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RESUMO

Este trabalho visa preencher uma lacuna existente nalitarpertinente a modelagem de dados
assimétricos e censurados. O objetivo principal é ofergoarcontribuicédo via o desenvolvimento
de dois modelos, os quais seréo apresentados em dois ak@pemeiro artigo € proposto 0 mo-
delo tobit-Birnbaum-Saunders, ou seja, uma variagdo do lmddbit classico, com estimacao
baseada no método de maxima verossimilhanca, residuog;agale diagndstico e uma aplica-
¢ao a dados reais. No segundo artigo é abordada a utilizacémdnodelo de mistura entre as
distribuicbes Birnbaum-Saunders e Bernoulli, de modo a géimar o modelo tobit-Birnbaum-
Saunders e considerar a possibilidade de observactesipabaixo do ponto de corte. Para o
modelo de mistura séo realizadas simulacfes de Monte Carfaeaplicacdo a dados reais. Os
resultados mostram que, em ambos 0s casos, a distribuigdmaBm-Saunders oferece os melho-
res resultados.

Palavras-chave:Dados censurados, Distribuicdo Birnbaum-Saunders, Msdeibit, Maxima ve-
rossimilhanca, Residuos, Diagnosticos, Modelos de mistura

ABSTRACT

This work aims to fill a gap in the literature on modeling asyatne and censored data. The main
objective is to provide a contribution by developing two ralsg which will be presented in two
papers, respectively. In the first paper, we develop the-Bibhbaum-Saunders model, a variation
of the standard tobit model. We discuss estimation basedhe@miaximum likelihood method,
residuals, diagnostic techniques and an empirical agmitaln the second paper, we propose
the use of a mixture between the Birnbaum-Saunders and Bérdstibutions. The objective

is to generalize the tobit-Birnbaum-Saunders model in oi@eonsider the possibility of partial
observations below a cutoff point. For the mixture model,cagy out a Monte Carlo simulation
study and an empirical application. The results show tinaboith cases, the Birnbaum-Saunders
distribution provides the best results.

Keywords: Censored data, Birnbaum-Saunders distribution, Tobit nsodéhximum likelihood
estimation, Residuals, Diagnostics, mixture models.
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Chapter 1
Introduction

The linear regression approach with ordinary least squ@es) can not be applied to
censored data because censoring, by definition, destreyasumption of linearity required in
the OLS framework, thus leading to biased estimators. T(k968) proposed a different method-
ology, named the tobit model, that could fit the data appetely by assuming a regression model
whose response variable was censored to a prefixed limiahgevThe censoring occurs when
the response of the regression model is not directly obbkxyvhaut its independent variables (or
covariates) are.

Tobit models rely on the normality assumption. Proposal®bit models that relax this
assumption are extremely important, since it is common kedge that most of the data available
in the real world are often well modeled by non-normal dmttions. A number of authors have
noticed that the asymmetry of data of censored responsethamdkurtosis usually are different
from the expected for a normal distribution, so that morealflextobit models are needed; see, for
example, Martinez-Flores, Bolfarine and Gomez (2013a) amth&dArellano and Loschi (2015).

The Birnbaum-Saunders (BS) distribution is a prominent medeth has been widely
studied; see Leiva (2016). This distribution was propose8imnbaum and Saunders (1969) and
has two parameters that change its shape and scale. The BiSuimh has been mainly considered
to model failure times in engineering, but it has also begsliag to model biological, business,
economic, engineering, industry and environmental dadaeSof its recent applications can be
found in Qu and Xie (2011), Li, Chen and Xie (2012), Saulo e{2013), Leiva et al. (2017),
Garcia-Papani et al. (2016), Wanke and Leiva (2015), Saxéte et al. (2016) and Leao et al.
(2017).

The main objective of this dissertation is propose two asgtnic regression models for
censored data by relaxing the assumption of normality apgasing that the errors of both mod-
els follow a BS distribution. The first model is called the teBirnbaum-Saunders (tobit-BS)
model, whereas the second is called the Bernoulli/Birnbaaom8ers (Bernoulli/BS) model. For
the tobit-BS model, in Chapter 2, we present: (i) inferencetas the maximum likelihood (ML)



method,; (ii) residuals and global and local influence tootstiodel checking and diagnostics; and
(iif) an application of the proposed model by using the sa#td immunogenecity case-study of
measles vaccine in Haiti described by Moulton and Halse®%19The second model, which can
be seen as a generalization of the first one, allows the plitysild a observation, located below

a threshold, to be either a partial observation from therassidistribution or a realization from
the point-mass distribution. For the Bernoulli/BS modelcdssed in Chapter 3, we present: (i)
inference based on the ML approach; (ii) a Monte Carlo (MC) &tien study; and (iii) an appli-
cation of the proposed model to the same data considered i€t In Chapter 4, we provide
some conclusions and future works.



Chapter 2

On a new tobit-Birnbaum-Saunders model with an application

to antibody response to vaccine

The tobit model allows a censored response variable to berided by covariates in
different areas. For example, its applications cover egoos, engineering, environ-
ment and medicine. A strong assumption of the standard nadstel is that its errors
follow a normal distribution. However, not all applicat®are well modeled by this
distribution. Some efforts have relaxed the normality agstion by considering more
flexible distributions. Nevertheless, presence of asymnaetuld not be described by
these flexible distributions. We explore a real-world dadaneple of measles vaccine
in Haiti which confirms this asymmetry problem. Then, to gabuch a problem, we
propose a tobit model with errors following a Birnbaum-Saemsdlistribution, which
has shown to be a good alternative to describe medical dagadaxklop inference
based on the maximum likelihood method and derive a typesifiuval. We perform
global and local influence diagnostics to assess the satysif the maximum like-
lihood estimators to atypical cases. We conduct a realdwtaka example with the
proposed methodology with the help of the R software. Thalteshow the good
performance of the tobit-Birnbaum-Saunders model.

Keywords Birnbaum-Saunders distribution; Diagnostics; Maximumdliikood Es-
timation; R software; Residuals; Tobit models.

2.1 Introduction

A relevant topic of study is the determination of antibodycentration by quantitative
assays. Such a topic is of relevance because there is alwaysantration value (threshold) below
which an exact measurement cannot be obtained regardléss employed technique. However,
this antibody concentration value is a function of the asged assay. When dealing with data
from an assay where left-censoring is present, the lowegctien limit (LDL) can be used to
substitute this value with a censored case. In special stifistitution is applied in a safety and
Immunogenecity case-study of measles vaccine in Haitgotesl by Moulton and Halsey (1995),
which corresponds to the example explored in this paperdate associated with this case-study

3
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have left-censoring. Then, standard tobit models couldd®sl uo provide estimates of interest
(BARROS et al., 2010). However, the standard tobit model hsisceng assumption stating that
the model errors follow a normal distribution, which is syetnic. In addition to left-censoring
detected in the mentioned case-study, presence of asyynisiatso identified. Ignoring the effect
of asymmetry can be harmful and conduct to estimates significdifferent from the true values.
We analyze the antibody concentration data in four stagest, wve consider the standard (normal
or Gaussian) tobit model. Second, we show its inadequacgbfying the assumptions on which
this model relies and the evidence of asymmetry in the ddtiad Twe correct this inadequacy by
deriving a new tobit model as described below. Fourth, weatetrate empirically how the new
tobit model describes these data very well.

The tobit model was proposed by Tobin (1958) for a limitech@®@ed) dependent variable
(or response) and named tobit by Goldberger (1964), becafuge similarity with the probit
model. According to Amemiya (1984), Tobin (1958) was mdtekto develop his model by a case-
study where he needed to analyze the relationship betwegsehold expenditure on a durable
good and household incomes. The common regression appradocbrdinary least squares could
not be used because there were many cases where the expendituzero, which destroyed the
assumption of linearity. To solve the problem, Tobin (19%&posed a model that could fit the data
appropriately formulating a regression model whose respavas censored to a prefixed limiting
value.

Tobit models have been used extensively to describe caehsesponses in several areas.
The censoring occurs when the response of the regressioal nisodot directly observable, but
its independent variables (or covariates). At the begmniobit models were not widely applied
due to the computational complexity needed in the paramesmation. However, nowadays
this is no longer a problem because of the computationallolereent with different softwares
having available these models, in particular, Bisoftware (R-TEAM, 2016, <www.R-project.
org>). Although tobit models were born in economics, theyehbeen applied in biology and
engineering as well. The biology research relies most ilyamay the survival time of a patient
(LEIVA et al., 2007); the engineers use it to model time tdufia@ of various types of materials or
machines (VILLEGAS; PAULA; LEIVA, 2011); whereas the soligists employ it to describe the
duration of marriage, residing in a particular region ormp&yment, as well the time between
births, but the tobit models have also been used to desarilezitance, ratio of unemployed hours
to employed hours and expected age of retirement (AMEMIYB84). Tobit models can also
be used in environmental sciences, where censored dataralpoesent (THORARINSDOTTIR,;
GNEITING, 2010; HELSEL, 2011).

As mentioned, tobit models have a strong normality assuumpRroposals of tobit models
that relax the assumption of normality are of importanceabee most of the data available in
the real-world are often well modeled by non-normal disttitns. A number of authors have
noticed that the asymmetry of data of censored responsethamdkurtosis can be, and usually
are, different from the expected for a normal distributisa,that more flexible tobit models are
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needed. The interested reader is referred to Barros et dl0J2Barros et al. (2017), Arellano et
al. (2012), Martinez-Flores, Bolfarine and Gémez (2013a&rtiiez-Flores, Bolfarine and Gémez
(2013b), Garay et al. (2015), Massuia et al. (2015) and Rostelano and Loschi (2015) for
some works related to non-normal tobit models.

The Birnbaum-Saunders (BS) distribution has been widelyiestldt is positively skewed,
has a failure rate with upside-down bathtub shape, and & ctdation with the normal model.
For more details about the BS distribution, the interestedeeis referred to the seminal paper
by Birnbaum and Saunders (1969) and the books by (JOHNSON;ZKBALAKRISHNAN,
1995, pp. 651-663) and Leiva (2016). The BS distribution wexsvdd in terms of shape and scale
parameters, but the latter is also its median. Thus, the BBldiSon can be seen as an analogue
to the normal model, but in an asymmetrical setting, wheeentiedian can be a better measure
of central tendency than the mean. The BS distribution has bheelied to model biological,
business, economic, engineering, industry and envirotahdata, which have been conducted by
international, transdisciplinary groups of research®eosne of its recent applications are attributed
to Qu and Xie (2011), Ferreira, Gomes and Leiva (2012), Li,rCéed Xie (2012), Saulo et al.
(2013), Leiva et al. (2014a), Leiva et al. (2014b), Leivale{(2014), Leiva et al. (2015), Leiva
et al. (2015), Leiva et al. (2016), Leiva et al. (2016), Leetaal. (2017), Garcia-Papani et al.
(2016), Wanke and Leiva (2015), Marchant, Leiva and Cyss€i2016), Marchant et al. (2016),
Santos-Neto et al. (2016) and Leao et al. (2017). The BS lnigion has shown to be a good
alternative to describe medical data (BARROS; PAULA; LEN2808; LEIVA et al., 2007; LEAO
etal., 2017).

