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Resumo

Villanueva Herrera, Yovani Adolfo. Global Dynamics of Inelastic and Center-
Type Piecewise Smooth Vector Fields in R?> and R>. Goiania, 2022. 163p.
Tese de Doutorado . Programa de Pés-Graduagdo em Matemadtica, Instituto de
Matematica e Estatistica, Universidade Federal de Goias.

Quase todas as andlises qualitativas das EDOs sdo validas apenas localmente. Neste tra-
balho realizamos primeiramente um estudo global, via compactifica¢do, de campos veto-
riais ineldsticos ndo suaves em R? dando as classes de estabilidade desses sistemas, clas-
sificando todas as regides canoOnicas, com todas as curvas quadriticas como regides de
descontinuidade. Posteriormente aumentamos uma dimensio e analisamos esses campos
vetoriais ineldsticos agora em R>, separados pela esfera unitaria, cobrindo uma descrigio
completa do campo vetorial na variedade de descontinuidade e 0 comportamento assin-
tético e de estabilidade dos campos vetoriais externos e internos, por meio de teoremas de
classificacdo relacionados aos tipos de tangéncia e outras regides candnicas. Por dltimo
mostramos o estudo sobre ciclos limite em campos vetoriais genéricos do tipo centro
também em dimensdo 3, dando o ndimero maximo de ciclos, nos casos continuos e de-
scontinuos, com um e dois planos paralelos como regides de descontinuidade. Obtemos
resultados sobre conjuntos limite, estabilidade assintdtica, comportamento no infinito e

bifurcacoes.

Palavras—chave
Teoria de Contato, Compactificacdo, Ciclo Limite, Singularidade, Estabilidade

Assintética, Campo vetorial de Filippov



Abstract

Villanueva Herrera, Yovani Adolfo. Global Dynamics of Inelastic and Center-
Type Piecewise Vector Fields in R? and R>. Goiania, 2022. 163p. PhD. Disser-
tation . Programa de Pés-Graduacdo em Matemadtica, Instituto de Matematica e
Estatistica, Universidade Federal de Goias.

Almost all qualitative analysis of the ODEs are valid only locally. Because of that, in this
work we first present a global study, via compactification, of non-smooth inelastic vector
fields in R? giving the stability classes of these systems, classifying all canonical regions,
with all quadratic curves as discontinuity regions. Posteriorly, we increase one dimension
and analyze these inelastic vector fields in R3, separated by the unit sphere, covering a
complete description of the vector field in the discontinuity manifold and the asymptotic
and stability behavior of the external and internal vector fields, through classification
theorems related to the type of the tangency points and other canonical regions. Finally, we
present a study on limit cycles in generic vector fields of center-type, also in dimension 3,
giving the maximum number of cycles, in the continuous and discontinuous cases, with
one and two parallel planes as discontinuity regions. We obtained results on limit sets,

asymptotic stability, behavior at infinity and bifurcations.

Keywords
Contact Theory, Compactification, Limit cycle, Singularity, Asymptotic Stability,
Filippov Vector Field.
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CHAPTER 1

Introduction

The study of Piecewise Smooth Vector Fields (PSVF) has experienced a consistent
advance in the past three decades mainly due to [26]. PSVF can be described by smooth
vector fields defined over specific regions of the ambient space. On the boundary between
the regions, called switching region, a new vector field may be defined using Filippov

convention in [26].

Many articles on this topic develop a local or semi-local approach, see for instance
[9, 58]. An interesting phenomenon that occurs frequently is the sliding motion, when
the trajectories on both sides of the switching manifold slides over the manifold after
the collision, and there remains until reaching the boundary of the sliding region. This
phenomenon has been studied, for instance, on relay control systems and systems with
dry friction. But, it is interesting to investigate the behavior of the trajectories both close

and far away from the switching manifold.

Classifying global behavior is a fundamental goal in dynamical systems. The study
of global aspects of certain phenomena and its behavior at the infinity is certainly an
important aspect in the study of limit sets, global bifurcations and the existence of
invariant sets non-detected by local theory. In particular, classification of global phase
portraits in smooth dynamical systems is a prominent area of research even for planar
polynomial differential systems, see [9, 43, 44, 72]. On the opposite direction, global
phase portraits of non-smooth systems are barely found in the literature, even with its the
advances in the last 30 years mainly due to [26] and recently [22]. PSVF can be described

by classical systems of ODEs over specific regions of an ambient space, the boundary
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between them being a discontinuity region where vector fields may be discontinuous.

Non-smooth systems are widely encountered in sciences as engineering, physics and biol-
ogy, see for instance [14] and [38]. However, it is often assumed that discontinuity occurs
over relatively simply regions without assuming any sliding motion on it. Nevertheless,
the hypothesis that trajectories can slide over some region in a discontinuous fashion may
bring several new phenomena along with an increasing number of phase portrait, local or

global.

Inelastic non-smooth vector fields appear in problems involving some kind of suitable
collisions, see for instance [7] and [73]. Our study is carried out for some generic class
of non-smmoth systems inside the class of inelastic ones. By generic we mean some
phenomena occurring for a residual set within the set of parameters of the considered

inelastic non-smooth vector fields.

In Chapter 2, we review some fundamental results of Classical Ordinary Differential

Equations and Piecewise Smooth Vector Fields.

In Chapters 3 and 4, we consider the behavior at the infinity of a specific kind of non-
smooth vector fields in the plane with different curves as switching manifold, starting
with straight lines. We study the relations between canonical regions and vector fields
that we can find over the switching regions. The results for global and structural stability
considering the tangency points, vector field over the swithching manifold, equilibrium
and pseudo-equilibrium points at the finite part, equilibrium and pseudo-equilibrium

points at the infinite are stated with details and considering the whole set of cases.

In the Chapter 4, we extend the last classification for conics and algebraic curves, getting
other results and proving the existence of non-common limit sets, for instance a strange

attractor that comes from an isolated periodic orbit.

In the Chapter 5, which had the collaboration of Prof. Ricardo Martins from the Estadual
University of Campinas, we address the inelastic non-smooth vector fields in R>. Inelastic
vector fields are widely used in mechanical models with collisions, see in [7, 73] for

making predictions in non-perfectly inelastic impacts, where the contact has a delay after
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collisions. We studied the relations between tangency points and vector fields that we
can find over the sphere as switching region and in the exterior and interior regions. We

present and prove the results for global stability considering every possible case.

Finally, the goal for the Chapter 6, which was made with Prof. Jaume Llibre from the
Universitat Autbnoma de Barcelona, is to study the continuous and discontinuous PSVF
in R?, formed by linear vector fields similar to planar centers separated by one or two
parallel planes. We call those “center-type” differential systems, which have two pure
imaginary numbers and zero as eigenvalues. When these systems are separated by one
plane, then these have no limit cycles. Also, if they are continuous separated by two
planes, then generically there is no limit cycles. But when PSVF is separated by two
parallel planes, we show that generically they can have at most four limit cycles, and that
there exist such systems with four limit cycles [74]. The genericity here means that the
statements hold in a residual set of the space of parameters associated to the differential

system.

We recall that the same problem, but for PSVF in R? formed by linear differential centers
separated by two parallel straight lines, has at most one limit cycle [54]. In Appendix B,

we show the algorithm that we used for finding the limit cycles in the continuous case.



CHAPTER 2

Preliminary

The following facts are very useful along this PhD dissertation.

2.1 Classical Differential Equations

In this section we state some important facts of the classical theory of ODE’s, which can

be found for instance in [68].

Let M C R" be a manifold, a collection of tangent vectors X (x) € TyM, X = (x1,...,X,) €
M defines a vector field of class C¥, 1 < k < oo, if and only if the function x — X (x)(f)
is of class C¥ for all f € C*(M). To the set of vector fields over a manifold M of class C*
we will denote by X*(M). A point x = (x1,...,x,) € M is singular if X (x) = 0, otherwise

it is regular. To the vector field we associate the differential equation
x = X(x).

The solutions of this equation is described by the classical theorem of existence and

uniqueness and a detailed theory of its qualitative behavior.

The solutions of this equation are maps @ : (a,b) — M such that

do
L) =x(90)).
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for all r € (a,b). They are also called trajectories or integral curves of X (or of the
differential equation). If we consider an initial value problem, x(0) = x¢, we will get
a maximal interval of existence of the solution (a,b)y, and we define the flow of the

differential equation as @, (Xg) = @(¢,Xo). With this we can say the following:
Definition 2.1.1 The set y, = {@(t,x)|t € (a,b)y} is the orbit of X crossing the point x.

The set M equipped with the splitting in orbits of X is a phase portrait. We present a notion

of equivalence between vector fields:

Definition 2.1.2 Let X1, X, be vector fields defined over M,M, C R", respectively. They
are topologically equivalent if there is a homeomorphism h : M| — M> that carries orbits

from X\ onto orbits of Xj.

With this we can give the definition of a structurally stable vector field, a very important

concept that we will consider in the following two chapters.

Definition 2.1.3 Let X be a vector field over a compact manifold M. X is structurally

stable over M if there exists € > 0 such that for all Y € C' (M) with

I1X=Y|i <e,

Y is topologically equivalent to X. If X does not satisfy the above, then it is structurally

unstable.

If the vector field X depends on one parameter u, and for u = ygy the vector field is
structurally unstable, then g is called bifurcation value. The following system is shown

in [62, pag. 319] which can be solved as an equation of Bernoulli type.

Example 2.1.1 Let

i =—y+x[( +y* 1) — g,

X, =

y=x+y[(*+y*—1)>—y.
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This system is equivalent to the following in polar coordinates:

F=r(r? = 1)~y
Xy=< 2-1)
0=1.
We will see that the system of equations (2-1) with u = 0 and u # 0 are not topologically

equivalent (its phase portraits appear in Figures 2.1.1 e 2.1.2 respectively).

Let ©; and y; be their flows, respectively. Suppose there exists a homeomorphism H :
R? — R? and a continuous and strictly increasing real function t(t) such that Qy(r) =

H oy oH. We get:

lim(p,(x)): =1,ifu=0, x| <1.

f—ro0

1 —-1/2
lim [1 + (—2 — 1) e_Zt]
{—o0 XO

tlim\u,(x)’ — oo, if u <0, Vx € R2.
—>00

N A

»

»

»

A

(.1) Phase portrait of the system (2-1) with u= 0. (.2) Phase portrait of the system (2-1) with u < Q.

Figure 2.1: Example of a bifurcation value.

But using the fact H~! is increasing or decreasing then

lim ¢, (x)‘ - ‘H‘l lim e (H (x))| = lim |H~ ()| = oo,

t—roo T—o0 t—o0
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and this is a contradiction. So, system (2-1) with u = 0 is structurally unstable and it is a

bifurcation value of the differential system.

We also define the sets a-limit and ®-limit of an orbit of a vector field X : M C R" — R" of
class C¥, with M open, according to [68]. Let ¢(¢) = ¢(¢,x) an integral curve of X passing
through the point x defined in the maximal interval Ix = (0_(X),®4(x)). If 04 (X) = oo
let:

ox = {q € M|3(t,) witht, — o and @(t,) — q, when n — oo}. (2-2)

If 0_(x) = —co let:
ox = {q € M|3(t,) witht, — —co and ©(t,) — q, when n — oo}. (2-3)

Now we present the Lyapunov criteria [68, pag. 272]:

Definition 2.1.4 Let xg € R" an equilibrium (singular) point of the system x = X (x). A
Lyapunov function for xg is a differentiable function f : M C R" — R, defined in an open

set U containing xo, such that:

* f(x0) =0and f(x) > 0 for all x # xy.
e f(x) <0inM, where f(x) = %f((pt (x))|r=0 and @;(x) is a solution of the system

and also @p(x) = x.
The Lyapunov function is strict if:
o f(x)<0inM\ {xo}.

Theorem 2.1.1 Let xo be a singular point of the differential system. If there exists a
Lyapunov function for xo, then xq is stable. If the function is also strict, then xq is

asymptotically stable.
The important theorem for normal forms, is presented in [71, pag. 52].

Theorem 2.1.2 (Central Manifold) Ler X =Y , f,-a% a vector field C* in R" with

X (0) = 0. We assume that the Jacobian of X has ¢ pure imaginary eigenvalues and let
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1 € N. So there exists a C'-manifold with dimension ¢, W€, containing the origin and a
neighborhood U of 0 € R" such that for all x € WNU, X (x) is tangent to W€ in x. In

addition, there exists r € N, 0 < r < n—c, such that X is topologically equivalent to the

vector field:
Y=y Yo X
Xi(y1,- ,yc + Yin— Yino
i=1 Vi iZct1 ay’ i=c+r+1 ay’
where (y1,...,y.) are coordinates on the central manifold W€ and all the eigenvalues of

DoX are pure imaginary.

We present the Hartman-Grobman theorem which is an important tool to know the

behavior of a nonlinear differential system near a singularity [62, pag. 120].

Theorem 2.1.3 (Hartman-Grobman Theorem) Let E C R" be a set containing the
origin, avector field X over E of class C' and @, the flow of the nonlinear system x = X (x).
Suppose that X (0) = 0 and the matrix A = DX (0) has no eigenvalues with zero real part.
So there exists a homeomorphism H : U — V, where U and V are open sets containing the
origin, such that for all xy € U there exists an open interval Iy C R containing the origin

such that for all x € U andt € Iy, therefore

Hog(x) = ¢""H(x).

Thus H takes nonlinear system orbits near the origin into linear vector field orbits near

the origin, preserving time.
Another important and generalized theorem is the tubular flow theorem. [68, pag. 222].

Theorem 2.1.4 (Tubular Flow Theorem) Let x be a non-singular point of the vector
field X : U C R" — R" of class C" and the homeomorphism f :A C R*™! — ¥ C R" where
A and U are open sets, f is transversal to X(f(a)) in a for all a € A (X is a transversal
section) and f(0) = x. Then there exists a neighborhoodV of x in U and a diffeomorphism
h:V — (—¢,€) x B of class C", where € > 0 and B an open ball in R"~! of center at the

origin 0 = f~'(x) such that:
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1. h(2NV)={0} xB,
2. his a topological equivalence between the vector field X |y and the constant one

Y:(—¢,€)xB—R",Y=(1,0,...,0) ¢ R".

And the Poincaré-Bendixson theorem that makes a classification of the m-limit sets [68,

pag. 248].

Theorem 2.1.5 (Poincaré-Bendixson Theorem) Let ¢(t) = ¢(t,x) an integral curve of
X, a vector field C" in the open set M C R?, which is the flow of X = X (x) defined for all
t >0 and such that 7 = {@(t,x)|t >0} C K C M where K is compact. Suppose that the
vector field X has a finite number of singularities in M. Then we consider the following

alternatives:

1. If ®y contains only regular points, then Oy is a periodic orbit.
2. If oy contains regular and singular points, then ©y consists of a set of orbits, each
of which tends to one of these singular points when t — —oo.

3. If ®y does not contain regular points, then Wy is a singular point.

We present the Peixoto Theorem [60], a very important theorem in the theory of structural

stability and dynamical systems.

Theorem 2.1.6 (Peixoto Theorem) [61] Let X be a vector field over a differentiable
manifold M compact of dimension 2. To be X structurally stable in M it is necessary

and sufficient that the following conditions are satisfied:

1. The number of singular points and periodic orbits is finite and each of them is
hyperbolic.
2. There are no connections between saddle points.

3. The o and ®-limit sets consist of singular points and/or periodic orbits.

Furthermore, the set of structurally stable vector fields is an open and dense subset (C"
topology if M is orientable and C' topology when M is non-orientable) in the set of whole

vector fields defined over M.
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For finishing this section, we consider a very special canonical region using [62].

Definition 2.1.5 A set A C R" is positively invariant under a vector field X if 9x (A,t) CA

forallt > 0.

Definition 2.1.6 A strange attractor A is a closed positively invariant set which contains:

1. A countable set of periodic orbits of arbitrarily large period.
2. An uncountable set of non-periodic motions.

3. A dense orbit.

2.2 Piecewise Differential Systems

Following the Filippov rules introduced in [26] we first consider an open set U C R and
the discontinuity region ¥ = f~'(0), also called switching manifold, being 0 a regular
value of a C" smooth function f: U C R"™ — R, for 1 <r <. As usual a C" vector field

isa C" function X : U — R™.

Let X; € X"(R") be arbitrary vector fields, with i = 1,...,m, where m is the number of
connected components D; of R"\ ¥. We denote a Piecewise Smooth Vector Field (PSVF)

in R” by the m-tuple N = (Xj,...,X,,) where
N(x) = Xi(x), ifx € D;. (2-4)

We note that on the discontinuity region X the piecewise vector field N is bi-valuated.

Now we precisely define N = (X,Y) over X. A point x € ¥ is of crossing type if the vector
fields X (x) and Y (x) points through X. It is of sliding type if both X (x) and Y (x) points
inward ¥ and it is of escaping type if X(x) and Y (x) points outward X. In each situation
we are assuming that the trajectories of X and Y are transversal to X. Otherwise we say

that a point x € X is a tangency point of X or Y.

An effective criterion for classifying points on the discontinuity region X can be estab-

lished in terms of the Lie derivatives as follows. We define the Lie derivative at x € X
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as

Xf(x) = (Vf(x),X(x)) (2-5)

and for k > 2 we define X*f(x) = (VX*~! f(x),X(x)). The transversal points on ¥ with

respect to the vector fields X and Y are classified as follows:

* Crossing region: X = {x € £, (X f(x)).(Y f(x)) > 0}, formed by crossing points.
* Sliding region: ¥° = {x € £, X f(x) < OandY f(x) > 0}, formed by sliding points.
* Escaping region: £ = {x € £, Xf(x) > OandY f(x) < 0}, formed by escaping

points.

We observe that tangency points of X and Y are now characterized by the conditions
Xif(x) = 0, and divide those local regions. We denote the set of tangency points by X'.
We may also classify tangency points in terms of higher order Lie derivatives. Indeed,
if x € ¥ is a tangency point satisfying X2 f (x) # 0 then we call x a fold tangency point.
If Xf(x) = X2f(x) = 0 but X>f(x) # 0 then x is called a cusp tangency point. Now we

define an special kind of property with the Lie derivative (2-5).

2.2.1 Inelastic PSVF

Let N = (X,Y) be a PSVE. We say that N is generalized inelastic over the switching
manifold X if

Yf(x) = —AXf(x), (2-6)

where A € R... In particular, if A = 1 we simply say that N is inelastic over L.

Definition 2.2.1 Let N = (X,Y) be a PSVE. We say that N is inelastic over the switching
manifold L if Y f(x) = =X f(x).

Inelastic vector fields appear naturally in mechanic models (see [77]) and in reversible

non-smooth models, for instance, to estimate contact forces and stick-slip transitions, see

[73].
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Remark 2.2.1 Note that tangency points of X and Y coincide if N is inelastic. This
configuration, although non-generic, allow us to perform a global approach once from
the last equation no crossing points may occur.

In the following, we will not consider the cases X = —Y because of its triviality.

As commented before, we can induce a vector field on both X U X¢ which is called
Filippov vector field. Following [26] and using the inelastic condition in Definition 2.2.1

we obtain
CY(x)X(x) - Xf(X)Y(x)  X(x)+Y(x)
="V oxr 2 e

Any point x* € X satisfying F(x*) = 0 is called a pseudo-equilibrium point of the NSVF.

As we will see later, pseudo-equilibrium points can also occur in the infinity.

Definition 2.2.2 A global trajectory T'(t,x) of the PSVF (N) passing through x is the
union of local trajectories G;(t;,x;) such that 6;(ti11,%;) = Gi+1(ti+1,Xit+1) = Xit1, where
ti—ooasi— oo,

L(r,x) = [ J{oi(t,x:) | i <t <ti1}.
i€z

Thus we can take the positive part of the trajectory Tt (t,x) for i € N and t; > 0 and the
negative one I'~(t,x) with —i € N and t; < 0. We get the following options for the local

trajectories:

(i) If x € D;, then the trajectory through x in N is the same as in X; until it reaches X

or equilibrium points at the infinity.

(ii) If x € X*, the trajectories of both vector fields will arrive and continue over the
Filippov vector field in X.

(iii) If x € X° the trajectories of both vector fields will leave from the Filippov vector
field in X.

(iv) If x € X°, where the Filippov vector field is not defined, the trajectories through x
of both vector fields will be concatenated directly to form the trajectory through the

pointin N.
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2.2.2 Generic PSVF

Filippov’s convention [26] allows to define of two kinds of limit cycles for the piecewise
vector fields, the so-called sliding limit cycles and the crossing limit cycles. Sliding limit
cycles contain sliding points on the line of discontinuity and crossing limit cycles contain
only crossing points. In this context, we only consider crossing limit cycles, or simply

limit cycles.



CHAPTER 3

Global Dynamics of Planar Piecewise Linear
Inelastic Differential Systems having Straight

Lines as Switching Manifolds

In this chapter we construct a global study of inelastic non-smooth systems in R?
separated by straight lines, covering a complete description of the vector field over the
switching manifolds and the global behavior of the other vector fields in the connected
components, through robust classification theorems related to the tangencies and Poincaré
compactification. We obtain relevant results in the analysis of canonical regions and limit

sets.

