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Abstract

This dissertation begins with a succinct introduction to group theory to enable the
understanding of special relativity theory from a symmetrical point of view. From this
perspective, the notion of hierarchy of dynamical variables, which is present in relativity, is
introduced to quantum mechanical formalism in order to construct the irreducible unitary
representations of the Poincaré group for secondary variables. Given this discussion, the
questions regarding the existence of a subset of transformations in which the Wigner
rotations associated do not depend on the momenta. In sequence, the relativistic Stern-
Gerlach observable is presented. This observable also depends on the momenta, so the
initial problem on the density matrices for spin remains unsolved. The open question on
the Stern-Gerlach observable is what is the minimum number of measurements in order
to fully determine a relativistic density matrix. Both questionings on this dissertation
can lead to the determination of the quantum state tomography of relativistic particles,

which is the further goal of this document.

Keywords: Symmetry, Group Theory, Special Relativity, Quantum State Tomogra-

phy.
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Resumo

Esta dissertagao comega com uma introdugao sucinta a teoria dos grupos para per-
mitir a compreensao da teoria da relatividade especial de um ponto de vista simétrico.
Nessa perspectiva, a nogao de hierarquia de varidveis dinamicas, que esta presente na
relatividade, é introduzida no formalismo da mecanica quantica a fim de construir as
representacoes unitarias irredutiveis do grupo de Poincaré para varidveis secundéarias.
Diante dessa discussao, questiona-se a existéncia de um subconjunto de transformagoes
em que as rotacoes de Wigner associadas independem dos momentos. Em seqiiéncia, o
observavel do experimento de Stern-Gerlach relativistico é apresentado. Este observavel
também depende dos momentos, entao o problema inicial nas matrizes de densidade
para spin permanece. A questao em aberto no observavel Stern-Gerlach é: Qual é o
nimero minimo de medi¢oes para determinar completamente uma matriz de densidade
relativistica?” Ambos os questionamentos desta dissertacao podem levar & determinacao
da tomografia de estados quénticos de particulas relativisticas, que é o objetivo futuro

deste documento.

Palavras-chave: Simetria, Teoria de Grupos, Relatividade Restrita, Tomografia de Es-

tados Quanticos.
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Nomenclature

In this document, the greek letters, «, 3,7, ... represent indices from 0 to 3 and the

latin letters indicate indices from 1 to 3.

Another convention adopted is that the metric tensor g*? will be written in the form

g’ = diag(1, -1, -1, —1).

vil



1 Introduction

Mathematically, in a given structured object of any sort, when there is a mapping from
this object to itself, which preserves the given structure, we say that this structured object
has a symmetry [2|. Physics uses mathematical artifices to model nature interactions
in an understandable way to human minds. Therefore, it is natural that we search
for symmetries in physical interactions for a better understanding of the fundamental

constituents of the universe.

The laws of nature can be very difficult to identify under the infinite variety of different
possible initial conditions of a system. Changing initial conditions can change a lot the
behavior of the physical system in question. Even with hard to predict changes, some
general properties are always present in interactions of the same type, these are the
invariances due to the laws of nature. Symmetry is directly connected to the laws of
nature, representing certain regularities that are independent of the above-mentioned

initial conditions.

A useful mathematical tool for understanding and representing symmetries is the group
theory. Group theory predicted the existence of some elementary particles prior to their
experimental observation [3]. Even more recreational activities that involve symmetry
can be studied by group theory, e.g., the Rubik’s cube [4]. This powerful mathematical
apparatus is efficient in predicting characteristics of systems without considering the
specific nuances for every system that behaves in a certain way, e.g., each differential
symmetry in the action of a physical system with conservative forces corresponds to a

conserved quantity [5].

In the special relativity frame of work, the symmetries are related to the direct prop-

erties of the space in the interactions take place (as in any frame of work). The isotropy



of space, as in the Newtonian interactions, is preserved. Unlike the Newtonian homo-
geneity of time, the time-related homogeneity takes account of the spatial dimensions
too, resulting in a spacetime homogeneity[6]. In a situation where the time dimension
is constant (the Minkowski spacetime is a 4-dimensional manifold formed by the three
Euclidean spatial dimensions and a time dimension in which the spacetime interval be-
tween two events is independent of changes from one inertial frame to another), we have
a Euclidean space and the classical symmetries hold. When bearing the general theory
of relativity in mind, the number of symmetries of the system increases, as the geomet-
ric properties of general relativity spacetime are more intricate. There are symmetries

related to curvature, matter, and geodesics [7].

In a quantum mechanical environment, one can observe several kinds of symmetries.
Considering a rest frame, the space and the time translations are symmetric and lead to
conservation laws for energy and momentum [8|. Rotations also have symmetry (which
results in angular momentum conservation). And beyond other symmetries, there is a
curious set of symmetries that are a consequence of the above time and space character-
istics said above. The CPT symmetry [9] consists of the symmetry in charge, parity, and
time and, in certain regimes, there are breaks in parity and time symmetry, although the
CPT symmetry remains unbroken. This combined symmetry is one of the foundations of

quantum field theory.

When considering the special relativistic symmetry in quantum mechanics, one must
impose the Poincaré group as a fundamental symmetry group for the interactions that
are being studied. This imposition results in a commutation relation that the particles

wave states must obey.

In this dissertation, some symmetry-related aspects of the relativistic theory are in-
troduced and discussed, and further, the application of such concepts on the quantum

mechanic framework is analyzed.

The adjacent chapter is a succinct initiation to some necessary aspects of group theory
that will be needed in the further discussions on this dissertation [10, 11, 12]. Sub-
sequently, the theory of special relativity is discussed from the point of view of group
theory. The Stern-Gerlach experiment is the opening gambit of the quantum spin state

tomography[13]. In [14, 15| the relativistic Stern-Gerlach experiment is described and



the authors leave some open points still to be answered. Then, the last chapter discusses
the formalism that takes account spin and momentum for relativistic particles |16, 17],
where the notion of a hierarchy of dynamic variables from relativity is introduced to the

quantum mechanical formalism.



2 A Brief Introduction to Group

Theory

2.1 Introduction

When a physical system has a feature, local or global, that remains unchanged by some
variety of transformations, we say that this system has some symmetry. The mathemat-

ical description that helps us to understand such invariance is the group theory.

The element of physical systems that we know as conservation is a concept directly
associated with symmetry. Fach conservation law is related to some symmetry of physical
interactions due to a category of transformations. For instance, the conservation of linear
momentum is a direct consequence of the translational symmetry of the space, which
means that the physical interactions do not take into account where the origin of the

coordinates system was placed.

Another definition of symmetry can be expressed as any geometry of a field is associated
with a particular transformation group G[11]. Elements of such geometry which are

equivalent in respect to G are considered to be the same ones[18].

Therefore, the understanding of group theory is a cornerstone of symmetry-related
interactions. Group theory is the most useful mathematical description of symmetries
and their consequences. In this chapter, the essential group theory principles needed for

the understanding of the following chapters will be provided.



2.2 Groups and Some Basic Definitions

2.2.1 Group

Aset {G:a, b, c, ..} is said to form a group|10] if there is an operation, -, called group
product that maps any ordered pair of elements a, b € G with a well-defined product a- b

which is also in G. Some conditions must be satisfied':
- Group product is associative, i.e.: a-(b-c)=(a-b)-c;

- There is an element in G called Identity, which we will denote by e, that has the following
property: a-e=a,Vae€g,

- For each a € G, there is an Inverse Element of a, denoted by a=! so that a-a=! = e.

