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Abstract

The intersection between quantum mechanics and gravitational physics has
been providing challenging puzzles for decades. In this context, we study the dy-
namics of an open quantum system coupled with a bath of gravitons, the quanta of
the gravitational field in the linear limit of general relativity. We focus on two main
aspects. First, we analyze the decoherence induced by gravitons when we consider
the open system to be described by both external and internal degrees of freedom.
Since gravity is universal, the internal variables also interact with the gravitons,
and here we show that this interaction leads to the decoherence of spatial superpo-
sitions of microscopic systems in the long-time regime, even when the graviton bath
alone does not. We then proceed to the second main aspect, which is the entropy
production that arises when an external agent drives a quantum system through the
graviton bath. This irreversibility comes from quantum fluctuations of spacetime

itself and, as such, has a fundamentally universal aspect.

Keywords: Gravitons; Decoherence; Fluctuations; Entropy.
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Resumo

A intersecdo entre a mecéanica quéntica e a fisica gravitacional tem propor-
cionado enigmas desafiadores ha décadas. Neste contexto, estudamos a dinamica de
um sistema quantico aberto acoplado a um banho de gravitons, os quanta do campo
gravitacional no limite linearizado da relatividade geral. Focamos em dois aspec-
tos principais. Primeiro, analisamos a decoeréncia induzida por gravitons quando
consideramos que o sistema aberto é descrito por graus de liberdade tanto externos
quanto internos. Como a gravidade é universal, as variaveis internas também in-
teragem com os gravitons, e aqui mostramos que essa interagao leva a decoeréncia
de superposicdes espaciais de sistemas microscopicos no regime de tempos longos,
mesmo quando o banho de gravitons isoladamente nao o faz. Procedemos entdo
para o segundo aspecto principal, que é a producdo de entropia que surge quando
um agente externo conduz um sistema quantico através do banho de gravitons. Essa
irreversibilidade provém das flutuagdes quanticas do proprio espago-tempo e, como

tal, possui um aspecto universal fundamental.

Palavras-chave: Gravitons; Decoeréncia; Flutuacoes; Entropia.
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Notations and Conventions

« Index notation. Four-vectors are denoted by z# = (2°

,X), where x refers
to its spatial components and x° to the temporal one. Partial derivatives are
usually denoted by 0, = 0/0z*. When working with tensor fields on an
n—dimensional spacetime, Greek indices run from 0 to n — 1 while Latin
indices run from 1 to n — 1. Repeated indices are summed over (Einstein
summation convention) unless stated otherwise. The box symbol is reserved
for the flat d’Alembertian, [ = #*¥0,0,, where 1), denotes the Minkowski

spacetime metric tensor.

« Symmetrization and antisymmetrization. For an arbitrary rank tensor

Ty, ..pp° We define

1
Tnopin)e” = E(Tm-..unpg + sum over permutations of indices 1 . . . ),
and
Trwroin)p” = = Ty " + alternating sum over

n!

permutations of indices 1 . . . fty,).

+ Metric signature. Throughout this work we use the mostly-plus metric con-
vention,

N = diag(—1,+1,+1,...).

« Curvature. Useful tensors and symbols constructed from the spacetime met-

ric tensor g, and its inverse g"”:

Curvature symbols and tensors

Christoffel symbols FZV = % g"p(augyp + 0o — apQ,uu)
Riemann tensor Rl = 0,1, = 0,10, + 19,7, =0T,
Ricci tensor R, = R

Ricci scalar R=g¢"R,
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« Time derivatives. Dots over functions of a time variable denote deriva-

tives with respect to such time. For example, f(t) = df(t)/dt, h(t,x) =
0*h(t,x)/0t*, and so on.

Fourier transforms. The n—dimensional Fourier transform of a spacetime
function F(z), denoted F'(k), is defined such that

Pa) = [ e P ke,
F(k) = /d"x F(x)e ™,

with kz = n,, k"2 and k* = (w, k). The n—dimensional delta function

satisfies

(k) = (2717)" /d”x etk

Units. Unless explicitly stated otherwise, we work in units such that
h=c=kg=G=1,

where £ is the reduced Planck constant, c is the speed of light in vacuum, kg
is the Boltzmann constant and G is the gravitational constant. Sometimes it
will be useful to restore these universal constants, which can appear in terms

of the so-called Planck quantities:

Planck quantities

Quantity Definition Approximate value in SI units
Length Lp = /hG/c? 1.6 x 107% m

Time tp = \/hG/c? 5.4 x 10745

Mass Mp = \/he/G 2.2 x 107 8kg

Energy Ep = \/he* /G 2.0 x 107]

Temperature Tp = /hc®/Gk% 1.4 x 102K




Introduction

Topics that fall within the intersection of general relativity and quantum mechanics,
arguably the two main pillars of modern physics, have been puzzling a fair number
of scientists for the last few decades. Perhaps the most famous one refers to the
pursuit of a quantum theory of gravity, which remains one of the greatest current
open problems in physics. Despite theoretical efforts [1-18], an experimental con-
firmation of the quantum nature of the gravitational interaction is still lacking, most
likely due to its weakness relative to the other three known fundamental interac-
tions, all of which are satisfactorily described by quantum field theory. Without
guiding experimental results, there are many candidates for a quantum theory of
gravity with significant differences among them, and there is no general consensus
on how to properly quantize gravity, or even if it requires such a quantum treat-
ment.

Whatever theory of quantum gravity (if any) is ever proved to be the most suit-
able, it is natural to expect that the usual quantum field theoretical treatment will
hold in the limit of weak gravitational fields. In this limit, the total spacetime metric
is described by an expansion around some known solution to Einstein’s equation,
in which the perturbation represents the propagating degrees of freedom. This is
the classical description of the so-called gravitational waves, which were detected
by LIGO in 2015 [19]. At the quantum level, these waves give rise to a spin 2 exci-
tation called the graviton, in the same way that the quantization of electromagnetic
waves introduces the concept of the photon. This is the framework of perturba-
tive quantum gravity [1], a formalism that faces problems concerning perturbative
non-renormalizability; nonetheless, it stands as a genuine predictive effective field
theory [20]. However, the weakness of gravity poses a significant obstacle to veri-
fying such predictions with current technology.

Even the detection of gravitational waves by LIGO was only possible after con-
siderable efforts by hundreds of scientists over many years, so one can wonder how
far we are from actually detecting single gravitons (if such a detection is even possi-
ble [21]). This scenario motivates different proposals for detecting quantum aspects
of gravity in more indirect ways that do not require the direct detection of gravi-
tons, such as gravity-induced entanglement [22, 23], graviton noise affecting the

geodesic deviation of test particles [24-30], and gravitational decoherence [30-34].



2 Introduction

Decoherence refers to the phenomenon of irreversible loss of quantum coherence
due to the entanglement between a system of interest and an environment, which
is usually a quantum system whose degrees of freedom are either not of interest
or intractable from a practical point of view. When this phenomenon is somewhat
tied to gravitational interactions, we call it gravitational decoherence. For example,
Kanno et al. [30] analyzed the decoherence of a spatial superposition of a quan-
tum point particle induced by interaction with a graviton bath. However, the term
"gravitational decoherence" is not always tied to cases where the environment is
described by quantum gravitational degrees of freedom. Particularly, Pikovski et
al. [35, 36] studied the decoherence of a composite particle due to the interaction
with its own internal structure, which is mediated by the time dilation induced by a
classical static gravitational potential. Following these two distinct mechanisms of
gravitational decoherence, we pose the question of whether a graviton bath can also
induce a coupling between the internal and external degrees of freedom of a com-
posite system while acting as an environment itself, and what the consequences are
for the decoherence of quantum superpositions of the center-of-mass coordinate of
such a composite particle.

In this work, we investigate the decoherence in the external degrees of free-
dom of a quantum system due to its coupling with its own internal structure and
with a bath of gravitons. We make use of the Feynman-Vernon influence functional
approach [37-39] (which generates the non-equilibrium effective action for the sys-
tem of interest within the Schwinger-Keldysh closed time path framework [40, 41])
to obtain the reduced density matrix of the relevant variables. Such a scenario in-
volves dealing with an open quantum system interacting with two environments.
However, due to the universal aspect of gravity, the field also couples with the in-
ternal degrees of freedom, meaning that the two environments also interact with
each other and the solution to the problem is not easily obtained by simply adding
the individual influences of each of them. We show how to obtain the decoher-
ence function, as well as the decoherence time, for the loss of quantum coherence
of the system initially in a superposition of spatially separated spacetime events by
considering four possible initial graviton states.

Another question we pose is regarding the entropy production due to such
spacetime quantum fluctuations. Particularly, the irreversibility of gravitational
time dilation was analyzed in Ref. [42], which was later generalized to classical
curved spacetimes in Ref. [43] and applied to quantum fields in Ref. [44]. Here, by
considering the open quantum system acted upon by an external agent during a fi-
nite time interval, we obtain an expression for the work dissipated when the system

is bound to move through a bath of gravitons. This is accomplished by analyzing
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how the fluctuation theorem [45-50] applies to the problem at hand.

This thesis is divided into three main parts, which we organize as follows:

« Part I presents the theoretical background, the tools and concepts that will be

used in the remainder of this work.

— Chapter 1 is a literature review of classical linearized gravity and its
quantum treatment, the framework of perturbative quantum gravity,

which introduces the concept of the graviton.

— Chapter 2 reviews the topic of open quantum systems with focus on the
phenomenon of decoherence, particularly in the context of the quantum
Brownian motion. Chapters 1 and 2 are completely unrelated and do not

need to be read in any particular order.

— Chapter 3 puts together the concepts introduced in the previous ones
and presents a brief and selected literature review of the topic of gravi-

tational decoherence.

« Part II is the core of this work, where we analyze the graviton-induced de-
coherence of a composite system, as well as the graviton-induced entropy

production.

— In Chapter 4 we consider a quantum composite particle, described by
external and internal degrees of freedom, coupled with a weak quan-
tized gravitational field in a Newtonian background. By integrating out
all but the external system’s variables, using the Feynman-Vernon influ-
ence functional, we find the reduced system density matrix in which all

environment influences are encoded in noise kernels.

— In Chapter 5 we analyze the decoherence function for a spatial super-
position of the system’s center-of-mass variable by considering specific
configurations of the superposition state, as well as different initial gravi-
ton states. Both Chapters 4 and 5 are adapted from two original pa-
pers [51, 52].

— In Chapter 6 we analyze the work dissipated when an external agent
moves a system through the graviton bath and quantify the entropy pro-
duction. This chapter is adapted from another original paper [53].

— We close Part II with some concluding remarks as well as with some

perspectives for future work.

« Part III contains the appendices.
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— Appendix A is a review of useful concepts in differential geometry, the

mathematics behind general relativity.

— Appendix B explores the interaction between the quantum gravitational
radiation degrees of freedom and the Newtonian background. Here we
explicitly compute the differential cross section for graviton scattering,

which we briefly discuss in Chapters 1 and 4.

- In Appendix C we explicitly compute the noise kernels that encode the
environmental influences on the quantum system of interest. We com-
pute the gravitational noise kernel for vacuum, thermal, coherent and
squeezed states, and also the internal degrees of freedom noise kernel

by considering those to be in a thermal state.

— Finally, Appendix D briefly reviews the Crooks (classical and quantum)

fluctuation relation and Jarzynski’s equality.

— The Bibliography is listed at the end of the text.
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Theoretical background






Chapter 1

Perturbative quantum gravity

Developed by Albert Einstein in the 20th century, the general theory of relativity
quickly became one of the pillars of modern physics, alongside quantum mechanics.
By providing a successful and modern description of the gravitational interaction,
general relativity has led to some remarkable predictions that have been experimen-
tally verified, such as the precession of Mercury’s perihelion, the bending of light
by gravitational fields, and the existence of gravitational waves [54-63]. Being the
weakest of the four known fundamental interactions, gravity is the only one among
them that lacks a satisfactory and experimentally confirmed quantum description.
While the electromagnetic, weak, and strong forces are successfully described by
the Standard Model of particle physics [64-66], the question of whether gravity
even admits a quantum description or retains its classical status is still under de-
bate [3-8]. Naturally, this debate can only be resolved by experiments. Although
standard dimensional analysis seems to indicate that quantum gravity is expected
to become relevant only at the Planck scale [55], which is significantly beyond the
reach of current technology, recent years have witnessed increasing attention to the
idea of testing quantum features of gravity in table-top experiments, motivated by
quantum information concepts [22, 23, 67-80]. However, conclusive experimental
evidence remains elusive due to the difficulties in probing the weak gravitational
interaction in the quantum regime.

From the theoretical side, there are also some conceptual difficulties. Gravity
differs from the other interactions since the latter are described by fields on a fixed
spacetime background, while general relativity is a theory of spacetime itself, and it
is not clear what it means to quantize it. There are many candidates for a full theory
of quantum gravity, such as quadratic gravity [9, 10], asymptotically safe quantum
gravity [11, 12], causal dynamical triangulations [13, 14], loop quantum gravity [15,
16], string theory [17, 18], among others [1, 2]. Each one faces its own conceptual
issues, and all of them lack experimental corroboration.

Nevertheless, whatever full description we may have for quantum gravity at all

energy scales (if needed), one may expect to recover, in the weak-field limit, the
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usual quantum field theory description on a fixed background. To be more precise,
the weak-field limit involves a metric expansion around some classical solution to
Einstein’s field equations, and only the dynamics of the small perturbation is con-
sidered. Classically, this leads to the description of gravitational waves. Since this is
mathematically equivalent to describing a field over a fixed background, the quan-
tization procedure follows straightforwardly in complete analogy with the quanti-
zation of the electromagnetic field, for instance. This is the framework of pertur-
bative quantum gravity, and the quantum excitations of the metric perturbation
field are what we call the gravitons.

This quantum field theoretical approach to general relativity is to be viewed as
an effective field theory since it suffers from perturbative non-renormalizability;
hence, it cannot be taken seriously up to any energy scale. This means that, at
the Planck scale, a UV completion is necessary, i.e., a full theory of quantum grav-
ity. Nevertheless, perturbative quantum gravity makes testable predictions. For
instance, this framework was used in Ref. [20] to explicitly compute radiative cor-
rections to the Newtonian potential (see also Ref. [65]). For a potential of the form®
¢(r) = —GM /r this correction is of the order of iG/c*r?, which is too small to
be measured any time soon, but it stands as a genuine prediction of perturbative
quantum gravity nonetheless.

The present chapter is devoted to a review of this framework, which serves as
the basis for the subsequent analysis. We begin by quickly introducing the gen-
eral theory of relativity formulated from the action principle, and then proceed to
consider the case of linearized gravity, in which we study small perturbations to
Minkowski spacetime. These small perturbations are the classically known gravi-
tational waves, so we discuss how these ripples in spacetime propagate, how they
interact with test particles, how they are produced, and how they are detected. Next,
we discuss their quantization, which gives rise to the gravitons, and we also outline
the limitations of the theory. Finally, we generalize the framework of linearized
gravity for a general curved background. Then, we take the Newtonian limit and
study how gravitons interact and are scattered by a classical Newtonian potential.
This discussion will be essential for when we consider the problem of graviton-

induced decoherence near some Newtonian source (like Earth) in Part II.

1.1 The Einstein-Hilbert action

One of the main ideas behind Einstein’s theory of gravitation is the equivalence

principle. It dates back to Newtonian mechanics by stating that the inertial mass,

'Keeping the universal constants explicit.
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which measures how much any given force can influence the motion of a system,
is the same as the gravitational mass, which is related to the property that any
massive system has to interact with and produce a gravitational field in all space (in
a way analogous to the electric charge in Coulomb’s law). The equivalence principle
provides a special status to the gravitational interaction, for which a more modern

statement reads [54]

In small enough regions of spacetime, the laws of physics reduce to those of special
relativity; it is impossible to detect the existence of a gravitational field by means of

local experiments.

The equivalence principle implies that gravity is universal, affecting all forms
of energy and momentum. If that were not the case, one could perform a local
experiment involving two systems (one affected by gravity and the other immune
to it), observe their different behaviors, and infer the presence of the gravitational
field, thereby violating the principle. Under this paradigm, it becomes natural to
think that such a universal interaction must therefore be linked to the structure of
spacetime on which matter and radiation propagate.

The connection with Riemannian geometry arises due to the similarity between
the equivalence principle and Gauss’s guiding principle of non-Euclidean geome-
try: at any point on a curved space, we may construct a locally Cartesian coordi-
nate system in which distances obey the law of Pythagoras [56]. If we postulate
that spacetime events are points in a curved differentiable manifold with a pseudo-
Riemannian metric, the equivalence principle arises naturally from the construction
of locally inertial coordinates once we identify gravity with the curvature of space-
time (see Appendix A for a quick review on differential geometry). The spacetime
curvature is affected by the distribution of energy and momentum in a way that is
described by Einstein’s equation.

The postulates of general relativity can be listed as follows:

1. Spacetime is a four-dimensional differentiable manifold M endowed with a

Lorentzian metric g,,, .

2. The curvature of (M, g,, ) is related to the matter distribution in spacetime

by Einstein’s equation, which reads?
1
R, — §Rgm, = 871 . (1.1.1)

In Eq. (1.1.1), R,,, is the Ricci tensor and R is the Ricci scalar. The (0, 2) symmetric

tensor 7, is called the energy-momentum tensor. The Bianchi identity, together

’In this work, we only consider solutions with null cosmological constant.
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with Einstein’s equation, implies energy-momentum conservation,
v, T =0, (1.1.2)

with V,, denoting the (metric-compatible) covariant derivative.
Einstein’s equation states that the metric structure of spacetime is governed by
the energy density distribution encoded in the energy-momentum tensor; however,

this tensor also depends on the metric itself. For a perfect fluid, for instance, it reads
™ = (p+ P)U*U" + g™ P, (1.1.3)

being described by its rest-frame energy density p and an isotropic rest-frame pres-
sure P, as well as its four-velocity vector field U*(x). Due to the explicit dependence
on the metric, and also to the highly non-linear nature of the Einstein tensor, finding
general solutions to Einstein’s equation is a very difficult task, in general.

General relativity is an example of a classical field theory in which the dynam-
ical field is the spacetime metric. As is usual in field theories, one can derive the
equations of motion from the principle of least action. For general relativity, we
write the total action as

S = SgH + Smatters (1.1.4)

where the first term on the right-hand side describes the metric field, while the sec-
ond term describes the matter that propagates in spacetime. The action describing

the gravitational field is called the Einstein-Hilbert action, and it is given by

1
SEg = — dx v—9R, (1.1.5)
167

where the integral extends throughout all spacetime and g is the metric determinant.

According to the principle of least action, the equations of motion arise for field
configurations that satisfy 0.5 = 0, where the ¢ notation denotes the variation of the
action functional with respect to the metric field. For the Einstein-Hilbert action,

we have

3Sem = [ 4% [(5W=5) R+ V=300™ ) By + V=30 (0B (116)

For the first term on the right-hand side, we take the variation on both sides of
the identity Ing = Tr (Ing,,) to obtain 0g = ¢(¢""ég,,). Now use the fact that
6(g"*gr,) = 0, which then leads to §g,, = —g,,9,,0¢9”" and, finally, to g"*dg,, =
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— 9, 0g"". Then,

1
\/_

Now, for the third term on the right-hand side of Eq. (1.1.6), we need to compute

0/ —g = g———\/ 99u,09"" . (1.1.7)

0R,,. First, note that a linear metric variation, g, — g, + 0g,., leads to a lin-
ear variation of the Christoffel symbols, I'f,, — I',, + 0I'/,. Being the difference
between two connections, the variation 5Ffw is a tensor. Then, the corresponding

variation of the Riemann tensor reads

SR = Ox(0T%,) + 1%, (6T5,) +T5,(6T5.) — (A < v)
= Va(0I%,) = V., (1%,), (1.1.8)

where the covariant derivative is compatible with g,,,,, not with g,,, + dg,...

Putting everything back together into Eq. (1.1.6) leads to

1
0SEH = F d*z /= ( - gWR) ogh”

+ oo d*z /=gV,[g" (6T2,) — " (oT3,)]- (1.1.9)

Note that, by Stokes’s theorem, the term on the last line is a boundary contribu-
tion. However, it does not vanish for general variations with g,,, held fixed because
it also depends on the first derivatives of the metric. For a spacetime with a non-
null boundary, for which the first derivatives of g, are not held fixed on it, one
needs to include a boundary term in the Einstein-Hilbert action in order to can-
cel this contribution and obtain Einstein’s equation. This occurs because the Ricci
scalar, the Lagrangian density of the Einstein-Hilbert action, depends on the second
derivatives of the metric field, while the Lagrangian densities of other field theories
usually depend only on the field and its first derivatives (see Refs. [55, 81]). Having
mentioned this subtlety, let us simply set the boundary term to zero, which will be
enough for our purposes.

The variation of the total action reads
1
6S = Ton /d4x\/ ( — iRgW)ég‘“’ + 0 Smatter- (1.1.10)

The energy-momentum tensor 7, can then be defined from the variation of the

matter action Spatter Under a change of the metric according to

8 Smatter = —l/dA‘x V=9T,.,6". (1.1.11)
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Then, setting 0.5 = 0 immediately yields Einstein’s equation (1.1.1).

1.2 Linearized gravity in flat spacetime

Having established the foundations of general relativity, we now address the dy-
namical degrees of freedom of the metric field in the weak-field limit, which leads
to the phenomenon of gravitational radiation. The study of gravitational radiation
faces an immediate difficulty due to the non-linearity of Einstein’s equation, which
is not encountered when studying electromagnetic radiation, for instance. The main
difference between the former and the latter is that, while electromagnetic waves
carry no electric charge, a gravitational wave is itself a distribution of energy and
momentum, which then affects its own field. We shall then be interested in study-
ing the weak-field solutions to Einstein’s equation, representing gravitational waves
whose energy and momentum are not strong enough to significantly alter their field.
In this section, we study the metric expansion around flat spacetime. The general

case of expansion around a curved metric will be treated in Section 1.4.

1.2.1 Weak-field limit

The linearized version of general relativity describes a theory of a symmetric tensor
field h,, (x) propagating on a fixed background spacetime, which we choose to be

flat spacetime for now. We begin by expanding the metric as

Guv = N + huua (1-2-1)

where we assume that |h,, | < 1 such that we can neglect higher order terms in

the equations of motion. The inverse metric reads
g =" — ht, (1.2.2)
where h*" = n**1"? h,,. To linear order in h,,,, the Christoffel symbols read
Iy, = %’rz”"(auhw + Oyhoy — Oshy), (1.2.3)
and the Riemann tensor becomes
Rpop = %(aﬂ&,hpy + 0,0, — 0,0,hue — 0,05h ). (1.2.4)

In order to obtain an expression for the action describing the field h, (x), we

need to expand the Einstein-Hilbert action up to second order in h,,, since the
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equations of motion are expected to be first order in the metric perturbation. After
a long but straightforward calculation, we find

1
4

+ total derivative of second order terms, (1.2.5)

1 1
R =8,0,l" —Oh = Sh*8,0hy, + ZhOh + Lh* O,

where h = 7n**h,,, and we are omitting total derivatives of terms of order O(h?),
since these will either lead to boundary terms or terms of order O(h?) in the La-

grangian. Furthermore, we can use the identity’

VTI=1+ 5h+ 00, (126)

to obtain

1
SEH = = d*z (h,, O™ + 2h*9,0,h — hOh — 2h,,0,0"h"*), (1.2.7)
where we dropped boundary terms as well as higher order ones. Eq. (1.2.7) is the
Einstein-Hilbert action linearized around flat spacetime, and it describes the free
dynamics of the metric perturbation field /,,. The equation of motion in vacuum

(T},, = 0) obtained from this action, for instance, takes the form
Ohyy = 0°0,hoy + 0700, — 0,0, h. (1.2.8)

Next, let us see how diffeomorphism invariance of general relativity can actually

simplify the Einstein-Hilbert action even further.

1.2.2 Gauge invariance

Recall that Einstein’s equation can be written as G, = 87T, where G, is the
Einstein tensor [see Eq. (A.8.10)], which is a symmetric tensor with ten algebraically
independent components. These do not suffice to determine g,,, uniquely because
these components are related by four differential identities, namely the Bianchi
identities, V#G,,, = 0. This means that the solution of Einstein’s equation leaves us
with four degrees of freedom in g, that are not uniquely determined. This arises
from diffeomorphism invariance, which physically corresponds to the fact that if
guv solves Einstein’s equation, then so will g/, which is derived from g,,, by a gen-

eral coordinate transformation.

3This follows from the identity det G = exp[Tr(In G)] for a matrix G.
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To see the consequences of this observation for linearized gravity, let us write

the metric expansion (1.2.1) as

Gy (€) = Mo + €l (1.2.9)
such that 4o (e
Guv €

h,, = . 1.2.10

K de 0 ( )

One can then think of the parameter € as generating a family of spacetime metrics.

Let ¢ : M — M be a diffeomorphism. Due to diffeomorphism invariance,
(M, g,) and (M, (¢*g) . ) represent the same physical spacetime, with (¢*g),,, de-
noting the pullback of the metric tensor* (see Appendix A). Now consider a one-
parameter family of spacetimes, (M, g, (€)). Then (M, (¢ g(€)),.) represents the
same spacetime family, with ¢. denoting the one-parameter group of diffeomor-
phisms generated by an arbitrary vector field e*(x).

Diffeomorphism invariance then implies that /), = d(¢7g(€)),./de L:o and
h,. represent the same physical metric perturbation. We can obtain a relation be-

tween them by computing

Moy~ s = (67006 — (0]

e=0

— lim (¢*Aeg(Ae));w - g,W(Ae)]
Ae—0 Ae
= L9 (0), (1.2.11)

where L. is the Lie derivative along the vector field ¢#(z). Here, we used the fact

that ¢ is the identity map. We can use Eq. (A.6.10) to write
W = huw + Ve, + Ve, (1.2.12)

with V, denoting the covariant derivative compatible with g,,,(0). In our case, this

is simply the Minkowski metric, g,,,(0) = 7,,,, and we are left with’
B = P + 0uey + 0ue,. (1.2.13)

This holds a close resemblance to the gauge freedom of electromagnetism, where

Maxwell’s equations are left invariant under the gauge transformation A, — A, +

*For notation simplicity, we leave implicit the fact that if g,,,, is evaluated at the spacetime point
p, then (¢*g) is evaluated at ¢(p).

5Although the vector field e#(z) is arbitrary, we restrict ourselves to those for which 9,e#* ~
O(h) in order to keep the condition |k, | < 1 satisfied.



1.2. Linearized gravity in flat spacetime 15

O\, with A, being the electromagnetic potential field and A an arbitrary scalar
function. We shall then refer to Eq. (1.2.13) as a gauge transformation, and the

fact that it leaves the equations of motion invariant is called gauge invariance.
Lorenz gauge

Gauge freedom allows us to simplify the equations of motion. For instance, one can
choose the Lorenz gauge where

1
Ouh” — S0"h = 0. (1.2.14)

To see how this is possible, suppose we start with a given metric perturbation A,
that does not satisfy the condition (1.2.14). Then one can perform a gauge transfor-

mation such that the new field satisfies
7%% 1 v/ uv 1 v v
" — 58 h'= 0, — 58 h +Oe”. (1.2.15)
We can then choose the vector () such that
1
Oe” = — <8“h“" — 58“]1), (1.2.16)

and the gauge-transformed metric perturbation will satisfy Eq. (1.2.14) automati-
cally.
With this gauge choice, the Einstein-Hilbert action (1.2.7) takes the form
Sk = R [ ln R (1.2.17)
647 k ) -

where hﬁy denotes the metric perturbation in Lorenz gauge. In the presence of
a matter source described by the energy-momentum tensor 7),,, we have, from
Eq. (1.1.11),

1
6 Srmatier = 3 / A4z T, 60, (1.2.18)

and the principle of least action leads to

Ohy,, = —167T,,, (1.2.19)
where we defined )
By = hy, — 3 (1.2.20)

and the Lorenz gauge condition can be written as 9,hf" = 0. Note that Eq. (1.2.19)

is a wave equation sourced by the energy-momentum tensor.
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Transverse-traceless gauge

When interested in regions outside the gravitational source, 7}, = 0, one is left
with
7L
Ok, = 0. (1.2.21)

Because the flat d’Alembertian commutes with partial derivatives, this equation nat-
urally implies 9,h4" = 0 for suitable boundary conditions, and the Lorenz condi-
tion does not completely fix the gauge anymore (we say that there is a residual
gauge freedom). We may then perform a further gauge transformation hﬁy —
hﬁy + 0,&, + 0,€,, as long as " = 0, and use the four functions £#(x) to impose
four more conditions on the metric perturbation, reducing from six to two degrees
of freedom. For instance, we can choose £° such that the new perturbation satisfies
h = 0 (implying h,,, = h,,) and &' such that hy; = 0. The v = 0 component of the
Lorenz condition, d,h*" = 0, now reads Joh® = 0, meaning that hgg is constant
in time. In the context of gravitational wave propagation, the physical meaning
behind the constant hg is related to the static part of the gravitational interaction,
namely the Newtonian potential of the source that generated the waves [54, 62]. For
a region with no sources, this automatically reads hoy = 0, which, together with
ho; = 0, can be written as iy, = 0. The Lorenz condition, automatically enforced
by the equations of motion, becomes ;1% = 0.

In summary, our choice of gauge is defined by

hg, =0, (1.2.22a)

v TT
n"hly =0, (1.2.22b)
Onit = 0. (1.2.22¢)

This choice is called the transverse-traceless gauge, or simply the TT gauge, and
the metric perturbation satisfying such requirements is denoted by hEVT . As we will

see, this gauge choice greatly simplifies our study of gravitational waves.

1.2.3 Plane wave solutions

For the dynamics in regions outside of any source, the equations of motion take the
form
TT
Uh,, =0, (1.2.23)
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namely a wave equation, whose solutions are of the form®
ho () = Cpe™™, (1.2.24)

which we call gravitational waves. Here ), is a constant, symmetric, (0,2) ten-
sor, and the constant vector k, is called the wave vector. We can insert the solu-

tion (1.2.24) into the wave equation (1.2.23) to obtain kpkphEI,T = 0. By requiring

hTT

byt this translates to

non-trivial solutions for
k kP =0, (1.2.25)

that is, the wave vector is null, implying that gravitational waves propagate at the
speed of light in vacuum. The timelike component of the wave vector is called the

frequency of the wave, and we write & = (w, k', k% k3), such that
w? = 6;k'K. (1.2.26)

As we discussed before, our gauge choices reduce the degrees of freedom of a
gravitational wave from ten to two. In terms of the plane wave solutions (1.2.24),
this means that the constant tensor C),,, has only two independent components,
which we shall call the two polarizations of the gravitational wave. We can then
write C\,, = ), ¢s€,,,, with the index s labeling the polarizations, g being the wave
amplitude, and the tensor €;,, being called the polarization tensor. It is traceless

and purely spatial, while also satisfying the transversality condition,

€ = 0, (1.2.27a)
N e, =0, (1.2.27b)
k'e;; = 0. (1.2.27¢)

These follow immediately from Eqs. (1.2.22) and (1.2.24). Note that the transversality
condition necessarily yields the polarization tensor dependent on the spatial part of
the wave vector, €, = €,, (k).

In order to better understand the propagation of gravitational waves, let us
choose spatial coordinates such that the wave is traveling in the 2> direction. Thus,
the wave vector is of the form &” = (w,0,0,w). In that case, the transversality

condition of the polarization tensor requires e€3; = 0. Also, since the polarization is

SNaturally, any superposition of such plane wave solutions also solves the wave equation.
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purely spatial, symmetric, and traceless, we conclude that C),, is of the form

0 O 0 0
0 0
C;UJ = b s (1228)
0 g« —qy O
0 O 0 0

where ¢, and ¢ are constants (the reason behind the choice of notation will be
clear soon). Together with the wave frequency w, these completely characterize the

wave. It is common to write the two polarizations separately [82],

eF — é(l) ® é(‘l) . é@) ® &(2)’
D D) L@ ) (1229)
eixj =6 ® éj +67® éj ,

where the spatial polarization unit vectors é(*) and ¢(?) are orthogonal to the direc-
tion of propagation k = k/|k| (for k = &, the polarization unit vectors are &, and

€5). The plane wave solutions can then be written in the form

M (2) = ) qe€l, (K)o, (1.2.30)

s=+,X

and the polarization tensors are conventionally normalized according to

€€l =205, (1.2.31)
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These "plus" and "cross" polarizations are jointly called the linear polarization basis’.

1.2.4 Interaction of gravitational waves with test masses

We now turn our attention to the effects of gravitational waves on the motion of test
particles. We begin by taking a single test mass, described by coordinates z* in a
TT frame (a frame in which the metric perturbation satisfies the conditions (1.2.22)),

which is at rest at 7 = 0, where 7 denotes its proper time. The geodesic equation

B [Fi dz# dx”} ‘ i <dx0)2
- wooy = - 00\ 7
=0 dr dr || _, dr
"We can also consider right- and left-handed circularly polarized modes by defining qr =
J5(a+ +igx) and qp = 5 (a4 — igx).

implies

A%z’
dr?

, (1.2.32)
7=0
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where we used the fact that, by assumption, dz* /dr = 0 at 7 = 0. From the

expansion of the Christoffel symbols in first order in A, Eq. (1.2.3), we find

;,LVa
Lo = 55”(280%]‘ — O0jhqo)- (1.2.33)

By imposing the TT gauge conditions (1.2.22), we are left with '}, = 0 and, conse-

quently, '
d2a’

=0

Therefore, if at time 7 = 0 the particle is at rest, it will remain at rest at all times in
the TT frame. If we want to observe the physical effect of gravitational waves on
test masses, a single one does not suffice.

Let us then consider the relative motion of nearby particles as described by the
geodesic deviation equation®. Take two test masses, each of which is traveling along
its geodesic parametrized by ¢, with four-velocities described by a single vector field
U*(x). Denoting the separation vector by S*, the geodesic deviation equation reads
(Appendix A)

D?

@S“ = Rt,,,U'UPS?, (1.2.35)
where D/dt¢ denotes the directional covariant derivative along the tangent vector
to the geodesics. Next, we consider the test masses to be moving slowly such that
Ut(x) = 68 + O(h). Since the Riemann tensor is already O(h), the geodesic devia-

tion equation reduces to
62
o2
where we dropped higher order terms on the left-hand side as well. Up to first order

Su — RMOOUSU7 (1236)

in h,,,, the Riemann tensor is given by Eq. (1.2.4). In the TT gauge,

1
R0, = §8§hEE, (1.2.37)
and the geodesic deviation equation becomes
0? 1., 0* or
@Sﬂ — 58 ﬁhua. (1238)

It is then clear from Eqs. (1.2.24) and (1.2.28) that, for a wave traveling in the 2°
direction, only S! and S? will be affected; the test masses are only disturbed in
directions orthogonal to the wave vector.

We can now plug in the expression for hEVT , Eq. (1.2.30). It will be instructive to

8See Ref. [83] for a slightly different (but equivalent) approach.
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consider the effect of each polarization separately. For instance, by taking ¢, = 0

and keeping ¢, # 0, the solution of Eq. (1.2.38) to the lowest order in A, is of the

form )
Si(t)=S"0)+ 551(0)%@“%1”, (1.2.39a)
1 .
S2(t) = S*(0) — 552(0)q+e’k"z : (1.2.39b)

Similarly, by taking ¢, = 0 and keeping ¢ # 0, the solution of Eq. (1.2.38) to the

lowest order in h,,, is of the form

1 _—
SL(t) = SY0) + 582(0)%6“%93 , (1.2.40a)

1 _—
S2(t) = S*(0) + §Sl(o)qxe““ﬂ”~" : (1.2.40b)

We can get an image of the solutions above by picturing a ring of stationary particles
and considering the effect of a passing gravitational wave. For the plus polarization,
Egs. (1.2.39) show that the particles will bounce back and forth in the shape of a ’+,
since geodesics initially separated in the x! (2?) direction will oscillate in the x!
(x?) direction. For the cross polarization, Eqgs. (1.2.40) show that the particles will
bounce back and forth in the shape of a’x’, since geodesics initially separated in the
x! (2?) direction will oscillate in the 22 (z!) direction. These effects are illustrated

in Figure 1.1 and the notation ¢ and g should now be clear.

2
x + polarization x polarization

T

F1GURE 1.1: Effect of a gravitational wave on a ring of stationary par-
ticles in the x'-22 plane, depending on the polarization of the wave.

1.2.5 Production of gravitational waves

Having discussed the propagation of gravitational waves and their interaction with
test masses, let us now understand how they are produced. Recall that, in the pres-

ence of sources, we cannot impose the TT gauge anymore. Instead, we shall use the
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Lorenz gauge, for which the equations of motion read
Ohy;, = —167T,,, (1.2.41)

where 5, is defined by Eq. (1.2.20) and the Lorenz condition is 9,hf" = 0. The

solution of the inhomogeneous wave equation is of the form

Bﬁy(x) = —167 / d*y G(x — T (y), (1.2.42)
where G(z — y) is the Green function for the d’Alembertian satisfying
.Gz —y) =6 (z —y), (1.2.43)

with [, denoting the d’Alembertian with respect to the = coordinates. Since we are
interested in the effect of signals from the past of the point under consideration, we

consider only the retarded Green function, given by [54, 84]

1

= oy

5[y” — (2% =[x —y[)]0(z" — ¢°), (1.2.44)
where 6 () denotes the Heaviside step function. Plugging Eq. (1.2.44) into Eq. (1.2.42)

leads to

_ 1
hL (t,x :4/d3y Tt y), (1.2.45)
L () oy Tltey)

where t, =t — |x — y| (t = V) is called the "retarded time". Its appearance in the
general solution (1.2.45) serves to ensure that the disturbance in the metric pertur-
bation field at (¢, x) is only influenced by sources of energy and momentum at the
point (., |x — y|) on the past light cone in order to maintain causality.

The analysis of the general solution (1.2.45) is better carried out in frequency

space, where we introduce the temporal Fourier transform
7L _ = iwtT L
h(w,x) = /_ dt e™"hy,,(t,x). (1.2.46)
Using Eq. (1.2.45) and changing the integration variable, we find
hL (w,x —4/ dt/d3ye |Tm,(tr,y)

piwlx—y]
— /d y dt e’”tTTW(tr,y)

x -yl
3 eiw‘x vl
=4 | &’y x—y] Tw(w,y), (1.2.47)
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where we introduced the temporal Fourier transform of the energy-momentum ten-
sor, T, (w, y).

