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ELLIPTIC SINGULAR PROBLEMS WITH A
QUADRATIC GRADIENT TERM

J. V. Gongalves A. L. Melo C. A. Santos

Abstract

We deal with existence and nonexistence of positive classical solutions
to the Dirichlet problem for the quasilinear singular elliptic equation
—Au =\ B(u) [Vu> +¥(z) in Q, where Q C RY (N > 3) is a domain
with smooth boundary 992, A > 0 is a real parameter, 3 : (0,00) — (0, c0)

s—0

is a C'-function, possibly singular at zero in the sense that 3(s) "— oo,
and ¥ : Q — [0, 00) is continuous. No monotonicity condition whatsoever
is imposed upon (.

1 Introduction

The aim of the present paper is to study existence and non-existence of

classical solutions for the quasilinear problem

—Au =\ f(u) [Vul|®> +¥(z) in Q,
(1.1)
>0 in Q wu=0 on 99,
where Q ¢ R" is a bounded domain with smooth boundary 9Q, A > 0 is a

parameter, 3 : (0,00) — (0,00) is C' and ¥ : Q — [0, 00) are suitable functions.
Our main interest is in the case ( is singular at zero, in the sense that

s—0 .. . . .
(B(s) "= oo and no monotonicity assumption whatsoever is required from /.

Problems like (1.1) with 8 non-singular have been intensively investigated.
In the recent, inspiring paper [2], Abdellaoui, Dall’Aglio & Peral, motivated in

part by some features of the parabolic equation
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uy — eAu = |Vul?,

where € > 0, investigated existence, non-existence, multiplicity and regularity

of solutions of the non-singular problem

—Au = B(u) |Vu|> + \¥(z) in Q,
(1.2)
u>0 in Q, u=0 on 09,

where 8 : [0,00) — [0,00) is some continuous function and ¥ belongs to a
suitable Lebesgue space. Connections of (1.2) with elliptic problems involving

measure data are also dealt with.

There is by now a broad literature on problems like (1.1) in the case 3 is
non-singular. We refer the reader to Kazdan & Kramer [4], Porreta & Segura
de Leon [1], Boccardo, Segura de Leon & Trombetti [5], where even operators

more genreral than A are treated, as well as their references.
Our research is in part motivated by the study of the parabolic equation
up = uAu — A\ Vul?,

where A > 0 is a parameter. This equation appears in the investigation of
physical phenomena such as the filtration of a fluid through a porous medium,
see e.g. Zeng’an Yao & Wenshu Zhou [9], Bertsch, Dal Passo & Ughi [6] and

their references.
Notice that the singular equation
A
—Au == |Vul?,
u

which represents the stationary part of the parabolic equation above is a special

case of the equation in (1.1).

It is interesting to point out that the non-singular problem
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~Au=\Vu|* in B, u>0 in B, u=0 on OB
where B C R? is the unit ball and A > 0, has a weak solution in H{(B), namely
u(z) = Mog(lz| 1)
which, in fact blows-up to oo at the origin, while the singular problem
A 9 . .
—Au=—|Vu|* in B, v>0 in B, u=0 on 9B
u
admits no weak solution in H{(B) if A € (0,1).

The reader is additionally referred to Cui [8], Garcia-Melidn [3], Zhang [10]
and references therein for further results on singular problems in the presence

of a gradient term.

We shall assume that N > 3 and ¥ € C2%(Q) N C(Q) is a non-negative

loc

function. Our main result is.

Theorem 1.1. Assume 3 : (0,00) — (0,00) is C-function and satisfies

lim sup &:)
$—00 S

< 00, for some 6> 0. (1.3)
Then (1.1) admits:
(i) a solution in C*(Q)NC(Q) if ¥£0 and 0 < X\ < \* for some \* > 0,
(i) no solution in C*(Q)NC(Q) if ¥ =0 and X > 0.

