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Abstract

We study stationary, spatially localized modes in linearly coupled optical waveguides gov-
erned by coupled nonlinear Schrédinger equations with asymmetric defocusing Kerr non-
linearities. A waveguide with spatially inhomogeneous nonlinearity supports self-trapped
states, whereas a homogeneous defocusing waveguide cannot localize on its own. We
show that linear coupling induces localization in the nonlocalizing guide. Fundamental
and excited stationary modes are computed, and their existence, power asymmetry, and
stability are analyzed as functions of the coupling strength and nonlinearity. Dynamical
simulations reveal stable ground and first excited states, whereas higher-order modes are
unstable. These results demonstrate coupling-induced spatial localization in defocusing
nonlinear waveguide systems.

Keywords Coupling-induced localization - Coupled nonlinear Schrédinger equations -
Defocusing Kerr nonlinearity - Linearly coupled optical waveguides

1 Introduction

Spatially localized states in nonlinear wave systems are a cornerstone of nonlinear science
and have been extensively studied in contexts ranging from nonlinear optics and Bose—
Einstein condensates to plasmas and fluid dynamics (Akhmediev and Ankiewicz 1997;
Pethick and Smith 2008; Kono and Skoric 2010). In optical waveguides, the formation of
spatial solitons arises from a balance between diffraction and Kerr nonlinearity, enabling
self-trapped propagation modes (Kivshar and Agrawal 2003). In their simplest form, such
localized states require a self-focusing nonlinear response or an external guiding potential.
Conversely, in the absence of external potentials, waveguides dominated by self-defocusing
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nonlinearities typically do not support stationary localized modes, as nonlinear repulsion
enhances diffraction and promotes delocalization.

Several strategies have been proposed to overcome this limitation. One particularly
effective approach relies on spatially engineered nonlinear landscapes, where the nonlinear
coefficient varies across the transverse coordinate (Borovkova et al. 2011). It has been dem-
onstrated that nonlinear profiles growing away from the waveguide core can act as effective
nonlinear traps, supporting bright localized modes even under repulsive self-interactions
(Borovkova et al. 2012; Zeng and Malomed 2012; Tian et al. 2012; Cardoso et al. 2013; Wu
et al. 2013; Zhong et al. 2018). These concepts have been explored theoretically in optics
and matter waves, revealing a rich phenomenology including fundamental and higher-order
localized states, existence thresholds, and nontrivial stability properties (Kartashov et al.
2012; Lobanov et al. 2012; Xie et al. 2014; Kartashov et al. 2014; Driben et al. 2015a, b;
Kartashov et al. 2017; Zeng et al. 2017; Zeng and Zeng 2020; Santos et al. 2024; Lee et al.
2026).

Independently, linear coupling between adjacent waveguides or cores introduces an addi-
tional mechanism for localization and energy redistribution. Coupled nonlinear waveguide
systems are known to support a wide variety of collective phenomena, such as symmetric
and antisymmetric modes, spontaneous symmetry breaking, mode switching, and complex
instability scenarios (Hacker and Malomed 2021; Santos and Cardoso 2023, 2025; Santos
et al. 2025; Cardoso and Santos 2025). Specifically, in tunnel-coupled harmonic-oscillator
traps, interaction effects give rise to Josephson oscillations, spontaneous symmetry breaking
(SSB), and chaotic regimes, with asymmetric trapping enabling confined modes and bound
states in the continuum (Hacker and Malomed 2021). Related studies in linearly coupled
Bose—Einstein condensates have demonstrated that a potential acting on a single component
can induce population imbalance and SSB in the partner field through Rabi coupling (Santos
and Cardoso 2023). These concepts have been further extended to systems with fractional
diffraction, where nonlinear interaction and anomalous dispersion significantly modify
localization and stability properties, leading to symmetry-broken solitons and oscillatory
instabilities (Santos and Cardoso 2025). More recently, spatially inhomogeneous nonlinear-
ities have been shown to induce asymmetric soliton pairs in coupled nonlinear Schrodinger
systems, with coupling strength and total power playing a decisive role in symmetry control
and stability (Santos et al. 2025). In a dissipative setting, induced localization in self-defo-
cusing media was reported using linearly coupled Lugiato—Lefever equations with localized
external pumping, demonstrating that gain—loss mechanisms can transfer localization to an
otherwise non-confining component (Cardoso and Santos 2025).

