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Resumo

Tunubald Sanchez, Angela Carolina. Bifurcations in piecewise smooth
dynamical systems and applications. Goiania, 2026. 118p. Tese de
Doutorado. Programa de Pos-Graduacao em Matematica, Instituto de
Matemaética e Estatistica, Universidade Federal de Goias.

Este trabalho investiga o nimero méximo de ciclos limite em sistemas dinamicos
suaves por partes (PSDS) hibridos e nao hibridos em R?, formados por subsistemas
rigidos e separados por uma reta, bem como o efeito de uma perturbagao sobre um
sistema suave por partes linear em R3. Inicia-se com a anéalise de um sistema formado
por um centro rigido linear e um centro polinomial homogéneo rigido de grau par,
separados pela reta x = 0, ap6és uma mudanca afim de varidveis que preserva os
centros rigidos. Esse resultado complementa o trabalho de [12], no qual se estuda o
caso para n impar. O presente estudo avanca na andlise dessa familia ao contemplar
o caso de grau par, impondo condigoes especificas sobre a transformacgao afim.

A pesquisa estende-se a PSDS formados por dois sistemas rigidos de graus m e n,
com 2 < m < n < 6 e separados pela reta y = 0, estabelecendo que, enquanto
sistemas de graus iguais possuem no maximo um ciclo limite, combinagoes de graus
distintos podem apresentar cotas superiores especificas, chegando a até 8 ciclos limite
no caso (m,n) = (5,6). Ao introduzir a dindmica hibrida por meio de um mapa de
reinicializacao (reset map), observa-se que a inclusao da dinamica discreta preserva
as cotas superiores do sistema continuo, com exce¢ao dos casos (m,n) = (3,6) e
(m,n) = (4,6), nos quais a cota aumenta de 5 e 6 para 6 e 10 ciclos, respectivamente.
Finalmente, o estudo estende-se para o espaco tridimensional ao investigar o efeito
de uma perturbacao em sistemas com linhas de tangéncia paralelas, revelando que
tal perturbacao faz com que as linhas se interceptem em um ponto caracterizado
como uma singularidade do tipo two-fold parabdlica, o que resulta no surgimento de
novos pontos de pseudo-equilibrio sem alterar a estabilidade estrutural qualitativa

do sistema original.

Palavras—chave

Sistemas Suaves por Partes, Ciclos Limite, Sistemas Rigidos, Teoria de
Chebyshev, Sistems Hibridos.



Abstract

Tunubald Sénchez, Angela Carolina. Bifurcation in piecewise smooth
dynamical systems and applications. Goiania, 2026. 118p. PhD. Thesis.
Programa de Pos-Graduacao em Matematica, Instituto de Matematica e
Estatistica, Universidade Federal de Goiés.

This work investigates the maximum number of limit cycles in hybrid and non-hybrid

piecewise smooth dynamical systems (PSDS) in R?, formed by rigid subsystems and
separated by a straight line, as well as the effect of a perturbation on a piecewise
linear smooth system in R3.

It begins with the analysis of a system formed by a linear rigid center and a rigid
homogeneous polynomial center of even degree n, separated by the line x = 0,
after an affine change of variables that preserves the rigid centers. This result
complements the work of [12], in which the case for n odd is studied. The present
study advances the analysis of this family by addressing the even-degree case under
certain conditions on the affine transformation.

The research extends to PSDS formed by two rigid systems of degrees m and n,
with 2 < m < n < 6 and separated by the line y = 0, establishing that, while
systems of equal degrees have at most one limit cycle, combinations of distinct
degrees may exhibit specific upper bounds, reaching up to 8 limit cycles in the case
(m,n) = (5,6). By introducing hybrid dynamics through a reset map, it is observed
that the inclusion of discrete dynamics preserves the upper bounds of the continuous
system, with the exception of the cases (m,n) = (3,6) and (m,n) = (4,6), in which
the bound increases from 5 and 6 to 6 and 10 cycles, respectively.

Finally, the study extends to three-dimensional space by investigating the effect
of a perturbation on systems with parallel tangency lines, revealing that such a
perturbation causes the lines to intersect at a point characterized as a parabolic
two-fold singularity, which results in the emergence of new pseudo-equilibrium points

without altering the qualitative structural stability of the original system.

Keywords
Piecewise Smooth Dynamical Systems, Limit Cycles, Rigid Systems, Cheby-
shev Theory, Hybrid Systems.
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Introduction

The theory of dynamical systems is currently one of the fundamental pillars
of mathematical modeling, with applications spanning a wide range of phenomena,
both natural and abstract. In a rigorous sense, a dynamical system refers to systems
whose intrinsic properties evolve over time, thus constituting a field with vast
potential for application. Despite being a discipline that lies at the interface between
applied phenomena and pure mathematics, establishing new results that ensure a
strong connection between theory and practice remains a challenging and often
non-trivial task. In this context, there is a clear and pressing need to develop new
tools and achieve results that not only address but are fundamentally aligned with
contemporary problems. These increasingly complex challenges continue to drive
advances in mathematics and science as a whole, underscoring the central role of

dynamical systems in tackling modern questions.

The study of limit cycles is central to dynamical system theory, see, for instance,
[11, 12]. Its significance stems from Hilbert’s 16th problem, which seeks to establish
an upper bound on the number of limit cycles in planar polynomial vector fields of
degree n > 2, a problem that remains unsolved (see [27]). A classical method for
obtaining limit cycles involves suitably perturbing a differential system that has a
center equilibrium point. According to [11] and [47], a center is a singularity p € R?
of a planar analytic differential system for which there exists an open neighborhood
U of p such that all solutions in U \ {p} are periodic. Denote by T, the period of
the periodic orbit passing through the point ¢ € U \ {p}. The singularity p is called
an isochronous center if T, is constant for all ¢ € U \ {p}. An isochronous center
is said to be uniform or rigid if the angular velocity of the vector field is the same
for all periodic orbits in U \ {p}. In polar coordinates (r,0), given by = = rcosé
and y = rsinf, a rigid isochronous center can be written as dr/dt = G(r,0) and
df/dt = k, where k # 0 is constant. Moreover, isochronicity has been widely
studied due to its applications in physical phenomena, its relation to the stability of
periodic solutions, and its role in the existence and uniqueness of solutions for various
boundary-value, bifurcation, or perturbation problems; see, for instance, [1, 2, 21]. In

the case of rigid centers, the isochronicity problem is closely related to the classical
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center-focus problem, which remains open; see [14, 16, 23, 43, 54|. More recently,
isochronicity has also been investigated for piecewise smooth dynamical systems
(PSDS), particularly those involving the coupling of two or more rigid systems and
the study of their dynamics; see [5, 13, 31, 39| and the references therein. PSDS has
attracted significant attention from the mathematical community in recent decades,
both for their theoretical richness and for their numerous applications in modeling
phenomena with abrupt transitions, see [8, 26, 45, 50, 52|. They establish an
interdisciplinary bridge connecting mathematics with fields such as biology, physics,
and engineering. The mathematical study of such systems began with the pioneering
works by Andronov [4], Filippov [20], and Utkin [51], motivated by applications.
Numerous applications in relay systems, biological systems, and control theory can
be found in [10, 18, 32, 46] and the references therein.

On the other hand, hybrid systems, where continuous dynamics interact with
discrete events, serve as essential tools in fields such as computer science, control
theory, and simulation languages (see [49]| for more details). However, research
on limit cycles in hybrid systems remains limited. As stated in [41], tools for
analyzing their existence and the robustness of asymptotic stability are not yet well-
developed. Notable progress includes extending Melnikov theory to discontinuous
hybrid systems with periodic orbits divided by a straight line, as provided in [9],
and the study of limit cycles in planar piecewise linear hybrid systems, addressing
questions posed in [34] and [39]. These studies proved the existence of at most
one limit cycle for systems separated by one straight line and formed by linear
centers, and at most two for systems separated by two lines. Thus, the study of the
existence of limit cycles remains an area of ongoing exploration. Such systems present
substantial mathematical challenges, particularly concerning the development and

application of tools to establish the existence and stability of limit cycles.

Furthermore, the study of limit cycle bifurcations in PSDS is of great importance, as
it sheds light on how small variations in system parameters can lead to the creation,
destruction, or modification of limit cycles, see for instance [17] and [48]. However,
this area of research in three-dimensional systems is still developing, and general
results remain scarce and often specific to particular cases. Progress has been limited,
as the increase in dimensionality introduces additional challenges and complexities.
Nevertheless, higher-dimensional systems enrich the dynamics, providing a broader

range of phenomena and fostering greater scientific interest.

In Chapter 1, some basic theory about piecewise smooth dynamical systems, rigid
systems, Chebyshev Theory and hybrid systems is presented. In Chapter 2, using

the Chebyshev Theory, we study a piecewise smooth dynamical system composed
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of a linear rigid center and a rigid homogeneous polynomial center of even degree
n, separated by a straight line. The results obtained in this chapter complement the
work of [12], which addressed the odd-degree case. Thus, this work advances the
analysis of this family of systems by extending the even-degree case under certain

affine transformations. This chapter gave rise to the paper [24].

Chapter 3 generated the paper [36], and the main purpose is to analyze the maximum
number of limit cycles in a class of piecewise smooth dynamical systems formed by
two rigid polynomial systems of degrees m and n separated by a straight line, where
m,n € {2,3,4,5,6} and m < n. We study 14 representative cases (m,n). Our main
result establishes that when the degrees are equal (m = n), the system admits at
most one limit cycle, and this bound is achieved. For m = 2 and n = 3,4, 5,6, the
bounds are 2, 3, 4, and 5 respectively, with the bound for (2,3) being achieved; for
m = 3 and n = 4,5,6 they are 4, 2 and 5 respectively, with the bound for (3,5)
being achieved. For m = 4 and n = 5,6 the bound is 6; and finally, for m = 5 and
n = 6 it is 8. Thus, for these classes of systems we address the extended 16th Hilbert

problem.

The main purpose of Chapter 4 is to introduce the study of limit cycles in a piecewise
hybrid smooth dynamical system in R2. For this study, we consider systems similar
to those defined in Chapter 3. Our main result states that for all cases (m,n) we
obtain the same upper bounds for limit cycles as in the previous chapter, except
for the cases (m,n) = (3,6) and (m,n) = (4,6), where the bounds are 6 and 10,
respectively, which differ from the continuous case, where the bounds were 5 and 6,
respectively. For these classes of piecewise systems, we address the extended 16th

Hilbert problem. The results presented here gave rise to the paper [37].

In Chapter 5, we study the effect of a perturbation on a piecewise smooth dynamical
system in R3. The original system has two parallel tangency lines, two cusp
singularities, and a single pseudo-equilibrium point; the sliding region lies between
these lines. Our main results are as follows. First, after the perturbation, the two
tangency lines intersect at a point, and this intersection point is a parabolic two-
fold. Second, three new pseudo-equilibrium points appear. One of them is the
intersection point. Depending on the sign of a specific parameter, the other two
pseudo-equilibrium points either move toward or away from the pseudo-equilibrium
of the original system as the perturbation parameter tends to zero. Third, when a
pseudo-equilibrium converges to the pseudo-equilibrium of the original system, its
qualitative behavior remains the same as that of the original system. This analysis

is based on the paper [17].
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Finally, in Chapter 6, we summarize the main results of the thesis.



CHAPTER 1

Preliminaries

The principal objective of this chapter is to present some definitions and
fundamental results related to piecewise smooth dynamical systems, rigid systems,

Chebyshev theory, and hybrid systems.

1.1 Piecewise smooth dynamical systems

Following |11, 12|, let U C R’ i = 2,3 be an open and connected subset
containing the origin. Let X, X~ € X" |, where X" denotes the space of vector field
of class C", r > 1 defined on U. Consider a differential function h : U C R? —+ R
having 0 as a regular value. We define a switching boundary or discontinuity region
3’ as being the set

Y =h"'0)={x,€ U : h(x) =0}

Thus, ¥ is a submanifold of codimension one in U that divides the open U into two

open sets:
YW={xeU:h(x) >0} and X~ ={xeU:h(x) <0}

In this way, we define a piecewise smooth dynamical system or PSDS as

X*(x), if h(x)>0,
X(x):{ (x) ()ZO (1.1)

X (x), if h(x)

which is denoted by X = (X, X,%) or simply X = (X, X7) if the ¥ is well
understood. To establish the dynamics given by X, we introduce the Lie derivative
as XETh(x) = (Vh(x), X*(x)), where (.,.) is the usual inner product in R’. The
higher order Lie derivatives are given by (X*)"h(x) = (V(X*)™'h(x), X=(x)).
This derivative defines the type of contact between the vector X * (or X ™) and the
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switching manifold Y. Thus, the following sets can be distinguished on ¥::

Y ={xeX: XTh(x) <0< X h(x)},
Y ={x€¥: X h(x) <0< XTh(x)},
2°={x €2 : X" h(x)X h(x) > 0}.

Now, we define the local trajectory passing through a point p € U. If p € ©* the
local trajectory through p is given by the vector field X * and X~ in the usual way.
If p € 3¢, then the vectors fields point in the same direction; therefore, it is enough
to concatenate the trajectories of X+ and X~ through that point. In the sliding
region »° U X¢ the dynamics is described by the Filippov sliding vector field X ?,
defined as

X*(p) = (1= N)X"(p) + XX "(p)

where X*® is a convex linear combination of X*(p) and X (p) and for each
p € X° U 3¢ the value of A is chosen such that X*h(p) = 0. Consequently, the
local trajectory through p € ¥¢U ¢ is given by X*. Thus, the trajectories of X are
considered as a concatenation of trajectories of X+, X~ and X°?; see [20]. When the
trajectory of Xt through p € X¢ returns to ¥ (for the first time) after a positive
time ¢t (p), we define the half return map of X* by

T(p) = dx+(t+(p),p) =P € T

Similary, when the trajectory of X~ through p; € ¥ returns to X¢ (by the first time)
after a positive time ¢_(p;), we define the half return map of X~ by

T_(p1) = dx-(t—(p1), 1) = p2 € 2.

Thus, the first return map, or Poincaré returns map of X = (X, X7) is defined by

the composition of these two half return maps, this is,

m(p) =7 omi(p) = dx-(t (p1), x+(t(p),p))

or the reverse, applying first the flow of X ~.

Definition 1.1. If F' and G are first integrals of X+, X, respectively, we define
the first integral of X = (X+, X ™) as the pair (F,G).

When the vector fields X and X~ associated to X admits a first integral, the

solution curves of the respective differential equations are contained in the level sets
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of the first integral. In this way, the first return map can be computed by seeking

points in ¥ that are on the same level curves of these first integral functions [5, 11].

1.1.1 Two-fold singularities

According to [15], in their pioneering work on piecewise smooth dynamical
systems, Teixeira and Filippov have proposed that, if the boundaries of the sliding
region intersect transversely at a point called a two-fold, this can have a dramatic
effect on the system dynamics. For particular configurations of the vector field,
dynamics in a neighbourhood of such points can be structurally unstable, and the
dynamics around these points can be rather intricate. Consider a three-dimensional
piecewise smooth dynamical system of the form (1-1). A point p € R? is said to be
a two-fold singularity of system (1-1) if it is a point where 3 is smooth and the flows
of the two vector fields X+ and X~ are tangent to the switching manifold at x = p.

These tangency points belong to the sets
TH={xeX: X"h(x)=0} and T ={x€X: X h(x)=0}

that delimit the sliding regions. Specifically we have the following definition, see [15].

Definition 1.2. A point p is a two-fold singularity if
X*h(p) = X h(p) =0, and (X*)’h(p)#0 (1-2)

Moreover, the following nondegeneracy condition, is satisfied: the curves T and T~

intersect transversely at p. Mathematically, det(N) # 0, where N given by

VX*h(p)
N = | VX h(p) (1-3)
Vh(p)

The condition (X*)*h(p) # 0 distinguishes between three qualitatively different

singularities, see Figure 1.2:

(a) The Teizeira singularity or elliptic two fold, where X+2h(p) <0< X‘Qh(p).
(b) The hiperbolic two-fold, where X ~*h(p) < 0 < X*°h(p).
(¢) The parabolic two-fold, where X ~*h(p)X**h(p) > 0.

For simplicity, it is assumed in Figure 1.1 that h(x) and X *h(x) are affine functions
of x. The left figure shows the case where, if N is singular, then either the nullclines

X*h(x) = 0 are coplanar or their intersection with ¥ is not a unique point. The
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right figure shows the case where, if N is nonsingular, then the switching plane
h(x) = 0 and the nullcline planes X th(x) = 0 and X ~h(x) = 0 are in a generic
position relative to each other, meaning that none are coplanar and that their three

pairwise lines of intersection cross at a unique point: the two-fold singularity.

_ Two-fold
Lpsh(x) =0 Lp+h(x) =0
Le h(x) =0

Figure 1.1: Critical surfaces and the two-fold singularity.
Adapted from [15]

P
1. Teixeira singularity or 2. Hyperbolic two-fold 3. Parabolic two-fold
elliptic two-fold

Figure 1.2: Two-folds singularities. Adapted from [15].

Definition 1.3. Consider a point x € R3.

(a) Then, x € ¥ is said to be a fold point of X (resp. X)) if XTh(x) =0 and
X*?h(x) # 0 (resp. X h(x) = 0 and X >h(x) # 0 ). We say that x is a visible
Jold if XT?h(x) > 0, or invisible if X T*h(x) < 0, (resp. visible if X >h(x) < 0
or invisible if X *h(x) > 0).

(b) x € ¥ is a cusp point of X* if XFTh(x) = X*?h(x) = X**(x) # 0 and
{Vh(x), VX=h(x), VX**h(x)} is linearly independent.

(¢) x € ST UX™ is a regular equilibrium of (1-1) if X*(x) = 0. Moreover, we say
that x is real or admissible if x € ©* and virtual (non-admissible) if x € X F.

(d) x € X is a boundary equilibrium point of (1-1) if X*(x) = 0.

(e) x € ¥ is a pseudo-equilibrium point if there exists o € (0,1) such that
(1—a)X (x) + aXT(x) = 0, i.e., X* are anti-collinear at x. Obviously,
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X*(x) = 0. If x behaves as a node, a focus, or a saddle for the dynamics of X *,

we say that x is a pseudo-node, pseudo-focus, or pseudo-saddle, respectively.

1.2 Rigid centers

Consider a polynomial differential system in R? of degree n

{53 = P(z,y), (10

Y= Q(z,y).

An equilibrium point p of the system (1-4) is a center if there exists an open
neighborhood U of p where all the orbits contained in U \ {p} are periodic. Without
loss of generality we may assume that the equilibrium point is at the origin.
According to [3, 29], this center is isochronous if all the periodic orbits contained
in U \ {p} have the same period. More specifically, let T, be the period of the orbit
through the point ¢ € U \ {p}. In this context, p is an isochronous center if T, is
constant for all ¢ € U \ {p}. However, this does not imply that the angular velocity
of the vector p( is the same for all periodic orbits in U \ {p}. When this is the case,
p is referred to as a uniform isochronous center or a rigid center. In other words,
a center p is a rigid center if, in polar coordinates (r,0) defined by =z = rcos¥,

y = rsinf, it can be written as % = G(r,0) and Z—f = k, where k # 0 is constant.

Remark 1.4. Note that there are isochronous centers that are not uniform. In fact,

consider the following polynomial system

T = (x7 — 52°y* — 132%y* — Tay® — 2y) ,
(1-5)

g == (T2% + 132"y + 52°y° + 22 — y") .

N =N

Observe that system (1-5) satisfies condition (b.2) of Theorem 1 from [40], which
implies that it possesses an isochronous center at the origin. However, in polar

coordinates, system (1-5) takes the form
.14
r=gr cos(20),

=1+ g'rﬁ sin(26).

Note that 6 is not a constant different from zero. Therefore, the origin is an

1sochronous center, but it is not a rigid center.
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The following result determine conditions for a center in a planar polynomial
system to be a rigid center. See [16, 30].

Proposition A. Assume that a planar polynomial system given by (1-4) has a center
at the origin of coordinates. Then, this center is uniform isochronous if and only if
through a linear change of variables and a rescaling of time, it can be written in the

form
x:—y+xf(95,y), y:$+yf(xay)a (1_6)

where f(x,y) is a polynomial of degree m — 1 in the wvariables x and y, with
f£(0,0) = 0.

The following result about rigid centers was stated in [16].

Proposition B. Let f(x,y) Z a;x"" "My be a homogeneous polynomial of degree

n — 1. Then the origin is a umform isochronous center of (1-6) if n is even, or n is
odd and

27
az/ COS@”ZISIHQ d@—Zaznzlz—O

n—1
Remark 1.5. When n is even, the equality Zailn_i_lﬂ- = 0 always holds, since
i=0

f(cos( + m),sin(0 4+ 7)) = — f(cos b, sinh),

where
n—1 2w

f(cosO,sinf) = Zai(cos 0)* " (sin ) and I, ;i 1; = / (cos )" (sin H)"db.
i=0 0

1.3 Chebyshev theory

Consider the set F = {fo(x), fi(x), ..., fm(z)} composed of m + 1 real-
analytic and linearly independent functions defined on an open interval I and let
v € Span(F) such that

= Zajfj(x), CLj € R,
j=0

where Span(F) is the set (or space) of all linear combinations of the functions in F.

We denote by Z(v) the number of zeros in I, counted with their multiplicities, of a
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function v and by

Z(F)= max Z(v)
vESpan(F)\{0}

whenever they exist. A set of functions F for which Z(F) = m is usually called
an Extended Chebyshev system on I, or an ET-system, see [22]. The set F is an
Extended Complete Chebyshev system or an ECT-system on [ if and only if for any
k with 0 < k <m, {fo(x), fi(z),..., fr(z)} is an ET-system, see [44].

In what follows, we present a result from the literature that we apply in our context.
See, for instance, |28, 33, 35].

Theorem A Let fy, ..., fn be analytic functions defined on an open interval I C R.
Then, the set of functions {fo,..., fm} is an ECT-system on I if and only if for
each 0 < k <m and all y € I, the Wronskian

foly)  fi(y) Te(y)
W(fo,.., fx)y) = fo?y) f1§y) ) fk(y)
By Py B )

15 different from zero.

1.4 Hybrid systems in R?

In this section, we give a brief introduction to hybrid systems (see, for

instance, 38, 42]). According to [42], dynamical systems can be classified as follows:

e Continuous: if the state takes values in Euclidean space R" for some n > 1.
Thus, z € R™ denotes the state of a continuous dynamical system.

e Discrete: if the state takes values in a countable or finite set {my, ma,...},
where m denotes the state of a discrete system.

e Hybrid: if part of the state takes values in R™ while another part takes values

in a finite set.

More specifically, hybrid systems involve interactions between variables in continu-
ous and finite or countable sets; see [7, 34]. Continuous-time systems are modeled
by differential equations or inclusions, parameterized by continuous time ¢ € R with
t> 0, while discrete-time systems use difference equations or inclusions, parameteri-

zed by integers n € N; see [53].

The following example illustrates how continuous and discrete dynamics interact in

a hybrid system.
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Example 1.6 (Thermostat). Consider a room being heated by a radiator controlled
by a thermostat. Assume that when the radiator is off, the temperature, v € R, of the

room decreases exponentially towards 0 degrees according to the differential equation
T =—ax (1-7)

with a > 0. When the thermostat turns the heater on, the temperature increases

exponentially, approaching 30 degrees, according to the differential equation
& = —a(x — 30). (1-8)

Thus, we have:

System states:

e Continuous state (z): Represents the room temperature, which is a real varia-
ble, x € R.

e Discrete state (m): Indicates the radiator’s operating mode, which can be either
on (ON) or off (OFF).

Continuous evolution (Flows): The temperature evolves according to differential

equations that depend on the radiator’s state:

e Radiator off (OFF): The temperature decreases exponentially towards 0 de-
grees, following the equation & = —azx, (a > 0).
e Radiator on (ON): The temperature increases exponentially towards 30 degrees,

following the equation & = —a(x — 30).

Control logic and transitions (Jumps): The goal is to keep the temperature at
approzimately 20 degrees. To avoid the “chattering” phenomenon (turning the device

on and off repeatedly in minimal intervals), the system uses safety thresholds:

e 10 turn on: The heater does not attempt to turn on until the temperature drops
below 19 degrees, and it may reach 18 degrees before starting to heat.
e To turn off: The heater does not attempt to turn off until the temperature rises

above 21 degrees, and it may reach 22 degrees before starting to cool down.

The system’s evolution is coupled since the discrete state determines which differen-
tial equation governs the temperature, while the temperature value (continuous state)

enables or forces the change in the radiator’s state. For more details, see [{2].

Without loss of generality, consider h(z) = . Following [38], let ¥ = {(z,y) € R?:
x = 0} be the switching manifold and R : ¥ — X the reset map, which is the
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rule that defines the new initial state of the system at the exact instant of a jump,

immediately after it reaches the switching manifold. Consider
St={(z,y) eR*:2>0}, ¥ ={(z,y) eR*:2 <0},

and let 3 denote the topological closure of ©*. Given r > 1, let X be the class
of the hybrid dynamical systems X = (X, X~ 3, R), such that X* are nonlinear

vector fields with a center singularity and X is defined over D

1.4.1 Global orbit dynamics of X

We define a global orbit I'(q, k, ) of X through an initial point ¢ € R?, with
keN,t>0andI'(q,1,0) =q.

1. The initial point does not lie on ¥ (q ¢ ¥): Suposse ¢ € R?\X. In this case
['(q, k,t) is unique and follows these steps.

e Continuous flow: Assuming the system starts at >, that is, ¢ € X7, let
71(t) be the orbit of X~ with initial condition g. If 7; never intersects X,
then I'(q, k,t) = '(q,1,t) and T'(q,1,t) = 71 (¢) for all t > 0.

e Discrete jump: Suppose that there is a t; > 0 such that ¢ = 11 (¢;) € &
and v (t) ¢ X for all ¢ € [0,1;). After reaching ¢; an instantaneous jump
occurs to a new point ¢o, defined by the reset map g2 = R(q1). Let vo(t)
be the orbit of X with initial condition g¢s.

After the jump to ¢o, the system evaluates whether it can enter the opposite

region X7 following 7,. Thus, exactly one of the following statements holds:

(i) 12(e) € T for sufficiently small € > 0 : then we can enter in X by
following ~2(t) and thus the process repeats. More precisely, we follow
~2(t) until we reach ¥ again at a point o = Y2(t2), to > 0, and then we
jump to g3 = R(q2), try to enter in ¥, and so on. See Figure 1.3.

(ii) 12(e) € ¥ for sufficiently small € > 0: then we cannot enter in ©* by
following 2 (f) and thus we jump to g3 = R(ga). Let v3(f) be the orbit of
X~ with initial condition g3. Similarly to the previous case, we now try
to enter in X%~ by following 3. If it is possible, then we are done. If not,
then we jump again and try to enter in X7, and so on, see Figure 1.4. In

particular, observe that there is the possibility of never leaving ..

Therefore, I'(q, k,t) is defined as the ordered concatenation of these pieces
of orbits of X and X~ and the jumps between them. More precisely, let
[(q,1,t) =~ (t) for 0 <t < t1,T(q,2,t) = 72(t) for 0 < t < 5, and so on (note
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A q1

142

R'-. 2+

(a) (b)
Figure 1.3: Orbits for the hybrid system X, case (i).
Adapted from [38].
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Figure 1.4: Orbits for the hybrid system X, case (ii).
Adapted from [38].

that we may have ¢, = 0), and define I'(q, k,t) as the ordered concatenation

2. The initial point lies on ¥ (¢ € X): In this case X has two global orbits
I'v(q, k,t), Ta(q, k,t) with initial condition q. The orbit I'; is defined as follows.
Let v, (t) be the orbit of X~ with initial condition g. Suppose first that there
is t; < 0 such that ~,(t) € ¥~ for all ¢ € [t1,0) and let ¢; = ~1(¢1). Then ¢
belongs to I'(g1, 1, ) and thus we just follow it. That is, we let I'y (¢, 1,¢) = {¢:1 }
and I'y(q, j,t) = T'(q1, j, t) for j > 2.