We can now simplify our analysis by making a few reasonable approximations.
Consider an isolated, slowly moving source, far away from the observation point,
centered at a point r with its internal points at r + dr such that 0r < r (Figure 1.2).
Then the distance r = |x — y| varies very little when integrating over the source,

and we may write
wwr

=37 N e
b, (w,x) ~ 4

/d3y TW (w,y). (1.2.48)

Observation point Source
X

FIGURE 1.2: The size of the source is roughly 0r < 7, where r is the
distance to the observation point.

We can take advantage of the fact that we only need to compute the spatial com-
ponents of the metric perturbation field since the remaining ones can be obtained
from those by using the Lorenz condition. Now, in frequency space, the conserva-
tion of energy-momentum, 0*T),,, = 0, takes the form 97 Tj,, = —iwfo,,, so that

wr

/d3y Tij(w,y) = 467" /d3y [3k (szkj> — yiaka’j]

wwr

= B e
hij(w,x) =4 .

T wr

. e ~ . € ~ -
= 4iw . /dgy yiTo; = 2iw . /dSy <yiT0j + ijOi)
= 2iw /d3y [8’“ <y¢yjfok> — yiyjﬁkfo;c]
eiwv" -
- _2W27 /d3y yiijOO(w7Y)7 (1'2'49)

where we dropped boundary terms, as usual. We may now compute the inverse
Fourier transform and define the quadrupole moment tensor of the energy den-

sity of the source as
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This allows us to write )
hi;(t,x) = ;Qij(tr)- (1.2.51)

Eq. (1.2.51) shows that the gravitational radiation emitted by an isolated, slowly
moving source is proportional to the second time derivative of the quadrupole mo-
ment tensor of the energy density 77,. Compare this result with the analogous case
of electromagnetic radiation, for which the leading order contribution comes from
the dipole moment of the electric charge density. Typically, the quadrupole mo-
ment is smaller than the dipole moment, which, combined with the weak coupling
of gravity to matter, explains why gravitational radiation is much weaker than elec-
tromagnetic radiation, making its detection a highly non-trivial task.

A typical example is the emission of gravitational radiation by a system of two
stars in orbit around each other (a binary star). Take, for instance, two stars of mass
M in a circular orbit in the x'-22 plane, at a distance R from their center-of-mass
and with a velocity v (Figure 1.3). Their motion can be treated in the Newtonian
approximation, and the metric perturbation can be obtained by using Eq. (1.2.51).
The result is [54]

S —cos 20, —sin2Qt, 0
hii(t,x) = — PR —sin20t,  cos20t, 0|, (1.2.52)
0 0 0

where Q2 = v/R is the angular frequency of the orbit.

FIGURE 1.3: A binary star system.
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1.2.6 Detection of gravitational waves

In recent years, gravitational waves have become a new source of astrophysical in-
formation concerning the universe outside the solar system, in addition to electro-
magnetic radiation, neutrinos, and cosmic rays. Due to their importance, it is worth
mentioning a few words about how these are detected in modern experiments. We
will simply outline the basic principles, since understanding the actual mechanism
behind the workings of a real-life gravitational wave detector is outside our scope.
First, it will be useful to estimate how sensitive a gravitational wave detector
must be. It comes as no surprise that, due to the weakness of gravitational radiation,
building a detector is not an easy task. In order to provide numerical estimations,
we take the binary star system from the previous section (Figure 1.3) as the source
of the gravitational wave to be measured. According to Eq. (1.2.52), the frequency of
the wave is f = §2/27, where (2 is the angular frequency of the orbit of the sources.
Since our goal is only to provide numerical estimates, we can use Newton’s law of
motion to write’
GM® _ Mv? (1.2.53)
(2R)? R’
where the left-hand side is simply Newton’s law of gravitation, and the right-hand

side is the expression for the centripetal force. From this, we find

| Rs

where Rg = 2M G /c? denotes the Schwarzschild radius'® of the star with mass M.

Then the wave frequency is estimated to be

RY2 RY2
f=_S St (1.2.55)
27T\/§R3/2 10R3/?
Now, for the wave amplitude, we have, from Eq. (1.2.52),
8GM R?
q=——QR ~ ==, (1.2.56)
ctr rR

As an example of the gravitational wave source, consider the coalescence of a

black hole binary'! for which typical parameters are Rg ~ 10*m, R ~ 10° m, and

°In this subsection, we are restoring factors of G and ¢ in order to obtain numerical estimates in
SI units.

19The Schwarzschild radius is a parameter in the spherically symmetric vacuum solution to Ein-
stein’s equation that defines the event horizon of a Schwarzschild black hole.

The coalescence of a black hole binary occurs when two black holes rotate around each other
due to mutual gravitational attraction until they merge into a single black hole.
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r ~ 10** m [54]. Then,
f~10%s71, q~ 1072 (1.2.57)

Therefore, a detector capable of measuring the gravitational radiation emitted by
a black hole coalescence with the parameters specified above must be sensitive to

frequencies around 100 Hz and wave amplitudes around 10721,

mirror
—//

L,
laser mirror

beamsplitter

photodetector

FIGURE 1.4: Michelson interferometer.

The prospect of observing gravitational waves began when Joseph Weber devel-
oped the concept of resonant-mass detectors in the 1960s, but soon it became clear
that these would be sensitive only to rare, strong neighboring sources. On the other
hand, modern gravitational wave detectors are usually based on a laser interferom-
eter, such as the Michelson interferometer schematized in Figure 1.4. Basically, a
laser is pointed at a beamsplitter, which then sends photons on two different paths
of sizes L, and L,. These are reflected at the mirrors at the end of each path and
recombined back in the beamsplitter, where they destructively interfere while the
signal is sent to a photodetector. The effect of a passing gravitational wave in such
an apparatus is to modify the lengths of the orthogonal paths traveled by light,
disturbing the interference and yielding a phase shift

5¢p ~ (277() 5L, (1.2.58)

where ) is the wavelength of the laserand 0 L = 0L, —0L,, with 6 L, (9 L,) denoting

the difference in L, (L,) due to the passing gravitational wave.
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In order to get an estimate for 0L, let us consider a plus-polarized gravitational

wave
g 0 O

hij(t,z,y,2) = [0 —q 0| cos(wt—kz), (1.2.59)
0 0 0

2 = y, and 2® = 2. This solution was obtained in

where we are denoting ' =x
the TT gauge, which we are allowed to use since we are supposedly very far from

the source. For this metric, the spacetime interval between any two points is

ds? = gudatda” = (n,, + hy,)dztda”
= —c2dt? + (1 4 q)da* + (1 — ¢)dy? + dz2 (1.2.60)

A photon traveling along the x—direction from the beamsplitter to the mirror

in a proper distance L, will take a time At, such that

Atz Lz Lz 1
0 0 0

1
cAt, = <1 + §q) L,, (1.2.61)

where we used the fact that, for alight beam, ds? = 0. This means that the difference
in the path traveled by light on the z—axisis § L, = ¢L, /2. A completely analogous
analysis leads to the difference in the path traveled by light in the y-axis being given
by 0L, = —qL,/2.If we now assume'® L, = L, = L, then 0L = 6L, — 6L, = ¢L,

or
5L

L

For a detector with an arm length of the order of a few kilometers, we have d . ~

q. (1.2.62)

10718 m for ¢ ~ 1072, If we use a laser with a typical wavelength A ~ 107® m and
we allow the photons to travel the arm lengths about 100 times before returning
to the beamsplitter', we estimate from Eq. (1.2.58) that the interferometer must be

sensitive to a phase shift of the order
§¢p ~ 1077, (1.2.63)

which can be measured with current technology for a sufficiently large number of
photons [54].

12This guarantees that, in the absence of any disturbance of the paths, the recombined beam will
undergo completely destructive interference.
BThis is usually accomplished by the addition of a partially reflective mirror on each path.
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Now, real-life gravitational wave detectors have a more complicated structure
than a simple Michelson interferometer, which is usually combined with Fabry-
Pérot interferometers [85]. As it happens in almost every experiment, most detector
work is dedicated to eliminating noise, which is essentially any laser power fluctua-
tion that is not due to the gravitational waves. Noise sources include Poisson fluctu-
ations in the arrival time of discrete objects (this is called shot noise), displacement
noise arising from quantum fluctuations of the electric field in the arms, thermal
noise from the atoms making up the mirrors, seismic noise due to the motion of
the Earth, and control noise in general'*. We refer the reader to Ref. [62] for details
concerning data analysis in gravitational waves experiments.

The first experimental evidence of the existence of gravitational waves came in
1974 from the Hulse-Taylor binary pulsar (highly magnetized and rapidly rotating
neutron stars), whose orbital decay matched the predictions of energy loss due to
the emission of gravitational waves [86]. Russell A. Hulse and Joseph H. Taylor Jr.
were awarded the Nobel Prize in Physics in 1993 for this discovery. The first direct
detection of a gravitational wave from a binary black hole merger was made in 2015
by the Advanced Laser Interferometer Gravitational-Wave Observatory (LIGO) [19],
a long-baseline laser interferometer with two 4 km long orthogonal arms. For deci-
sive contributions to the LIGO detector and the direct observation of gravitational
waves, the 2017 Nobel Prize in Physics was awarded to Rainer Weiss, Barry C. Bar-
ish, and Kip C. Thorne®. The field of experimental gravitational wave physics is
experiencing significant growth, bolstered by the anticipated sensitivity of future
observations. For instance, while LIGO has a peak sensitivity to frequencies of
about 100 Hz, the space-based Laser Interferometer Space Antenna (LISA) is ex-
pected to probe lower frequency (mHz) gravitational waves when it launches in the
late 2030s [88].

1.3 Quantum gravitational radiation

The description of gravitational waves we have discussed so far can be seen as a
classical field theory of a symmetric (0, 2) tensor propagating on a flat background
metric. This allows us to provide a quantum description of the metric perturbation
field using the machinery of modern quantum field theory. The particle arising from
the quantization of gravitational radiation is called the graviton. It is important to
emphasize that there is a significant difference between graviton physics (perturba-

tive quantum gravity) and quantum gravity per se. While graviton physics refers to

4The different types of noise are distinguished by their power spectrum.
15We refer the reader to Ref. [87] for the fascinating history of the development of the ideas that
led to the first direct observation of gravitational waves by the scientists of the LIGO collaboration.
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the quantization of the metric perturbation in the weak-field limit, a full quantum
theory of gravity refers to the quantization of the entire metric field. In this sense,
gravitons are not necessarily to be thought of as the basic constituents of space-
time. Nevertheless, one may say that any quantum gravity theory should recover

graviton physics when taking some kind of low energy limit.

1.3.1 Helicity and spin

In the canonical formalism of quantum field theory, the classical fields are promoted
to operators on a Hilbert space and are required to satisfy the canonical equal-time
commutation relations. The mode excitations of a given field are what we under-
stand as particles. The kind of particle a classical field will represent upon quan-
tization depends on its behavior under Poincaré transformations, which include
general Lorentz transformations and spacetime translations. We say that different
kinds of particles transform under different irreducible unitary representations of
the Poincaré group'® [65]. For instance, since the generator of spatial rotations is
the angular momentum operator, the spin of the particle obtained upon the quanti-
zation of gravitational radiation can be inferred by checking how the waves change
under such Lorentz transformations.

Consider a gravitational wave propagating in the z®—direction, Eqs. (1.2.24)
and (1.2.28). Under a Lorentz transformation A, the metric perturbation field changes
according to h,» = Ay A, h,,. Let A represent a spatial rotation by an angle ¢
around the z3—axis (naturally, the temporal components are left unchanged), so
that Al = A2 = cosf, A? = —Al = —siné, Ag =1, and Ag = ( otherwise. This

transformation leads to

¢ ¢ 0
Cioj=1d —d. 0], (1.3.1)
0 0 0

with

¢y, = q+ cos 20 + ¢ sin 26,

(1.3.2)
¢’ = qx cos 26 — ¢, sin 26.
In terms of the linear combinations C'y = ¢, F iqx, this can be written as
C'. = exp(£2i0)Cy. (1.3.3)

16To be more precise, the representation actually refers to the set of operators on the Hilbert space
of particle states that perform the Poincaré transformations on those states. For a review of concepts
in basic representation theory, we refer the reader to Refs. [89, 90].
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In general, any plane wave 1 that is transformed by a rotation of an angle ¢

around the direction of its propagation into

Y = ety (1.3.4)

is said to have helicity'” h [56]. Upon quantization, the helicity represents the spin
of the particle projected along the direction of motion. We have thus shown that
gravitational waves have helicity h = 2, and therefore, the graviton is a spin-2
particle.

It is interesting to mention that we could have taken an inverse approach. If we
had asked instead what kind of field represents a massless spin-2 particle, we would
have been led to the theory of a symmetric (0, 2) tensor h,, for which the unique
Lagrangian is given in Eq. (1.2.7). Here, we will simply outline the procedure. For
more details, we refer to Refs. [65, 91].

According to Wigner’s theorem [65, 92, 93], the unitary irreducible represen-
tations of the Poincaré group are uniquely classified by two parameters m and J,
where m is a non-negative real number, while J is a non-negative integer or half-
integer, which we call mass and spin, respectively. These representations depend
on the momentum p of the particle states, and thus, they are infinite dimensional. If
J > 0, for each value of the momentum with p?> = —m?, there are 2.J + 1 indepen-
dent states in the representation if m > 0 and exactly 2 states for m = 0. If J = 0,
there is only one independent state for any m. This classification tells us what kind
of particles we can describe in a Lorentz invariant theory. The next step is to build
Lagrangians by embedding these representations into fields.

For J = 0, we only have 1 degree of freedom, which is naturally embedded into
a scalar field. For J = % (2 degrees of freedom), the embedding is done into spinor
fields. For J = 1 and m # 0, we have 3 degrees of freedom. These are embedded
into a vector field, which has four components. The Lagrangian for a massive spin 1
particle must then be built in a way to enforce the removal of one degree of freedom
in the equations of motion. The Proca Lagrangian does precisely that [65]. By taking
the limit m — 0, we are left with the theory of a massless spin 1 particle, such as
the photon. According to Wigner’s theorem, a photon is described by two degrees
of freedom, which we call its two polarizations. This requires the removal of an
additional degree of freedom in the vector field representation. That is where gauge
invariance plays its important role. It is necessary to remove the unwanted degrees
of freedom so that a vector field can, in fact, represent a massless spin 1 particle. The

case J = 3/2 describes spin 3/2 particles that are embedded in Rarita-Schwinger

7Not to be confused with the trace of the metric perturbation.
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fields, and examples include Delta and Sigma baryons, as well as the gravitino, a
hypothesized gauge fermion partner of the graviton in supersymmetric theories of
gravity [94].

For J = 2 and m # 0, there are 5 degrees of freedom, which clearly does not fit
into a vector representation. Let us then take a symmetric (0, 2) tensor field, which
has 10 independent components. The Lagrangian can be built in a way to remove 5
degrees of freedom in the equations of motion [65, 91]. But according to Eq. (1.2.25),
gravitational waves travel at the speed of light in vacuum, and so the graviton must
be a massless particle. In the massless limit, the equations of motion are still able to
remove 4 independent components'®, leaving us with 6 of them. Since J > 0 and
m = 0, we must have only 2, and the removal of the extra 4 degrees of freedom
is once again accomplished by the introduction of gauge invariance. Then it can
be shown that the unique Lagrangian describing a massless spin 2 particle is the
one given in Eq. (1.2.7). Finally, by adopting a geometrical point of view, this gauge
invariance can be understood in terms of diffeomorphism invariance, as we have

discussed in the previous section.

1.3.2 Free gravitons

The (canonical) quantization of gravitational radiation is achieved by promoting the

metric perturbation field to a quantum operator in a plane-wave expansion [32]

7 d3p 1 s ~ ipz 5 % N —ipz
hy () = / Ok Z (€8, (D)apse™" + €, (p)al e~ "], (1.3.5)

\/ 2wy

where p* = (wp, P), pr = 1,,p"2", and the operator coefficients a, s and &ZT)’S are

the annihilation and creation operators satisfying
(00} ] = (276,00 (D — p). (1.3.6)

From the vacuum state |0), which is defined as the state in Fock’s space that is

annihilated by all @’s, we obtain the one-particle state
p, €%) = \/2w,al , |0), (1.3.7)

which represents a graviton of momentum p and polarization s.
As far as the free theory goes, this is pretty much it. One can use the plane wave

expansion (1.3.5) to calculate any relevant two-point function, such as the Feynman

18 As in the spin 1 case, the mass term is responsible for the removal of one independent compo-
nent. That component is no longer removed when taking m = 0.
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propagator [1] or the Wightman function [32], depending on the problem at hand.
However, physical predictions come from interacting theories, and in quantum field
theory, these are usually given a perturbative treatment, which involves Feynman
diagrams and Feynman rules for computing probability amplitudes for scattering
and decay processes [65, 92, 95, 96]. These rules lead to integrals over large vir-
tual momenta, which are usually divergent. In some cases, these divergences can
be absorbed into coeflicients of terms in the Lagrangian. For instance, in quantum
electrodynamics (QED), all divergences can be dealt with by the renormalization of
mass, charge, and wave function. If this is possible for all orders in perturbation
theory'?, the theory is said to be perturbatively renormalizable. If further diver-
gences arise, one can add new terms into the Lagrangian, called counterterms, in
order to absorb them. A theory that requires an infinite number of counterterms is

perturbatively non-renormalizable [95].

1.3.3 Interacting gravitons

Let us now consider gravitational interactions. In this subsection, it will be inter-
esting to keep factors of G while retaining 7 = ¢ = 1 (the so-called natural units
usually used in quantum field theory texts). Also, let us rescale the metric pertur-

bation field in a way that the expansion (1.2.1) becomes

Guv = Npw + Fﬂghm/’ (1.3.8)

where rk, = V327G Note that now the field £, has mass dimension +1 since &,

has mass dimension —1. The Einstein-Hilbert action,
2 4
SEH =3 d*x vV —gR, (1.3.9)
K
g

when linearized according to Eq. (1.3.8), becomes

1
Sgn = 5 /d% (—=0,hyw0° R + 204 0,,0,h — hOh — 2h,,,0,0"h*?).  (1.3.10)

Note that the rescaled fields are now canonically normalized.

We can obtain gravity-gravity interactions by keeping higher order terms in the
Einstein-Hilbert action. An nth order interaction term (n > 3) will then be propor-
tional to mg_2h”, so the coupling constant always has a negative mass dimension.
This is a strong indication that the theory is perturbatively non-renormalizable, for

the following reason.

YThe expansion is on powers of the coupling constant.
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Higher-order Feynman diagrams in perturbative quantum field theory contain
loop integrals, which are four-dimensional integrals over internal momenta. It is
common for these integrals to be formally infinite, which requires some regulariza-
tion procedure, such as cutting off the internal momenta at a single scale A, which
we would desire to set to infinity at the end of the calculation. A loop diagram,
which contributes to some desired scattering amplitude, scales as A” as we take
A — oc0if D # 0 and as In A if D = 0. The factor D is called a superficial degree of
divergence. For pure gravity, a diagram with F external graviton legs and with V,,

insertions of the vertices with dimension A,, has [1, 65]

D=4-E-> VA, (1.3.11)

Since A,, = —(n — 2), which is the mass dimension of the coupling constant of
the nth order interaction, and n > 3, we always have A,, < 0. Then there can
be an infinite number of values of £ and V,, for which D > 0, meaning that there
are an infinite number of Green functions with D > 0 that contribute to scattering
amplitudes, thus requiring the addition of an infinite number of counterterms to
cancel all infinities.

It turns out that pure gravity (gravity with no matter coupling) can actually be
renormalized at one loop by the cancellation of infinities through a field redefinition;
however, such cancellations do not occur at two loops. Now, if we include coupling

with matter, for which the first-order metric expansion of the matter actions reads

Smatter = %/d‘lew/hﬂV’ (1312)

it turns out that renormalization is not possible even at the level of one loop dia-
grams [1].

Perturbative non-renormalizability does not render the theory useless and cer-
tainly does not imply that there is some kind of inconsistency between general
relativity and quantum mechanics. A non-renormalizable theory is still able to
make useful predictions at energies below some ultraviolet (UV) cutoff [95]. For
instance, the Fermi theory of weak interactions, originally developed to describe
beta decay while taking the existence of neutrinos into account, is a perturbatively
non-renormalizable theory that makes good predictions below an energy scale of
E ~ 300 GeV. The electroweak theory of Weinberg, Salam, and Glashow is what
we call the ultraviolet (UV) completion of Fermi theory, which is renormalizable
once we include a Higgs boson [65]. Similarly, graviton physics makes genuine pre-
dictions below some UV cutoff (' ~ Mp, where Mp denotes the Planck mass [65]),
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such as the radiative corrections to the Newtonian potential [20]. In this sense, per-
turbative quantum gravity is a consistent effective field theory that is valid below
the UV cutoff.

While general relativity is perturbatively non-renormalizable, there is a metric
compatible, torsion free, diffeomorphism invariant quantum field theory of grav-
ity that is perturbatively renormalizable in four spacetime dimensions, which is
quadratic gravity, although it has some puzzles concerning unitarity [9, 10]. On the
other hand, a quantum field theoretical treatment of general relativity could still be
non-perturbatively renormalizable if it has a non trivial UV fixed point®. In that
case, a non-perturbative framework would have to be adopted, which is the ap-
proach of asymptotically safe quantum gravity [11, 12]. Lastly, it could be that the
UV behavior of quantum gravity cannot be described by the tools of quantum field
theory at all, and a completely distinct approach would be required, such as string
theory, for instance [17, 18].

In this work, we shall be satisfied with perturbative quantum gravity as an ef-

fective field theory while its UV completion remains outside our scope.

1.3.4 The PWZ approach

We now briefly turn to an important question: whether it is possible to detect sin-
gle gravitons. An argument by Freeman Dyson [21] seems to lead to the conclusion
that the detection of an individual graviton is bound to be impossible. For instance,
a gravitational wave detector like LIGO would require the separation between the
two mirrors to be less than their Schwarzschild radii in order to detect a gravi-
ton, which would lead them to collapse into black holes before the measurement
could be completed. Although the matter of single graviton detection is still un-
der debate [97, 98], another approach was recently taken by Parikh, Wilczek, and
Zahariade (PWZ) [24-26].

The basic idea behind the PWZ approach is to investigate the possible quantum
nature of the gravitational field by detecting the effect of the quantum noise induced
by the gravitons on classical particles, in the same spirit as quantum Brownian mo-
tion. In this way, the quantization of gravity in the weak-field limit is manifest in the
equations of motion followed by the classical system with which it interacts. By us-
ing a formalism due to Feynman and Vernon [37, 38], PWZ derived a Langevin-like
stochastic equation characterizing the geodesic deviation between two test parti-

cles. A similar analysis was conducted in Ref. [30] through an alternative approach

2 A fixed point is a point in the space of parameters of a given theory in which the renormalization
group flow ceases, which means that, at that point, the theory is scale invariant. When this occurs
for parameters set to zero, we call it a trivial fixed point.
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and subsequently in Ref. [27], where all graviton modes and polarizations were
taken into account.

In this work, we will follow the PWZ approach in order to investigate the deco-
herence of a composite particle induced by a weak quantized gravitational field, as
well as the entropy production arising in such a system. This will be the subject of
Part II of this thesis.

1.4 Linearized gravity in curved spacetime

Now that we have discussed linearized gravity in flat spacetime, let us next consider
a general background. We can proceed in the same way we did in Section 1.2 by
expanding the Einstein-Hilbert action around a background metric ,,,. However,
such expansion at the level of the action needs to be up to second order in the
metric perturbation, and for a general background, this can become quite involved.
We will take a different approach in this section to avoid an excess of mathematical
details. The metric expansion will be made at the level of the equations of motion
(Einstein’s equation), meaning that we will keep terms only up to the first order in
the perturbation. Then, after a convenient choice of gauge, we can write an action
whose variation leads to such a linearized equation. For the full action expansion
up to second order around a general background, we refer the reader to Ref. [1].

The final goal of this section is to describe the interaction of gravitons with a
classical static Newtonian potential. This means that, although we will begin by
considering a general background v,,,, we will eventually take the Newtonian limit,
where 7, is described by another small (now fixed) perturbation to Minkowski
spacetime. Thus, the quantization procedure of the gravitational radiation discussed
in Section 1.3 will remain valid for our purposes. In this sense, we will not discuss
the subtleties associated with quantum fields in general curved spacetimes [99, 100].

Finally, a word on notation. In this section, we will need to distinguish between
curvature symbols and tensors that are associated with v,,,,, the background metric,
and those associated with g,,,,, the full spacetime metric that includes the propagat-
ing gravitational radiation. For the latter, we will simply continue to use the same
notation as we have been so far, but for the Christoffel symbols associated with the
background metric, for instance, we will denote '/, [7], R?5,,,[7] for the background
Riemann tensor, and so on. The covariant derivative compatible with ~,, will be
denoted by D,,.
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1.4.1 Linearized Einstein’s equation

Suppose that 7, is a known solution to Einstein’s equation (in vacuum, for simplic-
ity) and we wish to study small metric perturbations around it. In that case, the full
metric tensor takes the form g, = 7., + h,,, where h,,, denotes the perturbation
we are interested in, with |h,,| < |y, |- In the same spirit as Eq. (1.2.9), we can

consider a one-parameter family of solutions,

G (€) = Vv + €l (1.4.1)
such that, once again,
dg,.(€)
h, = —& . 1.4.2
g de |, ( )

The one-parameter family of solutions satisfies Einstein’s equation, which is a

non-linear operation of the form
Elg(e)] = 0. (1.4.3)

Differentiating this equation with respect to € and setting ¢ = 0 leads to a linear

equation for h,,,, which is the desired linearized Einstein’s equation.

2278
Einstein’s equation in vacuum reads

R,, = 0. (1.4.4)

The Ricci tensor depends on e through g, (¢). A linearized equation is then obtained

by
dR,,

de

= 0. (1.4.5)
e=0

Now, recall that the Riemann tensor is defined such that
v,v,vt-v, v,V =R, V, (1.4.6)

for some arbitrary vector V#. The covariant derivative V,,, associated with glw(e),
can be related to the covariant derivative D, associated with ~,,,, through the ten-
sor field (see Appendix A)

CPuw = %gpo(e) [Dugua(e) + Dugau(e) - Dgg,ﬂ,(E)]. (1.4.7)
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Explicitly, we find

v.V,V’—-V,V,V?=D,D,V’—D,D,V*+ (2D, C*,j, + 2C*5,C°,)5) V7,

(1.4.8)
and thus
Ry = R 5 [V] + 2D, C7 o + 2C751,C° (1.4.9)
The Ricci tensor associated with g, (€) is given by
Ry = Roy[7] + 2D, C",)p + 2C"5,C° ). (1.4.10)

Since 7, is assumed to be an exact solution of the vacuum Einstein equation, we

must have R,,[y] = 0 and
R,, = —2D[VC“MU + QC“(S[MC%]U. (1.4.11)

Plugging this result back into Eq. (1.4.5) and using Eqgs. (1.4.2) and (1.4.7) leads

to the linear equation for £,
1 L, i
—§DyDoh - §D D, hs, + D"Dhgy, =0, (1.4.12)

where h = v*"h,,,. Note that in the limit of flat spacetime, where v, — 7,, and
D, — 0,, we recover Eq. (1.2.8).

We can rewrite

1 1
D*Dhay = 5 DDy + 5(D*D, = Dy D),
1 1
+ 5 Do D" hy + 5(D" Dy = Dy DYy
— D, D"y — R [7]R7. (1.4.13)

Also, since h is a scalar, D, D,h = D, D, h, and thus

1 1 1 1 1
D, D" —=-D,D,h==D,| D*h,, — =Djh -D.( D*h,,, — =D,h
(v h"’)ﬂ ) 9 ( M 2 ) + 9 ( 1Y 9 )
= D, D"hy),, (1.4.14)
where .
By = by — =Yuh. (1.4.15)

2
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Finally, one is left with
- 1
Dy D"hgy, — §D“Dﬂhmj — Rpop[y]* = 0. (1.4.16)

This is the linearized Einstein’s equation in curved spacetime.

1.4.2 TT gauge

Let us now discuss gauge invariance in this more general case. It turns out that the
equations of motion are still left invariant by the gauge transformation (1.2.12). The

difference now is that g,,,(0) = ,,, and so the gauge transformation takes the form
W = huw + Dyey, + Dyey, (1.4.17)

for some arbitrary vector €,. Once again, gauge freedom allows one to simplify the
equations of motion for h,,. For instance, starting with any given h,, such that
D¥h,,, # 0 in general, one can perform a gauge transformation for which the new

perturbation will satisfy
D"hi,, = D"hy, 4+ D" Dy, (1.4.18)

where we used the fact that R, [y] = 0. We may then choose ¢/ to satisfy

D"D,e, = —D"h,,, (1.4.19)
such that, for the perturbation in the new gauge, we now have D"BII;V = 0, which
is the generalization of the Lorenz condition to curved spacetime.

In this gauge, the linearized Einstein equation (1.4.16) becomes
D*Dyuhy, + 2R peu YR = 0, (1.4.20)
with the metric perturbation satisfying the gauge condition

DRk, — Lpat =

v — 5 Duh" = 0. (1.4.21)

In the limit of flat spacetime, Eq. (1.4.20) reduces to (JhL, = 0. In that limit,
as we saw in Section 1.2, there is a residual gauge freedom; i.e., one can perform
a further gauge transformation parametrized by a vector £ as long as [1§, = 0,

such that both the gauge condition and the equation of motion remain satisfied.
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Then, one uses this freedom to choose h = 0 and hy; = 0, which, together with the
equations of motion, implies hyy = 0.

In the case of a curved background, however, this is not generally possible. We
can try to perform such additional gauge transformation parametrized by a vector
§" satisfying D* D&, = 0 (which is necessary for keeping Eq. (1.4.21) satisfied), but

now the left-hand side of the equation of motion (1.4.20) transforms to

DuDuh;u + 2R popw [7] WPt = D“D”hf;y + 2R pop ["Y]hﬁﬂ
—{D"(Ruopw[7] + Rpoyu[7]) 167 (1.4.22)
We can see that the term on the last line of Eq. (1.4.22) prevents us from making
such a gauge transformation while simultaneously keeping the equations of motion
invariant.

Let us see what happens to this term when the background itself can be viewed

as a small perturbation of Minkowski spacetime,
Vo = N + s, (1.4.23)

with \h&€)| < 1 as usual. Then a direct calculation yields

1 1 1
D*{Rpoo[V] + Ruop[N]} = 5&,511;]5) + 5@@8%,&? + §apagaﬂh§5>
1
+ 5(9”th)§) — 8,00 — 9,0,0"n
=0, (1.4.24)

where we used the fact that, since 7, is a solution to Einstein’s equation in vacuum,
the background perturbation h,(fg) must satisfy the linearized equation (1.2.8).

In other words, when the background metric can be treated as a small perturbation
of Minkowski spacetime, the term preventing us from performing the residual gauge
transformation on A, vanishes up to first order in h,(ﬁ). One is then allowed to
choose ¢ satisfying D* D ., = 0, such that h = O and h(; = 0. The gauge condition
then becomes

D" = 0. (1.4.25)

Particularly, the v = 0 component of this equation reads

Oh™ + {Tfon] + Th [T} + TG InY = 0. (1.426)
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Explicitly, one has

1 B B

Ll =3 (c%h(yo) +9,hl) — aohﬁ)), (1.4.27a)
1 B

I = Qayh( ). (1.4.27b)

If the metric perturbation is static, one obtains I';)[y] = T'g[y] = 0. Additionally, if

h(()?) = 0, we also have F?j [v] = 0, and thus

0oh™ = 0. (1.4.28)

Then, since hq is just a constant, one can choose suitable boundary conditions such
that hoo = 0.
In summary, for a background metric which is a small static perturbation to flat

spacetime with h((f) = 0, the Einstein equation for A, reads
D*Dyhit + 2Ry by = 0, (1.4.29)

with the TT gauge conditions

D, bk =0, (1.4.30a)
Y h, =0, (1.4.30b)
hg, = 0. (1.4.30c)

Particularly, this shows that we can impose the TT gauge conditions when the back-
ground is described in the Newtonian limit, for instance.
Finally, note that the linearized vacuum equation in TT gauge can be obtained

from the extremization of the action?!

1 1 g o
SEH = 397 d'z <§h3;TDuDuhzf‘T + h;S'Tleﬂ[’Y]hElT)- (1.4.31)

Setting 6 Sk = 0 immediately leads to Eq. (1.4.29).

“1The normalization factor was chosen to match the linearized Einstein-Hilbert action in the limit
of flat spacetime. Furthermore, we note that this action matches the one presented in Ref. [1] (which
was obtained from the second-order expansion at the level of the action from the beginning) if we
consider the TT gauge and match the normalization conventions.
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1.4.3 Newtonian limit

The Newtonian limit of general relativity is described by Eq. (1.4.23), for which case
we have
B = —2¢6,,, (1.4.32)

1%

with ¢ = ¢(x) being the time-independent Newtonian potential. Then we can show
that

hiTjTRikﬂ Vhy = —2¢(8khiTjT)(8ih¥?r) + boundary terms, (1.4.33)
where we used the gauge conditions
0 = Yt = (1 — 20)0;;h, = 6k =0, (1.4.34a)

and
0= ¢ D,hky = ¢0,h" + O(¢*) = ¢d:h"7 = 0. (1.4.34b)
Additionally, for the background metric given by Eq. (1.4.23), we have, to first order
in h,(fi),
KIT D, D hidy = 7 HER 0,0, ik + 20T (T 7]
— Wi T YOAREy + 4RI Y] 0M R (1.4.35)

In the Newtonian limit, the only non-vanishing Christoffel symbols are

Tooly] = 8¢, (1.4.36a)
To: Y] = Tl = 9, (1.4.36b)
Il = 6;0°¢ — 67 0ip — 670;0. (1.4.36¢)

Then, after some manipulations involving integration by parts and the gauge con-

ditions, while keeping only terms up to the first order in ¢, we find

1 ,
Spy = o d*z " b " 0,0, hi,

1 ij ij
= o d*z (hy; Ohidy + 2¢ hy;' 6,,0"0" hiy). (1.4.37)
The action Eq. (1.4.37) can be thought of as describing gravitational radiation in
flat spacetime interacting with a static Newtonian potential. At the quantum level,
the quantization procedure follows as described in Section 1.3. This action then de-

scribes graviton scattering by a Newtonian potential. In Appendix B we compute
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the differential cross section for a graviton scattered by a Newtonian source behav-
ing like ¢(r) = —My/r, with r* = §;;2°27 and My being the mass of the source.
The result is? [101, 102]

de  G*M% <

dQ  ctsin® g

0 0
cos® 3 + sin® 5) , (1.4.38)

with 0 being the scattering angle. The behavior of the differential cross section can
be seen from Figure 1.5 to be strongly dominated by regions in which § < 1, going

as
de  G*M3% 1

o T A e

Such small probability for higher values of the scattering angle reflects the weakness

(1.4.39)

of the gravitational interaction.

Differential cross section

1012<
1010<

108<

do
@I do

1084

04

10*1
102<

100<

0 /4 /2 37/4 b
0

Ficure 1.5: Differential cross section as a function of the scattering
angle.

*’Restoring the universal constants once again.
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Chapter 2

Environment-induced decoherence

The concept of a closed system is a useful but sometimes oversimplified idealization
in physics, since it is based on the idea that one can isolate an object of interest
from any interaction with its surroundings. In practice, one tries to minimize these
unwanted influences in order to study such approximately closed systems. Now,
while classical systems are subject to momentum and energy exchanges with the
environment, which can be neglected in most cases (as, for instance, in the collisions
between dust particles and a tennis ball), quantum systems, in addition to these
kinds of influences, can also become entangled with the environment.
Entanglement is a strong correlation that has no classical analogue. If two quan-
tum systems are found in an entangled state, then measurements performed on one
of the subsystems will reveal some amount of information about the other, even if
they are spatially separated over large distances. Now, consider a quantum system
that is initially prepared in a superposition of mutually orthogonal states. Assuming
that the quantum description of nature is universal, the system of interest will, in
general, become entangled after interacting with its (quantum) environment. The
environmental degrees of freedom (DoFs) can then be thought of as probing the
quantum system while acquiring some measure of "which-path information" (or
"which-state information", more generally). There is no fundamental principle that
prevents us from measuring these environmental DoFs and acquiring such infor-
mation, even though one typically does not do so, either by choice or due to some
practical limitation (in fact, this is often the criterion used to determine which sys-
tem is the system of interest and which one is the environment). As a consequence,
measurements performed on the system will be less and less able to detect inter-
ference terms between the components of the superposition (the coherences) as
the environment acquires more and more which-state information. In the limiting

nl

case, all coherences are somewhat "destroyed"' and the system can only be found in

To be more precise, the interaction with the environment does not destroy the initial quantum
superposition but rather enlarges it to include the environment itself. Decoherence happens when
such superposition becomes unobservable at the level of the system of interest alone, giving the
impression that it has been destroyed (although it is still there).
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definite "semi-classical" states. This process is called environment-induced de-
coherence, or simply decoherence [103-110].

Environment-induced decoherence refers to the phenomenon of the irreversible
loss of quantum coherence from a system that is coupled to an environment, as well
as the dynamical selection of the observable properties of the system. It is a purely
quantum phenomenon, and it can occur alongside some "classical" aspects of en-
vironmental interactions, such as dissipation. Now, since a quantum state can be
expressed as different superpositions of different bases of the Hilbert space, deco-
herence is a basis-dependent phenomenon. In general, it is the way the system in-
teracts with a given environment that dictates which basis will be more susceptible
to the loss of quantum coherence. For instance, if the interaction Hamiltonian cou-
ples environment operators with the system position operator, then we can think
of the environment as probing the position of the system at each time instant, and
decoherence will eventually occur in the position basis, thereby localizing the sys-
tem. This selection of observable properties is the aspect of decoherence that is most
related to the quantum-to-classical transition, the dynamical selection of a few "clas-
sical" observable quantities like energy, position, and momentum. For discussions
concerning this connection, and further connections with different interpretations
of quantum mechanics, see Ref. [111] and references therein.