In this context, a fundamental and largely unexplored question is whether linear coupling
alone can induce localization in a waveguide that is intrinsically unable to support confined
modes. Specifically, it remains unclear how a waveguide with a homogeneous, self-defocus-
ing Kerr nonlinearity behaves when coupled to a partner waveguide that supports localiza-
tion through an inhomogeneous nonlinear profile. Addressing this problem is essential for
understanding coupling-induced localization as a generic mechanism in nonlinear systems.
In this work, we investigate such a configuration using a coupled nonlinear Schrodinger
framework. Through extensive numerical analysis, we demonstrate that linear coupling can
transfer localization to the otherwise non-confining waveguide, giving rise to families of
coupled soliton-like guided modes with mode-dependent existence, power redistribution,
and stability properties.
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2 Theoretical model

We consider the spatial propagation of monochromatic optical beams in a system composed
of two parallel, linearly coupled optical waveguides with Kerr-type nonlinear response. The
evolution of the slowly varying complex field envelopes, ¥ (z,t) and ¢(z,t), associated
with each waveguide, is described by the following set of coupled nonlinear Schrodinger
(cNLS) equations:
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Here, z denotes the normalized longitudinal propagation distance along the waveguides,
while x is the normalized transverse spatial coordinate, along which diffraction takes place.
The Laplacian terms account for paraxial diffraction in each guide, whereas the cubic non-
linear terms represent self-phase modulation arising from the Kerr effect. The function g(x)
and G(x) are the spatially dependent nonlinear coefficients, which may differ between the
two waveguides, allowing for asymmetric nonlinear responses.

The parameter « is the constant linear coupling coefficient resulting from evanescent
field overlap between the neighboring waveguides. This coupling enables coherent energy
exchange between the channels and plays a central role in the formation of composite local-
ized states. In the absence of coupling (k = 0), each waveguide evolves independently
according to its own nonlinear response.

In this work, we focus on a configuration in which the first waveguide exhibits a spatially
inhomogeneous self-defocusing nonlinearity, while the second waveguide is characterized
by a homogeneous Kerr response. Specifically, the nonlinear coefficients are chosen as

g(x) = cosh?(z), G(z) =G, 3)

where G is a real constant. The nonlinearity profile g(x) increases away from the transverse
center, effectively generating a nonlinear trapping mechanism that supports spatially local-
ized modes despite the defocusing nature of the Kerr response, as previously reported in
Refs. (Borovkova et al. 2011, 2012; Zeng and Malomed 2012; Tian et al. 2012; Wu et al.
2013; Cardoso et al. 2013; Zhong et al. 2018). In contrast, the homogeneous waveguide
with constant G > 0 cannot sustain localized states in isolation. As demonstrated below,
linear coupling between the guides induces localization in the second waveguide, giving
rise to coupled soliton complexes.

A fundamental conserved quantity of the coupled system is the total power (or optical
norm),
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which remains invariant during propagation. The total power acts as a fundamental control
parameter determining the existence, stability, and structural properties of stationary local-
ized modes and is systematically used to characterize and organize the associated solu-
tion families. The integer index m = 0, 1,2, 3 labels the fundamental state and successive
higher-order stationary states.

3 Numerical results

In this section, we present the numerical results obtained from the cNLS equations, Eqgs. (1)
and (2). Stationary localized solutions corresponding to the fundamental and higher-order
(excited) modes are computed using the imaginary-time propagation method (Yang 2010).
The numerical implementation is based on a split-step Fourier scheme, in which the linear
diffraction operator is treated in the spectral domain, while the nonlinear terms are evalu-
ated in real space using a standard exponential time-stepping algorithm (for more details,
see Ref. Cardoso 2025).

To accurately compute higher-order stationary states, a Gram—Schmidt orthogonaliza-
tion procedure is incorporated into the imaginary-time iterations. Starting from a set of trial
functions {¢°, ..., %"}, the method constructs an orthogonal set {1, ..., 1*} by sequen-
tially removing the projections onto all previously obtained lower-order modes. Specifi-
cally, the j-th mode is obtained as

i1 OO ()" (2
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with the initial condition ¢° = ¢/°, and j > 0. An analogous orthogonalization procedure
is simultaneously applied to the ¢ component to ensure the self-consistent convergence of
the coupled system.

