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RESUMO
Este trabalho visa preencher uma lacuna existente na literatura pertinente à modelagem de dados

assimétricos e censurados. O objetivo principal é ofereceruma contribuição via o desenvolvimento

de dois modelos, os quais serão apresentados em dois artigos. No primeiro artigo é proposto o mo-

delo tobit-Birnbaum-Saunders, ou seja, uma variação do modelo tobit clássico, com estimação

baseada no método de máxima verossimilhança, resíduos, técnicas de diagnóstico e uma aplica-

ção a dados reais. No segundo artigo é abordada a utilização de um modelo de mistura entre as

distribuições Birnbaum-Saunders e Bernoulli, de modo a generalizar o modelo tobit-Birnbaum-

Saunders e considerar a possibilidade de observações parciais abaixo do ponto de corte. Para o

modelo de mistura são realizadas simulações de Monte Carlo e uma aplicação a dados reais. Os

resultados mostram que, em ambos os casos, a distribuição Birnbaum-Saunders oferece os melho-

res resultados.

Palavras-chave:Dados censurados, Distribuição Birnbaum-Saunders, Modelos tobit, Máxima ve-

rossimilhança, Resíduos, Diagnósticos, Modelos de mistura.

ABSTRACT
This work aims to fill a gap in the literature on modeling asymmetric and censored data. The main

objective is to provide a contribution by developing two models, which will be presented in two

papers, respectively. In the first paper, we develop the tobit-Birnbaum-Saunders model, a variation

of the standard tobit model. We discuss estimation based on the maximum likelihood method,

residuals, diagnostic techniques and an empirical application. In the second paper, we propose

the use of a mixture between the Birnbaum-Saunders and Bernoulli distributions. The objective

is to generalize the tobit-Birnbaum-Saunders model in orderto consider the possibility of partial

observations below a cutoff point. For the mixture model, wecarry out a Monte Carlo simulation

study and an empirical application. The results show that, in both cases, the Birnbaum-Saunders

distribution provides the best results.

Keywords: Censored data, Birnbaum-Saunders distribution, Tobit models, Maximum likelihood

estimation, Residuals, Diagnostics, mixture models.
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Chapter 1

Introduction

The linear regression approach with ordinary least squares(OLS) can not be applied to

censored data because censoring, by definition, destroys the assumption of linearity required in

the OLS framework, thus leading to biased estimators. Tobin(1958) proposed a different method-

ology, named the tobit model, that could fit the data appropriately by assuming a regression model

whose response variable was censored to a prefixed limiting value. The censoring occurs when

the response of the regression model is not directly observable, but its independent variables (or

covariates) are.

Tobit models rely on the normality assumption. Proposals oftobit models that relax this

assumption are extremely important, since it is common knowledge that most of the data available

in the real world are often well modeled by non-normal distributions. A number of authors have

noticed that the asymmetry of data of censored responses andtheir kurtosis usually are different

from the expected for a normal distribution, so that more flexible tobit models are needed; see, for

example, Martínez-Flores, Bolfarine and Gómez (2013a) and Rocha, Arellano and Loschi (2015).

The Birnbaum-Saunders (BS) distribution is a prominent modelwhich has been widely

studied; see Leiva (2016). This distribution was proposed by Birnbaum and Saunders (1969) and

has two parameters that change its shape and scale. The BS distribution has been mainly considered

to model failure times in engineering, but it has also been applied to model biological, business,

economic, engineering, industry and environmental data. Some of its recent applications can be

found in Qu and Xie (2011), Li, Chen and Xie (2012), Saulo et al.(2013), Leiva et al. (2017),

Garcia-Papani et al. (2016), Wanke and Leiva (2015), Santos-Neto et al. (2016) and Leao et al.

(2017).

The main objective of this dissertation is propose two asymmetric regression models for

censored data by relaxing the assumption of normality and supposing that the errors of both mod-

els follow a BS distribution. The first model is called the tobit-Birnbaum-Saunders (tobit-BS)

model, whereas the second is called the Bernoulli/Birnbaum-Saunders (Bernoulli/BS) model. For

the tobit-BS model, in Chapter 2, we present: (i) inference based on the maximum likelihood (ML)

1
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method; (ii) residuals and global and local influence tools for model checking and diagnostics; and

(iii) an application of the proposed model by using the safety and immunogenecity case-study of

measles vaccine in Haiti described by Moulton and Halsey (1995). The second model, which can

be seen as a generalization of the first one, allows the possibility of a observationi, located below

a threshold, to be either a partial observation from the assumed distribution or a realization from

the point-mass distribution. For the Bernoulli/BS model, discussed in Chapter 3, we present: (i)

inference based on the ML approach; (ii) a Monte Carlo (MC) simulation study; and (iii) an appli-

cation of the proposed model to the same data considered in Chapter 2. In Chapter 4, we provide

some conclusions and future works.



Chapter 2

On a new tobit-Birnbaum-Saunders model with an application

to antibody response to vaccine

The tobit model allows a censored response variable to be described by covariates in
different areas. For example, its applications cover economics, engineering, environ-
ment and medicine. A strong assumption of the standard tobitmodel is that its errors
follow a normal distribution. However, not all applications are well modeled by this
distribution. Some efforts have relaxed the normality assumption by considering more
flexible distributions. Nevertheless, presence of asymmetry could not be described by
these flexible distributions. We explore a real-world data example of measles vaccine
in Haiti which confirms this asymmetry problem. Then, to solve such a problem, we
propose a tobit model with errors following a Birnbaum-Saunders distribution, which
has shown to be a good alternative to describe medical data. We develop inference
based on the maximum likelihood method and derive a type of residual. We perform
global and local influence diagnostics to assess the sensitivity of the maximum like-
lihood estimators to atypical cases. We conduct a real-world data example with the
proposed methodology with the help of the R software. The results show the good
performance of the tobit-Birnbaum-Saunders model.

Keywords Birnbaum-Saunders distribution; Diagnostics; Maximum Likelihood Es-
timation; R software; Residuals; Tobit models.

2.1 Introduction

A relevant topic of study is the determination of antibody concentration by quantitative

assays. Such a topic is of relevance because there is always aconcentration value (threshold) below

which an exact measurement cannot be obtained regardless ofthe employed technique. However,

this antibody concentration value is a function of the associated assay. When dealing with data

from an assay where left-censoring is present, the lower detection limit (LDL) can be used to

substitute this value with a censored case. In special, thissubstitution is applied in a safety and

immunogenecity case-study of measles vaccine in Haiti presented by Moulton and Halsey (1995),

which corresponds to the example explored in this paper. Thedata associated with this case-study

3



INTRODUCTION 4

have left-censoring. Then, standard tobit models could be used to provide estimates of interest

(BARROS et al., 2010). However, the standard tobit model has astrong assumption stating that

the model errors follow a normal distribution, which is symmetric. In addition to left-censoring

detected in the mentioned case-study, presence of asymmetry is also identified. Ignoring the effect

of asymmetry can be harmful and conduct to estimates significantly different from the true values.

We analyze the antibody concentration data in four stages. First, we consider the standard (normal

or Gaussian) tobit model. Second, we show its inadequacy by verifying the assumptions on which

this model relies and the evidence of asymmetry in the data. Third, we correct this inadequacy by

deriving a new tobit model as described below. Fourth, we demonstrate empirically how the new

tobit model describes these data very well.

The tobit model was proposed by Tobin (1958) for a limited (censored) dependent variable

(or response) and named tobit by Goldberger (1964), becauseof its similarity with the probit

model. According to Amemiya (1984), Tobin (1958) was motivated to develop his model by a case-

study where he needed to analyze the relationship between household expenditure on a durable

good and household incomes. The common regression approachwith ordinary least squares could

not be used because there were many cases where the expenditure was zero, which destroyed the

assumption of linearity. To solve the problem, Tobin (1958)proposed a model that could fit the data

appropriately formulating a regression model whose response was censored to a prefixed limiting

value.

Tobit models have been used extensively to describe censored responses in several areas.

The censoring occurs when the response of the regression model is not directly observable, but

its independent variables (or covariates). At the beginning, tobit models were not widely applied

due to the computational complexity needed in the parameterestimation. However, nowadays

this is no longer a problem because of the computational development with different softwares

having available these models, in particular, theR software (R-TEAM, 2016, <www.R-project.

org>). Although tobit models were born in economics, they have been applied in biology and

engineering as well. The biology research relies most in analyzing the survival time of a patient

(LEIVA et al., 2007); the engineers use it to model time to failure of various types of materials or

machines (VILLEGAS; PAULA; LEIVA, 2011); whereas the sociologists employ it to describe the

duration of marriage, residing in a particular region or unemployment, as well the time between

births, but the tobit models have also been used to describe inheritance, ratio of unemployed hours

to employed hours and expected age of retirement (AMEMIYA, 1984). Tobit models can also

be used in environmental sciences, where censored data alsoare present (THORARINSDOTTIR;

GNEITING, 2010; HELSEL, 2011).

As mentioned, tobit models have a strong normality assumption. Proposals of tobit models

that relax the assumption of normality are of importance, because most of the data available in

the real-world are often well modeled by non-normal distributions. A number of authors have

noticed that the asymmetry of data of censored responses andtheir kurtosis can be, and usually

are, different from the expected for a normal distribution,so that more flexible tobit models are

www.R-project.org
www.R-project.org
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needed. The interested reader is referred to Barros et al. (2010), Barros et al. (2017), Arellano et

al. (2012), Martínez-Flores, Bolfarine and Gómez (2013a), Martínez-Flores, Bolfarine and Gómez

(2013b), Garay et al. (2015), Massuia et al. (2015) and Rocha,Arellano and Loschi (2015) for

some works related to non-normal tobit models.

The Birnbaum-Saunders (BS) distribution has been widely studied. It is positively skewed,

has a failure rate with upside-down bathtub shape, and a close relation with the normal model.

For more details about the BS distribution, the interested reader is referred to the seminal paper

by Birnbaum and Saunders (1969) and the books by (JOHNSON; KOTZ; BALAKRISHNAN,

1995, pp. 651-663) and Leiva (2016). The BS distribution was derived in terms of shape and scale

parameters, but the latter is also its median. Thus, the BS distribution can be seen as an analogue

to the normal model, but in an asymmetrical setting, where the median can be a better measure

of central tendency than the mean. The BS distribution has been applied to model biological,

business, economic, engineering, industry and environmental data, which have been conducted by

international, transdisciplinary groups of researchers.Some of its recent applications are attributed

to Qu and Xie (2011), Ferreira, Gomes and Leiva (2012), Li, Chen and Xie (2012), Saulo et al.

(2013), Leiva et al. (2014a), Leiva et al. (2014b), Leiva et al. (2014), Leiva et al. (2015), Leiva

et al. (2015), Leiva et al. (2016), Leiva et al. (2016), Leivaet al. (2017), Garcia-Papani et al.

(2016), Wanke and Leiva (2015), Marchant, Leiva and Cysneiros (2016), Marchant et al. (2016),

Santos-Neto et al. (2016) and Leao et al. (2017). The BS distribution has shown to be a good

alternative to describe medical data (BARROS; PAULA; LEIVA,2008; LEIVA et al., 2007; LEAO

et al., 2017).

The main objective of this paper is propose a tobit model by relaxing the assumption of

normality and supposing that its errors follow a BS distribution, which we denote as the tobit-

BS model. According to the best of our knowledge, this topic has not been studied before. The

secondary objectives of this paper are: (i) to develop inference for the tobit-BS model based on

the maximum likelihood (ML) method; (ii) to derive residuals and global and local influence tools

for model checking and diagnostics; and (iii) to carry out anapplication of the proposed model by

using the safety and immunogenecity case-study of measles vaccine in Haiti described by Moulton

and Halsey (1995). The results indicate that the tobit-BS model presents an excellent performance

compared with the standard tobit model.