A cyclic group C,, is a group that has general structure {C, = e, a, a% ...,a""}; a" = e},
where n is any positive integer. If one makes a table where the table elements are
the products between the cyclic group elements, the lines on the table will be cyclical

permutations of each other, hence the name.

An Abelian group is a group G in which, for every element a, b € G2, we have ab = ba.
If finite, we say that a group G has order n, where n is the group’s cardinality, the number

of elements in G. The cyclic groups, C,, are Abelian groups of order n (n =1,2, ...).

2.2.2 Subgroups

A subset H of a group G forms a subgroup if #H itself forms a group (according to the
group definition) with the same product law as G. If this holds, we say that H forms a
subgroup of G.

Any set of n x n invertible matrices which contains the n x n identity matrix and is
closed in multiplication forms a group. Some important matrix groups are the general
linear group, GL(n)(the group containing all the n x n invertible matrices), the unitary
group, U(n) (the group containing all the unitary matrices), the special unitary group,

SU(n) (containing all the unitary matrices with determinant 1) and the orthogonal group,

1 1

From these conditions we can also derive that: i) e™! = e;ii) a~!-a=e.
2From now on, we will omit the - symbol when dealing with group multiplication, unless the opposite
is said.



O(n) (real matrices where 00T = ).

2.2.3 Symmetric Group and Invariant Subgroups

A direct consequence of the existence of the inverse element of each group element is
the rearrangement lemma, which says, if p, b, ¢, € G and pb = pc, then b = ¢, i.e., if
b and c are distinct elements of a group, then pc and pb are also distinct. Therefore, if
all the elements of a group are ordered in a sequence and we multiply all of them by an
arbitrary element, said p, the result of such operation is a rearrangement of the original

sequence.

Considering a finite, n-order, group with elements denoted by {g1, g, ..., g}, if we
multiply each of these elements by a fixed element, said h, we have {hg1, hg, ..., hg,} =
{gh1, &n2, ---» &nn}, Where the sequence {hl, h2, ..., hn} is just a permutation of the

original sequence, {1, 2, ..., n}, determined by the element h.

Therefore, a relation between any element of a group (h) and a permutation of the
group elements ({hl, h2, ..., hn}). The set of n! permutations of n elements forms
a group, called the Symmetric Group or Permutation Group, S,. The group product
for this group is given by successive permutations. The identity element is leaving the
sequence unchanged. The inverse element of an arbitrary permutation p is given by the

permutation from p to the identity element.

2.2.4 Isomorphisms

Two groups, G and G, are said to be isomorphic to each other if there is a one to one
correpondence between group elements preserving the multiplication law of the groups,

ie,ifg € G+ g/, and g1g& = g3 in G, then g{g; = g and vice versa.

Cayley’s theorem|19] states that every group G of order n is isomorphic to a subgroup
of S,. Using Lagrange’s theorem for groups, that states that if G is a finite group, the
order of its subgroups is divisible by the order of G. Therefore, if G is a group with order
n and n is a prime number, the only possible subgroups are the identity element and G
itself. Thus, if the order of a finite group is a prime number n, this group is isomorphic

to C,.



2.2.5 Classes and Invariant Subgroups

A group element, b € G is said to be conjugated to other group element, a € G if
there is other group element p € G such that b = pap~!. The notation for conjugation
is b ~ a. Some equivalence relations follows from the conjugation conceptc (i) Identity:
each element is conjugated to itself; (ii) Simmetry: if b ~ a, a ~ b; and (iii) Transitivity:

if b~ aand b~ c, then c ~ a.

Group elements conjugated to each other are said to form a conjugation class. Each
element belongs to one and only one conjugation class (a direct consequence of the tran-
sitivity relation of conjugation). The identity element forms a class by itself. A general
result for symmetric groups is that permutations with the same cyclic structure® belongs

in the same class.

If H is a subgroup of G and a € G, then H' = {aha~!; h € H} also forms a subgroup
of G and H' is said to be a conjugated subgroup to H. H and H' have the same amount
of elements and both groups are isomorphic to each other or the only element in common

is the identity.

If a subgroup of G is identical to every conjugated subgroup of G, this subgroup is
called invariant or normal subgroup. A requirement to invariant subgroups is that the
subgroup must contain all elements of the classes on it, e.g., for the symmetrical group
Sz, the subgroup e, (123), (321) forms an invariant subgroup because it contains the

identity and the 3-cycle class. Every group G has at least two invariant subgroups, e and

g itself.

Every subgroup of an Abelian group is an invariant subgroup, because, for a, b in G
if G is Abelian, ab = ba. Equation-wise, the requirement for a subgroup to be invariant
is, if H is a invariant subgroup of G, then H = gHg ™!, Vg € G, therefore, for Abelian

groups, the requirement always holds.

When the only invariant subgroups that a group G has are the trivial subgroups, it is

said that G is a simple group. If G does not have Abelian invariant subgroups, it is said

3Cyeclic representation is a more compact form of representing permutations. Consider the following
permutation: (1,2,3,4,5,6)— (3,5,4,1,2,6). 1 gives place to 3, 3 in its turn gives place to 4, which gives
place to 1, therefore is said that these three elements constitute a 3-cycle. Similarly, 2 and 5 forms a
2-cycle and 6 forms a 1-cycle. This permutation can be expressed as (134)(25)(6) in cycle notation.



to be a semisimple subgroup.

2.2.6 Cosets and Homomorphisms

A left coset is a set of elements pH where H is a nontrivial subgroup of G and p € G
but is not in ‘H. Correspondingly, the set Hp is the right coset of H. Cosets do not form
groups, because the identity element is not present if p ¢ H. If p € H the new set is
just a new rearrangement of H. Either two cosets of a subgroup absolutely coincide or

they do not have any elements in common.

When H is an invariant subgroup of G, the cosets with multiplication law pH - gH =
(pg)H form a group called quotient group, denoted by G/H with order ng/ny.

A homomorphism is a mapping from one group, G, to another, G’, where the product
law is conserved, i.e, if G and G’ have a homomorphism, if g; € G, then exists g/ € G
and if g1g» = g3 in G, then g{g5 = g5 in G'. For a homomorphism , the mapping between
the groups does not need to be one-to-one (i.e., if the mapping is bijective), if it is, then

the homomorphism is also an isomorphism.

If f: G — @G is a homomorphism from G to G’ and K is the set of elements on G
that are mapped into the identity of G’ on this homomorphism, then IC, called kernel of
G or ker(G), form an invariant subgroup of G and if the mapping covers all elements of
G’, i.e., the mapping is surjective, the quotient group G/K is isomorphic to G’ and G is

called covering of G'.

2.3 Group Representations

2.3.1 Automorphism group

In order to define group representation, the notion of automorphism will be introduced
first. Given a homomorphism f of a group G into G, f : G — G'. If f is bijective, then
f is an isomorphism, and if it is so, the inverse of f is also an isomorphism|12]|. Then,
if the domain and the set of destination (codomain) are the same, it is said that f is an
automorphism. That is to say, an automorphism is an isomorphism of a group on itself.

