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Abstract

The intersection between quantum mechanics and gravitational physics has

been providing challenging puzzles for decades. In this context, we study the dy-

namics of an open quantum system coupled with a bath of gravitons, the quanta of

the gravitational field in the linear limit of general relativity. We focus on two main

aspects. First, we analyze the decoherence induced by gravitons when we consider

the open system to be described by both external and internal degrees of freedom.

Since gravity is universal, the internal variables also interact with the gravitons,

and here we show that this interaction leads to the decoherence of spatial superpo-

sitions of microscopic systems in the long-time regime, evenwhen the graviton bath

alone does not. We then proceed to the second main aspect, which is the entropy

production that arises when an external agent drives a quantum system through the

graviton bath. This irreversibility comes from quantum fluctuations of spacetime

itself and, as such, has a fundamentally universal aspect.

Keywords: Gravitons; Decoherence; Fluctuations; Entropy.
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Resumo

A interseção entre a mecânica quântica e a física gravitacional tem propor-

cionado enigmas desafiadores há décadas. Neste contexto, estudamos a dinâmica de

um sistema quântico aberto acoplado a um banho de grávitons, os quanta do campo

gravitacional no limite linearizado da relatividade geral. Focamos em dois aspec-

tos principais. Primeiro, analisamos a decoerência induzida por grávitons quando

consideramos que o sistema aberto é descrito por graus de liberdade tanto externos

quanto internos. Como a gravidade é universal, as variáveis internas também in-

teragem com os grávitons, e aqui mostramos que essa interação leva à decoerência

de superposições espaciais de sistemas microscópicos no regime de tempos longos,

mesmo quando o banho de grávitons isoladamente não o faz. Procedemos então

para o segundo aspecto principal, que é a produção de entropia que surge quando

um agente externo conduz um sistema quântico através do banho de grávitons. Essa

irreversibilidade provém das flutuações quânticas do próprio espaço-tempo e, como

tal, possui um aspecto universal fundamental.

Palavras-chave: Grávitons; Decoerência; Flutuações; Entropia.
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located atR ≃ RN ê3 with respect to the massM . . . . . . . . . . . 91

5.1 Different contributions for the decoherence function considering

the gravitons to be initially in the vacuum state. . . . . . . . . . . 112

5.2 Different contributions for the decoherence function considering

the gravitons to be initially in the thermal state. . . . . . . . . . . 117

5.3 Different contributions for the decoherence function considering

the gravitons to be initially in the coherent state. . . . . . . . . . . 118

5.4 Different contributions for the decoherence function considering

the gravitons to be initially in the squeezed state. . . . . . . . . . . 118

A.1 Homeomorphisms ϕi and ϕj map open sets Oi and Oj on the man-

ifoldM into open sets Ui and Uj on Euclidean spaces. . . . . . . . . 135

A.2 The map f : M → M ′
has a coordinate representation given by

ψ ◦ f ◦ ϕ−1 : Rn → Rn′
. . . . . . . . . . . . . . . . . . . . . . . . . 135

A.3 A curve c inM , parametrized by t, and its coordinate representation

ϕ ◦ c. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136



xviii

A.4 A curve c along with a function f and a local coordinate system

ϕ define the tangent vector X at a point of the manifold M in the

direction determined by c(t). . . . . . . . . . . . . . . . . . . . . . . 137

A.5 Pullback of a function f by a map ϕ :M → N . . . . . . . . . . . . . 141

A.6 The commutator of two covariant derivatives. . . . . . . . . . . . . 150

A.7 A set of geodesics γs(t) with tangent vectors T µ
and deviation vec-

tors Sµ
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

B.1 Vectors p1 and p2 and their corresponding spatial polarization or-

thogonal unit vectors. . . . . . . . . . . . . . . . . . . . . . . . . . . 171



xix

List of Tables

5.1 Different contributions to the decoherence function considering the

gravitons to be initially in the vacuum state. In the "Contribu-

tion" column, "G" means gravitons, "I" means internal DoFs, and

"N" stands for Newtonian potential. . . . . . . . . . . . . . . . . . . 111

5.2 Typical squared frequencies. On the left we estimate the magnitude

of (Λ/ℏ)2 for some detector sizes L0. On the right we estimate the

magnitude ofGMN/R
3
N for some sources of the Newtonian potential. 113

5.3 Different contributions for the decoherence function considering

the gravitons to be initially in a thermal state. . . . . . . . . . . . 116

5.4 Different contributions for the decoherence function considering

the gravitons to be initially in a coherent state. . . . . . . . . . . . 116

5.5 Different contributions for the decoherence function considering

the gravitons to be initially in a squeezed state. . . . . . . . . . . . 117





xxi

List of Publications

Related to this thesis

• MOREIRA, T. H.; CÉLERI, L. C. Decoherence of a composite particle in-
duced by a weak quantized gravitational field. Classical and Quantum
Gravity, v. 41, p. 015006, 2023.

• MOREIRA, T. H.; CÉLERI, L. C.Entropy production due to spacetimefluc-
tuations. Classical and Quantum Gravity, v. 42, p. 025022, 2024.

• MOREIRA, T. H.; CÉLERI, L. C. Graviton induced decoherence of a com-
posite particle. In: Alexandre Dodonov; Lucas Chibebe Céleri. (Ed.). Pro-
ceedings QNS III International Workshop on Quantum Nonstationary Systems.
1ed.: LF Editorial, 2025, p. 53-70.

• MOREIRA, T. H.; CÉLERI, L. C. Gravitational decoherence and recoher-
ence of a composite particle: the interplay between gravitons and a
classical Newtonian potential, arXiv:2602.22517.

Other publications

• MOREIRA, T. H.; BRAGHIN, F. L. Magnetic field induced corrections to
the NJL model coupling constant from vacuum polarization. Physical
Review D, v. 105, p. 114009, 2022.

• DE OLIVEIRA, G.; MOREIRA, T. H.; CÉLERI, L. C. Dynamical Casimir Ef-
fect Under the Action of Gravitational Waves. Entropy, v. 28, p. 177,

2026.





xxiii

Notations and Conventions

• Index notation. Four-vectors are denoted by xµ = (x0,x), where x refers

to its spatial components and x0 to the temporal one. Partial derivatives are

usually denoted by ∂µ ≡ ∂/∂xµ . When working with tensor fields on an

n−dimensional spacetime, Greek indices run from 0 to n − 1 while Latin

indices run from 1 to n − 1. Repeated indices are summed over (Einstein

summation convention) unless stated otherwise. The box symbol is reserved

for the flat d’Alembertian, □ ≡ ηµν∂µ∂ν , where ηµν denotes the Minkowski

spacetime metric tensor.

• Symmetrization and antisymmetrization. For an arbitrary rank tensor

Tµ1...µnρ
σ
we define

T(µ1...µn)ρ
σ =

1

n!
(Tµ1...µnρ

σ + sum over permutations of indices µ1 . . . µn),

and

T[µ1...µn]ρ
σ =

1

n!
(Tµ1...µnρ

σ+ alternating sum over

permutations of indices µ1 . . . µn).

• Metric signature. Throughout this work we use the mostly-plus metric con-

vention,

ηµν = diag(−1,+1,+1, . . . ).

• Curvature. Useful tensors and symbols constructed from the spacetime met-

ric tensor gµν and its inverse gµν :

Curvature symbols and tensors

Christoffel symbols Γσ
µν = 1

2
gσρ(∂µgνρ + ∂νgρµ − ∂ρgµν)

Riemann tensor Rρ
σµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ

Ricci tensor Rµν = Rλ
µλν

Ricci scalar R = gµνRµν



xxiv

• Time derivatives. Dots over functions of a time variable denote deriva-

tives with respect to such time. For example, ḟ(t) ≡ df(t)/dt , ḧ(t,x) ≡
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Introduction

Topics that fall within the intersection of general relativity and quantummechanics,

arguably the two main pillars of modern physics, have been puzzling a fair number

of scientists for the last few decades. Perhaps the most famous one refers to the

pursuit of a quantum theory of gravity, which remains one of the greatest current

open problems in physics. Despite theoretical efforts [1–18], an experimental con-

firmation of the quantum nature of the gravitational interaction is still lacking, most

likely due to its weakness relative to the other three known fundamental interac-

tions, all of which are satisfactorily described by quantum field theory. Without

guiding experimental results, there are many candidates for a quantum theory of

gravity with significant differences among them, and there is no general consensus

on how to properly quantize gravity, or even if it requires such a quantum treat-

ment.

Whatever theory of quantum gravity (if any) is ever proved to be the most suit-

able, it is natural to expect that the usual quantum field theoretical treatment will

hold in the limit of weak gravitational fields. In this limit, the total spacetime metric

is described by an expansion around some known solution to Einstein’s equation,

in which the perturbation represents the propagating degrees of freedom. This is

the classical description of the so-called gravitational waves, which were detected

by LIGO in 2015 [19]. At the quantum level, these waves give rise to a spin 2 exci-

tation called the graviton, in the same way that the quantization of electromagnetic

waves introduces the concept of the photon. This is the framework of perturba-
tive quantum gravity [1], a formalism that faces problems concerning perturbative

non-renormalizability; nonetheless, it stands as a genuine predictive effective field

theory [20]. However, the weakness of gravity poses a significant obstacle to veri-

fying such predictions with current technology.

Even the detection of gravitational waves by LIGO was only possible after con-

siderable efforts by hundreds of scientists over many years, so one can wonder how

far we are from actually detecting single gravitons (if such a detection is even possi-

ble [21]). This scenario motivates different proposals for detecting quantum aspects

of gravity in more indirect ways that do not require the direct detection of gravi-

tons, such as gravity-induced entanglement [22, 23], graviton noise affecting the

geodesic deviation of test particles [24–30], and gravitational decoherence [30–34].



2 Introduction

Decoherence refers to the phenomenon of irreversible loss of quantum coherence

due to the entanglement between a system of interest and an environment, which

is usually a quantum system whose degrees of freedom are either not of interest

or intractable from a practical point of view. When this phenomenon is somewhat

tied to gravitational interactions, we call it gravitational decoherence. For example,

Kanno et al. [30] analyzed the decoherence of a spatial superposition of a quan-

tum point particle induced by interaction with a graviton bath. However, the term

"gravitational decoherence" is not always tied to cases where the environment is

described by quantum gravitational degrees of freedom. Particularly, Pikovski et

al. [35, 36] studied the decoherence of a composite particle due to the interaction

with its own internal structure, which is mediated by the time dilation induced by a

classical static gravitational potential. Following these two distinct mechanisms of

gravitational decoherence, we pose the question of whether a graviton bath can also

induce a coupling between the internal and external degrees of freedom of a com-

posite system while acting as an environment itself, and what the consequences are

for the decoherence of quantum superpositions of the center-of-mass coordinate of

such a composite particle.

In this work, we investigate the decoherence in the external degrees of free-

dom of a quantum system due to its coupling with its own internal structure and

with a bath of gravitons. We make use of the Feynman-Vernon influence functional

approach [37–39] (which generates the non-equilibrium effective action for the sys-

tem of interest within the Schwinger-Keldysh closed time path framework [40, 41])

to obtain the reduced density matrix of the relevant variables. Such a scenario in-

volves dealing with an open quantum system interacting with two environments.

However, due to the universal aspect of gravity, the field also couples with the in-

ternal degrees of freedom, meaning that the two environments also interact with

each other and the solution to the problem is not easily obtained by simply adding

the individual influences of each of them. We show how to obtain the decoher-

ence function, as well as the decoherence time, for the loss of quantum coherence

of the system initially in a superposition of spatially separated spacetime events by

considering four possible initial graviton states.

Another question we pose is regarding the entropy production due to such

spacetime quantum fluctuations. Particularly, the irreversibility of gravitational

time dilation was analyzed in Ref. [42], which was later generalized to classical

curved spacetimes in Ref. [43] and applied to quantum fields in Ref. [44]. Here, by

considering the open quantum system acted upon by an external agent during a fi-

nite time interval, we obtain an expression for the work dissipated when the system

is bound to move through a bath of gravitons. This is accomplished by analyzing
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how the fluctuation theorem [45–50] applies to the problem at hand.

This thesis is divided into three main parts, which we organize as follows:

• Part I presents the theoretical background, the tools and concepts that will be

used in the remainder of this work.

– Chapter 1 is a literature review of classical linearized gravity and its

quantum treatment, the framework of perturbative quantum gravity,

which introduces the concept of the graviton.

– Chapter 2 reviews the topic of open quantum systems with focus on the

phenomenon of decoherence, particularly in the context of the quantum

Brownian motion. Chapters 1 and 2 are completely unrelated and do not

need to be read in any particular order.

– Chapter 3 puts together the concepts introduced in the previous ones

and presents a brief and selected literature review of the topic of gravi-

tational decoherence.

• Part II is the core of this work, where we analyze the graviton-induced de-

coherence of a composite system, as well as the graviton-induced entropy

production.

– In Chapter 4 we consider a quantum composite particle, described by

external and internal degrees of freedom, coupled with a weak quan-

tized gravitational field in a Newtonian background. By integrating out

all but the external system’s variables, using the Feynman-Vernon influ-

ence functional, we find the reduced system density matrix in which all

environment influences are encoded in noise kernels.

– In Chapter 5 we analyze the decoherence function for a spatial super-

position of the system’s center-of-mass variable by considering specific

configurations of the superposition state, aswell as different initial gravi-

ton states. Both Chapters 4 and 5 are adapted from two original pa-

pers [51, 52].

– In Chapter 6 we analyze the work dissipated when an external agent

moves a system through the graviton bath and quantify the entropy pro-

duction. This chapter is adapted from another original paper [53].

– We close Part II with some concluding remarks as well as with some

perspectives for future work.

• Part III contains the appendices.
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– Appendix A is a review of useful concepts in differential geometry, the

mathematics behind general relativity.

– Appendix B explores the interaction between the quantum gravitational

radiation degrees of freedom and the Newtonian background. Here we

explicitly compute the differential cross section for graviton scattering,

which we briefly discuss in Chapters 1 and 4.

– In Appendix C we explicitly compute the noise kernels that encode the

environmental influences on the quantum system of interest. We com-

pute the gravitational noise kernel for vacuum, thermal, coherent and

squeezed states, and also the internal degrees of freedom noise kernel

by considering those to be in a thermal state.

– Finally, Appendix D briefly reviews the Crooks (classical and quantum)

fluctuation relation and Jarzynski’s equality.

– The Bibliography is listed at the end of the text.
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Theoretical background
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Chapter 1

Perturbative quantum gravity

Developed by Albert Einstein in the 20th century, the general theory of relativity

quickly became one of the pillars of modern physics, alongside quantummechanics.

By providing a successful and modern description of the gravitational interaction,

general relativity has led to some remarkable predictions that have been experimen-

tally verified, such as the precession of Mercury’s perihelion, the bending of light

by gravitational fields, and the existence of gravitational waves [54–63]. Being the

weakest of the four known fundamental interactions, gravity is the only one among

them that lacks a satisfactory and experimentally confirmed quantum description.

While the electromagnetic, weak, and strong forces are successfully described by

the Standard Model of particle physics [64–66], the question of whether gravity

even admits a quantum description or retains its classical status is still under de-

bate [3–8]. Naturally, this debate can only be resolved by experiments. Although

standard dimensional analysis seems to indicate that quantum gravity is expected

to become relevant only at the Planck scale [55], which is significantly beyond the

reach of current technology, recent years have witnessed increasing attention to the

idea of testing quantum features of gravity in table-top experiments, motivated by

quantum information concepts [22, 23, 67–80]. However, conclusive experimental

evidence remains elusive due to the difficulties in probing the weak gravitational

interaction in the quantum regime.

From the theoretical side, there are also some conceptual difficulties. Gravity

differs from the other interactions since the latter are described by fields on a fixed

spacetime background, while general relativity is a theory of spacetime itself, and it

is not clear what it means to quantize it. There are many candidates for a full theory

of quantum gravity, such as quadratic gravity [9, 10], asymptotically safe quantum

gravity [11, 12], causal dynamical triangulations [13, 14], loop quantum gravity [15,

16], string theory [17, 18], among others [1, 2]. Each one faces its own conceptual

issues, and all of them lack experimental corroboration.

Nevertheless, whatever full description we may have for quantum gravity at all

energy scales (if needed), one may expect to recover, in the weak-field limit, the
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usual quantum field theory description on a fixed background. To be more precise,

the weak-field limit involves a metric expansion around some classical solution to

Einstein’s field equations, and only the dynamics of the small perturbation is con-

sidered. Classically, this leads to the description of gravitational waves. Since this is

mathematically equivalent to describing a field over a fixed background, the quan-

tization procedure follows straightforwardly in complete analogy with the quanti-

zation of the electromagnetic field, for instance. This is the framework of pertur-
bative quantum gravity, and the quantum excitations of the metric perturbation

field are what we call the gravitons.
This quantum field theoretical approach to general relativity is to be viewed as

an effective field theory since it suffers from perturbative non-renormalizability;

hence, it cannot be taken seriously up to any energy scale. This means that, at

the Planck scale, a UV completion is necessary, i.e., a full theory of quantum grav-

ity. Nevertheless, perturbative quantum gravity makes testable predictions. For

instance, this framework was used in Ref. [20] to explicitly compute radiative cor-

rections to the Newtonian potential (see also Ref. [65]). For a potential of the form
1

ϕ(r) = −GM/r this correction is of the order of ℏG/c3r2, which is too small to

be measured any time soon, but it stands as a genuine prediction of perturbative

quantum gravity nonetheless.

The present chapter is devoted to a review of this framework, which serves as

the basis for the subsequent analysis. We begin by quickly introducing the gen-

eral theory of relativity formulated from the action principle, and then proceed to

consider the case of linearized gravity, in which we study small perturbations to

Minkowski spacetime. These small perturbations are the classically known gravi-

tational waves, so we discuss how these ripples in spacetime propagate, how they

interact with test particles, how they are produced, and how they are detected. Next,

we discuss their quantization, which gives rise to the gravitons, and we also outline

the limitations of the theory. Finally, we generalize the framework of linearized

gravity for a general curved background. Then, we take the Newtonian limit and

study how gravitons interact and are scattered by a classical Newtonian potential.

This discussion will be essential for when we consider the problem of graviton-

induced decoherence near some Newtonian source (like Earth) in Part II.

1.1 The Einstein-Hilbert action

One of the main ideas behind Einstein’s theory of gravitation is the equivalence
principle. It dates back to Newtonian mechanics by stating that the inertial mass,

1
Keeping the universal constants explicit.
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which measures how much any given force can influence the motion of a system,

is the same as the gravitational mass, which is related to the property that any

massive system has to interact with and produce a gravitational field in all space (in

a way analogous to the electric charge in Coulomb’s law). The equivalence principle

provides a special status to the gravitational interaction, for which a more modern

statement reads [54]

In small enough regions of spacetime, the laws of physics reduce to those of special
relativity; it is impossible to detect the existence of a gravitational field by means of

local experiments.

The equivalence principle implies that gravity is universal, affecting all forms

of energy and momentum. If that were not the case, one could perform a local

experiment involving two systems (one affected by gravity and the other immune

to it), observe their different behaviors, and infer the presence of the gravitational

field, thereby violating the principle. Under this paradigm, it becomes natural to

think that such a universal interaction must therefore be linked to the structure of

spacetime on which matter and radiation propagate.

The connection with Riemannian geometry arises due to the similarity between

the equivalence principle and Gauss’s guiding principle of non-Euclidean geome-

try: at any point on a curved space, we may construct a locally Cartesian coordi-

nate system in which distances obey the law of Pythagoras [56]. If we postulate

that spacetime events are points in a curved differentiable manifold with a pseudo-

Riemannianmetric, the equivalence principle arises naturally from the construction

of locally inertial coordinates once we identify gravity with the curvature of space-

time (see Appendix A for a quick review on differential geometry). The spacetime

curvature is affected by the distribution of energy and momentum in a way that is

described by Einstein’s equation.

The postulates of general relativity can be listed as follows:

1. Spacetime is a four-dimensional differentiable manifold M endowed with a

Lorentzian metric gµν .

2. The curvature of (M, gµν) is related to the matter distribution in spacetime

by Einstein’s equation, which reads
2

Rµν −
1

2
Rgµν = 8πTµν . (1.1.1)

In Eq. (1.1.1), Rµν is the Ricci tensor and R is the Ricci scalar. The (0, 2) symmetric

tensor Tµν is called the energy-momentum tensor. The Bianchi identity, together
2
In this work, we only consider solutions with null cosmological constant.
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with Einstein’s equation, implies energy-momentum conservation,

∇µT
µν = 0, (1.1.2)

with ∇µ denoting the (metric-compatible) covariant derivative.

Einstein’s equation states that the metric structure of spacetime is governed by

the energy density distribution encoded in the energy-momentum tensor; however,

this tensor also depends on the metric itself. For a perfect fluid, for instance, it reads

T µν = (ρ+ P )UµUν + gµνP, (1.1.3)

being described by its rest-frame energy density ρ and an isotropic rest-frame pres-

sureP , as well as its four-velocity vector fieldUµ(x). Due to the explicit dependence

on themetric, and also to the highly non-linear nature of the Einstein tensor, finding

general solutions to Einstein’s equation is a very difficult task, in general.

General relativity is an example of a classical field theory in which the dynam-

ical field is the spacetime metric. As is usual in field theories, one can derive the

equations of motion from the principle of least action. For general relativity, we

write the total action as

S = SEH + Smatter, (1.1.4)

where the first term on the right-hand side describes the metric field, while the sec-

ond term describes the matter that propagates in spacetime. The action describing

the gravitational field is called the Einstein-Hilbert action, and it is given by

SEH =
1

16π

∫
d4x

√−gR, (1.1.5)

where the integral extends throughout all spacetime and g is themetric determinant.

According to the principle of least action, the equations of motion arise for field

configurations that satisfy δS = 0, where the δ notation denotes the variation of the

action functional with respect to the metric field. For the Einstein-Hilbert action,

we have

δSEH =
1

16π

∫
d4x

[(
δ
√−g

)
R +

√−g(δgµν)Rµν +
√−ggµν(δRµν)

]
. (1.1.6)

For the first term on the right-hand side, we take the variation on both sides of

the identity ln g = Tr (ln gµν) to obtain δg = g(gµνδgµν). Now use the fact that

δ(gµλgλν) = 0, which then leads to δgµν = −gµρgνλδgρλ and, finally, to gµνδgµν =
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−gµνδgµν . Then,

δ
√−g = − 1

2
√−g δg = −1

2

√−ggµνδgµν . (1.1.7)

Now, for the third term on the right-hand side of Eq. (1.1.6), we need to compute

δRµν . First, note that a linear metric variation, gµν → gµν + δgµν , leads to a lin-

ear variation of the Christoffel symbols, Γρ
µν → Γρ

µν + δΓρ
µν . Being the difference

between two connections, the variation δΓρ
µν is a tensor. Then, the corresponding

variation of the Riemann tensor reads

δRρ
µλν = ∂λ

(
δΓρ

νµ

)
+ Γρ

λσ

(
δΓσ

νµ

)
+ Γσ

νµ(δΓ
ρ
λσ)− (λ↔ ν)

= ∇λ

(
δΓρ

νµ

)
−∇ν

(
δΓρ

λµ

)
, (1.1.8)

where the covariant derivative is compatible with gµν , not with gµν + δgµν .

Putting everything back together into Eq. (1.1.6) leads to

δSEH =
1

16π

∫
d4x

√−g
(
Rµν −

1

2
gµνR

)
δgµν

+
1

16π

∫
d4x

√−g∇ρ

[
gµν
(
δΓρ

νµ

)
− gµρ

(
δΓλ

λµ

)]
. (1.1.9)

Note that, by Stokes’s theorem, the term on the last line is a boundary contribu-

tion. However, it does not vanish for general variations with gµν held fixed because

it also depends on the first derivatives of the metric. For a spacetime with a non-

null boundary, for which the first derivatives of gµν are not held fixed on it, one

needs to include a boundary term in the Einstein-Hilbert action in order to can-

cel this contribution and obtain Einstein’s equation. This occurs because the Ricci

scalar, the Lagrangian density of the Einstein-Hilbert action, depends on the second

derivatives of the metric field, while the Lagrangian densities of other field theories

usually depend only on the field and its first derivatives (see Refs. [55, 81]). Having

mentioned this subtlety, let us simply set the boundary term to zero, which will be

enough for our purposes.

The variation of the total action reads

δS =
1

16π

∫
d4x

√−g
(
Rµν −

1

2
Rgµν

)
δgµν + δSmatter. (1.1.10)

The energy-momentum tensor Tµν can then be defined from the variation of the

matter action Smatter under a change of the metric according to

δSmatter = −1

2

∫
d4x

√−g Tµνδgµν . (1.1.11)
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Then, setting δS = 0 immediately yields Einstein’s equation (1.1.1).

1.2 Linearized gravity in flat spacetime

Having established the foundations of general relativity, we now address the dy-

namical degrees of freedom of the metric field in the weak-field limit, which leads

to the phenomenon of gravitational radiation. The study of gravitational radiation

faces an immediate difficulty due to the non-linearity of Einstein’s equation, which

is not encounteredwhen studying electromagnetic radiation, for instance. Themain

difference between the former and the latter is that, while electromagnetic waves

carry no electric charge, a gravitational wave is itself a distribution of energy and

momentum, which then affects its own field. We shall then be interested in study-

ing theweak-field solutions to Einstein’s equation, representing gravitational waves

whose energy andmomentum are not strong enough to significantly alter their field.

In this section, we study the metric expansion around flat spacetime. The general
case of expansion around a curved metric will be treated in Section 1.4.

1.2.1 Weak-field limit

The linearized version of general relativity describes a theory of a symmetric tensor

field hµν(x) propagating on a fixed background spacetime, which we choose to be

flat spacetime for now. We begin by expanding the metric as

gµν = ηµν + hµν , (1.2.1)

where we assume that |hµν | ≪ 1 such that we can neglect higher order terms in

the equations of motion. The inverse metric reads

gµν = ηµν − hµν , (1.2.2)

where hµν = ηµρηνσhρσ. To linear order in hµν , the Christoffel symbols read

Γρ
µν =

1

2
ηρσ(∂µhνσ + ∂νhσµ − ∂σhµν), (1.2.3)

and the Riemann tensor becomes

Rρσµν =
1

2
(∂µ∂σhρν + ∂ν∂ρhµσ − ∂µ∂ρhνσ − ∂ν∂σhρµ). (1.2.4)

In order to obtain an expression for the action describing the field hµν(x), we

need to expand the Einstein-Hilbert action up to second order in hµν , since the
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equations of motion are expected to be first order in the metric perturbation. After

a long but straightforward calculation, we find

R = ∂µ∂νh
µν −□h− 1

2
hµν∂µ∂

ρhρν +
1

4
h□h+

1

4
hµν□hµν

+ total derivative of second order terms, (1.2.5)

where h = ηµνhµν and we are omitting total derivatives of terms of order O(h2),

since these will either lead to boundary terms or terms of order O(h3) in the La-

grangian. Furthermore, we can use the identity
3

√−g = 1 +
1

2
h+O(h2), (1.2.6)

to obtain

SEH =
1

64π

∫
d4x (hµν□h

µν + 2hµν∂µ∂νh− h□h− 2hµν∂ρ∂
µhνρ), (1.2.7)

where we dropped boundary terms as well as higher order ones. Eq. (1.2.7) is the

Einstein-Hilbert action linearized around flat spacetime, and it describes the free

dynamics of the metric perturbation field hµν . The equation of motion in vacuum
(Tµν = 0) obtained from this action, for instance, takes the form

□hµν = ∂σ∂νhσµ + ∂σ∂µhσν − ∂µ∂νh. (1.2.8)

Next, let us see how diffeomorphism invariance of general relativity can actually

simplify the Einstein-Hilbert action even further.

1.2.2 Gauge invariance

Recall that Einstein’s equation can be written as Gµν = 8πTµν , where Gµν is the

Einstein tensor [see Eq. (A.8.10)], which is a symmetric tensor with ten algebraically

independent components. These do not suffice to determine gµν uniquely because

these components are related by four differential identities, namely the Bianchi

identities,∇µGµν = 0. This means that the solution of Einstein’s equation leaves us

with four degrees of freedom in gµν that are not uniquely determined. This arises

from diffeomorphism invariance, which physically corresponds to the fact that if

gµν solves Einstein’s equation, then so will g′µν , which is derived from gµν by a gen-

eral coordinate transformation.

3
This follows from the identity detG = exp[Tr(lnG)] for a matrix G.
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To see the consequences of this observation for linearized gravity, let us write

the metric expansion (1.2.1) as

gµν(ϵ) = ηµν + ϵhµν , (1.2.9)

such that

hµν =
dgµν(ϵ)

dϵ

∣∣∣∣
ϵ=0

. (1.2.10)

One can then think of the parameter ϵ as generating a family of spacetime metrics.

Let ϕ : M → M be a diffeomorphism. Due to diffeomorphism invariance,

(M, gµν) and (M, (ϕ∗g)µν) represent the same physical spacetime, with (ϕ∗g)µν de-

noting the pullback of the metric tensor
4
(see Appendix A). Now consider a one-

parameter family of spacetimes, (M, gµν(ϵ)). Then (M, (ϕ∗
ϵg(ϵ))µν) represents the

same spacetime family, with ϕϵ denoting the one-parameter group of diffeomor-

phisms generated by an arbitrary vector field εµ(x).

Diffeomorphism invariance then implies that h′µν = d(ϕ∗
ϵg(ϵ))µν/dϵ

∣∣
ϵ=0

and

hµν represent the same physical metric perturbation. We can obtain a relation be-

tween them by computing

h′µν − hµν =
d

dϵ
[(ϕ∗

ϵg(ϵ))µν − gµν(ϵ)]

∣∣∣∣
ϵ=0

= lim
∆ϵ→0

[
(ϕ∗

∆ϵg(∆ϵ))µν − gµν(∆ϵ)

∆ϵ

]
= Lεgµν(0), (1.2.11)

where Lε is the Lie derivative along the vector field εµ(x). Here, we used the fact

that ϕ0 is the identity map. We can use Eq. (A.6.10) to write

h′µν = hµν +∇µεν +∇νεµ, (1.2.12)

with∇µ denoting the covariant derivative compatible with gµν(0). In our case, this

is simply the Minkowski metric, gµν(0) = ηµν , and we are left with
5

h′µν = hµν + ∂µεν + ∂νεµ. (1.2.13)

This holds a close resemblance to the gauge freedom of electromagnetism, where

Maxwell’s equations are left invariant under the gauge transformation Aµ → Aµ+

4
For notation simplicity, we leave implicit the fact that if gµν is evaluated at the spacetime point

p, then (ϕ∗g) is evaluated at ϕ(p).
5
Although the vector field εµ(x) is arbitrary, we restrict ourselves to those for which ∂νε

µ ∼
O(h) in order to keep the condition |hµν | ≪ 1 satisfied.
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∂µΛ, with Aµ being the electromagnetic potential field and Λ an arbitrary scalar

function. We shall then refer to Eq. (1.2.13) as a gauge transformation, and the

fact that it leaves the equations of motion invariant is called gauge invariance.

Lorenz gauge

Gauge freedom allows us to simplify the equations of motion. For instance, one can

choose the Lorenz gauge where

∂µh
µν − 1

2
∂νh = 0. (1.2.14)

To see how this is possible, suppose we start with a given metric perturbation hµν

that does not satisfy the condition (1.2.14). Then one can perform a gauge transfor-

mation such that the new field satisfies

∂µh
′µν − 1

2
∂νh′ = ∂µh

µν − 1

2
∂νh+□εν . (1.2.15)

We can then choose the vector εµ(x) such that

□εν = −
(
∂µh

µν − 1

2
∂νh

)
, (1.2.16)

and the gauge-transformed metric perturbation will satisfy Eq. (1.2.14) automati-

cally.

With this gauge choice, the Einstein-Hilbert action (1.2.7) takes the form

SEH =
1

64π

∫
d4xhµνL □

(
hLµν −

1

2
ηµνh

L

)
, (1.2.17)

where hLµν denotes the metric perturbation in Lorenz gauge. In the presence of

a matter source described by the energy-momentum tensor Tµν , we have, from

Eq. (1.1.11),

δSmatter =
1

2

∫
d4xTµνδh

µν , (1.2.18)

and the principle of least action leads to

□h̄Lµν = −16πTµν , (1.2.19)

where we defined

h̄µν ≡ hµν −
1

2
ηµνh (1.2.20)

and the Lorenz gauge condition can be written as ∂µh̄
µν
L = 0. Note that Eq. (1.2.19)

is a wave equation sourced by the energy-momentum tensor.
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Transverse-traceless gauge

When interested in regions outside the gravitational source, Tµν = 0, one is left

with

□h̄Lµν = 0. (1.2.21)

Because the flat d’Alembertian commutes with partial derivatives, this equation nat-

urally implies ∂µh̄
µν
L = 0 for suitable boundary conditions, and the Lorenz condi-

tion does not completely fix the gauge anymore (we say that there is a residual
gauge freedom). We may then perform a further gauge transformation hLµν →
hLµν + ∂µξν + ∂νξµ, as long as □ξµ = 0, and use the four functions ξµ(x) to impose

four more conditions on the metric perturbation, reducing from six to two degrees

of freedom. For instance, we can choose ξ0 such that the new perturbation satisfies

h = 0 (implying h̄µν = hµν) and ξ
i
such that h0i = 0. The ν = 0 component of the

Lorenz condition, ∂µh
µν = 0, now reads ∂0h

00 = 0, meaning that h00 is constant

in time. In the context of gravitational wave propagation, the physical meaning

behind the constant h00 is related to the static part of the gravitational interaction,

namely the Newtonian potential of the source that generated the waves [54, 62]. For

a region with no sources, this automatically reads h00 = 0, which, together with

h0i = 0, can be written as h0µ = 0. The Lorenz condition, automatically enforced

by the equations of motion, becomes ∂ih
ij = 0.

In summary, our choice of gauge is defined by

hTT
0µ = 0, (1.2.22a)

ηµνhTT
µν = 0, (1.2.22b)

∂ihTT
ij = 0. (1.2.22c)

This choice is called the transverse-traceless gauge, or simply the TT gauge, and

the metric perturbation satisfying such requirements is denoted by hTT
µν . As we will

see, this gauge choice greatly simplifies our study of gravitational waves.

1.2.3 Plane wave solutions

For the dynamics in regions outside of any source, the equations of motion take the

form

□hTT
µν = 0, (1.2.23)
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namely a wave equation, whose solutions are of the form
6

hTT
µν (x) = Cµνe

ikρxρ

, (1.2.24)

which we call gravitational waves. Here Cµν is a constant, symmetric, (0, 2) ten-

sor, and the constant vector kρ is called the wave vector. We can insert the solu-

tion (1.2.24) into the wave equation (1.2.23) to obtain kρk
ρhTT

µν = 0. By requiring

non-trivial solutions for hTT
µν , this translates to

kρk
ρ = 0, (1.2.25)

that is, the wave vector is null, implying that gravitational waves propagate at the

speed of light in vacuum. The timelike component of the wave vector is called the

frequency of the wave, and we write kρ = (ω, k1, k2, k3), such that

ω2 = δijk
ikj. (1.2.26)

As we discussed before, our gauge choices reduce the degrees of freedom of a

gravitational wave from ten to two. In terms of the plane wave solutions (1.2.24),

this means that the constant tensor Cµν has only two independent components,

which we shall call the two polarizations of the gravitational wave. We can then

writeCµν =
∑

s qsϵ
s
µν , with the index s labeling the polarizations, qs being the wave

amplitude, and the tensor ϵsµν being called the polarization tensor. It is traceless
and purely spatial, while also satisfying the transversality condition,

ϵ0ν = 0, (1.2.27a)

ηµνϵµν = 0, (1.2.27b)

kiϵij = 0. (1.2.27c)

These follow immediately fromEqs. (1.2.22) and (1.2.24). Note that the transversality

condition necessarily yields the polarization tensor dependent on the spatial part of

the wave vector, ϵµν = ϵµν(k).

In order to better understand the propagation of gravitational waves, let us

choose spatial coordinates such that the wave is traveling in the x3 direction. Thus,

the wave vector is of the form kρ = (ω, 0, 0, ω). In that case, the transversality

condition of the polarization tensor requires ϵ3j = 0. Also, since the polarization is

6
Naturally, any superposition of such plane wave solutions also solves the wave equation.
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purely spatial, symmetric, and traceless, we conclude that Cµν is of the form

Cµν =


0 0 0 0

0 q+ q× 0

0 q× −q+ 0

0 0 0 0

, (1.2.28)

where q+ and q× are constants (the reason behind the choice of notation will be

clear soon). Together with the wave frequency ω, these completely characterize the

wave. It is common to write the two polarizations separately [82],

ϵ+ij = ϵ̂
(1)
i ⊗ ϵ̂

(1)
j − ϵ̂

(2)
i ⊗ ϵ̂

(2)
j ,

ϵ×ij = ϵ̂
(1)
i ⊗ ϵ̂

(2)
j + ϵ̂

(2)
i ⊗ ϵ̂

(1)
j ,

(1.2.29)

where the spatial polarization unit vectors ϵ̂(1) and ϵ̂(2) are orthogonal to the direc-

tion of propagation k̂ = k/|k| (for k̂ = ê3, the polarization unit vectors are ê1 and

ê2). The plane wave solutions can then be written in the form

hTT
µν (x) =

∑
s=+,×

qsϵ
s
µν(k)e

ikρxρ

, (1.2.30)

and the polarization tensors are conventionally normalized according to

ϵsijϵ
ij
s′ = 2δss′ . (1.2.31)

These "plus" and "cross" polarizations are jointly called the linear polarization basis
7
.

1.2.4 Interaction of gravitational waves with test masses

We now turn our attention to the effects of gravitational waves on the motion of test

particles. We begin by taking a single test mass, described by coordinates xµ in a

TT frame (a frame in which the metric perturbation satisfies the conditions (1.2.22)),

which is at rest at τ = 0, where τ denotes its proper time. The geodesic equation

implies

d2xi

dτ 2

∣∣∣∣
τ=0

= −
[
Γi
µν

dxµ

dτ

dxν

dτ

]∣∣∣∣
τ=0

= −
[
Γi
00

(
dx0

dτ

)2
]∣∣∣∣∣

τ=0

, (1.2.32)

7
We can also consider right- and left-handed circularly polarized modes by defining qR =

1√
2
(q+ + iq×) and qL = 1√

2
(q+ − iq×).
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where we used the fact that, by assumption, dxi/dτ = 0 at τ = 0. From the

expansion of the Christoffel symbols in first order in hµν , Eq. (1.2.3), we find

Γi
00 =

1

2
δij(2∂0h0j − ∂jh00). (1.2.33)

By imposing the TT gauge conditions (1.2.22), we are left with Γi
00 = 0 and, conse-

quently,

d2xi

dτ 2

∣∣∣∣
τ=0

= 0. (1.2.34)

Therefore, if at time τ = 0 the particle is at rest, it will remain at rest at all times in

the TT frame. If we want to observe the physical effect of gravitational waves on

test masses, a single one does not suffice.

Let us then consider the relative motion of nearby particles as described by the

geodesic deviation equation
8
. Take two test masses, each of which is traveling along

its geodesic parametrized by t, with four-velocities described by a single vector field

Uµ(x). Denoting the separation vector by Sµ
, the geodesic deviation equation reads

(Appendix A)

D
2

dt2
Sµ = Rµ

νρσU
νUρSσ, (1.2.35)

where D/dt denotes the directional covariant derivative along the tangent vector

to the geodesics. Next, we consider the test masses to be moving slowly such that

Uµ(x) = δµ0 +O(h). Since the Riemann tensor is already O(h), the geodesic devia-

tion equation reduces to

∂2

∂t2
Sµ = Rµ00σS

σ, (1.2.36)

where we dropped higher order terms on the left-hand side as well. Up to first order

in hµν , the Riemann tensor is given by Eq. (1.2.4). In the TT gauge,

RTT
µ00σ =

1

2
∂20h

TT
µσ , (1.2.37)

and the geodesic deviation equation becomes

∂2

∂t2
Sµ =

1

2
Sσ ∂

2

∂t2
hTT
µσ . (1.2.38)

It is then clear from Eqs. (1.2.24) and (1.2.28) that, for a wave traveling in the x3

direction, only S1
and S2

will be affected; the test masses are only disturbed in

directions orthogonal to the wave vector.

We can now plug in the expression for hTT
µν , Eq. (1.2.30). It will be instructive to

8
See Ref. [83] for a slightly different (but equivalent) approach.
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consider the effect of each polarization separately. For instance, by taking q× = 0

and keeping q+ ̸= 0, the solution of Eq. (1.2.38) to the lowest order in hµν is of the

form

S1
+(t) = S1(0) +

1

2
S1(0)q+e

ikρxρ

, (1.2.39a)

S2
+(t) = S2(0)− 1

2
S2(0)q+e

ikρxρ

. (1.2.39b)

Similarly, by taking q+ = 0 and keeping q× ̸= 0, the solution of Eq. (1.2.38) to the

lowest order in hµν is of the form

S1
×(t) = S1(0) +

1

2
S2(0)q×e

ikρxρ

, (1.2.40a)

S2
×(t) = S2(0) +

1

2
S1(0)q×e

ikρxρ

. (1.2.40b)

We can get an image of the solutions above by picturing a ring of stationary particles

and considering the effect of a passing gravitational wave. For the plus polarization,

Eqs. (1.2.39) show that the particles will bounce back and forth in the shape of a ’+’,

since geodesics initially separated in the x1 (x2) direction will oscillate in the x1

(x2) direction. For the cross polarization, Eqs. (1.2.40) show that the particles will

bounce back and forth in the shape of a ’×’, since geodesics initially separated in the

x1 (x2) direction will oscillate in the x2 (x1) direction. These effects are illustrated

in Figure 1.1 and the notation q+ and q× should now be clear.

Figure 1.1: Effect of a gravitational wave on a ring of stationary par-

ticles in the x1-x2 plane, depending on the polarization of the wave.

1.2.5 Production of gravitational waves

Having discussed the propagation of gravitational waves and their interaction with

test masses, let us now understand how they are produced. Recall that, in the pres-

ence of sources, we cannot impose the TT gauge anymore. Instead, we shall use the
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Lorenz gauge, for which the equations of motion read

□h̄Lµν = −16πTµν , (1.2.41)

where h̄µν is defined by Eq. (1.2.20) and the Lorenz condition is ∂µh̄
µν
L = 0. The

solution of the inhomogeneous wave equation is of the form

h̄Lµν(x) = −16π

∫
d4y G(x− y)Tµν(y), (1.2.42)

where G(x− y) is the Green function for the d’Alembertian satisfying

□xG(x− y) = δ4(x− y), (1.2.43)

with□x denoting the d’Alembertian with respect to the x coordinates. Since we are

interested in the effect of signals from the past of the point under consideration, we

consider only the retarded Green function, given by [54, 84]

G(x− y) = − 1

4π|x− y|δ
[
y0 −

(
x0 − |x− y|

)]
θ(x0 − y0), (1.2.44)

where θ(x) denotes theHeaviside step function. Plugging Eq. (1.2.44) into Eq. (1.2.42)

leads to

h̄Lµν(t,x) = 4

∫
d3y

1

|x− y|Tµν(tr,y), (1.2.45)

where tr = t − |x− y| (t = x0) is called the "retarded time". Its appearance in the

general solution (1.2.45) serves to ensure that the disturbance in the metric pertur-

bation field at (t,x) is only influenced by sources of energy and momentum at the

point (tr, |x− y|) on the past light cone in order to maintain causality.

The analysis of the general solution (1.2.45) is better carried out in frequency

space, where we introduce the temporal Fourier transform

˜̄hLµν(ω,x) =

∫ ∞

−∞
dt eiωth̄Lµν(t,x). (1.2.46)

Using Eq. (1.2.45) and changing the integration variable, we find

˜̄hLµν(ω,x) = 4

∫ ∞

−∞
dt

∫
d3y eiωt

1

|x− y|Tµν(tr,y)

= 4

∫
d3y

eiω|x−y|

|x− y|

∫ ∞

−∞
dtr e

iωtrTµν(tr,y)

= 4

∫
d3y

eiω|x−y|

|x− y| T̃µν(ω,y), (1.2.47)
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where we introduced the temporal Fourier transform of the energy-momentum ten-

sor, T̃µν(ω,y).

We can now simplify our analysis by making a few reasonable approximations.

Consider an isolated, slowly moving source, far away from the observation point,

centered at a point r with its internal points at r+ δr such that δr ≪ r (Figure 1.2).

Then the distance r = |x− y| varies very little when integrating over the source,

and we may write

˜̄hLµν(ω,x) ≃ 4
eiωr

r

∫
d3y T̃µν(ω,y). (1.2.48)

Figure 1.2: The size of the source is roughly δr ≪ r, where r is the
distance to the observation point.

We can take advantage of the fact that we only need to compute the spatial com-

ponents of the metric perturbation field since the remaining ones can be obtained

from those by using the Lorenz condition. Now, in frequency space, the conserva-

tion of energy-momentum, ∂µTµν = 0, takes the form ∂jT̃jν = −iωT̃0ν , so that

˜̄hLij(ω,x) = 4
eiωr

r

∫
d3y T̃ij(ω,y) = 4

eiωr

r

∫
d3y
[
∂k
(
yiT̃kj

)
− yi∂

kT̃kj

]
= 4iω

eiωr

r

∫
d3y yiT̃0j = 2iω

eiωr

r

∫
d3y

(
yiT̃0j + yjT̃0i

)
= 2iω

eiωr

r

∫
d3y

[
∂k
(
yiyjT̃0k

)
− yiyj∂

kT̃0k

]
= −2ω2 e

iωr

r

∫
d3y yiyjT̃00(ω,y), (1.2.49)

where we dropped boundary terms, as usual. We may now compute the inverse

Fourier transform and define the quadrupole moment tensor of the energy den-

sity of the source as

Qij(t) =

∫
d3y yiyjT00(t,y). (1.2.50)
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This allows us to write

h̄Lij(t,x) =
2

r
Q̈ij(tr). (1.2.51)

Eq. (1.2.51) shows that the gravitational radiation emitted by an isolated, slowly

moving source is proportional to the second time derivative of the quadrupole mo-

ment tensor of the energy density T00. Compare this result with the analogous case

of electromagnetic radiation, for which the leading order contribution comes from

the dipole moment of the electric charge density. Typically, the quadrupole mo-

ment is smaller than the dipole moment, which, combined with the weak coupling

of gravity to matter, explains why gravitational radiation is much weaker than elec-

tromagnetic radiation, making its detection a highly non-trivial task.