The paper is constituted, along with this introduction, of five sections. Section 2.2 presents

a background of standard tobit models and of the BS distribution and its logarithmic version (log-

BS). Section 2.3 formulates the tobit-BS model and provides estimation, inference and residual

analysis based on the ML method. Section 2.4 derives diagnostics for the proposed model includ-

ing global/local influence tools. Section 2.5 carries out the mentioned empirical application with

real-world data. Finally, Section 2.6 discusses some concluding remarks about this research.
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2.2 Background

2.2.1 The tobit model

Let Y = (Y1, . . . , Ym, Ym+1, . . . , Yn)
⊤ be a sample of sizen, that is, independent (IND)

random variables but not necessarily independent identically distributed (IID). Assume that this

sample includesm censored data to the left andn − m observed (complete or uncensored) data.

Thus, such censoring scheme can be visualized under a regression setting with a censored response

Y ∗, which is a (unobserved) latent variable. Hence, them censored data (unobserved)correspond

to the values ofY ∗ less than or equal to a threshold pointy0 (censoring to the left), so that all of

these data take the valuey0. The othern −m data (observed) are related to values ofY ∗ greater

thany0, which can be described by a linear regression structure of the typex⊤

i β. All this modeling

environment may be formulated by the normal tobit model withcensored response to the left as

Yi =




yo, Y ∗

i ≤ y0, i = 1, . . . ,m;

x⊤

i β + εi, Y ∗

i > y0, i = m+ 1, . . . , n;
(2.1)

whereεi
IID∼ N(0, σ2) is the model error term,β is a vector of regression coefficients corresponding

to unknown parameters to be estimated, andxi is a vector containing the values of covariates.

Observe thaty0 given in (2.1) is a prefixed limiting value that does the response of the regression

model defined in (2.1) to be limited (or censored), as mentioned by Tobin (1958).

Note the similarity between the normal probit model and the normal tobit model defined in

(2.1). In the normal probit model, the response is a latent (unobserved) variable described by

Y ∗

i = x⊤

i β + εi, i = 1, . . . , n, (2.2)

wherexi, β andεi are defined analogously as in (2.1). As it is not possible to observe the latent

variableY ∗

i , the indicator variable

Yi =




0, Y ∗

i ≤ y0, i = 1, . . . ,m;

1, Y ∗

i > y0, i = m+ 1, . . . , n;
(2.3)

is defined, However, instead of usingx⊤β, from (2.2) and (2.3), the expected response is formu-

lated as

E[Y |x] = P(Y = 1) = P(Y ∗ > y0) = P(x⊤β + ε > y0) = 1− Φ(y0 − x⊤β), (2.4)

whereΦ is the cumulative distribution function (CDF) of the standard normal distribution. Note

that other CDFs might be assumed forΦ in (2.4), so expanding the covering of the probit model.

Probit and tobit models are the same for the latent variable (Y ∗), but models for the ob-
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served response (Y ) are different. In the tobit model, we know the value ofY ∗ whenY ∗ > y0,

whereas in the probit model we just know thatY ∗ > y0, but we do not know its value. Thus, there

is more information in the tobit model than in the probit model. Also, the estimates ofβ in the

tobit model are more efficient than in the probit model. Moreover, for the censored cases of the

probit model, it is not possible to estimate the variance ofY ∗. However, in the tobit model, this

variance can be estimated from the data. The interested reader is referred to Scott (1997, p. 199)

for details about logit, probit and tobit models.

2.2.2 The Birnbaum-Saunders distribution

If a random variableT follows a Birnbaum-Saunders distribution with shape parameterα

and scale parameterσ, we use the notationT ∼ BS(α, σ). This distribution can be defined by its

CDF given by

FT (t;α, σ) = Φ

(
1

α

(√
t/σ −

√
σ/t
))

, t > 0, α > 0, σ > 0. (2.5)

Then, the probability density function (PDF) ofT obtained from (2.5) is expressed as

fT (t;α, σ) =
1

2α

(√
1/σt+

√
σ/t

3
2

)
φ

(
1

α

(√
t/σ −

√
σ/t
))

, t > 0, α > 0, σ > 0, (2.6)

whereφ is the standard normal PDF. Thus, the PDF in (2.6) can be rewritten as

fT (t;α, σ) =
exp(α−2)

2α
√
2πσ

exp

(
− 1

2α2

(
t

σ
+

σ

t

))
t−

3
2 (t+ σ) , t > 0, α > 0, σ > 0. (2.7)

Note that the results provided in (2.5) and (2.6) may be obtained from the transformation theorem

of random variables by using

T = σ

(
αZ/2 +

√
(αZ/2)2 + 1

)2

, (2.8)

whereZ ∼ N(0, 1). Also from (2.8), it may be verified that a continuous random variableT has a

BS distribution with parametersα > 0 andσ > 0, if and only ifZ = (1/α)(
√
T/σ −

√
σ/T ) ∼

N(0, 1). Some properties of the BS distribution are presented as follows. If T ∼ BS(α, σ), then:

(i) E(T ) = σ(1 + α2/2) and Var(T ) = (ασ)2(1 + 5α2/4); (ii) for b > 0, b T ∼ BS(α, bσ),

which means that the BS distribution is closed under scalar multiplication (proportionality); (iii)

1/T ∼ BS(α, 1/σ), implying that the BS distribution is closed under reciprocation; (iv) the median

of the distribution ofT isσ, which can be directly obtained whenq = 0.5 from its quantile function
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given by

t(q;α, σ) = F−1
T (q;α, σ) = σ


αz(q)

2
+

√(
αz(q)

2

)2

+ 1




2

, 0 < q < 1,

wherez(q) is the standard normal quantile function; and (v) the BS distribution is positively

skewed asα increases, being strongly skewed as an exponential (EXP) distribution whenα > 2,

and approximately symmetrical aroundσ asα goes to zero; see Figure 2.1(left). Properties of pro-

portionality and reciprocation given above in (ii) and (iii) are easily verified by using once again

the mentioned transformation theorem. In addition to the five properties above mentioned, the

BS distribution possesses the following interesting features: (vi) by using its genesis, an analogy

in the modeling of medical data can be obtained (DESMOND, 1985; CRAMÉR, 1946, p. 219);

(vii) in the context of medical data, it has shown to be a very competitive model in terms of

fitting (BARROS; PAULA; LEIVA, 2008; LEIVA et al., 2007; LEAO et al., 2017); (viii) it is a

member of the family of log-symmetric distributions, as thelog-normal (LN) distribution (MAR-

SHALL; OLKIN, 2007; VANEGAS; PAULA, 2016a; VANEGAS; PAULA,2016b). Note that the

log-symmetric family corresponds to a random variable withthe same distribution as its reciprocal

or as ordinary symmetry of the distribution of the logged random variable (JONES, 2008). More

details about log-symmetric distributions and, in particular of the log-BS distribution, are dis-

cussed in Section 2.2.3. Furthermore of the eight properties above mentioned, the BS distribution

has a survival function (SF) and a hazard rate (HR) given respectively by

ST (t;α, σ) = Φ

(
− 1

α

(√
t

σ
−
√

σ

t

))
, hT (t;α, σ) =

φ
(

1
α

(√
t
σ
−
√

σ
t

))
t−3/2(t+σ)

2ασ1/2

Φ
(
− 1

α

(√
t
σ
−
√

σ
t

)) , t > 0.

Note that the HR of the BS distribution has the following characteristics: (ix) it is unimodal for

anyα, increasing fort < tc, and decreasing fort > tc, wheretc denotes its change-point; (x) it

goes to1/(2α2β) ast → ∞; (xi) it tends to be decreasing forα > 2, asα → ∞; and (xii) it tends

to be increasing asα → 0; see Kundu, Kannan and Balakrishnan (2008).

2.2.3 The log-Birnbaum-Saunders distribution

When modeling data with the BS distribution, the log-BS distribution is needed. A random

variableY has a log-BS distribution with shape (α > 0) and location (µ ∈ R) parameters, which

is denoted by log-BS(α, µ), if and only ifZ = (2/α)sinh((Y − µ)/2) ∼ N(0, 1). Then, the CDF

of Y is given by

FY (y;α, µ) = Φ

(
2

α
sinh

(
y − µ

2

))
, y ∈ R, µ ∈ R, α > 0. (2.9)
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Consequently, from (2.9), the PDF ofY is obtained as

fY (y;α, µ) =
1

α
√
2π

cosh

(
y − µ

2

)
exp

(
− 2

α2
sinh2

(
y − µ

2

))
, y ∈ R, µ ∈ R, α > 0,

(2.10)

whereas the logarithm of the PDF given in (2.10) is expressedas

log(fY (y;α, µ)) = − log(2)− log(2π)

2
+log

(
2

α
cosh

(
y − µ

2

))
− 2

α2
sinh2

(
y − µ

2

)
, y ∈ R.

(2.11)

Some properties of the log-BS distribution are presented as follows. If Y ∼ log-BS(α, µ), then:

(i) T = exp(Y ) ∼ BS(α, σ), which means that the log-BS PDF given in (2.10) can be obtained

from the standard normal PDF as in (2.9) or from the BS PDF defined in (2.7); (ii) E(Y ) = µ;

(iii) there is no closed form for the variance ofY , but based upon an asymptotic approximation

for the moment generating function of the log-BS distribution, it follows that, if α → 0, then

Var(T ) = α2−α4/4, whereas that, ifα → ∞, then Var(T ) = 4(log2(
√
2α)+2−2 log(

√
2α)); (iv)

if X = ±Y +d, thenX ∼ log-BS(α,±µ+d); and (v) the log-BS distribution is symmetric around

µ, unimodal forα ≤ 2 and bimodal forα > 2; see Figure 2.1(right). Therefore, a further property

of the BS distribution is that its logarithmic version has a flexible bimodality, which is not shared by

other natural competitors. Note that: (vi) ifT ∼ BS(α, σ), thenY = log(T ) ∼ log-BS(α, log(σ))

(RIECK; NEDELMAN, 1991); (vii) if T ∼ LN(µ, σ), thenY = log(T ) ∼ N(µ, σ) (CROW;

SHIMIZU, 1988); (viii) if T ∼ IG(µ, σ), thenY = log(T ) ∼ log-IG(σ, log(µ) (KOTZ; LEIVA;

SANHUEZA, 2010); and (ix) ifT ∼ GA(α, σ), thenY = log(T ) ∼ log-GA(α, σ) (JOHNSON;

KOTZ; BALAKRISHNAN, 1995), where IG and GA are acronyms for the inverse Gaussian and

gamma distributions, respectively.

α = 0.5
α = 1.0
α = 2.0
α = 4.0

f
T
(t
;α

,1
)

t

0 1 2 3 4 5 6

0.
0

0.
5

1.
0

1.
5 α = 0.5

α = 1.0
α = 2.0
α = 4.0

f
Y
(y
;α

,0
)

y

−2−4−6 0 2 4 6

0.
0

0.
2

0.
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8

Figure 2.1: PDF of (left) BS(α, 1) and (right) log-BS(α, 0) distributions for the indicated value of α.
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2.3 The tobit-BS model

2.3.1 Formulation

Consider the BS regression model

Ti = exp(x⊤

i β)δi, i = 1, . . . , n, (2.12)

originally proposed by Rieck and Nedelman (1991), whereTi is the response,xi andβ are analo-

gously defined as in (2.2), andδi ∼ BS(ff, 1) is the model error. By applying logarithm in (2.12),

we obtain

Yi = x⊤

i β + εi, i = 1, . . . , n, (2.13)

whereYi = log(Ti) is the log-response,xi andβ are similar to (2.1), andεi = log(δi) ∼
log-BS(α, 0) is the error term of the model. Then, based on (2.1) and (2.13), we propose a tobit-BS

model as

Yi =




y0, Y ∗

i ≤ y0, i = 1, . . . ,m;

x⊤

i β + εi, Y ∗

i > y0, i = m+ 1, . . . , n;
(2.14)

whereY ∗

i = log(T ∗

i ), andβ, xi andεi are given in (2.13). Note that the BS distribution have a

positive support. Thus, the corresponding left-censored response must be strictly positive.