The automorphism of a group G is commonly denoted by Aut(G. An automorphism of a



group permutes elements of the given group.

The set of all automorphisms of a mathematical object, e.g. a group G, forms a group
called the automorphisms group of G. The group composition law is the composition

operation, o.

To prove the statement above, the main properties of a group will be shown to the set

of all automorphisms of a given group G:

— Given two automorphisms, f and g, the composition f o g is also an automorphism: if
f and g are automorphisms, they permute the elements of G, and the combination of two
permutations is also a permutation (2.2.3). More formally, since f and g are bijective,

g o f is also bijective,

for any ¢ and 0 € G;

— o is associative, i.e. (gof)oh=go(foh),

(g o f)oh(¢f) = (gof)(h(¢h))
= g(f(h(¢0)))
=g o (foh)(¢0)
for any ¢ and 0 € G;
— The identity element is the mapping G — G:a—a,Va € G.

— There is an inverse element for each automorphism f € Aut(G) which is also a mor-

phism. If f~1 is the inverse of f, then fof 1 =1=f"1of. If ,¢ € G, then there is a



unique «, f € G such that () = « and f(¢) = f3, so

fY(aB) = FH(F(0)f(¢))
= fY(f(09))
= 0¢

and

Therefore, f(af) = f~(a)f~(B).

2.3.2 Representations of groups

The representation of a group G is picturing G elements by a subgroup of the automor-
phism group of G. The complex representation of G is the homomorphism f : G — GL(V)

where V' is a vector space over C.

For an arbitrary group G and any vector space of C there is a representation f : G —

GL(V) where f(g) =1y for Vg € G called trivial representation of G.

If the homomorphism is also an isomorphism, i.e., Ker(f) = Ig, the representation
is said to be faithful if the representation is not faithful, it is said to be a degenerate

representation.

Linear operators, or linear transformations, are multiplication associative but not nec-
essarily commutative. If there is a set of invertible linear transformations closed in respect
of multiplication and if this set satisfies the group formation axioms, the linear transfor-

mation group is formed.
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2.3.3 Reducible and Irreducible Representations

Being U(G) a representation of the group G on the space V and being V; a subspace
of V such that
Ulg)lx) e i, Vxe Vi, VgegG. (1)

It is said that V4 is an invariant subspace of V in respect to G. A representation U(G)
in V of G is said to be irreducible if there is not a invariant subspace in V in relation to

U(G). If the opposite is true, the said representation is said to be reducible.

For a reducible representation, if the orthogonal complement of the invariant subspace
is also an invariant subspace in respect to U(G), it is said that the representation is

completely reducible.

Unitary Representation

A unitary representation of a group G is a homomorphism of G, say f, where f : G —
U(V) is inside the set of automorphisms of G, aut(G) for a set of unitary operators where

Ut = U~120].

When a space cannot be represented as the union of two or more disjoint, non-empty
open subsets, the space is said to be connected. The identity component of a group G is

the largest connected subgroup of G that contains the identity element.

2.4 Lie Groups

Given a continuous (also called topological) group, G, one can parametrize its elements,

g, by a set of continuous variables|20], A,

g=g(N), A=)\, a=12..). (2)

When a group forms a differentiable manifold, it is called a Lie group. In other words,
a Lie group G(A, f) is a infinite group whose elements can be parametrized smoothly and

analytically [10], where A is a continuous set and f : G X G — G is a smooth map.

For a Lie group, the continuous parameters form a continuous map, that is, the set

11



of parameters that forms the group correspond to the points of a continuous space. Lie

groups use a geometrical point of view of groups.

Taking the product of two elements of a group,

g(\)g(\) = g(V?), (3)

the product parameter is a function of the parameters of the first two elements, that
is,

A% = F(AL A2). (4)

Taking the inverse of g, g1, we have

then,
A= f(A). (6)

If the elements of G form a topological space, that is, a geometrical space which accepts
closeness, and the functions of the A\ parameters are continuous, G is a topological group.
In a Lie group, the elements of G form a manifold, the functions of the A parameters are

analytic functions and the \ parameters are called Lie group coordinates.

Lie groups are an important tool because they represent well continuous symmetry|21],
which is the kernel of the quantum field theory and has an essential role in many physical

and mathematical fields.

Connectivity

A set is said to be connected if there exists a smooth path from any point of the given
set to any other point of the set. It is said to be simply connected if all loops on the
set can be contracted smoothly to a point. If the set in question is not connected, we
say that the set is disconnected. Figure 2.1 illustrates the concepts of simply-connected,

connected, and disconnected sets.

The component of a Lie group element g is the set of all the connected subgroups of

G which contain g. A relevant component of a group is the identity component, which

12



is the set containing all the connected subgroups that include the identity element of the
group. If the entire group is not connected, the connected component of the identity

forms an invariant subgroup.

() {b) (c)

Figure 2.1: Connectivity of three sets: (a) Simply connected set; (b) Connected set; and
(c) Disconnected set.

Homotopy Classes

g1(A)

ga(A)

(a) (b)

Figure 2.2: (a)Two closed paths on the Lie group, p1(\) and pp(\) with same end (and
starting) point, pg. If this paths can be continuously deformed to take the same shape
of the other, they are said to be on the same homotopy class. (b) Two open curves on
the Lie group, g1(A\) and g»(A), if the said curves can be continuously deformed into one
another, they are in the same homotopy class.

Given two closed paths in a Lie Group, p;(A) and po(A) with the same point of end,
po- This paths can be represented by continuous maps in G such that A takes value in
[0,1] and p(0) = p(1) = po. If these two paths can be continuously deformed into one
another, they belong in the same homotopy class. The Figure (5.1) illustrates the notion

of homotopy classes for closed paths and open curves.
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When two paths are homotopic, their inverse paths are also homotopic (because they
are the same path but in inverse direction), the composition between two paths also

contains homotopy [22].

The set of homotopy classes around a point of end pg respects the conditions to form
a group, with the composition as the group operation. The identity component of the
homotopy group is the path p(A\) = po, called the trivial path. In a connected space, the
sets of homotopies around different points of end are isomorphic. Therefore, if the space
is connected, exists a homotopy group that is composed of all the homotopy classes on

the given space.

Universal Covering

When the homotopy group of a space (in this case, the Lie group) is a trivial group,
i.e. all the paths on the group can be reduced to the trivial path, the space is simply
connected. Dealing with simply connected spaces is less laborious than dealing with
connected ones. In order to a better comprehension of a connected group (space), G, it
is possible to create a group that is simply connected and locally topological isomorphic

to G, called the universal covering of G, denoted by G.

The universal cover of a group G is a group G which has a mapping, said p, that for
every element x on the group G there is a vicinity V, such that Vi — p(V) and is a

homomorphism. This map and its inverse are both continuous.

2.4.1 Lie Algebra

A Lie algebra is composed of a Lie group ¢ mapped in a vector space and an operation
called Lie product, [; |, which is an alternating bilinear map. That is, for any g; and g;
in G, the operation [g;, gj] is also a group element and if / = j, the result is zero. A Lie

algebra also satisfies the Jacobi identity, that is

lgi. g &]] + g [gx. &) + [gx. [gi gj]] = 0. (7)
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From this identity, it is possible to show that

[gi. g] = —[g &i]- (8)

This product is also bilinear, which is, for a and b scalars,

[agi + bg;. 8] = algi, gx] + blgj. &xl, (9)

and

[gk, agi + bgj] = alg«. & + blgx. &. (10)

Tangent space of a Lie Group

Manifolds are locally R” spaces. Using the differentiable structure of the manifolds, one
can approximate the neighborhood of a given point in a Lie group by a tangent Euclidean

space to the point in question.