A typical example is the emission of gravitational radiation by a system of two

stars in orbit around each other (a binary star). Take, for instance, two stars of mass

M in a circular orbit in the x1-x2 plane, at a distance R from their center-of-mass

and with a velocity v (Figure 1.3). Their motion can be treated in the Newtonian

approximation, and the metric perturbation can be obtained by using Eq. (1.2.51).

The result is [54]

h̄Lij(t,x) =
8M

r
Ω2R2

− cos 2Ωtr − sin 2Ωtr 0

− sin 2Ωtr cos 2Ωtr 0

0 0 0

, (1.2.52)

where Ω = v/R is the angular frequency of the orbit.

Figure 1.3: A binary star system.
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1.2.6 Detection of gravitational waves

In recent years, gravitational waves have become a new source of astrophysical in-

formation concerning the universe outside the solar system, in addition to electro-

magnetic radiation, neutrinos, and cosmic rays. Due to their importance, it is worth

mentioning a few words about how these are detected in modern experiments. We

will simply outline the basic principles, since understanding the actual mechanism

behind the workings of a real-life gravitational wave detector is outside our scope.

First, it will be useful to estimate how sensitive a gravitational wave detector

must be. It comes as no surprise that, due to the weakness of gravitational radiation,

building a detector is not an easy task. In order to provide numerical estimations,

we take the binary star system from the previous section (Figure 1.3) as the source

of the gravitational wave to be measured. According to Eq. (1.2.52), the frequency of

the wave is f = Ω/2π, where Ω is the angular frequency of the orbit of the sources.

Since our goal is only to provide numerical estimates, we can use Newton’s law of

motion to write
9

GM2

(2R)2
=
Mv2

R
, (1.2.53)

where the left-hand side is simply Newton’s law of gravitation, and the right-hand

side is the expression for the centripetal force. From this, we find

Ω = c

√
RS

8R3
, (1.2.54)

where RS = 2MG/c2 denotes the Schwarzschild radius10 of the star with massM .

Then the wave frequency is estimated to be

f =
cR

1/2
S

2π
√
8R3/2

∼ cR
1/2
S

10R3/2
. (1.2.55)

Now, for the wave amplitude, we have, from Eq. (1.2.52),

q =
8GM

c4r
Ω2R2 ∼ R2

S

rR
. (1.2.56)

As an example of the gravitational wave source, consider the coalescence of a

black hole binary
11
for which typical parameters are RS ∼ 104m, R ∼ 105m, and

9
In this subsection, we are restoring factors of G and c in order to obtain numerical estimates in

SI units.

10
The Schwarzschild radius is a parameter in the spherically symmetric vacuum solution to Ein-

stein’s equation that defines the event horizon of a Schwarzschild black hole.

11
The coalescence of a black hole binary occurs when two black holes rotate around each other

due to mutual gravitational attraction until they merge into a single black hole.
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r ∼ 1024m [54]. Then,

f ∼ 102 s−1, q ∼ 10−21. (1.2.57)

Therefore, a detector capable of measuring the gravitational radiation emitted by

a black hole coalescence with the parameters specified above must be sensitive to

frequencies around 100Hz and wave amplitudes around 10−21
.

Figure 1.4: Michelson interferometer.

The prospect of observing gravitational waves began when JosephWeber devel-

oped the concept of resonant-mass detectors in the 1960s, but soon it became clear

that these would be sensitive only to rare, strong neighboring sources. On the other

hand, modern gravitational wave detectors are usually based on a laser interferom-

eter, such as the Michelson interferometer schematized in Figure 1.4. Basically, a

laser is pointed at a beamsplitter, which then sends photons on two different paths

of sizes Lx and Ly. These are reflected at the mirrors at the end of each path and

recombined back in the beamsplitter, where they destructively interfere while the

signal is sent to a photodetector. The effect of a passing gravitational wave in such

an apparatus is to modify the lengths of the orthogonal paths traveled by light,

disturbing the interference and yielding a phase shift

δϕ ∼
(
2π

λ

)
δL, (1.2.58)

where λ is the wavelength of the laser and δL = δLx−δLy, with δLx (δLy) denoting

the difference in Lx (Ly) due to the passing gravitational wave.
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In order to get an estimate for δL, let us consider a plus-polarized gravitational

wave

hij(t, x, y, z) =

q 0 0

0 −q 0

0 0 0

 cos (ωt− kz), (1.2.59)

where we are denoting x1 = x, x2 = y, and x3 = z. This solution was obtained in

the TT gauge, which we are allowed to use since we are supposedly very far from

the source. For this metric, the spacetime interval between any two points is

ds2 = gµνdx
µdxν = (ηµν + hµν)dx

µdxν

= −c2dt2 + (1 + q)dx2 + (1− q)dy2 + dz2. (1.2.60)

A photon traveling along the x−direction from the beamsplitter to the mirror

in a proper distance Lx will take a time ∆tx such that

c

∫ ∆tx

0

dt =

∫ Lx

0

√
1 + q dx =

∫ Lx

0

(
1 +

1

2
q

)
dx+O(q2),

c∆tx =

(
1 +

1

2
q

)
Lx, (1.2.61)

wherewe used the fact that, for a light beam, ds2 = 0. Thismeans that the difference

in the path traveled by light on the x−axis is δLx = qLx/2. A completely analogous

analysis leads to the difference in the path traveled by light in the y-axis being given

by δLy = −qLy/2. If we now assume
12 Lx = Ly ≡ L, then δL = δLx − δLy = qL,

or

δL

L
= q. (1.2.62)

For a detector with an arm length of the order of a few kilometers, we have δL ∼
10−18m for q ∼ 10−21

. If we use a laser with a typical wavelength λ ∼ 10−6m and

we allow the photons to travel the arm lengths about 100 times before returning

to the beamsplitter
13
, we estimate from Eq. (1.2.58) that the interferometer must be

sensitive to a phase shift of the order

δϕ ∼ 10−9, (1.2.63)

which can be measured with current technology for a sufficiently large number of

photons [54].

12
This guarantees that, in the absence of any disturbance of the paths, the recombined beam will

undergo completely destructive interference.

13
This is usually accomplished by the addition of a partially reflective mirror on each path.
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Now, real-life gravitational wave detectors have a more complicated structure

than a simple Michelson interferometer, which is usually combined with Fabry-

Pérot interferometers [85]. As it happens in almost every experiment, most detector

work is dedicated to eliminating noise, which is essentially any laser power fluctua-

tion that is not due to the gravitational waves. Noise sources include Poisson fluctu-

ations in the arrival time of discrete objects (this is called shot noise), displacement

noise arising from quantum fluctuations of the electric field in the arms, thermal

noise from the atoms making up the mirrors, seismic noise due to the motion of

the Earth, and control noise in general
14
. We refer the reader to Ref. [62] for details

concerning data analysis in gravitational waves experiments.

The first experimental evidence of the existence of gravitational waves came in

1974 from the Hulse-Taylor binary pulsar (highly magnetized and rapidly rotating

neutron stars), whose orbital decay matched the predictions of energy loss due to

the emission of gravitational waves [86]. Russell A. Hulse and Joseph H. Taylor Jr.

were awarded the Nobel Prize in Physics in 1993 for this discovery. The first direct
detection of a gravitational wave from a binary black hole merger was made in 2015

by theAdvanced Laser Interferometer Gravitational-WaveObservatory (LIGO) [19],

a long-baseline laser interferometer with two 4 km long orthogonal arms. For deci-

sive contributions to the LIGO detector and the direct observation of gravitational

waves, the 2017 Nobel Prize in Physics was awarded to Rainer Weiss, Barry C. Bar-

ish, and Kip C. Thorne
15
. The field of experimental gravitational wave physics is

experiencing significant growth, bolstered by the anticipated sensitivity of future

observations. For instance, while LIGO has a peak sensitivity to frequencies of

about 100 Hz, the space-based Laser Interferometer Space Antenna (LISA) is ex-

pected to probe lower frequency (mHz) gravitational waves when it launches in the

late 2030s [88].

1.3 Quantum gravitational radiation

The description of gravitational waves we have discussed so far can be seen as a

classical field theory of a symmetric (0, 2) tensor propagating on a flat background

metric. This allows us to provide a quantum description of the metric perturbation

field using themachinery of modern quantum field theory. The particle arising from

the quantization of gravitational radiation is called the graviton. It is important to

emphasize that there is a significant difference between graviton physics (perturba-

tive quantum gravity) and quantum gravity per se. While graviton physics refers to

14
The different types of noise are distinguished by their power spectrum.

15
We refer the reader to Ref. [87] for the fascinating history of the development of the ideas that

led to the first direct observation of gravitational waves by the scientists of the LIGO collaboration.
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the quantization of the metric perturbation in the weak-field limit, a full quantum

theory of gravity refers to the quantization of the entire metric field. In this sense,

gravitons are not necessarily to be thought of as the basic constituents of space-

time. Nevertheless, one may say that any quantum gravity theory should recover

graviton physics when taking some kind of low energy limit.

1.3.1 Helicity and spin

In the canonical formalism of quantum field theory, the classical fields are promoted

to operators on a Hilbert space and are required to satisfy the canonical equal-time

commutation relations. The mode excitations of a given field are what we under-

stand as particles. The kind of particle a classical field will represent upon quan-

tization depends on its behavior under Poincaré transformations, which include

general Lorentz transformations and spacetime translations. We say that different

kinds of particles transform under different irreducible unitary representations of

the Poincaré group
16
[65]. For instance, since the generator of spatial rotations is

the angular momentum operator, the spin of the particle obtained upon the quanti-

zation of gravitational radiation can be inferred by checking how the waves change

under such Lorentz transformations.

Consider a gravitational wave propagating in the x3−direction, Eqs. (1.2.24)

and (1.2.28). Under a Lorentz transformationΛ, themetric perturbation field changes

according to hµ′ν′ = Λµ′
µΛν′

νhµν . Let Λ represent a spatial rotation by an angle θ

around the x3−axis (naturally, the temporal components are left unchanged), so

that Λ1
1 = Λ2

2 = cos θ, Λ2
1 = −Λ1

2 = − sin θ, Λ3
3 = 1, and Λj

i = 0 otherwise. This

transformation leads to

Ci′j′ =

q
′
+ q′× 0

q′× −q′+ 0

0 0 0

, (1.3.1)

with

q′+ = q+ cos 2θ + q× sin 2θ,

q′× = q× cos 2θ − q+ sin 2θ.
(1.3.2)

In terms of the linear combinations C± ≡ q+ ∓ iq×, this can be written as

C ′
± = exp(±2iθ)C±. (1.3.3)

16
To be more precise, the representation actually refers to the set of operators on the Hilbert space

of particle states that perform the Poincaré transformations on those states. For a review of concepts

in basic representation theory, we refer the reader to Refs. [89, 90].
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In general, any plane wave ψ that is transformed by a rotation of an angle θ

around the direction of its propagation into

ψ′ = eihθψ (1.3.4)

is said to have helicity17 h [56]. Upon quantization, the helicity represents the spin

of the particle projected along the direction of motion. We have thus shown that

gravitational waves have helicity h = 2, and therefore, the graviton is a spin-2

particle.

It is interesting to mention that we could have taken an inverse approach. If we

had asked instead what kind of field represents a massless spin-2 particle, we would

have been led to the theory of a symmetric (0, 2) tensor hµν for which the unique

Lagrangian is given in Eq. (1.2.7). Here, we will simply outline the procedure. For

more details, we refer to Refs. [65, 91].

According to Wigner’s theorem [65, 92, 93], the unitary irreducible represen-

tations of the Poincaré group are uniquely classified by two parameters m and J ,

where m is a non-negative real number, while J is a non-negative integer or half-

integer, which we call mass and spin, respectively. These representations depend

on the momentum p of the particle states, and thus, they are infinite dimensional. If

J > 0, for each value of the momentum with p2 = −m2
, there are 2J + 1 indepen-

dent states in the representation ifm > 0 and exactly 2 states form = 0. If J = 0,

there is only one independent state for anym. This classification tells us what kind

of particles we can describe in a Lorentz invariant theory. The next step is to build

Lagrangians by embedding these representations into fields.

For J = 0, we only have 1 degree of freedom, which is naturally embedded into

a scalar field. For J = 1
2
(2 degrees of freedom), the embedding is done into spinor

fields. For J = 1 and m ̸= 0, we have 3 degrees of freedom. These are embedded

into a vector field, which has four components. The Lagrangian for a massive spin 1

particle must then be built in a way to enforce the removal of one degree of freedom

in the equations ofmotion. The Proca Lagrangian does precisely that [65]. By taking

the limit m → 0, we are left with the theory of a massless spin 1 particle, such as

the photon. According to Wigner’s theorem, a photon is described by two degrees

of freedom, which we call its two polarizations. This requires the removal of an

additional degree of freedom in the vector field representation. That is where gauge

invariance plays its important role. It is necessary to remove the unwanted degrees

of freedom so that a vector field can, in fact, represent a massless spin 1 particle. The

case J = 3/2 describes spin 3/2 particles that are embedded in Rarita–Schwinger

17
Not to be confused with the trace of the metric perturbation.
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fields, and examples include Delta and Sigma baryons, as well as the gravitino, a

hypothesized gauge fermion partner of the graviton in supersymmetric theories of

gravity [94].

For J = 2 andm ̸= 0, there are 5 degrees of freedom, which clearly does not fit

into a vector representation. Let us then take a symmetric (0, 2) tensor field, which

has 10 independent components. The Lagrangian can be built in a way to remove 5

degrees of freedom in the equations of motion [65, 91]. But according to Eq. (1.2.25),

gravitational waves travel at the speed of light in vacuum, and so the graviton must

be a massless particle. In the massless limit, the equations of motion are still able to

remove 4 independent components
18
, leaving us with 6 of them. Since J > 0 and

m = 0, we must have only 2, and the removal of the extra 4 degrees of freedom

is once again accomplished by the introduction of gauge invariance. Then it can

be shown that the unique Lagrangian describing a massless spin 2 particle is the

one given in Eq. (1.2.7). Finally, by adopting a geometrical point of view, this gauge

invariance can be understood in terms of diffeomorphism invariance, as we have

discussed in the previous section.

1.3.2 Free gravitons

The (canonical) quantization of gravitational radiation is achieved by promoting the

metric perturbation field to a quantum operator in a plane-wave expansion [32]

ĥµν(x) =

∫
d3p

(2π)3
1√
2ωp

∑
s

[
ϵsµν(p)âp,se

ipx + ϵsµν
∗(p)â†p,se

−ipx
]
, (1.3.5)

where pµ = (ωp,p), px ≡ ηµνp
µxν , and the operator coefficients âp,s and â

†
p,s are

the annihilation and creation operators satisfying[
âp,s, â

†
p′,s′

]
= (2π)3δss′δ

3(p− p′). (1.3.6)

From the vacuum state |0⟩, which is defined as the state in Fock’s space that is

annihilated by all â′s, we obtain the one-particle state

|p, ϵs⟩ =
√

2ωpâ
†
p,s |0⟩ , (1.3.7)

which represents a graviton of momentum p and polarization s.

As far as the free theory goes, this is pretty much it. One can use the plane wave

expansion (1.3.5) to calculate any relevant two-point function, such as the Feynman

18
As in the spin 1 case, the mass term is responsible for the removal of one independent compo-

nent. That component is no longer removed when takingm = 0.
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propagator [1] or the Wightman function [32], depending on the problem at hand.

However, physical predictions come from interacting theories, and in quantum field

theory, these are usually given a perturbative treatment, which involves Feynman

diagrams and Feynman rules for computing probability amplitudes for scattering

and decay processes [65, 92, 95, 96]. These rules lead to integrals over large vir-

tual momenta, which are usually divergent. In some cases, these divergences can

be absorbed into coefficients of terms in the Lagrangian. For instance, in quantum

electrodynamics (QED), all divergences can be dealt with by the renormalization of

mass, charge, and wave function. If this is possible for all orders in perturbation

theory
19
, the theory is said to be perturbatively renormalizable. If further diver-

gences arise, one can add new terms into the Lagrangian, called counterterms, in

order to absorb them. A theory that requires an infinite number of counterterms is

perturbatively non-renormalizable [95].

1.3.3 Interacting gravitons

Let us now consider gravitational interactions. In this subsection, it will be inter-

esting to keep factors of G while retaining ℏ = c = 1 (the so-called natural units

usually used in quantum field theory texts). Also, let us rescale the metric pertur-

bation field in a way that the expansion (1.2.1) becomes

gµν = ηµν + κghµν , (1.3.8)

where κg =
√
32πG. Note that now the field hµν has mass dimension +1 since κg

has mass dimension −1. The Einstein-Hilbert action,

SEH =
2

κ2g

∫
d4x

√−gR, (1.3.9)

when linearized according to Eq. (1.3.8), becomes

SEH =
1

2

∫
d4x (−∂ρhµν∂ρhµν + 2hµν∂µ∂νh− h□h− 2hµν∂ρ∂

µhνρ). (1.3.10)

Note that the rescaled fields are now canonically normalized.

We can obtain gravity-gravity interactions by keeping higher order terms in the

Einstein-Hilbert action. An nth order interaction term (n ≥ 3) will then be propor-

tional to κn−2
g hn, so the coupling constant always has a negative mass dimension.

This is a strong indication that the theory is perturbatively non-renormalizable, for

the following reason.

19
The expansion is on powers of the coupling constant.
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Higher-order Feynman diagrams in perturbative quantum field theory contain

loop integrals, which are four-dimensional integrals over internal momenta. It is

common for these integrals to be formally infinite, which requires some regulariza-

tion procedure, such as cutting off the internal momenta at a single scale Λ, which

we would desire to set to infinity at the end of the calculation. A loop diagram,

which contributes to some desired scattering amplitude, scales as ΛD
as we take

Λ → ∞ if D ̸= 0 and as ln Λ if D = 0. The factor D is called a superficial degree of
divergence. For pure gravity, a diagram with E external graviton legs and with Vn

insertions of the vertices with dimension ∆n has [1, 65]

D = 4− E −
∑
n

Vn∆n. (1.3.11)

Since ∆n = −(n − 2), which is the mass dimension of the coupling constant of

the nth order interaction, and n ≥ 3, we always have ∆n < 0. Then there can

be an infinite number of values of E and Vn for which D > 0, meaning that there

are an infinite number of Green functions withD > 0 that contribute to scattering

amplitudes, thus requiring the addition of an infinite number of counterterms to

cancel all infinities.

It turns out that pure gravity (gravity with no matter coupling) can actually be

renormalized at one loop by the cancellation of infinities through a field redefinition;

however, such cancellations do not occur at two loops. Now, if we include coupling

with matter, for which the first-order metric expansion of the matter actions reads

Smatter =
κg
2

∫
d4xTµνh

µν , (1.3.12)

it turns out that renormalization is not possible even at the level of one loop dia-

grams [1].

Perturbative non-renormalizability does not render the theory useless and cer-

tainly does not imply that there is some kind of inconsistency between general

relativity and quantum mechanics. A non-renormalizable theory is still able to

make useful predictions at energies below some ultraviolet (UV) cutoff [95]. For

instance, the Fermi theory of weak interactions, originally developed to describe

beta decay while taking the existence of neutrinos into account, is a perturbatively

non-renormalizable theory that makes good predictions below an energy scale of

E ∼ 300GeV. The electroweak theory of Weinberg, Salam, and Glashow is what

we call the ultraviolet (UV) completion of Fermi theory, which is renormalizable

once we include a Higgs boson [65]. Similarly, graviton physics makes genuine pre-

dictions below some UV cutoff (E ∼MP, whereMP denotes the Planck mass [65]),
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such as the radiative corrections to the Newtonian potential [20]. In this sense, per-

turbative quantum gravity is a consistent effective field theory that is valid below

the UV cutoff.

While general relativity is perturbatively non-renormalizable, there is a metric

compatible, torsion free, diffeomorphism invariant quantum field theory of grav-

ity that is perturbatively renormalizable in four spacetime dimensions, which is

quadratic gravity, although it has some puzzles concerning unitarity [9, 10]. On the

other hand, a quantum field theoretical treatment of general relativity could still be

non-perturbatively renormalizable if it has a non trivial UV fixed point
20
. In that

case, a non-perturbative framework would have to be adopted, which is the ap-

proach of asymptotically safe quantum gravity [11, 12]. Lastly, it could be that the

UV behavior of quantum gravity cannot be described by the tools of quantum field

theory at all, and a completely distinct approach would be required, such as string

theory, for instance [17, 18].

In this work, we shall be satisfied with perturbative quantum gravity as an ef-

fective field theory while its UV completion remains outside our scope.

1.3.4 The PWZ approach

We now briefly turn to an important question: whether it is possible to detect sin-

gle gravitons. An argument by Freeman Dyson [21] seems to lead to the conclusion

that the detection of an individual graviton is bound to be impossible. For instance,

a gravitational wave detector like LIGO would require the separation between the

two mirrors to be less than their Schwarzschild radii in order to detect a gravi-

ton, which would lead them to collapse into black holes before the measurement

could be completed. Although the matter of single graviton detection is still un-

der debate [97, 98], another approach was recently taken by Parikh, Wilczek, and

Zahariade (PWZ) [24–26].

The basic idea behind the PWZ approach is to investigate the possible quantum

nature of the gravitational field by detecting the effect of the quantum noise induced

by the gravitons on classical particles, in the same spirit as quantum Brownian mo-

tion. In this way, the quantization of gravity in the weak-field limit is manifest in the

equations of motion followed by the classical system with which it interacts. By us-

ing a formalism due to Feynman and Vernon [37, 38], PWZ derived a Langevin-like

stochastic equation characterizing the geodesic deviation between two test parti-

cles. A similar analysis was conducted in Ref. [30] through an alternative approach

20
Afixed point is a point in the space of parameters of a given theory in which the renormalization

group flow ceases, which means that, at that point, the theory is scale invariant. When this occurs

for parameters set to zero, we call it a trivial fixed point.
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and subsequently in Ref. [27], where all graviton modes and polarizations were

taken into account.

In this work, we will follow the PWZ approach in order to investigate the deco-

herence of a composite particle induced by a weak quantized gravitational field, as

well as the entropy production arising in such a system. This will be the subject of

Part II of this thesis.

1.4 Linearized gravity in curved spacetime

Now that we have discussed linearized gravity in flat spacetime, let us next consider

a general background. We can proceed in the same way we did in Section 1.2 by

expanding the Einstein-Hilbert action around a background metric γµν . However,

such expansion at the level of the action needs to be up to second order in the

metric perturbation, and for a general background, this can become quite involved.

We will take a different approach in this section to avoid an excess of mathematical

details. The metric expansion will be made at the level of the equations of motion

(Einstein’s equation), meaning that we will keep terms only up to the first order in

the perturbation. Then, after a convenient choice of gauge, we can write an action

whose variation leads to such a linearized equation. For the full action expansion

up to second order around a general background, we refer the reader to Ref. [1].

The final goal of this section is to describe the interaction of gravitons with a

classical static Newtonian potential. This means that, although we will begin by

considering a general background γµν , we will eventually take the Newtonian limit,

where γµν is described by another small (now fixed) perturbation to Minkowski

spacetime. Thus, the quantization procedure of the gravitational radiation discussed

in Section 1.3 will remain valid for our purposes. In this sense, we will not discuss

the subtleties associated with quantum fields in general curved spacetimes [99, 100].

Finally, a word on notation. In this section, we will need to distinguish between

curvature symbols and tensors that are associated with γµν , the background metric,

and those associated with gµν , the full spacetime metric that includes the propagat-

ing gravitational radiation. For the latter, we will simply continue to use the same

notation as we have been so far, but for the Christoffel symbols associated with the

backgroundmetric, for instance, wewill denoteΓρ
µν [γ],R

ρ
σµν [γ] for the background

Riemann tensor, and so on. The covariant derivative compatible with γµν will be

denoted by Dµ.
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1.4.1 Linearized Einstein’s equation

Suppose that γµν is a known solution to Einstein’s equation (in vacuum, for simplic-

ity) and we wish to study small metric perturbations around it. In that case, the full

metric tensor takes the form gµν = γµν + hµν , where hµν denotes the perturbation

we are interested in, with |hµν | ≪ |γµν |. In the same spirit as Eq. (1.2.9), we can

consider a one-parameter family of solutions,

gµν(ϵ) = γµν + ϵhµν , (1.4.1)

such that, once again,

hµν =
dgµν(ϵ)

dϵ

∣∣∣∣
ϵ=0

. (1.4.2)

The one-parameter family of solutions satisfies Einstein’s equation, which is a

non-linear operation of the form

E [g(ϵ)] = 0. (1.4.3)

Differentiating this equation with respect to ϵ and setting ϵ = 0 leads to a linear

equation for hµν , which is the desired linearized Einstein’s equation.

Einstein’s equation in vacuum reads

Rσν = 0. (1.4.4)

The Ricci tensor depends on ϵ through gµν(ϵ). A linearized equation is then obtained

by

dRσν

dϵ

∣∣∣∣
ϵ=0

= 0. (1.4.5)

Now, recall that the Riemann tensor is defined such that

∇µ∇νV
ρ −∇ν∇µV

ρ = Rρ
σµνV

σ, (1.4.6)

for some arbitrary vector V µ
. The covariant derivative ∇µ, associated with gµν(ϵ),

can be related to the covariant derivativeDµ, associated with γµν , through the ten-

sor field (see Appendix A)

Cρ
µν =

1

2
gρσ(ϵ)[Dµgνσ(ϵ) +Dνgσµ(ϵ)−Dσgµν(ϵ)]. (1.4.7)



36 Chapter 1. Perturbative quantum gravity

Explicitly, we find

∇µ∇νV
ρ −∇ν∇µV

ρ = DµDνV
ρ −DνDµV

ρ +
(
2D[µC

ρ
ν]σ + 2Cρ

δ[µC
δ
ν]σ

)
V σ,

(1.4.8)

and thus

Rρ
σµν = Rρ

σµν [γ] + 2D[µC
ρ
ν]σ + 2Cρ

δ[µC
δ
ν]σ. (1.4.9)

The Ricci tensor associated with gµν(ϵ) is given by

Rσν = Rσν [γ] + 2D[µC
µ
ν]σ + 2Cµ

δ[µC
δ
ν]σ. (1.4.10)

Since γµν is assumed to be an exact solution of the vacuum Einstein equation, we

must have Rσν [γ] = 0 and

Rσν = −2D[νC
µ
µ]σ + 2Cµ

δ[µC
δ
ν]σ. (1.4.11)

Plugging this result back into Eq. (1.4.5) and using Eqs. (1.4.2) and (1.4.7) leads

to the linear equation for hµν ,

−1

2
DνDσh− 1

2
DµDµhσν +DµD(νhσ)µ = 0, (1.4.12)

where h = γµνhµν . Note that in the limit of flat spacetime, where γµν → ηµν and

Dµ → ∂µ, we recover Eq. (1.2.8).

We can rewrite

DµD(νhσ)µ =
1

2
DνD

µhσµ +
1

2
(DµDν −DνD

µ)hσµ

+
1

2
DσD

µhνµ +
1

2
(DµDσ −DσD

µ)hνµ

= D(νD
µhσ)µ −Rρσµν [γ]h

ρµ. (1.4.13)

Also, since h is a scalar, DνDσh = DσDνh, and thus

D(νD
µhσ)µ −

1

2
DνDσh =

1

2
Dν

(
Dµhσµ −

1

2
Dσh

)
+

1

2
Dσ

(
Dµhνµ −

1

2
Dνh

)
= D(νD

µh̄σ)µ, (1.4.14)

where

h̄µν = hµν −
1

2
γµνh. (1.4.15)
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Finally, one is left with

D(νD
µh̄σ)µ −

1

2
DµDµhσν −Rρσµν [γ]h

ρµ = 0. (1.4.16)

This is the linearized Einstein’s equation in curved spacetime.

1.4.2 TT gauge

Let us now discuss gauge invariance in this more general case. It turns out that the

equations of motion are still left invariant by the gauge transformation (1.2.12). The

difference now is that gµν(0) = γµν , and so the gauge transformation takes the form

h′µν = hµν +Dµεν +Dνεµ, (1.4.17)

for some arbitrary vector εµ. Once again, gauge freedom allows one to simplify the

equations of motion for hµν . For instance, starting with any given hµν such that

Dν h̄µν ̸= 0 in general, one can perform a gauge transformation for which the new

perturbation will satisfy

Dν h̄′µν = Dν h̄µν +DνDνεµ, (1.4.18)

where we used the fact that Rµν [γ] = 0. We may then choose εµ to satisfy

DνDνεµ = −Dν h̄µν , (1.4.19)

such that, for the perturbation in the new gauge, we now have Dν h̄Lµν = 0, which

is the generalization of the Lorenz condition to curved spacetime.

In this gauge, the linearized Einstein equation (1.4.16) becomes

DµDµh
L
σν + 2Rρσµν [γ]h

ρµ
L = 0, (1.4.20)

with the metric perturbation satisfying the gauge condition

DνhLµν −
1

2
Dµh

L = 0. (1.4.21)

In the limit of flat spacetime, Eq. (1.4.20) reduces to □hLσν = 0. In that limit,
as we saw in Section 1.2, there is a residual gauge freedom; i.e., one can perform

a further gauge transformation parametrized by a vector ξν as long as □ξν = 0,

such that both the gauge condition and the equation of motion remain satisfied.
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Then, one uses this freedom to choose h = 0 and h0i = 0, which, together with the

equations of motion, implies h00 = 0.

In the case of a curved background, however, this is not generally possible. We

can try to perform such additional gauge transformation parametrized by a vector

ξν satisfyingDµDµξν = 0 (which is necessary for keeping Eq. (1.4.21) satisfied), but

now the left-hand side of the equation of motion (1.4.20) transforms to

DµDµh
′
σν + 2Rρσµν [γ]h

′ρµ = DµDµh
L
σν + 2Rρσµν [γ]h

ρµ
L

− {Dµ(Rµσρν [γ] +Rρσµν [γ])}ξρ. (1.4.22)

We can see that the term on the last line of Eq. (1.4.22) prevents us from making

such a gauge transformation while simultaneously keeping the equations of motion

invariant.

Let us see what happens to this term when the background itself can be viewed

as a small perturbation of Minkowski spacetime,

γµν = ηµν + h(B)
µν , (1.4.23)

with |h(B)
µν | ≪ 1 as usual. Then a direct calculation yields

Dµ{Rρσµν [γ] +Rµσρν [γ]} =
1

2
∂σ□h

(B)
ρν +

1

2
∂ν∂ρ∂

µh(B)
µσ +

1

2
∂ρ∂σ∂

µh(B)
µν

+
1

2
∂ν□h

(B)
ρσ − ∂ρ□h

(B)
νσ − ∂ν∂σ∂

µh(B)
ρµ

= 0, (1.4.24)

where we used the fact that, since γµν is a solution to Einstein’s equation in vacuum,

the background perturbation h
(B)
µν must satisfy the linearized equation (1.2.8).

In other words,when the background metric can be treated as a small perturbation
of Minkowski spacetime, the term preventing us from performing the residual gauge

transformation on hµν vanishes up to first order in h
(B)
µν . One is then allowed to

choose ξµ satisfyingDµDµξν = 0, such thath = 0 andh0i = 0. The gauge condition

then becomes

Dµh
µν = 0. (1.4.25)

Particularly, the ν = 0 component of this equation reads

∂0h
00 +

{
Γµ
µ0[γ] + Γ0

00[γ]
}
h00 + Γ0

ij[γ]h
ij = 0. (1.4.26)
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Explicitly, one has

Γ0
µν [γ] =

1

2

(
∂µh

(B)
ν0 + ∂νh

(B)
0µ − ∂0h

(B)
µν

)
, (1.4.27a)

Γµ
µν [γ] =

1

2
∂νh

(B). (1.4.27b)

If the metric perturbation is static, one obtains Γµ
µ0[γ] = Γ0

00[γ] = 0. Additionally, if
h
(B)
0i = 0, we also have Γ0

ij[γ] = 0, and thus

∂0h
00 = 0. (1.4.28)

Then, since h00 is just a constant, one can choose suitable boundary conditions such

that h00 = 0.

In summary, for a background metric which is a small static perturbation to flat
spacetime with h(B)

0i = 0, the Einstein equation for hµν reads

DµDµh
TT
ij + 2Rikjl[γ]h

kl
TT = 0, (1.4.29)

with the TT gauge conditions

Dµh
µν
TT = 0, (1.4.30a)

γµνhTT
µν = 0, (1.4.30b)

hTT
0µ = 0. (1.4.30c)

Particularly, this shows that we can impose the TT gauge conditions when the back-

ground is described in the Newtonian limit, for instance.

Finally, note that the linearized vacuum equation in TT gauge can be obtained

from the extremization of the action
21

SEH =
1

32π

∫
d4x

(
1

2
hTT
ij D

µDµh
ij
TT + hTT

ij R
ikjl[γ]hTT

kl

)
. (1.4.31)

Setting δSEH = 0 immediately leads to Eq. (1.4.29).

21
The normalization factor was chosen to match the linearized Einstein-Hilbert action in the limit

of flat spacetime. Furthermore, we note that this action matches the one presented in Ref. [1] (which

was obtained from the second-order expansion at the level of the action from the beginning) if we

consider the TT gauge and match the normalization conventions.
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1.4.3 Newtonian limit

The Newtonian limit of general relativity is described by Eq. (1.4.23), for which case

we have

h(B)
µν = −2ϕδµν , (1.4.32)

with ϕ = ϕ(x) being the time-independent Newtonian potential. Thenwe can show

that

hTT
ij R

ikjl[γ]hTT
kl = −2ϕ(∂kh

TT
ij )(∂ihjkTT) + boundary terms, (1.4.33)

where we used the gauge conditions

0 = γµνh
µν
TT = (1− 2ϕ)δijh

ij
TT =⇒ δijh

ij
TT = 0, (1.4.34a)

and

0 = ϕDµh
µν
TT = ϕ ∂µh

µν +O(ϕ2) =⇒ ϕ ∂ih
ij = 0. (1.4.34b)

Additionally, for the background metric given by Eq. (1.4.23), we have, to first order

in h
(B)
µν ,

hTT
ij DµD

µhijTT = γµνhTT
ij ∂µ∂νh

ij
TT + 2hTT

ij (∂µΓi
µk[γ])h

kj
TT

− hTT
ij η

µνΓλ
µν [γ]∂λh

ij
TT + 4hTT

ij Γi
µk[γ]∂

µhkjTT. (1.4.35)

In the Newtonian limit, the only non-vanishing Christoffel symbols are

Γi
00[γ] = ∂iϕ, (1.4.36a)

Γ0
0i[γ] = Γ0

i0[γ] = ∂iϕ, (1.4.36b)

Γk
ij[γ] = δij∂

kϕ− δkj ∂iϕ− δki ∂jϕ. (1.4.36c)

Then, after some manipulations involving integration by parts and the gauge con-

ditions, while keeping only terms up to the first order in ϕ, we find

SEH =
1

64π

∫
d4x γµνhTT

ij ∂µ∂νh
ij
TT

=
1

64π

∫
d4x

(
hTT
ij □hijTT + 2ϕhTT

ij δµν∂
µ∂νhijTT

)
. (1.4.37)

The action Eq. (1.4.37) can be thought of as describing gravitational radiation in

flat spacetime interacting with a static Newtonian potential. At the quantum level,

the quantization procedure follows as described in Section 1.3. This action then de-

scribes graviton scattering by a Newtonian potential. In Appendix B we compute
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the differential cross section for a graviton scattered by a Newtonian source behav-

ing like ϕ(r) = −MN/r, with r
2 = δijx

ixj andMN being the mass of the source.

The result is
22
[101, 102]

dσ

dΩ
=

G2M2
N

c4 sin4 θ
2

(
cos8

θ

2
+ sin8 θ

2

)
, (1.4.38)

with θ being the scattering angle. The behavior of the differential cross section can

be seen from Figure 1.5 to be strongly dominated by regions in which θ ≪ 1, going

as

dσ

dΩ
∼ G2M2

N

c4
1

θ4
. (1.4.39)

Such small probability for higher values of the scattering angle reflects theweakness

of the gravitational interaction.
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Figure 1.5: Differential cross section as a function of the scattering

angle.

22
Restoring the universal constants once again.
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Chapter 2

Environment-induced decoherence

The concept of a closed system is a useful but sometimes oversimplified idealization

in physics, since it is based on the idea that one can isolate an object of interest

from any interaction with its surroundings. In practice, one tries to minimize these

unwanted influences in order to study such approximately closed systems. Now,

while classical systems are subject to momentum and energy exchanges with the

environment, which can be neglected inmost cases (as, for instance, in the collisions

between dust particles and a tennis ball), quantum systems, in addition to these

kinds of influences, can also become entangled with the environment.

Entanglement is a strong correlation that has no classical analogue. If two quan-

tum systems are found in an entangled state, then measurements performed on one

of the subsystems will reveal some amount of information about the other, even if

they are spatially separated over large distances. Now, consider a quantum system

that is initially prepared in a superposition of mutually orthogonal states. Assuming

that the quantum description of nature is universal, the system of interest will, in

general, become entangled after interacting with its (quantum) environment. The

environmental degrees of freedom (DoFs) can then be thought of as probing the

quantum system while acquiring some measure of "which-path information" (or

"which-state information", more generally). There is no fundamental principle that

prevents us from measuring these environmental DoFs and acquiring such infor-

mation, even though one typically does not do so, either by choice or due to some

practical limitation (in fact, this is often the criterion used to determine which sys-

tem is the system of interest and which one is the environment). As a consequence,

measurements performed on the system will be less and less able to detect inter-

ference terms between the components of the superposition (the coherences) as

the environment acquires more and more which-state information. In the limiting

case, all coherences are somewhat "destroyed"
1
and the system can only be found in

1
To be more precise, the interaction with the environment does not destroy the initial quantum

superposition but rather enlarges it to include the environment itself. Decoherence happens when

such superposition becomes unobservable at the level of the system of interest alone, giving the

impression that it has been destroyed (although it is still there).
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definite "semi-classical" states. This process is called environment-induced de-
coherence, or simply decoherence [103–110].

Environment-induced decoherence refers to the phenomenon of the irreversible

loss of quantum coherence from a system that is coupled to an environment, as well

as the dynamical selection of the observable properties of the system. It is a purely

quantum phenomenon, and it can occur alongside some "classical" aspects of en-

vironmental interactions, such as dissipation. Now, since a quantum state can be

expressed as different superpositions of different bases of the Hilbert space, deco-

herence is a basis-dependent phenomenon. In general, it is the way the system in-

teracts with a given environment that dictates which basis will be more susceptible

to the loss of quantum coherence. For instance, if the interaction Hamiltonian cou-

ples environment operators with the system position operator, then we can think

of the environment as probing the position of the system at each time instant, and

decoherence will eventually occur in the position basis, thereby localizing the sys-

tem. This selection of observable properties is the aspect of decoherence that is most

related to the quantum-to-classical transition, the dynamical selection of a few "clas-

sical" observable quantities like energy, position, and momentum. For discussions

concerning this connection, and further connections with different interpretations

of quantum mechanics, see Ref. [111] and references therein.

In this chapter, we present a somewhat general overview of the decoherence

program in order to establish the physics behind the phenomenon before we spe-

cialize in the case of a gravitational environment for the remainder of this work.

We begin by exploring the basic ideas behind decoherence in Section 2.1, mak-

ing our discussion more precise and explicitly showing the consequences of the

system-environment entanglement. Then, in Section 2.2, we introduce the influ-

ence functional formalism to open quantum systems. Since more common tech-

niques involve the so-called master equations, we show the equivalence of the two

approaches in Section 2.3, where we also explore the physical interpretation of each

term encompassing the influence of the environment on the open quantum system.

We do this by considering the canonical model in which the system of interest is

described by continuous phase-space variables, while the environment is described

by a set of non-interacting harmonic oscillators. This model is usually referred to

as quantum Brownian motion, and it bears many resemblances to the problem

of a quantum particle in a bath of gravitons that we wish to consider in this work.

In Section 2.4 we explore how the localization of the system due to decoherence

can lead to the system being described by trajectories that are obtained as the solu-

tion of the Langevin equation, a Newtonian-like equation of motion governed by a
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stochastic force variable entering as noise from the environment. Finally, the phys-

ical reality of such trajectories is discussed in Section 2.5 in light of the decoherent

histories approach to quantum mechanics. This will be crucial for when we define

work for open quantum systems in Chapter 6.

2.1 Basics of decoherence

Let us consider a quantum system S coupled with an environment E . The Hilbert
space of the total system S + E is given by the tensor product H = HS ⊗ HE ,

where HS (HE ) denotes the Hilbert space of the system (environment) alone. This

separation between the system and the environment requires us to distinguish be-

tween the variables that describe the system of interest and the other (usually in-

finitely many) variables that can affect the system, but whose detailed dynamics

are of somewhat less relevance or may even be intractable from a practical point of

view. From now on, let us assume that this choice has been made in a reasonable

manner. Moreover, let us assume that one can also introduce some coarse-graining

measures that characterize the environment (as, for instance, when we describe a

bath by its thermodynamic variables).

Suppose that the total Hamiltonian can be written as

Ĥ = ĤS ⊗ ÎE + ÎS ⊗ ĤE + ĤI , (2.1.1)

where ĤS (ĤE ) is the free Hamiltonian of the system (environment), while ÎS (ÎE )

denotes the identity on the system (environment) subspace. The interaction be-

tween them is described by ĤI . All the operators are written in the Schrödinger

picture, and we have assumed that the Hamiltonian contains no explicit time de-

pendence. The interaction Hamiltonian can be written as

ĤI =
∑
α

Ŝα ⊗ Êα, (2.1.2)

which is the most general form, namely a diagonal decomposition of the system and

environment Hermitian operators Ŝα and Êα. This interaction Hamiltonian singles

out a specific set of orthonormal basis vectors of the system, {|sn⟩}, which satisfy

Ŝα |sn⟩ = s(α)n |sn⟩ for all n and α. (2.1.3)
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For simplicity, let us assume that [ĤS , Ŝα] = 0. In the interaction picture, we

have

ĤI(t) = eiĤ0tĤIe
−iĤ0t =

∑
α

Ŝα ⊗ Êα(t), (2.1.4)

where Ĥ0 = ĤS⊗ ÎE+ ÎS⊗ĤE and Êα(t) = eiĤE tÊαe
−iĤE t

. The interaction picture

time-evolution operator for the total system is then

Û(t) = T exp

[
−i
∫ t

0

dt′
∑
α

Ŝα ⊗ Êα(t
′)

]
, (2.1.5)

with T denoting the time ordering operation, which takes any product of time de-

pendent operators and changes the order such that later times are on the left.

Now consider an initial state |ψ(0)⟩ = |sn⟩ ⊗ |E(0)⟩, where |E(0)⟩ stands for
the environment initial state. Since this is a product state, it means that initially

there is no entanglement between the system and the environment. According to

Eq. (2.1.5), this state evolves to

|ψ(t)⟩ = Û(t) |ψ(0)⟩

= T exp

[
−i
∫ t

0

dt′
∑
α

Ŝα ⊗ Êα(t
′)

]
|sn⟩ ⊗ |E(0)⟩

= |sn⟩ ⊗
{
T exp

[
−i
∫ t

0

dt′
∑
α

s(α)n Êα(t
′)

]
|E(0)⟩

}
. (2.1.6)

Since the final state is still described by a tensor product, this means that a system

initially in the state |sn⟩ does not become entangled with the environment. We say

it represents an environment-superselected preferred state [109].

However, let us now consider the initial state

|Ψ(0)⟩ =
(∑

n

cn |sn⟩
)

⊗ |E(0)⟩ , (2.1.7)

which is still a product state and therefore contains no entanglement. The difference

here is that the initial state of the system alone is described by a superposition of

the state vectors |sn⟩. It is not hard to see that the total state evolves to

|Ψ(t)⟩ =
∑
n

cn |sn⟩ ⊗ |En(t)⟩ , (2.1.8)

where

|En(t)⟩ = T exp

[
−i
∫ t

0

dt′
∑
α

s(α)n Êα(t
′)

]
|E(0)⟩ . (2.1.9)
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The state (2.1.8) cannot be written as a tensor product since it is a superposition

of the states |sn⟩⊗|En(t)⟩, and thus it represents an entangled system-environment

state. We see that the initial superposition of system states has been enlarged to

include the environment, and one can no longer attribute a specific state to the

system alone. However, if one wishes to perform measurements only in the system

of interest, then one needs to compute expectation values of system observables by

using the reduced density matrix, which is obtained from the total density matrix

ρ̂(t) = |Ψ(t)⟩ ⟨Ψ(t)| by performing a partial trace with respect to the environment

variables [112],

ρ̂S(t) = TrE{|Ψ(t)⟩ ⟨Ψ(t)|}

=
∑
i

⟨i|
(∑

n

cn |sn⟩ ⊗ |En(t)⟩
)(∑

m

c∗m ⟨sm| ⊗ ⟨Em(t)|
)
|i⟩

=
∑
n

∑
m

∑
i

cnc
∗
m |sn⟩ ⟨sm| ⟨i|En(t)⟩ ⟨Em(t)|i⟩

=
∑
n,m

cnc
∗
m |sn⟩ ⟨sm| ⟨Em(t)|En(t)⟩ , (2.1.10)

where {|i⟩} denotes a complete set of environment orthonormal basis vectors. Since

⟨En(t)|En(t)⟩ = 1, the diagonal elements of ρ̂S(t) are constant over time. However,

the off-diagonal elements, which are called coherences, do change over time. The

time dependence of the matrix element ⟨sn|ρ̂S(t)|sm⟩ is given by the overlap of the

corresponding environment states |En(t)⟩ and |Em(t)⟩, which is usually written as

|⟨En(t)|Em(t)⟩| = exp[−Γnm(t)]. (2.1.11)

When the quantity Γnm(t) satisfies Γnm(t) ≥ 0, we call it the decoherence func-
tion [110]. The matrix element ρnmS = ⟨sn|ρ̂S |sm⟩ can then be written as

ρnmS (t) = ρnmS (0)e−Γnm(t), (2.1.12)

where ρnmS (0) = cnc
∗
m.