Similarly, suppose there is t; > 0 such that ~v,(t) € X~ for all ¢ € (0,4],
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and let ¢ = 7(¢t1). In this case we concatenate the piece of ~; from ¢
to ¢ with the orbit I'(qq, k,t). More precisely, we let I'1(q,1,t) = ~(t) for
t €0,t1], T1(q,1,t) = T(qu, 1,t — t1) for t > t1, and T'1(q, j,t) = T'(q1, j, t) for
j > 2. Similarly, one can define T'y(q, k,t). Given ¢ € R? we may refer to the
orbits I';(q, k,t) and T's(q, k,t) of the hybrid system X with initial condition
q. However, if ¢ ¢ ¥, then the orbit is unique, and consequently I'; = T's.

1.4.2 Periodic orbits, limit cycles and the first return map
for the hybrid system X

To study periodic orbits and limit cycles, we define a first return map
T X — X Given y = (0,y) € %, its first return 7(y) € ¥ can be defined in
four different ways, depending on the orientation of the pieces of orbits v, and 7, of
X=; (see Fig 1.5).

by
ot ‘L«
Yy -
m(y)
()
by by
o< 2
" 72
T gy 71\0E
T \0_
77y T(y
7w 0
(c) (d)

Figure 1.5: The first return map for the hybrid system X.
Adapted from [38].
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Definition 1.7. Consider the global orbit T'y(y, k,t) with y € ¥. T'y is periodic if
T (y) =y for some n > 1. In particular, if the orbit through y is an isolated periodic
point, then we say that it is a limit cycle. Therefore, the limit cycles of X are in
bijection with the isolated periodic points of . Furthermore, if the orientation of the
pieces of orbits of X and X~ agree, then we say that the limit cycle is reqular, (See
Figure 1.5.(a)); and if n € N is the minimal n such that ™" (y) = y, then we say
that n s the period of the limit cycle, see Figure 1.6.

by b

Period one Period two

Figure 1.6: Regular limit cycles of the hybrid system X.
Adapted from [38].

In the next chapters we present the results obtained.



CHAPTER 2

Limit cycles in rigid piecewise smooth

dynamical systems of even degree

This chapter, which is based on [24], establishes an upper bound for the
number of crossing limit cycles in a class of piecewise smooth dynamical systems.
The system is formed by a linear rigid center and a rigid center composed of a linear
part plus a homogeneous polynomial of even degree n, separated by the straight line
x = 0. Our results complement the work of [12], which addressed the odd-degree

case.

We consider a PSDS whose switching boundary is given by a straight line. Let us
denote the sets X7 = {(z,y) e R?: x > 0}, 2~ = {(z,y) € R*: x < 0} and consider
the PSDS given by

X (z,y), for (2,y) € ¥,

92-1
X(x,y), for (x,y) €3, 1)

)<Ln(x7y>:: {

with X (z,y) = (—y,x) and
n—1 n—1
X (w,y) = ( —y+ay ez, rty)y aix”‘i‘lyi)-
i=0 i=0

In [11], the authors proved that the PSDS (2-1) has no limit cycles. Furthermore,
by applying an affine change of variables to (2-1) such that the centers remain rigid,
they showed that the resulting PSDS has at most one limit cycle for n = 2 and
n = 3, and this upper bound is reached. Consider the most general PSDS defined
by

Xy (14) = { X, (z,y), for (z,y)€X,

2-2
Xt(zy), for (n,y) €, (22)

where

m—1 m—1
X, (w,y) = ( —y+ay s YL wty Y sixm*i’lyi)-
=0 =0
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Still in the same paper, the authors consider (2-2) and by applying an affine change
of variables in X%, they proved that the resulting PSDS has at most one limit
cycle for m,n € {2,3}, and that this upper bound of limit cycles is achieved.
To establish a general result for arbitrary degrees, the authors of [12| analyzed
(2-1) by applying an affine change of variables in ¥*. Specifically, they used the
transformation (u,v) = (biz + bay + di, bsx + byy + ds), where b;,d; € R, in ¥, and
(u,v) = (12 + coy + My, c3x + cay + My), where ¢;, M; € R, in ¥F, with i =1,2,3,4
and 7 = 1,2. By establishing conditions on the parameters of the transformation
so that the centers remain rigid, they proved that the resulting PSDS has at most

n — 2 limit cycles for odd n.

The even-degree case of sysstem (2-1) has proved to be particularly challenging. In

this case, the first integral of system X, in the new coordinates can be written as

Fy(u,v) = flEU, U;, where fi(u,v) is a polynomial function of degree n — 1 in u and
alu,v
v, and g1 (u,v) = [(u — My)* + (v — Mg)Q]nT_l. Unlike the odd-degree case, where g;

is a polynomial whose zeros, corresponding to limit cycles, can be found directly, in

the even-degree case g, is no longer a polynomial. Consequently, the corresponding

equation is no longer a polynomial, and more refined techniques must be applied.

The main purpose of this chapter is to consider (2-1), apply the same affine change of
variables in X* as in [12], and provide an upper bound for the maximum number of
limit cycles when n is even. In this way, the present result represents an advancement
in the study of this class of PSDS for even degrees, addressing a case that remained

open in [12]. More precisely, the main result of this chapter is the following.

Theorem 2.1. Consider the PSDS (2-1) with the affine change of variables (u,v) =
(b1x + boy + dy, b3z + byy + da),b; € R,d; € R in £~ and (u,v) = (a2 + ey +
My, csx 4+ cay + Ms),c; € R, M; € Rin X7, with 1 =1,2,3,4 and j = 1,2. Assume
that My # 0,63 + ¢3 # 0 and n is even.

(a) If dy # My, dy = 0 and n = 4, then the resulting PSDS has at most 1 limit
cycle and this upper bound is reached.

(b) If dy = My, then the resulting PSDS has at most “52 limit cycles.

This chapter is organized as follows. Section 2.1 provides the expression for the
closing function of the PSDS X; ,. The proof of our main result is developed in
Section 2.2. Section 2.3 presents numerical examples for n = 4 demonstrating that
the upper bounds are attained, as well as an example of the case dy # 0 exhibiting

three limit cycles. Finally, Section 2.4 contains some brief remarks on this chapter.
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2.1 The closing function for the rigid center (2-1)

Consider the PSDS given in (2-1) whose switching manifold is the straight
line 3 = h~1(0) with h(x,y) = z. Given that the vector fields X; and X;I associated
with X ,, = (X7, X,) are integrable, the solution curves of the respective differential
equation are contained in the level sets of their respective first integrals. In this way,
the first return map associated with the PSDS X, can be computed by seeking
points on the switching manifold > that lie on the same level curves of these first
integrals. Consider (Fy, H,), the first integral of (2-1). Therefore, for a limit cycle of
(2-1) that has two intersection points, (0, y0) and (0,y;), on the line of discontinuity
Y ={(z,y) € U : x = 0}, the coordinates of these points must satisfy the following
system of equations Fy(0,y0) = F1(0,v1), Hn(0,y0) = H,(0,41), or, equivalently,
Fi(a®) = F (R ), Hy(.8) = Ho (Fo %), where (ro,3) and (R %)
are the respective intersection points (0,y0) and (0,y;) in polar coordinates. More
specifically, to analyze the existence of limit cycles of (2-1), we define the closing
function M (yo) as the difference between the values of the first integral H,, evaluated
at these intersection points: M (yo) = H,(0, yo) — H,(0,y1), where the return point y;
is uniquely determined by the condition F' (0, yo) = F1(0, y;). Consequently, the non-
trivial zeros of M (yo) correspond precisely to the crossing limit cycles of the system.

In what follows, we will obtain the explicit expression for the closing function.
By [12], we have that F(x,y) = \/2? + y? and

n—1 i
1 xn—zyz
H,(z,y) = — — ai/—nd.
SR DL S
In polar coordinates, we have
n—1
H,(r,0) = (1—n T Zaz/ (cos )" (sin 0)"db. (2-3)
1=0

In order to obtain an explicit expression of H,,, we have to calculate the integral of

expression (2-3). For n € N even, we get

n—2

Zaz/ (cos )" " !(sinh)’ d@-ao/(cose)” 1d6+2a23 1/((3080)" %1 (sin §)2 1

7=1

d9—|—2a2j / cos 0)" 1% (sin 0)* df + a,,_, /(sin@)"‘ld&

Using formulas 2.512(3), 2.512(4), 2.511(4), and 2.511(3) from [25], which are
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respectively given by

-1 o k )
2k+1 (COS$)2Z 2k—2 Hizo(l . Z)

cos ) dr = sinz + (cosz)?|,
/( | A+l IR -2-1) (e0s2:)
n : - k .
/(Cos z)P(sinx)* ™ do = — (cos z)"* 2F (sinx)? =21, (1 —i+1)
2+p+1 k=1 Hf:1(2l+p—2i+1)
+ (sinz)? |,
l .

/(Sin:c)p((:os 2P g — (sin z)P+! Z 2k (cos )22 TTE_ (1 — i + 1)

QZ—i—p—i—l — <2l—|—p 22+1)

(

-1 '
/(Slnx)2l+1 dr — — Cos ¥ ok+1 sin x) 21 2k— 21—[Z 0( i) n (sinx)m ’
A+ (Me@-2i+0)

we have

sin [n 2F 1 (cos )2k~ 4H (72 _Z)
k=0

Q :/ cos )" 1dh =
0 ( ) n—1 Hfzo(n—Zz—?))

+ (cos «9)”_2] ,

1 . o
JZ: 2’7C sm 0}2% 2k—2 Hf:l(] - z)
k=1 [I—i(n—2i—1)

yn—2i+1

92] 1 —/(COS@)” % (sin0)*'df = — [

cos 6

Y

n—1

+ (sin 9)2j_2]

_ . . = 22] . 2k gyn—2i— —2k—2 n—2j-2

Oy = / (cos 0)" 1% (sin 0) % df = [ 3 (c0s6) : [T (52—
k=1 Hi:l (n — 21 — 1)

(sin @)% +1

n—1

Y

+ (cos «9)”_2j‘2]

n—4

ﬁn—l :/<Sin Q)n—lde _ [Z 2k+1<81n9?€” 2k— 4H (%2 _ Z)

=0 [Timo(n —2i —3)

cos 0

+ (sin 9)”_2]

n—1



2.1 The closing function for the rigid center (2-1) 31

Therefore, the first integral H,(r, ) given by (2-3), for even n, can be written as

n—2 n—2
1 s B e B
Hy,(r,0) = A=yt ao$dy — ; agj—18d95-1 — ; a2i$doj — Ap_1§0n_1.

In Cartesian coordinates, the expression of H, becomes

n—4
I ( ) 1 ao 2 ok+l yxn—Qk—4 (3:2 + y2>k+1 Hf:o (nT—2 _ z)
n\T,Y) = n— - )
(51:2 T y2>T1 (n—1) k=0 H?:o (n—2i—3)
i—1 . . . .
n Z a2j—1 JZ: 2 420 —2k=2 gn=2itl (332 + y2)k Hf:l(j — 1)
k .
(n—1) k=1 [[ie(n—2i—1)
n—2
2] 2 pn—2j+1 2 2j+1 n—2j—2
Y x
+Za23 1™\ (n 1) ;CLQJ (n_ 1)
n—2 n—2j—2 .
22: s 2 9k y2j+1 pn2i—2k-2 (3:2 + y2)k Hf:—()l (n—22]—2 . z)
_ - :
j=1 (n—1) k=1 [[imi(n—2i—1)
n—4
. xyn_g . a1 2 2k+1yn—2k—4 T (3:2 + y2)k+1 Hf:o (nT—Q _ z)
Ap—1 3
(n=1) (n—1) & [T, (n —2i — 3)
-1 yl.n—2
+ a
(n—1) (n— 1)]

(2-4)

The following lemma provides information about how an affine change of coordinates
modifies the expression of a smooth vector field presenting a rigid center at the

singularity.
Lemma 2.2. Consider the PSDS (2-1). The following statements hold.

(a) Performing the affine change of coordinates (u,v) = (byx+byy+dy, bsz+byy +
dy), with b; € R, d; € R, for i =1,2,3,4; j = 1,2 to the smooth vector fields
X (z,y), the center located at the point (dy,dy) remains rigid if and only if
by = by and by = —bs.

(b) Performing the affine change of coordinates (u,v) = (c1x + coy + My, c3z +
cy+ M), withc; € R, M; € R, fori=1,2,3,4; j = 1,2, to the smooth vector
fields X (x,y), the center located at the point (M, My) remains rigid if and

only if c, = ¢1 and c3 = —cy.

By [12] and Lemma 2.2, after the affine change of variables (u,v) =
(blili + be + dl,bgili + b4y + dg), with bz S R, dj S R, for i = 1,2,3,4; j = 1,2,
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and (u,v) = (1@ + coy + My, csx + c4y + Ms), with ¢; e R, M; € R, for i = 1,2, 3, 4;
j = 1,2, the expression of the PSDS (2-1) takes the form

Xl_(u,v) = (—U + dQ,U - d1>, (2-5)
and
X (u,0) = (X (u,0), X7 (w,0)) (2-6)
with X Pl(u,0) = My — v + (&F + &)V ™u — M) - S and X2 (u,v) =
n—1
u— M + (& + E)'"(v — M) - S, where S = Zai(CQ(u — M) + (v —
i=0

M) (er(u — My) — co(v — My))" "', The first integral of system (2-5) is
given by Fi(u,v) = \/(u—d)?+ (v —dy)?, or, in polar coordinates, F(r,0) =
V/(rcos — di)? + (rsinf — dp)2. Similarly, the first integral of system (2-6) is given

by equation (2-4) evaluated at the change of variables, that is,

i (cl(u = M)+ ex(My —0) (v = My) — (M - u)) |

a4+ a3 a4+ a3
Note that H,, can be written as Fy(u,v) = flgu’vi, where g1 (u,v) = [(u — M;)* +
g1 \u, v
(v — M)?2]"=" is a function involving a root, and fi(u,v) = Fy(u,v)gi(u,v) is

a polynomial of degree n — 1 given by fi(u,v) = By + Brou + Borv + Bau? +
Briuv + Boav? + -+ 4 Ba—2)0u™ % + Brn—sy W P04+ -+ Bin—syut™ 3 + By v" 2 +
Bn-1)0u" " + Brn—2y1u™ 20 + Bt 20 + -+ Bin_ayut" " + Bop_1yv™ !, with
the real coefficients By, Bi0, - - -, Bi(n—2), Bon—1) depending on the parameters cy, ca,
M, My and a;;, with 0 <4, j <n — 1. Thus, the limit cycles of the PSDS (2-1) are

determined by the solutions of the following closing equations

(2-7)

{ Fi(0,50) = Fy(0.31),
FQ(O,yo) = FQ(O,y1>.

From the first equation of (2-7), we have +/(—di)2+ (yo—do)? =
V(=d1)? + (y1 — do)?, which implies y; = —yo + 2dy for every yo, y1 € R with
Yo # y1. Now, from the second equation of (2-7), we obtain 0 = F5(0,yo)—F5(0,y1) =

f1(0,90)91(0, 1) — 91(0, 90) f1(0, y1). Substituting the expression of y; in the equation

above, we obtain the closing function M (y) given by

M(yo) = f1(0,%0)91(0, —yo + 2d2) — g1(0, v0) f1(0, —yo + 2d»)
= [0 + aryo + @2y + - -+ Aoyl A+ an1yy ] Y2(10) (2-8)
+[Oéo —+ al(—yo —+ 2d2) -+ Oéz(—yo -+ 2d2>2 + e+
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Fan—2(—yo + 2d2)" " + a1 (—yo + 2d2)" |1 (o)
= [ao +aqyo + aoys + -+ Ozn_zyg*2 + Oén_1y871] Y2(Yo)
+ [@o + yo + Tayd + -+ Wpayy 2+ Wy 1(v0) =0,

n—1

where 1 (y0) = 91(0,40) = (M7 + (yo — M2)*)"> ,72(v0) = 61(0, —yo + 2dp) =
n—1 .
(M12 + (_yO + 2d2 — MQ)Q)RT_l,Oéi = BOZ’ and 5j = ZOZZ' (:;) (ng)z_](—l)], fOI'

i=j
j=0,1,...,n—1.If g; is not a polynomial function, then equation (2-8) is not

polynomial. This fact differs from the odd-degree case studied in [12], where g; was
a polynomial function and consequently equation (2-8) was also polynomial, so that
its zeros could be determined directly. In contrast, in the even-degree case a different
analysis is required. In particular, from equation (2-8), we have that the function
f1(0,90) = ap + Yo + oyl + -+ + a2yl >+ ap1yy ' is a polynomial of degree
n— 1 in the variable gy, which contains all monomials of degree ¢ with 0 < ¢ < n—1.
The same holds for f(0, —yo +2ds) = qo+a1yo +Maye + -+ 0p oYy > +0n 195
Therefore, we get that:

(a) The product f1(0,y0)g1(0, —yo + 2ds) is composed of n monomials times the
rational power 2 (o),
(b) The product ¢1(0,0)f1(0, —yo + 2dz) is composed of n monomials times the

rational power 1 (yo).

In this way, the function M (yg) given in (2-8) is generated by the set of functions

B, = {72¥0): v2(¥0)Yo, - - - ¥2(Yo) vy~ 11 (Yo), 11 (Yo)vos - - - 71 (yo)yg ' }-

Therefore the problem of solving the system (2-8) is reduced to the number of zeros
that the elements of the space generated by the linear combination of functions in
B, can have in a given interval. In order to estimate the number of zeros of any

linear combination of elements of B,, we employ the theory of Chebyshev systems.

2.2 Proof of Theorem 2.1

2.2.1 Proof of Item (a) of Theorem 2.1

Assume dy # M, and dy = 0. Therefore, My # 0. Thus, the functions M (y)

and 7(yo) can be rewritten

[y

n—

M(yo) = > (2(y0) + 7 (o) (1)

<.
Il
o
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and (o) = (M2 + (yo + M)2) "z, while 71 (i) remains unchanged. Since M; # 0,
we have v1(yo) > 0 and (yo) > 0 for all yo € R. Consequently, the set 5,
becomes B, = {72(y0) — 71 (%), (72(¥0) +71(¥0))v0: (v2(¥0) — 11 (¥0))¥5 - - - » (72(¥o0) +
1 (y0))yy "'} In the following we prove that B, is an ECT-system for n = 4. In
fact, we have that By is given by By = {72(y0) — 71 (%0), (72(%0) + 71 (%0)) %0, (V2(%0) —
%1(¥0))W2: (v2(y0) + 71 (50))wi}, Where vi(yo) = (M2 + (yo — M>)?)2 and 75(yo) =
(M2 + (yo + M2)?)2. We denote by fo(yo) = 72(y0) — (%), fr(yo) = (2(v0) +

Y (Wo))vo: f2(yo) = (12(¥0) — 71 (%0))¥s and fa(yo) = (12(y0) + M (vo))ys. The
Wronskians are computed as follows

W(fo)(wo) = 72(y0) — n(yo) =0«
(M2 + (yo + Ma)?)2 = (M? + (yo — M»)?)2 &
MF + (yo + My)* = M + (yo — My)* &
(yo + Ma)* = (yo — M) &
ys + 2yoMy + M3 = y3 — 2y My + M3 <
4yo My = 0.

Since by hypothesis My # 0, 4yoMy; = 0 if and only if yy = 0. Hence, to
obtain W (fo(yo)) # 0, it follows that yo # 0. The second Wronskian is given by
W (fo, f1)(v0) = dyoMaWa(yo), where Wa(yo) = 3yg + 3(M? + M3Z)? + 2y2(3M7 +
5M3) + 3(7.(y0))"* (2(y0))/(y§ — M} — M), and

1/2

(M yo)? = (M? + (yo — M2)®)'?, (alyo)® = (M2 + (o + Mp)*) . (2-9)

Since My # 0, W ( fo, f1)(yo) = 0 if and only if yo = 0 or W5(yo) = 0. Note that

Wa(yo) = 0 <3y + 3(M? + M2)? + 2y2(3M? + 5M2)

, , (2-10)
=- 3(’Y1(yo))l/s(%(yo))l/s(y(z) - ]\412 - MQZ)

Squaring both sides of (2-10) and considering (2-9), we obtain:

(3us + 3(M7 + M3)* + 295 (3M; +5M3))" = 9 (M7 + (yo — Mz)?) ((yo + M)’
+M7) (yg — M7 — M5)* & Wai(yo) = Waa(yo)
(2-11)
where Wa (y) = 95 + (M2 + M2)* + 1292 (M2 + M2)2(3M? + 5M2) + 4§ (36 M2 +
60MZ)+2ya (2T M} +T8 MEMZ+59M,), and Was(yo) = 9y5 —36yS Mz —36y2 Mz (M:+
M3)? +9(M?E + MZ)* — 18y (M} — 2M2E M3 — 3M3). After subtracting Was(yo) from
Wa1(yo) and simplifying, we find that the degree-8 terms cancel and the constant
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term is zero. The result is a degree-6 polynomial of the form:
Pag(yo) = Canyg + Casyiy + Cosyl,

where Coy = 12(M7? + M3)*(3M} + 8M3), Coy = 8(IM} + 15MEM3 + 8My), and
Cos = 36 M? + 96M2Z. Provided that M; # 0, My # 0, all coefficients Chy, Coy, Cag
are strictly positive. Consequently, Pas(yg) > 0 for all yo # 0, and Py(0) = 0.
Substituting yo = 0 into the original equation (2-10) yields W5(0) = 0. Moreover,
for yo # 0, Pag(yo) > 0. Therefore, equation (2-11) has no nontrivial solution. Since
any solution of (2-10) must satisfy (2-11), it follows that (2-10) has no solutions
for yo # 0. Hence, Wy(yo) # 0 for yo # 0, M; # 0 and My # 0. Consequently,
W (fo, f1)(y0) # 0 under these conditions.

The Wronskian W (fo, fi1, f2)(yo) satisfies

yg M, W3(y0)
(71 (y0)) Y3 (2 (yo)) /3’

where Ws(yo) = (72(y0))"* (5 (—=3M7 — 8M5) + y3(3M7 My + 8M3) + y3 (—6M} —
AMEME) + yoMo(M}E + M3)x(3M}E + 8M3) — (ME + M3)*(3M7 + 8M3)) +
(71 (o)) 3 (A (3ME + 8M2) + y3 (BMEMy + 8M3 )+ (6M + AMZMZ) + yo Mo (M? +
M3)(3ME+8MZ)+ (M} +M3)?(3M} +8M3)). Note that W (fo, f1, f2)(yo) = 0 if and
only if yo = 0 or W5(yo) = 0. We denote by W1 (yo) = (72(yo))"? (yg (—3ME—8M3 )+
Yo (BMP My +8M3) + yg (—6 M} — AMP M) + yo Mo (M7 + M3) (3M7 +8M3) — (M} +
M3)?(3ME + 8M3)), Wsa(yo) = (71 (¥0))'/* (yg (3M7 + 8M3) + yi (3MP My + 8M3) +
Yo (6 M} + AMEMZ) + yo Mo (M7 + M3)(3MF + 8M3) + (M} + M3)?(3M7 + 8M3)).
Then, we have that

W(fm 1, fz)(yo) =

Wi (yo) =0 < W1 (yo) = Waa(yo) &
(Wa1(10))? = (Waa(10))? <
(Wa1(90))? — (Wsa(y0))* = 0. (2-12)

From the last expression in (2-12), we obtain a degree-10 polynomial in yq, and, after
simplification, it reduces to —4yg M3 P34 (yo) = 0, where Ps4(yo) = Ca4ya+Cs2y2+Cso,
with C34 = (—45M} — 144M2M2 — 64M3}), Csy = —90MP — 54 M} M2 +160MEM +
128M9, and C3p = — (M} + MZ)*(45M7 + 144M? M3 + 64My). Next, consider the
change of variables s = y2, so that Ps4(yo) becomes Psy(s) = C345% + C3a5+ Cs9 = 0
and the solutions of this equation are given by

. :—032 +1/(C32)? — 4C34Cx
1,2 5Cos :

(2-13)
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The discriminant of (2-13) is given by: Ay = (C33)* — 4C3,C3g — MEMZ(3M? +
AM2)(OM? + 8M3)*(15M? + 16M2), and note that A; < 0 for any nonzero values
of My and M. Thus, s15 are not real solutions of Psy(s) = 0, which implies that
P34(y0) = 0 has no real roots. Therefore, the condition —4y3M3P34(ye) = 0 is
satisfied if and only if yg = 0. Consequently, we conclude that W ( fo, f1, f2)(yo) # 0
for yo # 0. Finally, consider W (B,)(yo). We have

6144 y8 M}

W(B1)Wo) = 5 )

Wi(yo),

where Wy (yo) = yS(15 M2 +8M3)+3ya(5M{—T7M2M3Z —8 M) —3y2 (M2 +M232)(5M; —
TM} M3 —8My) — (M7 +M;5)? (15 M7 +8M3 ) +(71 (40))/* (72(0)) /* (yg (15 M7 +-8M5) —
2y (TMP M5 + 8M3) + (M7 + M5)*(15M7 + 8M3)) and (71(yo))"/* and (72(yo))'/?
defined as in (2-9). Note that W (B4)(yo) = 0 if and only if yo = 0 or Wy(yo) = 0.
Working in the same way as we have done in the previous case, we have

Wi(yo) =0 < Wi (yo) = Waa(yo) &
(War(y0))? = (Waa(y0))”
(War(%0))* = (Waa(yo))* = 0, (2-14)

where, Wai(yo) = yS(15M2 + 8M2) + 3yd(5MP — TM2MZ — 8M2) — 3y2(M? +
MEGME — TMEME — M) — (MP + MEP(SME + SM3), W) —
(M (y0))"? (v2(y0)) P (Y3 (15MF + 8M3) — 2y3(TMPM5 + 8My) + (M} + M;)?
(15M7 + 8M3)). Solving (2-14) and simplifying, we obtain the expression
—AMlysPus(yo) = 0, where Pu(yo) = Cuy; + Cpyd + Cyp with Cyy =
3(THME + 160M2MZ + 64ML), Cho = (450MP + 510MAMZ — 320M2 M2 — 334M9),
and Cyg = 3(M? + M3Z)*(75M} + 160M7 MZ + 64My). Thus, consider the change of
variable s = y2, then Py (yo) becomes Py (s) = Cyy8* + Cyas + Cyo = 0. In this way,
the solutions of Py,(s) = 0 are given by

- —Cyp £/ (C2)? — 4C1,Cyg
1,2 2044 )

whose discriminant is given by A, = —(810000M{°M} + 3225600MSMy +
4807680 M M + 3178496 M M3 + 786432M2M0). Note that A, < 0 for all nonzero
values of M; and My; therefore, s, are not real solutions of Py4(s), which im-
plies that Pu4(yo) = 0 has no real roots for M; # 0 and M, # 0. That is,
—4 M3 yg Pu(yo) = 0 if and only if yo = 0, concluding that for nonzero M; and M,
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we get W(By)(yo) # 0 since yo # 0. In summary, for M; # 0 and My # 0, we have

W(fo)(yo) #0, W(fo, f1)(yo) #0, W(fo, f1, f2) (o) #0, and W (Bs)(yo) # 0,

provided yo # 0. Therefore, by Theorem A, we conclude that the set By is an ECT-
system on R\ {0}. Additionally, the function M is given by

M(yo) =(72(y0) — 11(y0)) o + (71(0) + 72(40))voar + (12(vo) — M (?JO))Z/(%OQ
— (m(yo) + 12(w0))ygovs,

where oy = W — (& + 3P + ag(caMy + 1 Ms)? — ay(cy My — coMy)?

az(—3c1A M3 + 3cico M3 + 3 My(3M7 + 2M2) — &3 (2M3 + 3M M2)) + ao(3c3 o M3 +

30102M5+03M1(2M2+3M2)+Cl (3M2M2+2M )):| , (X = 2C§M1M2 -

W{ o=
36102M2—Cl(M2+2M2>>—a162(01M1—CQM2>2—CLQCl(CQM1+01M2>2+CL3(2C§’M1M2—
3C%CQM22 — Cg(Ml2 + 2M22)) , iy = W{QO(Cng + 2C?MQ + 3010§M2) +

alc%(_clMl + CQMQ) + CLQC%(CQM:[ + ClMQ) + &3(—C?M1 + 3C%CQM2 + 20%M2)j| , O3

ao(—2c¢3 — 3c1c3 — ayc3 — axc?) + az(—3ciey — 2¢3)
3(c2 + c3)/? '
Now consider the Jacobian matrix .J of the coeflicients a; of M (yy) with respect to

a;, j =0,1,2,3, given by

€11 €12 €13 €14

- 1 €21 €22 €23 €24
2 219/2 )

3(c +¢3)%% | es ez es3 esy

€41 €42 €43 C44

where ey; = 3cico M} + 313 My + c3(2MP + 3MMZ) + 3 (3MEMy + 2M3), e15 =
— 3 MP43ciey MEMy—3cicA My M3 +c3 M3, e13 = c3 M3 +3cyc3 M2 Mo+ 3¢ co My M2 +
M3, ey = —3c1cAM3 + 3cey M3 — c3(2M} + 3My M2) + c3(3MEMy + 2M3), e9 =
3(—23M My — 3cicaM3 — G(M? + 2M3)),e20 = —3ca(ei My — coMy)? 93 =
3(—c1AM?E — 23 oM My — M3 60 = 3(—c3ME + 263Mi My — 3c3coMZ —
2c3M32),e31 = 3(cSMy + 263My + 3c163My),e30 = 3(—cicaMy + c3Ms), e33

3(E(caMy + 1 My)), e34 = 3(—c3 My + 3cicaMy + 2¢5My), €41 = —2¢3 — 3c103, €49 =
—c3 ey3 = —c:f, eqs = —2(3ct + 2¢2). The determinant of the matrix J is given by
det(J) = g(cj\f . Since by hypothesis ¢? + ¢3 # 0 and M; # 0, it follows that

det(J) # 0. Moreover, this matrix is a 4 x 4 matrix of full rank. This demonstrates
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that the coefficients «; are linearly independent with respect to the parameters a;
for j =0,1,2,3.

