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Programa de Pós Graduação em Matemática
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Instituto de Matemática e Estat́ıstica da Universidade
Federal de Goiás, como requisito parcial para obtenção do
t́ıtulo de Doutor em Matemática.

Área de concentração: Otimização
Orientador: Prof. Dr. Orizon Pereira Ferreira
Coorientador: Prof. Dr. Leandro da Fonseca Prudente

Goiânia
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Abstract

Let M a Riemannian manifolds with lower bounded curvature. In this thesis, we
consider first-order iterative methods to solve optimization problems on M. The gradient
method to solve the problem min{f(p) : p ∈ M}, where f : M → R is a continuously
differentiable convex function is presented with Lipschitz step-size, adaptive step-size and
Armijo’s step-size. The first procedure requires that the objective function has Lipschitz
continuous gradient, which is not necessary for the other approaches. Convergence of the
whole sequence to a minimizer, without any level set boundedness assumption, is proved.
Iteration-complexity bound for functions with Lipschitz continuous gradient is also presented.
In addition, all these approaches are considered in the multiobjective setting. Here we also
consider the subgradient method to solve the problem min{f(p) : p ∈M}, where f :M→ R
is a convex function. Iteration-complexity bounds of the subgradient method with exogenous
step-size and Polyak’s step size are stablished, completing and improving recent results on
the subject. Finally, some examples and numerical experiments are presented.

Keywords: Optimization methods, convex programming, Riemannian manifold, lower
bounded curvature, complexity.



Resumo

Seja M uma variedade Riemanniana com curvatura limitada inferiormente. Nesta tese,
consideramos métodos iterativos de primeira ordem para resolver problemas de otimização
sobre variedades Riemannianas com curvatura limitada inferiormente. O método do
gradiente para resolver o problema min{f(p) : p ∈ M}, onde f : M → R é uma
função convexa continuamente diferenciável, é apresentado com tamanho de passo Lipshitz,
tamanho de passo adaptativo e tamanho de passo de Armijo. O primeiro tipo de passo requer
que a função objetivo tenha gradiente continuamente Lipshitz, o que não é necessário para os
outros. A convergência total da sequência para um minimizador, sem qualquer hipótese de
limitação do conjunto de ńıvel, é provada. Limitantes para a complexidade na iteração para
funções com gradiente continuamente Lipschitz também são apresentados. Além disso, todas
essas abordagens são consideradas no contexto de otimização multiobjetivo. Aqui também
consideramos o método do subgradiente para resolver o problema min{f(p) : p ∈ M},
onde f : M → R é uma função convexa. Limitantes para a complexidade na iteração do
método do subgradiente com tamanho de passo exógeno e tamanho de passo de Polyak são
estabelecidos, completando e melhorando os resultados recentes sobre o assunto. Finalmente,
alguns exemplos e experimentos numéricos são apresentados.

Palavras-chave : Métodos de otimização, programação convexa, variedade Riemmaniana,
curvatura limitada inferiormente, complexidade.
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Chapter 1

Introduction

Endowing a manifold M with a suitable Riemannian metric, an Euclidean non-convex
constrained problem can be seen as a Riemannian convex unconstrained problem. This
property is already well known and, can be exploited in order to find global minimizers
[14, 15, 25, 61] and to reduce the iteration-complexity of finding such solutions [12, 75]. In
this work we will present some examples showing that endowing the set of constraints with a
suitable Riemannian metric the objective function can be also Riemannian Lipschitz gradient.
Consequently, the geometric and algebraic structures that come from the Riemannian metric
make possible to greatly reduce the computational cost for solving such problems. Indeed, it
is also widely known that, in several contexts, the iteration complexity of the gradient method
for convex optimization problems with Lipschitz gradient is much lower than for general
nonconvex problems; see for example [12,44,61,66,75] and references therein. Furthermore,
many Euclidean optimization problems are naturally posed on the Riemannian context;
see [29, 44, 65, 66]. Then, to take advantage of the Riemannian geometric structure, it is
preferable to treat these problems as the ones of finding singularities of gradient vector fields
on Riemannian manifolds rather than using Lagrange multipliers or projection methods;
see [51, 65, 67]. The Riemannian structures can also opens up new research directions that
aid in developing competitive algorithms; see [1,29,44,58,65,66]. For this purpose, extensions
of concepts and techniques of optimization from Euclidean space to Riemannian context have
been quite frequently in recent years. Papers dealing with this subject include, but are not
limited to [31,47,48,52,67–69,71,75,76].

In [15] the subgradient method was introduced to solve convex feasibility problems on
complete Riemannian manifolds with non-negative sectional curvatures. In this work, the
authors propose the question: how to solve the feasibility problem on a Riemannian manifold
with negative sectional curvature? Recently, this question was answered in [69,71], where the
convex feasibility problem is analyzed in manifolds with lower bounded sectional curvatures.
The extension contained in these works is based on auxiliary results obtained from the
Toponogov theorem and algebraic manipulations. Some of these auxiliary results contributed
greatly to this thesis.
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In the chapter 3, we consider the gradient method to minimize a continuously differentiable
convex function f :M→ R, whereasM is endowed with a structure of complete Riemannian
manifold with lower bounded curvature. The gradient method is one of the oldest methods
for the minimization of a differentiable function in Euclidean space. Despite having slow
convergence rate, the simplicity of implementation, the low memory requirements and cost
per iteration, make the gradient method quite attractive to solve large-scale optimization
problems. Indeed, the computational cost per iteration is mildly dependent on the dimension
of the problem, yielding computational efficiency for this method; see [44, 57, 62]. In
addition, the gradient method is the starting point for designing many more sophisticated
and efficient algorithms, including fast gradient method, accelerated gradient method and
Barzilai-Borwein method; see [56,74] for a comprehensive study on this subject. To the best
of our knowledge the gradient method was the first optimization method to be considered
in a Riemannian setting. In order to deal with constrained optimization problems in the
Euclidean space, Luenberger [51] proposed and established important convergence properties
of gradient method by using the Riemannian structure of the constraint set induced by
the Euclidean structure. Since then, the gradient method has been studied in general
Riemannian manifold. Some early works dealing with this method include [40, 61, 65, 67].
However, the obtained convergence results in these previous works demand that the initial
points of the sequence belong to a bounded level set of the objective function establishing only
that all its cluster points are stationary. By assuming convexity of the objective function
and that the manifold has non-negative curvature, it has been proven in [23] that, for a
suitable choice of the step-size and without any level set boundedness assumption, the whole
sequence converges to a solution. Recently new important properties of the gradient method
in Riemannian settings have been obtained. For instance, in [76] the authors provided
iteration-complexity bounds for convex optimization problems on Hadamard manifolds.
In [18], the authors established iteration-complexity bounds without any assumption on
the convexity of the problem and curvature of the manifold. In [17] the gradient method is
considered to compute the Karcher mean, which is a strong convex function in the cone of
symmetric positive definite matrices endowed with a suitable Riemannian metric. In [2] is
studied properties of the gradient method for the problem of finding the global Riemannian
center of mass of a set of data points on a Riemannian manifold. In [8] is extended the
convergence analysis of the gradient method to the Hadamard setting for continuously
differentiable functions which satisfy the Kurdyka-Lojasiewicz inequality.

By the aforementioned we see that the gradient method remains a subject of considerable
interest. The full convergence of the sequence generated by the gradient method under
convexity of the objective function and lower boundedness of the curvature of the Riemannian
manifold is a new contribution of this work, which adds important results in the available
convergence theory of this method. The analysis of the method is presented with three
different finite procedures for determining the step-size, namely, Lipschitz step-size, adaptive
step-size and Armijo’s step-size. It should be noted that we use a recent inequality established
in [69,71]. Numerical experiments are provided to illustrate the effectiveness of the method
in this new setting and certify the obtained theoretical results. In particular, we consider
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the problem of finding the Riemannian mass center and the so-called Karcher mean. Our
experiments indicate that adaptive size is a promising scheme that is worth considering.

In chapter 4 of this thesis, we study the steepest descent method for multiobjective
optimization on Riemannian manifolds. A constrained multiobjective optimization problem
with constraint setM, consists of m objective functions f1, . . . , fm, that have to be optimized
at the same time onM. In recent years, there has been a significant increase in the number of
papers addressing this class of problems; for example, see [10,20,36,50,53,54]. This method,
was proposed in [35] and since of then several variants have been considered, including but not
limited to [6,7,28,38,39,42]. Recently some iteration-complexity results to gradient method
for unconstrained multi-objective optimization problem were presented in [37]. These results
have been shown to be the same global rates as for steepest descent method in scalar objective
optimization.

The aim of the chapter 4 is twofold. First, asymptotic analysis will be done for quasi-convex
and convex vectorial functions. In fact, in [13] asymptotic analysis of this method has
already been done in Riemannian context; see also [11]. However, the analysis asymptotic
presented in these previous works is just to step-size given by Armijo rule and it demand that
the Riemannian manifolds have nonnegative sectional curvature. The asymptotic analysis
presented in the present chapter increase the previous ones in two different aspects. It
is provided an analysis with three different finite procedures for determining the step-size,
namely, Lipschitz step-size, adaptive step-size and Armijo-type step-size and only lower
boundedness of the curvature of the Riemannian manifold is assumed. The second aim
is to present iteration-complexity bounds for steepest descent method for multiobjective
optimization on Riemannian manifolds. It is worth noting that, our results generalize to the
Riemannian context the results obtained in [37]. Besides, we present one iteration-complexity
bound that is new even in Euclidean setting. In addition, some examples are presented to
emphasize the importance of working in this new context.

In chapter 5 of this thesis, we consider the subgradient method to solve the optimization
problem min{f(p) : p ∈ M}, where the constraint set M is endowed with a structure
of a complete Riemannian manifold with lower bounded curvature and f : M → R is a
convex function, where R = R ∪ {+∞} denotes the extended real set numbers, see [32].
In this chapter we establish an iteration-complexity bound of the subgradient method with
exogenous step-size and Polyak’s step-size, for convex optimization problems on complete
Riemannian manifolds with lower bounded sectional curvatures. Our results increase the
range of applicability of the method compared to the respective results obtained in [12,75,76].
Moreover, in the asymptotic analysis with exogenous step-size, we do not assume that the
solution set is nonempty, completing the result of [70, Theorem 3.1]. It should be noted that
our analysis use a recently inequality obtained in [69,71].

The subgradient method is a very simple algorithm for solving convex optimization
problems and, besides it is the departure point for many other more sophisticated and efficient
algorithms, including ε-subgradient methods, bundle methods and cutting-plane algorithm;
see [22] for a comprehensive study on this subject. The subgradient method was originally
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developed by Shor and others in the 1960s and 1970s and since of then, it and its variants have
been applied to a far wider variety of problems in optimization theory; see [41,60]. In order to
deal with non-smooth convex optimization problems on complete Riemanian manifolds with
non-negative sectional curvature, [33] extended and analyzed the subgradient method which,
as in the Euclidean context, is quite simple and possess nice convergence properties. After
this pioneering work, the subgradient method in the Riemannian setting has been studied in
different contexts; see, for instance, [9,15,43,69,71]. Recently, an asymptotic analysis of the
subgradient method with exogenous step-size and dynamic step-size for convex optimization
was considered in the context of manifolds with lower bounded sectional curvatures, see [70].
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Chapter 2

Preliminaries

In this chapter, we recall some concepts, notations, and basics results about Riemannian
manifolds. For more details we refer the reader to [26,64,67].

We denote by TpM the tangent space of a finite dimensional Riemannian manifold M
at p. The corresponding norm associated to the Riemannian metric 〈·, ·〉 is denoted by
‖ · ‖. We use `(α) to denote the length of a piecewise smooth curve α : [a, b] → M. The
Riemannian distance between p and q inM is denoted by d(p, q), which induces the original
topology on M. Denote by X (M), the space of smooth vector fields on M. Let ∇ be the
Levi-Civita connection associated to (M, 〈·, ·〉). For each t ∈ [a, b] and a piecewise smooth
curve α : [a, b] → M, ∇ induces an isometry relative to 〈·, ·〉, Pα,a,t : Tα(a)M → Tα(t)M
defined by Pα,a,t v = V (t), where V is the unique vector field on the curve α such that
∇α′(t)V (t) = 0 and V (a) = v. The isometry Pα,a,t is called parallel transport along of α
joining α(a) to α(t) and, when there is no confusion, it will be denoted by Pα,p,q. A vector
field V along a smooth curve γ is said to be parallel iff ∇γ′V = 0. If γ′ itself is parallel, we
say that γ is a geodesic. The restriction of a geodesic to a closed bounded interval is called
a geodesic segment.

Definition 2.0.1 A geodesic segment joining p to q in M is said to be minimal if its length
is equal to d(p, q).

A Riemannian manifold is complete if the geodesics are defined for any values of t ∈ R.
Hopf-Rinow’s theorem asserts that any pair of points in a complete Riemannian manifold
M can be joined by a (not necessarily unique) minimal geodesic segment. Owing to the
completeness of the Riemannian manifold M, for each p ∈ M, the exponential map expp :
TpM → M is given by expp v = γ(1), where γ(0) = p and γ′(0) = v. In this thesis, all
manifolds are assumed to be Riemannian connected, finite dimensional, and complete. For
f :M→ R a differentiable function on the open set D ⊂M, the Riemannian metric induces
the mapping f 7→ grad f which associates its gradient via the following rule

〈grad f(p), V (p)〉 := df(p)V (p), ∀ p ∈ D, V ∈ X (D).
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For a twice-differentiable function, the mapping f 7→ hessf associates its hessian via the rule
〈hessf V, V 〉 := d2f(V, V ), for all V ∈ X (D), where the last equalities imply that

hessf V = ∇V grad f, ∀ V ∈ X (D).

Consider two geodesic segments γ1, γ2 : [0,+∞)→M with γ1(0) = γ2(0) = p. Denote by
∠p(γ1, γ2) the angle between γ1 and γ2 at p, which is defined to be the angle between the
tangent vectors γ′1(0) and γ′2(0). The geodesic triangle ∆(p1p2p3) inM is a figure consisting of
three points p1, p2, p3 (the vertices of ∆(p1p2p3)) and three geodesic segments γi (the edges of
∆(p1p2p3)) that join pi−1 to pi+1 with i = 1, 2, 3( mod 3). For each i = 1, 2, 3( mod 3), the
inner angle of ∆(pi−1pipi+1) at pi is denoted by ∠(pi−1pipi+1), which equals ∠pi(−γi−1, γi+1).
LetMm

κ be an m-dimensional complete simply connected Riemannian manifolds of constant
curvature κ. The following proposition is known in [64, p.138]. From now on we will assume

κ < 0, κ̂ :=
√
|κ|. (2.1)

Proposition 2.0.2 Let ∆(p1p2p3) be a geodesic triangle in M2
κ. Then, the following “law

of cosines” holds

cosh(κ̂`2) = cosh(κ̂`1) cosh(κ̂`3)− sinh(κ̂`1) sinh(κ̂`3) cos∠(p1p2p3),

where `i = d(pi−1, pi+1) for each i = 1, 2, 3( mod 3).

Following [64, p.161], a generalized geodesic hinge Λ(p; γ, β) in M is a figure consisting
of a point p ∈ M (the vertex of the hinge) and two geodesic segments γ, β (the edges of
the hinge) emanating from p with one being minimal. Moreover, a hinge Λ(p; γ, β) inM2

κ is
called a comparison hinge of Λ(p; γ, β) if it satisfies

`(γ) = `(γ), `(β) = `(β) and ∠p(γ, β) = ∠p(γ, β).

The following proposition follows from the Toponogov comparison theorem, see [64, p.161].

Proposition 2.0.3 Let Λ(p; γ, β) be a generalized geodesic hinge in M. Then, there exists
a comparison hinge Λ(p; γ, β) in M2

κ such that d(qγ, qβ) ≤ d(qγ, qβ), where qγ, qβ, qγ and qβ
denote the end points of γ, β, γ and β, respectively.

In the proof of the next result, we use the same ideas as those presented in the proof
of [69, Lemma 3.2], with some minor technical adjustments needed to settle it to our goals.

Lemma 2.0.4 LetM be a complete Riemannian manifolds with sectional curvature K ≥ κ.
Let p, q ∈ M, p 6= q, v ∈ TpM, γ : [0,+∞) −→ M be defined by γ(t) = expp (tv) and a
minimizing geodesic β : [0, 1]→M with β(0) = p and β(1) = q. Then, for any t ∈ [0,+∞)
there holds

cosh(κ̂d(γ(t), q)) ≤ cosh(κ̂d(p, q))+

κ̂ cosh(κ̂d(p, q)) sinh(tκ̂ ‖v‖)
(
t ‖v‖

2
− tanh(κ̂d(p, q))

κ̂d(p, q)

〈v, β′(0)〉
‖v‖

)
, (2.2)
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and, consequently, the following inequality holds

d2(γ(t), q) ≤ d2(p, q) +
sinh (κ̂t‖v‖)

κ̂

(
t‖v‖ κ̂d(p, q)

tanh (κ̂d(p, q))
− 2 〈v, β′(0)〉

‖v‖

)
. (2.3)

Proof. Consider the generalized geodesic hinge Λ(p; γ, β) inM, and let θ := ∠p(γ, β). Since
`(β) = d(p, q) = ‖β′(0)‖, we have

〈v, β′(0)〉 = ‖v‖ d(p, q) cos θ. (2.4)

Let t ∈ [0,+∞) and set y := γ(t). Then, by Proposition 2.0.4, exist a comparison geodesic
hinge Λ(p; γ, β) of the hinge Λ(p; γ, β) in M2

κ such that

d(y, q) ≤ d(y, q), (2.5)

where y and q are the end points of γ and β, respectively. Thus, considering the triangle
geodesic ∆(y p q) in M2

κ , we have

d(p, y) = t ‖v‖ , d(p, q) = d(p, q), ∠p(γ, β) = θ. (2.6)

It follows from (2.5) that cosh (κ̂d(y, q)) ≤ cosh (κ̂d(y, q)). Thus, using Proposition 2.0.2 to
the geodesic triangle ∆(y p q) in M2

κ together with (2.6), we obtain that

cosh (κ̂d(y, q)) ≤ cosh (κ̂d(p, q)) cosh (κ̂t ‖v‖)− sinh (κ̂d(p, q)) sinh (κ̂t ‖v‖) cos θ.

By using (2.4) and taking into account that cosh (κ̂t ‖v‖) ≤ 1 + (κ̂t ‖v‖ /2) sinh (κ̂t ‖v‖), for
all t ≥ 0, after some algebraic manipulation the last inequality becomes (2.2). To prove
(2.3), first note that (2.2) is equivalent to

2κ̂d(p, q) [cosh (κ̂d(y, q))− cosh (κ̂d(p, q))]

sinh (κ̂d(p, q))
≤

κ̂ sinh (κ̂t ‖v‖)
(
t ‖v‖ κ̂d(p, q)

tanh (κ̂d(p, q))
− 2 〈v, β′(0)〉

‖v‖

)
.

On the other hand, from [69, Lemma 3.1] we have s2 − t2 ≤ 2t[cosh(s) − cosh(t)]/ sinh(t),
for all s , t ≥ 0. Thus,

κ̂2d2(y, q)− κ̂2d2(p, q) ≤ 2κ̂d(p, q) [cosh (κ̂d(y, q))− cosh (κ̂d(p, q))]

sinh (κ̂d(p, q))
.

Therefore, (2.3) follows by combining the two last inequalities, which completes the proof.

�

We proceeded to recall some concepts and basic properties about convexity in the
Riemannin context. For more details see, for example, [61, 64, 67, 69]. For any two points
p, q ∈ M, Γpq denotes the set of all geodesic segments γ : [0, 1] → M with γ(0) = p and
γ(1) = q. Let the nonempty subset Ω ⊂M. We use ΓΩ

pq to denote the set of all γ ∈ Γpq such
that γ(t) ∈ Ω, for all t ∈ [0, 1].

19



Definition 2.0.5 A nonempty subset Ω ⊂M is said to be weakly convex if, for any p, q ∈ Ω,
there is a minimal geodesic segment joining p to q belonging to Ω.

Definition 2.0.6 A function f : M → R is said to be convex on the set Ω ⊂ M if Ω is
weakly convex and, for any p, q ∈ Ω and γ ∈ ΓΩ

pq, the composition f ◦ γ : [0, 1] → R is a
convex function on [0, 1], i.e.,

(f ◦ γ)(t) ≤ (1− t)f(p) + tf(q), ∀ t ∈ [0, 1].