In this chapter, we present a somewhat general overview of the decoherence
program in order to establish the physics behind the phenomenon before we spe-
cialize in the case of a gravitational environment for the remainder of this work.
We begin by exploring the basic ideas behind decoherence in Section 2.1, mak-
ing our discussion more precise and explicitly showing the consequences of the
system-environment entanglement. Then, in Section 2.2, we introduce the influ-
ence functional formalism to open quantum systems. Since more common tech-
niques involve the so-called master equations, we show the equivalence of the two
approaches in Section 2.3, where we also explore the physical interpretation of each
term encompassing the influence of the environment on the open quantum system.
We do this by considering the canonical model in which the system of interest is
described by continuous phase-space variables, while the environment is described
by a set of non-interacting harmonic oscillators. This model is usually referred to
as quantum Brownian motion, and it bears many resemblances to the problem
of a quantum particle in a bath of gravitons that we wish to consider in this work.
In Section 2.4 we explore how the localization of the system due to decoherence
can lead to the system being described by trajectories that are obtained as the solu-

tion of the Langevin equation, a Newtonian-like equation of motion governed by a
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stochastic force variable entering as noise from the environment. Finally, the phys-
ical reality of such trajectories is discussed in Section 2.5 in light of the decoherent
histories approach to quantum mechanics. This will be crucial for when we define

work for open quantum systems in Chapter 6.

2.1 Basics of decoherence

Let us consider a quantum system S coupled with an environment £. The Hilbert
space of the total system S + & is given by the tensor product H = Hs ® He,
where Hs (H¢) denotes the Hilbert space of the system (environment) alone. This
separation between the system and the environment requires us to distinguish be-
tween the variables that describe the system of interest and the other (usually in-
finitely many) variables that can affect the system, but whose detailed dynamics
are of somewhat less relevance or may even be intractable from a practical point of
view. From now on, let us assume that this choice has been made in a reasonable
manner. Moreover, let us assume that one can also introduce some coarse-graining
measures that characterize the environment (as, for instance, when we describe a
bath by its thermodynamic variables).

Suppose that the total Hamiltonian can be written as
[{[:ﬁg®f5—|—jg®ﬁg+ﬁz, (2.1.1)

where Hg (I:Ig) is the free Hamiltonian of the system (environment), while Is (jg)
denotes the identity on the system (environment) subspace. The interaction be-
tween them is described by Hy. All the operators are written in the Schrodinger
picture, and we have assumed that the Hamiltonian contains no explicit time de-

pendence. The interaction Hamiltonian can be written as
H; = Z S, @ E,, (2.1.2)
(e

which is the most general form, namely a diagonal decomposition of the system and
environment Hermitian operators S, and E,. This interaction Hamiltonian singles

out a specific set of orthonormal basis vectors of the system, {|s,,)}, which satisfy

Salsn) = s s,)  forall nand a. (2.1.3)
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For simplicity, let us assume that [ﬁg, S’a] = 0. In the interaction picture, we
have
Hy(t) = e Hre Mt = Y " S, @ Eu (1), (2.1.4)

where Hy = Hs® I¢+ 1s® He and E,(t) = e'flet E,e~iHet The interaction picture

time-evolution operator for the total system is then

t
—i/ At Y~ Se @ Eu(t)
0 «

with T denoting the time ordering operation, which takes any product of time de-

A~

U(t) = Texp : (2.1.5)

pendent operators and changes the order such that later times are on the left.

Now consider an initial state [¢)(0)) = |s,) ® |E(0)), where |E(0)) stands for
the environment initial state. Since this is a product state, it means that initially
there is no entanglement between the system and the environment. According to
Eq. (2.1.5), this state evolves to

[(t)) = U (t) [+(0))
= Texp [—i /t dt Z Sa & Ea(t/)
= [5,) ® {Texp [—i /t dt’ ZS%Q)Ea(t/)

«

|sn) ® |E(0))

|E(0)>}. (2.1.6)

Since the final state is still described by a tensor product, this means that a system
initially in the state |s,,) does not become entangled with the environment. We say
it represents an environment-superselected preferred state [109].

However, let us now consider the initial state

1T(0)) = (Z Cn |sn>> ® |E(0)), (2.1.7)

which is still a product state and therefore contains no entanglement. The difference
here is that the initial state of the system alone is described by a superposition of

the state vectors |s,,). It is not hard to see that the total state evolves to

(W) =D culsn) @ [Ea(t)), (2.1.8)

n

where

|E,(t)) = Texp 1E(0)) . (2.1.9)

t
—i / Aty s EL(t)
0 (0%




2.1. Basics of decoherence 47

The state (2.1.8) cannot be written as a tensor product since it is a superposition
of the states |s,,) ® |, (t)), and thus it represents an entangled system-environment
state. We see that the initial superposition of system states has been enlarged to
include the environment, and one can no longer attribute a specific state to the
system alone. However, if one wishes to perform measurements only in the system
of interest, then one needs to compute expectation values of system observables by
using the reduced density matrix, which is obtained from the total density matrix
p(t) = [¥(t)) (¥(t)| by performing a partial trace with respect to the environment
variables [112],

ps(t) = Tre{|W (1)) (W (1)}

~S (Z Calsn) @ rw») (Z & (5ml © <Em<t>|) i)

m

=D > cucilsn) (sl (il Ealt)) (Bu(t)]0)

i

= ey [5n) (sm| (Em(t)|En(t)) | (2.1.10)

where {|7) } denotes a complete set of environment orthonormal basis vectors. Since
(E,(t)|E,(t)) = 1, the diagonal elements of ps(t) are constant over time. However,
the off-diagonal elements, which are called coherences, do change over time. The
time dependence of the matrix element (s,|ps(t)|s;,) is given by the overlap of the

corresponding environment states |F,,(¢)) and | E,,(t)), which is usually written as

[(En ()| Em(t))| = exp[=Trm(t)]- (2.1.11)

When the quantity I',,,,,(¢) satisfies I',,,,,(¢) > 0, we call it the decoherence func-

tion [110]. The matrix element p¥" = (s,|ps|S) can then be written as
pg" (t) = p" (0)e Y, (21.12)

where p™(0) = ¢,c,.

The time dependence of the decoherence function depends on many variables,
such as the system-environment coupling and the total system initial state. For
many physical systems of interest, the system-environment interaction leads to a
rapid decrease in the overlap between the environment states |E,,(t)) and |E,,(t)),
m # n, which can be found to vanish after times that are long compared to a typical
timescale T4,

(E,(t)|En(t)) = 6pm for t >> Tgee. (2.1.13)
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The timescale T4, is called the decoherence time, usually defined by the condition
[y (Taee) = 1. For times much larger than 74, the reduced system density matrix

approaches
ps(t) = Y lenl*I50) (sul  fort > Tyee. (2.1.14)

Physically, this means that superpositions of the states |s,), which were initially
present, are effectively "destroyed” in the sense that they are no longer observable
for any measurement performed on the system S. The coherent superposition has
transitioned to an incoherent statistical mixture, and the reduced density matrix has
become diagonal in the particular set of basis states |s,,). This environment induced
transition is the phenomenon known as decoherence.

In the following sections, we will discuss a specific canonical model that exhibits
and illustrates environment-induced decoherence in a quantum system. To do so,

we will first need to establish a formalism for describing open quantum systems.

2.2 The Feynman-Vernon influence functional

Having introduced the ideas behind the phenomenon of decoherence, let us next
present the formalism of the Feynman—Vernon influence functional in order to study
the general dynamics of an open quantum system [37-39]. We begin with a brief
review of the path integral formulation of quantum mechanics, followed by the
study of open quantum systems using the influence functional approach. Lastly, we
present an example of an open system linearly coupled with an environment, which

will be very relevant to this work.

2.2.1 Path integrals

In the Schrédinger picture of quantum mechanics, the states evolve in time accord-
ing to

[W(t)) = U(t,to) |¥(to)) (2.2.1)

where the unitary time evolution operator from initial time ¢, to time ¢ reads
A t A
U(t,tg) =T [exp (—z‘ / dt’ H(t’))} (2.2.2)
to

with H (t) being the Hamiltonian operator and T standing for time ordering.
For simplicity, let us consider a system described by a single degree of freedom
x, which denotes the spectral family of the position operator X, X |z) = z |z).

The inner product ¢(z) = (z|)) is what we call the wavefunction in the position
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representation. In terms of the wavefunction, the time evolution (2.2.1) reads

wlat) = (o) = [ doo @0 )} (oli) . @29
where we introduced a completeness relation. We can rewrite the last equation as
w(x,t) = / dl'o K(m,t;fﬂo,to)w(l'o,to). (224)

The function K (, t; 2¢, to) = (2|U(t, to)|xo) is called the propagator, which is an
amplitude to move from point z at ¢, to point x at ¢.
In the path integral formulation of quantum mechanics, the propagator is ob-

tained from
I(tf) =xf

K(xg,ts;x0,t0) = / Dz W] (2.2.5)
2(0) =0

where the integral over the measure Dx denotes a sum over all paths x(¢) that lead
from z to x s, and S[z(¢)] is the classical action (the time integral from ¢, to ¢ ¢ of the
system’s Lagrangian) computed for each path. One can arrive at (2.2.5) by dividing
the time interval [to, t¢] into IV infinitesimal intervals of length 0, inserting a com-
pleteness relation for each intermediate point ;, i € [0, N], into (x|U(t, )|x),
computing all matrix elements by using the expression for the time evolution oper-
ator (2.2.2), and finally taking the limit N — oo (6t — 0) [65, 95, 96]. Alternatively,
one can take Eq. (2.2.5) as a time evolution postulate of quantum mechanics and
show that the wavefunction (2.2.4) must obey Schrodinger’s equation [38]. Both
formulations of quantum mechanics are equivalent.

The Feynman path integral formalism, as described by Eq. (2.2.5), remarkably
tells us that the time evolution of the quantum state |¢) is described by an integral
over all paths from the beginning to the endpoint, weighted by the exponential of
the classical action. However, our description of the quantum system may not be
given by a single ket in Hilbert space, but rather by a given class of states |1);) for
which our knowledge does not allow us to go beyond assigning a probability of
occurrence p; to each member of this class. We then describe the system using a

density matrix,

p=> pili) (Wil (2.2.6)

We always have Tr p = 1, while in general Tr p* < 1. Kets in the Hilbert space are
represented by particular cases of density matrices with Tr p> = 1 (also called pure

states, while states with Tr p? < 1 are called mixed states). It follows from Eqgs. (2.2.1)
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and (2.2.6) that the time evolution of the density matrix is given by

A~

pt) = U)p(0)U (1), (2.2.7)

where we are taking the initial time instant as ¢, = 0 and denoting U (t) = U(t, 0).

We can obtain a path integral representation for the time evolution of the den-
sity matrix by considering the matrix element p(z, 2’,t) = (x|p(t)|2’). By inserting
completeness relations and using the path integral representation for the propaga-

tor (2.2.5), we arrive at?

ol 1) = (@O OHO)T (D))
= o) ([~ amle tl }50)( [ st lat) @il )00

[e.e] [e.e]

= /OO dzoday (U (0)|zo) (25U (t)]2") (0] p(0)]x()

—00

= /OO dz(0)dz'(0) DaDaz’ &' C=5 p(2(0), 2/(0), 0). (2.2.8)

As we can see, the time evolution of the density matrix involves two histories of the

system, rather than a single one, as in the time evolution of the wave function (2.2.4).

2.2.2 The influence functional

Let us again consider an open quantum system S coupled with a quantum environ-
ment £. While the dynamics of the combined (closed) total system S+ & are unitary,
the state of the system &, a subsystem of the combined one, will evolve according
to its internal dynamics as well as to its interactions with the surroundings. These
interactions lead to system-environment correlations such that the dynamics of the
system & will not be unitary in general. The dynamics of the system S are called
the reduced system dynamics, and the system S itself is referred to as the reduced
system [110].

The action of the total system is usually a sum of three terms: one describing
the system alone, another for the dynamics of the environment, and the interaction
between them. Let us then consider a system S described by a set of variables

x = {x,} that interacts with an environment £ described by variables ¢ = {¢,}.

2 A word on notation, as it can become quite confusing from this point on: when we have variables
like = and ¢ in a path integral measure, like Dz and Dy, or inside square brackets like in S[z, ¢, we
are referring to the functions z(¢), ¢(t), and so on. Everywhere else, we are referring to the spatial
points x or ¢, which are often the endpoints of paths (t) and ¢(t).
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The classical action takes the form
Slz,q] = Ss[z] + Selg] + Szlz, g, (2.2.9)

where the action S7[x, ¢| describes the interaction between the system and the en-
vironment. The quantum state of the total system is described by the density matrix
p(xq,z'q ,t) depending on both system and environment variables. It evolves uni-

tarily under the total Hamiltonian, according to [39]

p(rq,2'q 1) = / dﬂ?od(Zo/ dzgdgy I (2g,2'q s tlzogo, 7040, 0) p(T0g0, 940, 0),
(2.2.10)
where p(zq,2'q',t) = (xq|p(t)|2'q), and T is seen as a time evolution kernel for

the total combined system, given by

J(xq, 2", t|xoqo, 25q0,0) = DaDz’ / DqDq eSleal=Sk"d]),
z(0) =zo q(0) =qo
= 7'(0)=q
(2.2.11)
However, when dealing with open quantum system dynamics, one is usually
interested in computing expectation values of system observables while taking no
interest in the environment dynamics. The expectation value of such observables
is computed with the reduced density matrix ps, which is obtained from the total

density matrix by a partial trace over the environment variables,

ps(x, o' t) = / dg p(xq, 2'q,t). (2.2.12)

—0o0

Assuming that at t = 0 the system and environment are uncorrelated,

P(xOQm I{)Q(/J? 0) = ps (l’o, ‘,'UE)J O)ﬁE(QOa Q(l)v 0)7 (2213)

we can rearrange the order of integration to write the reduced density matrix as

pg(x,x’,t):/ daoday Ts(x, o', t|zo, 25, 0) ps(zo, 24, 0), (2.2.14)

o0
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where the time evolution kernel for the reduced system reads
Ts(x, o' t|xg, 2(,0) = DaxDa’ ei(SS[r]_SS[m/])f[x,x/]. (2.2.15)

The functional F[z, 2'] is called the Feynman-Vernon influence functional, and

it is given by
Flz, '] = el

= / dqqud(](l) pg(Qm q67 O)

at)=q'(t)=q
" / DDy ¢i(Seli+szlea-Seld)=sza) | (5.2.16)
q(0) =qo
q'(0) =q;

Here, Sir is called the influence action, and it encodes all influence from the en-
vironment on the system. Its presence in the time evolution (2.2.14) induces an in-
teraction between the two histories = and 2/, being responsible for the non-unitary
evolution.

We can list some general properties of the influence functional [37-39]:

1. In terms of the time evolution operators /(t) and /' (t) for Se[q] + Sz, q]
and Sg[q] + Sz[2’, ], respectively, the influence functional can be expressed

as

Fla,a!] = / dgdaodd) pe (0, 4, 0) {altd(®)lao) (ablid (D))

o0

_ / " dgdaodd) (g (Dla) {alA®)ao) {qolpe(O)]l)

- Trib?(t),ég(O)Zfl’T(t)} - <L7'T(t)a(t)>g, (2.2.17)

where (-). denotes the average with respect to the environment initial state
pe(0).

2. The influence functional satisfies
Flz, 2] = F*[2', z], (2.2.18)

which follows immediately from Eq. (2.2.17).
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3. The influence action satisfies
S[F [ZL‘, xZ, t] = 0, (2219)

which can be easily seen from Eq. (2.2.17) by recalling that Trg pg(0) = 1.

4. If a number of statistically and dynamically independent environments act
on the system at the same time, and if F, denotes the influence functional of
the kth environment alone, the total influence is given by the product of the
individual Fy,,

F=1]% (2.2.20)
k

The path integral representation (2.2.16) involves two histories ¢ and ¢’ that
may be described as an integral over a single history defined on a closed time path
(CTP) due to the boundary condition ¢(t) = ¢'(t). Throughout the remainder of
this section, we shall follow Ref. [39] and denote x(t) = z'(t), 2/(t) = x*(t) such
that %, a = 1, 2, can be thought of as a single doublet field defined on a single time
path. We also define a metric tensor ¢,, = diag(1, —1), which, together with its
inverse ¢ = diag(1, —1), may be used to raise and/or lower indices, as in z; =
1o = ezt = 2! = x and 19 = 9, 1% = c991? = —2? = —2'. In this CTP
notation, the kinetic terms in the system Lagrangian, for instance, will be written
as Copi®i® = i,4% = #? — i"%. We refer to the CTP action S[z?] = S[z] — S[2]
when considering the contributions from both branches of the closed time path. In

CTP notation, the influence functional (2.2.16) is written as

Fla®) = / " dg (6)dg! (0)dg(0) pe (' (0), 42(0), 0)

« / an ei(Sg [qa}-i-SI[a:a,q“}). (2221)
q'(t) =¢*(1)

Having discussed the general properties of the influence functional, let us now

consider a specific example of an environment that is linearly coupled to the system.

2.2.3 Linear coupling model

The linear coupling model is described by the assumptions that the environmen-
tal action is quadratic in the ¢ variables, the initial environmental density matrix
is Gaussian, and the interaction term is bilinear (linear in the system and environ-
mental variables). This is the case for the model of quantum Brownian motion, for

instance, in which the environmental action describes harmonic oscillators, and it
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will also be the case for the problem of a quantum particle in a bath of gravitons, as
we will see in Chapter 4.
Let us then work under all these assumptions and take an interaction of the

form?

Stlz,q] = /dtx“(t)@a[q(t)], (2.2.22)

where the ()’s are linear combinations of the ¢’s. In that case, the influence func-
tional (2.2.16) becomes a functional Fourier transform of a Gaussian functional of
histories ()(t) and )’ (t). Since the Fourier transform of a Gaussian is another Gaus-
sian, we conclude that, under all these assumptions, the influence action must also

be quadratic in x and 2’ [39]. Therefore, we write

Sl = % / dtdt’ 2°(8)Gun(t, )2 (1), (2.2.23)
where
Gu(t, 1) = —i5—2 e Sl (2.2.24)
b\t S (t)dxb(t) oo o

with the § notation denoting functional derivatives. A direct variation from Eq. (2.2.21)

with S7 given by Eq. (2.2.22) yields

2
Y 1S1F [2%]

W = —/_ dql(tf)dql(o)dqz(o)

o0

e =0

x / Dq" ¥11Q, (H)Qu(t') pe(q'(0),¢°(0),0).  (2.2.25)

qt(ty)=q>(ty)

Explicitly,

Cul(r,r) =i / " dgdq(0)dg(0) pe(g(0), (0), 0)

o0

‘ , 2.2.26a
> / Dqu/ ei(Selal—Sela ])Q(T)Q(T/), ( )
qt)=q'(t)=q
Gralr,7') = —i / dgdq(0)dg'(0) pe(4(0), ¢(0), 0)
~ (2.2.26b)

% / Dqu' ¢i(Sela)l—Se [q/])Q(T)Q/(T/),

q(t)=q'(t)=q

* A more precise notation would be Sz[z, ¢,t] = fot dt’ (") Qqq(t)].
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Gor(r,7) = —i / " dgdq(0)dq (0) pe(g(0), ¢/(0), 0)

[e.o]

A , 2.2.26¢
" / DyDy e li-SaD Y (1) O(+), (2.2.260)
qt)=q'(t)=q
Goalr, ) = i / dgdg(0)dq'(0) pe((0), ¢(0). 0)
(2.2.26d)

« / DyDy S-S (1) Q' (7
q(t)=q'(t)=q
In order to compute these in canonical form, let us use the fact that the propa-
gator (2.2.5) satisfies [38]

K(xb,tb;xa,ta):/ da. K (xp, ty; ey te) K (e, te; Tay ta), (2.2.27)

— 00

where z, = z(t.) and t, < t. < t;. Then, by assuming 7 > 7/, we may write

DyDq &M= N Q(r)Q(7')
a(t)=4'(t)

- [Caa) [ payesaguy [ opgeestiign
- o<t/ <7 <t <t
X / Dy(t') e¥ela®)] / Dy (t')e~eld )], (2.2.28)
T<t' <t 0<t' <t

where ¢(t') and ¢/(t') denote the integration (path) variables, and the subscripts
on the right-hand side of the equation indicate the time interval in which the path
integral is being computed. We may now identify each path integral as a matrix
iﬁgt

element for the environment free time evolution operator Us (t) = e ""¢" and write

~iGu(r.™) = [ da(t)dg(0)dd O)da()da(r

—00

x {a(®)Ue(t, 7)la(m) Q(r) (a()|Us(r, 7")]a(r")) Q(r")
x (g(7")|Ue (', 0)]a(0)) {a(0)]pe(0)]g'(0)) (4 (0)|C

£(0,1)]g(1))
- / dq(t)dq(r)dg(7) (q(t)]Ue(t, )Qlg(7))

o

x (q(T)|Ue(r, 7)Qla(r")) (a(v")|Us (7', 0)pe (0)Ue (0, 1) |q(t))
:/_ dq(t) (q(t)|Ue(t, 7)QUe(r,7")QUe (7', 0)p (0)Ue (0, t)|g(t))

o0

= Tre {Ue (¢, )QUs (. 7)QUe (7', 0)pe (0)Us 0, 1) }
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{060,000 (t, 1) QUz (7. 7)QUE(, 0)e(0) |

te{ U (0, 7)QUs (7, 0)Ue (0, 7)QUs (7', 0)pe (0) }
{UHm)QUe(n) UL ()QUe(r)pe (0) |

= (), =7 (2.2.29)

where Q(7) is an operator in the interaction picture, Q(7) = Ul(7)QUg (7). In the
expressions above, we used the composition rule Us (¢, t')Us (', to) = Ue(t, t). It is
interesting to note that if we had not specified the temporal relation between 7 and
7/, the path integral would have automatically set the latest time to the left. This

means that we can write the general result

~

Gu(r, ) =i <T[Q(7)Q(T’)} > . (2.2.30)

&

By completely analogous procedures, we can write the other components (2.2.26)
in canonical form and obtain

Tlomew)). - (ewew)
G(t,t") =1 < . - S e, (2.2.31)
-(emQw)) . (Tlamaew)|)
where T denotes anti-time ordering, which takes any product of time dependent
operators and changes the order such that later times are on the right. Also G

denotes the matrix whose elements are the G;’s.

The influence action (2.2.23) can then be written as

Stelz, '] = % / dtdt’ {<T[Q(t>@(zﬁ/)} >gw(t):c(t/) - <Q(t’)@(t)>€x(t)x’(t’)

—(Q0Q)) ' ta(t) + (T[QWQW)] ) _«®a'(t)}. @232)

We can write it in a more compact form by introducing the variables v = x — 2’
and X = (z + 2’)/2. Additionally, we use the property §(—z) = 1 — 0(x) of the

step function to write

T[QQ)] =0t — ) [Q(1), Q)] + Q)Q(w), (2.2.33a)

and

QM) = -0t — )|, Q)| + @), (2.233b)
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with [-, -] denoting the commutator between operators. Then, after a fair amount of

algebraic manipulations, we arrive at
Siplz, 2] = /dtdt/ [u(t)D(t,t’)X(t’) + %u(t)N(t,t’)u(t’)], (2.2.34)

where we have defined the dissipation and noise kernels

D(t.t) =i < [Q(t), Q(t')} >£ ot — 1), (2.2.353)
N(tt) = % ({am.om)}) . (2.2.35b)

respectively. Here {-, -} denotes the anti-commutator between operators.
The physical interpretation of these kernels, as well as the reason for their
nomenclature, will become more evident once we derive a master equation for the

reduced density matrix in the next section.

2.3 The master equation

For closed quantum systems, the time evolution can be described entirely in terms

of the density matrix by the Liouville-von Neumann equation,

Loty = —i [H ﬁ(t)}, (2.3.1)

dt
where H is the total Hamiltonian of the system. This time evolution is unitary, and
the same cannot be said when the system is open. In that case, the Liouville-von
Neumann equation is replaced by the so-called master equations. For most cases of
interest, the time evolution of the reduced density matrix for a system coupled with

an environment takes the form [109, 110]

 pslt) = —i [ s, ps(0)] + Dlps (1) (232

dt
Here s is the part of the Hamiltonian that acts only on the system of interest.
In general, H s F 131'3, since the interaction with the environment can lead to a
renormalization of the energy levels of the system, an effect usually referred to as
the Lamb-shift contribution [109]. Additionally, the presence of the environment
introduces the second term on the right-hand side of Eq. (2.3.2), which is responsible

for the non-unitary time evolution of the reduced system. The super-operator* D

‘A super-operator refers to an operator that acts on another operator.
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is sometimes referred to as the dissipator, and it is responsible for the effects of
dissipation and decoherence.

A master equation like Eq. (2.3.2) is usually obtained from the Liouville-von
Neumann equation for the total combined system by taking the partial trace over
the environment variables, assuming an initial product state (as we have done in the
previous section), and further imposing some other approximations, like the Born
and Markov approximations® (see Refs. [109, 110] for the details). Here we will
simply show how we can obtain a master equation for the reduced density matrix

from the influence functional approach.

2.3.1 Deriving the master equation

We begin by writing an expression for ps(xy, 2, ¢ + At) in terms of ps(z, 2', 1),

ps(xy, o’s,t + At) = / drda’ Js(xy, o', t + At]z, 2’ t)ps(x, 2',t),  (2.3.3)
where
z(t+At)=xy
z' (t+At) :m}
Ts(xp, o'y, t+ Atfw, 2’ 1) = / DDy’ ¢ ASsltl=ASsla’]) (irSiwlza’] (3 3 4)
z(t)=z
' (t) =1’

with ASg[z] = Ss[x,t + At] — Ss|x,t] and the same holds for ASp[z, 2'].

Since our goal is to obtain a first order differential equation for the time evolu-
tion of the reduced density matrix, we want to keep terms up to first order in At.
Now, ASip[z, 2’| < At and thus

Ts(xp, oyt + Atla, 2’ 1) ~ Kg(xp,t + At|z, t) K5(s, t + At|2', 1)

+i / DaDa' e AIslkl=ASsE DA G L[z, 2], (2.3.5)

The Born approximation assumes that the interaction between the system and the environment
is sufficiently weak, and the environment is sufficiently large in comparison with the size of the sys-
tem, such that the total state remains approximately a product state throughout the time evolution.
The Markov approximation assumes that the environmental correlation functions drop to zero much
faster than the characteristic timescale over which the reduced density matrix of the system changes
appreciably. It basically neglects the memory effects of the environment and usually transforms the
integro-differential master equation into a much simpler differential one.
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where
z(t+At)=xy
Ks(zs,t + Atlz,t) = / D 295l = (24|Us(t + At t)|z)
z(t)==z
~ §(xf — x) — iAt (x| Hs|z) . (2.3.6)

If we work with the linear coupling model, the influence action is given by
Eq. (2.2.34), and we find

ASelz, 2] = Atu(t) / v (D)X () + iN(t, ¢ )u(t)], (2.3.7)

where we used the fact that D(¢,t") < 6(t — '), i.e., D(t,1') is explicitly causal.

By plugging Egs. (2.3.6) and (2.3.7) into Eq. (2.3.3), using Eq. (2.2.14) in order
to write the time evolution in terms of the initial system density matrix, and then
taking the limit where At — 0 while letting x; — x and 2/, — 2’, we finally arrive

at

Sips(wast) = =i (ol [ s, ps(8)]12)

—(z — 1) /0 dt’ [N(t, (X = X" (z, 2!, t') — éD(t, (X + X (x, 2, )],
(2.3.8)

with

X(z,2',t') = /OO dzoday /DxDx' ei(Sslal=Ss+Swle D o (30 2t 0)a(t).
o (2.3.9)

Note that the evolution of X(z,2’,t') also depends on the interaction with the
environment through the influence action. However, for sufficiently weak interac-
tions, we can take advantage of the fact that both the noise and dissipation kernels
are, in general, of second order in the operator Q that couples with the system.
Therefore, we can neglect the influence action in the exponential since this would

lead to higher order contributions and write [39]

o0

X(z, 2! t) ~ /

—0o0

dxoday /D:cDx’ e Oslel=Ss D) s (20, 2, 0) (1)

- /_ " dwodada () (2 ()Tt 0)|zo) ([0t ¢)X]a(t)

[e.9]

% (@o|Us(0,8)[2") {wo|ps(0)]x5)

_ <l,|e—iﬁs(t—t’)Xe—iﬁgt’pAS<O)eifISt|$/>



60 Chapter 2. Environment-induced decoherence

= (2 X(—7)ps(t)]2’) (2.3.10)

where 7 = ¢ — ' and X (t) = ¢'Is!Xe~#s! is the interaction picture position
operator. Similarly, one can show that X'(x, z’,t') is the (x, ') matrix element of
the operator js(t) X (—7).

At last, putting everything together leads to the master equation

Sslt) = —i[Hsups)] = [ ar {N(t.t = n)[£. [X().ps00)]

_%D(t,t —7) [X {X(—r% ﬁg(t)}] } . (23.11)

This is of the form presented in Eq. (2.3.2), with the dissipation and noise kernels
encoding the non-unitary time evolution. To further explore the physical meaning
behind these terms, let us apply the master equation for the case of a well-known

model of the system of interest, namely a harmonic oscillator.

2.3.2 Dissipation, diffusion and decoherence

Suppose now that our system of interest is a harmonic oscillator with mass M and

frequency €2, such that its free Hamiltonian takes the form

2 Pl 2 %2
Hs = BYYi + §MQ X7, (2.3.12)

with X and P being the (Schrédinger picture) position and momentum operators of
the system satisfying the canonical commutation relation [X, P] = i. The interac-
tion picture position operator (which is the same as the Heisenberg picture operator

when the system evolves only according to its self-Hamiltonian H) reads [113]

A~

. 1 .
X(t) = X cos(2t) + WP sin(Qt). (2.3.13)

Using this result in the master equation (2.3.11) yields

iﬁs(t) = —i |:I‘ifg + %M&QQ(t)XQ,ﬁs(t)} —i(t) [X {P,ﬁs(t)H

dt
—a2(t) [X [X,ps(t)” —22(t) [X [P,ﬁg(t)ﬂ, (2.3.14)
where

SO (t) = —% /Ot dr D(t,t — 7) cos(Q7), (2.3.15a)
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7@)::giﬁi/ﬁdT[Xut—~ﬂsHKQTL (2.3.15b)
0
o?(t) = /t dr N(t,t — 1) cos(271), (2.3.15¢)
0 . .
Y2(t) = ~30 / dr N(t,t — 7)sin(Qr). (2.3.15d)
0

In the position representation, the master equation (2.3.14) reads

QM \ 0x2  Ox'? 2

206 ) (5 ) o0 o

osted') =7 (52— o) — $MEP 40920 (2 - o7)

+i¥2(t)(x — 2) (a% + %)} ps(z, 2’ t). (2.3.16)

It is worth mentioning that an exact master equation for quantum Brownian
motion can be obtained without imposing the weak coupling approximation, as we
have done in Eq. (2.3.10). In that case, the expressions for the coefficients (2.3.15)
become much more complicated, although the master equation maintains the same
form (2.3.14) (see Refs. [39, 114]). Remarkably, the exact master equation is found
to be local in time even though it exhibits non-Markovian effects.

Let us now discuss the physical interpretation of each of the coefficients in
Eq. (2.3.15). First, let us note that the coefficient 692%(¢), given by Eq. (2.3.15a),
amounts to a renormalization of the natural frequency of the system (the Lamb-
shift contribution). The unitary part of the time evolution is then that of a quantum
harmonic oscillator with physical frequency (2% + 592(t))1/ 2

The coefficient y(t), given by Eq. (2.3.15b), describes dissipation through mo-
mentum damping. To see this, let us consider the time evolution of the expectation
value (P)(t) = Trs[Pps(t)]. Using the master equation (2.3.14) and working out

the details using the canonical commutation relation, one is led to

d

E<]3>(t) = Trg [Pgﬁs(t)}

dt
= —M(Q% + 52 () (X)(t) — 2v(t) (P)(1). (2.3.17)

While the first term on the right-hand side describes the usual unitary evolution
of the oscillator, the second term describes momentum damping. This is more evi-
dent when we take the full Markovian approximation and extend the integral upper
limit to infinity, rendering the coefficient (2.3.15b) constant [109]. In that case, we
have (P)(t) o e~2"(P)(0). Note that y(t) is completely determined by the kernel
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D(t,t"), which is why we call it the dissipation kernel.

The coefficient o2(t) describes decoherence in the position basis, as can be seen
from the position representation of the master equation (2.3.16). Not only does it
amount to environmental monitoring of the system position operator, but it also, as
a consequence, describes diffusion® in momentum. This can be seen from the time
evolution of (P2)(t) [109],

%@2) (t) = —M (2 + 0Q2(t)) (X P+ PX)(t) — 4v(t)(P?)(t) + 20%(t), (2.3.18)
and, therefore, (P2)(t) o 0%t in the Markovian limit, when this coefficient becomes
constant over time. For this reason, 02(t) is sometimes called the (normal) diffusion
coefficient. It is also possible to show that the Wigner function for such a system
obeys a diffusion equation, with the diffusion coefficient given by Eq. (2.3.15¢) [109].

Lastly, the coefficient ¥?(¢) is also related to decoherence and diffusion. How-
ever, in the Wigner representation of the master equation, this coefficient is tied to
a double derivative, each with respect to a different variable (position and momen-
tum) instead of a single one. For this reason, it is called the anomalous diffusion
coefficient, and it leads, in many physical situations of interest, to a negligible in-
fluence compared to the one induced by the normal diffusion coefficient [109].

Now, if we wish to gain a more insightful physical interpretation of the kernels
D(t,t")and N(¢,t’), we will need to specify the model for the environment. In quan-
tum Brownian motion, the environment is described by a set of harmonic oscillators
in thermal equilibrium. This model will allow us to derive an important theorem
relating the dissipation and noise kernels, namely the fluctuation-dissipation theo-

rem.

2.3.3 The fluctuation-dissipation theorem

Our derivation of the influence action (2.2.34) only assumes that the free Hamilto-
nian of the environment is quadratic, the initial state is Gaussian, and the coupling
is linear, with no further specification. Now let us choose this environment to rep-
resent a set of harmonic oscillators with masses m; and frequencies w; such that the
environment Hamiltonian reads

52
~ D; 1 R
He = E (Qmi + §miw§q§), (2.3.19)

%

®Since normal diffusion is observed in classical Brownian motion [115], it is this similarity that
rendered this canonical model the nomenclature of "quantum Brownian motion" [109].
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with ¢; (p;) being the position (momentum) operator of the ith oscillator. Suppose
now that the 7th mode couples with the system with a coupling constant ¢;, so that
the environment operator Q is given by Q = Y. ¢;g;. For the initial environment
state, let us assume that the modes are in thermal equilibrium at a temperature
B! such that pg(0) = e % /Z, where Z = Trg(e~P!¢) is the canonical partition
function.

Now;, since the modes do not directly interact with each other, we have, for i # j,

(@(t)a;(t')e = (a:(t))e (¢;(t))¢ = 0, (2.3.20)

and the dissipation and noise kernel can be written as

D(t,t') = z’Z A ([G:(), () e Ot — 1), (2.3.21a)

Nt 1) = 5 37 (), ) (23.21b)

(]

The interaction picture position operators are given by [113]

1 . .
Gi(t) = ST (die*’““ +al e’“it), (2.3.22)

where the a’s (a'’s) are annihilation (creation) operators satisfying the commutation

relations

(6, ;] = [aj,aﬂ —0,

(2.3.23)
A direct calculation then yields
i

5i(), @i (t)])e = — infw;(t —t 2.3.24

(@), ()¢ s sin[w; ( )], ( a)
N ~ /4] o 2 }A[ /
i), 4 (0)))e = o (e cosln(t — )]

S\ —iwi(t4t) ~1\2 iwi(tth’)] 2.3 24b

o @ee O  (@))e ] 23.200)

2 i
harmonic oscillator with frequency w;. Note that, in this model, the dissipation

where H;, = w, (dj a; + %) = “{a, &T} is the free Hamiltonian operator of the

kernel is independent of the initial environmental state.
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Since the environment is initially in a thermal state, we have (a2)s = ((a})?)e =

0. Furthermore, the partition function for the 7th mode reads

o 1 e—wiB/2
from which we find [116]
3 0 Wi w; B

Now, putting everything together into the dissipation and noise kernels leads to

D(r) = / dw J(w) sin(wr) (7). (2.3.27)
0
1 o0
N(r) = 5/ dw J(w) coth (%) cos(wT), (2.3.27b)
0
where 7 = ¢t — t’ and we have introduced the spectral density [109, 110]
c? 5
= ! — Wwj). 2.3.28
o) =3 o - ) @2328)

Note that the effects of thermal fluctuations are completely encoded in the kernel
N(7), which is why we called it the noise kernel. However, although the dissipation
kernel is completely determined by the spectral density and does not contain any
explicit dependence on the environmental temperature, these kernels are connected
through an important relation. To see this, first note that J(w) is simply the sine

Fourier transform of the dissipation kernel,

J(w) = Dg(w) = %/00 dr D(7) sin(wT). (2.3.29a)
0
Similarly,
%J(w) coth (a;—ﬁ) = No(w) = %/000 dr N(7) cos(wT), (2.3.29b)

with N¢(w) being the cosine Fourier transform of the noise kernel. Both equations

together imply that
- 1 -~ wp
Ne(w) = §Ds(w) coth - ) (2.3.30)

This expression is known as the fluctuation-dissipation theorem [115, 117, 118],

as it essentially relates the thermal fluctuations of a system, encoded in the noise
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kernel, to dissipation.

The fluctuation-dissipation theorem arises from the fact that both effects de-
pend on the spectral density J(w). Typically, instead of working with the defini-
tion given by Eq. (2.3.28), one usually replaces the discrete sum with a continuous
function of the environmental frequencies, often following some phenomenological

motivation [39, 109]. Let us see an example before closing this section.

2.3.4 The Caldeira-Leggett master equation

Usually, one takes a power-law expression for the spectral density, J(w) o w®, for
some constant .. The case o = 1 is referred to as an Ohmic spectral density. For

instance, we can take
. 4M’)/0 A2

W
A2 4 w?’

where 7 is an effective coupling constant measuring the interaction between the

J(w)

(2.3.31)

system and the environment. The factor A?/(A? + w?) was added to avoid the
spectral density from growing without bound, since this would be non-physical.
One then introduces a frequency cutoff A, usually much greater than the natural
frequencies of the system, A >> (2. There are multiple ways to do that, and the
prescription in Eq. (2.3.31) is called the Lorentz-Drude form [109].

For the Ohmic spectral density (2.3.31), we find

D(7) = 2M~pA2e ™7, (2.3.32a)
A —AT

where we took the high temperature limit for simplicity, Sw < 1. As a further
simplification, let us take the Markovian approximation versions of the coefficients
(2.3.15),

1 [ A
50? = _M/ dr D(7) cos(Qr) = —270m, (2.3.33a)
0
1 [~ . A?
Y= 5350 i dr D(7)sin(Q27) = gl nrers (2.3.33b)
0 2M’}/0 A2
2 = dr N Or) = 2.3.33
o /0 T N (1) cos(Q271) 5 A ( c)
1 [ : 2% A
»? = _m/o dr N(7)sin(Qr) = _Fom. (2.3.33d)

We can obtain even simpler expressions by recalling that A > ). Particularly, we

find that the anomalous diffusion coefficient behaves as 2 = —¢%/M A, leading to
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an effect that is much smaller than normal diffusion.