In conclusion, since the set By is an ECT-system on R\ {0} and M (y,) is expressed
as a linear combination of the elements of B, with coefficients that are linearly
independent with respect to the parameters a;, we can conclude that M (yg) has at
most 3 zeros. Moreover, there exist suitable choices of the parameters such that the

upper bound is achieved.

However, yo = 0 is always a solution of M (y,) and this trivial solution does not
correspond to a limit cycle. Therefore, M (yo) has at most 2 zeros. Note that if y,
is a solution of M, then y; = —yg is also a solution of M. Moreover, each pair
(Yo, y1 = —yo) determines a limit cycle. Consequently, the PSDS X; 4 can have at

most 1 limit cycle and this upper bound is reached; see Example 2.4.

2.2.2 Proof of Item (b) of Theorem 2.1

Assume dy = M, with M; # 0. In this case v1(yo) = 72(v0) # 0, and

consequently the function M is given by

Yo) = 71 (%) Z%‘yga (2-15)

where w; = (ozj —1—2%(,) (2Ms)" 9 (— 1)j+1). Moreover, the set B, becomes

B =71 uo) {1, y0, 53, -,y '}, with 71 (o) = (M2 + (yo — M2)?)"F > 0. We claim
that B, is an ECT-system. To prove this, we apply Theorem A, which requires
verifying that: under the above conditions, v1(yo) is smooth and non-vanishing
on I = R and requires showing that the Wronskian W (By)(yo) # 0 for each
0<k<n-—1andall yo € I. We proceed by induction on k. For k = 2:

I o

W(1>y0) = 0 1

£0

Assume that W (1,yo,...,ya %) # 0 for k = n — 2. This is always possible because

this Wronskian equals the determinant of a triangular matrix, which is the product
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of its diagonal entries, all nonzero. Then, for £ =n — 1, we have

Loy .. v v
0o 1 ... (n—2)ya? (n—1)ys 2
B 00 ... m=3)Yn—-2y™" (n—=2)(n—1)ys*
W(lay()v"'uyg 1):: . . ’ ’
0 0 ... (n—2)! (n— 1)y
0 0 ... 0 (n—1)!

=W(Lyo, -5 )n—1I#0,

by the induction hypothesis. Therefore, by Theorem A, the ordered set of functions
B, is an ECT-system on I. Since M can be expressed as a linear combination of the
elements of B,,, we conclude that M has at most n — 1 zeros. However, similarly to
the previous case, yo = ds is always a zero of M (yo), which does not correspond to
a limit cycle. Hence, M has at most n — 2 zeros. We conclude that X ,, can have at

most ”7_2 limit cycles for even n.

In the following we analyze the linear independence of the coefficients w; in terms
of the original coefficients a;,j = 0,...,n — 1. In fact, this is an important aspect
for the rigorous application of Chebyshev theory to estimate the number of zeros
of the closing function M/(yo) is to establish that the perturbation parameters a;,
with j = 0,...,n — 1, produce linearly independent effects on the closing function
coefficients. In what follows, we analyze this property. Note that the coefficients
of the closing function given by (2-15) w; depend linearly on the perturbation
parameters a = (ag,...,a,_1) and non-linearly on the geometric parameters p =
(c1,c,do, My, My). Let Coefy(a,p), for | = 1,...,n, denotes the [-th coefficient of
M (yo) as a linear combination of the n functions in B} = U?:_Ol yi. Note that these

coefficients are {wy, ...,w, 1}. We define the n x n Jacobian matrix A(p) given by

that associates the parameter space R" to the coefficient space R™. The effects of
the parameters a; on the closing function are linearly independent if and only if
the rank of this Jacobian matrix is maximal, i.e., Rank(A(p)) = n, for geometric

parameters p belonging to an open subset of the parameter space.

However, note that for each pair of zeros of the closing function M (yq) we have only
one zero of the displacement map. Therefore, our purpose now is to prove that the
Rank(A(p)) = %.

2



2.2 Proof of Theorem 2.1 40

To justify this claim, we select the geometric parameter po defined by ¢; = 1, ¢ = 0,
M; =1, My = 0, and dy = 0. Evaluating the polynomial f1(0,y) under this choice

of parameters yields the following expression:

—1)™yag ao 154 ok+l Hf:o(nT_Q_i) (=1)" 2y (1 4 ¢2)1HF
£(0,y) :_1+( )"y . Z ( ) Y Y

n—1 n—1: [T} o(n —2i —3)
n=2 . k . . nd-1—927 97—
+22: a2j-1 i <Hi:1(] - Z)) (=1t =2y 22k =2(] 4 g2)k
% :
=T 1 k=1 [Timy(n—1—2i)
+§ (g1 (—1)" 1720y —2 L O (—y™2)
. n—1 n—1
j=1
= ag; & (Hfz_ol(n_éj_2 - Z)) (1) 2Ry (1 4 g2
_ _ |
n- k=1 [Tm(n—2i—1)

ot okl <Hf:0(nT—2 _ z)) (— 2R (1 4 2) 1+

2

Ap—1 2 :

_ k .
n 1 k=0 Hz‘:o (n — 21— 3)
n—2

2 25,,1427

a2] ” Jy J
n—1

Jj=1

(2-16)
Thus, from (2-16) we obtain the expression for M(yo) = F3(0,30) — F2(0,vy1) =
[£1(0,90) — f1(0, —yo + 2d2)]71(y0) in terms of the original parameters a; (j =
0,1,...,n— 1):

M (yo) _yo{ 200 + a0 \- 2 Hf 0 (kTQ _ ) 1+k (1+k)y0 I nié m
n—1 n_lk:o o(n —2i— 3) = n—1
n—2 n-2j-2 .
. = ag; 2 gkt H (n 2j—2 z) (—1)n2-2k-2 Zf:o (Ilf)yg(l+]):|
iU [1E,(n—2i—1)
x n(yo) =0, (2-17)

where, for this choice of parameters, v,(yo) = (1 + %2)"z . Excluding the trivial
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solution yo = 0, a detailed structural analysis of (2-17) reveals which powers of
yo are affected by each a;. Consequently, the dependence of the coefficients w; on

the parameters a; leads to the conclusions summarized in Table 2.1. The analysis

Parameter a;, | Type of yo Power Affected | Range of yo Powers Affected

ao odd Yoyt .y
ay none ---
s odd vyt
as none ---
a odd vty Lyt

an o (last even) even only 3"

a1 (last odd) none ---

Table 2.1: Influence of perturbation parameters ay on the
powers of yo in M(yo) for even n.

reveals that the parameters a; with even j only affect coefficients wj with & even,
while parameters a; with odd j do not affect any power, since they do not appear
in the expression for M(yp), that is, the odd powers of y, vanish for this choice of
parameters, possessing a triangular structure given by the minimum power affected
by each a;. Note that after eliminating the trivial solution in the equation for M (y,),
the dimension of the matrix A reduces to (n — 1) x n. Furthermore, the matrix A

can be rearranged, through permutations of rows and columns, into a block diagonal

A:<m v)
0 0

where A; is square block of order n/2 x n/2. Furthermore, the structure detailed in

form,

Table 2.1 regarding the minimum power of y, affected by each a; ensures that the
matrix A; is a triangular matrix with non-zero diagonal entries. Since the maximal
rank n/2 is achieved for a specific non-degenerate parameter choice in A = A(py),

it holds for A(p), on an open set of the parameter space.

We conclude that the parameters ay,...,a,_1 exert linearly independent effects on
the n/2 coefficients of the displacement function for any even n. This ensures that
the system possesses n/2 degrees of freedom given by the perturbation parameters.
For the representative case n = 4, we can explicitly compute the Jacobian matrix

A(po) of order 3 x 4 given by

A(Po) =

N O W
o O O
— o O
o O O
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It is straightforward to verify directly that the rank of A(pg) is two. However,
following the general argument, we examine the 2 x 2 submatrix A;. Rearranging

its rows and columns, we obtain the block triangular matrix

3000
2100
0000

This confirms the block structure given by the previous analysis where diagonal block
is triangular with non-zero determinants (det(A;) = 3). Therefore Rank(A4;) = 2,
and consequently, Rank(A(po)) = 2.

Remark 2.3. Although the preceding analysis was carried out for a specific choice
of geometric parameters, the result holds for the general n x n case (or equivalently,
for the (n — 1) x n matriz A), as illustrated by the following example with n = 4.

The general n — 1 x n matriz A(p) for this case is explicitly given by:

A(p) = —2¢1 (263 + 3¢3) My —2¢3 M, —2c3 My —2¢9 (3¢ + 2¢3) My

c1 (3c3M?E + 22 M2 + 3cAM2) o (BcAME+ AM2) 1 (3c2AME + 2M2) ¢ (3cAM3E + 32 M2 + 2c3M32)
1 (2¢2 + 3c3) c3 c 2 (3¢ + 2¢3)

A direct computation yields that the rank of the matriz A(p) is 2. In fact, note
that the second line is equal the product of the third line by —2M,. In this way,
we conclude that two of the coefficients w; (7 = 0,1,2) are linearly independent in

relation to the parameters ag, a1, as,as for n = 4.

2.3 Some examples

We present two numerical examples for each case of Theorem 2.1 for n = 4.

Example 2.4. Consider the PSDS

X;<x7y>:(_y7x+2>7 Z‘<0,
X (z,y) = (X (2,y), X, P (2,y), w2 >0,

X1,4(I,y) = {

where

(z 4+ 5)(32 + 2y + 5) (1922 — 52(y — 43) + y(Ty — 95) + 775)

XN x,y) =~y +5— e ,

and

_ 2 1 2 4 _
X y) =g +5— YZEr 2y +5) (19 1755367(; 3) +y(Ty = 95) +775)
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System (2-18) corresponds to system (2-6) with the parameter choices d; = —2,
dy, =0, ¢ = 2,¢c0 = —-10, a0 = —1, a4 =1, a5 = =3, a3 = 3, M; = —5,
and My = 5. By solving the first equation of the respective system (2-7), we obtain
Y1 = —yo. Furthermore, the function

Fy(z,y) ! (—3(14z + 695)y*

T 10967424v/26(x(x + 10) + (y — 10)y + 50)3/2
+ 3(2(57z + 710) + 5250)y — 3(x(x(17x + 540) + 4475) + 22067)
+125y°)

is the first integral of X, . Thus, the solutions of equation F»(0,yo) = F»(0, —y0),
that is, the zeros of the aforementioned function M (yo), are given by y; = 0,
Y2 = —6.00236, and y3 = 6.00236. Note that y} is the tangency point of X| with the
separation line. See Figure 2.1. The other two solutions correspond to the crossing

limit cycle intersecting the separation line at these points.

10+

-10 -5 0 5
Figure 2.1: The limit cycle of the PSDS (2-18), where
dy = 0.

Unlike Item (a) of Theorem 2.1, if dy # 0 there exists PSDS with more than one
limit cycle. In the following example we present another choice of parameters a and

p such that the PSDS presents three limit cycles.
Example 2.5. Consider the PSDS

Xi(w,y) = (-y+2,2+2),

Xia(z,y) =
1,4( y) { XI([II,y) _ (XIJ(:E,y)aXIyQ(x’y)) 5 T Z Oa
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where

XM, y) = —y + ﬁ (2(—4 + 2)(8629(—4 4 ) + 1976(—4 + )%y — 13359(—4 + 2)y* + 37254y3)>,
and

X2 (x,y) = 1211945 <121945(74 + x) 4+ 17258(—4 4 2)*y + 3952(—4 + x)%y? — 26718(—4 + )y° + 74508y4) .

Observe that the above system corresponds to system (2-6) with dq = —2, dy = 2,
Cc = —%, Cy = %, ag = —7, a; = —%, a9 — —30, a3 = —30, Ml = 4, and M2 = 0
By solving the first equation of the respective system (2-7), we get y1 = 4 — yo.

Furthermore, the function

_ 2v2
10609215v/29 ((z — 4)2 4 y2)*/*

Fy(x,y) (223524(33 — 4)y? — 51774(x — 8)zy

+ 152968z ((z — 12)x + 48) — 7798y — 828384y — 9911897)

is the first integral of X, . Thus, the solutions of equation Fy(0,10) = F5(0,4 —
Yo), that is, the solutions of M(yo), are given by y; = 11.327008825003787,
Y2 = —7.327008825067321, y3 = 5.1418638050573655, y5 = 4.027216667769918,

g8 = —1.1418638050577559, y¢ = —0.027216667769995536, and i = 2. Note
that F>(0,51) = F5(0,43) = —0.0041509418886195625, Fy(0,y3) = Fy(0,33) =
—0.006960423929763933, and F(0,y8) = Fy(0,48) = —0.007649789524607148.

Therefore, there are three limit cycles passing through the pairs of points (0,y})
and (0,vy2), (0,43) and (0,v3), and (0,y5) and (0,yS). See Figure 2.2.

The next example illustrates the upper bound for the number of limit cycles for item
(b) of Theorem 2.1 for the case n = 4, presenting a PSDS with exactly one limit

cycle.

Example 2.6. Consider the PSDS

T1aley) X (7,y) = (~y+2,2+2), z <0,
x, = . —, —,
T Xy = (X @) X @) ez,

where

- 1
XY ey =2—y+ 1—75(3: -1) <1175 + 232 — 1245y + 427y* — 52y° — 232%(Ty — 11) — 232(45 — 34y + 41/2)>,



2.4 Brief conclusion 45

— T

—
~

Figure 2.2: The limit cycles of the PSDS X1 4 for do # M.
Note that both the outer and inner limit cycles
are repelling, while the middle one is attracting.

and

- 1
X 2y =—1+a+ 1—75(;1; - 2)( — 1175 — 2323 + 1245y — 427y? + 52y + 232 (—11 + Ty) + 232(45 — 34y + 5y2)).

Observe that the above system corresponds to system (2-6) with dy = —2, dy = 2,
Cl:—3,CQ:1,&0:—7,&1:—&77,a2:—5,a3:—5, MlzlandM2:2.
By solving the first equation of the respective system (2-7) we get y; = 4 — yo.

Furthermore, we have that

Fa(z,y) 1
xr,Yy) =
’ 5250v/10 (5 — 2 + 22 — 4y + y2)*/

( — 650 + 2562° — 135y + 258y* — 69y°

+ 2%(69y — 933) + 32(565 — 254y + 52y2)>

is the first integral of 7:. Then, the solutions of the equation Fo(0,y) = Fo(0,4 —
Yo) are given by yt = 1,y = 2 and y§ = 3. Note that F5(0,1) = F5(0,3) = —52;"3/5.
Therefore, there exists a limit cycle through the points (0,1) and (0,3), as shown in

Figure 2.5.

2.4 Brief conclusion

In this chapter, we investigated the maximum number of crossing limit

cycles for a PSDS composed of two rigid centers separated by the line x = 0.
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Figure 2.3: The unstable limit cycle in red of the PSDS
X1,4 fOT d2 == MQ.

For an even degree n, we proved that the system admits at most (n — 2)/2 limit
cycles provided that do = M. Furthermore, specifically for n = 4 with dy = 0 and
ds # M, we established that the sharp upper bound is 1. These results extend the
study developed in [12]. Finally, Example 2.5 demonstrates that the upper bound
obtained in Item (a) is sensitive to the condition dy = 0. By taking ds # 0, a system
with n = 4 can exhibit three crossing limit cycles, thereby surpassing the bound

established for the restricted case.

In the next chapter, we will continue studying the maximum number of limit cycles
in rigid piecewise smooth dynamical systems. We will consider a system with a
discontinuity at y = 0, composed of two rigid differential systems of degrees m and
n, respectively, where m < n. In this system, P and ) are homogeneous polynomials

of degrees m — 1 and n — 1, respectively.



CHAPTER 3

Limit cycles of piecewise smooth dynamical
systems formed by two rigid systems

separated by a straight line

Based on [36], in this chapter we study the maximum number of limit cycles
in some classes of discontinuous piecewise differential systems formed by two rigid
systems separated by a straight line. These rigid systems are formed by a linear
center plus a homogeneous polynomial of degree 2, 3, 4, 5, 6. Therefore, for these

classes of systems we address the extended 16th Hilbert problem.

Without loss of generality, we set the straight line as y = 0 and we consider the

piecewise smooth dynamical system formed by rigid systems (3-1) and (3-2):

i=—y+axA+ P(z,y) = X, (z,9),

y=r+yA+Px,y)) = X, (2, y),
where P(z,y) is a homogeneous polynomial of degree m — 1, and
rT=—y+xA+ Q(x, =Y (z,y),
y+aA+Q(x,y)) =Y, (2,y) (3:2)

J=r+yA+Q(z,y)) =Y (x,y),

where Q(x,y) is a homogeneous polynomial of degree n—1. As usual, the dot denotes

derivative with respect to the time ¢.

Thus, our main result is the following one.

Theorem 3.1. Consider the PSDS separated by the straight line y = 0 and formed
by the two rigid polynomial differential systems (3-1) and (3-2) of degree m and n
respectively, with m < n, where P and () are homogeneous polynomials of degree
m — 1 and n — 1, respectively. Then the PSDS has

(a) at most 1 limit cycle if m = n = 2 and the bound is reached;
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(b) at most 2 limit cycles if m = 2 and n = 3 and the bound is reached;
(¢) at most 3 limit cycles if m =2 and n = 4;

(d) at most 4 limit cycles if m =2 and n = 5;

(e) at most 5 limit cycles if m = 2, and n = 6;

(f) at most 1 limit cycle if m = n = 3 and the bound is reached;

(g) at most 4 limit cycles if m = 3 and n = 4;

(h) at most 2 limit cycles if m = 3 and n =5 and the bound is reached;
(i) at most 5 limit cycles if m = 3 and n = 6;

(j) at most 1 limit cycle if m =4 and n = 4 and the bound is reached;
(k) at most 6 limit cycles if m =4 and n = 5;

(1) at most 6 limit cycles if m =4 and n = 6;
(m) at most 1 limit cycle if m =n =5 and the bound is reached;

(n) at most 8 limit cycles if m =5 and n = 6.

The rest of the chapter is dedicated to prove Theorem 3.1.

3.1 Proof of Theorem 3.1

If the degrees of the polynomials P(z,y) and Q(z,y) are > 2, then the
eigenvalues of the linear part of the differential systems (3-1) and (3-2) at the origin
of coordinates are A 4. So the origin is a hyperbolic focus if A # 0, and it is a weak

focus or a center if A = 0.

3.1.1 Case (m,n)=(2,2)

When (m,n) = (2,2), the homogeneous polynomials P(z,y) and Q(z,vy)
have degree one, and we have the PSDS separated by y = 0 and formed by the two
rigid systems defined by the vector fields

X5(z,y) = —y+ (A + a1z + agy),
Xo(w,y) =4 - (3-3)
X2 (Zlf, y) =T + y(>\ + a1 x + a2y)>

and
Yy (z,y) = =y + z(A + biz + bey),

ey = {YQQ(% y) =2+ y(A + b1 + byy). S

We write these two differential systems in polar coordinates (r, #), where z = r cos

and y = rsinf. Then system (3-3) becomes

7 =1+ r*(a; cosf + agsinf), 0=1.
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or equivalently
dr

e
Thus, the solution r(6) of the differential equation r’(#) such r1(0) = ry is

/

r = 1A+ 1r%(a; cosf + ag sin 6).

B ePro(1 4+ A\?)
1 —agrg + a1rgh + A2 + e@rg(ay — a1 \) cos § — e@rg(a; + ag\)sin 6’
(3-5)

T (0)

Similarly system (3-4) in polar coordinates taken 6 as the new independent variable

writes
, dr

~ o

and its solution ry(#) such ro(m) = ry is

r :r)\+7"2(b1 cos @ + by sinf).

ro(0) = ePri (14 \?)
N ™ (1 + bory — byri A + A2) — €@y ((—by + by A) cos 0 + (by + boA\) sin6)
(3-6)

The trajectory r1(6) of the vector field X, such that 1 (0) = rg intersects the straight

line y = 0 at the point (r1(7),0). Then since we want to concatenate the solution

r1(f) with a trajectory of vector field Ys, we consider the solution r5() such that
ro(m) = r(m). Now we want that after a time 7 the solution 75(f) intersects the
straight line y = 0 at 7y, in this way the PSDS will have a periodic orbit. If this
periodic orbit is isolated in the set of all periodic orbits of the PSDS it will be a
limit cycle.

In summary, for studying the limit cycles of the PSDS formed by the vector fields
X, and Y3 we must solve the equation ro(27) = 7¢ for 7, i.e. the equation

e (A2 4+ 1)1y

1+ A2 + To(l + €7T>‘)(CL1A — Qg + €7T>‘(b2 — blA>> — o (3-7)
The solutions of this equation are
1—e™) (A +1
To,1 = 0 and To2 = ( ¢ ) ( ) (3—8)

Ay — CL1>\ —+ 677)‘ (b1>\ — bg) ‘

Since the origin is always an equilibrium point of the system, we only have the
solution ryo providing a periodic orbit. More precisely, if A = 0, then roo = 0
and if (ag — a;A + €™ (1A — by)) = 0, then ry» does not exist. So, in order that
ro.2 be positive and provide a periodic orbit we must have (1 — e“) (ag — a1 A +
e™ (by\ — by)) > 0, and then since the PSDS has only one periodic orbit, this is a
limit cycle. Statement (a) of Theorem 3.1 is proved.
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3.1.2 Case (m,n) = (2,3)

Now the PSDS is formed by the vector field X, defined in the previous case
and the vector field (3-2) with n = 3, i.e.

Yi(z,y) ==y +x(\+ biaz® + boxy + bsy?),
Y},(x,y):{ 3( Y) Y ( 1 2 LY 3y°) (3-9)

Yi(z,y) =2 + y(\ + b12® + bazy + bay?).
This vector field in polar coordinates (3-9) provides the differential system
oA+ %7*3(61 by + (b1 — by) cos(20) + bysin(20)), 6 = 1, (3-10)
or the equivalent differential equation

Iy 17"3(191 + b + (b1 — bs) cos(26) + by sin(26)).

T 2

The solution 75(#) of this differential equation such that ro(7) = ry is

r2(0) = VAN (3-11)
VEn /i + Ers

where

Ell :GZW)\((bl + bg)’l"% + (2 — bg’f‘%))\ + 2b1’l"%>\2 + 2)\3),
E12 = — 626)\((831 + bg)(l + )\2) + )\(—bg + (bl — bg))\) COS(29) + )\(bl — b5
+ bo ) sin(26)).

In this way, the limit cycles satisfy the equation (ry(27))% —r2 = 0, then we consider
the numerator of the equation (r»(2m))* — r = 0, and we obtain (14 e™) r3p;(ro),

where p;(rg) is the following polynomial of degree 2 in

p1(ro) = Coq + Craro + 02717"8, (3-12)

Coy = (em\ 2N BTN 1) A\ ()\2 n 1)2’

Cr1 =4 (N +1) (az — ay ),

Cop == (20} (€7 +1) X —daraz (€ + 1) A+ 205 (€7 + 1) + bpe®™ (7 — 1)
(N 4+1)) +b1e®™ (€™ = 1) (X" 430 + 1) + bge™™ (¢ — 1) (N +1).
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The polynomial p;(rg) can have two real positive roots. For instance, for the values
A=—1a, =10, ay = 15, by = 14, by = 12 and b3 = —2 it has two real positive
roots given by 7§ = 0.0757703 and 3 = 0.0776237, see Figure 3.1. For these values
of the variables and of the roots the denominator of the equation (ry(27))% — 73 is
different from zero. So the PSDS separated by the straight line y = 0 with the vector
fields X5 and Y3 can have two limit cycles. Statement (b) of Theorem 3.1 is proved.

0.025[
0.020
0.015}
0.010}

0.005}

1 1
0.074 0.076 0.078 0.080

Figure 3.1: Real positive roots for case (m,n) = (2,3).

3.1.3 Case (m,n) = (2,4)
Consider the PSDS separated by the straight line y = 0 and formed by
vector field X, defined in (3-3) and the vector field (3-2) with n =4, i.e.

Yz, y) = —y+ oA+ bia® + b’y + bsxy® + buy?),
Y4(33,y)={ ) (7,9) Y ( 1 2L°Y 3LY 1Y) (3-13)

Y2, y) =2 + y(A + bi2® + byx®y + byzy® + bay?).

