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Abstract

In this work, we will analyze three types of method to solve vector optimization problems
in different types of context. First, we will present the trust region method for multiobjective
optimization in the Riemannian context, which retrieves the classical trust region method for
minimizing scalar functions. Under mild assumptions, we will show that each accumulation
point of the generated sequences by the method, if any, is Pareto critical. Next, the proximal
point method for vector optimization and its inexact version will be extended from Euclidean
space to the Riemannian context. Under suitable assumptions on the objective function,
the well-definedness of the methods will be established. Besides, the convergence of any
generated sequence, to a weak efficient point, will be obtained. The last method to be
investigated is the Newton method to solve vector optimization problem with respect to
variable ordering structure. Variable ordering structures are set-valued map with cone values
that to each element associates an ordering. In this analyze we will prove the convergence
of the sequence generated by the algorithm of Newton method and, moreover, we also will
obtain the rate of convergence under variable ordering structures satisfying mild hypothesis.

Keywords: Vector Optimization, Multiobjective Optimization, Trust Region, Proximal
Point method, Newton method, Riemannian Manifolds, Variable order.
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Resumo

Neste trabalho, analisaremos três tipos de métodos para resolver problemas de otimização
vetorial em diferentes tipos contextos. Primeiro, apresentaremos o método de Região de
Confiança para resolver problemas multiobjetivo no contexto Riemanniano, o qual recupera o
método de Região de Confiança clássico para minimizar funções escalares. Sob determinadas
suposições, mostraremos que cada ponto de acumulação das sequências geradas pelo método,
caso existam, é Pareto cŕıtico. Em seguida, o método do ponto proximal para otimização
vetorial e sua versão inexata serão generalizados do espaço Euclidiano para o contexto
Riemanniano. Sob suposies adequadas sobre a função objetiva, as boas definições dos
métodos serão estabelecidos. Além disso, a convergência de qualquer sequência gerada pelos
algoritmos, para um ponto fracamente eficiente, é obtida. O último método a ser investigado
é o método de Newton para resolver problemas de otimização vetorial com respeito a
estruturas de ordem variável. Estruturas de ordem variável são aplicações ponto-conjunto
cujas imagens são cones que induzem uma ordem. Nesta análise, provaremos a convergência
da sequência gerada pelo algoritmo do método de Newton e, além disso, também obteremos
a taxa de convergência sob estruturas de ordem variável satisfazendo hipóteses adequadas.

Palavras-chave : Otimização Vetorial, Otimização Multiobjetivo, Região de Cofiança ,
Método do ponto proximal, Variedades Riemannianas, Ordem Variável.
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Chapter 1

Introduction

In mathematical optimization one of the main objectives is minimizing (or maximizing) an
objective function over some feasible set. When the objective function is scalar-valued, a
feasible element is said to be a optimal solution if attain the smallest (or largest) value of
the objective function over the feasible region. However, in case the objective function is
vector-valued, it is not obvious anymore how to compare the values of the objective function,
usually, no single point will minimize all given objective functions at once. Francis Y.
Edgeworth (1845-1926) and Vilfredo Pareto (1848-1923) are credited the first who introduced
the optimality concept for vector optimization problems, i.e., for optimization problems
with such a vector-valued objective function. Both have studied a particular case of vector
optimization problems, called multiobjective optimization problems, which is optimization
problem with an objective function mapping in the m-dimensional Euclidean space Rm, for
m ≥ 2, i.e., a multiobjective optimization problem can be formulated as

min
x∈X

F (x),

where F (x) = (f1(x), . . . , fm(x)), fi : Rn → R for alli ∈ {1, . . .m} and X is feasible set. For
comparing elements in Rm they used the natural ordering cone, the nonnegative orthant,
which corresponds to the componentwise partial ordering, i.e., given x1 and x2 ∈ X, we said
that F (x1) � F (x2) when fi(x

1) ≤ fi(x
2) for each i ∈ {1, . . .m}. A point x∗ ∈ X is a optimal

point (referred to as Pareto optimal) if there is no other x ∈ X such that F (x) � F (x∗).
In this work, we present three methods to solve vector optimizations problems on different
setting.

The first two methods to be studied extend the classical optimization methods to the
Riemannian context to solve vector optimization problems. In the last two decades it has
appeared a significant number of papers dealing with extensions of optimization methods
to the Riemannian context; see [11, 12, 15, 26, 32, 68]. One of the motivations to study this
subject is that many optimization problems are naturally posed in this context; see [2,58,61].
Besides, in this setting, it is possible to deal with constrained problems as unconstrained one
from the point of view Riemannian; see [36,49]. Over the past few years have appeared some
papers on multiobjective optimization problems in the Riemannian context; see [11,12,15,19].
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The first method to be worked is the Trust Region method for multiobjective optimization.
The Trust Region method is recognized as one of the most efficient techniques of global
convergence of the Newton Method for nonlinear optimization, which origin can be traced
back to Levenberg [44]. This method became popular due to its attractive convergence
properties under mild assumptions, for instance, global convergence without assuming any
convexity assumption. Early works dealing with this subject include, but are not limited
to [27, 52, 55, 56, 64, 65]. In [76] Yuan has been presented a perspective historical and
a comprehensive description of the recent advances in this method. Unlikely line search
algorithms, where a line search is carried out along a search direction in each iteration, the
trust region algorithms obtain the new iterate point by solving a subproblem restricted to a
neighborhood centered at the current iterate point, this neighborhood is called a trust region
To be more exact, at the kth iteration, a trust region algorithm for the general optimization
problem

min
x∈X

f(x),

where f : X → R is the objective function to be minimized and X ⊂ Rn is the feasible set,
obtains the trial step sk by solving the following trust region subproblem

min {mk(s) : s ∈ X, ‖s‖ ≤ ∆k} , (1.1)

where mk(s) is a model function that approximates the objective function f(xk + s) near
the current iteration point xk and ∆k > 0 is the trust region radius. Given a trial step sk

we define the trust ratio

rk =
f(xk)− f(xk + sk)

mk(0)−mk(sk)
,

then we verify the agreement between the numerator, called actual reduction, and
denominator, called the predicted reduction. Depending on the criteria to be used, if trust
ratio is greater than a certain constant the trial step will be accepted, otherwise, the trial
step must be reject and the trust region should be shrink by reducing ∆k, then remake the
subproblem (1.1).