Finally, the master equation (2.3.14) can be written as

%ﬁs(t) = — [Hg,ﬁs(t)} — 1% {X’ {]3, ﬁS(t)H

2M"}/0
s

%, [£.550)]|.

(2.3.34)
where H 5 is the harmonic oscillator Hamiltonian with its frequency shifted by
an amount —2v,A. Eq. (2.3.34) is known as the Caldeira-Leggett master equa-
tion [118], and it describes the interaction of a system (here represented by a har-
monic oscillator) with a Markovian Ohmic bath of non-interacting modes in thermal
equilibrium at high temperature 57!

Note that our choice of spectral density implies that the diffusion coefficient is
given by 02 = 75/}, with Ag = 1/4/2M -1 being the thermal de Broglie wave-
length. Since the decoherence rate is proportional to 0, and macroscopic systems
have an extremely small thermal de Broglie wavelength, we have shown a way to
describe how decoherence occurs very quickly for such a system, which is compat-
ible with the observation that one does not usually detect macroscopic objects in

quantum superpositions [109].

2.4 The Langevin equation

The localization of a quantum system due to decoherence raises interesting ques-
tions: if we no longer observe superpositions in the position basis, can we then
make sense of the concept of "trajectory” for the quantum system? If yes, how can
one obtain these trajectories? We will address the former question in Section 2.5. In
this section, we show how to obtain such trajectories from the so-called Langevin
equation.

Regardless of the possibility of making sense of quantum trajectories, it is possi-
ble to take the classical limit of the system under consideration’. In the path integral
formulation, this is done by the method of stationary phase, which is based on the
fact that the classical paths are the ones that render the total action stationary [38].
Let us now see how to obtain the equation of motion for the classical limit of a

reduced quantum system coupled with an environment.

7 Although mathematically the solutions to the Langevin equation fall under both cases of a
"quantum trajectory” (to be discussed in Section 2.5) and the trajectory in the classical limit, the
physical meaning is distinct for each of them. While in the latter case one imposes the classical limit
by hand, in the former case this notion arises only due to the decoherence mechanism, without any
further assumption other than quantum theory itself [119].
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Recall from Eq. (2.2.14) that the reduced density matrix evolves in time according

to

ps(, 2, t) = / daoda / DaDy/ e/ Ssl=Sslelsirlea) po (g 2),0), (2.4.1)

[e.9]

where all environmental influence is encoded in the influence action Sy |z, 2']. Par-
ticularly, if we consider the linear coupling model, the influence action is given by
Eq. (2.2.34) in terms of the dissipation and noise kernels. Assuming that this is the

case, let us note that we can rewrite the term containing the noise kernel as [39]

f dtdt’ w(t) N (Et u(t') _ / DN@ 1 f dtdt' N(t)N— (t t N (t/)ei f dt./\/'(t)u(t), (242)

where C is a normalization constant and DN denotes the path integral measure for
the stochastic variable N (¢). This simple functional identity allows us to rewrite
the noise kernel influence as a stochastic average with Gaussian probability density
given by

@[/\/’] —C e—%fdtdt'/\/(t)N*l(t,t’)N(t’)‘ (2.4.3)

For example, the one point and two point correlation functions are

(N ()40 / DN Z[N|N(t) =0, (2.4.4a)

IN(ON ()., / DN ZININ(ON(F) = N(t, ). (2.4.4D)

The time evolution of the reduced density matrix can then be written as

ps(x, 2’ t) :/ dxoday /DxDx/D./\/’pg(xo,xg,O)eiSSEA[x’”/’N], (2.4.5)

—00

with the stochastic effective action
Ssgalz, ', N| = Ss[x] — Ss[z'] + /dt/\/(t)[x(t) —2/(t)]
+ % /dtdt' [z(t) — 2" ()] D(t, t')[z(t') + 2/ ()] (2.4.6)

The equation of motion is obtained by setting 0. Ssga = 0 as usual, resulting in

d (0L OLs 1 [!
4 (a_;> N /0 a4 D, )e(t) + 2 () = N(t),  (247)
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where Lg is the system’s Lagrangian. Eq. (2.4.7) is the Langevin equation. If the

system of interest is a harmonic oscillator, for instance, we have

Mi(t) + MQ?x(t) — % /Ot dt’ D(t, t")[z(t") + 2’ (t')] = N (). (2.4.8)
Note that the D term generates non-local, memory-dependent dissipation, while
the NV term acts as a stochastic force on the system. Once again, the name noise
kernel for the two-point function N (¢,t') proves to be quite fitting.

Finally, before we close this chapter, let us address the question of the observ-
ability of individual solutions to the Langevin equation for quantum systems, i.e.,
when the classical limit is not imposed by hand, yet the trajectory description is
still fitting. To do so, we shall turn to the decoherent (or consistent) histories

approach to quantum mechanics.

2.5 Decoherent histories

Let us now present the decoherent histories formalism, which was developed pri-
marily by Griffiths, Omnes, Gell-Mann, and Hartle [120-123] (see also Ref. [124]
for a review). We begin by introducing the concept of history in quantum mechan-
ics and then define the so-called decoherence functional while addressing its role
in the formalism. Finally, we discuss the physical conditions for making sense of

trajectories of quantum systems.

2.5.1 Histories in quantum mechanics

A quantum mechanical history is a sequence of quantum mechanical events at suc-
cessive moments in time, thus characterized by a sequence of successive projection
operators. Consider a closed quantum system, for instance, which at an initial time
to is in the state described by the density matrix py. At time ¢; > ¢y, the system will
be described by

p(t1) = Uty to)pol (t1, t0), (2.5.1)

where U(t;,t;) is the unitary time-evolution operator from time ¢; to time t;. We
may now wonder whether the event corresponding to a set of mutually orthogonal

projection operators ﬂoq occurs at ¢1. The probability of such an occurrence is given

by

plants) = Tr |, (k)| = Te |, U1, )00 (11, 1o)

= Te| U7 (11, 10) o, U (11, 10) o)
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=Tr [fla1 (tl)ﬁo] , (2.5.2)

where we have defined IT,, (t;) = U'(ty, to)[1,, U (t1, to) and the trace is taken over
an orthonormal basis of the system’s Hilbert space. Once the projective measure-

ment has been made, the system undergoes the usual non-unitary evolution,

ﬂal ﬁ(tl)ﬂal

- [ﬂalﬁ(tl)] . (2.5.3)

p(t1) = Pay (t1) =

Now suppose we let the system evolve further to time ¢, > ¢;, where we ask
about the event corresponding to projectors f[aQ. The probability of this additional

occurrence is

p(OéQt2|Oélt1) TI'[HOQU(tQ,tl) ( )U (tg,tl)

= m [H U(tz,tl)HalU(tl,to)poUT(tl,to)HalUT(tQ,tl)]
= —Tr HQQU(tQ,t1>U<t1,t0)U (tl,to)H U(tl,to)poUT(tl,to)
plagty) L
X T, U(t1, to)UT (t1,t0)UT (t2, t }
= p(altl)Tr _UT(tQ, to)HQQU(t27 to)U (tl, tO)HalU(tly to)po]
x Ut <t17t0>ﬂa1U(tlat0)]
1 o N ~
- T[HaztﬂaltAHalt]
p(altl) r ( 2) ( 1)p0 ( 1)
1 N N A N
- T [HQQ 1)L, (81) oML, (£1) L, (¢ ] 254
plarty) r (t2) (t1)polla, (t1) (t2) ( )

where we used the unitarity of the time-evolution operators, as well as their com-
position rule, the cyclic property of the trace, and the idempotence of the projection
operators.

The probability

p(aata, aity) = p(agta|arty)p(aqty)
= Tr |Ta, (t2) 1, (t1) polla, (t1)11a, (2) (2.5.5)

is what we call the probability of the history (pg,to) — (aq,t1) — (2, t2). Strictly
speaking, this is an abuse of nomenclature since the quantity in Eq. (2.5.5) does not
satisfy Kolmogorov’s third axiom of probability theory, the probability sum rule.

For instance, let us consider another history in which no projection is made at time
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t1, that is, the history (pg,to) — (ag,ts). In complete analogy with Eq. (2.5.2), the

probability of s occurrence at ¢5 is now given by
plaats) = Tr|Tla, (t2) o] (2.5.6)
We can use the identity ) I1., (t;) = 1 to write this as
plaats) = Tr|Tla, (t2) ol (1)

=Tr ﬁa2 (tQ) Z ﬂal (h)ﬁo Z ﬂo/l (tl)ﬂcm (t2)

i o

= Z Tr [ﬂag (tg)ﬂal (h)ﬁoﬂal (tl)f‘[cw (tQ)}

+ Z Tr [ﬂaz(t2>ﬁa1<t1)ﬁoﬁag (tl)ﬁaz(b)] (2.5.7)
a1177'50z1'1

By comparing this result with Eq. (2.5.5), we conclude that, in general,

p(ath) 7é ZP(OZQtQ, Oéltl) (2.5.8)
due to the term
Tr Moy (62T, (1) ol (1)L (82). (259)

which is generally non-zero and represents interference between different quantum-
mechanical histories. This is a key feature of quantum mechanics, namely the pres-
ence of interference terms that prevent probabilities from being assigned to quan-
tum histories. For some applications, however, we may attempt to identify sets
of histories that suffer negligible interference with each other and, therefore, to
which probabilities can be assigned. These may be found by studying the quantity
in Eq. (2.5.9).

2.5.2 Decoherence functional

For a pair of histories [a], [3], where [a] denotes the sequence of events oy, s,
...,and «a, at times t; < ty < --- < t,, and analogously for [5], we define the

decoherence functional as

D, 8] = Tr |1y, (L) . . . Ia, (t1)polls, (1) . . . Tg, ()], (2.5.10)
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where

A

I, (tx) = U (tg, to)TTa, U (tg, to). (2.5.11)
The decoherence functional may also be written in a more compact form as [39]

H ﬁﬁj (tj)
j=1

n

H ﬂai (tl>

i=1

Dla, ] = Tr{’f T

,50}. (2.5.12)

It is then straightforward to show that this functional satisfies the following prop-

erties:
i) Dla, 8] =D*[B, al,

if) > jay 5 Plov, ] = 1,

iii) D]a, o] > 0,
iv) >y Pla,al =1,

where we are denoting >, =>", >, D, -
The last two properties suggest that we identify the diagonal elements D[« ]

as the probability for the history (po,to) — (a1,t1) — -+ — (an,t,), namely
p(a) = Dla, al. This does not satisfy the probability sum rule, however, and, in

general, we have [124]

p(aV B) = Do, o] + D[S, f] + 2ReD|a, []
= p() + p(B) + 2ReDe, A]. (2.5.13)

As we discussed before, this violation prevents us from making sense of the no-
tion of trajectory in quantum mechanics. On the other hand, this notion acquires
meaning when there is strong decoherence, D[«, 3] = 0. One may then write the

fundamental formula for the quantum mechanics of history as

Re{De, 8]} = p(®)bay 5 - - - Oun - (2.5.14)

This equation expresses the necessary and sufficient condition for us to assign prob-
abilities to individual histories; at the same time, it tells us what those probabilities
are. For most applications of the formalism, one may be satisfied to claim that a pair

of mutually exclusive histories is consistent when

Re{Dlx, 5]} < Dla, ), D[B, 5] for «+#p. (2.5.15)
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From now on, let us consider projections in the position basis, which is a kind
of history implemented naturally in the path integral formalism. The projectors are
represented by window functions IT,, (t;) — wa[z(t;)], which, for example, can
be unity if the configuration at ¢ satisfies the requirement of history o and zero
otherwise [39, 119]. Eq. (2.5.12) can then be written as

x / DyDy e“s[y]S[y'”p(y(o),y’(o),o){n wa[y(ti)]}{nwﬁ[y'(tj)}}-

(2.5.16)

Here S is the action for the total system described by the generic coordinate y. Let
us now study the decoherence functional for an open quantum system in order to
establish under what conditions one can actually observe the quasi-classical trajec-

tories arising from the Langevin equation.

2.5.3 Consistent histories for open quantum systems

Let us consider the open quantum system in the linear coupling model that we
treated in previous sections. Let us also assume that the system of interest is a
harmonic oscillator for illustration purposes. In that case, we are interested in his-
tories where the system variable z(t) follows a trajectory x(t), which is obtained by
solving the Langevin equation with a given accuracy o, (t). Now take the window

functions to be Gaussians so that we can make the replacement [39, 119]

ps<x<o>,x'<o>7o>{Hwa[x<ti>1}{Hwﬂ[xw} -

— exp {— /dt%%(t) [(z —x)* + (2" = X')?] } (2.5.17)

in the decoherence functional of two histories represented by trajectories x(¢) and
X'(t). The integration over the environmental variables is done as outlined in Sec-

tion 2.2, leading to

Dlx, ] = /DxDx’ exp {/dtdt’ {u(t)z’L(t,t’)X(t') - %u(t)N(t,t’)u(t’)}
— /dt2021(t) [(z = x)* + (' = X)?] } : (2.5.18)

X
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where we defined [119]

L(t,t)

d2 2 / /
—M(@JFQ >5(t—t)+D(t,t). (2.5.19)

Also, recall that X (t) = [x(t) + 2'(t)]/2 and u(t) = z(t) — 2/(¢).
Now define Y'(t) = [x(¢t) + x/(t)]/2 and v(t) = x(t) — X'(¢) and change the

[
path integral variables (z,2’) — (X, u) so that the decoherence functional can be

written as

Dlx, X'] = exp{—/dt%g(t) [QYQ(t) - %v“‘(t)} }

1 , X ()
X /DXDU exp [—i/dtdt <X(t) u(t))M(t,t)(u(tl)>]
X exp { / at (3" (f(%’) } (2.5.20)

where we defined

2 / . /
M(t, ') = ("i(“é(t -7 _fL(t’t )) : (2.5.21a)
i) N4

with N(t,¢') = N(t,#') + [202(t)]76(¢t — t'), and also

I(t) = 21 <4Y(t)> : (2.5.21b)

The Gaussian path integral in Eq. (2.5.20) is a traditional one in field theory with

the well known result [65]

Dlx, x'] exp{—/dt%%(t) [2Y2(t) + %v%)} }
/ dtdt’ [J(t)]TM—l(t,t’)J(t)]. (2.5.22)

N | —

xexp{

Explicitly, we have

(2.5.23)

Mfl(t,t’) _ [det M(t,t/)]_l (N(t,t’> Z'L(t,t/) )

iL(t, 1) —2=0(t —t)

2(7)
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with det MI(t, ') = —2-6(t — t')N(t,t') + L*(t,t'). Then we can write

o3 (1)

D[x, X] o< exp {— /dtdt’ :2((?) [5(15 —t') — 02?75') [det MI(¢, )] "N (¢, )| Y ()
4 / dtdt'%%g)—gw[det Mt )] SL(E o (t)

_ / dt4§f2f(>t) [1 - U;;(t) [det M(t,t)]l]v(t)}. (2.5.24)

For simplicity, let us assume that the (dissipative) dynamics is much smaller than
the noise, L(t, ') < N(t,t') [39], such that

Dlx, ] Nexp{—% / at [N() + (2020) | LY )P
4 / dt 20; Y0 [N () + (202) ] L)

—%/dtN(t) [ZUi(t)N(t)Jrl}lvz(t)}. (2.5.25)

The probability of history Y is obtained by setting v = 0 in Eq. (2.5.25),

Dhd ~exp {5 [at [V + 2220) ] O} @sa)
Thus, the highest probabilities are associated with those trajectories that satisfy
the equation of motion (without the noise), Ly = 0, while the deviations from
determinism are measured by the factor N + (2‘7)2() -

Consistency between the two histories x and X’ follows from the behavior of
Eq. (2.5.25) for increasing values of v. Particularly, two histories are approximately
consistent when v? > 20>2< + N~1. Now, if the noise is weak, N~! > 0)2(, then v 2
N-1t> (7)2(, which means that histories of accuracy ~ o, do not decohere. On the
other hand, if we have strong noise, N1 < ai, then v 2 o,, which means that any
history whose accuracy can be probed is consistent and, therefore, the solutions to
the Langevin equation represent trajectories that actually describe physical reality.
Of course, strong noise leads to less predictability, and one can find balance by
saying that this "physical reality aspect" of the Langevin trajectories arises when

we choose to follow these paths with accuracy given by 0'>2< ~ N1 [39,119].
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Chapter 3

Gravitational decoherence

We saw in Chapter 2 how decoherence is linked to the quantum-to-classical tran-
sition, which can explain why one does not usually detect macroscopic systems
in quantum superpositions. Decoherence occurs due to interactions with an en-
vironment, such as photons, dust particles, and sometimes even the system’s own
internal degrees of freedom. If this process is related to gravitational interactions,
either directly or indirectly, we call it gravitational decoherence.

As we discussed in Chapter 1, gravity is the weakest of the four known interac-
tions, and, usually, other decoherence sources are much stronger than gravitational
ones. This raises an immediate challenge for observing the effects of gravity in
quantum superpositions: all other competing decoherence processes must be sup-
pressed (see Ref. [125] for a proposal of a universal test of gravitational decoher-
ence). From the theoretical side, the interest comes from the fact that gravity is
universal and, therefore, cannot be shielded.

Gravitational decoherence is a broad term that encompasses any loss of coher-
ence in a quantum system, either directly caused by the coupling with a (classical
or quantum) gravitational field or related to gravitational effects in some way (see
Refs. [31, 32] for a review). It can refer, for instance, to collapse models in which the
wavefunction collapse is understood as a physical process that occurs due to gravity.
Quantum mechanics, as opposed to classical physics, seems to assign a special role
to measurement processes, which are not described by the dynamical Schrédinger
equation. Collapse models are modifications of quantum mechanics that typically
introduce stochastic terms in the Schrédinger equation to account for the measure-
ment postulate, or what is sometimes referred to as the wavefunction collapse. This
is the viewpoint that the collapse is indeed a physical process. Since such processes
are expected to be universal and more significant for macroscopic systems, some
authors have proposed that gravity is behind the wavefunction collapse since it is
also universal and scales with the mass of the quantum system [126-133]. Recently,
a different viewpoint was proposed in which quantum and classical mechanics be-

long to different regimes, both emerging from some yet unknown physics at the
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Planck scale (as opposed to the viewpoint that classical physics emerges from its
quantum counterpart), with a gravitational self-decoherence model that describes
decoherence of quantum systems as they approach a Heisenberg cut M ~ Mp
while maintaining the coherence of microscopic systems for which m < M [134].

In this work, we consider a different type of gravitational decoherence. We
take the viewpoint that, to the best of our knowledge, the quantum description is,
in principle, valid for all systems in nature, including the gravitational dynamical
degrees of freedom. We work within the limits of weak gravitational fields, and so
its quantum description falls within the framework of perturbative quantum gravity
as described in Chapter 1. Our interest will be in investigating the decoherence of
quantum and non-relativistic systems due to quantum fluctuations of spacetime (of
course, one can also study decoherence induced by stochastic classical spacetime
fluctuations; see Refs. [135-141]).

This chapter is not supposed to be an extensive review of the literature on grav-
itational decoherence, nor a complete description of selected works in the field. In
Section 3.1 we outline the findings of Blencowe [33], and Anastopoulos and Hu [34],
in which the authors obtained a Markovian master equation describing the deco-
herence of a non-relativistic system induced by a weak quantum gravitational field.
In Section 3.2 we introduce another approach taken by Kanno et al. [30] that de-
scribes spatial localization induced by gravitons using the Feynman-Vernon influ-
ence functional. Finally, in Section 3.3 we describe a different kind of gravitational
decoherence mechanism proposed by Pikovski et al. [35, 36]. Here, decoherence oc-
curs due to the coupling of the center-of-mass coordinate of a quantum system to
its internal degrees of freedom induced by time dilation caused by a classical static
gravitational potential. This is different from decoherence due to spacetime fluctu-
ations, but it will serve as motivation for the problem of gravitational decoherence

of a composite particle that we will study in Part II of this thesis.

3.1 Master equation for gravitational decoherence

We introduce the topic of gravitational decoherence by outlining the approach of
Blencowe [33], and also mentioning the equivalent findings of Anastopoulos and
Hu [34].

Blencowe [33] considers quantum matter as described by a massive scalar field
©(x), with a mass parameter m. The metric field is expanded as in Eq. (1.3.8), i.e,
the author considers the weak field limit where the dynamical degrees of freedom

are a perturbation of Minkowski spacetime, g,,, = 7, + kgh,,. The total action is
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then given by
5[907 h,uV] = SS[QO] + Sg[h;ux] + SI[@: hw/]v (311)

where Ssi] is the free Klein-Gordon action,

1
Sslel = —3 / d*z (000" p + m*p?), (3.1.2)

Se [h;w] is the linearized Einstein-Hilbert action, Eq. (1.3.10), and the interaction

between the scalar and the tensor fields is described by'

2
K K
Szl hu) = /d4x l;gTW(‘P)hw + ZgU“”””(go)h,whpo : (3.1.3)
with . '
Tu(p) = 0upOup = S 0pp0”p — §n,wm2g02 (3.1.4a)

being the scalar field energy-momentum tensor and [142]

Urer (o) = =207t 070" o + 0" ¢

+ <%77P”77”” - in””n””) (0 porp + m*p?). (3.1.4b)

The author then proceeds to quantize both the scalar field and the metric per-
turbation using the closed time path integral approach while integrating over the
gravitational variables, thereby treating the gravitons as the environment. As usual,
one considers the initial state to be separable, p(0) = ps(0) ® pe(0), while the gravi-
tons are considered to be initially in a thermal state with temperature 7, (we will
discuss the interpretation of this parameter near the end of this section). The result
is the time evolution of the reduced density matrix ps|p, ¢, t] in terms of the in-
fluence functional, in complete analogy with? Eq. (2.2.14). Then, by evaluating the
influence action to lowest order in x, and introducing a Lorenz gauge fixing term
in the linearized Einstein-Hilbert action, Blencowe obtains a Born-approximated

master equation for the scalar field given by

Los(t) = —i | As, ps ()]

i
i /Ot N / ard® {N(rr = 1) (2| T (x), [T(=7,1), ps(t)|
[0 7]

!Note that the author also works with second-order terms in the metric expansion in the inter-
action term.
2See Ref. [39] for the influence functional approach applied to quantum fields.
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—iD(r,x =) (2[ T (w), {7 (v, ps(t)}]
- [TM“(r), {TVV(—T, r’),ﬁg(t)}D} . (3.1.5)

where H. s is the free scalar field Hamiltonian and

_ '%g 2 d3k ) eik-r
D(t,r) = <4> /(2%)3 sin(wyt) o (3.1.6a)
Kg\ 2 A3k gikr
N(t,r) = (Z) / 2n)? cos(wit)[1 + 2n(wy)] o (3.1.6b)
are the dissipation and noise kernels, with w; = |k| and n(wy) being the Bose-

Einstein distribution at temperature 7.

For the system, Blencowe proceeds to consider a specific class of coherent states
that model stationary material objects as Gaussian matter "balls" [33]. Then, in
the non-relativistic limit in which the dominant contribution comes from Ty, ~
m?2p? /2, and within the Markovian approximation and high temperature limit, the
author finds

9 , Ty kg2 1 1 5 2

A ) 7t:__g<_g) /d3 —m?2p? — —m?y ) lat ey

giPsle o tl=—5 (7 rlgmiet(r) = omieT(r) | o psle, ¢t +
(3.1.7)

where we only wrote explicitly the terms that are relevant to decoherence. For

two matter "ball" states with energies £; and Fs, this Markovian master equation

describes the decay of the off-diagonal density matrix elements with decoherence

ho [ Ep\’
tdoc = — | —= 3.1.8
dec kBTg (AE) ) ( )

time

with Ep being the Planck energy, AE = E; — E5 and we restored the universal
constants.

Blencowe [33] argues that this result is "sufficiently basic" such that one can
expect it to hold for more general cases than the scalar field model. In fact, this
result was used to constrain quantum spacetime induced oscillation damping in
(ultra-relativistic) neutrinos experiments in Refs. [143, 144], for instance.

Note from Eq. (3.1.8) that decoherence does not occur for superposition states
with AE < Ep. Additionally, gravitational decoherence occurs in the energy basis,
meaning that a spatial superposition of states |r;) and |ry) will not decohere if they
have the same energy, for example.

By taking a slightly different path, Anastopoulos and Hu [34] arrive at the same
conclusions. The authors also model the system as a massive scalar field, which

interacts with the graviton thermal bath through a 3 + 1 decomposition of the total
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action. After obtaining the master equation, the authors restrict the analysis to
the one-particle Hilbert subspace and take the non-relativistic limit, which leads to

(within the Born-Markov approximation and in the high temperature limit)

%ﬁs(t) = _27;1% []52’/55(75)} _ g;% [pz) [PQ,ﬁs(t)”, (.09

for motion in one spatial dimension. Here mp is the renormalized mass of the
system and P is the one-particle momentum operator.

If the initial state is a quantum superposition of two states that are localized
in p; and p, or equivalently with velocities v; and v, decoherence will take place

after a time oy

ldec = ;
d GkpT,m%V?(Av)?

(3.1.10)

where V' = (v; + v5)/2 and Av = v; — vy. By using the fact that m%V?(Av)? =
(AE)?, this decoherence time can be easily seen to be equivalent to the one obtained
by Blencowe [33], Eq. (3.1.8).

Now, let us turn to the interpretation of the parameter 7,, which we loosely
referred to as the temperature of the graviton bath. As Anastopoulos and Hu [34]
point out, the thermalization of the graviton environment over typical timescales
cannot be assumed, since they interact very weakly. Instead, the parameter 7} is to
be thought of as a phenomenological one that simply characterizes the power spec-
tral density of the gravitational noise, sometimes called noise temperature. It serves
the same role as the temperature of usual thermal baths, but without necessarily
being associated with any precise thermodynamic definition. Nevertheless, the ob-
servation of gravitational decoherence, as characterized by the parameter 75, would
offer valuable information concerning the initial graviton state, which Anastopou-
los and Hu [34] call the "textures of spacetime".

Naturally, the literature on master equations for gravitational decoherence is
not limited to the works we discussed here. The ones we outlined in this sec-
tion were obtained within the Born-Markov approximations in the non-relativistic
limit, but they can also be applied to relativistic systems, such as photons, for in-
stance [145]. Additionally, one can also obtain master equations without restricting
to scalar fields as the matter system [146, 147]. Furthermore, although we did not
address the issue of renormalization in the master equation in this section, there
is a discussion regarding which part of the derivation renormalization must take
place [148]. Finally, for a non-Markovian master equation for gravitational deco-
herence that is valid for arbitrary temperatures of the graviton bath, we refer the
reader to Ref. [149].
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3.2 Graviton-induced spatial localization

In the previous section, we saw that gravitational decoherence occurs in the energy
basis. Nevertheless, we can analyze how gravitons may lead to spatial decoherence
for a system initially in a superposition of position states, as long as they have
different energies. This is precisely the decoherence analysis that was conducted
by Kanno et al. [30].

The approach of Kanno et al. [30] is closer in spirit to our own, which is why we
will simply outline some steps towards their conclusions while leaving the details
for Part II of this thesis. It differs from the approaches discussed in Section 3.1 in
two main aspects. First, Kanno et al. [30] describe the quantum system as a non-
relativistic point particle from the beginning. From the action for a free particle
in curved spacetime, the interaction with gravitons arises from the introduction
of Fermi normal coordinates with respect to the geodesic of another test particle
and the usual metric expansion around the Minkowski background. Now, the use
of this coordinate system works as long as the incoming gravitational radiation
has wavelengths that are not smaller than some characteristic separation length,
which is why we need to introduce an energy cutoff A (we will make this clearer
in Chapter 4). Second, the decoherence rate is obtained directly from the influence
functional without the necessity of deriving a master equation.

By considering a case in which the system can move only along two classically
distinguishable paths ¢V (¢) and £ (t), and the gravitons to be initially in the vac-

uum state, Kanno et al. [30] obtained the decoherence function®

mQAGEQ

P

t

/ dtidts AC()AS(E) Fs[A( — )], (32.)
0

where m is the mass of the particle, Mp is the Planck mass, = = (£ 4 ¢?)/2

(assumed to be approximately time independent) and A&(t) = €M (¢) — £P3)(t). The

function F' comes from the evaluation of the noise kernel for the initial graviton

state, being defined by

1 xr
F.(z) = e /0 dy y™ cosy. (3.2.2)
For the specific configuration of the superposition state, Kanno et al. [30] (see
also Ref. [150]) take

AL(t') =

20t for 0 <t/ <t/2
{ v o <t/ (3.2.3)

20(t—1t) for t/2 <t <t

3The authors work in natural units in which 4 = ¢ = 1, but G is held explicit.
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for some constant velocity v. One then finds

m2v?
I'(t) ~ (D (At 3.2.4
() ~ S K ) 324
where?
2 112 32
f(z) =1+ e [sinx — 8sin (g)] + ) {5 COS L — — €08 (g) + 10} . (3.2.5)

Note that f") (x) ~ O(1), and thus I'(t) < 1 holds as long as mv < Mp, for which
case decoherence does not occur. The off-diagonal density matrix elements, whose

I'®, will decay only for systems with momentum greater

time evolution goes as e~
than the Planck mass, of order Mp ~ 108 kg. However, the most massive quantum
systems to have ever been put into spatial superposition are molecules with a mass
of the order of m ~ 10722 kg [151-153], which illustrates the immense challenge of
observing such gravitational decoherence. Nevertheless, as pointed out by Kanno et
al. [30], the decoherence rate can be enhanced by considering other configurations
and also initial squeezed graviton states.

Kanno et al. [30] considered the quantum system to be a point particle. In Part II
of this thesis, we will show how the internal degrees of freedom of a quantum sys-
tem actually enhance such a mechanism of gravitational decoherence due to the
universal character of gravity. For this reason, we will discuss another kind of

gravitational decoherence, which occurs due to the coupling between internal and

external variables induced by gravitational time dilation.

3.3 Decoherence due to gravitational time dilation

Contrary to the works we discussed in the previous sections, gravitational decoher-
ence, as analyzed by Pikovski et al. [35, 36], is not due to spacetime fluctuations and
occurs even in static gravitational fields. The idea is to consider a composite quan-
tum system, by which we mean a point-like particle described by a single center-of-
mass coordinate that contains dynamical internal degrees of freedom. For instance,
a system with internal oscillatory motion (which can be used to track time) models
what we understand as a clock. In general, a composite system is described by the

state
[U) = [thext) @ [tint) , (3.3.1)

“The subscript and the superscript will become clear in Chapter 5.
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where |1)y) describes the quantum state of the center-of-mass variable, while [}y, )
describes the internal degrees of freedom.

According to non-relativistic quantum mechanics, in the absence of interactions
between the external and internal variables, the time evolution of the composite

system is described by the Hamiltonian

A

H = Hext ® Lt + Tot @ Hing, (3.3.2)

where H., (ﬁint) dictates the free evolution of the external (internal) degrees of
freedom, and Iy (fint) is the identity operator in the external (internal) Hilbert

space. The total time evolution is simply

[W(1)) = e )
— e*igcxtt "lpext> ® e*iHintt ‘wint> A (333)

The final state is still a product state.

The situation is different in a relativistic scenario (both special and general).
Let us now consider the composite system in a general background spacetime and
choose coordinates x* = (¢, x) to describe its worldline with respect to some labo-
ratory frame. The system will evolve according to its proper time 7. Now, as long
as its constituents are enclosed in a spacetime region that is small enough such that
one can neglect metric variations along the extension of the composite particle’,

the total action will be given by

S = / LyestdT, (3.3.4)

where L,y = —m + £, with £ denoting the Lagrangian describing the internal

DoFs, and
/ da# dzv

Note that gravity couples with the total rest energy of the system, which is com-
patible with the equivalence principle (see Ref. [154] for the precise definition of
gravitational mass for composite systems).

Pikovski et al. [35, 36] proceed to consider the Newtonian limit,

G = N — 2¢5uw (3-3-6)

1

with ¢ being the static Newtonian potential, while also employing a ¢~ —expansion.

5This condition needs to be satisfied in order to have a precise definition of center-of-mass in the
first place [154].
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This allows us to avoid the full machinery of quantum field theory (in curved space-
time). Up to O(c™%) we have

dr ~ dt {1 + o(z) — —2} : (3.3.7)

with v denoting the velocity of the composite particle in the laboratory frame. The
extra terms inside brackets are responsible for the phenomenon of time dilation.
Within this limit, the total Hamiltonian describing a composite system of mass m

is found to be given by

. . . . . . P2 .
H = Hext ® [int + Iext & Hint + ¢(X) - 2_7712 & Hint- (338)
For a free particle, for instance, we have
. P2 .
Hext = m + —— + mo(X). (3.3.9)

2m

Note that, in this scenario, the time evolution induces a coupling between internal
and external degrees of freedom.

If we are interested in the superposition of external variables, such as spatial
superposition, then the center-of-mass coordinate is the system of interest while
the internal degrees of freedom act as an environment. By integrating out the lat-
ter while considering a stationary center-of-mass (in order to neglect momentum
terms) and within the Born-Markov approximation, Pikovski et al. [35, 36] obtain
the decoherence time for an initial superposition of two different heights x; and -

given by

V2h 2
tdec EA_qﬁ’ (3.3.10)

where AE = \/<I€T§n> — <ﬁim>2, Ap = ¢(xy) — ¢(x1), and we restored the
universal constants. For N degrees of freedom in thermal equilibrium at temper-
ature Ti,, the three-dimensional Einstein solid model gives AE = V/NkgTy, for
instance [36], and decoherence increases with the number of internal degrees of
freedom and with internal temperature. As is the case with other models that re-
ceive the name of gravitational decoherence, the experimental realization of this
time dilation induced effect faces the problem of controlling competing sources of
decoherence (see Ref. [155] for a discussion).

The approach of Pikovski et al. [35, 36] shows that gravity can induce decoher-

ence in quantum systems even through indirect manifestations, such as coupling
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its center-of-mass coordinate with dynamical internal degrees of freedom, without
needing to exhibit (classical or quantum) fluctuations itself. But we saw in previ-
ous sections that such fluctuations also lead to decoherence. Additionally, these can
couple internal and external variables of a quantum composite system in the same
way as the static Newtonian potential, and one may wonder how this contributes
even further to the loss of quantum coherence in such systems. This will be the
subject of Part II of this thesis, together with the consequences of gravitational de-

coherence on entropy production in quantum systems.



Part 11

Graviton-induced decoherence and

entropy production
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Chapter 4

Quantum system interacting with a

graviton environment

Let us start by considering an open quantum system interacting with both a Newto-
nian gravitational potential and a bath of gravitons. To be specific, here we assume
a non-relativistic quantum particle described by external and internal degrees of
freedom (DoFs). This could represent a molecule for which the external DoFs are its
center-of-mass coordinate, while the internal DoFs could be its vibrational modes,
for instance. We will simply refer to it as a composite particle. Our main goal in
this chapter is to obtain an expression for the reduced density matrix describing the
external DoFs only. In order to do that, we start with the classical action describing
the simultaneous interaction of a composite system with gravitational radiation and
a static Newtonian potential in Section 4.1. Then, in Section 4.2, we proceed to inte-
grate over the gravitational variables, treating them as an environment. Finally, we
integrate over the internal DoFs of the system in Section 4.3 and obtain the desired
reduced density matrix at time ¢. This will serve as the starting point for analyzing

decoherence and entropy production in subsequent chapters.

4.1 The classical action

We could begin by writing down the Lagrangian of a single composite particle cou-
pled with a classical gravitational wave. However, as discussed in Chapter 1, a single
particle is not enough to probe the effects of a gravitational field, since a particle at
rest will remain at rest at all times in the TT frame. Let us start then by writing the
classical action of a weak gravitational field coupled to a pair of free-falling massive

particles. The total action takes the form

S = Smatter + SEH, (4-1-1)
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where the first term describes the pair of freely falling test masses, while the second

term is the Einstein-Hilbert action, which describes the dynamics of the metric field

Juv-

4.1.1 The matter action

By denoting the spacetime coordinates of each particle by (* and &£, the matter

action can be written as [154]

Snatier = —M / dt \/ =g CrCr + / At Lyest\/ — G €HE, (4.1.2)

where M is the mass of the first particle (with coordinates (*), and L. denotes the
rest Lagrangian of the second particle (with coordinates £#). In writing down the
action (4.1.2), we assumed that the first particle has no (dynamical) internal DoFs.

For the second particle, the rest Lagrangian is of the form

Lrest(@;@a = _m+$(g7gt_> (413)

In this equation, m is the mass of the second particle, while .2 (o, 0t) describes
its internal degrees of freedom with coordinate o (relative to the center-of-mass
coordinate) and generalized velocity ¢ = do/dt. We have also defined ¢t = dt/dr,
with 7 being the particle’s proper time.

Now, let us take the first particle to be at rest at the origin of our coordinate
system, (*(t) = t o}, such that the coordinate time ¢ is interpreted as its proper
time, and let us assume that M > L,.. Under these assumptions, the first term
in the action (4.1.2) essentially has no dynamics. Since our interest relies on the
composite particle, we will simply refer to it as the system from now on.

In the context we described above, it becomes appropriate to think of (¢, £¢) as
the Fermi normal coordinates defined with respect to the worldline of the heavier
particle (see Appendix A). In these coordinates, we can write the metric components
as [Egs. (A.11.37)]

goo(t, &) = —1 — Rinjo(t, 0)E°¢ + O(&3), (4.1.4a)
(1, €) = —2 Ruya1, 006" + O(E"), (4.1.40)
gij(t, 52) = 5@ — %Rikjl(t, O)ékél —+ O<§3), (4.1.40)

where 7, is the Riemann curvature tensor. Physically, the use of Fermi normal
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coordinates allows us to interpret the coordinates £’ as not simply describing a sin-
gle particle in an arbitrary coordinate system, but rather as the geodesic deviation
between two test masses (Figure 4.1). Following the discussion at the end of Ap-
pendix A, we emphasize that this expansion of the metric components holds as long

as { < Ry, with Ry being the scale over which the metric changes appreciably.

FIGURE 4.1: Two test masses M and m, with M > m, and their

geodesic deviation in Fermi normal coordinates, represented by the

vector §. The mass m is also described by internal degrees of free-
dom, represented by the curly red lines.

