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Resumo

Paiva, Nara. Length Coordinates for Moduli Spaces and the Dis-
tribution of Semi-Arithmetic Hyperbolic Surfaces Coordenadas

de Comprimento para Espaços Moduli e a Distribuição de Su-
perfícies Hiperbólicas Semi-Aritméticas. Goiânia, 2026. p100. Tese de
Doutorado do Programa de Pós–Graduação em Matemática do Instituto de
Matemática e Estatística da Universidade Federal de Goiás.

Esta tese investiga a interação entre geometria hiperbólica, espaço moduli e
estruturas aritméticas em superfícies, com ênfase em superfícies hiperbólicas semi-
aritméticas e subaritméticas.

Do ponto de vista geométrico, mostramos que qualquer superfície hiperbólica
fechada de gênero g ≥ 2, na parte espessa do espaço moduli, é determinada pelos
comprimentos de no máximo 12g − 12 geodésicas fechadas, com cotas logarítmicas
explícitas em g. Esse resultado fornece uma versão quantitativa da determinação
por comprimentos, ótima a menos de constantes multiplicativas.

Aplicamos esse arcabouço a problemas de natureza aritmética. Na classe de
superfícies aritméticas, obtemos cotas inferiores polinomiais para a distância de
Teichmüller entre recobrimentos finitos distintos de uma superfície fixa dessa classe.
No contexto semi-aritmético, provamos resultados de contagem para superfícies com
invariantes limitados, mostrando que sua quantidade cresce, no máximo, de forma
superexponencial com o gênero.

Por fim, estabelecemos um resultado de densidade para superfícies subaritméti-
cas de assinatura (1, 1), mostrando que os Q-pedaços subaritméticos formam um
subconjunto denso no espaço moduli correspondente.

Palavras-chave
Superfícies Hiperbólicas; Espaço de Teichmüller; Espectro de Comprimentos;

Superfícies Semi-Aritméticas; Grupos Fuchsianos.



Abstract

Paiva, Nara. Length Coordinates for Moduli Spaces and the Distri-
bution of Semi-Arithmetic Hyperbolic Surfaces. Goiânia, 2026. p100.
PhD. Thesis from the Graduate Program in Mathematics at the Institute
of Mathematics and Statistics of the Federal University of Goiás.

This thesis investigates the interplay between hyperbolic geometry, moduli
space, and arithmetic structures on surfaces, with a focus on semi-arithmetic and
subarithmetic hyperbolic surfaces.

On the geometric side, we show that any closed hyperbolic surface of genus g ≥ 2

in the thick part of moduli space is determined by the lengths of at most 12g − 12

closed geodesics, with explicit logarithmic bounds in g. This provides a quantitative
form of length-based determination, optimal up to multiplicative constants.

We apply this framework to arithmetic problems. Within the class of arithmetic
surfaces, we obtain polynomial lower bounds for the Teichmüller distance between
distinct finite coverings of a fixed surface in this class. In the semi-arithmetic setting,
we prove counting results for surfaces with bounded invariants, showing that their
number grows at most superexponentially with the genus.

Finally, we establish a denseness result for subarithmetic surfaces of signature
(1, 1), proving that subarithmetic Q–pieces form a dense subset of the corresponding
moduli space.

Keywords
Hyperbolic Surfaces; Teichmüller Space; Length Spectrum; Semi-Arithmetic

Surfaces; Fuchsian Groups.
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Introdution

Hyperbolic surfaces provide a natural setting for relating geometric, topological,
and analytic properties of surfaces. The space of all such structures, organized
up to equivalence, gives rise to the moduli space, which appears as a central
object in several areas of mathematics, including low-dimensional topology, algebraic
geometry, and mathematical physics (see [15, Chapter 12]). From a geometric
perspective, the lengths of closed geodesics encode significant information about
the surface and are closely related to spectral invariants of the Laplace operator via
the Selberg trace formula (see [8, Section 9.5]). From the point of view of number
theory, certain hyperbolic surfaces carry additional arithmetic structure, as in the
case of arithmetic Fuchsian groups, where geometric quantities such as traces of
group elements are related to algebraic data in number fields (see [17, Chapter 5]).
These interactions make the study of hyperbolic surfaces a natural framework for
investigating how geometric data, such as lengths of closed geodesics, reflect deeper
structural properties of the surface.

Let Mg denote the moduli space of closed hyperbolic surfaces of genus g ≥ 2.
Points of Mg represent isometry classes of hyperbolic metrics on a fixed topological
surface of genus g, and through the uniformization theorem every such surface can
be written as S = Γ\H, where Γ < PSL(2,R) is a torsion-free cofinite Fuchsian
group.

Although moduli space provides a natural setting for studying hyperbolic sur-
faces up to isometry, it does not retain information about how curves on different
surfaces correspond to each other. In particular, when comparing geometric data
such as lengths of closed geodesics, it is often necessary to keep track of the underly-
ing topological identification between surfaces. This leads naturally to the introduc-
tion of markings and to the Teichmüller space, which records hyperbolic structures
together with a reference homeomorphism from a fixed topological surface.

Formally, the Teichmüller space Tg consists of equivalence classes of marked
hyperbolic surfaces, and it carries the Teichmüller metric defined via extremal
quasiconformal maps (see [15, Chapter 11]). This metric measures the minimal
quasiconformal distortion between marked surfaces and yields precise multiplicative
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control on the lengths of closed geodesics. In particular, small Teichmüller distance
implies uniform bounds on the distortion of the length spectrum.

For every genus g ≥ 2, Seppälä and Sorvali [30] proved that there exists a
collection of 6g− 4 marked simple closed geodesics on a fixed reference surface such
that the corresponding length functions determine uniquely any point of Tg. This
raises a natural quantitative problem: given a surface S ∈ Tg, how short can the
curves in a family of closed curves be so that their lengths still determine S?

Let S ∈ Tg be a marked hyperbolic surface with g ≥ 2 and injectivity radius
at least s > 0. Dória proved in [13, Proposition 4.1.7] that one can choose 9g − 9

simple closed curves on the reference surface whose length functions determine any
point in Tg and whose lengths on S satisfy an explicit linear bound in g. More
precisely, there exist constants A (universal) and B = B(s) such that each of these
geodesics has lengths on S at most Ag+B. While every hyperbolic surface of genus
g admits a closed geodesic of length at most 2 log g + D, for a universal constant
D, the constructions of Brooks [7, Lemma 3.1], Buser–Sarnak [9, Section 4], and
Katz–Schaps–Vishne [19, Theorem 1.10] provide sequences of surfaces for which the
length of the shortest closed geodesic is bounded below by a constant multiple of
log g, indicating that logarithmic behavior is the best possible order.

Dória’s result [13, Proposition 4.1.7] relies on pants decompositions and Fenchel–
Nielsen coordinates. By contrast, Parlier [28] introduced a different approach to
length coordinates, based on families of curves designed to control the geometry of
a surface directly through length data.

Parlier’s construction begins with a collection C of disjoint simple closed geodesics
and a maximal family A of simple orthogeodesic arcs in the complement whose
endpoints lie on the geodesics of C. Each arc a ∈ A determines an associated
closed geodesic γa, obtained by concatenating the arc with suitable subarcs of
boundary curves. The union of the curves in C together with the associated
chains {γa} forms what is called a curve and chain system. A key feature of such
systems is that the lengths ℓ(γ) and twist parameters τ(γ) for γ ∈ C, defined in
Section 1.5, together with the lengths ℓ(γa) of the associated chain curves arising
from orthogeodesic arcs, determine uniquely the isometry class of the surface, as
shown in [28, Proposition 3.6]. Moreover, Parlier shows that every closed hyperbolic
surface of genus g ≥ 2 admits a curve and chain system in which the lengths of all
curves involved grow at most of order log(g).

Building on this construction, we obtain a quantitative determination theorem
for surfaces in the thick part of moduli space, which is a consequence of Theorem
3.4 in this thesis.
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Theorem A Let s > 0. For any closed hyperbolic surface S ∈ Mg with injectivity
radius at least s, there exist closed geodesics γ1, . . . , γn ⊂ S, with n ≤ 12g−12, such
that:

(1) The length of each curve satisfies

ℓ(γi) ≤ 16 log(4g) + 8 arcsinh

(
1

sinh
(
s
2

)) , for all i = 1, . . . , n;

(2) If S ′ ∈ Mg also has injectivity radius at least s and there exists a homeomor-
phism φ : S → S ′ such that

ℓS′(φ(γi)) = ℓS(γi), for all i = 1, . . . , n,

then S and S ′ are isometric.

We remark that this bound is optimal up to multiplicative constants. Indeed, as
mentioned above, there exist sequences of genera {gi} tending to infinity for which
one can find closed hyperbolic surfaces Si of genus gi such that every closed geodesic
γ ⊂ Si satisfies ℓ(γ) ≥ c log(gi) for some universal constant c > 0. Consequently, the
upper bound in Theorem A cannot, in general, be improved beyond the logarithmic
order in g.

This optimality has important implications for quantitative estimates. An ef-
fective version was recently established by Qiliang Luo [23], who proved that the
degrees of the coverings can be bounded above by a polynomial in ε−1. More pre-
cisely, there exists a constant k > 0 such that coverings achieving dT (Mε, Nε) ≤ ε

may be chosen with degree at most ε−k.
Among all hyperbolic surfaces, arithmetic surfaces form a distinguished and rigid

subclass. These surfaces are characterized by strong algebraic constraints on the
traces of their uniformizing groups.

Let S be a fixed closed hyperbolic surface. For each genus g, only finitely many
surfaces in Mg arise as coverings of S, since coverings correspond to finite index
subgroups of the uniformizing group. The Ehrenpreis conjecture, proved by Kahn
and Markovic [16], asserts that for any two closed hyperbolic surfaces M and N ,
both of genus g ≥ 2, and for every ε > 0, there exist finite coverings Mε → M and
Nε → N such that

dT (Mε, Nε) ≤ ε.

Where dT denotes the Teichmüller metric in Mg. In particular, the minimal
Teichmüller distance between distinct coverings of a fixed surface S of genus g tends
to zero as g → ∞.
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The constructions of Kahn–Markovic already suggest that the optimal asymp-
totic behavior should be polynomial. Luo’s result confirms that such a polynomial
upper bound indeed holds. Our rigidity result below Theorem B shows that, in
the arithmetic setting, this polynomial rate cannot in general be improved, thereby
showing that the polynomial bound is essentially sharp in this case.

Let Γ < PSL(2,R) be a cofinite Fuchsian group and let

kΓ = Q
(
tr(γ) | γ ∈ Γ(2)

)
,

where Γ(2) = ⟨γ2 | γ ∈ Γ⟩, be its invariant trace field. A closed hyperbolic surface
S = Γ\H is called arithmetic if Γ satisfies the following characterization due to
Takeuchi [31]:

1. the field kΓ is a totally real number field;
2. the traces of elements of Γ(2) are algebraic integers; and
3. for every nontrivial embedding σ : kΓ → C, one has

σ(tr(γ2)) ∈ [−2, 2] for all γ ∈ Γ.

Arithmetic hyperbolic surfaces satisfy a strong finiteness property. A theorem of
Borel [6] asserts that there are only finitely many arithmetic surfaces of a fixed
genus g. Moreover, Belolipetsky–Gelander–Lubotzky–Shalev [4] obtained precise
asymptotic estimates showing that the number of arithmetic surfaces of genus g,
denoted by ASg, satisfy

lim
g→∞

logASg

g log g
= 2. (1)

In particular, the number of arithmetic surfaces of genus g grows superexponentially
in g, with precise logarithmic asymptotics.

Arithmetic surfaces also exhibit rigidity reflected in the behavior of traces. Luo
and Sarnak [24] established spacing properties for traces of arithmetic groups, show-
ing that distinct traces cannot accumulate too closely. Such arithmetic separation
results impose quantitative restrictions on the possible lengths of closed geodesics.
When combined with the logarithmic length coordinates developed above, these con-
straints lead to lower bounds for the Teichmüller distance between distinct coverings
of a fixed arithmetic surface. Combining Theorem A with the arithmetic rigidity de-
scribed above leads to quantitative results on coverings of arithmetic hyperbolic
surfaces.

We now state our quantitative rigidity result.
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Theorem B Let S be a closed arithmetic hyperbolic surface of genus g ≥ 2 whose
invariant trace field has degree d. There exist constants A > 0 and C > 0, depending
only on d, such that for any two distinct finite coverings S ′, S ′′ → S of genus g, one
has

dT (S
′, S ′′) ≥ Ag−C .

In particular, arithmetic constraints impose a polynomial lower bound on how
fast distinct coverings of a fixed arithmetic surface can accumulate in moduli space.

Now we discuss another application of Theorem A in the moduli space of a class of
hyperbolic surfaces. In particular, we focus on surfaces arising from semi-arithmetic
Fuchsian groups. The notion of semi-arithmetic Fuchsian groups was introduced by
Schmutz Schaller and Wolfart [29] as a natural weakening of arithmeticity. A cofinite
Fuchsian group Γ is semi-arithmetic if

1. kΓ is a totally real number field, i.e., σ(kΓ) ⊆ R, for every homomorphism
σ : kΓ → C; and

2. the traces of Γ(2) lie in the ring of integers of that field.

Although the relationship is more subtle, arithmetic groups are a special case of
semi-arithmetic ones. Unlike the arithmetic case, semi-arithmetic groups may occur
in infinite families even with fixed invariant trace field and genus. In fact, Cosac and
Dória [11] showed that there exist semi-arithmetic surfaces with arbitrarily small
injectivity radius, which does not occur for arithmetic surfaces due to finiteness
properties.

In [3], a new invariant called the stretch was introduced. The stretch of Γ is
defined via Lipschitz Γ–equivariant maps from H to products Hr, where r is the
arithmetic dimension of the group (see subsection 2.3.2). It was proved in [op. cit.]
that the stretch is a commensurability invariant, that it equals 1 for both arithmetic
groups and a special class of groups which contains all triangle groups. It was also
shown that it can be arbitrarily large in general.

A key result of [3] shows that if one bounds simultaneously the genus, the degree
of the invariant trace field and the stretch, then only finitely many semi-arithmetic
surfaces arise. This finiteness statement provides the arithmetic input for a counting
result proved in this thesis. Combining the logarithmic length parametrization of
Theorem A with the algebraic control of eigenvalues coming from bounded degree
and bounded stretch, one reduces the geometric counting problem to a problem
about algebraic integers.

More precisely, if Γ is semi-arithmetic with invariant trace field of degree at most
d and stretch at most L, then the largest eigenvalues of its hyperbolic elements are
zeros of integer polynomials of a special type, with degree and coefficients bounded
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in terms of d and L. Since a surface in the thick part is determined by finitely
many closed geodesics whose lengths grow at most logarithmically with the genus,
counting such surfaces reduces to counting algebraic integers with controlled degree
and size.

We now pass to the semi-arithmetic setting. In contrast with the arithmetic case,
where the number of surfaces of genus g satisfies the precise asymptotic relation (1),
the semi-arithmetic situation is more flexible: even after fixing bounds on the degree
of the invariant trace field and on the stretch, one still obtains families whose size
grows superexponentially with g, but without a universal limiting constant. The
following theorem makes this comparison precise by providing matching lower and
upper bounds for the growth rate.

Theorem C Fix integers g ≥ 2, d ≥ 2, and real number L ≥ 1. Let SA(g, d, L)

denote the number of semi-arithmetic hyperbolic surfacessurfaces of genus g whose
invariant trace field has degree at most d and whose stretch is at most L. Then there
exists a constant C > 0, depending only on d and L, such that

2 ≤ lim sup
g→∞

log (SA[g, d, L])

g log g
≤ C.

Moreover, the constant C satisfies the upper bound C ≤ ULd2, for some universal
constant U ≥ 1

2
.

Thus, although semi-arithmetic surfaces may occur in infinite families in fixed
genus without additional constraints, imposing bounds on arithmetic complexity
and stretch restores a super-exponential upper bound of order gCg in the genus. The
argument illustrates how geometric determination by short curves and arithmetic
control of traces interact to produce quantitative counting results.

Another natural enlargement of the arithmetic setting is given by subarithmetic
groups, namely discrete groups contained in arithmetic lattices. These larger arith-
metic classes continue to exhibit strong length rigidity phenomena, which impose
quantitative constraints on effective approximation problems in moduli space, such
as bounding the degree of coverings required to achieve a given Teichmüller distance.

The final part of this thesis studies a different phenomenon, namely denseness,
we study subarithmetic Fuchsian groups arising as fundamental groups of Q-pieces,
that is, hyperbolic surfaces of signature (1, 1), and analyze their trace parameters.

Using explicit parametrizations in terms of traces and the algebraic structure
of the invariant trace field, we construct families of subarithmetic Q–pieces whose
parameters vary in a dense subset of the admissible region. The key point is to
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show that the chosen trace parameters satisfy the necessary inequalities defining
hyperbolic Q–pieces, while remaining totally real algebraic integers.

As a consequence, we prove the following denseness result for subarithmetic
Q–pieces of signature (1, 1).

Theorem D Let Q denote the parameter space of Q–pieces of signature (1, 1). The
subset consisting of subarithmetic Q–pieces is dense in Q.

This result contrasts with the finiteness phenomena observed for arithmetic
surfaces and highlights the flexibility that arises once arithmeticity is relaxed to
subarithmeticity.

The results of this thesis lie at the intersection of hyperbolic geometry, moduli
theory and arithmetic. On the geometric side, we develop logarithmic length
coordinates that determine surfaces in the thick part of moduli space. These
coordinates provide explicit quantitative control in terms of genus and injectivity
radius.