For f a differentiable function on D ⊂ M and a weakly convex set Ω ⊂ D, we have the
following characterization: f is convex on Ω iff there holds

f(γ(t)) ≥ f(p) + 〈grad f(p), γ′(0)〉, ∀ γ ∈ ΓΩ
pq, p, q ∈ Ω, (2.7)

see [67, Theorem 5.1].

The following concept will be useful in the analysis of the sequence generated by the
iterative methods discussed in this thesis.

Definition 2.0.7 A sequence {yk} in the complete metric space (M, d) is quasi-Fejér
convergent to a set W ⊂M if, for every w ∈ W , there exists a sequence {εk} ⊂ R such that
εk ≥ 0,

∑∞
k=1 εk < +∞, and d2(yk+1, w) ≤ d2(yk, w) + εk, for all k = 0, 1, . . ..

The main property of a quasi-Fejér sequence is stated in the next result, and its proof is
similar to the one proved in [19], by replacing the Euclidean distance by the Riemannian.

Theorem 2.0.8 Let {yk} be a sequence in the complete metric space (M, d). If {yk} is
quasi-Fejér convergent to a nonempty set W ⊂M, then {yk} is bounded. Furthermore, if a
cluster point ȳ of {yk} belongs to W , then limk→∞ yk = ȳ.
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Chapter 3

Gradient method for optimization on
Riemannian manifolds with lower
bounded curvature

In this chapter, we consider the gradient method to solve the following optimization problem:

min{f(p) : p ∈M}, (3.1)

where the constraint setM is endowed with a structure of a complete Riemannian manifold
with lower bounded curvature and f : M → R is a continuously differentiable convex
function. The analysis of the gradient method is presented with three different finite
procedures for determining the step-size, namely, Lipschitz step-size, adaptive step-size and
Armijo’s step-size. The first procedure requires that the objective function has Lipschitz
continuous gradient, which is not necessary for the other approaches. Convergence of the
whole sequence to a minimizer, without any level set boundedness assumption, is proved.
Iteration-complexity bound for functions with Lipschitz continuous gradient is also presented.
Numerical experiments are provided to illustrate the effectiveness of the method in this new
setting and certify the obtained theoretical results. In particular, we consider the problem
of finding the Riemannian center of mass and the so-called Karcher’s mean.

3.1 Notations and auxiliary results

The following lemma plays an important role in next sections and its proof can be obtained,
with some minor technical adjustments, following the ideas of Lemma 2.0.4 together with
the characterization given in (2.7).

Lemma 3.1.1 Let M be a Riemannian manifolds with sectional curvature K ≥ κ, and κ̂
be defined in (2.1). Assume that f is differentiable and convex on the set Ω ⊂ M, p ∈ Ω
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and γ : [0,+∞) → M is defined by γ(t) = expp (−t grad f(p)) . Then, for any t ∈ [0,+∞)
and q ∈ Ω there holds

cosh(κ̂d(γ(t), q)) ≤ cosh(κ̂d(p, q))+

κ̂ cosh(κ̂d(p, q)) sinh(κ̂t ‖grad f(p)‖)
[
t ‖grad f(p)‖

2
− tanh(κ̂d(p, q))

κ̂d(p, q)

f(p)− f(q)

‖grad f(p)‖

]
and, consequently, the following inequality holds

d2(γ(t), q) ≤ d2(p, q)+

sinh (κ̂t‖ grad f(p)‖)
κ̂

[
t‖ grad f(p)‖ κ̂d(p, q)

tanh (κ̂d(p, q))
− 2

‖grad f(p)‖
(f(p)− f(q))

]
.

Next we present the definition of Lipschitz continuous gradient vector field; see [24].

Definition 3.1.2 Let f : M → R be a differentiable function on the set D ⊂ M. The
gradient vector field of f is said to be Lipschitz continuous on D with constant L ≥ 0 if, for
any p, q ∈ D and γ ∈ ΓDpq, it holds that ‖Pγ,p,q grad f(p)− grad f(q)‖ ≤ L`(γ).

It is well known that the covariant derivative can be expressed in terms of parallel
transport. Namely, for p ∈ M, v ∈ TpM and α a differentiable curve such that α(0) = p
and α′(0) = v we have

∇vV (p) = lim
t→0

1

t

[
Pα,α(t),pV (α(t))− V (p)

]
, ∀ V ∈ X (M). (3.2)

Thus, from (3.2) the ”fundamental theorem of calculus” can be stated by following

Pα,q,pV (q)− V (p) =

∫ 1

0

Pα,α(t),p∇α′(t)V (α(t)) dt, (3.3)

where α(1) = q, see [34, eq.(2.4)]. The norm of the hessian hess f at p ∈M is given by

‖hess f(p)‖ := sup {‖hess f(p)v‖ : v ∈ TpM, ‖v‖ = 1} . (3.4)

In the following result we present a characterization for twice continuously differentiable
functions with Lipschitz continuous gradient vector field.

Lemma 3.1.3 Let f : M → R be a twice continuously differentiable function on the set
D ⊂M. The gradient vector field of f is Lipschitz continuous on D with constant L ≥ 0 if,
and only if, there exists L ≥ 0 such that ‖hess f(p)‖ ≤ L, for all p ∈ D.

Proof. First we assume that grad f is Lipschitz continuous with constant L ≥ 0. Let p ∈ D
and v ∈ TpM with ‖v‖ = 1. Consider γ the geodesic given by γ(t) = expp(tv). Thus,
considering that ‖v‖ = 1, it follows from Definition 3.1.2 that∥∥∥∥1

t

[
Pγ,γ(t),p grad f(γ(t))− grad f(p)

]∥∥∥∥ ≤ L,
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for all t small enough. Thus, letting t goes to 0 in the last inequality and taking into account
(3.2) and that γ′(0) = v we obtain that ‖hessf(p)v‖ ≤ L. Therefore, from (3.4) we conclude
that the norm of the hessian of f is bounded by L. Reciprocally, assume that the norm of
the hessian of f is bounded by L. Let p and q ∈ D and consider γ : [0, 1] → D a geodesic
segment joining p to q with γ(0) = p. By using (3.3) we have

Pγ,q,p grad f(q)− grad f(p) =

∫ 1

0

Pγ,γ(t),phessf(γ(t)) γ′(t) dt.

Since the parallel transport is an isometry and considering that ‖hessf(p)‖ ≤ L, for all
p ∈M, we conclude that

‖Pγ,q,p grad f(q)− grad f(p)‖ ≤ L

∫ 1

0

‖γ′(t)‖ dt = L`(γ)).

Therefore, from the Definition 3.1.2 follows that grad f is Lipschitz continuous on D with
constant L, which conclude the proof. �

The next lemma can be found in [12, Corollary 2.1] with minor adjustments. Its proof
follows from the fundamental theorem of calculus.

Lemma 3.1.4 Let f : M → R be a differentiable function on the set D ⊂ M and a > 0.
Assume that grad f is Lipschitz continuous on D with constant L ≥ 0 and p ∈ D. If
expp(−t grad f(p)) ∈ D, for all t ∈ [0, a], then there holds

f(expp(−t grad f(p))) ≤ f(p)−
(

1− L

2
t

)
t ‖grad f(p)‖2 , ∀ t ∈ [0, a].

Note that if D = M, then the condition expp(−t grad f(p)) ∈ D for all t ∈ [0, a], in
Lemma 3.1.4, plays no role. In the following example we present a function satisfying all the
assumptions of Lemma 3.1.4 for the case D 6=M.

Example 3.1.5 Let M = {p ∈ Rn : ‖p‖ = 1} the Euclidean sphere and q ∈ M. Define
ϕq(p) := d2(p, q)/2, for all p ∈ M. The function ϕq is differentiable in D := {p ∈ M :
d(p, q) < 5π/6} and convex in Ω := {p ∈ M : d(p, q) ≤ π/2}. Furthermore, gradϕq
is Lipschitz continuous on D, because hess ϕq is continuous in M\{−q} ⊃ D. Indeed,
combining [30, Lemma 3] with Lemma 3.1.3 we conclude that

L = sup
p∈D

|〈p, q〉 arccos 〈p, q〉|√
1− 〈p, q〉2

=
5π

6

√
3.

Since gradϕq(p) = − exp−1
p q for all p ∈M\{−q}, after some calculations, we conclude that

d(expp(−t gradϕq(p)), p) ≤ td(p, q), for all p ∈ D. Hence, letting p ∈ Ω we have

d((expp(−t gradϕq(p)), q) ≤ d(expp(−t gradϕq(p)), p) + d(p, q) ≤ (t+ 1)
π

2
,

and then expp(−t gradϕq(p)) ∈ D, for all t ∈ [0, 1/L]. For more details about the function
ϕq; see [30].

23



The study of the gradient method for convex functions is well understood for Riemannian
manifold with nonnegative sectional curvature and Hadamard manifolds; see [24, 75, 76]. In
order to increase the domain of applications of the method, hereafter, we assume that M is
a complete Riemannian manifolds with sectional curvature K ≥ κ, where κ < 0, unless the
contrary is explicitly stated.

3.2 The Riemannian gradient method

In this section we state the Riemannian gradient method to solve (3.1) and the strategies
for choosing the step-size that will be used in our analysis.

Assumption 3.2.1 Let D ⊂M be an open set, f :M→ R be continuously differentiable
in D, Ω∗ be the solution set of the problem (3.1), f ∗ := infp∈D f(p) be the optimum value
of f , and c ∈ R. From now on, we assume that Ω∗ is non-empty and f is convex on the
sub-level set Lcf , where

Lcf := {p ∈M : f(p) ≤ c} ⊂ D.

The statement of Riemannian gradient algorithm to solve (3.1) is as follows.

Algorithm 1: Gradient algorithm in a Riemanian manifold M
Step 0. Let p0 ∈ Lcf . Set k = 0.

Step 1. If grad f(pk) = 0, then stop; otherwise, choose a step-size tk > 0 and compute

pk+1 := exppk (−tk grad f(pk)) . (3.5)

Step 2. Set k ← k + 1 and proceed to Step 1.

In the following we present three different strategies for choosing the step-size tk > 0 in
Algorithm 1. In the first strategy we assume that grad f is Lipschitz continuous.

Strategy 1 (Lipschitz step-size) Assume that grad f is Lipschitz continuous on D with
constant L ≥ 0 and that expp(−t grad f(p)) ∈ D, for all p ∈ Lcf and t ∈ [0, 1/L]. Let ε > 0
and take

ε < tk ≤
1

L
. (3.6)

Despite knowing that grad f is Lipschitz continuous, in general, the Lipschitz constant is
not computable. Next strategy can be used to compute the step-size without any Lipschitz
condition. However, as we shall show, if grad f is Lipschitz with constant L > 0, then the
step-size computed is an approximation to the step-size 1/L; see [5].
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Strategy 2 (adaptive step-size) Take ζ ∈ (0, 1/2], L0 > 0, and 0 < η < 1. Set tk := L−1
k ,

where Lk := η−ikLk−1 and

ik := min
{
i : f(γk(τi)) ≤ f(pk)− ζτi ‖grad f(pk)‖2 , i = 0, 1, . . .

}
, (3.7)

where τi := ηiL−1
k−1 and γk(τi) := exppk (−τi grad f(pk)).

Strategy 3 (Armijo’s step-size) Choose δ ∈ (0, 1) and take

tk := max
{

2−i : f
(
γk(2

−i)
)
≤ f(pk)− δ2−i ‖grad f(pk)‖2 , i = 0, 1, . . .

}
, (3.8)

where γk(2
−i) := exppk (−2−i grad f(pk)).

Remark 3.2.2 If D = M, then the condition expp(−t grad f(p)) ∈ D for all t ∈ [0, a], in
Strategy 1, plays no role. Recall that the function in Example 3.1.5 satisfies this condition
for D 6=M.

Remark 3.2.3 Strategy 2 can be seen as an Armijo-type line search where the first trial
step-size at iteration k is set to be equal to tk−1. Indeed, taking L0 = 1, and η = 1/2 the
inequality in (3.7) can be equivalently rewritten as

f(γk(2
−itk−1)) ≤ f(pk)− δ2−itk−1 ‖grad f(pk)‖2 .

The proof of the well-definedness of Strategies 2 and 3 follows the usual arguments and
will be omitted. Hence, the sequence {pk} generated by Algorithm 1 with Strategies 1,
2 or 3 is well-defined. Finally we remark that, due to f satisfies the Assumption 3.2.1,
grad f(p) = 0 if only if p ∈ Ω∗. Therefore, from now on we assume that grad f(pk) 6= 0, or
equivalently, pk /∈ Ω∗, for all k = 0, 1, . . ..

3.2.1 Asymptotic convergence analysis

In this section our goal is to prove that the sequence {pk}, generated by the gradient method
with Strategies 1, 2 or 3, converges to a solution of problem (3.1).

Lemma 3.2.4 Let {pk} be generated by Algorithm 1 with Strategies 1, 2 or 3. Then,

f(pk+1) ≤ f(pk)− νtk ‖grad f(pk)‖2 , k = 0, 1, . . . , (3.9)

where ν = 1/2 for Strategy 1, ν = ζ for Strategy 2 and ν = δ for Strategy 3. Consequently,
{f(pk)} is non-increasing sequence and limk→+∞ tk‖ grad f(pk)‖2 = 0.

Proof. For Strategies 2 and 3, inequality (3.9) follows directly from (3.7) and (3.8),
respectively. Now, we assume that {pk} is generated by using Strategy 1. In this case,
Lemma 3.1.4 implies that

f(pk+1) = f(exppk (−tk grad f(pk))) ≤ f(pk)−
(

1− L

2
tk

)
tk ‖grad f(pk)‖2 ,
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for all k = 0, 1, . . .. Hence, taking into account (3.6) we have 1/2 ≤ (1 − Ltk/2) and then
(3.9) follows. Therefore, (3.9) holds for {pk} generated by using one of the three strategies.
It is immediate from (3.9) that {f(pk)} is non-increasing. Moreover, (3.9) implies that

∑̀
k=0

tk ‖grad f(pk)‖2 ≤ 1

ν

∑̀
k=0

f(pk)− f(pk+1) ≤ 1

ν
(f(p0)− f ∗) ,

for each nonnegative integer `, which implies that tk ‖grad f(pk)‖2 goes to zero, as k goes to
infinity, completing the proof. �

Remark 3.2.5 Whenever grad f is Lipschitz continuous on D with constant L ≥ 0, the
step-size in Strategy 2 can be seen as an approximation for 1/L. Indeed, since L0 > 0 and
0 < η < 1 in Strategy 2, we conclude that tk := L−1

k ≤ L−1
k−1 = tk−1, for all k = 0, 1, . . ..

Thus tk ≤ 1/L0, for all k = 0, 1, . . .. If L0 ≥ L, then it follows from (3.9) that tk = 1/L0, for
all k = 0, 1, . . .. Therefore, for Strategy 2 we assume L0 ≤ L. In this case, (3.9) holds for
tk = 1/L and then (3.7) implies that η/L ≤ tk. Hence,

η

L
≤ tk ≤

1

L0

, k = 0, 1, . . . . (3.10)

Let p0 ∈ Lcf . By Lemma 3.2.4, we define the constant ρ > 0 as follows

∞∑
k=0

t2k ‖grad f(pk)‖2 ≤ ρ :=


2[f(p0)− f ∗]/L, for Strategy 1;

[f(p0)− f ∗]/(ζL0), for Strategy 2;

[f(p0)− f ∗]/δ, for Strategy 3.

(3.11)

In the following result, in particular, we bound the sequence {pk} generated by Algorithm 1
with Strategies 1, 2 or 3.

Lemma 3.2.6 Let q ∈ Ω∗ and {pk} the sequence generated by Algorithm 1 with Strategies 1,
2 or 3. Then, there holds

d(pk+1, q) ≤
1

κ̂
cosh−1

(
cosh(κ̂d(p0, q))e

1
2(κ̂√ρ) sinh(κ̂√ρ)

)
, k = 0, 1, . . . . (3.12)

Proof. Applying the first inequality of Lemma 3.1.1, with t = tk and p = pk , we have
pk+1 = γ(tk), and taking into account that q ∈ Ω∗, we conclude that

cosh(κ̂d(pk+1, q)) ≤ cosh(κ̂d(pk, q))

[
1 + (κ̂tk ‖grad f(pk)‖)2 sinh(κ̂tk ‖grad f(pk)‖)

2κ̂tk ‖grad f(pk)‖

]
,

for all k = 0, 1, . . ., where κ̂ is defined in (2.1). Since (3.11) implies tk ‖grad f(pk)‖ ≤
√
ρ,

for all k = 0, 1, . . ., and the map (0,+∞) 3 t 7→ sinh(t)/t is increasing, we conclude that

cosh(κ̂d(pk+1, q)) ≤ cosh(κ̂d(pk, q))
[
1 + a (tk ‖grad f(pk)‖)2] , k = 0, 1, . . . ,
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where a := κ̂(sinh(κ̂
√
ρ))/(2

√
ρ). Now note that the last inequality implies that

cosh(κ̂d(pk+1, q)) ≤ cosh(κ̂d(pk, q))e
a(tk‖grad f(pk)‖)2 , k = 0, 1, . . . ,

Therefore, by using (3.11), it follows that cosh(κ̂d(pk+1, q)) ≤ cosh(κ̂d(p0, q))e
aρ, which is

equivalent to (4.15) by considering the definition of κ̂ in (2.1). �

Let us define the following auxiliary constant

Cqρ,κ :=
sinh

(
κ̂
√
ρ
)

κ̂
√
ρ

[
1 + cosh−1

(
cosh(κ̂d(p0, q))e

1
2(κ̂√ρ) sinh(κ̂√ρ)

)]
, (3.13)

where ρ in defined in (3.11).

Lemma 3.2.7 Let {pk} be generated by Algorithm 1 with Strategies 1, 2 or 3. Then, for
each q ∈ Ω∗, there holds

d2(pk+1, q) ≤ d2(pk, q) +
tk
ν
Cqρ,κ [f(pk)− f(pk+1)] + 2tk [f ∗ − f(pk)] , (3.14)

for all k = 0, 1, . . ., where ν = 1/2 for Strategy 1, ν = ζ for Strategy 2 and ν = δ for
Strategy 3.

Proof. Define γk(t) = exppk (−t grad f(pk)), for all t ∈ [0,+∞). Then, γk(0) = pk and, from
(3.5), we obtain γk(tk) = pk+1. Applying second inequality of Lemma 3.1.1 with γ = γk,
after some manipulations, we conclude that

d2(pk+1, q) ≤ d2(pk, q)+

sinh (κ̂tk‖ grad f(pk)‖)
κ̂tk‖ grad f(pk)‖

[
t2k‖ grad f(pk)‖2 κ̂d(pk, q)

tanh (κ̂d(pk, q))
+ 2tk [f ∗ − f(pk)]

]
, (3.15)

for all k = 0, 1, . . .. On the other hand, t/ tanh(t) ≤ 1 + t, for all t ≥ 0, and the map
(0,+∞) 3 t 7→ sinh(t)/t is increasing and bounded below by 1. Thus, taking into account
that (3.11) implies tk ‖grad f(pk)‖ ≤

√
ρ for all k = 0, 1, . . ., and considering f ∗ − f(pk) ≤ 0

for all k = 0, 1, . . ., we conclude from (3.15) that

d2(pk+1, q) ≤ d2(pk, q) +
sinh

(
κ̂
√
ρ
)

κ̂
√
ρ

t2k‖ grad f(pk)‖2 [1 + κ̂d(pk, q)] + 2tk [f ∗ − f(pk)],

for all k = 0, 1, . . ., where ρ is defined in (3.11). Thus, by Lemma 3.2.4, we obtain

d2(pk+1, q) ≤ d2(pk, q) +
tk
ν

sinh
(
κ̂
√
ρ
)

κ̂
√
ρ

[1 + κ̂d(pk, q)] [f(pk)− f(pk+1)] + 2tk [f ∗ − f(pk)],

for all k = 0, 1, . . .. Therefore, by Lemma 3.2.6 and (3.13), we have (3.14), which concludes
the proof. �

Finally, we are ready to prove the full convergence of {pk} to a minimizer of f .

27



Theorem 3.2.8 Let {pk} be generated by Algorithm 1 with Strategies 1, 2 or 3. Then {pk}
converges to a solution of the problem in (3.1).