Considering a Lie group G with a one-parameter subgroup, said g(A). g(\) is a contin-

uous and differentiable curve passing through the identity element of G, with g(0) = e*

(and A € R). On the vicinity of e, we have

g(M)g(X2) = g(h + A2), (11)

and

g (\) = g(-A). (12)

Given the condition on (11), locally this subgroup is isomorphic to R. Then we can

write, for a infinitesimal increment J\,

g(6)) =14+ 6)AX 4+ O(2) (13)

4Through a normalization, curve can always have g(0) = e.
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Where X is the definition of a vector in the tangent space,
X == . (14)

This is the tangent vector to the curve g(\) on e. The set of all tangent vectors of all

curves passing through e forms the tangent space of G, denoted by TeG|20].

The TeG, usually called g has important features for studying the Lie group that
generates it. It has a lie algebra structure, dim G = dim g. The base vectors of g given

by
_ g

X, =
N oy

(15)

are called generators and a combination of generators can describe every group ele-

ment.

Invariant Measure

Recalling the rearrangement lemma for finite groups, when performing a summation

for all elements in a finite group G in the form

> fge). (16)

g'eg

It is the same thing as writing

> fle). (17)

geg

1

This result also works for the gg’ product and g=*. This result implies in an invari-

ance. It is possible to construct invariances for continuous groups as well, introducing an
integration measure that is also invariant for inversion, g’g and gg’. This can be written

as

du(g) = du(g'g) = du(gg’) = du(g™?) (18)

and the invariance of the continuous function f(g) is measured with

[ f(e)due). (19
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For compact® groups such invariance exists and is called Haar measure [23].

2.5 Conclusion

This chapter provided some group theory notions that will be necessary for the up-
coming discussions on the next chapters. The next chapter brings the theory of special
relativity into the optics of group theory, that is, the symmetrical approach to special

relativity will be presented and discussed.

5A compact group is a continuous group in which the domain of the group parameter (on this disser-
tation, A) is compact.
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3 A Group Theory Approach to
Special Relativity

3.1 Introduction

The group containing all the Lorentz transformations on Minkowski Spacetime is called
the Lorentz Group. This group is a subgroup of the Poincaré group, which contains all
isometries of Minkowski Spacetime. Isometry is a mapping of a metric space onto another

space (or onto itself) that conserves distance.

In this chapter, the Poincaré group, its properties, and its algebra will be discussed in

order to enable the discussions in Chapters 4 and 5.

3.2 Lorentz Group

3.2.1 Lorentz Transformations

When there are two inertial frames of reference, that is, reference frames with a constant
relative velocity between each other, one can determine a set of linear transformations
between the coordinates of one frame, said X to the other, said X’. This set of linear
transformations is the so-called Lorentz transformations. Each transformation is com-
posed of six components that depend on the velocity between the frames and their spatial

and temporal components.

The Lorentz transformations can be, as any linear transformation, represented by ma-

trices, and we will denote such matrices as A. Therefore, for two inertial reference frames,

18



with components X and X' , we can relate their coordinates by
X' =X, (1)

where A is the Lorentz transformation between the frames X and X'.

Lorentz transformation matrix Ay which satisfies AYA7 g, = g,

3.2.2 Lorentz Transformations form a group

In this subsection will be shown that the set of all Lorentz transformations forms a

group with respect to the usual matrix product.

— If Ay = Af, and Ay = A3, are arbitrary Lorentz transformations and A3, = Ay, A3,

then it yields

/\g)\/\gngV = AlfaAgAAlfﬂAgpgNV
= (Aich/\Tﬁug.“V)/\g)\Agp
= ga,BAg/\Agp

:gp,

therefore, Az is also a Lorentz Transformation.
— Associativity is straightfoward from the matrix group, A;(AxA3) = (A1A2)As.

— The identity group element is defined as e = g/' and it is also a element of the group,

following the condition on 3.2.1:

g;fg;;guu - g)xp:
and for an arbitrary group element A,

g\, =Ng, =N,

— Given an arbitrary Lorentz Transformation A, there is an inverse element A~! defined

19



as (N1)! = g,aN5g™, and

(MDA = gaNgg N,
= (NA3800)8™"

— gpﬁgpu

and A~! is also a group element,

(A_lyi(/\_l):glw - g/\a/\ggﬁugm/\ggéygw
= &\aN3N g (878 guv)
= gM/\g (g’”’/\de/ta”gﬁ‘s)

a/p—1\B
=a(A5(A))

= 8Bxp-

The Lorentz transformation group is not composed only by boosts, any 3-dimensional
rotation in R3 keeps the Lorentz invariance, i.e., keeps the inner product outcome unal-
tered, therefore is also part of the Lorentz group. Although, pure 3-dimensional rotations
(rotations only on the Latin indexes, 1, 2, and 3) are not boosts by definition, therefore,
3-D rotations are Lorentz transformations but not boosts. The set of boosts does not form
a group because the composition of two consecutive boosts is not a boost, but a boost

combined with a rotation. This kind of combination is called Wigner rotation.

Defining the transformations of time-reversal ¥ and space inversion P (parity) by

-1 0 00 1 0 0 O

0 100 0 -1 0 0
Th=T= Py =" = ,

0 010 0O 0 -1 0

0 001 O 0 0 -1

even though the parity transformation is numerically identical to the metric, g, it is not

the same, since P is a transformation and g, is a metric and the tensors have different
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ranks.

With successive infinitesimal transformations starting from the identity, it is possible
to build any boosts and 3-dimensional rotations, but ¥ and ¥ cannot be constructed
in the same way, i.e., T and B are not connected with the identity. A continuously
connected Lorentz transformation to the identity is a boost, a 3-dimensional rotation, or

a combination of both.

The Lorentz group can be summarized by four elements: boosts, 3-dimensional rota-

tions, the P transformation, and the T transformation.

3.3 Restricted Lorentz Group [,1

Lorentz group is the group containing all linear endomorphisms on R* preserving the

quadratic form bellow

(t,x,y,z)—>t2—x2—y2—z2, Vx,y,z, t € R. (2)

The Restricted Lorentz Group is the identity component of the Lorentz Group, i.e.,
the subgroup containing all the Lorentz transformations that can be connected to the

identity element by a continuous curve inside the said subgroup.

The generators of the Restricted Lorentz Group are an ordinary spatial rotation and
a Lorentz boost. A proper Lorentz transformation can be written as a product of a
rotation and a boost, hence, it is needed 6 components to fully specify such transformation
(3 spatial and 3 from the boost), which is the same amount of components needed to

specify elements in Lorentz group.

The set of all rotations forms a Lie subgroup, isomorphic to the ordinary rotation group
SO(3). On the other hand, the set of all boosts does not form a Lie subgroup because

generally, the combination of two boosts does not result in another boost.
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3.4 Poincaré Group

The addition of a spatial translation on an infinitesimal line element, dx? = g, dx"dx”
does not invalidate the invariance of the interval. Hence, in order to describe completely
the interactions, a combination of Lorentz transformations and spatial translations, de-
scribed by

x'=T(N\ a)x = Ax + a, (3)

where, A is an arbitrary Lorentz transformation and a, an arbitrary spatial translation.
The Lorentz Group is just a subgroup of the symmetry group for relativistic interac-

tions.