On the arithmetic side, semi-arithmetic and subarithmetic surfaces carry alge-
braic constraints on traces and eigenvalues of hyperbolic elements. These constraints
translate into restrictions on exponential lengths of closed geodesics.

The interaction between these two aspects leads to:

• quantitative lower bounds for distances between arithmetic coverings;
• counting results for semi-arithmetic surfaces;
• denseness phenomena for subarithmetic Q–pieces.

The general principle underlying these results is that geometric parametrizations
by short closed geodesics can be combined with arithmetic restrictions on traces to
obtain quantitative global information in moduli space.

The thesis is organized into four chapters. Chapter 1 develops the geometric
framework. We review the necessary background on hyperbolic surfaces, Fuchsian
groups and their actions on H, and introduce Teichmüller space and moduli space
from the point of view of markings. Particular emphasis is placed on length functions
and curve–and–chain decompositions, which form the geometric foundation of the
determination results proved later.

Chapter 2 is devoted to the arithmetic and semi-arithmetic setting. We review
invariant trace fields, invariant quaternion algebras, and the algebraic structure of
arithmetic Fuchsian groups. The definition of semi-arithmetic groups and their basic
properties are presented, together with the necessary number-theoretic background.
The notion of stretch, introduced in [3] is presented. We also establish the algebraic
properties of traces and exponential lengths that are used later in the counting
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arguments, namely that eigenvalues of hyperbolic elements are reciprocal algebraic
integers whose degree and size are controlled in terms of the invariant trace field
and the stretch.

Chapter 3 contains the main geometric result of the thesis: the determination
theorem by short closed geodesics with logarithmic bounds in the genus. The
precise statement appears as Theorem A, and its proof occupies the central part
of the chapter. The applications to arithmetic coverings and quantitative rigidity
are then established, including Theorem B, where logarithmic length coordinates
are combined with trace separation phenomena to obtain a polynomial lower bound
for the Teichmüller distance between distinct coverings of a fixed arithmetic surface.
The counting result for semi-arithmetic surfaces with bounded invariant trace field
degree and bounded stretch, stated as Theorem C, is also proved in Chapter 3.

Finally, Chapter 4 is devoted to subarithmetic Q–pieces of signature (1, 1). After
recalling their parametrization and deriving the algebraic conditions characterizing
subarithmeticity, we establish the denseness result stated as Theorem D.



CHAPTER 1
Hyperbolic Structures

1.1 Hyperbolic Geometry

In hyperbolic geometry, the classical trigonometric identities from Euclidean
geometry are replaced by analogues involving hyperbolic functions. A systematic
exposition of these relations can be found in Buser [8]. In this section, we recall the
identities that will be used throughout this thesis.

1.1.1 The hyperbolic plane

Hyperbolic geometry is the canonical space of non-Euclidean geometry with
constant negative curvature. Its most fundamental example is the hyperbolic plane,
which can be described by several equivalent models. In this thesis, we will primarily
work with the upper half-plane model.

Let
H = {z = x+ iy ∈ C | Im(z) > 0}

be the upper half-plane, equipped with the Riemannian metric

ds2 =
dx2 + dy2

y2
.

This is the hyperbolic metric, and it defines a complete Riemannian structure of
constant curvature −1.

The distance d(z1, z2) between two points z1, z2 ∈ H, is given by

d(z1, z2) = arccosh
(
1 +

|z1 − z2|2

2 Im(z1) Im(z2)

)
.

The hyperbolic plane H admits a natural boundary at infinity, given by

∂H = R ∪ {∞}.
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The hyperbolic plane also admits another important model, namely the Poincaré
disk model. In this representation, the hyperbolic plane is identified with the unit
disk

D = {z ∈ C | |z| < 1},

equipped with the metric

ds2 =
4 |dz|2

(1− |z|2)2
.

The upper half-plane model and the disk model are related by the Möbius
transformation

f : H −→ D, f(z) = i
z − i

z + i
.

This map is a conformal diffeomorphism and, moreover, an isometry with respect
to the hyperbolic metric. In particular, the metric on D is obtained by transporting
the hyperbolic metric of H via f , and coincides with the standard expression above.

As a consequence, geometric quantities in the disk model can be computed by
pulling them back to the upper half-plane via f−1. Geodesics in the disk correspond
to images under f of vertical lines and semicircles orthogonal to the real axis in H,
and are therefore represented by circular arcs orthogonal to the boundary of D.

Throughout this thesis, we will primarily use the upper half-plane model for
computations, while the disk model will be preferred for geometric illustrations.

1.1.2 Trigonometry

In hyperbolic geometry, the classical trigonometric identities from Euclidean
geometry are replaced by analogues involving hyperbolic functions. These identities
serve to describe the geometry of geodesic polygons and are essential for computing
distances and angles on hyperbolic surfaces. In this section, we record the identities
that will be used throughout this thesis, particularly in the analysis of geometric
structures built from hyperbolic polygons.

Example 1.1 (Triangles) Let us first consider a hyperbolic triangle with interior
angles α, β, θ and respective opposite sides a, b, c. Two fundamental relations govern
the geometry of such triangles.

The law of sines relates the side lengths to the sine of the opposite angles:

sin(α)

sinh(a)
=

sin(β)

sinh(b)
=

sin(θ)

sinh(c)
. (1)

The law of cosines generalizes the familiar Euclidean formula by incorporating
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α

β

a

b

c

θ

Figure 1.1: Hyperbolic Triangle

hyperbolic functions:

cosh(c) = cosh(a) cosh(b)− sinh(a) sinh(b) cos(θ). (2)

These identities will be useful in later sections for estimating distances between
curves and analyzing the geometry of elementary decompositions of hyperbolic sur-
faces.

When the triangle has a right angle, say θ = π/2, the trigonometric formulas
simplify.

α

β

a

b

c

Figure 1.2: Right-angled triangle

The following identities are valid:

cosh c = cosh a cosh b, (3)

sinh a = sinα sinh c, (4)

sinh a = cot β tanh b, (5)

cosα = tanh b coth c. (6)

Example 1.2 (Pentagon) Another important polygon in hyperbolic geometry is
the geodesic pentagon. Consider a pentagon with consecutive sides a, β, c, α, b, and
assume that all internal angles are right angles, except for the angle θ, which is
opposite to the side c.
Under these conditions, the following identity holds:

cosh a

sinhα
=

cosh b

sinh β
=

sinh c

sin θ
. (7)
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a

β

c

α

b θ

Figure 1.3: Pentagon

Example 1.3 (Hexagon) Right-angled hexagons appear frequently in the geometry
of hyperbolic surfaces. They arise naturally in the decomposition of surfaces into
simpler pieces.

Consider a right-angled hexagon with consecutive sides a, γ, b, α, c, β, where all
internal angles are equal to π/2.

a b

c

αβ

γ

Figure 1.4: Right-angled hexagon

The lengths of the alternating sides are related by the following identities:

cosh c = sinh a sinh b cosh γ − cosh a cosh b, (8)
sinh a

sinhα
=

sinh b

sinh β
=

sinh c

sinh γ
. (9)

1.2 Fuchsian Groups

Fuchsian groups provide a link between hyperbolic geometry and the theory
of Riemann surfaces. These groups arise as discrete subgroups of the group of
orientation-preserving isometries of the hyperbolic plane and offer the algebraic
structures used to describe hyperbolic surfaces. By studying their properties, ge-
ometric and topological problems can be reformulated in the language of group
theory, allowing for precise classifications and constructions.

In what follows, we introduce the basic notions concerning Fuchsian groups and
their connection to the geometry of the hyperbolic plane (see Katok [17]). We aim to
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present the algebraic and geometric foundations that will be essential for the study
of hyperbolic surfaces in the subsequent chapters.

1.2.1 Automorphisms of the hyperbolic plane

The group of orientation-preserving isometries of the hyperbolic plane H form a
Lie group, which is isomorphic to PSL(2,R), and it is defined as the quotient

PSL(2,R) = SL(2,R)/{±I},

where SL(2,R) denotes the group of real 2× 2 matrices with determinant one. The
elements of PSL(2,R) act on the upper half-plane by Möbius transformations of the
form

z 7→ az + b

cz + d
, with ad− bc = 1.

This action is well-defined because the matrices A and −A induce the same
transformation, and it preserves the hyperbolic metric and orientation.

The full group of isometries of H is generated by PSL(2,R) together with the
anti-holomorphic isometry

z 7−→ 1

z
,

which reverses orientation.
Let A ∈ SL(2,R). The isometry of H defined by the Möbius transformation

z 7→ az + b

cz + d
, where A =

(
a b

c d

)
,

can be classified according to the value of |tr(A)|, as follows.

Example 1.4 (Elliptic elements) The isometry associated with A is called ellip-
tic if |tr(A)| < 2. In this case, the eigenvalues of A are complex conjugates of unit
modulus, and the corresponding isometry fixes a unique point in H. Geometrically,
it acts as a rotation about that point.

An elliptic transformation does not preserve any geodesic globally, but it rotates
angles locally. The fixed point lies strictly inside H, and the transformation is
conjugate in SL(2,R) to a matrix of the form

A =

(
cos θ − sin θ

sin θ cos θ

)
, θ ∈ (0, π).

Example 1.5 (Parabolic elements) The isometry associated with A is called
parabolic if |tr(A)| = 2 and A ̸= ±I. In this case, the eigenvalues of A are both
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equal to 1 or −1, and the transformation fixes exactly one point on the boundary
∂H.

Parabolic elements are conjugate to matrices of the form

A =

(
1 t

0 1

)
, t ̸= 0.

Example 1.6 (Hyperbolic elements) The isometry associated with A is called
hyperbolic if |tr(A)| > 2. In this case, A has two distinct real eigenvalues λ and
λ−1, with λ > 1. The associated isometry fixes exactly two points on ∂H, which lie
on the boundary of a unique invariant geodesic, called its axis. The transformation
acts as a translation along this axis.

Every hyperbolic element is conjugate in SL(2,R) to a diagonal matrix of the
form

A =

(
λ 0

0 λ−1

)
, |λ| > 1.

1.2.2 Discrete groups and properly discontinuous actions

A topological group is a group G equipped with a topology such that the group
operations, multiplication (g, h) 7→ gh and inversion g 7→ g−1, are continuous. The
group PSL(2,R) is of particular interest in this work. It acts on the hyperbolic plane
H by orientation-preserving isometries. This group naturally inherits a topology from
R4, and it has the structure of a real Lie group of dimension three.

Definition 1.7 Let G be a topological group. A subgroup Γ ⊂ G is discrete if it
is a discrete subset in the topology inherited from G. Equivalently, there exists a
neighborhood of the identity in G containing no other elements of Γ.

In the case where G = PSL(2,R), discrete subgroups act on the hyperbolic
plane H by isometries, and the corresponding quotients Γ\H give rise to topological
surfaces or orbifolds. To ensure that such quotients are well-defined and locally
resemble the geometry of H, one must impose additional conditions on the group
action.

Definition 1.8 Let Γ be a group acting on a topological space X. The action is said
to be properly discontinuous if for every compact subset K ⊂ X, the set

{γ ∈ Γ | γ(K) ∩K ̸= ∅}

is finite.
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When Γ ⊂ PSL(2,R) is a discrete subgroup, its action on H is properly
discontinuous. As a result, the quotient Γ\H inherits the structure of a topological
surface. These quotients will be studied in detail in the next sections.

1.2.3 Fuchsian groups and the geometry of quotients

Definition 1.9 A Fuchsian group is a discrete subgroup Γ ⊂ PSL(2,R).

If Γ ⊂ PSL(2,R) is a discrete subgroup, then its action on H is properly
discontinuous (see [17, Theorem 2.2.6]).

Definition 1.10 A Fuchsian group is called torsion-free if it contains no elliptic
elements, that is, if the stabilizer of every point in H is trivial.

In this work, we restrict our attention to torsion-free Fuchsian groups. In this
case, the action is free, meaning that no nontrivial group element fixes any point in
H, and the quotient S = Γ\H is a smooth hyperbolic surface without singularities.
If Γ is cocompact, then S is a closed surface of genus g ≥ 2. If Γ is not cocompact
but has finite coarea, the surface has a finite number of cusps, each corresponding
to a conjugacy class of parabolic elements in the group.

To study the global geometry of the quotient, it is useful to construct a
fundamental domain for the action of Γ on H.

Definition 1.11 A fundamental domain for Γ is a connected, closed subset D ⊂ H
such that:

1.
⋃
γ∈Γ

γ(D) = H,

2. the interiors int(γ(D)) are pairwise disjoint for γ ̸= id.

A classical construction of fundamental domains for Fuchsian groups is the
Dirichlet domain centered at a point x0 ∈ H, defined by

D(x0) = {x ∈ H | d(x, x0) ≤ d(γ(x), x0) for all γ ∈ Γ}.

This region is convex, and its boundary consists of finitely many geodesic segments
if Γ is finitely generated.

The boundary of a fundamental domain consists of geodesic segments that appear
in pairs. For each boundary side s of D, there exists an element γ ∈ Γ such that
γ(s) is another boundary side of D. These two sides are said to be paired by the
transformation γ. Points lying on paired sides are identified in the quotient space
Γ\H. More precisely, if x ∈ s and y = γ(x), then x and y represent the same point
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in the quotient surface. In this way, the surface Γ\H is obtained by gluing the sides
of the fundamental domain according to the corresponding elements of Γ.

Through these side identifications, the topology of the quotient surface is encoded
by the fundamental domain. In particular, when Γ is torsion-free and cocompact,
the quotient is a closed surface, and the Dirichlet domain is a polygon with 4g

sides, which are identified in pairs by elements of Γ corresponding to generators
of the fundamental group π1(S). More generally, a fundamental domain provides
a combinatorial and geometric description of the surface, allowing the analysis of
geometric invariants such as lengths of closed geodesics, angles, and distances.

The identification of sides of a fundamental domain not only determines the
topology of the quotient surface but also encodes the algebraic structure of the
group Γ. In particular, when Γ is torsion-free and cocompact, the quotient S = Γ\H
is a closed surface of genus g, and the side pairings of the fundamental polygon give
rise to generators of the fundamental group.

In this case, Γ is isomorphic to the fundamental group of the surface,

Γ ∼= π1(S),

which admits the classical presentation

Γ =

〈
a1, b1, . . . , ag, bg

∣∣∣∣∣
g∏

i=1

[ai, bi] = 1

〉
,

where [a, b] = aba−1b−1 denotes the commutator of a and b.
A key connection between geometry and group structure appears in the study

of simple closed geodesics. Every closed geodesic β ⊂ S = Γ\H corresponds to the
projection of the axis of a hyperbolic element Tβ ∈ Γ. The length of such a geodesic
is determined algebraically by the trace of Tβ, via the formula

ℓβ(S) = 2 cosh−1

(
|tr(Tβ)|

2

)
, (10)

where tr(Tβ) denotes the trace of a representative of Tβ in SL(2,R). This relationship
allows one to extract geometric information about S from the traces of elements in
Γ.

Example 1.12 Let Γ = PSL(2,Z), the modular group. The quotient Γ\H is a
noncompact hyperbolic orbifold of finite area, with two elliptic points of orders 2 and
3, and one cusp corresponding to the parabolic fixed point at infinity.
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A fundamental domain for the action of PSL(2,Z) on H is given by

F =
{
z = x+ yi ∈ H

∣∣ |z| ≥ 1, −1
2
≤ x ≤ 1

2

}
.

Its boundary consists of the vertical geodesics x = ±1
2

and the semicircle |z| = 1

orthogonal to the real axis.
The side identifications are induced by the standard generators

S(z) = −1

z
, T (z) = z + 1,

where S pairs the two arcs of the unit semicircle and T identifies the vertical sides
x = ±1

2
. These transformations generate PSL(2,Z) with presentation

PSL(2,Z) = ⟨S, T | S2 = (ST )3 = id⟩.

−1 1

Figure 1.5: A fundamental domain for the action of
PSL(2,Z) on H.

If Γ is a torsion-free subgroup of finite index in PSL(2,Z), then the quotient
Γ\H is a noncompact hyperbolic surface of finite area with finitely many cusps and
no singular points. A classical example is the principal congruence subgroup of level
2,

Γ(2) = {A ∈ SL(2,Z) | A ≡ I (mod 2)},

which is torsion-free and has index 6 in PSL(2,Z).
A fundamental domain for Γ(2) can be obtained as the union of the six images

F , S(F ), T (F ), TST (F ), TS(F ), and ST−1(F ), which correspond to a choice of
representatives of the cosets of Γ(2) in PSL(2,Z). These regions are disjoint up to
their boundaries and together form a fundamental domain for Γ(2), as illustrated in
Figure 1.6.
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0 1

F T (F )

S(F ) TS(F )

TST (F )ST−1(F )

Figure 1.6: A fundamental domain for Γ(2).

The resulting quotient is a complete hyperbolic surface of genus zero with three
cusps. Further details on the construction of fundamental domains and the geometry
of modular and congruence subgroups can be found in [17, Sections 3.2, 3.5 and 5.5].

Restricting the trace values of a Fuchsian group leads to additional arithmetic
structure. For example, one may require all traces to lie in a fixed number field or
to be algebraic integers. These conditions give rise to the notions of arithmetic and
semi-arithmetic Fuchsian groups, which exhibit rich interactions between geometry,
group theory, and number theory. These classes of groups will be central to the
developments in the later chapters of this thesis.