Proof. First note that (3.6), (3.8) and (3.10) imply 0 < tk ≤ 1/L or 0 < tk ≤ 1 or 0 < tk ≤
1/L0, for all k = 0, 1, . . ., for Strategies 1, 3 or 2, respectively. Let Γ := max{1/L, 1, 1/L0}.
Thus, for Strategies 1, 2 or 3 we conclude from Lemma 3.2.7 that

d2(pk+1, q) ≤ d2(pk, q) +
1

ν
ΓCqρ,κ [f(pk)− f(pk+1)] , k = 0, 1, . . . ,

for all q ∈ Ω∗. Considering that
∑∞

i=0[f(pk) − f(pk+1)] ≤ [f(p0) − f ∗], we conclude that
{pk} is quasi-Fejér convergent to Ω∗. Therefore, since Ω∗ is non-empty, the sequence {pk} is
bounded. Let p̄ be an cluster point of {pk} and

{
pkj
}

be a subsequence of {pk} such that

limj→∞ pkj = p̄. It follows from Lemma 3.2.4 that limk→∞ tk ‖grad f(pk)‖2 = 0, and due to
{tk} has a cluster point t̄ ∈ [0,Γ], we analyze the following two possibilities

(a) t̄ > 0, (b) t̄ = 0.

Assume that (a) holds. In this case, considering that limk→∞ tk ‖grad f(pk)‖2 = 0 and grad f
is continuous, we conclude that

0 = lim
j→∞

tkj
∥∥grad f(pkj)

∥∥ = t̄ ‖grad f(p̄)‖ .

Hence, grad f(p̄) = 0 and then p̄ ∈ Ω∗. Note that if Strategy 1 is used, then t̄ satisfies
only (a). Now, we assume that (b) holds. In this case Strategies 2 or 3 is used. First assume
Algorithm 1 with Strategy 2. Since {tkj} converges to t̄ = 0 and {tk} is non-increasing, it
follows that {tk} converges to t̄ = 0. Hence, taking r ∈ N, we can conclude that tk < ηrL−1

0

for k sufficiently large. Thus, (3.7) implies

f
(
exppk

(
ηrL−1

0 [− grad f(pkj)]
))
> f(pk)− ηrL−1

0 ζ ‖grad f(pk)‖2 .

Letting k goes to +∞ in the above inequality and taking into account that grad f and the
exponential mapping are continuous, we obtain

f
(
expp̄

(
ηrL−1

0 [− grad f(p̄)]
))
≥ f(p̄)− ηrL−1

0 ζ ‖grad f(p̄)‖2 .

The last inequality is equivalent to

−
f
(
expp̄

(
ηrL−1

0 [− grad f(p̄)]
))
− f(p̄)

ηrL−1
0

≤ ζ ‖grad f(p̄)‖2 .

Thus, letting r goes to +∞ we obtain ‖grad f(p̄)‖2 ≤ ζ ‖grad f(p̄)‖2 which implies
grad f(p̄) = 0, i.e., p̄ ∈ Ω∗. Therefore, since {pk} is quasi-Fejér convergent to Ω∗, we
conclude from Theorem 2.0.8 that {pk} converges to p̄. Finally, assume that Strategy 3
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is used. Since {tkj} converges to t̄ = 0, taking r ∈ N, we conclude that tkj < 2−r for j
sufficiently large. Thus Armijo’s condition (3.8) is not satisfied for 2−r, i.e.,

f(exppkj
(2−r[− grad f(pkj)])) > f(pkj)− 2−rδ

∥∥grad f(pkj)
∥∥2
.

Letting j goes to +∞ in the above inequality and taking into account that grad f and the
exponential mapping are continuous, we obtain

f(expp̄(2
−r[− grad f(p̄)])) ≥ f(p̄)− 2−rδ ‖grad f(p̄)‖2 .

The last inequality is equivalent to

−
f(expp̄(2

−r[− grad f(p̄)]))− f(p̄)

2−r
≤ δ ‖grad f(p̄)‖2 .

Thus, letting r goes to +∞ we obtain ‖grad f(p̄)‖2 ≤ δ ‖grad f(p̄)‖2, which implies
grad f(p̄) = 0, i.e., p̄ ∈ Ω∗. Therefore, since {pk} is quasi-Fejér convergent to Ω∗, we
conclude from Theorem 2.0.8 that {pk} converges to p̄ and the proof is completed. �

3.2.2 Iteration-complexity analysis

In this section, we present an iteration-complexity bound related to the gradient method for
minimizing a convex function with Lipschitz continuous gradient with constant L > 0. In
the following, as an application of Lemma 3.2.7, we obtain the iteration-complexity bound
for the gradient method with Strategy 2.

Theorem 3.2.9 Let {pk} be generated by Algorithm 1 with Strategy 2 for ζ = 1/2. Then,
for every N ∈ N, there holds

f(pN)− f ∗ ≤ L
L0 d

2(p0, q) + 2
(
Cqρ,κ − 1

)
[f(p0)− f ∗]

2NL0η
, (3.16)

for each q ∈ Ω∗. As a consequence, given a tolerance ε > 0, the number of iterations required
to obtain pN ∈M such that f(pN)− f ∗ < ε, is bounded by

L
[
L0 d

2(p0, q) + 2
(
Cqρ,κ − 1

)
[f(p0)− f ∗]

]
/(2L0εη) = O (1/ε) .

Proof. Take q ∈ Ω∗. After some algebraic manipulations, Lemma 3.2.7 implies

2tk (f(pk+1)− f ∗) ≤
[
d2(pk, q)− d2(pk+1, q)

]
+ 2tk

[
Cqρ,κ − 1

]
[f(pk)− f(pk+1)] ,

for all k = 0, 1, . . .. Using (3.10) and taking into account that Cqρ,κ ≥ 1, f(pk+1) − f ∗ ≥ 0
and f(pk)− f(pk+1) ≥ 0, for all k = 0, 1, . . ., it follows that

2η

L
[f(pk+1)− f ∗] ≤

[
d2(pk, q)− d2(pk+1, q)

]
+

2

L0

[
Cqρ,κ − 1

]
[f(pk)− f(pk+1)] ,
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Summing both sides of the above inequality for k = 0, 1, . . . , N − 1, we obtain

2η

L

N−1∑
i=0

[f(pi+1)− f ∗] ≤
[
d2(p0, q)− d2(pN , q)

]
+

2

L0

[
Cqρ,κ − 1

]
[f(p0)− f(pN)] .

Since {f(xk)} is a decreasing sequence, we conclude that

2η

L
N (f(pN)− f ∗) ≤

[
d2(p0, q)− d2(pN , q)

]
+

2

L0

[
Cqρ,κ − 1

]
[f(p0)− f(pN)] ,

which is equivalent to (3.16). The second statement of the theorem follows as an immediate
consequence of the first part. �

Whenever the Lipschitz constant L > 0 is computable, we can take a constant step-size
and Theorem 3.2.9 trivially implies the following result.

Theorem 3.2.10 Let {pk} be generated by Algorithm 1 with Strategy 1 for tk = 1/L, for
all k = 0, 1, . . . . Then, for every N ∈ N, there holds

f(pN)− f ∗ ≤
L d2(p0, q) + 2

(
Cqρ,κ − 1

)
[f(p0)− f ∗]

2N
, (3.17)

for each q ∈ Ω∗. As a consequence, given a tolerance ε > 0, the number of iterations required
by the gradient method to obtain pN ∈M such that f(pN)− f ∗ < ε, is bounded by[

L d2(p0, q) + 2
(
Cqρ,κ − 1

)
[f(p0)− f ∗]

]
/(2ε) = O (1/ε) .

We remark that, if κ = 0 then Cqρ,κ = 1. As a consequence, Theorem 3.2.10 merges
into [12, Theorem 3.2].

Corollary 3.2.11 Let {pk} be generated by Algorithm 1 with Strategy 1 for tk = 1/L, for
all k = 0, 1, . . . . Then, for every N ∈ N, there holds

min {‖ grad f(pk)‖ : k = 0, 1, . . . , N} ≤
2
√
L [L d2(p0, q) + 2 (Cqρ,κ − 1) [f(p0)− f ∗]]

N
, (3.18)

for each q ∈ Ω∗. As a consequence, given a tolerance ε > 0, the number of iterations
required by the gradient method to obtain pN ∈ M such that ‖ grad f(pN)‖ < ε, is bounded
by
√
L [L d2(p0, q) + 2 (Cqρ,κ − 1) [f(p0)− f ∗]]/ε = O (1/ε).

Proof. Let N ∈ N. Using the notation dN/2e for the least integer that is greater than or
equal to N/2, we have

f(pN+1)− f ∗ +
N∑

j=dN/2e

[f(pj)− f(pj+1)] = f(pdN/2e)− f ∗. (3.19)
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Thus, combining the last inequality with Theorem 3.2.10, we conclude that

f(pN+1)− f ∗ +
N∑

j=dN/2e

[f(pj)− f(pj+1)] ≤
L d2(p0, q) + 2

(
Cqρ,κ − 1

)
[f(p0)− f ∗]

2dN/2e
. (3.20)

On the other hand, using Lemma 3.2.4 and considering that tk = 1/L, we obtain

1

2L

N∑
j=dN/2e

‖grad f(pj)‖2 ≤
N∑

j=dN/2e

[f(pj)− f(pj+1)] ≤ f(pdN/2e)− f ∗.

In view of N/2 ≤ dN/2e, the above inequality together with (3.19) and (3.20) yield

1

2L

N∑
j=dN/2e

‖grad f(pj)‖2 ≤
L d2(p0, q) + 2

(
Cqρ,κ − 1

)
[f(p0)− f ∗]

N
.

Therefore,

min{‖ grad f(pk)‖2 : k = dN/2e, . . . , N} ≤
4L
[
L d2(p0, q) + 2

(
Cqρ,κ − 1

)
[f(p0)− f ∗]

]
N2

,

which implies the desired inequality. The second statement of the corollary follows as an
immediate consequence of the first one. �

We end this section by recalling an iteration-complexity bound for non-convex functions
defined in a general Riemannian manifolds, which appeared in [18].

Theorem 3.2.12 Let {pk} be generated by Algorithm 1 with Strategy 1. Then, for every
N ∈ N, there holds

min {‖ grad f(pk)‖ : k = 0, 1, . . . , N} ≤
√

2L(f(p0)− f ∗)√
N + 1

.

As a consequence, given a tolerance ε > 0, the number of iterations required to obtain pN ∈M
such that ‖ grad f(pN)‖ < ε is bounded by O(L(f(p0)− f ∗)/ε2).

It is worth to point out that results on iteration-complexity bound to the gradient method
on Riemannian manifold with non-negative curvature and in Hadamard manifolds with lower
bounded curvature has already appeared [12, 75, 76]. The result of this section present a
contribution to the systematic study of the iteration-complexity of the gradient methods in
the Riemannian setting.

3.3 Examples

In the following sections, we present some examples of functions satisfying the assumptions of
our results in the previous sections. In particular, we show that, by endowing the constrained
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set with a suitable Riemannian metric, a constrained Euclidean optimization problem with
non-convex objective function having non-Lipschitz gradient can be seen as unconstrained
Riemanian optimization problem with convex objective function having Lipschitz gradient.
Throughout the next sections we denote

Rn
++ :=

{
x := (x1, . . . , xn)T ∈ Rn×1 : xi > 0, i = 1, . . . , n

}
,

the positive orthant, Pn the set of symmetric matrices of order n × n and Pn++ the cone of
symmetric positive definite matrices.

3.3.1 Examples in the positive orthant

In this section, we present examples in the positive orthant endowed with a new Riemannian
metric. To present this examples we need some definitions and results of Riemannian
geometry. From now on, for each x ∈ Rn we will denote by diag(x) the diagonal matrix
in Rn×n that satisfies (diag(x))ii = xi for all i = 1, . . . , n.

Endowing Rn
++ with the Riemannian metric 〈·, ·〉 defined by 〈u, v〉 := uTG(x)v, for all

x ∈ Rn
++ and u, v ∈ TxRn

++ ≡ Rn, where G : Rn
++ → Pn++ is given by

G(x) := diag(x−2
1 , . . . , x−2

n ) ∈ Rn×n, (3.21)

we obtain a complete Riemannian manifold with zero curvature, which will be denoted by
M := (Rn

++, G). The Christoffel symbols of M are given by

Γkij :=

−x−1
k , if i = j = k,

0 , if otherwise.

(3.22)

Let f : M → R be a twice differentiable function. We denote by f ′(x) and f ′′(x)
the Euclidean gradient and hessian of f at x, respectively. Thus, (3.21) implies that the
Riemannian gradient of f is given by

grad f(x) = diag(x)2f ′(x), x ∈M. (3.23)

Moreover, (3.21) and (3.22) imply that the Riemannian hessian of f is given by

hess f(x)v =
[
diag(x)2f ′′(x) + diag(x)diag (f ′(x))

]
v, x ∈M. (3.24)

Next we present two examples of convex functions with Lipschitz gradient inM := (Rn
++, G).

Example 3.3.1 Consider the function f : Rn
++ → R defined by

f(x) :=
n∑
i=1

fi(xi), fi(xi) := −aie−bixi + ci ln (xi)
2 + di ln (xi) , i = 1, . . . n, (3.25)
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where ai, bi, di ∈ R+ and ci ∈ R++ satisfy ci > ai. Since f is coercive, it has a minimum.
By using (3.25) the first and second derivative of f at x ∈ Rn

++ are given by f ′(x) :=
(f ′1(x1), . . . , f ′n(xn)) and f ′′(x) := diag (f ′′1 (x1), . . . , f ′′n(xn)), where

f ′i(xi) = aibie
−bixi + 2ci

ln(xi)

xi
+
di
xi
, f ′′i (xi) = −aib2

i e
−bixi + 2ci

[
1− ln(xi)

x2
i

]
− di
x2
i

, (3.26)

for all i = 1, . . . , n. Note that f ′′i (1) < 0, for all i = 1, . . . , n, and then f is not Euclidean
convex. Using (3.24) and (3.26) the hessian of f in M := (Rn

++, G) is given by

hess f(x)v :=
(
a1b1e−b1x1

(
x1 − b1x

2
1

)
+ 2c1, . . . , anbne−bnxn

(
xn − bnx2

n

)
+ 2cn

)
v.

Since ci > ai, we have aibie
−bixi (xi − bix2

i ) + 2ci ≥ 0, for all i = 1, . . . , n. Hence, by using
the definition of the metric, for v = (v1, . . . , vn)T ∈ Rn and x ∈ Rn

++, we have

〈hess f(x)v, v〉 =
n∑
i=1

[
aibie

−bixi
(
xi − bix2

i

)
+ 2ci

] v2
i

x2
i

≥ 0,

concluding that f is convex in M. Since ‖v‖ = vTG(x)v = 1, we have v2
i ≤ x2

i and owing
that aibie

−bixi (xi − bix2
i ) + 2ci < ai + 2ci, for all i = 1, . . . , n , we obtain

‖hess f(x)v‖2 =
n∑
i=1

[
aibie

−bixi
(
xi − bix2

i

)
+ 2ci

]2 v2
i

x2
i

<
n∑
i=1

(ai + 2ci)
2, x ∈ R++.

Therefore, (3.4) and Lemma 3.1.3 imply that grad f is Lipschitz continuous with constant
L <

∑n
i=1(ai + 2ci)

2.

Example 3.3.2 Consider the function f : Rn
++ → R defined by

f(x) :=
n∑
i=1

hi(xi), fi(xi) := ai ln
(
xdii + bi

)
− ci ln (xi) , i = 1, . . . n, (3.27)

where ai, bi, ci, di ∈ R++ satisfy ci < aidi and di ≥ 2, for all i = 1, . . . n. The minimizer of
f is x∗ = (x∗1, . . . , x

∗
n), where x∗i = di

√
bici/(aidi − ci), for i = 1, . . . , n. By using (3.25) the

first and second derivative of f at x ∈ Rn
++ are given by f ′(x) := (f ′1(x1), . . . , f ′n(xn)) and

f ′′(x) := diag (f ′′1 (x1), . . . , f ′′n(xn)), respectively, where

f ′i(xi) = aidi
xdi−1
i

xdii + bi
− ci
xi
, f ′′i (xi) = aidi

(di − 1)bix
di−2
i − x2di−2

i

(xdii + bi)2
+
ci
x2
i

i = 1, . . . , n.

Since ci < aidi, for xi sufficiently big we have f ′′i (xi) < 0, for all i = 1, . . . n. Thus, f is not
Euclidean convex. Hence, using (3.24) we obtain that the hessian of f is given by

hess f(x)v := diag

(
a1b1d

2
1

xd11(
xd11 + b1

)2 , . . . , anbnd
2
n

xdnn
(xdnn + bn)2

)
v, (3.28)
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Thus, considering that 〈hess f(x)v, v〉 = vTG(x)hess f(x)v we conclude that

〈hess f(x)v, v〉 =
n∑
i=1

aibid
2
i

xdi−2
i(

xdii + bi
)2v

2
i ≥ 0,

which implies that f is convex in M. Since ‖v‖ = vTG(x)v = 1 we have v2
i ≤ x2

i , for all
i = 1, . . . , n. Hence, (3.28) and the definition of the metric yield

‖hess f(x)v‖2 =
n∑
i=1

a2
i b

2
i d

4
i

x2di−2
i(

xdii + bi
)4v

2
i ≤

n∑
i=1

a2
i b

2
i d

4
i

x2di
i(

xdii + bi
)4 <

n∑
i=1

a2
i d

4
i .

Therefore, (3.4) and Lemma 3.1.3 imply that grad f is Lipschitz continuous with constant
L <

∑n
i=1 a

2
i d

4
i .

We end this section by presenting two more examples of convex functions with Lipschitz
gradients in M := (Rn

++, G).

Example 3.3.3 Let the function f : Rn
++ −→ R defined by

f(x) := a ln
(
xTx+ b

)
− c

n∑
i=1

ln (xi) ,

where a, b, c ∈ R++ and nc < 2a. Note that, the first and the second euclidian derivatives of
f are given, respectively, by

f ′(x) =
2a

xTx+ b
x− c

(
x−1

1 , . . . , x−1
n

)
, (3.29)

f ′′(x)v =
2a

xTx+ b
v − 4axTv

(xTx+ b)2
x+ c diag

(
x−2

1 , . . . , x−2
n

)
v, (3.30)

for all v ∈ Rn and x ∈ Rn
++. A minimizer of f is x∗ :=

√
bc/(2a− nc)(1, . . . , 1) ∈ Rn

++.
Hence, using (3.24), (3.29) and (3.30), we obtain

hess f(x)v =
4a

xTx+ b
diag(x)2

[
v − xTv

xTx+ b
x

]
.

Thus, f is convex in M. Indeed, because for all x ∈M and v ∈ TxM holds

〈hess f(x)v, v〉 =
4a

xTx+ b

[
vTv − (xTv)2

xTx+ b

]
≥ 0.

Now, we will prove that f has gradient lipschitz in M. First, note that

‖hess f(x)v‖2 =

(
4a

xTx+ b

)2 [
v − xTv

xTx+ b
x

]T
diag(x)2

[
v − xTv

xTx+ b
x

]
.
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By doing simple algebraic manipulations it follows that ‖hess f(x)v‖2 is equal to(
4a

xTx+ b

)2
[
vTdiag(x)2v − 2

xTv

xTx+ b
xTdiag(x)2v +

(
xTv

xTx+ b

)2

xTdiag(x)2x

]
. (3.31)

Since ‖v‖ = vTG(x)v = 1 we have |vi| ≤ xi for all i = 1, . . . , n. Consequently,

vTdiag(x)2v ≤
(
xTx

)2
,
∣∣vTdiag(x)2x

∣∣ ≤ (xTx)2
, xTdiag(x)2x ≤

(
xTx

)2
.

Hence, using that |xTv| ≤ xTx and (3.31) , we obtain

‖hess f(x)v‖2 ≤
(

4axTx

xTx+ b

)2
[

1 +
2xTx

xTx+ b
+

(
xTx

)2

(xTx+ b)2

]
< 64a2.

Therefore, (3.4) and Lemma 3.1.3 imply that grad f is Lipschitz continuous with constant
L < 8a.

Example 3.3.4 Consider the function f : Rn
++ −→ R defined by

f(x) := a ln
(
Π2
x + b

)
− c

n∑
i=1

ln (xi) .

where Πx := x1 · . . . · xn and a, b, c ∈ R++. Note that, the first euclidian derivative of f is
given by

f ′(x) = 2a

(
Π2
xx
−1
1

Π2
x + b

, . . . ,
Π2
xx
−1
n

Π2
x + b

)
− c

(
x−1

1 , . . . , x−1
n

)
, ∀x ∈ Rn

++.

Hence, we can say that the second euclidean derivative of f for all x ∈ Rn
++, denoted by

f ′′(x), is given by the following expression

2a


Π2

xx
−2
1 (Π2

x+b)−2Π4
xx
−2
1

(Π2
x+b)2

. . .
2Π2

xx
−1
1 x−1

n (Π2
x+b)−2Π4

xx
−1
n x−1

1

(Π2
x+b)2

...
. . .