Examples to which theorem 1.1 applies are given below. Let a,3 > 0 and
b,c,k > 0 be constants. Our result applies to problems where 3(u) is not
necessarily monotone and eventually oscillating such as
sin(1/u)

—Au=A = s

e +b(1+

Ju+cu®] [Vul> +¥ in Q

>0 in 2, u=0 on 09Q.
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Taking into account that § is not necessarily monotone we introduce the aux-
iliary monotone non-increasing function h : (0, 00) — (0, 00),

B(t)

h(s) := hg(s) = sup 0

t>s

s> 0. (1.4)

By (1.3) this new function h is well defined and satisfies the conditions,
(i) >0 is non-increasing in (0,00), (ii) h € Lip;,.(0,00). (1.5)
The auxiliary problem associated to the possibly singular monotone func-

tion h,

—Au =\ h(u) |[Vu]? + ¥(z) in Q
(1.6)
u>0 in 2, u=0 on 0

will play a key role. Arguments on lower and upper solutions will be applied
in a crucial form in this paper and the result below, whose proof is given in
Section 3, represents a main step in the sense that it will provide us with an

upper solution for (1.1).

Theorem 1.2. If the function 3 satisfies (1.3) then there is Aq > 0 such that
(1.6) has a solution in C*(Q) N C(Q) provided 0 < A < Aq.

After constructing a lower solution of (1.1) we will apply the following

special form of a result by Cui [8].

Lemma 1.3. (Cui [8, lemma 3]) Let 3 : (0,00) — (0,00) be C1. Ifu,u €
C?(Q) N C(Q) are respectively lower and upper solutions of (1.1) in the sense
that

() — Au <\ B [Vuf +¥ inQ, (i) — A7 >\ B(@) [Val? + ¥ in Q,

(i) O0<u(x)<u(z), v€Q, ({v) w=u=0 on 99,

then (1.1) has a classical solution u € C*(Q2) N C(Q) satisfying u < u <.
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2 Construction of a Radially Symmetric Upper Solution
for (1.6)

Let R > 0 such that Q C Bg, take a positive continuous extension of ¥ to
Br, still labeled ¥ and consider the differential inequality problem

—Au >\ h(u) |[Vu* + ¥, in Bg,
(2.1)
>0 in Br, u=0 on 0Bg,

where Bp is the ball of radius R centered at the origin of RY, h was defined
in (1.4) and ¥, := ¥ 4 1. An upper solution of (1.1) will be obtained by first
solving (2.1) and subsequently picking a suitable value for R. In order to solve

(2.1) we shall prove the following result.

Lemma 2.1. There is a positive number Ay := Ag(R) such that for each
A € (0,Ao], (2.1) admits at least one radially symmetric solution ¥ € C*(Bg)N
C(Br).

The proof of lemma 2.1 will follow as a consequence of some remarks and
results to be provided in the sequel. In this regard let o, T" and d be positive

numbers and consider the initial value problem

_(TNAU/(T))/ — pN-1 [h(v(r)) V() ol 0<r<T, (2.2)

Lemma 2.2. There are Ty > 0 and a non-negative function v € C%([0,7p)) N
C([0,To)) satisfying both (2.2) with T = Ty and the conditions

(7)) v(r)>0, v(r)<0 for 0<r<Typ,
(i1) v(Ty) = 0.

At this point we remark, (see section 5), that v € C2([0,T))NC([0,T]) is a
solution of (2.2) iff



112 J. V. GONCALVES A. L. MELO C. A. SANTOS

s S
o(r) =d— o, si=N ; N (o)) (t) dtds, 0<r<T. (2.3)

Proof of lemma 2.2. Pick § > 0. Denote the norm of C*([0, d]) by

= m )+ m ")
lolls = max fu(t)] + max o' ()]
Set

Ey:={ve CH(0,8) | o —d < d/2}
and consider the operator F defined by

Fo(r)=F(v(r)):=d— ;—?\j - OT st=N Os tNTIh(u(t)0' (t)dtds, 0 <

It will be shown in section 5 that

(i) F:E;— Es
(2.4)
(ii) [|Fws — Fuwrlls < §llwy —wills, wi,ws € Ej,

where 0 > 0 is suitably small. By (2.4) F has a fixed point v € E5 which in

fact, satisfies (2.2) in [0, §]. As a consequence (2.2) has a solution v.

Verification of lemma 2.2(i). Set
(i) A:= {7“ > 0 | (2.2) has a positive solution in(0, r) },

(ii) Tp:=supA,

We infer by the local existence derived from (2.4) and also by (2.3) that
1/2
§<Tp < (2Nd/o) '~ (2.5)

Using both the definition of A and (2.3) we have
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v(r) >0 and v'(r) <0, 0<r<Ty,
ending the verification of lemma 2.2(i).