The vector field Y, provides in polar coordinates the differential system
Ty =T+ 7"4(b1 cos® 0 + by cos? 0 sin 6 + by cos O sin’ O + by sin® 9), 0 = 1,

or equivalently the differential equation

, dr

== A 4 14(by cos® 6 4 by cos® Osin O + bs cos O sin® O + by sin® 6).

r

Then the solution 75(0) of this differential equation such that ro(7) = r; is

22 ) 1 2)(1 2\\1
ra(6) = 3e? 7y (( +)\;)( + 9 ))3’ (3-14)
By

with

Ey =431 4+ A (1 + 9N?) + 43 (by + 20y + 3b,0% — A(Thy + 2bs + 95, \?))
— 3 (=3(by + 3bs — 3(3by + b3)A) (1 4+ A%) cos 0 + (—ba + by + b1 A — b3))



3.1 Proof of Theorem 3.1 52

(1 +92%) cos 30 + 3(3by + b + 3bo A + 9b4A) (1 + A*) sin 6 + (1 + 9A?) sin 30
(by — b3 + baA — by ).
Thus, the limit cycles satisfy the equation (r(27))® — 73 = 0. Then we consider the
numerator of equation (ro(27))* —rg = 0 and we obtain the following polynomial of

degree 3 in r
pQ(T()) = 7’8(00,2 —+ 01727”0 + 02,27’8 + 03727”8), (3—15)

where

Coa = — (5 — 1)(1 + A?)3(1 4 9)\?),

Cra =3(1+ ™) (—az + arA) (1 + A?)(1 4 9X%),

Cop =3(1 4 €™)%(az — a1 )’ (1 + A*)*(1 + 9A?),

Cyp = <>\ (/\3 (903X + by (3A2 +7) +2bs) + A (03X + 5by + 4by) — by (A2 +1)

2

(932 +7) = 26 (A +1)°) = BadaaX? (942 + 1) + Bayadh (9% + 1)

— (a3 (9N + 1)) + by + 2bs) + 3™ (IN> + 1) (a1 — ao)® + 3¢*™ (9N* + 1)
(@ X — a2)® + (922 + 1) (@A — ag)® + €™ (A2 4+ 1) (= (95, A% + Tby + 2b)
+3b3A% 4 by + 2by) -

The polynomial ps(rg) can have at most three real positive roots. That is, the
equation (ro(2m))® —r§ = 0 has at most three positive real roots, or equivalently,
ro(27m) — ro = 0 has at most three positive real roots. So the PSDS separated by the
straight line y = 0 with the vector fields X5 and Y, can have at most three limit

cycles. Statement (c) of Theorem 3.1 is proved.

3.1.4 Case (m,n)=(2,5)

We consider the PSDS separated by straight line y = 0 and formed by two
vector fields X, defined in (3-3) and Yj

Y (z,y) = —y + (A + byt + box®y + bsz?y® + byxy® + bsy?),
%(x’y>:{5( y)=—y+az(A+b 227y + bsz®y” + byay® + bsy?) (3-16)

YE(x,y) = + y(\ + biz* + by + bsr?y® + byxy® + bsy?).
The vector field (3-16) in polar coordinates becomes

Fo =T A 4 1 (bl cos* 0 + by cos® 0sin 0 + b cos? 0 sin’ O + by cos O sin® +bs sin® «9) ,

b =1,
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or equivalently

,dr

r T =rA+4r (bl cos? 0 + by cos® 0sin O + by cos? 0 sin? 6 + by cos O sin® +bs sin? 6) )

Thus, the solution r5(0) of equation r’(6) such that ry(7) = ry is

2PN (T 4 5N 4 ANy
By

7o

where

Ey =8¢" (A + 5A* +4\%) — 1] (—e™ (by + 3bs — (5ba + 3bg) X + 4(bs — 26, A) N2
+b1(3 + 3207 + 32X%)) + € ((3b1 + by + 3b5) (1 + 5% + 4\)
— 4X(by + by 4+ 4(—by + bs)A) (1 4 A?) cos(20) + A(—by + by + (by — by + bs)\)
(1 + 4X%) cos(40) + 8A(by — bs + (by + ba)A\) (1 + A?) sin(26) + X (by — bs
+b5 4 baX — baX) (14 4X%) sin(46))) .

Then assuming 7 = r1(7) = ro(7), where 71(0) is the solution of (3-3) defined in
(3-5). Now consider the numerator of the equation (r(27))* — 73 = 0, and we obtain

+ e™)ryp3(rg), being p3(rq) the following polynomial of degree 4 in rq
1+e™)rg bei he followi 1 ial of d 41
p3(ro) = Co3 + Ciro + 02,37‘3 + 03737"8 + 04737"3,

where

Cos =8(—1 4+ ™) (1 + ¥ (1 4+ ™A1 + X2 (1 +4)?),

Crs = — 32X\ a1\ — ag)(1 4+ A2)3(1 +4)?),

Cog = —48(1 4+ ™) A(az — arA)*(1 4+ A%)*(1 + 4)?),

O3 =32(1 + ™)\ (ag — a1 A)®(1 + 5A2 + 4X\Y),

Cuz = —8(1+e™)Aag — a;\)* (1 4+ 4X2) + ™ (=1 + ™) (1 + ¥™) (1 + A?)?
(3by + by + 3bs — (5by + 3ba) A + (32b; + 4b3)A* — 8by A + 32b \*).

Now we shall use the Descartes’Theorem (see [6]).

Theorem 3.2 (Descartes’ Theorem). Consider the real polynomial p(x) =
a, © + @,z + -+ ag,a with 0 < iy <y < -+ <, and a;; # 0 real constants
for j € {1,2,--- ,r}. When a;;a;,,, <0, we say that a;; and a;,,, have a variation
of sign. If the number of variations of signs is m, then p(x) has at most m positive
real roots. Moreover, if the coefficients of the polynomial p(x) are independent, then

it is always possible to choose the coefficients of p(z) in such a way that p(x) has
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exactly m positive real roots.

By Descartes’ Theorem the polynomial ps3(rg) can have at most four real positive
roots. For instance, with the conditions, a; = —0.1, a3 = 1, by = =2, b, = 0, b3 = 10,
by =—1, b5 = —% and A = —1 we have four variations of sign. Therefore the PSDS
separated by the straight line y = 0 with the vector fields X5 and Y5 can have at

most four limit cycles. Statement (d) of Theorem 3.1 is proved.

3.1.5 Case (m,n)=(2,6)

We consider the PSDS separated by the straight line y = 0 and formed by
the vector field X, defined in (3-3) and the vector field (3-2) for n =6

Ya(e.1) Yi(z,y) = —y + 2\ + bia’® + bo'y + bsxy® + byx®y® + by + bey®),
6 ) =
Y (2, y) =x + y(\ + biz® + boxty + b3y + byx®y® + bsry* + bey®).
(3-17)

The vector field (3-17) in polar coordinates becomes

Fo =1\ + 10 (bl cos® 0 + by cos? @ sin 6 + by cos® Osin® O + by cos® O sin® 0
+bs cos O sin* 6 + bg sin® 9) ,
6 =1,

or equivalently

, dr

= 0 =rA 41" (61 cos® 0 + by cos* 0sin O + by cos® 0 sin? 0 + by cos? 0 sin® 0

r

+bs cos O sint 0 + bg sin® 9) .
Thus, the solution 75(#) of equation r’(6) such that ro(7) =7y is

ra(6) = 25e (14 A2)(1 + 25A2)(9 + 25)\2))%7"1’ (318)

1
5
E4

where

Ey =16 (9 + 3(3by + 2by + 8bg)r} — (1495 + 26b3 + 24b5)ri A
+ (259 4 10(11by + 3by)r)A? — 50(15by + b3)ri A3 + 125(7 + byr? ) \*
—625b1 77 A% + 6250%) — €217 (—10(by + by + 5bg — 5(5by + by + bs) )
(14 A*)(9 + 25A%) cos § — 5(1 + M) (1 + 250%) (5((—5by + bs + 3bs)\ — 3bg)
+9by + 3by) cos 30 + (by — by — bg + (b1 — bz + bs)A) (9 + 25007 + 625\*) cos 56
+10(5by + by + bs + 5(by + by + 5be)A) (1 + A%)(9 + 25A%) sin @ + 5(1 + \?)



3.1 Proof of Theorem 3.1 55

(1561 — 3bs — 9bs -+ 5(3bs + by — 5b)A)(1 + 2502) sin 360 + (9 + 25072 + 62509)
(bl - bg + b5 + (bg — b4 + b6))\) sin 59) .
Now consider 71 = ri(w) = ro(m) with r1(f) defined in (3-5).Then consider the

numerator the equation ry(27)° — 75 = 0 and we obtain (1 + e™)r5p4(ro), being

p4(ro) the following polynomial of degree 5 in 7
p4(7’0) = 0074 + 01747”0 —+ 02747”3 —+ 03747”8 -+ 04,47’3 -+ 05,47’(5),

where

Coa =(1 — ™ + ¥ — 3™ L ™) (1 — ™) (1 + A2)5(9 + 25007 + 625)\%),

Cra =5(a ) — az) (1 + A")(9 + 2500 + 625)%),

Cou =10(1 4 ™) (ay — ar N\)*(1 + A3)3(9 4 2500% 4 625)1),

Cs4 =10(1 + €™)?* (a1 A — a2)*(1 + A*)*(9 + 250\ 4 625)%),

Cua =5(1 + ™) (ag — a \)* (1 + A?)(9 + 25007 + 625\1),

Csa =(1+ ™) (arA — a2)®(9 + 250\% + 6250*) + €”™ (1 — ™ + 2™
—e®™ 4 ™) (14 A%)* (24bg + 6b4(1 + 5A%) + ba(9 + 110A% + 125X%)
—\ (149b;y + 26b3 + 24bs + 50(15b; + b3)A? + 6256 A1) .

The polynomial py(r9) can have at most 5 positive real roots. For example, consider
A=—1,a1=10,ay, =15, by = by = b3 =by =0, b5 = —14 and bg = —12, with these
values there are 5 variations of sign. So By Descartes’ Theorem it can have at most
5 positive real roots, is that, the PSDS formed by the two vector fields X, and Yj
and separated by the straight line y = 0 can have at most 5 limit cycles. Statement

(e) of Theorem 3.1 is proved.

3.1.6 Case (m,n) = (3,3)

Consider the PSDS separated by the straight line y = 0 and formed by the
vector field Y3 defined in (3-9) and the vector field

r3(z,y) = —y + (A + a7 + axry + a3y2),

X3(xvy> = { (3_19)

zi(z,y) =2 + y(\ + a12® + agzy + azy?).

Thus the solution 71(6) of the vector field X3 in polar coordinates such that

r1(0) VRS (3-20)

V2NN /12 4 E5

r1(0) =19 is
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where

By =e*(—(a; + as)(1+ A?) + Xag + (—a; + a3)\) cos(20) — A(a; — as
+ az ) sin(20)) + A(—ag + 2a1\) + a1 + as.

The solution 75(#) of the vector field Y3 such that ro(7) = ry is given in (3-11). Then
solving the equation r9(27) = ry for 7y we have the following solution

; :\/ oM 4 2™ (14 \2)

ay + az — ag\ + 2a; A% + 2™ (by + by — boA + 201 \2)’

When ry > 0 the PSDS separated by the straight line y = 0 and formed by the
vector fields X3 and Y3 can have one limit cycle. Statement (f) of Theorem 3.1 is

proved.

3.1.7 Case (m,n) = (3,4)

We consider the PSDS separated by the straight line y = 0 and formed by
the two vector fields X3 defined in (3-19) and Y, defined in (3-13). We know their
solutions r1(#) such that 71(0) = ry and 75(6) such that ro(7) = ri(7). Then the

numerator of the equation 75(27)% — r§ = 0is A+ B = (0 where

A =226\ (A2 4 1) 13 (95, 0% + Thid — by (3X2 + 1) + 25\ — 2by)
+ 2026502 (A% 1) (Ard (Thy + 2b3) + 901 AP — v (by + 2by)
+ A% (10 — 3bor) + 9X* + 1),
B = ()\2 + 1) (9)\2 + 1) 70 ((62“)‘ — 1) rg (2a1)\2 +a; — as\ + ag) -2 (/\3 + )x))

\/a1 + a3 + A(—ag + 2a1\) — €™ (a1 + a3 — asA + 2a;A2) +2 (A3 + \) /rg.
Now we consider the equation A? — B2 = 0 and we obtain the polynomial
Ps (7’0) = 0075 + 02757”3 —+ 03,57’8 -+ 04,57’3 -+ 06,57’(6),

where

Cos =8 (2™ — 1) A (A2 +1)° (902 +1)°,

Cos =12 (™ — 1) (N + 1)4 (9N* + /\)2 (201 X% + a1 — ax) + a3)

Cy5 =16e"™ (™ + 1) A* (A2 4+ 1) (9A2 + 1) (95:3% + Thid — by (302 + 1)
+ 203 — 2by)

Cus =6 (1 — ™) A (A2 +1)° (902 +1)” Qa1 \® + a1 — aph + a3)”
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Cos =a? (202 + 1) (A 4+ 1002 + 1) (2™ — 1)7 + 3 (18)° + 200" + 1202 4 1)
(2™ —1)° (as — ap\)a? + 3ay (232 + 1) (A* + 1002 + 1) (™ — 1)°
(a = a2+ (N2 4 1)" (X (<9001 = Thid + 35222 + by — 26\ + 20)°
8™ (& 4 1) (A2 + 1) — ad (2™ = 1)" (9022 + 1)7) + 3aday)? (9N + 1)
(7 = 1)" = Baad (@ = 1)" (9030 + a3)” + 0} (90 +1)° (2™ — 1))
By Descartes'Theorem the polynomial ps(r) can have at most four positive real
roots. So the PSDS separated by the straight line y — 0 and formed by the two

vector fields X3 and Y, can have at most four limit cycles. Statement (g) of Theorem

3.1 is proved.

3.1.8 Case (m,n) = (3,5)

We consider the PSDS separated by the straight line y = 0 and formed
by the two vector fields X3 defined in (3-19) and Y5 defined in (3-16). We know
their solutions 71(6) such that r1(0) = ry and 75(f) such that ro(7) = ri(n).
Then we consider the numerator of the equation (ro(27))* —rj = 0 and we get

(=1 + e rdpg(ro), where pg(rg) is the following polynomial of degree 4 in 7
pe(ro) = Co + Caery + Cuery,
with

Cog =8(1+ ™) (1 + ™A1+ A?)2(1 + 42?),

Cas =8A(ay + az — ag + 2a;2%) (1 + 5A% + 4\Y),

Cue =2(1— e¥™) (1 + 4\ (ay + ag — agh + 2a:0%)? + ™ (1 4 2™ (XN + 2?)
(bg 4 3bs — Bba X — 3\ + 4X2(bg — 2boA) + by (3 + 32(A% + A1),

By Descartes’Theorem the polynomial pg(rg) can have at most two positive real
roots. For exemple, for the values A = 0.01, a; = —4.95409, ay, = 10, a3 = 5,
by = by = by = 0, b4 = 250000 and b5 = 2500.02 it has two real positive roots, rj = 1
and r§ = 1. See Figure 3.2. For theses values the denominator of the equation
(ro(2m))* — rg is different from zero. Moreover, with these values of the parameters,
rl and r2 = 2 are also roots of equation ro(27) — ry = 0. So the PSDS separated by
the straight line y = 0 with the vector fields X3 and Y5 can have two limit cycles.
Statement (h) of Theorem 3.1 is proved.
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Figure 3.2: Real positive roots for case (m,n) = (3,5).

3.1.9 Case (m,n)=(3,6)

We consider the PSDS separated by the straight line y = 0 and formed by
the two vector fields X3 defined in (3-19) and Yy defined in (3-17). We know their
solutions 7(#) such that r1(0) = 7o and ro(6) such that ro(w) = ri(7m). Then the

numerator the equation ro(27)° —rj = 0is A+ B = 0 where

A== ro(14+X)(1+25X2)4/ (1 — e2m)(ar + a3 — agh + 20 02) + 2(A + W) /r3
(9 4+ 25)?),
B =4v2¢7 N3 (14 X%)2 (7™(9 + 2590% + 875A* + 6250°) — (1 + ™)1
(24b6 + 6b4 (1 + 5A?) + b2 (9 + 110A% + 125X*) — X (149b; + 26b3 + 24bs
+50(15b; + b3)A* + 6256, 1%))) .

Now consider the equation A% — B? = 0 and we obtain (1+¢e™)(1+ A?)p;(ry), where

p7(ro) is a polynomial of degree 10 in 7
p7(7"0) = 0077 + 02777‘(2) + O4y7’f‘g + O5y7’f‘8 + 0677’/"8 + 0877’/"(% + 01077’/"(1)0,

where

Co7 =32(1 — ™) (1 + X)) (1 + ™ 4 5™ - 12™ 1 16 )2A5(9 4- 250027 + 625)\*)?
(14+22)°,
Cor =80(1 — ™) (ay + az — ag\ + 2a;A%) (A + A*)*(9 + 25007 + 625)\)?,
Cur =80(—1 4 ™)2(1 + e™)(9 + 2507% 4 6250")2(a; + az — ag) + 2a;\?)?
A (1+ A%)?,
Cs 7 =64e""™(1 — ™ + e¥™ — ¥ + ™A (1 + A?)*(9 + 250A% + 625)")
(24bg + 6b4(1 + 5A?) + bo(9 4 110A% 4 1250*) — A(149b; + 26b3 + 24bs
4 50(15b; + b3) A% + 625b, %)),
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Co.7 =40(1 — ™) (ay + ag — agh + 2a;2?)*(1 4+ A?)%(9 4 250)\2 + 625\*)?
(14 e™)2N%,

Cgr =10(—1 4+ ™) (1 + e™)3(ar + az — ag) + 2a1A*)*(9 + 250A% + 625)7*)?
M1+ N2,

Cror =(—1—€™) (=14 €™)°(a1 + a3 — a2X + 2a;2*)°(9 + 25077 + 625\*)°
(14 e7r)\)3 + 32610m<1 — ™ e2™h L g3TA 6471')\>2/\5<1 + )\2)3
(24bg + 6ba (1 + 5A?) + b2 (9 + 110A% + 125X%) — X (14by + 26b5 + 24b5
+50(15by + bs)A? + 625b1)\4))2) .

Note that the signs of the coefficients Cy, Cy and Cy are determined only by the
sign of A\. Assume \ < 0, then Cy < 0, Cy < 0 and Cy < 0. In this way, between
Cy, Cy and C} there are at most two variations of sign, between Cy, Cs, Cs and Cy
there are at most two variations of sign and between Cs and Cj, there is at most
one variation of sign. Therefore, there are at most five variations of sign between the
coefficient of p(rg). More specifically, the sign of the coefficient C's is determinated
by the sign of A; = (a3 + a3 — as\ + 2a;A?). We assume A; > 0 in order to Cy > 0.
The sign of Cj is given by

Ay = (24bg + 6bs(1 4 5A%) + bo(9 + 110N* + 125A1) — A (149b; + 26b3 + 24b5
+50(15b1 + b3)A* + 625b1A1)))

then assuming A < 0 we have C5 > 0. Now as A; > 0 then Cg > 0. Finally as
Ay > 0 we have C'yp > 0. Thus, we obtain five variations of sign, i.e Cy < 0, Cy > 0,
Cy<0,C5>0,C5 >0,Cs <0and Cyp > 0 for A < 0. On the other hand, assuming
A > 0 we have Cy < 0, Cy > 0 and Cg > 0. Thus between Cy, Cy and Cy there is
at most one variation of sign and between Cy, C5, Cg and Cy there are at most two
variations of sign and between Cg and (g there is one variation. In this way, for
A > 0 there are at most four variations of sign. For instance, consider A < 0, a; > 0,
az > 0, a3z > —ay, by = by =0, by <0, by <0, by = —2% and bs < 0, with this
conditions we have five variations of sign. In conclusion by Descartes’ Theorem the
polynomial p7(rg) can have at most five positive real roots. In this way, it follows
that the PSDS separated by the straight line y = 0 and formed by the two vector
fields X5 and Yg can have at most five limit cycles. Statement (i) of Theorem 3.1 is

proved.
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3.1.10 Case (m,n) = (4,4)

Now consider the PSDS separated by the straight line y = 0 and formed by
vector field Yy defined in (3-13) and the vector field (3-1) for m =4, i.e

Xz, y) = —y+ (X + a12® + aox®y + aszy® + asy?®),
X4(:c,y):{ 2 (2,y) Y ( 1 22Y 3LY 1y") (3-21)

Xi(x,y) =2 + y(A + a12° + ap2®y + azzy® + agy®).
The vector field (3-21) in polar coordinates provides the differential system
71(0) = rA + r*(a; cos® 6 + ay cos? Osin @ + as cos O sin® O + a4 sin® 0), 0=1

or equivalently the differential equation

_dr
Cdf

/

r =1+ 1(a; cos® @ + ay cos® O sin 6 + as cos §sin” § + ay sin® 6).

Then the solution 7 (#) of the equation /() such that r(0) = r¢ is

20X 2 2)\1
" (6) = 23¢ TO((1+)\;)(1+9)\ ))3’ (3.22)
Lg

where

Eg =— 1y (=3(az + 3as — 3(3a1 + az)A) (1 + A?) cos 0 + (—ap + ag + a1 A — az\)
(14 9A%) cos 30 + 3(3a; + az + 3az\ + 9as\) (1 + A?)sin @ + (a; — az + ax\
—as\) (14 9N?) sin 30) — 4r§(az + 2a4 + 3a22* — M(Ta1 + 2a3 + 9a11?))
+4(1 4+ A)(1 4 9)?).

Then assuming r; = r1(w) = r2(7), where 75(6) is the solution of (3-13) defined in

(3-14), we solve ry(2m) = 1o for ro. More specifically we consider the numerator of

equation (ro(27))3 — 13 = 0 and we get (1 + 3™ )rdps(ro), with pg(rg) being the

following polynomial of degree 3 in 7
ps(ro) = Cos + Cssrp,

where
Cog =(1 — ™) (1 + 10\* + 9\,

03,8 :9&1)\3 — a2(1 + 3)\2) + 637T/\(b2 + 2b4 — (7b1 + 2b3))\ + 3b2)\2 — 9b1)\3) — 2&4
+ (7&1 + 2&5))\
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1/3
The polynomial pg(rg) can have at most one real positive root rq = <—) )
Therefore the PSDS, separated by the straight line y = 0, formed by the vector

fields X, and Y}, can have one limit cycle. Statement (j) of Theorem 3.1 is proved.

3.1.11 Case (m,n) = (4,5)

Now consider the PSDS separated by the straight line y = 0 and formed
by the two vector fields X, defined in (3-21) and Y; defined in (3-16). We consider
their solutions 71 (#) such that r,(0) = ro and 75(#) such that ro(7) = ri(m). Then
the numerator of the equation (ro(2m))* —rg = 0is A — B = 0 where

A=—8AN1+5X+4\") (L+A)(1+9\) — (1+ ™) (1 —e™ + ™)
(as + 2a4 — Tas A — 2a3A + 3a22” — 941 %)) (=1 — A) (1 +9N?) + (e™ + 1)
(1 —e™ 4+ ¥ 13 (ay + 2a4 — Tay A — 2a3)\ + 3ap\? — 9a1/\3))1/3 ,

B =" (14 A)(1+9N)Y3 (8e*™ (X + 5AF +4X%) + (=1 + e™)(1 + ™)

(14 > )rg(bs + 3bs — (5ba + 3ba)A + 4b3A> — 8b2 A + by (3 + 32X% + 32)%))) .

Now we consider the equation A® — B? and we obtain (1 +e™)(1 4 A?)3pg(ry), being
po(r0) the following polynomial of degree 12 in

pg(To) = 0079 + 03797’8 -+ 04,97’3 -+ 06,97’8 -+ 08797”(8) —+ 09797”8 —+ 012797”(1)2,

where

Cog = —512(1 — €™ 4+ ¥™)(—1 + ™) (1 + ) (1 + ™A} (1 + A (1 + 40?)?
(1+ 94,

Cy9 = —2048(1 — €™ + ™) (A + 14)* + 49X° + 36)") (a2 + 2a4 + 3ax\’
A (Tar + 2a3 + 9a12%)) |

Cro = — 1922 (=1 4+ ™) (1 + ™ )AX(1 4+ A\?)*(1 + 9A?)* (b3 + 3bs — (5by + 3bs)A
+4(bs — 262 M)A + b1 (3 + 3207 + 32A%)) (1 + 4X%)?,

Co0 =3072(1 + ™) (1 — €™ + ™) (A 4+ 4X*)2(1 + 10A% + 9A*)? (a2 + 2a4 + 3az\?
A (Tar + 2a5 + 9a102))?,

Cgg = — 24" ™ (1 4+ ™) (=1 + €™ — ¥ + 3 ™)2A(1 4+ A?)%(1 + 42%)(1 + 9A\?)*
(bs + 3bs — (5by + 3ba) A + 4(bs — 202 A)A% + by (3 + 32X% + 3204))°

Cog = — 2048(1 4 €™)2(1 — €™ + ¥ )P A3 (1 4+ 4X3)3(1 + 1002 + 9\ (az + 2a4
+ 3a22” — A (Ta1 + 2a3 4 9a,3%))?,
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Clag =— (1 +€™)? (=512(1 + ™) (1 — €™\ + ¥ (A + 40*)? (ag + 2a4 + 3ax\’
A (Tay + 2a5 + 94, 2%))* + €2 (=1 + ™)1+ )3 (1 + A2)(1 + 9A2)*
(b + 3bs — (5by + 3ba) A + 4(bs — 20,0)X% 4 by (3 + 3222 + 320))°.

By Descartes'Theorem the polynomial pg(rg) can have at most six positive real roots.

For exemple, for the values A = 0.1, a; = 1, a = 0, a3 = —2, a4y = —1, by = 1,

by = b3 =0, by = —1, bs = 1 it has six variations of sign, that is, pe(rg) can have

at most six positive real roots. So the PSDS separated by the straight line y = 0

with the vector fields X4 and Y; can have at most six limit cycles. Statament (k) of
Theorem (3.1) is proved.

3.1.12 Case (m,n) = (4,6)

We consider the PSDS separated by the straight line y = 0 and formed by
the two vector fields X, defined in (3-21) and Yy defined in (3-17). We know their
solutions 7(#) such that r1(0) = 7o and ro(6) such that ro(w) = ri(7m). Then the

numerator of the equation r9(27)° — 75 = 0 is rj(A — B) = 0 where

A =14 1022 + 92 — (1 + ™) r3(ay + 2a4 + 3a:7* — M(Tay + 2a3 + 9a;\%)))
(94 25927 + 8750 4 625X°) (—1 — 10A* — OA* + (1 + €¥™)rd(az + 2a4
+3ay0% — A(Tay + 2as + 9a4,3%))) >
B =" (1 + A2)3(1 4+ 9A3)3(1 4+ 1002 + 9A*) (€™ (1 + A?)(1 + 2572)(9 + 25)\%)
+ (ry + €™ rg) (—6(by + 4bg) + (149b; + 26b3 + 24b5) A — ba(9 4+ 1104 4 125)%)
+5A%(—6by + 5A(2b3 + 5b1 (6 + 5X%))))) -

Then we consider the equation A3 — B?> = 0 and we get the polynomial
P10(r0) = Co10+ 037107‘8 + 057107‘8 + 06,107"8 + 09,107"8 + 010,107"(1)0 + 0127107‘(%2 + 015,107"(1)57

where

Co10 =(1 — ™) (1 + AH)3(1 4+ 9AH)?(9 + 250\% + 6251*)?,

Ca10 = — 5(1 4+ ™) (1 4+ A2)7(1 4+ 9A*)*(9 + 250\ + 6250")° (ag + 2a4 + 3a2\?
— MN7ay + 2a3 + 9a1>\2)) ,

Cs.10 =3e®™ (1 + ™) (1 + A2)7(1 + 9AH)P(9 + 25007 + 625)\*)?(24bg + 6b4(1 + 51?)
+ by(9 4 1102 4 125X*) — A(149b; + 26b3 + 24bs + 50(15b; + bs)\?
+ 6250:A1))),
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Co,10 =10(1 4 €*™)*(1 + A*)%(1 + 9A*)*(9 4 250A% + 6250")? (ag + 2a4 + 3ax N’
— M7ay + 2a3 + 9a1)\2))2 ,

Co10 = — 10(1 + €*™)*(1 + A?)P(1 + 9A?)(9 + 2500% + 625)*)? (a2 + 2a4 + 3az\?
— M7ay + 2a3 + 9a1)\2))3 ,

Croa0 = — 3™ (1 4 )2 (1 + A?)%(1 4+ 9A?)5(9 + 25007 4 625)\%)

(24b6 4 6b4(1 + 5A%) + ba(9 + 110A% + 125A") — X (149b; + 26bs + 24bs
+50(15by + bg) A2 + 6256, 01)))?