1.3 Hyperbolic Surfaces

Hyperbolic surfaces provide the natural geometric setting in which local proper-
ties of the hyperbolic plane and algebraic structure of Fuchsian groups combine into
global objects. While the hyperbolic plane serves as a universal model, the passage
to quotients by discrete, torsion-free group actions produces a rich family of sur-
faces whose geometry reflects both the topology of the underlying surface and the
algebraic features of the acting group.

The introduction of markings allows one to distinguish between different hyper-
bolic metrics on a fixed topological surface and leads to the Teichmüller space, which
organizes these structures into a finite-dimensional parameter space. Through quasi-
conformal deformations, this space carries a natural metric that quantifies geometric
variation and, in particular, controls the distortion of lengths of closed geodesics, a
theme that recurs throughout the thesis.
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By identifying hyperbolic surfaces up to isometry, the moduli space emerges as a
quotient of Teichmüller space and serves as the ambient space for studying families
of hyperbolic surfaces. Within this framework, surfaces of signature (1, 1) appear as
especially tractable and geometrically explicit examples, and they will later be used
as fundamental pieces in the analysis of subarithmetic phenomena.

1.3.1 Hyperbolic structures and Teichmüller space

Definition 1.13 A hyperbolic surface is a two-dimensional smooth manifold S

equipped with a complete Riemannian metric of constant curvature −1. If the surface
is compact and without boundary, it is called a closed hyperbolic surface.

By the Killing-Hopf Theorem, every closed orientable surface of genus g ≥ 2

admits a conformal structure compatible with a complete Riemannian metric of
constant curvature −1. As a consequence, any such surface can be endowed with a
hyperbolic metric and realized as a quotient

S = Γ\H,

where Γ is a torsion-free, cocompact Fuchsian group acting properly discontinuously
on the hyperbolic plane H by isometries. The metric on S is induced from the
hyperbolic metric on H, and the group Γ acts as the covering group of the universal
covering map H → S. The group Γ is isomorphic to the fundamental group π1(S),
and different choices of Γ yield distinct hyperbolic metrics on the same underlying
topological surface.

The classification of compact orientable surfaces implies that, up to homeomor-
phism, there is a unique surface of genus g. However, such a surface admits infinitely
many inequivalent hyperbolic metrics. To parametrize these structures, one intro-
duces markings.

Definition 1.14 A marked hyperbolic surface is a pair (X,φ), where X is a
hyperbolic surface and φ : F → X is an orientation-preserving homeomorphism
from a fixed reference surface F of genus g. The map ϕ is called a marking.

Two marked hyperbolic surfaces (X1, φ1) and (X2, φ2) are considered equivalent
if there exists an isometry Φ : X1 → X2 such that Φ ◦ φ1 is isotopic to φ2. This
defines an equivalence relation on the set of marked hyperbolic surfaces.

Definition 1.15 The Teichmüller space Tg is the set of equivalence classes of
marked hyperbolic surfaces of genus g.
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The space Tg has the structure of a real analytic manifold of dimension 6g −
6. Points in Tg correspond to hyperbolic structures on the reference surface F ,
up to isotopy. Several equivalent models of Tg exist, including quasiconformal
deformations, representations into PSL(2,R), and Fenchel–Nielsen coordinates.

To define the Teichmüller metric, it is necessary to introduce the concept of qua-
siconformal maps between hyperbolic surfaces. Let φ : S → S ′ be a homeomorphism
between two hyperbolic surfaces. The map φ is called K-quasiconformal if for almost
every point x ∈ S,

lim sup
t→0

{
max{dist(φ(x), φ(y))}
min{dist(φ(x), φ(y))}

∣∣∣∣∣dist(x, y) = t

}
≤ K.

The smallest such constant K ≥ 1 is called the dilatation of φ, and is denoted by
K[φ].

A natural distance function can be defined on Teichmüller space using quasicon-
formal maps.

Definition 1.16 Given two points X1 = [(X1, φ1)] and X2 = [(X2, φ2)] in Tg, their
Teichmüller distance is defined by

dT
(
X1, X2

)
=

1

2
inf
φ
logK[φ],

where the infimum is taken over all quasiconformal maps φ : X1 → X2 isotopic to
φ2 ◦ φ−1

1 , and K[φ] denotes the dilatation of φ.

An important property of quasiconformal maps is that they control the defor-
mation of lengths of closed geodesics. The following result, which will be used later,
provides a precise inequality:

Theorem 1.17 ( [8, Theorem 6.4.3]) Let S and S ′ be compact hyperbolic sur-
faces of genus g ≥ 2, and let φ : S → S ′ be a K-quasiconformal homeomorphism.
Then for each closed geodesic γ on S, the unique closed geodesic φ[γ] in the homotopy
class of φ ◦ γ satisfies

1

K
ℓ(γ) < ℓ(φ[γ]) < K ℓ(γ),

where ℓ(·) denotes the hyperbolic length.

The moduli space Mg is the set of isometry classes of closed oriented hyperbolic
surfaces of genus g. In other words, two surfaces belong to the same class in Mg if
and only if they are isometric.

Let F be a fixed closed oriented surface of genus g. We denote by Mod(F ) the
group of isotopy classes of orientation-preserving homeomorphisms of F , called the
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mapping class group of genus g. This group acts by isometries on the Teichmüller
space Tg endowed with the Teichmüller metric, and this action is properly discon-
tinuous [15, Theorem 12.2]. Consequently, the moduli space can be realized as the
quotient

Mg = Tg/Mod(F ),

which carries a natural orbifold structure of real dimension 6g − 6.
The Teichmüller space and the moduli space describe how hyperbolic structures

on a given surface can vary. They serve as a natural setting for understanding
geometric deformations and for organizing families of hyperbolic surfaces, including
those with arithmetic properties.

1.3.2 Surfaces of signature (1, 1)

A surface of signature (g, n) is a compact, connected, oriented surface of genus g
with n boundary components. When the surface is hyperbolic we assume that each
boundary component is a simple closed geodesic. In this subsection, we consider the
case of hyperbolic surfaces with signature (1, 1), a surface of genus one with one
geodesic boundary component, also referred to as a Q-piece.

Such a surface can be obtained by gluing two boundary components of a pair of
pants, that is, a hyperbolic surface of signature (0, 3).

Let S be a hyperbolic surface of signature (1, 1). Its fundamental group is a free
group on two generators, say γ and β, with a single relation:

π1(S) = ⟨γ, β | [γ, β] = η⟩,

where η represents the boundary component of S. This relation implies that γ and
β generate a Fuchsian group Γ such that the commutator η is a hyperbolic element
of PSL(2,R).

γ
β η

Figure 1.7: A Q–piece with closed geodesics γ, β, and η.

By abuse of notation, we use the same symbols γ and β to refer both to the
closed geodesics on the surface and to the hyperbolic elements of Γ representing
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them.
By the Gauss–Bonnet formula, the area of a hyperbolic surface of signature (g, n)

with geodesic boundary is given by

Area(S) = 2π(2g − 2 + n).

In the case (1, 1), this yields Area(S) = 2π.
It follows from [20, Theorem 4] that, given real numbers x, y, z > 2 satisfying

x2 + y2 + z2 − xyz − 2 < 0, (11)

there exists a unique hyperbolic surface of signature (1, 1), represented by a Fuchsian
group Γ = ⟨γ, β⟩, such that

tr(γ) = x, tr(β) = y, tr(γβ) = z,

and whose boundary geodesic corresponds to the commutator η = [γ, β], with

tr(η) = x2 + y2 + z2 − xyz − 2

Moreover, if θ denotes the angle between the axes of γ and β, then

cos θ =
2z − xy

√
x2 − 4

√
y2 − 4

. (12)

In particular, geometric quantities such as the twist parameter of the corre-
sponding Q–piece depend continuously on the triple (x, y, z). We can say that the
Teichmüller space of hyperbolic surfaces of signature (1, 1) can be parametrized by
the set

Q =
{
(x, y, z) ∈ R3

∣∣ x, y, z > 2, and x2 + y2 + z2 − xyz − 2 < 0
}
. (13)

1.4 Decomposition of Hyperbolic Surfaces

In the study of moduli space, an important tool is the decomposition of
hyperbolic surfaces into simpler geometric pieces, both from a geometric and an
analytic point of view. Two approaches will be relevant for us. The first is the
classical decomposition into pairs of pants, which provides a natural framework
for parametrizing Teichmüller space (see Buser [8]). The second, due to Parlier
[28], is based on curve and chain systems, which refine pants decompositions by
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incorporating additional geodesic information. We now describe both constructions.

1.4.1 Decomposition into pairs of pants

A pair of pants , or Y -piece is a hyperbolic surface of signature (0, 3), that is,
a compact surface with three geodesic boundary components. Such a piece can be
obtained by gluing two right-angled hexagons along their alternating sides. Given
three positive real numbers ℓ1, ℓ2, ℓ3, there exists a unique Y -piece whose boundary
geodesics have lengths ℓ1, ℓ2, ℓ3 [8, Theorem 3.1.7].

Every closed hyperbolic surface of genus g ≥ 2 can be decomposed into Y -pieces.
More precisely, there exist 3g − 3 disjoint simple closed geodesics that decompose
the surface into 2g − 2 Y -pieces. This is called a pants decomposition.

Figure 1.8: A pants decomposition of a genus 2 surface.

Given a simple closed geodesic γ on a hyperbolic surface with length ℓ(γ), its
collar is the embedded neighborhood

C(γ) = { p ∈ S | d(p, γ) < w(γ)/2 },

where the width w(γ) is determined by the relation

sinh
(

ℓ(γ)
2

)
sinh

(
w(γ)
2

)
= 1.

The next result ensures that the neighborhoods around the curves of a pants
decomposition do not overlap, so that each curve can be studied independently
(see [8, Theorem 4.1.1]).

Theorem 1.18 (Collar Lemma) Let S be a closed hyperbolic surface of genus
g ≥ 2, and let γ1, . . . , γ3g−3 be the collection of disjoint simple closed geodesics that
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define a pants decomposition of S. Then the collars C(γ1), . . . ,C(γ3g−3) are pairwise
disjoint.

In particular, the Collar Lemma shows that if all boundary geodesics of a pants
decomposition are very short, then any curve intersecting them transversally must
necessarily be long. This phenomenon will appear in Chapter 3, where the Collar
Lemma is used to justify the hypotheses of the main theorem on the parametrization
of Teichmüller space by short curves.

1.4.2 Decomposition into curve and chain

We begin by defining an intermediate structure known as a curve and arc
decomposition.

Definition 1.19 A curve and chain decomposition of a surface S ∈ Mg consists
of a collection C of disjoint simple closed geodesics and a collection A of simple
geodesic arcs on S \ C, such that the complement S \ (C ∪ A) is a union of geodesic
right-angled hexagons.

Each arc in A is called an orthogeodesic joining two boundary components of
S \ C perpendicularly.

Figure 1.9: A curve and chain decomposition of a genus 2
surface.

While curve and chain decompositions provide a useful geometric structure, they
involve arcs, which are not closed curves. To remedy this, we associate to each arc
a closed curve called a chain.

Definition 1.20 Given an arc a ∈ A with endpoints on boundary geodesics γ1 and
γ2 (not necessarily distinct), we define the associated chain curve γa as the closed
curve in the free homotopy class of the concatenation γ1 ∗ a ∗ γ2 ∗ a−1.
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Depending on whether γ1 and γ2 are distinct or the same, γa is either a simple
closed curve or a closed curve with a single self-intersection.

γ1

γ2

γ1

γ2

a

γ1

γ2

γa

Figure 1.10: Construction of a chain curve associated to an
orthogeodesic arc between boundary geodesics.

The set CA = {γa}a∈A, constructed from a choice of arcs A, together with C
forms what we call a curve and chain system.

We observe that a pants decomposition is a special case of a curve and chain
decomposition: by cutting each pair of pants along the geodesic arcs orthogonal to
its boundary components, one obtains a family of right-angled geodesic hexagons.
This observation shows that pants decompositions can be naturally understood as a
particular case of curve and chain decompositions. More importantly, this general-
ization is precisely what allows us to go beyond the result of Dória (see [Proposition
1.24] or [13, Proposition 4.1.7]), providing a parametrization of Teichmüller space
in terms of lengths of closed curves that are uniformly bounded by a logarithmic
function of the genus.

1.5 Twist Parameters

When a hyperbolic surface is decomposed along simple closed geodesics, the
resulting pieces must be reassembled in a way that preserves the global geometry
of the surface. Beyond the lengths of the boundary geodesics, this reconstruction
requires additional data that records how adjacent pieces are glued together. The
twist parameter of each gluing captures this information by measuring the relative
displacement along a geodesic during the gluing process, encoding a subtle but
essential aspect of the hyperbolic structure that cannot be recovered from length
data by itself.

Let (C, CA) be a curve and chain system on a hyperbolic surface S ∈ Mg.
Let γ ∈ C be a closed geodesic. Since γ is simple, a sufficiently small regular
neighborhood of γ is an annulus. The two boundary components of this annulus
determine the two sides of γ. Fix an orientation on the curves of S. We may choose
on each side of γ an arc ai ∈ A, i = 1, 2, oriented so that it leaves γ. Let βi ∈ C,
i = 1, 2, denote the closed geodesic reached at the other endpoint of ai, and assume
that βi ̸= γ for i = 1, 2. The chain γai associated with the arc ai, together with βi
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and γ, form the boundary components of an immersed pair of pants in S, which we
denote by Yi. We note that the Y –pieces Y1 and Y2 are not required to be disjoint,
since some of their boundary geodesics may coincide. The boundary component of
Yi isometric to γ will be denoted by γi.

In what follows, we adopt the standard abuse of notation of denoting the length
of a closed geodesic by the same symbol as the geodesic itself. Thus, for a closed
geodesic γ, the symbol γ may also denote its length ℓ(γ), whenever this causes no
ambiguity.

γ

β1

γa1

β2

p1

p2

β1

γ1

a1

a2

a1

Figure 1.11: The Y -piece associated with the arc a1 and how
it appears on surface S

By gluing Y1 and Y2 along γ1 and γ2, one obtains a four-holed sphere, usually
called an X-piece which, in this specific case, we will denote by Xγ. To determine
the geometry of the resulting X-piece, it is necessary to know the lengths of its
boundary geodesics, including the length of γ, together with an additional twist
parameter that specifies how the two copies of γ are identified.

To define this parameter, which describes the gluing of the Y -pieces along γ, let
pi = ai ∩ γ be the intersection points of the chosen arcs ai with γ, i = 1, 2, one
on each side of γ. The construction we adopt follows Parlier [28], where the twist
parameter is defined in the context of moduli space.

Definition 1.21 Let γ ∈ Γ be a closed geodesic equipped with an orientation, and let
p1, p2 ∈ γ be the reference points determined by the chosen curve and chain system.
The twist parameter associated with γ, denoted by α = α(γ), is the value α ∈ [0, 1)

such that the oriented distance along γ from p1 to p2 is equal to α ℓ(γ).

Assume that the boundary components γi, i = 1, 2, are parametrized in such a
way that γi(0) = pi, with t ∈ S1.

Fix γ ∈ C and consider the corresponding X–piece Xγ. Following Buser (see
§3.3, [8]), one associates to Xγ two simple closed curves, denoted by δγ and ηγ,
whose geodesic representatives depend on the twist parameter.
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More precisely, let b be the oriented arc on γ whose initial point is p1 and whose
terminal point is p2. By definition, its length satisfies

ℓ(b) = α ℓ(γ).

Let d denote the geodesic arc perpendicular to β1 and β2 which is homotopic, relative
to endpoints, to the path a2 b a

−1
1 .

Lifting the configuration to the universal covering of the X–piece Xγ, we obtain a
crossed right–angled hexagon as illustrated in Figure 1.12. Applying the hyperbolic
cosine rule for right–angled hexagons (see (8)), we obtain

cosh d = sinh a1 sinh a2 cosh b− cosh a1 cosh a2. (14)

γ

γa1

γa2

β1

β2

p1
p2

b

d
β̃1

β̃2
γ̃

b̃

d̃

ã1

ã2. . .
.

Figure 1.12: X-piece and the lifting of the associated curves

Let δ be the closed geodesic in the homotopy class of the curve

d β2 d
−1 β1.

δ

Figure 1.13: The curve δ.

Cutting the X–piece Xγ open along δ yields two Y –pieces. One of these has
boundary components β1, β2, and δ, and contains the geodesic arc d perpendicular
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to β1 and β2. Decomposing this Y –piece into right–angled hexagons and again
applying (8), we obtain

cosh
δ

2
= sinh

β1

2
sinh

β2

2
cosh d− cosh

β1

2
cosh

β2

2
. (15)

Combining (15) with (14), we see that the length δ depends on the quantities

α, γ, β1, β2, a1, a2.

Since each arc ai can be expressed in terms of the boundary geodesics γ, βi, and
γai by applying (8) to the right–angled hexagon obtained from the pair of pants Yi

it follows that the lengths of the closed geodesic δ is determined by

α, γ, β1, β2, γa1 , γa2 .

In other words, once the curve and chain system is fixed, δ depend only on the twist
parameter and on the lengths of closed geodesics.

This allows one to recover the twist parameter α from length data. More precisely,
α is characterized by the relation

cosh
δ

2
= u+ v cosh(α γ), (16)

where the coefficients u and v are real analytic functions of the lengths
γ, β1, β2, γa1 , γa2 , independent of α, and satisfy v > 0 (see [8, Lemma 3.3.12]).

