packing feasibility constraints (11) and the subtour elimi-
nation constraints (12). During the solution process, we separate
subtour elimination constraints for both fractional and integer
solutions. We conducted tests to evaluate the impact of applying

cuts either throughout the entire search procedure or exclusively
at the root node. The results indicated that inserting cuts only at
the root node leads to superior outcomes, achieving an average
cost reduction of 0.21% for instances in which the exact approach
was unable to prove optimality within the time limit, and an aver-
age decrease in computation time of 150 s.

For each candidate incumbent solution, after checking the sub-
tours violation, the method invokes the separation procedure for
detecting if each route in this solution has a feasible packing, as
detailed in Section 4.3. Figure 5 illustrates the scheme of the over-
all separation procedure used by the BC algorithm for solving the
3IVF formulation. A more detailed explanation of the other steps
in this algorithm can be found in [7].

4.2 | BC Algorithm for the R2IVF

The BC algorithm for the R2IVF formulation is new, and we
now describe it in detail. For fractional and integer solutions,
the method separates the capacity inequalities (20), considering
area and weight separately, using the procedures available in the
CVRPSEP library [11]. Additionally, to improve the performance
of the BC method, if no violated capacity constraint is identi-
fied, it checks for the violation of the following connectivity con-
straints (28):

sz"f >z,, VSCN, |S|>1;VheS. (28)
ieS jgs

These constraints are separated using the procedure described
in [9].

As already mentioned, the R2IVF formulation in (18) to (27) can-
not guarantee a feasible solution to the 2L-SDVRP, both in terms
of packing (whose checking procedure is explained in Section 4.3)
and in terms of the flow of items over nodes that are visited mul-
tiple times. Hence, whenever a candidate incumbent solution is
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Separate subtour
elimination constraints

Solve the linear
relaxation of 3IVF
by relaxing (11) and (12)

Is the

. Yes Check packing
solution feasibili
integer? v
IAdd violated cuts No . Yes , |Update the incumbent
Feasible? > .
to the model solution

FIGURES5 | Separation procedure of the BC algorithm for solving the 3IVF.

Separate capacity and
connectivity constraints

Solve the linear
—— relaxation of R2IVF
by relaxing (20)

No Solve the

: 2
Violated? residual problem

Add cuts to avoid

4o ! |
Feasible? the candidate solution

Add violated cuts
to the model

Update the incumbent if it improves the current one;
otherwise add a cut to eliminate the current solution

FIGURE 6 | Separation procedure of the BC algorithm for the R2IVF.

found, the BC method checks the flow and packing feasibility by
solving a residual problem. This problem consists of a restricted
version of the 3IVF formulation over fewer arcs. To solve this
residual problem, we resort to the BC algorithm described in
Section 4.1. However, note that the 3IVF formulation becomes
much easier to solve in this setting, as many arcs are removed
from the network. Figure 6 illustrates the separation procedure
for each solution obtained by the BC method for the R2IVF
formulation.

The residual problem is defined as follows: Let x be a candidate
incumbent solution of the R2IVF formulation, with an objective
value of f. Let Z be the value of the incumbent solution in the
BC tree, that is, the best feasible solution found so far. We solve
the 3IVF formulation where, for each pair of customers i, j € N,
such that X;; = X;, = 0, we fix x{.‘j = xj?l. =0fork=1,...,K,,.-
For each pair of customers i, j € N, wherex; > 1,orX;; > 1and
X;; = 0 (or vice versa), we preserve the original domains of these
variables in the 3IVF formulation, that is, xj‘j, xj?i € {0,1} for
k=1, ...,K,,. Consequently, the key information transferred
from R2IVF to 3IVF is whether arc (i, j) is traversed, determining
which variables are fixed at zero in the 3IVF. Specifically, if arcs
(i,j) and (j, i) are not traversed in the R2IVF solution, the vari-
ables associated with these arcs in the 3IVF formulation are fixed
at zero, while the remaining variables continue to be unrestricted
within their original domains. We also add a constraint to ensure
that only solutions whose objective function is less than or equal
to the incumbent objective value (z) are considered.

‘When solving the residual 3IVF formulation, if a feasible solution
with value ? is found, we accept the candidate incumbent as the
new incumbent in the R2IVF formulation and save the solution
of the 3IVF formulation in an auxiliary structure that stores the
best feasible solution for the 2L-SDVRP found so far. Otherwise,
we add the valid cut (29) in the R2IVF formulation and continue
with the BC method:

> D x =L (29)

This cut ensures that at least one arc that is not part of the candi-
date incumbent solution needs to be traversed in a feasible solu-
tion of the 2L-SDVRP. Note that this cut is added in two situa-
tions: (a) when the residual problem is infeasible, meaning that
there is no (improved) feasible solution of the 2L-SDVRP that
has the same vehicle flow as in the candidate incumbent; and (b)
when the optimal solution of the residual problem has a value
different from 7, which means that this solution is not the same
as the candidate incumbent (in terms of traversed arcs).

Cut (29) is a variant of the one proposed in [9]. In the latter paper,
the authors only considered arcs between customers i and j that
have not been traversed in the original direction (i, j). In contrast,
we consider an arc between customers i and j only if it is not
traversed in either the original direction (i, j) or the reverse direc-
tion (j, i). Therefore, this cut is stronger, as in [9], the summation
in the left-hand side only considers X;; = 0, meaning the cut is
given by 3,y Xseve X;; > 1. This way, a route traversed in the
Xij

=0 -
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opposite direction could be a candidate solution, which is not the
case for the cut (29) that we propose. Hence, we eliminate sym-
metric solutions when using cut (29), because we often encounter
cases where both arcs (i, j) and (j, i) are traversed in the same
solution. The example presented in Figure 2 can be used to illus-
trate this. In that example, there are two routes, namely 0 — 3 —
2—1—-0and 0 — 2 - 1 — 0. For simplicity, we assume in the
example that the routes are not feasible for the residual problem
and that the costs are symmetric. Hence, the cut proposed in [9] is
X5 + X33 + X3 + X3; > 1. However, note that an alternative solu-
tionwithroutes0 - 1 - 2 - 0and0 - 1 - 2 —» 3 —» 0doesnot
violate this cut and has the same value as the previous one, as we
assumed costs are symmetric in this example. Conversely, both
solutions are cut by (29), which corresponds to x;5 + x5; > 1.Itis
important to note that this cut is valid for both symmetrical and
asymmetrical costs.

4.3 | Checking the Packing Feasibility

This section presents the procedure for solving the packing sub-
problem regarding the items delivered in a given route, which is
used in both BC algorithms presented above. We consider that the
route is associated with .S, where .S is a subset of customers (S C
N,). For the sake of simplicity and with a slight abuse of notation,
in the following, we will refer to route .S, meaning the customers
served on the route. The procedure comprises six methods based
on calling constructive heuristics, calculating lower bounds, and
solving Constraint Programming (CP) models. In addition to the
set of customers served, each route .S is also associated with the
information concerning the set of items served per customer,
defined as Mg, and the order in which the items in Mg are served
on the route S, denoted as o .

The packing subproblem associated with route .S corresponds to
the two-dimensional orthogonal packing problem with unload-
ing constraints (20PPUL). It considers a set of rectangular items,
each defined by width, length, and unloading order. The unload-
ing order specifies the sequence in which the items must be
unloaded from the vehicle’s rectangular base. Due to unload-
ing constraints, items to be delivered first must be arranged for
free passage during the unloading operations. This means that
items of customers visited later on the route cannot block items
of customers visited earlier and cannot be relocated during the
unloading operations. In the 20PPUL, a feasible solution con-
sists of packing a set of rectangular items (with fixed orientation)
into a two-dimensional orthogonal rectangular bin while satisfy-
ing unloading constraints, no overlap between any pair of items,
and not extrapolating bin dimensions.

In the literature, different approaches have been proposed to
determine the feasibility of a route according to the constraints
mentioned above. Our approach relies on procedures that are
similar to those presented in [7]; however, different from the lat-
ter paper, we use different heuristics (procedure 1 below), a lower
bound based on dual feasible functions (procedures 2-4), and a
procedure based on a grid of points, the so-called normal pat-
terns [63], for the solution of the two-dimensional orthogonal
packing problem (20PP) (procedure 5) or 20PPUL (procedure 6),
considering the unloading requirements to determine the pos-
sible positions where items can be packed in the vehicle’s base
without modifying the unloading order. It is worth mentioning

that other procedures were tested in preliminary experiments,
and the best results, in terms of computation time, have been
obtained using procedures 1 to 6. In addition, the order in which
these procedures were applied was defined through preliminary
tests, and we chose the one that led to the average shortest compu-
tation time. The following procedures are used to find a feasible
solution or prove infeasibility:

Procedure 1: Apply three constructive heuristics from [49] in
the following order: Bottom-Left Fill (W-axis),
Bottom-Left Fill (L-axis), and Max Fitness Value.
These heuristics pack items following a given
sequence, which maintains the order of customer
visits but might change the order of unloading the
items per customer. For each heuristic, four rules
are considered to generate sequences of items per
customer by sorting them according to (i) non-
increasing order of their area; (ii) nonincreasing
order of their width; (iii) nonincreasing order of
their length; and (iv) nonincreasing order of their
perimeter. Due to the multidrop requirement, rules
(©)-(iv) are applied to each set of items with the same
order of customer visit as defined in S. In other
words, while the order of unloading the items of
each customer may be modified using one of the
rules (i)-(iv), the sequence of customer visits must
remain unchanged. If any of these heuristics gives
a feasible packing, the route has a feasible pack-
ing. Additionally, the procedure terminates when
the first heuristic provides a feasible solution.

Procedure 2: Calculate the lower bounds based on the dual fea-
sible functions described by [64]. They provide the
minimum required length for packing all items.
The route is infeasible if any lower bound is greater
than L.

Procedure 3: Calculate the lower bound based on constraining
the length positions described by [65]. The route is
infeasible if this lower bound is greater than L.