Firstly we are going to determine the discontinuity regions X of the PSVF (2-4), consider-
ing homogeneous linear vector fields. According to the normal forms shown in [6] there
exists 9 possibilities for quadratic curves, but only six are in the real space, beyond the
empty set, coincident lines, ellipse, hyperbola, parabola, and intersecting or parallel lines.
In the following we start with the degenerate quadrics in R?, the lines. We consider the

following switching manifolds:

L ={(xy) € Rz;y+mx:0} :ffl(O), filx,y) =y—mx,
2 ={(xy) €R?; (y+x)? =1} = £,(0), folx,y) = (y+x)*—1, (-1
23 ={(x,y) € R?; (y+x)(y—x) =0} = £51(0), f3(x,y) = (y+x)(y—x).
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In particular ¥; = fl._l (0) where each fi(x,y) = aix® + 2bixy + c;y* + 2dix + 2e;y — gi

satisfies
a; bi dl'
bi ¢; el|=0,
di e g
for suitable constants a;, ..., g;, i = 1,2,3. From now on we only write X instead of %; if

there is no confusion on the context.

Thus, we present the classical concept of Poincaré compactification and dynamics at the
infinity. Using the classical theory described in [19, 44], we define the Poincaré Sphere
S? C IR3 projecting over it the plane z = 1 containing the phase portrait of the differential
system, through the intersection of the sphere and straight lines from the points in the
plane to the origin of R3. Using the transformation (u,v) = (%, 1) for the local charts Uy,
U, Ui, Vi, Vo, V3 at the infinity, see Figure 3.1, we obtain the expression for a generic

vector field X = Ax = (P(x,y),Q(x,y)) in S' N (U; UV}) and S' N (U, UV;), respectively.

= —apu® + (ay —ap )u+as, = —axu® + (ay) —axn)u+ais, (3-2)

V= —aippuv—aplv, V= —axuv —anyv,

and in S' N (U3 UV3) is located the original differential system.

Uz

Figure 3.1: Charts used in Poincaré Compactification.

We define some especial points at the infinity in this discontinuous context. Some of them
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we call fake, which take place in the cases ¥ = X and X = X, because these points do

not share some characteristics of the classic ones but they resemble them in some sense.

O®

(.1) Pseudo-node (.2) Pseudo-saddle
(.3) Fake pseudo-sliding-escaping (.4) Fake pseudo-crossing

Figure 3.2: Pseudo equilibrium points at the infinity. In the fol-
lowing figures at the finite part, orange curves are the
switching manifolds, orange points are tangency ones,
black points are pseudo-equilibrium points. At the in-
finity part, brown, pink, green, red and blue points are
pseudo, non-hyperbolic, saddle, repeller and attractor
equilibrium ones, respectively.

Definition 3.0.1 Let Z be a smooth vector field, Zits compactification on S* and p a point

at the equator of S*. We define the following objects.

* pis an infinite pseudo-node for Z if it is an attractive (repulsive) point at the infinity,
over the switching manifold, which is reached in positive (negative) finite time in
the equator of S* and in positive (negative) infinite time for the Filippov vector field

along the switching manifold.
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* p is an infinite pseudo-saddle for V4 if it is an attractive (repulsive) point at the
infinity, over the switching manifold, which is reached in positive (negative) finite
time in the equator of S* and in negative (positive) infinite time for the Filippov
vector field along the switching manifold.

» When ¥ = X4, then p is a fake sliding-escaping pseudo-equilibrium point at the
infinity for 4 if it is an attractive or repulsive point at the infinity, over the switching
manifold, and belongs to a continuum of equilibria for the Filippov vector field
along the switching manifold.

*» When ¥ =X, then p is a fake crossing pseudo-equilibrium point at the infinity for
4 if it is a regular point at the infinity for the exterior vector field and an attractive
and/or repulsive point for the Filippov vector field along the switching manifold.
Those vector fields do not match at the infinity but that will be the convention that
we will study. The cases where the fake crossing points are also singularities at
the infinity for some of the vector fields are omitted because that situation is not

generic.

Figure 3.3: Flat behavior.

Remark 3.0.1 In this chapter we do not consider configurations for which the orbits
of the vector fields are coincident with the discontinuity region. For example, taking

x+y=0, m=1 as switching manifold, let N be a non-smooth vector field where
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01
A= ,
10
-2 4
B= ,
1 -5
11-2 5 X
F(X) = 5
2 =5 y

One can see that the first vector field has a saddle equilibrium point with Ay = 1 and
A> = —1 and the second one has an attractive node, where its eigenvalues are Ay = —6
and Ay = —1. The discontinuity line coincides with an invariant manifold of the two vector
fields, so the orbits do not reach the line except at the infinity (in the past or in the future).

In this case we say that the contact with the discontinuity line is flat, see Figure 3.3.

We are going to work with generic differential systems in the sense of considering residual
sets in the whole set of inelastic differential equations, adding for instance centers and
other sets, that in fact have measure zero.

Thus we can define the main equivalence and the stability classes in this piecewise smooth

context.

Definition 3.0.2 Two phase portraits Z1 and Z; of the vector field (2-4) are topologically
equivalent if there exists a homeomorphism h : D? — D? which carries orbits of Zi onto
orbits of Z, preserving the orientation of all trajectories. In that way, the switching

manifolds, =" and £?* respectively. and other canonical regions are preserved by h.

Considering A, B € C"(R?,R?) and following [34], we can get a norm in ;e (M):

(XY =11(A,B)[| = Sug{IIAXHJrIIBXH}-

Thus it induces a distance and the corresponding definition of neighborhood through
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d(Z],Zz) :d((XaY)v(X7Y)) = ||(A_AvB_B)||'

Definition 3.0.3 Let Z € £, (M) a vector field over M, in this case compact. N is
structurally stable over M if there exists a neighborhood V(Z) such that, for every
Z € V(Z), it is topologically equivalent to N. If N does not satisfy the above, then it is

structurally unstable.

There is another fact which is necessary to consider:

(1) S-N4 (.2) S-N 4-INV

Figure 3.4: Phase portraits of a saddle and a node with two paral-
lel lines as switching manifold.

Remark 3.0.2 The notion of topological equivalence considered in this chapter does not
preserve the orientation of trajectories of the Filippov vector field. Therefore, the phase
portraits presented in Section 3.1 that does not present a continuum of equilibria for the
Filippov vector field can present two distinct orientations, which increase the number of

potential phase portraits, see Corollary 3.1.1 and Figure 3.4.
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3.1 Main results on planar piecewise linear inelastic sys-

tems

The main goal of the chapter is to classify the global phase portraits of inelastic linear

PSVFE. Consider the linear vector fields X and Y joint with the following system

X(x) =Ax, A= (aj);

Y(x)=Bx, B=(by)

(3-3)
det(A)det(B) # 0;
| Z= (X,Y) is inelastic over Z,
where A and B are square matrices with real entries.
CR TA E PE oo E o PE
QT Y X 3| L X XL L L3l X X3 L L I3
C-C 1 2 1 1" 1 1* | o 0 1 |0 0 0 2 28 4
C-F 1 2 - ™ 1 - 1 2 - 0 - 2 2 -
C-N 1 2 - " 1 - 1 2 - 1-2 024 - 2 2 -
C-S 1 2 1 " 1 1* | 1T-.o 02 1 0-4 0-4 2 28 4
F-F 1 2 1 " 1 1" |1 2 1 0 0 2 2% 4
F-N 1 2 1 " 1 1* |1 2 1 1-2 024 024 |2 2 4
F-S 1 2 1 1" 1 1* |1 2 1 0-4 0-4 2 2 4
SN-N | - 0o - - 1 - - 0-2 - - 2-4-c0 - - 2% -
SN-S | - 0 - - 1 - - 2 - - 4-o00 - - 2% -
N-N 1 2 1 1" 1 1* |1 2 1 3-4 24 0-24- 12 2 4
6-8
N-S 1 2 1 " 1 * |1 2 1 34 24 0-2-4- 12 2% 4
6-8
S-S 1 2 1 1" 1 1" | 1o 02 1 |4 4 048 |2 2 4
Table 3.1: Canonical regions (CR) for Tangencies (TA), Equi-

librium points (E), Pseudo-Equilibrium points (PE),
Equilibrium points at the infinity (oE) and Pseudo-
Equilibrium points at the infinity (coPE) with the qual-
itative types (QT) centers (C), focuses (F), saddles (S),
nodes (N) and star nodes (SN), coincident lines (X),
parallel lines (X,), transversal lines (X3). For the mean-
ing of 1* and 2* see Remark 3.1.1 (3).
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3.1.1 Compactification and Stability Classes

The main results of the chapter are the following:

Theorem 3.1.1 The phase portraits on the Poincaré disk of the inelastic system (3-3) are

generically topologically equivalent, unless the orientation of trajectories on ¥, to:

(i) one of the 16 phase portraits of Figure 3.5 if X¥.=1Xy;
(ii) one of the 29 phase portraits of Figure 3.6 if ¥ =X;

(iii) one of the 22 phase portraits of Figure 3.7 if ¥ = X3;

Corollary 3.1.1 There exist generically 123 phase portraits on the Poincaré disk of the
inelastic system (3-3). The global dynamics of the system is generically described by each

corresponding cell of Table 3.1.

3.1.2 Limit Sets

Theorem 3.1.2 The o or W-limit set of a point on the Poincaré disk of the inelastic system

(3-3) generically is one the following objects:

1. a boundary equilibrium point at the origin;

a pseudo-equilibrium of the Filippov vector field;

an equilibrium point at the infinity;

a pseudo-equilibrium point at the infinity;

a fake (crossing or sliding-escaping) pseudo-equilibrium point at the infinity;

a periodic orbit in the finite part;

N S A B

a periodic orbit at the infinity.

The o or m-limit sets of some classes of planar PSVF are studied in [22]. However, that
article consider compact regions (as the Poincaré disk) within two zones and so it does
not detect neither the fake pseudo-equilibrium points because in [22] the singularity must
be isolated. As far as the authors know, this is the first time one identifies these two types

of behavior at the infinity.
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Remark 3.1.1 We highlight some different topological behaviors among the phase por-

traits for those inelastic differential systems summarized in Table 3.1.

1. The number of equilibrium points at the infinity varies from 0 to 8.

2. Some configurations of inelastic systems having ¥ =X or ¥ = X, may present a
continuum of pseudo-equilibrium points for the Filippov vector field.

3. There exists one strict equilibrium point in the finite part only when ¥ = Y, in the
other cases the origin is also a pseudo-equilibrium (1*). Also in that case (2*) is for
the two fake crossing pseudo-equilibrium points at the infinity.

4. Some configurations combining centers and star nodes are not possible to obtain

because they cannot be inelastic.

3.2 Filippov Vector Field, Tangency Points and Infinity
Dynamics

In order to prove the main results we first state and prove some auxiliary results. The first
one addresses the nature of equilibrium points at the infinity, an useful result that can be
found for instance in [68] and we included it here for the sake of completeness. In order
to present the result, let us call J a square matrix J = (a;;), i,j = 1,2 and let t7(J) and

det(J) denote the trace and the determinant of J, respectively. Therefore

Proposition 3.2.1 Let X = Ax, a homogeneous linear vector field in the plane, then by

the Poincaré Compactification:

1. If (trA)?> —4detA < O, then the vector field does not have any singularity at the
infinity. (Center (trA = 0) and Focus (trA # 0)).

2. If (trA)2 —4detA = 0 and trA # 0, then there exists a line of singularities or only
two non-hyperbolic equilibrium points at the infinity. (Improper nodes, star node
and a node with two equilibrium points at the infinity, respectively).

3. If (trA)?> —4detA > 0 and detA < 0, then there exists four singularities (hyperbolic
nodes) at the infinity. (Saddle).
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4. If (trA)2 —4detA > 0and detA > 0, then there exists four singularities at the infinity,
two hyperbolic nodes and saddles. (Proper node or a node with four equilibrium
points at the infinity).

5. If (trA)> — 4detA > 0 and detA = 0, then there exists four singularities at the
infinity, two of them are hyperbolic. It is possible that two of those points are being
connected by a singularity line in the finite part. (Parallel lines, one eigenvalue is
zero).

6. IftrA =0 and detA = 0, then there exists two non-hyperbolic equilibrium points at
the infinity. It is possible that those points are being connected by a singularity line

in the finite part. (Parallel lines).

The proof of Proposition 3.2.1 is direct and it involves some tedious algebraic manipula-
tions, so we only present the proof of bullet (i) in what follows.
Proof. [Proof of Proposition 3.2.1] From equation (3-2), a point (,0) € S' N (U UV;) is

a singular point of X at the infinity if « if it is a real solution of quadratic equation

—a12u2 + (ap —an)u+az =0, (3-4)

that is, if

(ax —an) £+/(a1 —axn)?+4apna)
2ai2 '

On the other hand, the discriminant of the equation (3-4) is

(ar — azz)z +4apax = (an + a22)2 —4day1ax +4apar = tr(M)2 —4det(M),

that is, X has no singularities in S! N (U UVy) if tr(M)? — 4det(M) < 0. Analogously, it

can be proved that X has no singularities in S' N (U, UV5) so bullet (i) is proved.

The proof of the other bullets follows similarly by adding the analysis of the Jacobian
matrices J; = diag(—2apu* + ax — ay,—appu* —ayy) and J, = diag(—2axu* —axp +

ari, —axiu* — ax) of systems (3-2) in S' N (U; UV;) and S! N (U, UV,), respectively,
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where (u,v) = (1*,0) is an equilibrium point at the infinity. O

The next result consider the tangency points over the switching manifolds ¥;, i = 1,2, 3.

Proposition 3.2.2 Let X = Ax and Y = Bx be non-degenerate linear vector fields defining
an inelastic PSVF Z = (X,Y). The tangency sets on ¥ are generic formed by one of the

following:

(i) If L =Xy, then X' is formed by a single point;
(ii) If L =Xy, then X' is formed by two points, one over each connected component of
Xo;

(iii) If X = X3, then X! is formed by a single point.

Proof. [Proof of Proposition 3.2.2] The tangency points over each switching manifold X1,

Y, and X3 are given by the solutions of the following equations using (2-5), respectively:

X f1(x) = (mayy +az1)x+ (mayp +axn)y =0;
X fo(x) = (a1 +a21)x* + (a2 +an)y* + (a1 + a2 + az1 + az)xy = 0; (3-5)

X f3(x) = (a12 — az1 )xy — axny* +aj1x*> = 0.

where (x,y) € X.

Each term of the equations in (3-5) are quadratic and they vanish. Thus, the conics rep-
resented by the tangency sets above but defined in the entire R? must be symmetric with
respect to some straight line. More precisely, generically there exists three configuration
for those conics: they must be the empty set, coincident lines or two intersecting lines
containing the origin. Ultimately, the tangency points are the intersection between the

previous conic curves and the respective discontinuity regions.

If ¥ =X, then from equation (3-1), either it cross the conics of tangencies at one point in
a transversal contact or coincides with it. The generic situation is the transversal one so

we have proved bullet (7).
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If £ = ¥,, the equation for the tangencies has the form ax? 4 (a+b)xy+by> = (x+y)(ax+
by) = 0, so one of those straight lines is parallel to X3 and the other is either transversal
or does not intersect X,. Thus, the intersection corresponding to tangency points is either
empty or formed by two points, one over each connected component of X,. In this case,
the generic situation is the one having two intersections points and therefore bullet (ii) is

proved.

If ¥ = X3, by the form of its unitary equation provided by the equations (3-1), it crosses
the origin and the intersection with the conics of tangencies occurs at that point and so

bullet (iii) is proved. O

The next result states the behaviors of Filippov vector fields over switching manifolds.

Proposition 3.2.3 Consider Z(x) = (Ax,Bx), an inelastic PSVF as in (3-3). Then the

following statements generically hold:

(i) If X =Xy, then A and B can be written as

ail aln
A= ,
—m(ai +b11) —bay —m(ain+b12) —bxn
b1 b2
B= ,
by b»

and the Filippov vector field over ¥ is given by
1
F(x) = 5 (a1 +bn)x+ (a2 + )y, (=mlai +bn))x+ (=m(a2 +b12))y).

Moreover, the origin is the unique pseudo-equilibrium point of F, which is attractive
or repulsive whether the sign of (a1 + b11) —m(a12 + b12) is negative or positive,

respectively.
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(ii) If ¥ = X5, then A and B can be written as

an a
A= ,
—ay1 —by1—by1 —aip—b12—bxn
b1 b1
B = ,
by by

and the Filippov vector field over ¥, is given by
1
F(x)= 5((6111 +b11)x+ (a12+b12)y, —(ar +b11)x — (a12 +b12)y).

Moreover, F has two pseudo-equilibrium points, one at each straight line of ¥,
which is attractive or repulsive whether the sign of (a1 + b11) — (a12 + b12) is
negative or positive, respectively.

(iii) If ¥ = X3, then A and B are writing as

—b11 ax1+b2 —bya

A= ,
asy —by
bi1 b1z
B —
by by

and the Filippov vector field over X3 is given by

F(x) = %((021 +ba1)y, (@21 +b21)x)

Moreover, F has only one equilibrium point which is a saddle at the origin.

The proof of Proposition 3.2.3 is direct, but we provide the lines of it for completeness.
Proof. [Proof of Proposition 3.2.3] From the expression of ¥ in (2.2.1) and from the fact

that N is inelastic over X, the equality Y f(x,y) = —X f(x,y) with y = —mx provides
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(may) + ayp) = —(mby1 + byz) and (majp + ax) = —(mbiz + baz), so we obtain the
expression of the matrix A of bullet (i). Moreover, from equation (2-7) for (x,y) € ¥,

we obtain the expression of F of bullet (i) with y = —mux.

The equilibrium points of F' lie on the intersection of the straight line

_antbu
)
a2+ b2

with X1, that is, the origin (0,0). The eigenvalues associated with the matrix defining the
linear vector field F are A; = 0 and A, = (a1 +b11) — m(aj2 + b12) so the equilibrium
point at (0,0) is attractive if A, is negative and repulsive if A; is positive. That finishes the

proof of bullet (i).

In (if), since (aj; +az1) = —(b11+b21) and (ax +a12) = — (b2 + b12), then A = 0 and

A = (a11+b11) — (a12+b12).

For (iii) the relations are a;; = —b11 axp = —byy and (021 — alz) = —(b21 — b12), the

eigenvalues are A = £|ap; + by |.

In the two first cases, the equilibrium points are determined by a line of the form

_antbn
an+bn

In the second one, if the line of singularities is parallel to the discontinuity lines, then

there are no singularities. In the third case the unique singularity is (x,y) = (0,0). O

The following result is about the last canonical region which consists of pseudo equilib-

rium points at the infinity.

Proposition 3.2.4 Consider Z(x) = (Ax,Bx), an inelastic PSVF satisfying system (3-3).
Then the pseudo equilibrium points at the infinity generically satisfy one of the following

Statements.
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(i) If ¥ = X4, then either there exist a pair of pseudo-equilibria at the infinity, one of
them being an infinity pseudo-node and an infinity pseudo-saddle, or a pair of fake
sliding-escaping pseudo-equilibrium points at the infinity.

(ii) If¥.=X,, then there exist two fake crossing pseudo-equilibrium points at the infinity,
both attractive and/or repulsive.

(iii) If ¥ = X3, then there exist four pseudo equilibrium points which can be either
four pseudo-nodes (two attractive and two repulsive), or four pseudo-saddles at

the infinity.

Proof. [Proof of Proposition 3.2.4] To prove bullet (i), we notice that there exist two points
p1 and p» at the infinity corresponding to the discontinuity line X1. Those two points split
the Poincaré disk and because N is inelastic, one point corresponds to the sliding region,
say p1, and p; corresponds to the escaping region. Thus, p; attracts points at the infinity
and p; repels them, both being reached in finite forward or backward time, respectively.
Now, since p; belongs to the sliding region at the infinity, the trajectory of the Filippov
vector field asymptotically tends to p; either in forward time (so p; is a pseudo-node) or

a backward time (so p; is a pseudo-saddle).

If there exists a continuum of pseudo-equilibrium points in the finite part, by the Definition
3.0.1 we get that p; can be a fake sliding pseudo-equilibrium point at the infinity if it is

attracting at the infinity, and then p, will be an escaping one, or vice-versa.

For bullet (if), we notice that the intersection of the two parallel lines of £, meet the
Poincaré disk (the infinity) at the same points, forming two opposite points at the infinity,
say p1 and p>. Therefore, while the finite portion of the phase portrait has three connected
components, separated by the two straight lines of X;, the infinity has only two portions
corresponding to two half circles. If we say that X is defined on the strip inside the straight
lines of ¥, and Y is defined outside them, then the two half circles on the infinity are
related to Y, that is, the trajectories in the infinity face no discontinuity. On the other hand,

p1 and p; are points of the infinity that attract and/or repel trajectories of the Filippov
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vector field, that is, they are fake crossing equilibrium points and the proof of bullet (if)

is done.