The time dependence of the decoherence function depends on many variables,

such as the system-environment coupling and the total system initial state. For

many physical systems of interest, the system-environment interaction leads to a

rapid decrease in the overlap between the environment states |En(t)⟩ and |Em(t)⟩,
m ̸= n, which can be found to vanish after times that are long compared to a typical

timescale τdec,

⟨En(t)|Em(t)⟩ → δnm for t≫ τdec. (2.1.13)
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The timescale τdec is called the decoherence time, usually defined by the condition
Γnm(τdec) = 1. For times much larger than τdec, the reduced system density matrix

approaches

ρ̂S(t) →
∑
n

|cn|2 |sn⟩ ⟨sn| for t≫ τdec. (2.1.14)

Physically, this means that superpositions of the states |sn⟩, which were initially

present, are effectively "destroyed" in the sense that they are no longer observable

for any measurement performed on the system S . The coherent superposition has

transitioned to an incoherent statistical mixture, and the reduced density matrix has

become diagonal in the particular set of basis states |sn⟩. This environment induced

transition is the phenomenon known as decoherence.
In the following sections, we will discuss a specific canonical model that exhibits

and illustrates environment-induced decoherence in a quantum system. To do so,

we will first need to establish a formalism for describing open quantum systems.

2.2 The Feynman-Vernon influence functional

Having introduced the ideas behind the phenomenon of decoherence, let us next

present the formalism of the Feynman–Vernon influence functional in order to study

the general dynamics of an open quantum system [37–39]. We begin with a brief

review of the path integral formulation of quantum mechanics, followed by the

study of open quantum systems using the influence functional approach. Lastly, we

present an example of an open system linearly coupled with an environment, which

will be very relevant to this work.

2.2.1 Path integrals

In the Schrödinger picture of quantum mechanics, the states evolve in time accord-

ing to

|ψ(t)⟩ = Û(t, t0) |ψ(t0)⟩ , (2.2.1)

where the unitary time evolution operator from initial time t0 to time t reads

Û(t, t0) = T

[
exp

(
−i
∫ t

t0

dt′ Ĥ(t′)

)]
(2.2.2)

with Ĥ(t) being the Hamiltonian operator and T standing for time ordering.

For simplicity, let us consider a system described by a single degree of freedom

x, which denotes the spectral family of the position operator X̂ , X̂ |x⟩ = x |x⟩.
The inner product ψ(x) = ⟨x|ψ⟩ is what we call the wavefunction in the position
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representation. In terms of the wavefunction, the time evolution (2.2.1) reads

ψ(x, t) = ⟨x|ψ(t)⟩ =
∫ ∞

−∞
dx0 ⟨x|Û(t, t0)|x0⟩ ⟨x0|ψ(t0)⟩ , (2.2.3)

where we introduced a completeness relation. We can rewrite the last equation as

ψ(x, t) =

∫ ∞

−∞
dx0K(x, t; x0, t0)ψ(x0, t0). (2.2.4)

The functionK(x, t; x0, t0) = ⟨x|Û(t, t0)|x0⟩ is called the propagator, which is an
amplitude to move from point x0 at t0 to point x at t.

In the path integral formulation of quantum mechanics, the propagator is ob-

tained from

K(xf , tf ; x0, t0) =

x(tf )=xf∫
x(0)=x0

Dx eiS[x(t)], (2.2.5)

where the integral over the measureDx denotes a sum over all paths x(t) that lead

from x0 to xf , and S[x(t)] is the classical action (the time integral from t0 to tf of the

system’s Lagrangian) computed for each path. One can arrive at (2.2.5) by dividing

the time interval [t0, tf ] intoN infinitesimal intervals of length δt, inserting a com-

pleteness relation for each intermediate point xi, i ∈ [0, N ], into ⟨x|Û(t, t0)|x0⟩,
computing all matrix elements by using the expression for the time evolution oper-

ator (2.2.2), and finally taking the limitN → ∞ (δt→ 0) [65, 95, 96]. Alternatively,

one can take Eq. (2.2.5) as a time evolution postulate of quantum mechanics and

show that the wavefunction (2.2.4) must obey Schrödinger’s equation [38]. Both

formulations of quantum mechanics are equivalent.

The Feynman path integral formalism, as described by Eq. (2.2.5), remarkably

tells us that the time evolution of the quantum state |ψ⟩ is described by an integral

over all paths from the beginning to the endpoint, weighted by the exponential of

the classical action. However, our description of the quantum system may not be

given by a single ket in Hilbert space, but rather by a given class of states |ψi⟩ for
which our knowledge does not allow us to go beyond assigning a probability of

occurrence pi to each member of this class. We then describe the system using a

density matrix,

ρ̂ =
∑
i

pi |ψi⟩ ⟨ψi| . (2.2.6)

We always have Tr ρ̂ = 1, while in general Tr ρ̂2 ≤ 1. Kets in the Hilbert space are

represented by particular cases of density matrices with Tr ρ̂2 = 1 (also called pure
states, while states with Tr ρ̂2 < 1 are calledmixed states). It follows from Eqs. (2.2.1)
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and (2.2.6) that the time evolution of the density matrix is given by

ρ̂(t) = Û(t)ρ̂(0)Û †(t), (2.2.7)

where we are taking the initial time instant as t0 = 0 and denoting Û(t) ≡ Û(t, 0).

We can obtain a path integral representation for the time evolution of the den-

sity matrix by considering the matrix element ρ(x, x′, t) ≡ ⟨x|ρ̂(t)|x′⟩. By inserting
completeness relations and using the path integral representation for the propaga-

tor (2.2.5), we arrive at
2

ρ(x, x′, t) = ⟨x|Û(t)ρ̂(0)Û †(t)|x′⟩

= ⟨x|Û(t)
(∫ ∞

−∞
dx0 |x0⟩ ⟨x0|

)
ρ̂(0)

(∫ ∞

−∞
dx′0 |x′0⟩ ⟨x′0|

)
Û †(t)|x′⟩

=

∫ ∞

−∞
dx0dx

′
0 ⟨x|Û(t)|x0⟩ ⟨x′0|Û †(t)|x′⟩ ⟨x0|ρ̂(0)|x′0⟩

=

∫ ∞

−∞
dx(0)dx′(0)

x(t)=x
x′(t)=x′∫

x(0)=x0

x′(0)=x′
0

DxDx′ ei(S[x]−S[x′])ρ(x(0), x′(0), 0). (2.2.8)

As we can see, the time evolution of the density matrix involves two histories of the

system, rather than a single one, as in the time evolution of thewave function (2.2.4).

2.2.2 The influence functional

Let us again consider an open quantum system S coupled with a quantum environ-

ment E . While the dynamics of the combined (closed) total system S+E are unitary,

the state of the system S , a subsystem of the combined one, will evolve according

to its internal dynamics as well as to its interactions with the surroundings. These

interactions lead to system-environment correlations such that the dynamics of the

system S will not be unitary in general. The dynamics of the system S are called

the reduced system dynamics, and the system S itself is referred to as the reduced
system [110].

The action of the total system is usually a sum of three terms: one describing

the system alone, another for the dynamics of the environment, and the interaction

between them. Let us then consider a system S described by a set of variables

x = {xn} that interacts with an environment E described by variables q = {qn}.
2
Aword on notation, as it can become quite confusing from this point on: whenwe have variables

like x and q in a path integral measure, like Dx and Dq, or inside square brackets like in S[x, q], we
are referring to the functions x(t), q(t), and so on. Everywhere else, we are referring to the spatial

points x or q, which are often the endpoints of paths x(t) and q(t).
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The classical action takes the form

S[x, q] = SS [x] + SE [q] + SI [x, q], (2.2.9)

where the action SI [x, q] describes the interaction between the system and the en-

vironment. The quantum state of the total system is described by the density matrix

ρ(xq, x′q′, t) depending on both system and environment variables. It evolves uni-

tarily under the total Hamiltonian, according to [39]

ρ(xq, x′q′, t) =

∫ ∞

−∞
dx0dq0

∫ ∞

−∞
dx′0dq

′
0 J (xq, x′q′, t|x0q0, x′0q′0, 0) ρ(x0q0, x′0q′0, 0),

(2.2.10)

where ρ(xq, x′q′, t) ≡ ⟨xq|ρ̂(t)|x′q′⟩, and J is seen as a time evolution kernel for

the total combined system, given by

J (xq, x′q′, t|x0q0, x′0q′0, 0) =

x(t)=x
x′(t)=x′∫

x(0)=x0

x′(0)=x′
0

DxDx′

q(t)= q
q′(t)= q′∫

q(0)= q0
q′(0)= q′0

DqDq′ ei(S[x,q]−S[x′,q′]).

(2.2.11)

However, when dealing with open quantum system dynamics, one is usually

interested in computing expectation values of system observables while taking no

interest in the environment dynamics. The expectation value of such observables

is computed with the reduced density matrix ρ̂S , which is obtained from the total

density matrix by a partial trace over the environment variables,

ρS(x, x
′, t) =

∫ ∞

−∞
dq ρ(xq, x′q, t). (2.2.12)

Assuming that at t = 0 the system and environment are uncorrelated,

ρ(x0q0, x
′
0q

′
0, 0) = ρS(x0, x

′
0, 0)ρE(q0, q

′
0, 0), (2.2.13)

we can rearrange the order of integration to write the reduced density matrix as

ρS(x, x
′, t) =

∫ ∞

−∞
dx0dx

′
0 JS(x, x

′, t|x0, x′0, 0)ρS(x0, x′0, 0), (2.2.14)
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where the time evolution kernel for the reduced system reads

JS(x, x
′, t|x0, x′0, 0) ≡

x(t)=x
x′(t)=x′∫

x(0)=x0

x′(0)=x′
0

DxDx′ ei(SS [x]−SS [x
′])F [x, x′]. (2.2.15)

The functionalF [x, x′] is called the Feynman-Vernon influence functional, and
it is given by

F [x, x′] = eiSIF[x,x
′,t]

=

∫ ∞

−∞
dqdq0dq

′
0 ρE(q0, q

′
0, 0)

×
q(t)= q′(t)= q∫
q(0)= q0
q′(0)= q′0

DqDq′ ei(SE [q]+SI [x,q]−SE [q
′]−SI [x

′,q′]). (2.2.16)

Here, SIF is called the influence action, and it encodes all influence from the en-

vironment on the system. Its presence in the time evolution (2.2.14) induces an in-

teraction between the two histories x and x′, being responsible for the non-unitary

evolution.

We can list some general properties of the influence functional [37–39]:

1. In terms of the time evolution operators Û(t) and Û ′(t) for SE [q] + SI [x, q]

and SE [q] + SI [x
′, q], respectively, the influence functional can be expressed

as

F [x, x′] =

∫ ∞

−∞
dqdq0dq

′
0 ρE(q0, q

′
0, 0) ⟨q|Û(t)|q0⟩ ⟨q′0|Û ′†(t)|q⟩

=

∫ ∞

−∞
dqdq0dq

′
0 ⟨q′0|Û ′†(t)|q⟩ ⟨q|Û(t)|q0⟩ ⟨q0|ρ̂E(0)|q′0⟩

= TrE

{
Û(t)ρ̂E(0)Û ′†(t)

}
=
〈
Û ′†(t)Û(t)

〉
E
, (2.2.17)

where ⟨·⟩E denotes the average with respect to the environment initial state

ρ̂E(0).

2. The influence functional satisfies

F [x, x′] = F∗[x′, x], (2.2.18)

which follows immediately from Eq. (2.2.17).
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3. The influence action satisfies

SIF[x, x, t] = 0, (2.2.19)

which can be easily seen from Eq. (2.2.17) by recalling that TrE ρ̂E(0) = 1.

4. If a number of statistically and dynamically independent environments act

on the system at the same time, and if Fk denotes the influence functional of

the kth environment alone, the total influence is given by the product of the

individual Fk,

F =
∏
k

Fk. (2.2.20)

The path integral representation (2.2.16) involves two histories q and q′ that

may be described as an integral over a single history defined on a closed time path

(CTP) due to the boundary condition q(t) = q′(t). Throughout the remainder of

this section, we shall follow Ref. [39] and denote x(t) = x1(t), x′(t) = x2(t) such

that xa, a = 1, 2, can be thought of as a single doublet field defined on a single time

path. We also define a metric tensor cab = diag(1,−1), which, together with its

inverse cab = diag(1,−1), may be used to raise and/or lower indices, as in x1 =

c1ax
a = c11x

1 = x1 = x and x2 = c2ax
a = c22x

2 = −x2 = −x′. In this CTP

notation, the kinetic terms in the system Lagrangian, for instance, will be written

as cabẋ
aẋb = ẋaẋ

a = ẋ2 − ẋ′2. We refer to the CTP action S[xa] ≡ S[x] − S[x′]

when considering the contributions from both branches of the closed time path. In

CTP notation, the influence functional (2.2.16) is written as

F [xa] =

∫ ∞

−∞
dq1(t)dq1(0)dq2(0) ρE(q

1(0), q2(0), 0)

×
∫

q1(t)= q2(t)

Dqa ei(SE [q
a]+SI [x

a,qa]).
(2.2.21)

Having discussed the general properties of the influence functional, let us now

consider a specific example of an environment that is linearly coupled to the system.

2.2.3 Linear coupling model

The linear coupling model is described by the assumptions that the environmen-

tal action is quadratic in the q variables, the initial environmental density matrix

is Gaussian, and the interaction term is bilinear (linear in the system and environ-

mental variables). This is the case for the model of quantum Brownian motion, for

instance, in which the environmental action describes harmonic oscillators, and it
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will also be the case for the problem of a quantum particle in a bath of gravitons, as

we will see in Chapter 4.

Let us then work under all these assumptions and take an interaction of the

form
3

SI [x, q] =

∫
dt xa(t)Qa[q(t)], (2.2.22)

where the Q’s are linear combinations of the q’s. In that case, the influence func-

tional (2.2.16) becomes a functional Fourier transform of a Gaussian functional of

historiesQ(t) andQ′(t). Since the Fourier transform of a Gaussian is another Gaus-

sian, we conclude that, under all these assumptions, the influence action must also

be quadratic in x and x′ [39]. Therefore, we write

SIF[x
a] =

1

2

∫
dtdt′ xa(t)Gab(t, t

′)xb(t′), (2.2.23)

where

Gab(t, t
′) = −i δ2

δxa(t)δxb(t′)
eiSIF[x

a]

∣∣∣∣
xa =0

, (2.2.24)

with the δ notation denoting functional derivatives. A direct variation fromEq. (2.2.21)

with SI given by Eq. (2.2.22) yields

δ2

δxa(t)δxb(t′)
eiSIF[x

a]

∣∣∣∣
xa =0

= −
∫ ∞

−∞
dq1(tf )dq

1(0)dq2(0)

×
∫

q1(tf )= q2(tf )

Dqa eiSE [q
a]Qa(t)Qb(t

′) ρE(q
1(0), q2(0), 0). (2.2.25)

Explicitly,

G11(τ, τ
′) = i

∫ ∞

−∞
dqdq(0)dq′(0) ρE(q(0), q

′(0), 0)

×
∫

q(t)= q′(t)= q

DqDq′ ei(SE [q]−SE [q
′])Q(τ)Q(τ ′),

(2.2.26a)

G12(τ, τ
′) = −i

∫ ∞

−∞
dqdq(0)dq′(0) ρE(q(0), q

′(0), 0)

×
∫

q(t)= q′(t)= q

DqDq′ ei(SE [q]−SE [q
′])Q(τ)Q′(τ ′),

(2.2.26b)

3
A more precise notation would be SI [x, q, t] =

∫ t

0
dt′ xa(t′)Qa[q(t

′)].
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G21(τ, τ
′) = −i

∫ ∞

−∞
dqdq(0)dq′(0) ρE(q(0), q

′(0), 0)

×
∫

q(t)= q′(t)= q

DqDq′ ei(SE [q]−SE [q
′])Q′(τ)Q(τ ′),

(2.2.26c)

G22(τ, τ
′) = i

∫ ∞

−∞
dqdq(0)dq′(0) ρE(q(0), q

′(0), 0)

×
∫

q(t)= q′(t)= q

DqDq′ ei(SE [q]−SE [q
′])Q′(τ)Q′(τ ′).

(2.2.26d)

In order to compute these in canonical form, let us use the fact that the propa-

gator (2.2.5) satisfies [38]

K(xb, tb; xa, ta) =

∫ ∞

−∞
dxcK(xb, tb; xc, tc)K(xc, tc; xa, ta), (2.2.27)

where xc = x(tc) and ta < tc < tb. Then, by assuming τ > τ ′, we may write∫
q(t)= q′(t)

DqDq′ ei(SE [q]−SE [q
′])Q(τ)Q(τ ′)

=

∫ ∞

−∞
dq(τ ′)dq(τ)

∫
0≤ t′ ≤ τ ′

Dq(t′) eiSE [q(t
′)]Q(τ ′)

∫
τ ′ ≤ t′ ≤ τ

Dq(t′) eiSE [q(t
′)]Q(τ)

×
∫

τ ≤ t′ ≤ t

Dq(t′) eiSE [q(t
′)]

∫
0≤ t′ ≤ t

Dq′(t′)e−iSE [q
′(t′)], (2.2.28)

where q(t′) and q′(t′) denote the integration (path) variables, and the subscripts

on the right-hand side of the equation indicate the time interval in which the path

integral is being computed. We may now identify each path integral as a matrix

element for the environment free time evolution operator ÛE(t) = e−iĤE t
and write

−iG11(τ, τ
′) =

∫ ∞

−∞
dq(t)dq(0)dq′(0)dq(τ ′)dq(τ)

× ⟨q(t)|ÛE(t, τ)|q(τ)⟩ Q(τ) ⟨q(τ)|ÛE(τ, τ
′)|q(τ ′)⟩ Q(τ ′)

× ⟨q(τ ′)|ÛE(τ
′, 0)|q(0)⟩ ⟨q(0)|ρE(0)|q′(0)⟩ ⟨q′(0)|ÛE(0, t)|q(t)⟩

=

∫ ∞

−∞
dq(t)dq(τ ′)dq(τ) ⟨q(t)|ÛE(t, τ)Q̂|q(τ)⟩

× ⟨q(τ)|ÛE(τ, τ
′)Q̂|q(τ ′)⟩ ⟨q(τ ′)|ÛE(τ

′, 0)ρE(0)ÛE(0, t)|q(t)⟩

=

∫ ∞

−∞
dq(t) ⟨q(t)|ÛE(t, τ)Q̂ÛE(τ, τ

′)Q̂ÛE(τ
′, 0)ρE(0)ÛE(0, t)|q(t)⟩

= TrE

{
ÛE(t, τ)Q̂ÛE(τ, τ

′)Q̂ÛE(τ
′, 0)ρE(0)ÛE(0, t)

}
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= TrE

{
ÛE(0, t)ÛE(t, τ)Q̂ÛE(τ, τ

′)Q̂ÛE(τ
′, 0)ρE(0)

}
= TrE

{
ÛE(0, τ)Q̂ÛE(τ, 0)ÛE(0, τ

′)Q̂ÛE(τ
′, 0)ρE(0)

}
= TrE

{
Û †
E(τ)Q̂ÛE(τ)Û

†
E(τ

′)Q̂ÛE(τ
′)ρE(0)

}
=
〈
Q̂(τ)Q̂(τ ′)

〉
E
, (τ > τ ′) (2.2.29)

where Q̂(τ) is an operator in the interaction picture, Q̂(τ) = Û †
E(τ)Q̂ÛE(τ). In the

expressions above, we used the composition rule ÛE(t, t
′)ÛE(t

′, t0) = ÛE(t, t0). It is

interesting to note that if we had not specified the temporal relation between τ and

τ ′, the path integral would have automatically set the latest time to the left. This

means that we can write the general result

G11(τ, τ
′) = i

〈
T

[
Q̂(τ)Q̂(τ ′)

]〉
E
. (2.2.30)

By completely analogous procedures, we canwrite the other components (2.2.26)

in canonical form and obtain

G(t, t′) = i

〈T[Q̂(t)Q̂(t′)]〉E −
〈
Q̂(t′)Q̂(t)

〉
E

−
〈
Q̂(t)Q̂(t′)

〉
E

〈
T̃

[
Q̂(t)Q̂(t′)

]〉
E

, (2.2.31)

where T̃ denotes anti-time ordering, which takes any product of time dependent

operators and changes the order such that later times are on the right. Also G
denotes the matrix whose elements are the Gab’s.

The influence action (2.2.23) can then be written as

SIF[x, x
′] =

i

2

∫
dtdt′

{〈
T

[
Q̂(t)Q̂(t′)

]〉
E
x(t)x(t′)−

〈
Q̂(t′)Q̂(t)

〉
E
x(t)x′(t′)

−
〈
Q̂(t)Q̂(t′)

〉
E
x′(t)x(t′) +

〈
T̃

[
Q̂(t)Q̂(t′)

]〉
E
x′(t)x′(t′)

}
. (2.2.32)

We can write it in a more compact form by introducing the variables u = x − x′

and X = (x + x′)/2. Additionally, we use the property θ(−x) = 1 − θ(x) of the

step function to write

T

[
Q̂(t)Q̂(t′)

]
= θ(t− t′)

[
Q̂(t), Q̂(t′)

]
+ Q̂(t′)Q̂(t), (2.2.33a)

and

T̃

[
Q̂(t)Q̂(t′)

]
= −θ(t− t′)

[
Q̂(t), Q̂(t′)

]
+ Q̂(t)Q̂(t′), (2.2.33b)
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with [·, ·] denoting the commutator between operators. Then, after a fair amount of

algebraic manipulations, we arrive at

SIF[x, x
′] =

∫
dtdt′

[
u(t)D(t, t′)X(t′) +

i

2
u(t)N(t, t′)u(t′)

]
, (2.2.34)

where we have defined the dissipation and noise kernels

D(t, t′) = i
〈[
Q̂(t), Q̂(t′)

]〉
E
θ(t− t′), (2.2.35a)

N(t, t′) =
1

2

〈{
Q̂(t), Q̂(t′)

}〉
E
, (2.2.35b)

respectively. Here {·, ·} denotes the anti-commutator between operators.

The physical interpretation of these kernels, as well as the reason for their

nomenclature, will become more evident once we derive a master equation for the

reduced density matrix in the next section.

2.3 The master equation

For closed quantum systems, the time evolution can be described entirely in terms

of the density matrix by the Liouville-von Neumann equation,

d

dt
ρ̂(t) = −i

[
Ĥ, ρ̂(t)

]
, (2.3.1)

where Ĥ is the total Hamiltonian of the system. This time evolution is unitary, and

the same cannot be said when the system is open. In that case, the Liouville-von

Neumann equation is replaced by the so-called master equations. For most cases of

interest, the time evolution of the reduced density matrix for a system coupled with

an environment takes the form [109, 110]

d

dt
ρ̂S(t) = −i

[
Ĥ ′

S , ρ̂S(t)
]
+ D̂[ρ̂S(t)]. (2.3.2)

Here Ĥ ′
S is the part of the Hamiltonian that acts only on the system of interest.

In general, Ĥ ′
S ̸= ĤS , since the interaction with the environment can lead to a

renormalization of the energy levels of the system, an effect usually referred to as

the Lamb-shift contribution [109]. Additionally, the presence of the environment

introduces the second term on the right-hand side of Eq. (2.3.2), which is responsible

for the non-unitary time evolution of the reduced system. The super-operator
4 D̂

4
A super-operator refers to an operator that acts on another operator.
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is sometimes referred to as the dissipator, and it is responsible for the effects of

dissipation and decoherence.

A master equation like Eq. (2.3.2) is usually obtained from the Liouville-von

Neumann equation for the total combined system by taking the partial trace over

the environment variables, assuming an initial product state (as we have done in the

previous section), and further imposing some other approximations, like the Born

and Markov approximations
5
(see Refs. [109, 110] for the details). Here we will

simply show how we can obtain a master equation for the reduced density matrix

from the influence functional approach.

2.3.1 Deriving the master equation

We begin by writing an expression for ρS(xf , x
′
f , t+∆t) in terms of ρS(x, x

′, t),

ρS(xf , x
′
f , t+∆t) =

∫ ∞

−∞
dxdx′ JS(xf , x

′
f , t+∆t|x, x′, t)ρS(x, x′, t), (2.3.3)

where

JS(xf , x
′
f , t+∆t|x, x′, t) =

x(t+∆t)=xf

x′(t+∆t)=x′
f∫

x(t)=x
x′(t)=x′

DxDx′ ei(∆SS [x]−∆SS [x
′])ei∆SIF[x,x

′], (2.3.4)

with ∆SS [x] ≡ SS [x, t+∆t]− SS [x, t] and the same holds for ∆SIF[x, x
′].

Since our goal is to obtain a first order differential equation for the time evolu-

tion of the reduced density matrix, we want to keep terms up to first order in ∆t.

Now, ∆SIF[x, x
′] ∝ ∆t and thus

JS(xf , x
′
f , t+∆t|x, x′, t) ≃ KS(xf , t+∆t|x, t)K∗

S(x
′
f , t+∆t|x′, t)

+ i

∫
DxDx′ ei(∆SS [x]−∆SS [x

′])∆SIF[x, x
′], (2.3.5)

5
The Born approximation assumes that the interaction between the system and the environment

is sufficiently weak, and the environment is sufficiently large in comparison with the size of the sys-

tem, such that the total state remains approximately a product state throughout the time evolution.

TheMarkov approximation assumes that the environmental correlation functions drop to zero much

faster than the characteristic timescale over which the reduced density matrix of the system changes

appreciably. It basically neglects the memory effects of the environment and usually transforms the

integro-differential master equation into a much simpler differential one.
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where

KS(xf , t+∆t|x, t) =
x(t+∆t)=xf∫
x(t)=x

Dx ei∆SS [x] = ⟨xf |ÛS(t+∆t, t)|x⟩

≃ δ(xf − x)− i∆t ⟨xf |ĤS |x⟩ . (2.3.6)

If we work with the linear coupling model, the influence action is given by

Eq. (2.2.34), and we find

∆SIF[x, x
′] = ∆t u(t)

∫ t

0

dt′ [D(t, t′)X(t′) + iN(t, t′)u(t′)], (2.3.7)

where we used the fact that D(t, t′) ∝ θ(t− t′), i.e., D(t, t′) is explicitly causal.

By plugging Eqs. (2.3.6) and (2.3.7) into Eq. (2.3.3), using Eq. (2.2.14) in order

to write the time evolution in terms of the initial system density matrix, and then

taking the limit where∆t→ 0 while letting xf → x and x′f → x′, we finally arrive

at

∂

∂t
ρS(x, x

′, t) = −i ⟨x|
[
ĤS , ρ̂S(t)

]
|x′⟩

− (x− x′)

∫ t

0

dt′
[
N(t, t′)(X−X′)(x, x′, t′)− i

2
D(t, t′)(X+X′)(x, x′, t′)

]
,

(2.3.8)

with

X(x, x′, t′) =

∫ ∞

−∞
dx0dx

′
0

∫
DxDx′ ei(SS [x]−SS [x

′]+SIF[x,x
′])ρS(x0, x

′
0, 0)x(t

′).

(2.3.9)

Note that the evolution of X(x, x′, t′) also depends on the interaction with the

environment through the influence action. However, for sufficiently weak interac-

tions, we can take advantage of the fact that both the noise and dissipation kernels

are, in general, of second order in the operator Q̂ that couples with the system.

Therefore, we can neglect the influence action in the exponential since this would

lead to higher order contributions and write [39]

X(x, x′, t′) ≃
∫ ∞

−∞
dx0dx

′
0

∫
DxDx′ ei(SS [x]−SS [x

′])ρS(x0, x
′
0, 0)x(t

′)

=

∫ ∞

−∞
dx0dx

′
0dx(t

′) ⟨x(t′)|ÛS(t
′, 0)|x0⟩ ⟨x|ÛS(t, t

′)X̂|x(t′)⟩

× ⟨x0|ÛS(0, t)|x′⟩ ⟨x0|ρ̂S(0)|x′0⟩
= ⟨x|e−iĤS(t−t′)X̂e−iĤS t

′
ρ̂S(0)e

iĤS t|x′⟩
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= ⟨x|X̂(−τ)ρ̂S(t)|x′⟩ , (2.3.10)

where τ = t − t′ and X̂(t) = eiĤS tX̂e−iĤS t
is the interaction picture position

operator. Similarly, one can show that X′(x, x′, t′) is the (x, x′) matrix element of

the operator ρ̂S(t)X̂(−τ).
At last, putting everything together leads to the master equation

d

dt
ρ̂S(t) = −i

[
ĤS , ρ̂S(t)

]
−
∫ t

0

dτ
{
N(t, t− τ)

[
X̂,
[
X̂(−τ), ρ̂S(t)

]]
− i

2
D(t, t− τ)

[
X̂,
{
X̂(−τ), ρ̂S(t)

}]}
. (2.3.11)

This is of the form presented in Eq. (2.3.2), with the dissipation and noise kernels

encoding the non-unitary time evolution. To further explore the physical meaning

behind these terms, let us apply the master equation for the case of a well-known

model of the system of interest, namely a harmonic oscillator.

2.3.2 Dissipation, diffusion and decoherence

Suppose now that our system of interest is a harmonic oscillator with massM and

frequency Ω, such that its free Hamiltonian takes the form

ĤS =
P̂ 2

2M
+

1

2
MΩ2X̂2, (2.3.12)

with X̂ and P̂ being the (Schrödinger picture) position and momentum operators of

the system satisfying the canonical commutation relation [X̂, P̂ ] = i. The interac-

tion picture position operator (which is the same as the Heisenberg picture operator

when the system evolves only according to its self-Hamiltonian ĤS ) reads [113]

X̂(t) = X̂ cos(Ωt) +
1

MΩ
P̂ sin(Ωt). (2.3.13)

Using this result in the master equation (2.3.11) yields

d

dt
ρ̂S(t) = −i

[
ĤS +

1

2
MδΩ2(t)X̂2, ρ̂S(t)

]
− iγ(t)

[
X̂,
{
P̂ , ρ̂S(t)

}]
− σ2(t)

[
X̂,
[
X̂, ρ̂S(t)

]]
− Σ2(t)

[
X̂,
[
P̂ , ρ̂S(t)

]]
, (2.3.14)

where

δΩ2(t) = − 1

M

∫ t

0

dτ D(t, t− τ) cos(Ωτ), (2.3.15a)
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γ(t) =
1

2MΩ

∫ t

0

dτ D(t, t− τ) sin(Ωτ), (2.3.15b)

σ2(t) =

∫ t

0

dτ N(t, t− τ) cos(Ωτ), (2.3.15c)

Σ2(t) = − 1

MΩ

∫ t

0

dτ N(t, t− τ) sin(Ωτ). (2.3.15d)

In the position representation, the master equation (2.3.14) reads

∂

∂t
ρS(x, x

′, t) =

[
i

2M

(
∂2

∂x2
− ∂2

∂x′2

)
− i

2
M
(
Ω2 + δΩ2(t)

)(
x2 − x′2

)
− γ(t)(x− x′)

(
∂

∂x
− ∂

∂x′

)
− σ2(t)(x− x′)

2

+iΣ2(t)(x− x′)

(
∂

∂x
+

∂

∂x′

)]
ρS(x, x

′, t). (2.3.16)

It is worth mentioning that an exact master equation for quantum Brownian

motion can be obtained without imposing the weak coupling approximation, as we

have done in Eq. (2.3.10). In that case, the expressions for the coefficients (2.3.15)

become much more complicated, although the master equation maintains the same

form (2.3.14) (see Refs. [39, 114]). Remarkably, the exact master equation is found

to be local in time even though it exhibits non-Markovian effects.

Let us now discuss the physical interpretation of each of the coefficients in

Eq. (2.3.15). First, let us note that the coefficient δΩ2(t), given by Eq. (2.3.15a),

amounts to a renormalization of the natural frequency of the system (the Lamb-

shift contribution). The unitary part of the time evolution is then that of a quantum

harmonic oscillator with physical frequency (Ω2 + δΩ2(t))
1/2

.

The coefficient γ(t), given by Eq. (2.3.15b), describes dissipation through mo-

mentum damping. To see this, let us consider the time evolution of the expectation

value ⟨P̂ ⟩(t) = TrS [P̂ ρ̂S(t)]. Using the master equation (2.3.14) and working out

the details using the canonical commutation relation, one is led to

d

dt
⟨P̂ ⟩(t) = TrS

[
P̂

d

dt
ρ̂S(t)

]
= −M

(
Ω2 + δΩ2(t)

)
⟨X̂⟩(t)− 2γ(t)⟨P̂ ⟩(t). (2.3.17)

While the first term on the right-hand side describes the usual unitary evolution

of the oscillator, the second term describes momentum damping. This is more evi-

dent when we take the full Markovian approximation and extend the integral upper

limit to infinity, rendering the coefficient (2.3.15b) constant [109]. In that case, we

have ⟨P̂ ⟩(t) ∝ e−2γt⟨P̂ ⟩(0). Note that γ(t) is completely determined by the kernel
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D(t, t′), which is why we call it the dissipation kernel.

The coefficient σ2(t) describes decoherence in the position basis, as can be seen

from the position representation of the master equation (2.3.16). Not only does it

amount to environmental monitoring of the system position operator, but it also, as

a consequence, describes diffusion
6
in momentum. This can be seen from the time

evolution of ⟨P̂ 2⟩(t) [109],

d

dt
⟨P̂ 2⟩(t) = −M

(
Ω2 + δΩ2(t)

)
⟨X̂P̂ + P̂ X̂⟩(t)− 4γ(t)⟨P̂ 2⟩(t)+ 2σ2(t), (2.3.18)

and, therefore, ⟨P̂ 2⟩(t) ∝ σ2t in the Markovian limit, when this coefficient becomes

constant over time. For this reason, σ2(t) is sometimes called the (normal) diffusion

coefficient. It is also possible to show that the Wigner function for such a system

obeys a diffusion equation, with the diffusion coefficient given by Eq. (2.3.15c) [109].

Lastly, the coefficient Σ2(t) is also related to decoherence and diffusion. How-

ever, in the Wigner representation of the master equation, this coefficient is tied to

a double derivative, each with respect to a different variable (position and momen-

tum) instead of a single one. For this reason, it is called the anomalous diffusion

coefficient, and it leads, in many physical situations of interest, to a negligible in-

fluence compared to the one induced by the normal diffusion coefficient [109].

Now, if we wish to gain a more insightful physical interpretation of the kernels

D(t, t′) andN(t, t′), wewill need to specify themodel for the environment. In quan-

tum Brownianmotion, the environment is described by a set of harmonic oscillators

in thermal equilibrium. This model will allow us to derive an important theorem

relating the dissipation and noise kernels, namely the fluctuation-dissipation theo-

rem.

2.3.3 The fluctuation-dissipation theorem

Our derivation of the influence action (2.2.34) only assumes that the free Hamilto-

nian of the environment is quadratic, the initial state is Gaussian, and the coupling

is linear, with no further specification. Now let us choose this environment to rep-

resent a set of harmonic oscillators with massesmi and frequencies ωi such that the

environment Hamiltonian reads

ĤE =
∑
i

(
p̂2i
2mi

+
1

2
miω

2
i q̂

2
i

)
, (2.3.19)

6
Since normal diffusion is observed in classical Brownian motion [115], it is this similarity that

rendered this canonical model the nomenclature of "quantum Brownian motion" [109].
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with q̂i (p̂i) being the position (momentum) operator of the ith oscillator. Suppose

now that the ith mode couples with the system with a coupling constant ci, so that

the environment operator Q̂ is given by Q̂ =
∑

i ciq̂i. For the initial environment

state, let us assume that the modes are in thermal equilibrium at a temperature

β−1
such that ρ̂E(0) = e−βĤE/Z , where Z = TrE(e

−βĤE ) is the canonical partition

function.

Now, since themodes do not directly interact with each other, we have, for i ̸= j,

⟨qi(t)qj(t′)⟩E = ⟨qi(t)⟩E ⟨qj(t′)⟩E = 0, (2.3.20)

and the dissipation and noise kernel can be written as

D(t, t′) = i
∑
i

c2i ⟨[q̂i(t), q̂i(t′)]⟩E θ(t− t′), (2.3.21a)

N(t, t′) =
1

2

∑
i

c2i ⟨{q̂i(t), q̂i(t′)}⟩E . (2.3.21b)

The interaction picture position operators are given by [113]

q̂i(t) =

√
1

2miωi

(
âie

−iωit + â†ie
iωit
)
, (2.3.22)

where the â’s (â†’s) are annihilation (creation) operators satisfying the commutation

relations

[âi, âj] =
[
â†i , â

†
j

]
= 0,[

âi, â
†
j

]
= δij.

(2.3.23)

A direct calculation then yields

⟨[q̂i(t), q̂i(t′)]⟩E = − i

miωi

sin[ωi(t− t′)], (2.3.24a)

⟨{q̂i(t), q̂i(t′)}⟩E =
2

miω2
i

⟨Ĥi⟩E cos[ωi(t− t′)]

+
1

miωi

[
⟨â2i ⟩E e−iωi(t+t′) + ⟨(â†i )2⟩E eiωi(t+t′)

]
, (2.3.24b)

where Ĥi = ωi

(
â†i âi +

1
2

)
= ωi

2
{âi, â†i} is the free Hamiltonian operator of the

harmonic oscillator with frequency ωi. Note that, in this model, the dissipation

kernel is independent of the initial environmental state.
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Since the environment is initially in a thermal state, we have ⟨â2i ⟩E = ⟨(â†i )2⟩E =

0. Furthermore, the partition function for the ith mode reads

Zi =
∞∑

ni=0

exp

[
−ωiβ

(
ni +

1

2

)]
=

e−ωiβ/2

1− e−ωiβ
, (2.3.25)

from which we find [116]

⟨Ĥi⟩E = − ∂

∂β
lnZi =

ωi

2
coth

(
ωiβ

2

)
. (2.3.26)

Now, putting everything together into the dissipation and noise kernels leads to

D(τ) =

∫ ∞

0

dω J(ω) sin(ωτ) θ(τ), (2.3.27a)

N(τ) =
1

2

∫ ∞

0

dω J(ω) coth

(
ωβ

2

)
cos(ωτ), (2.3.27b)

where τ = t− t′ and we have introduced the spectral density [109, 110]

J(ω) ≡
∑
i

c2i
miωi

δ(ω − ωi). (2.3.28)

Note that the effects of thermal fluctuations are completely encoded in the kernel

N(τ), which is why we called it the noise kernel. However, although the dissipation
kernel is completely determined by the spectral density and does not contain any

explicit dependence on the environmental temperature, these kernels are connected

through an important relation. To see this, first note that J(ω) is simply the sine

Fourier transform of the dissipation kernel,

J(ω) = D̃S(ω) =
2

π

∫ ∞

0

dτ D(τ) sin(ωτ). (2.3.29a)

Similarly,

1

2
J(ω) coth

(
ωβ

2

)
= ÑC(ω) =

2

π

∫ ∞

0

dτ N(τ) cos(ωτ), (2.3.29b)

with ÑC(ω) being the cosine Fourier transform of the noise kernel. Both equations

together imply that

ÑC(ω) =
1

2
D̃S(ω) coth

(
ωβ

2

)
. (2.3.30)

This expression is known as the fluctuation-dissipation theorem [115, 117, 118],

as it essentially relates the thermal fluctuations of a system, encoded in the noise
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kernel, to dissipation.

The fluctuation-dissipation theorem arises from the fact that both effects de-

pend on the spectral density J(ω). Typically, instead of working with the defini-

tion given by Eq. (2.3.28), one usually replaces the discrete sum with a continuous

function of the environmental frequencies, often following some phenomenological

motivation [39, 109]. Let us see an example before closing this section.

2.3.4 The Caldeira-Leggett master equation

Usually, one takes a power-law expression for the spectral density, J(ω) ∝ ωα
, for

some constant α. The case α = 1 is referred to as an Ohmic spectral density. For
instance, we can take

J(ω) =
4Mγ0
π

ω
Λ2

Λ2 + ω2
, (2.3.31)

where γ0 is an effective coupling constant measuring the interaction between the

system and the environment. The factor Λ2/(Λ2 + ω2) was added to avoid the

spectral density from growing without bound, since this would be non-physical.

One then introduces a frequency cutoff Λ, usually much greater than the natural

frequencies of the system, Λ ≫ Ω. There are multiple ways to do that, and the

prescription in Eq. (2.3.31) is called the Lorentz-Drude form [109].

For the Ohmic spectral density (2.3.31), we find

D(τ) = 2Mγ0Λ
2e−Λτ , (2.3.32a)

N(τ) ≃ 2Mγ0
Λ

β
e−Λτ , (2.3.32b)

where we took the high temperature limit for simplicity, βω ≪ 1. As a further

simplification, let us take the Markovian approximation versions of the coefficients

(2.3.15),

δΩ2 = − 1

M

∫ ∞

0

dτ D(τ) cos(Ωτ) = −2γ0
Λ3

Λ2 + Ω2
, (2.3.33a)

γ =
1

2MΩ

∫ ∞

0

dτ D(τ) sin(Ωτ) = γ0
Λ2

Λ2 + Ω2
, (2.3.33b)

σ2 =

∫ ∞

0

dτ N(τ) cos(Ωτ) =
2Mγ0
β

Λ2

Λ2 + Ω2
, (2.3.33c)

Σ2 = − 1

MΩ

∫ ∞

0

dτ N(τ) sin(Ωτ) = −2γ0
β

Λ

Λ2 + Ω2
. (2.3.33d)

We can obtain even simpler expressions by recalling that Λ ≫ Ω. Particularly, we

find that the anomalous diffusion coefficient behaves as Σ2 = −σ2/MΛ, leading to
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an effect that is much smaller than normal diffusion.

Finally, the master equation (2.3.14) can be written as

d

dt
ρ̂S(t) = −i

[
Ĥ ′

S , ρ̂S(t)
]
− iγ0

[
X̂,
{
P̂ , ρ̂S(t)

}]
− 2Mγ0

β

[
X̂,
[
X̂, ρ̂S(t)

]]
,

(2.3.34)

where Ĥ ′
S is the harmonic oscillator Hamiltonian with its frequency shifted by

an amount −2γ0Λ. Eq. (2.3.34) is known as the Caldeira-Leggett master equa-
tion [118], and it describes the interaction of a system (here represented by a har-

monic oscillator) with aMarkovianOhmic bath of non-interactingmodes in thermal

equilibrium at high temperature β−1
.

Note that our choice of spectral density implies that the diffusion coefficient is

given by σ2 = γ0/λ
2
B, with λB = 1/

√
2Mβ−1

being the thermal de Broglie wave-

length. Since the decoherence rate is proportional to σ2
, and macroscopic systems

have an extremely small thermal de Broglie wavelength, we have shown a way to

describe how decoherence occurs very quickly for such a system, which is compat-

ible with the observation that one does not usually detect macroscopic objects in

quantum superpositions [109].

2.4 The Langevin equation

The localization of a quantum system due to decoherence raises interesting ques-

tions: if we no longer observe superpositions in the position basis, can we then

make sense of the concept of "trajectory" for the quantum system? If yes, how can

one obtain these trajectories? We will address the former question in Section 2.5. In

this section, we show how to obtain such trajectories from the so-called Langevin

equation.

Regardless of the possibility of making sense of quantum trajectories, it is possi-

ble to take the classical limit of the system under consideration
7
. In the path integral

formulation, this is done by the method of stationary phase, which is based on the

fact that the classical paths are the ones that render the total action stationary [38].

Let us now see how to obtain the equation of motion for the classical limit of a

reduced quantum system coupled with an environment.