Procedure 4: Calculate the lower bounds for the minimum width
and length required to pack all items. They are
based on solving the Gilmore-Gomory formulation
of the cutting stock problem, as described by [65]. If
the minimum width (or length) is greater than the
width (or length) of the vehicle’s rectangular base,
then the route is infeasible.

Procedure 5: Solve the 20PP, as described in [7]. It is a relaxed
version of the 20PPUL where the unloading con-
straints are not considered. The route is infeasible
if no feasible packing is returned after solving this
problem.

Procedure 6: Solve the 20PPUL using CP formulation reported
in [66]. This model refers to a non-preemptive
cumulative-scheduling problem. To reduce the
variables’ domain, we use the grid of normal pat-
terns introduced by [63], extending it to satisfy the
unloading constraints.
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ALGORITHM1 | Solving the packing subproblem.

1 Input: S, M, o, hash pool;

2 Output: Whether route .S has a feasible packing;
3 feas « False;

4 if S is not in the hash pool then

5 P < Procedures {1, 2, 3, 4, 5, 6};

6 foreach p € P do

7 feas < Apply Procedure p;

8 if feasis True and p is equal to Procedure 1 then Break
the loop;

9 else if feas is False and p is different of Procedure 1
then Break the loop;

0 | Add S into the hash pool with the status in feas;

1 else feas < Status of the packing for the route S;
2 return feas;

[T

The proposed procedure for checking the packing feasibility uses
a hash structure to reduce the computational effort. This struc-
ture keeps the routes checked for the packing subproblem in
memory. It follows the implementation described in [7], which
has shown to be efficient.

Algorithm 1 describes the complete procedure used to check
whether packing is feasible, considering the route .S, the set of
M items, and the order of delivery o¢. The algorithm calls, for
each route .S, the procedures 1 to 6 sequentially until finding a
feasible solution or proving infeasibility. For each route .S, the
initial step is to verify whether the route is already present in the
hash structure. If it is, its status is returned (as indicated in line
11). If not, the strategies for verifying packing are applied (pro-
cedures 1 to 6). The first strategy employs heuristics (procedure
1); thus, if it is possible to pack all items while respecting the
loading requirements (L1)-(L5), the packing is feasible. If pack-
ing is not feasible, the subsequent procedures (procedures 2 to
4) are employed to generate lower bounds for the dimensions of
the vehicle base. If these lower bounds do not indicate infeasi-
bility, meaning that the calculated lower bounds are not greater
than the original dimensions of the vehicle base, the relaxation
of the 20PP model (procedure 5) is then solved. If the solution to
the relaxed 20PP model indicates that it is impossible to pack all
items, the route is considered infeasible. This conclusion arises
from the fact that some constraints of the original problem are
relaxed; therefore, if packing is infeasible under the relaxed con-
straints, it can be inferred that it will also be infeasible in the
original problem. Finally, if the relaxed 20PP model fails to estab-
lish infeasibility, a constraint programming model (procedure 6)
is employed to comprehensively assess the route’s feasibility.

Note that the sequence in which procedures 1-6 are applied is
such that procedure 6 is called only if the route is not proven fea-
sible from procedure 1 or proven infeasible from procedures 2-5.
This way, we reduce the number of calls to procedure 6, which is
the most demanding in terms of computation time.

5 | Computational Results

The presented formulations and BC approaches were imple-
mented in C++, using the BC libraries of the Gurobi Optimizer

10.0.1 and the CP optimizer libraries of the IBM ILOG CPLEX
Optimization Studio 22.1. We performed experiments with each
BC method with and without a warm-start initial feasible solu-
tion. We denote the BC methods without any warm-start as
BC-3IVF and BC-R2IVF, according to their base formulation,
whereas the methods that rely on warm-start are denoted as
BC-3IVF* and BC-R2IVF*. For the latter, the same initial solu-
tion is used on both. Following [7], we obtain the initial solu-
tions by solving the 2L-SDVRP without split deliveries (i.e., the
2L-CVRP), using exactly K,,,, vehicles and imposing that each
route serves at least two customers. This formulation is simpler;
thus, the solver can obtain a feasible solution in a relatively short
computation time. Moreover, when solving this formulation, we
set the solver priority to finding feasible solutions and impose a
time limit of 300 s for each instance. The time spent in this process
is subtracted from the total time limit of the BC method. Detailed
information regarding the used initial solutions is provided in A,
Tables Al and A6.

All experiments reported in this section were performed on a
Linux PC with an Intel Core i9-12900K 5.2 GHz processor and
128 GB of RAM. A time limit of 3600 s is set as the stop criterion
for solving each instance. In both BC methods, each call to pro-
cedure 5 is limited to 60 s. We do not impose a time limit on the
other procedures used to check packing because they run fast,
except for procedure 6. Because procedure 6 is the last applied
to solve the packing subproblem, it must be executed until the
packing feasibility or infeasibility is definitively established.

In Section 5.1, we describe the instances used in our experiments,
including both benchmark and newly generated instances. In
Section 5.2, we compare the results of BC-3IVF* with those
reported in [7] to evaluate the quality of the proposed method.
Section 5.3 presents the results obtained on the benchmark
instances, followed by a sensitivity analysis in Section 5.4. Finally,
Section 5.5 discusses the results obtained on the new instances.

5.1 | Instance Classes

We perform computational experiments using two sets of
instances. The first is the set of benchmark instances of the
2L-SDVRP [7], while the second is a new set of realistic instances
we propose in this paper, based on real-world data from two
Brazilian cases and considering different pallet standards, as
detailed below. All instances are publicly available at https://bit.
ly/taq. The instances in the first set are divided into six classes,
namely classes 1 to 6. Classes 1 to 5 were proposed by [2], while
class 6 was described in [7]. Instances in class 1 are not consid-
ered in our experiments because each customer requests only one
item with dimensions (1, 1) in these instances. Thus, it is not pos-
sible to have split deliveries in their solutions. Each class contains
12 instances, giving a total of 60 instances.

Table 1 shows the items’ characteristics for each class. It presents
the range that encompasses the number of items demanded by
each customer j (|R;|) and the range of the items’ dimensions
concerning the length (/) and width (w), according to the vehi-
cle’s rectangular base measures. There are vertical items (i.e., the
length is larger than the width), homogeneous (i.e., the length is
close to the width), and horizontal (i.e., the length is smaller than
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TABLE1 | Items’ characteristicsin the 60 benchmark instances.
Vertical Homogeneous Horizontal
Class IR;| 1 w ) w ) w
2 [1,2] [0.4L,09L] [0.1W,0.2W] [0.2L,0.5L] [0.2W,0.5W] [0.1L,0.2L] [0.4W,0.9W]
3 [1,3] [0.3L,0.8L] [0.1W,0.2W] [0.2L,0.4L] [0.2W,0.4W] [0.1L,0.2L] [0.3W,0.8W]
4 [1,4] [0.2L,0.7L] [0.1W,0.2W] [0.1L,0.4L] [0.1W,0.4W] [0.1L,0.2L] [0.2W,0.7W]
5 [1,5] [0.1L,0.6L] [0.1W,0.2W] [0.1L,0.3L] [0.1W,0.3W] [0.1L,0.2L] [0.1W,0.6W]
6 [2,4] [0.1L,0.6L] [0.1W,0.2W] [0.1L,0.3L] [0.1W,0.3W] [0.1L,0.2L] [0.1W,0.6W]
TABLE 2 | Pallets’ characteristics in the realistic instances. one for each of the following number of customers: 10, 15, 20,
25, 30, and 35. For generating them, we assume that the central
Pallet w L k T ’
allet type (mm) (mm) QOtkg) depot and customers are located in the Cartesian plane with the
P, 1200 1000 [300, 800] x-coordinates in the interval [0, 100], while the y-coordinates are
P, 1100 1100 [300, 800] in the interval [0, 200]. The number of pallets demanded per cus-
P, 1200 300 [300, 800] tomer is in the range [2, 5], and the type of the pallet and its weight
are randomly defined.
P, 1200 1200 [300, 800]
5.2 | Comparison With the Literature
TABLE 3 | Vehicles’ characteristics in the realistic instances.

- We first compare the performance of BC-3IVF* with that of the
Vehicle type W (mm) L(mm) Okg) original method proposed in [7] to assess the impact of the pro-
T, 2480 14 370 14 000 posed changes. To ensure a fair comparison, the original method
T, 2480 13 370 13 000 was executed on the same computer used for the experiments in
T, 2480 12 470 12000 the current study. Additionally, in contrast to the approach in the

the width). The vehicle’s rectangular base measures 40 in length
(L)and 20 in width (). The distance between each pair of nodes
is computed as the Euclidean distance rounded down to the near-
est integer, and the Floyd - Warshall algorithm [67] is applied to
guarantee that the triangle inequality holds. More details about
these instances can be found in [2] and [7].

The instances in the second set were created based on the cases
studied in [68], which involve real-world applications of the pallet
loading problem. This problem concerns loading products onto
pallets and then loading the pallets onto vehicles for distribution
centers dealing with food and general products. Table 2 describes
the different pallet types. For each type, the table shows the width
and length of the pallet base and the range defining the pallet’s
minimum and maximum total weight when loaded. This range
is used to randomly generate the actual weights of each cus-
tomer’s pallets. Pallet type P, is the Brazilian standard pallet; P, is
the ISO Series 1 pallet recommended by the International Stan-
dards Organization; Py is the Europallet adopted by the Union
International des Chemins; and P, is a bit larger square pallet
than P, [68].

We consider three types of vehicles in the realistic instances,
which are semitrailers commonly used in the Brazilian trucking
industry. These types are presented in Table 3. For each vehicle
type, the table shows the width and length of the vehicle’s rectan-
gular base and the maximum weight this vehicle can transport.

The created instances are grouped into three new classes, named
classes 7 to 9, one for each vehicle type. Each class has 6 instances,

original paper, our implementation of their method ensures that
the costs respect the triangle inequality, as this is also guaranteed
in BC-3IVF*. Because a warm-start solution is provided in [7],
we consider the BC-3IVF*, which also relies on warm-start. It is
important to highlight that the initial solution provided for the
method in [7] is identical to that of BC-3IVF*.

