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Abstract

SODRE, F.. Desigualdade de Adams do tipo Adimurthi-Druet em todo o
espaco R”. Goiania , 2025. 127p. PhD. Thesis . Instituto de Matematica e
Estatistica, Universidade Federal de Goias .

Seja W™m (R”) com 1 < m < n, o espaco de Sobolev padrio de derivadas de ordem
superior no limiar critico de crescimento exponencial. Investigamos uma nova desigual-
dade do tipo Adams-Adimurthi-Druet em todo o espaco R”, fortemente influenciada pelo

fendmeno de anulagdo. Especificamente, demonstramos que

m

LN
T+olu 7
sup / OIB| ——"% dx < +00,
vewn i (gr) R T—yallu|Z
n m
\IV’”U\Im+I\UI\'£
m m
onde 0 <a<1,0<y< l—1 para « > 0, V™u € o gradiente de ordem m de
u, 0 < 3 < PBo, sendo PBg a constante critica de Adams, e D(t Z]mn 2f_! com

Jmn=min{j € N : j > n/m}. Além disso, provamos que a constante Bo é 6tima.

No caso subcritico 3 < g, investigamos tanto a existéncia quanto a ndo-existéncia
de fungdes extremais para o caso n=2m. No caso critico 3 = (39, estabelecemos a
atingibilidade para n =4 ¢ m = 2. Nossa abordagem baseia-se na andlise de blow-up,
juntamente com um método de truncamento recentemente introduzido por DelaTorre-
Mancini [16], e incorpora ideias de Chen-Lu-Zhu [10], que estudaram a desigualdade
critica de Adams em R*. Além disso, generalizamos esses resultados de atingibilidade
para dimensdes pares arbitrdrias, combinando técnicas de blow-up com um truncamento

poliharmonico adequado e a construcao de funcdes teste refinadas, no espirito de [11].

Keywords
Desigualdades de Trudinger-Moser, Desigualdades de Adams, Equacgdes Poli-
harmonicas, Desigualdades de Hardy



Abstract

SODRE, F.. Adams Inequality of Adimurthi-Druet Type on whole R”. Goia-
nia, 2025. 127p. PhD. Thesis . Instituto de Matematica e Estatistica, Universi-
dade Federal de Goias .

n

Let W™m(R") with 1 < m < n be the standard higher order derivative Sobolev space in
the critical exponential growth threshold. We investigate a new Adams-Adimurthi-Druet
type inequality on the whole space R” which is strongly influenced by the vanishing

phenomenon. Specifically, we prove

n—m

EIEE]E]

|u!n5m dx < +00,

1+l ull
sup /(D Bl ——=

n

uEW™ i (RN) 1—vollu

o n
V™l g +llull 7 <1
m m

EE\:

where 0 < x < 1,0< v < %‘ —1 for « > 0, V™u is the m-th order gradient for v,
0 < B < Bo, with Bg being the Adams critical constant, and @ (f) = e! —Zj:’;’g_zj.—i with
Jmn=min{j € N : j > n/m}. In addition, we prove that the constant 3¢ is sharp.

In the subcritical case 3 < g, we investigate both the existence and non-existence
of extremal functions for the case n=2m. In the critical case [3 = 3¢, attainability is
established for n =4 and m = 2. Our approach relies on blow-up analysis, together with a
truncation method recently introduced by DelaTorre-Mancini [16], and incorporates ideas
from Chen-Lu-Zhu [10], who studied the critical Adams inequality in R*. Moreover, we
generalize these attainability results to arbitrary even dimensions by combining blow-up
techniques with a suitable polyharmonic truncation and the construction of refined test

functions, in the spirit of [11].

Keywords
Trudinger-Moser inequalities, Adams’ inequalities, Polyharmonic equation,

Hardy inequalities
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CHAPTER 1

Introduction

1.1 Introduction

Sobolev spaces form a foundation in modern analysis, supporting diverse re-
search in partial differential equations, functional analysis, and approximation theory.
These spaces allow for broader solution classes, particularly in elliptic and parabolic
PDEs, where functional inequalities offer essential constraints linking functions and their
derivatives.

A key result, the Sobolev inequality, shows that certain function norms can be
bounded by norms of their derivatives, crucial for establishing regularity, integrability,
and uniqueness of solutions. Building on this, the Adams inequality provides the higher-
order analogue of the Trudinger—-Moser inequality, capturing the critical exponential
integrability of functions in higher-order Sobolev spaces, crucial in higher-dimensional
settings where standard embeddings fall short.

The Adams inequality is pivotal in analyzing critical phenomena in nonlinear
PDEs, including blow-up behavior and asymptotic complexity. It provides rigorous con-
trol over functions in higher-order spaces, advancing techniques in nonlinear dynamics,
geometric analysis and variational methods.

In this work we present an improvement for the Adams inequality on unbounded
domains in the spirit of Adimurthi-Druet [3] and its far-reaching implications, highlight-
ing its essential role in the theoretical framework needed to address critical cases in high-
dimensional Sobolev spaces and underscoring its impact on contemporary research in
nonlinear analysis.

Firstly, we will give an overview of the history that underpins all our work. Let
Q C R"(n > 2) be a smooth bounded domain and let W,""(Q), p > 1 be the m-th order
derivative classical Sobolev space on ). Under the strict condition n > mp, it is well
known the optimal continuous embedding of W,""(Q)) into Orlicz space L, (Q) defined
by the Young function @.(t) = t°" ¢t > 0, where p* = np/(n— mp) is critical Sobolev
exponent. The optimality here means that the embedding is no longer holds if we replace

the function @, with any other Young function \{ that grows strictly more rapidly than
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@+. This type of scenario leads to a breakdown of compactness, giving rise to interesting
questions that have been the subject of investigation by several authors over time, see
for instance [6] and the subsequent citations thereof. For the limiting case n = mp, the
threshold growth is not achieved by any power-type function @(t) = P, t > 0; instead,
it is determined by exponential growth. The pioneering works are due to V. Yudovich
[31], S. Pohozaev [62], J. Peetre [60], N. Trudinger [68] the proved the admissibility
of the exponential growth in the first-order derivative case m = 1. The optmality of
exponential growth was obtained by Hempel-Morris-Trudinger [28] in which they also
observe the influence of this growth in the loss of compactness. Finally, Moser [55]
proved an improved version of these results, which is now known as the Trudinger-Moser
inequality, and the extension of Moser’s result for higher order derivatives m > 2 is due
to Adams [2]. Adams-Moser-Trudinger inequality and its related extremal problem has
a broad range of applications in partial differential equations and geometric analysis, see
for instance [4, 5], and there are a lot of extensions and generalizations, among which we
point out the works [3, 67, 71] for bounded domains and [1, 7, 20, 63, 43, 64, 34] for
unbounded domains in the Euclidean space.

This work aims to present extension of the Adams-Trudinger-Moser inequality
of the Adimurthi-Druet type [3] in unbounded domains and to investigate its extremal
problem. To precisely situate our developments, we will describe below some related

advances on this topic.

1.1.1 Trudinger-Moser type inequalities: The first-order derivatives

For a smooth bounded domain QO C R"(n > 2) Moser obtained the following

sharp estimate

sup / U™ gx < CylQ| for a <« (1-1)
uew;"(Q), [|[Vulla=17/Q

1/(n—1)

o1  and wp,_1 is the area of the surface of the unit n-ball in R", |Q]

where o, = nw
denotes the n-dimensional Lebesgue measure of ), and || - ||, is the standard norm in the
Lebesgue space L"(Q)). Moser also showed that «, is sharp, i.e., the supremum (1-1) is
+00 if & > . Nevertheless, P.-L. Lions [46] (see also [69]) was able to prove that the
exponent «, can be improved along certain sequences. In fact, if (u;) C WJ’"(Q) with

Vuilln=1and uj — up in W1’”(Q), then
0

Sup/ eVl ™ gy < 50, for any y<P:=(1- ||Vu0||2)_n171,
i Q

]
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Note that, unless ug = 0, we have P > 1. Motivated by Lions’ result, Adimurthi-Druet [3]
for n=2 and Yang [71] for n > 3 proposed an improved version of (1-1) that provides

additional information even in the case where ug = 0. Precisely,

1 _n_
sup /(_:.Ocn(1+06||ulﬁ)"1|U|"1 dx (1-2)
ueW, (Q), | Vulla=17Q

is finite for any 0 < o < A¢(Q)), and the supremum is infinity for any « > A{(Q)), where
A1(Q)) represents the eigenvalue associated with n-Laplacian. For extensions of (1-2), still
within the context of first-order derivatives and without any claim of completeness, we
recommend [12, 50, 67, 72, 73, 42] and the references therein.

When | Q| = oo, the inequality (1-1) is meaningless. Nevertheless, in works Cao
[71, Do O [20], Panda [59], and Adachi-Tanaka [1], the following Trudinger-Moser type
estimate in the scaling invariant form was obtained: For « € (0, ;) there exists a constant

Ca.n depending only on « and n such that

1 ,
sup o (sl ) o < o (1-3)
vewtn@®ny, [Vulla<t 1Ullf Jrn
where
n—2 tj
bn(t)=e'— )
j=0 1

In addition, different from the usual Trudinger-Moser inequality (1-1) in bounded do-
mains, (1-3) with &« > «, is false which excludes « = «,. For this reason, the inequal-
ity (1-3) is currently known as subcritical Trudinger-Moser inequality in R". To achieve
the critical case, Li-Ruf [43] and Ruf [63] replace the Dirichlet gradient norm by the
full Sobolev norm ||ul| ynwn = ([|Vulln+|ull}) "™ {0 obtain the following sharp critical
Trudinger-Moser inequality in R”

sup / bn (oc|u|%> dx < oo, forall o < . (1-4)
uc WH.n(Rn), Hu||W1,,,(R,,)§1 RN

Moreover, if & > o, then the supremum in (1-4) is infinite. Inequalities of types (1-3)
and (1-4) have a long history of investigation by various authors. We recommend [29, 40]
for a more in-depth discussion, and particularly the recent works [9, 39], which show that
these inequalities are indeed equivalent.

In the context of first-order derivatives, Trudinger-Moser inequalities of the
Adimurthi-Druet type on R"” were developed by Do O-de Souza [15, 19] (see also [56]),
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who established the following version of (1-2) for the whole space

MT(n, B, 0 = sup [ on(Beall) ™ i )ax, )
<1 /R

ue WHN(RM), [lull wl.n(RN)

which is finite for any 3 < xpand 0 < x < 1.
In this work, we provide extensions of inequalities (1-2) and (1-5) for higher-

order derivatives, which are detailed in Theorem 1.1 below.

1.1.2 Adams-Trudinger-Moser type inequalities: The case higher-

order derivatives

For any positive integer m < nand u € C§°(0)), we set

o A™2y if m is even,
u=
VAMY/2, it m s odd.

For |Q| < 0o, Adams 1988 in [2] proved that

sup ePlU™™™ gx < 0o, if and only if B < Bo, (1-6)
uewy (@), [Vl g <17

where

D omr me n—nm

n [”i(zn_rnﬁf) >] Cif mis odd,

Bo = Bo(m.n) = oo n (1-7)

L {ﬂﬁ(znrrf,f)l . if miseven,
2

in which TI'(x) = f01 (—Int*~'dt, x > 0 is the gamma Euler function. Inequality (1-6) is
the extension for higher order derivatives of the Moser inequality (1-1) and it is currently
known as Adams inequality or Adams-Moser-Trudinger inequality. By considering was

the more large space given by

WP(Q) = {ue W™P(Q) = Ny, =0 in the sense of trace,1 < j < m/2},

“Upo

C. Tarsi [66, Theorem 4] was able to extend (1-6) to the following

sup / BT gy < G 10, WO<B<Po, (1)
Q
<1

n
uew'ym(Q), [ Vmul|

n
m

for some constant Cp, , > 0. In addition, 3¢ is also sharp, i.e., the supremum above is +00
if B > f.))o.
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Extensions of Adams inequality for the entire space R"”, where first considered
n

by Ozawa [58] who obtained an extension for W™m (R”) by using the restriction

HA% UH . < 1. However, with the argument in [58], one cannot obtain the best possible

exponent {3 for this type of inequality. Recently Ruf-Sani [64] when m is an even integer
number and Lam-Lu [34, 36] for m odd integer number have obtained a version of the
Adams inequality (1-6) for any domain (O C R” not necessarily bounded. In fact, there
hold

sup / O(Bo|u|™m)dx < Cmpy if m=2k (1-9)
uewy P (), |~y p <17 O
and
sup /cp(fso|uyn—”m)dx§ Crn, if m=2k+1 (1-10)
ue W(T’%(Q), \|V(—A+l)ku||ﬁ+|\(—A+/)kuHﬁg1
where _
t Ima "2 4 . . ._n
O(f)=e'— ) G dma=minfEN:j> 0 (1-11)

Moreover, the constant 3¢ is sharp for (1-9) and (1-10).

On Sobolev spaces WYy (R”) of arbitrary positive fractional order y < n, by
using a rearrangement-free argument Lam-Lu [37] established the following Adams
inequality

P

sup / O (Bo(n, y)|u(x)|P~T)dx < oo,
ueWvp®n), || t(i—A%)ullp<1” R

with
o

n [7’(52‘YF(%)] P

Bo(n,y) =

W | T ()

where p = %, 7> 0 and @ is the same one in (1-11) with j, =min{j € N : j > p} instead of
Jjm,n- Further, if 3o(n,7y) is replaced by any 3 > (3o(n,y), then the supremum is infinite.
Another extension of (1-2) for whole space R”, is the subcritical Adams inequality
established by Lam-Lu [37] for m = 2, Fontana-Morpurgo [23] and Lam-Lu-Zhang [39]
to all m > 2 is the following

< Cm,m if B < BO(m: n)

sup [ @lun]max

n _ .
UGWm‘%(R”), vauug_'_HU” <1 R = 0Q, if B > Bo(m, n).

3s3s

Finally, we would like to mention the following sharpened Trudinger-Moser inequality in

R? with exact growth condition due to Ibrahim-Masmoudi-Nakanishi [29]: there exists a
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constant C > 0 such that

47TU
/R2 ﬁdx < CllulZge),  Vu € WHE(RZ) with || Vul| 2z < 1. (1.4)
Moreover, this fails if the power 2 in the denominator is replaced with any p < 2. In [53]
Masmound-Sani extended (1.4) to the corresponding second-order Adams’ inequality in
W2’2(]R4) and then for arbitrary dimensions n > 2 in [54]. After, Lu-Tang in [48] were
able to provide an extension to the framework of hyperbolic space. For a more in-depth
discussion and improvements of (1.4) we recommend [38, 39, 40] and the references
therein.

Finally, we would like to emphasize that, despite the large number of extensions
of (1-6), except for recent work in [16, 49] for n = 2m and bounded domains, to our
knowledge, no other Adimurthi-Druet type extension (1-2) has been established for m > 2,
for either bounded or unbounded domains O C R”. In this thesis, we aim to fill this gap
by presenting such extensions, which differ from the usual ones (even for m= 1), as our

proposed inequality is strongly governed by the vanishing phenomenon.

1.1.3 Maximizers: the extremal problem

Since the establishment of the Adams-Trudinger-Moser inequality (1-1)-(1-6), a

n
natural question arises: does there exist u € W, ™(Q) with |V™u||» =1 such that
m

/ef5°|“|”‘mdx= sup /em“'"_mdx? (1-12)
o uewy' P (), |Vl p <17

This is the famous extremal problem for the Adams-Trudinger-Moser inequality under
the critical condition {3 = 39, which has been studied by various authors over the years.
For the first order derivative case m = 1 it was completely solved through the works
[8, 65, 21, 45, 16]. In fact, Carleson-Chang [8] solved it when Q = B(0) C R",n > 2
is the unit ball, M. Struwe [65] used blow-up analysis to ensure extremal functions for
a class of nonsymmetric domains in R?, Flucher [21] applied conformal rearrangement
to derived an isoperimetric inequality which implies the existence of extremal functions
to any smooth bounded domain in R?. Finally, Lin [45] ensures extremal function to any
smooth bounded domain in R”,n > 2. In contrast to the case m = 1, extremal problem
(1-12) for m > 2 has been solved only for some particular cases. We can only mention
Lu-Yang [49], which proved the existence of extremals in the case m = 2 with Q c R*
and more recently DelaTorre-Mancini [16], where the existence of extremals for the
case HJ'(Q) with O C R2™ is proved. We also draw attention to the work [14], where
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a sharp estimate for the concentration levels of the Adams-Trudinger-Moser functional is
obtained.

The existence of extremal function for the Adimurthi-Druet inequality (1-2)
it was obtained by Yang in [70] for n =2 and [71] for n > 3. On the other hand,
the unbounded situation (O = R” for the either subcritical (1-3) or critical (1-4) the
corresponding extremal problems were investigated in [30, 43, 63] and in the recent work
[40]. Further, the extremal for the Adimurthi-Druet type supremum (1-5) was recently
studied in [56]. It is worth mentioning that, in the unbounded situation, even for & < «,
attainability is nontrivial due to the loss of compactness, as observed by Ishiwata [30] (see
also [46, 47]). To illustrate the situation, let (u;) with ||uj|| y1nrm =1 and y; — u weakly
in W'"(R") be a maximizing sequence for the supremum MT(n, 3, ) in (1-5). Then the

compactness of (u;) follows if we can exclude both the concentration phenomenon
(@) u=0and lim / (IVy;|" +|uj|"dx = 0 for any p > 0
J—00 Bg

and the vanishing phenomenon
(b) lim ||Vuj||n=0and limsup ||uj||, > 0.
J—00 j—oo
In most works on the existence of extremals a lower bound for the supremum is estab-
lished which, after sharp estimates for both concentrating and vanishing levels, ensures
the compactness of the any maximizing sequence, see for instance [8, 30, 45, 43, 56, 63].
Now we give an outline about this work. In the next chapter, we discuss some notations,

definitions and preliminary results. In following chapters we give the main results.

1.1.4 Overview and mains results

This work is structured into seven chapters, in addition to this introduction. Each
of them plays a crucial role in building up the main results. In Chapter 2, we gather
the definitions, notations, and auxiliary results indispensable for the development of the
thesis. We present tools such as symmetric rearrangements, Gagliardo—Nirenberg type
estimates, regularity results for the polyharmonic operator, and fundamental lemmas
concerning radial decay. We also introduce the notions of concentrating and vanishing
sequences, which play a central role in the compactness analysis and in the understanding
of the loss of compactness phenomena in higher-order Sobolev spaces.

The Chapter 3 constitutes the initial core of the original results. In this chapter,
we prove the main result , Theorem 1.1, which establishes a new Adams inequality of
Adimurthi-Druet type in the whole space R". This result extends the classical Adams
inequality to unbounded domains, incorporating in a decisive way the vanishing phe-
nomenon. Furthermore, the optimality of the critical constant 3¢ is established, ensuring

that the statement attains its sharp form.
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Theorem 1.1 Letn22,0§oc<1,0<y<%‘—1f0roc>0,ana’1 <m<n. Then

_m_

T+olull 7 i
sup / O|py| ——= lu|77 | dx < cc. (1-13)
vewm™m@®ny JR" 1T—vol ul

n
IV Mull 7 +llull
m

353>

<1

EERE

In addition, the constant (3¢ is sharp.

In order to emphasize the nature of the inequality (1-13), let us consider (u;) be a

normalized vanishing type sequence in W™ m(R"), that is,

n
IIV"’U/||§+HUJII

EIEE]E]

=1 and lim |[V"y||» =0.
J—00 m

Hence, along this type of sequence, we observe that the exponent

_m_
n—m

n
T+ oy 5
m

EIEE]E]

1—vo y;

converges to the constant (1 + «)/(1 —y«x) as j — oo, which can be arbitrarily large
if o« > 0 is close to 0 and 7y is close to the upper limit 1/x — 1. It proves to be a
challenge to the maximizing problem, since that in (1-13) the vanishing phenomenon
implies in the lack of compactness for the associated functional even in the subcritical
case 3 < 3. From this reason, we say that our inequality is strongly governed by the
vanishing phenomenon.

In Chapter 4, we analyze the structure of compactness—concentration—vanishing
in the subcritical regime (3 < [3p). We present estimates that distinguish the different
scenarios for maximizing sequences and discuss the implications of this delicate balance
for the existence of extremals. This chapter provides the necessary technical framework
for the existence and non-existence results developed in the subsequent chapters.

Let us denote

T+ofju]l 7 :
AD(n,m, 3, x,y) = sup /d) |l ——=~ lu|n=m | dx. (1-14)
vewmm®n) VR 1 —vo|ull

EIEE]E]

VM| 7 +[lul
m

n
A<
m

Initially, we consider the existence and non-existence of extremal function to
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AD(n,m, 3, «,y) in the subcritical and critical case. In this case, we consider

4
Ben =  sup w (1-15)
ue Wm2(Rr2m) [Vmull3|

which is the Gagliardo-Nirenberg constant in W™2(R?™). We are able to prove the
following existence results.

Chapter 5 is devoted to the study of the extremal problem in the subcritical case
in even dimensions, that is, when n = 2m. We prove Theorem 1.2, which ensures the
existence of functions that attain the supremum in certain intervals of (3. On the other
hand, Theorem 1.3 demonstrates the non-attainability in other regimes, highlighting the
subtlety of the problem and the decisive influence of the vanishing phenomenon even in
the subcritical scenario. The next two subsequent results, whose proofs are presented in
Chapter 5, asserts that

Theorem 1.2 Suppose 0 < x <1, n=2mand 0 <y < min{l — 1, P 1-201 7y

* mo+om—o?
AD(2m, m,B,Y, ) is attained for any B € (H:;ﬁ“y;/“ 2 JGN [30>

The next result shows that the attainability of Theorem 1.2 is lost for small {3, highlighting
that the corresponding extremal problem in (1-13) remains challenging even in the

subcritical case.

Theorem1.3 Let 0 < « < 1, 0 <y < 1 —1 and n=2m for p < Bo, then
AD(2m, m, 3, «,7y) is not attained.

In Chapter 6, we address the critical case in dimension four (n=4,m = 2).
By employing blow-up analysis combined with biharmonic truncations, we describe
the asymptotic behavior of maximizing sequences, establish sharp upper bounds for the
associated functional, and construct refined test functions. This effort culminates in the
proof of Theorem 1.4, which guarantees the existence of extremals in the critical regime,

unveiling the depth and precision of the analysis in four dimensions.

Theorem 1.4 Let 0 < x <1and 0 <vy < mln{l -1, Yo} for some yo > 0, then

oc2+20c
there exists xg € (0,1) such that AD(4,2, o, &,Y) is attained for any 0 < & < &g.