Verification of lemma 2.2(ii). Since v'(r) < 0 for 0 < r < T, setting

dp := lim v(r) we claim that dg = 0. Indeed assume, on the contrary, that
t—T,

do > 0.
Let § > 0 and consider the set

Es(do) = {u € CY([To, Ty + 6)) | |lv — vol| < do/z},

where
[lv] ;=  max |v(t)|+ max |v/(t)]
To<t<To+d To<t<To+d
and
o (TE—t%)

vo(t) ZZdo-l-T, To <t<Ty+5.
Now, for r € [Ty, To + d] we set
Fu(r) = F(u(r)) == vo(r) —/ slfN/ N R (v () (t)dtds.
To To
It will be shown in an Appendix that
(i) F:Es(do) — Es(do)
(2.6)

(i) [ Fwz — Furl| < 3jwa —will, wi,ws € Es(do).

By (2.6), F has a fixed point in v € Es(dy) and by the very definition of ]?,

v satisfies
v(r) = vo(r) — / slfN/ N h(u() (8)2dt ds, Ty <r < Ty + 6.
0 To

As a consequence (2.2) holds for r € [0, T, + §), contradicting the definition of
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To.
Therefore dy = 0, showing lemma 2.2(ii) and to finish the proof set v(Tp) := 0.

It remains to show that v € C?([0,Tp)) N C([0,Tp]). Integrating from 0 to

r in (2.2) once, we get to

—v'(r) = = /07" sV 1h(v(s)) (V' (s))?ds + % T (2.7)

Differentiating the expression above we get for r € (0,Tp),
V' (r)=—%—(1— N)yr—N for sN=Ih(v(s))v'(s)%ds — h(v(r))v'(r)?
and so v € C?((0,Ty)) N C([0,Ty]) by some computations we have

” 1 " __ v
v"(0) —}%v (r) = N
showing that v € C?([0,Tp)) N C([0,Tp]). Lemma 2.2 is proved.

a

Proof of lemma 2.1. Let 0 = max ¥y, pick d < cR?/2N and consider the
Q

solution v € C%([0,Tp)) N C([0,Tp]) of (2.2) given by lemma 2.2. Reminding
that by (2.5), Tp/R < 1, set

~ R2 T'TO
’19(7") ::Tigv(iR ), OSTSR
It follows that
> R Tor ~ ~ R2 ~
7 _Av Lol _ _
V' (r) = 70 (), () >0, 9(0) i d, J(R)=0.

Setting s := rTy/R and reminding that Tp/R < 1 we have 0 < s < r. Thus,
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NGy = LDy g Ty BB yNa
1 G- )TO<TO)
"Toy ("D

R N1
) )

_ TN—l(TO)N—l[h(U( - ) o/ - )2 U} (TO

R
Using the fact that h is monotone non-increasing we infer that
—(erlﬁ/(r))' > PN KE)Q W) 7 + 0]
Setting Ag := Ag(R) = (TO/R)2 and taking A € [0, Ag] we infer that
—(rN—lﬁ'(r))' > NN R@) T () o], 0<r< R
Setting ¥(z) := 9(|z|) := I(r), where r := |z| we get to
—AY > X h(V9) |[VI> + ¥y (x) in Bg,

and reminding that v € C2([0,Tp)) N C([0,Tp]) we infer that ¥ € C?(Bg) N
C(BRr), ending the proof of lemma 2.1.

3 The Auxiliary Problem with a Singular Monotone Term

The main objective of this section is to prove theorem 1.2. We will make
use of a well known result on lower and upper solutions, namely theorem 6.5

by Kazdan & Kramer [4]. In this regard consider the family of problems

(3.1)

—Au =\ h(u) |Vul|® + ¥ (z) in Q,
u>€e in Q, u>e on 0,

where € > 0 is a parameter and ¥ (z) := ¥U(z) + ¢, € Q. We will prove the
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following basic lemma.

Lemma 3.1. Assume (1.3) and (1.5)(:)(it). Then there are ¢¢ > 0 and a
positive number Aq such that for each (e,\) € (0,€) x (0,Aq) problem (3.1)
has a solution u. € C?().