7
Although mathematically the solutions to the Langevin equation fall under both cases of a

"quantum trajectory" (to be discussed in Section 2.5) and the trajectory in the classical limit, the

physical meaning is distinct for each of them. While in the latter case one imposes the classical limit

by hand, in the former case this notion arises only due to the decoherence mechanism, without any

further assumption other than quantum theory itself [119].
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Recall fromEq. (2.2.14) that the reduced densitymatrix evolves in time according

to

ρS(x, x
′, t) =

∫ ∞

−∞
dx0dx

′
0

∫
DxDx′ ei(SS [x]−SS [x

′]+SIF[x,x
′])ρS(x0, x

′
0, 0), (2.4.1)

where all environmental influence is encoded in the influence action SIF[x, x
′]. Par-

ticularly, if we consider the linear coupling model, the influence action is given by

Eq. (2.2.34) in terms of the dissipation and noise kernels. Assuming that this is the

case, let us note that we can rewrite the term containing the noise kernel as [39]

e−
1
2

∫
dtdt′ u(t)N(t,t′)u(t′) = C

∫
DN e−

1
2

∫
dtdt′ N (t)N−1(t,t′)N (t′)ei

∫
dtN (t)u(t), (2.4.2)

where C is a normalization constant andDN denotes the path integral measure for

the stochastic variable N (t). This simple functional identity allows us to rewrite

the noise kernel influence as a stochastic average with Gaussian probability density

given by

P[N ] = C e− 1
2

∫
dtdt′ N (t)N−1(t,t′)N (t′). (2.4.3)

For example, the one point and two point correlation functions are

⟨N (t)⟩sto =
∫

DN P[N ]N (t) = 0, (2.4.4a)

⟨N (t)N (t′)⟩sto =
∫

DN P[N ]N (t)N (t′) = N(t, t′). (2.4.4b)

The time evolution of the reduced density matrix can then be written as

ρS(x, x
′, t) =

∫ ∞

−∞
dx0dx

′
0

∫
DxDx′DN ρS(x0, x

′
0, 0)e

iSSEA[x,x′,N ], (2.4.5)

with the stochastic effective action

SSEA[x, x
′,N ] = SS [x]− SS [x

′] +

∫
dtN (t)[x(t)− x′(t)]

+
1

2

∫
dtdt′ [x(t)− x′(t)]D(t, t′)[x(t′) + x′(t′)]. (2.4.6)

The equation of motion is obtained by setting δSSEA = 0 as usual, resulting in

d

dt

(
∂LS

∂ẋ

)
− ∂LS

∂x
− 1

2

∫ t

0

dt′D(t, t′)[x(t′) + x′(t′)] = N (t), (2.4.7)
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where LS is the system’s Lagrangian. Eq. (2.4.7) is the Langevin equation. If the
system of interest is a harmonic oscillator, for instance, we have

Mẍ(t) +MΩ2x(t)− 1

2

∫ t

0

dt′D(t, t′)[x(t′) + x′(t′)] = N (t). (2.4.8)

Note that the D term generates non-local, memory-dependent dissipation, while

the N term acts as a stochastic force on the system. Once again, the name noise
kernel for the two-point function N(t, t′) proves to be quite fitting.

Finally, before we close this chapter, let us address the question of the observ-

ability of individual solutions to the Langevin equation for quantum systems, i.e.,
when the classical limit is not imposed by hand, yet the trajectory description is

still fitting. To do so, we shall turn to the decoherent (or consistent) histories
approach to quantum mechanics.

2.5 Decoherent histories

Let us now present the decoherent histories formalism, which was developed pri-

marily by Griffiths, Omnès, Gell-Mann, and Hartle [120–123] (see also Ref. [124]

for a review). We begin by introducing the concept of history in quantum mechan-

ics and then define the so-called decoherence functional while addressing its role

in the formalism. Finally, we discuss the physical conditions for making sense of

trajectories of quantum systems.

2.5.1 Histories in quantum mechanics

A quantum mechanical history is a sequence of quantum mechanical events at suc-

cessive moments in time, thus characterized by a sequence of successive projection

operators. Consider a closed quantum system, for instance, which at an initial time

t0 is in the state described by the density matrix ρ̂0. At time t1 > t0, the system will

be described by

ρ̂(t1) = Û(t1, t0)ρ̂0Û
†(t1, t0), (2.5.1)

where Û(ti, tj) is the unitary time-evolution operator from time tj to time ti. We

may now wonder whether the event corresponding to a set of mutually orthogonal

projection operators Π̂α1 occurs at t1. The probability of such an occurrence is given

by

p(α1t1) = Tr

[
Π̂α1 ρ̂(t1)

]
= Tr

[
Π̂α1Û(t1, t0)ρ̂0Û

†(t1, t0)
]

= Tr

[
Û †(t1, t0)Π̂α1Û(t1, t0)ρ̂0

]
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= Tr

[
Π̂α1(t1)ρ̂0

]
, (2.5.2)

where we have defined Π̂α1(t1) ≡ Û †(t1, t0)Π̂α1Û(t1, t0) and the trace is taken over

an orthonormal basis of the system’s Hilbert space. Once the projective measure-

ment has been made, the system undergoes the usual non-unitary evolution,

ρ̂(t1) → ρ̂α1(t1) =
Π̂α1 ρ̂(t1)Π̂α1

Tr

[
Π̂α1 ρ̂(t1)

] . (2.5.3)

Now suppose we let the system evolve further to time t2 > t1, where we ask

about the event corresponding to projectors Π̂α2 . The probability of this additional

occurrence is

p(α2t2|α1t1) = Tr

[
Π̂α2Û(t2, t1)ρ̂α1(t1)Û

†(t2, t1)
]

=
1

p(α1t1)
Tr[Π̂α2Û(t2, t1)Π̂α1Û(t1, t0)ρ̂0Û

†(t1, t0)Π̂α1Û
†(t2, t1)]

=
1

p(α1t1)
Tr

[
Π̂α2Û(t2, t1)Û(t1, t0)Û

†(t1, t0)Π̂α1Û(t1, t0)ρ̂0Û
†(t1, t0)

× Π̂α1Û(t1, t0)Û
†(t1, t0)Û

†(t2, t1)
]

=
1

p(α1t1)
Tr

[
Û †(t2, t0)Π̂α2Û(t2, t0)Û

†(t1, t0)Π̂α1Û(t1, t0)ρ̂0]

× Û †(t1, t0)Π̂α1Û(t1, t0)
]

=
1

p(α1t1)
Tr

[
Π̂α2(t2)Π̂α1(t1)ρ̂0Π̂α1(t1)

]
=

1

p(α1t1)
Tr

[
Π̂α2(t2)Π̂α1(t1)ρ̂0Π̂α1(t1)Π̂α2(t2)

]
, (2.5.4)

where we used the unitarity of the time-evolution operators, as well as their com-

position rule, the cyclic property of the trace, and the idempotence of the projection

operators.

The probability

p(α2t2, α1t1) = p(α2t2|α1t1)p(α1t1)

= Tr

[
Π̂α2(t2)Π̂α1(t1)ρ̂0Π̂α1(t1)Π̂α2(t2)

]
(2.5.5)

is what we call the probability of the history (ρ0, t0) → (α1, t1) → (α2, t2). Strictly

speaking, this is an abuse of nomenclature since the quantity in Eq. (2.5.5) does not

satisfy Kolmogorov’s third axiom of probability theory, the probability sum rule.

For instance, let us consider another history in which no projection is made at time
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t1, that is, the history (ρ0, t0) → (α2, t2). In complete analogy with Eq. (2.5.2), the

probability of α2 occurrence at t2 is now given by

p(α2t2) = Tr

[
Π̂α2(t2)ρ̂0

]
. (2.5.6)

We can use the identity

∑
α1

Π̂α1(t1) = 1 to write this as

p(α2t2) = Tr

[
Π̂α2(t2)ρ̂0Π̂α2(t2)

]
= Tr

Π̂α2(t2)
∑
α1

Π̂α1(t1)ρ̂0
∑
α′
1

Π̂α′
1
(t1)Π̂α2(t2)


=
∑
α1

Tr

[
Π̂α2(t2)Π̂α1(t1)ρ̂0Π̂α1(t1)Π̂α2(t2)

]
+
∑
α1,α′

1
α1 ̸=α′

1

Tr

[
Π̂α2(t2)Π̂α1(t1)ρ̂0Π̂α′

1
(t1)Π̂α2(t2)

]
. (2.5.7)

By comparing this result with Eq. (2.5.5), we conclude that, in general,

p(α2t2) ̸=
∑
α1

p(α2t2, α1t1) (2.5.8)

due to the term

Tr

[
Π̂α2(t2)Π̂α1(t1)ρ̂0Π̂α′

1
(t1)Π̂α2(t2)

]
, (2.5.9)

which is generally non-zero and represents interference between different quantum-

mechanical histories. This is a key feature of quantum mechanics, namely the pres-

ence of interference terms that prevent probabilities from being assigned to quan-

tum histories. For some applications, however, we may attempt to identify sets

of histories that suffer negligible interference with each other and, therefore, to

which probabilities can be assigned. These may be found by studying the quantity

in Eq. (2.5.9).

2.5.2 Decoherence functional

For a pair of histories [α], [β], where [α] denotes the sequence of events α1, α2,

. . . , and αn at times t1 < t2 < · · · < tn, and analogously for [β], we define the

decoherence functional as

D[α, β] = Tr

[
Π̂αn(tn) . . . Π̂α1(t1)ρ̂0Π̂β1(t1) . . . Π̂βn(tn)

]
, (2.5.10)
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where

Π̂αk
(tk) = Û †(tk, t0)Π̂αk

Û(tk, t0). (2.5.11)

The decoherence functional may also be written in a more compact form as [39]

D[α, β] = Tr

{
T̃

[
n∏

j=1

Π̂βj
(tj)

]
T

[
n∏

i=1

Π̂αi
(ti)

]
ρ̂0

}
. (2.5.12)

It is then straightforward to show that this functional satisfies the following prop-

erties:

i) D[α, β] = D∗[β, α],

ii)

∑
[α],[β]D[α, β] = 1,

iii) D[α, α] ≥ 0,

iv)

∑
[α] D[α, α] = 1,

where we are denoting

∑
[α] ≡

∑
α1

∑
α2

· · ·∑αn
.

The last two properties suggest that we identify the diagonal elements D[α, α]

as the probability for the history (ρ0, t0) → (α1, t1) → · · · → (αn, tn), namely

p(α) = D[α, α]. This does not satisfy the probability sum rule, however, and, in

general, we have [124]

p(α ∨ β) = D[α, α] +D[β, β] + 2ReD[α, β]

= p(α) + p(β) + 2ReD[α, β]. (2.5.13)

As we discussed before, this violation prevents us from making sense of the no-

tion of trajectory in quantum mechanics. On the other hand, this notion acquires

meaning when there is strong decoherence, D[α, β] = 0. One may then write the

fundamental formula for the quantum mechanics of history as

Re{D[α, β]} = p(α)δα1,β1 . . . δαn,βn . (2.5.14)

This equation expresses the necessary and sufficient condition for us to assign prob-

abilities to individual histories; at the same time, it tells us what those probabilities

are. For most applications of the formalism, one may be satisfied to claim that a pair

of mutually exclusive histories is consistent when

Re{D[α, β]} ≪ D[α, α], D[β, β] for α ̸= β. (2.5.15)
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From now on, let us consider projections in the position basis, which is a kind

of history implemented naturally in the path integral formalism. The projectors are

represented by window functions Π̂αk
(tk) → wα[x(tk)], which, for example, can

be unity if the configuration at tk satisfies the requirement of history α and zero

otherwise [39, 119]. Eq. (2.5.12) can then be written as

D[α, β] =

∫
dy(0)dy′(0)

×
∫

DyDy′ ei(S[y]−S[y′])ρ(y(0), y′(0), 0)

{∏
i

wα[y(ti)]

}{∏
j

wβ[y
′(tj)]

}
.

(2.5.16)

Here S is the action for the total system described by the generic coordinate y. Let

us now study the decoherence functional for an open quantum system in order to

establish under what conditions one can actually observe the quasi-classical trajec-

tories arising from the Langevin equation.

2.5.3 Consistent histories for open quantum systems

Let us consider the open quantum system in the linear coupling model that we

treated in previous sections. Let us also assume that the system of interest is a

harmonic oscillator for illustration purposes. In that case, we are interested in his-

tories where the system variable x(t) follows a trajectory χ(t), which is obtained by

solving the Langevin equation with a given accuracy σχ(t). Now take the window

functions to be Gaussians so that we can make the replacement [39, 119]

ρS(x(0), x
′(0), 0)

{∏
i

wα[x(ti)]

}{∏
j

wβ[x
′(tj)]

}
→

→ exp

{
−
∫

dt
1

2σ2
χ(t)

[
(x− χ)2 + (x′ − χ′)2

]}
(2.5.17)

in the decoherence functional of two histories represented by trajectories χ(t) and

χ′(t). The integration over the environmental variables is done as outlined in Sec-

tion 2.2, leading to

D[χ, χ′] =

∫
DxDx′ exp

{∫
dtdt′

[
u(t)iL(t, t′)X(t′)− 1

2
u(t)N(t, t′)u(t′)

]
−
∫

dt
1

2σ2
χ(t)

[
(x− χ)2 + (x′ − χ′)2

]}
, (2.5.18)
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where we defined [119]

L(t, t′) ≡ −M
(

d2

dt2
+ Ω2

)
δ(t− t′) +D(t, t′). (2.5.19)

Also, recall that X(t) = [x(t) + x′(t)]/2 and u(t) = x(t)− x′(t).

Now define Y (t) = [χ(t) + χ′(t)]/2 and v(t) = χ(t) − χ′(t) and change the

path integral variables (x, x′) → (X, u) so that the decoherence functional can be

written as

D[χ, χ′] = exp

{
−
∫

dt
1

2σ2
χ(t)

[
2Y 2(t) +

1

2
v2(t)

]}
×
∫

DXDu exp

[
−1

2

∫
dtdt′

(
X(t) u(t)

)
M(t, t′)

(
X(t′)

u(t′)

)]

× exp

{∫
dt [J(t)]T

(
X(t)

u(t)

)}
, (2.5.20)

where we defined

M(t, t′) =

(
2

σ2
χ(t)

δ(t− t′) −iL(t, t′)
−iL(t, t′) Ñ(t, t′)

)
, (2.5.21a)

with Ñ(t, t′) = N(t, t′) + [2σ2
χ(t)]

−1δ(t− t′), and also

J(t) =
1

2σ2
χ(t)

(
4Y (t)

v(t)

)
. (2.5.21b)

The Gaussian path integral in Eq. (2.5.20) is a traditional one in field theory with

the well known result [65]

D[χ, χ′] ∝ exp

{
−
∫

dt
1

2σ2
χ(t)

[
2Y 2(t) +

1

2
v2(t)

]}
× exp

[
1

2

∫
dtdt′ [J(t)]TM−1(t, t′)J(t)

]
. (2.5.22)

Explicitly, we have

M−1(t, t′) = [detM(t, t′)]
−1

(
Ñ(t, t′) iL(t, t′)

iL(t, t′) 2
σ2
χ(t)

δ(t− t′)

)
(2.5.23)
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with detM(t, t′) = 2
σ2
χ(t)

δ(t− t′)Ñ(t, t′) + L2(t, t′). Then we can write

D[χ, χ′] ∝ exp

{
−
∫

dtdt′
Y (t)

σ2
χ(t)

[
δ(t− t′)− 2

σ2
χ(t

′)
[detM(t, t′)]

−1
Ñ(t, t′)

]
Y (t′)

+

∫
dtdt′

Y (t)

σ2
χ(t)σ

2
χ(t

′)
[detM(t, t′)]

−1
iL(t, t′)v(t′)

−
∫

dt
v(t)

4σ2
χ(t)

[
1− 1

σ4
χ(t)

[detM(t, t)]−1

]
v(t)

}
. (2.5.24)

For simplicity, let us assume that the (dissipative) dynamics is much smaller than

the noise, L(t, t′) ≪ Ñ(t, t′) [39], such that

D[χ, χ′] ∼ exp

{
−1

2

∫
dt
[
N(t) +

(
2σ2

χ(t)
)−1
]−1

[L(t)Y (t)]2

+

∫
dt

i

2σ2
χ(t)

Y (t)
[
N(t) +

(
2σ2

χ(t)
)−1
]−1

L(t)v(t)

−1

2

∫
dtN(t)

[
2σ2

χ(t)N(t) + 1
]−1

v2(t)

}
. (2.5.25)

The probability of history χ is obtained by setting v = 0 in Eq. (2.5.25),

D[χ, χ] ∼ exp

{
−1

2

∫
dt
[
N(t) +

(
2σ2

χ(t)
)−1
]−1

[L(t)χ(t)]2
}
. (2.5.26)

Thus, the highest probabilities are associated with those trajectories that satisfy

the equation of motion (without the noise), Lχ = 0, while the deviations from

determinism are measured by the factor N +
(
2σ2

χ

)−1
.

Consistency between the two histories χ and χ′
follows from the behavior of

Eq. (2.5.25) for increasing values of v. Particularly, two histories are approximately

consistent when v2 ≥ 2σ2
χ +N−1

. Now, if the noise is weak, N−1 ≫ σ2
χ, then v ≳

N−1 ≫ σ2
χ, which means that histories of accuracy ∼ σχ do not decohere. On the

other hand, if we have strong noise,N−1 ≪ σ2
χ, then v ≳ σχ, which means that any

history whose accuracy can be probed is consistent and, therefore, the solutions to

the Langevin equation represent trajectories that actually describe physical reality.

Of course, strong noise leads to less predictability, and one can find balance by

saying that this "physical reality aspect" of the Langevin trajectories arises when

we choose to follow these paths with accuracy given by σ2
χ ∼ N−1

[39, 119].
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Chapter 3

Gravitational decoherence

We saw in Chapter 2 how decoherence is linked to the quantum-to-classical tran-

sition, which can explain why one does not usually detect macroscopic systems

in quantum superpositions. Decoherence occurs due to interactions with an en-

vironment, such as photons, dust particles, and sometimes even the system’s own

internal degrees of freedom. If this process is related to gravitational interactions,

either directly or indirectly, we call it gravitational decoherence.
As we discussed in Chapter 1, gravity is the weakest of the four known interac-

tions, and, usually, other decoherence sources are much stronger than gravitational

ones. This raises an immediate challenge for observing the effects of gravity in

quantum superpositions: all other competing decoherence processes must be sup-

pressed (see Ref. [125] for a proposal of a universal test of gravitational decoher-

ence). From the theoretical side, the interest comes from the fact that gravity is

universal and, therefore, cannot be shielded.

Gravitational decoherence is a broad term that encompasses any loss of coher-

ence in a quantum system, either directly caused by the coupling with a (classical

or quantum) gravitational field or related to gravitational effects in some way (see

Refs. [31, 32] for a review). It can refer, for instance, to collapse models in which the

wavefunction collapse is understood as a physical process that occurs due to gravity.

Quantum mechanics, as opposed to classical physics, seems to assign a special role

to measurement processes, which are not described by the dynamical Schrödinger

equation. Collapse models are modifications of quantum mechanics that typically

introduce stochastic terms in the Schrödinger equation to account for the measure-

ment postulate, or what is sometimes referred to as the wavefunction collapse. This

is the viewpoint that the collapse is indeed a physical process. Since such processes

are expected to be universal and more significant for macroscopic systems, some

authors have proposed that gravity is behind the wavefunction collapse since it is

also universal and scales with the mass of the quantum system [126–133]. Recently,

a different viewpoint was proposed in which quantum and classical mechanics be-

long to different regimes, both emerging from some yet unknown physics at the
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Planck scale (as opposed to the viewpoint that classical physics emerges from its

quantum counterpart), with a gravitational self-decoherence model that describes

decoherence of quantum systems as they approach a Heisenberg cut MC ∼ MP

while maintaining the coherence of microscopic systems for whichm≪MC [134].

In this work, we consider a different type of gravitational decoherence. We

take the viewpoint that, to the best of our knowledge, the quantum description is,

in principle, valid for all systems in nature, including the gravitational dynamical

degrees of freedom. We work within the limits of weak gravitational fields, and so

its quantum description falls within the framework of perturbative quantum gravity

as described in Chapter 1. Our interest will be in investigating the decoherence of

quantum and non-relativistic systems due to quantum fluctuations of spacetime (of

course, one can also study decoherence induced by stochastic classical spacetime

fluctuations; see Refs. [135–141]).

This chapter is not supposed to be an extensive review of the literature on grav-

itational decoherence, nor a complete description of selected works in the field. In

Section 3.1 we outline the findings of Blencowe [33], and Anastopoulos and Hu [34],

in which the authors obtained a Markovian master equation describing the deco-

herence of a non-relativistic system induced by a weak quantum gravitational field.

In Section 3.2 we introduce another approach taken by Kanno et al. [30] that de-

scribes spatial localization induced by gravitons using the Feynman-Vernon influ-

ence functional. Finally, in Section 3.3 we describe a different kind of gravitational

decoherence mechanism proposed by Pikovski et al. [35, 36]. Here, decoherence oc-

curs due to the coupling of the center-of-mass coordinate of a quantum system to

its internal degrees of freedom induced by time dilation caused by a classical static

gravitational potential. This is different from decoherence due to spacetime fluctu-

ations, but it will serve as motivation for the problem of gravitational decoherence

of a composite particle that we will study in Part II of this thesis.

3.1 Master equation for gravitational decoherence

We introduce the topic of gravitational decoherence by outlining the approach of

Blencowe [33], and also mentioning the equivalent findings of Anastopoulos and

Hu [34].

Blencowe [33] considers quantum matter as described by a massive scalar field

φ(x), with a mass parameter m. The metric field is expanded as in Eq. (1.3.8), i.e.,

the author considers the weak field limit where the dynamical degrees of freedom

are a perturbation of Minkowski spacetime, gµν = ηµν + κghµν . The total action is
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then given by

S[φ, hµν ] = SS [φ] + SE [hµν ] + SI [φ, hµν ], (3.1.1)

where SS [φ] is the free Klein-Gordon action,

SS [φ] = −1

2

∫
d4x
(
∂µφ∂

µφ+m2φ2
)
, (3.1.2)

SE [hµν ] is the linearized Einstein-Hilbert action, Eq. (1.3.10), and the interaction

between the scalar and the tensor fields is described by
1

SI [φ, hµν ] =

∫
d4x

[
κg
2
T µν(φ)hµν +

κ2g
4
Uµνρσ(φ)hµνhρσ

]
, (3.1.3)

with

Tµν(φ) = ∂µφ∂νφ− 1

2
ηµν∂ρφ∂

ρφ− 1

2
ηµνm

2φ2
(3.1.4a)

being the scalar field energy-momentum tensor and [142]

Uρσµν(φ) = −2ησµ∂ρφ∂νφ+ ηρσ∂µφ∂νφ

+

(
1

2
ηρµησν − 1

4
ηρσηµν

)(
∂λφ∂λφ+m2φ2

)
. (3.1.4b)

The author then proceeds to quantize both the scalar field and the metric per-

turbation using the closed time path integral approach while integrating over the

gravitational variables, thereby treating the gravitons as the environment. As usual,

one considers the initial state to be separable, ρ̂(0) = ρ̂S(0)⊗ρ̂E(0), while the gravi-
tons are considered to be initially in a thermal state with temperature Tg (we will

discuss the interpretation of this parameter near the end of this section). The result

is the time evolution of the reduced density matrix ρS [φ, φ
′, t] in terms of the in-

fluence functional, in complete analogy with
2
Eq. (2.2.14). Then, by evaluating the

influence action to lowest order in κg and introducing a Lorenz gauge fixing term

in the linearized Einstein-Hilbert action, Blencowe obtains a Born-approximated

master equation for the scalar field given by

d

dt
ρ̂S(t) = −i

[
ĤS , ρ̂S(t)

]
−
∫ t

0

dτ

∫
d3rd3r′

{
N(τ, r− r′)

(
2
[
T̂µν(r),

[
T̂ µν(−τ, r′), ρ̂S(t)

]]
−
[
T̂µ

µ(r),
[
T̂ν

ν(−τ, r′), ρ̂S(t)
]])

1
Note that the author also works with second-order terms in the metric expansion in the inter-

action term.

2
See Ref. [39] for the influence functional approach applied to quantum fields.
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− iD(τ, r− r′)
(
2
[
T̂µν(r),

{
T̂ µν(−τ, r′), ρ̂S(t)

}]
−
[
T̂µ

µ(r),
{
T̂ν

ν(−τ, r′), ρ̂S(t)
}])}

. (3.1.5)

where ĤS is the free scalar field Hamiltonian and

D(t, r) =
(κg
4

)2 ∫ d3k

(2π)3
sin(ωkt)

eik·r

ωk

, (3.1.6a)

N(t, r) =
(κg
4

)2 ∫ d3k

(2π)3
cos(ωkt)[1 + 2n(ωk)]

eik·r

ωk

, (3.1.6b)

are the dissipation and noise kernels, with ωk = |k| and n(ωk) being the Bose-

Einstein distribution at temperature Tg.

For the system, Blencowe proceeds to consider a specific class of coherent states

that model stationary material objects as Gaussian matter "balls" [33]. Then, in

the non-relativistic limit in which the dominant contribution comes from T00 ≃
m2φ2/2, and within the Markovian approximation and high temperature limit, the

author finds

∂

∂t
ρS [φ, φ

′, t] = −Tg
2π

(κg
4

)2{∫
d3r

[
1

2
m2φ2(r)− 1

2
m2φ′2(r)

]}2

ρS [φ, φ
′, t]+. . . ,

(3.1.7)

where we only wrote explicitly the terms that are relevant to decoherence. For

two matter "ball" states with energies E1 and E2, this Markovian master equation

describes the decay of the off-diagonal density matrix elements with decoherence

time

tdec =
ℏ

kBTg

(
EP

∆E

)2

, (3.1.8)

with EP being the Planck energy, ∆E = E1 − E2 and we restored the universal

constants.

Blencowe [33] argues that this result is "sufficiently basic" such that one can

expect it to hold for more general cases than the scalar field model. In fact, this

result was used to constrain quantum spacetime induced oscillation damping in

(ultra-relativistic) neutrinos experiments in Refs. [143, 144], for instance.

Note from Eq. (3.1.8) that decoherence does not occur for superposition states

with ∆E ≪ EP. Additionally, gravitational decoherence occurs in the energy basis,
meaning that a spatial superposition of states |r1⟩ and |r2⟩ will not decohere if they
have the same energy, for example.

By taking a slightly different path, Anastopoulos and Hu [34] arrive at the same

conclusions. The authors also model the system as a massive scalar field, which

interacts with the graviton thermal bath through a 3+1 decomposition of the total
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action. After obtaining the master equation, the authors restrict the analysis to

the one-particle Hilbert subspace and take the non-relativistic limit, which leads to

(within the Born-Markov approximation and in the high temperature limit)

d

dt
ρ̂S(t) = − i

2mR

[
P̂ 2, ρ̂S(t)

]
− 4πTg

9m2
R

[
P̂ 2,

[
P̂ 2, ρ̂S(t)

]]
, (3.1.9)

for motion in one spatial dimension. Here mR is the renormalized mass of the

system and P̂ is the one-particle momentum operator.

If the initial state is a quantum superposition of two states that are localized

in p1 and p2, or equivalently with velocities v1 and v2, decoherence will take place

after a time

tdec =
ℏ2c5

GkBTgm2
RV

2(∆v)2
, (3.1.10)

where V = (v1 + v2)/2 and ∆v = v1 − v2. By using the fact that m2
RV

2(∆v)2 =

(∆E)2, this decoherence time can be easily seen to be equivalent to the one obtained

by Blencowe [33], Eq. (3.1.8).

Now, let us turn to the interpretation of the parameter Tg, which we loosely

referred to as the temperature of the graviton bath. As Anastopoulos and Hu [34]

point out, the thermalization of the graviton environment over typical timescales

cannot be assumed, since they interact very weakly. Instead, the parameter Tg is to

be thought of as a phenomenological one that simply characterizes the power spec-

tral density of the gravitational noise, sometimes called noise temperature. It serves
the same role as the temperature of usual thermal baths, but without necessarily

being associated with any precise thermodynamic definition. Nevertheless, the ob-

servation of gravitational decoherence, as characterized by the parameter Tg, would

offer valuable information concerning the initial graviton state, which Anastopou-

los and Hu [34] call the "textures of spacetime".

Naturally, the literature on master equations for gravitational decoherence is

not limited to the works we discussed here. The ones we outlined in this sec-

tion were obtained within the Born-Markov approximations in the non-relativistic

limit, but they can also be applied to relativistic systems, such as photons, for in-

stance [145]. Additionally, one can also obtain master equations without restricting

to scalar fields as the matter system [146, 147]. Furthermore, although we did not

address the issue of renormalization in the master equation in this section, there

is a discussion regarding which part of the derivation renormalization must take

place [148]. Finally, for a non-Markovian master equation for gravitational deco-

herence that is valid for arbitrary temperatures of the graviton bath, we refer the

reader to Ref. [149].
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3.2 Graviton-induced spatial localization

In the previous section, we saw that gravitational decoherence occurs in the energy

basis. Nevertheless, we can analyze how gravitons may lead to spatial decoherence

for a system initially in a superposition of position states, as long as they have

different energies. This is precisely the decoherence analysis that was conducted

by Kanno et al. [30].

The approach of Kanno et al. [30] is closer in spirit to our own, which is why we

will simply outline some steps towards their conclusions while leaving the details

for Part II of this thesis. It differs from the approaches discussed in Section 3.1 in

two main aspects. First, Kanno et al. [30] describe the quantum system as a non-

relativistic point particle from the beginning. From the action for a free particle

in curved spacetime, the interaction with gravitons arises from the introduction

of Fermi normal coordinates with respect to the geodesic of another test particle

and the usual metric expansion around the Minkowski background. Now, the use

of this coordinate system works as long as the incoming gravitational radiation

has wavelengths that are not smaller than some characteristic separation length,

which is why we need to introduce an energy cutoff Λ (we will make this clearer

in Chapter 4). Second, the decoherence rate is obtained directly from the influence

functional without the necessity of deriving a master equation.

By considering a case in which the system can move only along two classically

distinguishable paths ξ(1)(t) and ξ(2)(t), and the gravitons to be initially in the vac-

uum state, Kanno et al. [30] obtained the decoherence function
3

Γ(t) ∼ m2Λ6Ξ2

M2
P

∫ t

0

dt1dt2∆ξ(t1)∆ξ(t2)F5[Λ(t1 − t2)], (3.2.1)

where m is the mass of the particle, MP is the Planck mass, Ξ = (ξ(1) + ξ(2))/2

(assumed to be approximately time independent) and∆ξ(t) = ξ(1)(t)− ξ(2)(t). The
function F comes from the evaluation of the noise kernel for the initial graviton

state, being defined by

Fn(x) ≡
1

xn+1

∫ x

0

dy yn cos y. (3.2.2)

For the specific configuration of the superposition state, Kanno et al. [30] (see

also Ref. [150]) take

∆ξ(t′) =

{
2vt′ for 0 < t′ ≤ t/2

2v(t− t′) for t/2 < t′ < t
, (3.2.3)

3
The authors work in natural units in which ℏ = c = 1, but G is held explicit.
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for some constant velocity v. One then finds

Γ(t) ∼ m2v2

M2
P

f (I)
v (Λt), (3.2.4)

where
4

f (I)
v (x) = 1 +

2

3x

[
sin x− 8 sin

(x
2

)]
+

1

x2

[
2

3
cos x− 32

3
cos
(x
2

)
+ 10

]
. (3.2.5)

Note that f
(I)
v (x) ∼ O(1), and thus Γ(t) ≪ 1 holds as long asmv ≪MP, for which

case decoherence does not occur. The off-diagonal density matrix elements, whose

time evolution goes as e−Γ(t)
, will decay only for systems with momentum greater

than the Planck mass, of orderMP ∼ 10−8
kg. However, the most massive quantum

systems to have ever been put into spatial superposition are molecules with a mass

of the order ofm ∼ 10−22
kg [151–153], which illustrates the immense challenge of

observing such gravitational decoherence. Nevertheless, as pointed out by Kanno et

al. [30], the decoherence rate can be enhanced by considering other configurations

and also initial squeezed graviton states.

Kanno et al. [30] considered the quantum system to be a point particle. In Part II

of this thesis, we will show how the internal degrees of freedom of a quantum sys-

tem actually enhance such a mechanism of gravitational decoherence due to the

universal character of gravity. For this reason, we will discuss another kind of

gravitational decoherence, which occurs due to the coupling between internal and

external variables induced by gravitational time dilation.

3.3 Decoherence due to gravitational time dilation

Contrary to the works we discussed in the previous sections, gravitational decoher-

ence, as analyzed by Pikovski et al. [35, 36], is not due to spacetime fluctuations and

occurs even in static gravitational fields. The idea is to consider a composite quan-
tum system, by which we mean a point-like particle described by a single center-of-

mass coordinate that contains dynamical internal degrees of freedom. For instance,

a system with internal oscillatory motion (which can be used to track time) models

what we understand as a clock. In general, a composite system is described by the

state

|Ψ⟩ = |ψext⟩ ⊗ |ψint⟩ , (3.3.1)

4
The subscript and the superscript will become clear in Chapter 5.
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where |ψext⟩ describes the quantum state of the center-of-mass variable, while |ψint⟩
describes the internal degrees of freedom.

According to non-relativistic quantummechanics, in the absence of interactions

between the external and internal variables, the time evolution of the composite

system is described by the Hamiltonian

Ĥ = Ĥext ⊗ Îint + Îext ⊗ Ĥint, (3.3.2)

where Ĥext (Ĥint) dictates the free evolution of the external (internal) degrees of

freedom, and Îext (Îint) is the identity operator in the external (internal) Hilbert

space. The total time evolution is simply

|Ψ(t)⟩ = e−iĤt |Ψ⟩
= e−iĤextt |ψext⟩ ⊗ e−iĤintt |ψint⟩ . (3.3.3)

The final state is still a product state.

The situation is different in a relativistic scenario (both special and general).

Let us now consider the composite system in a general background spacetime and

choose coordinates xµ = (t,x) to describe its worldline with respect to some labo-

ratory frame. The system will evolve according to its proper time τ . Now, as long

as its constituents are enclosed in a spacetime region that is small enough such that

one can neglect metric variations along the extension of the composite particle
5
,

the total action will be given by

S =

∫
Lrestdτ, (3.3.4)

where Lrest = −m + L , with L denoting the Lagrangian describing the internal

DoFs, and

dτ = dt

√
−gµν

dxµ

dt

dxν

dt
. (3.3.5)

Note that gravity couples with the total rest energy of the system, which is com-

patible with the equivalence principle (see Ref. [154] for the precise definition of

gravitational mass for composite systems).

Pikovski et al. [35, 36] proceed to consider the Newtonian limit,

gµν = ηµν − 2ϕδµν , (3.3.6)

withϕ being the static Newtonian potential, while also employing a c−1−expansion.

5
This condition needs to be satisfied in order to have a precise definition of center-of-mass in the

first place [154].
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This allows us to avoid the full machinery of quantum field theory (in curved space-

time). Up to O(c−2) we have

dτ ≃ dt

[
1 + ϕ(x)− v2

2

]
, (3.3.7)

with v denoting the velocity of the composite particle in the laboratory frame. The

extra terms inside brackets are responsible for the phenomenon of time dilation.

Within this limit, the total Hamiltonian describing a composite system of mass m

is found to be given by

Ĥ = Ĥext ⊗ Îint + Îext ⊗ Ĥint +

[
ϕ(X̂)− P̂ 2

2m2

]
⊗ Ĥint. (3.3.8)

For a free particle, for instance, we have

Ĥext = m+
P̂ 2

2m2
+mϕ(X̂). (3.3.9)

Note that, in this scenario, the time evolution induces a coupling between internal

and external degrees of freedom.

If we are interested in the superposition of external variables, such as spatial

superposition, then the center-of-mass coordinate is the system of interest while

the internal degrees of freedom act as an environment. By integrating out the lat-

ter while considering a stationary center-of-mass (in order to neglect momentum

terms) and within the Born-Markov approximation, Pikovski et al. [35, 36] obtain

the decoherence time for an initial superposition of two different heights x1 and x2

given by

tdec ≃
√
2ℏ

∆E

c2

∆ϕ
, (3.3.10)

where ∆E =

√〈
Ĥ2

int

〉
−
〈
Ĥint

〉2
, ∆ϕ = ϕ(x2) − ϕ(x1), and we restored the

universal constants. For N degrees of freedom in thermal equilibrium at temper-

ature Tint, the three-dimensional Einstein solid model gives ∆E =
√
NkBTint, for

instance [36], and decoherence increases with the number of internal degrees of

freedom and with internal temperature. As is the case with other models that re-

ceive the name of gravitational decoherence, the experimental realization of this

time dilation induced effect faces the problem of controlling competing sources of

decoherence (see Ref. [155] for a discussion).

The approach of Pikovski et al. [35, 36] shows that gravity can induce decoher-

ence in quantum systems even through indirect manifestations, such as coupling
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its center-of-mass coordinate with dynamical internal degrees of freedom, without

needing to exhibit (classical or quantum) fluctuations itself. But we saw in previ-

ous sections that such fluctuations also lead to decoherence. Additionally, these can

couple internal and external variables of a quantum composite system in the same

way as the static Newtonian potential, and one may wonder how this contributes

even further to the loss of quantum coherence in such systems. This will be the

subject of Part II of this thesis, together with the consequences of gravitational de-

coherence on entropy production in quantum systems.



Part II

Graviton-induced decoherence and
entropy production
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Chapter 4

Quantum system interacting with a
graviton environment

Let us start by considering an open quantum system interacting with both a Newto-

nian gravitational potential and a bath of gravitons. To be specific, here we assume

a non-relativistic quantum particle described by external and internal degrees of

freedom (DoFs). This could represent a molecule for which the external DoFs are its

center-of-mass coordinate, while the internal DoFs could be its vibrational modes,

for instance. We will simply refer to it as a composite particle. Our main goal in

this chapter is to obtain an expression for the reduced density matrix describing the

external DoFs only. In order to do that, we start with the classical action describing

the simultaneous interaction of a composite systemwith gravitational radiation and

a static Newtonian potential in Section 4.1. Then, in Section 4.2, we proceed to inte-

grate over the gravitational variables, treating them as an environment. Finally, we

integrate over the internal DoFs of the system in Section 4.3 and obtain the desired

reduced density matrix at time t. This will serve as the starting point for analyzing

decoherence and entropy production in subsequent chapters.

4.1 The classical action

We could begin by writing down the Lagrangian of a single composite particle cou-

pledwith a classical gravitational wave. However, as discussed in Chapter 1, a single

particle is not enough to probe the effects of a gravitational field, since a particle at

rest will remain at rest at all times in the TT frame. Let us start then by writing the

classical action of a weak gravitational field coupled to a pair of free-falling massive

particles. The total action takes the form

S = Smatter + SEH, (4.1.1)
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where the first term describes the pair of freely falling test masses, while the second

term is the Einstein-Hilbert action, which describes the dynamics of the metric field

gµν .

4.1.1 The matter action

By denoting the spacetime coordinates of each particle by ζµ and ξµ, the matter

action can be written as [154]

Smatter = −M
∫

dt

√
−gµν ζ̇µζ̇ν +

∫
dt Lrest

√
−gµν ξ̇µξ̇ν , (4.1.2)

whereM is the mass of the first particle (with coordinates ζµ), and Lrest denotes the

rest Lagrangian of the second particle (with coordinates ξµ). In writing down the

action (4.1.2), we assumed that the first particle has no (dynamical) internal DoFs.

For the second particle, the rest Lagrangian is of the form

Lrest(ϱ, ϱ̇ t̄) = −m+ L (ϱ, ϱ̇ t̄). (4.1.3)

In this equation, m is the mass of the second particle, while L (ϱ, ϱ̇ t̄) describes

its internal degrees of freedom with coordinate ϱ (relative to the center-of-mass

coordinate) and generalized velocity ϱ̇ = dϱ/dt . We have also defined t̄ = dt/dτ ,

with τ being the particle’s proper time.

Now, let us take the first particle to be at rest at the origin of our coordinate

system, ζµ(t) = t δµ0 , such that the coordinate time t is interpreted as its proper

time, and let us assume that M ≫ Lrest. Under these assumptions, the first term

in the action (4.1.2) essentially has no dynamics. Since our interest relies on the

composite particle, we will simply refer to it as the system from now on.

In the context we described above, it becomes appropriate to think of (t, ξi) as

the Fermi normal coordinates defined with respect to the worldline of the heavier

particle (see Appendix A). In these coordinates, we canwrite themetric components

as [Eqs. (A.11.37)]

g00(t, ξ
i) = −1−Ri0j0(t, 0)ξ

iξj +O(ξ3), (4.1.4a)

g0i(t, ξ
i) = −2

3
R0jik(t, 0)ξ

jξk +O(ξ3), (4.1.4b)

gij(t, ξ
i) = δij −

1

3
Rikjl(t, 0)ξ

kξl +O(ξ3), (4.1.4c)

where Rµνρσ is the Riemann curvature tensor. Physically, the use of Fermi normal
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coordinates allows us to interpret the coordinates ξi as not simply describing a sin-

gle particle in an arbitrary coordinate system, but rather as the geodesic deviation

between two test masses (Figure 4.1). Following the discussion at the end of Ap-

pendix A, we emphasize that this expansion of the metric components holds as long

as ξ ≪ R0, with R0 being the scale over which the metric changes appreciably.

Figure 4.1: Two test masses M and m, with M ≫ m, and their

geodesic deviation in Fermi normal coordinates, represented by the

vector ξ. The mass m is also described by internal degrees of free-

dom, represented by the curly red lines.

In our parametrization, ξ0(t) = t, thus resulting√
−gµν(ξ)ξ̇µξ̇ν ≃

√
1 +Ri0j0(t, 0)ξiξj − δij ξ̇iξ̇j

≃ 1− 1

2
δij ξ̇

iξ̇j +
1

2
Ri0j0(t, 0)ξ

iξj. (4.1.5)

Next, let us specify our metric field to describe small perturbations hµν around

some background spacetime γµν as in Eq. (1.4.1), namely gµν = γµν + hµν , with

|hµν | ≪ |γµν |. Recall from Eq. (1.4.9) that the Riemann tensor associated with gµν

is given by

Rρ
σµν = Rρ

σµν [γ] + 2D[µC
ρ
ν]σ + 2Cρ

δ[µC
δ
ν]σ. (4.1.6)

where Dµ is the covariant derivative compatible with γµν and whose commutator

defines Rρ
σµν [γ]. The tensor C

ρ
µν reads, up to second order in the metric pertur-

bation,

Cρ
µν =

1

2
gρσ(Dµgνσ +Dνgσµ −Dσgµν)

=
1

2
γρσ(Dµhνσ +Dνhσµ −Dσhµν), (4.1.7)
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which follows from metric compatibility. Then, an explicit calculation yields

Rρσµν = Rρσµν [γ] +
1

2

(
Rλ

σµν [γ]hλρ −Rλ
ρµν [γ]hσλ

)
+

1

2
(DµDσhρν −DµDρhνσ −DνDσhρµ +DνDρhµσ), (4.1.8)

where Rρσµν = gρηR
η
σµν as usual. The interaction between the system variables

and the spacetime curvature then takes the form

1

2
Ri0j0(t, 0)ξ

iξj =
1

2
Ri0j0[γ](t, 0)ξ

iξj +
1

4

(
Rλ

0i0[γ]hλj −Rλ
ij0[γ]h0λ

)∣∣∣∣
ξ=0

ξiξj

+
1

4
(DiD0hj0 +D0Dihj0 −DiDjh00 −D0D0hij)

∣∣∣∣
ξ=0

ξiξj.

(4.1.9)

Up to this point, everything works for a general background. Ultimately, we are

interested in considering the background metric in the Newtonian limit, for which

γµν = ηµν − 2ϕδµν , with ϕ(x) being the time-independent gravitational potential.

In that case, as we saw in Chapter 1, the metric perturbation hµν can be chosen to

satisfy the TT gauge conditions
1
(1.4.30), and we find

Ri0j0[γ](ξ) = ∂j∂iϕ(ξ). (4.1.10)

Putting everything back together in Eq. (4.1.9) yields

1

2
Ri0j0(t, 0)ξ

iξj =

[
1

2
∂i∂jϕ+

1

4

(
∂k∂iϕ

)
hkj −

1

4
D0D0hij

]∣∣∣∣
ξ=0

ξiξj. (4.1.11)

The covariant derivatives in the last term differ from partial derivatives by the

Christoffel symbols. Since those are evaluated along the geodesic, they vanish by

Fermi’s second condition [Eq. (A.11.18)] and, finally, the interaction term can be

written as

1

2
Ri0j0(t, 0)ξ

iξj = −
[
1

2
Φij +

1

4
Φk

ihkj(t, 0) +
1

4
ḧij(t, 0)

]
ξiξj, (4.1.12)

where we introduced the tidal tensor Φij = − (∂i∂jϕ)
∣∣
ξ=0

[28, 58]. Specifically,

for two test masses close to a spherically symmetric (even if only approximately)

Newtonian source, such as Earth, the much lighter one is under the influence of the

1
Since we will only work within the TT gauge, we will not use the superscript ’TT’. From

this point on, the metric perturbation field hij is understood to satisfy the TT gauge conditions,

Eq. (1.4.30).
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gravitational potential given by

ϕ(ξ) = − MN

|ξ −R| , (4.1.13)

withMN being the source’s mass andR being the radius vector that points from the

massM (the origin of our coordinate system) to the center of the Newtonian source,

such that |R| ≃ RN , which represents its radius (Figure 4.2). From Eq. (4.1.13) one

can easily show that the tidal tensor takes the form

Φij = − (∂i∂jϕ)

∣∣∣∣
ξ=0

=
MN

R3

(
3RiRj

R2
− δij

)
=
MN

R3
N

(3δi3δj3 − δij). (4.1.14)

Figure 4.2: The two test masses M and m are in the vicinity of a

much bigger andmuchmoremassive spherical massMN , with radius

RN , located atR ≃ RN ê3 with respect to the massM .

Note from Eq. (4.1.12) that the validity of the metric expansion in Fermi normal

coordinates holds as long as ξ2 ≪ R3
N/MN , and also ξ2 ≪ ω−2

, with ω denoting

the angular frequency of the gravitational waves. Hence, we need to introduce an

energy cutoff for the incident gravitational radiation of the order Λ ∼ L−1
0 , where

L0 is some typical geodesic separation, which we sometimes refer to as the "detector

size".

At last, using Eqs. (4.1.5) and (4.1.12), the matter action becomes

Smatter =

∫
dt

[
1

2
mδij ξ̇

iξ̇j + L (ϱ, ϱ̇t̄)− 1

2
L (ϱ, ϱ̇t̄)δij ξ̇

iξ̇j
]
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− 1

2

∫
dt Lrest(ϱ, ϱ̇t̄)Φijξ

iξj

− 1

4

∫
dt hij(t, 0)

{
Lrest(ϱ, ϱ̇t̄)Φ

i
kξ

kξj +
d2

dt2
[
Lrest(ϱ, ϱ̇t̄)ξ

iξj
]}
, (4.1.15)

where we dropped non-dynamical terms and integrated by parts while dropping

boundary contributions.