In our parametrization, £%(¢) = ¢, thus resulting

\ G (€)ErEr = \/1 + Rigjo(t, 0)§1¢7 — 6;,€7¢0

~1-— 5%5153 - §Ri0j0<t7 0)§°¢. (4.1.5)

Next, let us specify our metric field to describe small perturbations %, around
some background spacetime 7, as in Eq. (1.4.1), namely g,, = Y., + hu, with
|hyuw| < |V |- Recall from Eq. (1.4.9) that the Riemann tensor associated with g,,,
is given by

Ry = R [7) + 2D, C* s + 207 5(,C° o (4.1.6)

where D, is the covariant derivative compatible with 7,, and whose commutator
defines R” ,,,[7]. The tensor C*,,, reads, up to second order in the metric pertur-

bation,

1
Op/w = §ng(Dugua + Dugau - Daguz/)

1
= 57’”( D,h,s + D,hyy — Dohy), (4.1.7)
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which follows from metric compatibility. Then, an explicit calculation yields

=

Rpa;w = Dpopv ['7] +

1
5 (R)\ g 71% [’Y]hAp - RA puv [’7] ho)\)

+ =(DuDyhy, — DD yhyy — DyDyhy, + DyDohyy), (4.1.8)

N | —

where R,5, = o5, as usual. The interaction between the system variables

and the spacetime curvature then takes the form

1 o 1 o1 .y
§Ri0j0<ta 0)§'¢? = §Ri0j0[7] (t,0)6¢7 + 1 (R ow[y]hay — B io[v]hon) | €€
£=0
1 o
+ 1 (D;Dohjo + DoD;hjo — D;Djhog — DoDohij) £e.
£=0
(4.1.9)

Up to this point, everything works for a general background. Ultimately, we are
interested in considering the background metric in the Newtonian limit, for which
Yar = N — 2¢0,,,, With ¢(z) being the time-independent gravitational potential.
In that case, as we saw in Chapter 1, the metric perturbation £, can be chosen to

satisfy the TT gauge conditions' (1.4.30), and we find

Riojo[7](§) = 0;0,0(¢). (4.1.10)
Putting everything back together in Eq. (4.1.9) yields

1 o 1 1 1 o
= Rigjo(t,0)¢'¢ = §3iaj¢ + = (0"0;0) huj — ZDODOhij:| e (4111)

2 4 o

The covariant derivatives in the last term differ from partial derivatives by the
Christoffel symbols. Since those are evaluated along the geodesic, they vanish by

Fermi’s second condition [Eq. (A.11.18)] and, finally, the interaction term can be

written as

1 S U 1. .

§Ri0j0(t70)€ §=- 5‘1%]‘ + ZLCD ih;(t,0) + Zhij(tvo) §'é, (4.1.12)
where we introduced the tidal tensor ®;; = — (0;0;¢) | £—0 [28, 58]. Specifically,

for two test masses close to a spherically symmetric (even if only approximately)

Newtonian source, such as Earth, the much lighter one is under the influence of the

Since we will only work within the TT gauge, we will not use the superscript "'TT’. From
this point on, the metric perturbation field h;; is understood to satisfy the TT gauge conditions,
Eq. (1.4.30).
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gravitational potential given by

B(€) = My (4.1.13)

€ - R’
with My being the source’s mass and R being the radius vector that points from the
mass M (the origin of our coordinate system) to the center of the Newtonian source,
such that |R| >~ Ry, which represents its radius (Figure 4.2). From Eq. (4.1.13) one

can easily show that the tidal tensor takes the form

My (3R;R;
iy = — <al-a<<z>>‘ - —( : —51-)
J J £ R3 R2 J
M
= R—;V(g@gcsjg —6ij). (4.1.14)
N

FIGURE 4.2: The two test masses M and m are in the vicinity of a
much bigger and much more massive spherical mass My, with radius
Ry, located at R ~ Ry &3 with respect to the mass M.

Note from Eq. (4.1.12) that the validity of the metric expansion in Fermi normal
coordinates holds as long as £? < R?’V /My, and also £? <« w2, with w denoting
the angular frequency of the gravitational waves. Hence, we need to introduce an
energy cutoff for the incident gravitational radiation of the order A ~ L;*, where
Ly is some typical geodesic separation, which we sometimes refer to as the "detector
size".

At last, using Egs. (4.1.5) and (4.1.12), the matter action becomes

1 o _ 1 _ o
Smatter = /dt [amfsijfzﬁj + Z(p, 0t) — 53(9, 0t)0;;€'&



92 Chapter 4. Quantum system interacting with a graviton environment

1 L
- §/dt Lrest(@» Qﬂq)ljf 5]

1 " d2 o
- Z/dt hij(tao){Lrest(Qa Q'E)(I)Zkg 5] + @[Lrest(ga Qf)glg]} }7 (4115)

where we dropped non-dynamical terms and integrated by parts while dropping

boundary contributions.

4.1.2 The gravitational action

Now;, for the gravitational field, we saw in Chapter 1 that the Einstein-Hilbert action
for the metric expansion around a Newtonian background, and with the perturba-

tion in the TT gauge, is given by Eq. (1.4.37), which we repeat here for convenience:

Sgn = 6% d*z (hy;ORY + 26 hy;6,,0" 0" h7). (4.1.16)
Note that the interaction between the gravitational radiation and the classical New-
tonian potential is of order O(¢h?), while in Eq. (4.1.15) they simultaneously cou-
ple with the system through an interaction of order O(¢h), which is therefore the
dominant one in perturbation theory. The interaction term in Eq. (4.1.16) leads to
coupling between graviton modes. In fact, we showed in Appendix B that this term
is physically associated with graviton scattering, leading to a differential cross sec-
tion that behaves as do/dQ) ~ M%60~4, with § < 1 being the scattering angle.
Since this angle is very small, we will neglect this less dominant interaction* and
consider only the O(¢h) contribution in Eq. (4.1.15).

Hence, we consider the gravitons to be described by their usual flat-spacetime
Lagrangian,

1
SEH = —% d4517 ﬁuhi]ﬁ“h ], (4117)

from which we immediately obtain the wave equation [%;; = 0. The general solu-

tion takes the form

hij(t,x) = /d3k > e(K)as(t ke, (4.1.18)

s=+,X

“This interaction term is also neglected in Ref. [29] where the authors compute quantum gravity
corrections to the fall of test masses, for instance.
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with €;; denoting the polarization tensor that satisfies the transversality and trace-
less conditions, Egs. (1.2.27), as well as the normalization condition (1.2.31). Addi-

tionally, the reality of /;; implies that
e (k)q; (t. k) = ;(—k)qs(t, —k). (4.1.19)

By plugging Eq. (4.1.18) into Eq. (4.1.17), we obtain

o 1 4 3 37/ s i (1!
Sen =~ [ d :L'/d R Y (k) (K)

s,s’

3 [=ds (8, K)o (£, ) — K - K (£, K) g (£, k)] O
_ _(223 / dt / &k Z;efj(k)e?;(—k)
X [—ds(t, k) gy (2, —7k) + K?q,(t, k) gy (t, —K)]
_ %Q/dt/d% Z (s (£, )2 = K2q (1, )]
_ / at / kY 2 el WP — a0, (120

where we defined m, = 7%/2 and used Eq. (4.1.19), as well as the normalization
condition (1.2.31), and the identity [ d3z !dHk)* = (27)35%(k + k).

Let us note that the action (4.1.20) has the form Sgy = [ dt [ d%k >, Ly(t, k),
with the Lagrangian L(¢, k) for each mode describing a harmonic oscillator with
mass m, and frequency w = |k|. The associated Hamiltonian takes the usual form

(R

1
H,(t. k) = 220 4“2, (¢, k)| 4.1.21
s( ) ) ng + ng IQS( ) )| ) ( )

with Ds (t, k) == 865:((;7::)) - mgq.s(t7 k)

4.1.3 The total action

At last, by plugging the general solution (4.1.18) into the matter action (4.1.15), the
total action (4.1.1) takes the form

S = Siys + Sarav + Ssrgs (4.1.22)
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where

1 L 1 | . -
Seys = /dt {Em@jfzfj + Z (0, 0t) — 53(97 01)0,,;£'¢ — §Lrest(97 Qf)q%jflév]a
(4.1.23a)
S — / dt / kY % mglds(t, 012 — mdla(t, 0[], (41.23b)

Serg = / dt / kY qu(t, k)X (t,k), (4.1.23¢)

and we have defined

2

Xs<t,k) = _1€§‘(k){Lrest(Q7 Qaq)zkgkg] + d

16 e [Liest (0, 08)€°¢ | } (4.1.24)

The action (4.1.22) describes the interaction of a system, characterized by both
external and internal DoFs, with classical gravitational radiation in a Newtonian
background. This will be our starting point for describing the interaction of such a
system with gravitons. The quantization of the metric perturbation field, which we
discussed in Chapter 1, can be achieved by promoting the field amplitudes to oper-
ators in Hilbert space in the usual way. Since our ultimate goal is to describe the
system variables alone, the weak quantized gravitational field shall be treated as an
environment; for this case, we will follow the Feynman-Vernon influence functional
approach to open quantum systems, as described in Chapter 2. In fact, one can an-

ticipate the resemblance to quantum Brownian motion from the total action (4.1.22).

4.2 Gravitational influence functional

Let us now quantize both the system and the gravitational degrees of freedom. Sup-
pose that, at initial time ¢ = 0, the system and the gravitons are uncorrelated, and

the total density matrix can be written as

ﬁ(O) = ﬁsys(o) ® pAgrav(O)> (4'2-1)

with Psys(t) (Pgrav(t)) denoting the reduced density matrix used to compute local
system (gravitational) observables. This is obtained by taking a partial trace of the
total density matrix with respect to the gravitational (system) variables.

Fort > 0, the system interacts with the gravitational field, and the total state be-
comes entangled in general. Since we are not interested in the gravitons final state,

we must integrate over the gravitational variables such that the system becomes
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effectively open, and the weak quantum gravitational field is viewed as an envi-
ronment. This description is accomplished by using the Feynman-Vernon influence

functional (Chapter 2), which is written as
F[X, X'] = 5wl X0 (4.2.2)

where Sir is the influence action and X and X’ denote two different histories of
the system variables. In terms of the influence functional, the time evolution of the

system reduced density matrix is given by
psyS(Xv le t) = / d)(Od)((l) x7sys(X; X,7 t|X0a X(/)a O)psyS(XCh X(/]7 0)7 (423)

where pgys(X, X', t) = (X|psys(t)|X’) and the evolution operator for the reduced

density matrix reads
Tays(X, X', | X0, X},0) = DXDX' ¢! SsXI=SlXD FIx X)) (4.2.4)

with

f[Xa X/] - / dquOdQ6 Pgrzw(%; Q67 O)

q(t)=q'(t)=¢q

X DDy ¢ (Seravlal+Ssel Xl Sgranld'|=Sre X'0']) (4.2.5)

a(0) =qo

7'(0) =qq
with g and ¢’ denoting two different histories of the gravitational environment vari-
ables.

The influence action encodes all influence of the environment on the system. In
our case, the system is coupled with the infinite graviton modes. Since each mode
(and polarization) is independent of all the others, they can be treated separately in
such a way that the total influence action is the sum of the action corresponding
to each mode® (and polarization). This is because the total influence functional for
a system coupled with statistically and dynamically independent environments is
simply the product of each individual influence functional [Eq. (2.2.20)]. Further-
more, we note that the environment action (the Einstein-Hilbert action) is quadratic

in the field amplitudes, and the coupling with the system variable X*(¢, k) is linear.

3Note that this would no longer be true if we had kept the scattering term in the graviton action.
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This is then a special case of the linear coupling model, described in full detail in
Section 2.2.3, for which the path integrals can be computed analytically. Translating
the results of that section in terms of the variables described by Eq. (4.1.22) leads to

the influence action

Sir[X, X' = %/dtdt’Z/di”k [X°(t, k) — X"(t, k)| ds(¢, ¢, k)
x [X*(t k) + X", k)]
+% / dtdt'zsj / Bk [Xo(t,k) — X(t,k)|ns(t, ', k)

x [X°(t k) — X"t k)],  (42.6)

where

ds(t, ', k) = i ([4s(t. k), 4s(t', K)]), 0(t — ') (4.2.72)

el 1K) = 2 (1K), (' K, (427b)

are the dissipation and noise kernels. In Eqs. (4.2.7), the ¢’s stand for position op-
erators in the Heisenberg picture, and 6(z) is the Heaviside step function. The
expectation values with the subscript 'g’ are computed with respect to the initial
state of the gravitons.

Both terms in the influence action (4.2.6) have the generic form

It t) = / dtdt’> / &k [X°(t, k) — X°(t, k)] js(t, ', k)

x [X°(t' k) £ X", k)], (4.2.8)

with j(¢, %', k) denoting some kernel (either dissipation or noise) and X*(¢, k) de-
fined in Eq. (4.1.24). After some algebra, integrating by parts on the time variables
and dropping second order terms on the Newtonian potential, this can be rewritten

I(t,t) = / dedt’ [wy;(t) — 2 (6)] T () [wa(t) £ 2, (8], (4.2.9)

where
T5(t) = Lrest (0, 08)&i(1)&;(1) (4.2.10)
and

1 d? d? .
Jijkl(t,tl) = EZ/dgk [Eij(k)ﬂd(k)@m‘js(t,t/,k)
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2 d2

+6,‘j(k)€nl(k)@nk@js(t, t/, k) + Enj(k)Ekl(k)q)nins(t, t/, k) .

(4.2.11)

Then, after putting everything together, we find the influence action to be given

by

Siplr, 2] = / dtdt’ {% [23;(t) — @5 (6)| DM, 1) [wra () 4 2 ()

‘ (4.2.12)
1 id
3l = 2 O]V o (©) - )]}
where we have defined the gravitational dissipation and noise kernels,
(e, ey = =5 [k [eitgean S L,k
g b 16 - dezde?
FI) 100, (17,10 + W (0 )@, a1, 1)
ndtzsau ndt/2877 )
(4.2.13a)
N (2, t) = = 3 / @ [0 10 Lt v.10
g ) 16 - dezde?
I IS (1,1 K) + TR (0B (1,2, 1)
ndtzsaa ndtlgsaa )
(4.2.13b)

with d4(t,t', k) and ny(¢,t', k) defined in Eqgs. (4.2.7).
Now, in the same way we proceeded in Section 2.4, it will be useful to express the
noise kernel contribution in terms of a stochastic variable \V;;(¢) using the Gaussian

functional identity [27]
o3 Jdtdt! [ ()=l (0] N (8.8 [mr (8) =}, ()]

_c / DN e J Ny NGV Wi () i NI O [as 02, 00] (4.9, 1)

where C is a normalization constant, and DN denotes the path integral measure
for the stochastic variable N;;(t). Stochastic averages are then computed using a

Gaussian probability density &[N/, for which we have

(NY(t)) . = / DN ZININY(t) =0, (4.2.15a)

(NI ONH(E)) = / DN ZNINIONM (') = NI*(t,1').  (4.2.15b)
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The gravitational influence functional then becomes

eisStrlw.a] _ / DN Z|N] ol S AN (1) EIOEA0)
x @3 It [2;O=2; O] D™ 0 [er () +aj, ()] (4.2.16)
Let us now note that the term involving the dissipation kernel in Eq. (4.2.16) is of
order O(&*) since z;; is already of order O(£?). Thus, the leading order contri-

bution comes from the term involving the noise kernel, and we may approximate
Eq. (4.2.16) as

BETICESN /D/\/ PN ot AN () [ (8) (0] (4.2.17)

This means that we are only considering the influence of the gravitational field en-
coded in the noise kernel, which is responsible for describing decoherence, as we
saw in Chapter 2, and whose explicit form depends on the initial state of the gravi-
tons. In Appendix C, we obtain explicit expressions for the gravitational noise ker-
nel by considering four different possible initial states: vacuum, thermal, coherent,

and squeezed states.

4.3 The external DoFs density matrix

The total density matrix of the particle (including external and internal degrees of

freedom) at time ¢ is given by

Psys(&, 0., 0,1) = / d¢(0)dg’(0)de(0)de'(0) psys(£(0), 0(0),&'(0), ¢'(0),0)

> / DngDQDQI o1 (Ssys[€,0]=Ssys[€',0]) iSTR[E:0,€ 0] 7

(4.3.1)

with e”* given in Eq. (4.2.16) in terms of the variable z;;(¢), defined in Eq. (4.2.10),

and
Sunlé. = gm [ dt (5,667 + @y'67) + [ 1200,
— % / dt Z (o, ot) (51-]»5"'57 + @ijgigj) (4.3.2)

The path integral over £(¢) is taken from £(0) to £, and similarly for the others.
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Now, within the approximation (4.2.17), we find

peslE, 0,6, 1) = / 4£(0)d¢’(0)do(0)dg (0) payal(£(0), 2(0). €(0), £(0). 0)

x / DEDED DI DN PN eilSenleeN|=Surle' o' N])

(4.3.3)

where
Se[€, 0, N] = /dt Bm@jéifj + m(%‘l’z‘j —Nz‘j)(ﬁiéj} + /dtf(g, ot)
- [uzem|ppd s (Go-a)ee]. wsa

with NV;;(t) being the Gaussian stochastic variable satisfying Eqs. (4.2.15). Let us
now note that the tidal tensor can be absorbed into the stochastic variable by making
Nij(t) — Nij(t) — 3P;; in Eq. (4.3.3). Since this is a linear transformation, the new

variable is still Gaussian with stochastic averages

(N, = —%Cbij, (4.3.5a)
NION()) 0, = NP (E:6) + O(6°). (1.3.5b)

The effective system action (4.3.4) then becomes
Salé. o) = [[a (Gma,é¢ —mnige) + [ 2o
- [ zie.on(j,¢ - e (436)

We now proceed by considering only the external degrees of freedom of our
system, as we are interested in the effects of the noise coming from both the internal
DoFs and the quantum fluctuations of the gravitational field. In order to do this,
we have to compute the reduced density matrix of the relevant degrees of freedom
while tracing out all the others. Let us assume that initially the external and internal

DoFs of our system are also uncorrelated, thus implying that

psys(£(0),0(0),£°(0),2'(0),0) = pexi(£(0),£'(0), 0) pins (0(0), €'(0),0),  (43.7)

where pext (Pint) stands for the external (internal) DoFs density matrix. The time
evolution couples the external and internal variables, and we are left with the total

density matrix (4.3.3). The reduced external DoFs density matrix is obtained by
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taking the partial trace

P (6,6, 1) = / 00 pas(€, 0, €', 0.1, (43.8)

resulting in

P (6,€,1) = / A£(0)d€'(0) po (£(0), €(0), 0)

x / DEDEDN PN ! (SF EN=SHEN) SEe N (430
where we have defined the new influence functional

. o(int) /
et T8 = / dodo(0)de'(0) pint (0(0), ¢'(0),0)

(a(2) _a@)er
% /DQDQ/ 67‘<Seﬂ‘ [{797-/\[} Seff [¢.0 7/\/’])’ (4310)

with

chf) [€7N] = /dt (%m5”§2§] - m/\fijéié“j), (4.3.11a)

and
S2e 0, N] = / dt Z (o, ot) — / dt Z (o, ot) (%@jéiéf —Nijg’fﬂ'). (4.3.11b)

Thus, we essentially have a similar problem to the one treated in Section 4.2,
namely a system interacting with a quantum environment. Therefore, we shall com-
pute the Feynman-Vernon influence functional once again. It is worth remarking
that the total influence functional (gravitons plus internal DoFs) is not simply the
product of the individual functionals, since the gravitational field couples with all
variables describing the system. When considering the system of interest to be the
external degrees of freedom, we effectively end up with two environments that in-
teract with the system and with each other. In such a case, the additive property of
the influence action for multiple environments does not hold.

In order to proceed, let us assume that the Lagrangian describing the internal

degrees of freedom is of the form
: L.
Lo, 08) = kua(gm? —V(ea)|, (4.3.12)

with p, representing the reduced masses of the system and V being a function of the

coordinates. Since we want to keep terms only up to second order in the position
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and velocity coordinates, we may write
Q ot E ,uog V000 — —,LLO?EQQQ (4.3.13)
Y Pl oJe

where ¥, and w, are constants. Then, Eq. (4.3.11b) becomes

(2 _ 1 2 2
&ﬁ—%ﬂ/wQM%f5mm&)+m/wyw@@L (@319

with .
Y(t) = 505€'¢ = Ny — 1. (4.3.15)
Note that we are essentially describing the internal degrees of freedom as a set
of independent harmonic oscillators that couple linearly with the external ones. In

this case, the internal degrees of freedom influence functional (4.3.10) is Gaussian,

implying that we can write the influence action as

Sy = [atar { G0 - YV ODw O @)+ ')

+%[Y(t) — Y'(t)] Ning (¢, ) [Y (¢) — Y’(t’)]} , (4.3.16)

with
Dini(t,) =i Y 92 {[0a(t), 0a(t')]) 4 0t = ) (4.3.172)

and
Nia (t, 1) Zﬂz 0a(t)})ing (43.17b)

being the internal DoFs dissipation and noise kernels. Now the ¢(t)’s are opera-
tors in the Heisenberg picture, and expectation values with the subscript ’int’ are
computed with respect to the initial state of the internal DoFs.

Similarly to what we did for the term containing the noise kernel for the grav-
itational influence functional, we can express the noise term in SI(iFm) in terms of a
stochastic variable using the same Gaussian functional identity. Then, this term in
the internal DoFs influence functional will lead to a Gaussian probability density
and a linear term in the Y variable. Therefore, just like in the gravitational case, the

leading order contributions come from the noise term, and we may take

S VY) o o3 [ dtat Y ()= O N ()Y (¢) =Y ()] (4.3.18)
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resulting in

P 6:€8) = [ AE(0IE0) pa(€(0).€10),0) [ DD b T (6-)
% / DN P[N]e ™ J AN (€385 -€1€}) o= 5 [ dedt! [Y (£) =Y (0) Niwe (6,)[Y (¢) =Y ()]

(4.3.19)

The stochastic averages shown in Egs. (4.3.5) can now be employed, provided we
work in a perturbative regime (dropping higher order terms on £ and ¢). From this,

we obtain the external degrees of freedom density matrix as

Pext(f 5 ) /d{( ) 5( )pext /Dfpfl 1(Sext [£]—Sext [£'])
e {_i /dtdt, o Békl‘yij () Nunt (&, 8 Yyra () + @yy35() Nims (2, t,)wkl(t/)} }
/ / m’ INEN LT, /
X exp {— dtdt" wy;(t) [7 + Ning (2,1 )] NER (1 Yy (¢ )}, (4.3.20)
where
Sext €] = % / dt (5”‘&5} + @ijﬁiéj), (4.3.21)

and we have defined

wij(t) = &(1)&; (1) = & ()&5(t) (4.3.222)

and
yi(t) = &1 () — E(E(E). (4.3.22b)

The reduced density matrix (4.3.20) is the main result of this chapter. Note that
its time evolution is not unitary due to the interaction with the environments. The
non-unitarity sector of the time evolution is determined by the gravitational noise
kernel N;¥(t, ") and the internal DoFs noise kernel Niy(t, '), which we also com-
pute in Appendix C by considering an internal thermal bath. In the next chapters,

we explore the implications of this non-unitary time evolution.
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Chapter 5

Graviton-induced decoherence of a

composite particle

Now that we have described the interaction of a composite particle with a bath of
gravitons in a Newtonian background in Chapter 4, let us next obtain the time evo-
lution of quantum superpositions of the center-of-mass variable. Our starting point
will be the reduced density matrix (4.3.20) that was obtained by integrating over
the gravitational and internal system degrees of freedom. Here, we will consider
the system to be moving in a superposition of two classically distinguishable paths
and study the decoherence arising from the interactions with both environments.
In Section 5.1, we define the decoherence function and compute it for two possible
configurations of the superposition state. We analyze the behavior of this function
and compute the decoherence time in Section 5.2 by considering the gravitons to
be initially in the vacuum state. We extend the analysis to other possible states in
Section 5.3. Lastly, in Section 5.4, we discuss the possibility of gravitational reco-

herence for long times.

5.1 The decoherence function

Consider a special case in which the composite particle can move only along two
classically distinguishable paths £¢V)(¢) and £(?)(¢). Then Eq. (4.3.20) can be written

as

P (6,6, 1) = / A€o dE) e (€0, €1, 0)

5 m (t)=¢, €M (1)=¢’ (5.1.1)
x 3 el e porfeim ]

m,n=1 €™ (0)=¢o, £ (0)=¢;

Y
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where we have introduced the functional

[, 60, = [ atar {59 [47 0870 - £0 07 0] Nintr 1)
< [ @) - 0wt @]
+ 0T [EM OEM (1) - EPWE (0] Nt 1)
x &M @)e™ () - € g )]
(m) (£ (m) ) (e ] [ ™
+ 8 @gm 0 - €08 0] [+ Nt

NP ) |67 ()6 () - 67 ()67 )] }

(5.1.2)
This is a functional of paths £ (¢) and £(?)(¢), which satisfies
T, 6™ 1] = [, ™, 1], (5.13a)
and
r[em, e 4] =o. (5.1.3b)

Because of these properties, we only need to consider I' [5(1), €@, t} =I'(t). When
['(t) > 0, this function describes the decay of the off-diagonal density matrix ele-
ments, which is why we call it the decoherence function.

For simplicity, let us take fi(m) (t) = £ (t)d,3, namely unidimensional paths in
the 2°—direction. Now, consider a scheme in which both paths start at the same
point &, = & and both end at another point £ = ¢'. This is the typical scenario in
which an initially localized quantum system undergoes a superposition of paths and
is then recombined after time ¢ in order for its interference patterns to be analyzed.

Let us define the variables

=(1) = 5 [€0() + €20)],  Ag(r) = €0(1) —€20) (5.1.42)
and
V(t) = i:(75) Av(t) = iAﬁ’(t) (5.1.4b)
Tdt T dt ’ o

such that we can write
I
[(t;) = 3 / dtdt’ V (£) Av(t) Ning (¢, )V (") Av(t')
0

+ ., / 7 AV (£) Ao(6) N (1, £)E(E) AL(F)
0
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m2

tf
+ 4/ dtdt’ Z(t) AL(t) [7 + Ning (2, t’)] N (6, EW)AL(E),  (5.1.5)
0
with Ny(t,t') = N3¥33(t, ).
In Appendix C, the noise kernel Ny (¢,t') was computed by considering the
internal DoFs to represent an Ohmic bath described by the coupling constant 7 in

thermal equilibrium at high temperature 7}, > |t — #'|. Explicitly, using Eq. (C.2.5),

we have
I(ty) = %met / § At [V () Av(t)]? + nrTin®... / tf dt V(t) Av(t)Z(t) AL(t)
0 0
+om? / 7t 2 AN, (1, )2 )AL
0 y
T AT / dt [2()AE(1) Ny(t), (5.1.6)
0

where N, (t) = limy_,; N,y(2,1').

The function I'(¢) depends on the specific configurations of the superposition
state through the variables (5.1.4), and also on the gravitational noise kernel N, (¢, '),
which was computed in Appendix C. In this work, we will consider the same con-
figuration path as the one in Refs. [30, 150] in order to explore the time evolution of
the superposition state. However, we will also show how the decoherence function

is modified for another configuration for illustrative purposes.

5.1.1 Configuration 1

For the first configuration, which we refer to as Configuration 1, we choose

E(t) = Z = constant in time (5.1.7a)
and
2ut for 0 <t <ty/2
Aty =14 " o st/ (5.1.7b)
QU(tf—t) for tf/2<t<tf

for some constant velocity v. Note that this implies V' (t) = d=/dt = 0. We then

have

ty/2 ty
[y(ty) = 8m*=%? /O dtdt’ tt' Ny (t,t') + / dtdt’ (t; —t)(t; — ') Ng(t, t')
t

7/2

tf/2 tf
12 / dt / d t(t; — )N, (1, 1)
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+ 1697 T3 220 [/tfﬂ dt 2Ny (t) + /tf dt (t; — t)ZNg(t)] : (5.1.8)
0 tr/2

The next step is to use the various expressions for the gravitational noise kernel
to explicitly compute the function I'y(¢). These can be found in Appendix C for
gravitons initially in the vacuum, thermal, coherent, and squeezed states. Although
long, this is a straightforward computation, so let us simply present the final results
for the function I'y (¢).

First, let us recall from Eq. (4.1.14) that ., = 2My/ R‘?\,. Also, it will be inter-
esting to return the universal constants £, ¢, G, and kp so that we present the result
in SI units rather than Planck units.

Let us introduce the index A, which can be either v, t, ¢, or s, representing vac-
uum, thermal, coherent, and squeezed states, respectively. Then, the results for the

function I'; () can be summarized in the following expression:

T (1) = ba(1 — 64T (1)

8521}27712 AA 2 (I AAt R A (I1) AAt
— K _
S () e () - 2 (30)

GMN (II1) AAt KA (IV) AAt
- — — — : 1.
RY {A n) PE \ (519)

rest

Here,
1 for A
by — ord#s (5.1.10a)
cosh2r forA=s
A for A #t
Ay = ord#t (5.1.10b)
wkpT, for A=t
and

RA = 7]7T]{ZBTintAA. (5.1.10C)

Also, E.; = mc? and Ep are the rest and Planck energies. The constant A is the
graviton energy cutoff, 7, is the graviton temperature for the initial thermal state,
and r is the real squeeze parameter for the initial squeezed state. The constants
K, 4 are

Ki, =2, (5.1.11a)

4
K= 3’ (5.1.11b)

’ (5111C)
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2
K= —3 sinh 2r, (5.1.11d)

with o being the displacement parameter for the initial coherent state. For all states,
the functions fﬁf) describe the contributions to decoherence that come from the
gravitons alone, while the functions fﬁ{’) describe the contributions coming from
the interplay between the gravitons and the internal DoFs of the system. The func-
tions film and fﬁ{v), representing the contributions from gravitons and gravitons
plus internal DoFs, respectively, also encode the contribution from the Newtonian
potential. Note that, within this configuration, there are no contributions coming
solely from the internal DoFs, and in the absence of quantum spacetime fluctua-
tions, decoherence does not occur (for Configuration 1). The various functions f4

are listed below:

Vacuum state

2 T 112 32 T
00715 2o s ()] B () ], 1.
fi(z) 1+3x sinz — 8sin 5 +x2 5 COST — —-cos | +10], (5.1.12a)
(IT) L3
i (x) = T0s% (5.1.12b)
4 32 8
YD () = 8y — 3 In4 — §C1<§> + gCi(a:) +8In (g), (5.1.12¢)
V) _ L3
() = % (5.1.12d)
Thermal state
1+ 16e + 26e** + 16e3® + e 15
(1 _ _ =
fo'(z) = = 1) ot (5.1.13a)
(11) 4 5
(I11) . 2(636 — 1)3
2
FI) () = Ex?’. (5.1.13d)

Coherent state

1 . . (X ) . 3x
+ a{i& sin(2z) — 16 {9 sin (§> — 3sinx + sin (?)} }

h
=
~~
8
S~—
I
CIRN
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+

x 3T
T {1495 — 1728 cos (§> + 288 cos z — 64 cos (7> +9 cos(2x)] :

(5.1.14a)

3
1
FID (@) = §—6 + 55 49+ 24(2” — 2) cosw + (2 — 1) cos(2x)

—4x(12 — 22* + cos x) sinz] , (5.1.14b)

1 7
FUID () = 9875 + 41n <8_x> — 48Ci( 5 ) +32Ci(a) - 16Ci(37x) + 4Ci(2x),

917
(5.1.14c)
3
fIV) (z) = % +4sinx + g(2 cosx + cos® T — 3). (5.1.14d)
T

Squeezed state

1 1 16 3
f@) =5+ 5 [Sin(2m) +12sina — 16sin (g) — 5 sin (;)}
+ 415 — 576 cos (m) + 216 cos 64 cos i + 9 cos(2z)
— = T — — T
3622 2 2 ’
(5.1.15a)
1
fUD(z) = e [49 + 24(2” — 2) cos x + (22° — 1) cos(2z)
T
—42(12 — 22* + cos x) sin x] , (5.1.15b)

1
S0 () = 4y + 4In (2_9”5) _ 16Ci(g) + 24Ci(z) — 16Ci(3§) + 4Ci(2z),
(5.1.15¢)
2
FIV)(x) = 4sinz + =(2cosx + cos? x — 3). (5.1.15d)
x

S

Here v ~ 0.577 is the Euler-Mascheroni constant, and Ci(z) = — f;o sl dt is the

cosine integral function.

5.1.2 Configuration 2

We can consider a different configuration for the superposition state; for instance,
one that is described by linear paths with different constant velocities, £(™ = v,,t.

In that case, which we call Configuration 2, we have

2(t)=Vt, ALt) = Aut, (5.1.16a)
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and
U1 + (%)

2 )

For Configuration 2, one finds

V:

Av = vy — vs. (5.1.16b)

1 t O 13 ty
Dy(ty) = ZUWﬂnt( —2)? {Qf + =7 +4/ dtt4Ng(t)}
0
m? o [l
+7( T —v3) /0 dtdt’ (t')* Ng(t,t). (5.1.17)

Just as we did for Configuration 1, our next task is to plug in the expressions
for the noise kernel into Eq. (5.1.17) in order to obtain explicit expressions for I'y().
Once again, we shall only summarize the results of this long but straightforward

computation, which gives (after restoring the universal constants once more)

2
),y _ TkpTi (0 —03)" (t 2 GMN )

A
TS () = ba(1 — 04) T (1)

mQ(Uf—v2 At (any [ Aat
() gt (52)
(N "G Mp (arn) (Aat I vy [ Aat
A R Efestg B ’

(5.1.18b)
with b4, A4, and k4 defined in Eqgs. (5.1.10). The constants K, 4 are
KQVV = 17 (51193)
Koy = 12, (5.1.19b)
Ky, = o, (5.1.19c¢)
Ky = —sinh 2r. (5.1.19d)

The functions g4 have the same interpretations as the functions f4 with respect to
the physical mechanism responsible for their contribution. However, as opposed
to Configuration 1, the decoherence function for Configuration 2 exhibits contribu-
tions that come from the internal DoFs alone, in the same spirit as the gravitational
decoherence mechanism proposed by Pikovski et al. [35, 36] (Section 3.3). Since our
interest will be in analyzing the decoherence resulting from quantum spacetime

fluctuations, we will work with Configuration 1 for the remainder of this work.
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Nevertheless, for illustrative purposes (and as a reference for some possible future

work), the various functions g4 are listed below:

Vacuum state

4
g\D(z) = % +8yg — 12— 8Ci(x) + 8Inx +4xsinz + 12cosx,  (5.1.20a)

UD(g) = = 5.1.20b
gv (‘/I;) 157 ( Al )
gD () = 22* — 82% + 16 cos + 16z sinz — 16, (5.1.20c)
2
¢")(z) = gxf’. (5.1.20d)
Thermal state
4 2z :
1 2 xt 2 e —1 z [sinh(2z) +
—1-Z 4 42 _o = 5.1.21
o () 3+90+3n< 2% ) 3{ e
g (2) = LI (5.1.21b)
945"’
4y 2 4 4 2 2
gt(III) (I) = % + §$3 + 51‘2 - §I2 11’1(1 - 621) — gJILiQ(€2x> + gLi3<€2x) - §C<3),
(5.1.21¢)
(1) 4 s
= —2x". .1.21
Coherent state
4
(D(2) = % 4oy — 2 4+ (59— 2242) cos(20) — 2¢i(22) — 21 (f> 41
g (x) 3 + 2vg 16 + 16(59 x%) cos(2zx) — 2Ci(2z) n {3 +4lnzx
+ 2(27 — 22?) sin(2z), (5.1.22a)

5
1
g\ (z) = g—o + . [15 + (=15 + 182” — 2z*) cos(2z)] + (2* — 3) sin(2z),
(5.1.22b)
gD (1) = 2 — ;x2 —44 <4 — gﬁ) cos(2x) — x(x* — 8)sin(2z), (5.1.22¢)

3 g 9
g (z) = 37 + % + a:(§ - x2) cos(2x) + 3(z* — 1) sin(2x). (5.1.22d)

Squeezed state

37 1
gD (x) = < dvp — 12cosx + §(59 — 222%) cos(2x) + 8Ci(x) — 4Ci(2z)
—41In (g) — g[S + (22° — 27) cos z] sin z, (5.1.23a)
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g\ (z) = L [15 + (=15 + 182” — 22) cos(2z)] + 2(z* — 3) sin(2z), (5.1.23b)

A
gD () = 2® +8 = 16 cosx + (8 — 92) cos(2x) — a4+ («* — 8) cosz] sinz,
(5.1.23¢)
¢ I (x) = 3z + (9 — 22?) cos(2z) + 6(x% — 1) sin(2z). (5.1.23d)

Here ((z) is the Riemann zeta function, and Li,(z) is the polylogarithm function.

5.2 Decoherence for initial vacuum state

For gravitons initially in the vacuum state, the decoherence function (for Configu-

ration 1) reads

_ 2
Wy _ L6220 m? [ AANTT ) (AL e (A

rest

() e (MY]) ey
N

rest

with k = k,. The explicit expressions for the functions f,(x) were listed in Sec-
tion 5.1, while some of their relevant properties are shown in Table 5.1 (see also

Figure 5.1).

Vacuum state

Contribution Function Behavior for z <1 Behavior forz > 1

G D) 24 /288 1

G+1 D () 23/108 23/108

G+N D () 2448 8yp — 2In2+8lnx
G+N+I V) (x) 3/18 z3/18

TABLE 5.1: Different contributions to the decoherence function con-

sidering the gravitons to be initially in the vacuum state. In

the "Contribution” column, "G" means gravitons, "I" means internal
DoFs, and "N" stands for Newtonian potential.

From Eq. (5.2.1), we see that the contribution from the interplay between the

gravitons and the internal degrees of freedom of the system is scaled by the ratio

K o 7]77-]{73 7jintA

o (5.2.2)
This ratio depends on the dimensionless coupling between the external and internal
DoFs, 7, as well as the internal temperature, which can be of order 7j,; ~ 10* K for

complex molecules [156]. The graviton cutoff A is related to the typical size of the
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FI1GURE 5.1: Different contributions for the decoherence function con-
sidering the gravitons to be initially in the vacuum state.

geodesic deviation, L, as pointed out in Chapter 4. We take A = hc/ L and refer to
Ly as the "detector size". Finally, the ratio also depends on the mass of the composite
particle, m. As we discussed in Chapter 3, quantum spatial superposition has been
observed for complex molecules with masses up to m ~ 10722 kg [151-153]. We

can rewrite the ratio (5.2.2) as

l;(7717 C[}nt)

KX = Iy

(5.2.3)
where L(m, Tjy) is a typical length scale determined by the mass of the system and
its internal temperature. For instance, if we take T}, ~ 10* K and m ~ 10722 kg,
we find L(m, Tiy) ~ Lp, the Planck length. Therefore, although the ratio # can
be increased by increasing the coupling between external and internal DoFs, and/or
decreasing the detector size, it is clear that, for typical systems, one can expect to
have # < 1. Nevertheless, the relevance of such contributions needs to be analyzed

by looking at the behaviors of the functions listed in Table 5.1.