Recently this method was extended to solve multiobjective problems. In this new context
some distinct quantities, namely, the quadratic model functions and the trust rates, have
been introduced in order to design the method; see [21, 40, 57, 70]. Furthermore, the trust
region methods were extended to solve scalar problems in the Riemannian context, and its
main features were preserved, including its global convergence properties; see [1, 41]. As
a natural generalization what is done in the scalar Riemannian version of the trust region
method; see [1], the model in our multiobjective version is the maximum of the quadratic
models involving the coordinates of the objective function. Our method iteratively obtain a
trial step by solving inexactly an optimization problem involving the quadratic model within
a trust region in the tangent space at the current iterate. Then, next iterate is obtained by
using the exponential mapping in the tangent space at the current iterate evaluated at the
trial step and judging this point using the trust rate, the same trust rate present in [70], the
formal description of the method is done in Chapter 3. Under mild assumptions, we show
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that each accumulation point of a generated sequence by the method, if any, is Pareto critical,
which retrieves the same convergence results of the scalar Euclidean version; see [25, 53].

The next method to be extended to the Riemannian context is the Proximal Point method
to solve vector optimization problem. As an extension of the nonnegative orthant for
comparing elements in multiobjective optimization, in vector optimization it is often assumed
that the partial order of a linear space is induced by a general closed convex pointed cone;
see [43,48]. Let F : X → Y a vector-value function, where X and Y are to linear space, and
C be a closed convex pointed cone which induce a partial order in Y , given x1 and x2, we
said that F (x1) �C F (x2) if F (x2)−F (x1) ∈ C. An element x∗ ∈ X is said to be a minimal
element (efficient element ) if there is no x ∈ X such that F (x) � F (x∗) and F (x) 6= F (x∗).
The classical Proximal Point method, to solve the minimization problem

min
x∈X

f(x),

introduced by Martinet [50] and Rockafellar [59], generates a sequence {xk} ⊂ X as follows:
given x0 ∈ X and some λ̂ > 0

xk+1 = argmin
x∈X

{
f(x) +

λk
2
‖x− xk‖2

}
,

where the sequence of real numbers {λk} satisfies 0 < λk ≤ λ̂. In the last years researchers
began extend the proximal point method to solve to vector optimization see [13, 18, 22, 69].
The method to be developed in this work deals with the extension of the proximal point
method for vector optimization from the Euclidean settings to the Riemannian context,
which continues the subject addressed in the following papers [14,16,32,45,72]. To our best
knowledge, this is the first extending of the proximal point method and its inexact version
for vector optimization to the Riemannian settings. Besides our approach is new even in
Euclidean context, since we are dealing with general convex cone and the nonlinear and
variable scalarization which is more flexible than the one considered in Bento et al. [13].
Under suitable assumptions on the objective function, the well-definedness of the method
and its inexact version are established. Besides, the convergence of any generated sequence,
to a weak efficient point, is obtained. It is worth pointing out that under assumption of null
sectional curvature, our algorithm retrieves the proximal point method for multiobjective
presented in [13] and, somehow, goes further.

The last method to be worked is the Newton method For Variable Order Vector
Optimization Problems. The idea of variable ordering structures was given by Yu in [75]
where it was assumed that it is a set-valued map with cone values that associates with each
element of the linear space and ordering, furthermore, Yu defined the notion of nondominated
element, a candidate element is called a nondominated element if it is not dominated by their
reference elements with respect to the corresponding ordering of these other ones, i.e, given
the set-valued application K : Rm ⇒ Rm where K(y) is a cone which define a partial
ordering, it is said that y∗ ∈ Rm is a nondominated element if there is no y ∈ Rm/{y∗} such
that y − y∗ ∈ K(y). In [4] Bao et al. study some necessary conditions for nondominated
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solutions with respect to variable ordering structures. But in this work we use another notion
of optimal elements in variable ordering structures, called efficient or minimal element, it is
said that y∗ ∈ Rm is a minimal element if there is no y ∈ Rm/{y∗} such that y−y∗ ∈ K(y∗).
It is easy to see, that if K(·) is a constant set-valued application, then the concepts of
nondominated solutions and minimal element retrieve the concept of efficient solutions in the
case vector optimization and in case the image of K(·) is the ortant non-negative the concept
of Pareto minimal. In [28] Eichfelder shows that the nondominated element and minimal
element are are connected by duality properties, moreover she proves their characterizations
and existence results.

The first applications of variable ordering optimization models appear in Economy and
Medicine, see [3,31,73]. They motivated the characterization of the solutions via necessary or
sufficient optimality conditions, solution approaches and further applications in Behavioral
Sciences, see [5, 6, 28–30,47,62,63].

Recently, some works have appeared generalizing the classical methods of optimization for
vector optimization problem with variable order structures. An extension of the steepest
descend method has been proposed in Bello-Cruz et al. [9], in addition they introduced the
concept of convexity function for the case variable order. In [10] Bello-Cruz et al. present
the extension of the subgradient method with a different structure of variable order present
in [9]. In this work, using the variable order present in [9] and their concept of convexity, we
generalize Newton method proposed in Fliege et al. [33] and Graña-Drummond et al. [38],
for the case vector optimization problem with respect to with variable ordering structures.
To this aim we extend the concept of strong convexity and prove some properties of the
that in this case Newton’s method is well defined and will converge to a solution of the
problem. Variable orders under which the rate of convergence is super-linear and under
which is quadratic are given.
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Chapter 2

Preliminaries results on riemannian
geometry

In this section, we introduce some notations about Riemannian geometry and some results
related to convex analysis in this setting, which will be used throughout the Chapters 3 and
4.

2.1 Notation and terminology

In this section, we introduce some notations about Riemannian geometry, which can be found
in any introductory book on Riemannian geometry, such as in Sakai [60], Do Carmo [20].
From now on, let M be an n-dimensional connected manifold. We denote by TpM the
n-dimensional tangent space of M at p, and by TM = ∪p∈MTpM tangent bundle of M and
by X (M) the space of smooth vector fields over M . Suppose that M be endowed with a
Riemannian metric 〈 , 〉, with corresponding norm denoted by ‖ ‖, that is, M is a Riemannian
manifold. Recall that the metric can be used to define the length of piecewise smooth curves
γ : [a, b]→M joining p to q, i.e., such that γ(a) = p and γ(b) = q, by

l(γ) =

∫ b

a

‖γ′(t)‖dt,

and, moreover, by minimizing this functional length over the set of all such curves, we
obtain a Riemannian distance d(p, q), which induces the original topology on M , and, given
a nonempty set U ⊂M , we can define the distance function associated to U , which is given
by:

M 3 p 7→ d(p, U) := inf{d(p, q) : q ∈ U}.