Proposition 1.22 Let (C, CA) be a curve and chain decomposition of a hyperbolic
surface S ∈ Mg. For any closed geodesic γ ∈ C, let α(γ) ∈ [0, 1) be the twist
parameter defined by the reference points determined by (C, CA). Then the twist
parameter α(γ) is completely determined by the lengths of the closed geodesics

γ, β1, β2, γa1 , γa2 ,

where βi and γai are the boundary geodesics and associated chains arising from the
curve and chain decomposition at γ.

1.6 Parametrization Using Pants Decomposition

Hyperbolic surfaces can be parametrized by numerical data associated to a
decomposition into simpler geometric pieces. By recording the lengths of the curves
in a pants decomposition together with the corresponding twist parameters, one
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obtains a concrete coordinate system on Teichmüller space, known as Fenchel–
Nielsen coordinates. Variants of this construction, such as parametrizations based
on curve and chain systems, allow one to encode the geometry of a surface using
only finitely many parameters with effective control on their number and size.

1.6.1 Parametrization via pants decompositions

Given a pants decomposition γ1, . . . , γ3g−3 of a closed surface S, the geometry
of S can be encoded by the collection of the lengths of the curves γi together with
their corresponding twist parameters. The resulting system of parameters is called
the Fenchel–Nielsen coordinates associated with this decomposition:

(
ℓ(γ1), . . . , ℓ(γ3g−3), α(γ1), . . . , α(γ3g−3)

)
.

These coordinates provide a global parametrization of the Teichmüller space Tg,
showing that Tg is homeomorphic to R6g−6. Different choices of pants decomposition
yield different coordinate systems, related to each other by transformations induced
by the mapping class group.

Given a hyperbolic surface S of genus g, there exists a pants decomposition of
S whose boundary geodesics all have their lengths bounded above by a constant
depending only on g. The existence of such decompositions was established by
Bers [5], and a detailed exposition can be found in Buser [8, Theorem 5.1.2].

Theorem 1.23 (Bers) For every closed hyperbolic surface S of genus g ≥ 2 there
exists a collection of 3g − 3 disjoint simple closed geodesics γ1, . . . , γ3g−3 such that
S \ {γ1, . . . , γ3g−3} is a union of 2g − 2 Y -pieces and each geodesic satisfies

ℓ(γi) ≤ 26(g − 1), i = 1, . . . , 3g − 3.

This result ensures that every surface of genus g admits a pants decomposition
where the lengths of the cutting curves are linearly controlled in g.

The systole of a hyperbolic surface S, denoted by sys(S), is the length of the
shortest closed geodesic on S that is not homotopic to a point. In his thesis, Dória [13,
Proposition 4.1.7] established a generalization of Bers theorem, assuming a lower
bound on the systole, one can construct a system of closed curves, obtained from a
pants decomposition, whose lengths parametrize the Teichmüller space and remain
bounded by a linear function of g, with an additional dependence on the systole
bound.
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Proposition 1.24 Let S be a closed hyperbolic surface of genus g ≥ 2 with systole
sys(S) ≥ s. Then there exists a collection of 9g − 9 simple closed geodesics on S

whose lengths satisfy

ℓ(γi) ≤ ag + b(s), i = 1, . . . , 9g − 9,

for some universal constant a > 0 and a constant b(s) depending only on s.
Moreover, the lengths of these curves provide a parametrization of the Teichmüller
space Tg.

In Chapter 3 we generalize this result by exhibiting a new parametrization of
the Teichmüller space, in which the lengths of the curves are further controlled,
improving the upper bound given in the proposition above.

1.6.2 Parametrization via curve and chain systems

The relevance of curve and chain systems lies in the fact that they can be used
to parametrize surfaces, as shown by Parlier in [28]:

Proposition 1.25 The lengths of the curves in C and CA, together with the twist
parameters along C, uniquely determine the surface S in moduli space.

Unlike classical Fenchel–Nielsen coordinates, which rely on lengths and twist
parameters associated to pants decompositions, curve and chain systems allow a
parametrization of moduli space using only the lengths of finitely many closed curves
and a controlled number of twist parameters. Moreover, the lengths involved can
be bounded above by a logarithmic function of the genus, providing a significant
advantage for quantitative applications.

Thus, the twist parameter describes the way the two sides of γ are reattached af-
ter cutting along the curve, specifying the relative displacement between neighboring
regions. Together with the lengths of the curves in C and CA, the twist parameters
provide a complete set of geometric data needed to recover the hyperbolic structure
of the surface.

Remark: In the case where no specific global orientation of γ is fixed, the twist
parameter is determined up to a choice of sign, but this ambiguity does not affect
the uniqueness of the reconstructed surface.

Thus, a curve and chain system provides an effective set of coordinates: the
lengths of C and CA, and the twists along C.

The number of distinct topological types of curve and chain systems grows with
genus, but can be effectively bounded:
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Lemma 1.26 The number Ncc(g) of topological types of marked curve and chain
systems is bounded above by

Ncc(g) ≤
1

e6

(
126

e5

)g−1

(g − 1)6g−6.

This result follows from the count of topological types of decompositions into
curves and arcs established by Parlier in [28, Lemma 3.2]. Since each curve and
chain system is uniquely determined by such a decomposition, the total number of
topological types of curve and chain systems coincides with that of the corresponding
curve and arc decompositions.

This counting result will be important later when we estimate the number of
possible configurations in moduli space.

More importantly, the framework of curve and chain systems introduced by
Parlier provides the key tool that allows us to go beyond the result of Dória [13,
Proposition 4.1.7]. While Parlier’s construction ensures the existence of such systems
with logarithmic length bounds, in this work we use this framework to obtain a
quantitative parametrization of Teichmüller space in terms of lengths of closed curves
that are uniformly bounded by a logarithmic function of the genus.



CHAPTER 2
Arithmetic and Semi-Arithmetic Fuchsian
Groups

2.1 Number-Theoretic Preliminaries

This section collects the number–theoretic notions and results that will be used
throughout Chapter 2 and in the subsequent chapters. We fix notation and recall
basic facts on totally real number fields, their embeddings, and the associated
invariants, with particular emphasis on the structure of the group of units of
the ring of integers. The topological denseness properties of these units under
the real embeddings are recorded here, as they will later provide the arithmetic
flexibility needed in the construction and variation of geometric parameters under
fixed arithmetic constraints.

2.1.1 Number fields and basic invariants

A number field is a finite extension K/Q of degree [K : Q] = n, and many of its
arithmetic properties can be understood by examining its embeddings into C. By the
Primitive Element Theorem, there exists an element α ∈ K such that K = Q(α).
In particular, if f denotes the minimal polynomial of α over Q, then deg(f) = n,
and each embedding

σ : K ↪→ C

is uniquely determined by sending α to one of the n distinct complex roots of f .
It follows that there are exactly n such embeddings. These embeddings provide a
concrete way to view the elements of K as acting simultaneously on several real or
complex copies of R or C. When all embeddings have image contained in R, one
says that K is totally real .

The ring of integers of K, denoted OK , consists of all algebraic integers in K;
that is, all elements of K that satisfy a monic polynomial with coefficients in Z. From
an algebraic standpoint, OK behaves in many ways like Z, but it accommodates the
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arithmetic peculiarities of K. It is a free Z-module of rank n, and its structure often
reflects the geometry of the embeddings of K. For instance, when d is a squarefree
integer, K = Q(

√
d) is a quadratic extension and the structure of OK is determined

explicitly by the value of d modulo 4. In this case,

OK =


Z[
√
d], if d ≡ 2, 3 (mod 4),

Z

[
1 +

√
d

2

]
, if d ≡ 1 (mod 4).

This classification follows from the fact that, for an element x = a + b
√
d, the

integrality of its trace and norm imposes conditions on the coefficients a and b.
These conditions depend on the congruence class of d modulo 4, giving rise to the
two possible descriptions of OK .

Given the embeddings σ1, . . . , σn : K ↪→ R of a totally real field K, each element
x ∈ K determines the real numbers

σ1(x), . . . , σn(x),

which are not necessarily distinct. The trace and norm of x are defined by

TrK/Q(x) = σ1(x) + · · ·+ σn(x), NK/Q(x) = σ1(x) · · ·σn(x).

These quantities are algebraic invariants intrinsic to the extension K/Q.
If x ∈ K, its minimal polynomial over Q is the unique monic polynomial of

least degree satisfied by x, denoted by mx(T ). The roots of mx(T ) are precisely the
distinct conjugates of x, then

n∏
i=1

(
T − σi(x)

)
= mx(T )

[K:Q(x)].

From this expression one sees that TrK/Q(x) and NK/Q(x) appear as the first and
last coefficients of the characteristic polynomial

n∏
i=1

(
T − σi(x)

)
.

The embeddings also give an injective map

ι : K −→ Rn, x 7−→
(
σ1(x), . . . , σn(x)

)
,
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which identifies K with a subfield of Rn when K is totally real. Under this
identification, the trace and norm correspond respectively to the sum and the
product of the coordinates of ι(x).

2.1.2 Units in number fields

An element u ∈ OK is called a unit if it is invertible in OK ; that is, if there exists
v ∈ OK such that uv = 1. The set of all units of OK forms a multiplicative group,
denoted by O∗

K. We note that

O∗
K = {u ∈ OK | NK/Q(u) = ±1 }.

Indeed, since the norm is multiplicative and takes integer values on OK , an algebraic
integer is a unit if and only if its norm is ±1.

When K is totally real, every embedding σi : K ↪→ R sends units to nonzero
real numbers. Composing the embeddings with the absolute value and the logarithm
yields maps

u 7−→ log |σi(u)|, i = 1, . . . , n,

which provide a link between the arithmetic of units and the additive structure of
real vector spaces.

Let K be a number field of degree n = [K : Q]. Denote by r1 the number of real
embeddings of K and by r2 the number of pairs of complex conjugate embeddings,
so that r1 + 2r2 = n.

The following fundamental result describes the algebraic structure of the unit
group of OK .

Theorem 2.1 (Dirichlet’s Unit Theorem [27]) The group of units O∗
K is a

finitely generated abelian group of rank r1 + r2 − 1. Moreover, its torsion subgroup
is the finite cyclic group consisting of the roots of unity contained in K.

Dirichlet’s Unit Theorem shows that the unit group O∗
K contains free abelian

subgroups of controlled rank. Through a fixed real embedding, these give rise to
subgroups of one–dimensional real Lie groups.

2.1.3 Denseness of totally positive units

The following lemma explains how the presence of rank at least 2 forces such
subgroups to be dense.
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Lemma 2.2 Let G be a one-dimensional topological group with finitely many con-
nected components. If H < G is a subgroup of rank at least 2, then H is dense in
G.

Proof. We may assume without loss of generality that G is connected. We distin-
guish two cases.

If G is non–compact, then G is topologically isomorphic to (R,+). Under such
an isomorphism, the image of H is an additive subgroup of R. Additive subgroups
of R are either cyclic or dense. Since H has rank at least 2, its image cannot be
cyclic and must therefore be dense in R, which implies that H is dense in G.

If G is compact, then G is topologically isomorphic to the circle group S1. In
this case, subgroups of rank at least 2 are necessarily dense, since any non-dense
subgroup of S1 is cyclic. □

Lemma 2.2, together with Dirichlet’s Unit Theorem (Theorem 2.1), yields the
following consequence.

Corollary 2.3 Let K be a totally real number field with [K : Q] ≥ 3. Then the
group of units O∗

K is dense in R.

We say that a unit u ∈ O∗
K is totally positive if σi(u) > 0 for every real embedding

σi : K ↪→ R. The subgroup of totally positive units is denoted by O∗
K,+.

Since the subgroup of totally positive units has finite index in the full unit group,
the denseness result for O∗

K immediately extends to O∗
K,+, yielding the following

corollary.

Corollary 2.4 Let K be a totally real number field with [K : Q] ≥ 3. Then the
subgroup of totally positive units

O∗
K,+ := {u ∈ O∗

K : σi(u) > 0 for all real embeddings σi}

is dense in R>0.

Proof. Let σ1, . . . , σn : K ↪→ R be the (real) embeddings. Consider the sign
homomorphism

sgn : O∗
K → {±1}n, u 7→

(
sgn(σ1(u)), . . . , sgn(σn(u))

)
.

Its kernel is O∗
K,+, hence O∗

K,+ has finite index in O∗
K . Therefore, O∗

K ∩ R>0 is a
finite union of multiplicative translates of O∗

K,+ in R>0.
By Corollary 2.3, O∗

K is dense in R∗, hence O∗
K ∩ R>0 is dense in R>0. Since

multiplication by a positive constant is a homeomorphism of R>0, a finite union of
translates of a non-dense subset cannot be dense. Thus O∗

K,+ is dense in R>0. □
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2.2 Quaternion Algebras

Quaternion algebras provide the algebraic framework underlying the arithmetic
Fuchsian groups considered in this chapter. In this section we recall the basic struc-
ture and classification of quaternion algebras over number fields, describe their be-
havior under real embeddings, and introduce the notions of splitting and ramification
at real places. These concepts will be used to determine when a quaternion algebra
gives rise to discrete subgroups of PSL(2,R). We also introduce orders in quaternion
algebras, which supply the integral structure needed to construct arithmetic groups
and will be essential in the discussion of arithmetic and semi-arithmetic Fuchsian
groups in the next section.

Throughout this section, K denotes a field of characteristic different from 2.

2.2.1 Quaternion algebras over number fields

Definition 2.5 A K-algebra is a ring A with unit, equipped with the structure of a
vector space over K such that

λ(xy) = (λx)y = x(λy) for all λ ∈ K, x, y ∈ A.

This condition ensures that multiplication in A is bilinear with respect to the
scalar multiplication arising from the K-vector space structure. Thus A combines
the linear structure of a K-vector space with the multiplicative structure of a ring
in a compatible way.

Basic examples include the field K itself, finite products Kn, matrix algebras
Mm(K), and field extensions L/K, where L is naturally a K-algebra via scalar
multiplication by elements of K. In each case, the ring operations act linearly with
respect to the K-vector space structure.

We say that a ring A is simple if its only two-sided ideals are {0} and A.

Definition 2.6 Given a, b ∈ K∗, the quaternion algebra over K with parameters
(a, b) is the K-algebra

A =

(
a, b

K

)
= K ⊕Ki⊕Kj ⊕Kij,

with generators i and j satisfying

i2 = a, j2 = b, ij = −ji.
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Every element of A can be written uniquely as

x = x0 + x1i+ x2j + x3ij, xk ∈ K,

so that A is a K-vector space of dimension 4. We identify naturally K as a subfield
of A.

For any arbitrary ring R, its center is the set

Z(R) = { z ∈ R : za = az for all a ∈ R },

which is a commutative subring of R. A K-algebra is called central over K if its
center is exactly K. A central simple K-algebra is a K-algebra that is both simple
and central over K.

A ring R is called a division algebra if every nonzero element of A is invertible.
Equivalently, R has no zero divisors and each nonzero element admits a multiplica-
tive inverse. When R is finite-dimensional over K, being a division algebra means
that the multiplicative structure of R behaves like that of a field, except that mul-
tiplication in R need not be commutative.

Quaternion algebras over K are precisely the central simple K-algebras of
dimension 4; see, for example, [33, Proposition 7.6.1] or [32, Chapter I]. In particular,
the construction

A =

(
a, b

K

)
described above gives a central simple K-algebra, and every central simple K-algebra
of dimension 4 is K-isomorphic to one of this form.

Example 2.7 The classical Hamilton quaternion algebra is obtained by taking
K = R and parameters a = b = −1. One writes

H =

(
−1,−1

R

)
.

Its generators i and j satisfy

i2 = j2 = −1, ij = −ji,

and every element has a unique expression

x = x0 + x1i+ x2j + x3ij, xk ∈ R.

This is a division algebra. It is the unique quaternion division algebra over R, and
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it is the model that motivates the terminology “quaternion algebra.”

Example 2.8 Let K = R and consider the algebra

A =

(
1, 1

R

)
.

The generators now satisfy

i2 = j2 = 1, ij = −ji.

A direct computation shows that the map

1 7→

(
1 0

0 1

)
, i 7→

(
1 0

0 −1

)
, j 7→

(
0 1

1 0

)

extends to an isomorphism
A ∼= M2(R).

This example illustrates that changing the signs of the parameters can drastically
alter the structure of the algebra: although its defining relations are presented
similarly to Hamilton’s quaternions, the resulting algebra is not a division algebra.

Definition 2.9 Let A =
(
a,b
K

)
be a quaternion algebra over K. For an element

x = x0 + x1i+ x2j + x3ij ∈ A,

its conjugate is defined by

x = x0 − x1i− x2j − x3ij.

The reduced trace and reduced norm of x are given by

tr(x) = x+ x, n(x) = xx.

Both quantities, tr(x) and n(x), belong to K, and the reduced norm is multi-
plicative. The caracteristic polynomial over K of any element x ∈ A is

px(T ) = T 2 − tr(x)T + n(x),

showing that every element of a quaternion algebra satisfies a quadratic polynomial
over its base field.
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Theorem 2.10 Let A be a quaternion algebra over R. Then A is a central simple
K-algebra of dimension 4, and there are exactly two possibilities:

A ≃ M2(K) or A ≃ H.

This result follows from the Wedderburn theory of central simple algebras and
is stated explicitly in [25, Theorem 2.1.7].

2.2.2 Real embeddings and ramification

Let A be a K-algebra and let F/K be a field extension. The scalar extension of
A from K to F is the F -algebra

AF = A⊗K F,

obtained by replacing the coefficients of elements of A by their images in F . The
natural map A → AF sends an element x ∈ A to x⊗ 1, and AF is generated as an
F -vector space by elements of the form x⊗ f with x ∈ A and f ∈ F . The algebraic
relations in AF are the same as those in A, except that scalar multiplication now
takes place in F .