5.2.1 Short-time limit

Let us begin by considering short times, t < /A = Ly/c. In this limit, we can use

the expansions shown in Table 5.1 and write the decoherence function as

1/A\? GMy| [At)® 1At+_1 K (524)
6\ A R3, h 8h  3E2_) o

rest

8=2v2m?

I‘(V) t) =
v (1) 157 F2
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First, let us note that there seems to be a competition between the squared
frequencies (A/h)” and GMy /R%;, and decoherence occurs only if the former is
greater than the latter. Typically, this is the case, as one can see from Table 5.2,
where we estimate some values of both squared frequencies for different detector
sizes and different sources of Newtonian gravitational potential. However, it seems
to be possible, at least in principle, to have a situation in which the reversed scenario
holds by increasing the detector size as well as the density of the Newtonian source.
Of course, one must be careful not to violate any of our assumptions in doing so,
such as the Newtonian approximation, which prevents us from increasing the den-
sity of the source to an arbitrarily large value. For instance, we show the result of
the tidal squared frequency for neutron stars for informational purposes, but let us
not forget that we are working in a perturbative regime and dropping higher order

terms in the tidal tensor. We will return to this discussion at the end of the chapter.

Estimating (A/h)> Estimating GMy/R3,

Lo [m] (A/h)? [s72] Source GMy/R3; [s72]
107¢ 9.0 x 10%8 Sun 3.9 x 1077
10° 9.0 x 100 Earth 1.5 x 1076
10 9.0 x 1072 Neutron star 1.7 x 108

TaBLE 5.2: Typical squared frequencies. On the left we estimate the

magnitude of (A/h)? for some detector sizes Lo. On the right we

estimate the magnitude of G My / R3; for some sources of the New-
tonian potential.

Let us rewrite the decoherence function as

—_ 2 2 3
D) = s ) (L) () (ALy (LA Lk
b (t)_457r§Q<LO) (c) (Mp) (h sw TaE ) 6

rest

where My is the Planck mass, and we define

2
h) GMy (5.2.6)

Q=1-6(— .
5 6<A 2

Note that 62 < 1 and typically one has 62 ~ 1.

The decoherence function depends on many parameters, with the ratio =/ L
among them. Recall that, while L, represents a typical geodesic deviation with
respect to the much more massive mass M at the center of our reference frame, =
basically denotes the size of the superposition. For simplicity, we can consider from
now on that one of the paths is close enough to the reference mass M such that we

can take = ~ L.
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Now, let us note from Eq. (5.2.5) that, as long as ¢t > (8/3)nt(m, Tin), with
t(m, Tint) = L(m, Tint)/c denoting some typical time scale determined by the prop-
erties of the system, the contribution from the interplay between the gravitons and
the internal DoFs becomes negligible. For instance, for the typical values of the mass
and internal temperature we discussed before, t(m, T}, ) ~ tp, the Planck time.

In summary, in the regime in which

8 L(m,Tiy)

L
Sy 20 (5.2.7)
3 c c

only the interaction with the graviton bath dominates, and the decoherence func-

) . 1 v\2/ m 2 At 4
I (t)—W(SQ(E> (M) (%) . (5.2.8)

We can compute the decoherence time 4., defined by I'(¢4ec) = 1. One finds'

(V):E 90_7]-5% 29
the =5\ 50 (5.2.9)

Consistency demands that t((jve)c

tion becomes

< h/A, and, as a consequence, graviton-induced

decoherence occurs for systems that satisfy

907
— M, 2.1
mo > 50 pC, (5.2.10)

which agrees with the conclusions obtained by Kanno et al. [30] (Section 3.2). For
02 ~ 1 this means that we must have mv > 110kg - m/s.

Eq. (5.2.10) shows that the observation of graviton-induced decoherence re-
quires the preparation of spatial quantum superpositions of macroscopic masses.
Even if we were to extrapolate our results to the ultra-relativistic limit, v ~ ¢, the
decoherence condition would require masses satisfying m > 3.7 x 1077 kg.

In conclusion, the short-time limit is dominated solely by the graviton bath, and
decoherence generally does not occur for microscopic, typical experimentally ac-
cessible masses. One can hope that the scenario improves for long times. However,
if we consider only the pure graviton contribution, one can see from Table 5.1 that

fV(I) tends to a constant value as t — oo and the decoherence function saturates at

16 v m

2 2
Fg\,}gat — aé@(z) (Mp) 5 (5211)

' A word on notation: let £4.. denote decoherence times computed in the short-time limit, while
Tdec denotes decoherence times computed in the long-time limit.
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increasing no further. Therefore, the graviton bath alone cannot decohere spatial
superpositions of a microscopic mass. The situation changes in the long-time limit
when we consider the graviton interplay with the other contributions (internal DoFs
and the Newtonian potential), since the other functions exhibit no such behavior as
t — o0. Let us then return our attention to Eq. (5.2.1) and consider the long-time

limit.

5.2.2 Long-time limit

We can see from Table 5.1 that, for z >> 1, the functions f\'” (x) and Fv) (x),

which include the internal DoFs contributions, scale as z%, while f\g) (x) remains
constant and fV(IH)(:L’) grows in a much slower logarithmic rate. This means that,
regardless of how small the ratio #Z = r/E?2 is, there will always be a time, no
matter how long, when the G+I contributions will dominate. Since these contribu-
tions will continue to increase without bound, decoherence will eventually occur.

In the long-time limit, using definition (5.2.6) and taking = ~ L, Eq. (5.2.1)

v 4 v\ 2 (kT A At)?
() = ECSQ(E) (BE—I%t) <E) . (5.2.12)

Interestingly, we see that the decoherence function (5.2.12) does not seem to

becomes

contain any explicit dependence on the mass of the composite particle. This does
not mean, however, that this function does not depend at all on the mass, since the

long-time limit was established according to the ratio x/ E2_,, which does depend on

est?
it. Also, there could be some explicit dependence on m through the dimensionless
coupling constant 7).

From Eq. (5.2.12), we can compute the decoherence time, for which I'(74..) = 1.

One finds

©v _ {135i<c>2h4c5 1 }1/3

dee = 174 60 \v/) Ghp nTiA*
135 1 seN2 cLi 17
=|——|-) = 5.2.13
{ 4 60 (v) GanTim] (5.2.13)

This is still a typically long time. For instance, consider a strong coupling scenario
and take 1 ~ 1. Also, consider T},; ~ 10* K, a typical molecular speed of the order
v~ 107%, Ly ~ 107 m, and 62 ~ 1. Then one obtains Té‘e’(): ~ 10° s (about 1.2
days). Nevertheless, this shows that decoherence eventually does happen when we
consider the interplay between the gravitons and the internal DoFs of the system,

as opposed to the case where only the graviton bath contributes directly.



116 Chapter 5. Graviton-induced decoherence of a composite particle

This analysis was performed by considering gravitons initially in the vacuum
state. However, other possible states can significantly decrease the decoherence

time, as we will see now.

5.3 Decoherence for initial thermal, coherent, and

squeezed states

We can now repeat the same analysis for the other initial states for which the de-
coherence function is given by Eq. (5.1.9). The functions f4 were all listed in Sec-
tion 5.1, and some of their relevant properties are shown in Tables 5.3, 5.4, and 5.5
(see also Figures 5.2, 5.3, and 5.4). The procedure is basically the same, so we will

simply list the results.

Thermal state

Function Behavior for x < 1 Behavior for x > 1

() 21/126 1
FID (1) 423 /189 423 /189

D () 21/60 Aln2+ 4z — 12Inz
£ () 223 /45 223 /45

TaBLE 5.3: Different contributions for the decoherence function con-
sidering the gravitons to be initially in a thermal state.

Coherent state

Function Behavior for r < 1 Behavior for x > 1

FO () /48 7/2

£ (1) z3/18 23/36 + sinx

FID (1) 24/8 28vp + 161n3 — 681n2 + 28In
S () z3/3 23/6 + 4sinz

TaBLE 5.4: Different contributions for the decoherence function con-
sidering the gravitons to be initially in a coherent state.

Just as we did for the case of the initial vacuum state, we begin by considering
the short-time limit. For t < h/A4, we can use the expansions for the functions
fa(z) around x = 0 that are shown in Tables 5.3, 5.4, and 5.5. Once again, the purely

graviton bath contribution dominates in this regime, and one finds the decoherence
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Squeezed state

Function Behavior for r < 1 Behavior for x > 1
D) z1/96 1/2
D () 23 /36 sin x
) (x) z1/16 4yp +4In(81/2°) + 4Inzx
V) () x3/6 4sinw

TaBLE 5.5: Different contributions for the decoherence function con-
sidering the gravitons to be initially in a squeezed state.

1.0
2000
0.5
1000+
— @)
0.0 , 0
0 20 40 0

40001

20001
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F1GURE 5.2: Different contributions for the decoherence function con-
sidering the gravitons to be initially in the thermal state.

times to be given by

32 (kT "
tgltec = {1 + ﬁéQtTg tée)c, (5.3.1a)
1 = (1+a?) M, (5.3.1b)
to, = e, (5.3.1¢)
where , )

h 7( h GMy
u=1+6((=) —— 5.3.2
vEAT ((A) 20 (kaTg> ) R}’ (5:3.2)

and with tg;)c given by Eq. (5.2.9). Note that there is a decrease in decoherence time
when considering such states, with ¢4.. even exhibiting an exponential decay for

the squeezed state.
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F1GURE 5.3: Different contributions for the decoherence function con-
sidering the gravitons to be initially in the coherent state.
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FIGURE 5.4: Different contributions for the decoherence function con-
sidering the gravitons to be initially in the squeezed state.

Next, we turn to the long-time limit. Similar to the case of the initial vacuum
state, one can see from Tables 5.3 and 5.4 that, for the thermal and coherent states,
the contributions involving the internal DoFs keep increasing for A 4¢/h > 1, while
the others either saturate or exhibit a slower logarithmic behavior. Then, using the
expressions from the tables, in the long-time limit, we find the decoherence times

to be given by

—1/3
(rksT)®1 "

32
o = |1+ iéQt AG Tioes (5.3.3a)
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c o R v
Tée)cz(l-i-?) 7, (5.3.3b)

with T(gz‘l given by Eq. (5.2.13).
However, the situation is quite different for the initial squeezed state. The in-
ternal DoFs contributions behave as sine functions, and therefore they do not keep

increasing. Due to the typical small values of the ratio Z = k/E?_, this means that

rest?
the contributions coming from the graviton bath alone also dominate in the long-
time limit®. Now, fs(l) (x) saturates at a constant value. Furthermore, although there
is a logarithmic increase in FYD (), this is still much smaller than the vacuum be-

havior, which goes as ~ 3

as we saw in Section 5.2. Therefore, the long-time limit
simply reads

T (t) = (cosh 2r)IY (1), (5.3.4)

with ng) (t) given by Eq. (5.2.12). At last, the decoherence time is
TCSZ)C = (cosh 2r)~ 1/3752 (5.3.5)

We see that, also in the long-time limit, there is an exponential decay of the deco-
herence time with respect to the vacuum state. In Ref. [157], the authors argue that
relic gravitons should now be in squeezed states and also estimate a squeeze pa-

-1/3 ~ 10—29

rameter of order r ~ 102, for which (cosh 2r) , a significant reduction

in the graviton-induced decoherence time.

5.4 The possibility of gravitational recoherence

Before we close this chapter, let us address one concern raised in Section 5.2. We saw
in Eq. (5.2.11) that when we consider only the G contribution to the decoherence
function for the vacuum state, it saturates and changes no further. The situation is
a little different when we include the Newtonian potential, since the G+N contri-
bution does not saturate to a fixed value but keeps increasing with time. So, let us
now consider a particle with no internal DoFs (or simply frozen ones). Then, the

decoherence function for the vacuum state reduces to

M) = M () (At) _ GMy (II1) (At>
() = SR {( )f R fV - . (5.4.1)

21t is important to remark that we are referring only to the additional contribution to the deco-
herence function for the squeezed state. One should keep in mind that, for all states, this is added to
the vacuum term, for which the G+I contributions dominate for long times, as shown in Section 5.2.
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We already saw that, in the short-time limit, this reduces to Eq. (5.2.8). But now
there are no internal DoFs to dominate in the long-time regime, and one may be
concerned about the fact that the G contribution remains constant while the G+N
contribution, which has a negative sign, keeps increasing with time. From Table 5.1
we see that £\ () ~ 1 and £ () ~ 8Inx for x > 1, and the decoherence

function becomes

o= () () 5w ()

This means that, when there are no internal DoFs to guarantee gravitational deco-

(5.4.2)

herence, not only does the function stop increasing with time, but it also starts to
decrease (although very slowly). In light of this behavior, one may raise the concern
that the "decoherence" function could ever become negative. In principle, this can

happen, and we can compute the time it takes for that to occur. A quick analysis
shows that ng) (t) < 0 for

1/A\> R}

S\ h /) GMy

Now, even for a superposition size on the order of kilometers, Ly ~ 10® m, we find

h
t 2 —exp

~Y

(5.4.3)

(%)2 G}jw 101¢ near Earth. Take the exponential of that number, and we are
clearly talking about an infinitely long time before such recoherence can happen.
For the coherent and squeezed state, the situation is quite similar since the G+N
contributions in those cases also grow as In(At/h) for ¢t > h/A. For the thermal
state, however, Table 5.3 shows that f (H[)( ) ~ 4x, which grows faster than the
logarithm. The thermal decoherence function, in the absence of internal DoFs and

in the long-time limit, reads

0, o 16 m \? mhpTy\” Al GMy

In that case, the condition F( (t) < 0 is achieved by

kgT, R3 A2
>_Pe ~ N . 5.4.5
~TUh GMy +(kaTg> (5.45)
nkpTy Ry

For T, ~ 1K, we have

the universe.

T Gy ~ 107 s (near Earth), which is about the age of

In conclusion, the presence of the Newtonian potential seems to slightly slow
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down the decoherence mechanism, which can eventually lead to the recoherence of
the system. Although possible in principle, this is not expected to happen for typical
parameters. Even if it were so, we saw in the previous sections that decoherence will
inevitably prevail when we include the interaction with the system’s own internal
structure.

Nevertheless, we should mention that recoherence mechanisms can appear in
non-Markovian models for open quantum systems, such as when one describes
quantum fields in cosmological backgrounds (see Ref. [158]). The connection be-

tween memory (non-Markovian) effects and recoherence is explored in Ref. [159].
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Chapter 6

Graviton-induced entropy

production

Let us consider once again an open system coupled with a bath of gravitons, only
now we include an external agent acting upon it according to some force protocol
f(t) in a given time interval. Due to the coupling with the environment, whose
final state is not of interest, the dynamics of the system evolves according to the
combined action of the deterministic force f(¢) and a stochastic force term encom-
passing the influence of the environment, as discussed in Section 2.4 on more gen-
eral grounds. Now, this coarse-grained description of the environment inevitably
leads to dissipation. We then turn to the question of how much work is dissipated
when we try to move a system through a bath of gravitons, which we attempt to
answer by verifying how the fluctuation theorem applies to the problem at hand
(see Appendix D for a brief review of the fluctuation theorem, or, more precisely,
the Crooks fluctuation theorem and Jarzynski’s equality).

The fluctuation theorem was established for a quantum system under the effects
of relativistic time dilation in Ref. [42], and it was later generalized to include the
effects of classical spacetime curvature [43] and to apply to a quantum field [44].
While these references treated spacetime as a classical entity, here we aim to ap-
ply the fluctuation theorem to a system under the influence of quantum spacetime
fluctuations.

One of the main conceptual difficulties faced in establishing a quantum fluctua-
tion theorem is the definition of work. While there seems to be general agreement in
defining work via the two-time measurement scheme [160] for closed systems, the
proper definition for open quantum systems is still under debate. Here, we follow
the proposal of Ref. [119] to define work as it is done in classical systems by mak-
ing sense of the notion of trajectories in quantum mechanics. In order to do so, we
shall turn to the decoherent (or consistent) histories formalism, which we discussed
in Section 2.5. As we saw in that section, the solutions of the Langevin equation

describe trajectories of the system, provided they are followed with an accuracy of
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an order ~ N~!, with N being the noise kernel of the environment. The idea is
then to use these solutions to define the work done on the open system.

Since we are going to need the expressions for the solutions to the Langevin
equation, we begin by discussing them in Section 6.1. Then, in Section 6.2, we use
these solutions to define work and establish the fluctuation theorem in order to

quantify the entropy production.

6.1 The Langevin equation with graviton noise

We begin by going back to Eq. (4.3.19), which describes the external degrees of free-
dom density matrix of a quantum system coupled with both gravitational and its
own internal degrees of freedom. As we have discussed in Chapter 4, the term con-
taining the internal DoFs noise kernel may also be rewritten in terms of a Gaussian
stochastic variable, just as we have done for the gravitational noise kernel. Indeed,

Eq. (4.3.19) is equivalent to

pext (&, €', 1) = / dé(0)de'(0) pext (£(0),€'(0),0) / DEDE! modt [t (66,-E8))
: / DN PN PNy e~ N7 (686167 ) o5 [ di N (865665

o o J At NN (&Ej—{{f})’ (6.1.1)

where & denotes the Gaussian probability density and N (Vi) is the stochastic
variable describing the interaction with the gravitons (internal degrees of freedom).

The system is then described by a stochastic effective action given by

Sseal6. €1 = Sl - 5,161 - 5 [ dtniw (86 - €6)
- / 0t (m — Now )N (65 — €161), (6.1.2)

with )
5,6 = [ a | gmaséé - v, (6.13)

and we included a potential function V'(§) to account for the possibility of an ex-
ternal agent acting on the system.

The equation of motion is obtained by setting 6 Ssgpa = 0 as usual, resulting in

ov

o N (£)6:(8) + 2[m — N () ING; ()7 (8) = 0. (6.1.4)

[ — N (D] (t) +
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Analytically solving this second-order differential equation for the geodesic devia-
tion £(t) is no easy task. Since we are going to need an explicit form for the solution,
we will drop the internal DoFs contribution and analyze the effects only due to the
gravitons for simplicity. Additionally, we choose to work on a perturbative regime
for &(t). Then, by taking Ai,; — 0 one is left with'

m&(t) = fi(t) + 2mN (£)E)(¢), (6.1.5)

where f; is defined such that V (&) = — f;(¢)£'(t) and & is the solution to m&} = f*.
Eq. (6.1.5) is the Langevin equation for the time evolution of a system which is

affected by a stochastic force term that comes from the interaction with the bath of

gravitons. The effects of such stochastic noise are also analyzed in Refs. [24-30].
The solution to the Langevin equation for the initial conditions £/(0) = £(0) =

0 is given by

&(t) = % /0 dt’ (t =) fi(t) + 2 /0 dt’ (t — )Ny (& (). (6.1.6)

This can be seen as the classical limit for the geodesic separation between two test
masses, where the stochastic behavior comes from the quantum fluctuations of the
gravitational field. However, as we discussed in the beginning of the chapter, for
paths with accuracy determined by the noise kernel, we can use the solution to the
Langevin equation to provide a definition of work for the quantum system in the
same way that is done for classical systems, which in turn is heavily dependent on
the notion of a trajectory in space. This will allow us to establish the fluctuation
theorem for the quantum system and we shall see how dissipation arises when an

external agent tries to move the system through a bath of gravitons.

6.2 Dissipated work and entropy

In order to discuss the validity of the fluctuation theorem, we proceed as in Ref. [119].
By fluctuation theorem we mean Jarzynski’s equality, which is the integral form of
the Crooks fluctuation theorem [45-50] (see Appendix D). For closed quantum sys-
tems, the derivation of the theorem relies on the hypothesis of initial thermal state
of the entire system. However, our analysis of a quantum particle interacting with
a bath of gravitons is built under the assumption of initial product state, which is
obviously not a thermal one. In order to circumvent this issue, we take the initial

time to be tg = —oo. At this time instant, we assume that the total state of the

'We changed the sign of the noise term for convenience, which is allowed since this is simply a
change of variables in the path integral.
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system is described by a tensor product, )(—00) = pPsys(—00) & Pgrav(—00), where
Parav 1s a thermal state of gravitons. We then allow the system to evolve according
to the total action with f*(t) = f%(0) for ¢ < 0 so that we obtain a total thermal
state at ¢ = 0. Then, the driving force starts changing according to some arbitrary
protocol until a given time instant ¢ = 7. The work performed on the system by

the external agent in the interval [0, 7] is then defined by

= - / dt fi(HE'(2), (621)

where £'(t) is the solution to the Langevin equation given in Eq. (6.1.6). By using

the explicit forms of the solutions, we can write

W= [ audt ittt — )f() -2 [ aedt Fgle - )N E0),
" " (6.2.2)
where g(t —t') = (t = t)0(t — t').
We can see from Eq. (6.2.2) that the work performed on the system is linear
in NV;;(t), which is a Gaussian random process. Therefore, W itself must also be a
Gaussian random variable with its statistics specified by the first two moments (W)

and 02, = (IW?) — (W) We can then write the work probability density function

PW) = — e W= 120h (6.2.3)
V2mog,
Throughout this chapter, the brackets denote the stochastic average with a Gaussian
probability density.

Before we proceed, it is worth emphasizing that the average with (W) is the
same stochastic average with &2 (N') due to the linear dependence of W on N;;(1).
In usual formulations of the classical fluctuation theorem, such stochastic force is
not considered, and the probabilistic aspect of the work done on the system comes
from the initial thermal state assumption. Each sampling from the initial state gives
rise to a trajectory, and the average is performed over an ensemble of such realiza-
tions. For the quantum fluctuation theorem, the inherent quantum uncertainty of
the initial state contributes a further probabilistic aspect. However, we chose to fol-
low an equivalent initial state preparation method based on a product initial state
for the total system. This choice replaces the system’s dependence on the initial
state with the properties of noise statistics and, consequently, one is left with only

one probabilistic element instead of two [119].
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The moments of the work distribution can be computed as follows. First, since

(N(t)) = L&, with ®;; being the tidal tensor?, we have

(W) = —% 0 dtdt’ fi(t)g(t —t') fi(t)) — Dy /0 dtdt’ fi(t)g(t—t)& (). (6.2.4)

Additionally, by using® (N (£)N*(t')) = N (¢,¢'), which is the noise kernel of

gravitons, we also find
ol = / dtdt’ fi(t)oi;(t, ) f (1), (6.2.5)
0

where
0i;(t, ') = 4/ dtydts g(t — t1)g(t' — t2) Nigra(t1, t2)E5 (t1) &) (L2).- (6.2.6)
0

Note that, while (W) is independent of the noise kernel of gravitons, the second
moment o3, is not.
With the expressions for the first and second moments of work, the probability

distribution is completely specified. One can now compute
(e7?V) = / DW 2(W)e "V, (6.2.7)

where 3 is the inverse temperature of the bath of gravitons. Since Jarzynski’s equal-
ity holds for the entire system, as argued in the beginning of this section, we must

have
(e7PW) = e PRF (6.2.8)

where AF' = F(7) — F(0) is the free energy difference between time instants ¢ = 0
and t = 7, calculated quantum mechanically for the total system.

A direct calculation turns Eq. (6.2.7) into
(e = e B(W)=Boty/2) (6.2.9)

which, upon comparison with Eq. (6.2.8), allows us to identify the free energy dif-

ference of the total system as

AF = (W) — Boi, /2. (6.2.10)

?Recall that we changed the sign of the stochastic noise variable.
3We dropped the index g since, in this section, there is to be no confusion with the noise kernel
coming from any other environment.
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At last, we identify the dissipated work Wys with

Wdiss = <W> — AF = 5012/‘//2

=20 /T dty - dty (1) f(t2)g(ts — t3)g(ta — ta) Nijia(ts, ta) €5 (t3) €0 (a).
0

(6.2.11)

For movement along the z—direction, we computed the noise kernel N(¢,t') =
N3333(t,t") in Appendix C (naturally, in this case we are interested in the initial
thermal state for the gravitons).

Finally, we conclude that there is an entropy production in the system given by

2 2
() = BWoy = 220 (6212)
Note that when there are no gravitons, or when f = 0, we have U%V = ( and,

consequently, there is no production of entropy. Additionally, we remark that the
thermodynamical interpretation of this entropy is tied to the interpretation of the
parameter ( as a proper temperature, as discussed in Section 3.1. And, lastly, we
point out that, since Eq. (6.2.12) arises due to the fluctuating spacetime, one expects
this entropy production to be a universal and unavoidable feature of driven (classical

and quantum) systems.
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Conclusions and future work

The quantum fluctuations of spacetime, however weak, cannot be avoided since
spacetime is the background in which matter propagates and interacts. Here, we
quantified the consequences of such realization for the decoherence of spatial su-
perpositions and entropy production. We began by considering a composite quan-
tum system in a spacetime described by a classical static Newtonian potential and
the quantum gravitational radiation degrees of freedom. Such a spacetime also in-
duces interaction between the center-of-mass variable and the internal degrees of
freedom of the composite system. Since we were interested in studying spatial su-
perpositions of the center-of-mass variable, we integrated out both the gravitational
radiation degrees of freedom and the internal variables of the system itself. The
description of this open quantum system coupled with two mutually interacting
environments was accomplished within the influence functional approach, which
allowed us to obtain the decoherence function for the center-of-mass variable in a
superposition of two classically distinguishable paths.

We found that, although the interaction with gravitons alone cannot decohere
spatial superpositions of microscopic systems (in agreement with previous results
in the literature [30]), the interplay between the gravitons and the system’s inter-
nal structure will inevitably lead to decoherence, even if it happens for typically
long times. Such decoherence times were found to depend on the initial state of the
gravitons. In fact, for gravitons initially in thermal, coherent, and squeezed states,
the decoherence time exhibits a decrease with respect to the value found by con-
sidering an initial vacuum state. This decrease can be significant, especially for an
initial squeezed state, which is expected to describe relic gravitons [157].

Apart from the enhancement of gravitational decoherence arising from a suit-
able choice of the initial graviton state, we emphasize the role of the interplay be-
tween gravity and the internal degrees of freedom of the system in leading to deco-
herence, even in situations where it was not expected to occur at all. One can think
of the system’s internal structure acting as an environment that, due to the univer-
sal aspect of gravity, works as a mediator and amplifier of the effects of the quantum
spacetime fluctuations. This opens the possibility of considering more general sce-
narios in which a system is in simultaneous interaction with both a gravitational

and a non-gravitational environment. Since these will inevitably interact with each
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other, we are left to wonder what the effects of such interplay on the system are.
Whether non-gravitational environments can be used to mediate and amplify grav-
itational decoherence, as the internal structure of the system can, is a subject of
future investigation.

In this work, we also analyzed the entropy production coming from the driving
of a quantum system through a bath of gravitons. This was done via the decoherent
histories approach to quantum mechanics, which allowed us to give meaning to the
concept of trajectory in space and to provide a suitable definition of work done on
the open quantum system in complete analogy with classical mechanics. With this
definition at hand, the fluctuation theorem was established in the form of Jarzyn-
ski’s equality, from which the entropy production was estimated. We remark on
the universal character of this entropy production, which arises from the quantum
degrees of freedom of the universal gravitational radiation.

Although we considered the entropy produced when the system is driven by
an external agent through the graviton bath, it would be interesting to investigate
the case in which the driving agent is spacetime itself. For instance, one could
analyze the work done by the stochastic force that comes from the gravitational
fluctuations. However, such a work distribution is not expected to be Gaussian,
which would render the analysis more complex.

In general, it would be interesting to see how these results apply to relativistic
particles and even quantum fields. For instance, one could study how graviton-
induced decoherence affects wave-packet dispersion in neutrino propagation (and,
in the spirit of the previous discussion, how other non-gravitational environments,
like matter effects, could amplify such decoherence and modify the neutrino oscil-
lation probability formula). Finally, it would also be interesting to investigate how
different spacetimes could affect our results. Here, we have expanded the gravita-
tional field around a metric in the Newtonian limit, but the same can be done for any
other classical solution to Einstein’s equation, such as the Schwarzschild solution
or the Robertson-Walker expanding universe. Whether such curved backgrounds
shall have a significant impact on the results of graviton-induced decoherence and

entropy production remains to be seen.
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Appendix A

Differential geometry

The main goal of this appendix is to provide a brief review of the mathematics
behind the general theory of relativity, namely differential geometry. This is by
no means an extensive or complete presentation of the subject, with many math-
ematical concepts and demonstrations left out. Our approach is heavily based on
mathematical physics textbooks such as [161, 162], as well as some very good books
on general relativity [54-56, 61]. For a more mathematically rigorous approach the
reader is referred to Ref. [163].

A.1 Differentiable manifolds

We begin with what is probably the most fundamental concept in differential geom-
etry, the one of a differentiable manifold (sometimes we just write manifold, leaving
the word "differentiable" implicit). The basic intuitive idea of a manifold is that of
a space that may or may not be curved while looking flat in small enough regions.
The entire manifold is then constructed by smoothly sewing together those regions.
Now, in order to give this idea a precise mathematical meaning, we are going to need
some preliminary definitions.

The first basic definition we are going to need is that of a topological space.
A topological space (X, 7T) consists of a set X together with a collection T of
subsets of X satisfying the following three properties:

1. If O, € T for all «, then
JOaeT. (A.1.1)

2. If Oy,...,0, € T (nis a finite number), then

(O eT. (A.1.2)
=1

3. The entire set X and the empty set () are in 7.
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The collection 7 is referred to as a topology on X, and subsets of X which are
listed in the collection 7 are called open sets.
Another indispensable idea is the notion of a metric space. A metric d : X X

X — Ris a function that satisfies the conditions:
- d(z,y) = d(y, ©),
« d(z,y) > 0, where the equality holds if and only if x = y, and
- d(z,y) +d(y, z) = d(z, 2),

forall z,y,z € X. If X is endowed with a metric d, X is made into a topological

space whose open sets are given by open discs centered at each point z,
Oc(z) = {y € Xld(z,y) < e}, (A.13)

and all their possible unions. The topology 7 thus defined is called the metric
topology determined by d. The topological space (X, T) is called a metric space.

If (X,7)and (Y,J) are topological spaces, a map f : X — Y is said to be
continuous if the inverse image, f~1(O) = {z € X|f(x) € O}, of every open
set O in Y is an open set in X. If (X,7) and (Y, J) are topological spaces, a
map f : X — Y is a homeomorphism if it is continuous and has an inverse
f~1:Y — X which is also continuous. If there is a homeomorphism between X
and Y, X is said to be homeomorphic to Y and vice versa.

We are now ready to give a precise definition of differentiable manifolds. A set

M is an n—dimensional differentiable manifold if
« M, together with a collection of its subsets, is a topological space;

« M is provided with a family of pairs {(O;, ¢;)} such that {O;} is a family of
open sets which covers M, that is, | J, O; = M and ¢; is a homeomorphism

from O, onto an open subset U; of R" (Figure A.1);

« given O; and O; such that O; N O; # (0 for i # j, the map ¢;; = ¢; o qu_l :
¢j (Ol N O]) — ¢Z(Ol N OJ) is inﬁnitely differentiable.

The pair (O;, ¢;) is called a chart or a coordinate system, while the whole set
{(O;, ¢;)} constitutes an atlas. The subset O; is called the coordinate neighbor-
hood and ¢; the coordinate function. Given a point p € M, the homeomorphism
¢; is represented by the set of coordinates {z*(p)} = {z%(p),..., 2" (p)}.

A transformation that leaves invariant the differential structure described above
is called a diffeomorphism. To be more precise, let f : M — M’ be a home-

omorphism and ¢ and v coordinate functions, where the dimensions of M and
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FIGURE A.1: Homeomorphisms ¢; and ¢; map open sets O; and O;
on the manifold M into open sets U; and U; on Euclidean spaces.

M’ are n and n’, respectively (Figure A.2). If 1) o f o ¢~! is invertible, and both
y=1pofoo  (x)andx = po f~Lotp~!(y) are C™ (infinitely differentiable), the
map f is said to be a diffeomorphism and M and M’ are said to be diffeomor-
phic, which we denote as M = M. It follows that if M = M’ thenn = n'. In fact,

two diffeomorphic manifolds are regarded as being the same manifold.

FIGURE A.2: The map f : M — M’ has a coordinate representation
givenby tpo fo ™! : R" — R",

Since in physics the notion of a vector, and moreover a tensor, is a very useful
one, it will be interesting to define vector spaces on a manifold. In order to do so,
we need to define a very special class of maps called curves. An open curve on
an n—dimensional manifold M is the map ¢ : (a,b) — M, where (a, b) is an open
interval in R such that @ < 0 < b (Figure A.3). On a coordinate system (O, ¢), a

curve c¢(t) has the coordinate representation z = ¢ o c: R — R™.
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FIGURE A.3: A curve c in M, parametrized by ¢, and its coordinate
representation ¢ o c.

At last, we define a function on M as a smooth map from M to R. On a coor-
dinate system (O, ¢), we can build the coordinate representation of f as f o ¢! :
R™ — R, which is a real-valued function of n variables. The set of smooth functions

on M is denoted by F(M).

We are now ready to introduce the concept of tensors in a manifold.

A.2 Tensors

Let us begin with the more usual kind of tensor, namely a vector. In order to give a
precise definition, let us consider a curve ¢ : (a,b) — M and a function f : M — R,
where (a,b) is an open interval in R containing the point t = 0, with ¢ being an
arbitrary parametrization of the curve (Figure A.4). By choosing a local coordinate
function ¢ and using the chain rule, the rate of change of the function f att = 0

along the curve c is given by

afee)| _ d A
Ta |, a(foc) AT [(fog ") o(poc)] »
Ifop Hd(poc)| da(c(t))
SRR Tl =T e e
with of _ (o)

0,.f = . (A.2.2)

G Oz



A.2. Tensors 137

This means that the rate (df/dt) ’ ,_, is obtained by the application of the differen-

tial operator

dat(c(t))

X =X" (%) with X" = T » (A.2.3)
to the map f, that is
dftc®)| _ u(9F) _
~ L X <8xﬂ> = X(f). (A.2.4)

We then define X as the tangent vector to M at the point ¢(0) along the direction

given by the curve ¢(t), as shown in Figure A.4.

FIGURE A.4: A curve c along with a function f and a local coordinate
system ¢ define the tangent vector X at a point of the manifold M
in the direction determined by c¢(t).

In summary, each curve through p defines an operator on F, namely the tangent
vector, which maps f — df/dt at p. Basically, we are defining vectors at each
point of M as directional derivatives on that point. Therefore, a tangent vector X

at a point p € M isamap X : F — R which is linear and obeys the Leibniz rule,

e X(af +bg)=aX(f)+bX(9),V[f,g€ F,Va,beR;

« X(fg) =9()X(f)+ f(p)X(9),Y f, g €F.

If X; = d/dt; and Xy, = d/dt, represent derivatives along two curves x*(t;)
and x” (t3) through p, one can define a new operator Y = aX;+bX5, a,b € R, which
is manifestly linear and can be straightforwardly shown to satisfy the Leibniz rule.
Thus, the set 1), M of all the tangent vectors of p € M form a vector space, called
the tangent space of M at p, whose dimension is the one of M. From Eq. (A.2.3)
it is clear that €, = 0, is a basis vector. The basis {&,} is called the coordinate

basis.
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We can now see how the vectors components change when we change coordi-
nates. Let p € O; N O, and ¢;(p) and ¢;(p) be the two coordinate functions rep-
resented by the set of coordinates x* and x*, respectively. Since the basis vectors
in the coordinate system z* are &, = 0,, the basis vectors in the new coordinate

system 2’ are given by

o
ozt

The vector X = X*0, itself must be unchanged by a change of basis, so that

Oy = ——0,. (A.2.5)

! ! 8 lLL
X9, = X"'9, = X" %a“, (A.2.6)

and hence, since the matrix 9+ / Ox* is the inverse of the matrix dz* / ozt

!
’ aI“
oxH

XH XH. (A.2.7)
The rule (A.2.7) for transforming components is what we call the vector transforma-
tion law.

If a vector is smoothly defined on each point of the manifold, we refer to it as a
vector field. In other words, X is a vector field if X [f] € F(M) forany f € F(M).

Since T}, M is a vector space, there exists a dual vector space to 7, M whose ele-
ments are linear functions from 7}, M to R. The dual space is called the cotangent
space at p, denoted by Ty M. An element w : T,M — R of T}y M is called a dual
vector or a cotangent vector. The differential df of a function f € F(M) is an

example of a dual vector, with its action on V' € T}, M being defined by
(df,V)y=V(f)=V*"o.f e R (A.2.8)

In terms of the coordinate x = ¢(p), df is expressed as df = (9f/0x")dz*,
where ¢ is a coordinate function. One can naturally regard {dz*} as a basis of Ty M,

which is, in fact, a dual basis, since

<d:r” é)> 0r” _ g (A.2.9)

" Ok OxH H

An arbitrary dual vector w is then written as
w = w,da”, (A.2.10)

where the w,, are the components of w.

The notion of a dual vector allows us to define the inner product. For instance,
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take a vector V' = V*0, and a dual vector w = w,dz*. The inner-product () :
Ty M x T,M — R is obtained by

(W, V) =w, V" <d9€“, i> =w, V" =w, V' =w(V). (A.2.11)

oxv

Next, let p € O; N O; and ¢;(p) and ¢;(p) be the two coordinate functions

represented by the set of coordinates z* and x*, respectively. We thus have
w = w,dat = wwdx“l. (A.2.12)

From the fact that dz* = ((9:1:“/ / oz )dx“ we can write down the transformation

law for the components of the dual vector w as

oz

w#/

At last, a tensor of type (¢, r) is a multilinear object which maps ¢ elements of

T; M and r elements of T, M to a real number,
T: [xXTyM][x"T,M] — R, (A.2.14)

where the symbol X977 M means the Cartesian product of the space T); M ¢ times,
with a similar definition for the vector space 7,,M. The set of all tensors of type
(q,7) at p € M is denoted by T.? (M ). The components of the tensor 7' € T}¢ (M)
in a coordinate basis can be obtained by acting the tensor on basis dual vectors and

vectors,
TM1~~~MqV1mVT = T(dl’ul, cee 7d$uq7 a1/17 s 78Vr>' (A215)

This is equivalent to the expansion
T=T", 0, ® - ®0,®d" ®@---®@dz"™, (A.2.16)

where ® denotes the tensor product. Now let V; = VZ-” O, (1 <@ <r)andw; =

wipda? (1 <7 < q). The action of 7" on them results in the number
T(wis .. wg Vi, Vo) =Tt - Wau VI VT (A.2.17)

If p € O;N0O; and ¢;(p) and ¢,(p) are the two coordinate functions represented

by the set of coordinates x* and z*', respectively, the components of the tensor T
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change as

Ozt dxta Yz ox’r
) ol e (A.2.18)

TH Mg, = _
‘ Oox™ Oxta O oxvr

_—
(74

which is the general transformation law for tensors.