All simulations are performed in a transverse computational window of size L = 40,
discretized using /V,, = 1024 grid points. The imaginary-time evolution is carried out with
a fixed step size A7 = 0.01 for up to 2 x 10* iterations, which is sufficient to ensure con-
vergence to stationary states. Unless otherwise stated, all solutions are obtained under the
normalization condition P = 1.

Figure 1 shows an illustrative example of the stationary intensity profiles of the funda-
mental and higher-order modes (m = 0, ..., 3) for a family of coupled solitons with param-
eters kK = 2.0, G = 1.8, and P = 1. Solid blue and dashed black curves correspond to the
1) and ¢ components, respectively. Despite the fact that the second waveguide operates in
the self-defocusing regime (G > 0), the linear coupling x effectively induces spatial local-
ization in the ¢ field. The interaction with the first waveguide, which supports localized
modes due to its spatially inhomogeneous nonlinearity, overcomes the intrinsic repulsive
self-interaction of the homogeneous guide and enforces a soliton-like profile in the coupled
component.

For kK = 2.0 and G = 1.8, Fig. la shows that the two field components exhibit nearly
identical transverse profiles in the fundamental state, characterized by comparable peak
intensities and spatial widths. In contrast, a pronounced asymmetry between the components
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Fig. 1 Stationary transverse intensity profiles of coupled soliton modes in linearly coupled waveguides: a
fundamental mode (m = 0) and b—d higher-order excited states (m = 1, 2, 3). Solid (blue) and dashed
(black) curves correspond to the 1 and ¢ field components, respectively. The stationary solutions are
obtained using the imaginary-time propagation method applied to Egs. (1) and (2), for coupling strength
x = 2.0, homogeneous nonlinearity G = 1.8, and total power P = 1

emerges for higher-order modes, as shown in Fig. 1b—d. Although both v and ¢ display the
characteristic multi-lobed structures associated with excited states, the ¢ component con-
sistently develops broader spatial profiles and higher peak intensities than its 7 counterpart.

This behavior originates from the distinct nonlinear responses of the two waveguides.
The spatially modulated nonlinearity g(z) = cosh?(z) provides an effective nonlinear con-
finement that increasingly suppresses the transverse expansion of the 9 field as |x| grows.
By contrast, the second waveguide, characterized by a homogeneous defocusing nonlinear-
ity (G > 0), experiences a repulsive self-action that naturally favors spatial broadening.
Under the action of linear coupling, this repulsive tendency does not prevent localization but
instead leads to wider soliton profiles with enhanced peak amplitudes in the ¢ component.
As a result, the interplay between nonlinear inhomogeneity and linear coupling induces a
significant redistribution of energy toward the homogeneous waveguide, allowing the ¢
field to sustain larger amplitudes despite its intrinsically defocusing character.

We next analyze the influence of the system parameters G, «, and P on the spatial struc-
ture of the coupled modes. For clarity, we focus on the first excited state (m = 1), noting
that the qualitative trends discussed below are representative of all higher-order solutions
obtained in our simulations. Figure 2a and b illustrate the evolution of the transverse inten-
sity profiles as the homogeneous nonlinearity strength G is increased, while keeping the
coupling fixed at xk = 2.0. For relatively weak defocusing (G = 2, solid curves), the ¢
component exhibits higher peak intensity than the i field. However, as the nonlinearity is
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Fig. 2 Stationary transverse intensity profiles of the first excited state (m = 1) in linearly coupled wave-
guides. The left and right columns show the v and ¢ field components, respectively. Panels a and b il-
lustrate the effect of the homogeneous nonlinearity strength G at fixed coupling £ = 2.0 and total power
P = 1; panels ¢ and d show the influence of the linear coupling coefficient « for fixed G = 1.8 and
P = 1; panels e and f depict the dependence on the total power P at fixed x = 2.0and G = 1.8

increased to G = 8 (dotted curves), a clear inversion of the peak intensities occurs, with the
1) component becoming dominant.