Let f : M → R a differential function, the metric induces a map

f 7→ grad f ∈ X (M),
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which associates to each scalar function smooth over M its gradient via the rule 〈grad f,X〉 =
df(X), X ∈ X (M). If f is a two differentiable function we define, for any p ∈M , the hessian
matrix of the function f as the map Hessf(p) : TpM → TpM. Let ∇ be the Levi-Civita
connection associated to (M, 〈 , 〉). A vector field V along γ is said to be parallel iff∇γ′V = 0.
If γ′ itself is parallel we say that γ is a geodesic. A geodesic γ = γv(., p) is determined by
its position p and velocity v at p. We say that γ is normalized if ‖γ′‖ = 1. The restriction
of a geodesic to a closed bounded interval is called a geodesic segment. A geodesic segment
joining p to q in M is said to be minimal iff its length is equals to d(p, q) and, in this case,
the geodesic is called a minimizing geodesic. If γ is a curve joining points p and q in M then
for each t ∈ [a, b], ∇ induces a linear isometry, relative to 〈 , 〉, Pγ,γ(a),γ(t) : Tγ(a)M → Tγ(t)M ,
the so-called parallel transport along γ from γ(a) to γ(t). The inverse map of Pγ,γ(a),γ(t) is
denoted by P−1

γ,γ(a),γ(t) : Tγ(t)M → Tγ(a)M . In the particular case of γ is the unique curve
joining points p and q in M then parallel transport along γ from p to q is denoted by
Pγ,p,q : TpM → TqM . Next we present the definition of Lipschitz continuously of vector field
on Riemannian manifolds firstly presented in [26].

Definition 2.1.1 The gradient vector field of a differentiable function f : M → R
is said to be Lipschitz continuous with constant L ≥ 0 if there holds the inequality
‖Pγ,p,q grad f(p)− grad f(q)‖ ≤ L l(γ), for any p, q ∈M and γ any geodesic segment joining
p to q.

Proposition 2.1.2 If the Hessian of the function f : M → R is uniformly bounded, i.e.,
‖Hess f(p)‖ ≤ β, for all p ∈ M , then the gradient vector field of f is Lipschitz continuous
with constant β.

Proof. Let p, q ∈M and γ : [0, 1]→M be a geodesic segment such that γ(0) = q to γ(1) = p.
From the fundamental theorem of calculus we have

Pγ,p,q grad f(p)− grad f(q) =

∫ 1

0

Pγ,γ(t),qHess f(t)γ′(t)dt.

Taking norm in both sides of the last equality, using properties of the transport parallel and
the uniformly boundedness of Hessian, we get ‖Pγ,p,q grad f(p)− grad f(q)‖ ≤ βl(γ). Thus
the desired result follows.

�

A Riemannian manifold is complete iff geodesics are defined for any values of t. Hopf-Rinow
Theorem asserts that, if this is the case then any pair of points, say p and q, in M can
be joined by a (not necessarily unique) minimal geodesic segment. Moreover, (M,d) is a
complete metric space and bounded and closed subsets are compact. From the completeness
of the Riemannian manifold M , for each p ∈M , the exponential map expp : TpM →M can
be defined by expp v = γv(1, p), where γv(·, p) : R :→ M denotes the unique geodesic such
that γv(0, p) = p and γ′v(0, p) = v.

We denote by R the curvature tensor defined by R(X, Y ) = ∇X∇YZ−∇Y∇XZ−∇[X,Y ]Z
with X, Y, Z ∈ X (M) where [X, Y ] = Y X − XY Moreover, the sectional curvature with
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respect to X and Y is given K(X, Y ) = 〈R(X, Y )Y,X〉/(‖X‖2‖Y ‖2−〈X, Y 〉2) where ‖X‖ =
〈X, Y 〉1/2. If K(X, Y ) ≤ 0 for all X and Y , then M is called a Riemannian manifold of
nonpositive curvature and we use the short notation K ≤ 0.

Theorem 2.1.3 Let M be a complete,n-dimensional, simply connected Riemannian
manifold with nonpositive sectional curvature. Then M is diffeomorphic to the Euclidean
space Rn. More precisely, at any point p ∈M , the exponential map expp is a diffeomorphism.

Proof. See [20, Lemma 3.2 p. 149] or [60, Theorem 4.1 p. 221] �

A complete simply connected Riemannian manifold of nonpositive sectional curvature
is called a Hadamard manifold. Thus Theorem 2.1.3 states that if M is a Hadamard
manifold then M has the same topology and differential structure of the Euclidean space Rn.
Furthermore, there are known some similar geometrical properties of the Euclidean space Rn

such as, given two points there exists an unique geodesic segment that joins them. Hence,
if M is a Hadamard manifold the lenght of the geodesic segment γ joining p to q is equals
d(p, q). Moreover, the exponential map exppv = γv(1, p) is a diffeomorphism. Let q ∈M and
exp−1

q : M → TqM be the inverse of the exponential map. Note that d(q , p) = ||exp−1
p q||,

the function d2
q : M → R defined by d2

q(p) = d2(q, p) is C∞ and grad d2
q(p) := −2exp−1

q p.

A geodesic triangle ∆(p1, p2, p3) of a Riemannian manifold is the set consisting of three
distinct points p1, p2, p3 called the vertices and three minimizing geodesic segments γi+1

joining pi+1 to pi+2 called the sides, where i = 0, 1, 2.

Theorem 2.1.4 Let M be a Hadamard manifold ∆(p1, p2, p3) a geodesic triangle. Denote
by γi+1 : [0, `i+1] → M geodesic segments joining pi+1 to pi+2 and set `i = L(γi), θi =
∠(γ′i+1(0),−γ′i(`i)) where i ≡ 1, 2, 3(mod 3). Then

θ1 + θ2 + θ3 ≤ π;

`2
i+1 + `2

i+2 − 2`i+1`i+2 cos θi ≤ `2
i . (2.1)

As `i = d(pi+1, pi+2), we can rewrite (2.1) as follows

d2(pi, pi+2) + d2(pi, pi+1)− d(pi, pi+2)d(pi, pi+1) cos θi ≤ d2(pi+1, pi+2),

where θi = ∠(exp−1
pi
pi+1, exp−1

pi
pi+2).