We define a tensor field of type (¢, r) by the smooth assignment of an element
of T2, (M) to each point p € M. The set of all tensor fields of type (¢q,7) on M is
denoted by T9(M). For example, T (M) is the set of the dual vector fields.

Since the tensors themselves are objects that are independent of the coordinate
system, it is useful (although not strictly mandatory) to express physics laws in
terms of tensor equations. But the laws of physics usually involve derivatives, and,
unfortunately, the partial derivative of a tensor is not, in general, a new tensor, as
we can see by considering, for example, the partial derivative of a dual vector, 9,,w,,

and changing to a new coordinate system:

0 ox* 0 (0:5” >
T Wy w

OxH = Ozt Ok \ oz Y
B ozt o0x” 0 o) 4w ozt 0 [ 0z" (A2.19)
Ozt v \ Oxr YOzt Oxr \ OV ) o

The second term should not be there if 0,w, were to transform as a (0, 2) tensor.
Therefore we need to introduce a coordinate independent derivative operator and,
to do so, we first need to see how tensor fields are carried along by maps between

manifolds.

A.3 Maps between manifolds

Consider two manifolds M and N, with dimensions m and n, and coordinate sys-
tems x* and y®, respectively. Consider the map ¢ : M — N and a function

f+ N — R. We define the pullback of f by ¢, denoted ¢* f, by
o f=(fop): M = R. (A.3.1)

We think of ¢* as "pulling back" the function f from N to M (Figure A.5).
If V(p) is a vector at a point p on M, we define the pushforward vector ¢,V
at the point ¢(p) on N by giving its action on functions on N,

(@ V)(f) = V(6™ f). (A3.2)

Basically, the action of ¢.V on the function f is simply the action of V on ¢* f.
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FIGURE A.5: Pullback of a function f by amap ¢ : M — N.

Since a basis for vectors on M is given by the set of partial derivatives 0, =
0/0z" and a basis on N is given by the set of partial derivatives 0, = 9/0y“,
we can relate the components of V' = V*J, to those of (¢.V) = (¢.V)*0, by
applying the pushed-forward vector to a test function and using the chain rule of

partial derivatives,

oy“

(0V)0uf = V'0u(6"f) = VF9,u(f 0 0) = V"' o=

Ouf. (A3.3)

Thus the pushforward operation ¢, can be seen as a matrix operator, (¢, V)* =

(¢+)",V*, with the matrix being given by

_ oy
© Oxr’

(0:)7, (A3.4)

The pullback ¢*w of a dual vector w on N is defined by its action on a vector V'

on M: it is equal to the action of w on the pushforward of V,

(P"wW)(V) = w(@.V). (A.3.5)

From this expression, we have
(6" (V) = wa(@:V)* = wa(9.)*,VH = (64) “wa V" (A.3.6)

where (¢.)," = 0y®/0z*. Itis the same matrix as the pushforward (A.3.4) but with
a different index being contracted when the matrix acts to pull back dual vectors.
We can pull back tensors with an arbitrary number of lower indices. Since a

(0, ) tensor is a linear map from the direct product of r vectors to R, we define the
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pullback of such a tensor by the action of the original tensor on the pushed-forward

vectors,

(*TYVO, VY =T(p, VD, o, V), (A.3.7)

where Ty, ., is a (0,7) tensor on N. We can similarly push forward any (g, 0)

tensor S#1#« on M by acting it on pulled-back dual vectors,
(0.9)(wW, ..., w?) = S(¢*wV, ... p*w?). (A.3.8)

For the matrix representation of the pullback of a (0, ) tensor we have

ayoq 8yar

(¢*T>M1...ur = w s % 1.0 (A39)
while for the pushforward of a (¢, 0) tensor,
arog _ Oy Oy
(u8) ™0 = 2 S, (A.3.10)

In general, tensors with both upper and lower indices can be neither pushed
forward nor pulled back since the matrix dy®/0z* might not be invertible. If it is
invertible, however, then ¢ defines a diffeomorphism between M and N, allowing
us to define the pushforward and pullback of arbitrary tensors. Specifically, for a
(q,r) tensor field T+ #a,, . on M, we define the pushforward by

(6 T)(wD, ... W@ VI V)
= T(¢'w®, ..., ¢"w®, [, VO, [p7 V). (A31D)

In components, this becomes

oy™! dy“e Jx™ ox’r
Qat...0q _ U1 .- fhq
(0.T) 518 = Gt Qumn By O T Vot (A.3.12)

Note the resemblance to the tensor transformation law between coordinate systems,
Eq. (A.2.18). It is for this reason that we can think of a diffeomorphism as an "active"
coordinate transformation.

A diffeomorphism also provides a way of comparing tensors at different points

on a manifold, which we can use to define a way of computing derivatives of tensors.

A.4 Lie derivatives

Given a diffeomorphism ¢ : M — M and a tensor field T+ #4, , () we can

define the difference between the value of the tensor at some point p and its value
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at ¢(p) pulled back to p, ¢*[TH1#a,, _,, (¢(p))]. Therefore we can define some kind
of derivative operator on tensor fields, which would require a one-parameter family
of diffeomorphisms, ¢;. This family can be thought of as a smooth map Rx M — M,
such that for each t € R we have a diffeomorphism ¢,, satisfying

Ps 0 Pr = Psp4- (A.4.1)

Note that this condition implies that ¢, is the identity map.

With the entire family ¢,, a point p describes a curve in M such that these curves
for all points cover the entire manifold. We can then define a vector field V#(z) to be
the set of tangent vectors to each of these curves at every point, evaluated at ¢ = 0.
This entire line of thought can be reversed, however, and it will be useful to think
of the one-parameter family of diffeomorphisms as being defined by the vector field
itself. Explicitly, given an arbitrary V#(x), we define its integral curves to be those
curves x#(t) that solve

dt =V (A.4.2)
dt
The vector field V#(x) is referred to as the generator of the diffeomorphism.

For a given a vector field V#(x), then, we have a family of diffeomorphisms
parametrized by ¢, and we can ask how fast a tensor changes along the integral
curves. For each ¢ we can define this change as the difference between the pullback

of the tensor to p and its original value at p,

AtTmmuqm...ur (p) = ¢>tk [Tﬂlmuqm...ur (¢t(p))] - Tﬂlm,uqlflml/r (p) (A‘4'3)

Note that both terms on the right-hand side are tensors at p. We then define the Lie

derivative of the tensor along the vector field as

ATUI-"NQV y
,, = lim ( ! L ) (A.4.4)

L/ THL-Ha
v v t—0 t

1eee

The Lie derivative is a map from (¢, r) tensor fields to (g, ) tensor fields, which is

manifestly independent of coordinates. It is linear,
Ly(aT +bS) = alyT + bLy S, (A.4.52)
and obeys the Leibniz rule,

Ly(T®S)=(L/T)R@S+T & (LyS), (A.4.5b)
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where S and 7" are tensors and @ and b are constants. Also, the Lie derivative reduces
to the ordinary directional derivative when acting on functions,
df  da¥

Lvf =57 = 0. = VIO.f = V()). (A.4.5¢)

The Lie derivative of a vector field U (x) with respect to V' (x) can be shown to

be
LyU" = [V,U" =Vvr9,U* —U"9,VH. (A.4.6)

The commutator is called the Lie bracket. Note that LU = — Ly V.
Finally, in terms of components in a given coordinate system, the Lie derivative

of an arbitrary tensor field is given by

1 c g K12 Uq
! Vv Z H1p2 qZ/ Vo — V aO'T K viva...Ur
9 ‘r T)\ cee ‘7,“2 ,u])\... q
( A lLLl) H2 qz/]y2...l/T (a)\ )T i ViVva...Ur

+ (ayl V)‘)T“l“”'“q)\y%yr + (81,2V’\)T“lm“'“qyl,\mw NI
(A.4.7)

Although not manifestly tensorial, this expression can be shown to be covariant
(see Section A.6).

The Lie derivative is a successful result to our quest of obtaining a coordinate
independent derivative operator. However, it can be argued that this operator lacks
some generality since it depends on the specification of the vector field. It will then
be useful to define another derivative operator, namely the covariant derivative. But
before we do that, let us pause a moment to discuss an extremely important tensor

in differential geometry, the metric tensor.

A.5 The metric tensor

The metric tensor is the mathematical object that provides the notion of the length

of a path in a manifold, which we also call the line element
ds* = g, da* ® dz” = g, dz"dz”. (A.5.1)

We may also use the metric to denote the inner product of two vectors V# and W"

as

ds2(V, W) = g VFWY =V, W, (A.5.2)

We refer to two vectors whose inner product vanishes as orthogonal, and the inner

product of a vector with itself is called its norm.
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The metric is a symmetric tensor, by which we mean that g, = ¢,,,. By impos-
ing that the determinant of the metric does not vanish, det(g,,) = g # 0, we can
properly define the inverse of the metric, g**, such that

9" Goo = Grog™ = . (A.5.3)

g

The symmetry of g, implies that g"” is also symmetric. We can use the inverse of

the metric to denote the inner product of two dual vectors w, and ¢, as
ds*(w, ) = ¢"w. G = W, (A.5.4)

Egs. (A.5.2) and (A.5.4) illustrate what we usually say that the metric is used to raise
and lower indices.
The metric can be characterized by putting g, into its canonical form. In this

form the metric components become
G = diag (—1,—-1,...,—1,4+1,4+1,...,+1,0,...,0). (A.5.5)

The signature of the metric refer to the number of both positive and negative eigen-
values; we speak of "a metric with signature minus-plus-plus-plus" for Minkowski

space, for example, for which
G = Ny = diag (—1,+1,+1,+1) (A.5.6)

for the entire manifold (in Cartesian coordinates). If any of the eigenvalues are
zero, the metric is degenerate, and the inverse metric will not exist; if the metric
is continuous and nondegenerate, its signature will be the same at every point. If
all of the signs are positive, the metric is called Euclidean or Riemannian (or just
positive definite), while if there is a single minus it is called Lorentzian or pseudo-
Riemannian, and any metric with some +1’s and some —1’s is called indefinite.

For a Lorentzian metric, the norm of a vector is not positive definite. We say V*
is timelike if ¢, V*V" < 0, lightlike or null if g, V*V" = 0 and spacelike if
g VHVY > 0.

At a single point p on the manifold, one may start with any set of components for
9w, diagonalize the matrix and then rescale the basis vectors such that the metric
components satisfy (A.5.5). Minkowski spacetime is just a four dimensional mani-
fold with a Lorentzian metric such that this can be done globally for a single coor-
dinate system, namely the Cartesian one. We say it is a flat manifold (or flat space-

time in a more physical context). This is not true for a general metric, however. At
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a single point one can always choose coordinates in which the metric tensor looks
flat, but this has to be done in different coordinate systems for different points, in
general. We say that such spacetime is curved. It will then be interesting to learn
how we can extract the curvature information of the metric tensor. We start in the
next section with the notion of covariant derivatives, which tells us how to parallel
transport vectors along curves in a coordinate independent way that accounts for

the curvature of the manifold.

A.6 Covariant derivatives

We define the covariant derivative V as a map from (¢, ) tensor fields to (¢, r+1)

tensor fields which has the following properties:
1. (linearity) V(T'+ S) = VI + VS,
2. (Leibnizrule) V(T'® S) = (V) @ S+ T ® (VS);
3. (commutativity with contractions) V,(7%,,) = (VT)u/\,\p;
4. (reduction to the partial derivatives on scalars) V¢ = 0,¢.

Here ¢ is a scalar field and 7" and S are arbitrary rank tensor fields. For the covariant
derivative of a vector V'#, the general expression that can be easily shown to satisfy

all requirements above is
V.V =0,V + T, VA, (A.6.1)

where the set of n matrices (I',)”, (one n x n matrix for each j, where n is the
dimension of the manifold) are known as the connection coefficients. The second
term on the right-hand side of Eq. (A.6.1) can be thought as being a correction to
the partial derivative of a vector due to the curvature of the manifold. We can
determine the transformation properties of I/, by demanding that the left-hand
side of Eq. (A.6.1) be a (1, 1) tensor. In doing so, one finds that, in a new coordinate

system,
ozt 9z”" ox* _,  Oxt 9x* 9%a”
ozt dzv OzN M Oz dxN drrdr

This is clearly not the tensor transformation law, so the connection coeflicients are

TV = (A.6.2)

not really tensors.
By a similar reasoning to that used for vectors, the covariant derivative of a dual
vector w, can also be expressed as a partial derivative plus some linear transforma-

tion. In order to find out what this linear transformation is, we apply the required
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properties of the covariant derivative of the scalar w, V'#, which then tell us that the
covariant derivative of w,, must be of the form

V,w, = 0w, — Fi‘ww)\. (A.6.3)

The generalization to the covariant derivative of a tensor of arbitrary rank is

1H2... — 12
VUTM " Mql/lljz...l/r - 8O'TM ’ Mql/lllz...l/r

M1 Aps... H2 Al
NN VRIS Vo AT I

_ T HIH2.-He A pIpe.. g _
FO'VlT Ava. FO'VQT ViA...Up

(A.6.4)

In order to define a covariant derivative we need to put a connection on our
manifold, which is specified in some coordinate system by a set of coeflicients Ffw
This specification is generally not unique. In general relativity, however, we use
a special kind of connection coefficients that emerge when we require two more

properties:

+ (torsion-free) I'), = T’} ;

+ (metric compatibility) V,g,, = 0.

Given a metric g, there exists a unique derivative operator compatible with it
[55], for which

1
PZV = §gap(a,ugup + augpu - apg;w)- (A.6.5)

The connection given by Eq. (A.6.5) is known as the Christoffel connection, and
the associated connection coefficients are called Christoffel symbols.

More generally, let V,(}) and V,(f) be two distinct covariant derivatives that are
compatible with the distinct metric tensors gf}) and g,(fy), respectively. Then, the
action of V/(}) on an arbitrary tensor field in terms of VLQ) and a tensor field C7,

can be written as [55]

(V) ppapz...p — @ uipe..p
VU T qV1V2~--Vr - VU T qV1V2~--Vr
1 Ap2... 2 1A
+ O“ O’)\T H uqulug...vr + O'u UAT# #qulug...ur + ...
A LS. A 12 .. L
- G UulTl i 'uq)\yg...yr - O O'I/QTM " lqlqA...u,- -

(A.6.6)

Metric compatibility implies that

o 1 (o) 2 1 2 1 2
C%, = 59(1’3 (V,(L)gl(,p + V )gfm V! )g,(w)) (A.6.7)
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We can use the covariant derivative in order to obtain a manifestly covariant
expression for the action of the Lie derivative. First, note that the Lie Bracket of

vector fields V#(z) and U*(x) can be written as

LyU" = [V, U} = Va,U" — U9, V"
— V'V, UM — UV, V. (A.6.8)

This holds true for any torsion-free covariant derivative since the commutator in-
volves an antisymmetrization which cancels the nontensorial piece of the partial
derivative transformation law. We can then write the action of the Lie derivative

on tensors, Eq. (A.4.7), in a manifestly covariant form,

,CVTMM“‘“"VWQ,“W — VUVO_T#1H2~~HQV1V2MW
A2 .. [ LA
_ (VAVM)T H2 quIVQ I (VAVM)TI 1 MqV1V2---Vr' _

Up

+ (vl’lV)\)TMMQWM(Z)\VQ.--VT + (VuzV)\)TMMQWM[IVM...VT + ...

(A.6.9)
The Lie derivative of the metric tensor, for instance, reads
'CVguV - VUVUQMV + (vuv)\)g)\u + (VVVA)QMA
=V,V, +V,V,. (A.6.10)

This expression is particularly useful for studying gauge invariance of linearized
gravity.

With the proper definition of a derivative operator at hand, we are now ready to
introduce the idea of parallel transport of tensors, which shall lead to the ultimate

notion of curvature in a manifold.

A.7 Parallel transport and geodesics

Let us start with the simplest non trivial example of a tensor field, namely the vector
field. We may be tempted to compare and compute operations between vectors that
are defined at different points, as we usually do in basic "flat-space physics". How-
ever, vectors that are defined at different points belong to different vector spaces.
This is not a problem if spacetime is flat because we can simply transport vectors
to the same point, so that they belong to the same tangent space, and then compare
one with the other there. This is what we call a parallel transport, which basically
means that we are moving the vector while keeping it "constant". Parallel transport

can also be defined for curved manifolds, but the problem is that, in general, the end
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result of a tensor being parallel transported along a path will depend on our choice
of the curve itself.
Given a curve z#(\), the requirement of constancy of a tensor T#1-+#4,, , along

this curve in flat space reads

d dz#* 0

— TH1--Hq — TH1--Hq

d)\ Vi..Up ﬁ@x“ Vi..Vp — 0

(A.7.1)

In a generic manifold we need to replace this partial derivative by a covariant one.

We then define the directional covariant derivative to be

D da#

—=—V,. A7.2
dx  dx O * (A.7.2)

This is a map, defined only along the path, from (g, r) tensors to (g, ) tensors. The
parallel transport of the tensor 7" along the path x*(\) is defined via

D H1---Hq d o
(aT) = VT, L, =0, (A.7.3)

This is a tensor equation known as the equation of parallel transport. For a

vector it takes the form .

d dz
S yrH
o Tl gy

The idea of parallel transport gives us a way to interpret the covariant derivative of

VP =0. (A.7.4)

tensors: it quantifies the instantaneous rate of change of a tensor field in comparison
to what the tensor would be if it were parallel transported [54].

Parallel transport depends on the connection, since different connections define
different covariant derivatives that lead to different ways on how to transport a
tensor. Here we stick with metric-compatible connections, for which the metric is

always parallel transported,

D dx?

aguy = ﬁvggw = 0. (A75)

It follows that the inner product of two parallel-transported vectors is preserved
and parallel transport with respect to a metric-compatible connection preserves the
norm of vectors.

A path z#()\) that parallel-transports its own tangent vector is called a geodesic.

Such parallel transport condition reads

A2zt i dx? da?

oz ey

(A.7.6)
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This is the geodesic equation. It reproduces the usual notion of straight lines if the
connection coefficients are the Christoffel symbols in Euclidean space. In particular,
for any given space, if the connections in Eq. (A.7.6) are the Christoffel connections,
the geodesic is also the shortest distance between two points, by which we mean

that it extremizes the length

dz# dav
l = ———dA\ A7
/ I qx (A77)

Since a curve is said to be timelike or null or spacelike at a point if its tangent
vector is timelike or null or spacelike at that point, it follows from metric compati-
bility that geodesics preserve their own signature. For null curves the length is zero,

while for timelike curves we change the sign in the square root above and use the

dxt dzv

Sometimes it is useful to specify the curve parameter to be the proper time itself.

term proper time,

Then, any transformation of the form 7 — A\ = a7 + 3, for constants o and /3,
leaves the geodesic equation invariant. Any parameter \ related to the proper time

as specified above is called an affine parameter.

A.8 The Riemann curvature tensor

We are now ready to introduce our measure of curvature. Let us recall that the
covariant derivative of a tensor in a certain direction measures how much the tensor
changes relative to what it would have been if it had been parallel transported along
that direction. The commutator of two covariant derivatives then measures the
difference between parallel transporting the tensor first one way and then the other,
versus the opposite ordering (Figure A.6). This difference, which is expected to be

non-existent in flat spaces, is thus related to the curvature of the manifold.

Vi
V.

Vi

FIGURE A.6: The commutator of two covariant derivatives.
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For a vector field V”, we can compute
V., V, VP =V, (V, V)=V, (V, V7). (A.8.1)
A sequence of algebraic manipulations then leads to
Vi, VIV = RP,, V7, (A.8.2)
where we have defined the Riemann tensor as
R’ gy = 0,10, — 0,10, + 10,0, —T0,T. (A.8.3)

This can also be shown to be related to the change experienced by a vector when
parallel transported around a closed loop [55].
In general, the action of [V, V] can be computed on a tensor of arbitrary rank

as

AU2... A
[vpa VU]XMI uqyl...zxr = Rul)\an He uqyl...zxr + RuZAanul #qul...l/r + ...

A A
- R leUXﬂl 'uq)\ug...ur - R uzpch'ul luqzzl)\...z/,« -

(A.8.4)
The Riemann tensor satisfies the following properties:
1. Rpopy = —Roppvs
2. Rogp = —Rpoups

3. Rpa,uy = R/.Ll/pO”

=~

Rpauu + Rp;wa + Rpua,u, =0,

where R,,,, = gpAR’\UW. In addition, it also obeys a very important differential

identity known as Bianchi identity:
V)\Rpoul/ + vao')\uy + VURApMV — 0 (A85)

There are some other tensors that are useful in general relativity which are ob-
tained from the Riemann tensor. For instance, we can take a contraction to form

the Ricci tensor:
R,uz/ = R)\,u)\y; (A86)

which is symmetric. The trace of the Ricci tensor is what we call the Ricci scalar

or the curvature scalar:
R=R')=g"R,,. (A.8.7)
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Now, by contracting twice on the Bianchi identity (A.8.5), we can write

0= gyaglv\(vARpa,uu + vaJ)\;w + VURAp/u/)
— V'R, —V,R+ V'R, (A8.8)

or

1
V Ry, = 5V ,R. (A.8.9)

This motivates us to define the Einstein tensor as
1
G =R, — §Rg’“/’ (A.8.10)
so that the twice-contracted Bianchi identity (A.8.9) becomes equivalent to
ViG, = 0. (A.8.11)

This means that the Einstein tensor, fundamentally related to the curvature of the

manifold, is conserved.

A.9 Geodesic deviation

Let us now address another important manifestation of curvature, namely the vi-
olation of Euclid’s fifth postulate, which basically states that initially parallel lines
remain parallel through the entire space. This is not true in a curved space and,
since the generalization of a straight line is a geodesic, this violation is quantified
by the geodesic deviation equation.

Consider a one-parameter family of geodesics, v;(), that is, for each s € R, 75 is
a geodesic parametrized by the parameter ¢. The collection of these curves defines
a smooth two-dimensional surface on which the coordinates may be chosen to be s
and t, provided we have chosen a family of geodesics that do not cross (Figure A.7).
The entire surface is the set of points x#(s,t) € M. Let us then consider two vector

fields: the tangent vectors to the geodesics,

Ot
T — %, (A.9.1)
and the deviation vectors
oz
SH = —. (A.9.2)

0s
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s

FIGURE A.7: A set of geodesics ;(t) with tangent vectors T# and
deviation vectors S*.

We define the relative velocity of geodesics by
Vi =TV ,5", (A.9.3)
and the relative acceleration of geodesics by
Al =TPV V1. (A.9.4)

Since S and T are basis vectors adapted to a coordinate system, their commutator

vanishes [54], which means that
SPN ,TH = TPV ,S*. (A.9.5)

A direct computation then leads to

D2 14 o
Al = 258" = Rl TIPS, (A.9.6)

which is known as the geodesic deviation equation. It shows that the relative

acceleration between two neighboring geodesics is proportional to the curvature.

A.10 Locally inertial coordinates

Having discussed the curvature in a differentiable manifold, let us now show how
to construct a set of coordinates in a small region that looks locally flat. In gen-
eral relativity this is linked to the equivalence principle which, loosely speaking,
concerns the impossibility of detecting the spacetime curvature by means of local

experiments [54]. Here we show how to construct such reference frame at a point
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in the manifold. In the next section we show how we can do the same along an
entire curve for small enough regions.

For a given point p € M we can define a locally flat set of coordinates for a
small region that contains p, which we call locally inertial coordinates. In order

to construct such a coordinate system, let k* be a tangent vector at p for which
A(p) =0,

B da#

k= — . A.10.1
dA |, ( )

This tangent vector then defines a geodesic passing through p. Since we are speci-
fying the initial conditions, (A = 0) and k*(\ = 0), and the geodesic equation is
a second-order differential equation, this geodesic is unique. Specifically, there will
be a unique point in M for which A = 1. We then define the exponential map at
P, exp, T,M — M, as

exp, (k) = 2"(A = 1), (A.10.2)

where V() solves the geodesic equation subject to the initial condition (A.10.1).

Since different geodesics emanating from a single point may eventually cross,
the exponential map is not necessarily one-to-one. However, it is possible to show
that there always exists a sufficiently small neighborhood of p on which the expo-
nential map is one-to-one [164]. This fact allows us to use the exponential map to
construct locally inertial coordinates.

We have already argued how, at any given point p € M, we can find basis vec-
tors {&,} for T, M such that the components of the metric are those of the canonical

form,
G = Ny, (A.10.3)

at p. Our next task is to find a coordinate system z* for which the basis vectors {&,, }
stand for a coordinate basis, &, = d,, and such that d,g,,, = 0. This is accomplished
by considering a point ¢ € M sufficiently close to p and defining the coordinates
z#(q) to be the components of the tangent vector k& = k#€, that gets mapped to ¢
by the exponential map exp,. These coordinates are known as Riemann normal
coordinates at p.

Now a parametrized set of vectors of the form Ak*, for some fixed vector k*,
gets mapped to points in a geodesic by the exponential map. Therefore, in Riemann

normal coordinates, any geodesic through p may be expressed as
() = AkH, (A.10.4)

for which we have
A2zt

dA?

—0 (A.10.5)
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along any geodesic through p in this coordinate system. The geodesic equation
(A.7.6) then implies
. (p) =0, (A.10.6)

from which metric compatibility yields
oG = 0 (A.10.7)

at p. This result, together with (A.10.3), constitute the desired properties of locally

inertial coordinates.

A.11 Fermi normal coordinates

Now that we have seen how to construct locally inertial coordinates in a small
neighborhood of a single point, let us show that it is possible to introduce coor-
dinates near any curve in a (pseudo-)Riemannian manifold in such a way that the
metric is rectangular along the entire curve. These are called Fermi normal coor-
dinates, and here we will be interested in the case where the curve is a geodesic 7.
These coordinates will be constructed in order to satisfy the so-called Fermi condi-

tions,

= Ny, (A.11.1a)
N

Juv

ro,| =o, (A.11.1b)

v

along the given geodesic. First we will show how such construction is possible, and
then we will proceed to write the components of the metric tensor in a neighbor-
hood of the geodesic in Fermi normal coordinates. In this section we follow the
development of Ref. [165] (see also refs. [57, 59, 166]).

A.11.1 Constructing Fermi normal coordinates

We begin by choosing an arbitrary point py in the spacetime manifold to be the
origin of our coordinate system and an orthonormal set of vectors &,..., €3 at
po to fix the coordinate axes. Now let v be the unique timelike geodesic which
starts at py with tangent vector &, at that point. We denote the proper time along
it by ¢ such that py = (¢ = 0). The orthonormal set at the origin is denoted by
é0(0),...,é3(0). Now, we know that the tangent vector to a geodesic at any two
points on it is related by parallel transport along ~. Therefore, the vector &y(t) will

be tangent to the geodesic at any point p = 7(¢), and similarly the vectors &;(0) are
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parallel transported to get €;(¢) at p. We assume for simplicity that & is a timelike
vector and that all the &;’s are spacelike.

Now consider the point g, which is not necessarily a point of the geodesic curve
v, and whose Fermi normal coordinates are denoted by x*. We construct, at the

point p = (2" = t), the unit vector
v(2®) = v'&;(2°), vt =, (A.11.2)
s

with s = \/xﬂ_xj We can construct a family of spacelike geodesics 3(x°, v") or-
thogonal to 7 at p by varying v*. Then, a unique geodesic intersects  orthogonally
at p, is tangent to the vector v, and passes through the point ¢ at a proper distance
S,

q = B(2° 0", 5). (A.11.3)

If the point ¢ is represented by its coordinate values z*' () in some coordinate sys-

tem in which the metric components g,,,(v°) are known, Eq. (A.11.3) can be writ-

ten in such coordinates as

2 = o (20,07 s). (A.11.4)
Since the geodesic equation is unchanged by a re-scaling of the affine parameter

A, it follows that

2 (20,07, sA) = 2 (20, su, \). (A.11.5)
In particular, and recalling that ' = sv’, we find

!

ot (20,0 8) = Nl (2%, 50",1) = x“/(:ﬁo, 7' 1) = x“/(:c“), (A.11.6)

which gives the transformation law between the arbitrary coordinates 2* and Fermi
normal coordinates x*.

In the ' coordinates the tangent vector to the geodesics 3 (2%, 0%, 5) is

’
’ dx“

L A11.7
which calculated along «y yields
| da” Ozt | da'  Oat .
o =& = $Z. - xi v (A.11.8)
L ds |, 0|y ds oz |,
A direct comparison between Egs. (A.11.2) and (A.11.8) then gives
. OxH
(&)" = il (A.11.9)
2N
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Additionally, since the tangent vector to y at p = fy(xo) is 0y, we find that, along ,

/ 837“ '
oxt

(&,)" , (A.11.10)

v

oré,(t) = GMM
The relation between the metric components in the Fermi normal coordinates

2* and the components of the metric in the arbitrary coordinates z* is given by

! !
ozt Oz

G = %%gwy/. (Allll)
Evaluating it on the geodesic v and using Eq. (A.11.10), we find
ax“, 3:16’/ R Y . N
g e R (€4)" (&))" gur = (84)" (&)
v gl gl
= Ny, (A.11.12)

since the vectors €, are orthogonal and we chose & (€;) to be timelike (spacelike).
Therefore Fermi’s first condition (A.11.1a) is satisfied along the geodesic 7.

Next, recall that the curve 2° = ¢, 2' = v's satisfies the geodesic equation

d2z# dz? da?
" — =0 A11.13
ds? o ds ds ’ ( )
which implies that
Iv'v? =0, (A.11.14)

where F% depends on t and 2 = v's. But along v, s = 0 and the dependence on v°

vanishes. Then, in order to keep Eq. (A.11.14) satisfied, we must have

7
| =o. (A.11.15)

v
Now for the other symbols, we recall that the vector éy(¢), with components in
Fermi normal coordinates given by (&))" = ¢ according to Eq. (A.11.10), must

satisfy the equation of parallel transport along ,

d L dz? dz?
— (& It — (&) =0 = T 5 =0 A.11.16
dt(eO) + P qt (eO) T 0 ) ( )
which then implies
ol =16, =0. (A.11.17)
gl gl
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Together, Egs. (A.11.15) and (A.11.17) result in Fermi’s second condition,

re,l =o. (A.11.18)
Y
Therefore, given a geodesic, it is possible to introduce Fermi normal coordinates
x* = (t, 2%) near it so that the Christoffel symbols vanish along it, with ¢ being the

geodesic proper time. Also, along -, b =0.

A.11.2 Metric components

We are now interested in obtaining an expression for the components of the metric
tensor in a neighborhood of the geodesic v, written as a power series expansion up
to second order in z°.

Since I'j,, = 0 holds for all 20 at ' = 0, we may differentiate it with respect to

2 to obtain
Oy FZV

=0. (A.11.19)
,

From the definition of the Christoffel symbols, this implies

= 0. (A.11.20)
Y

8Oaaguu

It follows from Fermi’s conditions (A.11.1) that the zeroth order term will be the
Minkowski metric while the linear terms vanish. Then, using Eq. (A.11.20) we can
write

r'z? + O(a?). (A.11.21)
)

1
Guv = N + 5 aiajguu

The Riemann curvature tensor reads

Rpa;w = Gpx (aurz)/\a - aVF;/)O')

g g
1
= 5((9”80ng — 0,0,9v6 — 005 Gpu + 040,910 (A.11.22)
gl
From this equation we immediately find
1
RinO = —5 &0]-900 (A.11.23)
g vy
Also, it follows from Eq. (A.11.19) that
RPy0| = 01%, (A.11.24)
vy vy
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In order to obtain the other second derivatives of the metric, we will need to use

the geodesic deviation equation,

D? dz” dx?
—pt=RF, 7, A11.25
sz s ds ( )

where we are now denoting n* as the deviation vector. This equation can be rewrit-

ten as
d? de” d N N da? dazr
qat 2 n 4 (9,1, — DAL, + DI, = RYyp) o on” = 0.
(A.11.26)

Recall that the family of geodesics 3(2°, v?, s) is described in Fermi normal co-

ordinates by 2° = t, z* = v's, and thus the deviation vectors are

(A.11.27)

such that %né) = 0! and %n’é) = 0. For that case, the geodesic deviation equation
(A.11.26) yields

27 + 5(0;T; — DT, + T — R jrs)v/v" = 0. (A.11.28)
In the first term we can expand the Christoffel symbols as

T oV w
Fji = Fji + s (‘3ij2

5

o" +0(s?), (A.11.29)
,

such that dividing the equation by s and then taking the limit s — 0 yields

(0;T%; + 20k, — R*ji) | v'0* =0, (A.11.30)

o

or

1
(BT +0,T%)| = (R + R (11312

o

v

We may also write the expressions obtained from the one above by cyclic permuta-

tions,
1
(0% + OT5) | = 5 (R'ig + Bja)| (A.11.31b)
v v
and )
0Tk +aiy;)| = §(R“z’jk + R'yji)| (A.11.31c¢)
v v
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Adding Eq. (A.11.31b) to Eq. (A.11.31a) and subtracting Eq. (A.11.31c) from it
finally yields

1
07| = (B0 + Blay)| - (A.11.32)

¥ v
Now, for the second derivatives of the metric, we write the metric compatibility

condition V,g,,, = 0 as
A9 — Th90 — T gun = 0, (A.11.33)

differentiate it with respect to 2* and compute it along v to obtain

Mw + akrl/\u
~

M- (A.11.34)
.,

akalg,uy

= oLy,
Y

Then, using Eqgs. (A.11.24) and (A.11.32) gives

O 31901’ = 8kF1/\0

Y

M + 8kFZ\Z-
-

Tlox
.

1
+ g(Roufl + Roiki)

o

1
= §(3R0k1¢ — Rowii — Rovik + Roii)

= Riko

Y

Y

, (A.11.35)
vy

2
= g(ROkli + Roiki)

where we used the properties of the Riemann tensor. Similarly we use Eq. (A.11.32)

to obtain

O0gi;| = OpT}:

Y

M + 8kF?j
v

1
=- g(Rikjl + Ryt

Tix
.

(A.11.36)

Y

Using the results from Egs. (A.11.23), (A.11.35) and (A.11.36) in the metric ex-
pansion (A.11.21), we finally obtain

goo = —1 — Rigjo| z'z’ + O(a?), (A.11.37a)

Y
2 ..k 3
Joi = — gROjik /" 4+ O(z7), (A.11.37b)
v
1

9i5 = 85 — 3 R aFzt + O(2?). (A.11.37¢)

v
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These are the desired expressions for the metric components written in Fermi nor-
mal coordinates z* up to second order.

Now, before we end this section, let us quickly discuss the concept of the "small
enough region" over which this metric expansion is valid. Eqs. (A.11.37) make it
clear that the expansion is only valid for small values of z*, but the natural question
that arises is: small compared to what?

To answer this, let us note that the metric tensor is dimensionless and, since the
Riemann tensor involves second derivatives of g,,,, it has the dimension of one over
length-squared. We can then introduce the concept of a typical variation scale of
the metric, denoted Ry, such that R,,,, ~ O(1/R3). One can make this definition
precise as, for instance, defining it in terms of the full contraction of the Riemann
tensor, Ry* oc RP“MR,,,,, but such a precise definition is not necessary for our
purposes. The important point is that Rj measures the scale over which the met-
ric changes appreciably. In this sense, the metric expansion (A.11.37) is really an
expansion over powers of the ratio x/Ry. This means that Fermi normal coordi-
nates remain valid as long as x < R, i.e. it is the curvature itself that determines
how "small enough" such region is. For stronger curvatures the smaller R is, and

consequently the smaller are the values of z* for which Egs. (A.11.37) remain valid.
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Appendix B

Graviton scattering by a Newtonian

potential

In this appendix we explicitly compute the differential cross section for a graviton

being scattered by a Newtonian source.

B.1 The S—matrix

In Chapter 1 we showed that the action describing the interaction between gravi-
tational radiation and a classical Newtonian potential is given by Eq. (1.4.37). Here
we shall only work with the metric perturbation field in the TT gauge, Eqgs. (1.4.30),
and so we will denote it by h,,, instead of the explicit notation hEVT since there is no
room for confusion. Also, we will rescale the fields £, — kgh,,,, with kg = V32,

so that they are canonically normalized. Hence, the action reads
1 . .
Sgn = 3 /d4x (hijORY + 2¢ hyj6,, 040" h7), (B.1.1)

with ¢(x) denoting the time-independent gravitational potential generated by a
Newtonian source of mass My. Our goal now is to obtain the probability for a
graviton to be scattered by an angle 6.

As discussed in Chapter 1, the (canonical) quantization of gravitational radiation

is done by writing the field operator

~

. dBp 1 . A
o E s ipT s % ~ T —ipx
o) = / W\/TTP s [elw(p)ap,se e (P)ap, e ]’ (B.1.2)

where p* = (w,, p) and €}, denotes the polarization tensors. The annihilation and

creation operators satisfy the commutation relations

[aw, a;,ys,] — (27)%6.06%(p — D). (B.1.3)
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Now, consider an initial single graviton state |i) at t = —oo, with momentum
p1 and polarization s, sufficiently far from the source of the gravitational potential
¢. After the interaction, one ends up with a final single graviton state |f) at ¢t =
+00, with momentum p, and polarization s,. Suppose that the potential ¢ drops to
zero sufficiently fast at infinity, so that we can consider the interaction dynamics
to happen in some finite time interval and the theory to be free at ¢ — +oc. The
transition probability has the form

o\ 12
Ptransition - M (B14)

(f1f) Gil)”

where the overlap (f|i) is a S—matrix element with

i) = \/me&;m(—oo) 1), (B.1.5a)
1F) = V2w, 0, (+00) () (B.1.5b)

and |Q2) is the vacuum state of the interacting theory. Explicitly, we have

(F1i) = /2o /B (o (+00)ih,  (—00)|Q) . (BL6)

It is interesting to notice that the operators inside brackets are in time order, so we

can write this expression in a more convenient way as

(fli) = V 2wp, /2wy,
X AQIT{ [@p,,5, (+00) = p, s, (—00)] [a], , (—00) — @), (+00)] }|Q) ,
(B.1.7)

where T stands for the usual time ordering operation. This is essentially the same
expression we had since time ordering sends the unwanted a,, s, (—00) to the left,

where it annihilates |(2), and the unwanted a/ _ (+00) to the right, where it anni-

p1,51
hilates (€2|. This new expression will prove to be useful since we can relate it to the
field operators as follows.