Table 4 presents the results for instances grouped into classes. For
each instance class, the columns show the number of instances
for which the solver finished with a proven optimal solution (OP);
the number of instances for which the solver reached the time
limit without proving optimality (TL), thus providing a feasible
solution that can be nonoptimal; the average computation time,
in seconds (T, ); the average computation time for checking the
packing feasibility, in seconds (T, ); the number of cuts includ-
ing those for eliminating subtours (Cuty) and those for eliminat-
ing routes with infeasible packing (Cutp); and the average per-
centage optimality gap (Gap) reported by the solver, computed as
100 x ((Upper bound — Lower bound)/Lower bound).

The results in Table 4 indicate that BC-3IVF* matches the method
proposed in [7] in terms of optimal solutions, proving optimality
for 20 instances. On average, BC-3IVF* reduced the computa-
tion time by 50 s compared to the literature approach, although
the time required to solve the packing subproblem was higher.
Regarding the number of cuts, BC-3IVF* introduced slightly
more packing cuts than the literature method. However, the lit-
erature approach incorporated a significantly larger number of
subtour elimination cuts than BC-3IVF*. Finally, on average,
BC-3IVF* is closer to proving the optimality of instances that
were stopped due to reaching the time limit compared to the lit-
erature approach.
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TABLE 4 | Resultsobtained with BC-3IVF* and the approach proposed in [7].
BC-3IVF* Ferreira et al. [7]
Class OP TL Ty(s) Tpa(s) Cuty Cut, Gap OP TL  Typ(s) Tp(s) Cutg  Cutp  Gap
2 3 9 2707.72 124.27 10481 1364 1592% 3 9 2713.01 6.49 34074 1238 19.07%
3 3 9 2705.83 715.90 8817 699 1450% 3 9 2707.41 17.58 29 014 433 16.75%
4 3 9 2705.62 668.45 7709 325 13.54% 4 8 2565.78 74.27 27 094 372 16.51%
5 5 7 2428.78 739.04 6144 109 11.49% 4 8 246297  417.12 22 838 72 15.70%
6 6 6 2097.04  597.11 5854 9 10.92% 6 6 2473.83 39.46 24 666 5 12.88%
2-6 20 40  2529.00 568.95 39005 2506 13.27% 20 40 2584.60 110.98 137686 2120 16.18%
TABLE5 | Comparison of the solutions obtained with BC-3IVF* and 5 449
with the approach proposed in [7]. 4 3.64
3
BC-3IVF* * Ferreira et al. [7] 1.92
2 1.61 1.6 6 1.59
Class B E w Gap SIS I 030 058 I I
Sol 5o 0 021 047 1.90 —
2 1 11 0 0.00% S | I
3 1 11 0 0.02% 2
4 4 6 2 0.15% 3
v ) X u X X b ) ) ©
S 3 0 060% }Q,\}Q/ Qb s Qb 7 p"’oﬂ/ Q¢>%/ Qﬁ}%/ Q,\}Q/ x\x\/ Qg)%/ Q%%/ Q“’Q/ Qﬁ}eo/
F & O P TS F I F Y F S
6 1 11 0 0.37% R R R SR MR S AL O RO S
Instance
2-6 10 48 2 0.23%

Table 5 presents, for each class of instances, the number of
instances in which BC-3IVF* obtained better (B), equal (E),
or worse (W) solutions than the literature method. Addition-
ally, the table shows the average difference between the solu-
tions (Gaps,), calculated as 100 X (UBgc 31rvp"UBrereira et al. 7))/
UBrperreiractal 7], Where UBpcayp- is the best solution value
obtained with BC-3IVF* and UBggyeiry et a1, [7] 1S the best solution
value obtained with the literature method. A positive Gapsg, indi-
cates that the proposed approach outperforms the original. The
results show that the solution values obtained with BC-3IVF*
were, on average, 0.23% better than those obtained with the orig-
inal method. Moreover, BC-3IVF* found 10 better solutions, 48
equal solutions, and 2 worse solutions.

Figure 7 illustrates the gap for instances where BC-3IVF* found
solutions that differed from those obtained using the approach
proposed in [7]. In the best case, the proposed method showed an
improvement of 4.49% compared to the one from the literature.
In the cases where its performance was inferior to the literature
approach, the largest difference was around 1.90%, indicating a
level of competitiveness comparable to the best available results.

5.3 | Comparison of BC Approaches
on Benchmark Instances

This section reports the results of the BC approaches on the
benchmark instances of the 2L-SDVRP (i.e., instances in classes
2 to 6). The results are summarized in Tables 6-8. Detailed
results are presented in A. Table 6 brings the same information as

FIGURE7 |
method in [7] have different solutions.

Percentage gap for instances in which BC-3ICF* and the

Table 4. For BC-3IVF and BC-R2IVF, the table also gives the num-
ber of instances for which the corresponding BC method could
not find any feasible solution within the time limit (WFS).

The results in Table 6 show that the BC methods based on the
two-index formulation (i.e., BC-R2IVF* and BC-R2IVF) found
more proven optimal solutions than those based on the formu-
lation with three-index variables (i.e., BC-3IVF* and BC-3IVF).
Specifically, BC-R2IVF* and BC-R2IVF proved optimality for 14
and 15 more instances than BC-3IVF* and BC-3IVF, respec-
tively. The computation times for BC-R2IVF* and BC-R2IVF
are shorter than for the other methods, on average, although
they required longer times for solving the packing subprob-
lems. These two methods also presented significantly smaller
gaps than those based on the three-index formulation. More-
over, providing warm-start solutions for the BC methods was
beneficial, as BC-3IVF and BC-R2IVF could not find feasible
solutions for some instances within 3600 s. This happened in
9 instances for BC-3IVF and in 7 instances for BC-R2IVF. The
gap values obtained with BC-R2IVF* are higher than those
obtained with BC-R2IVF in classes 4 and 6. This discrepancy
arises because, in these classes, BC-R2IVF failed to find a feasible
solution within the time limit for two instances. Consequently,
these instances, where no feasible solution was obtained, were
excluded from calculating the average gap, thereby favoring the
results of BC-R2IVF. Notably, the best overall results are achieved
by BC-R2IVF*, while BC-3IVF shows the worst performance.

Table 7 reports the total number of cuts added in the separa-
tion procedures. For BC-3IVF* and BC-3IVF, these cuts include
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TABLE 6 | Results on benchmark instances.
BC-3IVF* BC-3IVF
Class opP TL Tiota1 (5) Tpack(8) Gap oP TL WEFS Tiotar (S) Thack(5) Gap
2 3 9 2708.35 3.08 15.92% 4 5 3 2682.30 10.10 20.30%
3 3 9 2706.78 16.01 14.50% 3 7 2 2711.33 33.56 28.22%
4 3 9 2705.81 34.69 13.54% 4 5 3 2699.46 76.88 10.27%
5 5 7 2429.28 485.23 11.49% 5 7 0 2516.45 541.43 21.58%
6 6 6 2099.32 27.51 10.92% 2 9 1 2548.75 565.29 15.81%
2-6 20 40 252991 113.30 13.27% 18 33 9 2631.66 245.45 19.24%
Class BC-R2IVF* BC-R2IVF
2 6 6 1940.34 21.77 4.24% 6 5 1 1987.37 22.13 8.04%
3 5 7 2191.42 129.21 3.55% 5 5 2 2225.09 175.66 5.70%
4 7 5 1660.41 419.86 2.43% 7 3 2 1738.53 454.42 1.74%
5 8 4 1261.35 575.39 1.89% 7 5 0 1314.01 698.14 2.32%
6 8 4 1262.52 414.73 0.57% 8 2 2 1238.63 385.93 0.21%
2-6 34 26 1663.20 312.19 2.53% 33 20 7 1700.72 347.26 3.60%
TABLE 7 | Number of cuts added on benchmark instances.
BC-3IVF* BC-3IVF BC-2IVF* BC-R2IVF
Class Cuty Cut, Cuty Cut, Cuty Cut, Cutg Cuty Cutp Cutg
2 10481 1364 27 667 4743 19 786 11763 28170 12725 10 811 26 712
3 8817 699 29 401 1414 11 728 5966 34454 8240 7182 24 087
4 7709 325 28 352 755 9923 2793 13002 6276 3045 13169
5 6144 109 23 440 133 8030 149 3842 7033 202 3318
6 5854 9 10 426 78 7473 106 1684 3953 67 2507
2-6 39 005 2506 119 286 7123 56 940 20777 81152 38227 21 307 69 793
TABLE 8 | Comparison of BC-R2IVF* with the other methods on benchmark instances.
BC-R2IVF BC-3IVF* BC-3IVF
Class B E w Gapg,,; B E w Gapg,,; B E w Gapg,,;
2 3 8 1 3.32% 0 11 1 -0.23% 7 5 0 4.53%
3 7 5 0 1.54% 2 9 1 0.00% 8 4 0 9.27%
4 3 8 1 -0.08% 3 2 -0.03% 6 6 0 1.19%
5 3 8 1 0.49% 5 5 2 0.12% 5 5 2 5.30%
6 3 9 0 0.07% 3 9 0 0.41% 6 6 0 5.23%
2-6 19 38 3 1.07% 13 41 6 0.06% 32 26 2 5.10%

those for eliminating subtours (Cutg) and those for eliminating
routes with infeasible packing (Cut;). Conversely, for BC-R2IVF
and BC-R2IVF*, the cuts are designed to eliminate routes that
violate capacity and connectivity constraints (Cuty), as well as
cuts related to the residual optimization problem (Cutg). For
BC-R2IVF* and BC-R2IVF, cuts to eliminate routes with infea-
sible packing are added when solving the residual optimiza-
tion problem. After adding a cut, it is preserved for subse-
quent calls to the residual problem. The results presented in this
table indicate that the most violated cuts relate to the residual

optimization problem, especially for BC-R2IVF*. For BC-3IVF,
more cuts related to subtour elimination are added compared to
the route connectivity cuts in BC-R2IVF* and BC-R2IVF. At the
same time, BC-R2IVF* and BC-R2IVF are associated with more
cuts concerning routes with infeasible packing.