2.3.2 Estimation

We estimate the parameters of the tobit-BS model defined in (2.14) with the ML method,

in which case the log-likelihood function forθ = (α,β⊤)⊤ obtained from (2.11) takes the form

ℓ(θ) = −(n−m) log(2)− (n−m)
log(2π)

2
+

m∑

i=1

(log Φ(ζc
i2))+

n∑

i=m+1

(
log(ζi1)−

ζ2i2
2

)
, (2.15)

where

ζc
i2 =

2

α
sinh

(
y0 − x⊤

i β

2

)
, ζi1 =

2

α
cosh

(
yi − x⊤

i β

2

)
, ζi2 =

2

α
sinh

(
yi − x⊤

i β

2

)
.

(2.16)

To obtain the ML estimator ofθ, it is necessary to maximize the log-likelihood function given

in (2.15). The corresponding score vector isℓ̇ = ∂ℓ(θ)/∂θ = (ℓ̇α, ℓ̇
⊤

β)
⊤, which contains the first
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partial derivatives of (2.15), where

ℓ̇α =




−λ(ζc

i2)ζ
c
i2

α
, i = 1, . . . ,m;

ζ2i2−1

α
, i = m+ 1, . . . , n;

ℓ̇β =




−xij cosh(δ)λ(ζ

c
i2)

α
, i = 1, . . . ,m;

xij sinh(2δi)

α2 − xij tanh(δi)

2
, i = m+ 1, . . . , n;

(2.17)

with δi = y0 − x⊤

i β/2, if i = 1, . . . ,m, and δi = yi − x⊤

i β/2, if i = m + 1, . . . , n, and

λ(ζc
i2) = φ(ζc

i2)/Φ(ζ
c
i2). The ML estimate ofθ is obtained equating (2.17) to zero. However, the

system of equations defined by these two equations does not have an analytic solution. Leiva et al.

(2007) suggested to use the Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton algorithm,

employing as starting values for the numerical procedureα̂2 = 4(sinh((yi − x⊤

i β̂)/2))
2/(n−m)

andβ̂ = (X⊤X)−1X⊤y, whereX is a matrix composed by the rowsxi. Recall that the log-BS

distribution can be bimodal ifα > 2. It implicates that the log-likelihood function has more than

one maximum value. However, Rieck and Nedelman (1991) and Leiva (2016) argued thatα > 2

is unusual in practice, which means that the maximum point isoften unique.

2.3.3 Inference

Assuming that some regularity conditions defined in Cox and Hinkley (1974) are satis-

fied, the ML estimatorŝα andβ̂ are consistent and follow a multivariate normal joint asymptotic

distribution. This distribution has an asymptotic mean vector with elementsα andβ and have an

asymptotic covariance matrix equal toJ (θ)−1, which can be approximated by the expected Fisher

information matrix. Therefore, asn → ∞, we have that

√
n(θ̂ − θ)

d→ Np+1

(
0p+1,J (θ)−1

)
, (2.18)

whereJ (θ) = limn→∞(1/n)I(θ), with I(θ) being the expected Fisher information matrix. In

addition,
d→ means convergence in distribution to and0p+1 is ap × 1 vector of zeros. Note that

Î(θ)−1 is a consistent estimator of the asymptotic variance-covariance matrix ofθ̂, J (θ)−1 say.

In practice, one may approximate the expected Fisher information matrix by its observed version

(EFRON; HINKLEY, 1978), whereas the diagonal elements of the inverse observed information

matrix may be used to approximate the corresponding standard errors (SEs). The observed Fisher

information matrix is obtained from the Hessian matrix, which contains the second partial deriva-

tives of (2.15) and it is given by

ℓ̈ =

(
tr(G) k⊤X

X⊤k X⊤V X

)
, (2.19)
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whereV = diag{v1(θ), v2(θ), v3(θ), . . . , vn(θ)}, k = (k1(θ), k2(θ), k3(θ), . . . , kn(θ))
⊤ and

G = diag{g1(θ), g2(θ), g3(θ), . . . , gn(θ)}, with

vi(θ) =





sinh(δi)λ(ζ
c
i2)

2α
− ζc

i1ζ
c
i2 cosh(δi)λ(ζ

c
i2)

2α
− cosh2(δi)λ

2(ζc
i2)

α2
, i = 1, . . . ,m;

1

4
(sech(δi))2)−

1

α2
cosh(2δi), i = m+ 1, . . . , n;

ki(θ) =





− 1

2α
λ(ζc

i2)(ζ
c
i2)

2ζc
i1 +

λ(ζc
i2) cosh(δi)

α2
− ζc

i2

α2
λ2(ζc

i2) cosh(δi), i = 1, . . . ,m;

− 2

α3
sinh(2δi), i = m+ 1, . . . , n;

gi(θ) =





−ζc
i2

α2
(((ζc

i2)
2λ(ζc

i2) + ζc
i2λ

2(ζc
i2))− 2λ(ζc

i2)), i = 1, . . . ,m;

1

α2
− 3ζi2

α2
, i = m+ 1, . . . , n,

andζi1, ζi2 andζc
i2 presented in (2.16), whereasζc

i1 = (2/α) cosh((y0−x⊤

i β)/2), for i = 1, . . . ,m.

Asymptotic inference for the tobit-BS model parameters can be made by using the results given in

(2.18) and (2.19).

2.3.4 Model checking

The objective of the residual analysis is to assess if the errors hold the distributional, het-

eroscedasticity and autocorrelation assumptions, as wellthe presence of atypical data. In classic

regression models, Pearson and studentized residuals are often used. However, in tobit models,

generally, even under normality, these types of residuals are inadequate (BARROS et al., 2010).

For the tobit-BS model, we propose the generalized Cox-Snell (GCS) residual, which is often used

in generalized linear models and survival analysis. The GCS residual is given by

rGCS
i = − log(ŜY (yi;α,β,x)), i = 1, . . . , n,

whereŜY is the estimated SF of the model defined in (2.14). Note that the estimate SF for the

log-BS model evaluated at the casei is given by

SY (yi;α,β,x) = Φ

(
− 2

α̂
sinh

(
yi − µ̂i

2

))
, i = 1, . . . , n.

Here, regardless the specification of the model, if it is correct, then the GCS residual follows an

EXP(1) distribution (BHATTI, 2010; LEIVA et al., 2014).
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2.4 Diagnostic analysis

2.4.1 Local Influence

One way to assess the effect produced by one case on the ML estimates is the deletion of

each of them from the data set and then evaluate if it exercises influence on the estimates or not.

This approach is known as global influence and is presented inSection 2.4.2. However, the local

influence method relies on a geometric differentiation, taking the curvature of the plane of the log-

likelihood function. This method does not require any deletion. Often the differential comparison

is made before and after a perturbation. There are many ways to conduct a local influence analysis.

We use case-weight, response and covariate perturbation schemes. Recalling thatθ = (α,β⊤)
⊤

is

the vector of parameters, letℓ(θ|ω) be the log-likelihood function of the model defined in (2.14)

perturbed byω, whereω is a subset ofΩ ∈ R
n. One way to evaluate the influence of a perturbation

over the estimates ofθ is to use the likelihood distance (LD), which is given by

LD(ω) = 2(ℓ(θ̂)− ℓ(θ̂ω)), (2.20)

whereθ̂ω is the ML estimate ofθ based onℓ(θ|ω). To detect what case exercises influence on

LD(ω) defined in (2.20), we study the normal curvature in the neighbourhood of the point of no

perturbationω0, in the direction of a unit vectorl, with ||l||= 1. The normal curvature (BARROS

et al., 2010) can be expressed as

Cl(θ) = 2|l⊤∆⊤ℓ̈−1
∆l|, (2.21)

where∆ is a matrix of perturbations and̈ℓ is the Hessian matrix given in (2.19). The matrix∆

has elements∂2ℓ(θ|ω)/∂θj∂ωi, for j = 1, . . . , p+1, i = 1, . . . , n, and must be evaluated atθ = θ̂

andω = ω0. To determine what case is influential under small perturbations, Barros et al. (2010)

proposed an index plot based on the eigenvector oflmax, which can be constructed by using the

maximum eigenvalue of

B(θ) = |∆⊤ℓ̈−1
∆|, (2.22)

evaluated atθ = θ̂ andω = ω0. On the one hand, if the interest relies just on the vector of

parameterβ, (2.21) becomes

Cl(θ) = 2|l⊤∆⊤(ℓ̈−1 −B1)∆l|. (2.23)

Note that (2.23) removesα from the analysis. Thus, the influence detection is only madeon β,

whereB1 under a tobit-BS model takes the form

B1 =

(
tr(G)−1

0

0 0

)
.
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On the other hand, if the interest is just onα, (2.21) becomes

Cl(θ) = 2|l⊤∆⊤(ℓ̈−1 −B2)∆l|,

whereB2 for the tobit-BS model is given by

B2 =

(
0 0

0 (X⊤V X)−1

)
,

with tr(G) and(X⊤V X)−1 being obtained from the Hessian matrix of the tobit-BS model given

in (2.19). The maximum normal curvature vector, denoted bylmax, is an important direction to

assess the local influence on̂θ. The vectorli = ein denotes the direction of the casei, whereein

is the canonical basis ofRn. It assumes zero for every case except the casei, which assumes the

value one. The normal curvature of each case is given byCi(θ) = 2|bii|, wherebii represents theith

element of the matrix defined in (2.22) for each case. An observation is potentially influential onθ

if Ci(θ̂) > 2C(θ̂), whereC(θ̂) is the mean of theCis for i = 1, . . . , n (LESAFFRE; VERBEKE,

1998). Next, we present three perturbation schemes and their corresponding perturbation matrices

∆.

Case-weight perturbation This scheme permits us to detect how cases with different weights

affect the ML estimates ofθ. Consider the log-likelihood functionℓ(θ|ω) =
∑n

=1 ωiℓi, with ℓi

given in (2.15) andωi ∈ [0, 1] being a perturbation vector. Taking its partial derivativewith respect

to ω⊤, we obtain
∂ℓ(θ|ω)

∂ω⊤
=

m∑

i=1

ℓi(θ)e
⊤

in,

with e⊤

in denoting ann × 1 vector. After evaluatingθ at θ̂ andω atω0, we obtain a perturbation

matrix

∆ =
n∑

i=1

hie
⊤

in, (2.24)

wherehi is given by

hi =

(
∂ℓi(θ)
∂α

∂ℓi(θ)
∂β

)
.

From the log-likelihood function defined in (2.15), we obtain an explicit expression forhi, which

is

ℓ̇αi
(θ|ω) = ai =




−λ(ζc

i2)ζ
c
i2

α
i = 1, . . . ,m;

1
α
(ζ2i2 − 1) i = m+ 1, . . . , n;

ℓ̇βi
(θ|ω) = bi =




−λ(ζc

i2)ζ
c
i1

2
i = 1, . . . ,m;

1
2

(
ζi1ζi2 − ζi2

ζi1

)
i = m+ 1, . . . , n.
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The case-weight perturbation matrix given by∆ in (2.24) is decomposed in∆α = (a1, . . . , an)

and∆β = X⊤ diag{b1, . . . , bn}.