...
2Π2

xx
−1
n x−1

1 (Π2
x+b)−2Π4

xx
−1
n x−1

1

(Π2
x+b)2

· · · Π2
xx
−2
n (Π2

x+b)−2Π4
xx
−2
n

(Π2
x+b)2

+ c diag
(
x−2

1 , . . . , x−2
n

)
.

Given this, using (3.24) we obtain

hess f(x)v =
4abΠ2

x

(Π2
x + b)2 diag(x)2

 x−2
1 . . . x−1

1 x−1
n

...
. . .

...

x−1
n x−1

1 · · · x−2
n

 v =
4abΠ2

x

(Π2
x + b)2

[(
x−1
)T
v
]
x,

where x−1 := (x−1
1 , ..., x−1

n ). Thus, f is convex in M. Indeed, because for all x ∈ M and
v ∈ TxM holds

〈hess f(x)v, v〉 =
4abΠ2

x

(Π2
x + b)2

[(
x−1
)T
v
]2

> 0.
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Now, we will prove that f has gradient lipschitz in M. For this purpose, calculate

‖hess f(x)v‖2 =
16a2b2Π4

x

(Π2
x + b)4

[(
x−1
)T
v
]2

n.

Since vTG(x)v = 1 we have |vi| ≤ xi, for all i = 1, . . . , n. Hence, the last equality implies

‖hess f(x)v‖2 <
16a2b2Π4

x

(Π2
x + b)4n

3 < 16a2n3.

Therefore, (3.4) and Lemma 3.1.3 imply that grad f(x) is Lipschitz continuous with constant
L < 4an

√
n.

3.3.2 Examples in the SPD matrices cone

In this section, we present examples in the cone of symmetric positive definite matrices with
new Riemannian metric. Following Rothaus [63], let M := (Pn++, 〈·, ·〉) be the Riemannian
manifold endowed with the Riemannian metric given by

〈U, V 〉 := tr(V X−1UX−1), X ∈M, U, V ∈ TXM, (3.32)

where tr(X) denotes the trace of X ∈ Pn and TXM ≈ Pn. In fact, M is a Hadamard
manifold, see for example [45, Theorem 1.2. p. 325] and its curvature is bound below;
see [46]. The gradient and hessian of f :M−→ R are given by

grad f(X) = Xf ′(X)X, (3.33)

hess f(X)V = Xf ′′(X)V X +
1

2
[V f ′(X)X +Xf ′(X)V ] , (3.34)

where V ∈ TXM, f ′(X) and f ′′(X) are the Euclidean gradient and hessian of f at X,
respectively. In the following, we present two examples of convex functions with Lipschitz
gradient in M := (Pn++, 〈·, ·〉).

Example 3.3.5 Consider the function f : Pn++ −→ R defined by

f(X) = a ln(det(X))2 − b ln (det(X)) , (3.35)

where a, b ∈ R++. The Euclidean gradient and hessian of f are given, respectively, by

f ′(X) = [2a ln(det(X))− b]X−1, (3.36)

f ′′(X)V = 2a tr(X−1V )X−1 − [2a ln(det(X))− b]X−1V X−1, (3.37)

for all X ∈ Pn++ and V ∈ Pn. It follows from (3.36) that each X ∈ M satisfying detX =
eb/(2a) is a critical point of f . Thus, letting V = In and X = tIn with t ∈ R++ in (3.37)
we obtain f ′′(tIn)In = [2ant−2 − 2an ln t + b]In. Thus, f ′′(tIn) is not positive definite for
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t sufficiently large. Hence, f is not Euclidean convex. Moreover, f ′′ is not bounded and,
consequently, f ′ is not Lipschitz. On the other hand, combining (3.34), (3.36) and (3.37),
after some calculations, we obtain

hess f(X)V = 2a tr(X−1V )X, 〈hess f(X)V, V 〉 = 2atr(X−1V )2 ≥ 0, (3.38)

for all X ∈ M and V ∈ TXM. Thus, f is convex in M. Moreover, (3.32) with (3.38)
yield ‖hess f(X)V ‖ = 2atr(X−1V ), for all X ∈ M and V ∈ TXM. If we assume that
‖V ‖2 = tr(V X−1V X−1) = 1, then tr(X−1V ) ≤

√
n. Hence,

‖hess f(X)V ‖ ≤ 2a
√
n, X ∈M, V ∈ TXM, ‖V ‖ = 1.

Therefore, (3.4) and Lemma 3.1.3 imply that grad f is Lipschitz with constant L ≤ 2a
√
n.

Example 3.3.6 Consider the function f : Pn++ −→ R by

f(X) = a ln
(
det(X)b1 + b2

)
− c ln (detX) . (3.39)

where a, b1, b2, c ∈ R++ with c < ab1 The Euclidean gradient and hessian of f are given,
respectively, by

f ′(X) =
ab1 (detX)b1

(detX)b1 + b2

X−1 − cX−1, (3.40)

f ′′(X)V =
ab2b

2
1 (detX)b1

[(detX)b1 + b2]2
tr(X−1V )X−1 +

[
c− ab1 (detX)b1

(detX)b1 + b2

]
X−1V X−1. (3.41)

The equality (3.40) implies that all X ∈ M such that detX = b1

√
b2c/(ab1 − c) are critical

points for f . Letting V = In and X = tIn with t ∈ R++ in (3.41) we obtain that

f ′′(tIn)In =

[
(c− ab1) t2nd + (ab2b

2
1n+ 2b2c− ab2) tnd + b2

2c

(tnd + b2)2 t2

]
In. (3.42)

Thus, f ′′(tIn) is not positive definite for t conveniently chosen and f is not Euclidean convex.
Moreover, from (3.42) we obtain also that f ′′ is not bounded and consequently f ′ is not
Lispchtiz. The combination of (3.34), (3.40), (3.41) and (3.32) yield

hess f(X)V =
ab2b

2
1 (detX)b1[

(detX)b1 + b2

]2 tr(X−1V )X, (3.43)

for all X ∈M and V ∈ TXM. Hence, by using (3.32) and (3.43) we conclude that

〈hess f(X)V, V 〉 =
ab2b

2
1 (detX)b1[

(detX)b1 + b2

]2 tr(X−1V )2 ≥ 0, X ∈M, V ∈ TXM,
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which implies that f is convex in M. Moreover, it follows from (3.32) and (3.43) that

‖hess f(X)V ‖ =
√
n
ab2b

2
1 (detX)b1[

(detX)b1 + b2

]2 tr(X−1V ), X ∈M, V ∈ TXM. (3.44)

Therefore, by assuming that ‖V ‖2 := tr(V X−1V X−1) = 1 we obtain from (3.44) that

‖hess f(X)V ‖ ≤ ab2b
2
1 (detX)b1[

(detX)b1 + b2

]2n < ab2
1n, X ∈M, V ∈ TXM.

Therefore, (3.4) and Lemma 3.1.3 imply that f has Lipschitz gradient with constant L <
ab2

1n.

3.4 Numerical experiments

In this section, we present some numerical experiments to illustrate the behavior of the
Riemannian gradient method for minimizing convex functions onto the positive orthant
and the cone of symmetric positive definite matrices. We implemented Algorithm 1 with
Strategies 1, 2 and 3, and tested it on the examples of Section 3.3. Additionally, we consider
the application of the method to compute the Riemannian center of mass, which is a specific
instance of a geometric mean for points in a Riemannian manifold. In due course, we will
describe this problem in more detail.

Considering the positive orthant, the exponential mapping expx : TxM → M in the
Riemannian manifold M := (Rn

++, G) is assigned by

expx(v) =
(
x1e

v1
x1 , . . . , xne

vn
xn

)
, (3.45)

for each v := (v1, . . . , vn)T ∈ Rn×1 and x := (x1, . . . , xn)T ∈ Rn
++, see [58]. By using the

gradient in (3.23) and the definition of metric, we obtain

‖grad f(x)‖2 = grad f(x)TG(x) grad f(x) =
n∑
i=1

[
xi
∂f

∂xi
(x)

]2

.

For the cone of symmetric positive definite matrices, the exponential mapping expX :
TXM→M in the Riemannian manifold M := (Pn++, 〈·, ·〉) is given by

expX(V ) = X1/2e(X
−1/2V X−1/2)X1/2, (3.46)

for each V ∈ Pn and X ∈ Pn++. By using (3.33), for each X ∈M, we have

‖grad f(X)‖2 = tr
(

[Xf ′(X)]
2
)
.
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In both cases, although (3.1) is a constrained optimization problem, by (3.45) and (3.46),
Algorithm 1 generates only feasible points without using projections or any other procedure
to remain the feasibility. Hence, problem (3.1) can be seen as unconstrained Riemannian
optimization problem.

Our numerical experience indicates that it is advantageous to perform a reasonably
stringent line search. Therefore, we used ζ = 1/2 for Strategies 2 and δ = 1/2 for Strategies 3.
Additionally, we set L0 = 1 and η = 1/2 for Strategy 2. We stopped the execution of
Algorithm 1 at pk declaring convergence if

‖f ′(pk)‖∞ ≤ 10−5.

Since, by (3.23) and (3.33), grad f(pk) = 0 if only if f ′(pk) = 0, this is a reasonable stopping
criterion. The maximum number of allowed iterations was set to 1000. Codes are written in
Matlab and are freely available at https://orizon.mat.ufg.br/.

3.4.1 Academic problems

We begin the numerical experiments by testing the Riemannian gradient method on the
problems of minimizing the functions of the examples 3.3.1, 3.3.2, 3.3.5 and 3.3.6. We call
these problems by Problem 1, 2, 3 and 4, respectively.

Academic problems in the positive orthant

In this section, we compare the performance of the Riemannian with the Euclidian gradient
methods on Problems 1 and 2. We considered Algorithm 1 with Strategy 3 and implemented
the Euclidian gradient method also using the Armijo rule with the same algorithmic
parameters. It is worth mentioning that, in principle, the Euclidian method can generate
iterates out of the positive orthant. Thus, in order to keep the feasibility, in each iteration,
we simply determine the maximum step-size to remain within the feasible set and perform
a convenient line search by shrinking the step-size until the Armijo condition is satisfied.

We generated several instances of Problems 1 and 2 by considering functions (3.25)
and (3.27), respectively, with n = 100 and different parameters. In all cases, for each
i = 1, . . . , n, we set parameters ai with the same value. Equivalently for parameters bi, ci,
and di.

Problem 1. First, parameters ai, bi, and di were randomly generated between 0 and 10.
Then, in order to guarantee that ci > ai, we randomly generated parameters ci between 1.1ai
and 5.0ai. All problems were solved 100 times using starting points from a uniform random
distribution inside the box [0, 20]n. For each method, Table 3.1 informs the percentage
of runs that has reached a critical point (%), the average numbers of iterations (it) and
functions evaluations (nfev) of the successful runs.
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Riemannian Euclidian

Gradient method Gradient method

# ai bi ci di % it nfev % it nfev

1 3.77 8.17 11.10 5.92 100.0 14.1 85.5 100.0 72.3 255.4

2 7.88 5.49 17.95 3.01 100.0 21.1 148.5 100.0 56.9 208.2

3 8.96 1.72 42.11 7.18 100.0 17.0 137.1 100.0 56.0 203.3

4 3.14 1.30 13.77 9.32 100.0 9.0 55.0 100.0 76.3 232.6

5 5.49 1.72 6.82 0.83 100.0 10.0 51.0 100.0 65.1 227.3

6 4.59 4.25 13.31 8.11 100.0 11.0 67.0 100.0 71.2 228.5

7 2.10 3.80 4.31 0.10 100.0 21.2 107.0 100.0 54.1 184.7

8 8.69 7.47 28.54 4.77 100.0 8.0 57.1 100.0 61.1 255.3

9 9.85 2.24 44.60 0.57 100.0 16.0 129.0 100.0 52.0 201.9

10 2.60 1.71 9.65 2.07 100.0 18.0 109.2 100.0 57.1 185.6

11 6.03 1.40 13.57 8.94 100.0 9.0 55.0 100.0 79.2 238.1

12 5.71 4.99 9.37 3.22 100.0 20.1 121.7 100.0 59.2 191.2

13 1.38 6.07 6.78 4.86 100.0 9.0 46.1 100.0 73.5 219.6

14 2.22 0.24 5.58 9.04 100.0 14.0 71.0 100.0 141.8 408.6

15 4.19 6.24 7.73 9.48 100.0 7.0 36.0 100.0 105.8 315.4

16 8.27 2.42 10.96 3.02 100.0 17.0 103.0 100.0 66.3 237.4

17 4.72 0.64 19.35 0.62 100.0 18.0 127.0 100.0 55.6 204.1

18 2.99 1.63 11.15 6.44 100.0 14.0 85.1 100.0 75.8 250.8

Table 3.1: Parameters of function (3.25) as well as the performance of the Riemannian and
Euclidian gradient methods.

As can be seen, the Riemannian gradient method is clearly more efficient than the Euclidian
gradient method in this set of problems. In all 18 problem instances considered, the
Riemannian version required fewer iterations and function evaluations. Overall, on average,
the Riemannian gradient method performed 19.8% of iterations and 37.5% of function
evaluations required by the Euclidian method.

Figure 3.1 (a) shows a typical behavior of the methods on Problem 1. This case corresponds
to n = 2, ai = 1, bi = ci = di = 2 for i = 1, 2, and the initial point p0 = [5, 1]T . The stopping
criterion was satisfied with 4 and 14 iterations for the Riemannian and Euclidian gradient
methods, respectively. The zig-zag path of the Euclidian gradient method can be seen clearly.
In contrast, the Riemannian method rapidly approaches the minimizer. In Figure 3.1 (b), the
sup-norm of the euclidean gradient is displayed as a function of the iteration number, which
clearly shows the distinction between the methods. While the Euclidian method required 10
iterations for ‖f ′(pk)‖∞ to reach order of 10−2, the Riemannian algorihtm required only 2
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iterations.
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Figure 3.1: (a) A typical behavior of the Riemannian and the Euclidian gradient methods for
which the zigzag pattern appears for the Euclidian algorihtm. (b) Sup-norm of the euclidean
gradients per iteration.

Problem 2. We tested the algorithms on a set of 100 instances of Problem 2. We randomly
generated parameters ai and bi between 0 and 10, parameters di between 2 and 10, and a
constant µi belonging to the interval (0, 1). Then, we set ci = µiaidi, fulfilling the conditions
ci < aidi and di ≥ 2, for all i = 1, . . . , n. As for Problem 1, each instance was solved 100
times using starting points from a uniform random distribution inside the box [0, 20]n. The
results are given in the following form: for each problem instance, Figure 3.2 (a) informs the
average number of iterations, and Figure 3.2 (b) informs the average number of functions
evaluations. As a matter of aesthetics, the graphs are independent and were organized in an
increasing way.

Figure 3.2 shows that the Riemannian gradient method required fewer iterations and
function evaluations than the Euclidian gradient method in all problem instances. In terms of
percentages, on average, the Riemannian algorithm performed 9.7% and 5.6% of the number
of iterations and functions evaluations required by the Euclidian algorithm, respectively.

The results of this section allow us to conclude that there are problems for which the
introduction of a suitable metric makes it possible to explore their geometric and algebraic
structures, resulting in a large reduction in the computational cost of obtaining their solution.
In fact, by introducing a suitable Riemannian metric, a constrained optimization problem
with non-convex objective function and non-Lipschitz gradient can be transformed into an
optimization problem with convex objective function and Lipschitz gradient.

Academic problems in the SPD matrices cone

In this section we illustrate the practical applicability of the Riemannian gradient method
for minimizing convex functions onto the cone of symmetric positive definite matrices. We
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Figure 3.2: (a) Average number of iterations and (b) average number of functions evaluations
required for each of 100 instances of Problem 2 for the Riemannian and the Euclidian gradient
methods.

used Problem 3 to test the Riemannian gradient method varying the dimension and the
domain of the starting points, while Problem 4 was used to compare the different line search
strategies. For Problem 3, we adopted Strategy 3.

Problem 3. We set a = b = 1 in function (3.35). In the first set of tests, we assigned the
following values to the dimension: n = 10, 20, 50, 100, and 150. For each specific value of
n, we run the Riemannian gradient method 100 times using random starting points with
eigenvalues belonging to the interval (0, 20). In the second set of tests, we set n = 50
and varied the interval that contains the eigenvalues of the starting points. Again, for each
combination, the method was run 100 times using random starting points. The results for
the first and second set of tests are in Table 3.2 (a) and (b), respectively. First column
of Table 3.2 (a) informs the considered dimension, while the first column of Table 3.2 (b)
contains the interval for the eigenvalues of the starting points. Columns “%”, “it”, and
“nfev” are as in Table 3.1.

n % it nfev

10 100.0 18.2 110.2

20 100.0 19.9 140.4

50 100.0 14.2 114.9

100 100.0 15.2 138.2

150 100.0 27.1 271.5

(a)

λi(X0) % it nfev

(0 10) 98.0 14.2 114.6

(0 100) 99.0 14.6 117.6

(0 500) 99.0 15.0 121.0

(0 1000) 100.0 15.1 121.6

(0 2000) 100.0 15.2 122.4

(b)

Table 3.2: Performance of the Riemannian gradient method in Problem 3 varying: (a) the
dimension; (b) the domain of the starting points.
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The highlight of Table 3.2 is that the Riemannian gradient method was robust with respect
to the dimension and to the choice of the starting points. Furthermore, except for the case
where n = 150, it was not very sensitive to the variation of the dimension or to the domain
of the starting points.

For comparative purposes, we implemented and tested the Euclidean method in Problem 3.
For n = 5 (respectively, n = 10), 15 (respectively, 96) out of the 100 considered starting
points resulted in an iteration history that reached the maximum number of iterations
allowed. Finally, we observe that, by using (3.46) and the function (3.35), the Riemannian
and the Euclidian gradient iteration becomes, respectively,

Xk+1 =
[
det(Xk)

2aeb
]−tk Xk k = 0, 1, . . . ,

and

Xk+1 = Xk − tk [2a ln(det(Xk))− b]X−1
k , k = 0, 1, . . . ,

where the steep-size tk > 0 is computed according to the adopted line search strategy.
Thus, we can see that the Riemannian gradient iterations are simpler and have a lower
computational cost to be performed.

Problem 4. We set n = 100, a = b1 = b2 = 1 and c = 0.5 in function (3.39), fulfilling
c < ab1. We tested the Riemannian gradient method with each of the three strategies by
running each combination 100 times using random starting points with eigenvalues belonging
to the interval (0, 20). The results in Table 3.3 are given as in the previous tables.

Strategy 1 Strategy 2 Strategy 3

% it nfev % it nfev % it nfev

100.0 452.5 453.5 99.0 15.3 21.3 100.0 15.3 70.9

Table 3.3: Performance of the Riemannian gradient method with the different line search
strategies.

For Strategy 1, since the Lipschitz gradient constant satisfies L < ab2
1n, we used the

Lipschitz step-size tk = 1/(ab2
1n) < 1/L, for all k = 1, 2, . . .. Overall, as can be seen in

Table 3.3, the Riemannian method with Lipschitz step-sizes is clearly the least efficient,
requiring an exceedingly large number of iterations. In this case the method performs one
function evaluation per iteration. The poor performance is due to the short step-sizes in all
iterations. On the other hand, we point out that the efficiency of the Riemannian gradient
method with Lipschitz step-size is closely related to an accurate estimate of the Lipschitz
gradient constant.

Remark 3.2.3 helps to explain the results of Table 3.3 for Strategies 2 and 3. Regardless of
the starting point, Algorithm 1 with both strategies performed exactly the same number of
iterations. Additionally, in a typical run, the step-sizes were non-increasing. Therefore,
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overall, by Remark 3.2.3, the adaptive scheme in Strategy 2 required fewer function
evaluations per iteration then the Armijo line search of Strategy 3.

Despite the simple line search mechanisms employed here, the numerical results indicate
that, as it has to be expected, the efficient implementation of line search algorithms can
significantly improve the Riemannian gradient method.

3.4.2 The Riemannian center of mass

The Riemannian center of mass and so called Karcher mean is a specific instance of a
geometric mean for points in Riemannian manifolds. It has several practical applications
and has appeared in many papers, we refer the reader to [17,44,66] and the references therein.