The main objective of this paper is propose a tobit model byxneg the assumption of
normality and supposing that its errors follow a BS distiidnt which we denote as the tobit-
BS model. According to the best of our knowledge, this topis hat been studied before. The
secondary objectives of this paper are: (i) to develop erfee for the tobit-BS model based on
the maximum likelihood (ML) method; (ii) to derive residaalnd global and local influence tools
for model checking and diagnostics; and (iii) to carry outgplication of the proposed model by
using the safety and immunogenecity case-study of measbese in Haiti described by Moulton
and Halsey (1995). The results indicate that the tobit-BSehpresents an excellent performance
compared with the standard tobit model.

The paper is constituted, along with this introduction, v ections. Section 2.2 presents
a background of standard tobit models and of the BS distohuwind its logarithmic version (log-
BS). Section 2.3 formulates the tobit-BS model and providéshasion, inference and residual
analysis based on the ML method. Section 2.4 derives didigader the proposed model includ-
ing global/local influence tools. Section 2.5 carries oet tfeentioned empirical application with
real-world data. Finally, Section 2.6 discusses some ool remarks about this research.
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2.2 Background

2.2.1 The tobit model

LetY = (Y1,...,Ym, Yius1, ..., Y,) " be a sample of size, that is, independent (IND)
random variables but not necessarily independent iddiytidestributed (1ID). Assume that this
sample includes: censored data to the left amd— m observed (complete or uncensored) data.
Thus, such censoring scheme can be visualized under asegrestting with a censored response
Y™, which is a (unobserved) latent variable. Hence itheensored data (unobserved)correspond
to the values o™ less than or equal to a threshold poigt(censoring to the left), so that all of
these data take the valyg. The othem — m data (observed) are related to valuesofgreater
thany,, which can be described by a linear regression structuteedf/pez; 3. All this modeling
environment may be formulated by the normal tobit model wéhsored response to the left as

. Ve < ye, i=1,...,m;
y, = 1Y Yo (2.1)
w:ﬁ—l—gi’ }/i*>y07 Z:m+177n7

wheres; ~ N(0, o%) is the model error term3 is a vector of regression coefficients corresponding
to unknown parameters to be estimated, afnds a vector containing the values of covariates.
Observe thay, given in (2.1) is a prefixed limiting value that does the resmoof the regression
model defined in (2.1) to be limited (or censored), as meptidoy Tobin (1958).

Note the similarity between the normal probit model and thierral tobit model defined in
(2.1). In the normal probit model, the response is a latembli§gerved) variable described by

Yi=a/B+e, i=1,...,n, (2.2)

wherex;, 3 ande; are defined analogously as in (2.1). As it is not possible geoke the latent
variableY;*, the indicator variable

0, Y'"<wy, 1=1,...,m;
Y, = . (2.3)

I, Y'>y, i=m+1,....,n

is defined, However, instead of usiag 3, from (2.2) and (2.3), the expected response is formu-
lated as

EY|z] =PY =1)=PY*>y) =Px'B+ec>y)=1-3(y —x'B), (2.4)

where® is the cumulative distribution function (CDF) of the starglanrmal distribution. Note
that other CDFs might be assumed fom (2.4), so expanding the covering of the probit model.

Probit and tobit models are the same for the latent variabte, (but models for the ob-
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served responsé&’( are different. In the tobit model, we know the valueYof whenY™ > yq,
whereas in the probit model we just know thét > y,, but we do not know its value. Thus, there
is more information in the tobit model than in the probit mbddso, the estimates o in the
tobit model are more efficient than in the probit model. Moo for the censored cases of the
probit model, it is not possible to estimate the variancé& tf However, in the tobit model, this
variance can be estimated from the data. The interesteéréaceferred to Scott (1997, p. 199)
for details about logit, probit and tobit models.

2.2.2 The Birnbaum-Saunders distribution

If a random variabld’ follows a Birnbaum-Saunders distribution with shape patame
and scale parametet, we use the notatio’ ~ BS(«, o). This distribution can be defined by its
CDF given by

FT(t;a,a):q)(é(\/zf/_a—\/a_ﬁ)), t>0,aa>0,0>0. (2.5)

Then, the probability density function (PDF) ‘6fobtained from (2.5) is expressed as

1 3 1
fr(t;a,0) = % ( 1/ot + \/cr/t2> o} (a (Vt/a — \/0/t>) , t>0,a>0,0>0, (2.6)
whereg is the standard normal PDF. Thus, the PDF in (2.6) can bettewras

exp(a™?) 1 [t o 3
t; = —->= —— |-+ - t t t . 2.7
fr(t;a,0) 2Oé\/%exp( 53 0+t 2(t+o0), t>0,a>0,0>0. (2.7)
Note that the results provided in (2.5) and (2.6) may be abthfrom the transformation theorem

of random variables by using

T=o0 (aZ/Q +1/(aZ/2)* + 1)2 : (2.8)

whereZ ~ N(0, 1). Also from (2.8), it may be verified that a continuous randariable7” has a
BS distribution with parameters > 0 ando > 0, if and only if Z = (1/a)(\/T /o — \/o/T) ~
N(0,1). Some properties of the BS distribution are presented amfslllf 7" ~ BS(«, o), then:
(i) E(T) = o(1 + o?/2) and VakT) = (ao)*(1 + 5a?/4); (i) for b > 0, bT ~ BS(a, bo),
which means that the BS distribution is closed under scaldtiphcation (proportionality); (iii)
1/T ~ BS(a, 1/0), implying that the BS distribution is closed under reciptamg (iv) the median
of the distribution off” is o, which can be directly obtained when= 0.5 from its quantile function
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given by

tHqa,0)=F. (g a,0) =0 (%@4—\/(%@)24—1) , 0<qg<1,

where z(q) is the standard normal quantile function; and (v) the BS ithistion is positively
skewed asy increases, being strongly skewed as an exponential (E>X$&)kdition whemy > 2,
and approximately symmetrical arounésa goes to zero; see Figure 2.1(left). Properties of pro-
portionality and reciprocation given above in (ii) and)(aire easily verified by using once again
the mentioned transformation theorem. In addition to the fivoperties above mentioned, the
BS distribution possesses the following interesting fesgtugvi) by using its genesis, an analogy
in the modeling of medical data can be obtained (DESMOND51@RAMER, 1946, p. 219);
(vii) in the context of medical data, it has shown to be a vemnpetitive model in terms of
fitting (BARROS; PAULA; LEIVA, 2008; LEIVA et al., 2007; LEAO ®al., 2017); (viii) itis a
member of the family of log-symmetric distributions, as kbg-normal (LN) distribution (MAR-
SHALL; OLKIN, 2007; VANEGAS; PAULA, 2016a; VANEGAS; PAULA2016b). Note that the
log-symmetric family corresponds to a random variable wWithsame distribution as its reciprocal
or as ordinary symmetry of the distribution of the loggeddam variable (JONES, 2008). More
details about log-symmetric distributions and, in patacwf the log-BS distribution, are dis-
cussed in Section 2.2.3. Furthermore of the eight proseati®ve mentioned, the BS distribution
has a survival function (SF) and a hazard rate (HR) given mspdy by

s = (<1 ({T-3)). s <<<f(f>>ﬂ)

Note that the HR of the BS distribution has the following clutedstics: (ix) it is unimodal for
any «, increasing fort < t., and decreasing far > t., wheret. denotes its change-point; (x) it
goes tol /(2a23) ast — oo; (xi) it tends to be decreasing far> 2, asa — oo; and (xii) it tends
to be increasing as — 0; see Kundu, Kannan and Balakrishnan (2008).

2.2.3 The log-Birnbaum-Saunders distribution

When modeling data with the BS distribution, the log-BS disitiitn is needed. A random
variableY has a log-BS distribution with shape ¢ 0) and location ( € R) parameters, which
is denoted by log-BSy, ), if and only if Z = (2/a)sinh((Y — 1)/2) ~ N(0,1). Then, the CDF
of Y is given by

2 . (y-
Fy(y;0,p) = ® (—smh(—y “)) , yeRueR.a>0. (2.9)
(6%
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Consequently, from (2.9), the PDF Bfis obtained as

1 — 2 . —
fr(y;a,p) = cosh( 2= # exp | ——sink? y— K , yeR ueR a>0,
oy 2w 2 a? 2
(2.10)
whereas the logarithm of the PDF given in (2.10) is expressed

log(fy (y; a, p)) = —log(2) — %4—1% (%COSh(%)) — %Sinh2 (y—T,u) , yER.
(2.11)
Some properties of the log-BS distribution are presentealésafs. If Y ~ log-BS(a, i), then:
() T = exp(Y) ~ BS(a, o), which means that the log-BS PDF given in (2.10) can be oldaine
from the standard normal PDF as in (2.9) or from the BS PDF defing2.7); (i) E(Y) = u;
(ii) there is no closed form for the variance bf, but based upon an asymptotic approximation
for the moment generating function of the log-BS distribntid follows that, if« — 0, then
Var(T) = a?—a*/4, whereas that, ifr — oo, then VarT) = 4(log?(v/2a)+2—2log(v/2a)); (iv)
if X = +Y +d, thenX ~ log-BS«, +1+d); and (v) the log-BS distribution is symmetric around
i, unimodal forae < 2 and bimodal forv > 2; see Figure 2.1(right). Therefore, a further property
of the BS distribution is that its logarithmic version has aifde bimodality, which is not shared by
other natural competitors. Note that: (vi)lif~ BS(«, o), thenY = log(T") ~ l0g-BS(«, log(c))
(RIECK; NEDELMAN, 1991); (vii) if T" ~ LN(u,0), thenY = log(T) ~ N(u,o) (CROW,;
SHIMIZU, 1988); (viii) if T ~ IG(u, o), thenY = log(T') ~ log-1G(c,log(n) (KOTZ; LEIVA;
SANHUEZA, 2010); and (ix) ifl’ ~ GA(«, o), thenY = log(T') ~ log-GA(«a, o) (JOHNSON;
KOTZ; BALAKRISHNAN, 1995), where IG and GA are acronyms foetmverse Gaussian and
gamma distributions, respectively.