Response perturbation There are different scenarios that one can consider for the response per-

turbation. We consider here a response perturbation schemewith an additive perturbation, which

is defined byYiω = Yi + ωiSY , for i = m + 1, . . . , n, whereSY is a scale component that can be

the standard deviation (SD) of the response. Let us considerthat the log-likelihood function of the

tobit-BS model is given byℓ(θ|ω) =
∑n

i=1 ℓi(θ|ω), with the relevant part being

ℓi(θ) =





∑m
i=1(log Φ(ζ

c
i2ω1)), i = 1, . . . ,m;

∑n
i=m+1

(
log(ζi1ω1)− 1

2
(ζ2i2ω1)

)
, i = m+ 1, . . . , n;

(2.25)

whereζi1ω1, ζi2ω1, ζc
i2ω1 are as defined in (2.16) after changingY for Yiω. The process of obtaining

the perturbation matrix in this scheme is composed by two steps. First, we take the derivative of

(2.25) with respect toω⊤, that is,

∂ℓi(θ|ωi)

∂ω⊤
=




0
⊤

m, i = 1, . . . ,m,

SY

2

(
ζi2ω1

ζi1ω1
− ζi2ω1ζi1ω1

)
, i = m+ 1, . . . , n.

(2.26)

Then, the partial derivative of (2.26) with respect toθ is computed and evaluated atθ = θ̂ and

ω = ω0, to obtain the response perturbation matrix∆ with elements

∆α = (cm+1, . . . , cn), ∆β = X⊤ diag{dm+1, . . . , dn},

where

ci =
SY ζi1ζi2

α
, di = SY

(
1

α2
cosh(2δi)−

1

4
(sech(δi))

2

)
.

Note that the response perturbation scheme, in a tobit model, makes sense only for the non-

censored part of the data. This occurs because the censored part of the data is either unobserv-

able or below the thresholdy0, otherwise, the casei receives the same valuey0. Then, there is no

perturbation in this part of the data.

Covariate perturbation As in the response scheme, there are several ways to perturb acontinu-

ous covariate. Here, we insert an additive perturbation that takes the form

xitω = xit + ωiSX , i = 1, . . . , n,

whereSX can be the SD of the corresponding covariateXt. Considering the log-likelihood func-

tion for the tobit-BS model to beℓ(θ|ω) =
∑n

i=1 ℓi(θ|ω) from (2.15), we obtain as the relevant
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part for the covariate perturbation scheme as

ℓi(θ|ω) =





∑m
i=1(log Φ(ζ

c
i2ω2)) i = 1, . . . ,m;

∑n
i=m+1

(
log(ζi1ω2)− 1

2
(ζ2i2ω2)

)
i = m+ 1, . . . , n.

(2.27)

In order to obtain the perturbation matrix of (2.27), we takethe derivative with respect toθ and

then with respect toω, evaluating it atθ = θ̂ andω = ω0 to obtain

∆α =




−Sxβt

α

(
ζc
i1λ(ζ

c
i2)

2
− ζc

i2

(
2λ(ζc

i2) sinh (2δi)

α2 +
λ2ζc

i2

2

))
, i = 1, . . . ,m;

− 2
α3Sxβt sinh(2δi), i = m+ 1, . . . , n;

and∆β, which is ap× n matrix with elements

∆βij
=





−Sxβtxij

4

(
λ(ζc

i2)(ζ
c
i1)

2ζc
i2

Φ(ζc
i2)

+ (ζc
i2)

2λ2(ζc
i2)− λ(ζc

i2)ζ
c
i2

)

−Sxζc
i2λ(ζ

c
i2)

2
, i = 1, . . . ,m;

Sxβtxij

(
1
4
(sech(δi))

2 − 1
α2 cosh(2δi)

)
, i = m+ 1, . . . , n,

if j 6= t, or

∆βij
=





−Sxβtxij

4

(
λ(ζc

i2)(ζ
c
i1)

2ζc
i2

Φ(ζc
i2)

+ (ζc
i2)

2λ2(ζc
i2)− λ(ζc

i2)ζ
c
i2

)
− Sxζc

i2λ(ζ
c
i2)

2

−Sxxij

α
(cosh(2δi)λ(ζ

c
i2)) , i = 1, . . . ,m;

Sxβtxij

(
1
4
(sech(δi))

2 − 1
α2 cosh(2δi)

)

+Sx

(
1
α2 sinh(2δi)− 1

2
tanh (δi)

)
, i = m+ 1, . . . , n,

if j = t.

2.4.2 Global influence

A global influence method commonly used in statistical modeling is the Cook distance,

which allows us to assess the effect of each case on the estimated parameters. The procedure pro-

posed by Cook (1977) suggests the deletion of each case and theevaluation of the log-likelihood

function without the casei. The generalized Cook distance (GCD) for a standard tobit model was

given by Barros et al. (2010) and it takes the form

GCDi(θ) =
1

p+ 1
(θ̂ − θ̂(i))ℓ̈

−1(θ̂ − θ̂(i)), i = 1, . . . , n, (2.28)

wherep is the number of model coefficients andθ̂(i) is the ML estimate ofθ without the casei. In

order to facilitate the calculations, a first order approximation θ̂ − θ̂i ≈ ℓ̈−1
(i) ℓ̇(i) is used in (2.28)
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and it becomes

GCDi(θ) =
1

p+ 1
(ℓ̇⊤(i)ℓ̈

−1
(i) (−ℓ̈)ℓ̈−1

(i) ℓ̇(i)), i = 1, . . . , n, (2.29)

whereℓ̇(i) and ℓ̈(i) are the score vector and the Hessian matrix from the tobit-BS model defined

in (2.17) and (2.19), respectively, without considering the casei and evaluated atθ = θ̂. Note

that, if the approximation described in (2.29) is not used, we must calculate the GCD eliminating

each case. However, with this approximation, we need to calculate the GCD just once. Usually, the

diagnostics analysis relies on the vectorβ of coefficients. Then, in that situation, (2.28) becomes

GCDi(β) =
1

p
(β̂ − β̂(i))ℓ̈

−1(β̂ − β̂(i)), i = 1, . . . , n.

To determine whether the casei is potentially influential onβ, we use the same benchmark used

by Zhu and Zhang (2004) and Barros et al. (2010), which is2/n. If the value of the GCD for the

casei is greater than2/n, it is potentially influential on the estimated vector of parameters.

2.5 Application

2.5.1 The data

The standard tobit and tobit-BS models are now used to analyzea real-world data set data

provided by Moulton and Halsey (1995) from a case-study of measles vaccines. Neutralization an-

tibody levels were collected from 330 children at 12 months of age. The LDL was 0.1 international

units (IU) or−2.306 in logarithm scale. Around 86 (26.1%) of the cases are below the LDL and

then recorded as 0.1. The following covariates were considered:X1 indicates the type of vaccine

used (0 if Schwartz and 1 if Edmonston-Zagreb);X2 is the level of the dosage (0 if medium and 1

if high); andX3 is the children’s gender (0 if male and 1 if female). The data set can be obtained

from the authors under request or in Moulton and Halsey (1995). In this particular data set all

covariables are dummy but it is interesting to note that the proposed methodology does not impose

any restriction on the independent variables.

2.5.2 Software

The estimation of parameters for the standard tobit model was performed by using the

tobit() function of theAER package of the softwareR to fit tobit regression models (KLEIBER;

ZEILEIS, 2008; KLEIBER; ZEILEIS, 2015), whereas influence diagnostics for generalized tobit

models, including the normal tobit model, can be produced bythetobitdiag package (SAN-

TOS-NETO, 2016; BARROS et al., 2017) to be installed with the command

devtools::install_github("tobitproject/tobitdiag")
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Estimation and diagnostic results regarding the tobit-BS model were implemented by functions

developed inR. The codes are available under request from the authors. In addition, we use the

robustbase package to construct box-plots adjusted for asymmetrical data (ROUSSEEUW et

al., 2015).

2.5.3 Monte Carlo simulations

We present a Monte Carlo simulation study with 5000 replications to evaluate the perfor-

mance of the ML estimators of the tobit-BS model parameters. The sample sizes considered are

n = 100, 300, 500, with parametersα = 0.25, 0.5, 1.5, 2.5,β = (0.2, 0.5)⊤ and censoring propor-

tions equal to̺ = 0.1, 0.25, 0.4, 0.5. One covariateX is considered, whereX ∼ Uniform(0, 1).

We compute the empirical bias and mean squared error (MSE) inorder to do the performance

evaluation. All numerical calculations were done in theR software. Table 3.1 presents the results

obtained for the indicated sample sizes, parameters valuesand censoring proportions. This table

shows that, forα = 0.25, 0.5, 1.5, 2.5, and̺ = 0.1, 0.25, 0.4, the empirical bias and MSE decrease

whenn increases, as expected. Table 3.1 indicates that the model is not adequate to deal with

α = 1.5, 2.5, for a censoring proportion̺ = 0.5. In these cases, the estimators are not consistent.

In general, the results provide a good performance of the tobit-BS model.

2.5.4 Data analysis

Table 2.2 reports the descriptive statistics of the observed neutralization antibody levels

from the measles vaccines case-study. This table includes the median, mean, SD and coefficients

of variation (CV), skewness (CS) and kurtosis (CK) values. The CKand CS indicate the positively

skewed nature and high kurtosis level of the data distribution. Figure 2.2 shows the scaled total

time on test (TTT) plot, histogram and boxplots for the measles vaccine data.

The TTT plot is a tool to assess whether a particular distribution is suitable or not for a

data set. This is done by characterizing the shape of an HR. We can detect the type of HR that the

data have and then choose a suitable distribution. LethT (t) = fT (t)/(1 − FT (t)) be the HR of

a random variableT , wherefT andFT are the PDF and CDF ofT , respectively. Then, the TTT

function isW (u) = H−1(u)/H−1(1), for 0 ≤ u ≤ 1, whereH−1(u) =
∫ F−1

T (u)

0
(1 − FT (z))dz,

with F−1
T denoting the inverse function of the CDF ofT . A plot of the points(k/n,Wn(k/n)) can

approximateW , with Wn(k/n) = (
∑k

i=1 t(i) + (n − k)tk)/
∑n

i=1 t(i), for k = 1, . . . , n, andt(i)
denoting theith observed order statistic; see, for example, Figure 1 in Azevedo et al. (2012) for

some theoretical shapes of scaled TTT curves.

Note that the skewed nature is confirmed by the histogram of Figure 2.2(left), whereas the

TTT plot displayed in Figure 2.2(center) suggests a decreasing HR. Moreover, Figure 2.2(right)

indicates that some outliers considered by the usual boxplot are not outliers when we consider the
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Table 2.1: Empirical bias and MSE (in parentheses) of the ML estimators for the tobit-BS model parameters by using the indicated sample sizes and parameter
values with simulated data.

n ̺ = 0.10 ̺ = 0.25

α α̂ β̂0 β̂1 α̂ β̂0 β̂1

100 0.25 0.00080(0.00036) 0.01419(0.00207)−0.01754(0.00686) 0.01817(0.00062)−0.03534(0.00313) 0.02691(0.00847)
0.50 0.00947(0.00304) 0.10164(0.01724)−0.07389(0.02747) −0.03035(0.00250) 0.11585(0.01866)−0.08166(0.02755)
1.50 −0.05657(0.02271) 0.24971(0.17299)−0.10247(0.15517) −0.48643(0.24338) 0.39486(0.19059)−0.18133(0.13820)
2.50 −0.39635(0.23887) 0.40309(0.26798)−0.16064(0.34102) −0.93813(0.89697) 0.59277(0.42502)−0.21088(0.25953)

300 0.25 0.00068(0.00013) 0.01497(0.00084)−0.01895(0.00250) 0.01811(0.00044)−0.03438(0.00180) 0.02583(0.00318)
0.50 0.00349(0.00188) 0.10003(0.01303)−0.07169(0.01297) −0.02981(0.00175) 0.11350(0.01471)−0.07978(0.01380)
1.50 −0.11450(0.01684) 0.15481(0.12207)−0.10074(0.06064) −0.48247(0.23481) 0.39321(0.16613)−0.16377(0.06822)
2.50 −0.38176(0.18983) 0.37443(0.21699)−0.14910(0.12536) −0.92855(0.86751) 0.57346(0.37655)−0.20073(0.11413)