The center of mass on the SPD matrices cone

Denotes by ‖·‖F the Frobenius norm associated to the inner product 〈U, V 〉F := tr(V U), for
all U, V ∈ Pn++. Let d be the Riemannian distance defined in M := (Pn++, 〈·, ·〉), i.e.,

d(A,X) =
∥∥ln
(
X−1/2AX−1/2

)∥∥
F
, A,X ∈ Pn++, (3.47)

see [58]. The Karcher mean of m positive definite matrices A1, . . . , Am ∈ Pn++ is the unique
solution of the optimization problem

min

{
f(X) :=

1

2

m∑
j=1

∥∥ln
(
X−1/2AiX

−1/2
)∥∥2

F
: X ∈ Pn++

}
. (3.48)

Indeed, f is a strong convex function inM due to the square of the distance (3.47) be strongly
convex in M, see for example [24]. Since f is a strong convex function, all sub-level sets of
f are bounded. As a consequence, f has Riemannian Lipschitz gradient on each sublevel set
of f . Finally, we remark that (3.47) is not an Euclidean convex function. By [44] and using
(3.33), we conclude that

grad f(X) =
m∑
i=1

X1/2 ln
(
X1/2A−1

i X1/2
)
X1/2. (3.49)

Thus, by using (3.46) and (3.49), the Riemannian gradient iteration for solving (3.48) is

Xk+1 = X
1/2
k e

−tk
∑n

i=1 ln
(
X

1/2
k A−1

i X
1/2
k

)
X

1/2
k , k = 0, 1, . . . .

see, for example, [76].

In [2], Afsari et al. studied the convergence of the Riemannian gradient method with a
Lipschitz step-size for the center of mass problem in a manifold with curvature bounded from
above and below. The step-size is defined from a local estimate for the Lipschitz gradient
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constant. Consider problem (3.48), and let r > 0 be such that A1, . . . , Am ⊂ B(X0, r), where
B(X0, r) is the open ball with center X0 and radius r. They showed that it is possible to
achieve convergence with tk = t for all k = 0, 1, . . ., where t ∈ (0, 2t̄) and

t̄ =
1

4r coth(4r)
. (3.50)

Recently, Bento et al. [8] extended the convergence of the gradient method to the Hadamard
setting for continuously differentiable functions which satisfy the Kurdyka-Lojasiewicz
inequality. In particular, they proposed a Riemannian gradient method with Armijo line
search for problem (3.48). Basically, their proposal coincides with Algorithm 1 with
Strategy 3.

We tested Algorithm 1 with each strategy on a set of 200 randomly generated
problems (3.48) with n = 200 and m = 5, 10, 20 or 50. For each value of m we considered 50
problem instances. Let us clarify how a matrix A was defined. First, we randomly generated
an orthonormal matrix B and a diagonal matrix D with elements belonging to (0, 100).
Then, we set A = BDBT ensuring that A ∈ Pn++. Given a problem instance with data
A1, . . . , Am ∈ Pn++, we defined the starting point p0 as the explog geometric mean given by

X0 := exp

(
1

m

m∑
i=1

ln(Ai)

)
,

see, for example, [3]. For Strategy 1 the Lipschitz step-size t was defined according to [2].
We set t = 1.99t̄, where t̄ is given by (3.50). Radius r can be calculated by computing
the maximum distance of p0 to each matrix Ai, i = 1, . . . ,m. Numerical comparisons are
reported in Figure 3.3 using performance profiles [27]. We adopted the number of functions
evaluations and CPU time as performance measurements.
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Figure 3.3: Performance profile comparing the Riemannian gradient method with different
line search strategies using as performance measurement: (a) number of function evaluations;
(b) CPU time.
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As can be seen, Algorithm 1 with Strategy 2 is the most efficient on the chosen set of test
problems. Efficiencies of the methods are 25.0% (respectively, 24.0%), 75.0% (respectively,
76.0%), and 0.0% (respectively, 0.0%) respectively, considering the number of function
evaluations (respectively, CPU time) as performance measurement. Efficiency of Algorithm 1
with Strategy 3 is 0.0% because Strategy 2 outperformed Strategy 3 in all considered
instances. Curiously, m is equal to 20 in all problems for which Strategy 1 was the most
efficient. Robustness are 99.5%, 100.0%, and 100.0% respectively, see Table 3.4. Only in a
problem instance Algorithm 1 with Strategy 1 reached the maximum number of iterations
allowed.

Efficiency (nfev – CPU time) (%) Robustness (%)

Strategy 1 25.0 – 24.0 99.5

Strategy 2 75.0 – 76.0 100.0

Strategy 3 0.0 – 0.0 100.0

Table 3.4: Efficiency and Robustness of Algorithm 1 with different line search strategies on
a set of 200 randomly generated Riemannian center of mass problems.

The similarity of the Figures 3.3 (a) and (b) suggests that the number of function
evaluations is a good indicator of performance. Indeed, evaluating function f is
computationally expensive, since it involves inverting p and computing m matrix logarithms.
This implies that line search schemes must be carefully formulated for the center of mass
problem. Overall, the naive implementation of the Armijo line search in Strategy 3 was
overcome by the method with Lipschitz step-size. On the other hand, the results indicate
that the adaptive search proposed in Strategy 2 is a promising scheme worth to consider.

The center of mass on the positive orthant

Let M := (Rn
++, G) be the Riemannian manifolds defined in Section 3.3.1 and d the

Riemannian distance associated. Hence, we have

d2(y, x) =
n∑
i=1

ln2

(
yi
xi

)
, y = (y1, . . . , yn), x = (x1, . . . , xn) ∈ Rn

++. (3.51)

The center of mass of m points w1, . . . , wm ∈ Rn
++ is the unique solution of the optimization

problem

min

{
f(x) :=

1

2

m∑
j=1

d2(wj, x) : x ∈ Rn
++

}
. (3.52)

Since the square of the distance (3.51) is strongly convex in M, then f is a strong convex
function in M, see for example [24]. By using (3.23), we conclude that

grad f(x) =

(
x1

m∑
j=1

ln

(
x1

wj1

)
, . . . , xn

m∑
j=1

ln

(
xn

wjn

))
,

46



where x = (x1, . . . , xn) ∈ Rn
++. Problem (3.52) has closed solution x∗ = (x∗1, . . . , x

∗
n) ∈ Rn

++

given by

x∗i =

(
m∏
j=1

wji

) 1
m

,

for all i = 1, . . . ,m. Indeed, direct calculations show that grad f(x∗) = 0.

Due to the closed-form solution, we use problem (3.52) to illustrate the results on
iteration-complexity bound of Section 3.2.2. We consider the Riemannian gradient algorithm
with Lipschitz step-size. Note that the set of positive definite diagonal matrices can be
identified with Rn

++. Thus, problem (3.52) can be seen as a particular case of problem (3.48)
for positive definite diagonal matrices. Given w1, . . . , wm ∈ Rn

++ and defining Ai = diag(wi)
for all i = 1, . . . ,m, we defined the Lipschitz step-size as in Section 3.4.2.

We set n = 100, m = 5 and randomly generated the elements of w1, . . . , wm and initial
point x0 from a uniform distribution on (0, 100). The computed Lipschitz step-size was set
to t ≈ 0.06. The Riemannian gradient algorithm stopped declaring “solution was found”
with 30 iterations. Figures 3.4 (a) and (b) report the function values of the left and right
hand sides of inequalities (3.17) and (3.18), respectively.
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Figure 3.4: Iteration-complexity bound for the Riemannian gradient method with Lipschitz
step-size related to: (a) objective function value – Theorem 3.2.10 ; (b) norm of the
Riemannian gradient – Corollary 3.2.11.

As can be seen in Figure 3.4, the iteration-complexity bounds related to the objective
function value and the norm of the Riemannian gradient are always respected, see
Theorem 3.2.10 and Corollary 3.2.11. This illustrate the practical reliability of our
iteration-complexity results.
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3.5 Conclusions

In this chapter, the behavior of the gradient method for convex optimization problems on
Riemannian manifolds with lower bounded sectional curvature was analyzed. We considered
three different finite procedures for determining the step-size, namely, constant step-size,
adaptive procedure and Armijo’s procedure. As far as we know, the full convergence of
the sequence generated by this method with these three strategies is a new contribution of
this chapter, which adds important results in the available convergence theory. Besides,
under mild assumptions, we showed that the iteration-complexity bound related to the
method is O (1/ε) for finding a point pN ∈ M such that f(pN) − f ∗ < ε. The numerical
experiments provided illustrate the effectiveness of the method in this new setting and
certify the conclusions suggested by the theoretical results. Despite the simple line search
mechanisms employed here, the numerical results indicate that, as it has to be expected, the
efficient implementation of line search algorithms can significantly improve the Riemannian
gradient method. In particular, the effectiveness of the method to find the Riemannian mass
center and the so-called Karcher’s mean is presented, indicating that the adaptive procedure
is a promising scheme that is worth considering. For this reason, it would be interesting to
analyze stochastic versions of the the gradient method by using adaptive procedures.

We remark that the assumption of boundedness from below of the sectional curvature,
is just sufficient to obtain the convergence of the gradient method. Indeed, in [72] has
been shown that all continuous convex functions on a complete manifold with finite volume
are constants. Therefore, letting M be a Riemannian manifold with sectional curvature
unbounded from below and finite volume, we conclude that for any differentiable convex
function f : M → R, the gradient method applied to minimizer it converges trivially to
its minimizer (since all convex function f is constant). Note that the set of Riemannian
manifolds with sectional curvature unbounded from below and finite volume is nonempty.
In fact, in [1, p. 457] is presented a two dimensional manifold with no lower bounded for
Gaussian curvature and finite area. Moreover, in [8] is given a class of non-trivial convex
functions on Hadamard manifolds whose sequences generated by the gradient method for
these functions converge to for their respective minimizers, see [8, Theorem 5].

Since, the boundedness from below of the Ricci curvature is a more natural geometrical
assumption (see [77] and [21]), one interesting question would be: Is it possible to obtain
the results of the present chapter by assuming only that Ricci curvature is bounded from
bellow? An affirmative answer to this question would increase the applicability domain of
the results of this thesis.

Finally, we expect that this chapter will contribute to the development of studies of
optimization methods in the Riemannian setting, including to answer the above questions.
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Chapter 4

Iteration-complexity and asymptotic
analysis of steepest descent method
for multiobjective optimization on
Riemannian manifolds

The steepest descent method for multiobjective optimization on Riemannian manifolds with
lower bounded sectional curvature is analyzed in this chapter. The aim of the chapter
is twofold. Firstly, an asymptotic analysis of the method is presented with three different
finite procedures for determining the step-size, namely, Lipschitz step-size, adaptive step-size
and Armijo-type step-size. The second aim is to present, by assuming that the objective
function has Jacobian componentwise Lipschitz continuous, iteration-complexity bounds
for the method with these three step-sizes. In addition, some examples are presented to
emphasize the importance of working in this new context.

4.1 Notations and Auxiliary Results

Letting I := {1, . . . ,m} define Rm
+ := {x ∈ Rm : xi ≥ 0, i ∈ I} and Rm

++ := {x ∈ Rm :
xi > 0, i ∈ I}. For x, y ∈ Rm

+ , y � x (or x � y) means that y − x ∈ Rm
+ and y � x

(or x ≺ y) means that y − x ∈ Rm
++. Let F := (f1, . . . , fm) : M → Rm be a differentiable

function. We denote the Riemannian jacobian of F at a point p ∈M by

∇F (p)v := (〈grad f1(p), v〉, . . . , 〈grad fm(p), v〉) , v ∈ TpM,

and the image of the Riemannian jacobian of F at p by Im(∇F (p)) := {∇F (p)v : v ∈ TpM} .
A vectorial function F :M→ Rm is said to be convex onM if for any p, q ∈M and γ ∈ Γpq
(see notation in Chapter 2) the composition F ◦ γ : [0, 1]→ R satisfies

F ◦ γ(t) � (1− t)F (p) + tF (q), ∀ t ∈ [0, 1].
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By convexity of F follows ∇F (p)γ′(0) � F (q) − F (p). A vectorial function F is called
quasi-convex on M if for every p, q ∈M and γ ∈ Γpq holds F (γ(t)) � max{F (p), F (q)}, for
all t ∈ [0, 1], where the maximum is considered coordinate by coordinate. It is immediate
of the above definitions that if F is convex then it is quasi-convex. Moreover, if F is a
quasi-convex function we have that F (q) � F (p) implies ∇F (p)γ′(0) � 0.

In the following we present a concept of Lipschitz continuity for the Riemannian Jacobian
of a vectorial function.

Definition 4.1.1 Let F := (f1, . . . , fm) :M→ Rm be a differentiable function. If for each
fi : M → R there exists a Li ≥ 0 such that, for any p, q ∈ M and γ ∈ Γpq, there holds
‖Pγ,p,q grad fi(p)− grad fi(q)‖ ≤ Li`(γ), then we say that ∇F is componentwise Lipschitz
continuous on M with constant L := maxi=1,...,m Li.

The proof of the next lemma follows, with appropriate adjustments, the same idea of proof
of the scalar version presented in [12, Corollary 2.1]. Throughout of this chapter we will use
the following notation

e := (1, . . . , 1) ∈ Rm.

Lemma 4.1.2 Let F := (f1, . . . , fm) : M→ Rm be a differentiable function. Assume that
∇F is componentwise Lipschitz continuous on M with constant L ≥ 0 and p ∈ M. Then
there holds

F (expp(tv)) � F (p) + t∇F (p)v + t2
L

2
‖v‖2 e, ∀ t ∈ [0,+∞), v ∈ TpM.

Whereas the convergence analysis of the steepest descent method for convex and quasi-convex
vector functions on Riemannian manifold with nonnegative sectional curvature are well
understood; see for example [11, 13]. Without losing the generality, hereafter, we assume
that M is a complete Riemannian manifolds with sectional curvature K ≥ κ, where κ < 0.

4.2 Steepest descent for multiobjective optimization

Let F := (f1, . . . , fm) :M→ Rm be a continuously differentiable function. The problem of
finding a optimum pareto point of F , we denote by

min{F (p) : p ∈M}. (4.1)

A point p ∈ M satisfying Im(∇F (p)) ∩ (−Rm
++) = ∅ is called critical Pareto. A optimum

Pareto point of F is a point p∗ ∈M such that there exists no other p ∈M with F (p) � F (p∗)
and F (p) 6= F (p∗). Moreover, a point p∗ ∈ M is a weak optimal Pareto of F if there is no
p ∈M with F (p) ≺ F (p∗). Consider the following problem

min
v∈TpM

{
max
i∈I
〈grad fi(p), v〉+

1

2
‖v‖2

}
, I = {1, . . . ,m}. (4.2)
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Whenever p ∈M is not critical Pareto, the optimization problem (4.2) has only one solution,
which is called steepest descent direction for F in p and denoted by

vp := arg min
v∈TpM

{
max
i∈I
〈grad fi(p), v〉+

1

2
‖v‖2

}
. (4.3)

In the next lemma we state an important property of the steepest descent direction. Its
proof can be found in [13, Lemma 5.1].

Lemma 4.2.1 The steepest descent direction mappingM3 p 7→ vp ∈ TpM , is a continuous
vector field.

Moreover, the vector vp is the solution of the problem (4.2) if and only if there exist µj ≥ 0,
for j ∈ I(vp) := {j ∈ I : 〈grad fj(p), vp〉 = maxi∈I〈grad fi(p), vp〉}, such that

vp = −
∑

j∈I(vp)

µj grad fj(p),
∑

j∈I(vp)

µj = 1, (4.4)

see [13, Lemma 4.1]. In the following lemma we state an important inequality for our
convergence analysis and an equivalence for a point p ∈M to be a critical Pareto.

Lemma 4.2.2 Let p ∈M and vp as defined (4.3). Then,

max
i∈I
〈grad fi(p), vp〉 = −‖vp‖2 . (4.5)

Consequently, ∇F (p)vp � −‖vp‖2 e. In addition, p is critical Pareto point of F if, and only
if, ‖vp‖ = 0.

Proof. Let p ∈M and vp as defined (4.3). Thus, from the first equality in (4.4) we have

−‖vp‖2 = 〈−vp, vp〉 =

〈 ∑
j∈I(vp)

µj grad fj(p), vp

〉
=
∑

j∈I(vp)

µj 〈grad fj(p), vp〉 .

Hence, using the definition of I(vp) and the second equality in (4.4) the last equality
becomes to (4.5), which is the first statement of the lemma. The second statement follows
by considering ∇F (p)vp = (〈grad f1(p), vp〉, . . . , 〈grad fm(p), vp〉) and the definition fo the
set I(vp). We proceed with the prove of the third statement of the lemma. Assuming
that p is a critical Pareto, it follows from the definition that there exist i ∈ I such that
〈grad fi(p), vp〉 ≥ 0. Then, the by first part of lemma we have ‖vp‖ = 0. The converse
follows from [13, Lemma 4.2] and the proof is concluded. �

The proof of the next lemma is a straight combination of Lemma 4.1.2 with first part of
Lemma 4.2.2 and will be omited.
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Lemma 4.2.3 Assume that ∇F is componentwise Lipschitz continuous onM with constant
L ≥ 0. Let p ∈M and vp as defined (4.3). Then there holds

F (expp (t vp)) � F (p) +

(
Lt2

2
− t
)
‖vp‖2 e, ∀ t ∈ [0,+∞).

Next we state the steepest descent algorithm in Riemanian manifold to solve (4.1).

Algorithm 2: Steepest descent algorithm in a Riemanian manifold M
Step 0. Let p0 ∈M. Set k = 0.

Step 1. Compute vk := vpk , where vpk is defined in (4.3). If vpk = 0, then stop;
otherwise, choose a step-size tk > 0 and compute

pk+1 := exppk (tk vk) . (4.6)

Step 2. Set k ← k + 1 and proceed to Step 1.

Our goal is to analyze Algorithm 2 with three different strategies for choosing the step-size
tk > 0, an analogous analysis done in the scalar case can be found in [31]. In the first strategy
we assume that ∇F is componentwise Lipschitz continuous and in the last two without any
Lipschitz condition. The statements of the strategies are as follows:

Strategy 4 (Lipschitz step-size) Assume that∇F is componentwise Lipschitz continuous
on M with constant L ≥ 0. Let ε > 0 and take

ε < tk ≤
1

L
. (4.7)

Despite knowing that ∇F is componentwise Lipschitz continuous, in general the Lipschitz
constant is not computable. Then, the next strategy can be used to compute the step-size
without any Lipschitz condition. However, as we shall show, if ∇F is componentwise
Lipschitz continuous with constant L > 0 the step-size computed is an approximation to
1/L; see the scalar case in [5, 31].

Strategy 5 (adaptive step-size) Take ζ ∈ (0, 1/2], L0 > 0, t0 := L−1
0 , and 0 < η < 1.

Consider vk is defined as in (4.3). Set tk := ηiktk−1, where

ik := min
{
i : F

(
exppk

(
ηitk−1vk

))
� F (pk)− ζηitk−1‖vk‖2e, i = 0, 1, . . .

}
. (4.8)

In the next remark we show that if ∇F is componentwise Lipschitz continuous onM, the
adaptive step-size can be seen as an approximation for 1/L.
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Remark 4.2.4 Suppose that ∇F is componentwise Lipschitz continuous on M with
constant L > 0 and L0 > 0 is an estimate for L. Assume vk is defined as in (4.3). Taking
t = 1/L, using Lemma 4.2.2 and taking into account that ζ ≤ 1/2, we obtain

F (exppk (vk/L)) � F (pk)− (ζ‖vk‖2/L)e.

Hence, it follows that tk = 1/L it is always accepted for Strategies 5. Therefore, if L0 ≥ L
we have tk = 1/L0, i.e., the step-size is constant. Now, assume L0 ≤ L. Since L0 > 0 and
η < 1 we conclude that tk in Strategies 5 satisfies

η

L
≤ tk ≤

1

L0

. (4.9)

Strategy 6 (Armijo-type step-size) Let tmax > tmin > 0 and δ ∈ (0, 1). Let vk = vpk be
defined as in (4.3). The step-size tk is chosen according the following algorithm:

Step 0. 0 < ω1 < ω2 and ω2 ∈ (0, 1). Set ` = 0 and take t̂k0 ∈ (tmin, tmax].

Step 1. If
F
(
exppk(t̂k`vk)

)
� F (pk)− δt̂k`‖vk‖2e, (4.10)

then set tk := t̂k` and stop; otherwise proceed to Step 2.

Step 2. Set `← `+ 1, choose a step-size t̂k`+1
∈ [ω1t̂k` , ω2t̂k` ] and proceed to Step 1.

In the next remark we show that, for ∇F componentwise Lipschitz continuous onM, the
step-sizes in Strategy 6 are bounded below by a positive constant.

Remark 4.2.5 Asume that∇F is componentwise Lipschitz continuous onM with constant
L ≥ 0, tmax > 2[1− δ]/L and tmin < 2ω1(1− δ)/L. Thus, Lemma 4.2.3 imply

F (exppk (t vk)) � F (pk) +

(
Lt

2
− 1

)
t ‖vk‖2 e, ∀ t ∈ [0, tmax].