0.8
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o -=- a=1.0 -=- a=10
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= o | S
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& &
[Te) ! \
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Figure 2.1: PDF of (left) BS(«, 1) and (right) log-BS(«, 0) distributionsyfor the indicated value of «.
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2.3 The tobit-BS model

2.3.1 Formulation
Consider the BS regression model
T; = exp(x] B)6;, i=1,...,n, (2.12)

originally proposed by Rieck and Nedelman (1991), whgrns the response;; and3 are analo-
gously defined as in (2.2), ard ~ BS(ff, 1) is the model error. By applying logarithm in (2.12),
we obtain

Yi=a/B+e, i=1,...,n, (2.13)

whereY; = log(T;) is the log-responser; and 3 are similar to (2.1), and; = log(d;) ~
log-BS(«, 0) is the error term of the model. Then, based on (2.1) and (2nSpropose a tobit-BS
model as

, Y <y, 1=1...,m
y, = 4% Yo (2.14)
w;r/8+€i7 Y;*>y0a Z:m+1a7n7

whereY;* = log(7}), and3, x; ande; are given in (2.13). Note that the BS distribution have a
positive support. Thus, the corresponding left-censoesganse must be strictly positive.
2.3.2 Estimation

We estimate the parameters of the tobit-BS model defined 14 2vith the ML method,
in which case the log-likelihood function fér= (o, 37) " obtained from (2.11) takes the form

() = ~n—-m s~ (- 2 S g+ > (lonta) - L) @15)
=1 i=m+1
where
— ! el _pT
G = %sinh <—y0 ;Z ﬁ) , G = %cosh (—yZ ;Z ﬁ) , Go = %sinh <—y, ;Z ﬂ) .

(2.16)
To obtain the ML estimator of), it is necessary to maximize the log-likelihood functionegi
in (2.15). The corresponding score vectofis- 9¢(6)/00 = ((,,£})", which contains the first
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partial derivatives of (2.15), where

- A(CEQ)CFQ i=1 m: T COSh((S))‘(CiCQ)
) PRI 3

é a EB a )
e .
t=m+1,...,n; 21y sinh( )—wjan(), t=m+1,...,n;

i i 2.17)
with 6; = yo—2,3/2,if i = 1,...,m, anddé; = y; —x/3/2,if i = m + 1,...,n, and
ACS) = o(¢5)/P(C5). The ML estimate ob is obtained equating (2.17) to zero. However, the
system of equations defined by these two equations does v®thaanalytic solution. Leiva et al.
(2007) suggested to use the Broyden-Fletcher-Goldfarm&héBFGS) quasi-Newton algorithm,
employing as starting values for the numerical procedire: 4(sinh((y; — =, 3)/2))%/(n — m)
andB = (X7 X)X Ty, whereX is a matrix composed by the rows. Recall that the log-BS
distribution can be bimodal i > 2. It implicates that the log-likelihood function has morarh
one maximum value. However, Rieck and Nedelman (1991) ancal(€016) argued that > 2
is unusual in practice, which means that the maximum poiotten unique.

1=1,...,m;

2.3.3 Inference

Assuming that some regularity conditions defined in Cox antkldy (1974) are satis-
fied, the ML estimatorg andB are consistent and follow a multivariate normal joint asyotip
distribution. This distribution has an asymptotic meanteewith elementsy and3 and have an
asymptotic covariance matrix equalf6)~*, which can be approximated by the expected Fisher
information matrix. Therefore, as — oo, we have that

Vie-0) & N (0,0.70)7). (2.18)

where 7 (0) = lim,,,~(1/n)Z(0), with Z(0) being the expected Fisher information matrix. In
addition,g means convergence in distribution to &by, is ap x 1 vector of zeros. Note that
7(6)~' is a consistent estimator of the asymptotic variance-¢anae matrix of9, 7(8)~! say.

In practice, one may approximate the expected Fisher irdbam matrix by its observed version
(EFRON; HINKLEY, 1978), whereas the diagonal elements efitiverse observed information
matrix may be used to approximate the corresponding stdredesrs (SEs). The observed Fisher
information matrix is obtained from the Hessian matrix, gthcontains the second partial deriva-
tives of (2.15) and it is given by

. tr(G) k'X
7= , 2.19
( X'k X'VX > ( )
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where V. = diag{v;(0), v2(8),v5(0),...,v.(0)}, k = (k1(8), ks(0),k5(0), ..., k,(0))T and
G = diag{gl(0)792(0)’93(0)7 s agn(0>}! Wlth

(Sinh(B)A(CS)  CACheosh(BIACE)  cosh®(GN(C) .,
U(O) _ 2a 2a a? ’ T
' 1 1
Z(S€Chi5¢)>2) — E COSh(Z&i), T =m + 1, <oy N
\
(1 A(CS) cosh(9;) : :
—N(CS)(¢8)2¢e + o2 ERTG 52 3o (e ) osh (4 —1,...,m;
kz(e) _ 22& ( 7,2)< 7,2) i1 + o2 o2 ( 12) Cos ( )7 t ) y T
\—Esmh(%i), i=m+1,...,n;
( c ]
_QL;((( 52)2>‘< B) + CiCQ)‘Q( 2)) — 2A(CR)), t=1,...,m;
%0) = V1 s
12 .
(o2 a2’ t=m+1,...,n,

and¢;;, ¢» andcs, presented in (2.16), whereds = (2/a) cosh((yo—x; 3)/2),fori =1,...,m.
Asymptotic inference for the tobit-BS model parameters ecamhade by using the results given in
(2.18) and (2.19).

2.3.4 Model checking

The objective of the residual analysis is to assess if tre®hold the distributional, het-
eroscedasticity and autocorrelation assumptions, astheelresence of atypical data. In classic
regression models, Pearson and studentized residualdtaneused. However, in tobit models,
generally, even under normality, these types of residualsrmdequate (BARROS et al., 2010).
For the tobit-BS model, we propose the generalized Cox-S8€IR) residual, which is often used
in generalized linear models and survival analysis. The G&SHlual is given by

riG‘CS:_IOg(§Y<yi;a7/37w)>7 izl""7n7

where§y is the estimated SF of the model defined in (2.14). Note thae#timate SF for the
log-BS model evaluated at the cass given by

2 i_/\i .
Sy(yi;oz,ﬁaw)=<1><—:sinh(y 2“)), i=1,...,n.
(6%

Here, regardless the specification of the model, if it isedrrthen the GCS residual follows an
EXP(1) distribution (BHATTI, 2010; LEIVA et al., 2014).
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2.4 Diagnostic analysis

2.4.1 Local Influence

One way to assess the effect produced by one case on the Mhagéssiis the deletion of
each of them from the data set and then evaluate if it exeraileience on the estimates or not.
This approach is known as global influence and is present8edtion 2.4.2. However, the local
influence method relies on a geometric differentiationingithe curvature of the plane of the log-
likelihood function. This method does not require any defetOften the differential comparison
is made before and after a perturbation. There are many waysuct a local influence analysis.
We use case-weight, response and covariate perturbatiemss. Recalling th# = («, ,6’T)T is
the vector of parameters, |1&tf|w) be the log-likelihood function of the model defined in (2.14)
perturbed byw, wherew is a subset of2 € R™. One way to evaluate the influence of a perturbation
over the estimates @ is to use the likelihood distance (LD), which is given by

LD (w) = 2(£(8) — £(6.,,)), (2.20)

where@,, is the ML estimate o based or/(6|w). To detect what case exercises influence on
LD (w) defined in (2.20), we study the normal curvature in the nesghiood of the point of no
perturbationwy, in the direction of a unit vectdr, with ||I||= 1. The normal curvature (BARROS
et al., 2010) can be expressed as

Cy(0) =2IT ATLAL, (2.21)

whereA is a matrix of perturbations andlis the Hessian matrix given in (2.19). The matfx
has element8?/(0|w)/d0;0w;, for j = 1,...,p+1,i =1,...,n, and must be evaluated @t 0
andw = wy. To determine what case is influential under small pertiwhat Barros et al. (2010)
proposed an index plot based on the eigenvectdy,Qf, which can be constructed by using the
maximum eigenvalue of

B(0) = |ATIA|, (2.22)

evaluated ap = 6 andw = wo. On the one hand, if the interest relies just on the vector of
parametep3, (2.21) becomes

Ci(8) =2[ITAT (£ — Bp)Al|. (2.23)

Note that (2.23) removes from the analysis. Thus, the influence detection is only n@dgs,
where By under a tobit-BS model takes the form

By = ( tr(C;)—l g ) :
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On the other hand, if the interest is justen(2.21) becomes
Cu(0) = 2" AT (£ — Bg)All,

whereB; for the tobit-BS model is given by

s [0 0
27 o xTvx) )"

with tr(G) and(X TV X)~! being obtained from the Hessian matrix of the tobit-BS modey

in (2.19). The maximum normal curvature vector, denoted hy, is an important direction to
assess the local influence 6nThe vector; = e;, denotes the direction of the casavheree;,

is the canonical basis @®". It assumes zero for every case except the ¢ashich assumes the
value one. The normal curvature of each case is giveti; ) = 2|b;;|, whereb;; represents thih
element of the matrix defined in (2.22) for each case. An afasien is potentially influential oA

if C;(8) > 2C(6), whereC(8) is the mean of th€);s fori = 1,...,n (LESAFFRE; VERBEKE,
1998). Next, we present three perturbation schemes ancctireesponding perturbation matrices

A.

Case-weight perturbation This scheme permits us to detect how cases with differenghiei
affect the ML estimates of. Consider the log-likelihood functio8|w) = Y°", w;¢;, with ¢;
givenin (2.15) andv; € [0, 1] being a perturbation vector. Taking its partial derivatiith respect
tow', we obtain

(0lw) _ i&-(@)eT

awT — m?
1=

with e/ denoting am x 1 vector. After evaluating até andw at wy, We obtain a perturbation
matrix

A=) he,, (2.24)
=1

04;(0)
— oa
h; = (3&'(9)) '
op

From the log-likelihood function defined in (2.15), we obtan explicit expression fdi;, which
IS

whereh; is given by

| _)‘(C%)CEQ i=1,...,m;
£y,(0lw) = a; = Lo :
E(z?_l) t1=m+1,...,n;
‘ _A(C%)Cﬁ i=1,...,m:

%(Qle—%> t=m+1,...,n.
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The case-weight perturbation matrix given fAyin (2.24) is decomposed iA, = (ay,...,a,)
andAg = X " diag{by, ..., b,}.