Table 8 compares BC-R2IVF* with the other BC methods.
The columns show the number of instances in which the
BC-R2IVF* solution is better (B), equal (E), or worse (W) than
those obtained with BC-R2IVF, BC-3IVF*, and BC-3IVF, and the
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average percentage difference between the solutions (Gapg,).
The Gapg,;, for example, comparing BC-R2IVF* with BC-3IVF*,
is given by 100X ((UBgcsve — U Bperave )/ U Bperatves )
where U Bpc oy and U Bgesypr are the upper bounds
obtained by the BC-R2IVF* and BC-3IVF*, respectively. Notably,
BC-R2IVF* obtained better solutions for 19, 13, and 32 instances
when compared with BC-R2IVF, BC-3IVF*, and BC-3IVF,
respectively. For more than half of the instances, the solu-
tions obtained by BC-R2IVF* are better than or equal to those
obtained by BC-R2IVF, BC-3IVF*, and BC-3IVF. For BC-3IVF*,
we note solutions whose gaps are worse than those obtained
with BC-R2IVF* but better than those obtained with BC-R2IVF
or BC-3IVF.

5.4 | Sensitivity Analyses on Benchmark
Instances

Tables 9-12 present a sensitivity analysis examining the impact
of specific problem features on the results of R2IVF*. Table 9
reports the percentage of customers requiring more than one item
(NTI) for each group of instances. For each type of solution, which
can be optimal (OP) or terminated due to the time limit (TL),
where the latter includes cases in which the BC method found
at least one feasible solution within the time limit but was unable
to prove its optimality, the table shows the number of instances
(NB,,,), the number of customers served with split deliveries
(SD¢), and the number of instances where at least one split deliv-
ery occurred (SDj,). The results indicate that, in both types of
solutions, instances with more items per customer (classes 5 and
6) exhibit a higher frequency of split deliveries, as expected. Fur-
thermore, almost all instances solved to optimality involved at

TABLE 9 | Numbers of split deliveries.

least one customer being served with a split delivery. Specifically,
in classes 5 and 6, approximately half of the instances included at
least one split delivery. In contrast, in class 3, the method encoun-
tered greater difficulty in achieving optimal solutions and showed
the fewest instances with split deliveries. While an increase in the
number of items expands the range of potential solution config-
urations, split deliveries enable a more efficient arrangement of
loads on packing, thereby facilitating the resolution of problems
involving a high number of items.

Table 10 shows the influence of the items’ dimensions on the
results. Instances are categorized into three groups based on the
predominant characteristics of the items requested by the major-
ity of the customers: vertical (i.e., the length is greater than the
width), homogeneous (i.e., the length is approximately equal to
the width), or horizontal (i.e., the length is smaller than the
width). The results indicate that instances with vertical items are
the easiest to solve, followed by those with homogeneous items
and, finally, those with horizontal items. When most items are in
the category horizontal, their length is typically smaller than their
width. This feature increases the difficulty of solving the pack-
ing subproblem due to the multidrop constraint, as it requires
accommodating the items in a manner that adheres to the deliv-
ery sequence. Most of the instances with the highest number of
vertical items that BC-R2IVF* could not solve within the time
limit are those with 30 and 35 customers, which are the largest
instances in the set.

Table 11 illustrates the impact of items’ areas on problem resolu-
tion, where the area of an item is calculated as the product of its
length by its width. For each class of instances, the table reports
the number of instances solved to proven optimality (OP) and for

Instance opP TL
Class NI NB;,« SD¢ SD; .6 NB;,¢ SD¢ SD; 6
2 58.57% 6 4 4 6 1 1
3 68.52% 5 3 7 5 2
4 66.92% 7 8 5 5 3 2
5 79.22% 8 12 6 4 2 1
6 100.00% 8 12 7 4 8 3
2-6 34 42 25 26 19 9
TABLE 10 | Influence of the items’ dimensions.
Instance oP TL
Class NI NB,;,, Vertical Homogeneous Horizontal NB,;,, Vertical Homogeneous Horizontal
2 58.57% 6 6 0 0 6 1 4 1
3 68.52% 5 2 2 1 7 3 2 2
4 66.92% 7 4 3 0 5 3 2 0
5 79.22% 8 8 0 0 4 4 0 0
6 100.00% 8 8 0 0 4 4 0 0
2-6 34 28 5 1 26 15 8 3
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TABLE 11 | Influence of the items’ area.

Status OP TL

Class OP TL NI Titw  Tpack  [0,10]  [10,20]  [20,30] NI Tyt Tpack  [0,10]  [10,20]  [20,30]
2 6 6 58.57% 280.67 2.22 64.99% 32.71% 2.30% 44.68% tl 41.33 50.70%  48.13% 1.17%
3 5 7 68.52% 219.40 6.91 76.13%  23.87% 0.00% 64.09% tl 216.56 82.31% 17.69% 0.00%
4 7 5 66.92% 27498 13585 86.53% 13.47% 0.00% 73.70% tl 817.47 85.60% 14.40% 0.00%
5 8 4 79.22% 92.02 24.21 98.29% 1.71% 0.00% 72.93% tl 1677.74  99.05% 0.95% 0.00%
6 8 4 100.00% 93.78 86.28 98.02% 1.98% 0.00% 100.00% tl 1071.62  97.10% 2.90% 0.00%
2-6 34 26 74.65% 192.17 51.09 84.79% 14.75% 0.46% 71.08% tl 764.95 82.95% 16.81% 0.23%

TABLE 12 | Impact of the number of customers and items.

Instance OP TL
N, MI NI NB;,s SDc  SDyy Trotal Tpack NI NBj,s SDc  SDjys  Tipra Tpack Gap
15 [20, 30) 63.34% 2 2 2 149.64 2.60 — — — e — — s
15 [30, 40) 73.33% 3 2 1 328.15 18.89 — — — — — — —
15 [40, 50) 88.00% 5 6 5 3.65 2.83 — — — — — — —
20 [20, 30) — — e — — — 45.00% 1 0 0 tl 36.31 10.96%
20 [30, 40) 60.00% 1 0 0 551.97 1.87 — — — — — — —
20 [40, 50) 65.00% 3 7 3 17.10 3.64 85.00% 1 0 0 tl 92.10 6.91%
20 [50, 60) 75.00% 1 2 1 92.22 1.10 —_ —_ — — —_ — —_
20 [60, 70) 91.67% 3 9 3 268.27 201.04 — — — — — — —
21 [30, 40) 52.38% 3 2 2 11.32 2.12 — — — — — — —
21 [40, 50) 54.76% 2 1 1 82.14 3.36 —_ —_ — — —_ — —_
21 [50, 60) 77.78% 3 2 2 1.19 0.28 — — — — — — —
21 [60, 70) 100.00% 2 2 1 2.33 0.28 — — — — — — —
22 [20, 30) —_ —_ — — —_ —_ 31.82% 1 1 1 tl 71.83 7.21%
22 [30, 40) — — — — — — 45.45% 1 0 0 tl 51.78 8.40%
22 [40, 50) — — — — — — 57.58% 3 2 2 tl 807.87 3.15%
22 [50, 60) 68.18% 1 1 1 1726.46  909.66 65.91% 2 0 0 tl 2449.11 6.60%
22 [70, 80) 100.00% 2 2 2 58.72 43.28 — — e e — e s
25 [40, 50) 60.00% 1 0 0 801.47 0.23 — — — — — — —
25 [60, 70) — — — — — — 78.00% 2 2 1 tl 0.71 4.55%
25 [70, 80) — — e — — — 100.00% 1 3 1 tl 0.41 1.37%
25 [90, 100) 92.00% 1 4 1 62.15 0.41 — — — — — — —
29 [40, 50) — — — — — — 46.56% 2 0 0 tl 287.73 9.27%
29 [70, 80) —_ —_ — — —_ —_ 79.31% 1 0 0 tl 839.45 8.43%
29 [80, 90) — — — — — — 82.76% 1 0 0 tl 1812.67 6.57%
29 [90, 100) — — — — — — 100.00% 1 2 1 tl 1340.97 0.49%
32 [40, 50) —_ —_ — — —_ —_ 37.50% 1 0 0 tl 51.74 12.67%
32 [50, 60) — — — — — — 53.13% 1 0 0 tl 284.16 10.61%
32 [70, 80) — — — — — — 71.88% 1 0 0 tl 1414.43 7.37%
32 [90, 100) — — — — — — 100.00% 1 3 1 tl 2945.05 0.98%
32 [100, 110) 84.38% 1 0 0 476.01 178.35 — — — — — — —
35 [60, 70) — — — — — — 60.00% 1 0 0 tl 0.04 3.96%
35 [70, 80) — — — — — — 77.14% 1 4 1 tl 0.26 3.50%
35 [90, 100) — — e — — — 77.14% 1 0 0 tl 8.71 5.50%
35 [100, 110) — — — — — — 100.00% 1 0 0 tl 0.04 3.96%
35 [110, 120) — — — — — — 77.14% 1 2 1 tl 0.09 2.91%
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which the method reached the time limit without proving opti-
mality, but found at least one feasible solution (TL). Additionally,
for each type of solution, it provides the percentages of customers
requiring more than one item; the total time spent by the method;
the time dedicated to packing; and, for each item area range, the
percentage of items with an area within that range. The range is
measured as a percentage of the rectangular base of the vehicle.

The results indicate that instances with smaller items and/or a
higher number of items with similar dimensions are easier to
solve. The highest number of optimal solutions was achieved for
classes 5 and 6, where more than 90% of the items occupy less
than 10% of the vehicle’s total area. The items of class 2 are the
most diverse, with item areas reaching up to 30% of the vehicle’s
capacity. For these instances, the method proved optimality for
only half of the instances. The worst performance of the method
was observed for class 3, despite the absence of items occupying
more than 20% of the vehicle’s total area. This inferior perfor-
mance is probably related to the type of dimension (i.e., verti-
cal, homogeneous, or horizontal) of the items, as in 4 out of 7
instances where optimality was not proved, most items were of
the homogeneous or horizontal type.