From now on, let K be a totally real field with real embeddings σ1, . . . , σn : K ↪→
R. Given such an embedding σi, one may extend scalars from K to R by forming
the R-algebra

Aσi
= A⊗σi

R.

This construction replaces the coefficients of elements of A by their images under
σi, and produces an R-algebra of dimension 4 whose multiplicative structure reflects
that of A.

Under the scalar extension determined by σi, one obtains the real algebra
Aσi

= A⊗σi
R. If an element of A =

(
a,b
K

)
is written as

x = x0 + x1i+ x2j + x3ij, xk ∈ K,

then its image in Aσi
is obtained by applying σi to the coefficients and interpreting

the generators i and j as the generators of the extended algebra. More precisely, Aσi

is generated over R by elements iσi
, jσi

satisfying

i2σi
= σi(a), j2σi

= σi(b), iσi
jσi

= − jσi
iσi

,
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and the image of x is

σi(x0) + σi(x1)iσi
+ σi(x2)jσi

+ σi(x3)iσi
jσi

.

In this way one obtains a natural identification

Aσi
∼=
(
σi(a), σi(b)

R

)
,

where the coefficients are transported through the embedding σi and the defining
relations of the generators are modified accordingly.

Example 2.11 Let K = Q(
√
2) and consider the quaternion algebra

A =

(
−1,

√
2

K

)
.

The field K has two real embeddings,

σ1(
√
2) =

√
2, σ2(

√
2) = −

√
2.

Under each embedding, the algebra A becomes a quaternion algebra over R with
parameters

Aσ1
∼=

(
−1,

√
2

R

)
∼= M2(R), Aσ2

∼=

(
−1, −

√
2

R

)
∼= H.

Thus the behaviour of A over R depends on which embedding of K is used: the
parameter

√
2 becomes positive under σ1 and negative under σ2. This example

illustrates how the signs of the parameters, when viewed through different real
embeddings of a totally real field, can affect the structure of the corresponding real
quaternion algebras.

By Theorem 2.10, for each real embedding σi, the algebra Aσi
falls into one of

two possibilities:
Aσi

≃ M2(R) or Aσi
≃ H.

In the first case one says that A splits at σi; in the second, that A is ramified at
σi. This dichotomy at the real embeddings reflects how the multiplicative structure
of A interacts with the different real forms of its base field and will be used in the
construction of arithmetic groups associated with A.
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2.2.3 Orders in quaternion algebras

Let K be a totally real number field with ring of integers OK , and let A be a
quaternion algebra over K. In this section we introduce the notion of an order, which
provides an integral structure inside A, which is compatible with the arithmetic of
K.

Since A has dimension 4 as a K-vector space, an OK-submodule L ⊂ A is said
to have full rank if it contains a K-basis of A. Equivalently, every element of A can
be written as a K-linear combination of elements of L.

Definition 2.12 An order in A is a subring O ⊂ A containing 1 such that:

1. O is a finitely generated OK-module; and
2. O has full rank in A.

The notion of an order isolates precisely those integral structures in A that are
compatible with both its multiplicative structure and the arithmetic of OK , and it
will serve as the starting point for constructing arithmetic groups in the next section.

An order O is called maximal if it is not properly contained in any other order
of A.

Example 2.13 Let A =
(
a,b
K

)
with generators i and j. The OK-submodule

O0 = OK ⊕OKi⊕OKj ⊕OKij

is an order in A, often called the standard order. In general, however, O0 is not
maximal. To see this, note that the element

1 + i+ j + ij

2

typically does not lie in O0 (unless 2 is a unit in OK), but the OK-module generated
by O0 together with this element is still closed under multiplication. Hence one
obtains a strictly larger order

O′
0 = OK

[
1, i, j, ij, 1+i+j+ij

2

]
,

showing that O0 cannot be maximal. Thus the standard order provides a basic
example of an order that admits a proper enlargement within the quaternion algebra.

We record the following standard facts about orders; see [25, Lemma 2.2.7].
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Lemma 2.14

1. An OK-subring O ⊂ A containing 1 is an order if and only if it is a finitely
generated OK-module whose K-span equals A.

2. Every order in A is contained in an OK-maximal order.

Maximal orders serve as the natural integral objects from which arithmetic
groups will be constructed in the next section.

2.3 Arithmetic and Semi-Arithmetic Fuchsian

Groups

Arithmetic and semi-arithmetic Fuchsian groups arise naturally from quaternion
algebras over totally real number fields. Starting from norm–one elements of suitable
orders, one obtains subgroups of PSL(2,R), whose commensurability invariants
include the invariant trace field and the associated invariant quaternion algebra.
These algebraic data provide the framework for distinguishing arithmetic, semi-
arithmetic, and subarithmetic hyperbolic surfaces, and they will be used in the
subsequent sections.

2.3.1 Commensurability and invariant trace fields

Two subgroups Γ1,Γ2 ⊂ PSL(2,R) are said to be commensurable if their
intersection has finite index in each of them. This relation identifies Fuchsian groups
that, although possibly distinct as subgroups of PSL(2,R), determine hyperbolic
surfaces with closely related geometric and arithmetic properties.

For a Fuchsian group Γ ⊂ PSL(2,R), its trace set is defined by

Tr(Γ) = { | tr(γ)| : γ ∈ Γ }.

The trace field of Γ is the field generated over Q by its trace set, namely

Q(Tr(Γ)).

One then considers the subgroup

Γ(2) = ⟨γ2 : γ ∈ Γ⟩,

which is a normal subgroup of finite index in Γ. Among all finite index subgroups of
Γ, the group Γ(2) has the distinguished property of producing the smallest possible
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trace field. Accordingly, the invariant trace field of Γ is defined as

kΓ = Q(Tr(Γ(2))).

2.3.2 Invariant quaternion algebras

Associated with Γ, one also considers the invariant quaternion algebra

A(Γ(2)) =

{∑
i

aiγi : ai ∈ kΓ, γi ∈ Γ(2)

}
,

that is, the kΓ-subalgebra of M2(R) generated by the matrices representing the
elements of Γ(2).

The use of Γ(2) in both constructions is motivated by the fact that the invariant
trace field and the associated quaternion algebra remain unchanged within the
commensurability class of Γ. This also explains the terminology “invariant” in the
definition of the trace field and the algebra.

We begin by recalling some basic notions regarding subgroups of PSL(2,R).

Definition 2.15 Let Γ ⊂ PSL(2,R) be a subgroup.

• We say that Γ is reducible if all its elements share a common fixed point on
the boundary ∂H. Otherwise, Γ is irreducible.

• We say that Γ is elementary if it has a finite orbit in its action on H ∪ ∂H.
Otherwise, Γ is non-elementary.

Proposition 2.16 Let Γ be a finitely generated, non-elementary subgroup of
PSL(2,R). Then both kΓ and A(Γ(2)) are invariant under commensurability.

Proof. See [25, Theorem 3.3.4 and Corollary 3.3.5]. □

The next proposition provides a useful way to construct explicit bases for the
invariant algebra associated to a Fuchsian group. We thank Gregory Cosac for
communicating the proof of this result.

Proposition 2.17 Let Γ = ⟨γ, β⟩ be an irreducible group, with tr(βγ) ̸= 0. Then,
{1, γ, β, η = [γ, β]} is a basis for M2(C).

Proof. We make use of two identities for matrices g, h ∈ SL2(C) that we shall
develop as follows:

hg2 = (tr(g))hg − h (1)
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Since gh ∈ SL(2,C), the Cayley–Hamilton theorem applied to the characteristic
polynomial

x2 − tr(gh)x+ 1

yields
(gh)2 = tr(gh) gh− I.

Multiplying on the right by h−1 and using that h−1 = (tr(h)) · 1− h we obtain:

ghg = (tr(gh))g + h− (tr(h)) · 1.

Multiplying on the right by g−1 and using that g−1 = (tr(g)) · 1− g then gives us:

gh+ hg = [tr(gh)− tr(h)tr(g)] · 1 + (tr(h))g + (tr(g))h (2)

Note that any T ∈ GL(2,C) induces an isomorphism of M2(C) to M2(C) defined
by X 7→ TX, and another defined by X 7→ XT .

We know that {1, β, γ−1, βγ−1} is a basis for M2(C), since ⟨β, γ−1⟩ is irreducible
(see [25, Lemma 1.2.4]). From (2), by making g = γ−1 and h = β we obtain

γ−1β = (tr(γ−1β)− tr(γ−1)tr(β)) · 1 + (tr(γ−1))β + (tr(β))γ−1 − βγ−1

= tr(βγ) · 1 + (tr(γ−1))β + (tr(β))γ−1 − βγ−1

thus {γ−1β, β, γ−1, βγ−1} is also a basis. By (1), making h = γ−1 and g = β, we get:

γ−1β2 = (tr(β))γ−1β − γ−1

and so {γ−1β, β, γ−1β2, βγ−1} is basis fot M2(C). Aplying the linear isomorphism
M2(C) −→ M2(C)
X 7−→ γXβ−1

takes this basis to {1, γ, β, γβγ−1β−1} = {1, γ, β, η}.

□

Proposition 2.18 Let Γ = ⟨γ1, . . . , γn⟩, and suppose that g = γ1 and h = γ2

generate an irreducible group, with tr(γ2γ1) ̸= 0. Define η = [g, h], and let

K = Q({tr(γi), tr(gγi), tr(hγi), tr(ηγi) | i = 1, . . . , n}).

Then, we have K = Q(tr(Γ)).

Proof. By Proposition 2.17, we know that the set {1, g, h, η} forms a basis for M2(C).
Therefore, for each i = 1, . . . , n, there exist coefficients aij ∈ C, with j = 1, . . . , 4,
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such that
γi = ai1 + ai2g + ai3h+ ai4η.

Multiplying the relation above by each element of the basis and applying the trace,
we obtain:

tr (γi)
tr (γig)
tr (γih)
tr (γiη)


︸ ︷︷ ︸

∈M4×1(K)

=


2 tr(g) tr(h) tr(η)
2tr(g) tr(g2) tr(hg) tr(ηg)
2tr(h) tr(gh) tr(h2) tr(ηh)
2tr(η) tr(gη) tr(hη) tr(η2)


︸ ︷︷ ︸

∈M4(K)


ai1

ai2

ai3

ai4



We therefore conclude that aij ∈ K for all i = 1, . . . , n and all j = 1, . . . , 4. Hence,
the group Γ lies in a K-vector space A generated by the basis B = {1, g, h, η}.
Since A is closed under multiplication, it is a K-algebra. This yields the inclusion
Q(tr(Γ)) ⊂ K. Consequently, we have K = Q(tr(Γ)).

□

Lemma 2.19 If Γ = ⟨γ1, . . . , γn⟩ and the set {tr(γi), tr(γiγj) | 1 ≤ i, j ≤ n} consists
of algebraic integers, then every trace tr(γ) with γ ∈ Γ is an algebraic integer.

Proof. Every element of Γ is a word in the generators γ1, . . . , γn. We will then
prove that the property of having an algebraic integer trace is preserved under
multiplication, inversion, and taking commutators.

First, for matrices X, Y ∈ SL2(C), the trace identity

tr(XY ) = tr(X) tr(Y )− tr(XY −1)

holds. Thus, if tr(X), tr(Y ), and tr(XY ) are algebraic integers, then tr(XY −1) also
is.

Next, the Cayley–Hamilton identity for X ∈ SL2(C),

X2 − tr(X)X + I = 0,

shows that tr(Xk) is an algebraic integer whenever tr(X) is, by induction on k.
Now let γ be any word in the generators. Using the identities above, one can

systematically rewrite tr(γ) as a polynomial with integer coefficients in the quantities
tr(γi) and tr(γiγj) for 1 ≤ i, j ≤ n. Since these are assumed to be algebraic integers,
and algebraic integers are closed under addition and multiplication, it follows that
tr(γ) is an algebraic integer. □
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2.3.3 Arithmetic Fuchsian groups from quaternion algebras

Let K be a totally real field of degree n, and let

σ1, . . . , σn : K ↪→ R

be its real embeddings. Let A be a quaternion algebra over K. For each i = 1, . . . , n,
set

Aσi
= A⊗σi

R.

Then each Aσi
is isomorphic either to M2(R) (splits) or to Hamilton’s quaternion

algebra H (ramifies).
Assume that A splits at exactly r ≥ 1 real places. Reordering the embeddings if

necessary, we may suppose that

Aσi
∼= M2(R), i = 1, . . . , r,

and
Aσi

∼= H, i = r + 1, . . . , n.

For each i = 1, . . . , r, fix an isomorphism

φi : Aσi
→ M2(R).

The reduced norm on A is a multiplicative map

n : A −→ K.

We denote by
A1 = {x ∈ A : n(x) = 1}

the subgroup of norm-one elements of A. If O ⊂ A is an order, we also define

O1 = O ∩ A1,

the group of norm-one units of O.
The embeddings σ1, . . . , σr, together with the fixed isomorphisms φ1, . . . , φr,

determine a homomorphism

ρ : A1 −→ SL2(R)r, x 7−→
(
φ1(σ1(x)), . . . , φr(σr(x))

)
.
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Restricting ρ to O1, we obtain a subgroup

ρ(O1) ⊂ SL2(R)r.

Its image in PSL2(R)r is an arithmetic subgroup in the sense of Borel, and therefore
it is a lattice; see [6]. Let

π1 : SL2(R)r −→ PSL2(R)

denote the natural projection of the first coordenate map. We set

Γ(A,O) = π1

(
ρ(O1)

)
⊂ PSL2(R).

We say that Γ(A,O) is an arithmetic group derived from a quaternion algebra
acting on Hr.

In the special case r = 1, this construction yields an arithmetic Fuchsian group.
In that case, we write

Γ(A,O) ⊂ PSL2(R).

2.3.4 Subarithmetic and semi-arithmetic hyperbolic surfaces

In this subsection we introduce subarithmetic hyperbolic surfaces, adapting from
the notion adopted by Kontorovich and Zhang in [22].

Definition 2.20 Let Γ ⊆ PSL(2,R) a finitely generated, non-elementary Fuchsian
group. We say that Γ is subarithmetic if Γ is commensurable with some subgroup
of an arithmetic group derived from a quaternion algebra acting on Hr, for some
r ≥ 1.

By Proposition 2.16 if Γ is subarithmetic commensurable with a subgroup of
Γ(A,O) then A is isomorphic to the invariant algebra of Γ. Hence, the number of
real places of invariant number field of Γ such that the invariant quaternion algebra
splits is invariant by commensurability. We will call this number the arithmetic
dimension of Γ, denoted by a.dim(Γ).

Although subarithmetic groups fail to satisfy the strong rigidity properties
characteristic of arithmetic groups, they retain several fundamental arithmetic
features inherited from the ambient arithmetic structure:

• Invariant trace field. The invariant trace field

kΓ = Q(Tr(Γ(2)))
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is a number field. In particular, kΓ is totally real for subarithmetic Fuchsian
groups.

• Integrality of traces. The traces of elements of Γ lie in the ring of integers
OkΓ. This mirrors the arithmetic situation and provides strong number-
theoretic constraints on the algebraic data associated to Γ.

• Associated quaternion algebra. The invariant quaternion algebra A(Γ(2))

is defined over kΓ and remains constant within the commensurability class of
Γ. Thus, even though Γ is not arithmetic, it still determines a well-defined
arithmetic object.

• Algebraic description of generators. Irreducible subarithmetic groups
admit generating sets whose traces and commutators generate both the
invariant trace field and the associated quaternion algebra, as described in
Propositions 2.16 and 2.17. This provides an explicit algebraic framework
similar to the arithmetic case.

The principal distinction between arithmetic and subarithmetic surfaces lies
in the loss of rigidity. Arithmetic surfaces satisfy strong classification results up
to commensurability, while subarithmetic surfaces admit large deformation spaces
inside moduli space.

The invariants kΓ and A(Γ(2)) allow one to describe arithmeticity intrinsically,
without reference to the ambient quaternion algebra. This intrinsic characterization
is due to Takeuchi [31] and serves as the starting point for the theory of semi-
arithmetic Fuchsian groups developed in [29].

Theorem 2.21 (Takeuchi) Let Γ be a cofinite Fuchsian group. Then Γ is arith-
metic if and only if the following conditions hold:

1. The invariant trace field kΓ = Q(Tr(Γ(2))) is a totally real number field, and
every element of Tr(Γ(2)) is an algebraic integer of kΓ.

2. For every embedding φ : kΓ ↪→ C different from the identity embedding, one
has

φ(Tr(Γ(2))) ⊂ [−2, 2].

Borel [6] proved that, up to conjugacy, there exist only finitely many arithmetic
Fuchsian groups of finite covolume.

Motivated by the scarcity of arithmetic groups, Schmutz Schaller and Wolfart
introduced in [29] a broader class of Fuchsian groups that generalizes arithmetic-
ity while retaining key number-theoretic features. These are the so-called semi-
arithmetic groups.
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Definition 2.22 A cofinite Fuchsian group Γ is called semi-arithmetic if its invari-
ant trace field kΓ is a totally real number field and every element of Tr(Γ(2)) is an
algebraic integer of kΓ.

It follows from [29, Proposition 1] that a Fuchsian group is semi-aritmetic if, and
only if, it is a subarithmetic group cofinite. If n = [kΓ : Q], then 1 ≤ a.dim(Γ) ≤ n.
We note that a semi-arithmetic group Γ is arithmetic only when a.dim(Γ) = 1.
Thus, in the semi-arithmetic setting, a.dim(Γ) measures the deviation of Γ to be
arithmetic.