Response perturbation  There are different scenarios that one can consider foreg@onse per-
turbation. We consider here a response perturbation schatimen additive perturbation, which
Is defined byy;, = Y; + w;Sy, fori = m + 1,...,n, whereSy is a scale component that can be
the standard deviation (SD) of the response. Let us confidethe log-likelihood function of the
tobit-BS model is given by(0|w) = >, ¢:(0|w), with the relevant part being

0:(6) = Zgl(logq)<<§2wl))7 t=1,...,m (2.25)

Z?:m-i—l (10g(Cz'1w1) - %(Cizzm)) ) t=m+1,...,n;

where(,1, (2wt , (5, @re as defined in (2.16) after changirigor Y;,,. The process of obtaining
the perturbation matrix in this scheme is composed by twpssteirst, we take the derivative of
(2.25) with respect ta T, that is,

T P
8&(0|w,) _ Om7 1= 17"'7m7 (226)

T ) .

8&) STY (% _Ci2w1Ci1wl> ) Z:m+1a"'7n'
Then, the partial derivative of (2.26) with respect®tas computed and evaluated @t= 6 and
w = wy, to obtain the response perturbation matxvith elements

A, = (Cot1y--0n), Ag=XTdiag{dmi1,...,dn},

where g 1 1
e 2882 gy (L cosh(20) - 1 (sech(6)")

«

Note that the response perturbation scheme, in a tobit moakes sense only for the non-
censored part of the data. This occurs because the censantedf phe data is either unobserv-
able or below the thresholg, otherwise, the casereceives the same valygg. Then, there is no
perturbation in this part of the data.

Covariate perturbation  As in the response scheme, there are several ways to pertoritiau-
ous covariate. Here, we insert an additive perturbationtées the form

xitw:xit—i—wiSX, izl,...,n,

whereSy can be the SD of the corresponding covari&te Considering the log-likelihood func-
tion for the tobit-BS model to bé(f|w) = > | ¢;(8|w) from (2.15), we obtain as the relevant
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part for the covariate perturbation scheme as

Zﬁl(logfb( w2)) t=1,...,m;

(2.27)
Z?:m+l (log(Ciluﬂ) - %(CZQQWZ)) L =m+ 17 sy T

li(Blw) =

In order to obtain the perturbation matrix of (2.27), we t#ke derivative with respect @ and
then with respect ta, evaluating it ap = 0 andw = wy to obtain

[ (g (e ¥GY) oy
—%Sxﬁtsinh(%i), i=m+1,...,n;
andAg, which is ap x n matrix with elements
SuBrmi; [ ACH)(CG)2CE
— Sy (MBHEE 4 (5)02(CR) — A(C2)CE)
Aﬁ7] = _SIC?QQ)\(CEZ)a Z = ]-7 ceey, MG
Szﬁtx,-j (i (SGC"((&))Q — # COSh(2(SZ)) , t1=m+1,...,n,
if j £t,0r
SuBemi; [ MEE)(CH)*CE SuCHAMCE
S (M ¢ (A0 — MCRIG) —
A _ijij (cosh(26;)A(¢3)) , i=1,...,m;
Bi; —
’ S.Bri; (% (sech(8;))? — L cosh(24,))
[ +52 (25 sinh(26;) — 3 tanh (&;)) , t=m+1,...,n,
if j = 1.

2.4.2 Global influence

A global influence method commonly used in statistical modeis the Cook distance,
which allows us to assess the effect of each case on the éstipparameters. The procedure pro-
posed by Cook (1977) suggests the deletion of each case ardatuation of the log-likelihood
function without the casé The generalized Cook distance (GCD) for a standard tobit hveale
given by Barros et al. (2010) and it takes the form

1 ~ =~ o~
GCD,(6) = ———(6 66 (0 —0). i=1...n, (2.28)
p

wherep is the number of model coefficients aag) is the ML estimate 08 without the case. In
order to facilitate the calculations, a first order appraadion § — 6, ~ E@)lé(i) is used in (2.28)
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and it becomes

1 L .
GCD;(0) = m(%ﬁ(i}(—f)%&n% i=1,...,n, (2.29)

wheref;, and£; are the score vector and the Hessian matrix from the tobit-B8eidefined
in (2.17) and (2.19), respectively, without considering ttase; and evaluated & = 6. Note
that, if the approximation described in (2.29) is not useelmust calculate the GCD eliminating
each case. However, with this approximation, we need tatakthe GCD just once. Usually, the
diagnostics analysis relies on the vegtbof coefficients. Then, in that situation, (2.28) becomes

GCDi(IB) =

To determine whether the cases potentially influential o3, we use the same benchmark used
by Zhu and Zhang (2004) and Barros et al. (2010), whicyis If the value of the GCD for the
casei is greater tha/n, it is potentially influential on the estimated vector of gaeters.

2.5 Application

2.5.1 The data

The standard tobit and tobit-BS models are now used to analyzal-world data set data
provided by Moulton and Halsey (1995) from a case-study aistes vaccines. Neutralization an-
tibody levels were collected from 330 children at 12 montiege. The LDL was 0.1 international
units (IU) or—2.306 in logarithm scale. Around 86 (26.1%) of the cases al@bthe LDL and
then recorded as 0.1. The following covariates were consitl&; indicates the type of vaccine
used (0 if Schwartz and 1 if Edmonston-Zagrek);is the level of the dosage (0 if medium and 1
if high); and X5 is the children’s gender (0 if male and 1 if female). The datacan be obtained
from the authors under request or in Moulton and Halsey (L985this particular data set all
covariables are dummy but it is interesting to note that tiop@sed methodology does not impose
any restriction on the independent variables.

2.5.2 Software

The estimation of parameters for the standard tobit model peaformed by using the
t obi t () function of theAER package of the softwakto fit tobit regression models (KLEIBER;
ZEILEIS, 2008; KLEIBER; ZEILEIS, 2015), whereas influenceghastics for generalized tobit
models, including the normal tobit model, can be producethky obi t di ag package (SAN-
TOS-NETO, 2016; BARROS et al., 2017) to be installed with thenmand

devtool s::install _github("tobitproject/tobitdi ag")
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Estimation and diagnostic results regarding the tobit-BSlehavere implemented by functions
developed iR The codes are available under request from the authorsldii@n, we use the

r obust base package to construct box-plots adjusted for asymmetriatel (ROUSSEEUW et

al., 2015).

2.5.3 Monte Carlo simulations

We present a Monte Carlo simulation study with 5000 replicetito evaluate the perfor-
mance of the ML estimators of the tobit-BS model parametens. Sample sizes considered are
n = 100, 300, 500, with parameters: = 0.25,0.5,1.5,2.5, 3 = (0.2,0.5) " and censoring propor-
tions equal taw = 0.1,0.25,0.4,0.5. One covariateX is considered, wher& ~ Uniform(0, 1).

We compute the empirical bias and mean squared error (MSBjdier to do the performance
evaluation. All numerical calculations were done in Bieoftware. Table 3.1 presents the results
obtained for the indicated sample sizes, parameters vahggensoring proportions. This table
shows that, forv = 0.25,0.5,1.5,2.5, ando = 0.1, 0.25, 0.4, the empirical bias and MSE decrease
whenn increases, as expected. Table 3.1 indicates that the modelt iadequate to deal with

a = 1.5,2.5, for a censoring proportiop = 0.5. In these cases, the estimators are not consistent.
In general, the results provide a good performance of thie B model.

2.5.4 Data analysis

Table 2.2 reports the descriptive statistics of the obskenautralization antibody levels
from the measles vaccines case-study. This table inclidesedian, mean, SD and coefficients
of variation (CV), skewness (CS) and kurtosis (CK) values. TheaB&CS indicate the positively
skewed nature and high kurtosis level of the data distoutiFigure 2.2 shows the scaled total
time on test (TTT) plot, histogram and boxplots for the messfaccine data.

The TTT plot is a tool to assess whether a particular disfiobuis suitable or not for a
data set. This is done by characterizing the shape of an HRawdetect the type of HR that the
data have and then choose a suitable distributionilét) = fr(t)/(1 — Fr(t)) be the HR of
a random variablg’, where f; and F;r are the PDF and CDF df, respectively. Then, the TTT
function isW (u) = H—1(u)/H-*(1), for0 < u < 1, whereH'(u) = [ (1 — Fr(z))dz,
with F.' denoting the inverse function of the CDFBf A plot of the points(k /n, W,,(k/n)) can
approximatelV, with W,,(k/n) = (35, tw + (n — k)t) /S0 tw, for k = 1,...,n, andt
denoting theth observed order statistic; see, for example, Figure 1 ievAdo et al. (2012) for
some theoretical shapes of scaled TTT curves.

Note that the skewed nature is confirmed by the histogramaufrEi2.2(left), whereas the
TTT plot displayed in Figure 2.2(center) suggests a deorgdsR. Moreover, Figure 2.2(right)
indicates that some outliers considered by the usual boapdonot outliers when we consider the



Table 2.1: Empirical bias and MSE (in parentheses) of the ML estimators for the tobit-BS model parameters by using the indicated sample sizes and parameter
values with simulated data.

n o =0.10 o =0.25

100 0.25 0.00080(0.00036) 0.01419(0.0020'A0.01754(0.00686) 0.01817(0.00062)-0.03534(0.00313) 0.02691(0.00847)
0.50 0.00947(0.00304) 0.10164(0.01724)0.07389(0.02747) —0.03035(0.00250) 0.11585(0.01866)-0.08166(0.02755)
1.50 —0.05657(0.02271) 0.24971(0.17299)-0.10247(0.15517) —0.48643(0.24338) 0.39486(0.19059)-0.18133(0.13820)
2.50 —0.39635(0.23887) 0.40309(0.26798)-0.16064(0.34102) —0.93813(0.89697) 0.59277(0.42502)-0.21088(0.25953)

300 0.25 0.00068(0.00013) 0.01497(0.00084)0.01895(0.00250) 0.01811(0.00044)-0.03438(0.00180) 0.02583(0.00318)
0.50 0.00349(0.00188) 0.10003(0.01303)0.07169(0.01297) —0.02981(0.00175) 0.11350(0.01471)-0.07978(0.01380)
1.50 —0.11450(0.01684) 0.15481(0.1220730.10074(0.06064) —0.48247(0.23481) 0.39321(0.16613)-0.16377(0.06822)
2.50 —0.38176(0.18983) 0.37443(0.21699)-0.14910(0.12536) —0.92855(0.86751) 0.57346(0.37655)-0.20073(0.11413)