Finally, Chapter 7 generalizes the approach of the previous chapter to arbitrary
even dimensions. We introduce sophisticated polyharmonic truncations and develop
appropriate test functions, which, together with the blow-up analysis, allow us to prove
Theorem 1.5. This result confirms the existence of extremals in the critical case for all
even dimensions, substantially broadening the scope of the results and consolidating the

theoretical framework developed throughout the thesis.
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Theorem 1.5 Let 0 < oc < 1 and 0 <y <min{L —1, 51—}, then AD2m,m,Bo, x,y) is

T x2+20
attained.

The techniques employed in the last two results are inspired by the approach of Chen-Lu-
Zhu, DelaTorre and Nguyen [11, 16, 3, 33] who studied the subcritical and critical Adams
inequality in R* and R” in both bounded and unbounded domains using a refined blow-up
analysis with a sofisticated polyharmonic truncation argument and the construction of a

suitable test function to get the results of attainbility and upper bounds.



CHAPTER 2

Preliminaries

In this chapter, we introduce the essential definitions, notations, and auxiliary
results that will be used throughout the thesis. We begin by presenting the fundamental
concepts and conventions adopted in the sequel. We then establish key auxiliary tools,
including a version of the Radial Lemma, which provides decay estimates for radial
functions, and an adaptation of the Gagliardo—Nirenberg constant estimation to our

setting. These results play a crucial role in deriving compactness properties and a priori
estimates.

2.1 Notations and Definitions

In this work we’ll denote by

T+ofull 7 \ ,
Fn,m,B,cx,y(u)=/ (O 5 o= | |ul™=m | dx, forany ue W™mn(R") (2-1)
U\ vadl
and
teafulz \""
AD(n,m, B, x,Y) = sup /d) Bl ———& luj7=m | dx. (2-2)
ue WM m (R " 1T—va|ul|7

I9Mul| ) +[lull 7 <1
m m

We give now the definition of the radially symmetric and decreasing rearrangement of a
function defined on all of R".

Definition 2.1.1 Let f : R" — R be a Borel measurable function. It is said to vanish at
infinity if, for every t > 0, the level sets {|f| > t} are of finite measure.

Definition 2.1.2 Letr f : R” — R be a Borel measurable function vanishing at infinity.
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Then its spherically symmetric and decreasing rearrangement, {*, is defined on RN by

f*(X) =/o X{|f|>t}*(x)dt (2—3)

Since the integrand in (2-3) is in terms of characteristic functions of balls, clearly, f* is
radially symmetric. Also it is obvious that it is radially decreasing, i.e. if x,y € R" are
such that |x| < |y|, then f*(x) > f*(y).

Definition 2.1.3 Given a function u € L'(R"), we define its Fourier Transform by
U(E) = / u(x)e 2™t dx, (2-4)
Rn

where, x - & = X1&1 + ...+ Xn&pn and i stands for the imaginary unit.

Remark 2.1.1 For more properties and details about Fourier transform, see [26], [27]
and [41].

Definition 2.1.4 Given a function u € L2(R"), we define its Fourier rearrengement to be

the function given by
u* = 7 (F (u)*] (2-5)

where .7 is the Fourier Transform of u and (% (u))* is the Schwarz Symmetrization of the

Fourier transform of u.

Using the properties of Fourier rearrangement (which can be found in [41]) one can obtain

IV u#ll2 < [[V™ull2;

lu*ll2 = l[ull2: u*llq = [|ull2. (@ > 2).

Denoting 77 := {u € W™2(R?™); ||u|3+ || V™ul|3 = 1}. We have,

sup F2m,m,[.’>,oc,y(u) = sup F2m,m,[5,oc,y(u)- (2-6)
ueAt ue A NWM2(R2m)

rad

Below, we present the definitions of concentrating and vanishing sequences, which play a
pivotal role in this work. These concepts will be explored in detail and applied extensively
in Chapter 4.

Definition 2.1.5 Ler (u;) C W™ (R"),

ing sequence at the origin, if

n
V7ul[ 7+ [ly|
m

EIEE]E]

<1, forj €N, be a concentrat-

im [ |[V™u|mdx=1 VR>0. (2-7)

j—)OO BH
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Definition 2.1.6 Ler (1)) C W™m(R"), |[V™u||7 + ||yl 7 <1, for j € N, be a vanishing

sequence, if

EIEE]E]

lim ||VmUj||£ =0. (2-8)
J—00 m

2.1.1 Auxiliary Results
Let us state a lemma inspired on Lemma 2.1 from [10].

Lemma 2.1 For any 0 < p < 3272, there exists a radially symmetric extremal function
u € J€ such that

F2m,m,[5,oc,y(u) = Sup F2m,m,[5,oc,y(u)-
ueH

Now we state the following Radial Lemma that can be easily extended from [32],

Lemma 1.1, Chapter 6, which will be useful in our analysis.

Lemma 2.2 Ifuc W:ﬁ (R"), then

1 \7 1
u(x)| < ull, «n .ex e R,
w0 = (s ) ol o

where o, is the volume of unit ball in R".

The next auxiliary result is due to Tarsi and can be found in [66]. This result generalizes

the classical Adams inequality to spaces with homogeneous Navier boundary conditions

Theorem 2.3 Let n>2, QO C R" be a bounded domain. Then there exist a constant C,, > 0
such that for all u € Wjﬁ (Q) with |[V™ul[ n < 1

/ PV g < ColQ|, VB < Brm (2-9)
Q

And the constant 3 m is sharp.

We also mention the following Adams type inequality, which is analogous to the
inequality proved by Adachi-Tanaka in [1],in a scale-invariant form, which will be useful
for us to prove Theorem 1.3.

Let n > m > 2 be integers. Then given € (0,(0) there exists Cg m, = C(3,m,n)
depending only on (3, m and n such that

|u| n/(n—m) Hu“njm
o|p[ -t dx < Cg mn——>m" 0y ue wmVMRM N {0},
/n (IIV’”UHn/m> B’m’"vauHm rad Mo}

(2-10)
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where @ was defined in (1-11), 3¢ was given in (1-7) and Wrn;’;/ m

of the radial W™"/™([R™-functions. Moreover, for B € [Bo,co) inequality (2-10) fail, i.e.,
there exists (u;) C wm/ "™(R") such that

(R") denote the subspace

rad
vau'Hn/m ‘ n/(n—m)
#/ op( 14 dx — 0. 2-11)
laillm /R VT wil jm

Remark 2.1.2 [t is important to mention that from the proof of (2-10) we can see that the

constant Cg m  tend exponentially to infinite when [3 tends to {3o.

2.1.2 Gagliardo-Niremberg Constant Estimates

We’ll give an estimate to the constant Agy in (2-12) for the even case, which
will be important in our existence of extremals result. Indeed, let us consider the same
function introduced by D. Adams in [2].

Let @(t) € C°°[0, 1] such that,

s(p(%t), if t<e
t, if e<t<1—¢

1—eel(1—1), se 1-—e<t<A1

1, if 1<,

\

and

1
Wa(r) = (log(\)'/2 H ((/ogm»—1 log ;) .

For all A > 1,1 (|x]) is defined on B;(0) and can be extended for whole space W(Tr’gd(Rzm).
More than that, P(|x|) = (log(A))'/? for |x| < 1/A and, as proved by D. Adams in [2], we

have
IV AllZ = 2m) ™" BoAne.

where
Are < [1+2¢ (|0l + O ((og) ™))’
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Now, computing explicitly |||/, we obtain

[alB< [ Honenlax
B1(0)

< / |(log(N)"/2[?dx
B1(0)

< / log(A)dx
B1(0)

Wam—1
= log(A).
o 109N

Now, with the aim to majorate the Gagliardo-Nirenberg constant in W™2(R%), we com-

pute

[ball3 z/ [Wa(x])|[*dx
Bi/a

Nom Aem
where, (1) is the volume of the 2m-ball of radius 1/A. Moreover this, notice that
m

[wall5 = ©™(m!)~VlogA. Therefore,

R N
IS HIEN
2log(\)*2et 7

2m }\2”7

" (mm(m)~Tiog()) (2m)~TBoAn)

Ba

we get

: 2n”
SInce Wom—1 = m—11

2m
BeN > 5o
7\2m[~)’0A7\,e

Taking the limit as ¢ — 0, we obtain limsup Ay ¢ < 1. Next, taking A — 1*, we derive the

following we estimate

Ben > By’ (2-12)
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2.1.3 Regularity Results for for the Polyharmonic Operator (A)”

Lemma 2.4 (Gazzola, [25]) Let Q C RN be a bounded open set with smooth boundary,
and take k,me N, k >2mandy € (0,1). If u € H"(Q) is a weak solutions of the problem

(—A)"u=f inQ

olu=h, on 90,0 <i<m—1

with f € CK=2™Y(Q) and h; € CK~"Y(9Q) then u € C*Y(Q), and there exists a constant
C = C(Q,k,vy) such that

m—1
HUHC’W(V) <C (HfHC"Z”W(Q) + Z thHCk"vV(6Q)> .
i=0

Similarly, if f € CK=2™Y(Q) and u is a weak solution of (—A)"u=f in Q, then u € C13Y (Q)

and for any open set V € ), then there exists a constant C = C(k,p, V,Q) such that

[ull gev < C([[f]] gr-2my () + [ Ull 1 ))-

Lemma 2.5 (Gazzola, [25]) Let QO C RN be a bounded open set with smooth boundary
and take mk €N, k >2mand p > 1. If f € WK=2MP(Q)) and u € H™(Q) is a weak solution
of of (—A)"u="finQ, then u € Vl//;’f (Q), and for any open set V CC Q, then there exists

a constant C = C(k, p, V, Q) such that

[ullwrevy < CUIFll wr—2me(qy + Ul 1(qy))-

Similarly, if f € CK=2™Y(Q) and u is a weak solution of (—A)"u = f in Q, then u € C*Y(Q)

loc
and for any open set V.C C (), then there exists a constant C = C(k, p, V,Q) such that

ullerr vy < CUIF]] cr2my 0y + Ul 1))

Theorem 2.6 (Martinazzi [52]) Let O C R" be a smooth bounded domain and let u be a
solution of A™u = f € L(InL)*with the Dirichlet boundary condition, for some 0 < x < 1
and n>2m. Then V2" € L@ (Q),1 < 1 < 2m—1 and

192

_n 1
n—"x

) < Cllf|lLgnpy> (2-13)

where L(In L)*(Q) is the Zygmund space

L(InL)“(Q) = {f S L1(Q) : HfHL(InL)‘X = /Q ’f‘ In°‘(2+ ’f‘)dX < OO}
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2.1.4 Polynomial Behaviour Auxiliar Results

Lemma 2.7 (Pizzeti, [61]) Let u € C?*™(Br(xo)), Br(xo) C R”, for some m,n € Z,. Then

there exists constants c; = cj(n). Then

m—1
][ u(x)dx = Y iR Alu(xo) + cnR*T AT U(E), (2-14)
B(xo) i—0

for some & € R"

Lemma 2.8 (Martinazzi, [52]) Let u satisfying the biharmonic equation (—A)?u = 0 with
u < (1+|x|") for some 1 > 0. Then u is a polynomial degree at most max{/,2}.

0Z00



CHAPTER 3
Adams-Adimurthi-Druet type inequality for

entire space

3.1 Unbounded Domains - Theorem 1.1

In this chapter, we will prove the Adams inequality of Adimurthi-Druet type for
the whole space R”, as stated in Theorem 1.1. This result constitutes the main theorem of

this thesis and extends classical Adams-type inequalities to unbounded domains.

3.1.1 Proof of Theorem 1.1

We will proceed following the scaling argument in [56]. For T > 0 and u €
Wm’%(R”), by setting ur(x) = u(’tln x), we have

IVPuCall 2 = [VTue0l| 7 and [luz(0)]5 =T 1HU(X)||§
Hence
K = sup / () (Bo|u|#) dx
ue W™ m (R") "
HV'”UHEWHUHES
1 _n_
U s / @ (Bolul =) ax (3-1)
T sewnh@ny JR
HV’"UHZHIUHZS
Ki
= — < oo,
T

which is finite by a result that can be found in [22, Theorem 1-(b)]. Since & < 1 and
Y < j;—1,wecanchose0<”c=1 —x<1,0<pu=T—yx<1.Thus, for u € W™n(R")
with || V™u|| 7 +]|u|7 < 1, defining

u v

V= 0 i and w =
(IIVmullB +Tllul[7)
m m

m
n

n n
(VP[5 +flvi[5)
m m
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we have [|[V™v|| T +1]|v|| = 1. Hence, (3-1) yields

EIEE]E]

=1 and ||V 7 + ] w|

EIEE]E]

/Rn(D<[50\W]n—nm)dx§%. (3-2)

Notice that by the choice of T and ., we get

m

n—m _n_
) M

jul™m < (1 - oy

3Is3Is

m

n—m n
) W],

v < (1= vallv]

EIEEIE

Thus

3
3

| |
35
==
— |5 N
I=3EP g3
S~
3
3
=
>
I'|s
3

m

— m
" (1—el|lul[5m) (1 —ya|v]
— 0 lvjr=m <

om n -
1_0‘2||U||ﬂm n E) mm n_
h n - i |\w|mm (3-3)
1—yu|ull 7 1—yo|ull 7
m m m
m n —
A—[ulmt—yelu™\ ™",
< = ¥ - |W|”_’"
1—yu|lull 7
m
n
\ < |w|n=m,
where we have used that
n
IV™ull 7
a —
o 1=[VTV][3 V™l 4o 7 n
[vF = "= — = [lu|§
m T T m

Thus, (3-3) with (3-2) give us the desired result.

Finally, we recall that the constant (3¢ is sharp: if 3 > (3o, then the supremum in
the inequality becomes infinite. This follows from the classical constructions introduced
by Adams [2] and further developed in the unbounded domains by Ruf-Sani [64], Lam-
Lu [35] and Fontana-Morpurgo [22]. The argument is that the same sequence of test
functions that establishes the sharpness of Adams’ inequality in bounded domains also
yields divergence in the unbounded setting, as noted for instance in Proposition 6.2

in [64]. Hence, the inequality holds precisely up to 3.



CHAPTER 4

Compactness-concentrating-vanishing

alternative: Subcritical Case

In this chapter, unless otherwise mentioned, we assume n > 2m, 0 < o < 1,
0<y< % — 1 for o > 0, and the subcritical condition 0 < 3 < 3¢. By simplicity, for (u;)

n

sequence in W™m(R") with ||uj|| » <1, we also will denote

m
n n—m
T+ oy 2
m

G = Ci(uj,m,n, o y) = 4-1)

353>

1 —vo|u|

4.1 Concentrating sequences

n n n
Lemma 4.1 Let (u)) C W;Z’dm (R™ with |V™u;|| 7 +||yj|| 5 <1 be a concentrated sequence
m m

at the origin, i.e.

lim [ |[VTuy|mdx=1 VYR>O0. (4-2)
J—00 Bg
Then
Iimsup/ @ (BGlyl7m ) dx =0, (4-3)
Jj—00 RN

Proof: First, observe that we have lim;_, ||uj||% — 0. Thus, ¢; -1 asj— oo. By
Lemma 2.2 we can chose R such that uj(x) < 1 for all x € R"”\ Bg and any j € N. For

j>1, we set

= /BHCD (BGlul™n ) ax

and
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Then,
/2]-=/ ®<[3Cj|uj'|”—nm>dX§eBC// |uj|ﬁ(j%*‘>dx
Rn\BFl Rn\BR

< eﬁcf/ |uj|m dx — 0,
R™Br

as j — +0o. Now, to estimate / i we’ll proceed as Sani, Ruf in [64] and Lam, Lu in [34].
Let us define

x|m=2i m=2k,keN
gi(|x]) = { X Vx € Bg,

|12 m=2k+1,keN
such that g; € W;ZT(BR) and

x|m20), forje {1,2,...k—i}, and meven
Ngi(|xl) =< d|x|™ -2, forje{1,2,...k—i}, andmodd , Vx € Bpg,
0 forje{k—i+1,..,k},

where, for j € {1,2,...,k—i}

J
_ [1[n+2k —2(h+)][2h—2(i+ h—1)], when mis even
j
[1in+2k—2—2(h+i—1)][2k —2(i+ h—1)], when m is odd.
h=1

Now, we also define

k—1
vi(|x]) = (X)) = ) aigi(|x|) — ak, Vx € B, (4-4)
i=1
where
o Aui(R)
O Ak=igy(R)’
ATy (R —Xi aA T gy(R)
j 1= = e {1,2,...,k—1
N AR=Tgi(R) - Ve,

k—1
a = y(R) — ¥ aigi(R).
i=1



4.1 Concentrating sequences 34

n n
Notice that by construction v; € WTV’" (Br)N W:Z’d’" (Bg) and A¥ Vj = Ak u; in Bg or equiva-

lently V"v; = V™u; in Bg. To simplify notation, we’ll write

k—1
gi(|x]) = Y aigi(|x|) +ak, Vx € Bg

i=1

n
n—m-

and p’ = So, we can notice that u;(|x|) = v;(|x|) + &;(|x|). For sake of simplicity, let us

consider &(|x|) := &;(R). We also know that

h; I=/ q)(BCj|Uj|"‘n’”)dX§/ (ePulul™™ _1y ax.
Bg

Br

Then, the Adams Functional along u; can be rewritten as

/ (eﬁc,-\um’/ —1) dx =/ (eBle‘/ﬁUj(R)lpl —1) dx. (4-5)
Bgr Br

By construction, v; € WJ’E(BR) and ||A¥vj|| = || A¥uj||. Now, by the elementary inequality
1\ P
(@+b)P < (1+06)Pa”+ <1 +E) bP, forp>1,ab>0andd >0 (4-6)

and (4-5), it follows that

/(eBCj|V/+U/(R)p —1)dX§/ (eBC,-
Bgr Bg

Bc,(\(1+6)"'<vj>p'\+
< / <e
Bg

S/ eﬁCj

Br

S/ eBCj
Bg

< eC(n,m,R),J:{CHU/'n/m/ eBCj
Br

/

(1+8)° ()P +(1+1)° (&R

—1) dx

/

/
(1+3)” @ (R)

)—1> dx

(1+1)” @@y

o | BG
(1+8) (v)) ’eﬁ/ dx

/ /
(1+8)P (v)° ’eC(n,m,R)lgHUan/z dx

(148)

(‘/j)p/‘ dx
Then
k.0 k1P

Noticing that eCrm ARG lIllny/m 1, and by Vitali’s Convergence Theorem and by Tarsi
[66] we got the result (4-3) taking limit as j — oo. [ |
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4.2 Compactness and vanish level estimates

Lemma 4.2 Ler (uj) C Wl (R") be a sequence satisfying |uj||7 +||V™u||7 <1 and

| uj||ﬂ — 0 for some © € [0,1). Assume, up to a subsequence, u; — uin Wm’E(R”). Then,

rad
) _n_ 1+0x = n
jﬂToo/nCD<BCj’uj| )dX=An®(6(1—6ya) lu

) dx. (4-7)
2) if = is integer

. _m_ 1+0x % n
/ETOO/RH(D<BC/.’U/"”m)dX=/Rn(D (B <1 —e'Y(X) |U’nm> o (4_8)

B [ 1+0x n
T (1 —6yoc> (0= 1z)

Proof: We divide the proof into two cases.

1) if 7 is not integer,

Case | ¢ 7Z: Note that

_m_
n—m

4oy PN &
= ——2r %*(1_%9) . 4-9)
T vo

3Is3Is

By Lemma 2.2 we can estimate as follows

] m ] (mhin
< GBQ Ui n .
- ((mon) ,X|<”;1)m” /Han)

Since that jn > I,
m

n n?

1\m 2

)l
n(n—1)

x|

OByl 7m) < ePY (




4.2 Compactness and vanish level estimates 36

Now, by integrating both sides outside the ball centered at origin with radius R and since
(j > 2 as j — 0o, we got

n 1
/ OB || m)dx < Cln,m, B) / -
R\ Bp

Rn\BH |X| m

dx,

using polar coordinates, there exists € > 0 such that, for a sufficiently large R and n > m

the integral in right side of the above inequality becomes

1 +00 rn—1
/ n(n—1) dx = Wn—1 / n(n—1) dr
Rn\BR |X| m R r m

+00 2
—n-+Nn—m+mn
= / r m dr
R

m 1
S = enm+d | grommt

<€

where w,_1 denotes the surface area of the (n — 1)-dimensional unit ball. Thus, we just
proved that,

/ (B |y 7)dx — 0.
R\ Bp

In other words, the sequence (u)) is tight on whole R”. Thus, using additionally the fact
of the sequence be a uniformly integrable sequence over R”, applying again the Vitali’s

Convergence Theorem, we have proven the result.

Case ~ c Z: Notice that we need to separate in two cases (integer and non-integer),
because the Radial Lemma can’t be efficently applied by the influence of the first term on
the summation in integer case. We observe that

n_ p 72 (BCluj ﬁ)'
D(BGlyl™7) = ep(Bylulrm — Y, LU
i=0 :
Ju; ﬁ Jjn,m—1 o0 A us ﬁ i
(Bl Byl
(jn7m - 1 )' l'

i=jn,m

Since % € Z, this implies j, m = n% So we obtain

BRG " lulF & (Bl
(Z 1) +; T

m

(B |u|7m) =

“m
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Integrating both sides

n

e ﬁnfmc,”_m‘uﬂm BCJ‘Ujl” m
/an)(ﬁcf"uf‘"_m)d“/Rn (%/—1)! Z
e . X (BG |y 7y
=—(%_j1)! /Rn|uj|mdx+/Rn’;—’ ij! dx

Bn mcnnm m 00 (Bcj’UAﬁ)l
=w|lu/|| /Rn;fdx

Since ||uj||'n — 6 and by (4-9), taking limit as j — co.