500 0.25 0.00026(0.00008) 0.01246(0.00061)−0.01556(0.00168) 0.01302(0.00041)−0.03389(0.00152) 0.02549(0.00219)
0.50 0.00301(0.00050) 0.09919(0.01121)−0.07020(0.01050) −0.01660(0.00053) 0.07255(0.01102)−0.04193(0.01088)
1.50 −0.00455(0.00212) 0.09372(0.08997)−0.09511(0.03865) −0.38160(0.23317) 0.39169(0.16357)−0.11684(0.05626)
2.50 −0.30617(0.17775) 0.32750(0.10479)−0.11983(0.08525) −0.92740(0.86323) 0.51755(0.37194)−0.11511(0.08992)

n ̺ = 0.40 ̺ = 0.50

α α̂ β̂0 β̂1 α̂ β̂0 β̂1

100 0.25 0.05175(0.00303)−0.10352(0.01300) 0.06820(0.01463) 0.07072(0.00539)−0.14971(0.02494) 0.07805(0.01724)
0.50 −0.02178(0.00312) 0.05843(0.00950)−0.07950(0.02995) −0.01307(0.00830) 0.00899(0.01016)−0.08380(0.03368)
1.50 −0.62570(0.62582) 0.49902(0.41086)−0.15857(0.13771) −2.58339(13.00365) 1.55824(4.19966) 0.15169(0.37660)
2.50 −1.74532(5.89450) 1.05179(2.08633)−0.11833(0.30030) −4.08696(35.66735) 1.85482(5.92291) 0.22605(0.70380)

300 0.25 0.05044(0.00297)−0.10259(0.01129) 0.06722(0.00781) 0.07055(0.00509)−0.14899(0.02306) 0.07746(0.00974)
0.50 0.00124(0.00107) 0.05811(0.00519)−0.05327(0.01469) −0.01041(0.00144) 0.00530(0.00096)−0.08279(0.01563)
1.50 −0.55699(0.39553) 0.45312(0.26916)−0.11652(0.06998) −3.97332(34.04745) 2.04444(6.37383) 0.14853(0.33840)
2.50 −1.28276(2.64321) 0.80957(1.01003)−0.10019(0.12096) −7.82872(221.02820) 2.28197(9.16912) 0.14196(0.71841)

500 0.25 0.04374(0.00296)−0.10229(0.01092) 0.06718(0.00648) 0.06293(0.00504)−0.14860(0.02259) 0.07712(0.00817)
0.50 −0.00098(0.00067) 0.05804(0.00457)−0.02318(0.01166) −0.00965(0.00083) 0.00421(0.00152)−0.08128(0.01183)
1.50 −0.52299(0.27465) 0.43081(0.19146)−0.10058(0.05614) −3.85664(30.10071) 2.02818(6.64127) 0.14783(0.27190)
2.50 −1.53321(3.64631) 0.99536(1.59385)−0.09344(0.11624) −6.85616(177.49570) 2.10903(9.75583) 0.10385(0.60329)
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adjusted boxplot.

Table 2.2:Descriptive summary for the measles vaccine data.

n Min Max Mean Median SD CV CS CK
330 0.10 15.47 1.20 0.40 2.10 174.74% 3.46 14.37
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Figure 2.2: Histogram (left), TTT plot (center), and boxplots (right) for the measles vaccine data.

2.5.5 Analysis under the normal tobit model

Let us consider a standard tobit model defined by

Yi =

{
0.1, Y ∗

i ≤ 0.1, i = 1, . . . , 85,

Y ∗

i = β0 + β1xi1 + β2x2i + β3x3i + εi, Y ∗

i > 0.1, i = 86, . . . , 330,

whereεi
IID∼ N(0, σ2). The responseYi is a latent variable that is observed for values greater than

0.1 and censored otherwise. The ML estimates, computed by the BFGS method, along with the

SEs andp-values of the t-test for the standard tobit model, are presented in Table 2.4. Note that

the parametersβ1, β2 andβ3 are not statistically significant at a 5% level. In Table 2.4,we also

show the values for Akaike (AIC) and Bayes (BIC) information criteria. Figure 2.4 (left) shows

the quantile versus quantile (QQ) plot with simulated envelope for the GCS residual based on the

standard tobit model. This figure indicates that the GCS residual does not present an agreement

with the EXP(1) distribution.

Next, we carry out a diagnostic analysis based on global and local influence. Figure 2.3

displays index plots of local influence under the case-weight perturbation, which shows the cases

#328, #329 and #330 as potentially influential. In order to assess the global influence on the ML

estimates when a case is removed, we analyze the index plot ofthe GCD shown in Figure 2.4

(right). It indicates the cases #328 and #328 as potentiallyinfluential.

The impact of the detected influential cases on the model inference can be checked by com-

puting the relative change (RC), which is obtained by removinginfluential cases and re-estimating

the parameters as RCθj(i) = |[θ̂j − θ̂j(i)]/θ̂j|×100%, whereθ̂j(i) is the ML estimate ofθj after
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removing the casei, for j = 1, . . . , 4 and i = 1, . . . , n, with θ1 = β0, θ2 = β1, θ3 = β2, and

θ4 = β3. Table 2.3 reports the RCs in the parameter estimates obtainedby considering the data

with dropped cases. Note that, in general, the RCs are large. Note also that after the exclusion of

the cases #328 and #330,β3 becomes significant at 10%, and after the exclusion of the group that

contains the cases #328, #329 and #330,β3 becomes significant at 5%; see values detached in gray.

Therefore, we have inferential changes after removing potentially influential cases. We expect that

the tobit-BS model does not present these inference problems.
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Figure 2.3: Index plots of Ci(θ) (left), Ci(β) (center) and Ci(σ) (right) under the case-weight perturbation
in the standard tobit model with the measles vaccine data.
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Figure 2.4: QQ plot and its envelope for the GCS residual (left) and index plot of the GCD (right) for the
standard tobit model with measles vaccine data.

Table 2.3: RCs (in %) in ML estimates for the indicated parameter (standard tobit model) and removed
cases with the measles vaccine data.

Removed case(s) Coefficients
β0 β1 β2 β3

{328} 81.95 83.74 10.17 42.84
{329} 91.43 76.11 7.46 10.42
{330} 88.40 154.93 0.59 54.34

{328,329} 70.08 49.86 22.52 12.92
{328,330} 67.01 129.03 29.47 78.04
{329,330} 76.75 121.38 31.72 24.42

{328,329,330} 55.15 95.15 62.13 48.13
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2.5.6 Analysis under the tobit-BS model

We consider now an analysis under the tobit-BS model defined byequation (2.14) where

εi
IID∼ log-BS(α, 0) for the measles vaccine data. Table 2.4 reports the ML estimates, SEs andp-

values of the t-test for tobit-BS model parameters, computedby the BFGS method. In addition, the

AIC and BIC criteria are reported. From Table 2.4, we observe that the parametersβ1, β2 andβ3 are

not statistically significant at a 5% level. We also observe that the tobit-BS model provides a better

fit compared to the standard tobit model based on the values ofAIC and BIC. Figure 2.5 (left)

shows the QQ plot with simulated envelope of the GCS residual for the tobit-BS model. From this

figure, note that the GCS residual presents an excellent agreement with the EXP(1) distribution.

Table 2.4:ML estimates (with SE in parentheses) and model selection measures for the indicated models.

Model θ Estimates p-value AIC BIC

log(σ) 0.94512(0.04688)<0.0001
β0 0.59700(0.28878) 0.0387

Normal β1 0.22507(0.29733) 0.4491 1299.27 1318.27
β2 −0.22827(0.29580) 0.4403
β3 0.27128(0.29675) 0.3606

α 1.54569(0.04819)<0.0001
β0 −0.91057(0.10487)<0.0001

BS β1 0.18889(0.11112) 0.08915 1168.60 1187.55
β2 0.07371(0.10979) 0.50203
β3 0.12135(0.11030) 0.27125

Note, from table 2.4 that the normal model suggests that all covariables are not signifficant,

however the tobit-BS model suggests that the type of vaccine used is slightly significant, the results

indicate that the receivers of the Edmonston-Zagreb vaccine have higher concentration levels of

the strainexp(0.22507)− 1 = 0.25241%.
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Figure 2.5: QQ plot and its envelope for the GCS residual (left) and index plot of the GCD (right) for the
tobit-BS model with measles vaccine data.

Index plots ofCi under the case-weight perturbation are displayed in Figure2.6 (left). This

figure detects the cases #328 and #330 as potential influential observations for the tobit-BS model.

Figure 2.6 (right) presents the GCD index plot, which shows noevidence of influential cases.
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Figure 2.6: Index plots of Ci(θ) (left), Ci(β) (center) and Ci(α) (right) under the case-weight perturbation
in the tobit-BS model with the measles vaccine data.

Table 2.5 reports the RCs in the parameter estimates of the tobit-BS model, where the

removed cases include observations detected as potential influential ones for both of the standard

tobit and tobit-BS models. In terms of model sensitivity, we observe a less pronounced influence of

the removed cases on the ML estimates of the tobit-BS model parameters (Table 2.5) than on the

ML estimates of the standard tobit model parameters (Table 2.3). This result can be interpreted as

a robustness of the tobit-BS model to atypical observations.We observe thatβ1 is not significant at

10% after eliminating the observation #330. However, in general, the diagnostic measures identify

potentially influential cases do not alter the inference of the model. Thus, we can conclude that the

tobit-BS model is better than the standard tobit model for thedata set considered in this application.

Table 2.5: RCs (in %) in ML estimates for the indicated parameter (tobit-BS model) and removed cases
with the measles vaccine data.

Removed case(s) Coefficients
β0 β1 β2 β3

{328} 4.28 4.23 28.31 16.11
{329} 2.13 5.83 27.89 18.61
{330} 2.34 18.40 29.52 18.93

{328,329} 6.45 15.47 56.51 2.52
{328,330} 6.66 8.90 58.18 35.25
{329,330} 4.47 7.23 57.34 0.32

{328,329,330} 8.83 2.34 86.36 16.62

2.6 Concluding remarks

It is widely known that the normal distribution does not always model data adequately in

different areas. This also occurs with the tobit model, which describes a censored response variable

by covariates in diverse fields, such as economy and medicine. In this work, we have proposed a

new tobit model based on the Birnbaum-Saunders distribution. This distribution has shown to be a

good alternative to describe medical data. We have estimated the parameters of the tobit-Birnbaum-

Saunders model with the maximum likelihood method and have taken advantage of its properties

to propose asymptotic inference for such parameters. We also have developed global and local



CONCLUDING REMARKS 24

influence tools for the tobit-BS model. As a global influence tool we have derived the generalized

Cook distance and for local influence procedures we have derived the normal curvatures under

some schemes of perturbation. We also have carried out a residual analysis. As a final task we

have carried out an application of the new tobit-Birnbaum-Saunders model with real-world of

measles vaccine data in Haiti, due to the presence of asymmetry and high kurtosis present in these

data. The application has shown the superiority of the tobit-Birnbaum-Saunders model over the

standard tobit model, providing a strong evidence that the Birnbaum-Saunders distribution is a

good model for accommodating outliers. We carried to out this application with the help of the R

software and of some its existing packages and of codes developed by us.



Chapter 3

A new mixture-based regression model for censored data

Most of the models designed for modeling censored data rely on the assumption of
normality for the error distribution. It is well known that not all applications are well
modeled by this distribution. Some efforts have relaxed thenormality assumption by
considering more flexible distributions such ast and log-alpha-power. Nevertheless,
these models do not consider partial observations from the assumed distribution which
potentially conducts to biased inference. We have exploreda real data example of
measles vaccine in Haiti and confirmed both the possibility of partial observation and
asymmetry problems. Then, to solve such problems, we propose a mixture model con-
sisting of the Birnbaum-Saunders and Bernoulli distributions. We discuss estimation
of the model parameters based on the maximum likelihood method. We then carry out
a Monte Carlo simulation study to evaluate the performance ofthe maximum likeli-
hood estimators. We use the R software in all computations and the results favor the
proposed methodology.