500 0.25 0.00026(0.00008) 0.01246(0.00061)0.01556(0.00168) 0.01302(0.00041)-0.03389(0.00152) 0.02549(0.00219)
0.50 0.00301(0.00050) 0.09919(0.01121)0.07020(0.01050) —0.01660(0.00053) 0.07255(0.01102)-0.04193(0.01088)
1.50 —0.00455(0.00212) 0.09372(0.08997)-0.09511(0.03865) —0.38160(0.23317) 0.39169(0.16357)-0.11684(0.05626)
2.50 —0.30617(0.17775) 0.32750(0.10479)0.11983(0.08525) —0.92740(0.86323) 0.51755(0.37194)-0.11511(0.08992)

n o= 0.40 o = 0.50

100 0.25 0.05175(0.00303)—0.10352(0.01300) 0.06820(0.01463) 0.07072(0.005399.14971(0.02494) 0.07805(0.01724)
0.50 —0.02178(0.00312) 0.05843(0.00950%-0.07950(0.02995) —0.01307(0.00830) 0.00899(0.01016)-0.08380(0.03368)
1.50 —0.62570(0.62582) 0.49902(0.41086%-0.15857(0.13771) —2.58339(13.00365) 1.55824(4.19966) 0.15169(0.37660)
2.50 —1.74532(5.89450) 1.05179(2.08633)-0.11833(0.30030) —4.08696(35.66735) 1.85482(5.92291) 0.22605(0.70380)

300 0.25 0.05044(0.00297)—0.10259(0.01129) 0.06722(0.00781) 0.07055(0.005099.14899(0.02306) 0.07746(0.00974)
0.50 0.00124(0.00107) 0.05811(0.00519)0.05327(0.01469) —0.01041(0.00144) 0.00530(0.00096)-0.08279(0.01563)
1.50 —0.55699(0.39553) 0.45312(0.26916)-0.11652(0.06998) —3.97332(34.04745) 2.04444(6.37383) 0.14853(0.33840)
2.50 —1.28276(2.64321) 0.80957(1.01003)-0.10019(0.12096) —7.82872(221.02820) 2.28197(9.16912) 0.14196(0.71841)

500 0.25 0.04374(0.00296)—0.10229(0.01092) 0.06718(0.00648) 0.06293(0.005049.14860(0.02259) 0.07712(0.00817)
0.50 —0.00098(0.00067) 0.05804(0.0045730.02318(0.01166) —0.00965(0.00083) 0.00421(0.001523-0.08128(0.01183)
1.50 —0.52299(0.27465) 0.43081(0.19146)0.10058(0.05614) —3.85664(30.10071) 2.02818(6.64127) 0.14783(0.27190)
2.50 —1.53321(3.64631) 0.99536(1.59385)-0.09344(0.11624) —6.85616(177.49570) 2.10903(9.75583) 0.10385(0.60329)
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adjusted boxplot.

Table 2.2: Descriptive summary for the measles vaccine data.

n Min Max Mean Median SD CVv CS CK
330 0.10 1547 1.20 0.40 2.10 174.74% 3.46 14.37

usual boxplot adjusted boxplot
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Figure 2.2: Histogram (left), TTT plot (center), and boxplots (right) for the measles vaccine data.

2.5.5 Analysis under the normal tobit model

Let us consider a standard tobit model defined by

Y:{O.l, Y <0.1,i=1,...,85,

' Vi = Bo + Brtir + Powas + Bawsi + &, Y > 0.1, i =86,...,330,

wheree; D N(0,c%). The responsg; is a latent variable that is observed for values greater than
0.1 and censored otherwise. The ML estimates, computedebBf@GS method, along with the
SEs andp-values of the t-test for the standard tobit model, are miteskin Table 2.4. Note that
the parameters;, 5, and 3 are not statistically significant at a 5% level. In Table 2w, also
show the values for Akaike (AIC) and Bayes (BIC) informationemia. Figure 2.4 (left) shows
the quantile versus quantile (QQ) plot with simulated eopelfor the GCS residual based on the
standard tobit model. This figure indicates that the GCS wvesidoes not present an agreement
with the EXP(1) distribution.

Next, we carry out a diagnostic analysis based on global acal influence. Figure 2.3
displays index plots of local influence under the case-wieghturbation, which shows the cases
#328, #329 and #330 as potentially influential. In order weas the global influence on the ML
estimates when a case is removed, we analyze the index ptbedsCD shown in Figure 2.4
(right). It indicates the cases #328 and #328 as potenti#llyential.

The impact of the detected influential cases on the modeaknée can be checked by com-
puting the relative change (RC), which is obtained by remoinfigential cases and re-estimating
the parameters as BG = 16; — 0,)]/0;1x100%, whered,,, is the ML estimate of); after
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removing the case for j = 1,...,4andi = 1,...,n, with 8, = Sy, 0, = p1, 03 = [, and

0, = (5. Table 2.3 reports the RCs in the parameter estimates obthinednsidering the data
with dropped cases. Note that, in general, the RCs are large.akn that after the exclusion of
the cases #328 and #33f, becomes significant at 10%, and after the exclusion of thegtioat
contains the cases #328, #329 and #33WMecomes significant at 5%; see values detached in gray.
Therefore, we have inferential changes after removingmiatéy influential cases. We expect that
the tobit-BS model does not present these inference problems
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Figure 2.3: Index plots of C;(8) (Ieft), C;(3) (center) and C; (o) (right) under the case-weight perturbation
in the standard tobit model with the measles vaccine data.
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Figure 2.4: QQ plot and its envelope for the GCSresidual (left) and index plot of the GCD (right) for the
standard tobit model with measles vaccine data.

Table 2.3: RCs (in %) in ML estimates for the indicated parameter (standard tobit model) and removed
cases with the measles vaccine data.

Coefficients

Removed case(s) By B By B4
{328} 8195 83.74 10.17 42.84
{329} 9143 76.11 7.46 10.42
{330} 88.40 154.93 0.59 54.34

{328,329} 70.08 49.86 22.52 12.92

{328,330} 67.01 129.03 29.47 78.04

{329,330} 76.75 121.38 31.72 24.42
{328,329,330} 55.15 95.15 62.1 48.13
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2.5.6 Analysis under the tobit-BS model

We consider now an analysis under the tobit-BS model definezhjytion (2.14) where
e; ~ log-BS(av, 0) for the measles vaccine data. Table 2.4 reports the ML e&8nSEs ang-
values of the t-test for tobit-BS model parameters, complyatie BFGS method. In addition, the
AIC and BIC criteria are reported. From Table 2.4, we obsdraethe parameters, 5, andgs are
not statistically significant at a 5% level. We also obseha the tobit-BS model provides a better
fit compared to the standard tobit model based on the valudd@fnd BIC. Figure 2.5 (left)
shows the QQ plot with simulated envelope of the GCS residwdht tobit-BS model. From this
figure, note that the GCS residual presents an excellentragreevith the EXP(1) distribution.

Table 2.4: ML estimates (with SE in parentheses) and model selection measures for the indicated models.

Model 0 Estimates p-value AIC BIC

log(c) 0.94512(0.04688)<0.0001
B,  0.59700(0.28878) 0.0387
Normal B,  0.22507(0.29733) 0.4491 1299.27 1318.27
By —0.22827(0.29580) 0.4403
By 0.27128(0.29675) 0.3606

o  1.54569(0.04819)%0.0001
By —0.91057(0.10487)<0.0001
BS B, 0.18889(0.11112) 0.08915 1168.60 1187.55
B, 0.07371(0.10979) 0.50203
B;  0.12135(0.11030) 0.27125

Note, from table 2.4 that the normal model suggests thabaétables are not signifficant,
however the tobit-BS model suggests that the type of vacaed is slightly significant, the results
indicate that the receivers of the Edmonston-Zagreb vadeave higher concentration levels of
the strainexp(0.22507) — 1 = 0.25241%.
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Figure 2.5: QQ plot and its envelope for the GCSresidual (left) and index plot of the GCD (right) for the
tobit-BS model with measles vaccine data.

Index plots ofC; under the case-weight perturbation are displayed in Figig@eft). This
figure detects the cases #328 and #330 as potential influebsiarvations for the tobit-BS model.
Figure 2.6 (right) presents the GCD index plot, which showsvidence of influential cases.
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Figure 2.6: Index plots of C;(0) (left), C;(8) (center) and C;(«) (right) under the case-weight perturbation
in the tobit-BS model with the measles vaccine data.

Table 2.5 reports the RCs in the parameter estimates of theB8bmodel, where the
removed cases include observations detected as poteriliedritial ones for both of the standard
tobit and tobit-BS models. In terms of model sensitivity, vibserve a less pronounced influence of
the removed cases on the ML estimates of the tobit-BS modehpeters (Table 2.5) than on the
ML estimates of the standard tobit model parameters (TaBle 2his result can be interpreted as
a robustness of the tobit-BS model to atypical observatifesobserve that, is not significant at
10% after eliminating the observation #330. However, in gelhéna diagnostic measures identify
potentially influential cases do not alter the inferencénefrhodel. Thus, we can conclude that the
tobit-BS model is better than the standard tobit model fodtta set considered in this application.

Table 2.5: RCs (in %) in ML estimates for the indicated parameter (tobit-BS model) and removed cases
with the measles vaccine data.

Coefficients
Removed case(s) 5o B By Bs
{328} 428 423 2831 16.11
{329} 213 583 27.89 18.61
{330} 2.34 18.40 29.52 18.93

{328,329}  6.45 15.47 5651 252
{328,330}  6.66 8.90 58.18 35.25
{329,330}  4.47 7.23 57.34 0.32
(328,329,330} 8.83 2.34 86.36 16.62

2.6 Concluding remarks

It is widely known that the normal distribution does not ajwamodel data adequately in
different areas. This also occurs with the tobit model, Whiescribes a censored response variable
by covariates in diverse fields, such as economy and mediciribis work, we have proposed a
new tobit model based on the Birnbaum-Saunders distribufibis distribution has shown to be a
good alternative to describe medical data. We have estihtla¢gparameters of the tobit-Birnbaum-
Saunders model with the maximum likelihood method and hakert advantage of its properties
to propose asymptotic inference for such parameters. Wehalge developed global and local
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influence tools for the tobit-BS model. As a global influenca t@e have derived the generalized
Cook distance and for local influence procedures we haveatktive normal curvatures under
some schemes of perturbation. We also have carried out@uedsanalysis. As a final task we
have carried out an application of the new tobit-Birnbaurnsfsiers model with real-world of
measles vaccine data in Haiti, due to the presence of asymaret high kurtosis present in these
data. The application has shown the superiority of the Bitbaum-Saunders model over the
standard tobit model, providing a strong evidence that thrallium-Saunders distribution is a
good model for accommodating outliers. We carried to owt #ipiplication with the help of the R
software and of some its existing packages and of codesajfmaby us.



Chapter 3

A new mixture-based regression model for censored data

Most of the models designed for modeling censored data melthe assumption of
normality for the error distribution. It is well known thabtnall applications are well
modeled by this distribution. Some efforts have relaxednbenality assumption by
considering more flexible distributions suchtaand log-alpha-power. Nevertheless,
these models do not consider partial observations fromabenaed distribution which
potentially conducts to biased inference. We have explareeal data example of
measles vaccine in Haiti and confirmed both the possibifityantial observation and
asymmetry problems. Then, to solve such problems, we peapasxture model con-
sisting of the Birnbaum-Saunders and Bernoulli distribugioVe discuss estimation
of the model parameters based on the maximum likelihood edetve then carry out
a Monte Carlo simulation study to evaluate the performanadeimaximum likeli-
hood estimators. We use the R software in all computatiodstaeresults favor the
proposed methodology.