For the proof of bullet (iii), we first notice that X3 has four points at the infinity, py, ..., pa.
Moreover, because N is inelastic, two of them (say p; and p3) are attractive and p;, pa
are repulsive. On the other hand, the finite part has also four components for the Filippov
vector field. Since the origin is a saddle at the origin for the Filippov vector field, in
the sense that two directions are attractive and two are repulsive. So, if the repelling
component of X3 tend to p; or p3, then it is easy to see that every p; is attractive so
P1,---,pa are pseudo-nodes at the infinity. If the same repelling component tends to p»

or p4, then py,..., p4 are pseudo-saddles at the infinity and the proof is done. O

3.2.1 Homeomorphism

We are going to construct the homeomorphism /4 for using it in the next proofs and com-
posing the stability classes. Let Z; = (A, B) € £ines1(M). Then there exists a neighborhood
V C Z" of (A,B) such that Z, = (C,D) €V is topologically equivalent to Z; if it satisfies

some conditions, using [69] and by the Propositions 3.2.1, 3.2.2, 3.2.3 and 3.2.4:

1. (C,D) has the same number and topological type of hyperbolic (and also non-
hyperbolic under the conditions of Proposition 3.2.1) singular points and periodic
orbits at the infinity and the finite part as (A, B).

2. The number of points q € X2 of tangency is the same as the number of p € &' of
tangency.

3. The number and topological type of pseudo-equilibrium points q € £? of (C,D) at
the finite and infinity parts is the same as the number of pseudo-equilibrium points

p € X! of equilibrium of (A, B).
Thus, for all (C,D) € V let the homeomorphism / : D> — D? be such that:

* Take the pseudo-equilibrium points at the finite part {pi,...,pr} of Z! in

(A,B) at the pseudo-equilibrium points {gi,...,qx} of £? in (C,D). Take the
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pseudo-equilibrium points at the infinity {yi,...,Y2,} of ! in (A4,B) at the
pseudo-equilibrium points at the infinity {Yg1,...,Yg2.} of £? in (C,D). It takes
the arcs of X'\ {p1,...,px,¥1,---,Yu} of Z! in (A,B) on the arcs of X2\
{q1,...,q5.YG1,---,YGan} of £% in (C,D) for the arc composite. Thus, 4 is well
defined on the switching manifold. The homeomorphism / near that curve is
constructed from one canonical region to another, which are defined as pseudo-
equilibrium point disks, tangency point disks and the complement of their union.

* The canonical regions near the switching manifold are also preserved using Defini-
tion 2.2.2 of global trajectories.

* Remaining regions, disks of equilibrium points at the infinity and the finite part are

also preserved.

To extend & to the rest of D? we use the flows of (4,B) and (C,D), so if q € D?\ X1 and
Y:(q) is an orbit through q at# = 0, then 40 7;(q) is an orbit of (C, D) which crosses h(q)
att = 0. So h makes (A, B) topologically equivalent to (B, G).

3.3 Proofs of the Main Results

Next we prove Theorem 3.1.1. We split the proof in three parts and perform a case-by-case

analysis in each of those parts. We start proving bullet (i) of the referred result.

Proof. [Proof of Theorem 3.1.1 (i)] In this case ¥ = X; is a straight line as switching
manifold, so there is a linear system in each hemisphere and all the possibilities for the

canonical regions are described in Table 3.1.

By Proposition 3.2.2, the tangency point is only the origin. By Proposition 3.2.3, gener-
ically there is an attractive or repelling Filippov vector field with a pseudo-equilibrium
point in the discontinuity region. From Proposition 3.2.4, there exists a pseudo-node and
a pseudo-saddle at the infinity. In the following case-by-case study the same canonical
regions are determined by the last 3 propositions. Also we consider generic saddles, such

that A £ 0 and trB # 0.
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e center - focus: From Proposition 3.2.1 the vector fields do not have equilibrium
points at the infinity, thus there exists a homeomorphism /4, following the construction
of Subsection 3.2.1, such that the phase portrait of that system is topologically equivalent
to the one in Figure 3.5.2. That homeomorphism exists in the next cases for the same

reason.

e center - node: There exist two possibilities for the configuration of the node by
Proposition 3.2.1, one or two equilibrium points at the infinity, in the hemisphere where
that node is located. The phase portraits are then topologically equivalent to one of those

in Figures 3.5.3 or 3.5.4, respectively.

e center - saddle: In this case there are two equilibrium points at the infinity, in the

hemisphere of the saddle. So, the phase portrait is topologically equivalent to Figure 3.5.6.

e focus - focus: For the case focus-focus, there are no equilibrium points at the infinity.

Then the phase portrait is topologically equivalent to the one of Figure 3.5.7.

e focus - node: Now there exists one singularity at the infinity in the hemisphere of the
node if (trB)? —4detB = 0, or two equilibrium points at the infinity if (t7B)> —4detB > 0
and detB > 0. Consequently, the phase portraits are topologically equivalent to one of

those in Figures 3.5.8 and 3.5.9, respectively.

e focus - saddle: In this case there exist two equilibrium points at the infinity, in the
hemisphere of the saddle, and the phase portrait is topologically equivalent to the one of

Figure 3.5.10.

¢ node - node: There are three sub-cases. If there are two nodes with one singularity at the
infinity in each hemisphere, then this case is trivial. If there is a node with one equilibrium
point in its hemisphere and other node with two equilibria, the phase portrait corresponds
to Figure 3.5.11. Finally, in the case of two nodes with two equilibrium points in each

hemisphere, the phase portrait is topologically equivalent to the ones reassembling Figure

3.5.12.

e node - saddle: In this case, the hemisphere of the saddle has two equilibrium points at

the infinity. In the hemisphere of the node, there exist one or two equilibrium points at the
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infinity, then their phase portraits are topologically equivalent with the ones of Figures

3.5.13 and 3.5.14, respectively.

e generic saddle - saddle: In this case there exist two equilibrium points in each

hemisphere and the phase portrait is equivalent to the one exhibited in Figure 3.5.15.

e exceptions: There are some exceptions for which Propositions 3.2.3 and 3.2.4 does not
apply, so we must consider them separately. Some restricted cases where we get a line
of singularities (pseudo-equilibria) in the Filippov vector field and also two fake sliding-
escaping pseudo equilibrium points at the infinity. A normal form for the centers in R?
is

air  ap

A= ; (3-6)

ay —aii

with a%] +ajpaz; < 0. Then if B defines also a center then the following is getting for x

in the discontinuous line with m # 0

1 ain +bn —(ap +bp): X
—m(an+bn)  an+bxn —mx
1 an +bi (ar1 +bi1)~ x
2 —m(a11+b11) —(a11+b11) —mx
0
0
We can see that the last one is valid for every vector field A such that a;; = —as, so this

could happen for saddles, but that situation is not generic. Here there is no a direction for
the Fillipov vector field and then the canonical region is invariant in those cases. Thus, the
phase portrait of system (3-3) can be center- center without singularities at the infinity,
center-saddle with two singularities at the infinity or saddle-saddle with four singularities
at the infinity, and are topologically equivalent to the one of the Figures 3.5.1, 3.5.5 and

3.5.16, respectively. 0
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Proof. [Proof of Theorem 3.1.1 (ii)] In this case we examine two parallel lines as
switching manifold, so there is a linear system inside and another outside, and all the

possibilities for the canonical regions are described in Table 3.1.

By Proposition 3.2.2 there are generically two tangency points, one in each line, but the
cases with star nodes do not have tangencies. By Proposition 3.2.3, the Filippov vector
field has generically an attractive or repelling pseudo-equilibrium point in each line of
the discontinuity region, also because those lines do not cross the origin, and there exists
a singularity in the finite part. By Proposition 3.2.4 we get two fake crossing pseudo-
equilibrium points at the infinity. The following cases share the same canonical regions

determined by the last 3 propositions.

e center - focus: If there are a center and a focus (between and out of the lines), by
Proposition 3.2.1 there exists no equilibrium points at the infinity, thus the phase portraits
of the two possible systems are topologically equivalent to the ones of Figures 3.6.2 and

3.6.3.

e center - node: For the case center-node, using the Proposition 3.2.1, if the center
is the exterior vector field then there are no equilibrium points at the infinity and the
phase portrait of the system is equivalent to Figure 3.6.4, and with a node in the exterior
there exist two or four equilibrium points at the infinity and thus their phase portraits are

topologically equivalent to the ones of Figures 3.6.5 and 3.6.6, respectively.

e center - saddle: If there are a center and a saddle, by Proposition 3.2.1 if the center
is in the exterior region there are no equilibrium points at the infinity, if the saddle is
outside then we get four equilibrium points at the infinity, and the phase portraits of the
two possible systems are topologically equivalent to the ones of Figures 3.6.7 and 3.6.8,

respectively.

e focus - focus: For the case focus-focus, using the Proposition 3.2.1, there are no
equilibrium points at the infinity and the phase portrait of the system is equivalent to

Figure 3.6.11.
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e focus - node: If there are a focus and a node, using the Proposition 3.2.1, if there is
a node in the exterior, there can exists two or four equilibrium points at the infinity and
then their phase portraits are topologically equivalent to the ones of the Figures 3.6.13
and 3.6.14, respectively. Also if the focus is the exterior vector field then there are no
equilibrium points at the infinity and the phase portrait of the system is equivalent to the

Figure 3.6.12.

e focus - saddle: For the case focus-saddle, by Proposition 3.2.1 if the focus is in the
exterior region there are no equilibrium points at the infinity, if the saddle is outside then
there exists four equilibrium points at the infinity, then the phase portraits of the systems

are equivalent to the Figures 3.6.15 and 3.6.16, respectively.

e node - node: If there are two nodes, by Proposition 3.2.1 there can exists an exterior
node with two equilibrium points at the infinity or another one with four points, then the
phase portraits of those systems are topologically equivalent to the Figures 3.6.17 and

3.6.18, respectively.

e node - saddle: For the case node-saddle, there are two types of nodes outside, by
Proposition 3.2.1 with two or four equilibrium points at the infinity, or the saddle with
4 points, so the phase portraits of those systems are topologically equivalent to Figures

3.6.19, 3.6.20 and 3.6.21, respectively.

e star node - node: If we consider a star node, which has infinitely many equilibrium
points at the infinity, and a improper one with four equilibrium points, then the phase
portraits are topologically equivalent to the ones of the Figures 3.6.22 and 3.6.23,

respectively depending on what vector field is in the exterior part.

e star node - saddle: For the case star node-saddle, the same options as before are getting
using Proposition 3.2.1 and the phase portraits are topologically equivalent to the ones of

the Figures 3.6.24 and 3.6.25.

e saddle - saddle: If there are two saddles, there exist four equilibrium points at the
infinity by Proposition 3.2.1 and thus the phase portrait is topologically equivalent to the

one of the Figure 3.6.28.
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e exceptions: There are other exceptions to Proposition 3.2.3, for some restricted cases
where we get a constant field along the lines. If there is a center X of the form of equation

(3-6), then for each parallel line there are opposite constant vector fields. That is because

1 a1 +bn —(axn+bxn) X
F](X) :E
—(a11+b11)  axn+bxn —x+1
1 ay +bi (a1 +b11) X
2 —(a11+b11) —(ai1+bi) —x+1
1 ai +bn
2 —(ai1+bn)
1 ajr+by1 —(an+bxn) x
F(x) =5
—(a11+b11)  axn+bn —x—1
1 ajr +bi (a11+b11) x
2 —(a11+b11) —(ai1+b1) —x—1
1| —(aun+bn)
2 ai +bu
In order to get the last one, again it is necessary the conditions ay; = —aq and by, = —bqy,

thus the cases which satisfy that are center-center, center-saddle or saddle-saddle as in the

case of X;.

Although, the Filippov vector field that is tangent to each line of X; does not vanish
and has opposite and unique directions for each line, because fixing ¥ and perturbing X,
the last one changes from a center to a saddle or vise-versa. Those phase portraits are

topologically equivalent to the ones of the Figures 3.6.1, 3.6.9, 3.6.10 and 3.6.29.

1 ay +bn (a11+b11) 1 air (a11+b11) — b2
—(ai1+b11) —(ai1+b1) —(ai1+b11) — by —ap
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1| b b2

+_
2 by —byy

and detA = ay1by1 +abay +bi1ai + b3, + bi1bay — a11bia — bi1bi1a — biaby; thus one

get detA = b%l +b—11(2a11 + by — b12) +a1(ba1 — b12) — b12by; such that

bii, = (—(2an +ba1 —b12) = \/461%1 + (b21 +b12)?) /2.

Then generically detA < O (saddle) or detA > O (center) in an open interval I =

(b11_,b11, ) and the other case in R\ 1.

Also, it is not possible the case of a star node and center or focus, the normal form for a

star node is

with ¢ # 0, then ay; = ¢ —aj; and ajp = ¢ — ap, also for a center or focus 0 >
(a1 +ax)* —4(ar1axn — apaz) = ((a11 +axn) —2¢)*> > 0, so we get a contradiction

to the law of trichotomy of real numbers.

If (a1 +azn) —2¢ = 0, there is a node with two equilibrium points at the infinity and that

implies aj| — ¢ = ¢ — ayy, therefore

1 apil+by app+byo X
FI(X):E
—(an+b11) —(ann+b12) —x+1
1| ann—c¢ ajp—c¢ X
2 c—ayl c¢—dajyi —x+1
_1 apl—c¢
=5 :

Cc—daji
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1 ai +bi ap+by X
FZ(X):E
—(a11+b11) —(ai2+b12) —x—1
1| ain—c¢c ajn—c¢ X
2 c—ap c—aj —x—1
_1 c—api
2
ajil—=«¢

Then the case star node-node with 2 equilibrium points at the infinity is another exception

and the phase portraits of those situations are topologically equivalent to the ones of the

Figures 3.6.26 and 3.6.27. UJ

Remark 3.3.1 There exists a case center-center with a chaotic limit set, it will be

analyzed in the next chapter.

Proof. [Proof of Theorem 3.1.1 (iii)] In this case there are two transversal lines as
switching manifold, so there is a linear system in each two opposite regions, and all the

possibilities for the canonical regions are described in Table 3.1.

By Proposition 3.2.2 the tangency point is generically the origin. The Proposition 3.2.3
describes the behavior of the invariant manifolds of a saddle in the Filippov vector
field, with a pseudo-equilibrium point at the intersection of the discontinuity region,
and those lines cross the origin, so there is no a strict singularity in the finite part.
Finally, by Proposition 3.2.4 there exist four pseudo-equilibrium points at the infinity,
four pseudo-nodes or four pseudo-saddles. For the following cases the canonical regions

are determined by the last 3 propositions.

e center - center: If there are centers, by Proposition 3.2.1 the vector fields do not have
equilibrium points at the infinity, thus the phase portrait of that system is topologically

equivalent to the one of Figure 3.7.1.
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e exceptions: The cases C-F, C-N are not possible in this inelastic context, because if there
is a center (equation (3-6)), with rr(A) = 0 and det(A) > 0, then for B tr(B) =tr(A) =0
and two possibilities det(B) > 0 (center) or det(B) < 0 (saddle). We are not considering
the cases where det(B) = 0. Also SN-N, SN-S do not appear because the orbits of the SN

coincides with the switching manifold.

For the cases where a saddle is located in a side of the discontinuity, there are only 2

singularities at the infinity with other saddle because if we consider

a 0
B= ,
0 —»b
with a, b > 0, a saddle with two singularities in one of the opposite regions, then ay; = —a,

ar) = b and ajp» = a; and thus (an + a22)2 — 4(61116122 — a12a21) = (b +a)2 +4a%2 >0
and det(A) = —ab — a%z < 0, therefore by Proposition 3.2.1 the only option is another

saddle.

e center - saddle: Thus, for the case center-saddle there are only two options by
Proposition 3.2.1, zero or four equilibrium points at the infinity in the part where is the
saddle, and the phase portraits will be topologically equivalent to Figures 3.7.2 or 3.7.3,

respectively.

e focus - focus: If there are two focuses, by Proposition 3.2.1 there are no equilibrium
points at the infinity, thus the phase portrait of that system is topologically equivalent to

the one of Figure 3.7.4.

e focus - node: For the case focus-node there exist three possibilities by Proposition
3.2.1, zero, two or four equilibrium points at the infinity in the region where is the node,
and the phase portraits will be topologically equivalent to Figures 3.7.5, 3.7.6 or 3.7.7,

respectively.

e focus - saddle: If there are a focus and a saddle, because of the exceptions there exist

only the possibilities of zero or four equilibrium points at the infinity, thus the phase
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portrait of those systems are topologically equivalent to the ones of the Figures 3.7.8 and

3.7.9.

e node - node: For the case node-node, there are five options by Proposition 3.2.1
depending of the type of nodes that we get and the position of their equilibrium point
at the infinity. Those options are zero, two, four, six or eight equilibrium points at the
infinity in the region where the nodes are, and the phase portraits will be topologically

equivalent to the Figures 3.7.10, 3.7.11, 3.7.12, 3.7.13 and 3.7.14, respectively.

e node - saddle: If there are a node and a saddle, again depending on the place of the node
and the saddle, there exist nodes with zero, two or four equilibrium points at the infinity,
and in the same way the saddle with zero or four singularities at the infinity in its region,
them again there exist the possibilities of zero, two, four, six or eight equilibrium points
at the infinity and their phase portrait of the systems are topologically equivalent to the

ones of the Figures 3.7.16, 3.7.17, 3.7.18, 3.7.19, 3.7.20 and 3.7.21.

e saddle - saddle: For concluding, in the case saddle-saddle there are three possibilities
by Proposition 3.2.1 and the previous facts, zero or four equilibrium points at the infinity
for each saddle, thus we can get at the end zero, four or eight equilibrium points for the

NSVF and the phase portraits are topologically equivalent to the Figures 3.7.20, 3.7.21

and 3.7.22, respectively. 0
FiglOp | (1) (2) 3) @ ) ©) O FiglOp | (1) 2) 3) & (&) 6 ()
351 | - x - - X - - 359 | - x X Xx - -
352 - x - X - - - 3510 - x x Xx - -
353 - x x X - - - 3511 - x Xx Xx - -
354 - x X X - - - 3512 - x X X - -
355 - x x - x - - 3513 - x x X - -
356 | - x X X - - - 3514 - x X X - -

357 - x - X - - - 3515 - x X X - -
358 - x X X - - - 3516 - x x - X -

Table 3.2: w-limit options (Op) for the phase portraits of Figures
3.5 (Fig).

Proof. [Proof of Theorem 3.1.2] For the o0 or ®-limit sets of a point x € R? in the
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differential systems (3-3), we can see due to the Poincaré-Bendixson theorem in the

Poincaré disk, Proposition 3.2.1 and [22] in the phase portraits of Figures 3.5, 3.6 and

3.7, described in the Tables 3.2, 3.3 and 3.4. O
Fig/O 1 2 3 4 5 6 7
iglop | (1) @2 B @G ) © D Fgop | () @ G) @& G 6 O
3.6.1 X - - - X X X

36.16 | x X X - X -
362 | x X - - X - X

3617 x x X - X -
363 | x x - - X X X

3618 x x X - X -
364 | x x - - X - X

3619 x x X - X -
365 | x x X - X X -

3620 x x X - X -
366 | X x X - X X -

3621 | x x X - X -
367 | x X - - X - X

3622 x x X - X -
368 | x X X - X - -

3623 x X X - X -
3.69 | x - - - X - X

3624 x x X - X -
3.6.10 | x - X - X - -

3625 x X X - X -
3.6.11 | x x - - X - X

3.6.26 | x - X - X -
3.6.12| x x - - X - X

3.6.27 | x - X - X -
3613 | x x x - X - -

3628 x x Xx - X -
36.14| x x X - X - - 3629 | x - " - " -
3615 x x - - X - X —

Table 3.3: w-limit options (Op) for the phase portraits of Figures
3.6 (Fig).
Figlop | (1) 2 3 @& G 6 ) Figlop | (1) 2 3 @& &) ©) )
3.7.1 - X - X - - - 3.7.12 | - X X X - -
3.7.2 - X - X - - - 3.7.13 | - X X X - -
3.7.3 - X X X - - - 3.7.14 | - X X X - -
3.7.4 - X - X - - - 3.7.15 | - X - X - -
3.7.5 - X - X - - - 3716 | - x x X - -
3.7.6 - X X X - - - 3717 - x X X - -
3.7.7 - X X X - - - 3.7.18 | - X X X - -
3.7.8 - X - X - - - 3.7.19 | - X X X - -
3.7.9 - X X X - - - 3.7.20 | - X - X - -
3.7.10 | - X - X - - - 3.7.21 | - X X X - -
3.7.11 | - X X X - - - 3.7.22 | - X X X - -

Table 3.4: w-limit options (Op) for the phase portraits of Figures
3.7 (Fig).
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3.4 Conclusions

We have shown 123 phase portraits which correspond to all cases that one can get
with generic linear vector fields and coincident, parallel or transversal lines as switching
manifold in R?, forming an inelastic piecewise differential system. We made the global
analysis considering tangencies and equilibrium and pseudo-equilibrium points in the
finite and infinite part. Also we get a result for the limit sets in inelastic planar PSVE.
Also, as future work, we will compare this theory with other results in refractive piecewise

differential systems and try to find another types of canonical regions.