7m (1+a0 | 3 (B lulmm)
S () (1—yoce>e+j'$@o/ni; X

Using the same argument as in non-integer case, we can prove that the sequence (u;) C

W,ad (R™) is uniformly integrable and tight on whole R”, by the Vitali’s convergence

Theorem, we can change the sign of the limit with the integral on the right side, and one

can get
B [ 1+ad < (BC|u|7m)
_(%—1)!(1—0w9>e+ e
_ [5 <1+oc9)e+/ Z(Bclu_l ) B (ealulm B n(: ul |
(7 =D\ 1—oyb R |2 il (2 —1)! (Z—1)!
BT [ 1+ad / S (BLlula ) B |u]A
_(%—1)'(1—06v9>9+ R7 ,=ZL1 ! @ | ¥
B anm 1+a0 / n_ _/ B”f’"C"—nm|u|%
_(%—1)!(1—ocve>e+ g CBCUlTIX = @
prn ([ 1+a0 / o PR [ 1+ad ,
(7 — )'(1—owe>e+ o (Bl T (2 1) \1—ay0 ol
[pr=m 1+a0 n /
’,777 (0] n—m
(%_ )! (1 OC’Y9>( HUHE)-'- (E’C|U| Ydx
we got the desired result. m

Remark 4.2.1 The Lemma 4.2 works for 3 = 3¢ if &, 0 > 0.
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Proposition 4.3 Let 0 < x <1, 0 <y < %‘—1 and AD(n,m, 3, x,7y) as in (1-14). For
n> m, then

[3%*1 1+
0t m B e) > 78 = (4-10)

2
for B € (0, Bo] when 1. > 3 and for 3 € ( 2a—ya {@ZGN, Bo] with0 <vy < mi+o)—1—2x

1+ (1—y)—yo mo2+om— o2

when % =2

Proof: First, we introduce the following operator in W™"/™[R"). Let t > 0, we define
Hy : WmN/MR) — WM MR by

Hi(u)(x) = tn u(tnx). (4-11)
So, we can compute
IH(@) 12 + IV H(@) |8 = [t u () |7+ 659 (u () ) |
=[lu)l[7 + [V WO
and . .
Ao P
IH@IE + IV H@IE u00l2 + ]9 W) 2
By simplicity, we denote
Mu(t) = [0 7 + £ 9l (*+12)
and ot
p(f) =p(t, x,y) = X , forallt€[0,1]. (4-13)
1—vyot

Note that p(f) is an increasing function with 1 < p(t) < (1 + ) /(1 —y«) for t € [0,1].
Now, since
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39
we can obtain
Iz \ " oy )
P Y Ry e Y Y Yk
[He ()| (Mu(t) ™= Nu(f) Mu(t)m=m
_'Y(x - m
Nu(t)
1@\ " e
> E P - lHtu' G
(7 — ! Nu(?) Mu(t)™=
Bm [H(W)[| % |Ht
+ -5 P z
(! Nu(t) Mu(t) 7
(4-14)
Since ||Hy(u)||q = tq7||u||q, we have
[ He(u)|| % lull %
Pl ——F" | =° .
Nu(?) Nu(f)
Hence, by integrating in (4-14) and taking the supremum
m n?
n n n n—m % (n—m)m
aoim by s BA (1B 1E g [l tremull ~e
n,m, B,y P Y o+ P Y 7
(=" \ nu® | n@® (7! Nu(t) n(tymm
m n?
n n n —m = (n—mym
ot | (lulz\ iz g (lulz tremlull ~e
> P " T+ e - 7
(75— D! Nu(®) | nu(®) 7 Nu(t) Ny(t)yr=m
Let us define
m n?
o n D\ =m e ||y T mm
AT YL tremlull ~e
=p 7 [P 7
nu(®) | nu(t) 5 Nu(?) nu(t)™m

which we will also denote in terms of its components as

hlt) = {0+ 5 1% g),

m



4.2 Compactness and vanish level estimates

40
where
m P
Jufz\ ] e
gt)=|p 3 nomm
Nu(t) Nu(t)™m
Thus, we write
pn
AD(n,m, 3, x,y) > (1 (). (4-15)
2 !

Note that

n 1
nu(0) = [lull . p(1)= 7 and h(0) = p(1). (4-16)

Thus, by taking into account (4-15), for - > 3 we need to prove that h(t) is a increasing
function for ¢ near to 0. Indeed, we have

A direct calculation shows that both 7" and g’ are bounded for t near 0. Thus, since g(0) > 0

2m—n
and t ~-m — +o0 as t — 0, we obtain //(t) > 0 for t near 0 which gives the desired result.
Now, suppose 1 = 2. In this case, we have

ol ul3
N ANRES: vy
nat)) = 5 _ velol
Mu(t)
f(t)=p(||UH§) [ull3
Nu(f) /) Nu(t)

_ W) ullz
gm"’(nu(t) ol

By noticing that

_xye [Vl 17
o (=yx)? |ul
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and taking into account (4-16), we obtain

1+0
£(0) = ——
1—vax
/ 1+« vaUHg 1 +2o(_y(x2 vaqu
f(0)=po— 2 = ¢ /
T—ya |ullz (1 —vx) [ul]2
3 2 |\ull4 (4-18)
T+o Jlully 1—vax+o—yo ||lully
9(0) = 2= . :
1—vyo|ull3 (1—vx) [ul4
(0= ool _ 1ol IVTuE 1 +2a ol g V7l

If n = 2m, we have h(t) = f(t) + S tg(t) and, thus K (0) = £'(0) + £ g(0) and h(0) = £(0). So, the
Taylor expansion and (4-18) yield

h(t) = £(0) +(f'(0) + gg(o))ﬁ o(t?)

1+
- = L0
1—vax
1 4 vm 2 2
Sy IR B
(1 —=v)? ||ull5 ullg 2
1
- X Lo®)
1—v«x
(1+0)(1 —yx) [Jull3 ﬁ_HV”’quHuHS 2(1+20—yo?) ,
21 —vx)? |jull3 |ull4 T+ —yax —ya?

Therefore, by estimate (4-15) and expanding h in MacLaurin series, we obtain

1
AD@m,m, B, o) > B (1 jy“a)

B2 tea fuld ([ 2| VTulpulp_ts2a-ye® ) oo
21 yafuli\' B [ulf  Tra—va—vo?

By the arbitrariness of u, taking into account (1-15) and (2-12), we conclude the result.
|



CHAPTER 5

Existence and non-existence of extremals for the
subcritical Adams functional of

Adimurthi-Druet type in even dimension

In this chapter we concerned to prove both Theorem 1.2 and Theorem 1.3. In
fact, we will study the attainability and the non-attainability of AD(2m, m, 3, «,y) in the

subcritical case 3 < [3¢. Let us recall the Adams functional
F2m!m![3!(x!/y(u) = / (eﬁp(|‘u||§)u2_1> dX_ (5_1)
RZm

where p(||u3) = p([|ull3, &, y) is given by (4-13).

5.1 Proof of Theorem 1.2: Attainability in n=2m case

Taking into account (2-6), we can choose (u)) € Wr’g’d2 (R?™) with || y;]| wm2(rem) = 1

radially symmetric maximizing sequence for AD(2m, m, 3, x,7y), that is,

2 2 .
IVPullz+llullz=1, lIm Fommpay(U)= SUP  Fommp,ay(U). (5-2)
J—0 ue Wm2(IR2m)
VMl 3+lull3 <1

Up to a subsequence, we can assume that u; — ug weakly in Wr'g’dZ(Rzm), yjl|3 — 6o and
HV’”U,-H% — 04 for some 0, 01 € [0, 1] such that 8y + 04 := 0 < 1. From Lemma 4.2-(4-8),

we derive

lim / (eﬁp(““f“g)uf2 —1) dx = / (eﬁp(e")ug —1) dx+Bp(6o) (80 — [|uoll3) . (5-3)
R2m R2m

Jj—r+00

If up = 0, combing (5-2) with (5-3),

AD(2m, m,,,Y) = Bp(B0)0o < B (11_+y°‘a) ,
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which is impossible due to Proposition 4.3. Then, we can suppose that ug # 0. By the
lower semicontinuity of the norm ||up||3 < liminfj_uo [|Uj]|3 = 0. So, let us define T > 1

and v given by

0
©7 = 0 and vix) = uo(S). (5-4)
[uoll3 T
It follows that
V][5 =T*"[|uoll3 = 80 and [[V™v5 = [V uol3. (5-5)

Then, by lower semicontinuity again
IV™VIZ+1IVIE = Vw013 + 7" | uol|3 < liminf ||V ul|3 +00 = 61 +60 < 1.
j—+00
Hence, from (5-5)

AD(2m, m, B, &) > /R O (Bo(vEv)ax =" [ (P09 1) ax

R2’"
_ Bp(Oo)f _ am _ 2
_/2 (e 1) dx+ (2"~ 1)Bp(8o) | uo 3
R m
(22— 1) / |ePOC0)% 1 — B p(0)u3] dx
RZm
= / <eﬁp(e°)”§ —1) dx +Bp(00)(00 — | uo|3)
RZm
+(T2M — 1)/ [eﬁp(%)ug —1- ﬁp(eo)utz)} dx.
RZm
By (5-2) and (5-3), we obtain

AD(2m, m, B, x,y) > AD2m, m, B, o, y) + (2" — 1) / [eﬁp(%)“g —1—Bp(Bo)u| dx.
R2m

Since tp #0 we need to have T™ = 1 or equivalently 6 = ||up]|3. Therefore, by (5-2) and

(5-3) again we have

AD2m,m, 3, x,Y) = /

(eﬁpuluOH%)uS —1>dx.
R2m

Since ||[V™ug||3 + [|uoll3 < liminfji_oo(||V™uj]|3 + [|uj]|3) < 1, we get that up maximizes
AD2m,m, 3, «,y).
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5.2 Proof of Theorem 1.3: Non-attainability in - = 2 case

This section is devoted to prove that AD(2m, m, 3, «,y) is not attained for 3
sufficiently small. We will proceed analogously Ishiwata and Nguyen in [56], [30]. Let

B < (4m)"m! ( 513 (X) Firstly, by (2-10) with n=2m, we derive

uf? ) } 02 -
exp| B —1ldx<C ——=—, YueW_7(R 0}. (5-6)
/R[ ( N Bm2m [ 7m 2 raa (B4 10}

From this we can observe that for any fixed B < (4m)™m|,

j u 2
S T 1

2)

for any j > 1. 5-7
T ymg(f = Commbmyg or /= oD

Let 27 = {u € W™2[R2™) : |u||5+|V™ul|5=1} and let v € . By using the same
notation in (4-11) and (4-12), for t > 0 we define the family of functions

Vi Vi
[vellZ+ V™3 (D)

= Hy(v)(x) = t2v(tnx) and w; =

where we have used that ||v;||3 = ||v||3 and ||[V™v||3 = t||V™v|]3. If v € WIZ(R?™) is a

maximizer for AD(2m,m, 3, «,7y), then v € JZ N Wr';'dz(Rzm) and each w; is a curve in
W™2([R2™ N 2 such that wy = v, and

rad

d

_F2m,m,[5,cx,y(Wt)

e =0. (5-8)

t=1

The idea is to show that the identity (5-8) does not occur for any v € Wr’;'dz(]Rzm) NA,if B
is sufficiently small. This leads to the non-existence of a maximizer v. Using the relations

Ivili3k = =Tl vI35 and [[V™ve[|3 = t] V7v|[3. we obtain

0o nk kk1

Femmasato = 3. S o (ME)] £

where p is given by (4-13). Now, we note that

(1) = [VVI5+lv]3 =1

IvIi 1+ ad v
o) =MD == s

—yov[3
0 _d [D(HVHzﬂ IvIZIV™vl3 oy (59
dt Nv(t)
q
t=1

= —— 22 [a(1 —yo| v[[3) +you1 + || v]|3)
t=1 (1 _‘Y(XHVHEF |: }

=(k—1)— k|| V™v|3.
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Hence, the identities in (5-9) yield

g S B e ot [ ke
ai [Femmar il i = 1 g IR P UVIBI | Sy + v

S BK 2k 2,1k
<Y o IvIBE [pvIB) v
k=1

where we have used that kp;/p(||v||3) < 0, which is also a consequence of (5-9). Now,
since vy = —||V™v||3 and v, < k we can derive

Bk

k=1

“rlIvIE [ (IvI13)] “vic = =BIVIZIV™vI30(IvI3) +Z ||V|| [o(vIB)] v

k
—BlIvIZIIVVIZedlvI2) +Z P SvIEk [ (RN

= (k—1)! Iv][3][Vmv]|3

k—1 B 2k
= BIvIZIVTvIZe(IvI2) [Z B To(vI2)* ‘&_1],

By using p(||v||3) < (1+a)/(1 —y) we obtain

d
dt |:F2mm[30cy Wt]|t1

00 k—1 1 k—1 ok
gfsuvnéuvmvu%p(uvus)lz(f_ () _1]_

o (k=D —ya) V][V

From inequality (5-7) and since ||V™v||2 < 1, for some fixed 3 < (471)"m! such
that B/ < m we obtain

BFT IIvIk =g(g)k1 [B_ | vI[3 ]nvmvnm
(k=DUIVIBIvm™IE =B \B/  [KIV™ZE] v
k(B k—1
<3 (B) I9VE Gy

k (B k—1
<5(5) s

for all k > 2. Consequently, we derive

d o0
e [Femmp ()] Ly < BIVIBIV™vIEo(vI) [Z

@xl =

1+ \ B k= ]
(E2)8) o]
< BIvIBIVvIe(v]3)

fra ) 18 (1 Hc -
) Eh () Gnms|
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_ -1 .
Thus, for 3 < min { ((1:‘3‘“) éfﬁizk(%)k 2sz,m,[§> ,6/2}’ we have

d
T [Fommp.oy(We)] |,y <0, forany v e WhZ(RE™)N 2.

From (5-8), we conclude that AD(2m, m, 3, «,7y) does not admit maximizers if [3 is chosen

as above.



CHAPTER 6

Critical Case on Fourth Dimension

In this chapter, we apply blow-up analysis together together a truncation argu-
ment by DelaTorre-Mancini [16] and some ideas by Chen-Lu-Zhu [10], to obtain the at-
tainability stated in Theorem 1.4 under the critical regime 3 = 32712, Let (u;) be a sequence
in W22 (R*#) formed by maximizers for the subcritical supremum of AD(4,2, 3 j» ,Y) with
Bj = 32m® — 1/}, ensured by Theorem 1.2, i.e., ||uj|| yz2gs) = 1 and

AD(4,2,83;,,y) =/

<e[5jp(\|uj\|§)uj2_1>dX= sup / (era/p<||u\|§>uz_1>dx, 6.1
R4 R

ue W22(R4)
| AulZ+[ul3<1

2
with p as in (4-13) and 1+1:E126;)Y_ o;/o@ %ZGN < Bj < 3272, From (2-6), we can assume that

each u; is a positive radially symmetric function and also suppose that u; — v in W,Zéi(R“).

Lemma 6.1 We have

AD(4,2,327%, o, y) = lim AD(4,2,B;, &) = Iim/ (eﬁfp<\|Uf\|§>Uf_1)dx,
J—00 R4

j—00
Proof: We first note that

limsup AD(4,2, B}, o, Y) < AD(4,2,327, o, Y). (6-2)

Jj—o0

The reverse inequality is a consequence of the Fatou Lemma. Indeed, for any u € W?2(R*)

with [|u| y22rey < 1 we have

Iiminf/ (eB/P(IIUIlg)u2_1>dX>/ <eszn2p(|\u||§)u2_1>dx
Jj—00 JR4 = R

which implies that

j—o0

limint AD(4, 2, BJ,OW)Z/ (esgnzmlluu%)uaq)dx
R4
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Taking the supremum over u € W2(R*) with ||ul| yz2gs) < 1 we obtain

liminf AD(4,2, B}, &, y) > AD(4,2,327, &, y). (6-3)
J—0o0
From (6-2) and (6-3) we conclude the result. |

A straightforward computation shows that the Euler-Lagrange equation of u; is

given by
( 5 BiER :
AZU/' +Uj= %Cjeﬁ/C,U, +WiU; 1n R4,

1 Ag{15+[|uZ = 1

Bj=32m — 1, »
&= (|2 = oz, 4
| 12l = 1y a|y 3’

W= x(1+y)

—velly 32’

zo2
fR4 szeB/C/“/ dx.

R A
\7\1 T 1wyl
By using Lemma 2.5 together with (6-4), we can see that u; € C>°(R*). From Lemma 2.2,
we can always take a point x; € R* such that

ci = Uj(x)) = max |uj|. (6-5)

We divide our argument into two cases:
(a) sup¢j < oo,

j
(b) ¢ — +00, as j — oo.

Definition 6.0.1 Let (uj) be a sequence in W?22(R*) such that uj—uin W22(R*). We say

that (uj) is a normalized vanishing sequence [(NVS) in short] if ||ujl| ezge) =1, u =0 and

lim tim [ (efrluld _1ydx = o,
P—00 j—00 Bp
Firstly, we deal with the bounded case.

Lemma 6.2 If sup; ¢ < +00, then only one of the following alternatives is satisfied:

, . . L 22 )
(i) u+0and AD(4,2,321?, «,7) is achieved by some function in Wrad(R4),
(if) (uj) is a NVS and AD(4,2,321°, «,y) < 32m%p(1).
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Proof: If sup;c; < +oo, then by standard elliptic estimates we conclude that u; — v in

C?OC(R"'), see Lemma 2.5. Then, for any p > 1, from Lemma 2.2

e(ﬁjp(Hung)uj2 _q_ ij(HUjHS)U/Z _ iow’ (B/p(HUIHE)UJZ)I < io" (p(1)[3f)i 2i

i=2 i i=2 f! g
00 i i—1 U-2 00 2 i
<3 C0B) ( 33) 2 < U3 @m0t ()
par il P Cp par i
2
==cﬂZL
P

on R*\ By, where C' is independent of j and p. Thus, by (6-6)

lim Iim/ [eﬁfp<|‘“f|‘5>“f'2—1—ﬁ,p(|yu,-||§)uj2 dx = 0. (6-7)
RN\ Bp

p—00 j—00

Up to a subsequence, we can assume that ||u;]|3 — 6 with © € [0,1], as j — co. Thus, the

convergence in Cfoc(]R“) yield

lim Iim/ [eﬁfp<||“f|‘5’“f'2—1—ij(HUj||§)Uﬂ dX=/ [932”2"(9’“2—1—327129(9)u2 dx.

p—r00 j—00

(6-8)
Since
lim / Bip(||uj3)udx = 32m%p(6)6,
J—70 JR4
it follows from (6-1), (6-7) and (6-8) that
lim AD(4,2, Bj, ) = lim / (eﬁfF’(”“f”?)“f —1) dx
j—oo j—oo JRa (6-9)
_ / (e32”29<9>“2 —1) dx +322p(0)(0 — || u[?).
R4
From (6-9) and Lemma 6.1, we can write
AD(4,2,3272%, o1, Y) = / <e327‘2"(9)“2 —1) dx+3272p(0)(0 — ||u[[?). (6-10)
R4
If u#0, as in (5-4) we define T > 1 and v given by
0
= and v(x)=u (5> . 6-11)
Jull3 T
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Then, by (6-10)
AD(4,2,3271%, ,y) > / [0) (327t2p(||v|]§)v2) dx = T4/ <e32'rr2p(6)u2 _1> dx
RA' R4

=/ (%7704 1) de (¢ — 1)321°0(0)

R4

+(Th—1) / [932”2 PO _y —32ﬂzp(9)“2] dx
R4

=AD(4,2,327[2,oc,y)+(T4—1)/

[esznzp(e)u? —1 —321%p(0)u?| dx.
R4

This forces T = 1. Consequently, we conclude that v is a maximizer for AD(4, 2, 3272, «, v).

Now, suppose u = 0. From the convergence u; — 0 in CfOC(RA') we get

lim / (eﬁfp<|“f|5>“/'2—1)dx=/ (€%27POF _1)dx =0, forany p > 0.
Bp

j*}OO Bp

Thus, (u;) is a NVS according with the Definition 6.0.1. Finally, directly from (6-10) with
u =0, we obtain
AD(4,2,327%, x,y) = 3212 p(0)0 < 321p(1).

Next, we perform the blow-up analysis to deal with the case when ¢; — +o0 as j — oo.

6.1 Blow-up Analysis

Throughout this section we assume that ¢; — +00 as j — oo. Our analysis is based
on the works [10], [56].
Firstly, we note that, with the notation in (6-4), the condition 1 — ;||| = 0 with

0 < ||uj||3 < 1, which is undesirable in the definition of A;, occurs if and only if

vVo(l+7vy)
1=vlluylle = ———=llyll2
1—val 3

or equivalently yo|| ;|3 + /(T +7v)]|yj|l2 — 1 = 0 with 0 < ||uj||2 < 1. Hence, the undesir-
able condition occurs if and only if

—vVo(1+y)+/o(y+1)+4yax

6-12
Py (6-12)

lujll2 =

Although there exist values of j , &, and y such that (6-12) holds, this is not possible if j

is sufficiently large. In fact, we will see below that ||u;||o — 0 as j — oo.
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Lemma 6.3 Let 8o be the Dirac Measure supported at 0. Then, |Au;|?dx X 8o weakly in

the sense of measure. Further, uj — 0 in L2(R?), Zj — 1and W — o(1+y), as j — oc.

Proof: By contradiction, suppose that |Auj|?dx 2 80. Then, there are R > 0 and 1 < 1
such that
Im [ |AuPdx=p<1. (6-13)
J—00 Bg
Set 0 a(r) = yi(r) — ui(R) for x € Bg with r = |x|. Then ;5 € W??(Bg), and
|AG;plPdx = [ |Aui?dx. (6-14)

Bg Bg

By Lemma 2.2, for any 6 > 0 we derive

) ) c
U < (1+8) 0 g+ CsUf (R) < (1+8) g+ Cs g

with cs = (1 — (1+8)~")~". Now, set ViR = . We have

0ir
ARl
s o - ) = C
c . X
%3201 5 oy (BiGi(1+8)07R)
= C(R,8)exp (B;;(1+8)02g)
= C(R.8)exp (B;(1+8) || A RI5397R).

IN

e

on the ball Bg. Recalling ||Au||5 +||uj]|5 = 1 and ||Ad; all2 = |Aujll 128, < [|Auj]|2, from
(6-13) and (6-14) we can write
5 A (1+ o[ u3) 1AL RI3
GillAg; A3 = N
(1 —vo]lyl3)
_ (1+o—oflAy|3)1AG; Rl
(1= vey)
(1+ 0 — || A al3) | AL AII3
(1 —vo+ v Ag;all3)
Letting j — oo, we get
- 5 A 1T—pu
im (B;(1+ )51 A5 g|Z) < 32r2(1 + ) M LK 6-15
j_lg;lo(ﬁj( +0) ¢ UJ,FI||2) < 32m°(1+ )1—yoc(1—u) ( )

Since the positive numbers y, o« and 1 — p are less than 1, we obtain 1 —yx(1 — ) > 0,
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thus

1
PO ZR i ot — i < (1 — ) —yed( — )
vl — )

iff ap<1—vyx

1
i ey < (6-16)

We are assuming the condition 0 <y < %{— 1. Thus, for any 0 < n < 1 we obtain
L+y < (u—1) +%€ < %C So, (6-16) holds and from (6-17), for 6 > 0 small enough it
follows that

(Bj(1+8)j||AGRI3) < 32, (6-17)

lim

j—o0

Therefore, we can apply the Adams-Trudinger-Moser type inequality (2.3) by C. Tarsi

[66, Theorem 4] to conclude that exp (B j(1+ 6)5j||A0j,RH§\7fR) is bounded in LP(Bg) for

some p > 1. Consequently, exp(f3 jz/-ujz) is also bounded in LP(Bg). Since, (u;) is bounded

in L9(Bg) for any g < oo, by Holder inequality together with Lemma 6.4 below, it holds
that

%GXP (B;Gu)

is bounded in L%(Bg) for any s > 1. Hence, by apply standard elliptic estimates we have

that (4;) is uniformly bounded in Bg/, which contradicts the hypothesis that ¢; — oo.