Keywords Censoring; Birnbaum-Saunders distribution; Maximum Likelihood Esti-
mation; R software; mixture model; Monte Carlo simulation.

3.1 Introduction

The determination of antibody concentration by quantitative assays is a very important

topic of research, because there is always a concentration value (T ) below which an exact mea-

surement cannot be obtained regardless of the employed technique. Nevertheless, this antibody

concentration value (T ) is a function of the associated assay. When left-censoring is present in data

from an assay, the lower detection limit (LDL) can be used to substitute a value for the censored

observation, namely, the valueT . In special, this substitution is applied in a safety and immuno-

genecity study of measles vaccine in Haiti presented by Moulton and Halsey (1995), an example

explored in this paper. The data associated with the case-study described by Moulton and Halsey

(1995) have both left-censoring and asymmetry, and tobit models can be used to provide estimates

of interest; see Barros et al. (2010). However, the standard tobit model (TOBIN, 1958) has a strong

assumption stating that the model errors follow a normal distribution, which is symmetric. Ignor-

25



INTRODUCTION 26

ing the effect of asymmetry can be harmful and conducts to significantly biased estimates; some

flexible tobit models, in terms of asymmetry, can be seen in Martínez-Flores, Bolfarine and Gómez

(2013a) and Rocha, Arellano and Loschi (2015). Moreover, thestandard tobit model, regardless

the distribution, has a drawback concerning the fact that this model does not take into account a

lower limit and that some observations may be below this lower limit, which is the case in the

measles vaccine data. Finally, the standard tobit model cannot cope with extreme heaviness of the

censored part of the distribution, namely, the number of zeros surpasses the expected amount. In

the measles vaccine data, 87 out of 370 values are below the LDL.

A two-part model for the situation of zero excess was considered by Cragg (1971). The

Cragg model considers the possibility of having observations from the assumed distributionf and

from the point mass distribution. In this model, the log-normal distribution was considered for the

independent variable. The Cragg model, however, does not consider the existence of both a lower

limit and some observations below this limit. Moulton and Halsey (1995) proposed a straight-

forward generalization of the two-part model, called Bernoulli/lognormal model, by considering

the possibility of some limiting responses resulting from interval censoring associated withf . The

generalized two-part model allows the possibility of a observationi, if located belowT to be either

a partial observation fromf or a realization of the point mass distribution.

The Birnbaum-Saunders (BS) distribution is positively skewed and has a failure rate with

upside-down bathtub shape and a close relation with the normal distribution; see Birnbaum and

Saunders (1969), Johnson, Kotz and Balakrishnan (1995) and Leiva (2016). This distribution has

two parameters, i.e., the shape and scale parameters, wherethe latter is also its median. Thus, the

BS distribution can be seen as an analogue to the normal model,but in an asymmetrical setting,

where the median is generally considered to be a better measure of central tendency than the mean.

The BS distribution has been applied to biological, economic, engineering and environmental data,

among others, and some of its recent applications are discussed in Qu and Xie (2011), Ferreira,

Gomes and Leiva (2012), Li, Chen and Xie (2012), Saulo et al. (2013), Leiva et al. (2014b), Leiva

et al. (2015), Leiva et al. (2015), Garcia-Papani et al. (2016) and Santos-Neto et al. (2016).

The main objective of this paper is to propose a regression model for censored data based on

the mixture between the BS and Bernoulli distributions, that is, a censored continuous distribution

and a point mass distribution located below the detection limit. The proposed model extends to the

BS case the Moulton and Halsey (1995)’s Bernoulli/lognormal model. The secondary objectives

of this paper are: (i) to develop inference for the Bernoulli/BS model based on the maximum

likelihood (ML) method; (ii) to perform a Monte Carlo (MC) simulation study to evaluate the

performance of the ML estimators; and (iii) to carry out an application of the proposed model by

using the safety and immunogenecity study of measles vaccine in Haiti described by Moulton and

Halsey (1995). The results indicate that the Bernoulli/BS model has the best performance in terms

of fit.

The rest of the chapter proceeds as follows. Section 3.2 provides a background of mixture
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models for censored data and of the BS distribution and its logarithmic transformation. Section

3.3 formulates the Bernoulli/BS model along with inference and estimation based on the ML

method. Section 3.4 presents a Monte Carlo simulation study.Section 3.5 carries out an empirical

application with real world data. Finally, Section 3.6 presents some concluding remarks.

3.2 Background

3.2.1 The standard tobit model

Consider a sample of sizen, Y = (Y1, . . . , Ym, Ym+1, . . . , Yn)
⊤, namely, independent

(IND) random variables but not independent identically distributed (IID) necessarily. Consider

also that this sample includesm censored data to the left andn − m observed (complete or un-

censored) data. Thus, such censoring scheme can be visualized under a regression setting with a

censored responseY ∗, which is a (unobserved) latent variable. Hence, them censored data (un-

observed) correspond to the values ofY ∗ less than or equal to a threshold pointy0 (censoring to

the left), so that all of these data take the valuey0. The othern−m data (observed) are related to

values ofY ∗ greater thany0, which can be described by a linear regression structure of the type

x⊤

i β. Then, the normal tobit model with censored response to the left can be formulated as

Yi =




yo, if Y ∗

i ≤ y0, i = 1, . . . ,m;

x⊤

i β + εi, if Y ∗

i > y0, i = m+ 1, . . . , n;
(3.1)

whereεi
IID∼ N(0, σ2) is the model error term,β is a vector of regression coefficients corresponding

to unknown parameters to be estimated, andxi is a vector containing the values of explanatory

variables (covariates). Note thaty0 given in (3.1) is a prefixed limiting value that does the response

of the regression model defined in (3.1) to be limited (or censored); see Tobin (1958).

3.2.2 Mixture models for censored data

Cragg (1971) proposed a simple zero excess model described by

g(yi) = piIi + (1− pi)f(yi)(1− Ii), (3.2)

wherepi is a probability that determines the relative contributionmade by one point distribution

to the mixture distribution as a whole,f(·) is the probability density function (PDF) ofY andIi
receives the value 0 ifyi > 0 and 1 ifyi ≤ 0. Note that the PDF in (3.2) is not defined, thus the

model can be freely modified. This model however does not consider the possibility of a lower

limit.

Moulton and Halsey (1995) extended the model in Cragg (1971) to a generalized two-
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part model by considering the possibility of limiting responses coming from interval censoring in

f(·). In the extended model, a zero can be either a realization of apoint mass distribution or the

result of a censoring inf(·). The generalized model incorporates an intermediary possibility that

an observed zero can be a realization of the point mass or a partial observation off(·) with an

unknown critical value lying in some point between(0, T ). The PDF for the extended two-part

model is given by

g(yi) = [pi + (1− pi)F (T )] Ii + (1− pi)f(yi)(1− Ii), (3.3)

whereF (·) is the cumulative distribution function associated withf(·). A large family of mix-

ture model can be created by changingf(·) and the link function. Martínez-Flores, Bolfarine and

Gómez (2013b) noted that, in Equation (3.3), it is assumed that just a proportionτ of censored ob-

servations comes from the assumed distribution, with the rest (1− τ) coming from a population of

low responders located at, or belowT . This mixture is modeled by assuming a Bernoulli random

variableD with

pr(D = 1) = τ = 1− p. (3.4)

Chai and Bailey (2008) listed the use of many mixture models such as probit/truncated-

normal, logit/lognormal, logit/log-gamma and probit/log-skew-normal with applications in biol-

ogy, economics and agriculture. Martínez-Flores, Bolfarine and Gómez (2013b) considered a new

approach for asymmetric data with positive support based onEquation (3.3) called the Bernoulli/log-

power-normal (Bernoulli/LPN) model. Note that ifεi
IID∼ N(0, σ2) andpi = 0, i = 1, . . . , n, in

Equation (3.3) then the generalized two-part model becomesthe standard tobit model .

3.2.3 The BS and log-BS distributions

Let T be a random variable following a BS distribution with shape parameterα and scale

parameterσ, with the following notationT ∼ BS(α, σ). Then,

• the cumulative distribution function (CDF) ofT is given by

FT (t;α, σ) = Φ

(
1

α

(√
t/σ −

√
σ/t
))

, t > 0, α > 0, σ > 0; (3.5)

• the PDF ofT obtained from (3.5) is expressed as

fT (t;α, σ) =
1

2α

(√
1/σt+

√
σ/t

3
2

)
φ

(
1

α

(√
t/σ −

√
σ/t
))

, t > 0, α > 0, σ > 0,

(3.6)
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whereφ is the standard normal PDF. Alternatively, (3.5) can be expressed as

fT (t;α, σ) =
exp(α−2)

2α
√
2πσ

exp

(
− 1

2α2

(
t

σ
+

σ

t

))
t−

3
2 (t+ σ) , t > 0, α > 0, σ > 0;

(3.7)

• the results provided in (3.5) and (3.6) may be obtained from the transformation theorem of

random variables by using

T = σ

(
αZ/2 +

√
(αZ/2)2 + 1

)2

, (3.8)

whereZ ∼ N(0, 1).

• from (3.8), it may be verified that a continuous random variable T has a BS distribution

with parametersα > 0 andσ > 0, if and only ifZ = (1/α)(
√

T/σ −
√
σ/T ) ∼ N(0, 1).

Some properties of the BS distribution are presented as follows. If T ∼ BS(α, σ), then: (i)

E(T ) = σ(1 + α2/2) and Var(T ) = (ασ)2(1 + 5α2/4); (ii) for b > 0, bT ∼ BS(α, bσ),

which means that the BS distribution is closed under scalar multiplication (proportionality);

(iii) 1/T ∼ BS(α, 1/σ), implying that the BS distribution is closed under reciprocation; (iv)

the median of the distribution ofT is σ, which can be directly obtained whenq = 0.5 from

its quantile function given by

t(q;α, σ) = F−1
T (q;α, σ) = σ


αz(q)

2
+

√(
αz(q)

2

)2

+ 1




2

, 0 < q < 1,

wherez(q) is the standard normal quantile function; and (v) the BS distribution is positively

skewed asα increases and approximately symmetrical aroundσ asα goes to zero; see Figure

3.1(left). Properties of proportionality and reciprocation given above in (ii) and (iii) are

easily verified by using once again the mentioned transformation theorem;

• the survival function (SF) and hazard rate (HR) ofT ∼ BS(α, σ) are given respectively by

ST (t;α, σ) = Φ

(
− 1

α

(√
t

σ
−
√

σ

t

))
,

hT (t;α, σ) =
φ
(

1
α

(√
t
σ
−
√

σ
t

))
t−3/2(t+σ)

2ασ1/2

Φ
(
− 1

α

(√
t
σ
−
√

σ
t

)) , t > 0.

The logarithmic version (log-BS) of the BS distribution is used when data modeling is

needed. A random variableY has a log-BS distribution with shape (α > 0) and location (µ ∈ R)

parameter, which is denoted by log-BS(α, µ), if and only ifZ = (2/α)sinh((Y − µ)/2) ∼ N(0, 1).
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Then, the CDF ofY is given by

FY (y;α, µ) = Φ

(
2

α
sinh

(
y − µ

2

))
, y ∈ R, µ ∈ R, α > 0. (3.9)

Consequently, from (3.9), the PDF ofY is obtained as

fY (y;α, µ) =
1

α
√
2π

cosh

(
y − µ

2

)
exp

(
− 2

α2
sinh2

(
y − µ

2

))
, y ∈ R, µ ∈ R, α > 0,

(3.10)

whereas that the logarithm of the PDF given in (3.10) is expressed as

log(fY (y;α, µ)) = − log(2)− log(2π)

2
+log

(
2

α
cosh

(
y − µ

2

))
− 2

α2
sinh2

(
y − µ

2

)
, y ∈ R.