Table 12 provides a detailed analysis of the method’s convergence,
taking into account the number of customers and items. The
instances are grouped first by the number of customers (N,) and
subsequently by the number of items (MI), which are classified
into intervals. For each group of instances and solution type (OP
or TL), we report the percentage of customers requiring more
than one item (NI), the total number of instances (NBy,,), the
number of customers served with split delivery (SD.), and the
number of instances for which at least one customer received split
delivery (SDj,,). Additionally, the table presents the average total
time required to solve the instances, the average time spent on
the packing subproblem, and the gap, defined as the percentage
difference between the lower and upper bounds. It is important
to note that the gap is not displayed for instances with an optimal
solution, as its value is zero in such cases.

As expected, the results in Table 12 demonstrate that as the num-

bers of customers and items increase, the problem becomes more
challenging to solve. For the instances with 35 customers, the

TABLE 13 | Results on realistic instances.

method could not find an optimal solution within the time limit
for all of them, thus highlighting its limitations. Moreover, in
contrast to the other instances for which the method dedicated
a considerable amount of time to the packing subproblem, this
time was less than 10 s, with the majority of the total time being
used for routing. The method is more efficient when solving
instances involving many customers who require more than one
item. In the group of instances with 32 customers, composed of 5
instances, BC-R2IVF* successfully proved optimality for a single
instance with the largest number of items. However, when ana-
lyzing the distribution of items’ dimensions, we found that only
this particular instance, named E033-03n_5 (in class 5, where
customers demand a maximum of five items), had the majority
of items in the vertical format. In the other instances for which
optimality was not proven, most items were either homogeneous
or horizontal.

5.5 | Comparison of BC Approaches on the
Realistic Instances

‘We now analyze the results obtained from the realistic instances
we introduce in this paper, which belong to classes 7 to 9. The
results are summarized in Tables 13-15. We present the detailed
results in A, Tables A6-A10. Table 13 has the same structure as
Table 6.

The results in Table 13 highlight the superior performance of
the BC methods based on the two-index formulation, as sim-
ilarly observed for the benchmark instances. BC-R2IVF* and
BC-R2IVF obtained optimal solutions for more instances than
BC-3IVF* and BC-3IVF. They also require less computation time,
with an average difference of around 200 s. In addition, the gap
values indicate that the lower and upper bounds obtained with
BC-3IVF* and BC-3IVF are significantly far from each other, with
an average gap greater than 30%. At the same time, we observe
gap values less than 4% for BC-R2IVF* and BC-R2IVF. Again,
BC-R2IVF* and BC-R2IVF require longer computation times for
checking the packing feasibility; however, this is compensated by
the shorter time on routing decisions.

Table 14 presents the total number of cuts added in each BC
method, following the same nomenclature as in Table 7. We

BC-3IVF* BC-3IVF
Class op TL Ttotal (S) Tpack (S) Gap op TL Ttotal (S) Tpack (S) Gap
7 2 4 2401.22 371.15 34.72% 2 4 2401.81 465.90 37.49%
8 3 1853.88 24.74 20.77% 3 1869.71 41.20 40.40%
9 2 4 2533.38 48.62 45.06% 2 4 2474.98 41.26 88.50%
7-9 7 11 2262.83 148.17 33.52% 7 11 2248.83 182.79 55.46%
Class BC-R2IVF* BC-R2IVF

7 3 3 1805.43 1815.53 0.62% 3 3 1832.63 2119.18 1.48%

3 1800.54 408.95 2.77% 3 1802.70 486.80 3.28%
9 2 4 2400.00 541.32 5.34% 2 4 2400.07 943.71 6.03%
7-9 8 10 2001.99 921.93 2.91% 8 10 2011.80 1183.23 3.60%

376 Networks, 2025

95U8017 SUOLLLLOD aAIER.D 9jedljdde ay) Aq peuseAcb afe SoILe VO ‘N JO S3|nJ J0j AkelqiauljuQ A8]i/ O (SUONIPUOD-PUe-SWLB)L0Y A3 | Aleig 1 jeul|uo//Sdny) SUONIPUOD pue swie | au) 88S *[520z/ZT/2T] uo Ariqiauliuo Ae|im ‘seded Aq 0000, 1BU/Z00T OT/10p/wWoo" A8 |ImAleiq 1 pul|uo//sdny wouy pepeojumod ‘v ‘5202 'ZE00L60T



TABLE 14 | Number of cuts on the solutions of the realistic instances.
BC-3IVF* BC-3IVF BC-R2IVF* BC-R2IVF

Class Cuty Cut, Cuty Cut, Cuty Cut, Cutyg Cuty Cut, Cutyg
7 9109 174 8958 170 3563 256 392 3329 279 334
8 3696 35 6650 26 5096 231 783 5994 343 715
9 7795 26 10 504 34 5740 2450 3135 4759 1784 2476
7-9 20 600 235 26 112 230 14 399 2937 4310 14 082 2406 3525

TABLE 15 | Results obtained by the BC methods for the realistic instances.
Instances BC-R2IVF* BC-R2IVF BC-3IVF* BC-3IVF Gapgcrave Gapgcsve Gapgcavr
Name Cl
inst_11 7 534 534 534 534 0.00% 0.00% 0.00%
inst_16 7 670 670 670 670 0.00% 0.00% 0.00%
inst_21 7 810 815 819 815 0.62% 1.11% 0.62%
inst_26 7 953 989 1169 1030 3.78% 22.67% 8.08%
inst_31 7 990 990 1097 1328 0.00% 10.81% 34.14%
inst_36 7 1236 1236 1783 1747 0.00% 44.26% 41.34%
Avg. 0.73% 13.14% 14.03%
inst_11 8 547 547 547 547 0.00% 0.00% 0.00%
inst_16 8 758 758 758 758 0.00% 0.00% 0.00%
inst_21 8 752 752 752 752 0.00% 0.00% 0.00%
inst_26 8 978 978 1017 1056 0.00% 3.99% 7.98%
inst_31 8 1046 1051 1069 1403 0.48% 2.20% 34.13%
inst_36 8 1163 1191 1201 1633 2.41% 3.27% 40.41%
Avg. 0.48% 1.58% 13.75%
inst_11 9 516 516 516 516 0.00% 0.00% 0.00%
inst_16 9 641 641 641 641 0.00% 0.00% 0.00%
inst_21 9 998 993 958 973 -0.50% -4.01% -2.51%
inst_26 9 1078 1078 1173 1155 0.00% 8.81% 7.14%
inst_31 9 1072 1120 1215 2029 4.48% 13.34% 89.27%
inst_36 9 1347 1391 1577 2583 3.27% 17.07% 91.76%
Avg. 1.21% 5.87% 30.94%
Avg. 7-9 0.81% 6.86% 19.58%

observe that the number of routes with an infeasible packing
is higher in BC-2IVF* and BC-R2IVF than in BC-3IVF* and
BC-3IVF. However, more cuts concerning subtour elimination
and connectivity of routes are inserted in BC-3IVF* and BC-3IVF
compared to BC-R2IVF* and BC-R2IVF.

Finally, Table 15 compares the solutions obtained by BC-R2IVF*
with those obtained by the other methods. For each instance,
we present the solution value according to each BC method
and the gap between the solution of BC-R2IVF* and those
of BC-R2IVF, BC-3IVF*, and BC-3IVF. For example, column
Gapgc.pavr reports the gap between the solutions obtained by
BC-R2IVF* and BC-R2IVF. A positive gap value indicates that the
solution obtained with BC-R2IVF* is better. The results show the
superior performance of BC-R2IVF*, as it obtains solutions with

average relative differences 0f 0.81%, 6.86%, and 19.58% compared
to the solutions obtained by BC-R2IVF, BC-3IVF*, and BC-31IVF,
respectively. For only one instance, namely inst_21 of class 9,
BC-R2IVF* performs worse than all the other BC methods. For
all other instances, BC-R2IVF* obtain the same or a better solu-
tion. It is worth mentioning that the improvement in the solution
value obtained by BC-R2IVF* concerning BC-3IVF and BC-3IVF*
is greater than 14% on several instances.

6 | Concluding Remarks

We addressed the split delivery vehicle routing problem with
two-dimensional loading constraints (2L-SDVRP). This problem
aims to minimize transportation costs while determining routes
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to deliver rectangular items requested by the customers. Split
deliveries allow a customer to be visited by two or more vehicles if
this reduces the overall cost. Two formulations are presented and
discussed: a three-index vehicle flow formulation and a relaxed
two-index vehicle flow formulation. They are approached with
tailored branch-and-cut (BC) methods, which embed procedures
to detect on-the-fly violated constraints due to packing, sub-
tour, and connectivity of routes. Different procedures, including
heuristics, lower bounds, and constraint programming models,
are used to check whether the packing subproblem of each route
is feasible. We also propose a cut to eliminate infeasible solutions
of the relaxed two-index vehicle flow formulation.

The BC methods are tested on different instances to analyze their
performance regarding solution quality and computation time.
The results indicate the superior performance of the methods
based on the two-index formulation regarding both solution qual-
ity and computation time.

These methods attain more feasible and optimal solutions on the
benchmark instances of the 2L-SDVRP. We observe similar con-
clusions when solving new realistic instances based on real data
from Brazilian logistics companies. We believe they bring practi-
cal and relevant insights to evaluate the performance of the pro-
posed approaches.