Since the total power P is conserved, this inversion is driven by the strengthening of the
repulsive self-defocusing interaction in the homogeneous waveguide. As G increases, the
enhanced nonlinear repulsion progressively suppresses localization in the ¢ field, forcing
a transfer of energy toward the ¢ component, which remains efficiently confined by the
spatially increasing nonlinear profile g(x). Consequently, increasing G leads to a systematic
reduction of the peak intensity in the ¢ component, accompanied by a concurrent enhance-
ment of the ¢ field, highlighting the competitive balance between nonlinear repulsion and
coupling-induced localization.
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We next examine the role of the linear coupling coefficient «, keeping the homogeneous
nonlinearity fixed at G = 1.8. The corresponding transverse intensity profiles for differ-
ent coupling strengths are shown in Fig. 2¢ and d. As the coupling increases, a clear trend
toward a more balanced energy distribution between the two waveguide components is
observed. For relatively weak coupling, x = 1 (solid blue curves), the ¢ field exhibits a
substantially higher peak intensity than the 1) component, indicating that localization in
the homogeneous waveguide is only weakly mediated by the interaction with its partner. In
contrast, when the coupling strength is increased to x = 5 (dotted black curves), the peak
amplitude of the v soliton rises significantly, reflecting an enhanced bidirectional energy
exchange between the guides.

In addition to redistributing power, stronger linear coupling induces a pronounced spatial
compression of the ¢ component. This effect arises from the intensified interaction with
the ¢ field, which is tightly confined by the spatially increasing nonlinear profile g(x). As a
result, the effective trapping imposed through coupling overcomes the intrinsic self-defo-
cusing tendency of the homogeneous waveguide, forcing the ¢ field to adopt a narrower and
more localized transverse profile. This behavior highlights the central role of linear coupling
as an effective mechanism for transferring confinement properties between dissimilar non-
linear media.

Finally, Fig. 2e and f display the stationary profiles obtained by varying the total power
P, while keeping G = 1.8 and x = 2.0, consistent with the configuration shown in Fig. 1.
As expected for spatially localized solutions in Kerr-type nonlinear systems, a reduction
of the total power to P = 0.5 (solid blue curves) leads to a substantial decrease in the
peak intensities of both field components. Conversely, increasing the power to P = 2.0
(dotted black curves) results in a marked enhancement of the soliton amplitudes. Within
the explored parameter range, variations in P primarily rescale the field intensities without
altering the qualitative spatial structure of the modes, in agreement with the standard behav-
ior of solitons in linearly coupled nonlinear waveguides.

To further elucidate the role of the homogeneous nonlinearity in the second waveguide,
we perform an extensive parametric sweep over the coefficient G. This analysis is aimed at
quantifying the dependence of both the peak intensity and the transverse confinement of the
coupled soliton modes on the strength of the defocusing nonlinearity. Figure 3a—d display
the maximum intensity of the stationary solutions as a function of G, with the linear cou-
pling fixed at x = 2.0. In these panels, the vertical axis ¥,,, denotes the peak amplitude of
the stationary mode corresponding to the order m.

Consistent with the trends observed in Fig. 2, the results reveal a pronounced crossover
in the peak intensities of the two field components as G increases. For weak defocusing
(G small), the ¢ component (dashed black curves) exhibits higher peak intensities than the
1) field (solid blue curves), indicating that the coupling-induced localization in the homo-
geneous waveguide is dominant in this regime. However, as the defocusing nonlinearity
strengthens, an increasing fraction of the total power is expelled from the ¢ component
due to enhanced nonlinear repulsion and is consequently transferred to the v field, which
remains efficiently confined by the spatially modulated nonlinearity g(x).

As a result, the 1) component eventually attains a larger maximum intensity than the ¢
field, marking a clear transition in the dominant localization channel. This crossover occurs
at G = 1.5 for the fundamental mode (m = 0) and shifts to significantly higher values,
G = 5.8, for the first excited state (m = 1). A similar qualitative behavior is observed for
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Fig.3 Dependence of stationary coupled soliton characteristics on the homogeneous nonlinearity strength
G for fixed coupling x = 2.0 and total power P = 1. Top row a—d shows the peak intensities W, of the
fundamental (m = 0) and higher-order modes (m = 1, 2, 3) as functions of G. Bottom row e-h displays
the corresponding root-mean-square (RMS) widths (z2) versus G. The vertical red dashed lines in panels
d and h mark the delocalization threshold of the third excited mode (m = 3)

the second excited mode (m = 2), for which the intersection point is expected to occur
at values of G exceeding the parameter range explored here. This progressive shift of the
crossover with increasing mode order reflects the enhanced spatial extent and reduced con-
finement efficiency of higher-order modes.