3.5 Phase Portraits
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Q@

(1) C-Ce (2) C-F
(3)C-N1 (4 C-N2
(S5)C-S2e (.6) C-S2

Figure 3.5: Phase portraits with a line as switching manifold.
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Qe

(.7) F-F (.8) F-N 1
(9)F-N2 (10) F-S 2
(11) N-N 3 (12) N-N 4

Figure 3.5: Phase portraits with a line as switching manifold.
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\

(A3)N-S3 (\14) N-S 4
(.15) S-S 4 (.16) S-S 4

Figure 3.5: Phase portraits with a line as switching manifold.
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(HC-So (8) C-S4
(.9) C-S 0 Const (.10) C-S 4 Const
(11) F-F (12)F-NO

Figure 3.6: Phase portraits with two parallel lines as switching
manifold.
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S®

(13) F-N2 (.14) F-N 4
(15) F-S0 (.16) F-S 4
(17) N-N 2 (.18) N-N 4

Figure 3.6: Phase portraits with two parallel lines as switching
manifold.
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(.19) N-S 2 (:20) N-S 4
(21) S-N 4 (:22) SN-N o
(:23) SN-N 4 (:24) SN-S oo

Figure 3.6: Phase portraits with two parallel lines as switching
manifold.
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(.25) SN-S 4 (.26) SN-N 2 oo Const

(.27) SN-N 2 Const (.28) S-S 4

(.29) S-S 4 Const

Figure 3.6: Phase portraits with two parallel lines as switching
manifold.
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©LE)

(D C-C (2)C-S0

W

(3) C-S4 (4) F-F

RE

(S)F-NO (.6) F-N 2

Figure 3.7: Phase portraits for the case ¥ = X3.
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e

(7)F-N4 (.8) F-SO

D

(9)F-S4 (10) N-N O

DL

(1) N-N2 (A2) N-N4

Figure 3.7: Phase portraits for the case ¥ = X3.
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(13)N-No6 (14) N-N 8

(AI5)N-S0 (.16) N-S 2

(17)N-S 4 (18) N-S6
Figure 3.7: Phase portraits for the case ¥ = X3.
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(19) N-S 8 (:20) S-S 0
(21) S-S 4 (22) S-S 8

Figure 3.7: Phase portraits for the case ¥ = X3.



CHAPTER 4

Global Dynamics of Inelastic Non-Smooth
Linear Vector Fields in R? Considering Conics

and Algebraic Curves

Let Z = (X,Y) be a PSVF. In this chapter we will continue the study presented in the last

one, for switching manifolds as unitary conics and algebraic curves.

Firstly, we are going to describe the discontinuity regions X of a PSVF (2-4). According
to the normal forms shown in [6], there are 9 possibilities for the curves in R2, but only
six are in the real space, beyond the one element set, coincident lines, ellipse, hyperbola,
parabola, and intersecting or parallel lines. Hence, the switching manifolds ¥ remained
to be considered are non-degenerate quadrics: circle-ellipse (X1), hyperbola (X;) and
parabola (X3) where we include algebraic curves of the form y —x" =0, for n € N and

n > 2. Thus

(1) 1 ={(x,y) ER; x> +y> =1} = f71(0), fi(x,y) =x>+y*—1;
2) L ={(x,y) eR;x*—y* =1} = £,1(0), fo(x,y) =x> =y — I
3) Z3 = {(x,y) €ER; y—x"=0} = f5 1(0), f3(x,y) =y —x".

Then X; = £, '(0), where each f;(x,y) = aix* 4+ 2bixy + c;y* + 2dix + 2e;y + gi, and
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a; b,’ dl'
b, ci e #0,
di e gi

for some constants a;,...,g; € R, i=1,2,3.

The main goal of the chapter is to study the global trajectories of linear PSVE. Consider
the linear vector fields X (x) = Ax and Y (x) = Bx where A = (a;;), B = (b;j), i,j = 1,2,
are square matrices with real entries such that det(A) # 0 and det(B) # 0, A # —B. We

assume that Z = (X,Y) is inelastic over .

4.1 Main Results

The main goal of the chapter is to classify the global phase portraits of inelastic linear
PSVE. As before we consider the linear vector fields X and Y joint with the following

system

X(x) =Ax, A= (a;);

Y(x)=Bx, B=(b) @D
det(A)det(B) # 0,

| Z= (X,Y) is inelastic overX,

where A and B are square matrices with real entries.

4.1.1 Compactification and Stability Classes

Theorem 4.1.1 (i) If the switching manifold is ¥, then generically any PSVF is
topologically equivalent to one of the 23 phase portraits of Figure 4.2.
(ii) If the switching manifold is ¥, generically the phase portraits are topologically
equivalent to one of the 34 of Figure 4.3.
(iii) If the switching manifold is X3, consisting of even curves (y —x*" = 0) or odd ones

2n+1

(y—x =0), the PSVF can be generically one of the 30 phase portraits of Figure

4.4.
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CR TA E PE =~ E ~ PE
QT X ) Y3 | X X X3 | X X X3 Y )] X3 Y X X3
C-C 4 2 - 1 1 - 0 0 - 0 0 - 0 4 -
C-F - - m | - " | - - 1 - - 0 - - 0-2
C-N - - m | - - 1* | - - 1 - - 0-2-4 | - - 0-2
C-S 4 2 - 1 1 - 0 0 - 0-4 0-4 - 0 4 -
F-F 2-4 2 m 1 1 1* |0 0 1 0 0 0 0 4 0-2
F-N 2-4 2 m 1 1 110 0 1 0-2-4 0-2-4 0-2-4 | 0 4 0-2
E-S 4 2 m 1 1 1* |10 0 1 0-4 0-4 0-2-4 |0 4 0-2
F-SN | 0 - - 1 - - 0 - - 0-o00 - - 0 - -
SN-N | - 0 0 - 1 1* | - 0 1 - S 4-c0 - 4 0
SN-S | - 0 0 - 1 1] - 0 1 - oo 4-c0 - 4 0
N-N 0-2-4 024 m |1 1 1* |10 0 1 2-4 0-2-4- 23410 4 0-2
6-8
N-S 4 0-2-4 m 1 1 1" 10 0 1 4 0-2-4- 4 0 4 0-2
6-8
S-S 4 0-2-4 m 1 1 110 0 1 4 0-4-8 4 0 4 0-2

Table 4.1: Canonical regions (CR) for Tangencies (TA), Equi-
librium points (E), Pseudo-Equilibrium points (PE),
Equilibrium points at the infinity (<FE) and Pseudo-
Equilibrium points at the infinity (cocPE) with the qual-
itative types (QT) centers (C), focuses (F), saddles (S),
nodes (N) and star nodes (SN), circle (X1), hyperbola
(X2), Algebraic curves (X3).

Corollary 4.1.1 There exists generically 174 phase portraits on the Poincaré disk of the

inelastic system (4-1). The global dynamics of the system is generically described by each

corresponding cell of Table 4.1.

Remark 4.1.1 We can see some different topological behaviors among the phase por-

traits for those inelastic differential systems in Table 4.1 that deserve to be distinguished.

1. There are different number of equilibrium points at the infinity, from O to 8 and also

infinitely many singularities (proper node).

. There is a strict equilibrium point in the finite part with a circle and a hyperbola, in

the other cases the origin is also a pseudo-equilibrium (with notation 1*). For X; the

notation 4* is for the four fake crossing pseudo-equilibrium points at the infinity.

inelastic vector fields.

. Some cases having centers and proper nodes are not realizable inside the class of

4. When ¥ = X,, a different kind of points at the infinity take place, where the two

lines converge at the infinity, the vector fields X and Y reach or leave those points in
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finite time at the infinity but in the finite part the ones reach and leave those points
in infinite time.

5. We are not considering the cases where the orbits of the vector fields coincide with
the discontinuity region. For example, centers which coincides with the circle, or
saddles with orbits over the hyperbola.

6. Fixing one vector field of Z = (X,Y), we can get another direction for the Filippov
vector field (when it is different from zero) by perturbing the other one. Thus,
looking at the whole set of canonical regions, for each phase portrait in the Figures
4.2, 4.3 and 4.4 there exists an analogous phase portrait, but now the Filippov vector
field points in the opposite direction.

7. The case focus-saddle with an algebraic curve as discontinuity region is the only

one which depends on the degree of the algebraic curve y = x".

4.1.2 Strange Attractors, Periodic Orbits and Chaos

Some phase portraits of those stability classes show interesting behaviors.

Theorem 4.1.2 Consider the unit circle as switching manifold. If the exterior vector field,
related to the circle, has eigenvalues with negative real part, and the ones of the interior

vector field have positive real part. Then

1. If either there is no tangency points or only two tangency points over the circle,
then S' is an attractive limit cycle and the ®—limit set for all x € R*\ {0}.
2. If there are four tangency points over the circle, then we get a minimal global

strange attractor T such that S' C . See Figure 4.1.

Remark 4.1.2 The differential systems (2-4) which are topologically equivalent to the
phase portraits of the Figures 4.2.13 to 4.2.23 can have a periodic orbit and 4.2.4, 4.2.5,
4.2.6 and 4.2.9 can have a strange attractor (repulsor) which are the global (o) ®-limit

sets for all x € R?.
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(.1) Focus-Focus

Figure 4.1: Example of a strange attractor.

4.1.3 Limit Sets

Following the same idea of the last chapter, we present a result for limits sets according

to the stability classes.

Theorem 4.1.3 The o or ®-limit set of a point on the Poincaré disk of the inelastic system

(4-1) generically is one the following possibilities:

1. a boundary equilibrium point at the origin;

a pseudo-equilibrium of the Filippov vector field;

an equilibrium point at the infinity;

a pseudo-equilibrium point at the infinity;

a fake crossing pseudo-equilibrium point at the infinity;
a periodic orbit in the finite part;

a periodic orbit at the infinity;

a chaotic graphic;

X % N S A WD

a strange attractor.
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4.2 Filippov Vector Field, Tangency Points and Infinity
Dynamics

In this section we will study the main properties of the Filippov vector field for system

(4-1), also the configuration of tangency points and the behavior at the infinity.

Using equation (2-5), then
X f(x) = (aj1x+any,azix+axny) - (2ax+2by+2d,2cy+2bx + 2 f) 4-2)

= x2(2aa11 +2asb) +y2(2ba12 + 2¢20b) + xy(2bay 4 2aair +2caz) +2bayy )+
+x(2day; +2faz;) +y(2dayy +2faz)
=0.

Proposition 4.2.1 Consider an inelastic PSVF Z(x) = (Ax,Bx) satisfying system (4-1).

The tangency sets on X are generically formed by one of the following configurations:

i) A circle X1 can be four points, although it is possible to get zero or two tangency
points.

ii) A hyperbola ¥, occurs in two points, also there are the cases of zero and four
tangencies.

iii) An algebraic curve X3 happens at the real roots of a specific polynomial.

Proof. [Proof of Proposition 4.2.1] Firstly, the intersection between the quadratic curves
of the Lie derivatives, which come from equation (4-2), and the circle and the hyperbola
determines the tangency points.

Then, in those cases, there are only three possibilities which satisfy the equations: one
point, coincident lines or two intersecting lines which contain the origin. By the form
of the unitary equations, those switching manifolds do not cross the origin and the

intersection will occur in zero, two or four points.
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Switching Unitary Tangencies
manifold Equation
Y Circle )624—)72 =1 a11x2+a22y2+xy(a12—|—a21) =0

Y, Hyperbola | x> —y* =1 anx’ —ayy* +xy(a;y —az) =0

Y3 Algebraic | y—x"=0 m = Number of real roots of P(x) =
curves x((—napx"' +ax —nay))x" ' +az)

Table 4.2: Tangency curves for the switching manifolds.

The generic tangency points for the circle are four points because of the Transversality
Theorem and for the hyperbola there are generically two points because for getting zero
points the angle between the tangency lines should be less than /2 without intersection
with hyperbola, and for four points the angle between the tangency lines also should be

less than 7/2 and those points intersect the hyperbola.

Secondly, for algebraic curves

2n—1

Xf3(x) = —napx" —napx™ " +axx+apx” =0, (4-3)

using equation (4-2) over X3, thus in this case the tangencies are the real roots of equation

(4-3). We can see that the origin is always a tangency point. 0

In this part we present a non-generic result of the tangency set related to asymptotic

stability for all dimensions.

Proposition 4.2.2 Consider X (x) = Ax a linear differential system in R""'. The follow-

ing statements are equivalent.

(i) There are no tangency points on aS" and V(x,y) > 0 (or V(x,y) < 0) in a neigh-
borhood of the singularity.

(ii) A is positive (respec. negative) definite.

Proof. To prove that (i) = (ii) suppose that A is not positive definite, so there exists
x € aS" such that X f(x) =x'(A+A")x < 0. If X' (A 4+ A")x = 0, we get a tangency point

which is a contradiction. If x| (A +A’)x; < 0 and x5 (A +A")x, > 0 for different x;,x, € S”,
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there exists a quadratic form that is a polynomial in several variables and so continuous,
using the intermediate value theorem over the sphere [46] there exists x € aS" such that

x'(A+ANx =0.
Thus, we get tangency points if A is not positive or definite positive.

(ii) — (i) Using Remark (1) of [39], A is positive (negative) definite if and only if
its symmetric part is also positive (negative) definite. Therefore, by equation (2-5)
Xf(x)/2=3x'(A+A")x >0 (< 0) Vx € aS". So there exists no x in the sphere such that

X f(x) = 0, there are no tangency points for X. O

Next result provides the relation between X = Ax and Y = Bx forming a PSVF Z = (X,Y).

Proposition 4.2.3 Consider Z(x) = (Ax, Bx) an inelastic PSVF as in equation (4-1). Then

the following statements hold:

(i) Differential system (2-4) will depend on 5 parameters, ayy, b11, b1a, by and by

and

ail an
A= ,

axy axy

—ayy —az; —by—ap
B—

boy —an

The Filippov vector field over S' is given by

1 0 —az) — by x

a1 + by 0 y

which give us a periodic orbit in the circle without equilibrium points.

(ii) System (2-4) will depend on 5 parameters, a1y, a3, az1, azy, and by, and



4.2 Filippov Vector Field, Tangency Points and Infinity Dynamics 79

ajl ap
A= ,
axy axn
—ai| b12
B—

app+bip—axy —axn

The Filippov vector field over the hyperbola is given by

1 0 ap+bi X

ap+bip 0 y

which give us a saddle, where an orbit of the saddle is on one branch and other
with opposite direction in the other one.

(iii) System (2-4) will depend on 5 parameters, a1, a2, az1, ax, and by and

ail an
A= ,

ax; axn

b1 —ajp
B—

—az; n(ai+bn)—an

The Filippov vector field over those kinds of algebraic curves is given by

F(x]y=x) = ((a11 +b11)x,n(ai +b11)x"),

which give us an attractive or repulsive equilibrium point at the origin.

Proof. [Proof of Proposition 4.2.3] In order to prove bullet (i) it is sufficient to use that
—ay) = byy, —ax = by and —(ajp +az;) = (b2 +by1). Then we get a skew-symmetric
matrix, thus the eigenvalues are two conjugated pure complex numbers, A = (aa; + b2 )i

and Ay = —(az; + by )i.

To prove bullet (ii), we consider the rules —aj; = byj, —ax = by and —(aj; —az;) =
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(b12 — by1), then we get other saddle with A = +|aj, + by2|.

Finally, for (iii) we get blz = —dajy, b21 = —dajp] and —(022 — nan) = (b22 — nbll) by
equation (4-3). Thus, we get a polynomial vector field over the curve f(x) =y —x" =0

of degree n, generated by linear vector fields such that satisfy the identities and

(F (xly—), ¥ £ (x]yt)) = 0. =

Also we get a result for the discontinuous canonical regions at the infinity.

Proposition 4.2.4 Consider Z(x) = (Ax,Bx) an inelastic PSVF satisfying system (4-1).
Then the pseudo-equilibrium points at the infinity satisfy generically one of the following

statements:

(i) if X = X4, then there is no pseudo-equilibria at the infinity.

(ii) if ¥ = X, for the pseudo-equilibrium points at the infinity we get four points which
can be pseudo-nodes (two attractors and two repellers), two pseudo-saddles and
two pseudo-nodes or four pseudo-saddles, determined by the vector fields X, Y and
F in the finite part along the discontinuity curve.

(iii) if ¥ = X3 and the degree of the algebraic curve is even, then one fake crossing
pseudo-equilibrium point at the infinity take place. If the degree is odd, we will get
two pseudo-equilibrium points at the infinity, which can be only a pseudo-node and

a pseudo-saddle.

Proof. [Proof of Proposition 4.2.4] For (i), the discontinuity region is in a compact set in

the finite part, thus there are no pseudo-equilibrium points at the infinity.

For (ii), there are the two curves of the hyperbola as discontinuity region with inelastic
differential systems, then we get four pseudo-equilibrium points at the infinity, two of
them will repel and the other two ones will attract with finite time. Also, in the finite
part the Filippov vector field, in one line repel from the origin to those points and attract
in the other line. Thus the options are four pseudo-saddles, two pseudo-saddles and two

pseudo-nodes or four pseudo-nodes.
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For (iii), for even curves there is a fake pseudo-equilibrium point at the infinity because
the intersection of the two branches of the even curve at the infinity is a single point at
each direction. The exterior vector field at the infinity will pass across them but in the

finite part they will attract or repel in the Filippov vector field.

For odd curves we get always two points at the infinity by the line of discontinuity, which
divide the Poincaré disk in two inelastic parts, thus one point repels and the other one
attracts at the infinity (with finite time). Also, generically we get that the two points attract
or repel the Filippov vector field in the finite part, then those may be a pseudo-node and

the other a pseudo-saddle. 0

4.3 Proofs of the Main Results

Proof. [Proof of Theorem 4.1.1 (i)] Consider the unitary circle as switching manifold,
so there is a linear system inside and other outside, and all the possibilities for the
canonical regions are described in Table 4.1. By Proposition 4.2.1 generically there are
four tangency points, by Proposition 4.2.3 the Filippov vector field over the circle is a
periodic orbit, without pseudo-equilibrium points, and by the Proposition 4.2.4 there is

no pseudo-equilibrium points at the infinity.

e center - center: If there are two centers, by Proposition 3.2.1 there are no equilibrium
points at the infinity, thus there exists a homeomorphism 4, using Subsection 3.2.1 in last
chapter, such that the phase portrait of the PSVF is topologically equivalent to the one of

Figure 4.2.1. In the following proofs we are going to skip 4, but it is implicit.

e center - saddle: For the case center-saddle, by Proposition 3.2.1 there are zero or four
equilibrium points at the infinity depending on the exterior vector field, center or saddle
respectively, thus the phase portraits of the PSVF are topologically equivalent to the ones

of Figures 4.2.2 and 4.2.3, respectively.
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e focus - focus: If there are two focuses, there are equilibrium points at the infinity by

Proposition 3.2.1 and the phase portrait corresponds to Figure 4.2.4.

e focus - node: For the case focus-node with four equilibrium points at the infinity, using
Proposition 3.2.1, for the PSVF there exist zero or four equilibrium points at the infinity if
the node is inside or outside the circle, thus the phase portraits are topologically equivalent

to Figures 4.2.5 and 4.2.6, respectively.

e focus - saddle: If there are a focus and a saddle, again there exist zero or four equilib-
rium points at the infinity depending on the position of the saddle, by Proposition 3.2.1,

and the phase portraits corresponds to the ones of Figures 4.2.7 and 4.2.8, respectively.

e node - node: For the case of two nodes with four equilibrium points at the infinity, by
Proposition 3.2.1 generically its phase portrait is topologically equivalent to the one of

Figure 4.2.9.

e node - saddle: If there are saddle and an node with four equilibrium points at the infinity
by Proposition 3.2.1, there are four tangency points over the circle because of the saddle
and the possible phase portraits are topologically equivalent to one of Figures 4.2.10 and

4.2.11.

e saddle - saddle: For the case of two saddles, by Proposition 3.2.1 there are four
equilibrium points at the infinity and the phase portrait is topologically equivalent to the

one of the Figure 4.2.12.

e exceptions: There exist some exceptions for Proposition 4.2.1. Firstly, by Proposition
4.2.2, there are cases with positive (negative) definite matrices and zero tangency points
over the circle, and aj1x* + (ara+an1)xy+ a22y2 =0 is satisfied only by the origin. There
are the cases with a focus and star node, where there exists a periodic orbit or infinitely
many equilibrium points at the infinity, respectively depending on the vector field outside
by Proposition 3.2.1, and then the phase portraits are topologically equivalent to the ones
of the Figures 4.2.13 and 4.2.14, respectively. Other possible case is with two nodes with
four equilibrium points at the infinity, its phase portrait corresponds to the one of the

Figure 4.2.15.
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A second exception occurs with two tangency points over the circle S!, such that
apxt+ (a1 +az1)xy+ a22y2 = (ax+ by)z. For a focus and a node with two equilibrium
points at the infinity as exterior and then interior vector fields, by Proposition 3.2.1 the
phase portraits corresponds to the ones of the Figures 4.2.16 and 4.2.17, respectively. If
there are again a focus and a node with four equilibrium points at the infinity, depending
on what vector field is outside, the phase portraits are topologically equivalent to the
ones of the Figures 4.2.18 and 4.2.19, respectively. For two nodes, one of them with two
and the other one with four equilibrium points at the infinity, by Proposition 3.2.1 the
phase portraits are topologically equivalent to the ones of the Figures 4.2.20 and 4.2.21,
respectively. If there are two nodes with four equilibrium points at the infinity, the phase
portrait corresponds to the one of the Figure 4.2.22. Finally, for the case with two focuses
with a periodic orbit at the infinity the phase portrait is topologically equivalent to the one
of the Figure 4.2.23. It is not possible, in this inelastic context, to have centers and saddles

with two tangencies over the circle.