Thus, we need to have |Ay;|?dx = 8. As direct consequence, since || Au;||3+||uj||3 =1,

we have ||uj[|3 — 0 as j — oo. Thus, uj — 0 and v = 0 in L2(R*), which also implies that

Zj—>1,uj—>oc(1+y)asj—>oo. |
Next, we show that (A;) is bounded away from zero.
Lemma 6.4 There holds infi_,oo A; > 0.

Proof: By contradiction, suppose that inf;_,,, A; = 0. By applying the elementary inequal-
ity (' —1) < te' for t > 0 and noticing that (1 — p;||y;[|3) " > 1, we obtain

0 =liminf Bj7\j

j—00

112
- Ii‘minfMHz)g/ Bjuf o #1142 ax
j=oo 1= wllyl|3 Jre

2y,,.2
> Ii,minf/ ij(Hung)ujzeBIP(HUjuz)uj dx
J—00 R4

> liminf (eﬁmnu,-ng)u,? _1>dx
T j—oo R4

= AD(4,2,327%, ,y)

which is the desired contradiction. [ ]
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6.1.1 Assymptotic behavior

Here, we shall proceed exactly the same way as was done in [10]. Since (u)) is a

bounded sequence in Wrzai(R“) we have

uj— uin W22(R%;

yp — uin LP(R*), Vp>2; (6-18)
B; 3272,
In the case ¢; — oo, from Lemma 2.2 we can assume that the sequence (x;) C R* in (6-5)

satisfies
x; — 0, as j— oo.

With aim to study the assymptotic behavior of (u;) near to the blow-up point, let us define

A.
4. )
A 6-19
CZijC/C/Z ( )
]
Lemma 6.5 For any & < 3212, we have lim Supr 26806 _ 0. In particular, lim rj4 =0
j—o0 J=7+00

Proof: Let & < 32752, then

r.4c.2 eE’Zicf2 = e(z’_B/)-/c"j2 LZ/ ujze[‘)’le'ufz dx
1= wllyl3 Jre

S%/ szeﬁjijufe(é—ﬁj)zf'“fzdx
1—wllyll3 Jrs

< —Cj 5 / us e‘i‘:/“/ dx.
1=yl Jre

From Lemma 6.3 we have - H o — 1, as j — +00. In particular,
Ky

ﬁ is bounded
l l

and we also have

7 < of / (e85 —1)dx + / Fx)
R4 R4
2 p-2
p 5 p
C <(/ |Uj|de) (/ (eécf”/?—ﬂpgzdx) +/ ujzdx)
R4 R4 R4

p—2

p ;g) E,C]P 2 é 3 5
< C(p) |u;|Pdx erz% 1 dx +C(p) [ uidx,
R# R4 R4

for some constants C and C(p), which are independent of j. Taking into account the
Adams-Adimurthi-Druet inequality in (1-13), Lemma 6.3 and (6-18) we obtain the result.

\\
!‘”
I\u

| /\

IN
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Now, we need to define some auxiliary sequences to understand the assymptotic
behavior of u; near to the blow-up point. Namely,
Uj(Xj + 1jx)
VVj(X) _ T
G
zj(x) = ¢j(uj(x; + rjx) — ¢j) (6-20)

) = i+~

where the all sequences are defined on the sequence of set Q= {x € R* : x;+rx € By }.

Lemma 6.6 w;(x) — 1in C (R%).

Proof: By the Euler-Lagrange equation (6-4), the definition of r; and the fact of w; <1,
we know that for any R > 0 and x € Bg(0), w;(x) satisfies

4

r:
(A2 W 00)] = | = (A%u) 0+ 7x)
/]

4

L (7 &g+ ) P55 1y — 1)y 05+-17)) '

/
- Zc?
< ‘,}4 (}\;1 CI-W/'(X)GBIC/C] +(Wj — 1)W/(X)> ‘

- C"VCV—%(X)HW—U

wi(x) [ = A
jc? <Cf+(“f_ 1)eﬁjzjf0,»2)‘

]
1 - Aj

< | G+ (w—1)—=2 — 0,
=2 <C,+(H] )ef’jcjcjz) ‘

1

W (x)A;
Cj2 eB/C/C/2

Q

where we have used that p; — (1 +7), Z,- — 1 and

Moo G / B ePiid =9 dx < M|y < C.
ePitd T 1 —wyllyl5 Sre

Furthermore, wj(x) is bounded in L}OC(RA'). By, the standard regularity theory, we got that

for any R >0 and 0 < k < 1, the sequence of ||wj(x)|| ca.x (g, is uniformly bounded for

every j. Finally, by the Ascoli-Arzela Theorem, there exists a function w € C3(R%) such

that the sequence w;(x) converges to w in C3(R*) having the property of A?w(x) = 0 for

all x € R*. Now, since w;(0) = 1, by the Liouville’s Theorem for harmonic functions we

obtain w is constant and equal to 1 in R*. |

Now, we are in a position to prove the following:
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Lemma 6.7 It holds vj(x) = uj(x;+r;x) — ¢; — 0 in C (R*). Therefore,
i 1) . .
|V'uj(x)| =0 o] i Brr, 1=1,2,3,
J

Proof: We can notice that v; satisfies the equation

forany R > 0.

(—AYy, C 0 + 1) PG ) (1 — 1)+ 1)

2
/)+[‘/4
C

I

Ui(Xi+1X) 2 70 2onr
_ CILQJ)eBJCJ(UJZ(Xl”/X)_C (1 — 1) u;(x; + rjx).

By setting Av; = g; and then Ag; = f;, where

Ciui(x; +rix)
0=% ﬁC/( P Og+0x)—¢f) IA(Hj_“)Uj(Xj'H’jX)-
i

Since (uj) is bounded in H?(R*), it is clear that [p4|gj|?dx = [ps|Au;|?dx < c. By the fact
of (f) is bounded in L%,

,OC(R4) for any p > 1, by Lemma 2.5 joint with Morrey’s inequality,

we got that for some 0 < k < 1,

191l c1x(8r) < C (6-21)

for any R > 0. Therefore by Pizzetti’s formula (2-14), we obtain
/ vi(x)dx = cgRBA2vj(t) + c1 R® Avj(0) + c2 R* vj(0),
Br

for some t € Bg, where Bg is a ball centered at origin with radius R.

Now, we note that v; < 0, v;(0) = 0 and by (6-21), one can conclude that v;(x) is
bounded in L,OC(R4). Thus, by Lemma 2.5 again, there exists a v € C3(R*) to which the
sequennce vj(x) converges in C3(R*), satisfying (—A)?v = 0. Finally, by Lemma 2.8 and
knowing that v < 0, we guarantee that v is a polynomial of degree at most 6. Therefore,
by

|8vEdx < im / AvPdx < C,
R
then v must be a constant. By the above estimate together with the fact of v(0) = 0, we
conclude the result. |

In the next lemma we will establish a gradient estimates on BR,], , and it will be of utmost

importance for our aim in studying and determining the limit behavior of z;(x). The proof
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is basically the same procedure did in [10]. Let us state first a theorem which can be found
in [52], which involves uniform estimates for V2" ~/u, with 1 < | < 2m— 1 of a solution
A"u = f in the Lorentz space L(%’%)(Q), 0< <.

Lemma 6.8 It holds that for any R > 0,

cj/ |Auj|dx < c(Rr)?.

Bg,
Ry

Furthermore,
C.
/ |Azj|dx = —é/ |Aujldx < cR?, (6-22)
Bg I JBg

where z; is given by (6-20).

Proof: For any Ry > 0, let ujR0 be the biharmonic functions that solve the problem

A2uf® =0, in B, (X))

OLuf® =0Lu;,  on 9Bg,(x); i=0,1.
By the radial lemma and the elliptic estimates (Lemma 2.5), we obtain

c
16l o3(8ry) < 2 for some T > 0. (6-23)
0

Note that u; — ujH0 satisfies the equation

AQ(UI,_U]BO) =}\j_1U/‘éjeBIC~/u]g+(uj—1)uf’ in ERO(O)

ol (u; — uf) = 0, on 9BRg,(0),i=0,1.

Set f; = 7\;1 uGexp(B;Giuf) + (j — 1)u;. Then (f) is bounded in L(InL)*(Bg,). So, as
consequence of the definitions above and joining the result in Theorem 7.8, we got

IV (= )| 40 < C, i=1,23, (6-24)

where || - HL(i,z) is the Lorentz norm.
We have the estimate
2 Ro\2 Roy A2 R S i R 4—i R
A% (4 — u7))] < 204 — 47V A (U — 4) |+ C Y|V (1 — 67 [V (b — 4)].
i=1
From (6-24), the Holder type inequality and by O’Neil in [57], the term ZL V! (uj —

ujR")HV“_’ (y — UIBO)\ is bounded in L'(Bg,). Now, we must prove that the term |2(uj —
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ujB")Az(uj - ufo)\ is also bounded in L1(BRO). Indeed, we separate into two integrals as

follows

/ |2(Uj—UjBO)A2(Uj—UIBO)|dX§2 / \ujA2Uj|dx+/ |ujB°A2u,-\dx =2(l1 + b).
Bg, Bg, Bp,

Firstly, by the Euler-Lagrange equation (6-4) and applying integration by parts, we derive

2
T
h =/ |ujA2uj|dX§ ’/ (Cj—jeﬁf(:ful'z+wuj2)dx +/ ’Uj|2dX
B/-?O R4 7\j ]R4

= ‘/ Uj(A2Uj+Uj)dX‘+/ |uj|?dx
R4 R4

§/ \Auj|2dx+2/ lyjPdx < c.
R R*

On the other hand, we have

Ip =/ |uf® AP yldx < c/ |ujA2uj|dx+c/ |A%yjldx < c(Ry).  (6-25)
Bry Br, Bry |yl <1}

Hence, [ |A%(y;— ujBO)zldx < ¢. Now, we want to prove that for any R > 0,
0
/ A((u; — uf®)P)dx < c(Rr)?. (6-26)
Bry.
]
Indeed, we will proceed as [52]. Firstly, we claim that
”AU;'ZHU(BHO.) <C. (6-27)
Notice that
|Auj2| < 2|uAu| +2| V2.
Firstly, by the Holder inequality and we get

/B lyAyjldx < HUIHLZ(BH,].)”AUIHLZ(BH,I.) < ¢y.
Rrj

For the second term 2|V y;|? it suffices to see that by Lemma 6.7, |Vu;| = o(rjq) for any

R and j sufficienty large, and the claim is proved. Now, from (6-25) and (6-27), we have
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that (6-26) holds. By (6-26), (6-23), and Lemma 6.7,
/ |A(uj)?ldx < ¢ / (A(u; — uf®)P)dx +o(r?). (6-28)
Bgr. Bgr;

In other hand,

ré

1
cilAyj| < cujlAy;| < c(A(WP) +|Vui?) < cA(u ) <—> : (6-29)
j

Finally, by (6-28) and (6-29), we conclude
C,-/ |Aujldx < c(Rr)?.
By,

Thus, for any R > 0,
C.
|Azj|dx = —’/ |Aujldx < cR?.
BRr

2

Bgr /
|

Let us analyze the limit behavior of z;(x) in (6-20).
Lemma 6.9 Ir holds zi(x) — z in Clsoc(R4) with z satisfying the equation (—A)?z =
exp(6472z). Moreover,
1 T,

Z(X)=—w|n (1+%’X‘ ) (6-30)

and

/ e647r2z(x) dx = 1.
]R4

Proof: By the Euler-Lagrange equation (6-4), we can notice that z satisfies

4
Gr;

a 52
(=04 G (1 = )yl +7x) = =G+ ryx) P07 06+
/
= M eﬁjij(ujz()(j+rjx)—cl?)
G
_ G+ 1) _pidatutye-a) (15 )
G

By Lemma 6.8, we know that Ba |Azjldx < cR?. Hence, by elliptic estimates in [25], we
obtain [| Az ;1 < ¢. By Lemma 6.7, there exists z € C3(R*) such that z; — z in C} (R%)
with z satisfying the equation

(—A)2z = e84z
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By Fatou’s Lemma, we have

Ii,minf/ B2 gx < ?\j_1 Zju]?eﬁ,-i,-uf dx < 7‘/’_1 %/ Uj?eﬁ,-i,-u,? dx < 1.

=00 Jpe R 1=yl Jres

Now, let us suppose by contradiction that z(x) is not of the form in (6-30). Then, by [44],

there exist a negative number N such that | ‘Iim (—A)z(x) = N. Consequently, we would
X|—+00

have that
lim / |Azj(x)|dx = | N|vol(B1)R* + o(R*)

j—+00 Bg

as R — oo, which contradicts (6-22). Thus, we have (6-30). By computations as done in

4
1
664ﬂzz(x) dx = L B
R4 R4 1 +1|X‘2
NG

[10], ones can see that

6.1.2 Bi-harmonic Truncations

In this subsection, we will use the bi-harmonic truncation proposed in [10]
which are inspired by [16], which in turn are generalizations of the truncation argument
introduced in [3]. Basically, for any A > 1, we will introduce a new function ujA valued
close to ¢j/A in a small ball centered at x; and coinciding with u; outside this ball. The

main objective of this section is to study the properties of u]’-“.

Lemma 6.10 (DelaTorre, Lemma 4.20 [16]) For any A> 1 and j € N, Q C R* smooth
bounded domain, there exists a radius 0 < pf‘ < dist(x;, 0Q)) and a constant Cp depending
on A, such that

Cj
1. Uj>All’lBA( Xj);

c
2. |uj——|<—AonaBA( X));
G
Ca
3. |V < AlonaBAX/forany1</<3
Cj(pj)
4. lim pft =0 and, if 1 is defined as in (6-19), then lim % =

j—00

Let p]-“ > 0 and V/A € C4(§pA (xj)) be the unique solution of the problem
]

A?vi =0, in Bya(x))
vt =8y, on 0Ba(x), i=0,1.



6.1 Blow-up Analysis 60

Let us consider the function

Lemma 6.11 For A> 1, we

uniformly on Epﬁ (X))

Proof: Set vj(x) = v-A(xj +0; X)— % for x € By. By elliptic estimates [16, Proposition A.2],

|
we have

Y - - -
v/ — Z’IILOO(BQMX,-)) = ]l 8y < CLIVill o @8y + IV ¥ 008
/

C.
C[H VIA — Z/HLOO(aBpA(X/')) + pf\vajAHLoo(aBpA(Xj))}
J J

i A
= Cllly - ZIHLOO(BBPA(XI-)) +07 11Vl (98, a9 -
J J
This together with Lemma 6.10 yields the result. ]

Lemma 6.12 For any A > 1, there holds

1

- A2 | A2
Ilmsup/R4 (JAuf)? +|uf' )dXSZ'

Jj—+00

Proof: By combining (6-4) with Lemma 6.10, we obtain (—A)zuj >0 1in B,a(xj) for j
)
large enough. So, the maximum principle yields u; > u]’-“ in Ba(x;) and, from Lemma 6.11,
]
uj’-q >0on Bij (x;) for j large enough. In addition, since ujA =y in R™\ Bp;\(xj) and in view

of Lemma 6.11, by using u; — u]’-“ as test function in (6-4) and recalling that pf‘ /ri — o0,

for any R > 0 and j sufficiently large, we obtain

UG i
/ [AyA(u;— uf) + uj(u; — uf)] dx = / L (P57 ] (4 — uf)ax
B a(x) Boalx)
fi J
> Q/ ujeB/Z/’“f?(uj— ujA)dx
Bgr; (X))

2

~. Zi BZ(C2+2Z+%) Zi Ci
=er4/ (cj+—/)e” i <Cj+—{——j+0(cjf1)>dx
Bg(0)

j G G A
2
. zi\ PBiGRz+ %) 1z o
= j/ <1+—2>e i (1——+—2+O(Cj )>dX.
Ba0) * G Ag
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From Lemma 6.7 and Lemma 6.6, we have z;/c; = v; — 0 and zj/cj2 =wj—1—=0in

C?OC(RZ). So, by applying Lemma 6.9, we can write

’
/ [AyA(;— uf) +uj(y; — uf)] dx > (1 - —) / %7 dx 4 0i(1),
B, (x) A) JBa

J

and letting R — +00, we obtain

”
/ [Au,-A(u,- — ujA) +Uj(uj — uj’-q)]dx >1——+0(1). (6-31)
B_alx) A
Pj

Recalling ||Ay;||3 + ||uj||3 = 1, we have

[ 0ot iyox= [ (agPslefPyoxs [ (auPslyf)ox
R B_a(X) RH\B(x)

i i

=/ (|Au]’-4|2+|uj’-4|2)dx+1 —/ (JAy;[? +|u;|?)dx
B,a()

B,a(x)

J ]

=1 / [AuyA(y;— uf) + ui(y; — uf)] dx
B,a()

)

+/ AufA(uf - Uj)dX+/ uf(uf — uydx.
B,aX) B,a(x)

Pj j

From (6-31) and recalling u]’-“(uj’-“ — uj) < 0in Bya(x;), we derive
J

1
/ (IAu?P+]uf?) dx < y +/ AufA(uf — uj)dx +0i(1)
R4 B,A(X)

)

1
= Z+Oj(1),

where we used integration by parts and A2 uj’-“ =0 in Ba(x;) to obtain the last identity. W
J
Lemma 6.13 We have

AD(4,2,3272, o, y) = lim / @BiGY —1)dx = lim Iim/ (P94 —1)dx = lim =
j—oo Jra R—oof—o0 /B J=0 C;

Rri /

and consequently
j i
— — 00 and sup— < o0
G i N
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Proof: The first identity has already been proved in Lemma 6.1. Now, let us write

/ (@BiGY —1)dx = / P59 _1)dx + / (ePi5Y _1)dx
R* B, (X)) RE\B, 4 05)

: z 2 s A2 (6-32)
< / P99 —1)dx + / (ePi5U)” _1)dx.
B_a(x) R4
Pj
By Radial Lemma 2.2, for some radius R such that ui<1on RA'\BF}, we get
/ @By _fydx < ¢ / u?dx — 0, as j — oo. (6-33)
R4\ Bg R*

Note that 3 jfj — 3272, which together with Lemma 6.12 and by Tarsi’s Adams inequality
(2.3), implies
sup / (eB/‘ff"/(“fA*“/(’%’))2 —1)dx < oo
j—)OO Bﬁ

for any ¢’ < A? and j sufficiently large. In addition, we have
q(u)? < ¢ (uf — yi(R) +c(q.q), for g < d,

and so

lim sup/ (eﬁf'é‘/"(qu)2 —1)dx < oo
j—)OO Bﬁ
for any g < A?. Now, recalling A > 1, then exp(ﬁjfj(uj’-q)z) is uniformly integrable and

Ui — u =0 a.e. Then, the Vitali’s Convergence Theorem provides

Jim / @BiG’ _1ydx = 0. (6-34)
J—00 B,f?

Hence, from (6-32), (6-33) and recalling that Lemma 6.10-(4) yields pf‘ — 0, we obtain

/ (PiGY —1)dx = / (B9 —1)dx + 0,(1)
R4

B (%)

! (6-35)

= / Py dx+ oj(1)
B_ax)

J
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and from Lemma 6.10-(1)

im [ (ePiY
Jj—00 R4

63
Z .2
—1)dx = lim / ePiGY dx
J—00 Bpf(x/)
A2 -
< lim — ujzeﬁf(:/“f2 dx
J=0 € Bqu(x/)
2 ;
< lim A—2 ujzeﬁfcf’“fzdx (6-36)
j—o0 Cj R4
N1 = wllul3
a2 i Y jllYllz
=AM 2T
i j
)\.
= A? lim L.
/Hoon

By taking A— 1" in (6-36), we obtain

lim
j—o0 R4

To reverse inequality, we note that

G

SR

- }\
(P54 —1)dx < lim L.

Jim —
j=00 C

[/ uf(eﬁfzf“fz—1>dx+/ ujzdx}
R4 R2

< %[/ Cjz(eﬁfzf“fz—1>dx+oj(1)]
1=l yl|3 L/ re

and it follows that

}\, ~
lim 2 < lim / <eBin“/2—1>dx.
j=00 € T j00 JRe

Now, note that

Jj—00

for any R > 0. By using the definition of rj and ujz(xj +1iX) —

can write

/ eB;Z,-U,de=7‘_£ / B 0~ g =lé /
By, () S /Ba0 G

s o s 2
lim / P15 —1)dx = lim [/ ePiGy dx + ]B,@,,(x,-)l]
Ba () 17700 "B x) :

. (6-37)
= lim / ePitiy dx

2
¢ =z(w;+1) on B,qrj(xj), we

eﬁjz/z/(wf'”)dx. (6-38)
j 7 Ba(0)
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Taking into account (6-37), (6-38), Lemma 6.6 and Lemma 6.9, we get

o A
lim / P54 _1)dx = lim —é(/ e64”22dx).

Then, from Lemma 6.9 again

R—o0j—00 J=00 C;

A
lim Iim/ (P54 —1)dx = lim L.
Bay, (%) i

Let us define

}\.
ERj= lﬁ.z,u,z )
fBR(X]_) ;| eP19Y dx
&
T= ,I|m —=, with E,j = E,ij,
J—o0 Cj J>
eBiGiu
©= lim lim Jants) 487" A6

R ' 1B
—00/—00 fBFI(Xj) |u,|e JS% dx
Lemma 6.14 We have @ = 1.
Proof: For all A> 1 and R > 0, it holds
[ uetion [ yohiifas | ST g,
Br(x)) Bpf\(xj) BR(Xj)\Bp]A(Xj)

From Lemma 6.12, we can conclude that exp(f3 jfj(u/’-“)z) is bounded in LP (BR(X/')\BpA (X))
J
for some p > 1. Thus,

/ U ePH dx = (1), (6-39)
BH(Xj)\Bij(Xj)
which implies
/ Ujeﬁjzjuf? dx = / ’Uj| eﬁjzfuf2 dx + Oj(1), (6-40)
Br(x) Boalx)

J

where we have used that u; is positive in Bja(x;). Analogously,
]

/ |Uj|ef3fzf“f2dx=/ || P15 dix + 0(1). (6-41)
Br(x) B, ()
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65

Note that

/ eBitiy’ dX=/ (eﬁ’fz/“f2 —1)+1)dx
B_a(x)) B_a(x))

pj pf

=/ (P55 —1)dx+0i(1)
Bas)

Hence, from Lemma 6.10-(4) and Lemma 6.13, we have

.Iim/ eﬁfzf“fzdx=,lim/ (eﬁfz/“/‘z—1)dx
J—00 BpA(X/) Jj—00 BpA(XJ')

J J

> 2
> lim _Iim/ (eP19Y —1)dx
R—o0j—00 Bpa,.
/

= AD(4,2,327%, &, y) > 0.