We now describe some classes of examples illustrating the notion of subarith-
meticity.

Example 2.23 (Surfaces of signature (1, 1)) Let S be a hyperbolic surface of
signature (1, 1), that is, a compact surface of genus one with one geodesic boundary
component. As discussed in Section 1.3.2, such a surface can be written as

S = Γ\H,

where Γ = ⟨γ, β⟩ is a free group of rank two, and the commutator [γ, β] corresponds
to the boundary geodesic of S.

Since Γ is a free group, it cannot be a cofinite Fuchsian group. In particular,
S is never arithmetic or semi-arithmetic in the sense of Definition 2.22, which is
formulated for cofinite groups. Nevertheless, it is convenient to single out those Q-
pieces for which the algebraic semi-arithmetic conditions hold, namely:

kΓ is a totally real number field and Tr(Γ(2)) ⊂ OkΓ.

In this thesis we will refer to such a surface as a subarithmetic Q-piece.
For a subarithmetic Q-piece, the group Γ is subarithmetic. Indeed, let k = kΓ

and let A = A(Γ(2)) be the invariant quaternion algebra over k generated by Γ(2). Let
O ⊂ A be the Ok-order generated by Γ(2). Then Γ(2) ⊂ O1, and via the distinguished
real embedding k ↪→ R coming from the given realization Γ ⊂ PSL(2,R), the image of
O1 in PSL(2,R) is an arithmetic group Γ(A,O) acting on Hr for some r ≥ 1, derived
from a quaternion algebra and containing Γ(2). Therefore, Γ is commensurable with a
subgroup of the arithmetic group Γ(A,O) acting on Hr, and hence Γ is subarithmetic.

Surfaces of signature (1, 1) satisfying the semi-arithmetic trace conditions thus
provide explicit and flexible examples of subarithmetic hyperbolic surfaces.

Example 2.24 (Hecke triangle groups and their subgroups) For an integer
q ≥ 3, the Hecke triangle group (or triangle group of type (2, q,∞)) is the Fuchsian
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group
Hq = ∆(2, q,∞) ⊂ PSL(2,R)

generated by the two Möbius transformations

S(z) = −1

z
, T (z) = z + λq, λq = 2 cos

(
π

q

)
.

It admits the presentation

Hq = ⟨S, T | S2 = (ST )q = id⟩,

and geometrically it uniformizes the hyperbolic orbifold obtained from a triangle with
angles (π/2, π/q, 0).

The arithmeticity of the Hecke triangle group Hq = ∆(2, q,∞) is completely
classified. By Takeuchi’s criterion [31], Hq is arithmetic if and only if q ∈ {3, 4, 6}.
For q /∈ {3, 4, 6} the group is non-arithmetic, despite the fact that its invariant trace
field

kHq = Q
(
2 cos

(
π

q

))
is totally real and that the traces of H(2)

q satisfy the usual integrality conditions. In
particular, for q ≥ 5, q ̸= 6, the group Hq is a cofinite Fuchsian group which is
semi-arithmetic but not arithmetic.

The obstruction to arithmeticity lies in the behavior under nontrivial real embed-
dings of the trace field: Takeuchi’s criterion further requires that, for every embed-
ding σ : kHq ↪→ R distinct from the identity, the corresponding conjugate group have
bounded traces, or equivalently be relatively compact in PSL(2,R). This compactness
condition fails for q /∈ {3, 4, 6}.

Nevertheless, these groups still exhibit an ambient arithmetic structure. In the
sense of Kontorovich, the Hecke triangle group Hq is subarithmetic: it embeds as an
infinite-index subgroup of an arithmetic Fuchsian group associated o a quaternion
algebra over kHq (see, for instance, [22]). As a consequence, any torsion-free
subgroup Γ ≤ Hq of finite index yields a finite-area hyperbolic surface S = Γ\H
which is non-arithmetic but semi-arithmetic.

The existence of infinitely many semi-arithmetic Fuchsian groups was already ob-
served by Takeuchi, who exhibited explicit families of non-arithmetic triangle groups
satisfying the algebraic conditions defining semi-arithmeticity. These examples show
that semi-arithmetic surfaces form a strictly larger class than arithmetic ones. How-
ever, the abundance of such examples does not, by itself, describe how extensively
semi-arithmetic surfaces populate the moduli space of hyperbolic surfaces. A much
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stronger manifestation of this richness is provided by the following result, due to
Cosac and Dória (see [11]), which shows that semi-arithmetic surfaces occupy a
genuinely large region of moduli space from the geometric point of view.

Theorem 2.25 The set

{ sys(S) | S is a closed semi-arithmetic hyperbolic surface }

is dense in the positive real numbers.

Definition 2.26 A closed hyperbolic surface is called arithmetic (resp., semi-
arithmetic) if it is of the form S = Γ\H, where Γ is an arithmetic (resp., semi-
arithmetic) Fuchsian group.

2.4 The Stretch Invariant

Semi-arithmetic Fuchsian groups form a class which is significantly larger than
the arithmetic ones, and their geometric behaviour cannot be controlled solely by
the coarea or by the arithmetic dimension. In particular, bounded coarea does not
force finiteness of commensurability classes: for each genus g ≥ 2, there exist
infinitely many semi-arithmetic surfaces of genus g, hence of the same coarea;
see Theorem 2.25. Motivated by this phenomenon, Belolipetsky, Cosac, Dória and
Teixeira Paula introduced in [3] a new geometric invariant, called stretch, which
quantifies how far a semi-arithmetic group is from admitting an isometric or
holomorphic embedding into an arithmetic ambient space. This invariant restores
the type of finiteness results known for the arithmetic case.

Let Γ be a semi-arithmetic Fuchsian group of arithmetic dimension r. Then
Γ(2) embeds into an arithmetic lattice acting on Hr = H × · · · × H via a discrete
representation ρ0 : Γ(2) → PSL(2,R)r. We consider maps u : H → Hr which are
ρ0–equivariant, i.e. u(γz) = ρ0(γ)u(z) for all γ ∈ Γ(2) and z ∈ H. If Γ is torsion-free,
standard arguments yield a smooth ρ0–equivariant map. In the presence of torsion,
one passes to a torsion-free finite-index subgroup and applies a construction due to
Karcher based on the Riemannian center of mass, producing a smooth equivariant
map with controlled Lipschitz constant.

Definition 2.27 Let Γ be a semi-arithmetic Fuchsian group of arithmetic dimen-
sion r. We say that Γ has stretch at most L if there exists a ρ0–equivariant
L–Lipschitz map u : H → Hr. The stretch of Γ, denoted δ(Γ), is the infimum
of all such constants. For the hyperbolic orbifold S = Γ\H we write δ(S) = δ(Γ).
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Intuitively, the stretch measures the minimal geometric distortion required for the
surface Γ\H to embed into Hr along the representation determined by the invariant
trace field of Γ.

The stretch satisfies several natural properties that clarify its geometric be-
haviour.

Proposition 2.28 If Γ1 and Γ2 are commensurable semi-arithmetic Fuchsian
groups, then δ(Γ1) = δ(Γ2).

The proof, given in [3], relies on the center-of-mass construction, which allows a
Lipschitz equivariant map defined on a finite-index subgroup to be extended to the
entire group without increasing its Lipschitz constant.

When the arithmetic dimension is r = 1, the embedding into the hyperbolic plane
is isometric. In this case one may take u = id, showing that arithmetic Fuchsian
groups always satisfy δ(Γ) = 1.

Example 2.29 (The triangle group ∆(2, 5,∞)) A Fuchsian group Γ is said to
admit a modular embedding if there exists a holomorphic ρ0–equivariant map

F : H −→ Hr,

that is,
F (γz) = ρ0(γ)F (z)

for all γ ∈ Γ(2) and z ∈ H, where ρ0 : Γ
(2) → PSL(2,R)r is the representation arising

from the invariant quaternion algebra via the real embeddings at which it splits.
The Hecke triangle group Γ = ∆(2, 5,∞) provides an example that illustrate

this phenomenon. Although Γ is a non-arithmetic lattice in PSL(2,R), it is semi-
arithmetic and admits a modular embedding. Its invariant trace field is the real
quadratic field k = Q(

√
5), and there exists a holomorphic Γ–equivariant map

F : H −→ H×H

whose image projects to a complex geodesic on a Hilbert modular surface, as described
by McMullen [26].

By the Schwarz-Pick lemma, any holomorphic map between hyperbolic spaces is
1–Lipschitz. Consequently, the stretch of Γ satisfies

δ(Γ) ≤ 1.



2.5 Number Theoretic Facts About Semi-Arithmetic Fuchsian Groups 70

Since δ(Γ) ≥ 1 for any lattice, it follows that

δ(∆(2, 5,∞)) = 1.

This example shows that stretch equal to one is a consequence of the existence of a
modular embedding and so it does not characterize arithmeticity.

The introduction of the stretch invariant provides a missing geometric constraint
that restores finiteness phenomena analogous to those which were already known for
arithmetic lattices. The principal result of [3] is the following.

Theorem 2.30 For fixed constants L ≥ 1, µ > 0 and integer r ≥ 1, there exist
only finitely many conjugacy classes of semi-arithmetic Fuchsian groups Γ satisfying
a. dim(Γ) ≤ r, δ(Γ) ≤ L and coarea(Γ) ≤ µ.

2.5 Number Theoretic Facts About Semi-

Arithmetic Fuchsian Groups

Several arithmetic properties of semi-arithmetic Fuchsian groups can be reduced
to elementary facts about trace fields, quaternion algebras, and their behavior under
field embeddings. The results collected here record number–theoretic consequences
that will be used in later arguments. This section serves as a technical reference for
the proofs in the subsequent chapters.

Let α be an algebraic integer, and let P ∈ Z[X] be its minimal polynomial. A
complex number β is said to be a Galois conjugate of α if P (β) = 0. The house of
α, denoted by α , is defined as

α := max{|β| : β is a Galois conjugate of α}.

We say that an algebraic integer α is reciprocal if it is Galois conjugate to its
multiplicative inverse α−1. In this case, the set of roots of the minimal polynomial
P is invariant under the inversion map x 7→ x−1. It follows that P must have even
degree and satisfies the functional equation

P (X) = XnP (1/X),

where n is the degree of P .
In what follows, we extend a proposition originally proved in [3, Proposition

4.2]. Our aim is to explore the arithmetic properties of the eigenvalues of hyperbolic
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elements in semi-arithmetic Fuchsian groups. As an application, we derive a lower
bound for the systole of semi-arithmetic hyperbolic surfaces.

We record the following estimate from Belolipetsky, Cosac, Dória and Teixeira
Paula, which relates stretch to the spectral data of a semi-arithmetic group (see [3,
Proposition 3.3]).

Proposition 2.31 Let Γ be a semi-arithmetic Fuchsian group with representation
ρ as above, and suppose that Γ has stretch at most L. Let Spec(Γ(2)) denote the set
of largest eigenvalues of the hyperbolic elements of Γ(2). Then

sup

{
log λ

log λ
: λ ∈ Spec(Γ(2))

}
≤ L.

We will apply this proposition to the subgroup under consideration in order
to bound the stretch from below in terms of the spectral behaviour of a suitable
hyperbolic element. This will provide the key input in the proof of proposition
below.

Proposition 2.32 Let S be a semi-arithmetic closed hyperbolic surface with invari-
ant trace field of degree at most d, and stretch bounded above by L. Then:

1. For any closed geodesic β ⊂ S, the quantity eℓ(β) is a reciprocal algebraic
integer of degree at most 2d, and house bounded above by eℓ(β)L.

2. There exists a constant s > 0, depending only on d and L, such that the
injectivity radius of S is at least s.

Proof. We can write S = Γ\H, where Γ ⊂ PSL(2,R) is a semi-arithmetic Fuchsian
group with invariant trace field F of degree at most d.

As previously noted, for any closed geodesic β ⊂ S, there exists a hyperbolic
element Tβ ∈ Γ whose axis projects to β. The length of β is related to the largest
eigenvalue of T 2

β via the formula:

ℓ(β) = log λ(Tβ),

where λ(T ) denotes the spectral radius (largest eigenvalue) of T 2, for any hyperbolic
element T ∈ Γ.

Now observe that e±ℓ(β) are the two real roots of the quadratic polynomial

X2 − tr(T 2
β )X + 1 ∈ OF [X],

so eℓ(β) is a real algebraic integer of degree at most 2d. Moreover, this polynomial
is reciprocal, since its roots satisfy α · α−1 = 1, and its coefficients lie in the ring of
integers of F . Therefore, eℓ(β) is a reciprocal algebraic integer of degree at most 2d.
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To estimate the house of eℓ(β), we use the fact that the stretch bound L provides
a uniform control on the geometric distortion of lengths under the equivariant map
associated to ρ0. In particular, this implies that eℓ(β) is bounded in terms of L and
the algebraic data of the representation.

Using this together with the algebraic nature of the length functions, we may
apply Proposition 2.31 to conclude that the house of eℓ(β) is at most eℓ(β)L, which
proves part (1).

For part (2), it suffices to give a uniform lower bound on the length of any closed
geodesic β ⊂ S, which in turn gives a lower bound for the injectivity radius of
S. By a result of Dimitrov [12, Theorem 1], which proves the Schinzel–Zassenhaus
conjecture, the house of any algebraic integer of degree 2d that is not a root of unity
is bounded below by 21/(4d). Since the spectral radius λ(Tβ) is given by the maximum
modulus of its eigenvalues, this estimate yields

λ(Tβ) > 21/(4d).

Therefore, for any closed geodesic β ⊂ S, we obtain:

ℓ(β) =
log λ(Tβ)

L

L
≥ log λ(Tβ)

L
≥ log 2

4dL
.

By setting s = log 2
4dL

, which depends only on d and L, we conclude that the injectivity
radius of S is bounded below by s, proving part (2). □

We now consider a quantitative estimate on the number of reciprocal algebraic
integers under degree and size constraints. For each m ∈ N and X ≥ 1, let Um(X)

denote the set of real reciprocal algebraic integers of degree at most 2m and house
at most X.

Lemma 2.33 Given a positive integer m and a real number X > 1, the set Um(X)

is finite and contains at most
2m · (4mX)m

2

elements.

Proof. To each λ ∈ Um(X), we associate its minimal polynomial Pλ ∈ Z[X]. Since
any reciprocal algebraic integer of degree at most 2m has at most 2m distinct
conjugates, it follows that each such polynomial corresponds to at most 2m elements
in Um(X). Thus, it suffices to bound the number of possible reciprocal minimal
polynomials of degree at most 2m.

Let P ∈ Z[X] be the minimal polynomial of a real reciprocal algebraic integer
of degree 2d ≤ 2m. By definition of reciprocity, P has at most d coefficients which



2.5 Number Theoretic Facts About Semi-Arithmetic Fuchsian Groups 73

are different from 1. More precisely, we may write

P (X) = X2d + a1X
2d−1 + · · ·+ adX

d + adX
d−1 + · · ·+ a1X + 1,

so that P is fully determined by the coefficients a1, . . . , ad ∈ Z.
Let α1, . . . , α2d be the roots of P . Since λ ∈ Um(X), all roots satisfy |αi| ≤ X.

Each coefficient ai is (up to sign) equal to the i-th elementary symmetric function
in α1, . . . , α2d, and hence satisfies the bound:

|ai| ≤
(
2d

i

)
X i ≤ (2dX)i.

Therefore, the total number of possible choices for the vector (a1, . . . , ad) is at
most:

2d(2dX)
d(d+1)

2 .

Hence, there exist at most

m∑
d=1

2d · (2dX)
d(d+1)

2 ≤ m2m · (2mX)
m(m+1)

2 ≤ (4mX)m
2

.

possibilities for a minimal polynomial of an element of Um(X) (the last inequality
can be verified applying log in both sides).

Since each such polynomial corresponds to at most 2m elements of Um(X), we
conclude that:

#Um(X) ≤ 2m · (4mX)m
2

.

□

In [10], Calegari and Huang establish more general counting results for algebraic
integers, which yield sharper upper bounds than the one obtained in the lemma
above. However, for the purposes of our application, their estimates do not lead to a
significant improvement, and the simpler bound stated here suffices for our analysis.



CHAPTER 3
Determining Surfaces by Short Geodesics

3.1 Length Coordinates with Logarithmic Bound

In Chapter 1, we explored how hyperbolic surfaces can be decomposed using
systems of curves and arcs, forming what is known as a curve and chain system. We
now use this combinatorial structure to construct a new global coordinate system for
the Moduli space Mg based entirely on the lengths of finitely many closed geodesics.
The central result of this section asserts that these lengths can be chosen uniformly
short in a precise, logarithmic sense and still determine the point in moduli space
uniquely.

The existence of curve and chain systems with controlled lengths, as established
by Parlier [28], is a key ingredient in the constructions we develop here. His result
ensures the existence of systems where the lengths of the main curves and their
associated chains are bounded logarithmically in the genus.

In what follows, we present a slight refinement of his construction. In addition to
bounding the lengths of the curves in C and CA, we also include explicit bounds on
the lengths of the arcs themselves. This additional control will be important later,
particularly when we parametrize surfaces using auxiliary geodesics associated with
the arcs.

3.1.1 A controlled curve and chain system

For ε > 0, we denote by

M≥ε
g = {S ∈ Mg : sys(S) ≥ ε}

the ε-thick part of the moduli space. Equivalently, M≥ε
g consists of those closed

hyperbolic surfaces whose systole has length at least ε. By the Collar Lemma,
surfaces in M≥ε

g admit uniform geometric bounds depending only on ε.
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Proposition 3.1 Let ε > 0. Then any surface S ∈ M≥ε
g admits a curve and chain

system C, CA satisfying:

i) ℓ(γ) < 2 log(4g) for every γ ∈ C,

ii) ℓ(γa) < 8 log(4g) + 4 arcsinh

(
1

sinh( ε
2)

)
for every a ∈ A,

iii) ℓ(a) < 2 log(4g) + 2 arcsinh

(
1

sinh( ε
2)

)
for every a ∈ A.