Future research may propose valid inequalities for the pack-
ing subproblem, which could be used in the BC methods to
find improved solutions and better bounds. Another interest-
ing research topic would be to propose a branch-price-and-cut
method, including a column-generation algorithm for handling
routing and packing decisions simultaneously. This method has
successfully solved VRP variants with split deliveries [5, 34].
Another direction would be to integrate new constraints into the
packing subproblem, for example, cargo stability, load balancing,
and manual loading, among others, to approximate the problem
faced in real situations [69, 70].
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Appendix A
Detailed Results

In this appendix, we report detailed results obtained by the BC methods.
Results related to the benchmark instances (classes 2 to 6) are reported in
Tables A1-A5. For the newly generated instances (classes 7 to 9), results
are reported in Tables A6-A10. All these tables report the following infor-
mation for each instance: name, class, the number of customers (n), the
total number of items (|R;|), the number of vehicles (K), the solution
cost (Obj); the total computation time in seconds (Time;); the compu-
tation time for solving the packing subproblems in seconds (Time;); the
number of capacity and connectivity cuts (Cutyg); and the number of cuts

concerning routes with infeasible packing (Cutp). In addition, Tables A2
and A10 present the minimum number of vehicles needed to serve all
customers (K,,;,), the number of vehicles in the resulting solution (VH),
the number of customers served with split delivery (CS). For BC-R2IVF*
and BC-R2IVF, we also show the number of cuts regarding the residual
optimization problem (Cutg). The letters “tl” indicate that the imposed
time limit was reached for the instance.
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TABLE A1 | Information of the initial solutions used in the BC methods on benchmark instances.
Instances Solution
Name Class n IR, K Obj Time Timep Cuty Cutp
E016-03m 2 15 24 3 285 2.80 0.76 949 32
3 15 31 3 280 8.50 8.07 513 10
4 15 37 4 288 0.79 0.77 43 4
5 15 45 4 279 1.46 1.45 23 2
6 15 48 4 277 0.20 0.19 11 0
E016-05m 2 15 25 5 342 0.81 0.03 654 5
3 15 31 5 347 2.52 0.30 1233 7
4 15 40 5 336 1.18 091 326 2
5 15 48 5 329 0.25 0.15 198 0
6 15 48 5 329 0.10 0.00 198 0
E021-04m 2 20 29 5 395 15.98 2.75 2853 396
3 20 46 5 387 2.00 1.65 388 7
4 20 44 5 374 10.10 9.78 180
5 20 49 5 369 0.72 0.48 120
6 20 66 5 369 0.96 0.85 121
E021-06m 2 20 32 6 434 2.43 0.22 1649 13
3 20 43 6 432 2.14 1.62 575 5
4 20 50 6 438 5.50 2.55 1433
5 20 62 6 423 0.08 0.00 305
6 20 66 6 423 0.27 0.11 388 0
E022-04g 2 21 31 4 379 4.01 3.65 454 24
3 21 37 4 373 0.35 0.29 281 3
4 21 41 4 377 0.31 0.19 312 2
5 21 57 5 388 0.36 0.29 91 0
6 21 68 5 388 0.35 0.32 85 0
E022-06m 2 21 33 6 490 1.16 0.08 994 6
3 21 40 6 495 6.47 3.97 1310 20
4 21 57 6 488 0.37 0.14 618 1
5 21 56 6 487 0.33 0.09 562
6 21 68 6 487 0.65 0.09 587 0
E023-03g 2 22 32 5 723 2.21 1.51 428 28
3 22 41 5 698 12.04 11.82 193 42
4 22 51 5 714 10.11 9.99 169 7
5 22 55 6 742 3.14 3.10 23
6 22 70 6 745 13.04 12.99 39 0
E023-05s 2 22 29 5 720 9.69 8.41 410 301
3 22 42 5 730 9.71 9.08 409 50
4 22 48 5 701 1.21 1.16 82 2
5 22 52 6 720 0.14 0.12 21 0
6 22 70 6 745 12.81 12.76 39 0
E026-08m 2 25 40 8 612 1.63 0.08 1852 4
3 25 61 8 615 1.65 0.25 1077 2
4 25 63 8 625 24.96 0.31 3238 6
5 25 91 8 609 0.27 0.05 417 0
6 25 79 8 609 0.34 0.00 619 0
E030-03g 2 29 43 6 684 33.98 11.50 3695 801
3 29 49 6 635 69.77 52.45 2291 231
4 29 72 7 733 43.80 43.54 369 35
5 29 86 7 702 52.12 51.34 449 4
6 29 91 7 688 0.61 0.40 192 0
E033-03n 2 32 44 7 2713 300.00 14.04 8718 1395
3 32 56 7 2574 300.00 95.59 3021 312
4 32 78 7 2667 300.00 238.54 3383 146
5 32 102 8 2631 105.59 105.15 112
6 32 99 8 2628 1.25 1.15 73
E036-11h 2 35 56 11 682 169.07 0.07 6833
3 35 74 11 682 163.62 0.14 7295 0
4 35 93 11 690 300.00 13.39 15985 19
5 35 114 11 682 227.52 0.21 8339
6 35 109 11 682 280.64 0.00 9222
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TABLE A2 | Results of the BC-R2IVF* on benchmark instances.
Instances Solution
Name Class n IR Koin K VH CcS Obj Time, Timep Cuty Cut, Cutg
E016-03m 2 15 24 3 3 3 1 279 30.73 4.86 681 176 280
3 15 31 3 3 3 0 280 57.95 26.86 576 122 225
4 15 37 3 4 4 0 288 61.62 28.18 979 17 131
5 15 45 3 4 3 1 262 15.38 13.78 80 0
6 15 48 3 4 3 1 262 0.49 0.11 62 0
E016-05m 2 15 25 5 5 5 1 329 268.56 0.33 700 67 1003
3 15 31 5 5 5 2 329 864.88 1.64 456 39 990
4 15 40 5 5 5 2 308 1.55 0.14 38 0 0
5 15 48 5 5 5 1 308 0.51 0.12 32 0 0
6 15 48 5 5 5 1 308 0.33 0.00 34 0 0
E021-04m 2 20 29 4 5 5 0 395 tl 36.31 2539 1928 3263
3 20 46 4 5 5 0 387 tl 92.10 1436 500 2147
4 20 44 4 5 4 2 353 29.25 9.52 397 31 26
5 20 49 4 5 4 2 348 211 0.37 287 0 1
6 20 66 4 5 4 2 349 616.23 602.73 425 22
E021-06m 2 20 32 6 6 6 0 434 551.97 1.87 1027 44 495
3 20 43 6 6 6 3 419 19.93 1.04 321 4 9
4 20 50 6 6 6 2 420 92.22 1.10 401 25
5 20 62 6 6 6 3 420 177.52 0.09 304 25
6 20 66 6 6 6 4 416 11.05 0.32 266 0
E022-04g 2 21 31 4 4 4 1 376 20.77 5.80 343 37 179
3 21 37 4 4 4 0 373 2.67 0.34 162 8 34
4 21 41 4 4 4 0 377 12.67 2.06 215 38 102
5 21 57 4 5 4 0 367 1.03 0.42 182 0
6 21 68 4 5 4 0 367 1.01 0.43 143 0
E022-06m 2 21 33 6 6 6 1 472 10.53 0.21 213 8
3 21 40 6 6 6 1 485 151.60 4.66 533 14 292
4 21 57 6 6 6 1 470 1.11 0.29 182 0 0
5 21 56 6 6 6 1 470 1.44 0.13 160 0 2
6 21 68 6 6 6 2 470 3.65 0.12 130 0 1
E023-03g 2 22 32 4 5 5 0 723 tl 51.78 1157 2024 6894
3 22 41 4 5 4 1 673 tl 392.95 857 2297 14 023
4 22 51 4 5 4 1 682 1726.46 909.66 528 501 6430
5 22 55 3 6 4 0 647 tl 1235.27 846 67 2950
6 22 70 4 6 4 1 649 58.92 43.38 85 4 1
E023-05s 2 22 29 4 5 5 1 699 tl 71.83 1697 3029 11 724
3 22 42 4 5 5 0 730 tl 206.44 1167 516 14 589
4 22 48 4 5 4 1 673 tl 1824.22 397 816 4424
5 22 52 3 6 4 0 632 tl 3662.95 249 34 160
6 22 70 4 6 4 1 649 58.53 43.19 85 4 1
E026-08m 2 25 40 8 8 8 0 598 801.47 0.23 587 10 167
3 25 61 8 8 8 0 601 tl 0.88 635 4 277
4 25 63 8 8 8 2 621 tl 0.54 727 4 147
5 25 91 8 8 8 4 585 62.15 0.41 410 0 4
6 25 79 8 8 8 3 594 tl 0.41 415 0 228
E030-03g 2 29 43 5 6 6 0 684 tl 36.29 1328 1305 2774
3 29 49 4 6 6 0 635 tl 539.16 1266 1373 1400
4 29 72 6 7 7 0 733 tl 839.45 720 434 407
5 29 86 5 7 6 0 681 tl 1812.67 977 42 233
6 29 91 5 7 6 2 619 tl 1340.97 1070 18 354
E033-03n 2 32 44 5 7 7 0 2713 tl 51.74 6238 3137 1355
3 32 56 5 7 7 0 2574 tl 284.16 1565 1089 452
4 32 78 6 7 7 0 2667 tl 1414.43 1829 939 1291
5 32 102 5 8 5 0 2320 476.01 178.35 1486 4 443
6 32 99 5 8 5 3 2378 tl 2945.05 1043 74 1067
E036-11h 2 35 56 11 11 11 0 682 tl 0.04 3276 28
3 35 74 11 11 11 4 680 tl 0.26 2754 0 16
4 35 93 11 11 11 0 690 tl 8.71 3510 11 19
5 35 114 11 11 11 2 673 tl 0.09 3017 24
6 35 109 11 11 11 0 682 tl 0.04 3715 10
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TABLE A3 | Results of the BC-R2IVF on benchmark instances.
Instances Solution
Name Class n IR Kin K VH CcS Obj Time Timep Cuty Cut, Cutg
E016-03m 2 15 24 3 3 3 1 279 24.74 5.83 591 165 205
3 15 31 3 3 3 0 280 81.73 43.18 757 203 395
4 15 37 3 4 4 0 288 73.58 41.65 1112 27 131
5 15 45 3 4 3 1 262 15.25 1513 100 2 1
6 15 48 3 4 3 1 262 0.65 0.33 121 0 0
E016-05m 2 15 25 5 5 5 1 329 279.11 0.39 512 74 968
3 15 31 5 5 5 2 329 1078.79 2.30 531 60 1447
4 15 40 5 5 5 1 308 7.99 0.06 43 0 0
5 15 48 5 5 5 1 308 2.28 0.00 49 0 1
6 15 48 5 5 5 1 308 0.83 0.00 30 0 0
E021-04m 2 20 29 4 5 5 2 395 tl 35.62 2598 2339 3582
3 20 46 4 5 5 1 392 tl 157.01 1322 707 1379
4 20 44 4 5 4 2 353 73.99 49.03 671 106 42
5 20 49 4 5 4 2 348 24.29 5.69 360 2 5
6 20 66 4 5 4 2 349 16.06 5.10 460 1 8
E021-06m 2 20 32 6 6 6 1 434 601.98 1.80 1160 51 505
3 20 43 6 6 6 3 419 33.03 0.80 414 4 23
4 20 50 6 6 6 2 420 573.47 55.20 476 121 32
5 20 62 6 6 6 2 420 317.47 1.32 401 0 38
6 20 66 6 6 6 2 416 134.19 62.74 411 2 1
E022-04g 2 21 31 4 4 4 1 376 23.28 9.91 556 65 244
3 21 37 4 4 4 1 373 8.66 0.59 356 12 60
4 21 41 4 4 4 1 377 14.21 2.27 399 38 141
5 21 57 4 5 4 0 367 6.69 3.14 211 1 1
6 21 68 4 5 4 0 367 13.14 0.77 335 0 0
E022-06m 2 21 33 6 6 6 1 472 133.95 0.29 342 38 59
3 21 40 6 6 6 1 485 298.83 7.77 398 23 235
4 21 57 6 6 6 2 470 284.46 25.27 270 6 42
5 21 56 6 6 6 2 470 193.20 0.17 293 0 63
6 21 68 6 6 6 1 470 41.20 0.05 286 0 9
E023-03g 2 22 32 4 5 5 1 715 tl 57.99 1362 2255 8290
3 22 41 4 5 5 1 698 tl 659.86 1109 2804 8703
4 22 51 4 5 4 1 682 1834.59 934.40 568 584 7000
5 22 55 3 6 4 1 645 tl 1619.65 849 80 2532
6 22 70 4 6 4 1 649 127.94 122.55 161 1 3
E023-05s 2 22 29 4 5 5 1 699 tl 78.02 1516 3307 11 966
3 22 42 4 5 5 1 731 tl 227.42 1095 584 11 100
4 22 48 4 5 4 1 673 tl 2064.97 519 895 4609
5 22 52 3 6 4 0 633 tl 3526.58 332 32 184
6 22 70 4 6 4 1 649 129.57 124.25 161 1 3
E026-08m 2 25 40 8 8 8 0 598 1185.39 0.84 676 28 205
3 25 61 8 8 — — — tl 11.46 0 20 1
4 25 63 8 8 — — — tl 5.92 0 2
5 25 91 8 8 8 3 585 18.93 0.53 382 0 0
6 25 79 8 8 — — — tl 0.30 0 0
E030-03g 2 29 43 5 6 6 1 826 tl 55.89 721 1502 568
3 29 49 4 6 6 1 663 tl 606.72 909 1295 504
4 29 72 6 7 7 2 736 tl 946.59 581 426 304
5 29 86 5 7 7 3 699 tl 2602.90 548 81 54
6 29 91 5 7 6 3 619 tl 1993.33 560 24 599
E033-03n 2 32 44 5 7 7 4 3171 tl 18.23 2691 981 119
3 32 56 5 7 7 2 2725 tl 390.83 1208 1470 237
4 32 78 6 7 7 1 2635 tl 1327.72 1637 840 866
5 32 102 5 8 5 0 2320 789.95 601.88 942 4 434
6 32 99 5 8 5 3 2394 tl 2321.32 1298 38 1882
E036-11h 2 35 56 11 11 —_ —_ — tl 0.82 0 6 1
3 35 74 11 11 — — — tl 0.00 141 0 3
4 35 93 11 11 — — — tl 0.00 0 0 1
5 35 114 11 11 11 5 696 tl 0.71 2566 0 5
6 35 109 11 11 — — — tl 0.46 130 0 1
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TABLE A4 | Results of the BC-3IVF* on benchmark instances.