Proof of lemma 3.1. At first set

Rq := sup |z|. (3.2)
r€Q

Construction of an upper solution for (3.1). Pick R = (3/2)Rg in lemma
2.1, let ¥ be the solution of (2.1) given by lemma 2.1 and set ¢ := min{J(R), 1}.

Notice that by the definition of 9 in the proof of lemma 2.2 ¢ is positive and
Ao depends on €.

Set Ag := Ag(R), let € € (0,¢) and set u. := 9 +e If A € (0,Aq], by

lemma 2.1,

—Auc > X h(ue) |Vuc|> + ¥, in Bpg,
Ue > € in Br, u.>¢€¢ on 0Bpg.
Notice that actually u. satisfies
—Auc > X h(ue) [Vu* + ¥ in Q,

ue >€ in Q, wu.>e€ on 0N

This shows that for each (e,A\) € (0,¢) x (0,Aq], ue € C?*(2) is an upper
solution of (3.1).

Construction of a lower solution for (3.1). Take p > N and let @ be the

unique solution in W22 (Q) N W, "*(2) of the problem
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—Aw=T(z) in Q, @w>0in Q, w=0 on 0N

Take € € (0, €). Setting w. = @ + € it follows that

~Awe <\ h(w) Vw2 + 0, in Q,

we>e€ein Q, w.=¢€¢ on 01,
provided (e, \) € (0,€p) x (0, Aq]. In addition, notice that
—A(ue —we) >0 in Q, u.—we>0 on 09,
which leads by the Maximum Principle to ue > w. in €. Applying theorem
6.5 of [4] we infer that (3.1) has a solution u¢ € W?2P(Q) provided (e, ) €
(0,€0) x (0, Ag].
4 Proofs of the Main Theorems

At first we proceed to the

Proof of Theorem 1.2. Let (¢,\) € (0,¢0) x (0, Ag] and notice that, by the

proof of lemma 3.1, u¢ > & in Q. We claim that
ut >u’ in Q if €> 4. (4.1)
Indeed, pick 6, € € (0, 9] with § < e. Assume, on the contrary, that
u(z0) < ud(zo)

for some xg € €. Since,
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(u’ —u)(z) =6 —e<0 for €N
we have

r;lé%(ué —u)(2) = (u’ —u)(z1) > (u —u)(xo) >0,

for some z1 € Q. It follows that
Vul (1) = Vus(z;) and A(u®(z1) — u(z1)) <O0.

Thus

Au®(x1) — Au(x1) = =X h(b(21)) |Vl (z1) > — Us(x1)
+ A h(u(z1)) |[Vus(z1)|*> + Ue(21)

= A IV (@) (A(u(21)) = h(ud (1)) + (e - ).

Since h is non-decreasing it follows that 0 < e — § < 0, which is impossible. So

the claim (4.1) holds true.

Using (4.1), set

u(x) = limu(z), =€ Q. (4.2)

e—0

The function @ : Q — [0, 00) so defined satisfies u(z) > @(x) > 0 for x € Q.

In order to finish the proof of theorem 1.2 we claim that
(i) me C?(Q)NC(Q)
(i) — AT(z) = X h(a(z)) |Va(z)|* + ¥(z), in Q (4.3)

(iii) w =0 on 9N.
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To show (4.3) notice at first that w € L>°(Q2). Let n > 1 be an integer. Setting

€n = 1/n, , u" :=u, and ¥, =T, := TV + % we have

U, € W2P(Q), @ <u, <Cy on 9,

where p > N and Cj > 0 is some positive constant. As a consequence,

—/ u, A¢ dx = / Mo (un )| Vg, 2 ¢ d:r+/ U, dr, ¢ € C5°(Q).
Q Q Q
Let {Qx}72, be a sequence of bounded smooth sub-domains of 2 such that

ﬁk C Q41 and Q = UQ.

> 1 be an integer. Pick ¢ € C§°(f2) such that 0 < ¢ < 1 and
¢:=1on Q.