Also the cases C-F, C-NI are not possible because if there is a center,

ar  anp
A= ,

az;r —aii

with 7r(A) =0 and det(A) > 0, then for B tr(B) =tr(A) = 0 and there are two possibilities
det(B) > 0 (center) or det(B) < 0 (saddle). We are not considering the cases where

det(B) =0.

The same occurs in the cases SN-N, SN-S because if there is a star node
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which B give us a focus, with t7(B) = —2a;; # 0 and (trB)> —4detB = —4bj; <0. O

Proof. [Proof of Theorem 4.1.1 (ii)] Consider a hyperbola as switching manifold, so there
is a linear system between the curves of the hyperbola and other outside (considering
the hyperbola as a circle in the projective plane), and all the possibilities for the canonical
regions are described in Table 4.1. By Proposition 4.2.1 generically there are two tangency
points, by Proposition 4.2.3 the Filippov vector field over the hyperbola acts like the
trajectories of a saddle, without pseudo-equilibrium points and with opposite directions
along the branches, also the origin is a singularity, and by Proposition 4.2.4 we get four

pseudo-equilibrium points at the infinity.

e center - center: If there is two centers, by Proposition 3.2.1 there are no equilibrium
points at the infinity, thus the phase portrait of the PSVF is topologically equivalent to the

one of the Figure 4.3.1.

e remark: For the cases with a saddle in some side of the discontinuity, there exist 2

singularities at the infinity only with other saddle because

a 0
B= ,
0 —b
with a, b > 0, a saddle with two singularities in one of the opposite regions, then aj; = —a,

axy = b and ajp = ay; and thus (aj; +ax)? —4(aj1an — annazy) = (b +a)? +4a%2 >0

and det(A) = —ab — a3, < 0, therefore by Proposition 3.2.1 it is a saddle.

e center - saddle: Then, for the case center-saddle there are only two options, zero or four
equilibrium points at the infinity (in the part where is located the saddle), and the phase

portraits corresponds to the ones of Figures 4.3.2 and 4.3.3, respectively.

o focus - focus: If there are two focuses, using Proposition 3.2.1 there are no equilibrium
points at the infinity and the phase portrait of the PSVF is topologically equivalent to

Figure 4.3.4.
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e focus - node: For the case focus-node we get three options by Proposition 3.2.1, zero,
two or four equilibrium points at the infinity in the region where is located the node, and
the phase portraits are topologically equivalent to the ones of Figures 4.3.5, 4.3.6 and

4.3.7, respectively.

e focus - saddle: If there are a focus and a saddle, again there exists zero or four
equilibrium points at the infinity and the phase portraits are topologically equivalent to

the ones of Figures 4.3.8 and 4.3.9, respectively.

e node - node: For the case node-node, there are five options by Proposition 3.2.1
depending of the type of nodes that we get and the position of their equilibrium point
at the infinity. Those options are zero, two, four, six or eight equilibrium points at the
infinity in the region where the nodes are, and the phase portraits will be topologically

equivalent to Figures 4.3.10, 4.3.11, 4.3.12, 4.3.13 and 4.3.14, respectively.

e node - saddle: If there are a node and a saddle, again depending on the place of the node
and the saddle, there exist nodes with zero, two or four equilibrium points at the infinity,
and in the same way the saddle with zero or four singularities at the infinity in its region,
then again there exist the possibilities of zero, two, four, six or eight equilibrium points at
the infinity and their phase portrait of the systems are topologically equivalent to the ones

of Figures 4.3.15, 4.3.16,4.3.17,4.3.18 and 4.3.19.

e saddle - saddle: For the case saddle-saddle there are only three options by Proposition
3.2.1 and the previous facts, zero or four equilibrium points at the infinity for each saddle,
thus we can get at the end zero, four or eight equilibrium points for the PSVF and the phase

portraits are topologically equivalent to Figures 4.3.20, 4.3.21 and 4.3.22, respectively.

e exceptions: The tangency is composed generically by two transversal lines, Table 4.2,
and the intersection with the hyperbola are two points, except when the angle between the
tangency lines is less than 7/2 inside or outside the hyperbola. In that not residual case
there are only a saddle and a node, as in the Figures 4.3.24, 4.3.25, 4.3.26 and 4.3.27.

The asymptotes of the hyperbola are determined by the equation x> — y*> = 0, consider the
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normal form
ayp ap
A= ,
az; ax
such that 0 < aj; < 1,0 < ap < 1 and ay; # ap;. The parameter aj» — ay; is the coefficient
of the term xy which works as a rotation and this has to satisfy |aj2 —az1| < |a1; —axn| <1,

this is for keeping the equation (2-5) different from (x4 y)(—azy+ aj1x) = 0. Then for

A and B, ap; —ajp = bjp — by and also |bp — by | < |aj; —ax| < 1, therefore

(a11 —an)? — (b1a — b1)* > 0,

(a11 +axn)* —4ayjax +4biabyy > (bia +ba1)* > 0.

Then we obtain a saddle or a node with four points at the infinity, and there are four
tangency points. If we make the following coordinate change a;; — a, aj2 — b, az1 — ¢,
ayy — d and then d — a1, ¢ — a2, b — az1, a — apy, there are no tangency points, as in

Figures 4.3.27, 4.3.28, 4.3.29 and 4.3.30.

There exists other case where there are no tangency points. With a star node and a node
with four equilibrium points at the infinity which coincide with the pseudo-equilibrium

points at the infinity, or also a saddle with the same property as before.

Thus, using Proposition 3.2.1 in our PSVF there are infinitely many equilibrium points at
the infinity, in the region where is located the star node, the phase portraits of the cases
SN-NI are topologically equivalents to the ones of the Figures 4.3.31 and 4.3.32, and the
cases SN-S correspond to the Figures 4.3.33 and 4.3.34.

The case SN-F does not appear because if there is a star node

0 all
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—ay; b

by,  —an

which B give us a saddle or a node, with tr(B) = —2ay; # 0 and (trB)> —4detB = 4by, >

0.

If there is a vector field X of the form

ar  an
A= ,

ay —aii

with 77(A) = 0 and det(A) > 0, then for B tr(B) = tr(A) = 0 and again two possibilities
det(B) > 0 (center) or det(B) < 0 (saddle). O

Proof. [Proof of Theorem 4.1.1 (iii)] Consider an algebraic curve as switching manifold,
so there is a linear system inside the even curve and other outside, or one differential
system in each hemisphere defined by an odd curve, and all the possibilities for the
canonical regions are described in Table 4.1. By Proposition 4.2.1 the tangencies depend
on the real roots of a polynomial, there are until 2n — 1 points over the switching manifold
and the origin is always a tangency (in the Figures it is only representative), by Proposition
4.2.3 the Filippov vector field over the curve has a pseudo-equilibrium point at the
origin and it repels or attracts, and by Proposition 4.2.4 we get a fake crossing pseudo-
equilibrium point at the infinity for an even curve, and two pseudo-equilibrium points at

the infinity for an odd curve.

e center - focus: If there are a center and a focus (inside and out of the even curve), by
Proposition 3.2.1 there are no equilibrium points at the infinity, thus the phase portraits
of the two possible systems are topologically equivalent to the ones of Figures 4.4.1 and

4.4.2.

e center - node: For the case center-node, using Proposition 3.2.1, if the center is the

exterior vector field then there are no equilibrium points at the infinity and the phase
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portrait of the system is equivalent to the Figure 4.4.3, and if there is a node in the exterior,
there are four equilibrium points at the infinity and the phase portrait is topologically

equivalent to the one of Figure 4.4.4.

e focus - focus: If there are two focuses, using Proposition 3.2.1, there are no equilibrium

points at the infinity and the phase portrait of the system is equivalent to Figure 4.4.5.

e focus - node: For the case of a focus and a node, using Proposition 3.2.1, if there is a
node in the exterior, there are four equilibrium points at the infinity and then the phase
portrait is topologically equivalent to the one of Figure 4.4.7. Also if the focus is the
exterior vector field then there are no equilibrium points at the infinity and the phase

portrait of the system is equivalent to Figure 4.4.6.

e node - node: If there is a node with two equilibrium points at the infinity, using
Proposition 3.2.1, and staying firstly in the exterior, the unique non trivial option is another
node with four singularities at the infinity, then the phase portraits of those systems are

topologically equivalent to Figures 4.4.8 and 4.4.9, respectively.

For the case of two nodes with four equilibrium points at the infinity, using Proposition

3.2.1 the phase portrait of the system is topologically equivalent to Figure 4.4.10.

e node - saddle: If there are a node and a saddle, there exist only a type of node
outside with four equilibrium points at the infinity, or the saddle with 4 points, so the
phase portraits of those systems are topologically equivalent to Figures 4.4.11 and 4.4.12,

respectively.

e saddle - saddle: For the case of two saddles, there are four equilibrium points at the
infinity by Proposition 3.2.1 and thus the phase portrait is topologically equivalent to the

one of Figure 4.4.13.

e exceptions: Suppose that A is a star node with an even or an odd curve as switching

manifold, then the unique possibilities for B are a saddle or a node
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b1y 0
B =

0 nb11+(n—1)a11

Thus, using Proposition 3.2.1 there are infinitely many equilibrium points at the infinity,
if the node is outside of the even curve and in any case for an odd curve. Then the phase
portraits are topologically equivalent to the ones of Figures 4.4.14, 4.4.16, 4.4.28 and
4.4.29. If a node or a saddle are outside of the even curve we will get four singularities at

the infinity and the phase portraits corresponds to the ones of Figures 4.4.15 and 4.4.17.

If A is a focus with 1rA = a1 +ap # 0 and detA = ana%Z —aypay > (trA)? /4, then

biy  —an b1 —aip
B = =

—ay1 by —ap nlayj +b11)—an

Thus detB = b11b22 —dappazr = nb%l -+ bn(nan — azz) — aipan describes a concave
up parabola in the variable by because (detB)N = 2n > 0 and the critical point by} =
—(nay1 —azy)/(2n) is always a minimum. Then there is no a saddle if the imaginary parts

of the roots of detB do not vanish. Then

b1y = (—(nan —ax) = \/(nan —an)* +4napan)/(2n),

and there are no complex roots, where detB can be less than zero, if (naj; + a22)2 —
4ndetA > 0, which can be possible for large degrees n. Then, by Proposition 3.2.1, if
there is an even curve as switching manifold and the focus is outside, there are equilibrium
points at the infinity and the phase portrait corresponds to Figure 4.4.18, if the saddle is
outside, then there are four singularities and it is topologically equivalent to the one of
Figure 4.4.19. If there is an odd curve, we will get two equilibrium points of the saddle in

one hemisphere and the phase portrait corresponds to the one of Figure 4.4.30.

e center - focus: Continuing in the odd curves, if there are a center and a focus, by
Proposition 3.2.1 there are no equilibrium points at the infinity, thus the phase portrait of

that system is topologically equivalent to the one of Figure 4.4.20.
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e center - node: For the case center-node, again there is a node with four equilibrium
points at the infinity and two of them in the hemisphere where is the node, thus the phase

portrait will be topologically equivalent to Figure 4.4.21.

e focus - focus: If there are two focuses, there are no singularities at the infinity, then the

phase portrait is topologically equivalent to the one of Figure 4.4.22.

e focus - node: For the case of a focus and a node with four singularities at the infinity,
(trB)?> —4detB > 0 and detB > 0, then there are two singularities at the infinity in the
hemisphere of the node and its phase portrait will be topologically equivalent to Figure

4.4.23.

e node - node: If there are two nodes with one singularity at the infinity in each
hemisphere, that case is trivial. So there exists a node with one equilibrium point in its
hemisphere and other node with two singularities, which corresponds to Figure 4.4.24,
or two nodes with 2 equilibrium points in each hemisphere and that is topologically

equivalent with the system of Figure 4.4.25.

e node - saddle: For the case node-saddle, in the hemisphere of the saddle we will always
find two equilibrium points at the infinity, and in the other there are also two singularities
at the infinity, then its phase portrait is topologically equivalent with the one of Figure

4.4.26.

e saddle - saddle: Considering the case saddle-saddle, we get two equilibrium points in

each hemisphere and the phase portrait is equivalent to Figure 4.4.27.

e exceptions: If A is a center with t7A = aj; +az = 0 and detA = —a?; —ajpaz > 0,
then
b1 —an b11 —ap
B — =
—ay1 by —ay n(ai+bir)+an
We can see that the case C-C occurs if by; = —by1, but then b;; = —a;; and we get the

trivial case. Suppose aj; > 0 (for aj; < 0 is similar), then byy —nby = (n+1)a;; >0
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and for getting a saddle it must satisfy by1b2> < 0. Thus if b1; > 0 and by < 0 we get

0 > by> > nby1 > 0 which is a contradiction.

If ;1 < 0 and byy > 0, then (l’l—l— 1)6111 > —nb;; and we get detB = (n—l— 1)a11b11 +
nb%1 —annax > —nb%1 + nb%1 —apax > a%l > (), so we get another contradiction and

the case C-S is not possible. O

Proof. [Proof of Theorem 4.1.2] For (1), the exterior vector field has negative real part
eigenvalues and the opposite for the interior one, if there are no tangencies or there are
two tangency points, their equations are ax® + by* = 0 or —(ax + by)? = 0, respectively.
Thus, the circle attracts the whole orbits of the PSVF in finite time for all x € R?\ {0}

and they end at the Fillipov vector field over the circle.

For (2), there are sliding and escape regions, there exist orbits across the tangency points
in the circle (which are tangent) and using the fact that those orbits goes to the origin, the
union of those will generate a limited and closed set which contains the sphere and its

interior and is positive invariant for the PSVF N.

By construction, the orbits of the interior vector field are limited by the circle and, for
the exterior, we choose the visible tangent orbits with the discontinuity region. All of
them are limited because these converge to the origin, and the union is closed by Tubular
Flow Theorem 2.1.4. Then the escape region is compact and by the flow of X, which is
a diffeomorphism, its image is also a compact contained in the sliding region over the
circle. So this set is compact and positively invariant for the exterior, interior and Fillipov

vector fields.

Now, we prove that the circle joined with those exterior and interior regions is a strange
attractor. With a transversal section X of the form y = kx which crosses the middle point
between two tangency points, 77 and 7>, in the escape region over the circle. Considering

focus or nodes as interior or exterior vector fields with matrices of the form



4.3 Proofs of the Main Results

92

al 0
A= ,
0 axn
bir —biz
B=
bia  bn
Then their solutions are respectively
et 0
x(t) = xg = A1 (1)Xo,
0 92!

0 biit cosbjat —sinbjat
x(t)=e

sinbjat  cosbiat

X) = AQ(Z‘)XQ.

and we define the Poincaré half map as IT = I3 o I, o ITj, where IT; : £ — X such that

) = ¢, x = (x,mx)” +— T» having i, j € {1,2}

( (

\

S

T = Q) (X) =

(

\

Ai(n(x))x if |[x|[ > 1,
Az(t(x))x, bii =0 if [[x|| =1,
2(0)%, buy =0 if [|x[| =1,
Aj(n(x)x if [[x][ <1,
| A2(2(x))x, bu =0 if [[x][ =1,

where t1,t,,t >0andt =t +1,. Also I, : {T>} — {T1} and I3 : £ — ¥ such that H;l =V,

x = (x,mx)” + Tj having i,j € {1,2}

( (

T = Vi) (X) = § Ax(D)x, b1 =0 if [|x|| =1,

A0 (x)x if (x| <1,
| A2(2(x))x, bu =0 if [[x][ =1,

(

Ai(f(x))x if [[x][ > 1,
\ AZ(fZ(X))Xa b1 =0 lf ||X|| = 17
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where 71,f>,f < 0 and f = 1] 4+ f,. Then we get the following properties:

1. Countable periodic orbits of any period. Suppose that the circle S! has period 1, then
we can find xy € ¥ such that ||xy|| = 14 ZLN for some N € N and an orbit which
starts at the intersection between £ and S!, then crosses Xy at the next time in £
and after returns to the intersection point has period 2. Thus, continuing inductively
over n > N we can find periodic orbit of any period.

2. Uncountable set of non-periodic motions. In this case, following the procedure of
the last one, we can take the set / of irrational numbers such that they are norms of
x; € X, thus we get non-periodic trajectories across them.

3. A dense orbit. For any point x € £, there is an orbit of the PSVF by definition, the
existence and uniqueness Theorem and the facts that the exterior vector field has
eigenvalues with negative real part and the interior one with positive real part, then
we get a trajectory which is more than a dense orbit. Thus V x;,x, € X, Jtr, 7, such

that I, ,, (x1) = Xo.

Proof. [Proof of Theorem 4.1.3] For the o or m-limit sets of a point x € R? in this kind
of differential systems, we can see due to Poincaré-Bendixson Theorem in the Poincaré
disk, Proposition 3.2.1 and [22] in the phase portraits of the Figures 4.2, 4.3 and 4.4,
described in Tables 4.3, 4.4 and 4.5. O

4.4 Conclusions

We presented a robust global analysis on the dynamics of inelastic non-smooth differential
equations with the conic as discontinuity region. As future work we will study the global

dynamics of other kind of systems where can exist other conditions for the tangency points
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F/O »H 2 & @H 6 ;G 7O & O
4.2.1
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4.2.5
4.2.6
4.2.7
4.2.8
4.2.9
4.2.10
4.2.11

F/O

4.2.12
4.2.13
4.2.14
4.2.15
4.2.16
4.2.17
4.2.18
4.2.19
4.2.20
4.2.21
4.2.22

Table 4.3: w-limit options (O) for the phase portraits of Figures 4.2
(F).
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and T-singularities, structural stability and also some applications in weather predictions,

epidemiology, electromagnetism and general relativity.

4.5 Phase Portraits
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F/O
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Table 4.4: w-limit options (O) for the phase portraits of Figures 4.3
(F).
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>

Table 4.5: w-limit options (O) for the phase portraits of Figures 4.4
(F).
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oO®

(2)C-So
(3) C-S4 (4) F-F
(S)F-NO (.6) F-N 4

Figure 4.2: Phase portraits with a circle as switching manifold.
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%)

() F-S0 (.8) F-S4
(9)N-N 4 (.10) N-S 4
(A1) S-N4 (12) S-S 4

Figure 4.2: Phase portraits with a circle as switching manifold.
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2@

(:13) SN-F -0 (.14) SN-F 0-0
(.15) N-N 4-0 (.16) F-N 02-2
(.17) F-N 20-2 (.18) F-N 04-2

Figure 4.2: Phase portraits with a circle as switching manifold.
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@

(.19) F-N 40-2 (.20) N-N 24-2
(.21) N-N 42-2 (.22) N-N 44-2
(23) F-F2

Figure 4.2: Phase portraits with a circle as switching manifold.