On the other hand, from Lemma 6.10-(1) it is easy to see that

72 Z 2
Cj/ Pty dx > / |uj| eP5Y dx
B_alx) B_alx)

J J

> ﬂ/ eBitt gx.
A JB atx)

)

Combining (6-40), (6-41), (6-42) and (6-43) we get

) B/Zju-zd
1 a0y i €19 dx
— +O](1) < R(Xj)

- an(Xj) |Uj|e[3‘f(:"f”/'2 dx

Letting j — oo, R — oo and A — 1, we obtain the result.

Lemma 6.15 t=1.
Proof: Fix R > 0. From Lemma 6.10-(4), for j large enough, we have

5 2 s 2
/ ufeﬁf&f"/ dx 2/ ufeﬁf‘:/“i dx
B,alx) Brr; (%))

)

- 7\]-/ w? eBiGzw+1) gy
Br(0)

(6-42)

(6-43)

(6-44)
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From (6-44), we get

& 1 Aj , Aj
lim 2 = lim — /BZQ < lim IBZZ
j—oo Cj  j—oo Cj . jGiU; j—o0 2 APjGu;
j /prA(Xj)\uj\e 155 dx prA(Xj)uje 155 dx
/ :

1 1
< I|m =

- 1 6412z ’
> g 0V 2 oBiGzi(wi+1) g fBR(O)e dx

Letting R — oo and using Lemma 6.9, we obtain lim;_, Ej/cj < 1, which yields T < 1.

Now, analogous to (6-33) and (6-40) we can write

Z.,2 Z .2
u?ePiGY dx > u?ePiSY dx +0i(1)
e o )

> L/ P54 dx 4+ o(1)
2 |, 9 j (6-45)
2 52
= A—’ / eﬁfz*/”/ dx +0;(1)].
In addition,
/ luj| ePiiY dx < Cj/ ePilY dx. (6-46)
B,alx) B,a(x)

) J
By combining (6-46) and (6-45), we can write
G
Q 1 IE
¢ ¢ B
R A o lule” 4 dx

Jre U 2 P54 g

Z Zup
o3 [pra(x-)eﬁ’C’u’ dX+O/(1)]

1 1-wllyll
= @ PG
fB A( jGiy
Thus,
1
T= lim 5 > —-
j—oc T A
Letting A — 1 we get T > 1 which yields the desired result. |

6.1.3 Assymptotic behavior of u; away from the blow-up point

We recall the fundamental solution of the biharmonic operator (A? + k?), kK > 0

in R* whose properties below can be found on [18]. The fundamental solution @ (x, y) is
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the solution of the equation
(A% + k%) Di(x,y) = 8x(y), inR%,

We recall (cf. [18, Theorem 2.4]) that for every solution u € H?(R*) N C*R*) of the

equation (A2 + k?)u = f we can write

u(x) = / D (x,)f(y)dy, x € R*. (6-47)
R4
Let us now provide a few estimates for @, which will play a key role in what follows.

@) <cn(1+]x—y[7"), (6-48)
V'O (x,y)| <c(lx—y|™"), fori>1, Vx,y e R x#y with |x—y| =0, (6-49)

VD (x,y)| =0 (exp (—\/75|x—y|>) , fori=0,1,2,

Vx,y € R* x <y with |x — y| = oo. (6-50)

Lemma 6.16 For any 1 < p <2, we have (cju;) is bounded in W2P(R#).

Proof: Let v; be the solution for the equation

APy + K/?V/' = %U/Zjeﬁfzf”f, in R?, (6-51)
J

1/2

where k; = (1 —1;)"/2 = (1 — a(1+7))'/2 > 0 because we are assuming y < 1 —1. Hence,

for j large enough, the representation formula (6-47) yields

_b

) = 2
il

/ (DKj(XsY)Uj(Y)Zjijzju’?(y)dy, x e R%,
R4
Computing the i-th gradient

IV'vj| =

& / VIO (x, y)ui(y) G PG4 W dy|
}\/ R4
By the definition of &;/A;, we have

u(2) P4 dz

Viyl=| [ Togtn d|.

Byaty)
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Letting R — oo in (6-41), we have

/ |Uj(z)|e[5ijuj2(z)dZ=/ |uj(z)|eﬁijUjZ(Z)dz+o;'(1).
R4 Bqu(Xj)

Then

IViy| < V'@ (x,y)| gi(y)dy,

Jre 9(2)0z Jgs

where g; = |u;| eBiliy | So, by Holder’s inequality for 1 < p < 2, we get

/R4 V'@ x| g)dy = / VD06, g )] i) dy

(/ V'@ x| g(y) !dy) (/ 9) ldy)

-

It follows that

P < / V'O (x,y) ]g, ———dy,
Vvl Vo, } Jre l9i(2 |dz
for i =0,1,2. Applying Fubini’s theorem and using (6-48), (6-49) and (6-50)
' gj Y)
V'vi(x)|Pdx < / < V'd(x,y) | dy) dx
/]R4 | J | R4 | K ’ fR“ |g](Z ]dz
<eg¢,for i=0,1,2.
Therefore, ||vj|| y2prs) < c. By noticing that v; = £;u; satisfies (6-51), we have
1&uillwerms < c. (6-52)

From Lemma 6.14, we have &;/c; — 1. Then the proof follows from (6-52). [ |

The following result will be important to demonstrate the convergence of ¢ju; to

a Green function.

Lemma 6.17 Let ¢ € C}(R*), then we have

im 2 [ $uePid dx = (0 (6-53)

Jj—00 )\j R4

Proof: Let ¢ € C3°(R*) with supp(¢h) C By, for some p > 0. We can separate the integral
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as follows
Cj .z
> bueP S dx = 1+ P+ . (6-54)
' JR
where
Cj F.
f=J buePiY dx
Ai S8 409)\Ba, ()
/
Cj Z.
Ij2 = _j (:I)u]el’slz'/l‘lj2 dX
Ai S B ()
Cj 7.
/]3 = i (I)uje[?’lcluf2 dx
Aj Bo\Bya(x)

We will show that I/’ — 0 for i =1,3 and lj2 — $(0), as j — oo. From Lemma 6.4 and
Lemma 6.10-(1)

< Abloy [ et

A (X \BRr

—Auq»uco— / / / W B gy
(%) R4\‘5'AX/

= All¢| co [ HIHUJHZ / / u 2 B dx]
By, () JRN\B, A09)

Hence,

1 -~
|//1| < Al|d| co [1 — —/ ujzeﬁf'cf'“f2 dX+0j(1):|- (6-55)
A JBg, (x)

As in (6-38), we have

/ ujzefs,-Z,-ujz dx = 7\/-/ m?eﬁfzfzf(m+1)dx. (6-56)
Ba, (%) BA(0)

R\
Taking into account (6-56), letting j — oo and R — oo in (6-55), by Lemma 6.6 and

Lemma 6.9, we conclude that /j1 — 0. In addition,

I12 = Cb(Xj+I’jX)W/‘ijzjzj(Wf+1)dX
Bx(0)

Thus, by Lemmas 6.6 and 6.9, letting j — oo and R — oo, we obtain Ij2 — ¢(0). Finally,
note that exp(f3; C,|u | ) is bounded in L9(B,) for some g > 1, and so by choosing q close
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to 1 and applying Holder’s inequality

X 1
G F O\ !
B1= 210l ( [ Tulfax ) ([ obeFox
}\j Bp Bp

From Lemma 6.13, we have c,-/7\/- — 0. Then, Ij3 —0asj— oo. [ |

Before presenting the next result, we recall the following auxiliary proposition.

Proposition 6.18 Let Q C R* be a bounded open domain with Lipschitz boundary. Then
for any u € H*(Q), w € H*Y(Q), we have

/Aqudx:/ quwdx—/ v-uVAwdS+/ v-VuAwdS
Q Q 00 o0

where v denotes the outer normal to 0Q).

Lemma 6.19 For any 1 < p < 2, we have cjuj — G € C3(R*\{0}) weakly in W2P(R*),
where G is a Green function satisfying A°>G+ koG = 8y in R*, where kg =1 — oy +1).
Moreover 1

G-= —ﬁln’X‘+K0+h

where Ky is a constant depending on 0, h € C3(R*) with h(0) = 0. Further,

J—00

. 1 1
lim /R“\Be (|A(CjUj)’2+ |CjUj|2)dX = g2 Ine — T2 + Ko+ aly +1)||G|2 + O(e),

as € — 0, where B = B¢(0), for € > Q.

Proof: By Lemma 6.16, we obtain some G € W?P(R*) such that ¢ju; — G weakly in
W2P(R*), for any 1 < p < 2. Since ||Auj||2dx = & in the sense of measure, we have that
exp(P jfju/?) is bounded in LP(Bg\Bs), for any radius 0 < S < R. Notice that cju; satisfies
the Euler-Lagrange equation

CilUj ~ e .
A¥(Gup) + G = %cjeﬁféf“fmjcju, in R (6-57)
j

Therefore, by the standard regularity theory, we got ¢juj — Gin C3 (R*\{0}). By Lemma
6.17, for any ¢ € C3(R*), we can write

lim / ¢ (ﬂéjeﬁfff“f (i — 1)c,-u,-) dx = $(0) — Ko/ ¢ Gax.
R4 7\/ R4

Jj—00

This implies that
AZG+ KoG = 60 in R4.
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Fix p > 0. Let 1 € C;°(B2,(0)) be a cutoff function such that{ =1 in B,(0) and

1
g= G+ﬁ¢|n|X|

By computing directly the biharmonic of g we have

A%g=f inR*
where the function f is given by
f= —# (A% In|x|+2VAY - Vin|x|+2A(V - Vin|x]) + 2V - VAIn|x|)
— ;?Albmn x| — koG

where we have used that PpA2In |x| = 8728, in R*. Since G € W?P(R*) forany 1 < p < 2,
we have f € L7 _(R*) for any g > 2. Again, by the standard regularity theory, we get

loc
g € C3 (R*). Let Ko = g(0) and

]
h=g—g(0)+@(1—¢)ln|X|-

Then, we have

1
=—Q|nlx|+Ko+h (6_58)

Finally, set U; = ¢ju;. From (6-57), we get
AZUJ-+ (1—u)y; = %Ujeﬁfifuf2 in R*. (6-59)
j

Let 0 < € < R.Forany ¢ € C°(Bg), by applying Proposition 6.18 on Bg\ B, the equation
(6-59) yields

/ AU,-A(de:/ (pAZUjdx—/ n~(pVAUde+/ n-VeAUdS
Br\Be Bg\Be OBe dBe

=/ (uj—1)Uj(pdx+Q Ujeﬁféfuizdx
BF!\Be / BH\Be

+/(9 v(eVAY - Veay)ds
Be

where v = —1] is the outer normal vector of JB.. By density, we can choose ¢ = U; to
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obtain

{c? )
/ (|A[J/|2+(1 - H/)|U/|2)dx = # ujzeﬁjCjsz dX
BH\BG Aj BH\BE (6_60)

+/ v(Uvay - vyAy)ds.
0Be

Letting R — oo, we have

(c? )
/ (|AUj|2+(1 - lij)|U/'|2)dX = L/ UjZeB/C/'“/? dx
R*\Be A/ R4\ Be 6on

+/ v(UvAY - VUAY)ds.
0Be¢

By taking into account the Lemmas 2.2, 6.3 and 6.13, we can write

Iim/ (|AUj\2+(1—uj)]Uj|2)dx=/ v(GVAG—VGAG)dS. (6-62)
R4\ Be 0Be

Jj—00

From (6-62), by employing Fatou’s Lemma we also can write

/ (|AG|2+|<0|G|2)dx§/ V(GVAG — VGAG)S.
4\ € aBe

Since ko > 0, we conclude that G € W?2(R* \ Be(0)) for any € > 0. With this information
in hand, returning to (6-60) and letting j — oo, and then R — oo we obtain

/ (|AG|2+|<O|G|2)dx=/ V(GVAG— VGAG)dS.
4\ € 0Be

In particular,

lim / V(GVAG—-VGAG)dS =0.
9B

€—00

So, from (6-62),

lim lim |Uj[?dx = 0.
€—>00 j—00 R4\ Be

From this, since we already know that U; — G in C3 (R*\ {0}), we obtain U; — G in

L2(R*). Now, from (6-62) we can write

lim
Jj—o0

/ (|AUj|2+|Uj|2)dx=/ v(GVAG—VGAG)dS+a(y+1)||G|5. (6-63)
R4\ Be 0Be
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It is well known that the fundamental solution of A2 in R* is —81? In|x|, and it satisfies

X 2 4x
V|n|X| =|X—2, A(|n|X|)=|X—2, VA(|n|X’)=—W (6-64)

So, we have

1 1 1

vG(e)(VAG)(€) = (—— Ine+ Ky + O(e)) (—— +0(1 ))
872 2m2 €3

(6-65)

1 1 1
= ﬁg (—@|n€+K0+O(€))

and

11 1 2 11
—V(VG)(e)(AG)(€) = — (———+O(1)) (———+O(1)) = s (1+0(e)).

8m2 e
By combining (6-63), (6-65) and (6-66), we obtain the desired result. |

6.1.4 The upper bound for the Adimurthi-Druet-Adams functional

acting on concentrating sequences

To obtain an upper bound for the Adimurthi-Druet-Adams functional acting
on concentrating sequences, we follow an approach similar to that in [43]. We start by

establishing an upper bound for any blow up function sequences in H3(Bg).

Lemma 6.20 Let (uj) be a bounded sequence in HZ(Bg) such that ||Au;||5 = 1, where
Br C R*. If u; — 0 in HZ(Bg), then

1

Iimsup/ (eﬁl‘zf'“f2 —1) dx < M
j—00 Bgr 3
Proof: By [49, Ineq. (5.23)] we have the estimate

2
™ s
lim sup/ <eﬁfcf“f2 —1) dx < - g3+32m A0
Br

j—00 6

where Ay is the value at 0 of the trace of the part regular of the Green Function Gg, for
the bi-Laplacian operator A? on the ball Bg. It is well known that
1 1 [x2 A 1

Gg, = ——=In|x InR—
Br = a2 H+16712 B’2+8712 16712
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and the term g 1 sINR— 16 -7 1s the value at 0 of the trace of the regular part of Gg,. So, by

simple computatlon, we obtain the desired estimate. |
Having established this upper bound, we proceed to derive a corresponding upper

bound for the Adimurthi-Druet-Adams inequality in the entire space R*.

Lemma 6.21 If AD(4,2, 3272, X,7Y) is not attained, then

M s

AD(4,2,327%, o, y) < Ee§+32“2 Ko,

where Ky is the value at 0 of the regular part of the Green function G for the operator
A2 + Kp.

Proof: By assumption, we can assume ¢; — oo as j — 0o. Let

€

_ Uj—4;
Y AWl ’
(U — Ul 28 ()
where S .
u:;(e)r u;(e)e
€ . / _ : _
ui (r) = uj(e) + e 5 with r=|x|.

Since cjuj(e) — G(e) and cjuj(e) — G'(e), as j — oo, we have

ciui(e)e G 1 1
lim |cjuj(e) — it (€) = G(e) — €Gle) =———Ine+ Ko+ —— +0¢(1)
j—00 2 2 872 1672 (6-67)
_qui(e) Gle) 1 H(e)
lim = =— + .
j—oo  2€ 2¢ 16722 2¢

Let us compute [|Au; — Auf)||2; 5 ,. We have

| Ay — uf)| LgB)_/ |Auj?dx — 2/ AujAuedx+/ |Auf Pdx =l — 2+ /3.
Be

Firstly,

/1=/ \Au,-|2dx=1—/ (\Auj|2+]uj|2)dx—/ 1 Pdx
Be Be Be
1
(L, (au P [ 1)

Then, from Lemma 6.19 we get

2
S|~ gne— 15 Ko+ v+ DIIGIE+ gjfe) +oe(1)]. (6-68)
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where 0j(€) means that lim;_, 0j(€) = 0, if € is fixed. By Proposition 6.18, we can

decompose k> as follows

Iz=/ ujeAzujdx—/ v-ujeVAude+/ v-VufAudS=1lh — 5 +15.
Be 9Be 9B

By (6-57), we get

cui(e)ey ¢l ciui(e) ¢,
[(cjuj(e)— el )/—C// ujeﬁlcf“/'zdx+12/—/—cl/ |x\2uje'3/a/“i2dx}
. B.

2 Aj € A Jg
ciui(e)e ciui(€)
+ |:<C/‘Uj(€)— Y e) )(uj—1)/ Gudx + -2 (uj—1)/ |x|20jujdx}.
2 Be 2¢ Be
(6-69)
By Holder inequality and using that ¢ju; — G in L3(R*), we have
( 9 o
| quex] < I8l m = 0fe?
1
[ Ixauex| < 8l laul e = Ofc
¢ 6-70
lim [ou-(e) Gye)e = G(e) eGe) O(Ine) o
j=oo L7 2 1 2
cui(e) G 1
im 349 _¢@ -0().
(j—o0  2€ 2¢ €

Taking account the Lemma 6.17, and using (6-67), (6-69) and (6-70), we also can write

1 1 1
1
/2 =C—/'2|:—Q|n€+K0+W+Oj(€)+O€(1) :

Now, note that uf (x) = uj(€) on OB, then

2- / v-ufVAyds = 4 / V- VA(qu)dS
885 C] 835

_ uj(€) [/ v-VAGdS+0j(€)}
Gj OBc¢

lz {Cjuj(e)/ V'VAGdS+°j(€)]

c OBe

and by the identities in (6-64)

1 1
/ v-VAGdS = —2/ —3d8+/ v-VAhdS =1 +O(€3)
0B. 2r® Jop, |X| 0Be
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It follows that

1 1
5 = =2 [G(e) + O(e3G(e)) + 0j(€)] = =
] ]

[G(e) +0j(€) +0c(1)] .

Analogous, from (6-64) we can write

1 1
/ AGdS:——Z/ —2dS+/ ARAS = —< + 0(e?)
9Be 4m2 Jop. |X| 9B 2

and then we get

5 ui(e)
I5 = / V- Vquude = —— / AGdAS +0j(€)
9Be G OBe

cjuj(e)/aB AGdS + Oj(€):|

G (e) / AGdS + o,-(e)]
0Be

(1 +o€(1))/ AGdS+oj(e)}
0Be

| 8n2e
’

167 + Oj(€) + 05(1):| .

\V]

Q

Hence,

(6-71)

[87t2(€G’(e))2 ; o,-(e)] (6-72)
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By (6-68), (6-71) and (6-72), we have

1 1 1
N HLQBE 1—— ——2Ine+—+Ko+oc(y+1)HGH§+oj(e)+o€(1) .
c 8 16712
(6-73)
Thus,
(Uj— uf)?

1—%[ 8;[zln€+ + Ko+ oy +1)||Gl|5+ 0j(e )+o€(1)}

16m2

10 1 1
_d (1+Cj2[ —sines s+ Ko+ (v +1)| G+ o(e) + 0cl1)) )

— (2ujuj€ + (uf)2) (1+05(e))

2 4
= Ui —clne” +gj(e).

By Lemma 6.13,
R—00j—00

. . B2 _
lim  lim e”%% dx = |B,|, foranyp <e.
BP\BFlr Xl)

Therefore,

P 1 P
lim ‘Iim/ eIt dx§o<70) Jim ,Iim/ ePitY dx
A—00i%0.) By\ By, (x) €7/ A0ol7o0 /By \Bp, ()

=0 |B| —0asp—0.
- g4c P

So, by Lemma 6.3, we have

lim / (eﬁf‘ffﬂf(x) —1) dx = 0.
J—00 Be\Bp

Thus, with Lemma 6.20

lim Iim/ (eﬁf‘ffﬁfmq)dx: Iim/ (eﬁfffﬂf<X>>dx
Amsooi—00 /5, j=o0

Ft’rj €

IN

Fix any R > 0 and any x € B,Aq,j(xj),

2
20N A uj(x) a2
B/Uj (x) = Bj (”A(Uj_ U'e)“LZ(Be)) 5. |A(U/ U )| dx

J

2
us(x)
=B | &+ ! |A(uj— uf)[Pdx.
"\ Ay — uf) | 2(ae) B
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By the estimate (6-73), we have

2
Bjujz = (Uj + Uf + O(Cj-_2)>

101 1
x <1 — S| gmner = +K0+a(y+1)||G||§+o,-(e)+o€(1)])

1 1
X <1 - [G(e)+ o +oc(y+1)||G|]§+oj(e)+oe(1)}> :

Notice that _
0j(xj + 1jx)

lim ———— =1,
j—o0 o
and since
0j(xj + rix)uj(e) — G(e)
we get

2
_ 1 1 1
Bjuf = Bjdf (1 +c_,2 (G(e)+ 167[2) +0 (0—13>>

. <1 GG +o<<v+1>|reué+of<e>+0e<1>})

= )i <1+26(€)+ 1 _G(€)+1e17+of(€)>
j 2
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Hence,

lim ,Iim/ (eﬁfff“fzq)dx
Ao~ /By ()

P
< lim lim / PGy dx
A—r00)7700./ By, (x)

R
< lim lim &%~ G<€)+2+Oe(1)/ eIt dx
R—00/—00 Bg,,
)

_ e327’[267( €)+2+0¢ (1 |B | o

_ 4 €+32712 Ky +32712 h(€)+2+0¢ (1 |B | M

7.[2

T 2+321°Ky
6

e +0¢(1).

Letting € — 0, we have

AD(4,2, 3212, «, v) <

2
T o5+82r°Ko
6

6.2 The test function computation
In this section, we complete the proof of Theorem 1.4 by showing that

2
AD(4,2,3272, o, y) > 7; 3432 Ko, (6-74)

for & > 0 small enough and y < yo, which together with Lemma 6.21 completes the

proof. In order to get (6-74), following some ideas in [10, 56], we use some test function
computations. Let us define

o 0ot () ool i e
€=

%, if |x| > Le
where (s) = In(1 + \/Lgsz) and L, C, a, b are functions of ¢ such that
(i) €=exp(—L), & = O(%) ase —0
(i) a= —gzIn(Le)—C 167{211)( L) — bL?e?;
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Note that, by (/)

P(L) —2In(Le) = (Zz> In(1 i%)
€ T
(6-75)
=ln——: n
\/ée (In e)
Hence, from (i)-(ii)
o (6-76)
as Tl6n2 V6e2 Ine )

It was shown in [10] that . € H? (R”’). By Lemma 6.19, we have

]
2
Lo (1abefelod)ax=g5 [ (1aGR+IGR)ox

1\ Le( ) 1 1 \ Le( ) (6_77)
== {—ﬁlnLe—W+Kg+oc(y+1)HGH§+O(L€)1

and by [10, 49], it follows

1 1
Al dx = 6P(L)+1+0( —— | |.
/BLE(O) ‘ ¢€’ X 967'[202 |i ll)( )+ * (|n2 €):|

Notice that
’
/ el dx = —20(<Le>4c4)
BLc (0) G

2y = - 2 _ 4
/1;4\BL5( |d) | dx =— CQ \ 6(0)‘G| dx = CQ [||G||2+O<( Leln(Le)) )i|

where we have used in the last identity the expression of G given in Lemma 6.19.