We next examine the root-mean-square (RMS) width, (x2), which provides a quanti-
tative measure of the transverse spatial extent and degree of localization of the station-
ary modes. Figure 3e—h present the dependence of (x2) on the homogeneous nonlinearity
strength G for the fundamental and higher-order states, with the coupling fixed at x = 2.0.
The results demonstrate that increasing G leads to a systematic broadening of all considered
modes, reflecting the progressively stronger defocusing contribution of the homogeneous
waveguide.

For the ¢ component, this spatial expansion is accompanied by a monotonic reduction of
the peak intensity, consistent with the dominant repulsive self-interaction. In contrast, the ¢
component exhibits a more subtle behavior: although its RMS width increases with G, the
concomitant transfer of power from the ¢ field results in a simultaneous enhancement of the
peak intensity. This coexistence of increasing width and amplitude highlights the nontrivial
balance between nonlinear confinement induced by the inhomogeneous profile g(x) and the
coupling-mediated energy redistribution.

A critical delocalization behavior is observed for the third excited state (m = 3), as
shown in Fig. 3h. At G ~ 4.3 (indicated by the red dashed line), the repulsive self-defo-
cusing interaction in the homogeneous waveguide becomes sufficiently strong that the ¢
component undergoes rapid spatial expansion and effectively reaches the boundaries of the
computational domain. This marks the loss of transverse confinement and signals a transi-
tion from a genuinely localized mode to an effectively unbounded state. The breakdown of
localization at this threshold is further corroborated by the abrupt termination of the cor-
responding peak-intensity curve in Fig. 3d, indicating the absence of stationary solutions
beyond this critical value of G.
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The preceding analysis demonstrates that both the nonlinear self-interaction and the lin-
ear coupling strength have a profound impact on the spatial structure and energetic prop-
erties of the stationary modes, including the partition of power between the two coupled
waveguides. To quantify this redistribution, we introduce the power asymmetry parameter
7, defined as

=435 _po 6)

which provides a normalized measure of the relative power imbalance between the two field
components. The dependence of 17 on the homogeneous nonlinearity coefficient G is shown
in Fig. 4a—d for different values of the linear coupling strength . Since the total power is
fixed at P = 1, the parameter n directly reflects the redistribution of energy between the
waveguides.

As illustrated in Fig. 4a, the higher-order modes m = 2 and m = 3 exist at weak coupling
(k = 1.0) only when the second waveguide operates in the self-focusing regime (G < 0).
In this parameter region, the attractive nonlinearity of the ¢ component compensates for the
insufficient linear coupling, thereby enabling the localization of these excited states. Over
most of the investigated parameter range, the power carried by the ¢ field exceeds that of
the 1) component, resulting in negative values of the asymmetry parameter (1 < 0). This
imbalance becomes increasingly pronounced for higher-order modes, reflecting their larger
spatial extent and stronger sensitivity to coupling-induced localization.

Importantly, the magnitude of the asymmetry decreases systematically as the coupling
strength x is increased. Stronger linear coupling enhances bidirectional energy exchange
between the waveguides and promotes a more symmetric power distribution, driving 7
toward zero. This behavior corroborates and extends the trends observed in Fig. 2, confirm-
ing that linear coupling acts as an efficient control parameter for balancing energy between
dissimilar nonlinear waveguides and mitigating the intrinsic asymmetry imposed by their
distinct nonlinear responses.
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To further elucidate the mechanisms governing power redistribution between the coupled
fields, we analyze the dependence of the asymmetry parameter n on the linear coupling
strength « for fixed values of the homogeneous nonlinearity coefficient G. The correspond-
ing results are presented in Fig. 5a—d for G = —1.0, 1.0, 5.0, and 10.0, respectively. This
analysis complements and extends the results discussed above by explicitly demonstrat-
ing the role of linear coupling as a control parameter for energy sharing between the two
waveguides.

Across all considered values of G, the numerical results show that increasing  system-
atically drives the system toward a more symmetric power distribution, with the asymme-
try parameter 7 approaching zero in the strong-coupling limit. This behavior reflects the
enhanced efficiency of bidirectional energy exchange between the waveguides as the cou-
pling strength increases, progressively suppressing the imbalance imposed by their distinct
nonlinear responses.

A notable feature of these curves is the abrupt onset of the solution branches for each
mode, which signals the existence of a minimum coupling threshold required for the for-
mation of stationary localized states under the chosen parameter conditions. Below this
threshold, the linear interaction between the waveguides is insufficient to compensate for
diffraction and nonlinear repulsion, preventing the stabilization of localized solutions. The
position of this threshold depends on both the nonlinearity strength G and the mode order,
underscoring the intricate interplay between coupling, nonlinearity, and modal structure in
the formation of coupling-induced solitons.