Moreover, the system can be chosen so that for each curve γ ∈ C and for each side
of γ, there exists at least one arc a ∈ A joining γ to another curve δ ∈ C with δ ̸= γ.

Before proceeding with the proof of Proposition 3.1, we recall two auxiliary
results that will be instrumental in controlling the geometry of the curves and
arcs involved in the decomposition. The first one follows from estimates obtained
by Bavard [1] on the radii of embedded disks in compact hyperbolic surfaces.
In particular, it implies the existence of a based geodesic loop. Whose length is
asymptotically bounded by 2 log(4g), which is the limit we will need in the proof of
Proposition 3.1.

Lemma 3.2 Let S ∈ Mg be a closed hyperbolic surface, and let x ∈ S. Then there
exists a geodesic loop δx based at x such that

ℓ(δx) < 2 cosh−1

 1

2 sin
(

π
12g−6

)
 .

The next result provides an estimate on the distance between a simple geodesic
loop and the collar of its associated simple closed geodesic. This type of estimate,
which is adapted from Parlier [28], will be used to control the geometry of arcs in
the curve and chain decomposition.

Lemma 3.3 Let S ∈ Mg and let c be a simple geodesic loop on S. Let γ be the
unique simple closed geodesic freely homotopic to c, and denote by C(γ) its collar.
Then

sup
p∈c

d(p,C(γ)) < log

(
sinh

(
ℓ(c)

2

))
.

Proof of Proposition 3.1 - The proof follows the same line of reasoning as in [28,
Theorem 1.3]. For every point x ∈ S, let δx denote the shortest nontrivial loop based
at x. As the minimal such loop, δx satisfies Lemma 3.2, which yields

ℓ(δx) < 2 arccosh

(
1

2 sin π
12g−6

)
< 2 log(4g).
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Now consider the collection C̃ of all simple closed geodesics in S that are freely
homotopic to some δx. Let C be a maximal disjoint subset of C̃.

To construct the desired set of arcs, we begin by decomposing S into Voronoi cells
around the boundary curves of S \ C. More precisely, for each boundary component
C of S \ C, define the cell

Vγ = {x ∈ S | d(x, γ) ≤ d(x, δ), δ a boundary of S \ C} .

Then, by Lemma 3.3 and standard estimates, for any x ∈ Vγ, we have:

d(x, γ) < log

(
sinh

(
ℓ(δx)

2

))
+ arcsinh

(
1

sinh( ℓ(γ)
2
)

)
(1)

< log(4g) + arcsinh

(
1

sinh( ε
2
)

)
. (2)

The set of points that lie in more than one cell forms the cut locus of the
decomposition. Points in the cut locus that belong to exactly two cells are edges,
while those belonging to three or more cells are vertices. A vertex lying in exactly
three cells is called trivalent. For each edge of the cut locus emanating from a
trivalent vertex, we construct a geodesic arc connecting the corresponding boundary
components of S \ C, crossing the edge. These arcs are added to the set A under
construction. For further details, see [28].

Figure 3.1: Trivalent vertex

γ′

γ′′

ay

Figure 3.2: Vertex with high degree

If a vertex v has degree q ≥ 4, we construct q arcs as in the trivalent case.
Given one such arc a ∈ A, let γ′ and γ′′ be the boundary curves of S \ C joined

by a. Let y be the point where a intersects the edge separating the Voronoi cells
associated to γ′ and γ′′. Then by using (2) we obtain (iii) :

ℓ(a) = 2d(y, γ′) < 2 log(4g) + 2 arcsinh

(
1

sinh( ε
2
)

)
.
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Now consider the q simple arcs {ci}qi=1 joining v to the respective boundary
curves of S \ C. Orient c1 toward v, and the remaining ci (for i ≥ 2) away from
v. For each i = 3, . . . , q − 1, we concatenate c1 with ci and include an arc in its
homotopy class into A, thereby adding q − 3 new arcs.

c1

c2

c3 c4

c5

c6

Figure 3.3: Construction of new arcs at a vertex of degree
greater than 4.

Hence, for each such arc a joining γ′ and γ′′, we have ℓ(a) ≤ 2d(v, γ′). Since
ℓ(γa) ≤ 2ℓ(a)+ℓ(γ′)+ℓ(γ′′), the above estimates provide the required upper bounds
on ℓ(γ), ℓ(a), and ℓ(γa).

Finally, the construction guarantees that in every connected component of S \C,
each boundary curve is connected to at least two arcs. Consequently, after gluing
the surface back together, each geodesic in C has, on both sides, at least one arc
linking it to a different curve in C. This ensures that the arcs that where selected to
define the twist parameters meet the necessary adjacency conditions.

□

3.1.2 Length bounds and injectivity

The proof of Theorem A follows directly from the next result, which provides
an explicit description of the data determining a hyperbolic surface in terms of
bounded-length curves and arcs.

Theorem 3.4 Let ε > 0, and let S ∈ M≥ε
g be a closed hyperbolic surface. Then

there exists a curve and chain system (C, CA) on S, together with a collection of
closed geodesics Λ = {δ(γ)}γ∈C, such that the surface S is uniquely determined by
the lengths ℓ(C), ℓ(CA), and ℓ(Λ). Moreover, the lengths of all curves in C, CA, and
Λ, as well as the lengths of the arcs in A, are bounded above by a constant depending
only on g and ε, namely

16 log(4g) + 8 arcsinh

(
1

sinh
(
ε
2

)) .
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Finally, the total number of closed geodesics involved in this parametrization is at
most 12g − 12.

Proof. Let S ∈ M≥ε
g be a hyperbolic surface. By Proposition 3.1, there exists a

curve and chain system (C, CA) on S whose curves have uniformly bounded length,
depending only on g and ε.

Fix γ ∈ C. By construction, there exist two arcs a1, a2 ∈ CA issuing from γ

on opposite sides, with endpoints on distinct curves β1, β2 ∈ C, where βi ̸= γ for
i = 1, 2. For each i, the curves γ, βi, and γai ∼ γaiβia

−1
i bound an immersed pair of

pants Yi ⊂ S.
Let p1, p2 ∈ γ be the reference points determined by the chosen curve and chain

system, as in Section 1.5, and let α = α(γ) ∈ [0, 1) denote the twist parameter of γ,
defined by the oriented distance along γ from p1 to p2.

β1

β2

γ

p1

p2

γa1

γa2

a1

a2

d

Figure 3.4: Configuration of the geodesics and auxiliary arcs
used to compute the traces of the cross-products.

Consider the arc b ⊂ γ joining p1 to p2, whose length is ℓ(b) = α ℓ(γ). Let d be
the unique geodesic arc perpendicular to β1 and β2 in the homotopy class of the
concatenation a2 b a

−1
1 . Gluing the two Y –pieces Y1 and Y2 along γ according to the

parameter α yields an immersed X–piece Xγ ⊂ S.
We now define an auxiliary closed geodesic. Let δ be the closed geodesic freely

homotopic to the curve
d β2 d

−1 β1.

By construction, the curve δ is contained in the X–piece Xγ.
As shown in Proposition 1.22, the length of δ depend real analytically on

α, γ, β1, β2, γa1 , γa2 ,

and, conversely, the twist parameter α can be recovered from the length data of
these closed geodesics. In particular, there exists a real analytic function F such
that

α = F
(
ℓ(γ), ℓ(δ), ℓ(β1), ℓ(β2), ℓ(γa1), ℓ(γa2)

)
.
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We now obtain uniform bounds on the lengths of the auxiliary curves. Using the
triangle inequality and the length bounds from Proposition 3.1, we obtain

ℓ(δ) ≤ ℓ(β1) + ℓ(β2) + 2ℓ(γ) + 2ℓ(a1) + 2ℓ(a2) < 16 log(4g) + 8 arcsinh

(
1

sinh(ε/2)

)
.

Thus, the geometry of S is completely determined by the lengths of the curves
in C, the chains in CA, and the auxiliary family

Λ = {δ}γ∈C.

Finally, we estimate the number of curves involved. Since S has area 4π(g−1), it
admits a decomposition into 4g−4 right–angled hexagons. Each hexagon contributes
with three arcs, yielding 6g − 6 distinct arcs after gluing. Moreover, the system C
contains at most 3g − 3 curves, and each γ ∈ C gives rise to one auxiliary curve δ.
Therefore,

#C +#CA +#Λ ≤ (3g − 3) + (6g − 6) + (3g − 3) = 12g − 12,

which completes the proof. □

We conclude this section with a combinatorial lemma that provides a uniform
bound on the number of topological configurations arising from curve and chain
systems. A family Ω of closed curves on a surface R is said to admit a parametrization
by a marked curve and chain system if it is obtained through the construction
described in the proof of the preceding theorem. By construction, such a family
Ω is determined by a unique curve and chain system, which we call the underlying
curve and chain system of Ω.

Let Fg denote the set of all families Ω arising in this way on a closed surface
of genus g, considered up to the action of the group of orientation-preserving
homeomorphisms of the surface. Since this action is trivial on the moduli space
Mg, replacing a curve and chain system by its image under a homeomorphism does
not change its topological type. But, topologically, the set of all systems can be
decomposed into finitely many orbits. This allows us to obtain a quantitative upper
bound on the cardinality of Fg.

Lemma 3.5 The set Fg is finite and satisfies the estimate

#Fg ≤ Bgg6g,

for some universal constant B > 0.
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Proof. To each Ω ∈ Fg we associate its underlying curve and chain system. Suppose
that this system contains k closed curves in Γ. Once the underlying system is fixed,
there are at most k · (#A)2 possible choices of chains that recover the family Ω.

Let Ncc(g) denote the number of orbits of curve and chain systems on a surface
of genus g under the action of the orientation-preserving homeomorphism group. It
follows that

#Fg ≤ (3g − 3)(4g − 4)2 ·Ncc(g).

By [28, Lemma 3.2], the number Ncc(g) satisfies the estimate

Ncc(g) ≤
1

e6

(
126

e5

)g−1

(g − 1)6g−6.

Combining these inequalities yields

#Fg ≤
48(g − 1)2

e6

(
126

e5

)g−1

(g − 1)6g−6 ≤ Bgg6g,

for some universal constant B > 0, as claimed. □

3.2 Minimal Distance Between Coverings of Arith-

metic Hyperbolic Surfaces

The results of this section provide a geometric separation principle for arithmetic
and semi-arithmetic hyperbolic surfaces. By establishing a uniform lower bound
on the distance between distinct coverings, one obtains effective control on how
such surfaces can accumulate in moduli space. These separation estimates form the
geometric input needed for the counting arguments developed at the end of the
section.

3.2.1 Geometric separation of coverings

Given a hyperbolic surface S, for each integer n > 1, the number of n-sheeted
coverings of S is equal to the number of conjugacy classes of subgroups of index n in
the Fuchsian group C that uniformizes S. On the other hand, it is a classical result
that any finitely generated group admits only finitely many subgroups of a given
index. Therefore, for fixed n, the number of n-sheeted coverings of S is finite.

Moreover, by the Gauss–Bonnet theorem, there is a well-defined correspondence
between the genus of a covering surface and its degree over S. In particular, for each
genus g, the number of points in the moduli space Mg corresponding to coverings of
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S coincides with the number of m-sheeted coverings of S, for some explicit integer
m depending only on g and on the genus of S.

This allows us to define the function

δS(g) =

0, if there does not exist a genus g surface covering S,

min{dT (S̃, S̄) : S̃, S̄ ∈ Mg are distinct coverings of S}, otherwise,

where dT denotes the Teichmüller metric on Mg.
From the celebrated work of Kahn and Markovic [16], who proved the Ehrenpreis

conjecture, it follows that for any ε > 0, there exist distinct coverings of a fixed
surface S whose Teichmüller distance is at most ε. In particular, this implies that

lim
g→∞

δS(g) = 0 for any hyperbolic surface S.

This naturally leads to the question of whether it is possible to establish a uniform
qualitative upper bound for the function δS(g) across all genera. More precisely, does
there exist a polynomial Q, depending only on the base surface S, such that

δS(g) ≤ Q

(
1

g

)
for all g ≫ 1 ?

If the answer is affirmative, this would represent the strongest possible asymptotic
control for δS(g), as shown by the next theorem. Before stating the theorem, we recall
the following consequence of the minimal spacing property established in [24, Lemma
2.1].

Lemma 3.6 Let G be an arithmetic Fuchsian group with invariant trace field F .
Then there exists a constant c > 0, depending only on F , such that for any elements
T, T ′ ∈ G with |tr(T )| ≠ |tr(T ′)|, we have

∣∣tr(T )2 − tr(T ′)2
∣∣ > c.

Proof. Let F be the invariant trace field of the arithmetic Fuchsian group G. By
definition, the traces of elements in G (or more precisely, of squares of elements) lie
in F , and for every nontrivial embedding φ : F ↪→ C, the image of any such trace
under φ is bounded in absolute value by 2:

|φ(tr(T 2))| ≤ 2, for all T ∈ G.
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Recall the identity

tr(T 2) = tr(T )2 − 2, for all T ∈ SL(2,R).

Thus, if |tr(T )| ≠ |tr(T ′)|, then tr(T )2 ̸= tr(T ′)2, which implies

tr(T 2) ̸= tr(T ′2).

Now consider the difference tr(T 2) − tr(T ′2) ∈ F . Since F is a number field of
degree d = [F : Q], let φ1 = id, φ2, . . . , φd be the real embeddings of F into R. The
norm of an element x ∈ F is given by

NF/Q(x) =
d∏

i=1

φi(x).

If x = tr(T 2)− tr(T ′2) ∈ OF \ {0}, then NF/Q(x) ∈ Z \ {0}, and therefore

|NF/Q(x)| ≥ 1.

On the other hand, since the traces tr(T 2) and tr(T ′2) have absolute value at
most 2 under any embedding φi, we have

|φi(tr(T 2)− tr(T ′2))| ≤ 4, for all i = 2, . . . , d.

Hence,
d∏

i=2

|φi(tr(T 2)− tr(T ′2))| ≤ 4d−1.

Consequently, using the inequality

|tr(T 2)− tr(T ′2)| ·
d∏

i=2

|φi(tr(T 2)− tr(T ′2))| ≥ 1,

we deduce that
|tr(T 2)− tr(T ′2)| ≥ 1

4d−1
.

Finally, since
|tr(T 2)− tr(T ′2)| = |tr(T )2 − tr(T ′)2|,

it follows that
|tr(T )2 − tr(T ′)2| ≥ 1

4d−1
.

Therefore, we may take c = 4−(d−1) > 0, which depends only on the degree
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d = [F : Q], concluding the proof. □

Theorem 3.7 Let S be a closed arithmetic surface of genus g ≥ 2 with invariant
trace field F . Then there exists a constant A = A(d) > 0, depending only on the
degree d = [F : Q], such that for any other closed arithmetic surface S ′ ∈ Mg with
the same invariant trace field F , we have

dT (S, S
′) ≥ Ag−192.

Proof. Let S = G\H ∈ Mg be an arithmetic closed surface with invariant trace
field F , where deg(F/Q) = d. Since any arithmetic surface has stretch equal to 1, it
follows from Proposition 2.32 that there exists a constant s > 0, depending only on
d, such that S ∈ M≥s

g .
By applying Theorem 3.4, we obtain a system of curves and chains C =

{γ1, . . . , γk}, CA = {γa | a ∈ A}, such that the surface S is completely determined
by the set

Ω = {γi, δi, γa | 1 ≤ i ≤ k, a ∈ A}

and satisfies
ℓS(ω) ≤ 48 log g + c(d), for every ω ∈ Ω,

where c(d) > 0 is an explicit constant depending only on d.
Let S ′ ∈ Mg be another arithmetic surface with the same invariant trace field

F , and assume S ′ ̸= S. If

dT (S, S
′) ≥ log 2

2
,

then the theorem holds with A = 1, and we are done. So we may assume that

dT (S, S
′) <

log 2

2
.

Let f : S → S ′ be an e2ε-quasiconformal homeomorphism, with ε < log 2
2

and isotopic to the identity. Since S ̸= S ′, there exists some ω ∈ Ω such that
ℓS(ω) ̸= ℓS′(ω).

Let T = Tω(S) and T ′ = Tω(S
′) be the hyperbolic elements in the respective

uniformizing groups associated to the curve ω. Denote t = tr(T ), t′ = tr(T ′). Then
|t| ≠ |t′|, and by Lemma 3.6 we have

|t2 − (t′)2| > c,

for some constant c > 0 depending only on d.
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On the other hand, Theorem 1.17 yields

e−2ε ≤
cosh−1

(
(t′)2−2

2

)
cosh−1

(
t2−2
2

) ≤ e2ε.

Taking logarithms and reorganizing gives∣∣∣∣log cosh−1

(
(t′)2 − 2

2

)
− log cosh−1

(
t2 − 2

2

)∣∣∣∣ < 2ε.

Let us define the function L(x) = log cosh−1
(
x−2
2

)
. By the mean value theorem,

there exists a point θ between t2 and (t′)2 such that

|(t′)2 − t2| · |L′(θ)| = |L((t′)2)− L(t2)| < 2ε.

Therefore,
c · |L′(θ)| < 2ε.