A/ h(un)|Vu,|* de < —/ TAAN) dm—/ U, ¢ d
Qp Q Q
which leads to

M(Co) | |Vun|? de < CO/ |Ag| dx+/(|\Il\OO+1)d:p7
Qp Q Q

showing that u,, is bounded in H'(€y). Passing to a subsequence we find that

u, — v in HY(Qp),
U, — v in L¥(Q), 1< s <2,

Uy — v a.e. in Q.
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By (4.2), v = w a.e. in Q. It follows by a standard diagonal process that,

up to subsequences,
Up =7 in HE,(Q) and u, — @ in L.(Q), 1<s<2"
Now set
(@) = An(up (2))| Vun (2)|* + T (2), © € Q
and pick an integer k > 1. Since u,, € C?(f2) we get using (4.4) that

Uy € WHP(Qy1), fn € L®(Qpt1),

—Auy, = f, a.e. in Qpyo.

By the a priori estimates for elliptic operators there is a constant C' > 0

such that
[un w2 (@) < CllunlLe(@yyn) + [ folir@iis))-
Now, we claim that
| falLr (s is bounded. (4.5)

Indeed, since Cro < up(z) < Cg; for x € Qi4o and for some constants

Ck0,Cr1 > 0 it follows that
|£0(@)] < Cha [Vun(2)]? + Cray, € Qo

for n > 1.

By Ladyzenskaya & Uraltseva [7, theorem 3.1, pg 266] we infer that
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max [V, (2)* < Cyia
erk+1

for some constant Cy41 > 0.

As a consequence, |f,(z)] < Cys for ¥ € Q41 and n > 1 and for some

constant C 5 > 0, showing (4.5).

Thus by (4.4), |un|w2»(Q,,,) is bounded and it follows by a standard em-

bedding theorem that for some « € (0,1), |“n|clwa(ﬁk+1) is bounded, as well.

Recalling that h is Lipschitz continuous we have
[7(un(2)) = h(un(y)] < Clun(@) —un(y)] < Clz —yl|*, 2,y € Y,
for some positive constant C. As a consequence, f,, is bounded in C%%(Qy1).
By the Schauder estimates
|Un|c2,a(§k) < O(|Un|00(ﬁk+1) + ‘fn|co,a(§k+1))a
[0y, | C20 (@) is bounded. Eventually passing to a subsequence we have

C* ()
Unp - Uk,

for some uy, € C?(Q). Actually,

—Auy = Mh(ug(z))|Vug (2)|*> + U(z), © € Q.

Notice that Q; C Qpy1 and vy = Uk41] Q- Using a standard diagonal limit

process it follows that u, — @ in C?(U) for each subdomain U of 2 and hence

— AT = \h(0)|Va(z)|? + ¥(z), = € Q. (4.6)



122 J. V. GONCALVES A. L. MELO C. A. SANTOS

To show that 7 € C(Q) let 7o € 9Q and take {z;} € Q such that z; — .
We have 0 < @(x;) < ug(z;) so that limu(x;) < limug(z;) = uk(xo) = 1/k
and so u(wg) = 0. Hence w € C%(Q) N C(Q). This shows (4.3). Theorem 1.2 is

proved.

Next, using the results above we give the proof of theorem 1.1.

Proof of Theorem 1.1. Step 1. (Proof of (i)). Let @ := T, be the solution
of (1.6) with A = Aq given by theorem 1.2. From the proof of theorem 1.2 we
have both

and
~ ~ R?d
I(r) <9(0) = -
Ty
Hence
~ 20 70
a(2)? < (@)’ = 9(r) <
0
so that
1 T20
>0 4.
u(x)? — R20d° (4.7)
In addition, by (1.4) and (4.7),
T2
W) > =5 B(E()). (43)

By (4.6) and (4.8),
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—AT(z) = Agq h(u(x)) |Va(z)|? + ¥(x)
50 N2
> Ao b B((a) [Va()[ + V().

Reminding that
Aq := T3 /R?

we get

2(6+1)
—Au > T4

> (i ) A@) [V + ¥(@) in 0.

Setting A* 1= T2 /R2O+D g it follows that
—AT > A\3®@) [Va]* +¥(z) in Q, 0< A<

In conclusion we have shown that
ueC?(Q)NCQ),
0<w(x):=u(z) <u(r), €Q, u=u=0 on IN
—AT >\ B@) VA +¥(z) in Q, —Au<\B(u) |[Vu>+ ¥(z) in Q.
By lemma 1.3 there is a solution u of (1.1), ending the proof of theorem

1.1(33).