Keywords Censoring; Birnbaum-Saunders distribution; Maximum Liketd Esti-
mation; R software; mixture model; Monte Carlo simulation.

3.1 Introduction

The determination of antibody concentration by quantiaissays is a very important
topic of research, because there is always a concentradioe {/) below which an exact mea-
surement cannot be obtained regardless of the employedi¢geh Nevertheless, this antibody
concentration valu€f() is a function of the associated assay. When left-censasipgeisent in data
from an assay, the lower detection limit (LDL) can be usedufostitute a value for the censored
observation, namely, the valge. In special, this substitution is applied in a safety and imox
genecity study of measles vaccine in Haiti presented by Mawdnd Halsey (1995), an example
explored in this paper. The data associated with the casly-siescribed by Moulton and Halsey
(1995) have both left-censoring and asymmetry, and tobitetsocan be used to provide estimates
of interest; see Barros et al. (2010). However, the standditimodel (TOBIN, 1958) has a strong
assumption stating that the model errors follow a normadtitigtion, which is symmetric. Ignor-

25
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ing the effect of asymmetry can be harmful and conducts toifssgntly biased estimates; some
flexible tobit models, in terms of asymmetry, can be seen intiMez-Flores, Bolfarine and Gomez
(2013a) and Rocha, Arellano and Loschi (2015). Moreoversthedard tobit model, regardless
the distribution, has a drawback concerning the fact thatrttodel does not take into account a
lower limit and that some observations may be below this fomait, which is the case in the
measles vaccine data. Finally, the standard tobit modehoticope with extreme heaviness of the
censored part of the distribution, namely, the number cdzsurpasses the expected amount. In
the measles vaccine data, 87 out of 370 values are below the LD

A two-part model for the situation of zero excess was comsil®dy Cragg (1971). The
Cragg model considers the possibility of having observatioom the assumed distributighand
from the point mass distribution. In this model, the logat distribution was considered for the
independent variable. The Cragg model, however, does nsidmmthe existence of both a lower
limit and some observations below this limit. Moulton andldé¢g (1995) proposed a straight-
forward generalization of the two-part model, called Bethiegnormal model, by considering
the possibility of some limiting responses resulting frarterval censoring associated withThe
generalized two-part model allows the possibility of a ataatons, if located below7 to be either
a partial observation fronfi or a realization of the point mass distribution.

The Birnbaum-Saunders (BS) distribution is positively ske\aad has a failure rate with
upside-down bathtub shape and a close relation with the aladistribution; see Birnbaum and
Saunders (1969), Johnson, Kotz and Balakrishnan (1995) and [2016). This distribution has
two parameters, i.e., the shape and scale parameters, thiedegter is also its median. Thus, the
BS distribution can be seen as an analogue to the normal mmdeh an asymmetrical setting,
where the median is generally considered to be a better meeakcentral tendency than the mean.
The BS distribution has been applied to biological, econpamgineering and environmental data,
among others, and some of its recent applications are disdus Qu and Xie (2011), Ferreira,
Gomes and Leiva (2012), Li, Chen and Xie (2012), Saulo et 8L 3», Leiva et al. (2014b), Leiva
et al. (2015), Leiva et al. (2015), Garcia-Papani et al. @@hd Santos-Neto et al. (2016).

The main objective of this paper is to propose a regressiatehior censored data based on
the mixture between the BS and Bernoulli distributions, thaaicensored continuous distribution
and a point mass distribution located below the detectiait.liThe proposed model extends to the
BS case the Moulton and Halsey (1995)’s Bernoulli/lognormatel. The secondary objectives
of this paper are: (i) to develop inference for the BerndBfi/model based on the maximum
likelihood (ML) method; (ii) to perform a Monte Carlo (MC) sirfagion study to evaluate the
performance of the ML estimators; and (iii) to carry out aplagation of the proposed model by
using the safety and immunogenecity study of measles vaatiHaiti described by Moulton and
Halsey (1995). The results indicate that the Bernoulli/BS ehbds the best performance in terms
of fit.

The rest of the chapter proceeds as follows. Section 3.2geswa background of mixture
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models for censored data and of the BS distribution and itaritignic transformation. Section
3.3 formulates the Bernoulli/BS model along with inferencel a&stimation based on the ML
method. Section 3.4 presents a Monte Carlo simulation s&efstion 3.5 carries out an empirical
application with real world data. Finally, Section 3.6 mets some concluding remarks.

3.2 Background

3.2.1 The standard tobit model

Consider a sample of size, Y = (Y1,...,Y,,,Yui1,...,Y,) ", namely, independent
(IND) random variables but not independent identicallytribsited (11D) necessarily. Consider
also that this sample includes censored data to the left amd— m observed (complete or un-
censored) data. Thus, such censoring scheme can be vesliahizier a regression setting with a
censored responsé*, which is a (unobserved) latent variable. Hence,theensored data (un-
observed) correspond to the valuesydfless than or equal to a threshold poigt(censoring to
the left), so that all of these data take the vajyeThe othem — m data (observed) are related to
values ofY* greater thany,, which can be described by a linear regression structurbeofype
z 3. Then, the normal tobit model with censored response toetheadn be formulated as

.. Y < g0, i=1,... m:
Y, = Y Yo (3.1)
x/B+e, Y >y, i=m+1,...,n

wheres; ~ N(0, ¢%) is the model error terng3 is a vector of regression coefficients corresponding
to unknown parameters to be estimated, ands a vector containing the values of explanatory
variables (covariates). Note thatgiven in (3.1) is a prefixed limiting value that does the rewsen

of the regression model defined in (3.1) to be limited (or ceed); see Tobin (1958).

3.2.2 Mixture models for censored data

Cragg (1971) proposed a simple zero excess model described by
9(yi) = pili + (1 = pi) f(y:) (1 = L), (3.2)

wherep; is a probability that determines the relative contributinade by one point distribution
to the mixture distribution as a wholg(-) is the probability density function (PDF) af andI;
receives the value 0 if; > 0 and 1 ify; < 0. Note that the PDF in (3.2) is not defined, thus the
model can be freely modified. This model however does notidenshe possibility of a lower
limit.

Moulton and Halsey (1995) extended the model in Cragg (1998 ¢ieneralized two-
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part model by considering the possibility of limiting resises coming from interval censoring in
f(+). In the extended model, a zero can be either a realizatiorpofra mass distribution or the
result of a censoring irf(-). The generalized model incorporates an intermediary pitisgithat
an observed zero can be a realization of the point mass ortialpzaiyservation off(-) with an
unknown critical value lying in some point betweéh 7). The PDF for the extended two-part
model is given by

9(i) = [pi + (1 —pi) F(T)] L + (1 = pi) f(wi) (1 = L), (3.3)

where F'(-) is the cumulative distribution function associated witf). A large family of mix-
ture model can be created by changjf{g) and the link function. Martinez-Flores, Bolfarine and
Gomez (2013b) noted that, in Equation (3.3), it is assumatjtist a proportion of censored ob-
servations comes from the assumed distribution, with tsig te- 7) coming from a population of
low responders located at, or bel@w This mixture is modeled by assuming a Bernoulli random
variable D with

pr(D=1)=7=1—p. (3.4)

Chai and Bailey (2008) listed the use of many mixture model& sxscprobit/truncated-
normal, logit/lognormal, logit/log-gamma and probitAsgew-normal with applications in biol-
ogy, economics and agriculture. Martinez-Flores, Bollaand Gomez (2013b) considered a new
approach for asymmetric data with positive support basdttpration (3.3) called the Bernoulli/log-

power-normal (Bernoulli/LPN) model. Note thatdf ~ N(0,02) andp; = 0,i = 1,...,n, in

Equation (3.3) then the generalized two-part model becdheestandard tobit model .

3.2.3 The BS and log-BS distributions

Let 7" be a random variable following a BS distribution with shapeapsetera and scale
parameter, with the following notatioril” ~ BS(«, o). Then,

¢ the cumulative distribution function (CDF) @f is given by
1
Fr(t;a,o0) =@ <a <\/t/0 — \/a/t>) , t>0,aa>0,0>0; (3.5)
¢ the PDF ofI" obtained from (3.5) is expressed as

fT(t;a70>:%( 1/at+\/a/?)¢<é <\/t/_a—\/a_/t>>, t>0,aa>0,0>0,

(3.6)
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where¢ is the standard normal PDF. Alternatively, (3.5) can be esped as

exp(a~?) 1 [t o 3
t; = —-F —— | -+ - t t t>0,aa>0,0>0;
fT(aa7U) 2@\/%6}(1)( 20&2 O'+t 2(+0)7 y O O (7 )
3.7

¢ the results provided in (3.5) and (3.6) may be obtained frieenttansformation theorem of
random variables by using

T=o (aZ/Q +1/(aZ/2)* + 1) : (3.8)

whereZ ~ N(0,1).

e from (3.8), it may be verified that a continuous random vdedab has a BS distribution
with parameters: > 0 ando > 0, if and only if Z = (1/a)(\/T/o — \/a/T) ~ N(0, 1).
Some properties of the BS distribution are presented asifslltd 7' ~ BS(«, o), then: (i)
E(T) = o(1 + o?/2) and Va(T) = (ao)*(1 + 5a?/4); (ii) for b > 0, bT ~ BS(a, bo),
which means that the BS distribution is closed under scaldtiphcation (proportionality);
(iii) 1/T ~ BS(«, 1/0), implying that the BS distribution is closed under reciptan (iv)
the median of the distribution &f is o, which can be directly obtained when= 0.5 from
its quantile function given by

tqa,0) = F ' (g a,0) = O(azz(q)+\/(a22(q))2+1)’ 0<qg<l,

wherez(q) is the standard normal quantile function; and (v) the BSithistion is positively
skewed asg increases and approximately symmetrical arowada goes to zero; see Figure
3.1(left). Properties of proportionality and reciproocatigiven above in (ii) and (iii) are
easily verified by using once again the mentioned transfbom#heorem;

e the survival function (SF) and hazard rate (HR)Iof BS(«, o) are given respectively by

Sr(t;a,0) = @ (—l (\/z— \/§>) ;
o4 (V2 - V7)) S
o (- v9)
The logarithmic version (log-BS) of the BS distribution is dsghen data modeling is

needed. A random variablé has a log-BS distribution with shape ¢~ 0) and location f € R)
parameter, which is denoted by log-8S ), ifand only if Z = (2/«a)sinh((Y — u)/2) ~ N(0, 1).

t>0.

hT(t> «, 0)
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Then, the CDF ot is given by

Fy(y;o,u) = (%Sinh(%)) , yeR pueR a>0. (3.9

Consequently, from (3.9), the PDF ®fis obtained as

cosh( =) exp _Zsin (Y=H , yeR peR a>0,
2 o? 2
(3.10)

Ty (y; o, p) =
a2

whereas that the logarithm of the PDF given in (3.10) is esg®d as
, B log(2) 2 y—p 2 . y—p
log(fy (y; a, p)) = —log(2) 5 +log <aCOSh( ) = sink? 5 , yeR.