(6-78)

Therefore

2 2 1
/R“(|A¢€| +|de| >dx o 202 [211) — 4In( Le)+O(|n2€)]

1 5

1 7T 5 1
= 2In — Z +327°K, + 3272 NGlz+o — ) |.
327_[202[ N 3+ 0+ x(y+1)[|Gllz+ (Inze)}

By setting [ps (|Ad)€|2 + |cl)€|2) dx =1 we get

321°C% = 2In

5 1
er —5+32712Ko+327t20c(y+1)HGH§+O(m) (6-79)



6.2 The test function computation 81

and so

1 5 1
C? = x(y+1)||G|j5+ I~ +Ko+O(IT)=O(—Ine). (6-80)
n-e

167°  \/6e2 9672

In addition, since 11:;‘;; =1+o(y+ 1) +0(t*, as t — 0 and, from (6-78) we have

[ dbell3 = O(é) — 0 as € — 0. So, by using (6-78) again we can write

1+ | del3
ez 1) Ol de
2
_ 1, X+ DGl +C12”G”2 + O(C_z(—LeIn(Le))4> +o(c™).

Firstly, since ' —1 > t, for t > 0, from (6-78) and (6-81), we can write

2
327_[2< 1+ax|[dell3 2
L |e Fartoe )% 1) gy
R*\B;

1+ o dell3 )
>32712( 2 / 24
B 1— ooy dell R4\3L€¢ * (6-82)
321% [ 1+ 0o dell3 » A
-5 (aylniy) et -o(-temuan’)]

32m?|| Gl 3 4
- o(c )

Now, from (6-81), we also have

(o otele ) g2 - (14 20 D) g2 o( - Lemen?) vo( e #)| &
(6-83)

Next, we shall estimate each term on the right hand side of (6-83) on B,;. Firstly, by (ii),
(6-76) and (6-80), for any x € By,

d)§202+2<a— 1l)(|z|>+K0+h +b|x|2)

16m2
=C?+2 a—ﬁ (l |)+2K0+h )+ b|x|?)
ety lelE e g - s rkee0 () 68
9(1522 87[21p<| |> (0 +bx")

_ 2 20(y +1)[| IR+ —2 22(¥) 40 L
=C°—2u(y+ +——+ +O0 — ).
v 27 9672 € In®e
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where z(x) is given by (6-30) and we have used in the last identity (6-84) the fact that
h € C3 with h(0) = 0, which implies that 2(h(x) + b|x|?) = O(Le) = O<#> for x € B.
From (6-84), we obtain

v+ DIGIEY 2 o (1, X+ DIGIEY, XY | o 2, 10
(1+ =)ot (”T)Qz(z>+c —aly+1)[|GlE+ o

2« (y+1) HG||2+967T2+O( 1 )
C2 In® €

and from (6-80)

(1+ oc(v+c12HGH§>¢§ > (14 OCWCQHGH%)ZZ(E)

5 1 7 1 (6-85)
K | o<—)
Foere T o2 B2 T \inZe
Now, for x € B¢
‘w(l—z') ’ <In (1 +%L2> 2InL+In (\/_ L2> O(In(—ln e)).
So, by definition of e, (iii), (6-76) and (6-80), on B, we get
be 1 1 x| 5
’— = ‘1 e a— 167’[21b< - ) + Ko + h(x) + b| x| ‘
< o(c—an(— In e)) ; o(c—2> 50, as € — 0.
It follows that
[o(( Leln(Le))4> o(c )} P o( ! )
— + — ).
c? In? e
So, by combining (6-83) with (6-85), for x € B we can write
1 2 2 1
327 (%) d>2 —+32’7T K0+In%+ln 7}
— oy dell3 € (6-86)

(1 S0 DGR Y g (XY 0 1),



6.2 The test function computation 83

Hence
1+0<Hd>e|\2 2 2( 1+af|bell3 ), 2
M= L P / o et % 4y, ogery
BLe Bie
2
2 o Ixl2 —a (15 200163 ’
> 6_e3+327'[ Ko/ (1 — \/é |)€(’2 > ( c? )dX+ O(T> (6-87)
Bre n-e
2 _4 1+w 1
et [ (12 7)1 oo 1),
6 NG n“e
By Taylor expansion (cf. [13, Lemma 19]) we have
6I'(2)r'2+y) Sy 2
Fd+y) 5 " (y°), as y (6-88)
2
Thus, by setting y = y, = % we obtain

x(y+1)GlI3

“"(”T) 1
/( ) dxz/BL1+%|x|24+YedX

f S
/ —ds
(1 +8)4+Ve

+
6-89
_ / —° _ds+O(L?) (0-89)
0 (1 +s)4+}/e
6l'(2)l'2
_T@MR+ye) 2
F(4+ye)
10a(y+1)IGIE o 4
=1 —?T+O(L )+ O(C™7)
This together with (6-87) yields
1ol bell?
/ (632n2(1w|(1>€2|3)¢% ) dx > 7T_ 05+32°Ko
Ble ° (6-90)

2 2
LT o332k 1 10 4%
" —e3 0 o l—?cxyﬂ |G||5+O(C?L™3)+O(C™ )+O<In e> :
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By combining (6-90) with (6-82), it follows that

1ol dell3 2

2m? (P2,

/ (eS Tt (1—0(YH¢€H§)¢€ ) dx > 7-[_ 3+327T2K0
R4 B

6

7{2 1 10 C?
§+32nKo | _ 2 v +1)[|GlI2+ O(CPL2) + O(C™ o( )
Hedrth L Rat el s oL 3 oe oG

+32712||G||2 O(Cf4>

C2
7t2 2
=_e§+327'[ K()
6
2 10 C?
+6”02e%+327f2'<0 [(192eg32“2’<0 Solye) )HGH2+O C2L2)+0(C™ )+o(I )}
ne
(6-91)
Since

2

O(C2L2)+0(C™ )+o( c

>—>O as € —0
In° e

and y < yp i1s bounded, by choosing g > 0 small such that

10
19263327 Ko —?oco(y+ 1) >0

we conclude that (6-74) holds for all 0 < o < «y.



CHAPTER 7/

Critical Case on Even Dimensions

7.1 Critical Case

In this chapter, we generalize the results obtained in the previous chapter,
following the approach outlined in [11]. Most of the results presented here are similar

to those in the previous chapter.

Remark 7.1.1 We would like to point out to the reader that the texts and computations of
the proofs presented in this chapter, although for the most part identical to those carried
out for the corresponding results in the particular case n = 4, have been deliberately
included here. The reason is to ensure that the present chapter can be read independently
of the previous one, thus avoiding the need for frequent consultation of the special case

while reading the general case developed here.

Let {$3;} be an increasing sequence converging to B2mm. Let us assume from
now that uy — u in W™2(R2") formed by maximizers for the subcritical supremum of

AD(2m, m, 3;, «,y) ensured by Theorem 1.2, i.e. ||uj| wm2(remy and

AD@2m, m, B, x,Y) = / (eﬁjP(HUng)UjZ _1> dx = sup / (eB/‘P(H'J”g)U2 _1) dx,

R2m ue Wm,Z(RZm) R2m

1m0 13+ 13 <1

(7-1)
2

+l(?12f;;:°;m2 %ZGN < Bj < Bamm- From (2-6), we can assume
that each u; is a positive radially symmetric function and also suppose that u; — u in
W2 (IR2m),

rad

with p as in (4-13) and ]

Let {$3;} be an increasing sequence converging to Bom m. Let us assume from
now that uj — u in W™2(R®™). In the aim to analyze the assymptotic behavior of

maximizers u;.

Lemma 7.1 We have

AD(2m, m, Bom,m, oY) = lim AD(2m,m, B}, e, y) = lim / (eﬁfp<”“f”3>uf—1)dx.
J—00 R2m

Jj—o00
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Proof: We first note that

Jj—00

The reverse inequality is a consequence of the Fatou Lemma. Indeed, for any u €
Wm,2(R2m) with ||U|| Wm,Z(RZm) S 1 we have

Iimlinf/ (eﬁfp(|u|§)“2—1)dx2/ (oPznmelllB” 1) g
J R2m R2m

which implies that

j—o0

liminfAD(2m, m, 3, x,y) > / <ef52m,mp(||u\|§)u2 _1> dx.
R2m

Taking the supremum over u € W™2(R?™) with ||ul| ymzggem < 1 we obtain

Ilm IanD(zma m: B]a “:Y) Z AD(2m1 2’ BZm,m, “1Y) (7-3)
j—o0
From (7-2) and (7-3) we conclude the result. [ |

Analogously, a straightforward computation shows that the Euler-Lagrange

equation of u; is given by

.

o~ 52 .
(—A)"uj+uj = %-Cjeﬁ’c’u’ U in R2™,
2 2
IVl + lullz =1,
Bj ./ Bam,m; 4
z' _ p(Hqu) — 1+(X||Uj||% (7‘ )
j N2/ = 1y a|u 3’
o axy)
W= Ty adlylB2”
& ) |3'Z,'U'2
Ai=— < usePiSY dx.
N = = g Jren Y

By using Lemma 2.5 together with (7-4), we can see that uj € C>(R?™). From Lemma 2.2,

we can always take a point x; € R2™ such that
i = uj(x)) =m il -
Gj = Uj{x) = max|u] (7-5)

We divide our argument into two cases:

(a) supg¢j < oo,

j
(b) ¢ — +00, as j — oo.
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Definition 7.1.1 Let (uj) be a sequence in W™2(R2™) such that uj — u in W™2(R?™).
We say that (u)) is a normalized vanishing sequence [(NVS) in short] if || yj|| ymz gem) = 1,
u=0and
lim  lim / BiPllulDy _1ydx = 0,
Bp

P—r00 j—00

Firstly, we deal with the bounded case.

Lemma 7.2 If sup; ¢; < +00, then only one of the following alternatives is satisfied:

(1) u#0and AD(2m, m,Bom m, ®,7Y) is achieved by some function in W[Zdz(Rzm)
(i) (u)) is a NVS and AD2m, m, B2mm, %,Y) < Bammp(1).

Proof: If sup;c; < +00, then by standard elliptic estimates we conclude that u; — u in

C2m~1(R2™), see Lemma 2.5. Then, for any p > 1, from Lemma 2.2
) 12y, ,2 B/p HUJH2 . —
ePirllyll2)y 4 _ ij(HUng)UjZ - Z Z
=2 =2
OZO" ’( Cm )I 1U-2< U BmeCmp( ))
u-2
= C,/n?j for any m
(7-6)
on R2™\ B,, where C}, is independent of j and p. Thus, by (7-6)
lim lim / [erF’(”“/”%)“fz —1—Bjp(ly )7 | dx =0. (7-7)
p—00 j—00 R2m\ B,

Up to a subsequence, we can assume that ||uj||3 — 6 with © € [0,1], as j — co. Thus, the

convergence in Con'(R2™) yield

p—>ool—>oo

lim lim / [es,-p<||u,-|\§>uf_1 Bin(llylIz)u }dx / 2 [efszm,mp<e)uz_1_ Bam mp(0)02] dx.

(7-8)
Since
tim [ el B1Fdx = Bammp(©)8
J—00 JR2m
it follows from (7-1), (7-7) and (7-8) that
lim AD(2m, m, 3j, o, y) = lim / <ef3jp(|\u,-|\§)u/?_1>dx
j—oo j—oo JRrem (7-9)

=/ ( B2m,mp(0) )dX+f32mmp —HUHS)
RZm
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From (7-9) and Lemma 7.1, we can write

AD(2m,m Barm o) = [ (PO 1) axs Bammpl©@ ~ Ul (7-10)

R2m

If u#0, we define for T > 1 and v given by

0 X
™M= —— and v(x)=u(=). (7-11)
Jull (T)

Then, by (7-10)

AD(2m,m, Bomm, x,Y) > /2 ) (BZm,mp(”VHg)VZ) dx = sz/
R m

R2m

(eﬁmmp(ewz _1) dx
2
= /2 (eﬁz’"""p(e)u —1> dx + (sz - 1)[32m,mp(e)||u||§
R m

(@1 [ [0 1 oot
R m

= AD(2m,2, Bomm, oY) + (7" — 1) / [6PenmPO 1 — Born mp(8)u2] .
R2m

This forces T = 1. Consequently, we conclude that v is a maximizer for
AD(2m, m, Bzm’m, OC,’Y).

Now, suppose u = 0. From the convergence u; — 0 in CIZO'Z_1 (R2™) we get

lim / (e5f9<|“f|5)“f—1)dx=/ (eBemmPO _4)qx 0, forany p > 0.
Bp

j—)OO Bp

Thus, (u;) is a NVS according with the Definition 7.1.1. Finally, directly from (7-10) with

u =0, we obtain

AD(2m, m, Bomm, %, Y) = BammP(0)0 < Bammp(1).

7.1.1 Blow-up Analysis

In what follows, we’ll perform a detailed non-standard blow-up analysis to
consider the scenario where ¢; approaches +oo. The proof is based on the works [11],
[56], [16].

Now, we’ll prove again the important result about the behaviour of the norms in

V™ + 1413
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Lemma 7.3 It holds
IV™ui|2dx = 8o, (7-12)

in the sense of measure, where 8¢ is the Dirac Measure supported at 0. Furthermore, we

have u= 0, Zj—>1 and W — «(1+vy) as j — oc.

Proof: By contradiction, suppose that |V uj|2dx /8. Then, there are R > 0 and p < 1
such that
lim [ |[V™ulPdx=p<1. (7-13)

j*)OO Bg
We now use the Sani-Ruf cut function defined in (4-4) v; g(r) = uj(r) — G;(R) for x € Br
with r = |x|. Then v; 5 € W}Z(BR), and V"v; p = V"u;in Bg

V™ glPdx = [ |V™ul?dx. (7-14)
Bgr Bg

By Lemma 2.2, for any 0 > 0 we derive

C

U < (1+8)Vip+csUP (R) < (1+8)vig+0s R2m—1’

i =(1— A P/ X,
with cs = (1 —(1+0)" ")~ '. Now, set V; g := NS We have

Bl < e<szf‘1+5)af”+°5 bt

< osBemmo() gza=r o (B/G(1+8)7%)

= C(R, 5)e(13,'2,-(1+5)\7j’f‘ﬁ)

=C(R 6)e<Bj(1+5)zf||vm‘/j,ﬁ||§\7fﬂ>
on the ball B. Recalling || V™ [2+ |52 = 1 and [ V7942 = [|V ™01 1260 < V™02
from (7-13) and (7-14) we can write

(1+ |15V vall5
(1 —vol|u3)
(14— o[ V™ |5) 11V g5
(1 —vou3)
(1+ 0~ a|V™v;l3) [ VVml13

(1 —ya+yx|| V™, gl|3)

GilIV™viAll5 =

Letting j — oo, we get

- m 1—
(B(1+ 9V alE) < a1 48120 H - 2uts)

lim
Jj—00
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Since the positive numbers y, o« and 1 — p are less than 1, we obtain 1 —yx(1 — ) > 0,
thus

1—
PO ZIM i (1 — i < (1 — ) —yad( — )
T—yo(l—p)

iff ap<1—vyax

1
i ey < (7-16)

We are assuming the condition 0 < v < %‘— 1. Thus, for any 0 < p < 1 we obtain
H+y < (u—1) +%C < & So, (7-16) holds and from (7-17), for & > 0 small enough it
follows that

Jim (B;(1+8)51V7v;AlE) < Bomm (7-17)
Therefore, we can apply the Adams-Trudinger-Moser type inequality (2.3) by C. Tarsi
[66, Theorem 4] to conclude that e(Bi(”é)z/‘l\v"’\/jﬁl\%‘?fn)
p > 1. Consequently, e(Bfo“fz ) is also bounded in LP(BR). Since, (u;) is bounded in L9(Bg)

is bounded in LP(Bg) for some

for any q < oo, by Holder inequality together with Lemma 7.4 below, it holds that

Y oot
Aj
is bounded in L%(Bg) for any s > 1. Hence, by apply standard elliptic estimates we have
that (u;) is uniformly bounded in Bg/, which contradicts the hypothesis that ¢; — co. Thus,
we need to have |V™y;|?dx = 8¢. As direct consequence, since ||V™u;||3 + ||u;]|3 = 1, we
have ||u;]|3 — 0 as j — oo. Thus, y; — 0 and u = 0 in L2(R?™), which also implies that
Zj—>1,uj—>oc(1+y)asj—>oo.

[

Next, we state the result without proof, as the argument is identical to that of the

corresponding result in the previous chapter.

Lemma 7.4 There holds infi_,o A; > 0.

7.1.2 Assymptotic Behavior

Here, we’ll proceed exactly the same way as was done in [11]. Since u; is a

bounded sequence in Wr’Zf(Rzm), we have

: m,2 mp2my.
up — uin W7 (R=™);

y; — uin LP(R2™), Vp > 2; (7-18)
ﬁj /‘ B2m,m-
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In the case ¢; — oo, from Lemma 2.2 we can assume that the sequence (x;) C R2™ in (6-5)
satisfies

x;— 0, as j— oo.
With aim to study the assymptotic behavior of {u;} near to the blow-up point, let us define

Aj
2m /
s —— 7-19
j C,-zeﬁfcfcf2 7

> 2
Lemma 7.5 For any & < Bomm, we have lim supr; r2m c 26569 2 0. In particular,
j—>OO

lim r?™=0
Jj—+00

Proof: Let & < 32mm, then

,:12 ZQ‘K-'Z/CJ'2 = e(‘(’_Bi)z/Cj2 LZ/ ufeﬁijsz dx
1= wllull3 Jrem
< LZ/ Uj?eﬁl'zfu/? e(E‘_Bl')szfZ dx
T—wllyl3 Jrem
< Lz/ u/-2 et0d dx.
T—wllyll3 Srem
From Lemma 6.3 we have o — 1, as j — +00. In particular, ;IZ is bounded

/H uj| jllyl

and we also have

O

.c?
rJchjz eEC/C/ S

(/ uj?(ez’zf“fz—1)dx+/ uj‘-?dx)
R2m R2m
2 p=2
4 z P
<C ((/ |uj\pdx) (/ ("0 —1)"52dx) +/ u}-?dx)
R2m R2m R2m

p—2

b ;% E(_I,-pu_g pgz p )
< C(p) |uj|Pdx er—27 —1 dx +C(p) urdx,
R2m R2m R2m

for some constants C and C(p), which are independent of j. Taking into account the
Adams-Adimurthi-Druet inequality in (1-13), Lemma 6.3 and (6-18) we obtain the result.
|

Now, we need to define again the same auxiliary sequences to understand the
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assymptotic behavior of u; near to the blow-up point. Namely,

uj(X; + rx
wi(x) = (X il )
G

Zi(x) = ¢j(uj(Xj + rx) — ¢)) (7-20)

i(x) = Ui+ 1) — ¢

where the sequences are all defined on the sequence of sets Q; = {x € R2™;x;+rjx €
B1(0)}. So we state

Lemma 7.6 wj(x) — 1 in C27~" (R2™).

Proof: By the Euler-Lagrange equation (7-4), the definition of r; and the fact of w; <1,
we know that for any R > 0 and x € Bg(0), w;(x) satisfies

ram
(=AW 0))] = |2 —=((=8) ")+ )
/)
r?m ~ 5 2
- lc_,-<x,- " Eju( + 1jx) PG 060 +(w—1>“f(xf+’fx)>‘
= o
<[ (" w0 BT 4y — 1w )|
_ Z/WJZ(X) iy —1) W/(X)?\j2
G cj?eﬁfcfcf
wi(x) [ 5 Aj )
= i _1 =
1 s Aj
<= &+(ui—1)—L —0,

where we have used that p; — o(1+7), Zj — 1 and

A Cj :
' G 2/ UI_ZGBJC/(U/Z—C/‘Z)dx < M|ul3 < C.
ePiGe T 1 —wl|y|5 Jrem

Furthermore, w;(x) is bounded in L}, (R2™). By, the standard regularity theory, we got that

loc
forany R > 0and 0 < k < 1, the sequence of ||wj(x)|| cem—1.x(gn(g) is uniformly bounded for
every j. Finally, by the Ascoli-Arzela Theorem, there exists a function w € C?™~1(R2™)
such that the sequence wj(x) converges to w in C*>™~'(R2™) having the property of
(—=A)"w(x) = 0 for all x € R?™. Now, since w;(0) = 1, by the Liouville’s Theorem for

harmonic functions we obtain w is constant and equal to 1 in R?™. |
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Lemma 7.7 It holds vj(x) = ui(x; + rix) — uj(xj) — 0 in CZ"1(R2™) as j — 0.
Therefore,

. 1
|V'ui(x)| =0 (—I) in Bpy, i=1,2,3,..,.2m—1,
r!
j
forany R > 0.

Proof: We can notice that v; satisfies the equation

(=8)() = 1™ G+ 120 & BT D BTy — )13+ 73

X+ X)) (R (1P s 2
_ C} /( 12 ] )e(ﬁ/&j(uj(x,#,x) Cf))—rjzm(uj—1)u,-()q+rjx).
i

By Sobolev embedding theorem H™~2(R2™) — L™(R2™), it follows that
[ 1avimax= [ (8uimax < ol pmgen, (7-21)
R2m R2m

By setting Av; = g; and then A(m*”gj = fx, where

oo Cjuj(Xj + 1jX)
="z
]

e(B/Z/(UIZ(XI'“'I'X)fciz)) —rjzm(uk — 1)UI(XI + f/X)

Since f, € Lf, (R®™) for any p > 1 and g; € L], ,(R?™) and using the standard elliptic esti-
mates, Lemma 2.5 and Morrey’s inequality, we get for some o > 0 that || gj|| gam-s.2g,) <

¢, for any R > 0. Therefore by Pizzetti’s formula (2-14), we obtain

/BR vi(x)dx = Hg ciRA ™D Alv(0) + ey R*™A™vi(t), t € Br
where Bg is a ball centered at origin with radius R.

Notice now, that vj(0) = 0, one can conclude that vk(x) is bounded in L}, (R?™). Again,
using standard elliptic estimates, we derive that there exists some v € C?>"~1(R?™) such
that vj(x) — v in C27~1(R2™), with v satisfying (—A)™v = 0.

By Lemma 2.8 , it follows that v has degree at most 2(m — 1). Since

/ |Av|mdx§,lim/ |Avj|Mdx < c,
R2m J—00 JR2m

and v <0, then v must be a constant. Joining this with the fact that v(0) = 0, we conclude
v=0. [ |

In the next lemma we’ll establish a gradient estimates on B,:;,j , and it will be of

utmost importance for our aim in studying and determining the limit behavior of z;(x).
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The proof is basically the same procedure did in [10]. Let us state first a theorem which

can be found on [52].