4.5 Phase Portraits 101

©®)
S N

(1) c-C (2) C-S0
(.3) C-S 4 (4) F-F
(5) F-NO (.6) F-N 2

Figure 4.3: Phase portraits with a hyperbole as switching mani-
fold.
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D&

() F-N4 (8) F-S0
(9) F-S 4 (.10) N-N 0
(1) N-N 2 (12) N-N 4

Figure 4.3: Phase portraits with a hyperbole as switching mani-
fold.
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B

(13)N-N6 ((14) N-N 8

e

(A5)N-S0 (.16) N-S 2

VLR

(17) N-S 4 (18) N-S6

Figure 4.3: Phase portraits with a hyperbole as switching mani-
fold.
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(19) N-S 8 (:20) S-S0

(.21) S-S 4 (.22) S-S 8

(.23) 4 N-N (.24) 4 N-S

Figure 4.3: Phase portraits with a hyperbole as switching mani-
fold.
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&

(.25) 4 S-N (.26) 4 S-S
(.27) ON-N (.28) ON-S
(.29) 0 S-N (.30) 0 S-S

Figure 4.3: Phase portraits with a hyperbole as switching mani-
fold.
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(.31) SN-N (.32) N-SN
(.33) SN-S (.34) S-SN

Figure 4.3: Phase portraits with a hyperbole as switching mani-
fold.
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G

(1) C-F (2) F-C
(.3) C-NI 0 (4) C-N4
(.5) F-F (.6) F-N 0

Figure 4.4: Phase portraits with algebraic curves as switching
manifold.
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RS

() F-N4 (.8) N-N 24
(.9) N-N 42 (.10) N-N 44
(.11) N-S (.12) S-N

Figure 4.4: Phase portraits with algebraic curves as switching
manifold.
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(.13) S-S (.14) SN-N oo
(.15) Star Node-Node 4 (.16) SN-S
(.17) SN-S 4 (.18) I6 F-S 0

Figure 4.4: Phase portraits with algebraic curves as switching
manifold.
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0

(.19) 16 F-S 4 (20) C-F
(:21) C-NI 2 (22) F-F
(23) F-N2 (24) N-N 3

Figure 4.4: Phase portraits with algebraic curves as switching
manifold.
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D&

(.25) N-N 4 (.26) N-S
(.27) S-S (.28) SN-N
(.29) SN-S (.30) I5F-S2

Figure 4.4: Phase portraits with algebraic curves as switching
manifold.



CHAPTER 5

Inelastic non-smooth vector fields with the

sphere as switching manifold

In this chapter we study, from a global point of view, homogeneous linear inelastic PSVF
in R? with the sphere as switching manifold. We provide a complete classification of the
dynamics of those systems, together with results about asymptotic stability for a class of

those PSVE.

The switching manifold we consider is the embedded sphere RS?> C R3, where R € R* is
arbitrary, without loss of generality we consider the unitary sphere. Using the notation of
the preliminaries, consider £ = f~1(0) = S? where f(x1,x2,x3) = x% +x% +x§ — 1. The
regions X1 and X~ are, respectively, the exterior and the interior of the region delimited
by S?, that is, ¥ = {x € R3;||x|| > 1} and £~ = {x € R3;||x|| < 1} where ||x|| denotes

the Euclidian norm of a vector x € R3.

The main goal of the chapter is to study the asymptotic behavior of inelastic linear PSVE.
Let X (x) = Ax and Y (x) = Bx linear vector fields, where A = (a;;), B = (b;;) are square
matrices with real entries, i, j = 1,2, 3. Consider Z = (X,Y) such that:

Ax, if [[x|[ > 1,

Z(x) = (5-1)
Bx, if | < 1,

and Y f(x) = —AX f(x) for every x € S?, A > 0. It is called a generalized inelastic PSVF.
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In particular, we get S*> = X* UX¢UX'. The Filippov vector field extends naturally to
Y! and therefore it is defined on the entire sphere. Since our approach is qualitative and
focused on the geometry of trajectories, we shall assume the inelastic case, satisfying
A = 1. Otherwise, the vector fields could have the same orbits, but the flow of X must
be faster or slower than the other vector field, generalized inelastic, and the Filippov one

over the sphere will be
AX(x)+Y(x)

FO=—7

Thus, the vector fields would be multiplied by any positive real number which does not

affect trajectories and the following results at all.

In the following, we will not consider the cases X = —Y because of its triviality.

5.1 The Filippov vector field and the tangency points on
SZ

In this section we study the main properties of the Filippov vector field defined on S? for
system (5-1) and we describe tangency points.
The next result provides the relation between X = Ax and Y = Bx forming the inelastic

PSVF Z = (X,Y).

Lemma 5.1.1 Consider Z(x) = (Ax,Bx) an inelastic PSVF as in (5-1). Then it satisfies

—ayy —app—by—ax —aj;z—bz —az
B=1 by —ay a»—bxp—azp |- (5-2)

b3 b3 —as3

Proof. Since N is inelastic the vector fields X and Y satisfy equation (2-6), that is, the

expressions

2x1(ar1x1 + arpxr +ai3xs) + 2x2(az1x1 + axxy + axxs) + 2x3(azi x; + azpxp + azzxs)
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and
—2x1 (b11X1 +biaxy + b13X3) — 2X2(b21X1 + broxs + b23X3) —2x3 (b31x1 + b3oxy + b33)€3).

must coincide for every (x,x2,x2) € S?. Re-organizing, the coincidence of the last two

expressions corresponds to the set of equations

2(ary +br1)x1 +2(ax +bxn)xa +2(asz + baz)xs =0,
2(a1a +az1 + (—b12 —b21))x1x2 = 0,
(
(

2(a13+asi + (—bi1z3 — b31))x1x3 =0,

2(ax +az+ (—bz —b32))x1x3 = 0.

Therefore, for each i,j € {1,2,3} we obtain the conditions b; = —a;; and b;; =
—(a;j + aj;) — bj;, which replaced in matrix B yield the statement of Lemma 5-2 as

we wanted. O

The next result describes the behavior of the Filippov vector field, see Figure 5.1.

Theorem 5.1.1 Consider the inelastic PSVF Z(x) = (Ax,Bx) as in (5-1). Then the

following statements hold:

(i) The Filippov vector field over S? is given by

0 —by1 —ax1 —b31 —a3z X

1
F(x)= 5| bartaxn 0 —b3y—az X2
b1 +az1 by +az 0 X3

(ii) The equilibrium points of the Filippov vector field are of center type and determined
by p+ =t where v = (b3 + azy, —(b31 +az1), bay +an ).
(iii) Every orbit on S*\ {p,,p_} is closed and surrounds the center equilibria p. and

p—.
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Figure 5.1: Filippov vector field for inelastic systems and equilib-
rium points over the sphere S.

Proof. In order to prove (a) it is sufficient to use Lemma 5.1.1 and equation (2-7). To
prove (b) and (c) we first note that, from (i), the matrix associated to the linear sliding
vector field F = (A + B)/2 is skew-symmetric, so the eigenvalues of the matrix are 0 and
a pair of conjugated pure imaginary numbers. The eigenvector associated to O determines
a line of equilibrium points whose intersection with S? are p.. On the other hand, since
(F(x),v) = 0 for every x € S?, the trajectories of the Filippov vector field are closed,
planar and orthogonal to the line of singularities associated to the direction given by the

zero eigenvector. O

To study the behavior of the orbits outside S?, we shall study the tangency points. We
remark that the tangency points of X and Y with S? coincide, due to equation (2-6).
Therefore it is sufficient to study the tangency either of X or Y. Using equation (2-5), the

tangency points over S? are defined by the intersection of S? with the quadratic surface

2a11x3 +anx3 +azaxs + (a12+az )x1x2 + (a13 +azy)x1x3 + (az +a23)x2x3] = 0 (5-3)

that is, X f(x1,x2,x3) = 0. We can see that this equation is independent of the radius of

the sphere. In order to classify tangency points we use a preliminary classification of
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quadratic surfaces provided by [6]. We obtain the following result.

(.1) No tangency (.2) Tvo points (.3) One maximum circle

(.4) Two disjoint circles

(.5) Two maximum circles

Figure 5.2: The shape of the quadrics surfaces around a neighbor-
hood of the switching manifold.

Lemma 5.1.2 The intersection between the quadric surfaces from equation (5-3) and the

sphere is one of the following sets (see Figure 5.2):

i) S| = 0: the empty set;
ii) $y: two antipodal points;
iii) S3: one maximum circle;

iv) S4: two closed disjoint curves, each one diffeomorphic to S';

v) Ss.: two transversal maximum circles.

Proof. According to the normal forms provided in [6] there are 17 possibilities for the

quadrics,
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2 2 2 2 2 2
x5 x5 x x5 x5 X
.2 1 2 3 LA 2 3
:x7 =0 S+5=-1 Sttt =1
Ql 1 Q2 a2 b2 2 Q3 aZ b2 CZ
2 2 2 2 2 2 2 2
SRR S Y PPE. S S SV B S
2 b2 2 a2 b2 2 az b2
2 2 2 2 2 2
QL2 QL Q:l-2—_
az b2 a*>  b? a?  b?
& 2 8.8 8 % 8 8
Qlo-;—ﬁ X3 Q1 ;—i‘ﬁ—c—z Q2 _2+ﬁ_§ -
2 2 2 2
x5 x x5 X
1 2 1 2 2
Q 2 p2 Q 2 b2 Q 1

with a # 0. Notice that only the quadrics @, Qs and Qj¢ are not in the real space. The
others correspond (from Q; forward) to coincident planes, ellipsoid, the origin, elliptic
cone, elliptical cylinder, elliptical paraboloid, hyperbolic cylinder, hyperbolic paraboloid,
hyperboloid of one sheet or two sheets, a straight line, parabolic cylinder, and intersecting

or parallel planes, respectively.

Each term in equation (5-3) is quadratic and the equation vanishes. Thus, quadrics must
be symmetric with respect a plane and then we get only five options which satisfy those
conditions: the origin (Qy), a straight line (Q3), coincident planes (Qy7), elliptic cones
(Qs) or two intersecting planes (Qj4). Intersecting them with the sphere we obtain (unless

suitable rotations) the sets S, ..., S5, respectively. O

From now on we say that the tangency points have a generic configuration if they are
given by the sets S4 or S5. The sets $ and 3 are limit situations of the previous ones
(thus somehow non-generic). Now we present a relation between the Filippov vector field

and the tangency points of a PSVE.

Proposition 5.1.1 Let I'r be a non trivial trajectory of the Filippov vector field F over
S? and assume that S; # O for some i € {3,4,5}. If TrNS; # 0, then generically the

intersection occurs at two points when i = 3 and at most 4 points wheni =4 ori=35. On
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the other hand, if the following set of conditions hold simultaneously

r__
(ai1,a2,a33) =V,
ap +az = aj +any,
a3 +az = ap +ass,

a3 +azy = ax +ass,

then in this case we obtain I'r C S;, that is, I'r is entirely contained in a connected

component of a tangency set.

Proof. Using the Sard’s Theorem, the orbits I 'z are generically transversal to the tangency
points, and using the type of tangencies from Lemma 5.1.2 the intersection I'r N.S; is
generically empty (51, $»), two points because it is the intersection between a maximum
circle (53) and other circle I'r, or four points for two circles (maximum for S4, S5) and a

circle I'p.

Also, we consider the following system of equations to be a tangency point also in the

Filippov vector field over the sphere:

where the first equation is (5 — 3), a quadric, and the second one describes the plane
crossing by the origin (b3 +azsp)x; — (b3 + asz1)x2 + (b21 + az1 )x3 = 0, multiplying the

last one step by step with xp, x; and x3 we get the identities of Proposition 5.1.1. 0

Example 5.1.1 Let Z(x) = (Ax, Bx) be a non-smooth vector field defined by the matrices

0o 2 1 0 -1 O
A=|-1 1 1 |[,B=]0 -1 -1
-2 -1 -1 I 1 1
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Notice that A and B satisfy the conditions of Proposition 5.1.1. The tangency set in this

case is given by

2 2
X f(x1,x2,x3) = =Y f(x1,x2,%3) = x5 — x5 + x1x2 —x1x3 =0

which corresponds to the set 5. In this case S5 = 551 USSZ, where each one is a maximum

circles from the planes 7y : {x; —x3 =0} and @, : {x] +x2 +x3 = 0}, respectively.

{p4Z %, -x)

Figure 5.3: Behaviour of the system where some trajectories of the
Fillipov vector field belong to the quadric

One of these planes, T, has as normal vector (0,1, —1) and for the Filippov vector field

0O 1 1 X1
1
F(x)=§ 1 0 0| |xl:
-1 0 0 X3

over the sphere v = (0,—1, 1) (one of the eigenvectors), so one of the trajectories of the
Filippov vector field coincides with one circle of tangency points. Also the equilibrium
points lie on the other circle and this is orthogonal to the whole trajectories of the Filippov

vector field.

We can see that the both systems are saddle-focus with inverse directions, where the
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eigenvalues for the exterior vector field are A} = —0.67359, A, = 0.3368 + 2.0833i and
A3 = 0.3368 —2.0833i, and for the interior one & = 1, = — 4+ ¥3iand A3 = —1 — 3
Notice that trajectories crosses the tangency lines from sliding to escape and then from

escape to sliding.

5.2 Limit sets and recurrences near S?

In this section we are going to study a kind of asymptotic stability problem which is
related to the attraction of S? for positive or negative time. As we saw in the previous
section, the quadric Q providing the tangency lines on S? can be of five types, from S
to Ss. We study the cases without tangency points, that is, §; and the other separately. In
each case, we use criteria on asymptotic stability of the origin to infer on S?, the first case

using the classical Lyapunov criteria and the others the so-called Routh-Hurwitz criteria.

5.2.1 The case S*N Q = S and the degenerated cases 5> and Ss.

The main result is the following.

Theorem 5.2.1 Assume that Z(x) = (Ax, Bx) an inelastic non-smooth system as in Equa-

tion (5-1). The following statements are equivalent.

(i) There are no tangency points on S2.

(ii) A is positive (respec. negative) and B is negative (respec. positive) definite.
(iii) The whole sphere is an escape (respec. sliding) region if it exists.
(iv) S? is a compact global repulsive (respec. attractive) surface of N.

(v) Xf(x)>0andY f(x) <0 (vise versa) for all x € S?.

Proof. [Proof of Theorem 5.2.1] To prove (i) = (ii) suppose that A is not positive definite,
so there exists x € S? such that X f(x) = x'(A+ANx < 0. If X' (A +A")x = 0, we get a
tangency point which is a contradiction. If x| (A +A")x; < 0 and x5(A +A")x; > 0 for

different x;,%x, € S?, there is a quadratic form that is a polynomial in several variables
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Figure 5.4: Behavior without tangency points.

and so continuous, using the intermediate value theorem over the sphere [46] there exists

x € S? such that x' (A +A")x = 0.
Thus, we get tangency points if A (or B) is not positive or definite positive.
(ii). — (iii). As above, X f(x) > 0 without changes for all x € S?.

(iii). — (iv). The eigenvalues of the exterior vector field have the same real part, because
trajectories are always arriving (leaving) to the whole sphere, the same occurs to the

interior one. Thus the sphere is a compact repulsor (attractor).

(iv). = (v). The real part of the eigenvalues A; of A (at least one of them must be pure

real) have the same sign, the same occurs for B although with opposite sign.

1. M, A2, A3 < 0 (> 0) and moreover S* = X* (S? = X°). There is an attracting
(repelling) node.
2. M <0, Ay =m—+ni, \3 =m—ni with m <0, (A\;,m > 0). There is an attracting

(repelling) focus, also attracting (repelling) in third dimension.

If zero is isolated and there exists no tangency points, then centers or saddles cannot occur

because the real part of the eigenvalues must have the same sign to attract or repel in every



5.2 Limit sets and recurrences near S? 122

direction, so the eigenvalues should be complex with non-zero real part. Using that this

happens to the whole sphere, X f(x) > 0 and Y f(x) < 0 (vise versa) for all x € S,

(v). — (i). Using Remark (1) of [39], the matrix A is positive (negative) definite if and
only if its symmetric part is also positive (negative) definite. Therefore, by equation (2-5)
Xf(x)/2=Ix'(A+A")x > 0 (< 0) ¥x € S%. So there exists no x in the sphere such that

X f(x) = 0, there are no tangency points for X and the same occurs for ¥ and B. 0J

The next two results provide some partial answers for the particular case where the sphere

attracts trajectories nearby. First we consider the non-generic configurations.

Theorem 5.2.2 Assume that Z(x) = (Ax,Bx) is an inelastic non-smooth system as in
Equation (5-1). If the tangency set is Sy or S3, the real part of the eigenvalues of A
are negative (positive) and the ones of B are positive (negative), then X f(x) < 0 (or
X f(x) > 0) for all x € ¥°. Moreover, the ®—limit set of every point p € R3 is a sliding
(o—limit set and escaping) periodic orbit I'), C S?. For the case $3, the periodic orbit in
S? either, crosses it transversally, there exists a tangency point or coincides with $3, and

these are all the possibilities that may occur.

Proof. [Proof of Theorem 5.2.2] For two tangency points over the sphere consider

X f(x1,%2,x3) = +((ax; — bxj)* +cxi) =0

where we get the line x; = (a/b)x; and x; = 0. The last equality is a sum of squares which
is always non-negative, then depending on the sign =+ the possibilities are X f(x) <0 or
X f(x) > 0 for all x € X%, thus the Filippov vector field over the sphere is composed by
a continuum of periodic orbits. Only in two of those orbits there are the tangency points

and the hemispheres between them are sliding or escape regions, respectively.

Suppose that the tangency now is a maximum circle 53, it can be one complete orbit of the
Filippov vector field following Proposition 5.1.1, or this circle can be transversal to some

set or the complete set of those periodic orbits, then there exists at most two tangency



5.2 Limit sets and recurrences near S? 123

points in each of them and sliding (escaping) regions between these points because if we

see the equation (5-3),

Xf(X] 7-x2;.x3) = :I:(ax1 + bxy +CX3)2 = O7

which describes the plane of tangencies, thus X f(x) <0 or X f(x) > O for all x € X*. Then,
as in the non-tangency case, for the interior vector field there is a repeller which sent the

whole orbits to the sphere and then to some periodic orbit of the Filippov vector field.

The tangency points form a maximum circle in the sphere and generically its intersection
with other circles will be transversal, in that sense it can happen in two points or zero
points. Other non-generic cases are a tangencial contact between them in one point and a

complete contact resulting in the coincidence of the circles. 0

Corollary 5.2.1 For the cases of Theorems 5.2.1 and 5.2.2, the sphere is a global
attractor for our PSVFE for S it is is asymptotically stable (or asymptotically unstable)

and for S, and Sj it is stable (or unstable).

Proof. Since V(x) = X f(x) < 0 for all x € R?\ {0}, by the Liapunov criteria 2.1.4 the
whole orbits of X converges asymptotically to the origin and in our PSVF do the same
to the sphere. For Y it is valid Y f(x) > 0 and in negative time also the orbits converges
asymptotically, since V > 0 in R\ {0} then there exists an increasing sequence {t,,} of
positive real numbers such that @(,,X) — co. Thus, choosing N such that ||@(7y,x)|| > 1
then the trajectory arrives to the sphere which is a complete sliding region, so the sphere

is an asymptotic stable set.

By Theorems 5.2.1 and 5.2.2 all trajectories have the whole set of periodic orbits in S? as

o—limit set, so the sphere is a global attractor. 0
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522 ThecaseS’NQ =;,i=4,5

The cases having those tangency points are more complicated than the previous studied
cases. Effectively, in the presence of more tangency points, those trajectories that are
tangent to S? may eventually go to infinity and never return close to the sphere. This,
of course, is a possible situation but the dynamics in this case is easy to see because
the external vector field is linear and homogeneous, so trajectories are described by
the Poincaré’s Compactification. Instead, we are interested in the study of non-trivial

dynamics and recurrences near (or over) S2.

In the following cases we will consider three or four separation regions defined by the

tangencies and if there exists a sliding region, then next there is an escape one.

Lemma 5.2.1 Assume that Z(x) = (Ax,Bx) an inelastic non-smooth system as in Equa-
tion (5-1). Assume also that (0,0,0) is an attractor equilibrium point for Ax and a repeller
one for Bx. If the tangency set is S4 or Ss and there is a set of periodic orbits of the Filip-
pov vector field which are completely contained in a sliding connected component, then
there exists x € R3\ (0,0,0) such that the w—limit set is one of those sliding periodic

orbits T, C S2.

Proof. Suppose that there is a set of periodic orbits of the Filippov vector field which
are completely contained in a sliding connected component, let xo € S> be a point
in one of those trajectories, thus using the existence and uniqueness theorem and the
Tubular Flow Theorem we know that there exist unique orbits of X and Y crossing x¢
and these have opposite directions because they are in a sliding region. Then for the
points x € R? such that ||x|| > 1 and @x(¢) = x¢ for some ¢ > 0, considering the flow of

X, we get that their @—limit set is I'y,. The same occurs for ||x|| < 0 using the flow of Y. [J

The previous result allows us to state the following theorem.

Theorem 5.2.3 Assume that Z(x) = (Ax,Bx) an inelastic non-smooth system as in Equa-
tion (5-1). Assume also that (0,0,0) is an attractor equilibrium point for Ax and a re-

peller one for Bx. If the tangency set is Sy or Ss, then the ®W—limit set of every point
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p € R3\ (0,0,0) is contained in interior of a compact set with boundary RS?* for some
R € R*. Moreover, the ®—limit set can be one sliding periodic orbit over the sphere

and/or a compact invariant set which includes the escape regions over the sphere.

Proof. For three regions, the two exterior of them satisfy X f < 0, Y f > 0, and the region
between them with X f > 0, Y f < 0. If there are four regions, two opposite of them fulfill
Xf <0,Yf >0 and the others satisfy Xf > 0, Y f < 0. By Lemma 5.2.1 we can get a

sliding periodic orbit.

Figure 5.5: Behavior of the trajectories for the vector field X.