Cha0 =B(1 4 ™) (1 + A*)* (1 + 9A*)(9 + 250\ 4 625X")? (as + 2a4 + a2\’
— M7ay + 2a3 + 9a1)\2))4 ,

Cisio=— (1 + ™) (1 + A2 (1 +€*™)%(1 — ™ + €*™)(9 + 250\ + 625)*)°
(a2 + 2a4 + 3a:s2* — N(Tay + 2a3 + 9a1>\2))5 +(1—e™ 4™ — ™
™) (= (24bg + 6ba (14 A2) + by(9 + 110A? + 12501) — A (1498, + 26b
+24b5 + 50(15b; + bg) A% + 6250, 1%)))* 5™ (1 +—A2)2(1-+-9A2)5).

Since we are assuming that C; is not null for all ¢, then we have that Cg > 0, Cg < 0
and C'5 > 0. In this way, note that between C\y, C3, C5 and Cg there are at most
three variations of sign. Now between Cj, Cy, C1g and C}, there are at most two
variations of sign and between C'15 and C'5 there is at most one variation. Therefore
there are at most six variations of sign. For example, consider A = 0.1, a; = 0,
ag=—-2,a3=1,a,=1,b,=by=0,b3 =1, by = —0.5, b5 = —13/12 and bg = —1,
with this conditions there are six variations of sign. So by the Descartes’” Theorem
the polynomial pio(r9) can have at most six positive real roots. Thus, the PSDS
separated by the straight line y = 0 and formed by the two vector fields X, and Yj
can have at most 6 limit cycles. Statement (1) of Theorem 3.1 is proved.

3.1.13 Case (m,n) = (5,5)

Now consider the PSDS separated by the straight line y = 0 and formed by
the two vector fields Y5 defined in (3-16) and

Xz, y) = —y+ 2\ + arz* + a0y + asz®y? + auzy® + asy?),
X5(l', y) -

X2(z,y) =v +y(\ + a12* + ap2®y + asry? + agxy® + asy?).
(3-23)
Thus the solution 71(0) of the vector field X5 in polar coordinates such that
r1(0) = 1o is
9 — 93AIANI/A(T 4 5A2 4 4N /Ay
By

1 ( , (3-24)
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where

Er =8(A +5X* +4X°) — rg (e (=3as — az(1 + 4X%) — a1(3 + 3227 + 32A%)
+A(3as + as (5 + 8X%))) + € (3a1 + as + 3as + (3a1 + az + 3a5)A\*(5 + 4\?)
— 4 (ag + ag + 4(—ay + as)\) (1 + A?) cos 20 + A(—ag + ag + (a1 — as + as)N)
(14 4X?) cos 40 + 8A\(ay — as + (az + az)A)(1 + A?)sin 20 + A (a; — ay
+as + as) — ag)) (14 4X?) sin49)) )

We consider the solution 79(6) of Y5 such that ro(7) = r; and (3-24), then we
assume that r; = r1(m) = ro(m). Thus we consider the numerator of the equation
(ro(2m))* — r3 = 0 and we obtain (1 — e*™)rdpy;(ro), being pi1(rg) the following
polynomial of degree 4 in r

p1(ro) = Coa1 + 04,117’37

where

C'0711 :8(1 + 64“)()\ +5)° + 4>‘5);
Cin1 =3a1 + a3 + 3a5 — (5ag + 3as) A + (3241 + 4as)\* — 8ax A’ + 3205\
+ €™ (3b1 + by + 3bs — (5bs + 3ba) A + (3201 + 4bs)A* — 8by A + 326, \")

The polynomial py1(ry) can have one real positive root. For instance, for the values
A=—-01,a, =283501,a =9, a3 =—-9, a4 =1, a5 =—1,b, =by =b3=b, =0
and b5 = —1 it has one real positive root ry = 1, see Figure 3.3. With theses values
the denominator of the equation (ry(27))* — r§ is different from zero. So the PSDS
by the straight line y = 0 with the vector fields X5 and Y5 can have one limit cycle.

Statement (m) of Theorem 3.1 is proved.

201

0.5F

1 1
0.6 0.8 1.0 1.2

-0.51

—=10c

Figure 3.3: Real positive root for case (m,n) = (5,5).
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3.1.14 Case (m,n) = (5,6)

Now consider the PSDS separated by the straight line y = 0 and formed
by the two vector fields X5 defined in (3-23) and Ys defined in (3-17). We consider
their solutions r;(6) such that r1(0) = ro and 75(#) such that ro(7w) = 1. Then the
numerator of the equation (ry(27))°> — 75 = 0 is 75(A — B) = 0 where

A =8 x 2¥410ANA (1 1 AZ)2(1 4+ 5A2 4 40149 + 286A2 + 1625\ + 2500\°)
+ 8 x 23/4e5™A (1 4 ™o NP4 (1 + 5AZ 44X/ ((149b; + 26bs + 24b5) A
—6(bs + 4bg) — ba(9 4+ 110A* 4+ 125A") + 5A*(—6by + 5A(2b3 + 5b1 (6 + 5A?))))
B =(9 + 259\% + 875" + 6251%) (8 + 40N + 32X\° + (1 — ™)1 (a3 + 3as
—(5as + 3a4)\ + 4asA* — 8ap\® + a; (3 + 3207 + 3204))) ™"

Now consider the equation A* — B* = 0 and we obtain the polynomial

4 5 8 10 12 15
p12(r0) =Coa2 + Cajorg + Cs 101y + Cs 121G + Croa2r + Ciaiorg” + Cis 127

16 20
+ Cip12m + Cop 107,
where

Co12 =32768(—1 + ) (1 + A% (\ 4 423)%(9 + 25072 + 6250%)*,
Cyiz =20480(—1 + ™)X (1 4+ A?)3(1 + 42%)*(9 + 25007 + 6250*)* (a3 + 3as5—
A(Bas + 3ay) + 4ash* — 8axA® + a1 (3 + 32)% + 32)%)) |
Cs12 = — 131072¢®™ (1 + ™) (1 + A*)(9 + 250\ + 625)")? (24bs + 6ba(1 + 5A%)
+ b9 (9 + 110A* + 1250") — X (149b1 + 26bs + 24bs5 + 50(15b1 + b3) A\
+625010%)) (A + 42?)°,
Cgiz = — 5120(—1 + e™)2(1 + A2)" (X + 40*)*(9 + 250A\% + 6250*)* (a3 + 3as — A
(5a5 + 3a4) + 4asA? — 8au)? + a1 (3 + 3207 4+ 324%))°
Cho12 =196608e™™ (1 4 €™ ) (1 + A*)7 (24bg + 6ba(1 + 5A%) + by (9 + 1101°
F1250Y) — A(149b; + 26bs + 24bs + 50(15b; + b3)A® 4 6256, 11))°
(9 + 25007 + 625012 (X + 4)0?)°,
Clg12 =640(—1 4 ™™ )3(1 + A?)%(9 + 250A% + 6257*)* (a3 + 3a5 — (5ag + 3a4) A
FAaz\? — 8ax\* + a1 (3 + 3222 + 3204))° (A + 4X%)?,
Cis12 = — 1310726®™ (24bg + 6ba(1 + 5A%) + b2(9 + 110A% + 1250%)
—A\(149b; + 26bs + 24bs + 50(15by + bs) A2 + 625b,A1))” (1 + €73
(9 + 25007 + 6250%) (1 + A?)0(\ + 423)°,
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Cigaz = — 40(—1 + ™) (1 +42?)(9 + 25077 + 62501)* (a3 + 3as — (5az + 3as)\
FagA? — 8asA + ay (3 + 3207 4+ 320%)) A (1 + A2),

Coo12 =(—1 4 ™) (1 + A*)*(9 + 250A% + 6257*)* (a3 + 3as — (5ag + 3as)\ + daz\’
— 8as A + a1 (3 + 3202 + 3201))7 4 327680 (1 + 5 ™)4(1 4 502 + 4\1)°
A?(24bg 4 6by(1 4 5A?) 4 ba(9 + 110A% 4 1250*) — \(149b; + 26b3 + 24b5
+ 50(15b; + b3) A% + 6250, A1))*.

By Descartes’Theorem the polynomial pi5(79) can have at most eight positive real
roots. For instance, for the values A\=1,a; = -1, a3, =0, a3 =0, ay = 1, a5 = —1,
by =b3 =by =0, by = bg = —1 and b5 = 1 there are eight variations of sign between
the coefficients, that is, p12(79) can have at most eight positive real roots. Therefore
the PSDS separated by the straight line y = 0 with the vector fields X5 and Yg can

have at most eight limit cycles. Statement (n) of Theorem 3.1 is proved.

3.2 Brief conclusion

We study the maximum number of limit cycles that the PSDS formed by
(3-1) and (3-2) of degree m and n, respectively, with m < n can have. We specifically
analyze the cases where m,n € {2,3,4,5,6}. To this end, we study the number of
zeros of the equation r1(0) — o = 0. Using Descartes’ Theorem, we determine the
maximum number of positive real roots that the polynomial corresponding to the
equation 71(0) — 7o = 0 can have. These roots correspond to the limit cycles of the

system.

In Chapter 4, considering the previous system, but now with PSDS being hybrid, we
will study an upper bound for the maximum number of limit cycles that can appear.
Additionally, a more general version of the previous system will be analyzed, where

the parameters in the expressions of P and () are different.



CHAPTER 4

Limit cycles of discontinuous piecewise
hybrid rigid systems separated by a straight

line

This chapter is based on [37], and our objetive is to provide an upper
bound for the maximum number of limit cycles in piecewise hybrid planar smooth
dynamical systems separated by y = 0; i.e., to address the extended 16th Hilbert

problem for that classes of planar hybrid piecewise smooth dynamical systems.

Here, we consider a piecewise hybrid dynamical system (X,,, Y,, 2, R) in R?, formed
by two rigid systems, X, = (X! (z,y), X2 (z,y)) and Y,, = (Y (z,y),Y?(x,y)) of
degrees m and n respectively. ¥ is given by ¥ = {(z,y) € R? : y = 0}, and we
consider the reset map given by: R(z) = sz for z < 0 and R(z) = ux for x > 0,
with s,u € (0,1), see [34]. For this hybrid system we define the set of admissible
orbits as follows: starting at (x1,0) € 3, with z; > 0, an orbit follows X, in the
half-plane y > 0 until reaching z,,0) with o < 0. The reset rule R moves the
system to (z3,0) = (sx2,0). The orbit then follows Y, in y < 0, returning to (x4, 0)
with x, > 0, followed by the reset rule R to (x5,0) = (uzy,0). This process repeats
indefinitely. If x5 = x;, then the admissible orbit is periodic, see Figure 4.1. If a

periodic orbit is isolated in the set of all periodic orbits, it is a limit cycle.

We deal with the discontinuous piecewise hybrid systems formed by the following

two rigid polynomial differential systems

b= —y+ A+ Plx,y) = X} (z,y),

- 2 (1)
y=z+yA+Plz,y)) = X, (2,9),
in y > 0, where P(z,y) is a homogeneous polynomial of degree m — 1, and:
T=—-y+x(pu+ Qz, =Y!Hz,y),
y+a(p+Qe,y) =Y, (2,y) (42)

y=z+yp+Qz,y) =Y (x,y),
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Y,

Figure 4.1: The admissible orbit of the hybrid system X.

in y < 0, where Q(z,y) is a homogeneous polynomial of degree n — 1. Our main

result is the following one.

Theorem 4.1. Consider the discontinuous piecewise hybrid systems separated by
the straight line y = 0 and formed by the two rigid polynomial differential systems
(4-1) and (4-2) of degrees m and n respectively, with m < n. Then the piecewise
hybrid system has

(a) at most 1 limit cycle if m =n = 2,

(b) at most 2 limit cycles if m =2 and n = 3;
c) at most 3 limit cycles if m =2 and n = 4;

e) at most 5 limit cycles if m = 2, and n = 6;

(f
(9
(

h) at most 2 limit cycles if m = 3 and n = 5;

)
(c)
(d) at most 4 limit cycles if m = 2 and n = 5;
(
) at most 1 limit cycle if m =n = 3;

)

at most 4 limit cycles if m =3 and n = 4;

(i

at most 6 limit cycles if m = 3 and n = 6;

)

(j

(k) at most 6 limit cycles if m =4 and n = 5;
)

U

(m

) at most 1 limit cycle if m =4 and n = 4;

at most 10 limit cycle if m =4 and n = 6;

) at most 1 limit cycles if m =n = 5;
(n) at most 8 limit cycles if m =5 and n = 6.

These results are summarized in Table j.1.
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m”23456
2 112345
3 X[114[2]6
4 X[X[1[6]10
5 XIX[X[1]38

Table 4.1: Upper bounds for the mazimum number of limit
cycles of the piecewise hybrid differential systems
formed by systems (4-1) and (4-2).

Remark 4.2. The symbol “X” denotes cases where m > n, which are omitted due
to the symmetry of the systems. The study of the case (n,m) is equivalent to the

case (m,n) by switching systems (4-1) and (4-2).

The rest of the chapter is dedicated to prove Theorem 4.1.

4.1 Proof of Theorem 4.1

If the degrees of the polynomials P(z,y) and Q(z,y) are > 2, then the

eigenvalues of the linear part of the differential systems (4-1) and (4-2) at the origin
of coordinates are A -7 and p + i, respectively. Then the origin of these systems is
a hyperbolic focus if A # 0 and p # 0, and it is a weak focus or a center if A = 0
and p = 0.
Let r1(0) (resp. r3(f)) be the solution of system (4-1) (resp. (4-2)) in polar
coordinates. Note that in polar coordinates (z1,0) = (r1(0)cos0,r;(0)sin0) with
x1 = r1(0). The point (x9,0) = (ri(7) cosm, ri(7)sinm) satisfies x5 = —ri(7w) < 0.
Then x3 = szy and (23,0) = (r2(m) cosm, ry(m) sinm), with 3 = —ro(m) < 0. Now
the point (x4,0) = (re(2m) cos(2m), ro(27) sin(27)) satisfies x4 = r2(27) > 0, and
(x5,0) = (uwy,0).

4.1.1 Case (m,n) = (2,2)

Consider the piecewise hybrid system separated by y = 0 and formed by
the two rigid systems defined by the vector fields

Xy(oy) = {X2 (r,y) = —y+ (A + a1z + ay), (43)

X3 (z,y) =z + y(A + a1z + azy),
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and
Vi (z,y) = — y+ z(p+ bz + boy),

Ya(z,y) = { (4-4)

Yy (2, y) =2 + y(ju + bz + bay).

In polar coordinates (r,6), where x = r cos@ and y = rsin 6, system (4-3) becomes
7 =1+ 1*(a; cosf + agsin ), 0=1,

or equivalently, the differential equation

,_dr
-~ do

r = 1A+ 1%(a; cos + aysinf).

Thus, the solution r1(6) of this last differential equation such that r1(0) = 2 is

e x1 (14 2?2

n(0) = 1 — ayx1 + Marzy + A) + ePa1((a2 — arA) cos ) — (a1 + ax\) sin )

Similarly, system (4-4) in polar coordinates, taking € as the new independent

variable, can be written as

, dr

= @ =ru-+ 7’2(bl cos 6 + bg Sil’l6>,

r

and its solution 75(6) such ry(7w) = x3 = swy = sri(m) is

s (1 + p?)

0) = .
r2(f) e™(1 + boxs — bizap + p?) + e%x3((by — byp) cos — (by + bap) sin6)

In order to study the limit cycles of the piecewise hybrid system formed by the vector
fields X5 and Y, we must solve the equation x5 — 21 = uxy — r3 = ury(2w) — 1 = 0,

ie.,

" O supy (N2 + 1) (2 + 1)

(1+A2) (14 p2) + 21 (7 (1 + em)s(1 4+ A2) (by — bip) — (1 +€™)(az — arA)(1 + p?))

— T = 07
in terms of x1. The solutions of this equation are

(1— ™ Wsu) (A2 +1) (0 + 1)
(14 e™)(az — arA)(1 4 p2) + €™ (1 + e™)s (b — ba) (14 A%)°

r;=0 and z]=

Since the origin is always an equilibrium point of the system, we only have the
solution z? providing a periodic orbit when z? > (. For instance, for values
A=p=0,u=s5=99/100, a; =0, ay = 3, by = by = 1, we have x5 — x; = 0, with
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z? = 0.00495025 > 0. Since, the piecewise hybrid differential system has only one

periodic orbit, this is a limit cycle and statement (a) of Theorem 3.1 is proved.

4.1.2 Case (m,n) = (2,3)

Consider the piecewise hybrid system formed by the vector fields X, and

Y3 (z,y) = — y + x(i + bia® + boxy + bsy?),
Yg(x,y):{ 5 (2,9) Y (1+b 22y + b3y”) (4-5)

Yi(z,y) =2z + y(p + biz® + by + bsy?).

This vector field in polar coordinates provides the differential system

1 .
=T+ §r3(b1 + b3 + (b1 — bs) cos(20) + by sin(26)), 6 =1,

or, equivalently, the differential equation

, o dr

"=

1
=ru+ §r3(b1 + b3 + (by — b3) cos(20) + by sin(26)).

The solution 74(#) of this differential equation that such ro(7) = 23 = szy = srq(7)

| 2p(1+p?)
N L i et Sl e 4-

Hyy =e®™((by + bg)a3 + (2 — box3)pu + 20y 23% + 2p%),
ng = — 629u((b1 + bg)(l + /LZ) + /L(—bg + (bl — bg)ﬂ) COS(QQ) + ,U(bl — bg
+ byu) sin(20)).

1S

with

To study the maximum number of limit cycles, we examine the zeros of the equation
x5 — x1 = 0. In this case, we will equivalently study the numerator of the equation
x2 — 2% = (z5 — x1)(w5 + 71), since the upper bound for the number of solutions of
the equation 22 — 2? = 0 also provides an upper bound for the number of solutions

of the equation x5 — z; = 0.

Thus, we have that the limit cycles satisfy the equation z? — 22 = 0, where
x5 = ury = ury(2m). We consider its numerator, which is equal to —x2P; (1),
where Pl(l'l) = 0071 + 01711'1 + ngll'%, with

CO,I —9 (627ru . 627T(>\+2u)82u2) L ()\2 + 1)2 (/1/2 + 1) 7
Cra =4e”™ p(1+ ™) (@A — az) (A* +1) (1° + 1),
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Coq =26 (1 4 €™)?(ag — ax A)* (1 + p*) — 7O (1 4 ™) 5% (1 + A?)?
(b1 + b3 — bap + 2b112%).

The polynomial P;(z;) can have two real positive roots. So the piecewise hybrid
system separated by the straight line y = 0 with the vector fields X5 and Y3 can
have at most two limit cycles. Statement (b) in Theorem 4.1 was proved.

4.1.3 Case (m,n) = (2,4)

Now consider the piecewise hybrid system separated by the straight line
y = 0 and formed by the vector field X5 and the vector field

Yz, y) = —y+ z(p+ bia® + bozy + bszy® + bay?),
Y4(93,y)={ 4( y) Yy (# 1 2 LY 3LY 4y) (4_7)

V2(z,y) =2 + y(p 4 b12® + byay + by + byy®).

The vector field Y, in polar coordinates is given by the differential system
7 =1+ r*(by cos® 6 + by cos® @sin @ + bs cos O sin?  + by sin® 6), 0 = 1,

or equivalently the differential equation

d
r = d—g = rp 4 17*(by cos® @ + by cos® O sin 0 + bs cos O sin® 6 + by sin® ).
Then the solution 75(f) of this differential equation such that ro(7) = x5 = sz =
ri(m) is
223y (1 + p2) (1 + 9p?))'/?
7’2(6) = H21/3 s (4-8)
with

Hy =43 (1 4 i) (1 + 9p?) + 4™ 23 (by + 2by + 3bypi® — pu(7by + 2b3 + 9y 4?))
— g3 (—3(ba + 3bs — 3(3by + bs)p) (1 + p®) cos O + (—ba + by + bypt — bspu)
(14 9?) cos 30 + 3(3by + bz + 3bapt + yp) (1 + p*) sin @
+(by — b3 + bypr — byp) (1 + 9p?) sin 30) )

The limit cycles satisfy the equation z3 — 23 = 0, where x5 = uxy = ury(2m).
Then we consider the numerator of this equation and we obtain the polynomial
23 Py(1) = 23(Cog + Crpx1 + Copai + Cs ), where

Cop =(€7 — FOLW D) (14 NP (L+ ) (1 + 9p2%),
Cra = = B(E™ + O (ay — aA)(L+ A)’(1+ p2)(1 + 942),
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Oy =3¢*™(1 + €™)*(ag — ar\)2(1 + A?) (1 + p2) (1 + 9u?),
0&2 _ 363’”‘(1 + e”)‘)g’(al)\ N a2)3(1 + 10”2 + 9M2) + (6377(/\+/L) + 637r(/\+2/4))53
(1 4+ A%)? (bo + 2by + 3bop® — pu(Tby + 2bs + 9by %)) .
The polynomial P,(z1) can have at most three real positive roots. Therefore the
piecewise hybrid system separated by the straight line y = 0 and formed by the

vector fields X, and Yj can have at most three limit cycles. Statement (c¢) of Theorem

4.1 is proved.

4.1.4 Case (m,n) = (2,5)
We consider the piecewise hybrid system separated by straight line y = 0

and formed by the two vector fields X, and

Y (z,y) = —y + x(p + biz* + box®y + bszy? + byxy® + by,
Y5(x,y):{5( Y) Y (1 1 2LY 3LY 4 LY 5Y°) (4-9)

Y2 (x,y) = + y(u + bia* + by + bsx?y® + byay® + bsy?).
The vector field (4-9) provides in polar coordinates the differential system

P =rp+r° (bl cos* 0 + by cos® 0 sin 0 + by cos? O sin’ O + by cos 0 sin® +bs sin* 0)

0 =1

or equivalently

_dr
-~ db

/

T =rpu+1r° (bl cos* 0 + by cos® 0sin 0 + by cos? O sin’ 0 + by cos 0 sin® +bs sin* 9) .

The solution 74(#) of this differential equation such that ro(7) = z3 is

B 23/46(9##1/4(1 + 5,&2 +4M4)1/4x3

T2 (‘9> H§/4

(4-10)

where

Hy =8e*™ (1 + 5u° + 4u°) — a3 (—647W (b3 + 3bs — (5by + 3by) 1 + 4(bs — 2bop) ?
+b1(3 4 3207 + 32u*)) + €*” ((3by + bs + 3b5) (1 + 5pu® + 4pu?)
— 4 (by + by + 4(=by + bs) ) (1 + p?) cos(20) + p(—by + by + (b1 — bz + b))
(1 + 4p?) cos(40) + 8u(by — bs + (by + ba)p) (1 + p*) sin(20) + p (by — b3
+b5 + bopu — bap) (1 + 4p%) sin(46))) .

Recall that z,

equation 3 —

ri(m), x5 = sxe = ro(m). Considering the numerator of the

1 = 0, where z5 = uwy = ury(27w), we obtain z]P3(z1), where
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Pg(l’l) = Ooyg + 01731231 + 02731'% + 0373!23? + O4y31'111 and

Cos =8(e ™M stut — &™) (1 + N)H(1 + 5% + 4p),

Chs =32ue ™ (1 4+ ™) (ay — ap \)(1 4+ A?)>(1 + p?) (1 + 4p%),

Cyz = — 48e*™ (1 4+ ™) (ag — ar\)* (1 + A\?)%(1 + p2) (1 + 4p?),

Cs3 =32¢" (1 4 ™) (ag — a N3 (1 + A1+ 1) (1 4 44°),

Cus == 8™ (14 ™) (ay — ar\) (1 + ) (1 + 4p®) + €T (' — 1) (1 4 A7)
(bg 4 3bs — (5by + 3by) e 4 (4bg — Sbop) pi® + b1(3 + 32u% + 32u%))s™.

The polynomial P3(x1) can have at most four real positive roots. So, the piecewise
hybrid system separated by the straight line y = 0 and formed by the vector fields
Xy and Y5 can have at most four limit cycles. Statement (d) of Theorem 4.1 is

proved.

4.1.5 Case (m,n)=(2,6)

We We consider the piecewise hybrid system separated by the straight line
y = 0 and formed by the vector field X5 and the vector field

Vi (2, y) = — y + x(p + bia® + box'y + bsz®y? + baz®y® + bszy* + bey®),

YZ(x,y) = + y(u + b12® + byxty + bsay® + byx®y® + bszy* + bey®).
(4-11)

Ys(w,y) = {

The vector field (4-11) in polar coordinates becomes

P =rp—+1r° (bl cos® 0 + by cos 0sin O + by cos® O sin? 0 + by cos? Osin® 0
+bs5 cos @ sin® 6 + bg sin® 6) ,
6 =1,

or equivalently

, dr

7’:@

=rp 4+ r° (bl cos® 0 + by cos* 0sin 0 + by cos® Osin? 0 + by cos® 0 sin® 0

+bs5 cos @ sin® 6 + bg sin® 6) )

The solution 75(0) of this differential equation such that ro(7) = x5 = sz = sry(m)
is
2Y5eP (1 + ) (1 + 254°) (9 + 254%)) /Py
ra(0) = I%E
4

, (4-12)
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where

Hy = — (—16€"™ (9 + 3(3bs + 2by + 8bg) x5 — (149by + 26bz + 24bs) 34
+ (259 + 10(11by + 3by)z3)p® — 50(15b; + bs)xau® + 125(7 + bya)p?
—625b125° + 6250°) + e* a5 (—10(by + ba + 5bs — 5(5b1 + by + bs) )
(14 1) (9 4 25p2) cos @ — 5(1 + p?) (1 + 25u2)(9by + 3by + 5((—5by + bs
+ 3bs) 1t — 3bg)) cos(30) + (by — by — bg + (by — bz + bs) ) (9 + 2501
+ 6254*) cos(50) + 10(5by + bz + bs + 5(ba + by + 5bg ) 1) (1 + p?)
(9 + 25%) sin 0 + 5(15b; — 3by — 9bs + 5(3by + by — 5bg) ) (1 + p*) (1 + 25u7)
sin(36) + (by — by + by + (ba — by + bg) 1) (9 + 250p° + 6254*) sin(56))) .

We consider the numerator of the equation z2 — z7 = 0, where x5 = uxy = ury(2m),
and we obtain x5 Py(1), being Py(z1) = Cp4+Cy 421 +Co 423+C3 423+ Cy 427+Ci 427,

where

Coa =(T W20 — 1)(1 4+ A)°(1 + %) (1 + 250%)(9 + 2544°),

Cra=5(1+e™)(az — ax ) (1 + X)* (1 + ) (1 + 254%)(9 + 25%),

Coa=—10(1+ €™)*(as — arA)* (1 + N*)* (1 + p°) (1 + 254%)(9 + 2544%),

Cya =10(1 + €™)*(az — a1 A)* (1 + A (1 + p®) (1 + 254%) (9 + 2544°),

Cug == 5(1+ ™) (az — ar\)' (1 + N) (1 + ) (1 +250%)(9 + 250%),

Csa =(1+€™)’(as — arA)°(1 4 p?) (1 + 25%)(9 + 25p2%) — (7™ 4 A1) 5
(24bg + 6ba (1 + 5p*) + b2(9 + 110> + 125u*) + p1 (24bs + b3(26 + 50u%)
+b1(149 + 750p* 4 62501 14%)) ) (14 A?)°.