Since d(pi, pi+2)d(pi, pi+1) cos θi = 〈exp−1
pi
pi+1, exp−1

pi
pi+2〉, then we have

d2(pi, pi+2) + d2(pi, pi+1)− 〈exp−1
pi
pi+1, exp−1

pi
pi+2〉 ≤ d2(pi+1, pi+2). (2.2)

Proof. See [60, Proposition 4.5 p. 223] �

Since (M,d) is a complete metric space, we recall the notion of Fejér convergence in this
context. A sequence {pk} ⊂ (M,d) is said to be Fejér convergence to a nonempty set W ⊂M
iff d2(q, pk+1) ≤ d2(q, pk), for every q ∈ W . We end this section with the following result,
whose proof can be found in [32].
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Proposition 2.1.5 Let {pk} be a sequence in (M,d). If {pk} is Fejér convergent to
non-empty set W ⊂ M , then {pk} is bounded. If furthermore, an accumulation point p
of {pk} belongs to W , then limk→∞ p

k = p.

2.2 Convexity

In this section, some results related to convex analysis in the Riemannian context are
presented, which can be found in [45,46,68].

A set Ω ⊆M is said to be convex if any geodesic segment with end points in Ω is contained
in Ω, that is, if γ : [a, b] → M is a geodesic such that x = γ(a) ∈ Ω and y = γ(b) ∈ Ω;
then γ((1 − t)a + tb) ∈ Ω for all t ∈ [0, 1]. Let g : M → R ∪ {+∞} be a function. The
domain of g is the set dom g := {p ∈M : g(p) <∞} . The function g is said to be proper
if dom g 6= ∅ and convex (resp. strictly convex, strongly convex) on a convex set Ω ⊂ dom g
if for any geodesic segment γ : [a, b] → Ω the composition g ◦ γ : [a, b] → R is convex
(resp. strictly convex, , strongly convex). It is well known that, for each q ∈ M , d2

q is
strongly convex. Take p ∈ dom g. A vector s ∈ TpM is said to be a subgradient of g at p, if
g(q) ≥ g(p) + 〈s, exp−1

p q〉, for q ∈M. The set ∂g(p) of all subgradients of g at p is called the
subdifferential of g at p. If g is a differentiable function at p ∈M then ∂g(p) = {grad g(p)}.
The function g is lower semicontinuous (lsc) at x ∈ domg if for each sequence {xn} converging
to x we have lim infn→∞ g(xn) ≥ g(x). Let Ω ⊂M be a closed and convex set. The indicator
function of Ω, IΩ : M → R∪ {+∞}, is a lower semicontinuous function and, for each p ∈ Ω,
∂IΩ(p) = NΩ(p) 6= ∅, where NΩ denotes the normal cone defined by

NΩ(p) :=
{
v ∈ TpM : 〈v, exp−1

p q〉 ≤ 0, q ∈ Ω
}
.

The next result is the additivity rule for subdifferential, which is a particular instance of [46,
Proposition 4.3]. Indeed, since we are in the Hadamard setting, the concept of convex set
that we are using merges into the concept of weakly convex set in [46, Definition 3.7].

Proposition 2.2.1 Let g1, g2 : M → R ∪ {+∞} be proper and convex functions such that
dom g1 ∩ dom g2 is convex. Then, there holds

∂(g1 + g2)(p) = ∂g1(p) + ∂g2(p), p ∈ int(dom g1) ∩ dom g2.

In particular, for a nonempty and convex set Ω ⊂ M and a convex function g : M →
R ∪ {+∞} such that int(dom) g 6= ∅ and Ω ∩ dom g is convex, it follows that

∂(g + IΩ)(p) = ∂g(p) +NΩ(p), p ∈ int(dom g) ∩ Ω.

In [7] Batista et. al. introduced the concept of the enlargement of monotone vector fields,
moreover they presented an inexact proximal point method for constrained optimization
where they defined the ε-subdifferential of g : M → R as the set-valued function ∂εg : M →
TM , which is given by

∂εg(p) := {u ∈ TpM : g(q) ≥ g(p) + 〈u, exp−1
p q〉 − ε, q ∈M},

9



where ε > 0. One of its properties that is easy to see is ∂g(p) ⊂ ∂εg(p) for all p ∈M
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Chapter 3

A trust region method for
unconstrained mutiobjective problems
on Riemannian manifolds

3.1 The multiobjective problem

In this section, we present the multiobjective problem, the first order optimality condition
for it and some basic definitions. Let I := {1, . . . ,m}, Rm

+ = {y ∈ Rm : yi ≥ 0, j ∈ I} and
Rm

++ = {y ∈ Rm : yj > 0, j ∈ I}. For y, z ∈ Rm, z � y (or y � z) means that z − y ∈ Rm
+

and z � y (or y ≺ z) means that z − y ∈ Rm
++. Let M be a Riemannian manifold and

F : M → Rm a vector function. We denote the multiobjective unconstrained optimization
problem in the Riemannian context as

min{F (p) : p ∈M}. (3.1)

A point p∗ ∈ M is an optimum Pareto point for (3.1) if there exists no other p ∈ M with
F (p) � F (p∗) and F (p) 6= F (p∗). Letting the jacobian of F at p ∈M be denoted by JF (p),
the first order optimality condition for (3.1) is stated as

Im(JF (p)) ∩ (−Rm
++) = ∅, p ∈M. (3.2)

A point satisfying (3.2) will be called a Pareto critical point for the problem in (3.1).

Let F := (f1, . . . , fm) be a differentiable function and define the auxiliary function ω :
M → R by

ω(p) := −min

{
max
i∈I
〈grad fi(p), ν〉 : ν ∈ TpM, ‖ν‖ ≤ 1

}
. (3.3)

For M = Rn the function (3.3) retrieves the correspondent one in Svaiter [34]. In order to

11



recall some properties of ω, we define M 3 p 7→ D(p) ⊂ TpM as follows

D(p) := argmin

{
max
i∈I
〈grad fi(p), ν〉 : ν ∈ TpM, ‖ν‖ ≤ 1

}
.

In the next result, we state some properties of the functions ω and D.

Lemma 3.1.1 The following statements hold:

(i) If p is Pareto critical point, then 0 ∈ D(p) and ω(p) = 0;

(ii) If p is not Pareto critical point, then ω(p) > 0;

(iii) If fi : M → R has Lipschitz continuous gradient with constant Li ≥ 0, for each i ∈ I.
Then, ω is Lipschitz continuous with constant L = maxi∈I Li, i.e., |ω(p) − ω(q)| ≤
L d(p, q), for all p, q ∈M .