Hence, by taking any t ∈ (0, 2[1− δ]/L] we conclude from last inequality that

F (exppk (t vk)) � F (pk)− δt‖vk‖2e.

Therefore, tk in Strategies 6 satisfies the inequality tk > tmin, for all k = 0, 1, . . . .

Since well-definedness of Strategies 5 and 6 follows by using ordinary arguments, we will
omitted its proof here. Hence, the sequence {pk} generated by Algorithm 2 with Strategies 4,
5 or 6 is well-defined. Finally we remind that, p is critical pareto if, and only if, ‖vp‖ = 0.
Therefore, from now on we assume that ‖vk‖ 6= 0, for all k. Moreover, {pk} denotes the
sequence generated by Algorithm 2.
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4.2.1 Asymptotic convergence analysis

In this section we analyze asymptotic convergence of the sequence {pk} generated by
Algorithm 2 with Strategies 4, 5 and 6. For that, we assume in this section that {pk}
is a infinite sequence, and consider the following set

A := {p ∈M : F (p) � F (pk), k = 0, 1, . . .}.

To proceed with our analysis from now on we will we also assume that the set A is non-empty.
The following remark gives a condition guaranteeing that A is different from empty.

Remark 4.2.6 A condition guaranteeing that A is non-empty is existence of accumulation
point for the sequence {pk}.

We will begin our analysis with an inequality that will play an important role in the
following.

Lemma 4.2.7 Let {pk} be generated with any of Strategies 4, 5 or 6. Then,

F (pk+1) � F (pk)− νtk ‖vk‖2 e, k = 0, 1, . . . , (4.11)

where ν = 1/2 for Strategy 4, ν = ζ for Strategy 5 and ν = δ for Strategy 6. As a
consequence, there holds limk→+∞ tk ‖vk‖2 = 0.

Proof. The inequality (4.11) for Strategies 5 and 6 follows from (4.6), (4.8) and (4.10),
respectively. Now, assume that {pk} is generated by using Strategies 4. In this case, using
(4.6), Lemma 4.2.3 and (4.7) we conclude that

F (pk+1) = F (exppk (tk vk)) � F (pk) +

(
Ltk
2
− 1

)
tk ‖vk‖2 e, k = 0, 1, . . . .

Hence, taking into account that (4.7) implies (Ltk/2−1) ≤ −1/2, (4.11) follows with ν = 1/2.
To proceed with the proof of the last statement, take q ∈ A. Thus, (4.11) yields

0 �
∑̀
k=0

tk ‖vk‖2 e � 1

ν

∑̀
k=0

(F (pk)− F (pk+1)) � 1

ν
(F (p0)− F (q)) ,

with implies the desired result, and the proof of the lemma is conclude. �

To simplify the statement and proof of the next result we need to define three auxiliary
constants. For that, let p0 ∈M . By using (4.11) together with (4.7), (4.9) and (4.10) define
the first constant ρ > 0 as follows

∞∑
k=0

t2k ‖vk‖
2 ≤ ρ :=


mini∈I {2[fi(p0)− fi(q)]/L : q ∈ A} , for Strategy 4;

mini∈I {[fi(p0)− fi(q)]/(ζL0) : q ∈ A} , for Strategy 5;

mini∈I {[fi(p0)− fi(q)]tmax/δ : q ∈ A} , for Strategy 6.

(4.12)
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The other two auxiliaries constants Cqρ,κ > 0 and Kqρ,κ > 0 are defined as follows

Cqρ,κ := cosh−1
(

cosh(κ̂d(p0, q))e
1
2(κ̂√ρ) sinh(κ̂√ρ)

)
, (4.13)

Kqρ,κ :=
sinh

(
κ̂
√
ρ
)

κ̂
√
ρ

Cqρ,κ
tanh Cqρ,κ

, (4.14)

where the constants κ̂ and ρ, are defined in (2.1) and (4.12), respectively.

Lemma 4.2.8 Let {pk} be generated with any of Strategies 4, 5 or 6 and q ∈ A. Assume
that the function F is quasi-convex on M. Then,

d(pk+1, q) ≤
1

κ̂
Cqρ,κ, k = 0, 1, . . . . (4.15)

As a consequence, {pk} is bounded and the following inequality holds

d2(pk+1, q) � d2(pk, q) +Kqρ,κt2k ‖vk‖
2 , k = 0, 1, . . . . (4.16)

Proof. For each k, let γk : [0,∞) −→ R be defined by γk(t) = exppk (tvk). Let βk : [0, 1]→M
be a minimizing geodesic with βk(0) = pk and βk(1) = q. By using (4.4), definition of vk,
quasi-convexity F and taking into account that q ∈ A, we have

〈vk, β′(0)〉 = −
∑

j∈I(vk)

µj 〈grad fj(pk), β
′(0)〉 ≥ 0,

∑
j∈I(vk)

µj = 1. (4.17)

Thus, applying the first inequality of Lemma 2.0.4, with t = tk, γ = γk , β = βk and p = pk
and using (4.6) and (4.17), we obtain

cosh(κ̂d(pk+1, q)) ≤ cosh(κ̂d(pk, q))

(
1 +

1

2
(κ̂tk ‖vk‖)2 sinh(κ̂tk ‖vk‖)

κ̂tk ‖vk‖

)
.

Since (4.12) implies tk ‖vk‖ ≤
√
ρ, and the map (0,+∞) 3 t 7→ sinh(t)/t is increasing, we

conclude that
cosh(κ̂d(pk+1, q)) ≤ cosh(κ̂d(pk, q))

(
1 + σ (tk ‖vk‖)2) ,

where σ := κ̂(sinh(κ̂
√
ρ))/(2

√
ρ). Now note that the last inequality implies that

cosh(κ̂d(pk+1, q)) ≤ cosh(κ̂d(pk, q))e
σ(tk‖vk‖)2 .

Therefore, by using (4.12), it follows that cosh(κ̂d(pk+1, q)) ≤ cosh(κ̂d(p0, q))e
σρ, which

considering the definition of σ and (4.13) yield (4.15). The boundedness of {pk} is immediate
from (4.15). We proceed with the proof of (4.16). Now, we apply the second inequality of
Lemma 2.0.4 and again we take into account (4.6) and (4.17) to conclude that

d2(pk+1, q) ≤ d2(pk, q) +
sinh (κ̂tk‖vk‖)

κ̂tk‖vk‖
κ̂d(pk, q)

tanh (κ̂d(pk, q))
t2k‖vk‖2. (4.18)
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Since the maps (0,+∞) 3 t 7→ t/ tanh(t) and (0,+∞) 3 t 7→ sinh(t)/t are increasing and
positive, taking into account (4.15) and that tk ‖vk‖ ≤

√
ρ, the inequality (4.18) becomes

d2(pk+1, q) ≤ d2(pk, q) +
sinh

(
κ̂
√
ρ
)

κ̂
√
ρ

Cqρ,κ
tanh Cqρ,κ

t2k‖vk‖2.

Therefore, by using (4.14) we have the desired inequality. �

In the next result we show that if F is a quasi-convex function on a Riemannian manifolds
with lower bounded sectional curvature, then {pk} is in fact convergent to a critical Pareto
point of F .

Theorem 4.2.9 Let {pk} be generated with any of Strategies 1, 2 or 3. If F is quasi-convex,
then {pk} converges to a critical Pareto point of F .

Proof. Since A is non-empty, Lemma 4.2.8 and (4.12) imply that {pk} is bounded and
quasi-Fejér convergent to set A. Taking into account Lemma 4.2.7 we conclude that {fs(pk)}
is non-increasing, for all s = 1, . . . ,m. Thus, we conclude that all cluster points of {pk}
belongs to A. Hence, Theorem 2.0.8 implies that {pk} converges to a point p̄ ∈ A. Hence,
remais to prove that p̄ is a critical Pareto point of F . We know that, for any of the three
strategies 4, 5 or 6, the sequence {tk} is bounded. Let t̄ ≥ 0 be a cluster point of {tk}
and take {tkj} such that limj→∞ tkj = t̄. First we suppose that t̄ > 0. Since limj→∞ pkj = p̄
and limj→∞ tkj = t̄, (4.12) and Lemma 4.2.1 imply that 0 = limj→∞ tkj

∥∥vkj∥∥ = t̄ ‖vp̄‖ .
Thus, considering that we are under the assumption t̄ > 0, we obtain vp̄ = 0. Therefore,
Lemma 4.2.2 implies that p̄ is a critical Pareto point of F . Now, we suppose that t̄ = 0. In
this case, we just need to analyze Strategies 5 and 6, due to Strategy 4 we have ε ≤ t̄. First
assume that Strategy 5 is use and take r ∈ N. Since limj→∞ tkj = 0 we conclude that if j is
large enough, tkj < ηrt0 =: Cr. Thus, for each j large enough, from (4.8) we have

fsj

(
exppkj

(Crvkj)
)
> fsj(pkj)− ζCr‖vkj‖2,

for some sj ∈ {1, . . . ,m}. Since the set {1, . . . ,m} is finite, without lose of generality, we
assume the there exist ŝ and a infinite set of index j such that

fŝ

(
exppkj

(Crvkj)
)
> fŝ(pkj)− ζCr‖vkj‖2.

Since limj→∞ pkj = p̄ and limj→∞ tkj = t̄, letting j goes to +∞ and taking into account that
vp and the exponential map are continuous, we obtain

fŝ
(
expp̄(Crvp̄)

)
− fŝ(p̄)

Cr
≥ −ζ‖vp̄‖2.

Thus, letting r goes to +∞, yields 〈grad fŝ(p̄), vp̄〉 ≥ −ζ‖vp̄‖2. Hence, Lemma 4.2.2 implies
that −‖vp̄‖2 ≥ −ζ‖vp̄‖2 and, considering that ζ ∈ (0, 1/2], we have ‖vp̄‖ = 0. Consequently,
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usando again Lemma 4.2.2 we conclude that p̄ is a critical pareto of F . Finally, assume
that Strategy 6 is used. Since limj→∞ tkj = 0 we conclude that if j is large enough we have

tkj < tmin. Thus, if j is large enough, there exists 0 < t̂j ≤ tmax such that 0 < ω1t̂j ≤ tkj
and

fsj

(
exppkj

(t̂jvkj)
)
> fsj(pkj)− t̂jδ‖vkj‖2,

for some sj ∈ {1, . . . ,m}. Since the set {1, . . . ,m} is finite, without lose of generality, we
assume the there exist ŝ and a infinite set of index j such that

fŝ

(
exppkj

(t̂jvkj)
)
− fŝ(pkj)

t̂j
> −δ‖vkj‖2.

Let γj(t) := exppkj
(tvkj), for t > 0, be a geodesic segment. Thus, mean value theorem implies

that there exists t̄j ∈ (0, t̂j) such that〈
grad fŝ (γj(t̄j)) , Pγj ,0,t̄jvkj

〉
> −δ‖vkj‖2. (4.19)

On the other hand, let Bε(p) ⊂ M be a totally normal ball. Hence, considering that
limj→+∞ pkj = p̄, Lemma 4.2.1 implies that limj→+∞ vkj = v̄p̄. Moreover, 0 < ω1t̂j ≤ tkj
implies that limj→+∞ t̂j = 0. Owing to 0 < t̄j ≤ t̂j we obtain that limj→+∞ t̄j = 0. Hence,
for all j large enough we have {t̄j} ⊂ (0, 1) and γj(t̄j) ∈ Bε(p), which implies

Pγj ,0,t̄jvkj =
1

1− t̄j
exp−1

γj(t̄j) exppkj
vkj .

Thus, taking the limit as j goes to +∞ and using [4, Lemma 1.1], we conclude that
limj→+∞ Pγj ,0,t̄jvkj = v̄p̄ (for a more general version of this equality, see [4, Lemma 1.2]).
Then, letting j goes to +∞ in (4.19) and taking into account Lemma 4.2.1, that grad fŝ
and the exponential map are continuous, we obtain that 〈grad fŝ(p̄), vp̄〉 ≥ −δ‖vp̄‖2. Hence,
Lemma 4.2.2 implies that −‖vp̄‖2 ≥ −δ‖vp̄‖2 and, considering that δ ∈ (0, 1), we have
‖vp̄‖ = 0. Consequently, usando again Lemma 4.2.2 we conclude that p̄ is a critical Pareto
of F . Therefore, for all Strategies 4, 5 or 6, p̄ is a critical Pareto point of F , which concludes
the proof. �

Corollary 4.2.10 Let {pk} be generated with any of Strategies 4, 5 or 6. If F is convex,
then {pk} converges to a weak optimal Pareto of F .

Proof. Since F is convex, critical points are weak optimal Pareto of F , see [13,
Proposition 5.2]. Considering that convex functions are also quasi-convex the result follows
from Theorem 4.2.9. �

4.2.2 Iteration-complexity analysis

In this section we present iteration-complexity bounds related to the steepest descent method
with Strategies 4, 5 and 6, for F having ∇F with componentwise Lipschitz continuous
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constant L > 0. For this purpose, by using (4.7), (4.9) and Remark 4.2.5, define

ξ :=


ε, for Strategy 4;

η/L, for Strategy 5;

tmin, for Strategy 6.

(4.20)

The following result extends the scalar result [12, Theorem 3.1] to multiobjective settings.
Moreover, it also extends to Riemannian context [37, Theorem 3.1].

Theorem 4.2.11 Let {pk} be generated with any of Strategies 4, 5 or 6, and set f ∗i :=
inf{fi(q) : q ∈ M}, for i ∈ I. Suppose that f ∗i is bounded from below for some i ∈ I, and
define i∗ ∈ I such that

fi∗(p0)− f ∗i∗ := min {fi(p0)− f ∗i : i ∈ I} .

Then, for every N ∈ N, there holds

min {‖vk‖ : k = 0, 1, . . . , N − 1} ≤
[
fi∗(p0)− f ∗i∗

νξ

] 1
2 1√

N
.

where ν = 1/2 for Strategy 4, ν = ζ for Strategy 5 and ν = δ for Strategy 6.

Proof. It follows from Lemma 4.2.7 that νtk ‖vk‖2 e � F (pk)− F (pk+1), for all k = 0, 1, . . ..
By summing both sides of this inequality for k = 0, 1, . . . , N − 1 and using (4.20), we obtain

νξ
N−1∑
k=0

‖vk‖2 e � F (p0)− F (pN).

Thus, by the definition of i∗, we conclude from the last inequality that

νξN min
{
‖vk‖2 : k = 0, 1, . . . , N − 1

}
≤ fi∗(p0)− f ∗i∗ .

which implies the statement of the theorem. �

Remark 4.2.12 it is worth mentioning that in the above result it was not necessary to use
any hypothesis about convexity of F and curvature of M.

Now we are going to prove that under the assumption of convexity Theorem 4.2.11 can be
improved. We begin by presenting an auxiliary inequality.

Lemma 4.2.13 Let {pk} be generated with any of Strategies 4, 5 or 6. Assume that F
is a convex function on M. Then, for q ∈ A and each k, there exist µkj′s ≥ 0 satisfying∑

j∈I(vk) µ
k
j = 1 such that

d2(pk+1, q) ≤ d2(pk, q) +Kqρ,κt2k ‖vk‖
2 + 2tk

∑
j∈I(vk)

µkj [fj(q)− fj(pk)], (4.21)

where ρ is defined in (4.12).
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Proof. For each k, let γk : [0,∞) −→ R be defined by γk(t) = exppk (tvk) and a minimizing
geodesic βk : [0, 1]→M with βk(0) = pk and βk(1) = q. Using (4.4) and the convexity of F
we conclude that exist µkj′s ≥ 0 satisfying

∑
j∈I(vk) µ

k
j = 1 such that

〈vk, β′k(0)〉 = −
∑

j∈I(vk)

µkj 〈grad fj(pk), β
′
k(0)〉 ≥

∑
j∈I(vk)

µkj (fj(pk)− fj(q)).

Applying the second inequality of Lemma 2.0.4 with β = βk, γ = γk and t = tk and using
the last inequality we obtain

d2(pk+1, q) ≤ d2(pk, q)+

sinh (κ̂tk‖vk‖)
κ̂tk‖vk‖

 κ̂d(pk, q)

tanh (κ̂d(pk, q))
t2k‖vk‖2 + 2tk

∑
j∈I(vk)

µkj (fj(q)− fj(pk))

 . (4.22)

Considering that (0,+∞) 3 t 7→ t/ tanh(t) and (0,+∞) 3 t 7→ ψ(t) := sinh(t)/t are
increasing. Furthermore, taking into account that (4.12) implies tk ‖vk‖ ≤

√
ρ, and using

(4.15), the inequality (4.22) becomes

d2(pk+1, q) ≤ d2(pk, q)+

sinh
(
κ̂
√
ρ
)

κ̂
√
ρ

 Cqρ,κ
tanh Cqρ,κ

t2k‖vk‖2 + 2tk
∑

j∈I(vk)

µkj (fj(q)− fj(pk))

 .

Therefore, owing fj(q) − fj(pk) ≤ 0 and ψ bounded from below by 1, using (4.14) the
inequality (4.21) follows from the last inequality, which concludes the proof. �

The next result, with minor adjustments, is a generalization of [37, Theorem 4.1] to
Riemannian setting, when the Armijo’s type strategy is used.

Proposition 4.2.14 Let {pk} be generated with any of Strategies 4, 5 or 6. Assume that
F is a convex function on M and q ∈ A. Then, for every N ∈ N, there are non-negative
numbers λ1, . . . , λm with

∑m
i=1 λi = 1, satisfying

m∑
i=1

λi[fi(pN)− fi(q)] ≤
d2(p0, q) +Kqρ,κρ

2ξN
, (4.23)

where ρ is defined in (4.12).

Proof. Since fi(pk)− fi(q) ≥ 0 for all i, Lemma 4.2.13 and (4.20) implies there exist µki′s ≥ 0
such that

2ξ
m∑
i=1

µki (fi(pk)− fi(q)) ≤ d2(pk, q)− d2(pk+1, q) +Kqρ,κt2k ‖vk‖
2 ,
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and
∑m

i=1 µ
k
i = 1, where for each k, define µki := 0 for all i /∈ I(vk). By summing both sides

of this inequality for k = 0, 1, . . . , N − 1, and using (4.12) follows

2ξ
N−1∑
k=0

m∑
i=1

µki (fi(pk)− fi(q)) � d2(p0, q) +Kqρ,κρ.

Since fi(pk) is a decreasing sequence for each i ∈ {1, . . . ,m}, by some algebraic manipulations
in the previous inequality we have

m∑
i=1

[
1

N

N−1∑
k=0

µki

]
[fi(pN)− fi(q)] ≤

d2(p0, q) +Kqρ,κρ
2ξN

.

Defining λi :=
∑N−1

k=0 µ
k
i /N we obtain the inequality in (4.23). To complete the proof, we

have show that
∑m

i=1 λi = 1. For that, it is sufficient to note that

m∑
i=1

λi =
1

N

m∑
i=1

N−1∑
k=0

µki =
1

N

N−1∑
k=0

m∑
i=1

µki ,

and
∑m

i=1 µ
k
i = 1 for each k. �

Finally we are ready to present the main result of this section, namely, the improvement
of Theorem 4.2.11. We remark that this result is new, even in Euclidean context.

Theorem 4.2.15 Let {pk} be generated with any of Strategies 4, 5 or 6. Assume that F is
a convex function on M and q ∈ A. Then, for every N ∈ N, there holds

min {‖vk‖ : k = 0, 1, . . . , N} ≤

(
2
(
d2(p0, q) +Kqρ,κρ

)
νξ2

) 1
2

1

N
.

where ρ is defined in (4.12) and ν = 1/2 for Strategy 4, ν = ζ for Strategy 5 and ν = δ for
Strategy 6.

Proof. Let N ∈ N and denote by dN/2e the least integer that is greater than or equal to
N/2. It follows from Lemma 4.2.7 that νtk ‖vk‖2 e � F (pk) − F (pk+1), for all k = 0, 1, . . ..
Thus, by summing both sides of this inequality for k = dN/2e, . . . , N and using (4.20), we
obtain

νξ
N∑

k=dN/2e

‖vk‖2 ≤ fi(pdN/2e)− fi(pN+1), ∀ i ∈ I.