The subgroup generated by the spatial translations and rotations is the Fuclidean

group, and it is also a symmetry subgroup for non-relativistic interactions.

The group containing rotations, boosts, and spatial translations is the Poincaré group,
consisting of a semi-direct product between the Lorentz group and the translation group

(P =T % L), and will be denoted by P.

Two consecutive Poincaré transformations result in another Poincaré transformation,
T(N,b)T(A, a) = T(NA, b+ Na). (4)

From the equation above, it is possible to determine the inverse element of a Poincaré

transformation,

TYA a) = T(N L —A 1), (5)
because

T YA a)T(N a) = T(AN L, —Ata)T(A, a)

(AN, —A"ta + A ta) (6)

T
T(T,0),

which is the identity element for the Poincaré group.
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3.5 Restricted Poincaré Group and Poincaré Algebra

The restricted Poincaré group is composed by the semi-direct product between the

translation group and the restricted Lorentz group,

Pl :Txﬂr. (7)

The universal cover of 731 uses the universal cover of 51, the special linear group of

degree 2 over the C field, SL(2, C), therefore

Pl =T % SL(2,C). (8)

The translational generators, P have a trivial commutation relation, that is, [24]

[P.. P)]=0. 9)

The commutation relation between two Lorentz group generators is

[Mpl/v Mpa] = _i(g,upMVa - g,Llezp - gz/pM,uU + gVUM,up) (10)

The commutator between the generators of the Lorentz group and the translational
group is

[MIW' ] (gup gl/pPu)- (11)
This three equations above constitutes the Poincaré algebra, a extension of the Lie algebra
of the Lorentz group.
Casimir Operators of Poincaré Algebra

There are two Casimir operators for the Poincaré algebra', the P? = P,P* operator

and the squared Pauli-Ljubanski vector, W? = W, W*.

The Pauli-Ljubanski vector, also called Pauli-Ljubanski polarisation vector, is given by

!The number of Casimir operators for an algebra is equal to the rank of this algebra.
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[24]
W,

1
3= s PYMP,

where €,,,, is the Levi-Civita tensor?.

Being Casimir operators, P?> and W? have the following properties

[Puv Pz] =0, (13) ['Dw W2] =0,

and

[M,,,, P?] =0, (14) [M,,,, W?] = 0.
From the definition of the Pauli Ljubanski vector, we have
w1 v (TV[PT PH
W, Pt = EEWWP (M7 PH),
where, the term in parenthesis can be written using Equation (11) as

M P, = P*M* + [M", P¥]

So Equation (17) becomes

. . .
WP* = Z€upo PP M7 + éewo PYgohpr éewm prgrhpe.

(12)

(15)

(16)

(17)

(18)

(19)

Raising the indexes changed by the metric and separating the first term in half and

changing the dummy indexes, we obtain

. . . .
WP = Z€po P PIMY” + 2601100 P*PYMY + 26, "PYP7 — 26,0, PP,

+1, if prpo is an even permutation of (0, 1,2, 3)
2€wpo—2 —1, if pvpo is an odd permutation of (0,1,2,3)

0, otherwise.
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The two last terms cancel each other, and €,,,, = —€,,,,, therefore
w1 v pEIMIPC
W, P = Zo—Wp(,[P , PMIM (21)

but, from (9),
W, P* = 0. (22)

3.6 Irreducible Representations of Poincaré Group

The Schur’s Lemma [10] states that in an irreducible representation of a Lie algebra,
the Casimir operators are proportional to the identity element. This lemma allows the
classification of different irreducible representations. In quantum field theory, these IRU

represents the one-particle states.
For the Poincaré group, there are three classes of irreducible representations [24]:

Case i)  The state |m) is labeled by a number m? for P2
P?|m) = —m?|m) (23)

and for W2
W?|m, s) = —m?s(s + 1)|m, s) (24)

Case i)  The states for P2 and W? results in

P?|m) = 0|m) (25)
and

W?|m) = 0|m); (26)
Case i11) ~ We have

P?|m) = 0|m), (27)

and
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W?2|m) = —a?|m). (28)

The Poincaré group irreducible representations that have correspondence to experi-
mentally observable physical states are the first and second cases above, the third case

describes a massless particle with infinite states of polarization.

The first case represents a massive particle with mass m, because the P* operator
transforms in the same way as the 4-momentum operator. The s label can only admit
integer and half-integer values. Knowing that in the rest frame of a particle the 4-

momentum operator is

P = (m,0,0,0). (29)

Using (22), in the rest frame we have that Wy = 0 and thus we write

1 .
W; = §.g,.ojkPOMfk. (30)
Where
1 .
Si — 56,_J_kI\\/ka (31)
is the spin operator. Therefore

The second case, where P? and W? yield in 0, imply that P, and W, are linearly

dependent,
W, = AP,. (33)

Where the constant factor \ is called helicity of the particle and is equal in absolute value

to its spin. This case describes states for massless particles.

The third case describes massless particles with infinite states of polarisation. This

kind of state does not seem observable in nature [24] [20].
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3.7 Conclusion

The above-mentioned symmetry groups of special relativity will have a crucial role
in the construction of the projective and unitary representation for relativistic particles,
which is the main topic in the next chapter. This crucial role is due to such matrices taking
account of the relativistic symmetry on quantum particles. For the next chapter will be
considered massive particles (the first case on the discussion above about irreducible

representations of the Poincaré group).
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4 Projective and Unitary

Representation of 771

4.1 Introduction

A density matrix is the most useful way to represent a mixed quantum state. It is a
matrix capable of describing the quantum state of a system. When describing a system
in which there is some sort of entanglement or a system where the preparation of such a
system is not completely known, it is said that the matrices are representing mixed states.
When there are some characteristics of a system that are not known, or impossible to
measure, the partial trace of the system’s density matrix is made. This operation is useful
to describe attributes of a system that only depends on parts of it. Another use for the

partial trace is reducing the dimension of a system.

When dealing with quantum relativistic particles, e.g., quantum particles moving at
a relativistic speed, one must impose the symmetry groups of relativity on a quantum
mechanical frame of work. Performing this imposition, the notion of a hierarchy of

dynamical variables, which is present on relativity, comes up in quantum mechanics.

On this chapter, in order of provide a representation of such density matrices taking
account the relativistic properties the formalism for accurately describing . The problem
on this representation lies on the result of a process called Wigner rotation, that is a
combination of a boost and a 3D rotation (or two non-colinear boosts) in which the
resulting state depends non-directly on the spin and momentum in a non-separable way.
The direct consequence of this kind of rotation is that the usual quantum entropy is not

Lorentz invariant.
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4.2 Construction of the 751 Irreducible Unitary

Representations

4.2.1 Orbit through a 4-momentum

Reproducing the calculations on [16] and [20], the orbit of the restricted Lorentz group,

El, through a 4-momentum p is
O(p) = {L(A)p |A € SL(2,C)} (1)

where L(A) is a homomorphism from SL(2, C) to £ All the 4-momenta inside O(p) are
equivalent. The orbit of a 4-momentum p can be interpreted as a hypersurface of constant
squared momentum [25], p?. For the different physical cases in (3.6) the geometry of the

hypersurface changes,
— For p> = —m?