A key physical insight arises from the comparison between local peak intensities and
the global power distribution. Although large values of the homogeneous nonlinearity G
induce a crossover in the peak amplitudes of the two components, as demonstrated in Fig. 3,
the asymmetry parameter 7 associated with higher-order modes remains strictly negative
throughout the explored coupling range. This behavior indicates that, despite the effective
suppression of the maximum amplitude of the ¢ component by strong self-defocusing, its
substantially broader spatial extent, quantified by the increased RMS width (x?) in Fig. 3,
allows it to retain a dominant fraction of the total power. In contrast, for the fundamen-

Fig. 5 Power asymmetry param- 0.4 T ‘ T 0.4
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coupling strength « for fixed 0.0 0.0
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tal mode under strong repulsive conditions (Fig. 5d, G = 10.0), the asymmetry parameter
crosses zero and becomes positive, revealing that in this regime the self-defocusing nonlin-
earity of the ¢ field is sufficiently strong to reverse both the local peak intensity hierarchy
and the global power balance between the two components.

To obtain a comprehensive picture of the system’s parameter space, we carried out a sys-
tematic two-dimensional scan over the self-defocusing strength G and the linear coupling
coefficient k. For each point in the (G, %) plane, the maximum peak intensity max |¥,,, |2
was computed with a resolution of 0.1. The resulting maps, shown in Fig. 6a—h, simultane-
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Fig. 6 Peak-intensity maps max |1, |2 (left) and max |@p, |? (right) in the (k, G) plane for stationary
modesm = 0,1,2,3at P = 1 (xk > 0.1). White regions indicate the absence of localized solutions. The
color scale represents the maximum field amplitude and illustrates the redistribution of intensity between

the coupled components
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ously provide existence diagrams for stationary localized modes and intensity heatmaps,
where the color scale encodes the peak amplitudes of the 1) and ¢ components for each
mode m. These diagrams allow for a direct visualization of the interplay between coupling
and nonlinearity in determining both the localization properties and the inter-component
power distribution of the system.

A salient feature of the maps in Fig. 6 is the presence of extended white regions, which
delineate parameter domains where the system fails to sustain stationary localized solutions.
Importantly, the location of these existence boundaries exhibits a pronounced dependence
on the mode index m. Whereas the fundamental mode (m = 0) persists over almost the
entire explored parameter space, higher-order modes require progressively stronger linear
coupling x to counterbalance the increasing influence of the self-defocusing nonlinearity G.
As aresult, the existence boundaries systematically shift toward larger « values as the mode
order increases from m = 0 to m = 3. This trend indicates that excited states are intrinsi-
cally more sensitive to the competition between linear coupling and nonlinear repulsion,
demanding a stronger inter-core interaction to preserve their multi-nodal structure against
delocalization.

The phase diagrams in Fig. 6 further substantiate and extend the preceding analysis. In
particular, the intensity maps of the ¢-field component (right column) exhibit systematically
lighter color tones compared to their 1/-field counterparts (left column), indicating larger
peak amplitudes in the second field. This contrast reveals a pronounced intensity and power
imbalance in favor of the ¢ component in the weak-coupling regime. The effect becomes
increasingly pronounced for higher-order modes, where the strong color contrast between
panels (g) and (h) highlights the combined action of the effective confinement imposed by
the inhomogeneous nonlinearity profile g(x) and the homogeneous self-defocusing nonlin-
earity G, which together promote energy accumulation in the partner waveguide.

Figure 7 summarizes the existence boundaries of the higher-order modes m = 2 and
m = 3 for different total power levels. The numerical results show that reducing the total
power (P < 1) shifts the existence regions toward lower coupling strengths, effectively
expanding the domain of localized solutions. Physically, this behavior arises because a
smaller norm weakens the effective nonlinear self-repulsion, allowing the linear coupling
K to sustain localization even at reduced values. In this low-power regime, the existence

4 T T T 4 T T
(a) ¢2 ; (b) ¢3 K
3k K 1 3t N .
2+ K 41 o2t |
1h S P=05— 1} FP=05—]
2 P=1.0 s P=1.0
s P=20 S P=20-
0 o | | 0 | s 1 |
0 1 3 4 0 1 3 4
K K

Fig. 7 Existence boundaries of stationary localized solutions for the higher-order modes am = 2 and
bm = 3 at different total power levels. Solid blue, dashed red, and dotted black curves correspond to
P =0.5, P=1.0, and P = 2.0, respectively. Localized stationary modes exist only in the parameter
regions to the right of each boundary
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boundaries become nearly vertical, indicating a diminished sensitivity of the localization
threshold to variations in G for fixed .