Important properties of the log-BS distribution are as feBolf Y ~ log-BS(a, 1), then:

() T = exp(Y) ~ BS(«, o), which means that the log-BS PDF given in (3.10) can be ohdaine

from the standard normal PDF as in (3.9) or from the BS PDF defin€3.7); (i) E(Y) = u;

(i) there is no closed form for the variance bf, but based upon an asymptotic approximation

for the moment generating function of the log-BS distribntid follows that, if« — 0, then
Var(T) = o® — o*/4, whereas that, ift — oo, then VarT) = 4(log*(v2a) + 2 — 2log(v/2a));
(iv) if X =+Y +d, thenX ~ log-BS(«, 1 + d); and (v) the log-BS distribution is symmetric
aroundu, unimodal forae < 2 and bimodal forx > 2; see Figure 3.1(right).

@ |
o — a=05 e — a=05
o -=- a=1.0 -=- a=10
a=2.0 a=2.0
a=4.0 © | a=4.0
o
=o | =
g S «
= EX=h -
& &
N ! \
o N [} \
© 1 \
' q
/ \
e e o ~ 4 N N
o S — —_—
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4 5 -6 -4 -2 0 2 4 6
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Figure 3.1: PDF of (left) BS(«, 1) and (right) log-BS(«, 0)

)
distributions for the indicated value of o.

3.3 The Bernoulli/BS mixture model

3.3.1 Formulation

We propose a mixture model between the Bernoulli and BS digitoibs (Bernoulli/BS)
by assuming thaf(-) in Equation (3.3) is alog-BS PDF as in (3.10), with a logit lfiok p;. Then,
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Equation (3.3) can be rewritten as follows

o) = 4 (1= D) (G T+ = p) |2 cosh (5 exp (-~ skt (£5) )| -1,

o2
(3.11)
wherec, = 1/v27, uy = wg)iﬁm, ¢ = (2/a) sinh(yo — :U(I)Zﬁ(l))/Q,
1 ify<
I — y="4 (3.12)
0 if Yy > Yo,

and®(-) is the CDF of the standard normal distribution, with being the covariates associated
with 3,. We assume a logit link for the random varialiledefined in Equation (3.4), thus it is
possible to include covariates as follows

logit [pr (D = 1]@)] = X¢)' Bo, (3.13)

wherex, are the covariates associated wi#h. The formulation of the logit link defined in
Equation (3.13) becomes,

_ __SXp (X' Bo)
Ty = 1-— Di = T )
1 +exp (xp Bo)
where the vectox,, has a dimension, which can be, and usually is, different from the dimension
of the vectorx,,.

(3.14)

Combining the Equations (3.11) and (3.14) we obtain the idda contribution to the
likelihood function of the mixture Bernoulli/BS model thatgszen in Equation (3.15),

. eXP(XZ Be) c "
L(0) = |1+ a1

1-1;
exp(x(gﬁ(z)) (Cl (ZU — Nl) ( 2 . (Z/ - M1))) '
— cosh — —sinl? 7
{1 + exp(x(;ﬁ(z)) o o8 2 *Xp a? 2

wherec,, 1y andc;, are defined in Equation (3.18,= («, 8, B4) " and; is defined in Equation
(3.12).

(3.15)

The log-likelihood function for the mixture Bernoulli/BS idtained by taking the loga-
rithm of Equation (3.15), which gives

log(27)
2

+ Z I [log (1 + exp(x(;ﬁ(z)) [@(¢5,) — 1]) — log (1 + exp (x(;ﬁ(z)))] (3.16)

=1

+ Z (1—1) [X(Tz)ﬁ(z) + log (Gi1) — !

2
m+1

((0) = —(n—m)log(2) — (n—m)

5 —log (1 + eXP(X(Tz)ﬁ(z))) )
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wherecs, is defined in Equation (3.11) ardgl and(;, are defined in Equation (3.17),

T T
¢ = 2 cosh <—y1 w‘;”ﬁ(”> , G2 = 2sinh <—yz wg”'gm) . (3.17)

To obtain the ML estimators, it is necessary to maximize thigelikelihood function given in

. . . . T
(3.16). The score vector & = 0((0)/00 = (EQ,Bg(l),Eg(z)) , which contains the first partial
derivatives of (3.16), where

1 exp(z@)B2) #(¢52) o o .
. —= , 1=1,....m;
{, = o {1+6Xp(x(2)5(2))[‘D(Cfg)—l]}

\é[?z_l], i=m+1,...,n;

4
z() exp(z@)B(2) #(¢52) S =1 )
-4 =1,....m
2 {1+9XP($(2)B(2))[‘P(Cfg)—l] ! R

25(1) _ (3.18)
\%[%QQ—%}, i=mt+ L
p
exp(z(282) [(¢5) 1] ;
‘ 7l =1, m
Loy = @ [1+exp(x(z)ﬁ(2))[<1>( fz)—l] T} ! "

\17(2)[1—7'], i=m+1,...,n

The ML estimator o# is obtained equating (3.18) to zero. Note tﬂg@) can be solved analyti-

cally however, the system of equations defined by- 0, £3,, = 0 and£g,, = 0 does not have an

analytic solution. In this paper, we solve them by an iteeapirocedure for non-linear optimiza-
tion, i.e., the Broyden-Fletcher-Goldfarb-Shanno (BFGS)siiNewton method; see Leiva et al.
(2007).

3.3.2 Inference

Assuming that the regularity conditions defined in Cox andkléin (1974) are satisfied,
the ML estimatorsy, B(l) and B(Z) are consistent and follow a multivariate normal joint asymp
totic distribution. This distribution has an asymptoticanesector with elements, 3, andg,,
and have an asymptotic covariance matrix equal’'{@)—*, which can be approximated by the
expected Fisher information matrix. Thereforepas: oo, we have that

Vie-8 4 Ny (0,0,70)7Y), (3.19)

where 7 (0) = lim,,_,.(1/n)Z(0), with Z(0) being the expected Fisher information matrix. In
addition,g means convergence in distribution to &byl is ap x 1 vector of zeros. Note that

f(@)*1 is a consistent estimator of the asymptotic variance-¢anee matrix ofd, J(6)~! say.

In practice, one may approximate the expected Fisher irdbam matrix by its observed version

Efron and Hinkley (1978), whereas the elements of the diagohthe inverse of the observed
information matrix can be used to approximate the corregdipgnstandard errors (SEs). The ob-
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served Fisher information matrix is obtained from the Hassnatrix, which contains the second
partial derivatives of (3.19) and given by
X ke X DX X V[z)X(z)

) )

whereV,, = diag{vs(0), vw2(0), vs(0), - - -, van(0) }, Viy = diag{vu(0), v2(0), va(0), - - - ; Ve
(0)}, ko = (kwu(8), kap(0), kus(0), - . ., k(l)n(g))T, ko = (ken(0), kep(0), kes(0), - - -, k(Z)n(e))T'
D = diag{d,(0), d(0),ds(0), ..., d(0)} andG = diag{g:(0), g2(0), g5(), - . ., 9(0) }, with

(1 [ en@eBes) C(¢5,) exp(zBe)
a? (1+exp(:v(2),@(2)) [‘1)(@(52)71] ) (1+exp(:p(2),@(2)) [‘1’((7?2)71] )
gi(0) = < _1 | __¢*()E exp2z@Be) — 1 m
a® | (1+exp(z8@) [2(¢%)-1]) | (] ey 1Y
\—%[332—1], i=m+1,...,n;
( eXp(;U(z)ﬁ(z)) Cll(b( )+Cfl¢( i2 ) 222‘: + exp(x(Z)ﬁ(Z))¢2( zCZ) icl iCQ . Z — 1 m:

k() = 20 (1+exple@Be)[@(¢R)-1]) ' (1+expl@Br)|[®(5)-1])" | T h

Ké[(@'l(@?]; t=m+1,...,n;
_ exp(z@Br)¢(C5H)¢h [(1+exP(x(2)B(2))[‘I)(Cz%)_l]>_21] i=1,....m:
ken(0) = * (1+exp(a@Be)[®(cH)-1])
\O, t=m-+1,...,n;
(1 extalels eprofeCE)E (e ) L
dz(e) _ 2 (1+exp z2)82)) [ ]) (1+exp(x(2),3(2))[@(C&)fl])Q ’ ’ L
\0, i=m+1,...,n;
[ expeeBe) [ —A(C5H)CE+CHCH () ¢* (%)< exp(z@B@) 2] i=1... . .m:

Ve (0) = 4 (1+exp(z@B8@) [2(¢%)—1]) (1+exp(z@B@) [2(¢5)-1])" |’ o
\411[1_(1‘22/1‘21)_1'21_1‘22]7 t=m+1,...n;
(eobgpolpe) ] (ewbgpolE@) )

vy(8) = { (reeteBe(2()-1])  (trew(xgBe)[2(ck)-1]) ’ o

T — 72, 1=m+1,...,n

\

3.4 Simulation study

We present a Monte Carlo simulation study with 5000 replacetithat intends to reveal
the performance of the maximum likelihood estimators far garameters of the Bernoulli/BS
model. The sample sizes consideredare 100, n = 300 andn = 500, with parameters: =
0.1,0.5,1,2,4, By = (0.2,0.5)" and B, = (1,2)". We consider one covariat§, where X ~
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Uniform(0, 1). The generated values for the response variable were ebtamfollows

) - exp(BypotBe1zs)
. 1 with probability 1 — Trexp (B tfaner)
e
. - X + i
exp (ﬁ(l)o + 5(1)11'1') 0s, with probablllty 1ie§§3ﬁ(%)((z))of(;)(zx)z‘) ’

whered ~ BS(«, 1). In order to obtainy; we take the natural logarithm of.

We compute the bias and mean squared error (MSE) in orderataage the estimators’
performance. All numerical evaluations were done in thefRvese. Table 3.1 presents the results
obtained for the indicated sample sizes and parametergszalthis table shows that far =
0.1,0.5, 1 and2, the bias and MSE decrease as the size of the sample ingredsasis expected.
In general, the results show the good performance of the Béiis model.