If there are periodic orbits of the Filippov vector field which have escape and sliding
regions, in the escape one the trajectory can continue across the sphere or go away over
an orbit of X or Y. But the origin is an attractor for the vector field X so that orbit which
escapes outside the sphere has to come back in a sliding region converging to the origin,
and inside the sphere can exists an orbit escaping. But for Y the origin is a repeller and

this orbit has to go away from the origin to the sphere again.

Let x¢ be a tangency point from a sliding to the corresponding escape region, this will be
a visible one and the set of the whole tangencies of this type will be 7;, then there exists

an orbit of X which come from the exterior of the sphere and is tangent to S? in that point.



5.3 Examples and numerical simulations 126

Let RS? be a sphere with R = ||@x(t1)|| >> 1 for #; > 0. There exits t, > #; such that
Ox(t2) = X, and 13 > 1 such that we reach the other tangency @x(73) = x; where begins
the other sliding region, an invisible one and this set will be 7;, and the orbit of X has
to come back to S?, generically to another periodic orbit of the Filippov vector field (in
fact to the origin). Thus, the orbits which are escaping by the exterior vector field on the

periodic orbit are limited by the last one, by the Tubular Flow Theorem, see Figure 5.5.

Thus, let Ry = maxx,c1;||@x(#2)|| on the two disjoint or two transversal circles of tangen-
cies over the sphere, which is compact, then the set of tangencies is also compact and we
get that maximum. Thus, getting R > R;, the @—limit set of every point p € R3\ (0,0,0)

is contained in interior of the compact set with boundary RS?.

Considering the set of tangencies such that we get a visible one, 7, we get one or two
compact escape regions respectively and using that the flow of X is a diffeomorphism
(in particular continuous) then the image of the escape regions over the sliding ones is
also compact, and with the trajectories of the flow we get also a compact set. Proceeding
analogously for ¥ and joining the two compact sets we can see that this is invariant over
the flow of X, Y and by the Filippov vector field, then we get a compact invariant set

which is also a m—limit set for some points at the interior and exterior of S U

Remark 5.2.1 If the tangency set is Ss, then given p € R\ (0,0,0), either the positive
orbit of p is a sliding periodic orbit T"), C S? or p is contained in some periodic orbit not

contained on S%.

5.3 Examples and numerical simulations

Since the cases presenting tangency points are more complicated, we are not able to
provide general conditions on the parameters to guarantee stability conditions so we only

assume general hypotheses as those within Theorems 5.2.2 and 5.2.3. Instead, in this
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section we provide some examples and simulations using the Routh-Hurwitz criteria, see

[1, 12].
Next result is a direct consequence of that criteria.
Theorem 5.3.1 Considering the following conditions for the exterior vector field X :

1. tr(A) = —tr(B) = a1 +a»n +az; <0,
2. det(A) < 0 and det(B) > 0,

3. tr(A) (3tr(A)? —tr(A%)) + 1tr(A%) > 0 and tr(B) (3tr(B)? — tr(B*)) + 4tr(B3) < 0
then the equilibrium point at the origin is an attractor for X and a repeller for'Y.

Proof. Using the Routh-Hurwitz criteria [1, 12], there are three conditions for getting
three eigenvalues with negative real part for the exterior vector field and positive for the

interior vector field. |

——

Figure 5.6: Two improper nodes with two points as tangency in the
sphere.
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The following examples come from the classification theorems in Appendix ??.
Example 5.3.1 The case S* N Q = S, (two points as tangency points).

Consider the following systems with two tangency points:

0 0 -1 05 0 1

A describes a hyperbolic attracting node with A; = —1 (with negative real part), and B is a
repelling one with eigenvalues A = 1, Ay = 1 + \/T§ and Az =1— \/75 For this case there

exists a sliding region over almost the whole sphere.

We can see the effectiveness of Routh-Hurwitz criteria in A for its characteristic polyno-

mial a3A? +ao\? +ajh+ag = A3 +3A% + 31+ 1 = 0, consider the following matrix:

310
M=11 3 3],
0 01
withaz =1>0,A; =3 >0,A, =8 >0and A3 = |[M| =8 > 0. Then the eigenvalues of
A have negative real part.
For —B the characteristic polynomial is azA* + asA> +ajh+ag = A3 +30% + 2\ + % =0

and then:

2 1/4 0
M = 1 3 21,
0O 0 1

with a3 =1>0, Ay =2 >0, Ay =23/4> 0 and A3 = |M| = 23/4 > 0. Then the

eigenvalues of —B have negative real part and the ones of B have positive real part.

Example 5.3.2 The case S>’ N Q = S3 (one circle as tangency points).
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Figure 5.7: Two nodes with maximum circle as tangency in the
sphere.

In the cases where there are diagonal matrices, Filippov vector field is equal to zero. In

addition, taking the following system with two tangency points:

0 -4 -3 o 1 7
3 2 -1 -7 =51

Using the Routh-Hurwitz criteria in A for its characteristic polynomial A3 + A% + 29 +

16 = 0, consider the following matrix:

withaz =1>0,A; =29 >0, A, = 13 >0 and A3 = |M| = 13 > 0. Then the eigenvalues

of A have negative real part.
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For —B, its characteristic polynomial is A* +A% 4751+ 1 = 0 we have the following

matrix:

75 1 0

0 0 1

withaz =1>0,A; =75 >0,A; =74 > 0 and A3 = |M| = 74 > 0. Then the eigenvalues

of B have positive real part.

A describes a hyperbolic attracting focus-node with A; = —0.556, A, = —0.222 4 5.36i
and A3 = —0.222 — 5.36i. For B the eigenvalues are A; = 0.013, A, = 0.493 4 8.65i and
Az = 0.493 — 8.65i and we get a repelling focus-node. For this case there exists a sliding

region over almost the whole sphere.

Figure 5.8: Two focus-nodes with two parallel circles as tangency
in the sphere.

Example 5.3.3 The case RN Q = $4 (two disjoint circles as tangency points).

Consider the following inelastic system:
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-1 1 -9 1 0 8
A=1-1 -1 0 |,B=]01 -5
0O 0 -1 1 5 1

For A we get A3 +3A? +4A +2 = 0, consider the following matrix:

4 2 0
M= 1 3 4],
0 01

withaz =1>0,A; =4>0,A, =10 > 0 and A3 = [M| = 10 > 0. Then the eigenvalues

of A have negative real part.

The characteristic polynomial for —B is A3 + 3\ +20A + 18 = 0 and we have the

following matrix:

20 18 O
M=1|1 3 20/,

withaz =1>0,A; =20 >0, A =42 > 0 and A3 = |M| =42 > 0. Then the eigenvalues

of B have positive real part.

For A the eigenvalues are A = —1, A, = —1 +i and A3 = —1 — i forming an attracting
focus-node, and for BA; =1, A\, = 1++/17iand A3 = 1 — v/ 17i, which describe a repelling

focus-node. For this case there is an escape region between two sliding ones.
Example 5.3.4 The case RN Q = S5 (two maximum circles as tangency points).

Consider the following inelastic system:

0 —4 -3 0o 1 2
A=|4 —2 2|, B=[-1 2 5
32 1 2 -5 —1
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2

Figure 5.9: Two focus-nodes with two points as tangency points in
the sphere.

Using the Routh-Hurwitz criteria in A for its characteristic polynomial A3 +A2 +27A+2 =

0, consider the following matrix:

27 2 0
M=11 1 27|,
0 0 1

withaz =1>0,A; =27 >0, Ay =25 > 0 and A3 = |M| = 25 > 0. Then the eigenvalues
of A have negative real part.

For —B we have A> + A2 4+ 28\ + 7 = 0 we have the following matrix:

2807 0
M=11 1 28{,
0 0 1
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withaz =1>0,A; =28 >0,A; =21 > 0and A3 = |M| =21 > 0. Then the eigenvalues

of B have positive real part.

Exterior vector field has an isolated hyperbolic point but the opposite case occurs for
the other one. For A, the eigenvalues are A; = —0.0743, A, = —0.463 +5.17i and A3 =
—0.463 —5.17i forming an attracting focus-node, and for BA; = 0.252, A, = 0.3745.26i
and A3 = 0.37 — 5.26i which define a repelling focus-node. For this case there are two

escape regions between two sliding ones.

5.4 Closing remarks

5.4.1 Linear Non-Homogeneous Systems

If X (x) = Ax+c and Y (x) = Bx +d as an inelastic non-smooth system, where ¢,d € R?,
then we keep the conditions a;; = —by;, (a;j+aji) = —(b;j + bj;) and now ¢; = —d,, for

i # j €{1,2,3}. Therefore, the quadratic surface for the tangencies is:

X f(x1,%2,x3) = 2[anxt +axnx3 +azsx3 + (a2 + a1 )x1x2
—|—(a13 + a31)x1x3 + (a32 —|—a23)x2x3 +c1x+cy+ C3Z] (5-4)
= 0.

The Filippov vector field continues in the same way as in theorem 5.1.1 with the same two
center equilibrium points of the homogeneous case. Although we lost the other results in
the way that we showed, now we present a description of the tangencies for this non-

homogeneous inelastic PSVE.

Proposition 5.4.1 The intersection between the quadric surfaces from equation (5-4),
without homeomorphisms, and the sphere are the same of 5.1.2 with the other following

options:

1. one closed curve homeomorphic to S' and one disjoint point.
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(.1) Hyperbolic cylinder (.2) Hyperboloid of one sheet

Figure 5.10: Generic quadric surfaces and the sphere.
2. two closed curve homeomorphic to S' connected by one point.

Proof. The origin (0,0,0) always belongs to the quadric surface, seeing the equation
(5-4), which now have linear terms, and by the other normal forms of these quadrics
in [6], there are also elliptic, parabolic and hyperbolic cylinders, elliptic and hyperbolic

paraboloids, hyperboloids of one and two sheets, ellipsoids and parallel planes. 0

5.4.2 The refractive case

In this chapter we assume an inelastic PSVF Z = (X,Y) and we obtain that tangency
points coincide. Conversely, if the tangency points coincide for both vector fields, the
equations of the quadrics must have the same terms unless constants. Thus there exists
only two cases, the inelastic and the so-called refractive. The refractive case corresponds

to those vector fields satisfying AX f(x) =Y f(x) for A € R

If X (x) = Ax and Y (x) = Bx, then we get that B = A + (M — M}) where M is a lower

matrix with diagonal entries equal to zero

0 0 0
M = | hayn — by 0 0
Aa;z—b1z Aaxz—byz 0



5.4 Closing remarks 135

In this case we do not obtain a Filippov vector field on the sphere but only crossing and
tangency points, being the tangency lines as the inelastic case. Indeed, we get the same

quadric of equation (5-3) but now Aa;; = b;; and Ma1;+aji) = (b1 +bji).

5.4.3 Conclusions

We have shown a global analysis on the dynamics of inelastic non-smooth differential
equations with the sphere as discontinuity region. As future work we will study the global

dynamics using compactification in S and classify the canonical regions.



CHAPTER 6
Limit cycles of generic piecewise center-type
vector fields in R? separated by either one plane

or by two parallel planes

In this chapter we will not consider inelastic vector fields, the main topic will be center-
type piecewise vector fields. While the limit cycles of the piecewise differential systems
in the plane R? have been studied intensively during these last twenty years, this is not

the case for the limit cycles of the piecewise differential systems in the space R.

The goal of this chapter is to study the continuous and discontinuous piecewise differential
systems in R3, formed by linear vector fields similar to planar centers separated by
one or two parallel planes. We call those “center-type” differential systems, which have
two pure imaginary numbers and zero as eigenvalues. When these kinds of piecewise
differential systems are continuous or discontinuous separated by one plane, then there
are no limit cycles, see section 6.1. Also, if they are continuous separated by two planes,
then generically there are no limit cycles. But when the piecewise differential systems are
discontinuous separated two parallel planes, we show that generically there are at most
four limit cycles, and that there exist such systems with four limit cycles. The genericity
here means that the statements hold in a residual set of the space of parameters associated

to the differential system.

We recall that the same problem but for discontinuous piecewise differential systems in
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R? formed by linear differential centers separated by two parallel straight lines have at

most one limit cycle [54].

6.1 Introduction and statement of the main results

We shall work with piecewise vector fields in R? and IR3, and the definition of these vector
fields on the separation line of their pieces in R?, or on the discontinuity region of their

pieces in R? follow the rules of Filippov [26].

These last two decades the limit cycles of the piecewise differential systems in the plane
R? have been studied intensively, see for instance [4, 5, 13, 8, 11, 21, 23, 28, 29, 30, 31,
33, 35, 36, 37, 42, 48, 49, 50, 51, 52, 53, 54, 47, 55]. This is not the case for the limit

cycles of the piecewise differential systems in the space R>.

A center of a differential system in the plane R? is an equilibrium point x having a
neighbourhood U such that U \ {x} is filled of periodic orbits. A global center is a center
x such that R?\ {x} is filled of periodic orbits. The notion of a center appeared already in

the works of Poincaré [63] in 1881 and Dulac [18] in 1908.

One of the main objects in the study of the vector fields is the limit cycles. A limit cycle
of a vector field is a periodic orbit isolated in the set of all periodic orbits of the vector

field.

In the paper [54] it is proved that continuous and discontinuous piecewise vector fields
in R? formed by two pieces separated by one straight line and formed by two arbitrary
linear centers cannot have limit cycles, and that also the continuous piecewise vector
fields in R? formed by three pieces separated by two parallel straight lines and formed
by three arbitrary linear centers have no limit cycles. But the discontinuous piecewise
differential systems separated by two parallel straight lines and formed by three arbitrary
linear centers can have at most one limit cycle, and there are such systems which one
limit cycle. The aim of this chapter is to study a similar problem for continuous and

discontinuous piecewise vector fields in R3.
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In R3 there are no centers in the sense that there are no equilibrium points x having a

neighborhood U such that U \ {x} is filled with periodic orbits, see for instance [7].

Now we are going to study the limit cycles of the continuous and discontinuous piecewise
vector fields in R? separated by one plane or by two parallel planes and formed by linear

“center-type” vector fields of R3.

More precisely, we consider the linear vector field

Al Ap A [x B
X(x)=|An An Axn||y|+|B. | =A4x+B, (6-1)
A3l A3z Asz) \z B3

where

A1l = a1a3cr + bib3cr — arapcs — bibacs,
A1z = @ra3ca + babscr — ascs — bacs,
Az = a362 + b36‘2 —apazcy — bybscs,

Ay = —ajazcy — bibsey +ades + bics,

A = —azazcy — bybscy +ajaxes +bibacs,
Axz = —a3c1 b3 5¢1 +ajazcz +bibscs,

Az = ajaxcy +bibycy —aicy — bica,

Azpp = a%cl + b%cl —ajaxcy —bibrco,

A3z = arazcy +babzcy —ayazcr — b1bzea,

B = azaqcr + bybycr — arascs — babycs,
By = —azaqc) — bsbycy +ajages + bibacs,
B3z = araqcy +babsc) —ayascr — bibscs.

The vector field (6-1) is obtained after applying the affine transformation

(x,y,2) = (a1x+azy +a3z+ as,bix+byy+ b3z + ba,c1x+ cry + c3z+cs)
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with inverse

(x,y, Z) — ﬁ(cmb'jq —azbacy —agbycs +aprbacs +azbycs — arbicy
—bscax+bycax+azcry —axezy —aszbrz+ arbzz, —aabic
4azbgcy +asbicz — ajbacy — azbica +a1bzca + bzcix — bieszx
—azc1y+ajczy+aszbiz —aybsz,asbacy — azbacy — asbicr
+a1bycy +arbicg —aibycqs — byc1x+bicrx+axery —ajcry

—arb1z+a1brz).

to the linear differential system
xX= - )’ =X, = 07 (6'2)

which has the two independent first integrals fi(x) = x> +y?> and f>(x) = z. Here we
assume that det(A) = —asboc) + axbscy + azbicy — ajbscy — axbicz + aybyes # 0. We

emphasize the genericity in this chapter means that some result holds in a residual set.

Note that the linear differential system (6-2) in R3 has the full z-axis filled with singular
points, and on the invariant planes z = zo =constant there exists a global center at (0,0, zp),
i.e. all the periodic orbits surrounding the center (0,0,z9) in the plane z = 7o fill this plane

with the exception of the singular point (0,0, zo).

In this chapter the linear differential system in R3 defined by a vector fields X will be
called a linear center or simply a center in R3.

Changing the parameters (a;, b;, ¢;) of the vector field X (x) to (o, B;,7y;) fori =1,2,3 we
get another linear vector field Y (x) = Cx+ D.

For any piecewise vector field in R? formed by two pieces and separated by one plane we

can assume without loss of generality, after an affine change in R? if necessary, that such

a plane is x = 0.

We define the piecewise vector field N = (X,Y) in R3 of two pieces separated by the plane
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x = 0 and formed by the two centers X and Y of R3 as

X (x) =Ax+ B, ifx > 0,
N(x) = (6-3)
Y(x) =Cx+D,ifx <0.
If X =Y on the plane x = 0 we say that the piecewise vector field N is continuous, and if

X # Y on the plane x = 0 we say that the piecewise vector field N is discontinuous. For

these two kinds of piecewise vector fields N consider the following two results.

Theorem 6.1.1 A piecewise vector field in R> separated by one plane and formed by two

linear centers X and Y has no limit cycles.

The limit cycles of Theorem 6.1.1 are crossing limit cycles, see for details the last part of

Section 2.2.

If we assume that the discontinuity region of a piecewise vector field in R3 is formed by
two parallel planes, then without loss of generality we can assume, after an affine change

in R? if necessary, that these parallel planes are x = 1 and x = —1.

We consider piecewise vector fields separated by the planes x = £1 and formed by three
centers X, Y and Z, where Z(x) = Ex+ F is obtained from X changing the coefficients

(ai,bi,ci) by (Ai,B,',C,') fori = 1,2,3.

More precisely, we define the piecewise vector field M = (X,Y,Z) in R? of three pieces

separated by the two planes x = +1 and formed by the three centers X, Y and Z of R® as

X(x) =Ax+B, ifx > 1,
M(x)=¢ Y(x)=Cx+D,if —1<x<1,

Z(x) =Ex+F,ifx < —1.

As in the case when the discontinuity set was formed by a unique plane, now we can
consider continuous and discontinuous piecewise vector fields. Our main results for the

piecewise vector fields M are the following two theorems.
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Theorem 6.1.2 A continuous piecewise vector field separated by two parallel planes and

formed by three linear centers X, Y and Z generically has no limit cycles.

We notice that our parameter space is R3°. Thus, when we claim that the continuous
piecewise vector field has generically no limit cycle we mean that it has no limit cycles in
a residual set of R3®. It other others, the possible scenario where the result could not be

verified has measure zero (here we can assume Lebesgue measure).

Theorem 6.1.3 A discontinuous piecewise vector field separated by two parallel planes
and formed by three linear centers X, Y and Z generically has at most four limit cycles,

and we provide one of these piecewise vector fields with exactly four limit cycles.

The meaning of genericity in the statement of Theorem 6.1.3 is the same as in Theorem
6.1.2. Again the limit cycles of Theorems 6.1.2 and 6.1.3 are crossing limit cycles, see for
details the last part of Chapter 2. The proofs of Theorems 6.1.1, 6.1.2 and 6.1.3 are given

in the Section 6.2.

6.2 Proofs of the results

Proof. [Proof of Theorem 6.1.1] The continuous case. Consider a continuous piecewise
linear differential system in R3 separated by one plane and formed by two centers X and

Y. Without loss of generality, we can suppose that the plane is x = 0.

The continuous hypothesis, X (x) = Y (x) at (x,y,z) = (0,y0,20), provides 3 polynomial
equations of degree 1 in the variables yy and zg, each equation corresponding to the

coordinates of the involved vector fields. They write

(Bi —D1)+ (A12—C12)yo+ (A13 — C13)z0 = 0,

(By— D)+ (Ao — C22)yo + (A23 — C23)20 = 0,

(B3 —D3)+ (A3 — C32)yo+ (A33 — C33)z0 = 0.
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Thus we get 9 cubic equations for the parameters, looking at each coefficient, B; — D; =0,
Ap—Cip=0and Aj3 —Cj3 =0 for i = 1,2,3. From those equations we get 7 parameters

by, by, ay, by, ap, 0, By in terms of the other ones, as solution of the system.

If the continuous piecewise differential system has a limit cycle, this must intersect the
plane x = 0 in two points (0,y9,z0) and (0,y;,z1) with (yo,z0) # (y1,21)- The vector field

X has the first integrals

Fi(X) = (a4 +a1x + azy + asz)* + (ba + bix + bay + b3z)?,

F(X) = c4 +c1x+coy +caz,
and for the vector field Y the first integrals

G1(x) = (x4 0y + 03z + o) + (Brx + By + Baz + Ba)?,

Ga(x) = Vix+ Y2y + Y32+ Y-

Clearly that the two points (0, yo,z0) and (0,y1,z1) with (yo,z0) # (v1,z1) where the limit

cycles intersects the plane x = 0 must satisfy the system of four equations

e1 = F1(0,y0,20) — F1(0,y1,21) =0,
e2 = F2(0,y0,20) — F2(0,y1,21) =0,
e3 = G1(0,y0,20) — G1(0,y1,21) =0,
e4 = G2(0,y0,20) — G2(0,y1,21) = 0.