4.1.2 The gravitational action

Now, for the gravitational field, we saw in Chapter 1 that the Einstein-Hilbert action

for the metric expansion around a Newtonian background, and with the perturba-

tion in the TT gauge, is given by Eq. (1.4.37), which we repeat here for convenience:

SEH =
1

64π

∫
d4x

(
hij□h

ij + 2ϕhijδµν∂
µ∂νhij

)
. (4.1.16)

Note that the interaction between the gravitational radiation and the classical New-

tonian potential is of order O(ϕh2), while in Eq. (4.1.15) they simultaneously cou-

ple with the system through an interaction of order O(ϕh), which is therefore the

dominant one in perturbation theory. The interaction term in Eq. (4.1.16) leads to

coupling between graviton modes. In fact, we showed in Appendix B that this term

is physically associated with graviton scattering, leading to a differential cross sec-

tion that behaves as dσ/dΩ ∼ M2
Nθ

−4
, with θ ≪ 1 being the scattering angle.

Since this angle is very small, we will neglect this less dominant interaction
2
and

consider only the O(ϕh) contribution in Eq. (4.1.15).

Hence, we consider the gravitons to be described by their usual flat-spacetime

Lagrangian,

SEH = − 1

64π

∫
d4x ∂µhij∂

µhij, (4.1.17)

from which we immediately obtain the wave equation □hij = 0. The general solu-

tion takes the form

hij(t,x) =

∫
d3k

∑
s=+,×

ϵsij(k)qs(t,k)e
ik·x, (4.1.18)

2
This interaction term is also neglected in Ref. [29] where the authors compute quantum gravity

corrections to the fall of test masses, for instance.
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with ϵsij denoting the polarization tensor that satisfies the transversality and trace-

less conditions, Eqs. (1.2.27), as well as the normalization condition (1.2.31). Addi-

tionally, the reality of hij implies that

ϵ∗sij (k)q
∗
s(t,k) = ϵsij(−k)qs(t,−k). (4.1.19)

By plugging Eq. (4.1.18) into Eq. (4.1.17), we obtain

SEH = − 1

64π

∫
d4x

∫
d3k d3k′

∑
s,s′

ϵsij(k)ϵ
ij
s′(k

′)

× [−q̇s(t,k)q̇s′(t,k′)− k · k′qs(t,k)qs′(t,k
′)]ei(k+k′)·x

= −(2π)3

64π

∫
dt

∫
d3k

∑
s,s′

ϵsij(k)ϵ
ij
s′(−k)

×
[
−q̇s(t,k)q̇s′(t,−k) + k2qs(t,k)qs′(t,−k)

]
=
π2

4

∫
dt

∫
d3k

∑
s

[
|q̇s(t,k)|2 − k2|qs(t,k)|2

]
=

∫
dt

∫
d3k

∑
s

1

2

[
mg|q̇s(t,k)|2 −mgk

2|qs(t,k)|2
]
, (4.1.20)

where we defined mg = π2/2 and used Eq. (4.1.19), as well as the normalization

condition (1.2.31), and the identity

∫
d3x ei(k+k′)·x = (2π)3δ3(k+ k′).

Let us note that the action (4.1.20) has the form SEH =
∫
dt
∫
d3k

∑
s Ls(t,k),

with the Lagrangian Ls(t,k) for each mode describing a harmonic oscillator with

massmg and frequency ω = |k|. The associated Hamiltonian takes the usual form

Hs(t,k) =
|ps(t,k)|2

2mg

+
1

2
mgk

2|qs(t,k)|2, (4.1.21)

with ps(t,k) =
∂Ls(t,k)
∂q̇s(t,k)

= mgq̇s(t,k).

4.1.3 The total action

At last, by plugging the general solution (4.1.18) into the matter action (4.1.15), the

total action (4.1.1) takes the form

S = Ssys + Sgrav + Ss+g, (4.1.22)
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where

Ssys =

∫
dt

[
1

2
mδij ξ̇

iξ̇j + L (ϱ, ϱ̇t̄)− 1

2
L (ϱ, ϱ̇t̄)δij ξ̇

iξ̇j − 1

2
Lrest(ϱ, ϱ̇t̄)Φijξ

iξj
]
,

(4.1.23a)

Sgrav =

∫
dt

∫
d3k

∑
s

1

2

[
mg|q̇s(t,k)|2 −mgk

2|qs(t,k)|2
]
, (4.1.23b)

Ss+g =

∫
dt

∫
d3k

∑
s

qs(t,k)X
s(t,k), (4.1.23c)

and we have defined

Xs(t,k) = −1

4
ϵsij(k)

{
Lrest(ϱ, ϱ̇t̄)Φ

i
kξ

kξj +
d2

dt2
[
Lrest(ϱ, ϱ̇t̄)ξ

iξj
]}
. (4.1.24)

The action (4.1.22) describes the interaction of a system, characterized by both

external and internal DoFs, with classical gravitational radiation in a Newtonian

background. This will be our starting point for describing the interaction of such a

system with gravitons. The quantization of the metric perturbation field, which we

discussed in Chapter 1, can be achieved by promoting the field amplitudes to oper-

ators in Hilbert space in the usual way. Since our ultimate goal is to describe the

system variables alone, the weak quantized gravitational field shall be treated as an

environment; for this case, we will follow the Feynman-Vernon influence functional

approach to open quantum systems, as described in Chapter 2. In fact, one can an-

ticipate the resemblance to quantum Brownianmotion from the total action (4.1.22).

4.2 Gravitational influence functional

Let us now quantize both the system and the gravitational degrees of freedom. Sup-

pose that, at initial time t = 0, the system and the gravitons are uncorrelated, and

the total density matrix can be written as

ρ̂(0) = ρ̂sys(0)⊗ ρ̂grav(0), (4.2.1)

with ρ̂sys(t) (ρ̂grav(t)) denoting the reduced density matrix used to compute local

system (gravitational) observables. This is obtained by taking a partial trace of the

total density matrix with respect to the gravitational (system) variables.

For t > 0, the system interacts with the gravitational field, and the total state be-

comes entangled in general. Since we are not interested in the gravitons final state,

we must integrate over the gravitational variables such that the system becomes
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effectively open, and the weak quantum gravitational field is viewed as an envi-

ronment. This description is accomplished by using the Feynman-Vernon influence

functional (Chapter 2), which is written as

F [X,X ′] = eiSIF[X,X′,t], (4.2.2)

where SIF is the influence action and X and X ′
denote two different histories of

the system variables. In terms of the influence functional, the time evolution of the

system reduced density matrix is given by

ρsys(X,X
′, t) =

∫
dX0dX

′
0 Jsys(X,X

′, t|X0, X
′
0, 0)ρsys(X0, X

′
0, 0), (4.2.3)

where ρsys(X,X
′, t) = ⟨X|ρ̂sys(t)|X ′⟩ and the evolution operator for the reduced

density matrix reads

Jsys(X,X
′, t|X0, X

′
0, 0) ≡

X(t)=X
X′(t)=X′∫

X(0)=X0

X′(0)=X′
0

DXDX ′ ei(Ssys[X]−Ssys[X′])F [X,X ′], (4.2.4)

with

F [X,X ′] =

∫ ∞

−∞
dqdq0dq

′
0 ρgrav(q0, q

′
0, 0)

×
q(t)= q′(t)= q∫
q(0)= q0
q′(0)= q′0

DqDq′ ei(Sgrav[q]+Ss+g[X,q]−Sgrav[q′]−Ss+g[X′,q′]), (4.2.5)

with q and q′ denoting two different histories of the gravitational environment vari-

ables.

The influence action encodes all influence of the environment on the system. In

our case, the system is coupled with the infinite graviton modes. Since each mode

(and polarization) is independent of all the others, they can be treated separately in

such a way that the total influence action is the sum of the action corresponding

to each mode
3
(and polarization). This is because the total influence functional for

a system coupled with statistically and dynamically independent environments is

simply the product of each individual influence functional [Eq. (2.2.20)]. Further-

more, we note that the environment action (the Einstein-Hilbert action) is quadratic

in the field amplitudes, and the coupling with the system variableXs(t,k) is linear.

3
Note that this would no longer be true if we had kept the scattering term in the graviton action.
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This is then a special case of the linear coupling model, described in full detail in

Section 2.2.3, for which the path integrals can be computed analytically. Translating

the results of that section in terms of the variables described by Eq. (4.1.22) leads to

the influence action

SIF[X,X
′] =

1

2

∫
dtdt′

∑
s

∫
d3k

[
Xs(t,k)−X ′s(t,k)

]
ds(t, t

′,k)

×
[
Xs(t′,k) +X ′s(t′,k)

]
+
i

2

∫
dtdt′

∑
s

∫
d3k

[
Xs(t,k)−X ′s(t,k)

]
ns(t, t

′,k)

×
[
Xs(t′,k)−X ′s(t′,k)

]
, (4.2.6)

where

ds(t, t
′,k) = i ⟨[q̂s(t,k), q̂s(t′,k)]⟩g θ(t− t′) (4.2.7a)

ns(t, t
′,k) =

1

2
⟨{q̂s(t,k), q̂s(t′,k)}⟩g (4.2.7b)

are the dissipation and noise kernels. In Eqs. (4.2.7), the q̂’s stand for position op-

erators in the Heisenberg picture, and θ(x) is the Heaviside step function. The

expectation values with the subscript ’g’ are computed with respect to the initial

state of the gravitons.

Both terms in the influence action (4.2.6) have the generic form

I(t, t′) =

∫
dtdt′

∑
s

∫
d3k

[
Xs(t,k)−X ′s(t,k)

]
js(t, t

′,k)

×
[
Xs(t′,k)±X ′s(t′,k)

]
, (4.2.8)

with js(t, t
′,k) denoting some kernel (either dissipation or noise) and Xs(t,k) de-

fined in Eq. (4.1.24). After some algebra, integrating by parts on the time variables

and dropping second order terms on the Newtonian potential, this can be rewritten

as

I(t, t′) =

∫
dtdt′

[
xij(t)− x′ij(t)

]
J ijkl(t, t′)[xkl(t

′)± x′kl(t
′)], (4.2.9)

where

xij(t) = Lrest(ϱ, ϱ̇t̄)ξi(t)ξj(t) (4.2.10)

and

Jijkl(t, t
′) =

1

16

∑
s

∫
d3k

[
ϵij(k)ϵkl(k)

d2

dt2
d2

dt′2
js(t, t

′,k)
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+ϵij(k)ϵnl(k)Φ
n
k
d2

dt2
js(t, t

′,k) + ϵnj(k)ϵkl(k)Φ
n
i
d2

dt′2
js(t, t

′,k)

]
.

(4.2.11)

Then, after putting everything together, we find the influence action to be given

by

SIF[x, x
′] =

∫
dtdt′

{
1

2

[
xij(t)− x′ij(t)

]
Dijkl

g (t, t′)[xkl(t
′) + x′kl(t

′)]

+
i

2

[
xij(t)− x′ij(t)

]
N ijkl

g (t, t′)[xkl(t
′)− x′kl(t

′)]

}
,

(4.2.12)

where we have defined the gravitational dissipation and noise kernels,

Dijkl
g (t, t′) =

1

16

∑
s

∫
d3k

[
ϵij(k)ϵkl(k)

d2

dt2
d2

dt′2
ds(t, t

′,k)

+ϵij(k)ϵnl(k)Φn
k d

2

dt2
ds(t, t

′,k) + ϵnj(k)ϵkl(k)Φn
i d

2

dt′2
ds(t, t

′,k)

]
,

(4.2.13a)

N ijkl
g (t, t′) =

1

16

∑
s

∫
d3k

[
ϵij(k)ϵkl(k)

d2

dt2
d2

dt′2
ns(t, t

′,k)

+ϵij(k)ϵnl(k)Φn
k d

2

dt2
ns(t, t

′,k) + ϵnj(k)ϵkl(k)Φn
i d

2

dt′2
ns(t, t

′,k)

]
,

(4.2.13b)

with ds(t, t
′,k) and ns(t, t

′,k) defined in Eqs. (4.2.7).

Now, in the samewaywe proceeded in Section 2.4, it will be useful to express the

noise kernel contribution in terms of a stochastic variableNij(t) using the Gaussian

functional identity [27]

e−
1
2

∫
dtdt′ [xij(t)−x′

ij(t)]N
ijkl
g (t,t′)[xkl(t

′)−x′
kl(t

′)]

= C
∫

DN e−
1
2

∫
dtdt′ Nij(t)(N

−1
g )ijkl(t,t′)Nkl(t

′)ei
∫
dtN ij(t)[xij(t)−x′

ij(t)], (4.2.14)

where C is a normalization constant, and DN denotes the path integral measure

for the stochastic variable Nij(t). Stochastic averages are then computed using a

Gaussian probability density P[N ], for which we have

〈
N ij(t)

〉
sto

=

∫
DN P[N ]N ij(t) = 0, (4.2.15a)

〈
N ij(t)N kl(t′)

〉
sto

=

∫
DN P[N ]N ij(t)N kl(t′) = N ijkl

g (t, t′). (4.2.15b)
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The gravitational influence functional then becomes

eiSIF[x,x
′] =

∫
DN P[N ] ei

∫
dtN ij(t)[xij(t)−x′

ij(t)]

× e
i
2

∫
dtdt′[xij(t)−x′

ij(t)]D
ijkl
g (t,t′)[xkl(t

′)+x′
kl(t

′)]. (4.2.16)

Let us now note that the term involving the dissipation kernel in Eq. (4.2.16) is of

order O(ξ4) since xij is already of order O(ξ2). Thus, the leading order contri-

bution comes from the term involving the noise kernel, and we may approximate

Eq. (4.2.16) as

eiSIF[x,x
′] ≃

∫
DN P[N ] ei

∫
dtN ij(t)[xij(t)−x′

ij(t)]. (4.2.17)

This means that we are only considering the influence of the gravitational field en-

coded in the noise kernel, which is responsible for describing decoherence, as we

saw in Chapter 2, and whose explicit form depends on the initial state of the gravi-

tons. In Appendix C, we obtain explicit expressions for the gravitational noise ker-

nel by considering four different possible initial states: vacuum, thermal, coherent,

and squeezed states.

4.3 The external DoFs density matrix

The total density matrix of the particle (including external and internal degrees of

freedom) at time t is given by

ρsys(ξ, ϱ, ξ
′, ϱ, t) =

∫
dξ(0)dξ′(0)dϱ(0)dϱ′(0) ρsys(ξ(0), ϱ(0), ξ

′(0), ϱ′(0), 0)

×
∫

DξDξ′DϱDϱ′ ei(Ssys[ξ,ϱ]−Ssys[ξ′,ϱ′])eiSIF[ξ,ϱ,ξ
′,ϱ′],

(4.3.1)

with eiSIF
given in Eq. (4.2.16) in terms of the variable xij(t), defined in Eq. (4.2.10),

and

Ssys[ξ, ϱ] =
1

2
m

∫
dt
(
δij ξ̇

iξ̇j + Φijξ
iξj
)
+

∫
dtL (ϱ, ϱ̇t̄)

− 1

2

∫
dtL (ϱ, ϱ̇t̄)

(
δij ξ̇

iξ̇j + Φijξ
iξj
)
. (4.3.2)

The path integral over ξ(t) is taken from ξ(0) to ξ, and similarly for the others.
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Now, within the approximation (4.2.17), we find

ρsys(ξ, ϱ, ξ
′, ϱ′, t) =

∫
dξ(0)dξ′(0)dϱ(0)dϱ′(0) ρsys(ξ(0), ϱ(0), ξ

′(0), ϱ′(0), 0)

×
∫

DξDξ′DϱDϱ′DN P[N ] ei(Seff [ξ,ϱ,N ]−Seff [ξ
′,ϱ′,N ]),

(4.3.3)

where

Seff [ξ, ϱ,N ] =

∫
dt

[
1

2
mδij ξ̇

iξ̇j +m

(
1

2
Φij −Nij

)
ξiξj

]
+

∫
dtL (ϱ, ϱ̇t̄)

−
∫

dtL (ϱ, ϱ̇t̄)

[
1

2
δij ξ̇

iξ̇j +

(
1

2
Φij −Nij

)
ξiξj

]
, (4.3.4)

with Nij(t) being the Gaussian stochastic variable satisfying Eqs. (4.2.15). Let us

nownote that the tidal tensor can be absorbed into the stochastic variable bymaking

Nij(t) → Nij(t)− 1
2
Φij in Eq. (4.3.3). Since this is a linear transformation, the new

variable is still Gaussian with stochastic averages

〈
N ij(t)

〉
sto

= −1

2
Φij, (4.3.5a)

〈
N ij(t)N kl(t′)

〉
sto

= N ijkl
g (t, t′) +O(ϕ2). (4.3.5b)

The effective system action (4.3.4) then becomes

Seff [ξ, ϱ,N ] =

∫
dt

(
1

2
mδij ξ̇

iξ̇j −mNijξ
iξj
)
+

∫
dtL (ϱ, ϱ̇t̄)

−
∫

dtL (ϱ, ϱ̇t̄)

(
1

2
δij ξ̇

iξ̇j −Nijξ
iξj
)
. (4.3.6)

We now proceed by considering only the external degrees of freedom of our

system, as we are interested in the effects of the noise coming from both the internal

DoFs and the quantum fluctuations of the gravitational field. In order to do this,

we have to compute the reduced density matrix of the relevant degrees of freedom

while tracing out all the others. Let us assume that initially the external and internal

DoFs of our system are also uncorrelated, thus implying that

ρsys(ξ(0), ϱ(0), ξ
′(0), ϱ′(0), 0) = ρext(ξ(0), ξ

′(0), 0)ρint(ϱ(0), ϱ
′(0), 0), (4.3.7)

where ρ̂ext (ρ̂int) stands for the external (internal) DoFs density matrix. The time

evolution couples the external and internal variables, and we are left with the total

density matrix (4.3.3). The reduced external DoFs density matrix is obtained by
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taking the partial trace

ρext(ξ, ξ
′, t) =

∫
dϱ ρsys(ξ, ϱ, ξ

′, ϱ, t), (4.3.8)

resulting in

ρext(ξ, ξ
′, t) =

∫
dξ(0)dξ′(0) ρext(ξ(0), ξ

′(0), 0)

×
∫

DξDξ′DN P[N ] e
i
(
S
(1)
eff [ξ,N ]−S

(1)
eff [ξ′,N ]

)
eS

(int)
IF [ξ,ξ′,N ], (4.3.9)

where we have defined the new influence functional

eiS
(int)
IF [ξ,ξ′,N ] =

∫
dϱdϱ(0)dϱ′(0) ρint(ϱ(0), ϱ

′(0), 0)

×
∫

DϱDϱ′ ei
(
S
(2)
eff [ξ,ϱ,N ]−S

(2)
eff [ξ′,ϱ′,N ]

)
, (4.3.10)

with

S
(1)
eff [ξ,N ] =

∫
dt

(
1

2
mδij ξ̇

iξ̇j −mNijξ
iξj
)
, (4.3.11a)

and

S
(2)
eff [ξ, ϱ,N ] =

∫
dtL (ϱ, ϱ̇t̄)−

∫
dtL (ϱ, ϱ̇t̄)

(
1

2
δij ξ̇

iξ̇j −Nijξ
iξj
)
. (4.3.11b)

Thus, we essentially have a similar problem to the one treated in Section 4.2,

namely a system interactingwith a quantum environment. Therefore, we shall com-

pute the Feynman-Vernon influence functional once again. It is worth remarking

that the total influence functional (gravitons plus internal DoFs) is not simply the

product of the individual functionals, since the gravitational field couples with all

variables describing the system. When considering the system of interest to be the

external degrees of freedom, we effectively end up with two environments that in-

teract with the system and with each other. In such a case, the additive property of

the influence action for multiple environments does not hold.

In order to proceed, let us assume that the Lagrangian describing the internal

degrees of freedom is of the form

L (ϱ, ϱ̇ t̄) =
∑
α

[
1

2
µα(ϱ̇α t̄)

2 − V(ϱα)
]
, (4.3.12)

with µα representing the reducedmasses of the system andV being a function of the

coordinates. Since we want to keep terms only up to second order in the position
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and velocity coordinates, we may write

L (ϱ, ϱ̇ t̄) ≃
∑
α

(
1

2
µαϱ̇

2
α − ϑαϱα − 1

2
µαϖ

2
αϱ

2
α

)
, (4.3.13)

where ϑα and ϖα are constants. Then, Eq. (4.3.11b) becomes

S
(2)
eff =

∑
α

[∫
dt

(
1

2
µαϱ̇

2
α − 1

2
µαϖ

2
αϱ

2
α

)
+ ϑα

∫
dt Y (t)ϱα(t)

]
, (4.3.14)

with

Y (t) =
1

2
δij ξ̇

iξ̇j −Nijξ
iξj − 1. (4.3.15)

Note that we are essentially describing the internal degrees of freedom as a set

of independent harmonic oscillators that couple linearly with the external ones. In

this case, the internal degrees of freedom influence functional (4.3.10) is Gaussian,

implying that we can write the influence action as

S
(int)
IF [Y, Y ′] =

∫
dtdt′

{
1

2
[Y (t)− Y ′(t)]Dint(t, t

′)[Y (t′) + Y ′(t′)]

+
i

2
[Y (t)− Y ′(t)]Nint(t, t

′)[Y (t′)− Y ′(t′)]

}
, (4.3.16)

with

Dint(t, t
′) = i

∑
α

ϑ2
α ⟨[ϱ̂α(t), ϱ̂α(t′)]⟩int θ(t− t′) (4.3.17a)

and

Nint(t, t
′) =

1

2

∑
α

ϑ2
α ⟨{ϱ̂α(t), ϱ̂α(t′)}⟩int (4.3.17b)

being the internal DoFs dissipation and noise kernels. Now the ϱ̂(t)’s are opera-

tors in the Heisenberg picture, and expectation values with the subscript ’int’ are

computed with respect to the initial state of the internal DoFs.

Similarly to what we did for the term containing the noise kernel for the grav-

itational influence functional, we can express the noise term in S
(int)
IF in terms of a

stochastic variable using the same Gaussian functional identity. Then, this term in

the internal DoFs influence functional will lead to a Gaussian probability density

and a linear term in the Y variable. Therefore, just like in the gravitational case, the

leading order contributions come from the noise term, and we may take

eiS
(int)
IF [Y,Y ′] ≃ e−

1
2

∫
dtdt′ [Y (t)−Y ′(t)]Nint(t,t

′)[Y (t′)−Y ′(t′)], (4.3.18)
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resulting in

ρext(ξ, ξ
′, t) =

∫
dξ(0)dξ′(0) ρext(ξ(0), ξ

′(0), 0)

∫
DξDξ′ e i

2
mδij

∫
dt (ξ̇iξ̇j−ξ̇′iξ̇

′
j)

×
∫

DN P[N ] e−im
∫
dtN ij(ξiξj−ξ′iξ

′
j)e−

1
2

∫
dtdt′ [Y (t)−Y ′(t)]Nint(t,t

′)[Y (t′)−Y ′(t′)].

(4.3.19)

The stochastic averages shown in Eqs. (4.3.5) can now be employed, provided we

work in a perturbative regime (dropping higher order terms on ξ and ϕ). From this,

we obtain the external degrees of freedom density matrix as

ρext(ξ, ξ
′, t) =

∫
dξ(0)dξ′(0) ρext(ξ(0), ξ

′(0), 0)

∫
DξDξ′ ei(Sext[ξ]−Sext[ξ′])

× exp

{
−1

4

∫
dtdt′ δij

[
1

2
δklyij(t)Nint(t, t

′)ykl(t
′) + Φklyij(t)Nint(t, t

′)wkl(t
′)

]}
× exp

{
−
∫

dtdt′wij(t)

[
m2

2
+Nint(t, t

′)

]
N ijkl

g (t, t′)wkl(t
′)

}
, (4.3.20)

where

Sext[ξ] =
m

2

∫
dt
(
δij ξ̇iξ̇j + Φijξiξj

)
, (4.3.21)

and we have defined

wij(t) = ξi(t)ξj(t)− ξ′i(t)ξ
′
j(t) (4.3.22a)

and

yij(t) = ξ̇i(t)ξ̇j(t)− ξ̇′i(t)ξ̇
′
j(t). (4.3.22b)

The reduced density matrix (4.3.20) is the main result of this chapter. Note that

its time evolution is not unitary due to the interaction with the environments. The

non-unitarity sector of the time evolution is determined by the gravitational noise

kernelN ijkl
g (t, t′) and the internal DoFs noise kernelNint(t, t

′), which we also com-

pute in Appendix C by considering an internal thermal bath. In the next chapters,

we explore the implications of this non-unitary time evolution.
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Chapter 5

Graviton-induced decoherence of a
composite particle

Now that we have described the interaction of a composite particle with a bath of

gravitons in a Newtonian background in Chapter 4, let us next obtain the time evo-

lution of quantum superpositions of the center-of-mass variable. Our starting point

will be the reduced density matrix (4.3.20) that was obtained by integrating over

the gravitational and internal system degrees of freedom. Here, we will consider

the system to be moving in a superposition of two classically distinguishable paths

and study the decoherence arising from the interactions with both environments.

In Section 5.1, we define the decoherence function and compute it for two possible

configurations of the superposition state. We analyze the behavior of this function

and compute the decoherence time in Section 5.2 by considering the gravitons to

be initially in the vacuum state. We extend the analysis to other possible states in

Section 5.3. Lastly, in Section 5.4, we discuss the possibility of gravitational reco-

herence for long times.

5.1 The decoherence function

Consider a special case in which the composite particle can move only along two

classically distinguishable paths ξ(1)(t) and ξ(2)(t). Then Eq. (4.3.20) can be written

as

ρext(ξ, ξ
′, t) =

∫
dξ0dξ

′
0ρext(ξ0, ξ

′
0, 0)

×
2∑

m,n=1

ei{Sext[ξ(m)]−Sext[ξ(n)]}e−Γ[ξ(m),ξ(n),t]

∣∣∣∣∣
ξ(m)(t)=ξ, ξ(n)(t)=ξ′

ξ(m)(0)=ξ0, ξ(n)(0)=ξ′0

,

(5.1.1)
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where we have introduced the functional

Γ
[
ξ(m), ξ(n), t

]
=

∫
dtdt′

{
1

8
δijδkl

[
ξ̇
(m)
i (t)ξ̇

(m)
j (t)− ξ̇

(n)
i (t)ξ̇

(n)
j (t)

]
Nint(t, t

′)

×
[
ξ̇
(m)
k (t′)ξ̇

(m)
l (t′)− ξ̇

(n)
k (t′)ξ̇

(n)
l (t′)

]
+

1

4
δijΦkl

[
ξ̇
(m)
i (t)ξ̇

(m)
j (t)− ξ̇

(n)
i (t)ξ̇

(n)
j (t)

]
Nint(t, t

′)

×
[
ξ
(m)
k (t′)ξ

(m)
l (t′)− ξ

(n)
k (t′)ξ

(n)
l (t′)

]
+
[
ξ
(m)
i (t)ξ

(m)
j (t)− ξ

(n)
i (t)ξ

(n)
j (t)

][m2

2
+Nint(t, t

′)

]
×N ijkl

g (t, t′)
[
ξ
(m)
k (t′)ξ

(m)
l (t′)− ξ

(n)
k (t′)ξ

(n)
l (t′)

]}
.

(5.1.2)

This is a functional of paths ξ(1)(t) and ξ(2)(t), which satisfies

Γ
[
ξ(m), ξ(n), t

]
= Γ

[
ξ(n), ξ(m), t

]
, (5.1.3a)

and

Γ
[
ξ(m), ξ(m), t

]
= 0. (5.1.3b)

Because of these properties, we only need to consider Γ
[
ξ(1), ξ(2), t

]
≡ Γ(t). When

Γ(t) ≥ 0, this function describes the decay of the off-diagonal density matrix ele-

ments, which is why we call it the decoherence function.
For simplicity, let us take ξ

(m)
i (t) = ξ(m)(t)δi3, namely unidimensional paths in

the x3−direction. Now, consider a scheme in which both paths start at the same

point ξ0 = ξ′0 and both end at another point ξ = ξ′. This is the typical scenario in

which an initially localized quantum system undergoes a superposition of paths and

is then recombined after time tf in order for its interference patterns to be analyzed.

Let us define the variables

Ξ(t) ≡ 1

2

[
ξ(1)(t) + ξ(2)(t)

]
, ∆ξ(t) ≡ ξ(1)(t)− ξ(2)(t), (5.1.4a)

and

V (t) ≡ d

dt
Ξ(t), ∆v(t) ≡ d

dt
∆ξ(t), (5.1.4b)

such that we can write

Γ(tf ) =
1

2

∫ tf

0

dtdt′ V (t)∆v(t)Nint(t, t
′)V (t′)∆v(t′)

+ Φzz

∫ tf

0

dtdt′ V (t)∆v(t)Nint(t, t
′)Ξ(t′)∆ξ(t′)
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+ 4

∫ tf

0

dtdt′ Ξ(t)∆ξ(t)

[
m2

2
+Nint(t, t

′)

]
Ng(t, t

′)Ξ(t′)∆ξ(t′), (5.1.5)

with Ng(t, t
′) ≡ N3333

g (t, t′).

In Appendix C, the noise kernel Nint(t, t
′) was computed by considering the

internal DoFs to represent an Ohmic bath described by the coupling constant η in

thermal equilibrium at high temperature Tint ≫ |t− t′|. Explicitly, using Eq. (C.2.5),
we have

Γ(tf ) =
1

2
ηπTint

∫ tf

0

dt [V (t)∆v(t)]2 + ηπTintΦzz

∫ tf

0

dt V (t)∆v(t)Ξ(t)∆ξ(t)

+ 2m2

∫ tf

0

dtdt′ Ξ(t)∆ξ(t)Ng(t, t
′)Ξ(t′)∆ξ(t′)

+ 4ηπTint

∫ tf

0

dt [Ξ(t)∆ξ(t)]2Ng(t), (5.1.6)

where Ng(t) ≡ limt′→tNg(t, t
′).

The function Γ(t) depends on the specific configurations of the superposition

state through the variables (5.1.4), and also on the gravitational noise kernelNg(t, t
′),

which was computed in Appendix C. In this work, we will consider the same con-

figuration path as the one in Refs. [30, 150] in order to explore the time evolution of

the superposition state. However, we will also show how the decoherence function

is modified for another configuration for illustrative purposes.

5.1.1 Configuration 1

For the first configuration, which we refer to as Configuration 1, we choose

Ξ(t) = Ξ = constant in time (5.1.7a)

and

∆ξ(t) =

{
2vt for 0 < t ≤ tf/2

2v(tf − t) for tf/2 < t < tf
, (5.1.7b)

for some constant velocity v. Note that this implies V (t) = dΞ/dt = 0. We then

have

Γ1(tf ) = 8m2Ξ2v2

[∫ tf/2

0

dtdt′ tt′Ng(t, t
′) +

∫ tf

tf/2

dtdt′ (tf − t)(tf − t′)Ng(t, t
′)

+2

∫ tf/2

0

dt

∫ tf

tf/2

dt′ t(tf − t′)Ng(t, t
′)

]
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+ 16ηπTintΞ
2v2

[∫ tf/2

0

dt t2Ng(t) +

∫ tf

tf/2

dt (tf − t)2Ng(t)

]
. (5.1.8)

The next step is to use the various expressions for the gravitational noise kernel

to explicitly compute the function Γ1(t). These can be found in Appendix C for

gravitons initially in the vacuum, thermal, coherent, and squeezed states. Although

long, this is a straightforward computation, so let us simply present the final results

for the function Γ1(t).

First, let us recall from Eq. (4.1.14) that Φzz = 2MN/R
3
N . Also, it will be inter-

esting to return the universal constants ℏ, c,G, and kB so that we present the result

in SI units rather than Planck units.

Let us introduce the index A, which can be either v, t, c, or s, representing vac-

uum, thermal, coherent, and squeezed states, respectively. Then, the results for the

function Γ1(t) can be summarized in the following expression:

Γ
(A)
1 (t) = bA(1− δA,v)Γ

(v)
1 (t)

+
8Ξ2v2m2

5πE2
P

K1,A

{(
ΛA

ℏ

)2[
f
(I)
A

(
ΛAt

ℏ

)
+

κA
E2

rest

f
(II)
A

(
ΛAt

ℏ

)]
−GMN

R3
N

[
f
(III)
A

(
ΛAt

ℏ

)
+

κA
E2

rest

f
(IV )
A

(
ΛAt

ℏ

)]}
. (5.1.9)

Here,

bA =

{
1 for A ̸= s

cosh 2r for A = s

, (5.1.10a)

ΛA =

{
Λ for A ̸= t

πkBTg for A = t

, (5.1.10b)

and

κA = ηπkBTintΛA. (5.1.10c)

Also, Erest = mc2 and EP are the rest and Planck energies. The constant Λ is the

graviton energy cutoff, Tg is the graviton temperature for the initial thermal state,

and r is the real squeeze parameter for the initial squeezed state. The constants

K1,A are

K1,v = 2, (5.1.11a)

K1,t =
4

3
, (5.1.11b)

K1,c =
α2

3
, (5.1.11c)
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K1,s = −2

3
sinh 2r, (5.1.11d)

with α being the displacement parameter for the initial coherent state. For all states,

the functions f
(I)
A describe the contributions to decoherence that come from the

gravitons alone, while the functions f
(II)
A describe the contributions coming from

the interplay between the gravitons and the internal DoFs of the system. The func-

tions f
(III)
A and f

(IV )
A , representing the contributions from gravitons and gravitons

plus internal DoFs, respectively, also encode the contribution from the Newtonian

potential. Note that, within this configuration, there are no contributions coming

solely from the internal DoFs, and in the absence of quantum spacetime fluctua-

tions, decoherence does not occur (for Configuration 1). The various functions fA

are listed below:

Vacuum state

f (I)
v (x) = 1+

2

3x

[
sin x− 8 sin

(x
2

)]
+

1

x2

[
2

3
cos x− 32

3
cos
(x
2

)
+ 10

]
, (5.1.12a)

f (II)
v (x) =

1

108
x3, (5.1.12b)

f (III)
v (x) = 8γE − 4

3
ln 4− 32

3
Ci

(x
2

)
+

8

3
Ci(x) + 8 ln

(x
2

)
, (5.1.12c)

f (IV )
v (x) =

1

18
x3. (5.1.12d)

Thermal state

f
(I)
t (x) =

1 + 16ex + 26e2x + 16e3x + e4x

(e2x − 1)2
− 15

x2
, (5.1.13a)

f
(II)
t (x) =

4

189
x3, (5.1.13b)

f
(III)
t (x) = 4 ln

[
2(ex − 1)3

x3(ex + 1)

]
− 4x, (5.1.13c)

f
(IV )
t (x) =

2

45
x3. (5.1.13d)

Coherent state

f (I)
c (x) =

7

2
+

1

6x

{
3 sin(2x)− 16

[
9 sin

(x
2

)
− 3 sinx+ sin

(
3x

2

)]}
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+
1

36x2

[
1495− 1728 cos

(x
2

)
+ 288 cosx− 64 cos

(
3x

2

)
+ 9 cos(2x)

]
,

(5.1.14a)

f (II)
c (x) =

x3

36
+

1

8x3
[
49 + 24(x2 − 2) cosx+ (2x2 − 1) cos(2x)

−4x(12− 2x2 + cos x) sinx
]
, (5.1.14b)

f (III)
c (x) = 28γE + 4 ln

(
81x7

217

)
− 48Ci

(x
2

)
+ 32Ci(x)− 16Ci

(
3x

2

)
+ 4Ci(2x),

(5.1.14c)

f (IV )
c (x) =

x3

6
+ 4 sinx+

2

x
(2 cosx+ cos2 x− 3). (5.1.14d)

Squeezed state

f (I)
s (x) =

1

2
+

1

2x

[
sin(2x) + 12 sin x− 16 sin

(x
2

)
− 16

3
sin

(
3x

2

)]
+

1

36x2

[
415− 576 cos

(x
2

)
+ 216 cosx− 64 cos

(
3x

2

)
+ 9 cos(2x)

]
,

(5.1.15a)

f (II)
s (x) =

1

8x3
[
49 + 24(x2 − 2) cosx+ (2x2 − 1) cos(2x)

−4x(12− 2x2 + cos x) sin x
]
, (5.1.15b)

f (III)
s (x) = 4γE + 4 ln

(
81x

29

)
− 16Ci

(x
2

)
+ 24Ci(x)− 16Ci

(
3x

2

)
+ 4Ci(2x),

(5.1.15c)

f (IV )
s (x) = 4 sin x+

2

x
(2 cosx+ cos2 x− 3). (5.1.15d)

Here γE ≃ 0.577 is the Euler-Mascheroni constant, and Ci(z) = −
∫∞
z

cos t
t
dt is the

cosine integral function.

5.1.2 Configuration 2

We can consider a different configuration for the superposition state; for instance,

one that is described by linear paths with different constant velocities, ξ(m) = vmt.

In that case, which we call Configuration 2, we have

Ξ(t) = V t, ∆ξ(t) = ∆vt, (5.1.16a)
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and

V =
v1 + v2

2
, ∆v = v1 − v2. (5.1.16b)

For Configuration 2, one finds

Γ2(tf ) =
1

4
ηπTint

(
v21 − v22

)2[tf
2
+

Φzzt
3
f

3
+ 4

∫ tf

0

dt t4Ng(t)

]
+
m2

2

(
v21 − v22

)2 ∫ tf

0

dtdt′ (tt′)2Ng(t, t
′). (5.1.17)

Just as we did for Configuration 1, our next task is to plug in the expressions

for the noise kernel into Eq. (5.1.17) in order to obtain explicit expressions for Γ2(t).

Once again, we shall only summarize the results of this long but straightforward

computation, which gives (after restoring the universal constants once more)

Γ
(A)
2 (t) =

πηkBTint
4ℏ

(v21 − v22)
2

c4

(
t

2
+

2

3

GMN

R3
N

t3
)
+ Γ

(A)
2(g)(t), (5.1.18a)

with

Γ
(A)
2(g)(t) = bA(1− δA,v)Γ

(v)
2(g)(t)

+
m2(v21 − v22)

2

15πE2
P

K2,A

{
g
(I)
A

(
ΛAt

ℏ

)
+

κA
E2

rest

g
(II)
A

(
ΛAt

ℏ

)
−
(

ℏ
ΛA

)2
GME

R3
E

[
g
(III)
A

(
ΛAt

ℏ

)
+

κA
E2

rest

g
(IV )
A

(
ΛAt

ℏ

)]}
,

(5.1.18b)

with bA, ΛA, and κA defined in Eqs. (5.1.10). The constants K2,A are

K2,v = 1, (5.1.19a)

K2,t = 12, (5.1.19b)

K2,c = α2, (5.1.19c)

K2,s = − sinh 2r. (5.1.19d)

The functions gA have the same interpretations as the functions fA with respect to

the physical mechanism responsible for their contribution. However, as opposed

to Configuration 1, the decoherence function for Configuration 2 exhibits contribu-

tions that come from the internal DoFs alone, in the same spirit as the gravitational

decoherence mechanism proposed by Pikovski et al. [35, 36] (Section 3.3). Since our

interest will be in analyzing the decoherence resulting from quantum spacetime

fluctuations, we will work with Configuration 1 for the remainder of this work.
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Nevertheless, for illustrative purposes (and as a reference for some possible future

work), the various functions gA are listed below:

Vacuum state

g(I)v (x) =
x4

4
+ 8γE − 12− 8Ci(x) + 8 lnx+ 4x sin x+ 12 cos x, (5.1.20a)

g(II)v (x) =
x5

15
, (5.1.20b)

g(III)v (x) = 2x4 − 8x2 + 16 cosx+ 16x sinx− 16, (5.1.20c)

g(IV )
v (x) =

2

5
x5. (5.1.20d)

Thermal state

g
(I)
t (x) = 1− 2x

3
+
x4

90
+

2

3
ln

(
e2x − 1

2x

)
− x

3

[
sinh(2x) + x

sinh2 x

]
, (5.1.21a)

g
(II)
t (x) =

8

945
x5, (5.1.21b)

g
(III)
t (x) =

x4

9
+

4

9
x3 +

2

3
x2 − 4

3
x2 ln

(
1− e2x

)
− 4

3
xLi2(e

2x) +
2

3
Li3(e

2x)− 2

3
ζ(3),

(5.1.21c)

g
(IV )
t (x) =

4

225
x5. (5.1.21d)

Coherent state

g(I)c (x) =
x4

8
+ 2γE − 59

16
+

1

16
(59− 22x2) cos(2x)− 2Ci(2x)− 2 ln

(x
2

)
+ 4 lnx

+
x

8
(27− 2x2) sin(2x), (5.1.22a)

g(II)c (x) =
x5

30
+

1

8x

[
15 +

(
−15 + 18x2 − 2x4

)
cos(2x)

]
+ (x2 − 3) sin(2x),

(5.1.22b)

g(III)c (x) = x4 − 7

2
x2 − 4 +

(
4− 9

2
x2
)
cos(2x)− x(x2 − 8) sin(2x), (5.1.22c)

g(IV )
c (x) =

3

2
x+

x5

5
+ x

(
9

2
− x2

)
cos(2x) + 3(x2 − 1) sin(2x). (5.1.22d)

Squeezed state

g(I)s (x) =
37

8
− 4γE − 12 cosx+

1

8
(59− 22x2) cos(2x) + 8Ci(x)− 4Ci(2x)

− 4 ln
(x
2

)
− x

2

[
8 + (2x2 − 27) cosx

]
sin x, (5.1.23a)
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g(II)s (x) =
1

4x

[
15 +

(
−15 + 18x2 − 2x4

)
cos(2x)

]
+ 2(x2 − 3) sin(2x), (5.1.23b)

g(III)s (x) = x2 + 8− 16 cos x+ (8− 9x2) cos(2x)− 4x
[
4 + (x2 − 8) cosx

]
sin x,

(5.1.23c)

g(IV )
s (x) = 3x+ x(9− 2x2) cos(2x) + 6(x2 − 1) sin(2x). (5.1.23d)

Here ζ(z) is the Riemann zeta function, and Lin(z) is the polylogarithm function.

5.2 Decoherence for initial vacuum state

For gravitons initially in the vacuum state, the decoherence function (for Configu-

ration 1) reads

Γ
(v)
1 (t) =

16Ξ2v2m2

5πE2
P

{(
Λ

ℏ

)2[
f (I)
v

(
Λt

ℏ

)
+

κ

E2
rest

f (II)
v

(
Λt

ℏ

)]
−GMN

R3
N

[
f (III)
v

(
Λt

ℏ

)
+

κ

E2
rest

f (IV )
v

(
Λt

ℏ

)]}
, (5.2.1)

with κ ≡ κv. The explicit expressions for the functions fv(x) were listed in Sec-

tion 5.1, while some of their relevant properties are shown in Table 5.1 (see also

Figure 5.1).

Vacuum state

Contribution Function Behavior for x≪ 1 Behavior for x≫ 1

G f
(I)
v (x) x4/288 1

G+I f
(II)
v (x) x3/108 x3/108

G+N f
(III)
v (x) x4/48 8γE − 32

3
ln 2 + 8 lnx

G+N+I f
(IV )
v (x) x3/18 x3/18

Table 5.1: Different contributions to the decoherence function con-

sidering the gravitons to be initially in the vacuum state. In

the "Contribution" column, "G" means gravitons, "I" means internal

DoFs, and "N" stands for Newtonian potential.

From Eq. (5.2.1), we see that the contribution from the interplay between the

gravitons and the internal degrees of freedom of the system is scaled by the ratio

R =
κ

E2
rest

=
ηπkBTintΛ

m2c4
. (5.2.2)

This ratio depends on the dimensionless coupling between the external and internal

DoFs, η, as well as the internal temperature, which can be of order Tint ∼ 104 K for

complex molecules [156]. The graviton cutoff Λ is related to the typical size of the
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Figure 5.1: Different contributions for the decoherence function con-

sidering the gravitons to be initially in the vacuum state.

geodesic deviation, L0, as pointed out in Chapter 4. We takeΛ = ℏc/L0 and refer to

L0 as the "detector size". Finally, the ratio also depends on the mass of the composite

particle, m. As we discussed in Chapter 3, quantum spatial superposition has been

observed for complex molecules with masses up to m ∼ 10−22
kg [151–153]. We

can rewrite the ratio (5.2.2) as

R = η
L(m,Tint)

L0

, (5.2.3)

where L(m,Tint) is a typical length scale determined by the mass of the system and

its internal temperature. For instance, if we take Tint ∼ 104 K and m ∼ 10−22
kg,

we find L(m,Tint) ∼ LP, the Planck length. Therefore, although the ratio R can

be increased by increasing the coupling between external and internal DoFs, and/or

decreasing the detector size, it is clear that, for typical systems, one can expect to

haveR ≪ 1. Nevertheless, the relevance of such contributions needs to be analyzed

by looking at the behaviors of the functions listed in Table 5.1.

5.2.1 Short-time limit

Let us begin by considering short times, t≪ ℏ/Λ = L0/c. In this limit, we can use

the expansions shown in Table 5.1 and write the decoherence function as

Γ
(v)
1 (t) =

8Ξ2v2m2

15πE2
P

[
1

6

(
Λ

ℏ

)2

− GMN

R3
N

](
Λt

ℏ

)3(
1

8

Λt

ℏ
+

1

3

κ

E2
rest

)
. (5.2.4)
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First, let us note that there seems to be a competition between the squared

frequencies (Λ/ℏ)2 and GMN/R
3
N , and decoherence occurs only if the former is

greater than the latter. Typically, this is the case, as one can see from Table 5.2,

where we estimate some values of both squared frequencies for different detector

sizes and different sources of Newtonian gravitational potential. However, it seems

to be possible, at least in principle, to have a situation in which the reversed scenario

holds by increasing the detector size as well as the density of the Newtonian source.

Of course, one must be careful not to violate any of our assumptions in doing so,

such as the Newtonian approximation, which prevents us from increasing the den-

sity of the source to an arbitrarily large value. For instance, we show the result of

the tidal squared frequency for neutron stars for informational purposes, but let us

not forget that we are working in a perturbative regime and dropping higher order

terms in the tidal tensor. We will return to this discussion at the end of the chapter.