Instances Solution
Name Class n IR, Kopin K VH CcS Obj Time, Timep Cuty Cut,
E016-03m 2 15 24 3 3 3 1 279 10.65 5.34 120 175
3 15 31 3 3 3 0 280 30.86 20.36 54 62
4 15 37 3 4 4 0 288 19.86 9.70 122 5
5 15 45 3 4 3 1 262 49.21 46.82 60
6 15 48 3 4 3 1 262 1.81 0.64 32 0
E016-05m 2 15 25 5 5 5 1 329 19.84 0.22 102 74
3 15 31 5 5 5 2 329 21.47 1.08 73 27
4 15 40 5 5 5 2 308 3.83 0.12 38 0
5 15 48 5 5 5 2 308 2.96 0.35 16
6 15 48 5 5 5 2 308 2.66 0.09 10
E021-04m 2 20 29 4 5 5 0 395 tl 9.31 1052 494
3 20 46 4 5 5 0 387 tl 8.01 556 57
4 20 44 4 5 4 3 353 tl 26.27 450 47
5 20 49 4 5 4 2 348 433.81 0.57 284 0
6 20 66 4 5 4 2 349 554.20 2.04 212 0
E021-06m 2 20 32 6 6 6 0 434 tl 0.16 282 2
3 20 43 6 6 6 3 419 tl 0.69 300 4
4 20 50 6 6 6 3 423 tl 1.26 304 5
5 20 62 6 6 6 0 423 tl 0.00 250 0
6 20 66 6 6 6 3 416 tl 0.22 244 0
E022-04g 2 21 31 4 4 4 1 376 69.72 2.86 190 22
3 21 37 4 4 4 0 373 29.01 0.53 128 8
4 21 41 4 4 4 0 377 46.05 2.46 206 32
5 21 57 4 5 4 1 367 51.50 0.61 126
6 21 68 4 5 4 0 367 55.86 12.11 116
E022-06m 2 21 33 6 6 6 2 472 tl 0.28 694
3 21 40 6 6 6 4 486 tl 341 692 19
4 21 57 6 6 6 2 470 tl 0.39 370
5 21 56 6 6 6 3 470 tl 0.07 662
6 21 68 6 6 6 3 470 tl 0.27 698 0
E023-03g 2 22 32 4 5 5 0 723 tl 8.19 970 226
3 22 41 4 5 4 1 673 tl 125.66 1069 391
4 22 51 4 5 4 1 684 tl 93.33 750 87
5 22 55 3 6 4 1 645 3413.91 1273.12 528 65
6 22 70 4 6 4 1 649 1487.23 22.49 353 0
E023-05s 2 22 29 4 5 4 2 680 tl 6.93 1075 287
3 22 42 4 5 5 0 730 tl 2.94 803 30
4 22 48 4 5 4 1 686 tl 154.66 881 85
5 22 52 3 6 3 1 604 tl 3370.88 266 27
6 22 70 4 6 4 1 649 1490.12 22.74 353 0
E026-08m 2 25 40 8 8 8 2 598 tl 0.04 392 2
3 25 61 8 8 8 0 601 tl 0.79 280 4
4 25 63 8 8 8 0 611 tl 0.16 450 0
5 25 91 8 8 8 0 595 tl 0.20 308 0
6 25 79 8 8 8 0 595 tl 0.17 336 0
E030-03g 2 29 43 5 6 6 0 684 tl 2.83 3450 64
3 29 49 4 6 6 0 632 tl 13.80 2998 12
4 29 72 6 7 7 1 721 tl 91.61 2256 36
5 29 86 5 7 5 1 691 tl 178.90 2330
6 29 91 5 7 6 3 624 tl 268.01 2042 9
E033-03n 2 32 44 5 7 7 0 2713 tl 0.75 1884 15
3 32 56 5 7 7 0 2574 tl 14.77 1666 85
4 32 78 6 7 7 0 2667 tl 36.14 1560 28
5 32 102 5 8 5 3 2343 tl 951.12 1042 9
6 32 99 5 8 6 1 2472 tl 1.35 1062 0
E036-11h 2 35 56 11 11 11 0 682 tl 0.06 270 0
3 35 74 11 11 11 0 682 tl 0.04 198 0
4 35 93 11 11 11 0 690 tl 0.23 322 0
5 35 114 11 11 11 0 682 tl 0.11 272 0
6 35 109 11 11 11 0 682 tl 0.00 396 0
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TABLE A5 | Results of the BC-3IVF on benchmark instances.
Instances Solution
Name Class n IR, Kin K VH CcS Obj Time Timep Cuty Cut,
E016-03m 2 15 24 3 3 3 1 279 12.03 6.52 162 172
3 15 31 3 3 3 1 280 38.90 3341 150 85
4 15 37 3 4 4 0 288 49.42 40.10 160 37
5 15 45 3 4 3 1 262 2.46 0.92 78 0
6 15 48 3 4 3 1 262 1.97 0.81 52 0
E016-05m 2 15 25 5 5 5 1 329 73.14 0.36 162 69
3 15 31 5 5 5 2 329 51.99 1.92 105 51
4 15 40 5 5 5 2 308 4.09 0.23 28 1
5 15 48 5 5 5 2 308 3.59 0.53 30 0
6 15 48 5 5 5 2 308 5.18 0.12 32 0
E021-04m 2 20 29 4 5 5 3 431 tl 26.45 2818 1657
3 20 46 4 5 5 1 398 tl 94.53 1730 360
4 20 44 4 5 4 2 353 3398.21 76.60 538 99
5 20 49 4 5 4 2 348 1349.43 1.09 394 0
6 20 66 4 5 4 3 349 1052.42 635.68 318 6
E021-06m 2 20 32 6 6 6 3 434 tl 2.57 866 61
3 20 43 6 6 6 4 419 tl 1.37 676 3
4 20 50 6 6 6 3 424 tl 17.15 764 26
5 20 62 6 6 6 1 423 tl 1.47 462 0
6 20 66 6 6 6 4 419 tl 1.20 506 0
E022-04g 2 21 31 4 4 4 1 376 39.02 5.37 304 43
3 21 37 4 4 4 1 373 45.11 1.73 306 35
4 21 41 4 4 4 0 377 141.75 34.26 594 114
5 21 57 4 5 4 0 367 88.67 7.55 284 0
6 21 68 4 5 4 0 367 3600.00 3490.04 939 4
E022-06m 2 21 33 6 6 6 3 472 3263.41 0.43 784 9
3 21 40 6 6 6 3 487 tl 6.83 866 29
4 21 57 6 6 6 4 470 tl 30.96 976 43
5 21 56 6 6 6 3 470 tl 1.47 762 0
6 21 68 6 6 6 3 472 tl 1.38 748 0
E023-03g 2 22 32 4 5 5 0 833 tl 39.73 3241 1317
3 22 41 4 5 4 2 685 tl 151.72 1964 415
4 22 51 4 5 4 1 684 tl 128.05 1092 108
5 22 55 3 6 4 1 645 3553.20 1241.07 881 66
6 22 70 4 6 4 1 649 2161.60 574.34 665 20
E023-05s 2 22 29 4 5 5 0 731 tl 19.42 2886 894
3 22 42 4 5 5 1 735 tl 26.19 1327 114
4 22 48 4 5 4 1 673 tl 366.52 959 170
5 22 52 3 6 3 1 611 tl 3649.97 458 42
6 22 70 4 6 4 1 649 2163.79 576.51 665 20
E026-08m 2 25 40 8 8 8 5 669 tl 2.59 1430 60
3 25 61 8 8 8 7 692 tl 1.77 1134 9
4 25 63 8 8 8 4 680 tl 0.71 648 0
5 25 91 8 8 8 6 678 tl 1.66 900 0
6 25 79 8 8 8 4 637 tl 0.27 530 0
E030-03g 2 29 43 5 6 6 — — tl 10.87 8460 242
3 29 49 4 6 6 5 1091 tl 45.44 7860 133
4 29 72 6 7 7 — — tl 138.22 5032 57
5 29 86 5 7 6 2 737 tl 352.79 2900 10
6 29 91 5 7 6 5 666 tl 1268.33 2460 15
E033-03n 2 32 44 5 7 6 — — tl 6.66 5706 217
3 32 56 5 7 — — — tl 37.53 4876 179
4 32 78 6 7 —_ — —_ tl 85.97 17071 99
5 32 102 5 8 6 4 2565 tl 1236.78 15355 15
6 32 99 5 8 6 5 3367 tl 234.72 2889 13
E036-11h 2 35 56 11 11 11 — —_ tl 0.22 848 2