Assuming that the field dies off at x = 400, we can write

i/d4a: e_iWDiLW(x) = i/d% e_ipx(—atz +V2)il,w($)

= —i/d4x e (07 + wﬁ)ﬁw(x), (B.1.83)
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where wf) = p? for a massless particle such as the graviton. Now, note that
Oy |e P (idy, + wp)ﬁw,(x)] = [iwpe (10, + wp) + e~ P (10} + wy0y) | By ()
= ie " (0} + w?) By (), (B.1.9)

and, therefore,

i [ dtoe v Dh () = = [ a6+ (o)
t=4o0

= — ¢t / APz e P*(i0, + wp)lAlW(x)

t=—00

R g

t=+o00
—Wwg + wp) * ~ —zka:
+(_ o
2w g t=—00
:—\/2%2 €, (P)[ap, (+00) — ap, (—00)]. (B.1.10)

Here we used the fact that 0,ay,.(1)|,_ =

free at ¢ — +oo. Lastly, if we contract both sides of the equation above with /¥ (p)

= 0 since the theory is assumed to be

and use the polarization tensors orthonormality condition (1.2.31), we arrive at

l

VBl (+00) = iy a(~00)] = ~2 5, (p) / Qg e (z).  (BA.11)

Using Eq. (B.1.11) in (B.1.7) leads to

(1) = |6 ) [ a0 |Gz [ dinereny
X <Q|T{ﬁ“”(fvl)ﬁp"(xz)}!ﬂ> . (B.1.12)

where [J; denotes the d’Alembertian with respect to' x;. This is the LSZ reduction
formula for gravitons, which relates S—matrix elements (left-hand side) to the
Green functions involving the quantum fields (right-hand side) [65]. Hence, in order
to compute the transition probability, we are going to need the time-ordered two-

point function.

'Here the index j is not labeling components of a three dimensional vector, but simply different
integration variables.
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B.2 The time-ordered two-point function

B.2.1 The free graviton propagator

We will begin with the simplest case, namely the time-ordered two-point function
of the free theory, also called the Feynman propagator for gravitons. It is defined
by

D7 (g — 3) = (O]T{ R (1) (2) }10), (B.2.1)

where h:"(x) is the free field operator and |0) represents the vacuum of the free

theory. From the plane-wave expansion of the field operator we find
5 > d3p1 d3p2 1
0|h8" (z1)hE7 (22)]0) = /
< | 0 ( 1) 0 ( 2)| > 2 7T \/m m

X Z et (p1)ely " (p2) (0|ap1,51a;2782|0) gl(PiEi=pe2) (B 2 2)

S1,52

or, by using the commutation relations for the creation and annihilation operators,

NS 7,po d3p 1 vpo ip(x1—x
(0lhg” (z1)h” (22)]0) = /ngl“ P (p)ep( ! 2), (B.2.3)
p

where

A7 (p) =Y e (p)el" (p). (B.2.4)

S

For the propagator, we have

D (g — 3) = (O]T{ Rl (1) (w2) }10)
— (Ol (2) 67 (22)10) O(t: — t2) + (016 (z2)ht (21)10) Otz — 1)

d*p 1 : 4 A
:/(2 E Z_[AMVPU(p)e—ZUJpTe(T)+APO'NV(_p)e’LUJpTe(_T)]ezp-(xl—xz)’ (B.2.5)

where 7 = t; — t5 and 6(¢) is the Heaviside step function. Now, €, (—p) = €}, (p)

v
and thus

APPRY (—p) = AMP7(p). (B.2.6)
We can also use the result
—iWpT Wy T . _2wp > dw WT
e "PTY(T) + erTO(—1 )_(11_1}(1) 5 /OOWQ—wg'f'in‘?e (B.2.7)
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to finally arrive at

v po d4p pvpo —t —ip(z1—12)

B.2.2 Interacting theory graviton propagator

In quantum field theory, we can relate vacuum expectation values of time-ordered

products in the interacting theory to those in the free theory by [65, 96]

<0’T{]A16W($1)}Algg(xz)eifd%ﬁimmo]}|0>
(o et a*s cumlhal o)

. (B.2.9)

(@T{ ()b () 1) =

where the interaction is described by the Lagrangian density L;,. In our case,

Lo [1(2)] = 8,063y ()00 1 (2)
= 6, P(X)Naynpsh®? (2)0"0" B (), (B.2.10)

which we wrote in a more convenient way.
Now, let us denote the free graviton propagator by D15"7 = DM/ (11 — x5).
Also, let [ = [d*z and 03, = 6*(z — y). Then we can write

<0\T{ﬁ€”(m1)58"<xz)e” dmm[ﬁo}}ym — pLreo

—iness [ [ 9x132,873,,0, O ) (22)05” ()03 (0) 0}
zJy

(B.2.11)

up to first order in ¢. We may then use Wick’s theorem to rewrite the time-ordered

four-point function so as to obtain [65, 95, 96]
(OFT{ bl (w0 ) 7 ()t 4= £l o) — Dige”

. v, Vpo Mo va, Ty vyd oo
o 7’7704"/77&5 //¢(X>6;1y5uy yaﬂyal/y (Digp szff’ya + Dilx 5D§y’y + l)!lly’y Dgx ﬁ) .
zJy

(B.2.12)

Similarly,

<0|T{eif d““im[%]}l())=1—z‘na7n55 / / o(x)62, "8, 8, D20, (B.2.13)
zJy
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The first term on the second line of Eq. (B.2.12), proportional to D{5”’, corre-
sponds to a Feynman diagram that includes what are usually called bubbles. How-
ever, as we can see from Eq. (B.2.13), and from the fact that —— 1+k =1—kx+O(k?),

the bubble diagram gets canceled out, leaving us with
(QT{ R (2)1 (22) }10) = D

—22’7}&77]55//gzﬁ(x)é;lyé“y”y(?“yayyDf;’aBDSZw. (B.2.14)
zJy

Using the expression for the free graviton propagator, Eq. (B.2.8), we arrive at?

j ; d’p —i
QTS A hr? Q) = = AHVPO —ip(z1—2x2)
« { (1) (‘”2>}| ) / (2m)* (P )p2 €
) d4p d4 / vpo /2 + p/2 —ipzy ,—ip'x
N 22/ (27‘(’)4 (271') ¢( —pP— p)BM P (pap )W L1 =P 27 (B.2.15)
where
B#z/pa(p7 p/) = nmﬂﬁaA”mﬂ(p)Amw(pl) (B.2.16)

and ¢(q) is the four-dimensional Fourier transform of the Newtonian potential.

B.3 The differential cross section

With the expression for the time-ordered two-point function at hand, let us now

return to the S—matrix elements via the reduction formula, Eq. (B.1.12). Explicitly,

4 €
X (Z <Q|T{W(xl)ﬁw(x2)}m>)

Z' * vpo
=1 €L (p1)e (p2)pi A7 (p1) (2m) 6% (p1 — p2)

i €L (p1)€2 (p2)20(p2 — p1) B (p1, —p2) (w5 + P3)- (B.3.1)

(fli) = € (P1)€p (P2) /d4x1d4x2 R e

Then, by using the normalization condition (1.2.31), direct calculations give

e (P)ess (p) AP (p) = 405, s, (B.3.2a)

and
€ (P1)€;2 (P2) B (p1, —P2) = 4€ (P1)€;2 (Pa)- (B.3.2b)

2We are now leaving the ie prescription implicit.
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Since the graviton is massless, we have p? = p2 = 0, and hence
A\ |2 7 uv s2 2 4
[(FID)]" = [4d(p2 — pr)ely (P1)egi, (P2)| ws. (B.3.3)

Additionally, we know that

(i]i) = 2w (2m)?6%(0) = 2w,V (B.3.4a)
(fIf) = 2wa(2m)36°(0) = 2w,V (B.3.4b)

where we are denoting V' = (27)3§3(0), a (formally infinite) regularization volume.

Therefore, the transition probability becomes

ng’

d(p2 — p1)es) (P1)en (P2) o (B.3.5)

4
Hransition - W

Now take the Newtonian potential to be given by ¢(r) = —My /r. Then

~ 1
¢(p2 _pl) - _MN/d4g; _el(pl—pZ)ac

T
— _MN/dt e—it(wl—WQ) /d3a7 lei(Pl—Pz)'X
r
1
= A My 5 (2m)0 (w1 — wa), (B.3.6)
N(p1—p2)2( ) ( 1 2)
and
12873 TM2| 1 Pl
Ptransition = V2 (pl — p2)26§1 (p1)€u,,(p2) w—lé(wl — w2)7 (B37)

with 7" = (27)6(0) (formally infinite) being the total time for the scattering process.

The differential cross section is defined by

11
— 4P, (B.3.8)

do = —
T T

where ® = 1/V is the incoming flux, dP is the quantum mechanical differential
probability,
dP = Ptransitiondnv (B39)

and dlI is the region of final momenta at which we are looking. For one outgoing

particle with momentum p,, we have

\%4
d3
(27T)3 D2,

dIl = (B.3.10)
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defined such that [ dIT = 1. Since d*p; = |py|*d|p2|dS, we write

do Vv

o Vv
T~ T d ransition B.3.11
-7/ ol G5 P2l R 2], (B:3.11)

By plugging Eq. (B.3.7) into (B.3.11) we find

oz / " ! “’55< )
w —=(w) —w
o 0 (w? + w? — 2wiws cos )2 w P
X = E e (p1)es2 (p2)|”, (B.3.12)

S1732

where 6 is the angle between p; and p, and we averaged over the polarizations in
order to obtain the unpolarized differential cross section®. We can compute the sum
over polarizations as follows.

Letting v and w denote the spatial polarization unit vectors orthogonal to the

e;(P) = wuy — wwy, (B.3.13a)
e (P) = ujw; + wiu;. (B.3.13b)

e?(Pl)E?j(pz) = (u1 - ug)? + (wy - wy)? — (u1 -w2)2 — (wy - up)?, (B.3.14a)
€2 (P1)ess (P2) = 2(uy + up) (wy + wa) + 2(uy + wa)(wy - up), (B.3.14b)
€’ (P1)€);(P2) = 2(uy - ug) (w1 « uz) — 2(uy - w)(wy « wy), (B.3.14¢)
efﬁ(pl)e;; (P2) = 2(u1 * u2)(u1 - wa) — 2(wy « uz)(wr » wo), (B.3.14d)

where w1, wy (ug, ws) are the unit vectors orthogonal to p; (p2).
Choosing the systems (ul, wy, ;—h) and <u2, Wy, ﬁ) as the ones represented

in Figure B.1, so that the angle between p; and p» is 0, we find

Uy + Uy = cos b, (B.3.15a)
W1 * W = 1, (B315b)
Uy Wy = wy Uy = 0, (B.3.15€)
3Note that, due to our normalization convention, 251752 el (p)eiﬁ,(p) ‘2 =8.
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U A

U
P2

P1

w1

FIGURE B.1: Vectors p; and p2 and their corresponding spatial polar-
ization orthogonal unit vectors.

and thus, after some amount of trigonometric manipulations,

Z |€§f(p1)632u(1)2)|2 = (1+cos®6)* +4cos’ 0

51,52

0 0
=38 <C088 3 + sin® 5) . (B.3.16)
Using this result in Eq. (B.3.12) and computing the integral with the delta func-

tion finally leads to the differential cross section

do M% 0 . g0
3 ! (cos8 5+ sin® 5). (B.3.17)

We can restore factors of G and ¢ by noticing that the differential cross section has
dimensions of area and letting do/dQ2 — (1/L%) do/dQ2 and My — My/Mp,

with the Planck length and mass written in terms of the universal constants. The

do G2MZ [ 0 . 0
d_Q = m (COS 5 —+ sin 5) (B318)

result is

This differential cross section matches the one computed for scattering of classical

gravitational waves by a Newtonian potential [101].
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Appendix C

Computing the noise kernels

C.1 Gravitational noise kernel

In this section, we compute the noise kernel encoding the influence of the quantized
gravitational field, defined by Eq. (4.2.13Db), for different initial states. In what fol-
lows we shall consider an unpolarized and isotropic gravitational wave background
such that the position operators are independent of the polarizations and of the di-
rection of k, that is, ¢s(t,k) = §,(t), w = |k|. Within this assumption, we may

write the gravitational noise kernel as

NUR () = ! ood 2 A”“d2 de tt
g(7>_3_20 ww Q@Wu}(7>
ignl k d2 / njkl 7 d2 /
FAG @ G t) + AFNR (1) (C.1.1)
where
Go(t, 1) = ({4u(t), @) }), (C.1.2)

is the Hadamard function, and the tensor structure is encoded in the angular integral

given by

AIH = / A e (k)el! (k). (C.1.3)

Let us begin by explicitly evaluating the angular integral, since it does not de-
pend on the initial graviton state. First, write the polarization tensors as in Eq.
(1.2.29),

(C.1.4)
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where the spatial polarization unit vectors é(*) and ¢(?) are orthogonal to the direc-

tion of propagation k = k/|k|. They satisfy

€§1)€§1) + €§2)€§2) =0y — /%z‘Aj = Py (C.1.5)
Then, a straightforward calculation yields
Z edell = pikpit 4 pitpik — pipHlL (C.1.6)

S

We can use the following integration over solid angles in three spatial dimen-

sions: A
Aa A 4

dQ kikjkik, = E((Sijékl + 601 + 0idin), (C.1.7b)

to obtain < A

T T
/dQ PPy = 35@51@1 + 1_5<5ik5jl + 040 (C.1.8)
At last, we find
ikl ST ik ¢jl il cik ij skl

Ag" = B[S(é 07t 4 0"y’ ) — 204§ ] (C.1.9)

In Chapter 5 we argue that only the component NJ*%3(t,t') = Ng(t,t') will be
of interest for the specific decoherence functions we work with, and so we shall
focus on it from now on for simplicity. From Eq. (C.1.9) we have 4333 = 327/15,

and thus

oo 2 92 2 2

Ny(t, t') = 115/0 dw wz{%%Gw(t, Y+, %Gw(t, t') + %Gw(t, t’)] }

(C.1.10)

Here we lowered the index of the tidal tensor and dropped higher order terms in ¢
as usual.

Next, let us compute the Hadamard function. Since the free Hamiltonian for

each mode of the gravitational field is that of a harmonic oscillator, Eq. (4.1.21), we

may write the position operators in the Heisenberg picture as

1 . .
10(t) = Goe” gl et C.1.11
f0) = | g e ) C111)
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where the @’s (a'’s) are annihilation (creation) operators satisfying the usual com-
mutation relations. A direct calculation then yields
2

Go(t, 1) = ——(H, t—t
(1) mgw2< ) cos w( ngw

<&2>g eiw(ttt) | <(&T )2>g eiw(t+t’):|’
w w

(C.1.12)
where H,, is the free Hamiltonian operator of the harmonic oscillator with fre-
quency w. We may now compute the noise kernel for different initial states of the

gravitational field.

C.1.1 Vacuum state

If the initial state is the vacuum state, we have (a2), = ((a/ )2>g = 0and (H,), =

w/2, and thus
G((uvac) (t, t/) _

cosw(t —t'). (C.1.13)
MgWw

Plugging this Hadamard function into Eq. (C.1.10) leads to

9 A A
Ng("ac)(t, t) = — {/ dww’ cosw(t —t') — 2@23/ dw w? cosw(t —t')
157 [ Jo 0
2A4 2 / /
=T NF5[A(t —t)] — 20, F5[A(t — t)]}, (C.1.14)
m

where A is the graviton energy cutoff (see Section 4.1) and we used m, = 72/2.
Also, we defined

1 x
F.(x) = an/ dy y" cosy. (C.1.15)
0

Explicitly,

Fy(z) = % [(52* — 602% + 120) cos z + z(z* — 202* + 120) sinz — 120]
(C.1.16a)
and )
F3(z) = g [(32% — 6) cosz + (2° — 6z) sinz + 6]. (C.1.16b)

Now, from Eq. (4.3.20) we see that there are contributions to the external DoFs
density matrix that are proportional to the product of the gravitational and the in-
ternal DoFs noise kernels. In Section C.2 we will explicitly compute the latter, mod-
eling it as a white noise. Therefore we will be interested in the coincidence limit

t" — t for the gravitational noise kernel. From

1
lim F,(z) =

C.1.17
lim ST ( )
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it follows that

vac : vac A4 A2
N (t) = lim N2 (¢, ¢) = (— — @zz). (C.1.18)

t'—t - 15_7r 3

C.1.2 Thermal state

Let us now consider the gravitons to be initially in a thermal state with tempera-
ture T, = ﬂg ! (which, as we discussed in Section 3.1, is a parameter that is not
necessarily tied to a precise thermodynamical definition). In that case we have

(a2)g = ((&L)2>g = 0 once again, and

- 1 1
<Hw>g = W (5 + m) . (C.1.19)
Plugging into Eq. (C.1.12) leads to
(th) / (vac) / 2 1 /
GV () =Gt t) + — ——F———cosw(t — t'). (C.1.20)

mgw e*/Ts — 1

The noise kernel is found to be

th _ vac
N (¢, ) = NNt 1)

4 [ w? , w3
= Y Y2, _y
+ 57 /. dw[ew/Tg T cosw(t —t') P — cosw(t t)}
_ Ng(vac) (t,t/)
8(rT,)*
+ (7;;) (10T F Tt = )] = @ F{ [Tyt — 1)},
(C.1.21)
with
(th) 1 1 4 2
F(z) = i 155'—}16(2 cosh®™ x + 11 cosh” x + 2), (C.1.22a)
inh® z
and .
(th) - 2 T
Fy 7 (z) = Tenlis Sinh4w(2 cosh®z + 1) pr (C.1.22b)

Also, using lim,_, Fl(th) (x) = 2/945 and lim,_, F2(th) (x) = 1/45, we find

, 8(nTy)* [ 4 1
(th) (1) — (th) (f 41y _ n(vac) g o2 L
N (1) tlllin)t NGV (t, 1) = Ng™(t) + ~n (—217r T, 5CI>ZZ). (C.1.23)
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C.1.3 Coherent state

In quantum optics, the coherent states are those whose electric field variation ap-
proaches that of a classical electromagnetic wave. They are important because a
single-mode laser usually generates a coherent state excitation [167]. In complete
analogy, one may say that a coherent graviton state is the quantum-mechanical state
whose properties most closely resemble those of a classical gravitational wave.

For a quantum harmonic oscillator, the coherent state is defined by

o) = Z(aw) |0), (C.1.24)
where 9 (o) is called the coherent-state displacement operator, defined as [167]

D () = exp(awal, — o). (C.1.25)

w

Here we take the displacement parameter to be independent of w, o, = «a, for

simplicity. The displacement operator satisfies a number of properties,

') PD(a) =1, (C.1.26a)
7' ()a () = (4, + )", (C.1.26b)
ZYa) (@)D (a) = (af, + o)™, (C.1.26¢)
for n € N, from which we find
(a2)g = a?, (C.1.27a)
((al)*)g = (a)?, (C.1.27b)
(L), :w<|a|2 + %) (C.1.27¢)

where we also used the fact that the coherent state is an eigenstate of the annihila-
tion operator, d,, |a) = a|a).
For simplicity, let us further assume that the displacement parameter is real. In

that case, we find

2

Ggoh) (t,) = GU(JvaC) (t,t) + cos(wt) cos(wt’). (C.1.28)

MW
For the noise kernel, one has
2

9 A
Ng(;coh) (t,t) = Ng(;vaC) (t, 1) + 15% {/0 dw w® cos(wt) cos(wt')
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A
—2¢)w/ dw w? cos(wt) cos(wt')
0

= N0, 1) + AR+ ) + B — 1))

—2®_ [F3(A(t + ) + F3(A(t — )]}, (C.1.29)

where the functions F},(x) are defined in Eq. (C.1.15). By using Eq. (C.1.17), we also
find

Ng(COh) (t) _ tl,linn Ng(coh) (t, t/)

a2 A4

157

— N (1) + {A2 {F5(2At) + %] -2, [Fg(QAt) + ﬂ } :

(C.1.30)

C.1.4 Squeezed state

Returning once again to the analogy with quantum optics, a squeezed state is the
one for which the electric field has a quantum uncertainty smaller than the minimal
uncertainty of a coherent state for some phases. For a weak quantized gravitational
field, it has been argued that gravitons created from quantum fluctuations in the
course of cosmological evolution should now be in strongly squeezed states [157].

For a quantum harmonic oscillator, the squeezed state is defined by

Co) = 7 (C) 10) (C.1.31)
where . (Cw) is called the squeeze operator, defined as [167]
() = exp| 56 — 3Gl (€132)
and (,, is the complex squeeze parameter
o = 1€’ (C.1.33)

Here we take the squeeze parameter to be independent of w, (,, = (. The squeeze

operator satisfies a number of properties,

)L (C) =1, (C.1.34a)
AN a".L(¢) = (acoshr — afe sinhr)", (C.1.34b)
L@ 7 () = (af coshr — a e sinhr)", (C.1.34¢)
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for n € N, from which we find

(a2)g = —e" sinhr coshr, (C.1.35a)
((a])?), = —e ¥ sinhr coshr, (C.1.35b)
7)) = @ cosh 2r, (C.1.35¢)
<H >g 2
so that

inh 2
GBI (¢, 1) = (cosh 2r)GL) (¢, 1) — el coslw(t +t") — o] (C.1.36)

MW

Assuming the squeeze parameter to be real for simplicity from now on (¢ = 0),

the noise kernel becomes
(sq) _ (vac)
NEV(t, 1) = (cosh 2r)Ng™(t, 1)

9 A A
— ——sinh 2r / w’cosw(t +t) — 2., / w?® cosw(t + 1)
157 0 0

= (cosh2r) N (¢, 1)
27"
- sinh 2r { A2 F5[A(t + t)] — 2@, F3[A(t + )] }. (C.1.37)

157

Also,

(9 (1) = |3 (sq)
NSV (t) = },m}t NEV(t, 1)
4

2Nt
= (cosh 2r) N{™(t) — 15 sinh2r [A?F5(2At) — 20, F3(2A)].
(C.1.38)

C.2 Internal DoFs noise kernel

In this section, we obtain an explicit expression for the internal degrees of freedom
noise kernel, defined in Eq. (4.3.17b). Recall that the free Lagrangian for each po-
sition operator g, is that of a harmonic oscillator. Furthermore, we take the initial
internal state to be a thermal one with temperature 75, = ﬁi;tl. In that case, the

noise kernel is precisely the one we obtained in Eq. (2.3.27b), namely

T Pint

2

Nine(t,1') = %/000 dw J(w) coth ( ) cosw(t —t'), (C.2.1)

where

J(@)=> Ua §(w — w,) (C.2.2)

o HaWq
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is the spectral density.
If we consider the simple case of the internal DoFs being described by an Ohmic

bath, we have
J(w) =nw (C.2.3)

for some effective coupling constant 7. For an Ohmic bath, the noise kernel reads

1 oo
N (t,1') = 577/ dw w coth <%ﬁ) cosw(t —t'). (C.2.4)
0

-1
int

> [t—-t

frequencies (and one does need to introduce a frequency cutoff in such case), and

At high temperatures, Ti,, = [ , the integral is dominated by low

we find
Nint(t7 t,) = nﬁﬂnté(t - t,), (C25)

namely a white noise.
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Appendix D

The fluctuation theorem

The term fluctuation theorems stands for relations between probability distributions
of fluctuating non-equilibrium quantities and some kind of equilibrium information
of starting and ending points of a given thermodynamical process. In this appendix
we present the fluctuation theorem following the approach due to Gavin E. Crooks
[46], which in turn leads to the Jarzynski equality [45]. We begin by presenting its
classical version before the quantum one. The reader is referred to Ref. [50] for a

review and a brief historical description of the field.

D.1 Classical fluctuation theorem

The fluctuation theorem follows from two basic assumptions: (i) the initial descrip-
tion of the system by a thermal state and (ii) the time reversal invariance of the
equations of microscopic motion. Before presenting the theorem itself, we shall be-
gin by making this last assumption more precise, which we call microreversibility.
We will assume Hamiltonian dynamics, although the results remain valid for a more

general Markovian stochastic evolution [48, 168].

D.1.1 Microreversibility of driven classical systems

Consider a classical system described by a Hamiltonian

H(z, f) = Ho(z) — f(t) X (2), (D.1.1)

where H(z) is referred to as the unperturbed Hamiltonian, f(¢) is a time-dependent
external force and X (z) is its conjugate coordinate. Also, we are denoting the
points in phase space by z = (q, p), where q represents the generalized coordi-
nates (qi,...,q,) of a system with n degrees of freedom while p = (p1,...,pn)
stands for their conjugated momenta. We assume that the force acts within a tem-
poral interval [0, 7] and that its instantaneous values f(t) are specified by a given

force protocol.
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The solution of Hamilton’s equations of motion assigns to each initial point z(0)
in phase space a point z(t) at a later time ¢ € [0, 7], which is specified by the values

of the force protocol in all times prior to ¢, that is

z(t) = ¢10[z(0); f], (D.1.2)

where ¢ represents the Hamiltonian flow in phase space [50].

In order to write the microreversibility condition we need to describe the time
reversed process, which is a trajectory that runs forward in time such that the signs
of momenta are reverted. We first assume that the unperturbed Hamiltonian Hj is
time reversal invariant. Additionally, we also assume the conjugate coordinate X
to transform under time reversal with a definite parity ex = 4+1. Now, while the
flow (D.1.2) describes how the system evolves from z, under the forward protocol

f(t), we define the reverse flow

©r_t[ez(T); ex f] (D.1.3)

as the one describing how the system evolves from the time-reversed final state
ez(7), where ez = ¢(q, p) = (q, —p), under the reverse protocol f(t) = f(r —t).
The principle of microreversibility states that the trajectory followed in the for-
ward process, when time-reversed, must coincide with the trajectory followed in
the reverse process. Therefore, applying the time-reversal operation to the forward

trajectory leads to [50, 169]

€pr_0[€z(T); ex f] = ¢10[z(0); f]. (D.1.4)

D.1.2 Crooks fluctuation theorem

When moving from z(0) at t = 0 to z(7) at t = 7, the work done on the system is
given by!

Wz(0); f] = H(z(r), f(7)) — H(z(0), f(0)). (D.1.5)
Let us note that

d B OH . O0H . oH . . 0H(z,f)
EH(Zaf) = Z (3_% H—a—pipi) +8_ff_ f(t)_ﬁf(t)

= —f()X(z(t)), (D.1.6)
This definition is referred to as inclusive work in the literature, as opposed to the exclusive work

defined by Wy = Hy(z(7)) — Ho(z(0)). To see how the two approaches relate to each other the
reader is referred to refs. [47, 48].

%
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where we used Hamilton’s equation of motion [170]

. OH . OH
4 = ap; Di = — oq. (D.1.7)
Eq. (D.1.5) can then be written as
Wal0if) = [ a0 5 e = - [ foxen). o

Att = 0 we assume the system to be in thermal equilibrium at inverse temper-
ature (3 described by a canonical distribution of the form

¢~ BH(#(0).£(0))

pla(0)) = (D.1.9)

where
Zy = / dz(0) e~ #H0).7(0) (D.1.10)

is the classical partition function.

The initial conditions are randomly sampled from the distribution (D.1.9), each
of which leads to a trajectory in phase space from ¢ = 0 to ¢ = 7. Since the def-
inition of work (D.1.8) depends on the trajectory, it acquires a probabilistic aspect
when considering the ensemble of processes with initial preparation (D.1.9). The
complete information concerning the statistics is then contained in the work prob-

ability density function

Pl f] = / 42(0)p(2(0))3[W — H(z(r), f()) + H(z(0), f(0))].  (DL11)

As usual, we define the characteristic function of work as the Fourier transform

of the work probability density function,
lu; f] = /dW ™V PIW; f], (D.1.12a)
with .
PW; f] = By /du e "W d[u; f]. (D.1.12b)
T
By using Egs. (D.1.11), (D.1.9) and (D.1.5) the characteristic function becomes

] e—BH(2(0),(0))
Zo
= Zi dZ(O) eiuW[z(O);f} e*ﬁH(Z(T),f(T))eﬁW[Z(O);f]
0

Ol f] = / dz(0) 11 (7). ()~ H(z(0). )
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Z; ; : :

— 7 dz(0) equ[soT,o[z(O),f]]eﬁW[sor,o[z(O),pr(Z(T))’ (D.1.13)
where Z, = [dz(r) e PHET)S(T) In the expression above, W, o[z(0); f]] de-
notes the work done on the system from ¢ = 0 to ¢ = 7 in the forward process. By
using the microreversibility condition (D.1.4) and changing variables z(0) — z(7)
(for which the Jacobian is equal to unity since time evolution in classical mechanics

is a canonical transformation), we find

ZO(P[U; f] _ ZT/dZ(T) e’L"U,W[ESont,O[EZ(T);GXf]]6IBW[€<PTft,O[€Z(T)§€X.ﬂ]p(Z(T))

— 7. / dz(7) BT O)=HE®IO) y(g(7)), (D.1.14)

where W/ [e%,w[ez(ﬂ; ex f]] — H(z(0), f(0)) — H(a(r), f(r)) is the work done
on the reverse process starting at ¢ = 7 with initial thermal distribution p(z(7)). By

introducing a delta function to recover the characteristic function of work, we find

Zo®lu; f] = Z,®[—u +if;ex . (D.1.15)
Applying the inverse Fourier transform on both sides yields
ZoPW; f] = Z.e®" P[-Wex f], (D.1.16)

or PWif éeﬁw
P[-W; EXf] Zo '

We can rewrite this by recalling that the Helmholtz free energy is obtained from

the partition function as F'(t) = —% In Z; [116] and thus

(D.1.17)

T _ _—BAF
70 = e_BF(O) =e s (D118)

where AF = F(7) — F(0) is the free energy difference between initial and final

points. Finally we may write

P[W: f] SOV-AF) (D.1.19)

Pl-Wiexf]
This is the Crooks fluctuation theorem, which establishes that the probability of
observing the forward process is exponentially larger than the probability of ob-
serving the reverse one. The exponent Wy;ss = W — AF, called dissipated work,

quantifies such statistical irreversibility.
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D.1.3 Jarzynski equality

We can write Crooks fluctuation theorem (D.1.19) as
P[W; fle™W = P[-W;ex fle PAF (D.1.20)
and integrate both sides over IW. This leads to the Jarzynski equality
<6_’8W> = ¢ PAF (D.1.21)

where the brackets denote average with respect to the work probability density
function.

The Jarzynski equality (D.1.21) states that the equilibrium free energy difference
may be inferred by measurements of non-equilibrium work in many realizations of
the system trajectory according to the force protocol f(¢). This result has many
practical applications in the fields of physics, biology, chemistry and so on [49, 50]. It
also allows us to describe the statistical nature of the second law of thermodynamics

by using Jensen’s inequality?,
e PAF = <6_6W> > e W) — o AUW=AR) <7 (D.1.22)
This implies that, on average, the entropy production is always positive
(3) = (W) —AF) > 0. (D.1.23)

Also, as we can see from Eq. (D.1.19), (X) = 0 holds only for reversible processes.

D.2 Quantum fluctuation theorem

On establishing the quantum version of the fluctuation theorem, as expressed by
Crooks relation and Jarzynski equality, one is faced with an immediate question:
how to define work done on quantum systems? Work describes a specific process
instead of characterizing the state of the system. Thus it cannot be represented by
a Hermitian operator whose eigenvalues can be determined in a single projective
measurement [50, 160]. For open quantum systems the proper definition is still
under debate, but consensus seems to have been reached on how to define work
done on a closed quantum system according to the two-time measurements scheme.

In this approach, we measure the energy of the system twice, first at ¢ = 0 and then

?Let X be a real integrable random variable and let g : R — R be a convex function such that
Y = ¢g(X) is also integrable. Then Jensen’s inequality states that E[g(X)] > g(F[X]), where E[X]
denotes the expectation value of X.
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att = 7, the end point of the force protocol. The difference of the outcomes of these
two measurements is the work performed on the system in a particular realization.
This inevitably yields a second probabilistic aspect to the work distribution, which
comes from quantum uncertainty.

Before we make these ideas more precise, we follow the approach of the previ-
ous section and turn now to the question of microreversibility of driven quantum

systems.

D.2.1 Quantum microreversibility

Let U #(t,0) be the unitary time evolution operator of the quantum system driven
by the force protocol f(t) from ¢ = 0 tot = 7. In order to write the quantum
microreversibility condition, we split the time interval in discrete steps and express

the time evolution operator as a time ordered product,

Ui(r —1,0) = lim o tH(f(r=NeYe =il (f(e))e ,~iH(f(0))e (D.2.1)
’ N—o0 ’

where £ = t/N denotes the time step and H(f(t)) is the Hamiltonian operator. By

recalling that f(t) = f(7 — t) we may write

Uzt —t,0) = lim e (J(NeYe il (f(T—e))e ,~iH (f(7))e (D.2.2)
f ) N_>OO o oe . . <N
Next let us introduce the time reversal operator © and assume that, at any time

t, the Hamiltonian is invariant under time reversal,

~

A(F(1).6] =0. (D23)

Then,

~

&7 — 1,000 = lim Ol HUNDGST Ol HUCRG (D24)

N—oo

where we made NV — 1 insertions of the identity 1 = OO, Since Ofe Mg =

i (F®)e for real e [113], we have

~ A

of f(T —t, 0)@ = lim U We)= eiﬁ(f(T))E

N—oo

. —iH(f(r —iH f 2
= lim [e H{fm)e  gmiHUNe)e " — }(T,t) (D.2.5)

N—o0
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and the microreversibility condition reads

A~

Us(t,7) = O'U5(1 — 1,0)0. (D.2.6)

Now, note that Eq. (D.2.6) can be rewritten as

A

Uys(t,0) = ©'Uf(r — t,0)0U(r,0), (D.2.7)

where we used Uf(t,7) = Us(t,0)U;(0,7) = Uy(t,0) A}(T, 0). Next, let us apply

this operator to the pure initial state |t),

) = Up(t,0) [tho) = OTU (1 — £,0)0U;(7,0) [the) = OTUF(7 — ,0)0 [¢,) ,
(D.2.8)
where |1,) = U (7, 0) |1)) is the final state. Multiplying by © from the left leads to

O [th) = Up(r — 1,000 J1,) . (D.2.9)

This allows us to interpret the quantum microreversibility in terms of states: un-
der the evolution generated by the reverse protocol f, the time reversed final state
O |1),) evolves from 0 to 7 — ¢ to the state © |¢),) [50].

D.2.2 Work probability density function

Consider a system whose time evolution is generated by the Hamiltonian operator
H(f(t)) initially described by the thermal density matrix
—BAF(0))
H(0) = ————, D.2.10
p(0) Z (D.2.10)
where Zy = Tre #HU0) js the partition function and Tr denotes trace over the
Hilbert space of the system. The Hamiltonian eigenvalue equation can be written

as

H(f(1)) [na(t)) = Eu(t) [nalt)) | (D.2.11)

where n labels the quantum numbers that specify the energy eigenvalues while «
labels all further quantum numbers.

Let us now describe the two-time measurement scheme from which we will
define the work done on the system. At ¢ = (0 we measure the energy of the system,

which yields the eigenvalue F,,(0) with probability

pa(0) = Tr [ﬂg,a(m] . (D.2.12)
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Here, [10 = Y o |¥n.a(0)) (¥,4(0)] is the projector onto the eigenspace spanned by
the eigenvectors associated with the eigenvalue E,,(0). Once the energy measure-

ment is performed, with result F,,(0), the system is described by the state

o T9H(0)I

Pn n(0) (D.2.13)

Since we are considering the system to be closed, the time evolution is unitary,
pn(t; ) = Up(t,0)pu U1, 0). (D.2.14)

At time ¢ = 7 a second energy measurement yields the eigenvalue E,,(7) with

probability
Prgalf] = Tr| T u (s ) (D2.15)

The work done on the system is then simply the difference between the energy
eigenvalues, w = E,,(7) — F,(0). The probability distribution function of work

reads
Plw; f] = 6[w — Ep(7) + En(0)]ph [£195- (D.2.16)

D.2.3 Quantum versions of the Crooks fluctuation relation

and Jarzynski equality

From the probability distribution function of work (D.2.16) we write the character-

istic function as [171]

Dlu; f] = /dw " Plw; f]

= > BB O T U (7,006, U (7, 0)
:Tr{ewmfv»zﬂ:nﬁfu, O)e IO S 5 0 o>}
= Tr{ (j} (T, O)ei"ﬁ(f(T))Uf (T, O)e_i“ﬁ(f(o))ﬁ(O) }, (D.2.17)

where we used the fact that 3. 117 = 1and 3. p,p° = p(0), which holds since
the initial density matrix commutes with the Hamiltonian at ¢ = 0.

By using the explicit form of the initial density matrix, Eq. (D.2.10), we can write

Zo®[u; f] = Tr{U}(T, 0)en U (1, O)e*wﬁ(fw))e*ﬂﬁ(f(o))}. (D.2.18)
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Setting ¢ = 0 in the quantum microreversibility condition (D.2.6) leads to

A ~

Us0,7) = ©'U5(1,000 = Ul(r,0) = O1U(r,0)0,

— Uy(7,0) = (3)*(7}(7, 0)6. (D.2.19)

Using this expression back in Eq. (D.2.18) results in

Zo®lu; f] = Tr{@TUf(T, O)éewlfl(f(r))@T A}(ﬂ 0)ée—iu1:[(f(0))e—,BH(f(0))}
= Tr{é*fff(r, 0)e~ i U [T (7, o)eiu*mf(o»e—ﬂﬁ(f(o»@}
— Tr{e—ﬁﬁ(f(ﬁ))e—iufl(f(O))U~(T 0)e AU {7 O)}
Y f 9
=Tr { 1, 0)e! IO Ty(r, O)e—i<—U+iﬁ>H<f<T))e—ﬂﬂ(f(ﬂ)}

= Z.®[—u+1ip; f], (D.2.20)

where we used the anti-linearity® of ©. This result is precisely the same identity we
obtained for the classical case, Eq. (D.1.15). If we follow the same steps as before

we are led to the quantum version of the Crooks fluctuation theorem,

M — (Plw-AF) (D.2.21)

Pl—w; f]

from which we also obtain the quantum Jarzynski equality

(e7Pv) = e PR, (D.2.22)

3For any trace class operator A the anti-linearity of 6 implies Tr (éffl(:)) = TrAf,
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