Estimating (Λ/ℏ)2

L0 [m] (Λ/ℏ)2 [s−2
]

10−6 9.0× 1028

103 9.0× 1010

109 9.0× 10−2

Estimating GMN/R
3
N

Source GMN/R
3
N [s

−2
]

Sun 3.9× 10−7

Earth 1.5× 10−6

Neutron star 1.7× 108

Table 5.2: Typical squared frequencies. On the left we estimate the

magnitude of (Λ/ℏ)2 for some detector sizes L0. On the right we

estimate the magnitude of GMN/R
3
N for some sources of the New-

tonian potential.

Let us rewrite the decoherence function as

Γ
(v)
1 (t) =

4

45π
δΩ

(
Ξ

L0

)2(v
c

)2( m

MP

)2(
Λt

ℏ

)3(
1

8

Λt

ℏ
+

1

3

κ

E2
rest

)
, (5.2.5)

whereMP is the Planck mass, and we define

δΩ ≡ 1− 6

(
ℏ
Λ

)2
GMN

R3
N

. (5.2.6)

Note that δΩ ≤ 1 and typically one has δΩ ≃ 1.

The decoherence function depends on many parameters, with the ratio Ξ/L0

among them. Recall that, while L0 represents a typical geodesic deviation with

respect to the much more massive massM at the center of our reference frame, Ξ

basically denotes the size of the superposition. For simplicity, we can consider from

now on that one of the paths is close enough to the reference massM such that we

can take Ξ ∼ L0.
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Now, let us note from Eq. (5.2.5) that, as long as t ≫ (8/3)ηt(m,Tint), with

t(m,Tint) = L(m,Tint)/c denoting some typical time scale determined by the prop-

erties of the system, the contribution from the interplay between the gravitons and

the internal DoFs becomes negligible. For instance, for the typical values of themass

and internal temperature we discussed before, t(m,Tint) ∼ tP, the Planck time.

In summary, in the regime in which

8

3
η
L(m,Tint)

c
≪ t≪ L0

c
, (5.2.7)

only the interaction with the graviton bath dominates, and the decoherence func-

tion becomes

Γ
(v)
1 (t) =

1

90π
δΩ
(v
c

)2( m

MP

)2(
Λt

ℏ

)4

. (5.2.8)

We can compute the decoherence time tdec, defined by Γ(tdec) = 1. One finds1

t
(v)
dec =

ℏ
Λ

√√
90π

δΩ

c

v

MP

m
. (5.2.9)

Consistency demands that t
(v)
dec ≪ ℏ/Λ, and, as a consequence, graviton-induced

decoherence occurs for systems that satisfy

mv ≫
√

90π

δΩ
MPc, (5.2.10)

which agrees with the conclusions obtained by Kanno et al. [30] (Section 3.2). For

δΩ ≃ 1 this means that we must havemv ≫ 110 kg ·m/s.
Eq. (5.2.10) shows that the observation of graviton-induced decoherence re-

quires the preparation of spatial quantum superpositions of macroscopic masses.

Even if we were to extrapolate our results to the ultra-relativistic limit, v ≃ c, the

decoherence condition would require masses satisfyingm≫ 3.7× 10−7
kg.

In conclusion, the short-time limit is dominated solely by the graviton bath, and

decoherence generally does not occur for microscopic, typical experimentally ac-

cessible masses. One can hope that the scenario improves for long times. However,

if we consider only the pure graviton contribution, one can see from Table 5.1 that

f
(I)
v tends to a constant value as t→ ∞ and the decoherence function saturates at

Γ
(v)
1,sat =

16

5π
δΩ
(v
c

)2( m

MP

)2

, (5.2.11)

1
A word on notation: let tdec denote decoherence times computed in the short-time limit, while

τdec denotes decoherence times computed in the long-time limit.
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increasing no further. Therefore, the graviton bath alone cannot decohere spatial

superpositions of a microscopic mass. The situation changes in the long-time limit

whenwe consider the graviton interplaywith the other contributions (internal DoFs

and the Newtonian potential), since the other functions exhibit no such behavior as

t → ∞. Let us then return our attention to Eq. (5.2.1) and consider the long-time

limit.

5.2.2 Long-time limit

We can see from Table 5.1 that, for x ≫ 1, the functions f
(II)
v (x) and f

(IV )
v (x),

which include the internal DoFs contributions, scale as x3, while f
(I)
v (x) remains

constant and f
(III)
v (x) grows in a much slower logarithmic rate. This means that,

regardless of how small the ratio R = κ/E2
rest is, there will always be a time, no

matter how long, when the G+I contributions will dominate. Since these contribu-

tions will continue to increase without bound, decoherence will eventually occur.

In the long-time limit, using definition (5.2.6) and taking Ξ ∼ L0, Eq. (5.2.1)

becomes

Γ
(v)
1 (t) =

4

135
δΩ
(v
c

)2(ηkBTintΛ
E2

P

)(
Λt

ℏ

)3

. (5.2.12)

Interestingly, we see that the decoherence function (5.2.12) does not seem to

contain any explicit dependence on the mass of the composite particle. This does

not mean, however, that this function does not depend at all on the mass, since the

long-time limit was established according to the ratio κ/E2
rest, which does depend on

it. Also, there could be some explicit dependence on m through the dimensionless

coupling constant η.

From Eq. (5.2.12), we can compute the decoherence time, for which Γ(τdec) = 1.

One finds

τ
(v)
dec =

[
135

4

1

δΩ

( c
v

)2 ℏ4c5
GkB

1

ηTintΛ4

]1/3
=

[
135

4

1

δΩ

( c
v

)2 cL4
0

GkBηTint

]1/3
(5.2.13)

This is still a typically long time. For instance, consider a strong coupling scenario

and take η ∼ 1. Also, consider Tint ∼ 104 K, a typical molecular speed of the order

v ∼ 10−6c, L0 ∼ 10−9
m, and δΩ ∼ 1. Then one obtains τ

(v)
dec ∼ 105 s (about 1.2

days). Nevertheless, this shows that decoherence eventually does happen when we

consider the interplay between the gravitons and the internal DoFs of the system,

as opposed to the case where only the graviton bath contributes directly.



116 Chapter 5. Graviton-induced decoherence of a composite particle

This analysis was performed by considering gravitons initially in the vacuum

state. However, other possible states can significantly decrease the decoherence

time, as we will see now.

5.3 Decoherence for initial thermal, coherent, and
squeezed states

We can now repeat the same analysis for the other initial states for which the de-

coherence function is given by Eq. (5.1.9). The functions fA were all listed in Sec-

tion 5.1, and some of their relevant properties are shown in Tables 5.3, 5.4, and 5.5

(see also Figures 5.2, 5.3, and 5.4). The procedure is basically the same, so we will

simply list the results.

Thermal state

Function Behavior for x≪ 1 Behavior for x≫ 1

f
(I)
t (x) x4/126 1

f
(II)
t (x) 4x3/189 4x3/189

f
(III)
t (x) x4/60 4 ln 2 + 4x− 12 lnx

f
(IV )
t (x) 2x3/45 2x3/45

Table 5.3: Different contributions for the decoherence function con-

sidering the gravitons to be initially in a thermal state.

Coherent state

Function Behavior for x≪ 1 Behavior for x≫ 1

f
(I)
c (x) x4/48 7/2

f
(II)
c (x) x3/18 x3/36 + sin x

f
(III)
c (x) x4/8 28γE + 16 ln 3− 68 ln 2 + 28 ln x

f
(IV )
c (x) x3/3 x3/6 + 4 sin x

Table 5.4: Different contributions for the decoherence function con-

sidering the gravitons to be initially in a coherent state.

Just as we did for the case of the initial vacuum state, we begin by considering

the short-time limit. For t ≪ ℏ/ΛA, we can use the expansions for the functions

fA(x) around x = 0 that are shown in Tables 5.3, 5.4, and 5.5. Once again, the purely

graviton bath contribution dominates in this regime, and one finds the decoherence
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Squeezed state

Function Behavior for x≪ 1 Behavior for x≫ 1

f
(I)
s (x) x4/96 1/2

f
(II)
s (x) x3/36 sin x

f
(III)
s (x) x4/16 4γE + 4 ln (81/29) + 4 ln x

f
(IV )
s (x) x3/6 4 sinx

Table 5.5: Different contributions for the decoherence function con-

sidering the gravitons to be initially in a squeezed state.
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Figure 5.2: Different contributions for the decoherence function con-

sidering the gravitons to be initially in the thermal state.

times to be given by

t
(t)
dec =

[
1 +

32

21
δΩt

(πkBTg)
6

Λ6

]−1/4

t
(v)
dec, (5.3.1a)

t
(c)
dec =

(
1 + α2

)−1/4
t
(v)
dec, (5.3.1b)

t
(s)
dec = e−r/2t

(v)
dec, (5.3.1c)

where

δΩt ≡ 1 + 6

((
ℏ
Λ

)2

− 7

20

(
ℏ

πkBTg

)2
)
GMN

R3
N

, (5.3.2)

and with t
(v)
dec given by Eq. (5.2.9). Note that there is a decrease in decoherence time

when considering such states, with tdec even exhibiting an exponential decay for

the squeezed state.
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Figure 5.3: Different contributions for the decoherence function con-

sidering the gravitons to be initially in the coherent state.
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Figure 5.4: Different contributions for the decoherence function con-

sidering the gravitons to be initially in the squeezed state.

Next, we turn to the long-time limit. Similar to the case of the initial vacuum

state, one can see from Tables 5.3 and 5.4 that, for the thermal and coherent states,

the contributions involving the internal DoFs keep increasing forΛAt/ℏ ≫ 1, while

the others either saturate or exhibit a slower logarithmic behavior. Then, using the

expressions from the tables, in the long-time limit, we find the decoherence times

to be given by

τ
(t)
dec =

[
1 +

32

21
δΩt

(πkBTg)
6

Λ6

]−1/3

τ
(v)
dec, (5.3.3a)
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τ
(c)
dec =

(
1 +

α2

2

)−1/3

τ
(v)
dec, (5.3.3b)

with τ
(v)
dec given by Eq. (5.2.13).

However, the situation is quite different for the initial squeezed state. The in-

ternal DoFs contributions behave as sine functions, and therefore they do not keep

increasing. Due to the typical small values of the ratioR = κ/E2
rest, this means that

the contributions coming from the graviton bath alone also dominate in the long-

time limit
2
. Now, f

(I)
s (x) saturates at a constant value. Furthermore, although there

is a logarithmic increase in f
(III)
s (x), this is still much smaller than the vacuum be-

havior, which goes as ∼ x3 as we saw in Section 5.2. Therefore, the long-time limit

simply reads

Γ
(s)
1 (t) = (cosh 2r)Γ

(v)
1 (t), (5.3.4)

with Γ
(v)
1 (t) given by Eq. (5.2.12). At last, the decoherence time is

τ
(s)
dec = (cosh 2r)−1/3τ

(v)
dec. (5.3.5)

We see that, also in the long-time limit, there is an exponential decay of the deco-

herence time with respect to the vacuum state. In Ref. [157], the authors argue that

relic gravitons should now be in squeezed states and also estimate a squeeze pa-

rameter of order r ∼ 102, for which (cosh 2r)−1/3 ∼ 10−29
, a significant reduction

in the graviton-induced decoherence time.

5.4 The possibility of gravitational recoherence

Beforewe close this chapter, let us address one concern raised in Section 5.2. We saw

in Eq. (5.2.11) that when we consider only the G contribution to the decoherence

function for the vacuum state, it saturates and changes no further. The situation is

a little different when we include the Newtonian potential, since the G+N contri-

bution does not saturate to a fixed value but keeps increasing with time. So, let us

now consider a particle with no internal DoFs (or simply frozen ones). Then, the

decoherence function for the vacuum state reduces to

Γ
(v)
1 (t) =

16Ξ2v2m2

5πE2
P

{(
Λ

ℏ

)2

f (I)
v

(
Λt

ℏ

)
− GMN

R3
N

f (III)
v

(
Λt

ℏ

)}
. (5.4.1)

2
It is important to remark that we are referring only to the additional contribution to the deco-

herence function for the squeezed state. One should keep in mind that, for all states, this is added to

the vacuum term, for which the G+I contributions dominate for long times, as shown in Section 5.2.



120 Chapter 5. Graviton-induced decoherence of a composite particle

We already saw that, in the short-time limit, this reduces to Eq. (5.2.8). But now

there are no internal DoFs to dominate in the long-time regime, and one may be

concerned about the fact that the G contribution remains constant while the G+N

contribution, which has a negative sign, keeps increasing with time. From Table 5.1

we see that f
(I)
v (x) ∼ 1 and f

(III)
v (x) ∼ 8 ln x for x ≫ 1, and the decoherence

function becomes

Γ
(v)
1 (t) ≃ 16

5π

(v
c

)2( m

MP

)2
[
1− 8

(
ℏ
Λ

)2
GMN

R3
N

ln

(
Λt

ℏ

)]
. (5.4.2)

This means that, when there are no internal DoFs to guarantee gravitational deco-

herence, not only does the function stop increasing with time, but it also starts to

decrease (although very slowly). In light of this behavior, one may raise the concern

that the "decoherence" function could ever become negative. In principle, this can

happen, and we can compute the time it takes for that to occur. A quick analysis

shows that Γ
(v)
1 (t) < 0 for

t ≳
ℏ
Λ
exp

[
1

8

(
Λ

ℏ

)2
R3

N

GMN

]
. (5.4.3)

Now, even for a superposition size on the order of kilometers, L0 ∼ 103 m, we find(
Λ
ℏ

)2 R3
N

GMN
∼ 1016 near Earth. Take the exponential of that number, and we are

clearly talking about an infinitely long time before such recoherence can happen.

For the coherent and squeezed state, the situation is quite similar since the G+N

contributions in those cases also grow as ln(Λt/ℏ) for t ≫ ℏ/Λ. For the thermal

state, however, Table 5.3 shows that f
(III)
t (x) ∼ 4x, which grows faster than the

logarithm. The thermal decoherence function, in the absence of internal DoFs and

in the long-time limit, reads

Γ
(t)
1 (t) ≃ 16

5π

(v
c

)2( m

MP

)2
[
1 +

(
πkBTg

Λ

)2(
1− 4ℏ

πkBTg

GMN

R3
N

t

)]
. (5.4.4)

In that case, the condition Γ
(t)
1 (t) < 0 is achieved by

t ≳
πkBTg
4ℏ

R3
N

GMN

[
1 +

(
Λ

πkBTg

)2
]
. (5.4.5)

For Tg ∼ 1 K, we have
πkBTg

4ℏ
R3

N

GMN
∼ 1017 s (near Earth), which is about the age of

the universe.

In conclusion, the presence of the Newtonian potential seems to slightly slow
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down the decoherence mechanism, which can eventually lead to the recoherence of

the system. Although possible in principle, this is not expected to happen for typical

parameters. Even if it were so, we saw in the previous sections that decoherencewill

inevitably prevail when we include the interaction with the system’s own internal

structure.

Nevertheless, we should mention that recoherence mechanisms can appear in

non-Markovian models for open quantum systems, such as when one describes

quantum fields in cosmological backgrounds (see Ref. [158]). The connection be-

tween memory (non-Markovian) effects and recoherence is explored in Ref. [159].
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Chapter 6

Graviton-induced entropy
production

Let us consider once again an open system coupled with a bath of gravitons, only

now we include an external agent acting upon it according to some force protocol

f(t) in a given time interval. Due to the coupling with the environment, whose

final state is not of interest, the dynamics of the system evolves according to the

combined action of the deterministic force f(t) and a stochastic force term encom-

passing the influence of the environment, as discussed in Section 2.4 on more gen-

eral grounds. Now, this coarse-grained description of the environment inevitably

leads to dissipation. We then turn to the question of how much work is dissipated

when we try to move a system through a bath of gravitons, which we attempt to

answer by verifying how the fluctuation theorem applies to the problem at hand

(see Appendix D for a brief review of the fluctuation theorem, or, more precisely,

the Crooks fluctuation theorem and Jarzynski’s equality).

The fluctuation theoremwas established for a quantum system under the effects

of relativistic time dilation in Ref. [42], and it was later generalized to include the

effects of classical spacetime curvature [43] and to apply to a quantum field [44].

While these references treated spacetime as a classical entity, here we aim to ap-

ply the fluctuation theorem to a system under the influence of quantum spacetime

fluctuations.

One of the main conceptual difficulties faced in establishing a quantum fluctua-

tion theorem is the definition of work. While there seems to be general agreement in

defining work via the two-time measurement scheme [160] for closed systems, the

proper definition for open quantum systems is still under debate. Here, we follow

the proposal of Ref. [119] to define work as it is done in classical systems by mak-

ing sense of the notion of trajectories in quantum mechanics. In order to do so, we

shall turn to the decoherent (or consistent) histories formalism, which we discussed

in Section 2.5. As we saw in that section, the solutions of the Langevin equation

describe trajectories of the system, provided they are followed with an accuracy of
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an order ∼ N−1
, with N being the noise kernel of the environment. The idea is

then to use these solutions to define the work done on the open system.

Since we are going to need the expressions for the solutions to the Langevin

equation, we begin by discussing them in Section 6.1. Then, in Section 6.2, we use

these solutions to define work and establish the fluctuation theorem in order to

quantify the entropy production.

6.1 The Langevin equation with graviton noise

We begin by going back to Eq. (4.3.19), which describes the external degrees of free-

dom density matrix of a quantum system coupled with both gravitational and its

own internal degrees of freedom. As we have discussed in Chapter 4, the term con-

taining the internal DoFs noise kernel may also be rewritten in terms of a Gaussian

stochastic variable, just as we have done for the gravitational noise kernel. Indeed,

Eq. (4.3.19) is equivalent to

ρext(ξ, ξ
′, t) =

∫
dξ(0)dξ′(0) ρext(ξ(0), ξ

′(0), 0)

∫
DξDξ′ e i

2
m0δij

∫
dt (ξ̇iξ̇j−ξ̇′iξ̇

′
j)

×
∫

DN P[N ]P[Nint] e
−im

∫
dtN ij(ξiξj−ξ′iξ

′
j)e−

i
2

∫
dtNint(ξ̇iξ̇j−ξ̇′iξ̇

′
j)

× ei
∫
dtNintN ij(ξiξj−ξ′iξ

′
j), (6.1.1)

where P denotes the Gaussian probability density and N (Nint) is the stochastic

variable describing the interaction with the gravitons (internal degrees of freedom).

The system is then described by a stochastic effective action given by

SSEA[ξ, ξ
′] = Sp[ξ]− Sp[ξ

′]− 1

2

∫
dtNint

(
ξ̇iξ̇j − ξ̇′iξ̇

′
j

)
−
∫

dt (m−Nint)N ij
(
ξiξj − ξ′iξ

′
j

)
, (6.1.2)

with

Sp[ξ] =

∫
dt

[
1

2
mδij ξ̇

iξ̇j − V (ξ)

]
, (6.1.3)

and we included a potential function V (ξ) to account for the possibility of an ex-

ternal agent acting on the system.

The equation of motion is obtained by setting δSSEA = 0 as usual, resulting in

[m−Nint(t)]ξ̈i(t) +
∂V

∂ξi
− Ṅint(t)ξ̇i(t) + 2[m−Nint(t)]Nij(t)ξ

j(t) = 0. (6.1.4)
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Analytically solving this second-order differential equation for the geodesic devia-

tion ξ(t) is no easy task. Since we are going to need an explicit form for the solution,

we will drop the internal DoFs contribution and analyze the effects only due to the

gravitons for simplicity. Additionally, we choose to work on a perturbative regime

for ξi(t). Then, by taking Nint → 0 one is left with1

mξ̈i(t) = fi(t) + 2mNij(t)ξ
j
0(t), (6.1.5)

where fi is defined such that V (ξ) = −fi(t)ξi(t) and ξi0 is the solution tomξ̈i0 = f i
.

Eq. (6.1.5) is the Langevin equation for the time evolution of a system which is

affected by a stochastic force term that comes from the interaction with the bath of

gravitons. The effects of such stochastic noise are also analyzed in Refs. [24–30].

The solution to the Langevin equation for the initial conditions ξi(0) = ξ̇i(0) =

0 is given by

ξi(t) =
1

m

∫ t

0

dt′ (t− t′)fi(t
′) + 2

∫ t

0

dt′ (t− t′)Nij(t
′)ξj0(t

′). (6.1.6)

This can be seen as the classical limit for the geodesic separation between two test

masses, where the stochastic behavior comes from the quantum fluctuations of the

gravitational field. However, as we discussed in the beginning of the chapter, for

paths with accuracy determined by the noise kernel, we can use the solution to the

Langevin equation to provide a definition of work for the quantum system in the

same way that is done for classical systems, which in turn is heavily dependent on

the notion of a trajectory in space. This will allow us to establish the fluctuation

theorem for the quantum system and we shall see how dissipation arises when an

external agent tries to move the system through a bath of gravitons.

6.2 Dissipated work and entropy

In order to discuss the validity of the fluctuation theorem, we proceed as in Ref. [119].

By fluctuation theorem we mean Jarzynski’s equality, which is the integral form of

the Crooks fluctuation theorem [45–50] (see Appendix D). For closed quantum sys-

tems, the derivation of the theorem relies on the hypothesis of initial thermal state

of the entire system. However, our analysis of a quantum particle interacting with

a bath of gravitons is built under the assumption of initial product state, which is

obviously not a thermal one. In order to circumvent this issue, we take the initial

time to be t0 = −∞. At this time instant, we assume that the total state of the

1
We changed the sign of the noise term for convenience, which is allowed since this is simply a

change of variables in the path integral.
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system is described by a tensor product, ρ̂(−∞) = ρ̂sys(−∞)⊗ ρ̂grav(−∞), where

ρ̂grav is a thermal state of gravitons. We then allow the system to evolve according

to the total action with f i(t) = f i(0) for t < 0 so that we obtain a total thermal

state at t = 0. Then, the driving force starts changing according to some arbitrary

protocol until a given time instant t = τ . The work performed on the system by

the external agent in the interval [0, τ ] is then defined by

W ≡ −
∫ τ

0

dt ḟi(t)ξ
i(t), (6.2.1)

where ξi(t) is the solution to the Langevin equation given in Eq. (6.1.6). By using

the explicit forms of the solutions, we can write

W = − 1

m

∫ τ

0

dtdt′ ḟ i(t)g(t− t′)fi(t
′)− 2

∫ τ

0

dtdt′ ḟ i(t)g(t− t′)Nij(t
′)ξj0(t

′),

(6.2.2)

where g(t− t′) = (t− t′)θ(t− t′).

We can see from Eq. (6.2.2) that the work performed on the system is linear

in Nij(t), which is a Gaussian random process. Therefore, W itself must also be a

Gaussian random variable with its statistics specified by the first two moments ⟨W ⟩
and σ2

W = ⟨W 2⟩ − ⟨W ⟩2. We can then write the work probability density function

P(W ) =
1√
2πσ2

W

e−(W−⟨W ⟩)2/2σ2
W . (6.2.3)

Throughout this chapter, the brackets denote the stochastic averagewith a Gaussian

probability density.

Before we proceed, it is worth emphasizing that the average with P(W ) is the

same stochastic average with P(N ) due to the linear dependence ofW onNij(t).

In usual formulations of the classical fluctuation theorem, such stochastic force is

not considered, and the probabilistic aspect of the work done on the system comes

from the initial thermal state assumption. Each sampling from the initial state gives

rise to a trajectory, and the average is performed over an ensemble of such realiza-

tions. For the quantum fluctuation theorem, the inherent quantum uncertainty of

the initial state contributes a further probabilistic aspect. However, we chose to fol-

low an equivalent initial state preparation method based on a product initial state

for the total system. This choice replaces the system’s dependence on the initial

state with the properties of noise statistics and, consequently, one is left with only

one probabilistic element instead of two [119].
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The moments of the work distribution can be computed as follows. First, since

⟨N ij(t)⟩ = 1
2
Φij , with Φij being the tidal tensor

2
, we have

⟨W ⟩ = − 1

m

∫ τ

0

dtdt′ ḟ i(t)g(t− t′)fi(t′)−Φij

∫ τ

0

dtdt′ ḟ i(t)g(t− t′)ξj0(t′). (6.2.4)

Additionally, by using
3

〈
N ij(t)N kl(t′)

〉
= N ijkl(t, t′), which is the noise kernel of

gravitons, we also find

σ2
W =

∫ τ

0

dtdt′ ḟ i(t)σij(t, t
′)ḟ j(t′), (6.2.5)

where

σij(t, t
′) = 4

∫ τ

0

dt1dt2 g(t− t1)g(t
′ − t2)Nijkl(t1, t2)ξ

k
0 (t1)ξ

l
0(t2). (6.2.6)

Note that, while ⟨W ⟩ is independent of the noise kernel of gravitons, the second

moment σ2
W is not.

With the expressions for the first and second moments of work, the probability

distribution is completely specified. One can now compute

〈
e−βW

〉
=

∫
DW P(W )e−βW , (6.2.7)

where β is the inverse temperature of the bath of gravitons. Since Jarzynski’s equal-

ity holds for the entire system, as argued in the beginning of this section, we must

have 〈
e−βW

〉
= e−β∆F , (6.2.8)

where∆F = F (τ)−F (0) is the free energy difference between time instants t = 0

and t = τ , calculated quantum mechanically for the total system.

A direct calculation turns Eq. (6.2.7) into

〈
e−βW

〉
= e−β(⟨W ⟩−βσ2

W /2), (6.2.9)

which, upon comparison with Eq. (6.2.8), allows us to identify the free energy dif-

ference of the total system as

∆F = ⟨W ⟩ − βσ2
W/2. (6.2.10)

2
Recall that we changed the sign of the stochastic noise variable.

3
We dropped the index g since, in this section, there is to be no confusion with the noise kernel

coming from any other environment.
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At last, we identify the dissipated workWdiss with

Wdiss = ⟨W ⟩ −∆F = βσ2
W/2

= 2β

∫ τ

0

dt1 · · · dt4 ḟ i(t1)ḟ
j(t2)g(t1 − t3)g(t2 − t4)Nijkl(t3, t4)ξ

k
0 (t3)ξ

l
0(t4).

(6.2.11)

For movement along the z−direction, we computed the noise kernel N(t, t′) =

N3333(t, t
′) in Appendix C (naturally, in this case we are interested in the initial

thermal state for the gravitons).

Finally, we conclude that there is an entropy production in the system given by

⟨Σ⟩ = βWdiss =
β2σ2

W

2
. (6.2.12)

Note that when there are no gravitons, or when f = 0, we have σ2
W = 0 and,

consequently, there is no production of entropy. Additionally, we remark that the

thermodynamical interpretation of this entropy is tied to the interpretation of the

parameter β as a proper temperature, as discussed in Section 3.1. And, lastly, we

point out that, since Eq. (6.2.12) arises due to the fluctuating spacetime, one expects

this entropy production to be a universal and unavoidable feature of driven (classical

and quantum) systems.
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Conclusions and future work

The quantum fluctuations of spacetime, however weak, cannot be avoided since

spacetime is the background in which matter propagates and interacts. Here, we

quantified the consequences of such realization for the decoherence of spatial su-

perpositions and entropy production. We began by considering a composite quan-

tum system in a spacetime described by a classical static Newtonian potential and

the quantum gravitational radiation degrees of freedom. Such a spacetime also in-

duces interaction between the center-of-mass variable and the internal degrees of

freedom of the composite system. Since we were interested in studying spatial su-

perpositions of the center-of-mass variable, we integrated out both the gravitational

radiation degrees of freedom and the internal variables of the system itself. The

description of this open quantum system coupled with two mutually interacting

environments was accomplished within the influence functional approach, which

allowed us to obtain the decoherence function for the center-of-mass variable in a

superposition of two classically distinguishable paths.

We found that, although the interaction with gravitons alone cannot decohere

spatial superpositions of microscopic systems (in agreement with previous results

in the literature [30]), the interplay between the gravitons and the system’s inter-

nal structure will inevitably lead to decoherence, even if it happens for typically

long times. Such decoherence times were found to depend on the initial state of the

gravitons. In fact, for gravitons initially in thermal, coherent, and squeezed states,

the decoherence time exhibits a decrease with respect to the value found by con-

sidering an initial vacuum state. This decrease can be significant, especially for an

initial squeezed state, which is expected to describe relic gravitons [157].

Apart from the enhancement of gravitational decoherence arising from a suit-

able choice of the initial graviton state, we emphasize the role of the interplay be-

tween gravity and the internal degrees of freedom of the system in leading to deco-

herence, even in situations where it was not expected to occur at all. One can think

of the system’s internal structure acting as an environment that, due to the univer-

sal aspect of gravity, works as a mediator and amplifier of the effects of the quantum

spacetime fluctuations. This opens the possibility of considering more general sce-

narios in which a system is in simultaneous interaction with both a gravitational

and a non-gravitational environment. Since these will inevitably interact with each
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other, we are left to wonder what the effects of such interplay on the system are.

Whether non-gravitational environments can be used to mediate and amplify grav-

itational decoherence, as the internal structure of the system can, is a subject of

future investigation.

In this work, we also analyzed the entropy production coming from the driving

of a quantum system through a bath of gravitons. This was done via the decoherent

histories approach to quantummechanics, which allowed us to give meaning to the

concept of trajectory in space and to provide a suitable definition of work done on

the open quantum system in complete analogy with classical mechanics. With this

definition at hand, the fluctuation theorem was established in the form of Jarzyn-

ski’s equality, from which the entropy production was estimated. We remark on

the universal character of this entropy production, which arises from the quantum

degrees of freedom of the universal gravitational radiation.

Although we considered the entropy produced when the system is driven by

an external agent through the graviton bath, it would be interesting to investigate

the case in which the driving agent is spacetime itself. For instance, one could

analyze the work done by the stochastic force that comes from the gravitational

fluctuations. However, such a work distribution is not expected to be Gaussian,

which would render the analysis more complex.

In general, it would be interesting to see how these results apply to relativistic

particles and even quantum fields. For instance, one could study how graviton-

induced decoherence affects wave-packet dispersion in neutrino propagation (and,

in the spirit of the previous discussion, how other non-gravitational environments,

like matter effects, could amplify such decoherence and modify the neutrino oscil-

lation probability formula). Finally, it would also be interesting to investigate how

different spacetimes could affect our results. Here, we have expanded the gravita-

tional field around ametric in the Newtonian limit, but the same can be done for any

other classical solution to Einstein’s equation, such as the Schwarzschild solution

or the Robertson-Walker expanding universe. Whether such curved backgrounds

shall have a significant impact on the results of graviton-induced decoherence and

entropy production remains to be seen.
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Appendix A

Differential geometry

The main goal of this appendix is to provide a brief review of the mathematics

behind the general theory of relativity, namely differential geometry. This is by

no means an extensive or complete presentation of the subject, with many math-

ematical concepts and demonstrations left out. Our approach is heavily based on

mathematical physics textbooks such as [161, 162], as well as some very good books

on general relativity [54–56, 61]. For a more mathematically rigorous approach the

reader is referred to Ref. [163].

A.1 Differentiable manifolds

We begin with what is probably the most fundamental concept in differential geom-

etry, the one of a differentiable manifold (sometimes we just write manifold, leaving

the word "differentiable" implicit). The basic intuitive idea of a manifold is that of

a space that may or may not be curved while looking flat in small enough regions.

The entire manifold is then constructed by smoothly sewing together those regions.

Now, in order to give this idea a precisemathematical meaning, we are going to need

some preliminary definitions.

The first basic definition we are going to need is that of a topological space.

A topological space (X, T ) consists of a set X together with a collection T of

subsets of X satisfying the following three properties:

1. If Oα ∈ T for all α, then ⋃
α

Oα ∈ T . (A.1.1)

2. If O1, . . . , On ∈ T (n is a finite number), then

n⋂
i=1

Oi ∈ T . (A.1.2)

3. The entire set X and the empty set ∅ are in T .
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The collection T is referred to as a topology on X , and subsets of X which are

listed in the collection T are called open sets.
Another indispensable idea is the notion of a metric space. A metric d : X ×

X → R is a function that satisfies the conditions:

• d(x, y) = d(y, x),

• d(x, y) ≥ 0, where the equality holds if and only if x = y, and

• d(x, y) + d(y, z) ≥ d(x, z),

for all x, y, z ∈ X . If X is endowed with a metric d, X is made into a topological

space whose open sets are given by open discs centered at each point x,

Oϵ(x) = {y ∈ X|d(x, y) < ϵ}, (A.1.3)

and all their possible unions. The topology T thus defined is called the metric
topology determined by d. The topological space (X, T ) is called ametric space.

If (X, T ) and (Y,J ) are topological spaces, a map f : X → Y is said to be

continuous if the inverse image, f−1(O) = {x ∈ X|f(x) ∈ O}, of every open

set O in Y is an open set in X . If (X, T ) and (Y,J ) are topological spaces, a

map f : X → Y is a homeomorphism if it is continuous and has an inverse

f−1 : Y → X which is also continuous. If there is a homeomorphism between X

and Y , X is said to be homeomorphic to Y and vice versa.

We are now ready to give a precise definition of differentiable manifolds. A set

M is an n−dimensional differentiable manifold if

• M , together with a collection of its subsets, is a topological space;

• M is provided with a family of pairs {(Oi, ϕi)} such that {Oi} is a family of

open sets which covers M , that is,

⋃
iOi = M and ϕi is a homeomorphism

from Oi onto an open subset Ui of Rn
(Figure A.1);

• given Oi and Oj such that Oi ∩ Oj ̸= ∅ for i ̸= j, the map ψij = ϕi ◦ ϕ−1
j :

ϕj(Oi ∩Oj) 7→ ϕi(Oi ∩Oj) is infinitely differentiable.

The pair (Oi, ϕi) is called a chart or a coordinate system, while the whole set

{(Oi, ϕi)} constitutes an atlas. The subset Oi is called the coordinate neighbor-
hood and ϕi the coordinate function. Given a point p ∈M , the homeomorphism

ϕi is represented by the set of coordinates {xµ(p)} = {x0(p), . . . , xn−1(p)}.
A transformation that leaves invariant the differential structure described above

is called a diffeomorphism. To be more precise, let f : M → M ′
be a home-

omorphism and ϕ and ψ coordinate functions, where the dimensions of M and
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Figure A.1: Homeomorphisms ϕi and ϕj map open sets Oi and Oj

on the manifoldM into open sets Ui and Uj on Euclidean spaces.

M ′
are n and n′

, respectively (Figure A.2). If ψ ◦ f ◦ ϕ−1
is invertible, and both

y = ψ ◦ f ◦ ϕ−1(x) and x = ϕ ◦ f−1 ◦ ψ−1(y) are C∞
(infinitely differentiable), the

map f is said to be a diffeomorphism andM andM ′
are said to be diffeomor-

phic, which we denote asM ≡M ′
. It follows that ifM ≡M ′

then n = n′
. In fact,

two diffeomorphic manifolds are regarded as being the same manifold.

Figure A.2: The map f : M → M ′
has a coordinate representation

given by ψ ◦ f ◦ ϕ−1 : Rn → Rn′
.

Since in physics the notion of a vector, and moreover a tensor, is a very useful

one, it will be interesting to define vector spaces on a manifold. In order to do so,

we need to define a very special class of maps called curves. An open curve on

an n−dimensional manifoldM is the map c : (a, b) → M , where (a, b) is an open

interval in R such that a < 0 < b (Figure A.3). On a coordinate system (O, ϕ), a

curve c(t) has the coordinate representation x = ϕ ◦ c : R → Rn
.



136 Appendix A. Differential geometry

Figure A.3: A curve c in M , parametrized by t, and its coordinate

representation ϕ ◦ c.

At last, we define a function onM as a smooth map fromM to R. On a coor-

dinate system (O, ϕ), we can build the coordinate representation of f as f ◦ ϕ−1 :

Rn → R, which is a real-valued function of n variables. The set of smooth functions

onM is denoted by F(M).

We are now ready to introduce the concept of tensors in a manifold.

A.2 Tensors

Let us begin with the more usual kind of tensor, namely a vector. In order to give a

precise definition, let us consider a curve c : (a, b) →M and a function f :M → R,
where (a, b) is an open interval in R containing the point t = 0, with t being an

arbitrary parametrization of the curve (Figure A.4). By choosing a local coordinate

function ϕ and using the chain rule, the rate of change of the function f at t = 0

along the curve c is given by

df(c(t))

dt

∣∣∣∣
t=0

=
d

dt
(f ◦ c)

∣∣∣∣
t=0

=
d

dt

[
(f ◦ ϕ−1) ◦ (ϕ ◦ c)

]∣∣∣∣
t=0

=
∂(f ◦ ϕ−1)

∂xµ
d(ϕ ◦ c)µ

dt

∣∣∣∣
t=0

=
dxµ(c(t))

dt

∣∣∣∣
t=0

∂µf, (A.2.1)

with

∂µf =
∂f

∂xµ
≡ ∂(f ◦ ϕ−1)

∂xµ
. (A.2.2)
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This means that the rate (df/dt)
∣∣
t=0

is obtained by the application of the differen-

tial operator

X = Xµ

(
∂

∂xµ

)
with Xµ =

dxµ(c(t))

dt

∣∣∣∣
t=0

(A.2.3)

to the map f , that is

df(c(t))

dt

∣∣∣∣
t=0

= Xµ

(
∂f

∂xµ

)
≡ X(f). (A.2.4)

We then defineX as the tangent vector toM at the point c(0) along the direction

given by the curve c(t), as shown in Figure A.4.

Figure A.4: A curve c along with a function f and a local coordinate

system ϕ define the tangent vector X at a point of the manifoldM
in the direction determined by c(t).

In summary, each curve through p defines an operator onF , namely the tangent

vector, which maps f 7→ df/dt at p. Basically, we are defining vectors at each

point ofM as directional derivatives on that point. Therefore, a tangent vector X

at a point p ∈M is a map X : F → R which is linear and obeys the Leibniz rule,

• X(af + bg) = aX(f) + bX(g), ∀ f, g ∈ F , ∀ a, b ∈ R;

• X(fg) = g(p)X(f) + f(p)X(g), ∀ f, g ∈ F .

If X1 = d/dt1 and X2 = d/dt2 represent derivatives along two curves xµ(t1)

and xν(t2) through p, one can define a newoperatorY = aX1+bX2, a, b ∈ R, which
is manifestly linear and can be straightforwardly shown to satisfy the Leibniz rule.

Thus, the set TpM of all the tangent vectors of p ∈ M form a vector space, called

the tangent space ofM at p, whose dimension is the one ofM . From Eq. (A.2.3)

it is clear that êµ ≡ ∂µ is a basis vector. The basis {êµ} is called the coordinate
basis.
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We can now see how the vectors components change when we change coordi-

nates. Let p ∈ Oi ∩ Oj and ϕi(p) and ϕj(p) be the two coordinate functions rep-

resented by the set of coordinates xµ and xµ
′
, respectively. Since the basis vectors

in the coordinate system xµ are êµ = ∂µ, the basis vectors in the new coordinate

system xµ
′
are given by

∂µ′ =
∂xµ

∂xµ′ ∂µ. (A.2.5)

The vector X = Xµ∂µ itself must be unchanged by a change of basis, so that

Xµ∂µ = Xµ′
∂µ′ = Xµ′ ∂xµ

∂xµ′ ∂µ, (A.2.6)

and hence, since the matrix ∂xµ
′/
∂xµ is the inverse of the matrix ∂xµ

/
∂xµ

′
,

Xµ′
=
∂xµ

′

∂xµ
Xµ. (A.2.7)

The rule (A.2.7) for transforming components is what we call the vector transforma-
tion law.

If a vector is smoothly defined on each point of the manifold, we refer to it as a

vector field. In other words,X is a vector field ifX[f ] ∈ F(M) for any f ∈ F(M).

Since TpM is a vector space, there exists a dual vector space to TpM whose ele-

ments are linear functions from TpM to R. The dual space is called the cotangent
space at p, denoted by T ∗

pM . An element ω : TpM → R of T ∗
pM is called a dual

vector or a cotangent vector. The differential df of a function f ∈ F(M) is an

example of a dual vector, with its action on V ∈ TpM being defined by

⟨df, V ⟩ ≡ V (f) = V µ∂µf ∈ R. (A.2.8)

In terms of the coordinate x = ϕ(p), df is expressed as df = (∂f/∂xµ )dxµ,

where ϕ is a coordinate function. One can naturally regard {dxµ} as a basis of T ∗
pM ,

which is, in fact, a dual basis, since〈
dxν ,

∂

∂xµ

〉
=
∂xν

∂xµ
= δνµ. (A.2.9)

An arbitrary dual vector ω is then written as

ω = ωµdx
µ, (A.2.10)

where the ωµ are the components of ω.

The notion of a dual vector allows us to define the inner product. For instance,
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take a vector V = V µ∂µ and a dual vector ω = ωµdx
µ
. The inner-product ⟨ , ⟩ :

T ∗
pM × TpM → R is obtained by

⟨ω, V ⟩ = ωµV
ν

〈
dxµ,

∂

∂xν

〉
= ωµV

νδµν = ωµV
µ ≡ ω(V ). (A.2.11)

Next, let p ∈ Oi ∩ Oj and ϕi(p) and ϕj(p) be the two coordinate functions

represented by the set of coordinates xµ and xµ
′
, respectively. We thus have

ω = ωµdx
µ = ωµ′dxµ

′
. (A.2.12)

From the fact that dxµ
′
=
(
∂xµ

′/
∂xµ

)
dxµ we can write down the transformation

law for the components of the dual vector ω as

ωµ′ =
∂xµ

∂xµ′ ωµ. (A.2.13)

At last, a tensor of type (q, r) is a multilinear object which maps q elements of

T ∗
pM and r elements of TpM to a real number,

T :
[
×qT ∗

pM
]
[×rTpM ] → R, (A.2.14)

where the symbol ×qT ∗
pM means the Cartesian product of the space T ∗

pM q times,

with a similar definition for the vector space TpM . The set of all tensors of type

(q, r) at p ∈M is denoted by T q
r,p(M). The components of the tensor T ∈ T q

r,p(M)

in a coordinate basis can be obtained by acting the tensor on basis dual vectors and

vectors,

T µ1...µq
ν1...νr = T (dxµ1 , . . . , dxµq , ∂ν1 , . . . , ∂νr). (A.2.15)

This is equivalent to the expansion

T = T µ1...µq
ν1...νr∂µ1 ⊗ · · · ⊗ ∂µq ⊗ dxν1 ⊗ · · · ⊗ dxνr , (A.2.16)

where ⊗ denotes the tensor product. Now let Vi = V µ
i ∂µ (1 ≤ i ≤ r) and ωi =

ωiµdx
µ
(1 ≤ i ≤ q). The action of T on them results in the number

T (ω1, . . . , ωq;V1, . . . , Vr) = T µ1...µq
ν1...νrω1µ1 . . . ωqµqV

ν1
1 . . . V νr

r . (A.2.17)

If p ∈ Oi∩Oj and ϕi(p) and ϕj(p) are the two coordinate functions represented

by the set of coordinates xµ and xµ
′
, respectively, the components of the tensor T
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change as

T µ′
1...µ

′
q
ν′1...ν

′
r
=
∂xµ

′
1

∂xµ1
. . .

∂xµ
′
q

∂xµq

∂xν1

∂xν
′
1
. . .

∂xνr

∂xν′r
T µ1...µq

ν1...νr , (A.2.18)

which is the general transformation law for tensors.

We define a tensor field of type (q, r) by the smooth assignment of an element

of T q
r,p(M) to each point p ∈ M . The set of all tensor fields of type (q, r) onM is

denoted by T q
r (M). For example, T 0

1 (M) is the set of the dual vector fields.

Since the tensors themselves are objects that are independent of the coordinate

system, it is useful (although not strictly mandatory) to express physics laws in

terms of tensor equations. But the laws of physics usually involve derivatives, and,

unfortunately, the partial derivative of a tensor is not, in general, a new tensor, as

we can see by considering, for example, the partial derivative of a dual vector, ∂µων ,

and changing to a new coordinate system:

∂

∂xµ′ ων′ =
∂xµ

∂xµ′

∂

∂xµ

(
∂xν

∂xν′
ων

)
=
∂xµ

∂xµ′

∂xν

∂xν′

(
∂

∂xµ
ων

)
+ ων

∂xµ

∂xµ′

∂

∂xµ

(
∂xν

∂xν′

)
. (A.2.19)

The second term should not be there if ∂µων were to transform as a (0, 2) tensor.

Therefore we need to introduce a coordinate independent derivative operator and,

to do so, we first need to see how tensor fields are carried along by maps between

manifolds.

A.3 Maps between manifolds

Consider two manifoldsM and N , with dimensions m and n, and coordinate sys-

tems xµ and yα, respectively. Consider the map ϕ : M → N and a function

f : N → R. We define the pullback of f by ϕ, denoted ϕ∗f , by

ϕ∗f = (f ◦ ϕ) :M → R. (A.3.1)

We think of ϕ∗
as "pulling back" the function f from N toM (Figure A.5).

If V (p) is a vector at a point p onM , we define the pushforward vector ϕ∗V

at the point ϕ(p) on N by giving its action on functions on N ,

(ϕ∗V )(f) = V (ϕ∗f). (A.3.2)

Basically, the action of ϕ∗V on the function f is simply the action of V on ϕ∗f .
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Figure A.5: Pullback of a function f by a map ϕ :M → N .