Represents the massive IUR, the hypersurface is a two sheet hyperboloid and each

sheet is called mass-shell.
— Forp> =0
Represent the massless IUR, the hypersurface generated is a light cone.

On the following calculations the mass-shell orbit and all the previous discussion about

its operators will be considered.

4.2.2 Construction of the basis states for 751

For each irreducible unitary representation of the universal cover of the restricted
Poincaré group, 751 we must have dependency on only one orbit, therefore, we can con-

struct the basis states with a set {|p, a)} of the 4-momentum operator such that

(P, alq, B) = 2wed(p — q)da,p- (2)
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Where oo and 3 are the sets of secundary variables, yet to be specified and
wg=q" = /|lql[>+m. (3)

If the 4-momentum g is such that g € O(p), the little group of g is defined by the
subgroup G, C SL(2,C) such that L(My)g = q, V M, € G,. From this definition, the

irreducible unitary representations of 751 are written as

|q: ZQEOC |qv > (4)

The little groups for elements on the same orbit, said p and g are isomorphic. This
can be shown constructing a Lorentz transformation such that L(A)g = p. Knowing that

exists a My € G, such that L(M,)q = g (the definition of little group), then [20]
L(AM,A p = p, (5)

and AM,A™! is an element of the little group of p. This relation holds for any M, and

the relation is conserved on multiplication of different M,’s,

1pg2 14-1 2 4-1 1pag2 o1
MIM2 = AMIATTAMZAT = AMEM2AY, (6)

Where the Q9(M,) matrices form irreducible unitary representations of the little group

of g, given the group product rule
QU(MgMg) = Q7(Mg)Q% (M), (7)

and the « indexes relate these representations to finite Hilbert spaces H,.

The entire Hilbert space is a fiber bundle! in which the base space is the space of

!Fiber bundle is a topological space that is locally (in its fibers) a product space but globally has
other topological structure
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square-integrable functions with respect to the measure

du(p) = 5— (8)

2w,

and each fiber of the fiber bundle is a H, space. It is also necessary to say that the H,

Hilbert spaces and the little groups to equivalent momenta are isomorphic.

It is required to construct a way to relate the o labels for all the 4-momenta in the
orbit O(p) in order to establish the infinite-dimensional set of irreducible unitary repre-

sentations of 751

In order to construct such relation, we choose a fundamental vector k € O(p) and a
complementary set {C(p, k)} such that as for any vector g € O(p), there is only one
transformation C(p, k) € {C(p, k)} with L(C(q, k))k = q. When dealing with massive
particles, the k vector is the 4-momentum of the rest frame (m,0,0,0). Then we write

the relation

Go(p)[0, ) = > _(8b)5al0. Bi)- (9)

B

For the rest 4-momentum, kK = (m,0,0,0), Gx = SU(2), therefore, the J = (41, J, J3)
are the generators for the infinite-dimensional irreducible unitary representations of 751
associated with SU(2) and g the generators of the finite-dimensional irreducible unitary

representations of Gy.

It is a rational choice relate |0, k) states in a form that the « label is related to the

J3 generator by
400, ak) = |0, ay), (10)

that is, « is the total angular momentum of the z direction for the particle at rest. Then

we can relate the J; and J, generators by

:—[\/55—|— —aa+1)55a+1+\/ss+l —CY(CY—F].)&/;Q 1] (11)

and

:—[\/ss+ ) — a(a+1)dga1 — V/s(s + 1) — ala + 1)dgq1]. (12)
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And for «, 8 the J; is written as (given (10) )

(g3)aﬂ = ﬁéﬁ,a- (13)

Defined the complementary set, { C(p, k)}, the base states for the 4-momenta equivalent

to k are such

[P, ap) € = UIC(p, k)]0, ), (14)

where U[C(p, k)] is the unitary operator related to C(p, k). The C index on the left part
of Equation 14 is due to the fact that any arbitrary set which satisfies condition 4.2.2 is

a valid complementary set.

The irreducible unitary representations of 751 can be fully defined by
U(A)lp, ap>c = Z QS,B(MkC(Ar P))|IL(A)p, BL(A)p>C1 (15)
B
where A € SL(2,C) and
Mi (A p) = CT(L(A)p, k)AC(p, k). (16)

The expression on (16) is called Generalized Wigner rotation. When a particle goes
through a Wigner rotation, the final state is not a direct product of functions depending
on spin and momentum. The spin and the momentum of the particle on the same particle
appear to be in an entangled state (on means that the functions describing the state have
a not direct dependence on spin and momentum just like a mixed state for a set of

subsystems)|17].

4.2.3 Construction of the secondary variable observables for 751

The sets of secondary variables {a, 5, ...} depend on each p and can be written

as

Ge(P)lp. ap) = (8)palp. Bp)C. (17)
B

where the G¢(p) parameter relates the transformations on the little group G, and the

generators of 751 The « indexes depends on each p inside the orbit, different indexes can
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be related using the completeness relation for each orbit,

> [ 50slp.anprpl =1 (18)

we can then write

G50) =X [ 2065 Plpia) “(p.a (19

so that it is possible to write a relation between oy and 3, for Vg € O(p)

Gelg, ag)® = (8)sala. Ba) . (20)
B
and
U(C(p. k) J:U'(Clp, k)P, ap)© = (&)salp. Bp) €. (21)
B

4.3 Examples: Helicity and Spin Basis

Choosing different complementary sets and fundamental vectors results on a different
basis for the system, that is, for each complementary set and fundamental vector chosen,

the IUR is represented differently. Yet the fiber space H, is the same.

In this section, two different complementary sets will be used for the same fundamental
vector k, (k = (m,0,0,0)), which is the 4-momentum on the rest frame of the particle,
as said in (4.2.2). For the Helicity basis, composed by a boost in the z direction with
velocity € and a spatial rotation R(¢, 8, 1), the complementary set has the following form
[10, 20, 26]

C(p. k) = R(, 8,0)B(£), (22)

where given a 4-vector p, a transformation like the one above will first boost the funda-
mental vector k from k = (m,0,0,0) to B,({)k = (\/|lpl| + m?,0,0,||p|]) and then, the
rotation completes the transformation taking B,(£)k to p = (\/||p|| + m?, p), where the

spatial part of p is (px, py, Pz)-

The secondary variables for the Helicity basis, as the basis name suggests, are related
to the particle helicity, which is the projection of the total angular momentum onto the

direction of the momentum. From Equation (10) and the definition of Helicity and [20],
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we define the operator Hz(p) as

Hs(p) = H (23)

where

Hs(p)lp. o) = alp, ap). (24)

The spin basis is the resulting base of the complementary set composed only by pure

boosts, where the boosts B(p, k) are defined by [20]

1 1

0 = 0 =
p’+m\2 p’—m\20-p
Bp,k:( ) a+( ) ) 25

-

The S(p) operator that comes on the Spin basis in a similar way to the Hs(p) on the
Helicity basis is [20]

mS(p) = Jp° — ,S,’JJ'FZ)O/H (K x p), (26)

where K is a boost on the & direction.