Step 2. (Proof of (ii)). Assume that (1.1) has a solution, say u € C?(22)NC(2)
and let

M := maxu,
Q

M
R(s) := / B(t/N)dt, 0<s<min{M,\M} := Mj,
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Q(s) == / e BOgt 0<s< M,
0

By elementary computations we have

R'(s) = —B(s/\) <0, 0<s< M,,

= —e ROIR/(5) = e BB B(s/N).

Q) =0. Q')
Letting
o) = QUu(z)
we find that
o= QDA
T = NG + QoS

Hence, v € C?(2) N C(Q) and for each z € €,
Av(z) Q" (Mu(x) N2 Vu(z)[* + Q' (Au(w)) AAu(z)
Q" (Mu(z)) N[ Vu(@)|? — Q' (Au())N*B(u(z)) | Vu(z)|?

[Vu() 242 (e FOUED Bu(a)) — e~ RO Blu(x)) ) = 0.

Since also v = 0 on 0N it follows that v = 0 and hence ©w = 0 as well. This

ends the proof of theorem 1.1(ii).
U

5 Appendix
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Verification of (2.4). To show (2.4)(i), letting w € E5 and r € [0, §] we have
d/2 <w(r)<3d/2 and |w'(r)| <d/2.

So Fw € C([0,4]). Choosing § eventually smaller we have both

VMM&§§§+£AW“Wmmm%@

IN

2
(o + 5 max neo)]o”

and

[(Fwtr) —d)

IN

W+/o h(w(t)) w'(t)* dt

2
(5 G (max, ho) 6"

Picking 0 even smaller it follows that

| F(w(r)) —dlls <d/2, 0<7r <0,

showing (2.4)(i).

In order to show (2.4)(ii), let wy,wy € E5 and 0 < r < 4. Then

IF (wa(r)) — Flun ()] < Ca’

! !
< Ca Orgggélwz(t) wl(t)\+orgggxélwz(t) wi ()],

where Cy > 0 is a constant. Choosing ¢ > 0 even smaller we get

maxo<<s |[F(wa(r)) — Fwi(r)] < fllws —wis

and estimating in a similar way,
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maxo<i<s [F(w2(r)) — F(wi(r))| < gllws —wis.
Therefore,
| Fws — Fwrlls < tjwa — wills, wo,wy € Es,

showing (2.4)(ii).

O
Verification of (2.6). To show (2.6)(i), letting w € Es(dg) then
|.7?(w(7“)) —vp(r)| < / h(w(t))w' (t)*dtds,
To JTo
where Ty < t,s < Ty + 0. Further on, if t € [Ty, Ty + 6] then
’Uo(t) — d0/2 < w(t) < Uo(t) + d0/2
and
W' ()] < do/2+ |vo(t)]
ot
< —_.
< do/2+ N
Noticing that vg(7Tp) = do and picking § > 0 small enough we have
271
do/4 < w(t) < 2dy and |w'(t)] < do/2 + J\(;".
Hence
=~ do 2T00' 2 2
_ < - _
Flw(r) =)l < (, max w0) (G + =) (= T0)
so that
~ do 2T00’ 2 2
_ < - ) .
Flw(r) —vo(r)| < (, max 0(0) (G +5) 0 (5.2)
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On the other hand,

By il < [ wwon e

( max h(t)) (@ + 2TOU)(T —Tp).

and picking ¢ smaller we have

IF(w(r)) —vi(r)] < ( max h(t)) (@ + QTOU)(S. (5.3)

do /4<t<2do
By (5.2) and (5.3) we get to

do

| P —wolls < 5

showing (2.6)(i) that is

~

f(E(s(do)) C E(s(do).

In order to show (2.6)(ii), let wy,ws € E5(dp) and choose § small enough.
Then for Ty <t < Ty + 6, we have

| (wa(r)) — Fun(r))] <
2 l / _
Cad? |, miax fuf(t) —wf (O] + max (1) —wn (1),
showing (2.6)(ii). One also shows that
| F(wa(r)) — Fluwn(r)| <
Clyd|, max Juwh(t) = wi ()] +  max fws(t) - wi ()],

To<t<To+d To<t<To+d

showing (2.6).
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