Table 3.1: Monte-Carlo estimation of bias and MSE for the indicated sample sizes and parameter values

n=100 n=300 n=500
« 0 Mean Bias MSE Mean Bias MSE Mean Bias MSE
1 « 211 111 . .14891 .04891 . il 5 4 50e .
Bap =0.2 0.21215 0.01215 1.03058 0.20326 0.00326 0.08643 0.20309 0.00309 0.01018
Bap = 0.5 0.48652 —0.01348 0.98195 0.50374 0.00374 0.09117 0.50057 0.00057 0.00977
By = 1 1.00140 0.00140 1.17457 1.00115 0.00115 0.08867 0.997970.00203 0.00997
Bop = 2 1.98399 —-0.01600 1.04944 2.00469 0.00469 0.09159 2.00104 0.00104 0.01007
05 « 0.50211 0.00211 0.01549 0.49848-0.00152  0.00343 0.50004 4.2241% 0.00032
Bayp = 0.2 0.22839 0.02839 0.81110 0.21216 0.01216  0.14482 0.20293 0.00293 0.00919
Bayn = 0.5 0.49694 —0.00306 0.79049 0.50993 0.00993 0.15961 0.50054 0.00054 0.00881
o0 = 1 1.00613 0.00613 0.83217 1.01332 0.01332 0.17506 0.998070.00192 0.00899
on = 2 1.98798 —-0.01201 0.81395 2.01255 0.01255 0.16855 2.00098 0.00098 0.00908
1 « 0.99855 —0.00145 0.06463 0.99941-0.00059 0.00279 1.00004 4.69354 0.00039
Bayp = 0.2 0.30713 0.10713 0.46320 0.20529 0.00529 0.03719 0.20278 0.00278 0.00825
Ban = 0.5 0.54346 0.04346  0.46502 0.50423 0.00423 0.03999 0.50052 0.00052 0.00791
Bep=1 1.09830 0.09830 0.64609 1.00368 0.00368 0.04167 0.998170.00183 0.00807
on = 2 2.04050 0.04050 0.54142 2.00462 0.00462 0.04132 2.00093 0.00093 0.00815
2« 2.01445 0.01445 0.06145 1.99856-0.00144  0.00159 2.00002 2.3467% 9.92905e-5
Bap =0.2 0.35064 0.15064 0.27488 0.20109 0.00109 0.00959 0.20030 0.00030 0.00010
Bap = 0.5 0.56994 0.06994 0.24613 0.50125 0.00125 0.01012 0.50057 5.773488.76858e-5
o0 = 1 1.20834 0.20834 0.72936 1.00040 0.00040 0.00985 0.99979-0.00021 9.96743e5
o = 2 2.10056 0.10056  0.38308 2.00157 0.00157 0.01018 2.00010 0.00010 0.00010
4 « 5.74480 1.74480 31.44706 5.63512 1.63512 18.12119 4.21585 0.21585 4.01609
Bap = 0.2 0.84559 0.64559 3.61015 0.90587 0.70587 3.46159 0.26577 0.06577 0.36885
Bap = 0.5 0.77905 0.27905 0.90060 0.91386 0.41386 1.16450 0.53409 0.03409 0.10023
Bep=1 3.18593 2.8593  40.9525 3.29328 2.29328 34.75177 1.22581 0.22581 4.40974
Bop =2 3.09786 1.09786 10.54635 3.22245 1.22245 9.94170 2.10635 0.10635 0.97295

3.5 Application

3.5.1 Exploratory data analysis

We analyse a data set provided by Moulton and Halsey (199%) &« study of measles
vaccines. Neutralization antibody levels were collectennf 330 children at 12 months of age.
The LDL was 0.1 international units (IU) o¥2.306 in logarithm scale. Around 86 (26.1%) of
the observations fell below the LDL and then recorded as Dhk. following covariates were
consideredX; indicates the type of vaccine used (0 if Schwartz and 1 if Bastan-Zagreb)X,
is the level of the dosage (0 if medium and 1 if high); aXlis the gender where 0 is male and 1
Is female.
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Table 3.2 shows the descriptive statistics of the obseredralization antibody levels
from the measles vaccines study. This table includes theamechean, standard deviation (SD)
and coefficients of variation (CV), skewness (CS) and kurt@k§) values. The CK and CS indi-
cate the positively skewed nature and high kurtosis levii@tlata distribution. Figure 3.2 shows
the scaled total time on test (TTT) plot, histogram and botgpfor the measles vaccine data. In
particular, the TTT plot is a graphic tool to assess whethaaréicular distribution is suitable or
not for a data set. This is done by characterizing the shapéiét, namely, we can detect the type
of HR that the data have and then choose a suitable distibutethy (y) = fy(y)/(1 — Fy(y))
be the HR of an RW', wheref,, and Fy are the PDF and CDF df, respectively. Then, the TTT
function is W (u) = H-'(u)/H-1(1), for 0 < u < 1, whereH1(u) = [¥ (1 — Fy(2))dz,
with F-' denoting the inverse function of the CDFY5f A plot of the pointsk /n, W,,(k/n)) can
approximateV’, with W, (k/n) = (335, Yoy + (n —k)ye) /> yay, fork = 1,...,n, andt;
denoting theith observed order statistic; see, for example, Figure 1 ievAdo et al. (2012) for
some theoretical shapes of scaled TTT curves.

We note that the skewed nature reported in Table 3.2 is coadirny the histogram of
Figure 3.2(a), and the TTT plot displayed in Figure 3.2(l)grsts a decreasing HR. In addition,
Figure 3.2(c) indicates that some outliers considered éyiflual boxplot are not outliers when we
consider the adjusted boxplot.

Table 3.2: Descriptive summary for the measles vaccine data.

n Min Max Mean Median SD CVv CSs CK
330 0.10 1547 1.20 0.40 210 174.74% 3.46 14.37

o usual boxplot adjusted boxplot
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Figure 3.2: Histogram (a), TTT plot (b), and boxplots (c) for the measles vaccine data.
3.5.2 Results

We here present the estimation results for the Bernoulli/B8ehalong with those of the
standard tobit, tobit-BS (Chapter 2) and Bernoulli/LPN (MARHZ-FLORES; BOLFARINE;
GOMEZ, 2013b) models. The Bernoulli/BS and Bernoulli/LPN haeth a logit link. The co-
variates EZ and HI were used only in the logit component, angigate FEM entered only in
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the continuous component of the models. Table 3.3 shows thegWimates, Akaike information
criterion (AIC) values and standard errors for the considenedels. A glance at the results indi-
cates that, in the Bernoulli/BS model, the receiver of Edmmm&agreb strain does not contribute
to the odds ratio of being above the detection limit, howetrer receiver of a high dose impacts
exp(1.499) = 4.472 in the odds of being above the detection limit. Moreover, Beenoulli/BS
model suggests that girls hawep(—0.078) — 1 = —0.075 less concentration of measles antibody
concentration than boys. We observe that the Bernoulli/LdNBernoulli/BS models do not agree
on the sign of the coefficient corresponding to the FEM vaeiawhile the first model indicates
that girls have a higher measles antibody concentratianlibgs, the other indicates the opposite.
Also from Table 3.3, we note that the Bernoulli/BS model pregic better fit compared to the
other models based on the AIC values. BIC was not computedibeage did not have sufficient
information to compute it for the Bernoulli/LPN model.

Table 3.3: ML estimates (with SE in parentheses) and Al C values for the indicated models with the meadles
vaccine data

Logit component Continuous component
Model AIC INT EZ HI FEM o INT EZ HI FEM
tobit 1299.27 0.945%* 0.597** 0.225 -0.228 0.271
(0.047) (0.288) (0.297) (0.295) (0.296)
tobit-BS 1168.60 1.545%* —0.910*** 0.188* 0.074 0.121
(0.048) (0.105) (0.111) (0.109) (0.110)
Bernoulli/LPN  976.48 0.539***  0.757*** 0.358 8.918** —2.869*** 0.222*
(0.204) (0.270) (0.261) (3.922) (0.582) (0.134)
Bernoulli/BS 760.64 7.568 4.219 1.499%+* 1.560***  0.123*** —0.078***
(5.055) (5.543) (0.391) (0.108) <(.001) 0.001)

Obs: Rejectdd at *10% of significance,** 5% of significance and ***1% of significance.

3.6 Concluding remarks

The paper presents a mixture model where the continuoutfiavts a Birnbaum-Saunders
distribution. We performed estimation based on the maxinikelihood approach. The simula-
tion study showed the good performance of the maximum hkeld estimators. An application
to measles vaccine data showed that the Bernoulli/BS modetbéitdata better than the standard
tobit, tobit-BS and Bernoulli/LPN models. Moreover, it wasifal that in the Bernoulli/BS model
the variable FEM is significant, as in the Bernoulli/LPN maqdbeit with opposite sign.



Chapter 4
Concluding remarks and future works

There is a lack of asymmetric regression models for censiaad In order to fill this gap,
we developed two models that are adequate for this kind af & first developed a tobit model
based on the Birnbaum-Saunders distribution. Then, a neixtiodel consisting of the Birnbaum-
Saunders and Bernoulli distributions was introduced. Bothetopresented good performances
when dealing with censored data, thus proving that the Bunb&aunders distribution is a wise
choice in the studied settings.

The process of expanding the standard tobit model to an asymenframework proved
itself to be a fruitful area of research due to the huge amotitpics that remain unexploited.
Here, we present some open problems:

i) The tobit-Birnbaum-Saunders models can only be used imasstric censored data that are
strictly positive because the support of the Birnbaum-Satsdistribution does not include
zero. It is of great interest to develop a model for asymroeteinsored data that includes
zero since, at least in economics, most of the censoringsatzero. To solve the problem
one can develop a tobit model based on a re-parametrizedéBinSaunders distribution
inflated at zero, see Leiva et al. (2014), Leiva et al. (20D@) Santos-Neto et al. (2016);

i) In the mixture model developed in Chapter 3 the logit linfksawused but others could also be
used, for example, the probit link;

iii) Note that all models considered so far are univariatd Bring so they do not consider
the possibility of correlated response variables. One aouisi, but factual, proposal is to
develop a multivariate tobit model with the scale-mixturelBaum-Saunders family of dis-
tributions. Multivariate tobit models and the multivageagcale-mixture Birnbaum-Saunders
family of distributions have been considered, respectj\®t Amemiya (1974), Blundell and
Meghir (1987), Chib (1992), Zhou and Tan (2009), Zhou and R@0Q), Chen and Zhou
(2011), Deng and Xue (2014), Castro et al. (2015) and Balakaisket al. (2009), Leiva et al.
(2014), Kundu, Balakrishnan and Jamalizadeh (2013), Kug@ag), Vilca, Balakrishnan
and Zeller (2014), Vilca, Romeiro and Balakrishnan (2016).

37
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Work on these problems is currently in progress and we hopegort these findings in
future works.
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