The polynomial P;(x;) can have at most 5 positive real roots. That is, the piecewise
hybrid system formed by the two vector fields X5 and Ys and separated by the
straight line y = 0, can have at most 5 limit cycles. Statement (e) of Theorem 4.1

is proved.

4.1.6 Case (m,n)=(3,3)

Now we consider the piecewise hybrid system separated by the straight line
y = 0 and formed by the vector field Y3 and the vector field

Xs(x,y) = w3(2,y) = =y + (A + ma® + apzy + azy®), (4-13)
3 9 — _
23(z,y) = + y(\ + a12? + agzy + azy?).
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The solution 71(0) of the vector field X3 in polar coordinates such that r1(0) = x; is

r(0) = e“\/ 5 20+ 1) (4-14)

A+ A3)/a? + Hy’

where Hs = e?(—(a; + a3)(1 + M%) + Mag + (—a; + a3)A) cos(20) — A(ay — az +
as\) sin(20)) + A(—az + 2a1\) + a1 + az. The solution r5(0) of the vector field Y3 such
that ro(7) = 23 is given in (4-6). Then, solving the equation x5 — 21 = 0 in terms of

the variable x;, where x5 = uzy = ury(27) we obtain the following solution

. \/ (—2 + 2600 2a2)A(1 + A)a(l + p2)
1= )
Ry

where Ry = (1 — ¥ (a1 + az — aa\ + 2a:0?) (u + p?) + 2™ (1 — ™) (by + bz — bapu
+2b;1?)s*(A + A3). This solution yields a periodic orbit if x; > 0. Therefore,
the piecewise hybrid system formed by the two hybrid vector fields X3 and Yj3
and separated by the straight line y = 0 can have at most one limit cycle, and
statement (f) of Theorem 4.1 is proved. Furthermore, for values A = p = 1,
s =wu = 9/100, a; = ay = a3 = by = by = by = —10 we have that x5 — z; = 0 and
x1 = 0.0288542 > 0.

4.1.7 Case (m,n) = (3,4)

Consider the piecewise hybrid systems formed by the two vectors fields
X3 and Yj. Their solutions ri(f) such that r;(0) = =z, and re(f) such that
ro(m) = x3 = sx are defined in (4-14) and (4-8), respectively. Then the numerator

of the equation ¥ — 23 = 0, where x5 = uxy = ro(27), is Ag + By = 0 where

Ag =225 N2 (1 4 N33 (3203 (1 + ) (1 + 9p®) — €O (1 4 3]
(by + 2bs + 3boys® — u(Thy + 203 + 9by1i2)) ) ,

By =e*™ 21 (—2A(1 + X*) + (e¥™ — D)zf(ar + az — ash + 2a;3%)) (1 + p?)(1 + 9p?)

200+ A3)

2
Ty

\/(al + az — agA + 241 A%)(1 — e?™) +

So we consider the equation A5 — B = 0 and we obtain the following polynomial
Ps(z1) = Co5 + Copai + O 523 + Cysat + Cg 528, with

00’5 - 8(667m . 667r(>\+2u)86u6></\ + )\3)3(1 + 10#2 + 9:u4>27
O =125 (2™ — (1 + A2 (a1 + a5 — ash + 2 A2) (1 + A2)2(1 + 942)?,
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Cyp = — 16e3m A (1 4 ™) (1 — e™ 4+ ™) 5P A3(1 4 %) (1 + 9p?)
(bg + 2by + 3bopi® — pu(7hy + 2b3 + 9by ?)) (1 + )3,
Cus = — 6e5™ (2™ — 1)2N(1 + M) (ay + a3 + ag\ + 2a; 222 (1 + p?)(1 4 9u?)?,
Css =e5™(e*™ — 1)3(ay + as + agA + 2a;\?)3(1 + 10p> 4 9pu*)? 4 857+
(1+ €25\ + A% (by + 2y + 3bopi® — 11(Thy + 25 + 90y 1i%)) .
By Descartes’ Theorem the polynomial Ps(z;) can have at most 4 variations of
sign. That is, the piecewise hybrid system formed by two vector fields X35 and Y}

and separated by the straight line y = 0 can have at most four limit cycles. This

concludes the proof of statement (g) of Theorem 4.1.

4.1.8 Case (m,n) = (3,5)

We consider now the piecewise hybrid systems formed by the vector fields
X3 and Y; defined in the previous cases. The solutions of this system satisfying
r1(0) = xq, ri(m) = x9, 1o(m) = x3 = Swg, r2(27) = x4 and x5 = uxy, with
s,u € (0,1), where r1, 75 are defined in (4-14) and (4-10), respectively. From the
equation z3 — ] = 0, whose numerator is defined by the expression z{Ps(x;), where
Ps(x1) = Co6 + Copx? + Cyexi, with

Cog = — 8(e*™ — e ™OF2 Aty (X + X2 (1 + 5p® + 4pt),
Oy =8e*™ (2™ — A1+ N\?) (a1 + az — ag\ + 2a; A p(1 + 5p® + 4p*),
Cue = — 26" (=1 4 )2 (ay + a3 — ag) + 20,022 u(1 + 5% 4 4p®) + ™ g4
(e¥™ — 1) (bs 4 3bs — p(5by + 3bs) + 4bgp® — 8bop® + by (3 + 32u% 4 32u*))
(A + %)%
By Descartes’ Theorem, this polynomial can have at most two positive real roots.
Therefore the piecewise hybrid system formed by the two vector fields X5 and Yj

separated by the straight line y = 0 can have at most 2 limit cycles. Hence statement
(h) of Theorem 4.1 is proved.

4.1.9 Case (m,n) = (3,6)

Here we consider the piecewise hybrid systems formed by the vector fields X 5
and Ys. We know their solutions, given in (4-14) and (4-12), respectively. The limit

cycles of these piecewise hybrid systems satisfy the equation 0 = x2 — 27 = A; + By,
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where

Ay = —212A1 + A% + (1 — ¥™)zi(ag + az — ap) + 2a,0?)) (1 + 1) (1 + 2547)

(9+250%) /(1 — 27 (@ + a3 — azh + 20,1 02) + 2(A + A2)/a?,

Bl :4\/5657r()\+p,)55u5>\5/2(1 + )\2)5/2(1 +[L2)(1 + 25/~L2)(9 + 25M2) _ 4\/56571—)\55..')3?
(14 e ™)N2(1 + A2)/2 (24bg + 6ba(1 + 51) + ba(9 + 1104 + 125u*)
—pu (1491 + 26bs + 24bs + 50(15b1 + bg)p® + 62561 1)) -

Since A? — B} = (A, + B;1)(A; — By), then the upper bound for the number of zeros
of A? — B? also provides an upper bound for the number of zeros of A; + B;. The
expression A? — B} = Py;(x1), where Pr(zy) = Cor + Cora? + Cyrxi + Csra +

meff + 08,735? + Clojx%o, with

Cor= 32(1 — 0mO+m) 10910y (X 1 A3)5(9 + 2592 + 875u* + 625u°)?,
Cor= 80(1 —e™(L+e™)M(1+N)*B1 (1 + 1) (1 + 250°)%(9 + 254°)?,
Cor= 80(=1+e*)?BF(\ + 1®)* (1 + p?)*(1 + 251%)*(9 + 254%)?,

Csr= 64> (1 4 ™) (1 — e™ 4 ¥ — 3™t 4 A gl0y 55 (1 4 \2)P
(1+ ) (1 + 254%)(9 + 25u%) 01,

Cor= —40(=1+e™)3(1 +e™)3N2(1 4+ A2)2B83 (1 + p)2(1 + 2542)2(9 + 2542)2,

Csr = 10(€™ = 1) (14 e™)* A1+ A2) 5 (1 + p?)? (1 4 254)(9 + 2542)?,

Crono = —(—1+e*™)282(9 + 25912 + 875u* + 62508)% — 32e107A (1 + ¢™)?
SN+ A3)562,

where 81 = a1 + az — as\ + 2a1 2% and 6 = 24bg + 6b4(1 + p?) + by(9 + 110p> +
125u%) — (149b; + 26bs + 24bs + 50(15b; +b3)u® + 62501 u?).

By Descartes’ Theorem the polynomial P;(x;) can have at most six positive real
roots. So the piecewise hybrid system formed by the two vector fields X3 and Yj
separated by the straight line y = 0 can have at most 6 limit cycles. Hence statement
(7) of Theorem 4.1 is proved.

4.1.10 Case (m,n) = (4,4)

We Now we consider the discontinuous piecewise hybrid system formed by
the rigid vector fields Y, and X,

Xi(z.9) Xi(z,y) = —y + 2\ + a12® + apr’y + aszy® + agy?), (415)
4\ T, Y) = . -
Xi(7,y) =2 + y(\ + a12® + a2’y + azzy® + auy®).
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We can rewritten this system in polar coordinates
r=7r\+ T4<CL1 cos® 0 + as cos® @ sin @ + az cos 0sin® 6 + a4 sin® 0), 0=1.

Similarly to the previous cases

, dr

== rA+ 7"4(a1 cos® 0 + ay cos? Osin O + as cos fsin® § + a, sin® 0).

r

Then the solution of this differential equation r(0) = z; is

223, PN (1 4 A2)(1 4+ 9A2))1/3
r(0) = 1/3 ’
Hy

where

He = —(—4(1+ X)(1+9)2?) — 423(—2ay4 + 2a3\ — as(1 + 3X%) + a; A(7 + 9A?))
+e30223 (=3(ay + 3as — 3(3a1 + az)\) (1 + A2) cos O + (—ay + ag + a; ) — az\)
(1 +92%) cos(30) + 3(3a; + az + 3agA + 9as\)(1 + A?)sin 6 + (a; — az + as\
—ay\)(1+92%)sin(30))) .

As in the previous cases, we assume that r1(7) = o, ro(7) = 3 = sx9, r2(27) = 24
and x5 = uxy, where r5(0) is the solution of Yy defined in (4-8). Then, the limit
cycles satisfy the equation x5 — z; = 0. We consider the denominator of equation

23 — 23 = 23 Ps(z,) = 0, where Pg(z;) = Cyg + C3 23, with
Cog =(™ MM g3y3 — 1)(1 4 10X + 9AY) (1 + 10p* 4 9p?)
Csg =(14 €™ (ay + 2ay4 + 3a)? — X\(Tay + 2a3 + 9a;\?)) (1 + 10p® + 9u*)
— 314 ™) 8% (1 + 10A% 4+ 9NY) (by + 204 + 3bopi® — 1u(Tby + 2b3 + 9by12%)).

The polynomial Pg(z1) can have at most one positive real root. This concludes the

proof of statement (j) of Theorem 4.1.

4.1.11 Case (m,n) = (4,5)

Here we study the discontinuous piecewise hybrid systems formed by the
two rigid vector fields X4 and Y;. We know their solutions () and r5(#). Then we

consider the numerator of the equation 23 — 2} = 21(As + By) = 0, where

Ay = —8eMH(1 + 10X% 4+ 9A2 — (1 + €™ )23 (a + 2a4 + 3022 — A(Tay + 2as
+F9a1A))) P (i + 5 + 4,
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By = 8e3et™ gty (1 4+ 1002 + 9A2) 3 ( + 5% + 4p®) + (1 + 10A2 4 9A2)4/3
4™ s* (bg + 3bs — (5by + 3by ) + 4p2(bg — 2bap1) + by (3 + 32(u® + p*)))

etmri(er™ —1).

As A3+ BS = (Ay + By)(A3 + Bs — Ay By) then the upper bound for the number of
solutions of equation A3 + B3 = 0 provides also an upper bound for the number of
solution of the equation A, + B, = 0. Note that,

Ag + BS = Pg(il?l) = 00,8 + C’375;£CE13 + 04,8lel + 06,83:? + 08,83:51; + Cg,gx? + Clz,gxia
with

Cog = 51212 (1270w 12912 1)(1 4+ 10A2 + 9OANH4 (11 + 5% + 4p°)>,
Cig = 2048e12™(1 4 ™) (1 — ™ + ™) (1 + A2)3(1 + 9N2)*13(1 + p?)?
(as + 2a4 + 3a20* — X(Tay + 2a3 + 9a:0?)) (1 + 4p?)3,
Cug = 192e4mCA5m) (A — 1)51248(1 + A2)4(1 + 9A2)* (1 + 5p® + 4)\5)?
(bs + 3bs — (5by + 3by)pt + 4bsp? (bs — 2bop) + b1 (3 + 32u% + 32u*)),
Cos = —3072e"™(1 + 3)2(1 + A?)3(1 + 9N?)?(ag + 2a4 + 3a2)? — \(Tay
+2a3 + 9a1 ) (p + b + 4p°)?,
Cgg = 24etm M) (etmn — 1)251204(1 4+ 1002 + 9OAH4 (1 + 5p® + 4p°)
(bs + 3bs — (5by + 3by)pt + 4bsp? (bs — 2bop) + b1(3 + 322 + 32u))?,
Cog = 2048e2™ (1 4 3™)3(1 + 1072 + 9M*)(ag + 2a4 + 3axA? — A(7Ta; + 2a3
+9a10*))* (1 + 5p® + 4p°)?,
Clag = (—512(1 + ™) (ay + 2a4 + 3aaA? — A(Tay + 2a3 + 9a;A?))* (u + 5u°
+44°)3 + 2™ (bg + 3bs — (5by + 3by)p + 4bgpu® (b3 — 2bap) + by (3 + 3243
+32u1))3 (e — 1)3512(1 4 10X 4 9N\ 4) el

By Descartes’s Theorem, the polynomial Py(x;) can have at most six variations of
sign, i.e., Py(x1) can have at most six positive real roots. Therefore, the discontinuous
piecewise hybrid system formed by the two rigid vector fields X, and Y; can have
at most six limit cycles, and statement (k) of Theorem 4.1 was proved.

4.1.12 Case (m,n) = (4,6)

The hybrid piecewise smooth dynamical system The discontinuous piecewise
hybrid system formed by the two rigid vector fields X, and Yg has solutions 71(6)
and r5(0), respectively. Assuming that r1(0) = zq, 7 (7) = xa, T2(7) = X3 = ST,
ro(2m) = x4, and x5 = wuxy, we have that the possible limit cycles satisfy the
following equation x5 — x; = 0. Working in a similar way as in the previous case,

since 22 — 2% = (w5 — 1) (wd + 232, + 220? + 2523 + 271), the upper bound for the
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number of solutions of equation x2 — 23 = 0 provides also an upper bound for the

number of solution of the equation x5 — ;1 = 0. We consider the numerator of
x2 — xf = 29(A5 + Bs), where

A3:—

(141002 + 9X*) + (1 + €™ (ag + 204 + 3a20% — A(Tay + 2a5 + 9a17?))”

27 (14 p?) (1 + 254°)(9 + 254°),
By =e"™s° (14 100> + 9A* — (1 + €*™)a$(az + 2a4 + 3a2A* — A(Tas + 2a;
+9a, AQ))) (1+ 10A% 4+ 9AM)/3 (™0 (1 4 p®) (1 + 25u%)(9 + 254%)
+ (14 ”™)23((149b; + 26b3 + 24bs) i + 5> (5u(2bs + 5b1(6 + 5u?)) — 6by)
—bo(9 + 1104 + 1251") — 6(by + 4bs))) -

Then we consider A3 + B3 = (A3 + B3)(A3 + B2 — A3B3) and obtain the following
polynomial of degree 18: Pyo(x1) = Cp 10 + 03,10$:1)’ + 05,10$? + 06,10$? + C&loxéf +

9 10 12 13 15 18
Co1077] + Cio1071” + Ci21071°Chs1077” + Cis1077° + Cis 107", Where,

Co,10 =
Cs10 =

Cs10

C(10,10 =

Ci2,10 =

Ciz0 =

(e 1515 1) (1 4 10A2 + 9AY)5(9 + 2592 + 875u* + 6251°)3,
(e Loy 15— 6)(1 4 10A% + 9N*)®(9 + 2592 + 875u* + 6251°)3
(—(ag + 2a4 + 3a2\* — MN(Ta; + 2az + 9a;2?))) (1 + €3™),

= 3e5mBM (1 4 ™) s199,10(1 + 10A2 + 9A)(9 + 25942 + 875Hpu?
+62505)2((149b; + 26b3 + 24bs) i — ba(9 + 110p% + 125u*)

+50%(514(2b3 + 5b1(6 + 54)) — 6ba) — 6(ba + 4b5)),

—15(1 + 10X + 9AH)*(az + 2a4 + 3asA? — A(Tay + 2a3 + 9a;A?))?

(9 + 259p% 4 875" + 62505) (1 + €¥™)?,

3e5TBAM2 (1 4 e3™) (1 + 1002 + 9A*)2(9 + 2592 + 875u* + 625u5)?

(ag + 2a4 + 3ax\? — N(Tay + 2a3 + 9ay A?))((—149b; — 26bs — 24bs5)
+bo(9 + 11002 + 125u*) + 5u2(6by — 54(2b3 + 5b1 (6 + 5u2)))

+6(by + 4bg)) (1 4 €°™)sPu0,

20(1 + 1022 +9A1)3(ay + 2a4 + 3agA? — X\(Ta;y + 2a3 + 9a;\?))3

(9 + 2592 + 875t + 625u°)3(1 4 €3™4)3,

3ePTEMZU) (1 4 e5H) 261551 + 10A2 + 9M)0(9 + 25942 + 875 + 6251°)
((149b; + 26bs + 24bs) 1 + 5> (5p(2bs + 5by (6 + 5p?)) — 6by)

—6(by + 4bg) — ba(9 + 110p2 + 125u))?,

—15(1 + 1022 + 92 (ay + 2ay + 3a2)? — M\(Tay + 2a3 + 9a;\?))?

(9 + 259u% 4 875u* + 62505)3(1 + ™)1,

—3ePTEA20) (1 4 37 (1 + ™) 251592 (1 + 10A2 + 9N (9 + 259
+875u + 62518) (ag + 2a4 + 3agA\? — A(Tay + 2a3 + 9a;\?))

((149b; + 26b3 + 24bs)pn — ba(9 + 1104 + 125u*) + 542 (514(203

+5b1(6 + 54%)) — 6bs) — 6(by + 4bs))?,
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Cis.10 =6(1 4+ 1007 + 9N (1 + €™)5(ay + 2a4 + 3ax\* — M(Tay + 2a3 + 9a;\?))°
(9 + 259> 4 875u* + 62505)3 — ™M1 + 5™)3515(1 + 1002 + 9\1)S
(—(149b; + 26b3 + 24bs) it + by (9 + 110> + 125u) + 5u>(6by — 54(2b3
+ 5b1(6 + 542))) + 6(by + 4bg))°,
Cisio = — (1 + €™ (ag + 2a4 + 3ax\* — A\(Tay + 2a3 + 9a;7?))((az + 2a4
+ 3aoA? — A(Tay + 2a3 + 9a,0?))°(1 + €*™)5(9 + 259> + 875u* + 625u°)?
— PN 4 ™31 (1 4 10A% + 9NY)5(24bg + 6b4(1 + 5p%) + by(9 + 11042
+125pu%) — (149, + 26b3 + 24bs + 50(15b; + bg)p?® 4 6256, u*))?).
Therefore, by Descartes’ Theorem, the polynomial Pjg(x1) can have at most ten
variations of sign, or equivalently, ten positive real roots. Consequently, the equation
x2 — 2} = 0 or the original equation x5 — z; = 0 can have at most ten positive real
roots, meaning that piecewise hybrid system formed by the two rigid vector fields

X, and Yg can have at most ten limit cycles, and statement (/) of Theorem 4.1 was

proved.

4.1.13 Case (m,n) = (5,5)

Consider the discontinuous piecewise hybrid system formed by the two rigid
vector fields X5 and Y5 where

Xi(z,y) = —y+ 2\ + a1z + a2’y + as2x®y? + aury® + asy?),
X5<I‘, y) =

X2(x,y) =2 + y(\ + a12* + apr®y + asxy? + agwy® + asyt).
(4-16)

In polar coordinates system (4-16) becomes

P =rA+1r° (al cos* 0 + a5 cos® 0sin O + ag cos? O sin® 0 + a4 cos 0 sin® +-as sin® 6’) ,

0 =1
or, equivalently

,_dr
~do

r =r\ 410 (al cos* 0 + ay cos® 0sin 0 + ag cos® Osin’ O + a4 cos 0 sin® +as sin® 0) .

Its solution 74 (#) such that r;(0) = x; is

0) B 23/469)\)\1/4(1 + 52 —{—4)\4)1/41‘1
Hy*

7"1(

where Hy; = 8(A+5X% +4)X%) — 2 (—3as — az(1+40?) — a; (34 3222 + 32\1) + A\ (3ay +
az(5+8X22)) + e**((3ay + az + 3as) (1 + 5N2 +4M*) — 4\ (ag + ag + 4(—a; +as5)\) (1 +
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A?) cos(20) + A(—ay + ag + (a1 — az + as)\)(1 + 47?) cos(40) + 8X\(a; — as + (ag +
ay)N) (1 + A?)sin(20) + Xay — az + as + agh — ag\)(1 + 4X?) sin(46))).

We assume 71(0) = 1, 71(7) = 9, 7o(7) = 23 = sT9, 12(27) = x4, and x5 = uxy,
where s,u € (0,1), and r;(6) and r5(f) are the solutions of X5 and Y5 (see eq.
(4-9)), resp.. Thus, the possible limit cycles satisfy the equation x5 — 21 = 0.
Therefore, consider the numerator of the expression zi — 2] = x{P;(z;) = 0, being
Pyi(z1) = Coq1 + Cypif, with

Co11 =8(—1 4 ™MW gy N(1 4 5N + 40 (u + 5 + 4p®),

Cun =u(e*™ — D)(asg + 3(ay + as) + (—5ag — 3ag)\ + 4(8ay + az)\? — 8ax\?
+ 320 M) (1 + 52 + 4p*) — pe™ (=1 + ™) s* N(1 + 5\ + 4)%)
(3by + by (5 4 8p2)) + €™ (bs + 3bs + 4bgp® + by (3 + 32(p* + u*)))
(e?™ —1)s*A(1 + 5A? + 4Xh).

By Descartes’ Theorem, the polynomial P;;(x;) can have at most one variation
of sign, meaning that it can have at most one positive real root. Therefore, the
discontinuous piecewise hybrid system formed by X5 and Y; can have at most one

limit cycle, proving the statement (m) of Theorem 4.1.

4.1.14 Case (m,n) = (5,6)

Finally, we consider the discontinuous piecewise hybrid system given by the
two vector fields X5 and Y5 defined in (4-16) and (4-11), respectively. We know their
solutions r1(0) and 75(f) such that, r1(0) = z1, ri(m) = X9, ro(w) = x3 = ST,
ro(2m) = x4, and x5 = uxy with s,u € (0,1). For this system, the possible limit
cycles satisfy the equation x5 — x1 = 0 or, equivalently, the numerator the equation

x2 — xf = 29 (A4 + By), where

Ay = (BN 440N + 320° + (1 — e*™)a] (a3 + 3as — (5as + 3as)\ + daz\* — 8ax\?
+ay (343207 +3204)) 1 (=8(A + 5A% + 4X°) + (6" — 1) (as + 305
—(5as + 3al)A + dazgA* — 8ax A + a1 (3 4 320* + 32A1))) (9 + 2594° + 875u*
+625°),

By =8 x 23/4 O N/ (1 4 5AZ 4 4N/ (5™ y5(9 + 25947 + 875u* + 6254°) — 2

(14 €>™)e™™ (24bg + 6ba(1 + 5p%) + ba(9 + 110p% + 1250*) — 11 (149b; + 26b3
+24bs + 50(15by + bs)p® + 625b111%)))

We consider equation A} — Bf = 0. In this way, we obtain a polynomial of degree
20 given by Plo(ilil) - 00,12 + 04,1011411 -+ 05,1011? -+ 08,123:51; —+ 010,1211%0 —+ 012,12$%2 +
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15 16 20
015712$1 + Clﬁylgl'l + 020712$1 s Where

Co1z = — 32768(—1 + e2mAFT1) 20920) (X £ 5A3 + 4X°)°(9 + 2592 + 875
+6254°)%,

Cuia = — 20480(—1 4 e*™ A1 4 5A2 + 4N (9 + 259 + 875u* + 625u°)*

(ag + 3as — Sag\ — 3ag\ + dagA\? — 8a\® + a1 (3 + 32X\ + 32\%)),

Cs19 =1310726 AT (1 4 5™) (X 4 5A® + 4M%)%(9 + 259> + 875 + 625u5)3
(24b6 + 6ba(1 + 5u*) + ba(9 + 110> + 125u*) — 11 (149by + 26bs + 24b5
+625b; 1" + 50(15b; + b3)p®))) s70u'?,

Csi2 =5120(az + 3as — Sag\ — 3as\ + 4azA? — 8ag\’ + a1 (3 + 32)\% + 32)1))?

(A4 5X% +4X%)%(9 + 25907 + 875u* + 625u°) ('™ — 1)?,

Cho12 = — 196608¢ 07 ATH) (1 4 5™)2(\ 53 4+ 4X°)°(9 + 2592 + 875
+ 625u°)% (24bg + 6ba(1 + 5®) + ba(9 4 1104 + 1250*) — (1496, + 2603
+24b5 + 625byp1* + 50(15by + bg)pi?) ) s0u'?,

Cla1a = — 640(az + 3as — Sagh — 3as\ + daz\? — 8ax\® + ay (3 + 3207 + 32)))3
(A4 5X% +4X%)2(9 + 259p% + 875" + 625u°)* (™ — 1)?,

Cs.12 =13107267™ AW (1 4 ™3\ 4 5X% + 4X°)°(9 + 259u% + 875" + 625u°)
(24bg + 6ba(1 + 5u%) + ba(9 + 110> + 125u*) — (149b; + 26bs + 24bs
+625by 1% 4 50(15by + bg)pi?))” s2°u®,

Cie.12 =40(az + 3as — (5ag + 3as)\ + dazA? — 8axA® + a;(3 + 3207 + 32)%))*
(A4 BX% +4X%) (9 + 25942 + 875u* + 6251°)* (e*™ — 1)*.

We do not provide the explicit expression of Cy12 because it is very long. By
Descartes’s Theorem, the polynomial Pis(x;) can have at most eight positive real
roots. So the discontinuous hybrid differential system formed by two rigid vector
fields X5 and Yg can have at most eight limit cycles, and the statement (n) of

Theorem 4.1 was proved.

4.2 Brief conclusion

Here we investigate the maximum number of limit cycles for a discontinuous
piecewise hybrid system separated by the straight line y = 0. We compare our results
with those of the continuous systems studied previous chapter (see [36]), where we
study systems (3-1) and (3-2) with A\ = p, no jumps, and the same separation line

y = 0. We consider the same cases as in Chapter 3 and obtain the same maximum
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number of limit cycles in all of them, except for (m = 3,n = 6) and (m = 4,n = 6).
For these two cases, the maximum number is 5 and 6 in the continuous system,
whereas in the hybrid system the upper bounds increase to 6 and 10, respectively.
Furthermore, in Chapter 3 we were able to exhibit parameter values for which this
bound is actually attained in the cases where m = n and m = 3,n = 5. In the
hybrid case, however, achieving the upper bound is generally a non-trivial problem:;
taking A # p makes the expressions for each pair (m,n) considerably more complex
and difficult to manipulate. Nevertheless, we were able to show that the bound is

attained when m = n, except for the cases m =n =4 and m =n = 5.

This suggests that for low values of m and n specifically, m,n € {2,3,4,5,6} there
is not a substantial difference between the maximum number of limit cycles in the
hybrid and continuous cases. We believe that for higher values of m and n, more
significant variations might appear, which could help determine whether the addition
of discrete dynamics increases the number of limit cycles. However, since the main
objective of this chapter is to illustrate a method for calculating limit cycles in such
systems, we have limited our study to fourteen representative cases, as calculations

become excessively complex for more cases.