Since a basis for vectors on M is given by the set of partial derivatives ∂µ =

∂/∂xµ and a basis on N is given by the set of partial derivatives ∂α = ∂/∂yα ,

we can relate the components of V = V µ∂µ to those of (ϕ∗V ) = (ϕ∗V )α∂α by

applying the pushed-forward vector to a test function and using the chain rule of

partial derivatives,

(ϕ∗V )α∂αf = V µ∂µ(ϕ
∗f) = V µ∂µ(f ◦ ϕ) = V µ∂y

α

∂xµ
∂αf. (A.3.3)

Thus the pushforward operation ϕ∗ can be seen as a matrix operator, (ϕ∗V )α =

(ϕ∗)
α
µV

µ
, with the matrix being given by

(ϕ∗)
α
µ =

∂yα

∂xµ
. (A.3.4)

The pullback ϕ∗ω of a dual vector ω on N is defined by its action on a vector V

onM : it is equal to the action of ω on the pushforward of V ,

(ϕ∗ω)(V ) = ω(ϕ∗V ). (A.3.5)

From this expression, we have

(ϕ∗ω)(V ) = ωα(ϕ∗V )α = ωα(ϕ∗)
α
µV

µ = (ϕ∗)µ
αωαV

µ. (A.3.6)

where (ϕ∗)µ
α = ∂yα/∂xµ . It is the samematrix as the pushforward (A.3.4) but with

a different index being contracted when the matrix acts to pull back dual vectors.

We can pull back tensors with an arbitrary number of lower indices. Since a

(0, r) tensor is a linear map from the direct product of r vectors to R, we define the
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pullback of such a tensor by the action of the original tensor on the pushed-forward

vectors,

(ϕ∗T )(V (1), . . . , V (r)) = T (ϕ∗V
(1), . . . , ϕ∗V

(r)), (A.3.7)

where Tα1...αr is a (0, r) tensor on N . We can similarly push forward any (q, 0)

tensor Sµ1...µq
onM by acting it on pulled-back dual vectors,

(ϕ∗S)(ω
(1), . . . , ω(q)) = S(ϕ∗ω(1), . . . , ϕ∗ω(q)). (A.3.8)

For the matrix representation of the pullback of a (0, r) tensor we have

(ϕ∗T )µ1...µr =
∂yα1

∂xµ1
. . .

∂yαr

∂xµr
Tα1...αr , (A.3.9)

while for the pushforward of a (q, 0) tensor,

(ϕ∗S)
α1...αq =

∂yα1

∂xµ1
. . .

∂yαq

∂xµq
Sµ1...µq . (A.3.10)

In general, tensors with both upper and lower indices can be neither pushed

forward nor pulled back since the matrix ∂yα/∂xµ might not be invertible. If it is

invertible, however, then ϕ defines a diffeomorphism betweenM and N , allowing

us to define the pushforward and pullback of arbitrary tensors. Specifically, for a

(q, r) tensor field T µ1...µq
ν1...νr onM , we define the pushforward by

(ϕ∗T )(ω
(1), . . . , ω(q), V (1), . . . , V (r))

= T (ϕ∗ω(1), . . . , ϕ∗ω(q), [ϕ−1]∗V
(1), . . . , [ϕ−1]∗V

(r)). (A.3.11)

In components, this becomes

(ϕ∗T )
α1...αq

β1...βr
=
∂yα1

∂xµ1
. . .

∂yαq

∂xµq

∂xν1

∂yβ1
. . .

∂xνr

∂yβr
T µ1...µq

ν1...νr . (A.3.12)

Note the resemblance to the tensor transformation law between coordinate systems,

Eq. (A.2.18). It is for this reason that we can think of a diffeomorphism as an "active"

coordinate transformation.

A diffeomorphism also provides a way of comparing tensors at different points

on amanifold, whichwe can use to define away of computing derivatives of tensors.

A.4 Lie derivatives

Given a diffeomorphism ϕ : M → M and a tensor field T µ1...µq
ν1...νr(x) we can

define the difference between the value of the tensor at some point p and its value



A.4. Lie derivatives 143

at ϕ(p) pulled back to p, ϕ∗[T µ1...µq
ν1...νr(ϕ(p))]. Therefore we can define some kind

of derivative operator on tensor fields, which would require a one-parameter family

of diffeomorphisms, ϕt. This family can be thought of as a smoothmapR×M →M ,

such that for each t ∈ R we have a diffeomorphism ϕt, satisfying

ϕs ◦ ϕt = ϕs+t. (A.4.1)

Note that this condition implies that ϕ0 is the identity map.

With the entire family ϕt, a point p describes a curve inM such that these curves

for all points cover the entiremanifold. We can then define a vector field V µ(x) to be

the set of tangent vectors to each of these curves at every point, evaluated at t = 0.

This entire line of thought can be reversed, however, and it will be useful to think

of the one-parameter family of diffeomorphisms as being defined by the vector field

itself. Explicitly, given an arbitrary V µ(x), we define its integral curves to be those
curves xµ(t) that solve

dxµ

dt
= V µ. (A.4.2)

The vector field V µ(x) is referred to as the generator of the diffeomorphism.

For a given a vector field V µ(x), then, we have a family of diffeomorphisms

parametrized by t, and we can ask how fast a tensor changes along the integral

curves. For each t we can define this change as the difference between the pullback

of the tensor to p and its original value at p,

∆tT
µ1...µq

ν1...νr(p) = ϕ∗
t [T

µ1...µq
ν1...νr(ϕt(p))]− T µ1...µq

ν1...νr(p). (A.4.3)

Note that both terms on the right-hand side are tensors at p. We then define the Lie
derivative of the tensor along the vector field as

LV T
µ1...µq

ν1...νr = lim
t→0

(
∆tT

µ1...µq
ν1...νr

t

)
. (A.4.4)

The Lie derivative is a map from (q, r) tensor fields to (q, r) tensor fields, which is

manifestly independent of coordinates. It is linear,

LV (aT + bS) = aLV T + bLV S, (A.4.5a)

and obeys the Leibniz rule,

LV (T ⊗ S) = (LV T )⊗ S + T ⊗ (LV S), (A.4.5b)
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whereS and T are tensors and a and b are constants. Also, the Lie derivative reduces

to the ordinary directional derivative when acting on functions,

LV f =
df

dt
=

dxµ

dt
∂µf = V µ∂µf = V (f). (A.4.5c)

The Lie derivative of a vector field U(x) with respect to V (x) can be shown to

be

LVU
µ = [V, U ]µ = V ν∂νU

µ − U ν∂νV
µ. (A.4.6)

The commutator is called the Lie bracket. Note that LVU = −LUV .

Finally, in terms of components in a given coordinate system, the Lie derivative

of an arbitrary tensor field is given by

LV T
µ1µ2...µq

ν1ν2...νr = V σ∂σT
µ1µ2...µq

ν1ν2...νr

− (∂λV
µ1)T λµ2...µq

ν1ν2...νr − (∂λV
µ2)T µ1λ...µq

ν1ν2...νr − . . .

+ (∂ν1V
λ)T µ1µ2...µq

λν2...νr + (∂ν2V
λ)T µ1µ2...µq

ν1λ...νr + . . . .

(A.4.7)

Although not manifestly tensorial, this expression can be shown to be covariant

(see Section A.6).

The Lie derivative is a successful result to our quest of obtaining a coordinate

independent derivative operator. However, it can be argued that this operator lacks

some generality since it depends on the specification of the vector field. It will then

be useful to define another derivative operator, namely the covariant derivative. But

before we do that, let us pause a moment to discuss an extremely important tensor

in differential geometry, the metric tensor.

A.5 The metric tensor

The metric tensor is the mathematical object that provides the notion of the length

of a path in a manifold, which we also call the line element

ds2 = gµνdx
µ ⊗ dxν = gµνdx

µdxν . (A.5.1)

We may also use the metric to denote the inner product of two vectors V µ
andW ν

as

ds2(V,W ) = gµνV
µW ν = VνW

ν . (A.5.2)

We refer to two vectors whose inner product vanishes as orthogonal, and the inner
product of a vector with itself is called its norm.
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The metric is a symmetric tensor, by which we mean that gµν = gνµ. By impos-

ing that the determinant of the metric does not vanish, det(gµν) ≡ g ̸= 0, we can

properly define the inverse of the metric, gµν , such that

gµνgνσ = gλσg
λµ = δµσ . (A.5.3)

The symmetry of gµν implies that gµν is also symmetric. We can use the inverse of

the metric to denote the inner product of two dual vectors ωµ and ζν as

ds2(ω, ζ) = gµνωµζν = ωνζν . (A.5.4)

Eqs. (A.5.2) and (A.5.4) illustrate what we usually say that the metric is used to raise

and lower indices.

The metric can be characterized by putting gµν into its canonical form. In this

form the metric components become

gµν = diag (−1,−1, . . . ,−1,+1,+1, . . . ,+1, 0, . . . , 0). (A.5.5)

The signature of themetric refer to the number of both positive and negative eigen-

values; we speak of "a metric with signature minus-plus-plus-plus" for Minkowski

space, for example, for which

gµν = ηµν = diag (−1,+1,+1,+1) (A.5.6)

for the entire manifold (in Cartesian coordinates). If any of the eigenvalues are

zero, the metric is degenerate, and the inverse metric will not exist; if the metric

is continuous and nondegenerate, its signature will be the same at every point. If

all of the signs are positive, the metric is called Euclidean or Riemannian (or just

positive definite), while if there is a single minus it is called Lorentzian or pseudo-
Riemannian, and any metric with some +1’s and some −1’s is called indefinite.

For a Lorentzian metric, the norm of a vector is not positive definite. We say V µ

is timelike if gµνV
µV ν < 0, lightlike or null if gµνV µV ν = 0 and spacelike if

gµνV
µV ν > 0.

At a single point p on themanifold, onemay start with any set of components for

gµν , diagonalize the matrix and then rescale the basis vectors such that the metric

components satisfy (A.5.5). Minkowski spacetime is just a four dimensional mani-

fold with a Lorentzian metric such that this can be done globally for a single coor-

dinate system, namely the Cartesian one. We say it is a flat manifold (or flat space-

time in a more physical context). This is not true for a general metric, however. At
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a single point one can always choose coordinates in which the metric tensor looks

flat, but this has to be done in different coordinate systems for different points, in

general. We say that such spacetime is curved. It will then be interesting to learn

how we can extract the curvature information of the metric tensor. We start in the

next section with the notion of covariant derivatives, which tells us how to parallel

transport vectors along curves in a coordinate independent way that accounts for

the curvature of the manifold.

A.6 Covariant derivatives

We define the covariant derivative∇ as a map from (q, r) tensor fields to (q, r+1)

tensor fields which has the following properties:

1. (linearity) ∇(T + S) = ∇T +∇S;

2. (Leibniz rule) ∇(T ⊗ S) = (∇T )⊗ S + T ⊗ (∇S);

3. (commutativity with contractions) ∇µ(T
λ
λρ) = (∇T )µ

λ

λρ
;

4. (reduction to the partial derivatives on scalars) ∇µϕ = ∂µϕ.

Here ϕ is a scalar field and T and S are arbitrary rank tensor fields. For the covariant

derivative of a vector V µ
, the general expression that can be easily shown to satisfy

all requirements above is

∇µV
ν = ∂µV

ν + Γν
µλV

λ, (A.6.1)

where the set of n matrices (Γµ)
ν
λ (one n × n matrix for each µ, where n is the

dimension of the manifold) are known as the connection coefficients. The second
term on the right-hand side of Eq. (A.6.1) can be thought as being a correction to

the partial derivative of a vector due to the curvature of the manifold. We can

determine the transformation properties of Γν
µλ by demanding that the left-hand

side of Eq. (A.6.1) be a (1, 1) tensor. In doing so, one finds that, in a new coordinate

system,

Γν′

µ′λ′ =
∂xµ

∂xµ′

∂xν
′

∂xν
∂xλ

∂xλ′Γ
ν
µλ −

∂xµ

∂xµ′

∂xλ

∂xλ′

∂2xν
′

∂xµ∂xλ
. (A.6.2)

This is clearly not the tensor transformation law, so the connection coefficients are

not really tensors.

By a similar reasoning to that used for vectors, the covariant derivative of a dual

vector ωµ can also be expressed as a partial derivative plus some linear transforma-

tion. In order to find out what this linear transformation is, we apply the required
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properties of the covariant derivative of the scalar ωµV
µ
, which then tell us that the

covariant derivative of ωµ must be of the form

∇µων = ∂µων − Γλ
µνωλ. (A.6.3)

The generalization to the covariant derivative of a tensor of arbitrary rank is

∇σT
µ1µ2...µq

ν1ν2...νr = ∂σT
µ1µ2...µq

ν1ν2...νr

+ Γµ1

σλT
λµ2...µq

ν1ν2...νr + Γµ2

σλT
µ1λ...µq

ν1ν2...νr + . . .

− Γλ
σν1
T µ1µ2...µq

λν2...νr − Γλ
σν2
T µ1µ2...µq

ν1λ...νr − . . . .

(A.6.4)

In order to define a covariant derivative we need to put a connection on our

manifold, which is specified in some coordinate system by a set of coefficients Γλ
µν .

This specification is generally not unique. In general relativity, however, we use

a special kind of connection coefficients that emerge when we require two more

properties:

• (torsion-free) Γλ
µν = Γλ

νµ;

• (metric compatibility) ∇ρgµν = 0.

Given a metric gµν , there exists a unique derivative operator compatible with it

[55], for which

Γσ
µν =

1

2
gσρ(∂µgνρ + ∂νgρµ − ∂ρgµν). (A.6.5)

The connection given by Eq. (A.6.5) is known as the Christoffel connection, and
the associated connection coefficients are called Christoffel symbols.

More generally, let ∇(1)
µ and ∇(2)

µ be two distinct covariant derivatives that are

compatible with the distinct metric tensors g
(1)
µν and g

(2)
µν , respectively. Then, the

action of ∇(1)
µ on an arbitrary tensor field in terms of ∇(2)

µ and a tensor field Cσ
µν

can be written as [55]

∇(1)
σ T µ1µ2...µq

ν1ν2...νr = ∇(2)
σ T µ1µ2...µq

ν1ν2...νr

+ Cµ1
σλT

λµ2...µq
ν1ν2...νr + Cµ2

σλT
µ1λ...µq

ν1ν2...νr + . . .

− Cλ
σν1T

µ1µ2...µq
λν2...νr − Cλ

σν2T
µ1µ2...µq

ν1λ...νr − . . . .

(A.6.6)

Metric compatibility implies that

Cσ
µν =

1

2
gσρ(1)
(
∇(2)

µ g(1)νρ +∇(2)
ν g(1)ρµ −∇(2)

ρ g(1)µν

)
. (A.6.7)
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We can use the covariant derivative in order to obtain a manifestly covariant

expression for the action of the Lie derivative. First, note that the Lie Bracket of

vector fields V µ(x) and Uµ(x) can be written as

LVU
µ = [V, U ]µ = V ν∂νU

µ − U ν∂νV
µ

= V ν∇νU
µ − U ν∇νV

µ. (A.6.8)

This holds true for any torsion-free covariant derivative since the commutator in-

volves an antisymmetrization which cancels the nontensorial piece of the partial

derivative transformation law. We can then write the action of the Lie derivative

on tensors, Eq. (A.4.7), in a manifestly covariant form,

LV T
µ1µ2...µq

ν1ν2...νr = V σ∇σT
µ1µ2...µq

ν1ν2...νr

− (∇λV
µ1)T λµ2...µq

ν1ν2...νr − (∇λV
µ2)T µ1λ...µq

ν1ν2...νr − . . .

+ (∇ν1V
λ)T µ1µ2...µq

λν2...νr + (∇ν2V
λ)T µ1µ2...µq

ν1λ...νr + . . . .

(A.6.9)

The Lie derivative of the metric tensor, for instance, reads

LV gµν = V σ∇σgµν + (∇µV
λ)gλν + (∇νV

λ)gµλ

= ∇µVν +∇νVµ. (A.6.10)

This expression is particularly useful for studying gauge invariance of linearized

gravity.

With the proper definition of a derivative operator at hand, we are now ready to

introduce the idea of parallel transport of tensors, which shall lead to the ultimate

notion of curvature in a manifold.

A.7 Parallel transport and geodesics

Let us start with the simplest non trivial example of a tensor field, namely the vector

field. We may be tempted to compare and compute operations between vectors that

are defined at different points, as we usually do in basic "flat-space physics". How-

ever, vectors that are defined at different points belong to different vector spaces.

This is not a problem if spacetime is flat because we can simply transport vectors

to the same point, so that they belong to the same tangent space, and then compare

one with the other there. This is what we call a parallel transport, which basically

means that we are moving the vector while keeping it "constant". Parallel transport

can also be defined for curved manifolds, but the problem is that, in general, the end
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result of a tensor being parallel transported along a path will depend on our choice

of the curve itself.

Given a curve xµ(λ), the requirement of constancy of a tensor T µ1...µq
ν1...νr along

this curve in flat space reads

d

dλ
T µ1...µq

ν1...νr =
dxµ

dλ

∂

∂xµ
T µ1...µq

ν1...νr = 0. (A.7.1)

In a generic manifold we need to replace this partial derivative by a covariant one.

We then define the directional covariant derivative to be

D

dλ
=

dxµ

dλ
∇µ. (A.7.2)

This is a map, defined only along the path, from (q, r) tensors to (q, r) tensors. The

parallel transport of the tensor T along the path xµ(λ) is defined via(
D

dλ
T

)µ1...µq

ν1...νr

≡ dxσ

dλ
∇σT

µ1...µq
ν1...νr = 0. (A.7.3)

This is a tensor equation known as the equation of parallel transport. For a

vector it takes the form

d

dλ
V µ + Γµ

σρ

dxσ

dλ
V ρ = 0. (A.7.4)

The idea of parallel transport gives us a way to interpret the covariant derivative of

tensors: it quantifies the instantaneous rate of change of a tensor field in comparison

to what the tensor would be if it were parallel transported [54].

Parallel transport depends on the connection, since different connections define

different covariant derivatives that lead to different ways on how to transport a

tensor. Here we stick with metric-compatible connections, for which the metric is

always parallel transported,

D

dλ
gµν =

dxσ

dλ
∇σgµν = 0. (A.7.5)

It follows that the inner product of two parallel-transported vectors is preserved

and parallel transport with respect to a metric-compatible connection preserves the

norm of vectors.

A path xµ(λ) that parallel-transports its own tangent vector is called a geodesic.
Such parallel transport condition reads

d2xµ

dλ2
+ Γµ

σρ

dxσ

dλ

dxρ

dλ
= 0. (A.7.6)
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This is the geodesic equation. It reproduces the usual notion of straight lines if the
connection coefficients are the Christoffel symbols in Euclidean space. In particular,

for any given space, if the connections in Eq. (A.7.6) are the Christoffel connections,

the geodesic is also the shortest distance between two points, by which we mean

that it extremizes the length

l =

∫ √
gµν

dxµ

dλ

dxν

dλ
dλ (A.7.7)

Since a curve is said to be timelike or null or spacelike at a point if its tangent

vector is timelike or null or spacelike at that point, it follows from metric compati-

bility that geodesics preserve their own signature. For null curves the length is zero,

while for timelike curves we change the sign in the square root above and use the

term proper time,

τ =

∫ √
−gµν

dxµ

dλ

dxν

dλ
dλ. (A.7.8)

Sometimes it is useful to specify the curve parameter to be the proper time itself.

Then, any transformation of the form τ → λ = ατ + β, for constants α and β,

leaves the geodesic equation invariant. Any parameter λ related to the proper time

as specified above is called an affine parameter.

A.8 The Riemann curvature tensor

We are now ready to introduce our measure of curvature. Let us recall that the

covariant derivative of a tensor in a certain directionmeasures howmuch the tensor

changes relative to what it would have been if it had been parallel transported along

that direction. The commutator of two covariant derivatives then measures the

difference between parallel transporting the tensor first one way and then the other,

versus the opposite ordering (Figure A.6). This difference, which is expected to be

non-existent in flat spaces, is thus related to the curvature of the manifold.

Figure A.6: The commutator of two covariant derivatives.
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For a vector field V ρ
, we can compute

[∇µ,∇ν ]V
ρ = ∇µ(∇νV

ρ)−∇ν(∇µV
ρ). (A.8.1)

A sequence of algebraic manipulations then leads to

[∇µ,∇ν ]V
ρ = Rρ

σµνV
σ, (A.8.2)

where we have defined the Riemann tensor as

Rρ
σµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ. (A.8.3)

This can also be shown to be related to the change experienced by a vector when

parallel transported around a closed loop [55].

In general, the action of [∇ρ,∇σ] can be computed on a tensor of arbitrary rank

as

[∇ρ,∇σ]X
µ1...µq

ν1...νr = Rµ1
λρσX

λµ2...µq
ν1...νr +Rµ2

λρσX
µ1λ...µq

ν1...νr + . . .

−Rλ
ν1ρσX

µ1...µq
λν2...νr −Rλ

ν2ρσX
µ1...µq

ν1λ...νr − . . . .

(A.8.4)

The Riemann tensor satisfies the following properties:

1. Rρσµν = −Rσρµν ,

2. Rρσµν = −Rρσνµ,

3. Rρσµν = Rµνρσ,

4. Rρσµν +Rρµνσ +Rρνσµ = 0,

where Rρσµν = gρλR
λ
σµν . In addition, it also obeys a very important differential

identity known as Bianchi identity:

∇λRρσµν +∇ρRσλµν +∇σRλρµν = 0. (A.8.5)

There are some other tensors that are useful in general relativity which are ob-

tained from the Riemann tensor. For instance, we can take a contraction to form

the Ricci tensor:
Rµν = Rλ

µλν , (A.8.6)

which is symmetric. The trace of the Ricci tensor is what we call the Ricci scalar
or the curvature scalar:

R = Rµ
µ = gµνRµν . (A.8.7)
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Now, by contracting twice on the Bianchi identity (A.8.5), we can write

0 = gνσgµλ(∇λRρσµν +∇ρRσλµν +∇σRλρµν)

= ∇µRρµ −∇ρR +∇νRρν , (A.8.8)

or

∇µRρµ =
1

2
∇ρR. (A.8.9)

This motivates us to define the Einstein tensor as

Gµν = Rµν −
1

2
Rgµν , (A.8.10)

so that the twice-contracted Bianchi identity (A.8.9) becomes equivalent to

∇µGµν = 0. (A.8.11)

This means that the Einstein tensor, fundamentally related to the curvature of the

manifold, is conserved.

A.9 Geodesic deviation

Let us now address another important manifestation of curvature, namely the vi-

olation of Euclid’s fifth postulate, which basically states that initially parallel lines

remain parallel through the entire space. This is not true in a curved space and,

since the generalization of a straight line is a geodesic, this violation is quantified

by the geodesic deviation equation.

Consider a one-parameter family of geodesics, γs(t), that is, for each s ∈ R, γs is
a geodesic parametrized by the parameter t. The collection of these curves defines

a smooth two-dimensional surface on which the coordinates may be chosen to be s

and t, provided we have chosen a family of geodesics that do not cross (Figure A.7).

The entire surface is the set of points xµ(s, t) ∈M . Let us then consider two vector

fields: the tangent vectors to the geodesics,

T µ =
∂xµ

∂t
, (A.9.1)

and the deviation vectors

Sµ =
∂xµ

∂s
. (A.9.2)
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Figure A.7: A set of geodesics γs(t) with tangent vectors Tµ
and

deviation vectors Sµ
.

We define the relative velocity of geodesics by

V µ = T ρ∇ρS
µ, (A.9.3)

and the relative acceleration of geodesics by

Aµ = T ρ∇ρV
µ. (A.9.4)

Since S and T are basis vectors adapted to a coordinate system, their commutator

vanishes [54], which means that

Sρ∇ρT
µ = T ρ∇ρS

µ. (A.9.5)

A direct computation then leads to

Aµ =
D

2

dt2
Sµ = Rµ

νρσT
νT ρSσ, (A.9.6)

which is known as the geodesic deviation equation. It shows that the relative

acceleration between two neighboring geodesics is proportional to the curvature.

A.10 Locally inertial coordinates

Having discussed the curvature in a differentiable manifold, let us now show how

to construct a set of coordinates in a small region that looks locally flat. In gen-

eral relativity this is linked to the equivalence principle which, loosely speaking,

concerns the impossibility of detecting the spacetime curvature by means of local

experiments [54]. Here we show how to construct such reference frame at a point
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in the manifold. In the next section we show how we can do the same along an

entire curve for small enough regions.

For a given point p ∈ M we can define a locally flat set of coordinates for a

small region that contains p, which we call locally inertial coordinates. In order

to construct such a coordinate system, let kµ be a tangent vector at p for which

λ(p) = 0,

kµ =
dxµ

dλ

∣∣∣∣
λ=0

. (A.10.1)

This tangent vector then defines a geodesic passing through p. Since we are speci-

fying the initial conditions, xµ(λ = 0) and kµ(λ = 0), and the geodesic equation is

a second-order differential equation, this geodesic is unique. Specifically, there will

be a unique point inM for which λ = 1. We then define the exponential map at

p, expp : TpM →M , as

expp(k) = xν(λ = 1), (A.10.2)

where xν(λ) solves the geodesic equation subject to the initial condition (A.10.1).

Since different geodesics emanating from a single point may eventually cross,

the exponential map is not necessarily one-to-one. However, it is possible to show

that there always exists a sufficiently small neighborhood of p on which the expo-

nential map is one-to-one [164]. This fact allows us to use the exponential map to

construct locally inertial coordinates.

We have already argued how, at any given point p ∈ M , we can find basis vec-

tors {êµ} for TpM such that the components of the metric are those of the canonical

form,

gµν = ηµν , (A.10.3)

at p. Our next task is to find a coordinate system xµ for which the basis vectors {êµ}
stand for a coordinate basis, êµ = ∂µ, and such that ∂σgµν = 0. This is accomplished

by considering a point q ∈ M sufficiently close to p and defining the coordinates

xµ(q) to be the components of the tangent vector k = kµêµ that gets mapped to q

by the exponential map expp. These coordinates are known as Riemann normal
coordinates at p.

Now a parametrized set of vectors of the form λkµ, for some fixed vector kµ,

gets mapped to points in a geodesic by the exponential map. Therefore, in Riemann

normal coordinates, any geodesic through p may be expressed as

xµ(λ) = λkµ, (A.10.4)

for which we have

d2xµ

dλ2
= 0 (A.10.5)
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along any geodesic through p in this coordinate system. The geodesic equation

(A.7.6) then implies

Γµ
ρσ(p) = 0, (A.10.6)

from which metric compatibility yields

∂σgµν = 0 (A.10.7)

at p. This result, together with (A.10.3), constitute the desired properties of locally

inertial coordinates.

A.11 Fermi normal coordinates

Now that we have seen how to construct locally inertial coordinates in a small

neighborhood of a single point, let us show that it is possible to introduce coor-

dinates near any curve in a (pseudo-)Riemannian manifold in such a way that the

metric is rectangular along the entire curve. These are called Fermi normal coor-
dinates, and here we will be interested in the case where the curve is a geodesic γ.

These coordinates will be constructed in order to satisfy the so-called Fermi condi-

tions,

gµν

∣∣∣∣
γ

= ηµν , (A.11.1a)

Γσ
µν

∣∣∣∣
γ

= 0, (A.11.1b)

along the given geodesic. First we will show how such construction is possible, and

then we will proceed to write the components of the metric tensor in a neighbor-

hood of the geodesic in Fermi normal coordinates. In this section we follow the

development of Ref. [165] (see also refs. [57, 59, 166]).

A.11.1 Constructing Fermi normal coordinates

We begin by choosing an arbitrary point p0 in the spacetime manifold to be the

origin of our coordinate system and an orthonormal set of vectors ê0, . . . , ê3 at

p0 to fix the coordinate axes. Now let γ be the unique timelike geodesic which

starts at p0 with tangent vector ê0 at that point. We denote the proper time along

it by t such that p0 = γ(t = 0). The orthonormal set at the origin is denoted by

ê0(0), . . . , ê3(0). Now, we know that the tangent vector to a geodesic at any two

points on it is related by parallel transport along γ. Therefore, the vector ê0(t) will

be tangent to the geodesic at any point p = γ(t), and similarly the vectors êi(0) are
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parallel transported to get êi(t) at p. We assume for simplicity that ê0 is a timelike

vector and that all the êi’s are spacelike.

Now consider the point q, which is not necessarily a point of the geodesic curve

γ, and whose Fermi normal coordinates are denoted by xµ. We construct, at the

point p = γ(x0 = t), the unit vector

v(x0) = viêi(x
0), vi =

xi

s
, (A.11.2)

with s =
√
xjxj . We can construct a family of spacelike geodesics β(x0, vi) or-

thogonal to γ at p by varying vi. Then, a unique geodesic intersects γ orthogonally

at p, is tangent to the vector v, and passes through the point q at a proper distance

s,

q = β(x0, vi, s). (A.11.3)

If the point q is represented by its coordinate values xµ
′
(q) in some coordinate sys-

tem in which the metric components gµ′ν′(x
σ′
) are known, Eq. (A.11.3) can be writ-

ten in such coordinates as

xµ
′
= xµ

′
(x0, vi, s). (A.11.4)

Since the geodesic equation is unchanged by a re-scaling of the affine parameter

λ, it follows that

xµ
′
(x0, vi, sλ) = xµ

′
(x0, svi, λ). (A.11.5)

In particular, and recalling that xi = svi, we find

xµ
′
(x0, vi, s) = xµ

′
(x0, svi, 1) = xµ

′
(x0, xi, 1) = xµ

′
(xµ), (A.11.6)

which gives the transformation law between the arbitrary coordinates xµ
′
and Fermi

normal coordinates xµ.

In the xµ
′
coordinates the tangent vector to the geodesics β(x0, vi, s) is

vµ
′
=

dxµ
′

ds
, (A.11.7)

which calculated along γ yields

vµ
′
∣∣∣∣
γ

=
dxµ

′

ds

∣∣∣∣
γ

=
∂xµ

′

∂xi

∣∣∣∣
s=0

dxi

ds
=
∂xµ

′

∂xi

∣∣∣∣
s=0

vi. (A.11.8)

A direct comparison between Eqs. (A.11.2) and (A.11.8) then gives

(êi)
µ′
=
∂xµ

′

∂xi

∣∣∣∣
γ

. (A.11.9)
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Additionally, since the tangent vector to γ at p = γ(x0) is ∂0, we find that, along γ,

(êµ)
µ′
=
∂xµ

′

∂xµ

∣∣∣∣
γ

, (A.11.10)

or êµ(t) = ∂µ
∣∣
γ
.

The relation between the metric components in the Fermi normal coordinates

xµ and the components of the metric in the arbitrary coordinates xµ
′
is given by

gµν =
∂xµ

′

∂xµ
∂xν

′

∂xν
gµ′ν′ . (A.11.11)

Evaluating it on the geodesic γ and using Eq. (A.11.10), we find

gµν

∣∣∣∣
γ

=
∂xµ

′

∂xµ

∣∣∣∣
γ

∂xν
′

∂xν

∣∣∣∣
γ

gµ′ν′ = (êµ)
µ′
(êν)

ν′gµ′ν′ = (êµ)
µ′
(êν)µ′

= ηµν , (A.11.12)

since the vectors êµ are orthogonal and we chose ê0 (êi) to be timelike (spacelike).

Therefore Fermi’s first condition (A.11.1a) is satisfied along the geodesic γ.

Next, recall that the curve x0 = t, xi = vis satisfies the geodesic equation

d2xµ

ds2
+ Γµ

σρ

dxσ

ds

dxρ

ds
= 0, (A.11.13)

which implies that

Γµ
ijv

ivj = 0, (A.11.14)

where Γµ
ij depends on t and x

i = vis. But along γ, s = 0 and the dependence on vi

vanishes. Then, in order to keep Eq. (A.11.14) satisfied, we must have

Γµ
ij

∣∣∣∣
γ

= 0. (A.11.15)

Now for the other symbols, we recall that the vector ê0(t), with components in

Fermi normal coordinates given by (ê0)
µ = δµ0 according to Eq. (A.11.10), must

satisfy the equation of parallel transport along γ,

d

dt
(ê0)

µ + Γµ
σρ

dxσ

dt
(ê0)

ρ = 0 =⇒ Γµ
σρ

dxσ

dt
δρ0 = 0, (A.11.16)

which then implies

Γµ
σ0

∣∣∣∣
γ

= Γµ
0σ

∣∣∣∣
γ

= 0. (A.11.17)
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Together, Eqs. (A.11.15) and (A.11.17) result in Fermi’s second condition,

Γσ
µν

∣∣∣∣
γ

= 0. (A.11.18)

Therefore, given a geodesic, it is possible to introduce Fermi normal coordinates

xµ = (t, xi) near it so that the Christoffel symbols vanish along it, with t being the

geodesic proper time. Also, along γ, xi = 0.

A.11.2 Metric components

We are now interested in obtaining an expression for the components of the metric

tensor in a neighborhood of the geodesic γ, written as a power series expansion up

to second order in xi.

Since Γσ
µν = 0 holds for all x0 at xi = 0, we may differentiate it with respect to

x0 to obtain

∂0Γ
σ
µν

∣∣∣∣
γ

= 0. (A.11.19)

From the definition of the Christoffel symbols, this implies

∂0∂σgµν

∣∣∣∣
γ

= 0. (A.11.20)

It follows from Fermi’s conditions (A.11.1) that the zeroth order term will be the

Minkowski metric while the linear terms vanish. Then, using Eq. (A.11.20) we can

write

gµν = ηµν +
1

2
∂i∂jgµν

∣∣∣∣
γ

xixj +O(x3). (A.11.21)

The Riemann curvature tensor reads

Rρσµν

∣∣∣∣
γ

= gρλ
(
∂µΓ

λ
νσ − ∂νΓ

λ
µσ

)∣∣∣∣
γ

=
1

2
(∂µ∂σgρν − ∂µ∂ρgνσ − ∂ν∂σgρµ + ∂ν∂ρgµσ)

∣∣∣∣
γ

. (A.11.22)

From this equation we immediately find

Ri0j0

∣∣∣∣
γ

= −1

2
∂i∂jg00

∣∣∣∣
γ

. (A.11.23)

Also, it follows from Eq. (A.11.19) that

Rρ
σµ0

∣∣∣∣
γ

= ∂µΓ
ρ
σ0

∣∣∣∣
γ

. (A.11.24)
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In order to obtain the other second derivatives of the metric, we will need to use

the geodesic deviation equation,

D
2

ds2
nµ = Rµ

νρσ
dxν

ds

dxρ

ds
nσ, (A.11.25)

where we are now denoting nµ
as the deviation vector. This equation can be rewrit-

ten as

d2

ds2
nµ + 2Γµ

νσ

dxν

ds

d

ds
nσ +

(
∂νΓ

µ
ρσ − Γµ

λσΓ
λ
νρ + Γµ

νλΓ
λ
ρσ −Rµ

νρσ

)dxν
ds

dxρ

ds
nσ = 0.

(A.11.26)

Recall that the family of geodesics β(x0, vi, s) is described in Fermi normal co-

ordinates by x0 = t, xi = vis, and thus the deviation vectors are

nµ
(i) =

∂xµ

∂vi
= sδµi , (A.11.27)

such that
d
ds
nµ
(i) = δµi and

d2

ds2
nµ
(i) = 0. For that case, the geodesic deviation equation

(A.11.26) yields

2Γµ
jiv

j + s
(
∂jΓ

µ
ki − Γµ

λiΓ
λ
jk + Γµ

jλΓ
λ
ki −Rµ

jki

)
vjvk = 0. (A.11.28)

In the first term we can expand the Christoffel symbols as

Γµ
ji = Γµ

ji

∣∣∣∣
γ

+ s ∂kΓ
µ
ji

∣∣∣∣
γ

vk +O(s2), (A.11.29)

such that dividing the equation by s and then taking the limit s→ 0 yields

(
∂jΓ

µ
ki + 2∂kΓ

µ
ji −Rµ

jki

)∣∣∣∣
γ

vjvk = 0, (A.11.30)

or (
∂kΓ

µ
ij + ∂jΓ

µ
ik

)∣∣∣∣
γ

=
1

3
(Rµ

jki +Rµ
ikj)

∣∣∣∣
γ

. (A.11.31a)

We may also write the expressions obtained from the one above by cyclic permuta-

tions, (
∂iΓ

µ
jk + ∂kΓ

µ
ji

)∣∣∣∣
γ

=
1

3
(Rµ

kij +Rµ
jik)

∣∣∣∣
γ

. (A.11.31b)

and (
∂jΓ

µ
ki + ∂iΓ

µ
kj

)∣∣∣∣
γ

=
1

3
(Rµ

ijk +Rµ
kji)

∣∣∣∣
γ

. (A.11.31c)
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Adding Eq. (A.11.31b) to Eq. (A.11.31a) and subtracting Eq. (A.11.31c) from it

finally yields

∂kΓ
µ
ij

∣∣∣∣
γ

=
1

3
(Rµ

jki +Rµ
ikj)

∣∣∣∣
γ

. (A.11.32)

Now, for the second derivatives of the metric, we write the metric compatibility

condition ∇lgµν = 0 as

∂lgµν − Γλ
lµgλν − Γλ

lνgµλ = 0, (A.11.33)

differentiate it with respect to xk and compute it along γ to obtain

∂k∂lgµν

∣∣∣∣
γ

= ∂kΓ
λ
lµ

∣∣∣∣
γ

ηλν + ∂kΓ
λ
lν

∣∣∣∣
γ

ηµλ. (A.11.34)

Then, using Eqs. (A.11.24) and (A.11.32) gives

∂k∂lg0i

∣∣∣∣
γ

= ∂kΓ
λ
l0

∣∣∣∣
γ

ηλi + ∂kΓ
λ
li

∣∣∣∣
γ

η0λ

= Rilk0

∣∣∣∣
γ

+
1

3
(R0ikl +R0lki)

∣∣∣∣
γ

=
1

3
(3R0kli −R0kli −R0lik +R0lki)

∣∣∣∣
γ

=
2

3
(R0kli +R0lki)

∣∣∣∣
γ

, (A.11.35)

where we used the properties of the Riemann tensor. Similarly we use Eq. (A.11.32)

to obtain

∂k∂lgij

∣∣∣∣
γ

= ∂kΓ
λ
li

∣∣∣∣
γ

ηλj + ∂kΓ
λ
lj

∣∣∣∣
γ

ηiλ

= − 1

3
(Rikjl +Riljk)

∣∣∣∣
γ

. (A.11.36)

Using the results from Eqs. (A.11.23), (A.11.35) and (A.11.36) in the metric ex-

pansion (A.11.21), we finally obtain

g00 = −1− Ri0j0

∣∣∣∣
γ

xixj +O(x3), (A.11.37a)

g0i = − 2

3
R0jik

∣∣∣∣
γ

xjxk +O(x3), (A.11.37b)

gij = δij −
1

3
Rikjl

∣∣∣∣
γ

xkxl +O(x3). (A.11.37c)
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These are the desired expressions for the metric components written in Fermi nor-

mal coordinates xµ up to second order.

Now, before we end this section, let us quickly discuss the concept of the "small

enough region" over which this metric expansion is valid. Eqs. (A.11.37) make it

clear that the expansion is only valid for small values of xi, but the natural question

that arises is: small compared to what?
To answer this, let us note that the metric tensor is dimensionless and, since the

Riemann tensor involves second derivatives of gµν , it has the dimension of one over

length-squared. We can then introduce the concept of a typical variation scale of

the metric, denoted R0, such that Rρσµν ∼ O(1/R2
0). One can make this definition

precise as, for instance, defining it in terms of the full contraction of the Riemann

tensor, R−4
0 ∝ RρσµνRρσµν , but such a precise definition is not necessary for our

purposes. The important point is that R0 measures the scale over which the met-

ric changes appreciably. In this sense, the metric expansion (A.11.37) is really an

expansion over powers of the ratio x/R0. This means that Fermi normal coordi-

nates remain valid as long as x ≪ R0, i.e. it is the curvature itself that determines

how "small enough" such region is. For stronger curvatures the smaller R0 is, and

consequently the smaller are the values of xi for which Eqs. (A.11.37) remain valid.
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Appendix B

Graviton scattering by a Newtonian
potential

In this appendix we explicitly compute the differential cross section for a graviton

being scattered by a Newtonian source.

B.1 The S−matrix

In Chapter 1 we showed that the action describing the interaction between gravi-

tational radiation and a classical Newtonian potential is given by Eq. (1.4.37). Here

we shall only work with the metric perturbation field in the TT gauge, Eqs. (1.4.30),

and so we will denote it by hµν instead of the explicit notation h
TT
µν since there is no

room for confusion. Also, we will rescale the fields hµν → κghµν , with κg =
√
32π,

so that they are canonically normalized. Hence, the action reads

SEH =
1

2

∫
d4x

(
hij□h

ij + 2ϕhijδµν∂
µ∂νhij

)
, (B.1.1)

with ϕ(x) denoting the time-independent gravitational potential generated by a

Newtonian source of mass MN . Our goal now is to obtain the probability for a

graviton to be scattered by an angle θ.

As discussed in Chapter 1, the (canonical) quantization of gravitational radiation

is done by writing the field operator

ĥµν(x) =

∫
d3p

(2π)3
1√
2ωp

∑
s

[
ϵsµν(p)âp,se

ipx + ϵsµν
∗(p)â†p,se

−ipx
]
, (B.1.2)

where pµ = (ωp,p) and ϵ
s
µν denotes the polarization tensors. The annihilation and

creation operators satisfy the commutation relations[
âp,s, â

†
p′,s′

]
= (2π)3δss′δ

3(p− p′). (B.1.3)
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Now, consider an initial single graviton state |i⟩ at t = −∞, with momentum

p1 and polarization s1, sufficiently far from the source of the gravitational potential

ϕ. After the interaction, one ends up with a final single graviton state |f⟩ at t =
+∞, with momentum p2 and polarization s2. Suppose that the potential ϕ drops to

zero sufficiently fast at infinity, so that we can consider the interaction dynamics

to happen in some finite time interval and the theory to be free at t → ±∞. The

transition probability has the form

Ptransition =
|⟨f |i⟩|2

⟨f |f⟩ ⟨i|i⟩ , (B.1.4)

where the overlap ⟨f |i⟩ is a S−matrix element with

|i⟩ =
√

2ωp1 â
†
p1,s1

(−∞) |Ω⟩ , (B.1.5a)

|f⟩ =
√

2ωp2 â
†
p2,s2

(+∞) |Ω⟩ , (B.1.5b)

and |Ω⟩ is the vacuum state of the interacting theory. Explicitly, we have

⟨f |i⟩ =
√
2ωp1

√
2ωp2 ⟨Ω|âp2,s2(+∞)â†p1,s1(−∞)|Ω⟩ . (B.1.6)

It is interesting to notice that the operators inside brackets are in time order, so we

can write this expression in a more convenient way as

⟨f |i⟩ =
√

2ωp1

√
2ωp2

× ⟨Ω|T
{
[âp2,s2(+∞)− âp2,s2(−∞)]

[
â†p1,s1(−∞)− â†p1,s1(+∞)

]}
|Ω⟩ ,
(B.1.7)

where T stands for the usual time ordering operation. This is essentially the same

expression we had since time ordering sends the unwanted âp2,s2(−∞) to the left,

where it annihilates |Ω⟩, and the unwanted â†p1,s1(+∞) to the right, where it anni-

hilates ⟨Ω|. This new expression will prove to be useful since we can relate it to the

field operators as follows.

Assuming that the field dies off at x = ±∞, we can write

i

∫
d4x e−ipx□ĥµν(x) = i

∫
d4x e−ipx

(
−∂2t +∇2

)
ĥµν(x)

= −i
∫

d4x e−ipx
(
∂2t + ω2

p

)
ĥµν(x), (B.1.8)
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where ω2
p = p2

for a massless particle such as the graviton. Now, note that

∂t

[
e−ipx(i∂t + ωp)ĥµν(x)

]
=
[
iωpe

−ipx(i∂t + ωp) + e−ipx
(
i∂2t + ωp∂t

)]
ĥµν(x)

= ie−ipx
(
∂2t + ω2

p

)
ĥµν(x), (B.1.9)

and, therefore,

i

∫
d4x e−ipx□ĥµν(x) = −

∫
d4x ∂t

[
e−ipx(i∂t + ωp)ĥµν(x)

]
= − eiωpt

∫
d3x e−ip·x(i∂t + ωp)ĥµν(x)

∣∣∣∣t=+∞

t=−∞

= −eiωpt

∫
d3x e−ip·x

∫
d3k

(2π)3

∑
r

[(
ωk + ωp√

2ωk

)
ϵrµν(k)âk,r(t)e

ik·x

+

(−ωk + ωp√
2ωk

)
ϵrµν

∗(k)â†k,r(t)e
−ik·x

] ∣∣∣∣t=+∞

t=−∞

= −
√

2ωp

∑
r

ϵrµν(p)[âp,r(+∞)− âp,r(−∞)]. (B.1.10)

Here we used the fact that ∂tâk,r(t)
∣∣t=+∞
t=−∞ = 0 since the theory is assumed to be

free at t→ ±∞. Lastly, if we contract both sides of the equation above with ϵµνs (p)

and use the polarization tensors orthonormality condition (1.2.31), we arrive at

√
2ωp[âp,s(+∞)− âp,s(−∞)] = − i

2
ϵsµν(p)

∫
d4x e−ipx□ĥµν(x). (B.1.11)

Using Eq. (B.1.11) in (B.1.7) leads to

⟨f |i⟩ =
[
− i

2
ϵs1µν

∗(p1)

∫
d4x1 e

ip1x1□1

][
− i

2
ϵs2ρσ(p2)

∫
d4x2 e

−ip2x2□2

]
×⟨Ω|T

{
ĥµν(x1)ĥ

ρσ(x2)
}
|Ω⟩ , (B.1.12)

where□j denotes the d’Alembertian with respect to
1 xj . This is the LSZ reduction

formula for gravitons, which relates S−matrix elements (left-hand side) to the

Green functions involving the quantumfields (right-hand side) [65]. Hence, in order

to compute the transition probability, we are going to need the time-ordered two-

point function.