Proof. Assume that p ∈M is Pareto critical point. Thus (5.2) implies that, for each ν ∈ TpM ,
there exists i ∈ I such that 〈grad fi(p), ν〉 ≥ 0, which implies maxi∈I〈grad fi, ν〉 ≥ 0. Since
0 ∈ TpM the proof of item (i) is concluded. Now, let us suppose that p ∈ M is not Pareto
critical point. Then, there exists ν ∈ TpM such that 〈grad fi(p), ν〉 < 0 for all i ∈ I and thus
ω(p) > 0. This, together with item (i), proof (ii). For proving the item (iii), let p, q in M ,
γ : [0, 1] → M any geodesic joining p to q and Pγ,p,q : TpM → TqM the parallel transport
along γ. Let νq ∈ D(q). Hence, (3.3) implies

− ω(p) ≤ max
i∈I

〈
grad fi(p), P

−1
γ,p,qνq

〉
= −ω(q) + max

i∈I

〈
grad fi(p), P

−1
γ,p,qνq

〉
−max

i∈I
〈grad fi(q), νq〉 .

After some algebraic manipulations, the latter expression becomes

ω(q)− ω(p) ≤ max
i∈I

〈
grad fi(p)− P−1

γ,p,q grad fi(q), P
−1
γ,p,qνq

〉
.

Using Cauchy-Schwarz inequality and taking into account that the parallel transport
is an isometry and ‖vq‖ ≤ 1, we obtain from last inequality that ω(q) − ω(p) ≤
maxi∈I ‖Pγ,p,q grad fi(p)− grad fi(q)‖. On other hand, by using similar argument and using
that the parallel transport is an isometry, it easy to see that for νp ∈ D(p) there holds
ω(p)− ω(q) ≤ maxi∈I ‖Pγ,p,q grad fi(p)− grad fi(q)‖. Combining two last inequalities, using
that fi : M → R has Lipschitz continuous gradient with constant Li ≥ 0, for i ∈ I and
L = maxi∈I Li, from Proposition 2.1.2 we obtain

|ω(p)− ω(q)| ≤ Ll(γ),

for any geodesic segment γ joining p to q, in particular we can take the geodesic segment γ
such that l(γ) = d(p, q), then the desired result follows. �
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3.2 The trust region method

In this section, we introduce the trust region method for solving (3.1). As a natural
generalization what is done in the scalar version of the method, see [1], which establishes a
quadratic model involving the objective function in the tangent space at the current iterate
in the multiobjective version the model is the maximum of the quadratic models involving
the coordinate of the objective function. More specifically, for the current iterate p ∈M the
model mp : TpM → R is defined by

mp(v) := max
i∈I

{
fi(p) + 〈gradfi(p), ν〉+

1

2
〈Hessfi(p)ν, ν〉

}
. (3.4)

The method iteratively obtain the trial step νp ∈ TpM solving inexactly the problem

min {mp(ν) : ν ∈ TpM, ‖ν‖ ≤ ∆p} ,

where ∆p > 0 denotes the trust radius associated to p. Obtained the trial step νp, the
decision to accept or not this candidate, and update the trust radius ∆p, is based on the
trust ratio r(νp) given by

r(νp) :=
maxi∈I fi(p)−maxi∈I fi(expp νp)

mp(0)−mp(νp)
. (3.5)

Since the trial step νp is obtained by minimizing the model mp over the region defined by the
trust radius ∆p that includes v = 0, the quantity mp(0)−mp(νp) will always be nonnegative.
Hence, if r(νp) is negative or close to zero, then we have a poor correlation between the
model mp and the function maxi∈I fi over this step. In this case, the trial step νp must be
rejected and the trust radius is reduced at the next iteration. On the other hand, if r(νp) is
close to 1, then there is a good correlation between the model mp and the function maxi∈I fi
over this step and, consequently, the step must be accepted and it is safe to increase the
radius in the next iteration. If r(νp) is positive and smaller than 1, but not as close to zero,
then we accepted the step, but do not alter the trust radius. The method describing the
above process is as follows:

Multiobjective Trust Region Method

Step 0. Let ∆̄ > 0, 0 < c ≤ 1/2, 0 < r′ < 1/4, p0 ∈M , ∆0 ∈ (0, ∆̄) and set k = 0;

Step 1. Given pk and ∆k := ∆pk , computes mk := mpk using (3.4) and νk := νpk a solution
of the problem

min
{
mk(v) : ν ∈ TpkM, ‖ν‖ ≤ ∆k

}
, (3.6)
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according to the following error criterium

mk(0)−mk(νk) ≥ cω(pk) min

{
∆k,

ω(pk)

maxi∈I ‖Hessfi(pk)‖

}
. (3.7)

Compute the trust ratio rk := r(νk) using (3.5). Define the next iterate pk+1 by

pk+1 :=

exppk ν
k, if rk > r′,

pk, otherwise,

(3.8)

and computes the trust radius ∆k+1 as follows:

∆k+1 :=


∆k

4
, if rk <

1

4
,

min{2∆k, ∆̄}, if rk >
3

4
and ‖νk‖ = ∆k,

∆k, otherwise;

(3.9)

Step 2. set k ← k + 1 and go to step 1.

end

Remark 3.2.1 The multiobjective trust region method becomes the classical Euclidean
trust region method when m = 1; see [53, page 69]. We also remark that the quadratic model
(3.4) generalize to the Riemannian context the corespondent Euclidean one of [57]. However,
the trust ratio (3.5) not merge into the one used in [21, 57]. Finally, note that the sequence
{maxi∈I fi(p

k)} is non-increasing, where {pk} is generated from the above method. Indeed,
given an iterate pk, if the trust ratio rk ≤ r′, from (3.8), we have pk+1 = pk. Otherwise,
if the trust ratio rk > r′, then from (3.5) we obtain maxi∈I fi(p

k) − maxi∈I fi(p
k+1) >

r′(mk(0)−mk(ν
k)) ≥ 0, which prove that {maxi∈I fi(p

k)} is in fact non-increasing.

In the scalar case one of strategy to obtaining the global convergence of the method is that
the trial step produces a reduction which is at least a fraction of the reduction produced by
the Cauchy step, i.e., a minimizer of the model quadratic along the steepest descent direction
within the trust region. This method is the determination of the step νp that sufficiently
reduces the model within the trust region. It is shown in [56] that the trust region method
is convergent if the trial step satisfies a sufficient reduction of the model function. Based
on that, it is enough, for purposes of global convergence, accept an approximate solution
νk that lies within the trust region and satisfies a sufficient reduction defined in (3.7). It is
worth to mentioning that an exact solution of (3.6) satisfies (3.7) to c = 1/2. Therefore, the
method is always well-defined. In the next lemma we show that (3.7) is also satisfied for the
Cauchy step with c = 1/2.
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Lemma 3.2.2 Let p ∈ M , ν ∈ D(p) and the trust radius ∆p > 0. Then, the following
inequality holds

mp(0)− min
α∈[0,∆p]

mp(αν) ≥ 1

2
ω(p) min

{
∆p,

ω(p)

maxi∈I ‖Hessfi(p)‖

}
.