Conversely, increasing the total power (P > 1) raises the effective energy barrier for the
formation of stationary localized states, thereby shifting the existence boundaries toward
larger values of the coupling coefficient «. In this high-power regime, the competition
between nonlinear self-repulsion and linear coupling becomes increasingly severe, requir-
ing substantially stronger inter-core coupling to prevent mode delocalization. The corre-
sponding transition curves acquire a steeper, diagonally oriented profile, indicating that at
elevated power levels the structural integrity of the solitons depends sensitively on a fine
balance between coupling strength and nonlinear intensity. A direct comparison between
Fig. 7a and b further reveals that the existence threshold for the m = 3 mode is systemati-
cally shifted to higher  values than for m = 2, confirming that increasing nodal complexity
significantly hinders the formation and persistence of localized states.

A central component of the present study is the assessment of the dynamical stabil-
ity of the stationary modes supported by the coupled system. To this end, the stationary
solutions were propagated in real time after introducing a 4% random perturbation to their
initial amplitudes. The time evolution was performed using the split-step Fourier method
with a z-coordinate step size Az = 104, and extended up to a final propagation position
z = 2 x 10* in order to capture long-term dynamical behavior.

Figure 8a-h display representative real-time evolution results for the parameter set
k =2.0,G = 1.8, and P = 1, showing the intensity dynamics of the ¢,,, (top row) and ¢,
(bottom row) components. The simulations demonstrate that both the fundamental (m = 0
) and the first excited (m = 1) modes remain dynamically robust against the imposed per-
turbations, preserving their spatial profiles and peak intensities throughout the entire propa-
gation. Notably, the evolution of the two coupled components remains fully synchronized,
indicating strong mutual locking induced by the linear coupling.

zx 10

8
4
0

10-5 0 5 10

5 10

zx 10

0 5 10
z

Fig. 8 Real-time evolution of the intensities |1, |? (top) and |ém, |? (bottom) for the coupled modes
m =0, 1,2, and 3 by considering the parameter values k = 2.0, G = 1.8, and total power P = 1. Pan-
els a—d correspond to increasing mode order. Dynamical stability is probed by introducing a 4% random
perturbation to the initial stationary profiles at z = 0. The long-distance preservation of the field structure
confirms the robustness of the fundamental and first excited states (m = 0, 1), whereas higher-order
modes exhibit pronounced instability under identical conditions
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Fig. 9 Stability phase diagrams 4 4
in the (x, G) parameter space
for guided modes with indices 3L 3L
am = 0,bm =1, ¢cm = 2, and
dm = 3, at fixed total power
P =1 (x > 0.1). Blue regions G2 G2
correspond to dynamically stable
propagation of stationary local- 1F 1F
ized modes. Red regions indicate
oscillatory or decay instabilities 0 0
resulting in relaxation toward 0 0 1 2 3 4
the fundamental mode (m = 0
). The green region in panel 4
(c) denotes unstable evolution
with decay into the first excited ()
state (m = 1). White areas 3w
mark parameter domains where
stationary localized solutions are o2+
not supported

1 L

0

0 1 2 3 4
K K

In contrast, the higher-order guided modes (m = 2 and m = 3) exhibit a markedly
enhanced sensitivity to perturbations, rapidly evolving into oscillatory instability regimes
followed by pronounced structural breakup. This dynamical evolution is accompanied by
the emission of dispersive radiation into the transverse continuum and a progressive loss of
modal coherence, ultimately leading to relaxation toward lower-order guided states, pre-
dominantly the fundamental mode. Notably, this decay process occurs in a correlated man-
ner across both coupled waveguides, indicating that the linear coupling enforces a collective
instability mechanism that is largely insensitive to the initial disparity in peak intensities
between the two field components. These observations demonstrate that the increased nodal
complexity of higher-order guided modes substantially reduces their robustness against
external perturbations, rendering multi-lobed stationary profiles intrinsically unstable even
for moderate inter-waveguide coupling strengths.