1
Here the index j is not labeling components of a three dimensional vector, but simply different

integration variables.
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B.2 The time-ordered two-point function

B.2.1 The free graviton propagator

We will begin with the simplest case, namely the time-ordered two-point function

of the free theory, also called the Feynman propagator for gravitons. It is defined
by

Dµνρσ(x1 − x2) = ⟨0|T
{
ĥµν0 (x1)ĥ

ρσ
0 (x2)

}
|0⟩ , (B.2.1)

where ĥµν0 (x) is the free field operator and |0⟩ represents the vacuum of the free

theory. From the plane-wave expansion of the field operator we find

⟨0|ĥµν0 (x1)ĥ
ρσ
0 (x2)|0⟩ =

∫
d3p1
(2π)3

d3p2
(2π)3

1√
2ωp1

1√
2ωp2

×
∑
s1,s2

ϵµνs1 (p1)ϵ
ρσ
s2

∗(p2) ⟨0|âp1,s1 â†p2,s2|0⟩ ei(p1x1−p2x2), (B.2.2)

or, by using the commutation relations for the creation and annihilation operators,

⟨0|ĥµν0 (x1)ĥ
ρσ
0 (x2)|0⟩ =

∫
d3p

(2π)3
1

2ωp

Aµνρσ(p)eip(x1−x2), (B.2.3)

where

Aµνρσ(p) ≡
∑
s

ϵµνs (p)ϵρσs
∗(p). (B.2.4)

For the propagator, we have

Dµνρσ(x1 − x2) = ⟨0|T
{
ĥµν0 (x1)ĥ

ρσ
0 (x2)

}
|0⟩

= ⟨0|ĥµν0 (x1)ĥ
ρσ
0 (x2)|0⟩ θ(t1 − t2) + ⟨0|ĥρσ0 (x2)ĥ

µν
0 (x1)|0⟩ θ(t2 − t1)

=

∫
d3p

(2π)3
1

2ωp

[
Aµνρσ(p)e−iωpτθ(τ) + Aρσµν(−p)eiωpτθ(−τ)

]
eip·(x1−x2), (B.2.5)

where τ ≡ t1 − t2 and θ(t) is the Heaviside step function. Now, ϵµν(−p) = ϵ∗µν(p)

and thus

Aρσµν(−p) = Aµνρσ(p). (B.2.6)

We can also use the result

e−iωpτθ(τ) + eiωpτθ(−τ) = lim
ε→0

−2ωp

2πi

∫ ∞

−∞

dω

ω2 − ω2
p + iε

eiωτ (B.2.7)
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to finally arrive at

Dµνρσ(x1 − x2) =

∫
d4p

(2π)4
Aµνρσ(p)

−i
p2 + iε

e−ip(x1−x2). (B.2.8)

B.2.2 Interacting theory graviton propagator

In quantum field theory, we can relate vacuum expectation values of time-ordered

products in the interacting theory to those in the free theory by [65, 96]

⟨Ω|T
{
ĥµν(x1)ĥ

ρσ(x2)
}
|Ω⟩ =

⟨0|T
{
ĥµν0 (x1)ĥ

ρσ
0 (x2)e

i
∫
d4xLint[ĥ0]

}
|0⟩

⟨0|T
{
ei

∫
d4xLint[ĥ0]

}
|0⟩

, (B.2.9)

where the interaction is described by the Lagrangian density Lint. In our case,

Lint[h(x)] = δµνϕ(x)hij(x)∂
µ∂νhij(x)

= δµνϕ(x)ηαγηβδh
αβ(x)∂µ∂νhγδ(x), (B.2.10)

which we wrote in a more convenient way.

Now, let us denote the free graviton propagator by Dµνρσ
12 ≡ Dµνρσ(x1 − x2).

Also, let

∫
x
≡
∫
d4x and δ4xy ≡ δ4(x− y). Then we can write

⟨0|T
{
ĥµν0 (x1)ĥ

ρσ
0 (x2)e

i
∫
d4xLint[ĥ0]

}
|0⟩ = Dµνρσ

12

− iηαγηβδ

∫
x

∫
y

ϕ(x)δ4xyδ
µyνy∂µy∂νy ⟨0|T

{
ĥµν0 (x1)ĥ

ρσ
0 (x2)ĥ

αβ
0 (x)ĥγδ0 (y)

}
|0⟩ ,

(B.2.11)

up to first order in ϕ. We may then use Wick’s theorem to rewrite the time-ordered

four-point function so as to obtain [65, 95, 96]

⟨0|T
{
ĥµν0 (x1)ĥ

ρσ
0 (x2)e

i
∫
d4xLint[ĥ0]

}
|0⟩ = Dµνρσ

12

− iηαγηβδ

∫
x

∫
y

ϕ(x)δ4xyδ
µyνy∂µy∂νy

(
Dµνρσ

12 Dαβγδ
xy +Dµναβ

1x Dρσγδ
2y +Dµνγδ

1y Dρσαβ
2x

)
.

(B.2.12)

Similarly,

⟨0|T
{
ei

∫
d4xLint[ĥ0]

}
|0⟩ = 1− iηαγηβδ

∫
x

∫
y

ϕ(x)δ4xyδ
µyνy∂µy∂νyD

αβγδ
xy . (B.2.13)
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The first term on the second line of Eq. (B.2.12), proportional to Dµνρσ
12 , corre-

sponds to a Feynman diagram that includes what are usually called bubbles. How-

ever, as we can see from Eq. (B.2.13), and from the fact that
1

1+kx
= 1−kx+O(k2),

the bubble diagram gets canceled out, leaving us with

⟨Ω|T
{
ĥµν(x1)ĥ

ρσ(x2)
}
|Ω⟩ = Dµνρσ

12

− 2iηαγηβδ

∫
x

∫
y

ϕ(x)δ4xyδ
µyνy∂µy∂νyD

µναβ
1x Dρσγδ

2y . (B.2.14)

Using the expression for the free graviton propagator, Eq. (B.2.8), we arrive at
2

⟨Ω|T
{
ĥµν(x1)ĥ

ρσ(x2)
}
|Ω⟩ =

∫
d4p

(2π)4
Aµνρσ(p)

−i
p2
e−ip(x1−x2)

− 2i

∫
d4p

(2π)4
d4p′

(2π)4
ϕ̃(−p− p′)Bµνρσ(p,p′)

ω′2 + p′2

p2p′2
e−ipx1e−ip′x2 , (B.2.15)

where

Bµνρσ(p,p′) ≡ ηαγηβδA
µναβ(p)Aρσγδ(p′) (B.2.16)

and ϕ̃(q) is the four-dimensional Fourier transform of the Newtonian potential.

B.3 The differential cross section

With the expression for the time-ordered two-point function at hand, let us now

return to the S−matrix elements via the reduction formula, Eq. (B.1.12). Explicitly,

⟨f |i⟩ = i

4
ϵs1µν

∗(p1)ϵ
s2
ρσ(p2)

∫
d4x1d

4x2 e
ip1x1e−ip2x2□1□2

×
(
i ⟨Ω|T

{
ĥµν(x1)ĥ

ρσ(x2)
}
|Ω⟩
)

=
i

4
ϵs1µν

∗(p1)ϵ
s2
ρσ(p2)p

2
1A

µνρσ(p1)(2π)
4δ4(p1 − p2)

+
i

4
ϵs1µν

∗(p1)ϵ
s2
ρσ(p2)2ϕ̃(p2 − p1)B

µνρσ(p1,−p2)(ω
2
2 + p2

2). (B.3.1)

Then, by using the normalization condition (1.2.31), direct calculations give

ϵs1µν
∗(p)ϵs2ρσ(p)A

µνρσ(p) = 4δs1,s2 , (B.3.2a)

and

ϵs1µν
∗(p1)ϵ

s2
ρσ(p2)B

µνρσ(p1,−p2) = 4ϵµνs1 (p1)ϵ
s2
µν(p2). (B.3.2b)

2
We are now leaving the iε prescription implicit.
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Since the graviton is massless, we have p21 = p22 = 0, and hence

|⟨f |i⟩|2 =
∣∣∣4ϕ̃(p2 − p1)ϵ

µν
s1
(p1)ϵ

s2
µν(p2)

∣∣∣2ω4
2. (B.3.3)

Additionally, we know that

⟨i|i⟩ = 2ω1(2π)
3δ3(0) = 2ω1V, (B.3.4a)

⟨f |f⟩ = 2ω2(2π)
3δ3(0) = 2ω2V, (B.3.4b)

where we are denoting V = (2π)3δ3(0), a (formally infinite) regularization volume.

Therefore, the transition probability becomes

Ptransition =
4

V 2

∣∣∣ϕ̃(p2 − p1)ϵ
µν
s1
(p1)ϵ

s2
µν(p2)

∣∣∣2ω3
2

ω1

. (B.3.5)

Now take the Newtonian potential to be given by ϕ(r) = −MN/r. Then

ϕ̃(p2 − p1) = −MN

∫
d4x

1

r
ei(p1−p2)x

= −MN

∫
dt e−it(ω1−ω2)

∫
d3x

1

r
ei(p1−p2)·x

= −4πMN
1

(p1 − p2)2
(2π)δ(ω1 − ω2), (B.3.6)

and

Ptransition =
128π3TM2

N

V 2

∣∣∣∣ 1

(p1 − p2)2
ϵµνs1 (p1)ϵ

s2
µν(p2)

∣∣∣∣2ω3
2

ω1

δ(ω1 − ω2), (B.3.7)

with T = (2π)δ(0) (formally infinite) being the total time for the scattering process.

The differential cross section is defined by

dσ =
1

T

1

Φ
dP, (B.3.8)

where Φ = 1/V is the incoming flux, dP is the quantum mechanical differential

probability,

dP = PtransitiondΠ, (B.3.9)

and dΠ is the region of final momenta at which we are looking. For one outgoing

particle with momentum p2, we have

dΠ =
V

(2π)3
d3p2, (B.3.10)
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defined such that

∫
dΠ = 1. Since d3p2 = |p2|2d|p2|dΩ, we write

dσ

dΩ
=
V

T

∫ ∞

0

d|p2|
V

(2π)3
|p2|2Ptransition(|p2|). (B.3.11)

By plugging Eq. (B.3.7) into (B.3.11) we find

dσ

dΩ
= 16M2

N

∫ ∞

0

dω2
1

(ω2
1 + ω2

2 − 2ω1ω2 cos θ)2
ω5
2

ω1

δ(ω1 − ω2)

× 1

8

∑
s1,s2

∣∣ϵµνs1 (p1)ϵ
s2
µν(p2)

∣∣2, (B.3.12)

where θ is the angle between p1 and p2 and we averaged over the polarizations in

order to obtain the unpolarized differential cross section
3
. We can compute the sum

over polarizations as follows.

Letting u and w denote the spatial polarization unit vectors orthogonal to the

direction of propagation, p/|p|, the polarization tensors can be written as

ϵ+ij(p) = uiuj − wiwj, (B.3.13a)

ϵ×ij (p) = uiwj + wiuj. (B.3.13b)

Then, we explicitly find

ϵij+(p1)ϵ
+
ij(p2) = (u1 · u2)2 + (w1 · w2)

2 − (u1 · w2)
2 − (w1 · u2)2, (B.3.14a)

ϵij×(p1)ϵ
×
ij (p2) = 2(u1 · u2)(w1 · w2) + 2(u1 · w2)(w1 · u2), (B.3.14b)

ϵij×(p1)ϵ
+
ij(p2) = 2(u1 · u2)(w1 · u2)− 2(u1 · w2)(w1 · w2), (B.3.14c)

ϵij+(p1)ϵ
×
ij (p2) = 2(u1 · u2)(u1 · w2)− 2(w1 · u2)(w1 · w2), (B.3.14d)

where u1, w1 (u2, w2) are the unit vectors orthogonal to p1 (p2).

Choosing the systems

(
u1, w1,

p1

|p1|

)
and

(
u2, w2,

p2

|p2|

)
as the ones represented

in Figure B.1, so that the angle between p1 and p2 is θ, we find

u1 · u2 = cos θ, (B.3.15a)

w1 · w2 = 1, (B.3.15b)

u1 · w2 = w1 · u2 = 0, (B.3.15c)

3
Note that, due to our normalization convention,

∑
s1,s2

∣∣ϵµνs1 (p)ϵs2µν(p)∣∣2 = 8.
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Figure B.1: Vectors p1 and p2 and their corresponding spatial polar-

ization orthogonal unit vectors.

and thus, after some amount of trigonometric manipulations,∑
s1,s2

∣∣ϵµνs1 (p1)ϵ
s2
µν(p2)

∣∣2 = (1 + cos2 θ)2 + 4 cos2 θ

= 8

(
cos8

θ

2
+ sin8 θ

2

)
. (B.3.16)

Using this result in Eq. (B.3.12) and computing the integral with the delta func-

tion finally leads to the differential cross section

dσ

dΩ
=

M2
N

sin4 θ
2

(
cos8

θ

2
+ sin8 θ

2

)
. (B.3.17)

We can restore factors of G and c by noticing that the differential cross section has

dimensions of area and letting dσ/dΩ → (1/L2
P) dσ/dΩ and MN → MN/MP,

with the Planck length and mass written in terms of the universal constants. The

result is

dσ

dΩ
=

G2M2
N

c4 sin4 θ
2

(
cos8

θ

2
+ sin8 θ

2

)
. (B.3.18)

This differential cross section matches the one computed for scattering of classical
gravitational waves by a Newtonian potential [101].
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Appendix C

Computing the noise kernels

C.1 Gravitational noise kernel

In this section, we compute the noise kernel encoding the influence of the quantized

gravitational field, defined by Eq. (4.2.13b), for different initial states. In what fol-

lows we shall consider an unpolarized and isotropic gravitational wave background

such that the position operators are independent of the polarizations and of the di-

rection of k, that is, q̂s(t,k) = q̂ω(t), ω = |k|. Within this assumption, we may

write the gravitational noise kernel as

N ijkl
g (t, t′) =

1

32

∫ ∞

0

dω ω2

[
Aijkl

Ω

d2

dt2
d2

dt′2
Gω(t, t

′)

+Aijnl
Ω Φn

k d
2

dt2
Gω(t, t

′) + Anjkl
Ω Φn

i d
2

dt′2
Gω(t, t

′)

]
, (C.1.1)

where

Gω(t, t
′) = ⟨{q̂ω(t), q̂ω(t′)}⟩g (C.1.2)

is theHadamard function, and the tensor structure is encoded in the angular integral

given by

Aijkl
Ω ≡

∫
dΩ
∑
s

ϵijs (k)ϵ
kl
s (k). (C.1.3)

Let us begin by explicitly evaluating the angular integral, since it does not de-

pend on the initial graviton state. First, write the polarization tensors as in Eq.

(1.2.29),

ϵ+ij = ϵ̂
(1)
i ϵ̂

(1)
j − ϵ̂

(2)
i ϵ̂

(2)
j

ϵ×ij = ϵ̂
(1)
i ϵ̂

(2)
j + ϵ̂

(2)
i ϵ̂

(1)
j ,

(C.1.4)
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where the spatial polarization unit vectors ϵ̂(1) and ϵ̂(2) are orthogonal to the direc-

tion of propagation k̂ = k/|k|. They satisfy

ϵ̂
(1)
i ϵ̂

(1)
j + ϵ̂

(2)
i ϵ̂

(2)
j = δij − k̂ik̂j ≡ Pij. (C.1.5)

Then, a straightforward calculation yields∑
s

ϵijs ϵ
kl
s = P ikP jl + P ilP jk − P ijP kl. (C.1.6)

We can use the following integration over solid angles in three spatial dimen-

sions: ∫
dΩ k̂ik̂j =

4π

3
δij, (C.1.7a)∫

dΩ k̂ik̂j k̂kk̂l =
4π

15
(δijδkl + δikδjl + δilδjk), (C.1.7b)

to obtain ∫
dΩPijPkl =

8π

5
δijδkl +

4π

15
(δikδjl + δilδjk). (C.1.8)

At last, we find

Aijkl
Ω =

8π

15

[
3
(
δikδjl + δilδjk

)
− 2δijδkl

]
. (C.1.9)

In Chapter 5 we argue that only the component N3333
g (t, t′) ≡ Ng(t, t

′) will be

of interest for the specific decoherence functions we work with, and so we shall

focus on it from now on for simplicity. From Eq. (C.1.9) we have A3333
Ω = 32π/15,

and thus

Ng(t, t
′) =

π

15

∫ ∞

0

dω ω2

{
d2

dt2
d2

dt′2
Gω(t, t

′) + Φzz

[
d2

dt2
Gω(t, t

′) +
d2

dt′2
Gω(t, t

′)

]}
.

(C.1.10)

Here we lowered the index of the tidal tensor and dropped higher order terms in ϕ

as usual.

Next, let us compute the Hadamard function. Since the free Hamiltonian for

each mode of the gravitational field is that of a harmonic oscillator, Eq. (4.1.21), we

may write the position operators in the Heisenberg picture as

q̂ω(t) =

√
1

2mgω

(
âωe

−iωt + â†ωe
iωt
)
, (C.1.11)
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where the â’s (â†’s) are annihilation (creation) operators satisfying the usual com-

mutation relations. A direct calculation then yields

Gω(t, t
′) =

2

mgω2
⟨Ĥω⟩g cosω(t− t′) +

1

mgω

[
⟨â2ω⟩g e−iω(t+t′) + ⟨

(
â†ω
)2⟩g eiω(t+t′)

]
,

(C.1.12)

where Ĥω is the free Hamiltonian operator of the harmonic oscillator with fre-

quency ω. We may now compute the noise kernel for different initial states of the

gravitational field.

C.1.1 Vacuum state

If the initial state is the vacuum state, we have ⟨â2ω⟩g = ⟨
(
â†ω
)2⟩g = 0 and ⟨Ĥω⟩g =

ω/2, and thus

G(vac)
ω (t, t′) =

1

mgω
cosω(t− t′). (C.1.13)

Plugging this Hadamard function into Eq. (C.1.10) leads to

N (vac)
g (t, t′) =

2

15π

[∫ Λ

0

dω ω5 cosω(t− t′)− 2Φzz

∫ Λ

0

dω ω3 cosω(t− t′)

]
=

2Λ4

15π

{
Λ2F5[Λ(t− t′)]− 2ΦzzF3[Λ(t− t′)]

}
, (C.1.14)

where Λ is the graviton energy cutoff (see Section 4.1) and we used mg = π2/2.

Also, we defined

Fn(x) ≡
1

xn+1

∫ x

0

dy yn cos y. (C.1.15)

Explicitly,

F5(x) =
1

x6
[(
5x4 − 60x2 + 120

)
cos x+ x

(
x4 − 20x2 + 120

)
sin x− 120

]
,

(C.1.16a)

and

F3(x) =
1

x4
[(
3x2 − 6

)
cos x+

(
x3 − 6x

)
sin x+ 6

]
. (C.1.16b)

Now, from Eq. (4.3.20) we see that there are contributions to the external DoFs

density matrix that are proportional to the product of the gravitational and the in-

ternal DoFs noise kernels. In Section C.2 we will explicitly compute the latter, mod-

eling it as a white noise. Therefore we will be interested in the coincidence limit

t′ → t for the gravitational noise kernel. From

lim
x→0

Fn(x) =
1

n+ 1
, (C.1.17)
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it follows that

N (vac)
g (t) = lim

t′→t
N (vac)

g (t, t′) =
Λ4

15π

(
Λ2

3
− Φzz

)
. (C.1.18)

C.1.2 Thermal state

Let us now consider the gravitons to be initially in a thermal state with tempera-

ture Tg = β−1
g

(which, as we discussed in Section 3.1, is a parameter that is not

necessarily tied to a precise thermodynamical definition). In that case we have

⟨â2ω⟩g = ⟨
(
â†ω
)2⟩g = 0 once again, and

⟨Ĥω⟩g = ω

(
1

2
+

1

eωβg − 1

)
. (C.1.19)

Plugging into Eq. (C.1.12) leads to

G(th)
ω (t, t′) = G(vac)

ω (t, t′) +
2

mgω

1

eω/Tg − 1
cosω(t− t′). (C.1.20)

The noise kernel is found to be

N (th)
g (t, t′) = N (vac)

g (t, t′)

+
4

15π

∫ ∞

0

dω

[
ω5

eω/Tg − 1
cosω(t− t′)− 2Φzz

ω3

eω/Tg − 1
cosω(t− t′)

]
= N (vac)

g (t, t′)

+
8(πTg)

4

5π

{
10(πTg)

2F
(th)
1 [πTg(t− t′)]− ΦzzF

(th)
2 [πTg(t− t′)]

}
,

(C.1.21)

with

F
(th)
1 (x) =

1

x6
− 1

15 sinh6 x

(
2 cosh4 x+ 11 cosh2 x+ 2

)
, (C.1.22a)

and

F
(th)
2 (x) =

1

3 sinh4 x

(
2 cosh2 x+ 1

)
− 1

x4
. (C.1.22b)

Also, using limx→0 F
(th)
1 (x) = 2/945 and limx→0 F

(th)
2 (x) = 1/45, we find

N (th)
g (t) = lim

t′→t
N (th)

g (t, t′) = N (vac)
g (t) +

8(πTg)
4

45π

(
4

21
π2T 2

g − 1

5
Φzz

)
. (C.1.23)
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C.1.3 Coherent state

In quantum optics, the coherent states are those whose electric field variation ap-

proaches that of a classical electromagnetic wave. They are important because a

single-mode laser usually generates a coherent state excitation [167]. In complete

analogy, onemay say that a coherent graviton state is the quantum-mechanical state

whose properties most closely resemble those of a classical gravitational wave.

For a quantum harmonic oscillator, the coherent state is defined by

|αω⟩ = D̂(αω) |0⟩ , (C.1.24)

where D̂(αω) is called the coherent-state displacement operator, defined as [167]

D(αω) = exp
(
αωâ

†
ω − α∗

ωâω
)
. (C.1.25)

Here we take the displacement parameter to be independent of ω, αω = α, for

simplicity. The displacement operator satisfies a number of properties,

D̂†(α)D̂(α) = 1, (C.1.26a)

D̂†(α)ânωD̂(α) = (âω + α)n, (C.1.26b)

D̂†(α)(â†ω)
nD̂(α) = (â†ω + α∗)n, (C.1.26c)

for n ∈ N, from which we find

⟨â2ω⟩g = α2, (C.1.27a)

⟨(â†ω)2⟩g = (α∗)2, (C.1.27b)

⟨Ĥω⟩g = ω

(
|α|2 + 1

2

)
, (C.1.27c)

where we also used the fact that the coherent state is an eigenstate of the annihila-

tion operator, âω |α⟩ = α |α⟩.
For simplicity, let us further assume that the displacement parameter is real. In

that case, we find

G(coh)
ω (t, t′) = G(vac)

ω (t, t′) +
α2

mgω
cos(ωt) cos(ωt′). (C.1.28)

For the noise kernel, one has

N (coh)
g (t, t′) = N (vac)

g (t, t′) +
2α2

15π

[∫ Λ

0

dω ω5 cos(ωt) cos(ωt′)
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−2Φzz

∫ Λ

0

dω ω3 cos(ωt) cos(ωt′)

]
= N (vac)

g (t, t′) +
α2Λ4

15π

{
Λ2[F5(Λ(t+ t′)) + F5(Λ(t− t′))]

−2Φzz[F3(Λ(t+ t′)) + F3(Λ(t− t′))]} , (C.1.29)

where the functions Fn(x) are defined in Eq. (C.1.15). By using Eq. (C.1.17), we also

find

N (coh)
g (t) = lim

t′→t
N (coh)

g (t, t′)

= N (vac)
g (t) +

α2Λ4

15π

{
Λ2

[
F5(2Λt) +

1

6

]
− 2Φzz

[
F3(2Λt) +

1

4

]}
.

(C.1.30)

C.1.4 Squeezed state

Returning once again to the analogy with quantum optics, a squeezed state is the

one for which the electric field has a quantum uncertainty smaller than the minimal

uncertainty of a coherent state for some phases. For a weak quantized gravitational

field, it has been argued that gravitons created from quantum fluctuations in the

course of cosmological evolution should now be in strongly squeezed states [157].

For a quantum harmonic oscillator, the squeezed state is defined by

|ζω⟩ = Ŝ (ζω) |0⟩ , (C.1.31)

where Ŝ (ζω) is called the squeeze operator, defined as [167]

Ŝ (ζω) = exp

[
1

2
ζ∗ωâ

2
ω − 1

2
ζω(â

†
ω)

2

]
, (C.1.32)

and ζω is the complex squeeze parameter

ζω = rωe
iφω . (C.1.33)

Herewe take the squeeze parameter to be independent ofω, ζω = ζ . The squeeze

operator satisfies a number of properties,

Ŝ †(ζ)Ŝ (ζ) = 1, (C.1.34a)

Ŝ †(ζ)ânωŜ (ζ) = (â cosh r − â†eiφ sinh r)n, (C.1.34b)

Ŝ †(ζ)(â†ω)
nŜ (ζ) = (â† cosh r − â e−iφ sinh r)n, (C.1.34c)
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for n ∈ N, from which we find

⟨â2ω⟩g = −eiφ sinh r cosh r, (C.1.35a)

⟨(â†ω)2⟩g = −e−iφ sinh r cosh r, (C.1.35b)

⟨Ĥω⟩g =
ω

2
cosh 2r, (C.1.35c)

so that

G(sq)
ω (t, t′) = (cosh 2r)G(vac)

ω (t, t′)− sinh 2r

mgω
cos[ω(t+ t′)− φ]. (C.1.36)

Assuming the squeeze parameter to be real for simplicity from now on (φ = 0),

the noise kernel becomes

N (sq)
g (t, t′) = (cosh 2r)N (vac)

g (t, t′)

− 2

15π
sinh 2r

[∫ Λ

0

ω5 cosω(t+ t′)− 2Φzz

∫ Λ

0

ω3 cosω(t+ t′)

]
= (cosh 2r)N (vac)

g (t, t′)

− 2Λ4

15π
sinh 2r

{
Λ2F5[Λ(t+ t′)]− 2ΦzzF3[Λ(t+ t′)]

}
. (C.1.37)

Also,

N (sq)
g (t) = lim

t′→t
N (sq)

g (t, t′)

= (cosh 2r)N (vac)
g (t)− 2Λ4

15π
sinh 2r

[
Λ2F5(2Λt)− 2ΦzzF3(2Λt)

]
.

(C.1.38)

C.2 Internal DoFs noise kernel

In this section, we obtain an explicit expression for the internal degrees of freedom

noise kernel, defined in Eq. (4.3.17b). Recall that the free Lagrangian for each po-

sition operator ϱ̂α is that of a harmonic oscillator. Furthermore, we take the initial

internal state to be a thermal one with temperature Tint = β−1
int . In that case, the

noise kernel is precisely the one we obtained in Eq. (2.3.27b), namely

Nint(t, t
′) =

1

2

∫ ∞

0

dϖJ(ϖ) coth

(
ϖβint
2

)
cosϖ(t− t′), (C.2.1)

where

J(ϖ) =
∑
α

ϑ2
α

µαϖα

δ(ϖ −ϖα) (C.2.2)
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is the spectral density.

If we consider the simple case of the internal DoFs being described by an Ohmic

bath, we have

J(ϖ) = ηϖ (C.2.3)

for some effective coupling constant η. For an Ohmic bath, the noise kernel reads

Nint(t, t
′) =

1

2
η

∫ ∞

0

dϖϖ coth

(
ϖβ

2

)
cosϖ(t− t′). (C.2.4)

At high temperatures, Tint = β−1
int ≫ |t− t′|, the integral is dominated by low

frequencies (and one does need to introduce a frequency cutoff in such case), and

we find

Nint(t, t
′) = ηπTintδ(t− t′), (C.2.5)

namely a white noise.
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The fluctuation theorem

The term fluctuation theorems stands for relations between probability distributions
of fluctuating non-equilibrium quantities and some kind of equilibrium information

of starting and ending points of a given thermodynamical process. In this appendix

we present the fluctuation theorem following the approach due to Gavin E. Crooks

[46], which in turn leads to the Jarzynski equality [45]. We begin by presenting its

classical version before the quantum one. The reader is referred to Ref. [50] for a

review and a brief historical description of the field.

D.1 Classical fluctuation theorem

The fluctuation theorem follows from two basic assumptions: (i) the initial descrip-

tion of the system by a thermal state and (ii) the time reversal invariance of the

equations of microscopic motion. Before presenting the theorem itself, we shall be-

gin by making this last assumption more precise, which we call microreversibility.
Wewill assumeHamiltonian dynamics, although the results remain valid for a more

general Markovian stochastic evolution [48, 168].

D.1.1 Microreversibility of driven classical systems

Consider a classical system described by a Hamiltonian

H(z, f) = H0(z)− f(t)X(z), (D.1.1)

whereH0(z) is referred to as the unperturbedHamiltonian, f(t) is a time-dependent

external force and X(z) is its conjugate coordinate. Also, we are denoting the

points in phase space by z = (q,p), where q represents the generalized coordi-

nates (q1, . . . , qn) of a system with n degrees of freedom while p = (p1, . . . , pn)

stands for their conjugated momenta. We assume that the force acts within a tem-

poral interval [0, τ ] and that its instantaneous values f(t) are specified by a given

force protocol.
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The solution of Hamilton’s equations of motion assigns to each initial point z(0)

in phase space a point z(t) at a later time t ∈ [0, τ ], which is specified by the values

of the force protocol in all times prior to t, that is

z(t) = φt,0[z(0); f ], (D.1.2)

where φ represents the Hamiltonian flow in phase space [50].

In order to write the microreversibility condition we need to describe the time

reversed process, which is a trajectory that runs forward in time such that the signs

of momenta are reverted. We first assume that the unperturbed Hamiltonian H0 is

time reversal invariant. Additionally, we also assume the conjugate coordinate X

to transform under time reversal with a definite parity ϵX = ±1. Now, while the

flow (D.1.2) describes how the system evolves from z0 under the forward protocol

f(t), we define the reverse flow

φτ−t[ϵz(τ); ϵX f̃ ] (D.1.3)

as the one describing how the system evolves from the time-reversed final state

ϵz(τ), where ϵz = ϵ(q,p) = (q,−p), under the reverse protocol f̃(t) = f(τ − t).

The principle of microreversibility states that the trajectory followed in the for-

ward process, when time-reversed, must coincide with the trajectory followed in

the reverse process. Therefore, applying the time-reversal operation to the forward

trajectory leads to [50, 169]

ϵφτ−t,0[ϵz(τ); ϵX f̃ ] = φt,0[z(0); f ]. (D.1.4)

D.1.2 Crooks fluctuation theorem

When moving from z(0) at t = 0 to z(τ) at t = τ , the work done on the system is

given by
1

W [z(0); f ] = H(z(τ), f(τ))−H(z(0), f(0)). (D.1.5)

Let us note that

d

dt
H(z, f) =

∑
i

(
∂H

∂qi
q̇i +

∂H

∂pi
ṗi

)
+
∂H

∂f
ḟ = ḟ(t)

∂H(z, f)

∂f(t)

= −ḟ(t)X(z(t)), (D.1.6)

1
This definition is referred to as inclusive work in the literature, as opposed to the exclusive work

defined by W0 = H0(z(τ)) − H0(z(0)). To see how the two approaches relate to each other the

reader is referred to refs. [47, 48].
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where we used Hamilton’s equation of motion [170]

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
. (D.1.7)

Eq. (D.1.5) can then be written as

W [z(0); f ] =

∫ τ

0

dt ḟ(t)
∂H(z, f)

∂f(t)
= −

∫ τ

0

dt ḟ(t)X(z(t)). (D.1.8)

At t = 0 we assume the system to be in thermal equilibrium at inverse temper-

ature β described by a canonical distribution of the form

ρ(z(0)) =
e−βH(z(0),f(0))

Z0

, (D.1.9)

where

Z0 =

∫
dz(0) e−βH(z(0),f(0))

(D.1.10)

is the classical partition function.

The initial conditions are randomly sampled from the distribution (D.1.9), each

of which leads to a trajectory in phase space from t = 0 to t = τ . Since the def-

inition of work (D.1.8) depends on the trajectory, it acquires a probabilistic aspect

when considering the ensemble of processes with initial preparation (D.1.9). The

complete information concerning the statistics is then contained in the work prob-

ability density function

P [W ; f ] =

∫
dz(0)ρ(z(0))δ[W −H(z(τ), f(τ)) +H(z(0), f(0))]. (D.1.11)

As usual, we define the characteristic function of work as the Fourier transform

of the work probability density function,

Φ[u; f ] =

∫
dW eiuWP [W ; f ], (D.1.12a)

with

P [W ; f ] =
1

2π

∫
du e−iuWΦ[u; f ]. (D.1.12b)

By using Eqs. (D.1.11), (D.1.9) and (D.1.5) the characteristic function becomes

Φ[u; f ] =

∫
dz(0) eiu[H(z(τ),f(τ))−H(z(0),f(0))] e

−βH(z(0),f(0))

Z0

=
1

Z0

∫
dz(0) eiuW [z(0);f ]e−βH(z(τ),f(τ))eβW [z(0);f ]
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=
Zτ

Z0

∫
dz(0) eiuW [φτ,0[z(0);f ]]eβW [φτ,0[z(0);f ]]ρ(z(τ)), (D.1.13)

where Zτ =
∫
dz(τ) e−βH(z(τ),f(τ))

. In the expression above, W [φτ,0[z(0); f ]] de-

notes the work done on the system from t = 0 to t = τ in the forward process. By

using the microreversibility condition (D.1.4) and changing variables z(0) → z(τ)

(for which the Jacobian is equal to unity since time evolution in classical mechanics

is a canonical transformation), we find

Z0Φ[u; f ] = Zτ

∫
dz(τ) eiuW [ϵφτ−t,0[ϵz(τ);ϵX f̃ ]]eβW [ϵφτ−t,0[ϵz(τ);ϵX f̃ ]]ρ(z(τ))

= Zτ

∫
dz(τ) ei(u−iβ)[H(z(0),f(0))−H(z(τ),f(τ))]ρ(z(τ)), (D.1.14)

whereW
[
ϵφτ−t,0[ϵz(τ); ϵX f̃ ]

]
= H(z(0), f(0))−H(z(τ), f(τ)) is the work done

on the reverse process starting at t = τ with initial thermal distribution ρ(z(τ)). By

introducing a delta function to recover the characteristic function of work, we find

Z0Φ[u; f ] = ZτΦ[−u+ iβ; ϵX f̃ ]. (D.1.15)

Applying the inverse Fourier transform on both sides yields

Z0P [W ; f ] = Zτe
βWP [−W ; ϵX f̃ ], (D.1.16)

or

P [W ; f ]

P [−W ; ϵX f̃ ]
=
Zτ

Z0

eβW . (D.1.17)

We can rewrite this by recalling that the Helmholtz free energy is obtained from

the partition function as F (t) = − 1
β
lnZt [116] and thus

Zτ

Z0

=
e−βF (τ)

e−βF (0)
= e−β∆F , (D.1.18)

where ∆F = F (τ) − F (0) is the free energy difference between initial and final

points. Finally we may write

P [W ; f ]

P [−W ; ϵX f̃ ]
= eβ(W−∆F ). (D.1.19)

This is the Crooks fluctuation theorem, which establishes that the probability of

observing the forward process is exponentially larger than the probability of ob-

serving the reverse one. The exponent Wdiss = W − ∆F , called dissipated work,
quantifies such statistical irreversibility.
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D.1.3 Jarzynski equality

We can write Crooks fluctuation theorem (D.1.19) as

P [W ; f ]e−βW = P [−W ; ϵX f̃ ]e
−β∆F

(D.1.20)

and integrate both sides overW . This leads to the Jarzynski equality

〈
e−βW

〉
= e−β∆F , (D.1.21)

where the brackets denote average with respect to the work probability density

function.

The Jarzynski equality (D.1.21) states that the equilibrium free energy difference

may be inferred by measurements of non-equilibrium work in many realizations of

the system trajectory according to the force protocol f(t). This result has many

practical applications in the fields of physics, biology, chemistry and so on [49, 50]. It

also allows us to describe the statistical nature of the second law of thermodynamics

by using Jensen’s inequality
2
,

e−β∆F =
〈
e−βW

〉
≥ e−β⟨W ⟩ =⇒ e−β(⟨W ⟩−∆F ) ≤ 1. (D.1.22)

This implies that, on average, the entropy production is always positive

⟨Σ⟩ = β(⟨W ⟩ −∆F ) ≥ 0. (D.1.23)

Also, as we can see from Eq. (D.1.19), ⟨Σ⟩ = 0 holds only for reversible processes.

D.2 Quantum fluctuation theorem

On establishing the quantum version of the fluctuation theorem, as expressed by

Crooks relation and Jarzynski equality, one is faced with an immediate question:

how to define work done on quantum systems? Work describes a specific process

instead of characterizing the state of the system. Thus it cannot be represented by

a Hermitian operator whose eigenvalues can be determined in a single projective

measurement [50, 160]. For open quantum systems the proper definition is still

under debate, but consensus seems to have been reached on how to define work

done on a closed quantum system according to the two-timemeasurements scheme.

In this approach, we measure the energy of the system twice, first at t = 0 and then

2
Let X be a real integrable random variable and let g : R → R be a convex function such that

Y = g(X) is also integrable. Then Jensen’s inequality states thatE[g(X)] ≥ g(E[X]), whereE[X]
denotes the expectation value of X .
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at t = τ , the end point of the force protocol. The difference of the outcomes of these

two measurements is the work performed on the system in a particular realization.

This inevitably yields a second probabilistic aspect to the work distribution, which

comes from quantum uncertainty.

Before we make these ideas more precise, we follow the approach of the previ-

ous section and turn now to the question of microreversibility of driven quantum
systems.

D.2.1 Quantum microreversibility

Let Ûf (t, 0) be the unitary time evolution operator of the quantum system driven

by the force protocol f(t) from t = 0 to t = τ . In order to write the quantum

microreversibility condition, we split the time interval in discrete steps and express

the time evolution operator as a time ordered product,

Ûf̃ (τ − t, 0) = lim
N→∞

e−iĤ(f̃(τ−Nε))ε . . . e−iĤ(f̃(ε))εe−iĤ(f̃(0))ε, (D.2.1)

where ε = t/N denotes the time step and Ĥ(f(t)) is the Hamiltonian operator. By

recalling that f̃(t) = f(τ − t) we may write

Ûf̃ (τ − t, 0) = lim
N→∞

e−iĤ(f(Nε))ε . . . e−iĤ(f(τ−ε))εe−iĤ(f(τ))ε. (D.2.2)

Next let us introduce the time reversal operator Θ̂ and assume that, at any time

t, the Hamiltonian is invariant under time reversal,[
Ĥ(f(t)), Θ̂

]
= 0. (D.2.3)

Then,

Θ̂†Ûf̃ (τ − t, 0)Θ̂ = lim
N→∞

Θ̂†e−iĤ(f(Nε))εΘ̂Θ̂† . . . Θ̂†e−iĤ(f(τ))εΘ̂, (D.2.4)

where we made N − 1 insertions of the identity 1 = Θ̂Θ̂†
. Since Θ̂†e−iĤ(f(t))εΘ̂ =

eiĤ(f(t))ε
for real ε [113], we have

Θ̂†Ûf̃ (τ − t, 0)Θ̂ = lim
N→∞

eiĤ(f(Nε))ε . . . eiĤ(f(τ))ε

= lim
N→∞

[
e−iĤ(f(τ))ε . . . e−iĤ(f(Nε))ε

]†
= Û †

f (τ, t) (D.2.5)
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and the microreversibility condition reads

Ûf (t, τ) = Θ̂†Ûf̃ (τ − t, 0)Θ̂. (D.2.6)

Now, note that Eq. (D.2.6) can be rewritten as

Ûf (t, 0) = Θ̂†Ûf̃ (τ − t, 0)Θ̂Ûf (τ, 0), (D.2.7)

where we used Ûf (t, τ) = Ûf (t, 0)Ûf (0, τ) = Ûf (t, 0)Û
†
f (τ, 0). Next, let us apply

this operator to the pure initial state |ψ0⟩,

|ψt⟩ = Ûf (t, 0) |ψ0⟩ = Θ̂†Ûf̃ (τ − t, 0)Θ̂Ûf (τ, 0) |ψ0⟩ = Θ̂†Ûf̃ (τ − t, 0)Θ̂ |ψτ ⟩ ,
(D.2.8)

where |ψτ ⟩ = Ûf (τ, 0) |ψ0⟩ is the final state. Multiplying by Θ̂ from the left leads to

Θ̂ |ψt⟩ = Ûf̃ (τ − t, 0)Θ̂ |ψτ ⟩ . (D.2.9)

This allows us to interpret the quantum microreversibility in terms of states: un-

der the evolution generated by the reverse protocol f̃ , the time reversed final state

Θ̂ |ψτ ⟩ evolves from 0 to τ − t to the state Θ̂ |ψt⟩ [50].

D.2.2 Work probability density function

Consider a system whose time evolution is generated by the Hamiltonian operator

Ĥ(f(t)) initially described by the thermal density matrix

ρ̂(0) =
e−βĤ(f(0))

Z0

, (D.2.10)

where Z0 = Tr e−βĤ(f(0))
is the partition function and Tr denotes trace over the

Hilbert space of the system. The Hamiltonian eigenvalue equation can be written

as

Ĥ(f(t)) |ψn,α(t)⟩ = En(t) |ψn,α(t)⟩ , (D.2.11)

where n labels the quantum numbers that specify the energy eigenvalues while α

labels all further quantum numbers.

Let us now describe the two-time measurement scheme from which we will

define the work done on the system. At t = 0we measure the energy of the system,

which yields the eigenvalue En(0) with probability

pn(0) = Tr

[
Π̂0

nρ̂(0)
]
. (D.2.12)
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Here, Π̂0
n =

∑
α |ψn,α(0)⟩ ⟨ψn,α(0)| is the projector onto the eigenspace spanned by

the eigenvectors associated with the eigenvalue En(0). Once the energy measure-

ment is performed, with result En(0), the system is described by the state

ρ̂n =
Π̂0

nρ̂(0)Π̂
0
n

pn(0)
. (D.2.13)

Since we are considering the system to be closed, the time evolution is unitary,

ρ̂n(t; f) = Ûf (t, 0)ρ̂nÛ
†
f (t, 0). (D.2.14)

At time t = τ a second energy measurement yields the eigenvalue Em(τ) with

probability

pτm|n[f ] = Tr

[
Π̂τ

mρ̂n(τ ; f)
]
. (D.2.15)

The work done on the system is then simply the difference between the energy

eigenvalues, w = Em(τ) − En(0). The probability distribution function of work

reads

P [w; f ] =
∑
m,n

δ[w − Em(τ) + En(0)]p
τ
m|n[f ]p

0
n. (D.2.16)

D.2.3 Quantum versions of the Crooks fluctuation relation
and Jarzynski equality

From the probability distribution function of work (D.2.16) we write the character-

istic function as [171]

Φ[u; f ] =

∫
dw eiuwP [w; f ]

=
∑
m,n

eiuEm(τ)e−iuEn(0)
Tr

{
Π̂τ

mÛf (τ, 0)ρ̂nÛ
†
f (τ, 0)

}
p0n

= Tr

{
eiuĤ(f(τ))

∑
m

Π̂τ
mÛf (τ, 0)e

−iuĤ(f(0))
∑
n

ρ̂np
0
nÛ

†
f (τ, 0)

}
= Tr

{
Û †
f (τ, 0)e

iuĤ(f(τ))Ûf (τ, 0)e
−iuĤ(f(0))ρ̂(0)

}
, (D.2.17)

where we used the fact that

∑
m Π̂τ

m = 1 and

∑
n ρ̂np

0
n = ρ̂(0), which holds since

the initial density matrix commutes with the Hamiltonian at t = 0.

By using the explicit form of the initial density matrix, Eq. (D.2.10), we can write

Z0Φ[u; f ] = Tr

{
Û †
f (τ, 0)e

iuĤ(f(τ))Ûf (τ, 0)e
−iuĤ(f(0))e−βĤ(f(0))

}
. (D.2.18)
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Setting t = 0 in the quantum microreversibility condition (D.2.6) leads to

Ûf (0, τ) = Θ̂†Ûf̃ (τ, 0)Θ̂ =⇒ Û †
f (τ, 0) = Θ̂†Ûf̃ (τ, 0)Θ̂,

=⇒ Ûf (τ, 0) = Θ̂†Û †
f̃
(τ, 0)Θ̂. (D.2.19)

Using this expression back in Eq. (D.2.18) results in

Z0Φ[u; f ] = Tr

{
Θ̂†Ûf̃ (τ, 0)Θ̂e

iuĤ(f(τ))Θ̂†Û †
f̃
(τ, 0)Θ̂e−iuĤ(f(0))e−βĤ(f(0))

}
= Tr

{
Θ̂†Ûf̃ (τ, 0)e

−iu∗Ĥ(f(τ))Û †
f̃
(τ, 0)eiu

∗Ĥ(f(0))e−βĤ(f(0))Θ̂
}

= Tr

{
e−βĤ(f(0))e−iuĤ(f(0))Ûf̃ (τ, 0)e

iuĤ(f(τ))Û †
f̃
(τ, 0)

}
= Tr

{
Û †
f̃
(τ, 0)ei(−u+iβ)Ĥ(f(0))Ûf̃ (τ, 0)e

−i(−u+iβ)Ĥ(f(τ))e−βĤ(f(τ))
}

= ZτΦ[−u+ iβ; f̃ ], (D.2.20)

where we used the anti-linearity
3
ofΘ. This result is precisely the same identity we

obtained for the classical case, Eq. (D.1.15). If we follow the same steps as before

we are led to the quantum version of the Crooks fluctuation theorem,

P [w; f ]

P [−w; f̃ ]
= eβ(w−∆F ), (D.2.21)

from which we also obtain the quantum Jarzynski equality

〈
e−βw

〉
= e−β∆F . (D.2.22)

3
For any trace class operator Â the anti-linearity of Θ̂ implies Tr

(
Θ̂†ÂΘ̂

)
= TrÂ†

.
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