Proof. Let α ∈ [0,∆p] and ν ∈ D(p). From (3.4) it follows that

mp(0)−mp(αν) = max
i
fi(p)−max

i∈I

{
fi(p) + α 〈gradfi(p), ν〉+

α2

2
〈Hessfi(p)ν, ν〉

}
.

Using properties of the maximum and Cauchy-Schwartz inequality, the last equality becomes

mp(0)−mp(αν) ≥ −αmax
i∈I
〈gradfi(p), ν〉 −

α2

2
‖ν‖2 max

i∈I
‖Hessfi(p)‖.

Since ν ∈ D(p), using the definition of ω(p) in (3.3), we obtain, for any α ∈ [0,∆p]

max
α∈[0,∆p]

[mp(0)−mp(αν)] ≥ max
α∈[0,∆p]

[
αω(p)− α2

2
max
i∈I
‖Hessfi(p)‖

]
. (3.10)

Now, analyzing the right side of the inequality above, realize the function α 7→ αω(p) −
α2/2 maxi∈I ‖Hessfi(p)‖ is concave and non-negative, then we need verifying the two
possibilities for the maximum above. First, we denote the unconstrained maximizer of this
function by

α∗ =
ω(p)

maxi∈I ‖Hessfi(p)‖
≥ 0, (3.11)

and with maximum value equal to

1

2

ω(p)

maxi∈I ‖Hessfi(p)‖
≥ 0.

Then, we have two possibilities

a) If 0 ≤ α∗ < ∆p, then

max
α∈[0,∆p]

[
αω(p)− α2

2
max
i∈I
‖Hessfi(p)‖

]
=

1

2

ω(p)

maxi∈I ‖Hessfi(p)‖
≥ 0. (3.12)

b) If α∗ ≥ ∆p, then

max
α∈[0,∆p]

[
αω(p)− α2

2
max
i∈I
‖Hessfi(p)‖

]
= ∆pω(p)−

∆2
p

2
max
i∈I
‖Hessfi(p)‖.
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From (3.11) and item b) we have ω(p)/maxi∈I ‖Hessfi(p)‖ ≥ ∆p, as a consequence

∆pω(p)−
∆2
p

2
max
i∈I
‖Hessfi(p)‖ ≥ ∆pω(p)− ∆p

2
ω(p) =

∆p

2
ω(p). (3.13)

Hence, from (3.12) and (3.13) we obtain

max
α∈[0,∆p]

[
αω(p)− α2

2
max
i∈I
‖Hessfi(p)‖

]
≥ 1

2
ω(p) min

{
∆p,

ω(p)

maxi∈I ‖Hessfi(p)‖

}
, α ∈ [0,∆p].

Since maxα∈[0,∆p] [mp(0)−mp(αν)] = mp(0) − minα∈[0,∆p] mp(αν) the results follows from
(3.10). �

3.3 Convergence analysis

In this section, we present a convergence analysis for the multiobjective trust region method
under the following assumptions:

(A1). There exists i0 ∈ I such that fi0 is bounded below.

(A2). The Hessian matrices are uniformly bounded, i.e, ‖Hessfi(p)‖ ≤ β, for all p ∈M and
i = 1, . . . ,m.

Remark 3.3.1 The assumptions A1 and A2 are generalizations to the mutiobjective setting
of the corespondent one scalar version; see, for example, [25, page 121].

From now on, we assume that {pk}, {νk}, {rk} and {∆k} are the sequences generated by
the multiobjective trust region method. In the next result, we study an important property
of the trust radius sequence.

Lemma 3.3.2 There holds

|rk − 1| ≤ β∆2
k

cω(pk) min {∆k, ω(pk)/β}
, k = 0, 1, 2, . . . .

Proof. First note that direct manipulations on the function t 7→ fi(exppk(tνk)) yield

fi(exppk(νk)) = fi(p
k) +

〈
grad fi(p

k), νk
〉

+ Ai(k), k = 0, 1, . . . , (3.14)

where the quantity Ai(k) is defined by

Ai(k) :=

∫ ‖νk‖
0

〈
Pγ(t)γ(0) grad fi

(
exppk

(
t
νk

‖νk‖

))
− grad fi(p

k),
νk

‖νk‖

〉
dt.
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and γ(t) = exppk(tνk/‖νk‖). Thus, using (3.14) and considering the definition of mk, we can
conclude

max
i∈I

fi(exppk(νk))−mk(ν
k) ≤ max

i∈I

[
Ai(k)−

〈
Hessfi(p

k)νk, νk
〉
/2
]
, k = 0, 1, . . . .

Again, from some manipulations in (3.14) and taking into account the definition of mk, we
have

max
i∈I

fi(exppk(νk))−mk(ν
k) ≥ max

i∈I
[−Ai(k)]−max

i∈I

〈
Hessfi(p

k)νk, νk
〉
/2, k = 0, 1, . . . .

Combining two latter inequalities, we obtain∣∣∣∣max
i∈I

fi(exppk(νk))−mk(ν
k)

∣∣∣∣ ≤
max

{∣∣∣∣max
i∈I

{
Ai(k)−

〈
Hessfi(p

k)νk, νk
〉
/2
}∣∣∣∣ , ∣∣∣∣max

i∈I
[−Ai(k)]−max

i∈I

〈
Hessfi(p

k)νk, νk
〉
/2

∣∣∣∣} ,
for k = 0, 1, . . .. Using properties of the maximum and triangular inequality, last inequality
reduces to∣∣∣∣max

i∈I
fi(exppk(νk))−mk(ν

k)

∣∣∣∣ ≤ max
i∈I
|Ai(k)|+ 1

2
max
i∈I

∣∣〈Hessfi(p
k)νk, νk

〉∣∣ , k = 0, 1, . . . .

Taking into account A2, Proposition 2.1.2 and that ‖νk‖ ≤ ∆k, for all k, the last inequality
implies ∣∣∣∣max

i∈I
fi(exppk(νk))−mk(ν

k)

∣∣∣∣ ≤ β∆2
k, k = 0, 1, . . . . (3.15)

On the other hand, the combination of the definition of mk with (3.5) yield, for k=0, 1,. . . ,

|rk − 1| =
∣∣∣∣maxi∈I fi(p

k)−maxi∈I fi(exppk(νk))

mk(0)−mk(νk)
− 1

∣∣∣∣ =

∣∣∣∣mk(ν
k)−maxi∈I fi(exppk(νk))

mk(0)−mk(νk)

∣∣∣∣ .
Since we are under the condition (3.7), the desired result follows from A2, (3.15) and the
last equality.