In the next chapter, unlike the previous ones, we study a piecewise smooth dynamical
system defined in R? that is neither rigid nor hybrid. This study is based on the
paper [17], where the authors classify the dynamics associated with the Hopf-Like
bifurcations HLB — 7 and HLB — 10 applied to a special class of piecewice smooth

systems in R3.



CHAPTER b

Bifurcations in piecewise smooth vector
fields

A fundamental class within nonsmooth dynamical systems is constituted by
three-dimensional piecewise linear vector fields whose tangency sets consist of two
parallel straight lines. This class is particularly significant due to its frequent appea-
rance in switching systems, hysteresis loops, relay control, dry friction oscillators,
and power electronics. Such systems with parallel tangency lines appear naturally in
engineering, control systems, and biological phenomena. Moreover, such systems of
the form & = A%z +b* have received significant attention due to their rich dynamical
behavior, including sliding motions, invariant crossing surfaces, and bifurcation

phenomena, see [48] and the references therein.

In [17], the authors consider a class of piecewise linear systems in R? given by (5-1),
having two parallel tangency lines on the switching boundary, two cusp singularities,
and a pseudo-equilibrium point. For this class of systems, they show the occurrence
of two distinct types of Hopf-like bifurcations, each giving rise to a crossing limit
cycle. For this system, we analyze how a perturbation affects its dynamics. Our main
results are as follows. First, after the perturbation, the two tangency lines intersect
at a point, which is a parabolic two-fold. Second, three new pseudo-equilibrium
points appear, one of which is this intersection point. Depending on the sign of
a specific parameter, the other two points either move toward or away from the
pseudo-equilibrium of the original system as the perturbation parameter tends to
zero. Third, when one of these two new points converges to the original pseudo-

equilibrium, its qualitative behavior remains the same as that of the original system.

This chapter is organized as follows. Section 5.1 introduces the original system, its
canonical form, and the Proposition 1 (see [17], page 8). The perturbed system is
obtained in Section 5.2. Section 5.3 presents its characterization. In section 5.4, we

study the dynamics of this system when it exhibits a parabolic two-fold singularity,
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two cusp singularity points, and three pseudo-equilibrium points. Finally, Section

5.5 contains the conclutions of this chapter.

5.1 The piecewise linear system with two parallel

tangency lines

In this section, we present the model (5-1) introduced in [17] and some
results related to it. This is the model that will be perturbed in the next section,
and its perturbed version will be studied throughout the remainder of this chapter.

Thus, consider a piecewise linear system of the form

5{:{ Px+n-, if h(x)<0 (5-1)

Px+nt, if h(x)>0,

where the dot denotes derivative respect to the time ¢, x = (z,9,2) € R? is the
state vector, P = (p;j)sx3 for i,7 € {1,2,3} and n* = (ni,ny,n3) are matrix and
vector parameters respectively, and h is a switching scalar function. The switching

boundary ¥ of (5-1) is defined as being the third coordinate plane:
5= {(2,5,2) € B h(x) = 2 = O}, (5-2)

where R3-space is formed by the union of all the set X, ¥~ = {(z,y,2) € R3: 2 < 0}
and X7 = {(z,y,2) € R®: z > 0}. The linear vector field is defined in the zones ¥~
and X7 by

F (x)=Px+n~ and F'(x)=Px+n", (5-3)

respectively, with both vector fields appropriately extend to ¥. The system (5-1)
satisfies the following hypotheses:

(H1) There are two tangency lines on X, namely
T = {(z,y,2) € ¥ : parx + psoy +ny = 0} (5-4)

is that, p3, + p3, # 0, one for each vector field F*(x). These tangency lines
are parallel if n; # nj or coincident if ny = nj.

(H2) There are two points q© € T, q~ € T~ such that

h(qF) = Lr+h(q®) = L% h(qF) = 0,
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where = Lz=h is the Lie derivative of the vector fields F*, det(M) # 0, and

0 0 1

P31 D32 D33
P21D32 + P31(p11 + P33)  PiaPs1 + Pa2(Po2 + Ps3)  Pisps1 + Daspsz + p%?)

<
I

Equivalently, these points q* correspond to cusp singularities in F=.
(H3) Assume que det(R) # 0, where

+ p—

P11 P12 Ny — 1y

_ + —
R= P21 P22 Ny — Ny

+ —
P31 P32 N3y — Ng

This hypothesis implies that there is only one point x, € 3 where the vector
fields 1 and F~ are anti-collinear to X, i.e., the linear equations system

(1 =a)F (2,y,2) + aF " (2,y,2) = Px + an® + (1 — a)n” =0,
h(z,y,z) = z =0,
has a single solution for (z,v,z,«). That is, the system (5-1) has a single

pseudo-equilibrium, denoted by x,,.

5.1.1 Canonical form of the system (5-1)

Under the hypotheses (H1)-(H3) the system (5-1) can be rewritten in a
canonical form by

' F~(x) =A(x) +ab, if z<0, (5:5)
| F(x) =AX) + (a—1)b, if z>0
where
@11 a2 Q13 x v
A=11 0 0|, x=1y and b= |2
0o 1 0 z "

where a1, a2, ay3a, v, B, and p are real coefficients. Moreover, the switching bound-
ary 3 is the same as defined in (5-2). These results are summarized in the following

proposition.

Proposition 5.1. Considere the hypotheses (H1)-(H3) with respect to system
(5-1). The following statements hold.
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(a) There is an affine transformation of coordinates such that the phase portrait
of (5-1) is mapped onto the phase portrait of (5-5), preserving the orientation
of all orbits including sliding orbits.

(b) The coefficients of the canonical form (5-5) are related to the coefficients of

the general form (5-1) as described below:

aj; =tr(P), ajp = —tr(adj(P)), a3 = det(P),
Lrhlx)  _ det(@

CTLrn(x,) — Lrih(x,)  det(R)’
ny —nf
v=L% h(x)— L% h(x) = <p31 D32 p33) Pny —ny
ng  —ng

B =L% h(x) = Lz h(x) = pai(ny —ni) + paa(ng —n3) + pas(ng —ny),
p=Lz-h(x,) — Lr+h(x,) =n3 —ng,

where x, is the pseudo-equilibrium point of (5-1), adj stands for the adjugate

matriz and
P11 Pi2 P13 P11 P2 Ny pi1 pi2 nf —ng
P = P21 P22 P23 | > Q= P21 P22 Ny |, R= P21 D22 n; —nq
P31 P32 D33 P31 P32 N3 P31 Pz ng  —ng

According to [17], the parameter a controls whether the pseudo-equilibrium
lies in the sliding or crossing region. The parameter y controls whether there is an
attractive or repulsive sliding region, as well as the distance between the tangency
lines in Y. The parameter 3 controls whether there is an invisible or visible two-fold
segment when 1 = 0, as well as the length of that two-fold segment. The parameter
v controls the position of the regular equilibria with respect to ¥ (whether it lies

above or below ) when =8 = 0.

5.2 The perturbed system

We now seek to introduce a perturbation into system (5-1) such that the
resulting perturbed system satisfies the following conditions: its tangency lines
intersect transversally at a point; its sliding vector field is well-defined; and its
canonical form is as simple as possible. Moreover, as the perturbation parameter
tends to zero, this perturbed system recovers the original system, and its canonical
form recovers that of the original system. In what follows, we explicitly construct

this perturbation and present the corresponding calculations.
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x =F~(x)

Figure 5.1: Switching boundary of system (5-1) for p > 0,
0<a<1andB>0. The points q© and q~
indicate the cusp points of F* and F~,
respectively. Adapted from [17].

We consider nj # nj. Then the tangency lines T+ and T~ are parallel (see
hypothesis (H1) and Figure 5.1). Thus, it is sufficient to rotate one of them so
that they intersect transversally at a point. We will therefore keep the line T fixed,
meaning the field 7 (x) remains unchanged, and rotate the line 7', that is, we will
perturb the system F~(x).

Thus, consider pos = (—p1aps1 — Ps2pss)/pse- This choice simplifies our calculations
and does not alter the original conditions of the system (5-1). Furthermore, because
the original hypotheses guarantee p3; # 0, the expression is well-defined. Then,

consider the matrix P and its perturbation P.

Pin P12 P13 Di1e Pi2e Pise
P=pa po ps|: Fe=|pac poc Pose |
P31 P32 P33 P3ie P32e P33e
the vectors n™ = {n},nd.,ni}, n= = {ny,ny,nz}, the perturbed vector of n,
denoted by n- = {ny.,ny.,ns.}. Furthermore, consider the vector fields given in

(5-3) and perturbed vector field of F~, denoted by F_ (x) = P.x + n_, together
with the tangency line T~ defined in (5-4). The perturbation of T~ is denoted by
T ={(z,y,2) € X : p31c® + P3acy + P3zez + nz. = 0}. As mentioned before, we now
rotate the tangency line 7', obtaining the new line 7. . Thus, setting z = 0 in the

equation corresponding to 7', we obtain,

_ Pnr—ng
P32

This expression can be written in the form y = max + b, or equivalently as

y = tan(d)z + b, where 6 denotes the angle between the line 7~ and the z-axis.
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Hence,

No N
mztan(@):—@, b:——3:>y:—]E:c——3,
D32 D32 D32 D32

We now rotate the line so that the new angle is e-close to the original one, with

e > 0 sufficiently small. To this end. To this end, we use the expansion
tan(f + ¢) = tan(#) + (1 + tan®(0))e + O(£?).
Consequently, the expression of the perturbed tangency curve is
Yo = tan(f + &)z + B. = tan Oz + (1 + tan®())xe + B.. (5-6)

Next, we calculate

_ ps2(ng + ps2f)
(P31 +p3a)e

y—y95:0:>:c:

Furthermore, we impose that the intersection point of the tangency curves occurs

at y = 0. Substituting the value of z into equation (5-6) and calculating y4. = 0, we

_ [ € - + €
ﬁ€:n3 (_+ 293222931>7
P31 D30

with ps3; # 0. Thus, the tangential curve of the perturbed field is

2 2 1 —
Yoe = (—@Jr (p—31+p32>5)x—|— <—+Z%>e—n—3. (5-7)

P32 P P31 D3 P32

have

Now we determine the parameter values of the perturbed vector field that yield this

perturbed tangency curve. Thus, consider the equation that defines the line 7'

Ye = —]&l’ — k’ (5—8)

P32e D32e
where pso. # 0, and the equation (5-7). Then from

2 - _
€ R _ 1 n n‘a
D32 D32 P39 D31 DPiy

we obtain ) )
_P32<—:(—p31p32 + (P51 + p3r)e)

2
P32

D31e =
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Substituting this expression in (5-9) we get

, -
ng,s(_@__)ﬁ_?)_kzo,

p:%z P31 P32 P32e

from which it follows that

P32 — P31 i)

No. = Na P32 (
3e 3 & 2
p32 P31

Therefore the equations (5-8) and (5-7) are equal and they are given by

1 _
Yo = Ye = 5~ (P17 + 13 ) (—paips2 + D31E + D). (5-10)
P31P32

Thus, the tangency line 7, which is transversal to T'", is defined by expression
(5-10). In this way, with ps;. and n3. defined as above, the vector field F (x) is
given by

Fo(x) = (Puex + P1aey + P13:2 + Ny, P21X + P22y + D2se? + N,

1 _
3 (p31p32 (p32a(n3 + pa1T + psay) + p32p3352)
P31P32

~paae (0 + ) (05 + pn)e ) )

Next, we consider the sliding vector fields given by

_Lr-h(x)F"(x)
Lr-(x)

—Lpsh(x)F (%) [ x). £2(x
—L]:Jr(X) _{f( >7f( )70}7

F2(x)

where

Fix) = ((p112 + p1ay + 17 ) (P31 + p32y + ng ) — (p11@ + pray + ny ) (p31@ + psay + ny))

— + )
ng —nNg

£(x) = ((p212 + paoy + nJ) (P31 + psay + 1z ) — (P12 + Pasy + ny ) (P31 + paoy + 1))

p— + )
ng —nNg

and

Ly h(X)F*(x) — Lrth(x)F-(x)

R = = 60,00,
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where f2 = f21/f2%, f2 = f2!/ [ and

JH(%) =ps1p3s (P11e® + Procy + n1.) (Ps12 + psay + 13 ) + psoc (P11 + pray + 1)
(P31 + P32) (Ps1® + 13 )e — P31ps2(Ps1® + P32y +1n3))
J22(x) =psipso (n§p32 — N3 Paze + (P32 — Pa2e) (P31 + p32$2)) + (93, +p3)
P32z + pa171)e,
J2H(x) =ps1p3s (p21o@ + Pa2ey + ny) (P31 + P2y + nF) — (n;p32 + P21p32® — (P12ps1
+p32p33) Y) (P31P32p32a (P31 + P32y + 3 ) — ps2c (3, + P3a) (P31 + )5) )
J2(x) = — p31P5aps2c (D317 + P2y + 13 ) + Ps1Dsy (P31 + ps2y + 13 ) + (05, + p3o)
P32eP32(pa1 + 0y )e.

In order to obtain the dynamics of the perturbed sliding vector field on X, we
consider the normalized sliding vector fields F*(x) and F.(x), and the expression
Fs(x) — F5.(x) = 0, where F5(x) = (Lr-h(x) — Lr+h(x))F*(x) and F5.(x) =
(Lz-h(x) = Lr+h(x))F?. We then determine the values of parameters p;;. and n_
for which the pseudo-equilibria and the sliding vector field are well defined. We

obtain
2 2 2 2
€ €
P11e =P11 (1 - %) y  DP21e = P21 (1 - %) y D22 = P22
31032 31P32
2 2 2 2
P31 + P39)€ _ _ D31 + P39)€
P31e =P31 (1 - %) y Mg = N3 (1 - %) y P12 = P12,

D32e =P32, MNq. =Ny, MNg. =Ny

Note that with these value of parameters we have lin% F? = F* and two pseudo-
E—r

1
equilibriums given by x? = {22,¢?,0} and x! = {«l,y,0}, with 2} = —= and
15

1

yl = yiu, where
— + —
Ng — N: n. 1
xg:( 32 52>]932__5 and ySZ(TL;—n;)<—— 2p312 >>
(P51 +P3)e Pt ps2 (P51 + i)

zl =psipsa (ny ps2(nf P32 — ndp12) + 1y (0 praps1 + n3 prapsa + ni psapss)
— ny (n3 p1aps1 + nd p3 + n§p32p33)) —n3 (P, + p3) (n;p12p32 + Y (praps
+p3apss) €)

xl? = (( T = D) (p12p3 + ps2(paips2 + psipss)) + ps2(ny — n3) (Pr2pst — Pripse)
+ (n3 — n3 ) (prip12ps1 + P12p21Ps2 + p11p32p33)) psips2 + (P31 + P3s) (n;p?,z
(p12ps1 — pups2) + (n3 — n3 ) (Prpraps1 + PrapaiPse + P11Ps2Pss)
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+ni (p12p3; + P32 (paipss + P31p33))) £,

yil = (p31n§(nfp21 —nypn) + psing (ng pi — i ps1) + paing (N3 ps — n{{pgl)) pzzaz
+ 13 (n3 p11 — ni por)ps2(P3) + P3)e,

Y2 =psipsa(ny — ni)(p1op3y + ps2(P21ps2 + psipss)) + (ny — 13 ) (praps; — Prips2)
P33y — (ng — n3 ) (pripipst + P1ap21Ps2 + Pripsapss) + ns (3 + Paa)
(P11P12D31 + Prap21Pse + Pr1P32pss)E.

Moreover, ll_I}I(l) x! = xp, where x,, is the pseudo-equilibrium of the original system
and, x? is the intersection point of the tangency lines. Now, it remains to determine
the values for the following parameters: pis., pes. and pi3.. Thus, the matrix P. and
the vector n_ are given by

(3, +p30)e
pu (1= Di2  Pise

2 2
23 23 € _ - _ P21 + P3y)E
Fe=pn(1- (pp13j_§322) Poz Pase |5 Te = {nl et (1 N ( 3]17 1P i2> )} ’
1 — (Pi4pip)e S
D31 Pa1pas D32 P33e

where pyy = W. In what follows, we explicitly construct the matrix A.;
that is, we obtain the canonical form of matrix P.. For this purpose, we consider the

matrix 7' given in [17] and compute TP.T~'. Thus

Alle A125 A13€
Ac=| Ay 0 0 |, (5-11)
Az 1 0

where, Ay1c = a1 + €A, Ao = ar2, Aize = a1z +eAis, Aoie = 14+ €Agr, Ape =0,
Agze =0, Az = €Ag, Asoe =1, Ags. = 0, with
<p§1 +p§2)

Ap :m (p%lpgl + pr1(pa1ps2 + P31pss + P31 (P13ps1 + Psps2 + pig))) ;

Ap =0, Ay =0, Ap=0, Ayp=0, A3 =0,

A (P31 Fp5)
1 P31 det M

(p13p31 + Daspse + pg:&);
Ay = — p?’)l + p?%? A. (p?%l + p?&g).

(p?1p31 + p11(p21p32 + P31p33 + P31 (P13pa1 + Pasps2 + p§3)))

P3Pz o det M

The coefficients a;; denote the entries of the original matrix A from [17]. Further-
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more, note that Ay; # 0 and Az; # 0, and the entries of A, are obtained by setting

(pzzn + p§2)€

Do (det M)2p32 (P1sps1 + Pasps2 + P3s)’e,

D13 =P13 +

R (P31 + Pa)e
e TP (et M
+ po1p31P32P33 + P33 + P1ipst(2p21pse + ]9312933)) )

Dise = — (P31 + P32) (Praps1 + Paspsa + pis)e
33 =P33 et M ,

(p13pa1 + Paspse + P3s) (p%1p§1 + P3Py + Pa3P3iPse + DD

with detM = —paa(paipse + ps1(pu1 + ps3)) # 0. )
Now, we compute T(P.X! +n-) = a.b., where o, = % with
c
L =psips2 (—ns (prapar — prip2) + 1y (Prapst — Pripse) — ny (P22pst — P2ips2))
+eng (p12p21 — P11p22) (p§1 +P§2) ;
04? =P31P32 ((n;,r - n?:)(Pmpm — pup22) + (ng — ng)(pmpm — p11Ps2)
— (ny —nY)(p22ps — ]921])32)) + eng (prapa1 — p11p22)(p§1 —I—p§2)

and, expanding the expression above in the Taylor series to first order in e, gives
T(P.X! +nZ) = ab + eby, where by = {vy, 81,1} and vy, 1, 1 depend on the

originals parameters of system (5-1). Therefore, the system to be study is given by

F* =TPT 'y +T(PX,+n") = Ay + (o — 1)b,

(5-12)
F. =TP.T 'y +T(P.X!+n_)=A.y +ab+¢b.

In the next section, we summarize the results obtained.

5.3 Characterization of the perturbed system

Consider the piecewise system of the form

e {.7-"+(x) =Px+n*, h(x)>0 (5-13)

F.(x)=PFPx+n_, h(x)<O0.

£

where the matrix P. and the vector n_ are given by

P11e P12 Dise
P, = P21e D22 D23e | > n;:{nl_>n2_’n?:a}’

P31e P32 DP33e
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and

S (1 _ (Ph +p§2)8> Do = Do (1 (5 +p§2)8>
IS Y e 9

P31Ps2 P31P32
2 2 2 2
D31+ P32)€ _ _ P31+ Pio)e

D31e =Ps1 (1 - M) » o Mze = Ng (1 — M) 7

Ps1Ps2 D31P32

2 2
P31+ P3g)e

P13 =Pis + (23, + Do) (p13ps1 + Pasps2 + Pis)’e,

P31 (det M>2p32

(pgl + p§2>5
P31 (det M)2

+ D31 D3y + P21D31P32pss + P31P3s + Pripst (2p2ipse + p31p33)) ;

Doze =Pag — (p13p31 + Pasps2 + P33) (P11P31 + P1spsy + Pasp3ipso

Dise =pas — (P31 + P3) (P13D31 + PasPs2 + P33)e - —P12D31 — D32P33
332 =D33 ot M o D22 P .

We assume the following hypotheses described below with respect to system (5-13):

(H1) Assume psipss # 0 and € > 0 sufficiently small. This hypothesis implies the
existence of two tangency lines on X

TH ={(x,y,2) € ¥ : pa1z + p3ay + n3 },

2 2 2 2
_ + 5 _ + €
- = {(x,y, e pa (1 (P31 +p35) )x D2y + 13 <1  (p3, +p39) >}7
P31P32 P31P32

one for each vector field F*(x) and F_ (x), respectively. These tangency lines
intersect at a point x°.
(H2) Assume detM # 0 and detM, # 0, where

0 0 1
M = P31 P32 P33
po1p32 + P31 (P11 + pa3)  Piapsi + paa(Paz + P33)  P13Pa1 + DasPaz + Pag

0 0 1
M. = D31e D32 D33e
P21eP32 + P31c(Prie + P3se)  Piapsic + Ps2(paz + P3se)  Pr3ePsic + PasePs2 + Piae
and the “det” indicates the determinant. This hypothesis implies the existence
of two points: q* € T, q- € T, such that

h(a") = Lreh(a") = Lroh(@") =0, R(ar) = Ly-h(a;) = L3 h(qz) = 0.

These points q*, q- are cusp singularities of F* and F_ .

(H3) The system (5-13) have two points of pseudo-equilibriums denote by x? and

1

X.
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5.3.1 Canonical form of the perturbed system

Under hypotheses (H1)-(H3), system F. (x) in (5-13) can be rewritten in

a canonical form described by

F_(x) = A.(x) + ab+¢by (5-14)
where
Ave Avpe Ause X v 141
Ag = A21€ 0 0 , X=19y1, b = 6 ) and bl = 61 )
Az 1 0 2 U L1

where A;j;.,a.,v, B, p,v1, 61 e py are reals coeficients. In addition, the switching
boundary X, occurring at z = 0, is the same as the one defined in (5-2). These
statements are summarized in the following proposition, which is analogous to

Proposition 5.1.

Proposition 5.2. Consider hypotheses (H1)-(H3) for system F.(x) in (5-13).
The following statements hold.

(a) There is an affine coordinate transformation that maps the phase portrait of

Fo

(x) onto the phase portrait of (5-14), preserving the orientation of all
orbits, including the sliding ones.
(b) The coefficients of the canonical form (5-14) are given in terms of the coeffi-

cients of the original system as described below.

Avie =a11 + €A1, Ao = ar2, Agze = a3 + A3,
Agie =1+ €Ay, Ap. =0, Ay =0, A3 =cAs,
A325 :]-7 A335 = Oa

where ai1, a2, a2, v, B, i are defined in the Proposition 5.1, and the
parameters vy, 1 and puy are given in the original terms of system (5-1).
Besides,

limA, = A, and limab+ cb; = ab,
e—0 e—0
that is, ll_I}I(l) F_(x) =F (x).

Therefore, from the second system in (5-5) and (5-14), it follows that the canonical
form of perturbed system (5-13) is given by

x _ {F*(x) =A(x)+ (a—1)b, if z>0, (5-15)

F_(x) =A.(x)+ab+¢cby, if 2<0.

£
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/! Sa

x. = F_(x)

Figure 5.2: Switching boundary of perturbed system (5-15)
n>0,0<a<l, >0&>0and Az; > 0.

5.4 Dynamics on the switching boundary X of the

perturbed system

To study the dynamics of system (5-15) on X, we consider the Lie deriva-
tives. Since for z > 0 the system FT in (5-15) is the same as that in (5-5), the Lie
derivatives for this system are given as in [17]. Moreover, we adopt the following
hypotheses from the same work for the system (5-15): 0 < a« < 1, 8 > 0, ay; # 0,
p# 0 and 7 # 0. Thus, the Lie derivatives of FT(x) are given by

Le+h(E) =y+ (a—1Du, Liph(Ty)=z+(a—1)8, and Li.h(q") = (a—1)y

with v = v — a116 — apap0 # 0.
On the other hand, the Lie derivatives of F_ (x) expanded in a first-order Taylor

series in € are given by

Lg-h(E) =y+ap+e(Anz+ m),

Li«g— h(T.) =z +af +e(B1 — aAsi(aop — v) + x(A21 + a11431)),

L%E—h(q;) = ay+e (v —anbn — appn — a (Anf — a2 Az 8 + arg Ao — Anv)) .
The change from an invisible to a visible fold on T'" corresponds to a cusp singularity

of F* whenever « # 1, see [17]. Now, for T it corresponds to a cusp singularity of

F_ provided that oo # 0 and ¢ # 0. The coordinates of these points are given by

q"=(1-a)(8,u0) and q. =(q,q2,0),
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where

¢t = —af +ela(AnB + Asi (a1 f + app +v)) — B,

¢ =—ap+e(adsf—u).
In addition, llil(l) Lp-h(X) = Lg-h(%), ll_I% Li,s_h(T;) = L3 _n(T),
li_{% Li’,;h(qa‘) = L} h(q7), and ll_r%qg = q°, with q- = —a{8,p,0}. Fur-
thermore, the intersection point between the tangency lines is qo = (29, %0,0) =
(—u;ifll,(l — a),u,()). From the zeros of the first-order Lie derivatives, we

explicitly obtain the tangency lines: Tt = {(z,y,2) € ¥ : y = (1 — a)u} and
T = {(z,y,2) € ¥ :y=—au—e(As1x + p1)}, where the vector fields F™ and
F_ are tangent to X. Using item (a) of Definition 1.3, we introduce the following

propositions.

Proposition 5.3. For all x < (1 — «)f the points in T are invisible folds and for
all x > (1 — ) are visibles folds, see [17].

The following proposition provides a characterization of the points on the tangency
line T~.

Proposition 5.4. Assume that 0 < o <1, 8 >0, A31 #0,7v#0, ande > 0 is a
sufficiently small parameter. If x > —aff + e (a(Anf — As1y) — B1), then the points
on T are invisible folds; if v < —af + ¢ (a(Anpf — As1y) — 51), then the points on
T are visible folds.

Remark 5.5. By item (a) of definition 1.3 and the fact that the inequality Agp >

_1%1“‘31 always holds, the proof of the previous proposition follows.

Proposition 5.6. For sufficiently small e > 0, the point qo, which is the intersection

of the tangency lines, corresponds to a parabolic two-fold.

Asie

Proof. In fact, consider the point q¢ = (2o, yo,0) = (—M (1—a)y, O). We must

prove that one of two inequalities holds

—af +e(a(AnB — As1y) — B1) <z > (1 —)B,

or
—af +e(a(Anpf — Any) — B1) > 20 < (1 —a)p.

: 1+ Ep [ fh
From the expresion of xy = — = — — ——, note that
P ° Az eAs Az
o if > 0,
. Az
lim xg = /L
=07 +o00 if —— <0.

A31
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So, for a very small £ > 0, the xg-coordinate of the point of intersection comes from

infinity, and its sign is determined by AL Thus,
31

(1) If pAs; > 0, then zg < 0 (it is a large negative number); furthermore, as
0<a<landf >0, wehave (1 —«a)8 > 0. In this way, zo < (1 — «)f holds
for a sufficiently small € > 0.

(2) If pAs; < 0, then g > 0 (z¢ is a large positive number). Therefore, for a
sufficiently small € > 0, g > (1 — «)8 > 0.

On the other hand, denote by 2. = —af + ¢ (a(A 8 — As1y) — f1). We have that
lim x. = —af. For sufficiently small ¢ > 0, the sign of x. is given by —af, and

since —af < 0, then x. < 0. Now, consider

(3) If pAs; > 0, we have zy < 0 (it is a large negative number); then for a
sufficiently small € > 0 we have xy < x..

(4) If uAsz < 0, we have that xq > 0. So, for a sufficiently small £ > 0, z¢ > z..