Hence, taking non-negative numbers λ1, . . . , λm as in the Proposition 4.2.14 and considering
that q ∈ A, we conclude from the last inequality that

νξ
N∑

k=dN/2e

‖vk‖2 ≤
m∑
i=1

λi
(
fi(pdN/2e)− fi(pN+1)

)
≤

m∑
i=1

λi
(
fi(pdN/2e)− fi(q)

)
.
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Thus, from Proposition 4.2.14 and considering that N/2 ≤ dN/2e it follows that

N∑
k=dN/2e

‖vk‖2 ≤
d2(p0, q) +Kqρ,κρ

2νξ2dN/2e
≤
d2(p0, q) +Kqρ,κρ

νξ2N
.

Therefore, min{‖vk‖2 : k = dN/2e, . . . , N} ≤ 2(d2(p0, q) + Kqρ,κρ)/(νξ2N2), which implies
the desired inequality. �

4.3 Examples

In this section we present some examples to illustrate the results obtained in previous
sections. In particular, we will present some examples of multiobjective convex functions
such that its Riemannian Jacobian is componentwise Lipschitz continuous.

Example 4.3.1 Let Pn++ be the cone of symmetric positive definite matrices. Define the
multiobjective function F (X) = (f1(X), . . . , fm(X)), for fi : Pn++ −→ R is defined by

fi(X) = ai ln(det(X))2 − bi ln (det(X)) ,

where ai, bi ∈ R++ for all i = 1, . . . ,m. Consider M := (Pn++, 〈·, ·〉) where

〈U, V 〉 := tr(V X−1UX−1), X ∈ Pn++, U, V ∈ TXPn++.

In M, fi is convex and has Lipschitz gradient with constant Li ≤ 2ai
√
n, for each

i = 1, . . . ,m, see example 3.3.5. Hence, from Definition 4.1.1 the Jacobian ∇F is
componentwise Lipschitz continuous with constant L ≤ 2

√
nmax{a1, . . . , am}. Therefore,

from Corollary 4.2.10 we can apply Algorithm 2 with Strategies 4, 5 or 6 to find weak optimal
Pareto of F .

In the following we present some result to study multiobjective convex functions such that
its Riemannian Jacobian is componentwise Lipschitz continuous. We begin with a result
that, with some adjustments in the notation, can be found in [49, Lemma 2].

Lemma 4.3.2 Let M̄ and M be Riemannian manifold, ∇̄ be the Levi-Civita connection
associated to M̄ and ϕ : M̄ → M be an isometry. Then, ∇ : X (M) × X (M) → X (M)
defined by

∇VU := dϕ(∇̄V̄ Ū), ∀ V, U ∈ X (M). (4.24)

is the Levi-Civita connection associated to M̄, where V̄ = dϕ−1V and Ū = dϕ−1U .

Proof. Let f be continuously differentiable, V and U be vector fields in M. Since ϕ is a
diffeomorphism, f ◦ ϕ is continuously differentiable, V̄ = dϕ−1V and Ū = dϕ−1U are vector
fields in M̄. Thus, we can prove that (4.24) satisfies [64, equations (1.9), (1.10), (1.11) and
(1.12) on page 27 and 28] and therefore is the Levi-Civita connection associated toM. �

The next result is the main tool we need to present the following examples of the section.
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Theorem 4.3.3 Let M and M̄ be Riemannian manifolds, f : M → R be a
twice-differentiable function and ϕ : M̄ → M be an isometry. Then, f has gradient vector
field Lipschitz continuous with constant L ≥ 0 if, and only if, g : M̄ → R defined by
g := f ◦ ϕ, has gradient vector field Lipschitz continuous with constant L ≥ 0.

Proof. Let V̄ ∈ X (M̄) and set V (ϕ(q)) = dϕ(q)V̄ (q). Thus, by using the definition of the
gradient vector field and the chain rule, we have〈

grad g(q), V̄ (q)
〉

= dg(q)V̄ (q)

= df(ϕ(q))dϕ(q)V̄ (q)

= df(ϕ(q))V (ϕ(q))

= 〈grad f(ϕ(q)), V (ϕ(q))〉 .

Taking into account that ϕ is an isometry and V (ϕ(q)) = dϕ(q)V̄ (q), we obtain that

〈grad f(ϕ(q)), V (ϕ(q))〉 =
〈
grad f(ϕ(q)), dϕ(q)V̄ (q)

〉
=
〈
dϕ(q)dϕ(q)−1 grad f(ϕ(q)), dϕ(q)V̄ (q)

〉
=
〈
dϕ(q)−1 grad f(ϕ(p)), V̄ (q)

〉
.

Hence, combining the two above equality we conclude that grad f(ϕ(q)) = dϕ(q) grad g(q).
Moreover, the definition of the hessian of f together with Lemma 4.3.2 yield

hess f(ϕ(q))dϕ(q)V̄ (q) = hess f(ϕ(q))V ((ϕ(q))

= ∇V (ϕ(q)) grad f(ϕ(q))

= dϕ(p)
(
∇̄V̄ (q) grad g(q)

)
= dϕ(q)hess g(q)V̄ (q),

which implies that hess f(ϕ(q))dϕ(q) = dϕ(q)hess g(q). Then, using again that ϕ is an
isometry, we have ‖hess f(ϕ(q))‖ = ‖hess g(q)‖. Therefore, by using Lemma 3.1.3 the results
follows. �

The next result is an important property of isometries, its prove can be found in [59,
Proposition 5.6.1, p. 196].

Proposition 4.3.4 Let M and M̄ be complete Riemannian manifolds. If ϕ : M̄ → M is
a isometry and γ is a geodesic in M̄, then ϕ ◦ γ is a geodesic in M.

The following result is a straight consequence of the definition of isometry and
Proposition 4.3.4.

Theorem 4.3.5 Let M, M̄ be Riemannian manifold and ϕ : M̄ → M an isometry. The
function g :M→ R is convex iff f : M̄ → R, defined by f(p) = (g ◦ ϕ)(p), is convex.
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In the next example we change the metric of the Euclidean space Rn to prove, in particular,
that the extended Rosenbrock’s banana function is convex and has gradiente Lipschitz in Rn

with this new metric. It is worth to pointed out that the convexity of this function in two
dimension has been established in [67, p. 83].

Example 4.3.6 (Rosenbrock’s banana function class) Let fj : R2n → R be a variant
of the Rosenbrock’s banana function, defined by

fj(x1, . . . , x2n) :=
n∑
i=1

aij
(
x2

2i−1 − x2i

)2
+ (x2i−1 − bij)2 , aij ∈ R++, bij ∈ R,

for j = 1, . . . ,m. Denote M̄ as the Euclidean space R2n with the usual metric. It is well
known that fj is non-convex and its gradient is non-Lipschitz continuous in M̄. Endowing
R2n with the new Riemannian metric 〈u, v〉 := uTG(x)v, where u, v ∈ R2n and G(x) is the
2n × 2n block diagonal matrix G(x) = diag(G1(x), . . . , Gn(x)), where the blocks are given
by

Gi(x) :=

(
1 + 4x2

2i−1 −2x2i−1

−2x2i−1 1

)
, i = 1, . . . , n,

and x := (x1, . . . , x2n), we obtain a Riemannian manifold M := (R2n, G). Taking into
account that the function ϕ : M̄ →M defined by

ϕ(z1, . . . , z2n) =
(
z1, z

2
1 − z2, . . . , z2n−1, z

2
2n−1 − z2n

)
,

is an isometry, the Riemannian manifoldsM is complete and has constant seccional curvature
K = 0. On the other hand, gj : M̄ → R defined by

gj(z1, . . . , z2n) := (fj ◦ ϕ)(z1, . . . , z2n) =
n∑
i=1

aijz
2
2i + (z2i−1 − bij)2, j = 1, . . . ,m,

is a quadratics function, which is convex with gradient vector field Lipschitz in M̄ with
constant Lj := max{2, 2a1j, . . . , 2anj}. Therefore, Theorem 4.3.5 and Theorem 4.3.3 imply,
respectively, that fj is also convex and has gradient vector field Lipschitz continuous,
with constant Lj, in M. Let F (x) = (f1(x), . . . , fm(x)) be the Rosenbrock’s banana
multiobjective function. Hence, F is convex and Definition 4.1.1 implies that ∇F is
componentwise Lipschitz continuous with constant L = max{2, 2a11, . . . 2anm}. To apply
Algorithm 2 for solving multiobjective optimization problem min{F (x) : x ∈ M}, we
will calculate the exponential map and the gradient of fj in M. The gradient of fj is
given by grad fj(x) = G(x)−1f ′j(x), where f ′j is the usual gradient of fj. Given z ∈ M̄ the
exponential map in M̄, expz : TzM̄ → M̄, is given by expz(v̄) = z + v̄. Since ϕ is an
isometry, Proposition 4.3.4 implies that the exponential map in M, expx : TxM → M, is
given by

expx(v) = ϕ(ϕ−1(x) + dϕ−1(x)v).
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Therefore, taking into account that ϕ−1(x) = (x1, x
2
1 − x2, . . . , x2n−1, x

2
2n−1 − x2n) and

dϕ−1(x)v = (v1, 2x1v1 − v2, . . . , v2n−1, 2x2n−1v2n−1 − v2n), we obtain that

expx(v) =
(
x1 + v1, v

2
1 + x2 + v2, . . . , p2n−1 + v2n−1, v

2
2n−1 + x2n + v2n

)
where v := (v1, . . . , vn) ∈ TxM≡ R2n.

Example 4.3.7 Let fj : Rn
++ → R be defined by

fj(x) := aj ln

(
n∏
i=1

x
uij
i + bj

)
−

n∑
i=1

wij ln(xi) + cj

n∑
i=1

ln2(xi),

where x := (x1, . . . , xn) ∈ Rn
++, uj := (u1j, . . . , unj)

T ∈ Rn
+, wj := (w1j, . . . , wnj)

T ∈ Rn
+

and aj, bj, cj ∈ R++, for all j = 1, . . . ,m. Denote M̄ as the Euclidean space Rn with the
usual metric. The function f is in general non-convex and its gradient is non-Lipschitz in
M̄. Endowing Rn

++ with the new Riemannian metric 〈u, v〉 := uTG(x)v, where u, v ∈ TxM
and G(x) is the n× n diagonal matrix

G(x) := diag
(
x−2

1 , x−2
2 , . . . , x−2

n

)
,

we obtain the Riemannian manifold M := (Rn
++, G). Since ϕ : M̄ →M defined by

ϕ(z1, . . . , zn) = (ez1 , . . . , ezn) , (4.25)

is an isometry, then M is complete and has constant seccional curvature K = 0. The
function gj : M̄ → R defined by

gj(z) := (fj ◦ ϕ)(z) = aj ln
(
eu

T
j z + bj

)
− wTj z + cjz

T z, z := (z1, . . . , zn)T ∈ M̄,

is convex and its gradient is Lipschitz in M̄ with constant Lj ≤ aju
T
j uj/bj + 2cj. Thus,

Theorem 4.3.5 and Theorem 4.3.3 imply, respectively, that fj is also convex and has
gradient Lipschitz in M with constant Lj. Therefore, the multiobjective function F (x) =
(f1(x), . . . , fm(x)) is convex and Definition 4.1.1 implies that ∇F is componentwise Lipschitz
continuous with constant L = max{L1, . . . , Lm}. The gradient of fj is given by

grad fj(x) = diag(x)2f ′j(x), x ∈M

where diag(x) := diag(x1, . . . , xn) and f ′j is the usual derivative. Using the isometry (4.25)
Proposition 4.3.4 implies that the exponential map in M, expx : TxM → M, is given by
expx(v) = ϕ(ϕ−1(x) + dϕ−1(x)v). Thus, considering that ϕ−1(x) = (lnx1, . . . , lnxn) and
dϕ−1(x)v = (x−1

1 v1, . . . , x
−1
n vn), where v := (v1, . . . , vn), we conclude that

expx(v) =
(
x1e

v1
x1 , . . . , xne

vn
xn

)
, v := (v1, . . . , vn) ∈ TxM≡ Rn.
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4.4 Conclusions

In this chapter, the behavior of the steepest descent method for multiobjective optimization
on Riemannian manifolds with lower bounded sectional curvature is analyzed. It would be
interesting to study stochastic versions of this method. An interesting question to be also
investigated is the extension and analysis of subgradient method in this new setting.
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Chapter 5

Iteration-complexity of the
subgradient method on Riemannian
manifolds with lower bounded
curvature

In this chapter we consider the subgradient method to solve the optimization problem
defined by:

min{f(p) : p ∈M}, (5.1)

where the constraint setM is endowed with a structure of a complete Riemannian manifold
with lower bounded curvature and f : M → R is a convex function, where R = R ∪ {+∞}
denotes the extended real set numbers. Iteration-complexity bounds of the subgradient
method with exogenous step-size and Polyak’s step-size are established, completing and
improving recent results on the subject.

5.1 Notations and auxiliary results

For any two points p, q ∈M, Γpq denotes the set of all geodesic segments γ : [0, 1]→M with
γ(0) = p and γ(1) = q. The closed metric ball inM centered at the point p ∈M with radius
r > 0 is denoted by B[p, r]. Let Ω be a subset of M. We use int Ω to denote the interior of
Ω. A function f :M→ R is said to be proper if its domain domf = {p ∈M : f(p) 6= +∞}
is nonempty, where R = R ∪ {+∞} denotes the extended real set numbers. We use Γfpq to

denote the set of all γ ∈ Γpq such that γ ⊆ domf . A proper function f :M→ R is said to be
convex onM if domf is weakly convex and for any p, q ∈ domf and γ ∈ Γfpq the composition

f ◦ γ : [0, 1]→ R is a convex function on [0, 1] i.e.,

f ◦ γ(t) ≤ (1− t)f(p) + tf(q), ∀ t ∈ [0, 1],
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see [69]. The subdifferential of a convex function f :M→ R at p ∈ domf is defined by

∂f(p) :=
{
s ∈ TpM : f(q) ≥ f(p) + 〈s, γ′(0)〉 , ∀ q ∈ domf, γ ∈ Γfpq

}
. (5.2)

We remark that the subdiffential set ∂f(p) is nonempty in all p ∈ int domf ; see [69,
Proposition 2.5]. In this chapter all functions f : M → R are assumed to be convex and
lower semicontinuous on M. The following result is also proved in [69, Proposition 2.5].

Proposition 5.1.1 Let {pk} ⊂ M a bounded sequence. If the sequence {sk} is such that
sk ∈ ∂f(pk), for each k ∈ N, then {sk} is also bounded.

The following lemma plays an important role in the next sections. Its proof will be omitted
here, but it can be obtained, with some minor technical adjustments, following the ideas of
Lemma 2.0.4 together with the inequality in (5.2). Remember the notation κ̂ :=

√
|κ|.

Lemma 5.1.2 Let p ∈ int domf , 0 6= s ∈ ∂f(p), and let γ : [0,+∞) →M be the geodesic
defined by γ(t) = expp (−ts/ ‖s‖) . Then, for any t ∈ [0,+∞) and q ∈ domf there holds

cosh(κ̂d(γ(t), q)) ≤ cosh(κ̂d(p, q))+

κ̂ cosh(κ̂d(p, q)) sinh(tκ̂)

[
t

2
− tanh(κ̂d(p, q))

κ̂d(p, q)

f(p)− f(q)

‖s‖

]
and, consequently, the following inequality holds

d2(γ(t), q) ≤ d2(p, q) +
sinh (κ̂t)

κ̂

[
κ̂d(p, q)

tanh (κ̂d(p, q))
t− 2

‖s‖
(f(p)− f(q))

]
.

We end this section by recalling the concept of Lipschitz continuity of a function. A proper
function f : M → R is said to be Lipschitz continuous with constant τ ≥ 0 in Ω ⊂ M if
|f(p)− f(q)| ≤ τ d(p, q), for any p, q ∈ Ω.

5.2 Iteration-complexity of the subgradient method

In this section, we state the Riemannian subgradient method to solve (5.1) and the strategies
for choosing the step-size that will be used in our analysis. Let f : M → R be a convex
function, Ω∗ be the solution set of the problem (5.1) and f ∗ := infx∈M f(x) be the optimum
value of f . In our analysis we do not assume that Ω∗ is nonempty, except when explicitly
stated. The statement of Riemannian subgradient algorithm to solve the problem (5.1) is as
follows.
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Algorithm 3: Subgradient algorithm in a Riemanian manifold M
Step 0. Let p0 ∈ int domf . Set k = 0.

Step 1. If sk = 0, then stop; otherwise, choose a step-size sk ∈ ∂f(pk), tk > 0 and
compute

pk+1 := exppk

(
−tk

sk
‖sk‖

)
; (5.3)

Step 2. Set k ← k + 1 and proceed to Step 1.

In the following we present two different strategies for choosing the step-size tk > 0 in
Algorithm 3.

Strategy 7 (Exogenous step-size)

tk > 0,
∞∑
k=0

tk = +∞, σ :=
∞∑
k=0

t2k < +∞. (5.4)

The step-size in Strategy 7 have been used in several chapter for analyzing subgradient
method; see, for example, [22, 33,70].

Strategy 8 (Polyak’s step-size) Assume that p0 ∈ int domf , Ω∗ 6= ∅ and set

tk = α
f(pk)− f ∗

‖sk‖
, 0 < α < 2

tanh (κ̂d0)

κ̂d0

, d0 := d(p0,Ω
∗), (5.5)

where d(p0,Ω
∗) := inf{d(p0, q); q ∈ Ω∗} > 0.

This step-size in Strategy 8 was introduced in [60] and has been used in [12,15,69].

Remark 5.2.1 Since the function (0,+∞) 7→ tanh(t)/t is decreasing, then given an
estimate d̂ > d0 we can chose 0 < α < 2 tanh(κ̂d̂)/(κ̂d̂)) in Strategy 8. For Riemannian
manifold with non-negative curvature, the second inequality in (5.5) holds for all κ < 0. Due
to limt→0 tanh(t)/t = 1, letting κ goes to 0, we can choose 0 < α < 2.

From now on we assume that the sequence {pk} generated by Algorithm 3 with the two
above strategies for choosing the step-size is well defined and is infinite.

Remark 5.2.2 Note that if domf =M then ∂f(p) 6= ∅, for all p ∈ M and, consequently,
the sequence {pk} is well defined. In [70, Theorem 3.1] an asymptotic convergence analysis
was established, under the assumption that suitable sets are contained in int domf and that
the set Ω∗ is nonempty. The author proves that the sequence generated by the Algorithm 3 is
well defined and converges to an element of Ω∗. It is worth to point out that our asymptotic
convergence analysis of Algorithm 3, with Strategy 7 for choosing the step-size, we do not
assume that Ω∗ is nonempty. In this sense, our results improve the ones of [70, Theorem 3.1].

68



5.2.1 Subgradient method with exogenous step-size

In this section we assume that the sequence {pk} is generated by Algorithm 3 with Strategy 7
for choosing the step-size. To proceed with the analysis of Algorithm 3 we need some
preliminaries. Firstly we define

Ω :=
{
q ∈M : f(q) ≤ inf

k
f(pk)

}
.

Note that Ω ⊂ domf . It is worth mentioning that, in principle, the set Ω can be empty. Our
first task is to prove that the sequence {pk} is bounded.

Lemma 5.2.3 If Ω 6= ∅ then, for each q ∈ Ω there holds

d(pk+1, q) ≤
1

κ̂
cosh−1

(
cosh (κ̂d(p0, q)) e

1
2
κ̂
√
σ sinh(κ̂

√
σ)
)
, (5.6)

for all k = 0, 1, . . . ..

Proof. Applying first inequality of Lemma 5.1.2 with t = tk, p = pk and pk+1 = γ(tk) and
taking into account that q ∈ Ω we conclude that

cosh (κ̂d(pk+1, q)) ≤ cosh (κ̂d(pk, q))

[
1 + |κ|t2k

sinh (κ̂tk)

2κ̂tk

]
, k = 0, 1, . . . .

Using definition of σ in (5.4) we have tk ≤
√
σ, for all k = 0, 1, . . .. Since the map (0,+∞) 3

t 7→ sinh(t)/t is increasing, it follows from the last inequality that

cosh (κ̂d(pk+1, q)) ≤ cosh (κ̂d(pk, q))
[
1 + at2k

]
, k = 0, 1, . . . ,

where a := κ̂(sinh(κ̂
√
σ))/(2

√
σ). Note that the last inequality implies that

cosh (κ̂d(pk+1, q)) ≤ cosh (κ̂d(pk, q)) e
at2k , k = 0, 1, . . . .