�

We ready to prove the main result of the chapter, whose the proof uses similar techniques
from linear scalar setting adapted to the Riemannian multiobjective context; see, for
example, [53, Theorem 4.5 and 4.6] .

Theorem 3.3.3 There holds limk→∞ ω(pk) = 0. Moreover, each cluster point of {pk}, if
any, is Pareto critical.
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Proof. For proving the result, let r′ > 0 the constant defined on the Algorithm, let us to
define the set Γ := {k : rk > r′}. First, we assume that Γ is a finite set and let k̄ = max Γ.
It is immediate from (3.8) that pk = pk̄+1, for k = k̄ + 1, k̄ + 2, . . .. Let us to suppose, by
contradiction, that pk̄+1 is not a Pareto critical point. Thus, the item (ii) of Lemma 3.1.1
implies

ω(pk) = ω(pk̄+1) > 0, k = k̄ + 1, k̄ + 2, . . . .

Using Lemma 3.3.2 we have

|rk − 1| ≤ β∆2
k

cω(pk̄+1) min

{
∆k,

ω(pk̄+1)

β

} , k = k̄ + 1, k̄ + 2, . . . . (3.16)

Since rk ≤ r′, for k = k̄ + 1, k̄ + 2, . . .., (3.9) implies that the trust radius sequence {∆k}
converges to 0. Thus, using (3.16) we conclude that there exists k̂ > k̄ such that |rk̂−1| ≤ 1/2.

Last inequality implies that rk̂ ≥ 1/2 > r′. But it is a contradiction because k̂ > k̄ = max Γ.

Therefore, pk̄+1 is Pareto critical.

Let us to assume that Γ is an infinite set. Suppose that there exist ε > 0 and k̃ satisfying

ω(pk) ≥ ε, k ≥ k̃. (3.17)

First of all we are going to prove that the following inequality holds

∆k ≥ min

{
∆k̃,

∆̂

4

}
> 0, ∆̂ := min

{
cε

2β
,
ε

β

}
, k ≥ k̃. (3.18)

We proceed by induction on k. The inequality holds for k = k̃. Assume that (3.18) holds
for k > k̃. We have two possibilities, either ∆k ≤ ∆̂ or ∆k > ∆̂. We begin analyzing the
possibility ∆k ≤ ∆̂. Since we are under the assumption ∆k ≤ ∆̂, using Lemma 3.3.2, (3.17)
and definition of ∆̂ we have

|rk − 1| ≤ β∆2
k

cεmin

{
∆k,

ε

β

} ≤ ∆k

2 min
{

∆k,
ε
β

} =
1

2
.

Therefore, rk ≥ 1/2 > 1/4 and it follows from the Algorithm that ∆k+1 ≥ ∆k and (3.18)
holds for k + 1. Now, assume that ∆k > ∆̂. From (3.9) we have, either ∆k+1 ≥ ∆k or
∆k+1 = ∆k/4. If ∆k+1 ≥ ∆k then using the induction assumption we conclude that (3.18)
holds for k+1. If ∆k+1 = ∆k/4 then ∆k+1 > ∆̂/4 because ∆k > ∆̂ and (3.18) holds for k+1.
Therefore, (3.18) holds for all k ≥ k̃. Consider the index set J = {kj ∈ Γ : kj ≥ k̃, j ∈ N}
and note that from (3.8) we have

pkj+1 = pkj+1 = exppkj ν
kj , kj ∈ J.
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Hence, from last equality, (3.5), (3.7), assumption A2 and (3.17) we obtain

max
i∈I

fi(p
kj)−max

i∈I
fi(p

kj+1) ≥ r′
(
mkj(0)−mkj(ν

kj)
)
≥ r′cεmin

{
∆kj ,

ε

β
,

}
≥ 0, kj ∈ J.

The Remark 3.2.1 implies that the sequence {maxi∈I fi(p
kj)} is nonincreasing and, using

A1, it is also bounded below. Thus, {maxi∈I fi(p
kj)} converges and, using last inequality,

we conclude that
lim
kj→∞

∆kj = 0,

contradicting the inequality (3.18). Therefore the assumption (3.17) is false. Consequently,
in view of the assumption that Γ is an infinite set, using Lemma 3.1.1 we have

lim inf
k→∞

ω(pk) = 0. (3.19)

For proving that in fact limk→∞ ω(pk) = 0, fix an arbitrary s ≥ 0. For simplifying the
notations, we define

ε :=
1

2
ω(ps), R :=

ε

β
, B(ps, R) := {p ∈M : d(ps, p) < R}. (3.20)

For any p ∈ B(ps, R) we can prove that ω(p) = ω(ps)+ω(p)−ω(ps) ≥ ω(ps)−|ω(p)−ω(ps)|.
Thus, combining A2, Proposition 2.1.2 and Lemma 3.1.1 item (iii) with the definitions of ε
and R in (3.20), the last inequality becomes ω(p) ≥ ω(ps)− βd(p, ps) > ω(ps)− βR = ε, for
all p ∈ B(ps, R). This inequality together with (3.19) implies that there exists n > s such
that pn /∈ B(ps, R). Take ` ≥ s such that p`+1 is the first iterate satisfying p`+1 /∈ B(ps, R).
We claim that

max
i∈I

fi(p
s)−max

i∈I
fi(p

`+1) ≥ r′cε
ε

β
. (3.21)

Using (3.5) and (3.8), after some simple algebraic manipulations we have

max
i∈I

fi(p
s)−max

i∈I
fi(p

`+1) =
∑̀
k=s

max
i∈I

fi(p
k)−max

i∈I
fi(p

k+1) ≥
∑̀

k=s, k∈J

r′
[
mk(0)−mk(ν

k)
]
,

where J := {k : pk 6= pk+1}. Since ω(pk) > ε, for k = s, s+ 1, . . . , `, using (3.7) and taking
into account assumption A2, the latter inequality becomes

max
i∈I

fi(p
s)−max

i∈I
fi(p

`+1) ≥
∑̀

k=s,k∈J

r′cεmin

{
∆k,

ε

β

}
. (3.22)

Note that, if there exists k′ ∈ {s, s + 1, . . . `} ∩ J such that ∆k′ > ε/β, then (3.21) is an
immediate consequence of (3.22) . Now, assume that ∆k ≤ ε/β, for all k ∈ {s, s+1, . . . `}∩J .
Hence, (3.22) yields

max
i∈I

fi(p
s)−max

i∈I
fi(p

`+1) ≥ r′cε
∑̀

k=s,k∈J

∆k.
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Considering that (3.6) and (3.8) imply, respectively, that ‖νk‖ ≤ ∆k and ‖νk‖ = d(pk, pk+1),
for all k ∈ J , the above inequality becomes

max
i∈I

fi(p
s)−max

i∈I
fi(p

`+1) ≥ r′cε
∑̀

k=s,k∈J

d(pk, pk+1).