We now estimate L′(θ) from below. Since log(x) ≤ cosh−1(x) for any x > 1, and
from the bound on the length of ω ∈ Ω, we have:

2 log

(
|t|
2

)
≤ 2 cosh−1

(
|t|
2

)
= ℓω(S) ≤ 48 log g + c(d) = log(Cd · g48),

for some constant Cd = ec(d). Moreovere,

2 log

(
|t′|
2

)
≤ 2 cosh−1

(
|t′|
2

)
= ℓS′(ω) ≤ e2εℓS(ω).

We recall that we are assuming e2ε < 2. Thus,

t2, (t′)2 ≤ 4C2
dg

96.

Hence,
θ ≤ max{t2, (t′)2} ≤ 4C2

dg
96.

For all x > 4, a direct computation shows:

L′(x) =
1√

x(x− 4) · cosh−1
(
x−2
2

) >
1

x2
.

Therefore,

L′(θ) >
1

θ2
≥ 1

16 C4
d g192

.
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Substituting into the inequality above yields:

ε >
c

16 C4
dg

192
.

It follows that
dT (S, S

′) > A · g−192,

where A = c
16 C4

d
> 0 depends only on d, as desired. □

The lower bound obtained in Theorem 3.7 is not sharp, and several aspects of the
proof indicate that the exponent 192 can be significantly improved. This exponent
arises from the application of Theorem 3.4, where the lengths of the curves used to
determine the surface are bounded by 48 log g+ c(d). Since the trace of a hyperbolic
element grows exponentially with the length of the associated geodesic, we obtain a
polynomial bound of degree 96 for t, and hence of degree 192 for t2, which explains
the origin of the exponent.

Additionally, the constant A in the conclusion depends inversely on powers of
Cd, which itself depends exponentially on the constant c(d) from Theorem 3.4. This
reflects the compounded effect of using non-optimal constants at various steps in
the argument.

A more refined analysis could improve both the exponent and the constant. For
instance, if one assumes that dT (S, S

′) < ε for arbitrarily small ε > 0, the upper
bound on the lengths of curves on S ′ can be made uniformly close to those on S,
allowing better control on the trace difference |t2−(t′)2| and consequently improving
the final lower bound on dT (S, S

′). Such improvements, however, would require
sharper length bounds and a deeper understanding of the geometry of arithmetic
surfaces.

This suggests that while the current lower bound is effective and explicit, it
should be seen as a proof of concept that arithmetic surfaces with the same
invariant trace field cannot accumulate arbitrarily close in Teichmüller space without
eventually becoming isometric, rather than as a definitive quantitative result.

Theorem 3.3 shows that any effective approximation by finite coverings nec-
essarily requires at least polynomial growth in the genus, thereby ruling out any
subpolynomial version of the effective Ehrenpreis theorem in the arithmetic setting.
On the other hand, Luo proved in [23, Theorem 1] that such approximations can al-
ways be achieved with coverings of polynomial degree. Taken together, these results
show that polynomial growth is optimal in order.
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3.3 Counting Semi-Arithmetic Hyperbolic Surfaces

We now establish a lower bound for the cardinality of SA[g, d, L]. Let ASg,d

denote the set of arithmetic hyperbolic surfaces of genus g whose invariant trace
field has degree at most d. Since every arithmetic surface is semi-arithmetic with
stretch equal to 1, we have

ASg,d ⊆ SA[g, d, L]

for every L ≥ 1. In particular, fixing the Bolza surface [18], which is an arithmetic
hyperbolic surface of genus 2 with quadratic invariant trace field, the number of
genus g coverings of the Bolza surface provides a lower bound for #SA[g, d, L]

whenever d ≥ 2. Moreover, it follows from the proof of [4, Corollary 1.4] that there
exists a universal constant b > 0 such that

#SA[g, d, L] ≥ (bg)2g. (3)

The following theorem shows that this growth rate is essentially optimal.

Theorem 3.8 For any integers g ≥ 2, d ≥ 2, and any real number L ≥ 1, there
exists a constant C > 0, depending only on d and L, such that

2 ≤ lim sup
g→∞

log (#SA[g, d, L])

g log g
≤ C.

Moreover, the constant C satisfies the upper bound C ≤ ULd2, for some universal
constant U ≥ 1

2
.

Proof. The lower bound in the statement follows directly from inequality (3),
which provides an explicit construction of sufficiently many pairwise distinct semi-
arithmetic surfaces with the required invariants.

We now focus on establishing the upper bound. Fix integers g ≥ 2, d ≥ 2, and
a real number L ≥ 1. For each element S∗ ∈ SA[g, d, L], Proposition 2.32 ensures
the existence of a constant s = s(d, L) > 0 such that S∗ ∈ M≥s

g , i.e., all systoles are
uniformly bounded from below.

Let S ∈ Tg be a marked representative of S∗. By Theorem 3.4, there exists a
family of length functions

L1, . . . , Ln : Tg → R,

with n ≤ 12(g− 1), such that the functions {Li(·)} provide a coordinate system for
Tg, and each Li(S) ≤ 16 log(σg), where σ = σ(d, L) > 1 is a constant depending
only on d and L.
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Moreover, Proposition 2.32 guarantees that for each i, the number exp(Li(S)) is
an algebraic integer of degree at most 2d, and satisfies

exp(Li(S)) ≤ (σg)16L.

Let P (S) denote the list of exponentials
(
exp(L1(S)), . . . , exp(Ln(S))

)
∈ Rn.

Each coordinate of P (S) lies in the ring of algebraic integers of degree at most 2d,
and is bounded above by (σg)16L.

By Lemma 2.33, the number of such algebraic integers (of degree at most 2d,
and height bounded by (σg)16L) is at most:[

2d · (4d)d2 · (σg)16Ld2
]
.

Since the dimension n satisfies n ≤ 12(g−1), the total number of possible vectors
P (S) is bounded by: [

2d · (4d)d2 · (σg)16Ld2
]12(g−1)

.

Now, suppose that two different points S, S ′ ∈ Tg, representing distinct semi-
arithmetic surfaces S∗, S ′∗ ∈ SA[g, d, L], satisfy P (S) = P (S ′). Then these must
correspond to different topological types of marked surfaces with respect to the
curve and chain decomposition used in the parametrization.

According to Lemma 3.5, the number of topological types of such decompositions
for a genus g surface is at most Bg · g6g, where B > 0 is a universal constant.

Combining both contributions, we obtain:

#SA[g, d, L] ≤ Bg · g6g ·
[
2d · (4d)d2 · (σg)16Ld2

]12(g−1)

.

So there exist constants B1 = B1(d, L) and B2 = B2(d, L) such that:

#SA[g, d, L] ≤ Bg
1 · gB2g.

Taking logarithms and dividing by g log g, we obtain:

log (#SA[g, d, L])

g log g
≤ log(B1)

log g
+B2 ≤ C,

for all g ≥ 2, where

C = C(d, L) =
log(B1)

log 2
+B2.

Finally, all constants B1, B2, and hence C, depend only on d and L. More
precisely, the construction shows that there exists a universal constant U > 0 such
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that
C(d, L) ≤ ULd2.

This completes the proof. □



CHAPTER 4
Denseness of Subarithmetic Surfaces of
Signature (1, 1)

This chapter is devoted to denseness phenomena for families of hyperbolic sur-
faces with arithmetic constraints. Building on the parametrization results and on
the arithmetic framework developed in previous chapters, we study how subarith-
metic surfaces are distributed inside moduli space. The main results show that,
despite their rigid arithmetic origin, these surfaces occur densely when length and
twist parameters that are not constrained by the arithmetic invariants are allowed
to vary.

4.1 Geometry of a Q-Piece

We begin by recalling the geometric construction of a Q-piece, that is, a
hyperbolic surface of signature (1, 1), as described in Subsection 1.3.2. Throughout
this section, we adopt the common abuse of notation and write ℓ(γ) = γ whenever γ
denotes a geodesic. The basic building blocks are two isometric right-angled hexagons
whose three pairwise non-consecutive sides have lengths γ1/2, γ2/2, and η/2. The
side joining the edges γ1/2 and γ2/2 will be denoted by a parametrized with speed
1.

a

γ1
2

γ2
2

η
2

Figure 4.1: A right-angled hexagon used in the construction
of a Q-piece.
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Gluing the two hexagons along the prescribed non-consecutive sides produces
a Y -piece whose geodesic boundary components are γ1, γ2, and η. Assume that
γ1 = γ2. In order to obtain a surface of signature (1, 1), we must further identify the
two boundary components of equal length, γ1 and γ2. This identification, however,
is not unique and is governed by a twist parameter.

Following [8, Section 3.4], we define a twist parameter using the endpoints of
the geodesic arc a that conect γ1 with γ2. Parametrize each boundary component
γi, i = 1, 2, so that γi(0) coincides with the intersection point of a with γi. The
twist parameter associated with this Q-piece is the real number α defined by the
identification

γ(t) = γ1(t) = γ2(α− t), t ∈ S1.

The resulting surface S is completely determined, up to isometry, by the lengths
of the closed geodesics γ and η, together with the twist parameter α. Let b denote
the geodesic arc on γ realizing the distance between the feet of the arc a on γ, as
illustrated below, so ℓ(b) = αγ.

γ
β

η
a

b

Figure 4.2: Q–piece with twist parameter α.

We define β to be the unique closed geodesic in the free homotopy class of the
concatenation a∗b. With this choice, the third boundary component η of the original
Y -piece is represented by the commutator

η = [γ, β].

Consequently, using Keen’s description of Q-pieces in [20], we may realize S as

S ∼= Γ\D,

where D ⊆ H is a convex domain and Γ is a free Fuchsian group of rank 2, generated
by hyperbolic elements γ and β whose axes intersect in D. The projections of these
axes to S are the closed geodesics represented by γ and β.

We denote by θ the angle between the geodesics γ and β. Observe that we obtain
from this construction geometric relations among the parameters of the Q-piece. One
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of these relations arises from the right-angled triangle with side lengths a/2, β/2,
and b/2.

γ

β

η

θ

β/2
a/2

b/2

a

b

Figure 4.3: A right-angled triangle associated with a Q-piece.

The geometric identities arising from the surface yield explicit algebraic expres-
sions for the traces associated with the generators of Γ, which will be used in the
lemma below.

We recall that, given a number field K, O∗
K,+ denotes the group of totally positive

units of K.
Let

x = tr(γ), y = tr(β), z = tr(γβ) and r = tr(η).

Lemma 4.1 Let K be a totally real number field, and let S be a Q-piece as described
above. Suppose that there exist ζ ∈ O∗

K,+ and δ, ξ ∈ OK,+ such that

x =
√

2(ζ + 2), (1)

r = −2ξ (2)

λ =
ξ + 1

ζ
+ 1, (3)

cosh
(αγ

2

)
=

√
4δ + 1. (4)

Then the following quantities are totally real algebraic integers:

i) cosh
(
a
2

)
=

√
λ,

ii) y = 2
√

λ(4δ + 1),
iii) z =

√
λ(4δ + 1)(ζ + 4) +

√
2δζλ.

Proof. For the first item we use the equation (8) of Chapter 1 for the hexagon in
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Figure 4.1 and then

cosh (a) =
cosh

(
η
2

)
+ cosh2

(
γ
2

)
sinh2

(
γ
2

)
=

cosh
(
η
2

)
+ cosh2

(
γ
2

)
cosh2

(
γ
2

)
− 1

=
2 |tr(η)|+ tr2(γ)

tr2(γ)− 4
(5)

=
4 ξ + x2

x2 − 4
.

But cosh(a) = 2 cosh2
(
a
2

)
− 1. Therefore

cosh2
(a
2

)
=

1

2
[cosh (a) + 1] (6)

=
1

2

[
4 ξ + x2

x2 − 4
+ 1

]
= λ. (7)

Since ζ = tr2(γ)−4
2

defined in (1) was chosen as a unit we have that λ is totally
positive algebraic integer, and consequently cosh

(
a
2

)
is a totally real algebraic

integer.
Item ii) follows from the hyperbolic Pythagorean Theorem (3) in Chapter 1, ap-

plied to the right–angled triangle depicted in Figure 4.3. Substituting the expressions
for cosh

(
αγ
2

)
given in (4) and for cosh

(
a
2

)
given in (7), we obtain

y = 2 cosh

(
β

2

)
= 2 cosh

(a
2

)
cosh

(αγ
2

)
(8)

= 2
√

λ(4δ + 1).

Finally, the third item is obtained from [2, Theorem 7.38.6]:

1

2
tr(γβ) = cosh

(γ
2

)
cosh

(
β

2

)
+ sinh

(γ
2

)
sinh

(
β

2

)
cos(θ),

where θ is the angle between γ and β, which we rewrite as

z =
√
λ(4δ + 1)(ζ + 4) + 2 cos(θ)

√(
ζ

2

)
(λ(4δ + 1)− 1). (9)

We then apply the trigonometric formula for a right–angled triangle (6) which
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gives

cos(θ) = tanh

(
b

2

)
coth

(
β

2

)
.

Thus,

cos2(θ) =
cosh2

(
α
2
γ
)
− 1

cosh2
(
α
2
γ
) ×

cosh2
(
β
2

)
cosh2

(
β
2

)
− 1

=
4δλ

λ(4δ + 1)− 1
.

Now substituting cos(θ) and the items i) and ii) in (9) we obtain the result. □

4.2 Constructing a Dense Family of Semi-

Arithmetic Q-Pieces

Let M1,1 be the moduli space of marked hyperbolic surfaces of signature (1, 1).

The elements of M1,1 will be called Q-pieces or one-holed tori. We recall from (13)
that M1,1 has an analytic structure given by the open set

Q = {(x, y, z) | x, y, z > 2 and x2 + y2 + z2 − 2xyz < 0, } (10)

where x, y and z denote the traces of the hyperbolic elements induced by the closed
geodesics γ, β and η defined in section 4.1. For any list (x, y, z) ∈ Q, we denote by
S(x, y, z) the respective Q-piece.

In this section we will show that the set of parameters which produce subarith-
metic surfaces is dense in M1,1.

We begin with a totally real number field K of degree n ≥ 3. For example,
consider K = Q(Θ), where Θ is a root of

f(x) = x3 − 3x− 1.

This polynomial is irreducible over Q and has three distinct real roots, as it can be
seen from its discriminant:

∆ = −4(−3)3 − 27(−1)2 = 108− 27 = 81 > 0.

Therefore, all the roots are real, and K is a totally real cubic field.

Theorem 4.2 The set of subarithmetic Q-pieces is dense in the moduli space M1,1.
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Proof. Let S0 = S(x0, y0, z0) be a Q-piece, with (x0, y0, z0) ∈ Q, and let

Γ0 = ⟨γ0, β0⟩ < PSL(2,R)

be its uniformizing Fuchsian group, where

x0 = tr(γ0), y0 = tr(β0), z0 = tr(γ0β0), r0 = tr([γ0, β0]) = tr(η0).

By equation (11) in Chapter 1, we have

x2
0 + y20 + z20 − x0y0z0 − 2 = r0 < −2.

Let 0 ≤ α0 < 1 be the twist parameter of S0. Since K is a totally real number
field with [K : Q] ≥ 3, Corollary 2.4 implies that both OK,+ and O∗

K,+ are dense in
R>0. We can choose parameters

δ, ξ ∈ OK,+, ζ ∈ O∗
K,+,

such that r = −2ξ < −2,
√

2(ζ + 2) and
√
4δ + 1 are arbitrarily close to r0, x0 and

cosh
(
α0γ0
2

)
respectively.

Now we construct a Q-piece S as in Section 4.1 with geodesic γ, twist parameter
α, and boundary η such that

cosh

(
ℓ(γ)

2

)
=

√
2(ζ + 2)

2
, cosh

(
ℓ(η)

2

)
= ξ, cosh

(
αℓ(γ)

2

)
=

√
4δ + 1.

Then S = S(x, y, z), where x =
√
2(ζ + 2), and

x2 + y2 + z2 − xyz − 2 = r. (11)

It remains to show that y and z can be made arbitrarily close to y0 and z0,
respectively, and that S is a subarithmetic Q-piece.

From equations (5), (6) and (8), we obtain

y =
2|r|+ x2

x2 − 4
cosh

(αγ
2

)
which shows that y can be chosen arbitrarily close to y0. The proximity of z to z0

follows from the relation (11).
The traces of all elements of Γ = ⟨γ, β⟩, the uniformization group of S, are

algebraically determined by the triple (x, y, z). Indeed, by Lemma 2.19, for every
µ ∈ Γ, the trace tr(µ) is an algebraic integer whenever x, y, and z are algebraic
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integers. Moreover, the invariant trace field of Γ is

kΓ = Q
(
x2, y2, xyz

)
.

Therefore, for any choice of parameters ζ, ξ and δ satisfying the above conditions,
Lemma 4.1 ensures that the corresponding triple (x, y, z) consists of totally real
algebraic integers. It follows from Example 2.23 that the associated Q-piece S(x, y, z)
is subaritmetic. □

Finally, we briefly indicate a natural continuation of the present work. The
denseness result established in this chapter concerns subarithmetic Q–pieces of
signature (1, 1). A natural problem is to extend this phenomenon to more general
classes of hyperbolic surfaces. In particular, one is led to investigate whether
analogous denseness results hold for semi-arithmetic surfaces in higher genus.

This question is part of an ongoing research project, developed in collaboration
with Cayo Dória and Gregory Cosac, whose goal is to establish denseness results
in a more general setting. While the full picture remains to be understood, the
results obtained here provide a first step in this direction and suggest that similar
phenomena may persist beyond the case of Q–pieces.
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