To complete the analysis, we performed a systematic numerical stability survey by prop-
agating the stationary solutions in real time across the (G, k) parameter space. Based on
these simulations, stability phase diagrams were constructed to delineate the domains of
dynamically stable and unstable propagation. Figure 9a—d present the resulting stability
maps for the fundamental mode (m = 0) and the excited guided modes (m = 1, 2, and 3),
respectively, with the total power fixed at P = 1. These diagrams provide a comprehensive
classification of the dynamical response of the coupled waveguide system, highlighting
the parameter regimes in which linear coupling can effectively counteract nonlinear self-
repulsion to stabilize localized guided modes.

For the fundamental guided mode, Fig. 9a, the stationary solutions exhibit robust dynam-
ical stability throughout their entire existence domain. Even in the presence of random
initial perturbations, the m = 0 mode preserves its transverse intensity profile and phase
coherence during propagation, confirming its role as the global ground state of the coupled
waveguide system. This behavior reflects the fact that the fundamental mode corresponds
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to the lowest-energy configuration and is therefore resilient to both linear and nonlinear
perturbations.

In contrast, the first excited guided mode (m = 1) undergoes a well-defined transition
between two distinct dynamical regimes, as shown in Fig. 9b. In the stable region (blue),
the linear inter-waveguide coupling efficiently compensates the repulsive nonlinear interac-
tion, thereby preserving the nodal structure and spatial localization of the mode. Outside
this domain, in the unstable region (red), the balance between coupling and nonlinearity is
disrupted, leading to a progressive deformation of the transverse profile, radiation emission,
and eventual relaxation into the fundamental guided state.

For higher-order modes (m = 2 and m = 3), no dynamically stable regions were iden-
tified within the explored parameter space. Nevertheless, the instability dynamics of the
m = 2 mode reveal two distinct decay pathways, as illustrated in Fig. 9c. At relatively
weak coupling strengths, the mode undergoes direct collapse into the fundamental state
(red region). As the coupling coefficient x increases, the enhanced inter-waveguide interac-
tion partially sustains the excited structure, allowing the m = 2 mode to decay preferen-
tially into the first excited state (m = 1), as indicated by the green region. By contrast, the
third-order mode (m = 3) exhibits a uniformly unstable behavior across its entire existence
domain (see Fig. 9d), undergoing a rapid and catastrophic collapse directly into the ground
state. This outcome underscores that the pronounced nodal complexity of the m = 3 guided
mode renders it intrinsically unstable, precluding any partial stabilization or intermediate
decay channels under the present conditions.

4 Conclusion

We have analyzed the formation, localization, and dynamical stability of stationary modes
in a system of two linearly coupled nonlinear waveguides with strongly asymmetric nonlin-
ear responses. While one waveguide supports localization through an inhomogeneous Kerr
nonlinearity, the partner waveguide, characterized by a homogeneous, potentially self-defo-
cusing nonlinearity, cannot sustain localized states on its own. Our results demonstrate that
linear coupling provides an effective mechanism for inducing localization in the otherwise
non-confining waveguide, leading to coupled soliton-like guided modes.

Using coupled nonlinear Schrodinger equations and systematic numerical simulations,
we identified families of fundamental and higher-order stationary states and mapped their
existence and stability regions in the parameter space of coupling strength and nonlinearity.
The analysis revealed pronounced mode-dependent existence thresholds, with higher-order
modes requiring stronger coupling to counteract nonlinear repulsion and prevent delocaliza-
tion. We further showed that strong self-defocusing suppresses local peak intensities while
promoting broader spatial profiles, resulting in nontrivial power redistribution between the
coupled components.

The dynamical stability study uncovered a clear hierarchy of robustness: the fundamen-
tal mode remains stable throughout its existence domain, the first excited mode is stable
only within a restricted parameter range, and higher-order modes are intrinsically unstable,
decaying toward lower-order states through radiation emission and structural fragmenta-
tion. These findings highlight the critical role of nodal complexity and coupling-mediated
interactions in the nonlinear dynamics of coupled waveguide systems.
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Overall, this work establishes coupling-induced localization as a robust mechanism in
nonlinear guided systems with repulsive interactions and provides insight into the interplay
between nonlinearity, coupling, and stability in complex photonic structures. The results
may be relevant to a broad class of nonlinear systems where spatially engineered inter-
actions and inter-component coupling govern the emergence and persistence of localized
states.
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