Therefore, we have cosh(κ̂d(pk+1, q)) ≤ cosh(κ̂d(p0, q))e
aσ, which is equivalent to (5.6) and

the proof is concluded. �

In the next result we apply Lemmas 5.1.2 and 5.2.3 to derive an inequality that plays an
important role in our analysis, which is a generalization of the one obtained in [33, Lemma
4.1]. In the linear setting, this inequality is of fundamental importance to analyze the
subgradient method; see, for example, [22]. It is worth noting that it was obtained in [73] for
a specific function, namely, the mean function. For stating the next result, for each q ∈ Ω,
we define

Cq,κ :=
sinh (κ̂

√
σ)

κ̂
√
σ

[
1 + cosh−1

(
cosh(κ̂d(p0, q))e

1
2
κ̂
√
σ sinh(κ̂

√
σ)
)]
. (5.7)

It is important to note that Cq,κ is well defined only under the assumption Ω 6= ∅.
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Lemma 5.2.4 If Ω 6= ∅ then, for each q ∈ Ω there holds

d2(pk+1, q) ≤ d2(pk, q) + Cq,κt
2
k + 2

tk
‖sk‖

[f(q)− f(pk)], sk ∈ ∂f(pk), k = 0, 1, . . . .

Proof. Applying first inequality of Lemma 5.1.2 with t = tk, p = pk and pk+1 = γ(tk), and
taking into account that q ∈ Ω, we conclude that

d2(pk+1, q) ≤ d2(pk, q) +
sinh (κ̂tk)

κ̂tk

[
κ̂d(pk, q)

tanh (κ̂d(pk, q))
t2k +

2tk
‖sk‖

[f(q)− f(pk)]

]
,

for all k = 0, 1, . . .. On the other hand, t/ tanh(t) ≤ 1 + t, for all t ≥ 0 and the map
(0,+∞) 3 t 7→ sinh(t)/t is increasing and bounded below by 1. Thus, taking into account
that tk ≤

√
σ and f(q)− f(pk) ≤ 0, for all k = 0, 1, . . ., we conclude that

d2(pk+1, q) ≤ d2(pk, q) +
sinh (κ̂

√
σ)

κ̂
√
σ

[1 + κ̂d(pk, q)] t
2
k +

2tk
‖sk‖

[f(q)− f(pk)] ,

for all k = 0, 1, . . .. Therefore, combining Lemma 5.2.3 with (5.7) the desired inequality
follows and the proof is concluded. �

Remark 5.2.5 For Riemannian manifold with non-negative curvature, the inequality in
Lemma 5.2.4 holds for all κ < 0. Since limκ→0Cq,κ = 1, the inequality of the Lemma 5.2.4
merges into the inequality [33, Lemma 4.1].

Now we are ready to prove the main result of this section.

Theorem 5.2.6 Assume that Ω∗ 6= ∅ and f :M→ R is Lipschitz continuous with constant
τ ≥ 0. Then, for all p∗ ∈ Ω∗ and every N ∈ N, the following inequality holds

min {f(pk)− f ∗ : k = 0, 1, . . . , N} ≤ τ
d2(p0, p∗) + Cp∗,κ

∑N
k=0 t

2
k

2
∑N

k=0 tk
. (5.8)

Proof. Let p∗ ∈ Ω∗. Since Ω∗ ⊂ Ω, applying Lemma 5.2.4 with q = p∗, we obtain

d2(pk+1, p∗) 6 d2(pk, p∗) + Cp∗,κt
2
k + 2

tk
‖sk‖

[f ∗ − f(pk)], sk ∈ ∂f(pk),

for all k = 0, 1, . . .. Hence, performing the sum of the above inequality for k = 0, 1, . . . , N ,
after some algebraic manipulations, we have

2
N∑
k=0

tk
‖sk‖

[f(pk)− f ∗] ≤ d2(p0, p∗)− d2(pN+1, p∗) + Cp∗,κ

N∑
k=0

t2k.

Since f is Lipschitz continuous with constant τ ≥ 0, we have ‖sk‖ ≤ τ , for all k = 0, 1, . . ..
Therefore,

2

τ
min {f(pk)− f ∗ : k = 0, 1, . . . , N}

N∑
k=0

tk ≤ d2(p0, p∗) + Cp∗,κ

N∑
k=0

t2k,

which is equivalent to the desired inequality. �
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Remark 5.2.7 Note that, for Riemannian manifold with non-negative curvature the
inequality in (5.8) holds for all κ < 0. Since limκ→0Cq,κ = 1, Theorem 5.2.6 is reduced
to [12, Theorem 3.3].

We remark that in the first part of the next theorem we do not assume that Ω∗ 6= ∅.
Additionally, it is worth to point out that the second part was first obtained in [70]. Since
it is an immediate consequence of the first part and Lemma 5.2.4, we decide to include its
proof here.

Theorem 5.2.8 The following equality holds

lim inf
k

f(pk) = f ∗. (5.9)

In addition, if Ω∗ 6= ∅ then the sequence {pk} converges to a point p∗ ∈ Ω∗.

Proof. Assume by contradiction that lim infk f(pk) > f ∗. In this case, we have Ω 6= ∅.
Thus, from Lemma 5.2.3, we conclude that {pk} is bounded and, consequently, by using
Proposition 5.1.1, the sequence {sk} is also bounded. Let C1 > 0 such that ‖sk‖ < C1, for
k = 0, 1, . . .. On the other hand, letting q ∈ Ω, there exist C2 > 0 and k0 ∈ N such that
f(q) < f(pk)−C2, for all k ≥ k0. Hence, using Lemma 5.2.4 and considering that ‖sk‖ < C1,
for k = 0, 1, . . ., we have

d2(pk+1, q) ≤ d2(pk, q) + Cq,κt
2
k − 2

C2

C1

tk, k = k0, k0 + 1, . . . .

Consider ` ∈ N. Thus, from the last inequality, after some calculations, we conclude that

2C2

C1

`+k0∑
j=k0

tj ≤ d2(pk0 , q)− d2(pk0+`, q) + Cq,κ

`+k0∑
j=k0

t2j ≤ d2(pk0 , q) + Cq,κ

`+k0∑
j=k0

t2j .

Since the last inequality holds for all ` ∈ N, then using the inequality in (5.4) we have a
contraction. Therefore, (5.9) holds.

For proving the last statement, let us assume that Ω∗ 6= ∅. In this case, we have Ω 6= ∅
and, from Lemma 5.2.3, the sequence {pk} is bounded. Moreover, Lemma 5.2.4 implies, in
particular, that {pk} is quasi-Féjer convergent to Ω. The equality (5.9) implies that {f(pk)}
possesses a decreasing monotonous subsequence {f(pkj)} such that limj→∞ f(pkj) = f ∗. We
can assume that {f(pk)} is decreasing, monotonous and converges to f ∗. Being bounded, the
sequence {pk} possesses a convergent subsequence {pk`}. Let us say that lim`→∞ pk` = p∗,
which by the continuity of f implies f(p∗) = lim`→∞ f(pk`) = f ∗, and then p∗ ∈ Ω. Hence,
{pk} has an cluster point p∗ ∈ Ω, and due to {pk} be quasi-Féjer convergent to Ω, it follows
from Theorem 2.0.8 that the sequence {pk} converges to p∗. �
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5.2.2 Subgradient method with Polyak step-size

In this section, we assume that Ω∗ 6= ∅ and {pk} is generated by Algorithm 3 with Strategy 8
for choosing the step-size. Let us define

Cκ,d0 :=
2

α
− κ̂d0

tanh (κ̂d0)
> 0, (5.10)

where α and d0 are defined in (5.5).

Remark 5.2.9 Since limt→0 tanh(t)/t = 1, we conclude that for Riemannian manifolds with
nonnegative curvature, namely, for κ = 0, (5.10) become Cκ,d0 ≡ 2/α− 1 > 0.

In the next result, we apply Lemma 5.1.2 to obtain an inequality that plays an important
role in our analysis. Before state this result, we set

q̄ ∈ Ω∗ such that d0 = d(p0, q̄). (5.11)

Lemma 5.2.10 Let q̄ ∈ Ω∗ satisfying (5.11). Then the following inequality holds

d2(pk+1, q̄) ≤ d2(pk, q̄)− Cκ,d0α2 [f(pk)− f ∗]2

‖sk‖2 , k = 0, 1, . . . .

Proof. First we are going to prove that d(pk, q̄) ≤ d0, for all k = 0, 1, . . .. The proof will be
made by induction. For k = 0 is immediate. Assume that d(pk, q̄) ≤ d0. Using the second
inequality of Lemma 5.1.2 with q = q̄, t = tk, p = pk, s = sk, pk+1 = γ(tk) and considering
that f ∗ = f(q̄), we obtain

d2(pk+1, q̄) ≤ d2(pk, q̄) +
sinh (κ̂tk)

κ̂tk

[
κ̂d(pk, q̄)

tanh (κ̂d(pk, q̄))
t2k +

2tk
‖sk‖

[f ∗ − f(pk)]

]
.

Since the map (0,+∞) 3 t 7→ t/ tanh(t) is increasing, using the assumption d(pk, q̄) ≤ d0

and definition of tk in (5.5), the last inequality becomes

d2(pk+1, q̄) ≤ d2(pk, q̄) +
sinh (κ̂tk)

κ̂tk

[
κ̂d0

tanh (κ̂d0)
− 2

α

]
α2 [f(pk)− f ∗]2

‖sk‖2 . (5.12)

Thus, the inequalities in (5.5) imply that d(pk+1, q̄) ≤ d(pk, q̄) ≤ d0 and the induction is
concluded. Hence, d(pk, q̄) ≤ d0, for all k = 0, 1, . . .. Therefore, we can also prove that (5.12)
hods, for all k = 0, 1, . . .. Taking into account that sinh(κ̂tk)/(κ̂tk) ≥ 1, the combination of
second inequality in (5.5), (5.10) and (5.12) yield the desired inequality. �

Remark 5.2.11 Since limt→0 tanh(t)/t = 1 and limt→0 sinh(t)/t = 1, then by using similar
idea considered in the proof of Lemma 5.2.10, we can show that, for Riemannian manifolds
with nonnegative curvature, holds d2(pk+1, q) ≤ d2(pk, q) − (2/α − 1)t2k, for all k = 0, 1, . . .
and all q ∈ Ω∗.
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The next result presents an iteration-complexity bound for the subgradient method with
the Polyak’s step-size rule.

Theorem 5.2.12 Assume that f : M → R is Lipschitz continuous with constant τ ≥ 0.
Let q̄ ∈ Ω∗ satisfying (5.11). Then, for every N ∈ N, there holds

N∑
k=0

[f(pk)− f ∗]2 ≤
τ 2d2(p0, q̄)

Cκ,d0
. (5.13)

As a consequence,

min {f(pk)− f ∗ : k = 0, 1, . . . , N} ≤ [τd(p0, q̄)]/
√
Cκ,d0(N + 1). (5.14)

Proof. Since f is Lipschitz continuous with constant τ ≥ 0, we have ‖sk‖ ≤ τ , for all
k = 0, 1, . . .. Thus, it follows from Lemma 5.2.10 that

[f(pk)− f ∗]2 ≤
τ 2

Cκ,d0α
2
[d2(pk, q̄)− d2(pk+1, q̄)], k = 0, 1, . . . .

Performing the sum of the above inequality for k = 0, 1, . . . , N , we obtain (5.13). The second
statement of the theorem is an immediate consequence of the first one. �

Remark 5.2.13 It is worth noting that if κ = 0 we have Cq,κ = 1 and then Theorem 5.2.12
merges into the inequality [12, Theorem 3.4].

Theorem 5.2.14 The following equality holds limk→∞ f(pk) = f ∗. Consequently, all cluster
point of {pk} is a solution of (5.1).

Proof. Letting N goes to +∞ in (5.13), we conclude that limk→∞ f(pk) = f ∗. It follows from
Lemma 5.2.10 that {pk} is bounded. For concluding the proof, let p̄ be an accumulation
point of {pk} and {pki} a subsequence of {pk} such that limki→+∞ pki = p̄. Therefore,
f(p̄) = limki→∞ f(pki) = f ∗ and then p̄ ∈ Ω∗. �

Corollary 5.2.15 For κ = 0 the sequence {pk} converges to a point q ∈ Ω∗.

Proof. Lemma 5.2.10 implies that {pk} is bounded. As a consequence, {pk} has at least
one cluster point. Thus, by Theorem 5.2.14, it follows that there exists a subsequence
{pki} of {pk} converging to a q ∈ Ω∗. Hence, limki→∞ d(pki , q) = 0. Since the
inequality of Remark 5.2.11 implies that {d(pk, q)} is monotonic decreasing, it holds that
limk→∞ d(pk, q) = 0, completing the proof. �
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5.3 Numerical examples

In this section, we numerically illustrate the results on complexity-iteration bounds of
Section 5.2. For this aim, we consider the convex feasibility problem in Riemannian setting
which consists of finding a point p ∈M such that

p ∈ C :=
m⋂
i=1

Ci, Ci := {p ∈M : fi(p) ≤ 0}, (5.15)

where fi :M→ R is convex, for all i = 1, ...,m. This problem can be equivalently rewritten
as an optimization problem (5.1) where f :M→ R is given by

f(p) := max {f1(p), . . . , fm(p), 0} .

Note that f(x) ≥ 0 for all x ∈ M. If C 6= ∅, then C = {p ∈ M : f(p) = 0}. Thus, C is
the solution set of the problem (5.1) and f ∗ = 0. Now, if the interior of C is nonempty, i.e,
intC 6= ∅, then there exist ε > 0 and x̂ ∈ M such that fi(x̂) ≤ −ε, for all i = 1, . . . ,m. In
this case, defining

f(p) := max {f1(p), . . . , fm(p),−ε} , (5.16)

the solution set of the problem (5.1) is contained in intC and f ∗ = −ε.
Our examples consist of convex feasibility problems (5.15) where C has nonempty interior.

Let us explain how the examples were generated. Let M be a Riemannian Manifold with
sectional curvature bounded from above by K and set

ρK :=
1

2
min

{
injM,

π

2
√
K

}
,

where injM is the injectivity radius of M, with the convention that 1/
√
K = +∞ for

K ≤ 0; see [64, pag. 110]. Let d be the associated Riemannian distance. Set q ∈ M, and
choose r > 0 and v1, ..., vm ∈ TqM in such a way that

ai := expq

(
r
vi
‖vi‖

)
∈ B(q, ρ), (5.17)

for all i = 1, . . . ,m, and some ρ < ρK . Since d(ai, q) = r, we conclude that ai ∈ ∂B[q, r],
where ∂B[q, r] denotes the boundary of B[q, r], for all i = 1, . . . ,m. Let ε > 0 and define
fi :M→ R by

fi(p) := d(p, ai)− r − ε,
for each i = 1, . . . ,m, and consider f given by (5.16). In this case, we have B[q, ε] ⊂ C,
f ∗ = −ε, and d0 ≤ d(p0, q) where d0 is defined in (5.5). Moreover, f is Lipschitz continuous
with constant τ = 1. Given p ∈M, it follows that

−
∑
j∈Ip

αj
exp−1

p aj

d(aj, p)
∈ ∂f(p),
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where Ip := {j : p 6= aj, j = 1, . . . ,m} and
∑

j∈Ip αj = 1, see [14, 73]. We generated two
examples with different types of Riemannian manifolds M as described below.

Example 5.3.1 (Positive definite symmetric matrices) Let Pn and Pn++ be the set of
symmetric matrices and the set of positive definite symmetric matrices, respectively. Let
M := (Pn++, 〈·, ·〉) be the Riemannian manifold endowed with the Riemannian metric given
by

〈U, V 〉 := tr(V X−1UX−1), X ∈M, U, V ∈ TXM≈ Pn.

Let d be the Riemannian distance defined in M := (Pn++, 〈·, ·〉), see (3.47).

We set n = 10, m = 10, r = 1, and ε = 0.1. We random generated matrix q ∈ Pn++ and the
starting point p0 ∈ Pn++ with eigenvalues belonging to (0, 100), and matrices v1, ..., vm ∈ Pn
with eigenvalues belonging to (−100, 100). Then, matrices a1, ..., am ∈ Pn++ were generated
according to (5.17).

Example 5.3.2 (Sphere) Let S := {x ∈ Rn : ‖x‖ = 1} be the (n − 1)-dimensional
unit sphere. Endowing the sphere S with the Euclidean metric 〈·, ·〉 we obtain a complete
Riemannian manifold with curvature equal to 1, which will be also denoted by S. The
tangent plane at x ∈ S is given by TxS := {v ∈ Rn : 〈v, x〉 = 0} and the exponential
mapping expx : TxM→M in assigned by

expx v :=

cos(‖v‖)x+ sin(‖v‖) v
‖v‖ , v 6= 0,

x, v = 0.

The inverse of the exponential mapping exp−1
x :M→ TxM is given by

exp−1
x y :=

arccos 〈x, y〉√
1− 〈x, y〉2

(I − xxT )y.

The Riemannian distance between x, y ∈ S is given by d(x, y) = arccos 〈x, y〉, for more
details, see, for example, [30].

We set n = 200, m = 50, r = π/16, and ε = 0.001. We defined q = (1, . . . , 1)/
√
n

and random generated vectors v1, ..., vm ∈ TqS. Then, vectors a1, ..., am ∈ S were generated
according to (5.17). The starting point p0 ∈ S was generated by taking a random vector

v ∈ TqS and setting p0 = expq

(
λπ

8
v
‖v‖

)
, where λ ∈ (0, 1).

We coded Algorithm 3 in Matlab and run it on the above examples. For Example 5.3.1
we used the exogenous step-size given by tk = 1/(k + 1) for all k = 0, 1, . . ., while for
Example 5.3.2 we adopted the Polyak’s step-size with α = 1.9999 × tanh(d(p0, q))/d(p0, q).
For each example, since f ∗ = −ε, by Theorems 5.2.8 and 5.2.14 respectively, there exists k0

such that pk ∈ C for all k ≥ k0. Therefore, these convex feasibility problems are solved
by Algorithm 3 in a finite number of iterations. Indeed, Algorithm 3 found a feasible

75



point with 55 and 41 iterations for Examples 5.3.1 and 5.3.2, respectively. Figure 5.1 (a)
corresponds to Example 5.3.1 and reports the function values of the left and right hand sides
of inequality (5.8) for each iteration of Algorithm 3. In its turn, Figure 5.1 (b) is related to
Example 5.3.2 and illustrates the iteration-complexity bound given by (5.14).
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Figure 5.1: Iteration-complexity bound for the Riemannian subgradient method with: (a)
exogenous step-size applied to Example 5.3.1 – Theorem 5.2.6; (b) Polyak’s step-size applied
to Example 5.3.2 – Theorem 5.2.12.

As can be seen in Figure 5.1, inequalities (5.8) and (5.14) in Theorems 5.2.8 and
5.2.14 are met for all iterations of Algorithm 3, illustrating the practical reliability of our
iteration-complexity results.

5.4 Conclusions

In this chapter, we analyzed the iteration-complexity of subgradient method with exogenous
step-size and Polyak’s step-size. In general, the Polyak’s step-size has a better performance
than the exogenous step-size, but the choice of exogenous step-size is also interesting because
it does not depend on any data computed during the algorithm, being important in large scale
optimization problems. Since the feasibility and optimization problems are close related,
this chapter complements the understanding of the subgradient algorithm in this settings.
Finally, we remark that for Riemannian manifolds with curvature unbounded below, perhaps
another strategy for the step will be need since is not possible to control the distance between
the geodesics. Indeed, if the curvature is positive the geodesics emanating from the same
point tend to approximate one each other, the contrary occurs if the curvature is negative.
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Chapter 6

Final remarks

In this thesis, the behavior of the gradient and subgradient methods for convex optimization
problems on Riemannian manifolds with lower bounded sectional curvature was analyzed.
Most of the theory made here is based on the extension of known results on manifolds with
non-negative curvature. This extension is important because there are a huge number of
known Riemannian manifolds with lower bounded curvature, for instance: compact manifolds
and manifolds with constant curvature. The proofs of the main results in this thesis depend
of inequalities obtained through the extension of the “law of cosines” of Euclidean space.
From these inequalities and some other auxiliary results obtained here, we believe that it is
possible to obtain other convergence results on Riemannian manifolds with lower bounded
curvature. Given this, it would be interesting to study in future work: inexact and stochastic
versions for gradient and subgradient methods, the subgradient method for multiobjective
optimization, as well the incremental gradient and subgradient methods, see [16, 55] and
other methods that have similar convergence analysis to the methods considered in this
work.

Finally, we remark that for Riemannian manifolds with curvature unbounded below,
perhaps another strategy for the step will be need since is not possible to control the distance
between the geodesics with the Toponogov comparison theorem. Therefore, a interesting
problem for theoretical purposes that can be investigated is find another test strategy that
makes it possible to extend the results of this thesis without assuming any restriction on the
curvature of the manifold. An advance for this would be interesting to make restriction on
the curvature of Ricci instead of the sectional.
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