Then we have the eigenvalue relation for Ss,

S3lp, ap) = alp, ap). (27)

The interpretation of the physical meaning of the observables on this representation is
not straightforward, the S operator for the Spin basis represents the spin of the particle

on the rest frame. This result is discussed on [10, 20, 27].

4.4 Conclusion

The formalism explained in this chapter will be the basis to answer the question that
will permit quantum state tomography for relativistic particles. The main next goal is
to find if there is a complementary set C(k, p) that relates the generators of the effective
matrices to a subgroup of generators of rotations in the Stern Gerlach apparatus in the

real world that does not depend on momentum.

It has been shown in [14, 17, 28|, that the quantization axis for spin measurement

changes from observer to observer. Therefore, determining such relation between the
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rotations on the measuring apparatus and the quantization axis in a measurable manner
is not a trivial task. The complementary set in question may even not exist. The

determination of the existence and, if it exists, is the next objective of this study.

The next and last chapter is an intuitive derivation of the spin operator for the Stern-
Gerlach experiment and brings up other relevant discussions on the executability of the

reconstruction of quantum relativistic states via quantum state tomography.
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5 Relativistic Stern-Gerlach

Experiment

5.1 Introduction

The Stern-Gerlach experiment is an apparatus that is capable of determining the spin
state for non-relativistic particles. In this chapter, the relativistic Stern-Gerlach observ-
able is obtained from the relativistic transformation properties of the magnetic field that

constitutes the experiment.

When there is a possibility of performing a various number of Stern-Gerlach measure-
ments in quantum systems described by the same density matrix, one can, statistically,
determine a density matrix that successfully describes the system in question [29]. For
a non-relativistic system, it is enough for determining the density matrix, three linearly
independent measurements. When considering a relativistic system, the minimal number

of measurements in order to determine the density matrix is not known.

5.2 The non-relativistic Stern-Gerlach experiment

The Stern-Gerlach experiment was first idealized by Otto Stern in 1921 and executed
in 1922 by Walther Gerlach [1]. The main result of this experiment is the spatial quan-
tization of the electron intrinsic magnetic moment, unraveling the discreet nature of

microscopic interactions. [30].

The original experiment consists of a beam of silver atoms submitted to a spatially

inhomogeneous magnetic field perpendicular to the beam trajectory which deflected the
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atoms. The silver atomic number is 47, which means it has 46 paired electrons and
one 5s electron unpaired. The s orbital has zero orbital angular momentum, therefore,
the only interaction between the electron and the magnetic field is attributable to spin.
Essentially, the silver atom is a massive neutral object with a total magnetic moment

equal to the intrinsic magnetic moment of one single electron.

Fig. 2. Fig. 3.

Figure 5.1: This figure is from the original paper [1] and shows on the first circle the
beam of silver atoms unaltered and the other circle is the result of the application of the
magnetic field to the beam. This elongated shape is due to the wideness of the beam of
silver atoms being greater than the wideness of the magnetic field.

A detector installed far from the deflection region registered the position of each atom.
The classical theory [31] predicted that the magnetic moment of the silver atoms should be
randomly oriented, in other words, the magnetic moment could assume any value from
—upg to ug and the expected result on the detector would be a Gaussian distribution
centered in 0. However the experiment yielded two discreet points of accumulation on

the detector due to the discretization of the spin.

For a non-relativistic measurement, the measurement data obtained in a Stern-Gerlach
measurement is independent of the momenta. Therefore, it is enough to perform three
measurements in linearly independent directions in order to reconstruct the density matrix

for the system studied, in a procedure called quantum state tomography.
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5.3 Mathematical description of spin qubits

In order to describe the relativistic representation of spin, we must define a formalism
that deals well with Lorentz group transformations and with the mathematical nature of
quantum mechanics. This formalism must be Lorentz covariant, in other words, one must
be capable of determining the consequence of a change from one inertial reference frame
to another on the interactions described by such formalism. Furthermore, the formalism
must obey the postulates of quantum mechanics in order to provide a proper portrayal

of quantum interactions.

Generally, one can use Wigner representations [32] to describe the relativistic behavior
of spin. Wigner representations are infinite-dimensional unitary representations of the
Poincaré group. This group in question has an added symmetry of translational invaria-
tion therefore Wigner states are labeled with spin and momentum, |p, ). The momentum

transforms under the Lorentz group, i.e. p* — /\gpﬂ .

However, there is another representation called SL(2, C) spinor. A special linear group,
SL(n, F), of degree n over a field F is the group of nx n invertible unitary matrices equipped
with the group operations of ordinary matrix multiplication and inversion [33]. A SL(2, C)
spinor is a two-component complex vector in a two-dimensional complex vector space W/,
1, which transforms covariantly under the spin 1/2 representation of the Lorentz group.
In contrast to the Wigner rotations, in which the transformation law is a spatial rotation
regarding a specific reference frame, the transformation law for SL(2, C) spinors is frame

independent.

The spinors here treated are irreducible representations of SL(2,C). This irreducible
representation forms the double cover! of the restricted Lorentz group, SO*(1,3). The
complex conjugation operation takes an spinor ¥4 € W to an spinor ¢4 = 14 in the

conjugate space of W, W.

We will work with the spin of a massive fermion, like an electron. Such object is
generally represented as a four-component Dirac field, 1(x), which constitutes a reducible
spin 1/2 representation of the Lorentz group [14]. A four-component Dirac field, also

called Dirac spinor, is the solution to the plane wave of the Dirac equation. Dirac fields

'Double cover is a two-to-one mapping from one topological space to another.
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can be represented in the Weyl or Chiral representation, in which, the field is split in
two SL(2, C) spinors, ¥(x) = (¢a(x), €4 (x)) which represent the left and right-handed
irreducible spin 1/2 representations of the Lorentz group [34]. In this work and in [14],
the qubits will be represented in the two-component left-handed Weyl spinor field, ¢a(x),
but if we worked with the right-handed Weyl spinor field, the results would be the same

as the obtained.

The Dirac v matrices in the Weyl representation are defined by

0 o

o 0

in which, o* = (1, 7) and o = (1, —&). It satisfies the Clifford? algebra
{27} =20, (2)
from which we can obtain the left-handed Clifford algebra,

UjA,EﬂA/B + Uf\A,FO‘AIB = 277“5(55. (3)

The generators of this group in spinor notation for the left-handed 2-spinor are given
by

[oBB — é(ajA,EﬂA/B — UE\A,E‘XA/B). (4)

The operators for the spinors have a index structure in the form Dz, but on this notation

will be represented by D. The generators are written in the form?

e 1
L7 = Eezak, (6)

in which, the [% components generate boosts and the Li components generate rota-

tions.

2The Clifford algebra in question is the Cf;3(C) Clifford algebra, also known as the Dirac algebra
[35].

I
3For the 4-component formalism, the generators are written as S*# = Zha' 78]
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In order to accommodate the quantum nature of the spin interactions, we must provide
the convenient measurement formalism. The W space is a complete space, therefore, to
promote W to the status of a Hilbert space, we must define an inner product and,
equipped with this product, construct a prediction formalism based on the quantum
mechanics postulates. The 2-component irreducible representation of SL(2,C) is not a
unitary spin 1/2 representation of the Lorentz group, however, the unitarity property can
be recovered by the choice of an adequate inner product and the relinquish of the use of

representations.