Theorem 7.8 (Martinazzi, Thm. 10) Let u solve A™u = f € L(logL)* in smooth bounded
Q) with the Dirichlet boundary condition for some 0 < x < 1 and n>2m. Then vem=ly e
LGE)(Q), 1<1<2m—1and

1927l s+, < Clll|goge- (7-22)

=

Lemma 7.9 It holds that for any R >0 and 1 < k <2m—1,
c,/ |V¥u|dx < c(Rr)?™ .
i
And furthermore, we have

C.
IV¥2Zi|dx = p T / IV u;|dx < cRP™ K, (7-23)

Bgr j BFfrj

Proof: For any Ry > 0, let uﬁo poly-harmonic functions wich are solutions for the

following problem

(~A)"u® =0, in Bg,(x)

8"',uf° = O, on 9Bg,(x;); i=0,1,...m—1
By the Radial lemma and the elliptic estimates (Lemma 2.5), we obtain

c
HU,BO HC?”’(BRO) < 5o for some T > 0. (7-24)
0

And notice that u; — uﬁ" satisfies the equation

(—A)™(u;— uf®) = A" uC;e®59) (1 — 1)y, in By (0)

ol (uj— uf) = 0, on 9Bg,(0),i=0,1,....m—1.

Define the sequence f; := A;1ujfje(ﬁfzf“/2 Vr(ug — 1)u; and the Zygmund space
L(/OgL)(X(BRO) = {f € L1(BRO) : HfHL(/ogL)"‘ < OO}, where HfHL(/ogL)"‘ denotes the norm
defined as
Ifluaops = | Iflog™ @+ |1hyax.
R

Bry

We have f; is bounded in L(/ogL)2(Bg,). So, as consequence of the definitions above and
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joining the result in Theorem (7.8), we got
IVH (- u,-HO)IIL(ngz) <0, k=1,2,..,2m—1. (7-25)

onde || - || (2n2) is the Lorentz norm.
L\
We estimate,

2m—1

(= A) (4= 4P| < [2(ue— D) =84 = D)+ C Y [V =) VR (g~ u™)]
j=1

Due to (7-25) and a Holder type inequality by O’Neil in [57], the term j?="17_1 |V (g —

u]B°)||V2m*j (Ux — ujB°)| is bounded in L'(Bg,). Now we must prove that the term |2(ux —

U/BO)(—A)m(Uk — uﬁo)] is also bounded in L'(Bg,). Indeed, we separate in two integrals as

follows
/ |2(uk—u/BO)(—A)m(uk—u/B°)|dx§2 / |uk(—A)m(uk)|dx+/ |uf°(—A)m(uk)|dx =l +b.
Bry Bry Bry

To majorate /1, we can notice by the Euler-Lagrange equation (7-4) and applying integra-

tion by parts, we derive
U (B 2
L <2 (5 eI (g — 1)u7 | dx
R2m }\/

=2/ |Vmuj]2dx+(uk+1)/ ly|Pdx < c.
R2m R2m

To majorate kb, we have

b = 2/5 \UJBO(—A)m(uj)|dx < c/ \uj(—A)m(uk)\dx+c/ |(—A)"(uk)|dx < ¢(Ro).

BRO B,:,»Oﬂ{|uk|§1}

(7-26)

Hence, [5 [(—2)"((u;— uﬁ°)2)|dx <ec.
0
Now, by the same procedure as in proof of Lemma 6 in [52], we have for R > 0 and any
1<j<2m—1,
/B V((uj— uf°)2)dx < ¢(Rr)?™ . (7-27)
A}
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Combining (7-27) and (7-24), we get by Lemma 7.7, that
. . , 2
/ |V’u,-2!dx < c{ V((uy;— ujﬁ°)2)dx+/ \% <uf°)
BF{rj BR,]. B/q,j

j . .
+cZ / |V'ufov1'u,-\dx} (7-28)
i=0 BF{rj

< C/ Vi((y — U/BO)Z)dX+ o) (rjzm_/)
Bry

dx

On the other hand,

. . . i o . 1
| Vy| < eyl V| < <v1(u,?)+§ |v'u,-||v1—'u,-|> < cV()+o (?) (7-29)
i=1 J

. Finally, by (7-28) and (7-29), we conclude, for any 1 <j <2m— 1, that

Cj/ V()] dx < C(Fx’rj)2m_j.
R,

j
Thus, for any R > 0,

: Ci . .
/ |Vij|dX=—é/ V2™ Tyl dx < cR#™ .
Bg I JBg,

Let us analyze the limit behavior of z;(x).

Lemma 7.10 It holds zj(x) — z in Cl20r2—1 (R?™) with z satisfying the equation (—A)"z =

e@B2mm2)  Moreover,

m 1
log

z(x) (7-30)

= 1\m
B2m,m 1+wim ‘X’2

m+1 7.[m

where, Wop, = m and

/ e{252m,mz(x)} dx =1.
R2m
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Proof: By the Euler-Lagrange equation (7-4), we can notice that z satisfies

2m
Ckl; - C P xwr:
(=2)"(Z) + 0™ (1 = 1)U+ 1X) = == G+ 1) @5 70
)
_ GY X +0X) (8GR 00 —c)
G
_ Gjuj(X; + 1x) e(B/C—/Cj(U/()ﬁ+f/X)*C/)(W£7;rjX)+1))
G

By Lemma 7.9, we know that an |sz,-|dx < cR? for 1 < j < 2m— 1. Joining this result
with the Elliptic Estimates in [25], we obtain HV/zkH s < c. Since, by Lemma 7.7,
there exists z € C?™~'(R?™) such that

Zi(x) — z in C27~ 1 (R®™)

with z satisfying the equation

(—A)"z = g(2B2mm2)
By Fatou’s Lemma, we have

~ ~, 2 2
Iiminf/ e@Bemm?) gy < A1 [ Fi2eBrld) dx<7\._1L/ 2eBi) 1
k—oo JRem - R2m / - 1= FLKHUKHS R2m 1 -
Now, let us suppose by contradiction that z(x) isn’t the form in (7-30). Then, by [44] (see
also [51]), there exist / € N satisfying 1 </ < m—1 and some negative number N such

that lim (—A)'z(x) = N. And as consequence, we would have that
|x|—=+00

k—+00

lim / |A'Zi(x)|dx = |N|vol(B;(0)) R?™ + o( R*™)
Br

with R — oo, which contradicts (7-23). Thus, we have that the function z is of the form

as (7-30). And to conclude, by computations as done in [10], ones can prove

2m
’
/ ?Bammz(x) _ / —— -1 (7-31)
R2m R2m 1+wim |X‘2

and we get the last equality through a simple change of variable, namely, by setting

Wiy 12
t=T‘X’ . [ ]
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7.1.3 Poly-harmonic Truncations

In this subsection, we shall employ poly-harmonic truncations, inspired by [16]
and ultimately rooted in the truncation argument of [3]. This construction is entirely
analogous to that used in the previous chapter for the particular case n = 4, and we
now extend it to the general even-dimensional setting. Concretely, for any A > 1, we
introduce a new function uj’-“, which takes values close to % in a small ball centered at x;
and coincides with u; outside this ball. The purpose of this section is to investigate the

properties of ujA. To that end, we first state the following lemma:

Lemma 7.11 (DelaTorre, Lemma 4.20 [16]) For any A> 1 and k € N, Q CR?™ q
smooth bounded domain, there exists a radius 0 < pl’-q < dist(xp,0Q)) and a constant Cx
depending on A, such that

I uy>7%inB 0 0%);

2. |uy— 2| < CA on OB y(x);
3 | Vgl < (Cp ,onﬁBijforany1 </I<2m-—1;
G
4. lim pj =0 and if rj is defined as in (7- 19) Ilm p’ — 00.
j*}

Let pj > 0 and u E CZ”’(B A( ;)) be the unique solution of:

A
(=)™’ =0, inB oA (%)
A

. p . .
o’ =0u;, on 8Bp;\(xj), i=0,1,...,m—1.

. Let us consider the function

A
Pj
A Y

y, in RZm\Bp/A(x,-).

in B A( X))

Lemma 7.12 For any A > 1, we have uj = Z + O(% ), uniformly on Bp;\(xj).
Proof: Set 7(x) = v/\(x;+pf'x) — 7 for x € By. By elliptic estimates [16, Proposition A.2],

we have

m—1

v/~ ’HL 8,09 = | %ll> e < C[llllee@ey+ Y IV 7ll080)]
=1

‘C[HV/’A— HLOO&BAX, Z oM V'Vl 08 _avon]

/

C.
= C[llui— 2 le@8_sogn + Y, NIV tjll (28 s ]-
A Pj =1 Pj



7.1 Critical Case 99

This together with Lemma 7.11 yields the result. |

Lemma 7.13 For any A > 1, there holds

’
li m A2 x < —
|_msup/]Rzm (V™ + ]u ?) dx < 2

j—+00

Proof: By combining (7-4) with Lemma 7.11, we obtain (—A)™u; > 0 in B A(X/‘) for j
large enough. So, the maximum principle yields u; > u inB f\( /) and, from Lemma 7.12,

/A >0on Bij (xj) for j large enough. In addition, since u/’.q = u;inR" \Bp;q x;) and in view
of Lemma 7.12, by using u; — u/’-“ as test function in (7-4) and recalling that pf /ri — o0,

for any R > 0 and j sufficiently large, we obtain

/ (V74 V ™ (u;— f‘)+u,(, -)]dx:/ ”ch[eﬁfzf“fzmju,}(uj—uf‘)dx
B_a(x) B alx) N

J i

: 2
> Q/ v P15y (U — uj’-q)dx
Aj J By (x)
2

. Zi [8) C +2z+ ) Z; Ci
=_f,/_2m/ (Cj+_/>e“ "7 (g+ 2~ 0(e ) )dx
Aj Br(0) Gj G A

From Lemma 7.7 and Lemma 7.6, we have z;/c; = v; — 0 and z/-/cj2 =wj—1—=0in

2m—1
CIoc

(R2™). So, by applying Lemma 7.10, we can write
1
/ (V7N — uf) + uiy— uf) | dx > (1 - —> / e®Pammz 4x 1 0;(1),
Byas) A) Jeg
and letting R — +00, we obtain

/B » [V V™= uf) + uily — o] dx > 1 —;7+oj(1). (7-32)

i
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Recalling || V™y;|5 + || uj||3 = 1, we have

/ (|Vmuf‘\2+|uf‘\2)dx=/ (\V”’u/’-“]2+\ujA]2)dx+/ (19702 + | 2) dx
R2m B a(x) R2M\B_a(x))
J J
=/ (|V"’uf|2+\uf|2)dx+1 —/ (V™2 + u;[?) dx
B,a(x) B_a(x))
J
m A A
=1 —/ (VA — uf) + uj(u; — uf') | dx
B_a(xj)
Pj
+/ Vmufvm(uf‘—u,-)dx+/ uf(uf — up)dx.
B a(x) B A(x)

) )

From (7-32) and recalling uj’-“( UIA —u)<0in BpA(Xj), we derive
J

1
/ (IVTuf P+ uf?) dx < Z+/ VUVt — up)dx +0i(1)
RZm Bpf‘(xl)

1
= Z+O/‘(1),

where we used integration by parts and (—A)"” ujA =0in B,a(xj) to obtain the last identity.
]
|

As a corollary of the previous result, we have

Corollary 7.14 For any € > 0, it holds

Iimsup/ (IV™uf 2 +|uf?) dx = 0.
]1§2m\B€

j—r+00
Let us state

Lemma 7.15 We have

AD@2m,m, Bomm, o, Y) = Iim/ @BiGY —1)dx
RZm

j—+00

P . _
= lim lim / (P19 —1)dx = lim Ajc 2
R—+00/—7+X /B, J—00

Aij

and consequently
A i
— — 00 and sup —— < o0
G JoN
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Proof: We recall that the first identity has already been proven in 7.1. So now, we’ll write

/ P54 —1)dx = / (P54 —1)dx + / (P54 —1)dx
R2m BpA (X/) RZm\Bp}q (Xl)

)

., s (7-33)
< / P54 —1)dx + / (ePiuU)” —1)dx.
B_a(x) R2m
Pj
By Radial Lemma 2.2, for some radius, R such that ui<1on R2m \Bg, we get
lim / (e(ﬁfz/”/z)—ﬂdx < lim c/ uj‘?dx=0, ¢ constant. (7-34)
J—+00 R2m\ By, J—7oo  JRrR2m

Observe that B;(j — Bamm, with Lemma 7.13 and by the Tarsi’s Adams inequality with

Navier Boundary condition 2.3, we obtain

Sup / (eBIGa W =uB)® _1)gx < o0
B,\

J—00 A

for any ¢’ < A? and j sufficiently large. Moreover this, we can observe that
q(u)? < ¢ (uf — y(R) +c(q.q), for g < d,

therefore
lim sup/ (erCf"““/A)2 —1)dx < o0
j—>OO B’[‘?
for any g < A?. Now, recalling that A > 1, then PG’ i uniformly integrable and u; — u

a.e., we apply the Vitali’s Convergence Theorem, and we get

lim / (BiGU)’ _1ydx = 0.
B,.

j—+00

Hence, from (7-33) and (7-34) and using the fact in Lemma 7.11-(4) which gives p;-“ — 0,
we get

/ (eﬁfijujz_ndx:/ (eﬁf{f“fz—1)dx+ 0;(1)
R2m

B,a(x)

! (7-35)

= / eBiGY dx + oj(1)
B_alx)

J
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and from Lemma 7.11-(1), we obtain

z 2 5,2
.Iim/ (eﬁff?f“/—1)dx=,|im/ Pty dx
J—=+00 JR2m J—+00 BpA(X/)

/
A2

FuR
< lim — uj?eB/C/“/ dx
J—+00 Cj Bpf‘(xl)
A2 2
< lim — ujzeB/C/“f dx (7-36)
j—+00 Cj R2m
2
_im Nl
J—+00 C? C~
i j
Y
=A% lim L
k—+00 Cj

By taking A — 1% in (7-36), we derive

2 LY
,Iim/ (ePi5 —1)dx < lim 5.
=00 JR2m j—>oon

Conversely, notice that

A= G 5 [/ uf(eﬁfzf“f'z—1>dx+/ uj-zdx}
1wyl t/rem R?

< %[/ c,?<ef5fzf“f'2—1)dx+oj(1)]
1=l yil[5 L/ ram
and it follows A
lim = < ,Iim/ (efs,-c,-uf_1)dx.
/%OOC/- j—0o0 Jr2m

Now, note that
) z 2
lim / P15 —1)dx = lim [/ PGy dx + ]B,@,,(x,-)l]
17200 Ba () J7700 = Bgy (X)) :

72
= lim / ePiGY dx

for any R > 0. By using the definition of r; and u?(x; + 1;x) — ¢ = zj(w;+ 1) on B, (%)), we

(7-37)

can write

/ eﬁjzfufzdx=}\_£/ PGl (+rx)—cf] 4 =lé/ eBiGZ W) gy (7-38)
By, () S /Ba0 G /Ba
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Taking into account (7-37), (7-38), Lemma 7.6 and Lemma 7.10, we get

o A
lim / P54 _1)dx = lim —é(/ e64”22dx>.

Then, from Lemma 7.10 again

52 A
lim .Iim/ (ePi5% —1)dx = lim =.
R—o0/—00 ij(xj) j—ro0 Cj

Let us define

}\.
ERj= lﬁZ»u? ’
fBH(X]_)|uj\e iSY dx
& .
T= lim =, with E,j=E, A
k—o0 Cj Pjl

B
©= lim lim Jant) 47" A

R—00 k—00 fBH()q)’u/|ijZju’2 dX,

where &; = &4 . Following exactly the same argument as in previous chapter for 6.14,
7,

6.15, we derive both results:

Lemma 7.16 ¢ =1.

Lemma 7.17 t=1.

7.1.4 Assymptotic behavior of v, away from the blow-up point

We recall the fundamental solution of the biharmonic operator (A™ + k2) for k > 0
in R®™ whose properties below can be found on [18] and [17]. The fundamental solution

@ (x, y) is the solution of the equation
(—A)"+K®)Di(X,y) = 8x(y), in R?™

and also every function u € H™(R2™) N C2™(R2™) that can be expressed as

u(x) = /Rzm(DK(X,y)f(Y)dy, (7-39)
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satisfying ((—A)™+k?)u = f.

Let us state some estimates for @, which will play a key role in what follows

1
CD(x,y)ScIn(1+ )
[Pl )] x—y|

VO (x,y)| < ¢ <—
X~y

|V’®K(x,y)\ =0 (exp (—\/—E|x—y|)) , for /=0,1,2,....m. Vx,y € R®™

V2

x #y with |[x — y| — +o0.

Lemma 7.18 For any 1 < p < 2, cxUy is bounded in W?P(R?™).

Proof: Let v; be the solution for the equation

]

(—A) v+ K5V = %Ujijeﬁfaf”f, in R®™,

)

), for I > 1, Vx,y € R®™ x +y with [x — y| — 0.

(7-40)

(7-41)

(7-42)

(7-43)

where k; = (1— uj)1/2 — (1 —o(1 +1/))1/2 > 0 because we are assuming y < j; —1. Hence,

for j large enough, the representation formula (7-39) yields

_&

i) = 3
]

Computing the /-th gradient

&

Vv =
| ]| Aj R2m

By the definition of &;/A;, we have

ui(y) eﬁijU,-z(}/)

V’(DK/.(X, y)ui(y) zj PG ) dy|.

IV'y| = Vo, (x,y)

Rem S 4|02 %57 0z

Bya(h)

Letting R — oo we have

/ |Uj(Z)| eﬁjﬁjuf(z) dz = / |Uj(Z)| eﬁijUjZ(Z)dZ+ o;'(‘l).
R2m BpA(Xj)

)

Then

1

Vi<
| j| fRZm gj(Z)dZ

/R . V' Dy (x,y)| gj(y)dy,

l/ O (x,y)ui(y) G ePiTE Wy, x € RE™.
R2m

dy]|.
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where g; = |uj| eBily | So, by Holder’s inequality for 1 < p < 2, we get

, . 1 1
/Rm !V’®K,(X,y)\gj(y)dy=/ﬂ§2m V'@, (x,9)| 19i(¥)|7 |gj(y) |7 dy

1 1
o

S(/ \V’®K,(X,y)|plgj(y)|dy>p(/ 9/(y) |dy)
R2m R2m

It follows that

v"v-Pg/ Vd, (x, d
vl Vioq el fRzm!.q/ \dzy

for i=0,1,2,...,m. Applying Fubini’s theorem and using (7-40), (7-41) and (7-42)

g
V'y pdx</ </ V'® gl d)dx
/RZ"" | R2mM RZ’"’ 51X ‘ Jren |9j(2)]dz g

<c¢, for i=0,1,2,....m

) < c. By noticing that v; = &;uj; satisfies (7-43), we have
1€yl w2p(r2my < C. (7-44)

From Lemma 7.16, we have &; / ¢; — 1. Then the proof follows from (7-44). [ |

The following result will be important to demonstrate the convergence of ¢;ju; to a Green

function.

Lemma 7.19 Let ¢ € C3°(R?™), then we have

lim / d(x) (%Z/‘ e<BjZ/u/2)+HjCjUj> dx = $(0). (7-45)
k—o0 Jam A/
Proof: The proof follows exactly as in 6.17. |

Before we state the next result, let us consider the following auxiliary proposition

Proposition 7.20 Let QO C R?™ be a bounded open domain with Lipschitz boundary.
Then, for any u € H™(Q), v € H>™(Q), we have

/V’"u-V"’vdx:/ My dx — Z 1™y . V- V2" Iy do
0 o)

where v denotes the outer normal to 0Q).

Now, we’ll prove the convergence of ¢ju; to a Green Function.
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Lemma 7.21 Let G be a Green Function such that cjuj — G in C?*™~1(R?™)\ {0}, weakly
in WM™P(R2™), where G is a Green function satisfying the equation (—A)"G+ koG = 8¢ in

R2™ where kg = 1 — o(y + 1) Moreover this, we have:
1
G=——1In|x|+ Ko+ d(X)
Ym

where Ky is a constant depending on 0, ¢(x) € C>™ 1 (R?™) and $(0) = 0. And

"
lim / IV™(ciu)|? + |giuj|Pdx | = ———In|8| + Hm+ Ko+ (1 +7)||G||3 + O(e).
k—00 Ym

2m\ Bs (0)
B 1 1( 1)[%7/]
m,m m—1 (—
as € — 0 and where Ym = 50" and Hm = - Y. :

Proof: Since, by Lemma 7.18 we can afford that there exists G € W™P(R?™) such that
ciuj — G weakly in W™P(R2™), for any 1 < p < 2. Since |V™y;[2dx X 3 in the sense of
measure, we have that for any radius 0 < S < R, ePi Ty is bounded in LP(Bg\Bs). Notice
that c;u; satisfies the Euler-Lagrange equation

(~A)"(Gu)+ Gy = GuA; 15 + gy in B (7-46)

Therefore, by the standard regularity theory, we got cju; — G in Clzo’gq(Rzm\O). By
Lemma 7.19, for any ¢(x) € C3°(R?™), we have

d)(O)—KO/ G(x)d(x)dx = lim / d(x) <cjuj.2)\j—1eﬁjfjujz_(pj—1)cjuj> ax.
R2m R2m

j—o0

This implies that
(—=A)"G+koG =8y in R?™.