Therefore, from items (1), (3), and Propositions 5.3 and 5.4, q is an invisible two-
fold for F* and an visible two-fold for F_. In the same way, from items (2), (4), and
Propositions 5.3 and 5.4, qq is an visible two-fold for F* and an invisible two-fold

for F_. Thus, q is a parabolic two-fold for the perturbed system. O

|
\s/

\ 2z FT(x)

(e}

Fo(x)

Figure 5.3: Parabolic two-fold singularity of perturbed
system (5-15) for p <0, 0<a <1, >0,
€ >0 and Az > 0.

Additionally, the sliding attractive region is given by X, = {(z,y,0) € ¥ :
Lg+h(¥) < 0 and Lp-h(¥) > 0}. By definition of the first Lie derivative, we
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have y < (1 —a)p and y > —ap — e(Az1x + 1), if and only if,

—ap—e(Anz+ ) <y <(l—au) & —ap—eAnz — e < p—ap
& —cAzir —€epy <

=~ —€A311L' < W+ €l

M+ Ep
eAs
5.6, for sufficiently small € > 0 and p > 0, we obtain xy > 0. Now, if A3; > 0, then

M+ Efi
> J—
eAs
1> 0 and

If A31 < O, then x < —

= xo. Furthermore, from the proof of Proposition

= x9, and for > 0 it follows that xy < 0. Therefore, assume that

o if A3; <0, Xps(p, Az1) = {(z,y,0) e <290 >0, y < (1 —a)u, y>
—ap —e(Az1z + 1)},
o if Ay; > 0, then X,(p,As1) = {(z,9,0) € ¥ : 2 > 20 < 0, y <
(L=, y>—ap—elAnz+m)}.
On the other hand, the repulsive sliding region is defined by X, = {(z,y,0) € ¥ :
Lr+h(X) >0, Lz-h(¥)<0}. Thus,y > (1-a)u and y < —ap—e(Aziz+pn)
if and only if

(I-ap<y<ap—e(Anz+m) e (1 -a)p<—ap—e(Aznz+ )
S < —eAnr — ey

S+ epy < —eAszx.

If A3; <0, then z > A 41—45,1!1 = xo. Moreover, from the proof of Proposition 5.6, if
€A31
1 < 0 and € > 0 sufficiently small, then xy < 0. If A3; > 0, then z < _k t;m = Xy
€A31

and, for ;1 < 0 we have g > 0. Assume that ;1 < 0 and

o if Ay <0, Xor(pt, Az1) = {(z,9,0) €2 >20<0, y>1—-a)u, y<
—ap —e(Anz + )},
o if A3; > 0, then X, (i, A31) = {(z,94,0) € ¥ : x < 29 > 0, y >
(1=, y<—ap—elAnz+m)}.
Finally, the crossing regions are defined by X7 (u) = {(z,y,0) € ¥ : y <
(- o and y < —ap — (Anz + )}, S5 = {(@.0) € £ ¢y >
(1—a)p and y> —ap—ce(Asiz+ py)} for all p.

5.4.1 Equilibrium points of the vector fields F" and F_

Here we study the equilibrium points of the systems F* and F_. From [17],

we assume that a;3 # 0 and v # 0. Thus the vector field F* have an equilibrium
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point given by
E+ - (1 _a)<ﬁmua J )a
a3

and the equilibrium point of the perturbed vector field F_ is E- = (el, €2, e?), where

el =—af + (aduf — B)e, e =—au+ (aAs B — m)e,
S (a3 (A — an Aoy — arAs1) + ars(+a1161 + arppn — 1) + adizy)e

2
ais ais

and liII(l] E- =e ,beinge” = —a(ﬂ, 14, %) the equilibrium pont of the unperturbed
e—

system F~. Similarly to Proposition 2. in [17] we have

Proposition 5.7. Consider the equilibria E* and E- of the systems (5-5), and
(5-15) respectively.

1. The equilibrium point E* is said to be admissible (resp. mnon-admissible) if

-2 - g (resp.<<0). If « = 1, then E* becomes a boundary equilibrium.

2. Tl;:a equilibrium E- is said to be admissible (resp. non-admissible) when
—? < 0 (resp. > 0) for sufficiently small e > 0. Ifa« = vy = 1 = pu; =0,
the7lz3EE_ becomes a boundary equilibrium.

3. For a sufficient small e > 0, the equilibria E* and E- have the same stability,

are asymptotically stable iff

a1 <0, a3<0, and apas+ ags.

Proof. The proof of item (1) is given in [17]. For item (2), note that for a sufficiently
small € > 0, E1_i>:r(IJ1+ e2 = —a7y/ay3; that is, the sign of e is determined by —avy/a3,
and, according to Proposition 2 in [17|, we have —avy/ai3 < 0. Therefore, by
Definition 1.3, E is admissible. Furthermore, by Proposition 2 in [17] we assume
a=0;thene. =0if by = u; =1y = 0. Thus E_ € X, that is, E_ is a boundary
equilibrium for sufficiently small ¢ > 0. For item (3), consider characteristic
polynomial of A given by —A®+ a1 \% 4+ ajo )\ + ay3, then by Routh-Hurwitz stability
criterion we have E7 is asymptotically stable if and only if ay; < 0, a;3 < 0 and
ajraiz+arz > 0 (see [17]). Similarly, consider the characteristic polynomial of matrix

A. given by csA\® + ;A2 + \ + ¢, where

co = a13 + (A3 + aiz3As)e, ¢ = aia + (a12421 + a13431)e, 2 = ary + Agie,

and ¢35 =—1.

Since c¢3 = —1, if ¢g < 0, ca < 0 and cycp — cpcz > 0, then ET is asymptotically
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stable by the Routh-Hurwitz criterion. In fact, for £ > 0 sufficiently small we have

co = a13 + (A13 + a13A9)e = arz + (Ais + a1342)e < 0 & ag3 <0,
Co = a1 —|—A21€ = ar —|—A21€ <0< a; < 0,
C1Cy — CoC3>0 =A11a12 + a13 + (a12(A1n + a11A2n) + arz(Aor + annAs) + Aiz)e <0

< ajiare +agg > 0.

Thus, the signs of c¢q, ¢o, and cicy — cocg are determined by aq3, aq1, and aj1a12 + a3,
respectively; and since a1 < 0, a;3 < 0 and aj1a12 + a3 > 0, then ¢ < 0, ¢o < 0,

and cico — coez > 0. Ol

5.4.2 Pseudo-equilibria of the sliding vector field

This section introduces the pseudo-equilibria of the sliding vector field of
the perturbed system (5-15). Unlike that of the original system (5-1), which is linear,
the perturbed sliding vector field is nonlinear and possesses three pseudo-equilibrium

points.

Consider the sliding vector field of the nonperturbed system, given by the equation
(6) in [17]
an + (012 - ﬁ) Y
F° 0) = _8 ) 5-16
(Iay> ) X ,uy ( )

0
Thus, the sliding vector field of perturbed system (5-15), is defined by

F:(z,y,0) = F*(z,y,0) + e(f2 (2, 4,0), f2(z,4,0),0) (5-17)
where

F(2,9,0) :% (1 — a)u(Aupt — Agw)e + (v — pn)y + (Asw — Aup)ay
+(a = Dp(mv — wn)],

F2,0) == [fe = (A = Anap)a + (B = i)y + (Aanf = Ampay
+(a = Dp(Bun — up)] .-

This field is nonlinear and satisfies lin%) F? = F*. Next, to find the pseudo-equilibria,
e—

we solve F#(z,y,0) = 0. Doing this, we obtain:

Xo = <_%7 (1 - a)ﬂ’0> ’ X; = (Sl?;,y;,(]), and Xg - (Ig’y?’())
31



5.4 Dynamics on the switching boundary ¥ of the perturbed system 104

where

1
Te = o +a —(a—1)((A; —apA
: 26(A11 - a11A21 - a12A31) |:< 1161 12111 ( )(( 11 12 31)6

+ Aoy (aqou — V)) — V1)6 + a1+ apu—v — (4(1 —a) (A —andan
—a12431) (a12610 — araBpy — Brv + Brr)e” + ( —anf —apu+v
+ (Vl —anf — app + (o — 1)((A11 — a12A431)B + Asi(arou — V)))E)Q)lﬂ} ;
5 1
© 2e(An — andar — anAs
+ Ao (arpu —v)) —1)e + ani B+ apu — v+ (4(1 — ) (A — anAx
—a12431) (a1261u — @By — Biv + Bri)e” + ( —anf — apu+v
+ (Vl —anf — app + (o — 1)((A11 — a12A31)B + A (arpu — V)))5)2)1/2} .

T

) [(0‘11/31 + appn — (o — 1)((A11 — a1pAsn)p

Note that the point X, coincides with qg, i.e., it is the intersection point of
the tangency lines. Besides, the expressions for y! and y? are not written out
explicitly here because they are very large. Now, to simplify the expression of
the pseudo-equilibria, we expand in a first-order Taylor series in . Considere
v =v —ayf — agp # 0. Thus, we have

1
1_ 5 o
. 2(A1 — anAgr — a1pAs1)y (( TV )(alwl + a1 pi — (o —1)

7=
(Allﬁ + a12(Anu — Asi B) — A211/) - 1/1)) + (A1 — anAs — argAg)
(o = D)((ar2p — v)B1 — (ar2p11 — 11)B)e

V7 |

+

1
22 = e Y (ate t aniBe— (o 1
© 0 2(An —an Ay — apds)y (( v \/7_)( 1201 +anB — ( )

1=V
(Allﬂ +an(Aanu = Az f) = AQly) B Vl)) * 2e(A1y — a1 Ao — ainAs)
(@ = D((arop = v)Br — (arzpn — 1)B)e.

W

Furthermore, to simplify these expressions, we analyzed the sign of ~. From this

analysis, we have

1. If v < 0, then X! = (2!, 4!,0) = (2., y.,0) = X,, where

. (1 — a)(a2bip — ar12Bp — Biv + Pry)e _ (1—=a)(Bn — Biv)e
ol ot ’
yl = (1 —a)(—anfip+ ann B — v + pwn)e _ (1= a)(pumn — my)e
: g gt

Y
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v =v—ay f—ap, and v = vy —aq1 51 —aqapy . So that the pseudo-equilibrium

X! = (2l 4!, 0) satisfies lim X! =(0,0,0), where x, = (0,0,0) is the pseudo-
e—0 _

equilibrium of the unperturbed system. Moreover, X? = X, = (Z., ., 0), where

1

_6 = -1 A — A A _
’ —Aun + an Ao + a1pAs ((a )(B(Anr — a12451) + Az (1241 — v))

1 B - —
—anfr — app + V1> + ( a)(—awfip+ Cﬁ/l?ﬁﬂl + fv — Pry)e
_ i
(All - a11A21 — CL12A31>57
7 1 le
Ye = (Qn + — + Q135),
Q14

where Q1; (1 = 1,2,3,4) depend on the system parameters, and as ¢ — 0T,
X2 diverges to either 400 or —oco.
2. If v > 0, then

£ A+ anilgl + a1pAs; ((a — D)(B(An — andy) + An (anp = v))
— a1 — Qiafty + yl) + (1 —a)(—afip + C;mﬁﬂl + fiv — Pur)e
_ g
(An —ay1 Ay — a1pAs))e’
L =——(Qu + @ + Q13¢),

Ye =
Q 14

that is, X! = X.. Hence, as ¢ — 0%, X! diverges to either +0o or —oc, while

o (1 —a)(a2fip — araBuy — Brv + Pri)e

T, = 9
7
o2 (= a)(—anfip+ anfuy — v + pvy)e
e 9
Y

or equivalently, X? = X_. Thus, for the pseudo-equilibrium X? = (22, ¢, 0)
we have lim X2 = (0,0,0) = x,.

e—0t

Therefore, v determines the behavior of the pseudo-equilibria as € — 07: one of them
converges to x, = (0,0,0), while the other diverges to either 400 or —oo. When

~v = 0, however, no pseudo-equilibria exist, since they would not be well-defined.

5.4.3 Stability of the pseudo-equilibrium

We consider the perturbed sliding vector field (5-15) to study the sliding
dynamics for  # 0 and € > 0. This system has three pseudo-equilibrium points: X,
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X! and X2, where X, corresponds to the intersection point of the tangency lines. If
v < 0, then as ¢ = 07, X! converges to x, while X2 diverges to either +00 or —o0;
conversely, if v > 0, the opposite behavior occurs. When the pseudo-equilibrium
diverges to either +00 or —o0, it does not belong to the sliding region and therefore
is not considered in the present study. Therefore, we present the following Theorem,

analogous to Proposition 3 in [17].

Theorem 5.8. Consider p # 0, 0 < a < 1, A3y # 0, v # 0, and € > 0. The

following statements hold.

1. If n <0 and pAsy # 0, then X, € X5 and it is unstable.
2. If p > 0 and pAszy # 0, then X, € X4 and it is stable. Moreover, assume
v >0, then

(a) X. = X2 is a stable pseudo-node if ay; < g — ,/477 — ey or an unstable
pseudo-node if ar; > 5 + 477 —e/\q.

(b) X. = X2 is a stable pseudo-focus if % — ,/477 —eA] < ap <

unstable pseudo-focus if 5 <all < 5 + 5 — 41—7 —e\.

or an

T

3. If wy <0, then X, is a pseudo-saddle.

Proof. Consider the pseudo-equilibrium point X, = (z.,y.,0), where X, = X! if
v < 0and X, = X% if v > 0. Moreover,

(1 —a)(By — Biy)e Yo = (1 —a)(py — my)e

v v

Te =

with v = v — apu — a1 and y1 = v1 — app — 1151

1. Assume that p < 0 and pAs; # 0. Then we must prove that z. > xy and
(I—a)pu <y < —ap—e(Aznz + ).

+ €
Indeed, suppose Az; < 0. Then zq = —'UA ’i:l — —ooand z, =+ 0ase — 0T .
31
Therefore, for sufficiently small ¢, we have . > x for any values of ~, vy, £,

and .

On the other hand, note that as e — 0™, we have y. — 0, while (1 — a)u < 0
remains constant. Moreover, —au — e(Ag1z + 1) — —ap > 0 since p < 0.
Thus, the inequality (1 —a)p < y. < —ap —e(Az1x + p11) holds for any values
of v, 71, B, and fi.

For A3; > 0, we have xy — +o00 and z. — 0. Hence, for sufficiently small

e > 0, we obtain x. < zy. Consequently, X, € X,,.
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2. By an analysis similar to that in item (1), for 4 > 0 and pAs; # 0, we have
X, € ¥, for any values of 7, 71, 3, and f;.

Now, consider the sliding vector field (5-17) and its Jacobian matrix

Jll J12
Jo(z,y) =
J21 J22>

where

(Anp — Asiv)(y — (1 — a)p)e
12

—pv + (/le — pvr + (Aziv — An/z,);v)s

1 ’

1
Jo1 =1+ E (M(—l + ) (Az1 8 — Aoip) + (Az B — A21M)y)57

—Bu+ (B — Bip+ (A3 8 — App)w)e
12

Ji1 =a —

Y

Ji2 =aiz +

J22 =

Y

and lim J. = J, with

e—0t

being the Jacobian matrix of the original sliding vector field (5-16). Evaluating
the matrix J. at X, and taking the Taylor series up to first order in £, we obtain

det(J.) :% + %((Vl —anuf)p+ (anf —v)u — (1 - a)ﬂ((All —apAs)p

+(a2t — V)A21))a
=det(J) + %((Vl —anf)p+ (anf = v)p — (1 = a)p((An — a124s)pB

+(a12p — V)A21))7

]
—=tr(J) +¢ (‘51#/;- B B (o — 1)(142# — A31V>) |

A(J) =tr(J.)? — ddet(J.) = A(J) + A,

where Ay = (all - %) %(—51#‘1'5#14‘(1—04) (All,u A31V)) (Hl(allﬁ—

u?
V) + M(Vl - 01151)(1 - Oé) ((@121431 - All)ﬁ A21 alQM - V )) Thus, the
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eingenvalues are given by

tr(J.) £ /tr(J.)? — 4det(J.)

)\1,2 = 2

Assume v > 0 and p > 0, so that X. = X?2. Note that, for sufficiently small
e > 0, the sign of det(J.) is the same as that of det(.JJ) = v/u > 0. Hence,
det(J.) > 0 for small €. Now, consider

[ [4;
allﬁé— ——EAl(:)all—éﬁ— — —eA; <.
H o H o

For sufficiently small € > 0, we have , /% —eAy > 0, then tr(J) = any —g <0,
and since the sign of ¢r(J.) is the same as that of ¢r(J) for small ¢, it follows
that tr(J.) < 0. Consequently

/4 /4 2 4
all_éf_ _’Y_EA1:> &11—é‘2 _V_EAl@(all_é> Zl_EAl
H H H H H H
2 4
<=>(CL11—Q) —1+6A120,

H H

That is, A(J.) > 0. Therefore, for sufficiently small ¢ > 0 we have det(.J.) > 0,
A(J.) > 0, and tr(J.) < 0; hence X, is a stable pseudo-node. Analogously, we
shows that X, is an unstable pseudo-node.

Assume f—j — ,/477 —eA\ <ap < g As a;; < 5, then tr(J) = a;; — 5 <0,
consequently tr(J.) < 0 for small € > 0. Moreover, as

4 4 2 4y
ﬁ— —7—€A1<a11(:)a11—§>— 1—€A1¢><&11—é) <—/—€A1
pwo\Vou p Vo 7 ,LL

2 4
(:)(all—é> —1+5A1<0,
L

1
then A(J.) < 0. Therefore, for small ¢ we have det(J.) > 0, A(J.) < 0, and
tr(J:) < 0, that is, X, is a stable pseudo-focus. Similarly, we shows that X is
an unstable pseudo-focus.

Assume py < 0. Then, for sufficiently small £ > 0, we have det(J.) < 0. Hence,
X, is a pseudo-saddle.
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5.4.4 Previous results of unperturbed systems

As shown in Section 5.1, the authors in |17] study a piecewise linear system
in R? given by (5-1). Through an affine change of coordinates, the system is reduced
to the canonical form (5-5). For this system, the local asymptotic stability analysis
is first carried out (see |17], p.10). Here, Proposition 2 characterizes the regular
equilibria e* of the vector fields F*. Admissibility conditions are established to
determine whether each equilibrium is real or virtual, and it is proved that under

certain parameter conditions, both equilibria are asymptotically stable.

Next, the sliding vector field given by (5-16) is considered. In Proposition 3,(see [17],
p.11), is shown that the pseudo-equilibrium at the origin belongs to the attractive
sliding region if x > 0, and to the repulsive sliding region if p < 0. Moreover,
under the assumptions g > 0 and ~ > 0, this pseudo-equilibrium can be either a

pseudo-node or a pseudo-focus. In the case py < 0, the origin is a pseudo-saddle.

Furthermore, the authors study two distinct types of bifurcations. The Type I
bifurcation. This bifurcation is associated with a change in stability of the sliding
region, from attractive to repulsive or vice versa. It occurs due to the variation of
the parameter p, with 1 = 0 being the bifurcation point. As shown in Theorem 1
(see [17], p.11), this bifurcation gives rise to a crossing limit cycle around the sliding
region. Such a limit cycle can be stable or unstable (saddle or node), depending on
the parameter conditions of the system. There are four possible unfoldings for this

bifurcation.

The Type II bifurcation occurs when the tangency lines of the system coincide,
i.e., p = 0, and the parameter v is varied, with v = 0 being the bifurcation point.
Theorem 2 in [17] shows that this bifurcation gives rise to a crossing limit cycle that
emerges directly from the origin. This limit cycle can be stable or unstable (saddle or
node), depending on the parameter conditions of the system. As with the previous

bifurcation, there are four possible unfoldings.

Finally, by analyzing the parameters g and v simultaneously, the authors establish
a bifurcation diagram in the (u, v)-plane. Under certain conditions, the system can
exhibit two crossing limit cycles coexisting simultaneously. Moreover, the existence
of a saddle-node bifurcation curve emanating from the origin is also proved. Along

this curve, the two limit cycles collide and disappear.

Note that after perturbing the system (5-1), our results, such as Proposition 5.7 and
Theorem 5.8 are analogous to those of Propositions 2 and 3 in [17] for the pseudo-
equilibrium of the perturbed field. Moreover, since the crossing limit cycles arising

from the Hopf-like bifurcations mentioned above are hyperbolic (saddle or node),
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the e-perturbation performed in this chapter will not affect those results of [17], as

they are structurally stable.

5.5 Brief conclusion

Here, we studied an e-perturbation of the piecewise smooth dynamical
system in R3 given by (5-1). In the resulting perturbed system (5-13), the two
tangency lines intersect at a point, and this intersection point is a parabolic two-fold.
This system is reduced to the canonical form (5-15), and its sliding vector field (5-17)
possesses three new pseudo-equilibrium points. One of them is the intersection point.
Depending on the sign of the parameter v, the other two points either move toward
or away from the pseudo-equilibrium of the original system as the perturbation
parameter ¢ > 0 tends to zero. Moreover, when the pseudo-equilibrium converges
to that of the original system, its qualitative behavior remains the same; that is,
it can be a pseudo-node, a pseudo-focus, or a pseudo-saddle. This occurs because
the original pseudo-equilibrium at the origin is hyperbolic, and therefore it persists
under small perturbations in other words, it is structurally stable. Thus, from the
previous remark, we conclude that the e-perturbation performed in this chapter will

not affect the results of [17], since they are structurally stable.



CHAPTER 6

Conclusion

In this thesis, we study the maximum number of limit cycles in a class
of piecewise smooth dynamical systems in R? primarily using Chebyshev Theory
and Descartes’ Theorem. In R3, we describe System (5-1) after an appropriate

perturbation and we analyze its dynamics.

In Chapter 2, we investigate the maximum number of limit cycles that a piecewise
smooth dynamical system composed by two rigid centers can exhibit. These centers
are governed by even-degree polynomials given by a specific equation. Since the
system is integrable, we consider the first integrals of each system, denoted by H,
and F. From these integrals, we construct the closing function M (yq) = 0 for the
system (2-1). This function, is no longer a polynomial function and it is generated
by a set of functions B,,. Thus, since M (yo) is no longer a polynomial, the problem
of solving system (2-8) reduces to the number of zeros that the elements of the
space generated by the linear combination of functions in B, can have in a given
interval. To estimate the number of zeros of any linear combination of elements of
B,,, we use the theory of Chebyshev systems. In this way, for an even degree n, we
proved that the system admits at most (n—2)/2 limit cycles provided that dy = M.
Furthermore, specifically for n = 4 with dy = 0 and dy # Ms, we established that the
sharp upper bound is 1. These results extend the study developed in [12]. Finally,
Example 2.5 demonstrates that the upper bound obtained in Item (a) is sensitive
to the condition dy = 0. By taking dy # 0, a system with n = 4 can exhibit three
crossing limit cycles, thereby surpassing the bound established for the restricted

case.

In Chapter 3, similarly to the previous case, we study the maximum number of
limit cycles in a piecewise smooth dynamical system composed by two rigid systems
separated by the straight line y = 0. We analyze 14 cases (m,n), examining the
positive roots of the equation r1(#) — 9 = 0 using Descartes’ Theorem. These roots
correspond to the limit cycles of the system. Thus, we proved that when the degrees

are equal m = n, the system admits at most one limit cycle, and this bound is
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achieved. For m = 2 and n = 3,4,5,6, the bounds are 2, 3, 4, and 5 respectively,
with the bound for (2, 3) being achieved; for m = 3 and n = 4,5, 6 they are 4, 2 and
5 respectively, with the bound for (3,5) being achieved. For m = 4 and n = 5,6 the
bound is 6; and finally, for m = 5 and n = 6 it is 8. Therefore, for these classes of

systems we addressed the extended 16th Hilbert problem.

Following a similar approach to Chapter 4, we consider a generalization of the system
formed by (3-1) and (3-2) but in this case, the system is a hybrid system. We analyze
the cases when m,n € {2,3,4,5,6} with m < n, studying the positive real roots of
the equation x5 — x; = 0, which determine the limit cycles of the system. To obtain
the desired results, we once again apply Descartes’ Theorem. Here, we consider the
same cases as in Chapter 3 and obtain the same maximum number of limit cycles in
all of them, except for (m = 3,n = 6) and (m = 4,n = 6). For these two cases, the
maximum number is 5 and 6 in the continuous case, whereas in the hybrid case the
upper bounds increase to 6 and 10, respectively. In Chapter 3 we exhibit parameter
values for which this bound is actually attained in the cases where m = n and
m = 3,n = 5. In the hybrid case, however, achieving the upper bound is generally a
non-trivial problem; taking A\ # u makes the expressions considerably more complex.
Nevertheless, we were able to show that the bound is attained when m = n, except
for m = n = 4 and m = n = 5. This suggests that for low values of m and
n specifically, m,n € {2,3,4,5,6} there is not a substantial difference between the
maximum number of limit cycles in the hybrid and continuous cases. We believe that
for higher values of m and n, more significant variations might appear, which could
help determine whether the addition of discrete dynamics increases the number of
limit cycles. Therefore, for these classes of systems we addressed the extended 16th
Hilbert problem

In Chapter 5 we study a piecewise linear system of the form (5-1) that has two
parallel tangency lines on the switching boundary. Each line has a cusp singularity,

and the sliding vector field has a single pseudo-equilibrium point.

After a perturbation given by a sufficiently small parameter ¢ > 0, the parallel
tangency lines intersect at a point, which corresponds to a parabolic two-fold sin-
gularity. This perturbed system is transformed, via an affine change of coordinates,
into a canonical form (5-15). For this system we analyze the dynamics on 3 after

the perturbation.

Unlike the original sliding vector field, which is linear and possesses a single pseudo-
equilibrium, the sliding vector field of the perturbed system is nonlinear and has
three pseudo-equilibria. One of them corresponds to the intersection point. For the

other two, if v < 0, the pseudo-equilibrium X! = X, converges to that of the original
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system (5-5) as € — 0T, while X2 diverges to +0o or —oo; for v > 0, the opposite
occurs.

For sufficiently small € > 0, when the pseudo-equilibrium converges to the original
pseudo-equilibrium point, it belongs to the sliding region. Specifically, if 4 < 0 and
Az # 0, then X, € ¥, (repulsive sliding); if © > 0 and pAsz; # 0, then X, € X
(attractive sliding). Conversely, when the pseudo-equilibrium diverges to +oo or
—00, it does not belong to the sliding region and therefore is not considered in the

present study.

Moreover, according to the conditions established in Theorem 5.8, this equilibrium
can be a pseudo-node, a pseudo-focus, or a pseudo-saddle. This result shows that the
qualitative behavior of the converging pseudo-equilibrium is the same as that of the
original system. This occurs because the original pseudo-equilibrium at the origin is
hyperbolic; hence it persists under small perturbations, i.e., it is structurally stable.
Consequently, the perturbation studied here preserves the results obtained in [17],

as they are structurally stable.

In the previous paragraphs we have summarized the results obtained in this tesis,
where Chapters 2, 3 and 4 resulted in the papers [24], [36] and [37], respectively. In
this way, we believe that they contribute to a better understanding of the study of
limit cycles in piecewise smooth dynamical systems. In particular, as mentioned in
[37], there are still only a few works on hybrid piecewise smooth dynamical systems.
With the study carried out here, we are contributing to the understanding of this
type of system, which has various applications in different sciences. Therefore, in
order to further contribute to this topic, a future study would focus on heteroclinic
connections in hybrid piecewise smooth dynamical systems and in perturbed hybrid
piecewise smooth dynamical systems. In the final chapter, to complement the
study of the sliding dynamics of the perturbed system, we propose as future work
the analysis of parameter conditions leading to saddle-node, Hopf, pitchfork, and

transcritical bifurcations.
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