Important properties of the log-BS distribution are as follows. If Y ∼ log-BS(α, µ), then:

(i) T = exp(Y ) ∼ BS(α, σ), which means that the log-BS PDF given in (3.10) can be obtained

from the standard normal PDF as in (3.9) or from the BS PDF defined in (3.7); (ii) E(Y ) = µ;

(iii) there is no closed form for the variance ofY , but based upon an asymptotic approximation

for the moment generating function of the log-BS distribution, it follows that, if α → 0, then

Var(T ) = α2 − α4/4, whereas that, ifα → ∞, then Var(T ) = 4(log2(
√
2α) + 2 − 2 log(

√
2α));

(iv) if X = ±Y + d, thenX ∼ log-BS(α,±µ + d); and (v) the log-BS distribution is symmetric

aroundµ, unimodal forα ≤ 2 and bimodal forα > 2; see Figure 3.1(right).
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Figure 3.1: PDF of (left) BS(α, 1) and (right) log-BS(α, 0) distributions for the indicated value of α.

3.3 The Bernoulli/BS mixture model

3.3.1 Formulation

We propose a mixture model between the Bernoulli and BS distributions (Bernoulli/BS)

by assuming thatf(·) in Equation (3.3) is a log-BS PDF as in (3.10), with a logit linkfor pi. Then,
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Equation (3.3) can be rewritten as follows

g(yi) = [p+ (1− p) Φ (ζ c
i2)] Ii+(1− p)

[
c1
α
cosh

(
y − µ1

2

)
exp

(
− 2

α2
sinh2

(
y − µ1

2

))]
(1−Ii),

(3.11)

wherec1 = 1/
√
2π, µ1 = x⊤

(1)iβ(1), ζ c
i2 = (2/α) sinh(y0 − x⊤

(1)iβ(1))/2,

Ii =




1 if y ≤ y0

0 if y > y0,
(3.12)

andΦ(·) is the CDF of the standard normal distribution, withx(1) being the covariates associated

with β(1). We assume a logit link for the random variableD defined in Equation (3.4), thus it is

possible to include covariates as follows

logit [pr (D = 1|x(2))] = x(2)
⊤β(2), (3.13)

wherex(2) are the covariates associated withβ(2). The formulation of the logit link defined in

Equation (3.13) becomes,

τi = 1− pi =
exp (x(2)

⊤β(2))

1 + exp (x(2)
⊤
β(2))

, (3.14)

where the vectorx(2) has a dimensionq, which can be, and usually is, different from the dimension

of the vectorx(1).

Combining the Equations (3.11) and (3.14) we obtain the individual contribution to the

likelihood function of the mixture Bernoulli/BS model that isgiven in Equation (3.15),

(3.15)
Li(θ) =

[
1 +

exp(x⊤

(2)β(2))

1 + exp(x⊤
(2)β(2))

[Φ (ζ c
i2)− 1]

]Ii
×

[
exp(x⊤

(2)β(2))

1 + exp(x⊤
(2)β(2))

(
c1
α
cosh

(
y − µ1

2

)
exp

(
− 2

α2
sinh2

(
y − µ1

2

)))]1−Ii

,

wherec1, µ1 andζ c
i2 are defined in Equation (3.11),θ = (α,β⊤

(1),β
⊤

(2))
⊤ andIi is defined in Equation

(3.12).

The log-likelihood function for the mixture Bernoulli/BS is obtained by taking the loga-

rithm of Equation (3.15), which gives

(3.16)

ℓ(θ) = −(n−m) log(2)− (n−m)
log(2π)

2

+
m∑

i=1

Ii
[
log
(
1 + exp(x⊤

(2)β(2)) [Φ (ζ c
i2)− 1]

)
− log

(
1 + exp

(
x
⊤

(2)β(2)

))]

+
n∑

m+1

(1− Ii)

[
x
⊤

(2)β(2) + log (ζi1)−
1

2
ζ2i2 − log

(
1 + exp(x⊤

(2)β(2))
)]

,
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whereζ c
i2 is defined in Equation (3.11) andζi1 andζi2 are defined in Equation (3.17),

ζi1 =
2
α
cosh

(
yi−x⊤

(1)iβ(1)

2

)
, ζi2 =

2
α
sinh

(
yi−x⊤

(1)iβ(1)

2

)
. (3.17)

To obtain the ML estimators, it is necessary to maximize the log-likelihood function given in

(3.16). The score vector iṡℓ = ∂ℓ(θ)/∂θ =
(
ℓ̇α, ℓ̇

⊤

β(1)
, ℓ̇⊤β(2)

)⊤
, which contains the first partial

derivatives of (3.16), where

ℓ̇α =




− 1

α

[
exp(x(2)β(2))φ(ζ

c
i2)ζ

c
i2

1+exp(x(2)β(2))[Φ(ζc
i2)−1]

]
, i = 1, . . . ,m;

1
α
[ζ2i2 − 1] , i = m+ 1, . . . , n;

ℓ̇β(1) =





−x(1)

2

[
exp(x(2)β(2))φ(ζ

c
i2)ζ

c
i1

1+exp(x(2)β(2))[Φ(ζc
i2)−1]

]
, i = 1, . . . ,m;

x(1)

2

[
ζi1ζi2 − ζi2

ζi1

]
, i = m+ 1, . . . , n;

(3.18)

ℓ̇β(2) =




x(2)

[
exp(x(2)β(2))[Φ(ζc

i2)−1]
1+exp(x(2)β(2))[Φ(ζc

i2)−1]
− τ

]
, i = 1, . . . ,m.

x(2) [1− τ ] , i = m+ 1, . . . , n;

The ML estimator ofθ is obtained equating (3.18) to zero. Note thatℓ̇β(2) can be solved analyti-

cally however, the system of equations defined byℓ̇α = 0, ℓ̇β(1) = 0 andℓ̇β(2) = 0 does not have an

analytic solution. In this paper, we solve them by an iterative procedure for non-linear optimiza-

tion, i.e., the Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton method; see Leiva et al.

(2007).

3.3.2 Inference

Assuming that the regularity conditions defined in Cox and Hinkley (1974) are satisfied,

the ML estimatorŝα, β̂(1) and β̂(2) are consistent and follow a multivariate normal joint asymp-

totic distribution. This distribution has an asymptotic mean vector with elementsα, β(1), andβ(2)

and have an asymptotic covariance matrix equal toJ (θ)−1, which can be approximated by the

expected Fisher information matrix. Therefore, asn → ∞, we have that

√
n(θ̂ − θ)

d→ Np+1

(
0p+1,J (θ)−1

)
, (3.19)

whereJ (θ) = limn→∞(1/n)I(θ), with I(θ) being the expected Fisher information matrix. In

addition,
d→ means convergence in distribution to and0p+1 is ap × 1 vector of zeros. Note that

Î(θ)−1 is a consistent estimator of the asymptotic variance-covariance matrix ofθ̂, J (θ)−1 say.

In practice, one may approximate the expected Fisher information matrix by its observed version

Efron and Hinkley (1978), whereas the elements of the diagonal of the inverse of the observed

information matrix can be used to approximate the corresponding standard errors (SEs). The ob-
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served Fisher information matrix is obtained from the Hessian matrix, which contains the second

partial derivatives of (3.19) and given by

ℓ̈ =




tr(G) k⊤

(1)X(1) k(2)
⊤X(2)

X⊤

(1)k(1) X⊤

(1)V(1)X(1) X⊤

(1)DX(2)

X⊤

(2)k(2) X⊤

(2)DX(1) X⊤

(2)V(2)X(2)


 , (3.20)

whereV(1) = diag{v(1)1(θ), v(1)2(θ), v(1)3(θ), . . . , v(1)n(θ)},V(2) = diag{v(2)1(θ), v(2)2(θ), v(2)3(θ), . . . , v(2)n

(θ)}, k(1) = (k(1)1(θ), k(1)2(θ), k(1)3(θ), . . . , k(1)n(θ))
⊤, k(2) = (k(2)1(θ), k(2)2(θ), k(2)3(θ), . . . , k(2)n(θ))

⊤,

D = diag{d1(θ), d2(θ), d3(θ), . . . , dn(θ)} andG = diag{g1(θ), g2(θ), g3(θ), . . . , gn(θ)}, with

gi(θ) =





1
α2

[
exp(x(2)β(2))φ(ζ

c
i2)ζ

c
i1

(1+exp(x(2)β(2))[Φ(ζc
i2)−1])

+
ζ2c
i2φ(ζ

c
i2) exp(x(2)β(2))

(1+exp(x(2)β(2))[Φ(ζc
i2)−1])

]

− 1
α2

[
φ2(ζc

i2)ζ
2c
i2 exp(2x(2)β(2))

(1+exp(x(2)β(2))[Φ(ζc
i2)−1])

]
, i = 1, . . . ,m;

− 1
α2 [3ζ

2
i2 − 1] , i = m+ 1, . . . , n;

k(1)i(θ) =





exp(x(2)β(2))

2α

[
ζc
i1φ(ζc

i2)+ζc
i1φ(ζc

i2)ζ2c
i2

(1+exp(x(2)β(2))[Φ(ζc
i2)−1])

+
exp(x(2)β(2))φ

2(ζc
i2)ζc

i1ζ
c
i2

(1+exp(x(2)β(2))[Φ(ζc
i2)−1])

2

]
, i = 1, . . . ,m;

1
α
[ζi1ζi2] , i = m+ 1, . . . , n;

k(2)i(θ) =




− exp(x(2)β(2))φ(ζ

c
i2)ζ

c
i2

α

[
(1+exp(x(2)β(2))[Φ(ζc

i2)−1])−1

(1+exp(x(2)β(2))[Φ(ζc
i2)−1])

2

]
, i = 1, . . . ,m;

0, i = m+ 1, . . . , n;

di(θ) =




−1

2

[
exp(x(2)β(2))φ(ζ

c
i2)ζ

c
i1

(1+exp(x(2)β(2))[Φ(ζc
i2)−1])

− exp(2x(2)β(2))φ(ζ
c
i2)ζ

c
i1[Φ(ζc

i2)−1]
(1+exp(x(2)β(2))[Φ(ζc

i2)−1])
2

]
, i = 1, . . . ,m;

0, i = m+ 1, . . . , n;

v(1)i(θ) =





exp(x(2)β(2))

4

[
−φ(ζc

i2)ζ
c
i2+ζ2c

i1ζ
c
i2φ(ζ

c
i2)

(1+exp(x(2)β(2))[Φ(ζc
i2)−1])

+
φ2(ζc

i2)ζ
2c
i1 exp(x(2)β(2))

(1+exp(x(2)β(2))[Φ(ζc
i2)−1])

2

]
, i = 1, . . . ,m;

1
4
[1− (ζ2i2/ζ

2
i1)− ζ2i1 − ζ2i2] , i = m+ 1, . . . , n;

v(2)i(θ) =





exp(x⊤

(2)β(2))[Φ(ζc
i2)−1]

(1+exp(x⊤

(2)β(2))[Φ(ζc
i2)−1])

− (exp(x⊤

(2)β(2))[Φ(ζc
i2)−1])

2

(1+exp(x⊤

(2)β(2))[Φ(ζc
i2)−1])

2 − τ + τ 2, i = 1, . . . ,m;

τ − τ 2, i = m+ 1, . . . , n.

3.4 Simulation study

We present a Monte Carlo simulation study with 5000 replications that intends to reveal

the performance of the maximum likelihood estimators for the parameters of the Bernoulli/BS

model. The sample sizes considered aren = 100, n = 300 andn = 500, with parametersα =

0.1, 0.5, 1, 2, 4, β(1) = (0.2, 0.5)⊤ andβ(2) = (1, 2)⊤. We consider one covariateX, whereX ∼
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Uniform(0, 1). The generated values for the response variable were obtained as follows

ti =




1, with probability 1− exp(β(2)0+β(2)1xi)

1+exp(β(2)0+β(2)1xi)
,

exp (β(1)0 + β(1)1xi) δi, with probability exp(β(2)0+β(2)1xi)

1+exp(β(2)0+β(2)1xi)
,

whereδ ∼ BS(α, 1). In order to obtainyi we take the natural logarithm ofti.