In order to a sesquilinear? inner product in spinor notation, it is required a spinorial
object with index structure /44, This spinorial object has the form /44 = 1,744 where
u, denotes the 4-velocity of the particle. The inner product between two spinors ¥} and

13 is therefore written as
1a—1 —aA —1
(WHe?) = 140792 = ug Ay, (7)
where the correspondence between Dirac notation and spinor notation is[15]

W) = a (] = 12, (8)

Looking closely to equation 7 and remembering the correspondence cited above, one can

see that all indices are contracted, therefore, the inner product is Lorentz invariant.

The object that enables the inner product, /j‘/A, depends on the 4-velocity, correspond-
ingly, depends on the 4-momentum. So each /j‘/A belongs to a specific Hilbert space, that
we shall call H,. Formally, we do not have a representation of the Lorentz group, since a
Lorentz transformation A will result in a mapping from the Hilbert space H,, to Hilbert
space Hpp, A : H, — Hjp, consequently, when we make a linear transformation like A in

this formalism we are not dealing with the same group anymore.

Another key aspect of quantum formalism that must be reevaluated for this analysis

is the general form of Hermitian operators and observables. For a Hermitian operator A,

1Being f : V x V — C. f is a sesquilinear form if it is linear in respect to the first coordenate
(F(Au+ v, w) = Mf(u,w) + f(v,w)) and antilinear in respect to the second coordenate (f(u, \v + w) =
A (u,v) + f(u, w)).
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we have

(x|Av) — (xAl)) = 0. (9)

Using the formalism described above,

122w AR s — 1A AR Yetba = 0. (10)

A convenient form of making Equation (10) hold is introducing a way to describe Her-

mitian operators depending on the Pauli-Ljubanski vector, in the following way

A:na(—wwaﬁ) (11)

m

where each operator depends on a 4-vector n,.

On the rest frame of the particle, the spin operator must reduce itself to the usual spin

operator, therefore the n, vector must be orthogonal to u®,

nau® = 0. (12)

Normalizing n® so that we have n> = —1, we can write the Lorentz invariant expectation

value for and operator A and a spinor |i4) as

N A~ 2WSEB
(WIAR) = =1 g —2—1p. (13)
Using the relation
we2WEY  phewa o —BAA
e ——— =5 — u®ugc”" ", (14)
m
and (12), we write
(W A) = =nad* AP aiba (15)

which is a invariant quantity, since all the indexes contract.
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5.4 Derivation of the Stern-Gerlach observable

Given the form of Hermitian operators presented in the previous section, to determine
the suitable spin observable for a relativistic Stern-Gerlach measurement it is enough to
resolve the relation between n, and the direction of the Stern-Gerlach apparatus. The
first step to acknowledge this observable is a non-relativistic analysis of the Stern-Gerlach

experiment on the formalism presented above.

The arbitrary observable for the non-relativistic Stern-Gerlach measurement is simply
njo’. The Fermion is exposed to an inhomogeneous magnetic field, B, for a brief period
of time in its own reference frame. The field is the same on the Stern-Gerlach reference
frame, BfF = B¢ = |B5¢|b?°. The direction of the magnetic field defines the direction
of the spin quantization. On other hand, the field gradient, V;|B°C| is responsible for
the rate and direction in which the wave packet will divide into the different eigenstates
of b?¢o’. Thus, in the non-relativistic scenario, the direction of the magnetic field, b>°,

is the measurement direction, n,.

When the Fermion moves with relativistic velocity through the apparatus, on its ref-
erence frame the spin observable is indistinct from the non-relativistic scenario, being
its direction b but the magnetic field is not the same on the Stern-Gerlach apparatus
frame. The transformed magnetic field will be denoted by BRF, thus, the measurement

direction will be n' = bl

On the Stern-Gerlach apparatus reference frame, the purely-magnetic field is written

as

. [o o
Fop = —€apysV' Bsg = (16)
0 B

where v? is the 4-velocity of the apparatus and Bsg its magnetic field. For the mag-
netic field on the particle’s rest frame, it is necessary to take account the relativistic

transformations of the magnetic field.

The measurement direction on the particle rest frame is given by

«a
a BRF

— _RF 17
RF ‘BRF| ( )
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where Bgg relates to Bsg as [14]
Bir = Bis(vau?) — v (Bseat?), (18)

where v* is the 4-velocity of the apparatus and u* the 4-velocity of the particle.

Then we can write the spin observable depending on the Pauli-Ljubanski vector as in

(11)

2waB
S8 = —bgFTA. (19)

5.5 Conclusion

The work on [14] defines two different spin observables for particles that are moving
in a relativistic relative velocity in relation to the Stern Gerlach apparatus. The first
observable is described in this chapter, the second one, based on a WKB analysis can be
found on [14]. Both observables also depend on momentum. The authors debate that
for non-relativistic particles, the set of three linearly independent measurements suffice
enough data to reconstruct the state, but given the relativistic transformation properties
of the magnetic field and the spin operator it is not known what is the size of the minimal

set of measurements to fully specify the relativistic state.

On the rest frame of the particle, the proposed spin observables are reduced to the
usual and well-defined non-relativistic spin observable, however this does not assure that

the relativistic observable really has a physical usability.
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6 Conclusion

This document begins with a brief introduction to group theory, which is necessary
to understand the symmetry implications of the special relativity theory. The symmetry
groups regarding the characteristics of the special relativity mechanic are presented and
discussed, and besides that, the notion of the covering maps and the connection of the
Poincaré group are explained. Both this notions are crucial on the further analysis on
this dissertation. Given the symmetry groups of special relativity theory, the notion of a
projective and unitary representation of relativistic particles, where the calculations on
[16, 20| are shown and the hierarchy of dynamic variables in relativity is introduced on

the quantum mechanical framework.

From these discussions, the issue of finding a subset of transformations in which the
Wigner rotations do not depend on the momenta for an arbitrary complementary set is
brought to light. This issue is fundamental in order to determine if there is a possibility

to define a process of quantum state tomography for relativistic particles.

Further on the document, the relativistic adaptation of the Stern-Gerlach experiment
is described under the optics of [14] where the final procedure for fully determining the
quantum state of a relativistic particle is not complete, because the minimal number of
measurements is not known. In essence, the problem brought in [14] is the same problem

that is stated in chapter 4.

The massive relativistic particle with spin is described on Chapters 4 and 5 differently,
with the irreducible representation of 771 for massive particles and the Weyl representa-

tion.

From the crucial works of [14, 16, 17] and [15] the open points on the quantum state

tomography for relativistic particles are discussed and hopefully will be further resolved.
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This dissertation discusses such points and the main goal of the continuation of this
work is to solve the problem that constitutes on the determination of a subset of Wigner

rotations that do not depend on the momenta.
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7 Perspectives and further steps

In chapter 5 it was shown that there is a set of transformations in which the Wigner
rotations are associated with the complementary boots set [10] and with an arbitrary com-
plementary set [16]. The main further goal is to show, given an arbitrary complementary
set, whether there is or there is not a subset of transformations in which the associated
Wigner rotations do not depend on the momenta. In other words, we are searching for a
correspondence between the set of generators of effective matrices transformations and a

subset of generators of physical R? rotations.

If the above correspondence exists, it is possible to fully determine the relativistic

quantum state tomography.
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