Since the unique solution of this system is ygp = y; and z9 = zi, it follows that the
continuous piecewise differential system formed by the centers X and Y has no limit

cycles. See the Appendix B.

The discontinuous case. Assume that there is a discontinuous piecewise linear differen-
tial system in R separated by one plane and formed by two centers X and Y. Without loss

of generality we can suppose that the plane is x = 0.

Then a limit cycle intersects the plane x = 0 in the two points (0,y9,z0) and (0,y;,z1)
with (v0,z0) # (v1,z1). The vector fields X and Y have the first integrals Fj(x), F>(x) and
G1(x),G>(x) respectively, given in the proof of Theorem 6.1.1. As in that proof the two

points (0,y0,z0) and (0,y1,z;) must satisfy
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e1 = F1(0,y0,20) — F1(0,y1,21) =0,
e2 = F>(0,y0,20) — F2(0,y1,21) =0,
e3 = G1(0,y0,20) — G1(0,y1,21) =0,
e4 = G2(0,y0,20) — G2(0,y1,21) = 0.

Computing the Gréebner basis of the polynomials ey, e, e3 and e4 respect to the variables
Y0, 20, ¥1 and z1, we obtain an equivalent polynomial system to ej = ey =e3 =e4 =0

formed by 59 equations. One of those ones is (z1 — 20)(c3Y2 — c2Y3) = 0.

Assume that c3y, — ¢27Y3 is not zero. Then z; = zo. Therefore e4 = (yo — y1)Y2. Since y;
cannot be equal to yg, otherwise the point (0,yo,z9) would be equal to (0,y;,z;), then
Y2 = 0. Then e; = (yo — y1)c2 =0, so ¢ = 0, in contradiction with the assumption that
c3Y2 — 273 1s not zero. Therefore in what follows we can assume that c3y, —c2y3 = 0 and

that zg # z1. Now we consider two cases.

Case 1: ¢y is not zero. Then Y3 = c3Y2/cp. Doing again the Groebner basis of the
polynomials ej, e, e3 and e4 respect to the variables yg, zp, y; and z;, we obtain an
equivalent polynomial system with eight equations. After removing the non-zero factor
Zo — z1 from the equations having such a factor, all these are linear in the variables yy, zo,
y1 and z; except one equation. These equations can be solved and we obtain a continuum

of solutions. Consequently, again there are no limit cycles in this case.

Case 2: ¢ = 0. Then e; = ¢3(z0 — z1) = 0. Hence ¢3 = 0. It remains three equations
e1 = e3 = e4 = 0 and four unknowns. We obtain a continuum of solutions. Consequently

again there are no limit cycles in this case. 0J

Proof. [Proof of Theorem 6.1.2] The continuous hypotheses that X (x) = Y (x) at (x,y,z)
= (1,y0,20) and Y (x) = Z(x) at (x,y,z) = (—1,y1,z1), provide 6 polynomial equations of
degree 1 in the variables yy, zo, y1 and zj, each equation corresponding to the coordinates
of the involved vector fields. Thus, similarly to the proof of Theorem 6.1.1, we get 18

equations for the parameters, looking at each coefficient. From that system we get 13
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parameters, which satisfy the whole equations, by, by, a1, by, az, &1, B1, B4, By, A1, Ba,

Aj and v in terms of the other ones.

The vector fields X and Y have the first integrals Fi(x), F>(x) and G;(x), Ga(x),

respectively. The vector field Z has the firsts integrals

H (X) = (A1x+A2y—|—A3z—|—A4)2 + (le—l—Bzy—l—Bgz—l—B4)2,

H>(x) = Cix+ Coy + C3z+ Cy.

A possible limit cycle intersects at the points (1,y0,z0) and (1,y3,z3) the plane x = 1, and
at the points (—1,y1,z;1) and (—1,y;,z2) in the plane x = —1, with (yo,20) # (y3,23) and
(y1,21) # (y2,22). These four points have to satisfy the following system of equations for

(o, ¥1, ¥2, ¥3, 20, 21, 22, 23):

e1 =Fi(1,y3,z3) — Fi(1,y0,20) =0,
ex =F(1,y3,23) — F2(1,y0,20) = 0,
e3 = Gy

¥0,20) — G1(—1,y1,21) =0,
e4 = Ga(1,y0,20) — Ga(—1,y1,21) =0,

Hi(—1,y2,22) =0,

(-

ec = Hy —Hy(—1,y2,22) =0,

—Gi(1,y3,23) =0,
(

G2 1 y37Z3) 0.

lvylazl

e7 =Gy

(1,

(
es=H(—1,y1,21

(—

(—Ly2,22

(=

) -
)
)
es = Gy ) —

1y27Z2

Using the even equations we get that

2(c1Cops — oG = Creas + Civacs) | Tavo Yo

1= + 20,
: 13(Cac3 — 2C3) BB
= 2163 —anG —CioB+Cines)  yi(1G—G1)
¥3(Cac3 — 2C3) 13C3
Gy2 | Y2)o
R
G B
PG (G —Cs) | (G —GYs)
C3(v2¢3 — c273) C3(Y2c3 — c273) ’
o (G —Covs) a2 (12C — Goy3)

C3(Y2c3 — c2Y3) C3(Yac3 — c2Y3)
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Note that we are assuming that all the denominators which appear in the previous
expressions of z1, 72, y3 and z3 are non-zero. That is, we are solving the system e; =
0,...,eg = 0, in the more generic case, i.e. when the mentioned denominators do not
vanish, and the denominators which will appear solving the remaining equations e; =

e3 = e5 = e7 = 0 do not vanish.

Then consider e = e3 = e5 = e7 = 0 for solving yq,y1,y2,20. From e¢; = 0 and e3 =0
we can find y, and zp, respectively. Substituting y, and zp in es and e7, we find that
y1 =Yy0+2(Cic3 —c1C3)/(Cacsz — c2C3) vanishes both equations. So there is a continuum

of periodic orbits and no limit cycles. 0J

Proof. [Proof of Theorem 6.1.3] We consider such a possible limit cycle which intersects
at the points (1,y0,z0) and (1,y3,z3) the plane x = 1 and at the points (—1,y;,z;) and

(—1,y2,22) the plane x = —1, with (yo,z0) # (¥3,23) and (y1,21) # (y2,22). The vector
fields X, Y and Z have the first integrals Fj(x),F>(x), G(x),G2(x) and H;(x),H>(x),

respectively.

These four points must satisfy the following systems of equations for the variables (v,

Y1, Y25 Y3, 205 215 225 23):

e1 =Fi(1,y3,z3) — Fi(1,y0,20) =0,

€ :F2(17y3az3) —FZ(IJO;ZO) = 0’

e3 = G1(1,y0,20) — G1(—1,y1,21) =0,
e4 = G2(1,y0,20) — G2(—1,y1,21) =0,
es = Hi(—1,y1,21) —Hi(—1,y2,22) = 0,
ec = Hy(—1,y1,21) — H2(—1,y2,22) =0,
e7=G1(—1,y2,22) —Gi(1,y3,23) =0,
es = Ga(—1,y2,22) — Ga(1,y3,23) = 0.
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Using the even equations we get

2
2 = Z0+l+yw2_y1727

V3 V3 Y3
¢ 2 Gy, —C
G LETN € C3y3

(G —Gm) | 3G —Gr)
Gl —cm3)  Cilesna—cay3)
221G —Coy3)  cay2(Gava — Cos)
C3(c3v2 — 213) Ci(esp—cavs)

y3=

3 =

Again note that we are assuming that all the denominators which appear in the previous
expressions of zj, z2, y3 and z3, are non-zero. That is, we are solving the system
e1 =0,...,es = 0, in the more generic case, i.e. when the mentioned denominators do
not vanish, and the denominators which will appear solving the remaining equations

e] = e3 = e5 = ¢7 = (0 do not vanish.

We substitute the obtained values of y3,z1,z2 and z3 in the equations e = 0 for k =

1,3,5,7.

H EqVar \ Yo YioY2 20 H

er |1 1 1 1
es |2 2 0 1
es | 1 1 1 1
e7 |2 2 2 1

Table 6.1: Maximum exponent for each variable in the polynomials

e fork=1,3,57.

It remains to solve the equations e¢; = e3 = e5 = e7 = 0 with respect to the unknowns
y0,Y1,y2 and zo. We do not provide the big explicit expressions of the equations ] = e3 =
es = e7 = 0, which are easy to obtain with some algebraic manipulator as Mathematica or

Mapple.

The equations e; = 0 and e5 = 0 are both of degree one, see Table 1. Thus we can find the

variables yg and y; as linear functions of the variables y, and of z.
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Substituting the expressions of yg and y; into the remaining equations ez = 0 and e7 =0
we obtain two polynomial equations of degree two in the variables zp and y,>. Again we do
not provide the huge explicit expressions of the equations e3 = 0 and e7 = 0 which will

need several pages for writing them.

Applying the Bézout Theorem (see [65]) to this system we know that at most there are
four real solutions for (y»,zp), which can produce four limit cycles substituting these
solutions in the previously obtained expressions of (yo,y1,y3,21,22,23). Hence the first

part of Theorem 6.1.3 is proved.

In order to complete the proof of Theorem 6.1.3 we provide a discontinuous piecewise

differential system in R3 formed by three centers and separated by two parallel planes.

When we have computed (z1,22,y3,23) from ey = e4 = ¢ = eg = 0 in the last proof,
it remains the equations e; = ez = es = e7 = 0 for computing (yo,y1,y2,20). From the
equation e; = 0 the variable y, appears linearly and we obtain y, = Py, (yo,y1,20). With
the equation e3 = 0 we get zo = P, (yo,y1) of degree 2 and with the third es = 0 it is gotten
y1 = Py, (y0,20) of degree 1 for zg. Then we made the substitution y; = P, (yo, Pz (y0,¥1))
and we can find two solutions y; = P*(y) and y; =P~ (o). Then we should find the last
variable yq from the equation e7 = 0. With the discriminant of P*(y() we used a numeric
method, following the ideas described in [20] with an absolute tolerance of 10~13, for
finding the 36 parameters and yp which do a positive discriminant. Using the notation
of the first part of the proof of Theorem 6.1.3, the center given by the vector field X is

obtained for the values of the parameters

a; = 13.708561862548212.., b1 = —2.0668139685572826..,
ay = —0.46436203202470083.., by = —2.1162121013313744..,
az = —1.5737561143110694.., b3 = —0.30359559321560803..,
as = —5.2597752179200175.., by = —3.837509139027315..,

c1=1, c»=-0.938643702906351.., c3=1, cq=1.
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The vector field Y has the form

o =2, 0oy=-5, o3 =-—7, og=-—11,
Bl:_3> BZZla [‘53:37 l34:17
Y1 = 0.454545454545454, vy, = —0.5454545454545444, vz =1, y4 = 6.

And the vector field Z is given by

A1 = —3.840000000006582, A, =5, A3=0, As=14,
Bi=1, By=12, B3 =11, Bs=14,

Ci=2, C=-4, C3=5, C4=-8.

When we have computed (y3,z1,22,z3) from ey = es = e = eg = 0 in the last proof,
it remains the equations e; = ez = es = e7 = 0 for computing (yo,y1,y2,20). From the
equation e; = O the variable y, appears linearly and we obtain y, = P, (y0,y1,20). Now
from the equation es = O the variable y; appears linearly and we get y; = P,, (yo,20). From
the polynomial equations e3 = e7 = 0 both of degree two, we can obtain the four solutions
for (yo,z0), and from these four solutions we obtain the intersection points (yo, zo, Y1, Z1»

2, 22, ¥3, 23) of our limit cycles with the two planes of discontinuity, see Figure 6.1, which

are

(0.8978733932366719..,—2.2444618685679187..,—0.8476262083331095..,
—2.2874616512423445..,0.885305277605572..,—0.901116462491399..,
2.0197502924959307..,—1.1914191816421125..),

(2.618593513041539..,—2.017041157299665..,1.6304557768236465..,
—1.6469344679639704.., —0.25095559475947454.., —3.152063565230467..,
1.4005927017518383.., —3.1603099489515696..),
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Figure 6.1: The four limit cycles, vector fields X (red), Y (blue) and
Z (green).

(0.5348395678273713..,—1.7034390938102253.., —1.2941046025617466..,
—1.7919540958406528..,0.47916792990915597.., —0.3733360698639303..,
1.6828327264792675..,—0.6258825444620513..),

(1.7558413358089768..,—3.9459570275133773..,0.15273809964405125..,
—3.911286065421518..,2.3088449504708346.., —2.1864005847600914..,
3.1516763632780256.., —2.635765268683441..).
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6.3 Conclusions

We have shown that from the four classes of piecewise differential systems in R> here
studied, generically the only ones having limit cycles are the discontinuous piecewise
differential systems in R> separated by two parallel planes and formed by three centers

having at most four limit cycles, see Theorem 6.1.3.

We remark that the discontinuous piecewise differential systems in R? separated by two
parallel straight lines and formed by three linear differential centers can have at most one

limit cycle, see [54].
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APPENDIX A

Conclusions

We have presented a robust global analysis on the dynamics of inelastic piecewise
smooth differential equations with some curves and surfaces as discontinuity region,
the classification of stability classes and limit sets thought canonical regions was made.
Also several theorems about asymptotic stability were analyzed. Finally, we studied and
found the Hilbert’s number for generic center-type PSVF in R3. As future work we will
extend the classification of canonical regions to R3, due to Poincaré’s compactification
and new theories from Lie derivatives. Make the analysis of global dynamics of other
kind of differential systems, where can exist different conditions for the tangency points
and T-singularities, structural stability and also some applications in weather predictions,
epidemiology, electromagnetism and general relativity. The main future goal will be to

extend the results of the Chapter 4 to R3 and then to R".



APPENDIX B

Algorithm

The following algorithm was executed in MATHEMATICA and shows step by step the
procedures for proving the first part of the Theorem 6.1.1, it is so useful for students who

are starting in the theory of PSVFE.

Algorithm B.1: Method for limit cycles with a continuous condition

Data: Piecewise Smooth Differential system N(x), see equation (6-3).

Result: Global Limit cycles.

1 Establish the center-type differential system which will be our template.

2 Make two affine transformations over the system for getting the two
classical center-type vector fields, the first integrals and complete the
PVE.

3 Get some parameters in terms of other using the continuous equations in
the plane x = 0.

4 Look for the points of the limit cycles using the compatibility equations

which come from the first integral at the plane x = 0.

B.1 Implementation

(*This differential system in R? has a global center at the equilibrium point (0,0,z) of
each plane z = zg. So all its orbits are periodic except the points of the z - axis which are

equilibrium points. We denote this differential system as the periodic system.*)

xp=-—y,yp=x; zp =0;
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(*Two independent first integral of the periodic system are*)

Hl=x*>4+y* H2 =z,

(*We will do to this system a general affine change of variables given by*)
aa = {x— > alX +a2¥ +a3Z + a4, y— > b1X + b2Y + b3Z+ b4, z— > c1X +
c2Y +c3Z + 4},
(*with of course*)
det = a3b2cl —a2b3cl —a3blc2 +alb3c2 +a2blc3 —alb2c3;
(*is not zero.*)
Solve[{x == alX +a2Y +a3Z + a4, y == b1X + b2Y + b3Z + b4, z == c1X +
2Y +c3Z+c4},{X,Y,Z}]
(*The initial system doing a rescaling of the independent variable after the affine change
of variables given by aa becomes*)
bb =x— > xp,y— > yp,z— > zp;
Xp=Collect[(—b3c2x+b2c3x+a3c2y—a2c3y—a3b2z+a2b3z/.bb) [ .aa,X,Y,Z, Factor|
Y p=Collect[(b3clx—blc3x—a3cly+alc3y+a3blz—alb3z/.bb)/.aa,X,Y,Z, Factor]
Zp =Collect[(—b2c1x+Dblc2x+a2cly—alc2y—a2blz+alb2z/.bb)/.aa,X,Y,Z, Factor]
(*Two independent first integrals of the differential system (Xp, Yp, Zp) are*)
F1[XYZ =HI1/.aa

F2[XYZ = H2/.aa

(*The following is the continuous condition for the piecewise differential system*)
ba=X—>0Y—->Y,Z—>7Z;
XpplXYZ =Xp/.ba
YpplXYZ =Yp/.ba

ZpplXYZ =Zp/.ba

(*Now we complete the PVF with the other vector field*)
cc={al—>al,a2— > a2,a3— > a3,a4— > ad,b1— > B1,b2— > B2,h3— > B3,
bd— > B4 cl— >yl,c2— >V2,¢3— > V3,c4— > y4},
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detl =det/.cc
XP=Xp/.cc
YP=Yp/.cc
ZP=Zp/.cc
(*Two independent first integrals of the differential system (XP, YP, ZP) are*)
Gl[XYZ =FI1[X,Y,Z]/.cc

G2(XYZ = F2[X,Y,Z]/.cc

(*We need to put the continuous condition*)
XPP[XYZ =XP/.ba
YPPIXYZ =YP/.ba

ZPP[XYZ =ZP/.ba

(*Thus, we can isolate some parameters using the equations of the continuous condition*)
eql = Xppl0,Y0,Z0] — XPP|0,Y0,Z0|
eql1 = Coef ficient|eql,Y 0]
eq12 = Coef ficient|eql,Z0]
eq13 = Factor|eql — (eq11xY0) — (eq12x Z0)]
eq2 =Y pp[0,Y0,Z0] — YPP[0,Y0,Z0]
eq21 = Coef ficient[eq2,Y 0]
eq22 = Coef ficient|eq2,Z0]
eq23 = Factor|eq2 — (eq21 Y 0) — (eq22 x Z0)]
eq3 = Zppl0,Y0,Z0] — ZPP[0,Y0,Z0]
eq31 = Coef ficient[eq3,Y 0]
eq32 = Coef ficient|eq3,Z0]
eq33 = Factor|eq3 — (eq31xY0) — (eq32 x Z0)]
(*Then we form the following algebraic system*)
eq ={eqll,eql2,eql13,eq21,eq22,eq23,eq31,eq32,eq33};

(*And we can find seven parameters*)
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Solveleq == 0,b4,b1,al,b2,a2,01,B1]

(*Finally we have the system of the first integrals at the switching manifold*)
el = F1[0,Y0,Z0] — F1[0,Y1,Z1]
e2 = F2[0,Y0,Z0] — F2[0,Y1,Z1]
e3 = G1[0,Y0,Z0] — G1[0,Y1,Z1]
e4 = G2[0,Y0,Z0] — G2[0,Y1,Z1]
(*therefore we find the unique solution*)

Y1->7Y0,Z1- > Z0.



	Elementos Pré-Textuais
	Capa
	Folha de Rosto
	Aprovação
	Direitos Autorais
	Dedicatória
	Agradecimentos
	Epígrafe
	Resumo
	Abstract

	Sumário
	List of Figures
	List of Tables
	List of Algorithms
	1 Introduction
	2 Preliminary
	2.1 Classical Differential Equations
	2.2 Piecewise Differential Systems
	2.2.1 Inelastic PSVF
	2.2.2 Generic PSVF


	3 Global Dynamics of Planar Piecewise Linear Inelastic Differential Systems having Straight Lines as Switching Manifolds
	3.1 Main results on planar piecewise linear inelastic systems
	3.1.1 Compactification and Stability Classes
	3.1.2 Limit Sets

	3.2 Filippov Vector Field, Tangency Points and Inﬁnity Dynamics
	3.2.1 Homeomorphism

	3.3 Proofs of the Main Results
	3.4 Conclusions
	3.5 Phase Portraits

	4 Global Dynamics of Inelastic Non-Smooth Linear Vector Fields in R2 Considering Conics and Algebraic Curves
	4.1 Main Results
	4.1.1 Compactification and Stability Classes
	4.1.2 Strange Attractors, Periodic Orbits and Chaos
	4.1.3 Limit Sets

	4.2 Filippov Vector Field, Tangency Points and Infinity Dynamics
	4.3 Proofs of the Main Results
	4.4 Conclusions
	4.5 Phase Portraits

	5 Inelastic non-smooth vector fields with the sphere as switching manifold
	5.1 The Filippov vector field and the tangency points on S2
	5.2 Limit sets and recurrences near S2
	5.2.1 The case S2Q=S1 and the degenerated cases S2 and S3.
	5.2.2 The case S2Q=Si, i=4, 5

	5.3 Examples and numerical simulations
	5.4 Closing remarks
	5.4.1 Linear Non-Homogeneous Systems
	5.4.2 The refractive case
	5.4.3 Conclusions


	6 Limit cycles of generic piecewise center-type vector fields in R3 separated by either one plane or by two parallel planes
	6.1 Introduction and statement of the main results
	6.2 Proofs of the results
	6.3 Conclusions

	Bibliography
	A Conclusions
	B Algorithm
	B.1 Implementation