We compute the bias and mean squared error (MSE) in order to evaluate the estimators’

performance. All numerical evaluations were done in the R software. Table 3.1 presents the results

obtained for the indicated sample sizes and parameters values. This table shows that forα =

0.1, 0.5, 1 and2, the bias and MSE decrease as the size of the sample increases, which is expected.

In general, the results show the good performance of the Bernoulli/BS model.

Table 3.1:Monte-Carlo estimation of bias and MSE for the indicated sample sizes and parameter values

n=100 n=300 n=500

α θ Mean Bias MSE Mean Bias MSE Mean Bias MSE
0.1 α 0.21103 0.11103 0.62099 0.14891 0.04891 0.00328 0.10005 4.69350e−5 0.00039

β(1)0 = 0.2 0.21215 0.01215 1.03058 0.20326 0.00326 0.08643 0.20309 0.00309 0.01018
β(1)1 = 0.5 0.48652 −0.01348 0.98195 0.50374 0.00374 0.09117 0.50057 0.00057 0.00977
β(2)0 = 1 1.00140 0.00140 1.17457 1.00115 0.00115 0.08867 0.99797−0.00203 0.00997
β(2)1 = 2 1.98399 −0.01600 1.04944 2.00469 0.00469 0.09159 2.00104 0.00104 0.01007

0.5 α 0.50211 0.00211 0.01549 0.49848−0.00152 0.00343 0.50004 4.22419e−5 0.00032
β(1)0 = 0.2 0.22839 0.02839 0.81110 0.21216 0.01216 0.14482 0.20293 0.00293 0.00919
β(1)1 = 0.5 0.49694 −0.00306 0.79049 0.50993 0.00993 0.15961 0.50054 0.00054 0.00881
β(2)0 = 1 1.00613 0.00613 0.83217 1.01332 0.01332 0.17506 0.99807−0.00192 0.00899
β(2)1 = 2 1.98798 −0.01201 0.81395 2.01255 0.01255 0.16855 2.00098 0.00098 0.00908

1 α 0.99855 −0.00145 0.06463 0.99941−0.00059 0.00279 1.00004 4.69354e−5 0.00039
β(1)0 = 0.2 0.30713 0.10713 0.46320 0.20529 0.00529 0.03719 0.20278 0.00278 0.00825
β(1)1 = 0.5 0.54346 0.04346 0.46502 0.50423 0.00423 0.03999 0.50052 0.00052 0.00791
β(2)0 = 1 1.09830 0.09830 0.64609 1.00368 0.00368 0.04167 0.99817−0.00183 0.00807
β(2)1 = 2 2.04050 0.04050 0.54142 2.00462 0.00462 0.04132 2.00093 0.00093 0.00815

2 α 2.01445 0.01445 0.06145 1.99856−0.00144 0.00159 2.00002 2.34677e−5 9.92905e−5
β(1)0 = 0.2 0.35064 0.15064 0.27488 0.20109 0.00109 0.00959 0.20030 0.00030 0.00010
β(1)1 = 0.5 0.56994 0.06994 0.24613 0.50125 0.00125 0.01012 0.50057 5.77348e−5 9.76858e−5
β(2)0 = 1 1.20834 0.20834 0.72936 1.00040 0.00040 0.00985 0.99979−0.00021 9.96743e−5
β(2)1 = 2 2.10056 0.10056 0.38308 2.00157 0.00157 0.01018 2.00010 0.00010 0.00010

4 α 5.74480 1.74480 31.44706 5.63512 1.63512 18.12119 4.21585 0.21585 4.01609
β(1)0 = 0.2 0.84559 0.64559 3.61015 0.90587 0.70587 3.46159 0.26577 0.06577 0.36885
β(1)1 = 0.5 0.77905 0.27905 0.90060 0.91386 0.41386 1.16450 0.53409 0.03409 0.10023
β(2)0 = 1 3.18593 2.8593 40.9525 3.29328 2.29328 34.75177 1.22581 0.22581 4.40974
β(2)1 = 2 3.09786 1.09786 10.54635 3.22245 1.22245 9.94170 2.10635 0.10635 0.97295

3.5 Application

3.5.1 Exploratory data analysis

We analyse a data set provided by Moulton and Halsey (1995) from a study of measles

vaccines. Neutralization antibody levels were collected from 330 children at 12 months of age.

The LDL was 0.1 international units (IU) or−2.306 in logarithm scale. Around 86 (26.1%) of

the observations fell below the LDL and then recorded as 0.1.The following covariates were

considered:X1 indicates the type of vaccine used (0 if Schwartz and 1 if Edmonston-Zagreb);X2

is the level of the dosage (0 if medium and 1 if high); andX3 is the gender where 0 is male and 1

is female.
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Table 3.2 shows the descriptive statistics of the observed neutralization antibody levels

from the measles vaccines study. This table includes the median, mean, standard deviation (SD)

and coefficients of variation (CV), skewness (CS) and kurtosis(CK) values. The CK and CS indi-

cate the positively skewed nature and high kurtosis level ofthe data distribution. Figure 3.2 shows

the scaled total time on test (TTT) plot, histogram and boxplots for the measles vaccine data. In

particular, the TTT plot is a graphic tool to assess whether aparticular distribution is suitable or

not for a data set. This is done by characterizing the shape ofa HR, namely, we can detect the type

of HR that the data have and then choose a suitable distribution. LethY (y) = fY (y)/(1− FY (y))

be the HR of an RVY , wherefY andFY are the PDF and CDF ofY , respectively. Then, the TTT

function isW (u) = H−1(u)/H−1(1), for 0 ≤ u ≤ 1, whereH−1(u) =
∫ F−1

Y (u)

0
(1 − FY (z))dz,

with F−1
Y denoting the inverse function of the CDF ofY . A plot of the points(k/n,Wn(k/n)) can

approximateW , with Wn(k/n) = (
∑k

i=1 y(i) + (n − k)yk)/
∑n

i=1 y(i), for k = 1, . . . , n, andt(i)
denoting theith observed order statistic; see, for example, Figure 1 in Azevedo et al. (2012) for

some theoretical shapes of scaled TTT curves.

We note that the skewed nature reported in Table 3.2 is confirmed by the histogram of

Figure 3.2(a), and the TTT plot displayed in Figure 3.2(b) suggests a decreasing HR. In addition,

Figure 3.2(c) indicates that some outliers considered by the usual boxplot are not outliers when we

consider the adjusted boxplot.

Table 3.2:Descriptive summary for the measles vaccine data.

n Min Max Mean Median SD CV CS CK
330 0.10 15.47 1.20 0.40 2.10 174.74% 3.46 14.37
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Figure 3.2: Histogram (a), TTT plot (b), and boxplots (c) for the measles vaccine data.

3.5.2 Results

We here present the estimation results for the Bernoulli/BS model along with those of the

standard tobit, tobit-BS (Chapter 2) and Bernoulli/LPN (MARTÍNEZ-FLORES; BOLFARINE;

GÓMEZ, 2013b) models. The Bernoulli/BS and Bernoulli/LPN haveboth a logit link. The co-

variates EZ and HI were used only in the logit component, and covariate FEM entered only in
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the continuous component of the models. Table 3.3 shows the ML estimates, Akaike information

criterion (AIC) values and standard errors for the considered models. A glance at the results indi-

cates that, in the Bernoulli/BS model, the receiver of Edmonston-Zagreb strain does not contribute

to the odds ratio of being above the detection limit, however, the receiver of a high dose impacts

exp(1.499) = 4.472 in the odds of being above the detection limit. Moreover, theBernoulli/BS

model suggests that girls haveexp(−0.078)− 1 = −0.075 less concentration of measles antibody

concentration than boys. We observe that the Bernoulli/LPN and Bernoulli/BS models do not agree

on the sign of the coefficient corresponding to the FEM variable, while the first model indicates

that girls have a higher measles antibody concentration than boys, the other indicates the opposite.

Also from Table 3.3, we note that the Bernoulli/BS model provides a better fit compared to the

other models based on the AIC values. BIC was not computed because we did not have sufficient

information to compute it for the Bernoulli/LPN model.

Table 3.3:ML estimates (with SE in parentheses) and AIC values for the indicated models with the measles
vaccine data

Logit component Continuous component

Model AIC INT EZ HI FEM α INT EZ HI FEM
tobit 1299.27 0.945*** 0.597** 0.225 −0.228 0.271

(0.047) (0.288) (0.297) (0.295) (0.296)

tobit-BS 1168.60 1.545*** −0.910*** 0.188* 0.074 0.121
(0.048) (0.105) (0.111) (0.109) (0.110)

Bernoulli/LPN 976.48 0.539*** 0.757*** 0.358 8.918** −2.869*** 0.222*
(0.204) (0.270) (0.261) (3.922) (0.582) (0.134)

Bernoulli/BS 760.64 7.568 4.219 1.499*** 1.560*** 0.123*** −0.078***
(5.055) (5.543) (0.391) (0.108) (<0.001) (<0.001)

Obs: RejectsH0 at *10% of significance,** 5% of significance and ***1% of significance.

3.6 Concluding remarks

The paper presents a mixture model where the continuous partfollows a Birnbaum-Saunders

distribution. We performed estimation based on the maximumlikelihood approach. The simula-

tion study showed the good performance of the maximum likelihood estimators. An application

to measles vaccine data showed that the Bernoulli/BS models fits the data better than the standard

tobit, tobit-BS and Bernoulli/LPN models. Moreover, it was found that in the Bernoulli/BS model

the variable FEM is significant, as in the Bernoulli/LPN model, but with opposite sign.



Chapter 4

Concluding remarks and future works

There is a lack of asymmetric regression models for censoreddata. In order to fill this gap,

we developed two models that are adequate for this kind of data. We first developed a tobit model

based on the Birnbaum-Saunders distribution. Then, a mixture model consisting of the Birnbaum-

Saunders and Bernoulli distributions was introduced. Both models presented good performances

when dealing with censored data, thus proving that the Birnbaum-Saunders distribution is a wise

choice in the studied settings.

The process of expanding the standard tobit model to an asymmetric framework proved

itself to be a fruitful area of research due to the huge amountof topics that remain unexploited.

Here, we present some open problems:

i) The tobit-Birnbaum-Saunders models can only be used in asymmetric censored data that are

strictly positive because the support of the Birnbaum-Saunders distribution does not include

zero. It is of great interest to develop a model for asymmetric censored data that includes

zero since, at least in economics, most of the censoring occurs at zero. To solve the problem

one can develop a tobit model based on a re-parametrized Birnbaum-Saunders distribution

inflated at zero, see Leiva et al. (2014), Leiva et al. (2016) and Santos-Neto et al. (2016);

ii) In the mixture model developed in Chapter 3 the logit link was used but others could also be

used, for example, the probit link;

iii) Note that all models considered so far are univariate and being so they do not consider

the possibility of correlated response variables. One ambitious, but factual, proposal is to

develop a multivariate tobit model with the scale-mixture Birnbaum-Saunders family of dis-

tributions. Multivariate tobit models and the multivariate scale-mixture Birnbaum-Saunders

family of distributions have been considered, respectively, by Amemiya (1974), Blundell and

Meghir (1987), Chib (1992), Zhou and Tan (2009), Zhou and Liu (2009), Chen and Zhou

(2011), Deng and Xue (2014), Castro et al. (2015) and Balakrishnan et al. (2009), Leiva et al.

(2014), Kundu, Balakrishnan and Jamalizadeh (2013), Kundu (2015), Vilca, Balakrishnan

and Zeller (2014), Vilca, Romeiro and Balakrishnan (2016).

37
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Work on these problems is currently in progress and we hope toreport these findings in

future works.
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