3 35 74 11 11 11 — — tl 0.32 8407 1
4 35 93 11 11 11 — — tl 3.76 490 1
5 35 114 11 11 11 5 887 tl 1.82 936 0
6 35 109 11 11 11 — — tl 0.06 622 0
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TABLE A6 | Information of the initial solutions used in the BC methods on newly generated instances.
Instances Solution
Name Class n IR, K Obj Time, Time, Cutyg Cut,
inst_11 7 10 68 4 770 0.03 0.00 4 0
8 10 68 4 759 0.00 0.00 0 0
9 10 60 3 611 0.00 0.00 6 0
inst_16 7 15 90 5 1027 0.00 0.00 2 0
8 15 122 6 1003 0.13 0.13 6 0
9 15 106 5 759 0.01 0.00 7 0
inst_21 7 20 140 7 1121 0.01 0.00 4 0
8 20 136 7 1060 0.06 0.00 10 0
9 20 152 7 1247 0.49 0.44 52 3
inst_26 7 25 162 8 1513 12.64 12.53 33 3
8 25 184 9 1206 0.49 0.47 24 0
9 25 178 9 1433 0.43 0.41 33 0
inst_31 7 30 196 9 1401 10.15 10.05 78 1
8 30 218 10 1362 0.04 0.00 30 0
9 30 206 10 1535 0.06 0.00 54 0
inst_36 7 35 272 13 1841 0.03 0.00 38 0
8 35 242 11 1389 0.83 0.17 311 8
9 35 256 12 1719 0.37 0.28 66 3
TABLE A7 | Results of the BC-R2IVF* on newly generated instances.
Instances Solution
Name Class n IRl K,in K VH CcS Obj Time Time, Cuty Cut, Cutg
inst_11 7 10 68 2 4 2 0 534 0.23 0.14 13 0 0
8 10 68 2 4 2 0 547 0.19 0.04 32 0 4
9 10 60 2 3 2 0 516 0.02 0.00 21 0 0
inst_16 7 15 90 2 5 2 0 670 1.56 0.98 86 0 0
8 15 122 3 6 3 0 758 2.32 0.39 72 4 6
9 15 106 3 5 3 0 641 0.65 0.00 71 0 1
inst_21 7 20 140 3 7 3 1 810 tl 4116.79 256 116 58
8 20 136 3 7 3 0 752 1.49 1.03 117 2 1
9 20 152 4 7 5 1 998 tl 1302.20 936 1159 2068
inst_26 7 25 162 4 8 4 1 953 tl 3516.41 359 132 84
8 25 184 4 9 5 1 978 tl 9.63 773 53 603
9 25 178 4 9 5 2 1078 tl 613.10 1480 579 804
inst_31 7 30 196 4 9 4 0 990 tl 3247.76 917 8 249
8 30 218 5 10 6 1 1046 tl 1787.02 608 39 146
9 30 206 5 10 6 1 1072 tl 45.43 929 303 255
inst_36 7 35 272 6 13 6 0 1236 30.79 11.12 1932 0 1
8 35 242 5 11 6 1 1163 tl 655.59 3494 133 23
9 35 256 6 12 8 4 1347 tl 1287.21 2303 409 7
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TABLE A8 | Results of the BC-R2IVF on newly generated instances.
Instances Solution
Name Class n IR;] K,in K VH CcS Obj Time, Time, Cuty Cut,p Cutg
inst_11 7 10 68 2 4 2 0 534 0.18 0.17 36 0 0
8 10 68 2 4 2 0 547 0.20 0.00 62 0 6
9 10 60 2 3 2 0 516 0.01 0.00 26 0 0
inst_16 7 15 90 2 5 2 0 670 2.58 1.27 91 0 0
8 15 122 3 6 3 0 758 3.41 0.32 97 4 10
9 15 106 3 5 3 1 641 0.40 0.00 108 0 0
inst_21 7 20 140 3 7 3 0 815 tl 5651.54 303 132 46
8 20 136 3 7 3 1 752 12.61 10.96 173 6 2
9 20 152 4 7 5 1 993 tl 2057.81 752 771 1592
inst_26 7 25 162 4 8 5 0 989 tl 3646.36 371 135 71
8 25 184 4 9 5 2 978 tl 304.37 1207 111 538
9 25 178 4 9 5 1 1078 tl 1877.89 936 482 732
inst_31 7 30 196 4 9 4 1 990 tl 3376.46 647 8 216
8 30 218 5 10 6 1 1051 tl 1772.43 804 36 143
9 30 206 5 10 6 0 1120 tl 1215.93 790 416 144
inst_36 7 35 272 6 13 6 3 1236 193.03 39.27 1881 4 1
8 35 242 5 11 6 1 1191 tl 832.71 3651 186 16
9 35 256 6 12 8 1 1391 tl 510.65 2147 115 8
TABLE A9 | Results of the BC-3IVF* on newly generated instances.
Instances Solution
Name Class n IR;| K,in K VH CcS Obj Time Timep Cuty Cut,
inst_11 7 10 68 2 4 2 0 534 1.61 1.36 14 0
8 10 68 2 4 2 0 547 0.11 0.00 16 0
9 10 60 2 3 2 0 516 0.13 0.00 18 0
inst_16 7 15 90 2 5 2 0 670 5.72 1.03 186 0
8 15 122 3 6 3 0 758 21.61 1.07 142 8
9 15 106 3 5 3 1 641 800.18 1.40 360 0
inst_21 7 20 140 3 7 3 0 819 tl 1417.59 2959 122
8 20 136 3 7 3 1 752 301.53 15.10 790 3
9 20 152 4 7 4 0 958 tl 287.98 1941 24
inst_26 7 25 162 4 8 6 1 1169 tl 803.07 3106 52
8 25 184 4 9 6 1 1017 tl 1.65 1040 4
9 25 178 4 9 6 0 1173 tl 0.39 2320 0
inst_31 7 30 196 4 9 4 3 1097 tl 3.87 1630 0
8 30 218 5 10 6 3 1069 tl 0.77 822 5
9 30 206 5 10 7 1 1215 tl 1.24 1960 0
inst_36 7 35 272 6 13 13 2 1783 tl 0.00 1214 0
8 35 242 5 11 8 1 1201 tl 129.83 886 15
9 35 256 6 12 10 4 1577 tl 0.69 1196 2
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TABLE A10 | Results of the BC-3IVF on newly generated instances.
Instances Solution
Name Class n IR;] Kin K VH CcS Obj Time Time, Cuty Cutp
inst_11 7 10 68 2 4 2 0 534 1.17 0.97 14 0
8 10 68 2 4 2 0 547 0.12 0.00 16 0
9 10 60 2 3 2 0 516 0.18 0.00 20 0
inst_16 7 15 90 2 5 2 0 670 9.72 2.43 170 0
8 15 122 3 6 3 0 758 26.57 0.18 120 2
9 15 106 3 5 3 2 641 449.68 0.00 352 0
inst_21 7 20 140 3 7 3 0 815 tl 1046.63 2722 101
8 20 136 3 7 3 0 752 391.57 78.27 1040 8
9 20 152 4 7 4 2 973 tl 121.49 2216 24
inst_26 7 25 162 4 8 5 1 1030 tl 1713.88 1984 68
8 25 184 4 9 6 4 1056 tl 4.04 2284 10
9 25 178 4 9 5 1 1155 tl 125.87 2952 8
inst_31 7 30 196 4 9 6 3 1328 tl 7.75 2704 1
8 30 218 5 10 6 3 1403 tl 164.53 2040 5
9 30 206 5 10 9 7 2029 tl 0.07 2974 2
inst_36 7 35 272 6 13 8 6 1747 tl 23.73 1364 0
8 35 242 5 11 10 3 1633 tl 0.17 1150 1
9 35 256 6 12 12 8 2583 tl 0.15 1990 0
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