Now, as long as we known that the fundamental solution of (—A)™ in R?" is

1
——log|x
Ym

where
B2m,m

2m

Yim = Wam_122M V[(m— 1)1 =

Fixing a radius p > 0 and taking some cutoff function 1 € C§°(B2,(0)) such that{ =1 in
B,(0) and

’
9(x) = G(X)+y—ll)(x)ln|x|.
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By computing directly the polyharmonic of g, we have
(—A)"g(x) = f(x), in R®™,

where the function  is given as follows

2m—1
F(x) = _ ( ) (le) V2. V' in x| +1|)-(—A)’"In|x|> +80 — KoG.

i=0

Since, —--1- (—=A)™In|x| = §(x) in R®™, we can rewrite the f expression as

2m—1
f(x) = 1 ( Y (Zlm> Vz”"’ip-vfln|x|> — KoG.

i=0

Since G € W™P(R2™) for any 1 < p < 2, we have f(x) € L} _

(R?™ for any p > 2.
Again, by the standard regularity theory, we get g € C2™~1(R?™). Let Ky = g(0) and

loc

h(x) = g(x) — 9(0)+ ——(1 —p)In|x].

m

Then, we have
1
G=——In|x|+ Ko+ h(x). (7-47)
Ym

with Kj is a constant depending on 0, h(x) € C2™~'(R2™) and h(0) = 0. as we want. Finally,
define
U = qguj,

clearly, U; satisfies the Euler-Lagrange equation (7-46), and we get the following

(—A)"Uj+ (1 — ) Uj = %U,-eﬁfff“f in R2™ (7-48)
/

.Let 0 < € < R. Then, using computations similar to those for the analogous result in the
previous chapter and arguing by density, we can test with U; and apply Proposition (7.20),

we obtain

/ |V’"Uj|2dx=/ Ui (—A)™U; dx
Bg\Be Br\Be

m—1
_ Z (_1)m+/ |:/ Vvlvam—l—‘lledo__/ .Vvlel_v2m—l—1le_dO_ )
=0 aBH aBe
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Plugging equation (7-48) into the first term of the above equation, we get

/B\B |v'"u,-|2dx+(1—uj)/ |U;|? dx (7-49)
R €

HBe

i, / Cf U2 P aix (7-50)
BR\Be

_ Z (—1)m+i [/ Vviujv2m—i—1ujdo._/ vV"Ujvzm_iqudG} , (7-51)
I aBF“ aBe

Letting R — oo , we derive the following

VU P dx+(1 — ) Uil dx = 5 U7 ePitiy gx
/ /) il
R2M\ B¢ R2™\ B BH\BE 7\/

i=0 0B

where v denotes the unit outward normal vector to R2™\ B,(0), i.e., pointing into Bc(0).

By taking into account the Lemmas 2.2, 7.3 and 7.15, we can write

m—1
lim / (VU + (1 — )| Ujf?)dx = — Z(—1)m+'/ vV'GV2" 1 Gdo.
R2m\ B¢ 0Bc

J—00 =0

(7-52)

From (7-52), by employing Fatou’s Lemma we also can write

/ (IV™G[? + ko|G|?)d Z m+"/ vV'GV2" 1 Gdo,
R2M\ B¢ i=0 0Be

Since kg > 0, we conclude that G € W™2(R?™\ B, (0)) for any € > 0. With this information
in hand, returning to (7-49) and letting j — oo, and then R — oo we obtain

/ (]V™G[? +ko|GI?)d Z m*"/ vV'GVZ™ 1 Gdo.
Rzm\Be i=0 O0Be

Similar to the approach in the previous chapter, we can write

m—1
Iim/ (IV™U? +|Uj|?)dx = Z(—U’”*’/ vV'GVZ" 1 Gdo+ oy +1)||G||5.
Rzm\Be i=0 0Be

J—00

(7-53)
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Since
K N . 2/K ,/X e/(x)
v?log|x]| = |X_”|72/ V2 (log|x|) = _|X|Tn;+2' V'(log |x|) = K’”’%TV (7-54)
where, Kp, | = (—1)/*122/~1 —(/(nlﬁ(,'f?)})! and
~m!é, for / even ,
Km,é= —l—1)Km’/;1, for /odd,/ >3
1, for /=1
and
1, | even,
el(x) =
ﬁ, | odd.
we have
1 2(m—1) - 1
vG(e) V2™ 1 G(e) = (—Y—In|e|+K+O(e)>< (y )K,,,,,,,_1W+O(1)) (7-55)
m m
1 1 1
=—EKm!%W —‘Y—m|n€+K+ O(e) . (7-56)
and
2
wevem G- (1) K K o — (7-57)
= Ym m,5 m,z’"z’f1 e2m—1 + e2m—1 |-

Joining the equations (7-55) and (7-57) into (7-52), and by the identity

1 —1)m-1
—Km 2m—1 = L
Ym 2 W2m—1

and by Remark 2.4 in [16], we obtain

lim / VU dx+/ |Ui|? dx
J700 \ JR2M\Bc (0) R2™\ B¢ (0)

2
]
=(—1)" (y—) Km,% Wam_1IN€+Hm+A+a(y+1)||G||5+ O(e)
m
]
= —y—lne+Hm+Ko+oc(y+1)|]G||§+O(e)
m

where .
1 "’i (—1)7

- 2Ym j=1 J

Hm
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7.1.5 The Upper Bound for the Adimurthi-Druet-Adams Inequality

acting on concentrating Sequences

To derive an upper bound for the Adams inequality of Adimurthi-Druet type
in R?", we follow a strategy similar to that employed in [11] and [43]. We begin by
establishing a preliminary result concerning the upper bound for arbitrary sequences of

functions in Hy'(Bg).

Lemma 7.22 Let uj be a bounded sequence in HY(Bg) such that ||V™uj||3 = 1, where
Bg C R2™. If uy — 0O, then

m—1 (_1)j(m71) )
5 w mZ‘=1 i _[32m,mfm
Iimsup/ {eﬁf@“fz—@ dx < %Rzme< ! !
Bgr 2

Jj—r+00

where S, is defined as in [16]:

ma2m log (1 + y;)
Im = —/ ———dy
R2m

a BZm,mWZm (4+y2)2m

Proof: By Proposition 4.2 in [16], we have the estimate

Iimsup/ [eﬁjzfufz —1:| dx < %efﬁm,m(/\o—fm)
Bg 2

m
k—+00

where Ay is the value at 0 of the trace of the part regular of the Green Function G for the
poly-harmonic operator (—A)™. Moreover this, we also known that when the domain is

the unitary ball centered at origin, by the Boggios’s Formula [ equation (4.30) in [24]) ]

1 1—|x|?
Gy=— s" 11 —-s)"'ds
2Ym Jo

1 [ a—pm
_ / (1-19 dt
2Ym Jix2 t

1 (M= (= x%)
= [ nxP+ Y (—1Y L 7-58
2Ym (n|X‘ ' =1 = ( J ) J ) (759)

Considering the ball Bpg, it’s easy to demonstrate that Gy (%) is the Green

function Gg of (—A)™ on Bg, thus, the value at 0 of the trace of the regular part of Gg is
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Hence, we get

m—1
2mlog(R)+myy WBZm,mfm)
22m

/ [ef’jzj“jz _1} dx < %e<
Br

/= J

jqm—1
m2m1_1 M - BZm,mzﬂm>

W2m om <
=m0

Still following the same procedure in [11], we introduce the polyharmonic truncate

function

(") + de(€)y (e)(r? — €2K)
us(r) = Z ( K )+ K 2_k]!ek +Uj(e), (7-59)

W) = u(e), i=0,1,2,...m—1. (7-60)

It’s clear that (—A)’"uje =0 . We now prove that dj(e) +0ase —0,j=1,2,...,m—1.

Lemma 7.23 For any k =1,2,...,m—1, we have dk(€) = 0c(1).

Proof: From the convergence cjuj — G in C[- ' (R2™\ {0}) and the expansion of G near

the origin, we have

(i) ] =1
: =M=1(_LM+@(”+W).
o G\ Ym €

On the other hand, differentiating (7-59) and evaluating at r = € gives

m—1 (m—1)+dk(€) (k) ' )
lf?(kTuj () (2K)(2k —1)...(2k —i+1) e .
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Substituting the expansion of u}k)(e) into the above and using (7-60) yields

1 1 (=)= i—1)! ,
o <_y_mT+ O€(1)+o/(1))

1 1 ((m—1) )
=—| - . adk(€)
Cf< Yme! k%zw k)

(= )F T (k= 1)1(2K)(2k —1)... 2k — i+ 1)+ Oc(1) + 0;(1)) .

The terms with (", ') reproduce (i — 1)! by the combinatorial identity

m—1 m_1 i . '
Y )N @RRK 1) k=i ) = (= D)L
k=[7/2]

What remains is a linear system in the variables di(€) with a constant coefficient matrix

(independent of €) which is non-degenerate. This forces

dk(€)=0c(1), k=1,2,...,m—1.

Now, we state an auxiliary result

Lemma 7.24 For any € > 0, we have

/ V(%) — uf (%) [Pdx = / V™ ui(x)[Pdx — Vuf (x)V " ui(x)dx.
Be (X)) e (X)) Be (X))

Proof: Let € > 0, then by definition of the truncation uf, we have

/ V7 (4(x) — uf (x)) \2 dx = / (4(x) = uf (x)) (—=A)"uj(x)dx
Be(x) Be (x)
=/ ui(x)(—A)"uj(x)dx —/ uf () (—2)"u;(x)dx
Be(x) Be(x))

=1—1l
Computing / and // and by applying 7.20, we get
I = / ui(x)(—A)"uj(x)dx
Be ()

=/ |V™u;(x) [Pdx + 2/ 1™y iy V21 do(x)
Be (%)

8B€ x/
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and

//=/ Ui (X)(—A)"u;(x)dx
Be (x)
m—1
=/ VTUf (x) V™ uj(x)dx + (—1)m+jv-Vjus2m_j_1ujdG(x)
Be (%) j=0 0Be(x)

Thus,
/ V7 (4(x) — uf (x)) ‘2 dx
Be ()

m—1 ) . )
= / VTu(x)Vmui(x)dx + ) / (—1)’"+fv-A%u,-v2m—/—1u,-da(x)
Be (%)) j=0 /9Be(x)

m—1

Z / (—1)™y. Vjujevzm_j_1 u; do(x)
0Be(x)

- / VTUE (x) V™ uj(x)dx —
Be (%) j=0

=/ \V’"uj(x)\zdx—/ Vi (x)V " ui(x)dx
Be(x)) Be(x))

Now we can establish an upper bound for the Adams-Adimurthi-Druet inequality on
whole R?™ as follows.

Theorem 7.25 If AD(«x,7) is not attained, then

Wo —Im
AD(x,y) < 22,:' eﬁzm,m(Ko 57 ),

where Ky is the value at 0 of the regular part of the Green function G for the operator
(—A)™ + K2,

Proof: we define

uj(x) — uf

V™00 = u) [l 20 )

ai(x)

We have by lemma 7.21

1
lim / yc,-v'"u,~|2dx+/ Guil2dx | = ———infe|+ Hm+ Ko+ (1 + )| GlZ+ O/(€).
J—00 Rz’"\Be RZm\B€ Y

m
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Let us compute || V" (u;(x) — Uf)”B(Be(xj)y

By Lemma 7.24, we have

V™ (ui(x) — Uf)HB(Be(x,-)) = / V™ u;(x) [P dx — Vi (x)V™u;(x)dx

Be (x) Be ()

=l — b

For the first,

h=[ |V Py dx=1 —/ V™2 dx—/ |uj[? dx—/ uf dx
Be R27\ Be R27M\ Be Be

— L ne+Hp+ Ko+ (1 +7)|| G2 + Oj(e)
e+ Hokor alt+ Gl O h

G

=1

On the other hand, by the definition of u/-€ we have

/ V7 (guf) V™ (cjuj) dx = / (qiuf) (=A)™ (guy) dx
m—1

-Y /85 (—)™v -V (guf) V2™ (guy) do(x)
j=0 €

_ / (Giuf) (—A)™ (gi15) dx (7-62)
m—1

- /85 (=)™v-V (qu) VBT (i) do(x)
Jj=0 €

=/ (giuf) (8(x) — G+0j(1)) dx

€

1
— (—— loge+ Ko+ Hm+ Oj(e))
Ym

1
= G(e)+cy — (——Ioge+K0+Hm+ Oj(e)) = Co — Hm+ Oj(e€)

Ym
(7-63)
where ¢g = lim_lim ¢; (uf — u,-(e)) (0). Using Lemma 7.23, we can show that
e—0j—00
m—1 (m—1 k
—1
—. (i) (7-64)

BZm,m k=1 k ,

With (7-64), the equation (7-61) and Lemma 7.24 yields
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—y-Ine+Hm+ Ko+ o(1+7)[|Gll5+ Oj(e)

2
G

/ V7 (4(x) — uf (x)) ‘2 dx=1—
Be (%)
Co — Hm+ Oj(€)

¢
— L ine+ Ko+ (1 +7)||Gl|3 + co + Oj(€)
T 0 i 1G5 ) (7-65)
(or;
]
Hence,
5x) — U ()
7 () =

B —;—m In e+Ko+a(1+Y)||Gl|3+co+Oj(€)

2
G

20 <1 —yLmIne+Ko+oc(1 +y)HGH§+Co+O/(€)>

2
G

(2uj€uj — (uje)2> (1+05(e))
u

2

?(x) — cIne® + oj(e)

On the other hand, we have by lemma 7.15,

z 2
lim _Iim/ ePi%Y dx = |B,|, for any p < e.
R—)OO/—)OO BD\BRrj(Xj)
Therefore,
s 0 z 2
lim _Iim/ ePitY dx < 0(e™2™) lim ,Iim/ ePity gx
R—)OO/—)OO BQ\BHrj(Xj) H—>OO]—>OO BP\BFfrj(Xj)

= O(e"2™|B,|) — 0, as p — 0.

We also have, by (7-12)

lim / [eB/{:f“’f2 —1] dx=0.
J—00 Be\Bp

Thus, from Lemma 7.22 that
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m—1y, .
mZ]IZ;1( : j)( 1)lf~)’2m,mlm>

~ lim / (eﬁ@f —1)dx§%e2me (7-66)
J—00 B5

Fixing R > 0, then for any x € B,;,,j(xj), we have

2
B -, . [ 197 (0 0) o
|97 (w0 =500 | ,p, | 72
) 2
=B | g+ el / V7 (4(x) — uf (x)) ‘2 dx
vm <Uj(X) — uf(x)) | Be

L2(Be

By the identity (7-65) and some direct computations yields

2 1 2
B 1 —5-Ine+ Ko+ (1 +Y)[|Gl|3+co + Oj(e)
Bjuf = By <uj+uf+0<?>> : (1— Y 5

i G

2
_ B2 LYo 1_—;—mlne+Ko+o<(1+y)||GH§+CO+Oj(€)
= DjY; Ci 03 C?
il

J )

Observe that

im (% +1%)

— 1, and & (x+ 1) yi(€) — G(e).
Jim 5 and &; (Xj + rjx) uj(€) (€)

Thus, we have

2
5 5 ui(e) co+Oj(e) 1
Bjui =B (1 + o + o +0 C_IS

(1 —#In€+Ko+oc(1 +Y)||G||§+CO+Oj(€)>

= B;(07 + G(e) + co) + O(€) (7-67)
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Combining (7-66) and (7-67), we have
lim lim / (eﬁf@'“f —1) dx
R—o0f=00 BRrj()(/)

52
< lim ,Iim/ (eﬁf‘?f“f>dx
R—o0/—00 BHTI(XI)

< lim lim ef52m,m(G(€)+CO)+oe(1)/ eﬁj[:/ajzdx
. B

R— o0 j—00 5
ki

m—1 i
m—1 ( J _)(71)1 _ /
_ ePemm(Gle)rc)+oc(1) L2m 2m <m j=1 j Bam,mlm

22m

_ e(72mln e+BammKo+@(e)+oe (1)) Y2m c2m e(*BZm,m<ﬂm)
22m

where in the last inequality we used (7-64).Therefore, taking limit as € — 0, we get

Wo _ .
AD(CX’Y) S zTnTe(B2mva0 BZm,me) .

7.2 The test function computation

In this section, we construct the test function as introduced in [10] and [16],

following a procedure inspired by the computations carried out in the previous chapter.
We set

Crg [_ oV (@) + Ko+ h(x)+pe(x)| if [x| < L,
G(x)

(b£=

where, (s) = In(1 + ¢,s2), where ¢, is a dimensional constant. L, C are functions of ¢
such that

(i) e=exp(—L), 2z = O(]) as e =0,
(i) pe(x) = —C2+ ¥ " cile, L)|x[?

form:

, where the coefficients c;j(¢, L) has the following

T In(2e)+ do(L) and ¢i(e, L) = e FL=Zg(L)

2m,m

Co(E, L) = —

where d;(L) = O (L*Z) as L — +oo, for 0 <j < m—1. We remark that this form
of pe(x) can make sure that 9/, ¢(Le) = 0, for any 0 < i < m—1,( see [16], Lemma 5.1).
By Lemma 7.21, we have
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/ |vme|2+ |G|2) dx
RZm\BL

<——InL£+Hm+Ko+0¢ 1+y ||G||2+O/ L£)>

Lo (1970100
R2M\ By (0)

Q= C)|

and by ([16], Proposition 5.3), one has

1 /1 L
AVAY 2dx=—(—|n—+l —Hp+0O L—2|n/_).
/BL5<0>| ; c2\ym 2 " " ( )

m

Notice that the integral over By ¢(0) satisfies
/ |be[?dx = O((Le)®>™C?™). (7-68)
By ¢(0)

On the other hand, on its complement, we have

’
/RH\B || dx—a/\ (0)|G|2dx=@[||GH§+O((—Laln(Ls))Z’")}. (7-69)

thus,

» 1 1 1 L
/Rzm(\v’"d)sl +| el )dx=§ —y—ln(L£)+—In§+fm

m Ym

) L (L€)2m
+Ko+0o(1+7)|Gl|5+Oj(Le) + O(L™2InL) | + O oz

1 1
=E[—y—(ln2€)+ﬂm+Ko+oc 1+7v)||Gl3
m

+O(Le)+O(L2InL) + O((Le)®™) ] . (7-70)

By setting [zaom <|Vm¢s|2 + |d)e|2> dx = 1, we have
1
C?= —Y—(In2s)+,ﬂm+Ko+oc (1+7)||G||3 ++O(Le) + O(L™2InL) + O((Le)*™)  (7-71)
m
then

1 1
C?>~ —In—. (7-72)
Ym €

In addition, since Ilr%% =1+a(y+ 1) + O(t4) and, from (7-69) we have ||q>€||§ =
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O(%) — 0.as € — 0. Therefore, once again by (7-69), we can write

1+°‘||¢€H% 2 4
il _ 1)lbell2+ (| de
ooy be2 +(y +1)[[dell2+ Ol dell2) .
2
— 1+ “W+;“G“2 " O(C_Q(—Leln(Le))"’) . o(c—“).

Recalling ef —1 > t, for t > 0, from (7-69) and (7-73), we get

1ealldpelld ) .2
/ eﬁzm'm(1—ow||¢e|§)¢€_1 dx
RZm\BLe

1+ dell3 )/ 2
> Bom, <— b2dx
T\ —ay||del3) Jremp,, (7-74)

_ Bomm 1T+of|dell3 ) -
e (1 —OWHCI)(.:Hg) [”GH2+O<(—L€In(Le)) )]

BZm,m”G“g —2
-Lengli (o)

Now, from (7-73), we also have

(P ) o2 (1o gz o st o)

=7+ D.
(7-75)
Now, let us estimate each term on the right side of the (7-75) on By,. Firstly, we have by

the definition of the test function

X2 m—1 )
In (1 + T) +Ko+@(x) = C?+ Y ¢ile, D)|x|?

j=0

$2 > C?+2 <—

5 om X2 5 m—1 o
=C?— 5 In 14,3 +2Ky +2¢(x) —2C%+2 Y ¢j(e, L)|x]
2m,m € j=0
2m X2 m—1 .
-—C?— In (1 +4—2) +2Ko+29(x)+2 Y gi(e, L)|x[?.
Bamm € =0

For the first term .77, we have the following estimate

2

2 2 m—1 )
= e L (1 +X—> +2Ko+20(x)+2 Y cj(s,L)|x|2/]

BZm,m 4¢2

= —C?— «(y+1)||G|2+

2
(1 N x(y +C1;|| G||2)

1 X2 m—1 5
_ﬂln 1+4—€2 +2K0+2<p(x)+2z ci(e, L)|x|
Jj=0
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Using the expression of (7-71), we have after some careful computations

’
T > —In(2e) — I — Ko — 2x(y +1)[|G||3

2m x2 = . 1
_ ﬁgm,m In (1 +4—£2> +2Kg+2@(x)+2 j; Cj(e,L)|x|2/+ @) <—In(1/£))
1 m X2
= y—mln(2£) B In (1 + E) — Im+ Ko
1
—2a(y+1)||G|3+0(L2In(L)) + O <|n(1 /€)> . (7-76)

This follows from the fact that ¢ € C>™~" and ¢(0) = 0. Now, for the second term .% and
for x € By, it follows that

'11) (%) ‘ <In(1+cpl®™) = minL+In (c,,+ L;—m> = O(In(—Ine)).

So, by definition of ¢, and (7-73), on B we get

| de
c

< O(C’zln(—ln e)) +o<c*2) 50, as € — 0.

It follows that
4 o\ 2 1
Ty = [O((—Leln(Le)) ) . o(c )] o= o(m).
So, by combining (7-75) with (7-76), for x € B¢ we can write
T+odells >
S EE T A
m 1_OW||¢€||§ ¢

2
> (52,,7,,,,(— Lo — 2™ 1 <1 N :?) iy

m 2m,m

2 —2 ! !
+Ko— 2y +1)[|Gll2+ O (L*In(L)) + O <m> " O(E))

2
=—2mlin(2¢) —2min (1 + X—z) +Bomm(Ko — Fm)
4e

) 1 ,
~2Bammoly + ]Gl + amm (O (L)) +0 (In(1/8)) * O(T)>
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Hence,

1ol pelld ) .2 vl deld ) 2
/ (eﬁzm‘m(wme'g)% —1> dx 2/ eﬁzm’m(1“vwel%)d’ed“o((u)‘?mcz)
Bie Bie

o\ —2m
> (2¢)~2M gPemm(Ko=Im) e_262m,m(x('y+1)|G|§/ <1 + X—) dx++0 ((Le)*™C?)

4¢2

2 —2m
_ (28)—2mef32m,m(Ko—ﬂm) e—2[52m,m0((Y+1)||GH§ L/ <1 + ZZ) dz+0 ((Le)ZmCZ) ]
BL

€2m
(7-77)
Since [z (1+ £ dz=w O (L—2m) h
B, 2 = Wom + , we have
6 ( e e 13 )¢2
BLe
_ 2—2mw2m eBZm,m<K0_fm) e—2f32m,mOC(Y+1)”G”§ +0 (L_zm) +0 ((LE)ZmCZ) . (7—78)

Combining (7-74) and (7-78), we get

LI
/ eﬁzm!m(17my\l¢e|\§>¢e—1 dx
Bre

> 272m ), gPemm(Ko—Im) g—2Bammax(y+1)]| G2

2
4 52%26”2 +O(L72™) + O ((Le)*™C?) + O(C’2m>

2
By (7-72), we know C? ~ |Ing|, which implies 62%!6”2 — 0 as ¢ — 0. Moreover this,
we have by (i) that O (L™2™) + O ((Le)®™C?) + O(C’2m> — 0as ¢ — 0. Therefore, by the

fact y <yg is bounded, by choosing g > 0 small such that efzﬁ?m,m%(ﬁ/ﬂ)llc"”% > 1, ones

can conclude that
teaf|delld ) 2
/ (eﬁzm‘m(1—oﬂ/|d>eIg)d)E _1> dx > 2—2mw2me(Bzm,mKo—ﬁzm,zfm)
RZm

for € small enough and suitable. This accomplishes the proof.
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