Using triangular inequality, last inequality implies maxi∈I fi(p
s) − maxi∈I fi(p

`+1) ≥
r′cεd(ps, p`+1) and due to p`+1 /∈ B(ps, R), we conclude from (3.20) that (3.21) holds, which
prove the claim. Since Remark 3.2.1 implies that {maxi∈I fi(p

k)} is non-increasing and
bounded below, thus we have limk→∞maxi∈I fi(p

k) = τ > −∞. Therefore, using (3.21) we
obtain that

max
i∈I

fi(p
s)− τ ≥ max

i∈I
fi(p

s)−max
i∈I

fi(p
`+1) ≥ r′cε

ε

β
.

Combining the equalities in (3.20) with the latter inequality, it follows that

max
i∈I

fi(p
s)− τ ≥ r′c

ω(ps)

2

ω(ps)

2β
≥ 0.

Then, letting s goes to infinity and considering that lims→∞maxi∈I fi(p
s) = τ , the first

statement of the theorem follows. The second one follows from item (ii) of Lemma 3.1.1.
�

Remark 3.3.4 We show that, unlikely the line search method used in [33], the trust
region method ensure the global convergence of the Newton method without assuming any
hypothesis of convexity of the objective function.
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Chapter 4

The proximal point method for vector
optimization on Hadamard Manifolds

In this chapter, we present the vector optimization problem, some concepts and results
related to this problem, and introduce the proximal point method for this problem and its
inexact version.

Let C ⊂ Rm be a closed pointed convex cone, with nonempty interior. We will use the
binary relations �C and ≺C defined, respectively, by p �C q means q − p ∈ C and p ≺C q
means q − p ∈ intC, for all p, q ∈ Rm. Given a vector-valued function F : M → Rm, we
consider the problem of finding an efficient point of F, i.e., a point p∗ ∈ Rn such that there
exists no p ∈ M with F (p) �C F (p∗) and F (p) 6= F (p∗). We denote this unconstrained
problem as

C −Minp∈MF (p). (4.1)

We say that p∗ ∈M is a weakly efficient point of (4.1) if there is no p ∈M such that F (p) ≺C
F (p∗). The set of the weakly efficient points of (4.1) is denoted by C−argminw{F (p) : p ∈
M}. Let define by C∗ the positve dual set of the cone C, i.e.

C∗ = {w ∈ Rn : 〈w, y〉 ≥ 0, for all y ∈ C} .

Since C is a closed convex cone, then C = C∗∗, as a consequence

C = {y ∈ Rn : 〈y, w〉 ≥ 0, for allw ∈ C∗} ,

and
intC = {y ∈ Rn : 〈y, w〉 > 0, for allw ∈ C∗} .

From now on, we take a compact set Z ⊂ Rm\{0} such that the cone generated by the convex
hull of Z will be the dual set C∗, i.e., cone(convZ) = C∗. As int(C) 6= ∅ and Z ⊂ C∗\{0}, it
follows that 0 ∈ conv(Z), therefore

C = {y ∈ Rm : 〈y, z〉 ≥ 0, for all z ∈ Z} , (4.2)
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and
intC = {y ∈ Rn : 〈y, z〉 > 0, for all z ∈ Z} .

Remark 4.0.1 In the particular case of classical optimization, namely, C = R+, we can
take Z = {1}. For multiobjective optimization, i.e., when C is the nonnegative orthant
of Rm, we can take Z as the canonical base of Rm. For a generic cone C we can take
Z = {z ∈ C∗ : ‖z‖1 = 1}, where C∗ := {y ∈ Rm : 〈y, x〉 ≥ 0, x ∈ C} and ‖z‖1 :=
|z1|+ |z2|+ · · ·+ |zm|.

We consider the following nonlinear scalar function fe : Rm → R, which will play an
important role in our analysis, defined by

fe(y) := inf{t ∈ R : te ∈ y + C}, (4.3)

where e is any fixed point in intC; see, for example, [37, page 39]. In [23, Proposition 1.44]
it was proved that the nonlinear function above can be rewritten as follow.

Proposition 4.0.2 Assuming that intC 6= ∅. Let e ∈ intC, then for all y ∈ Rm the function
fe(y) := inf{t ∈ R : te ∈ y + C} is equivalent to

fe(y) = max
z∈Z

〈y, z〉
〈e, z〉

. (4.4)

Proof. From definition of (4.3), for any e ∈ intC and y ∈ Rm we have fe(y)e− y ∈ C, then,
for any z ∈ Z we obtain

〈t0e− y, z〉 ≥ 0.

As 〈e, z〉 > 0, it follows for linearly that

fe(y) ≥ 〈y, z〉
〈e, z〉

.

Since z has been taken any in Z, we conclude

fe(y) ≥ max
z∈Z

〈y, z〉
〈e, z〉

. (4.5)

Now, define

t0 = max
z∈Z

〈y, z〉
〈e, z〉

.

Hence, we obtain
〈t0e− y, z〉 ≥ 0, for all z ∈ Z.

From (4.2), the inequality above implies

t0e− y ∈ C.

It follows from (4.3) that fe(y) ≤ t0, which together with (4.5) concludes our proof.

�
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Remark 4.0.3 Note that, for C being the nonnegative orthant of Rm, (4.4) becomes f(y) =
maxi∈I〈y, ei〉, where {ei} ⊂ Rm is the canonical base of the space Rm, which has been used
in [13].

Next lemma, given in [37, Corollary 2.3.5], gives us some properties of (4.3) that will be
useful through this chapter.

Lemma 4.0.4 Let f : Rm → R be a nonlinear function defined in (4.3), then following
properties hold:

i) Given y ∈ Rm, α ∈ R and t > 0, fe(ty + αe) = tfe(y) + α;

ii) If y �C w then f(y) ≤ f(w) for any y, w ∈ Rm.

Proof. Since the equation (4.3) is equivalent to (4.4), to prove item i), we have directly,

fe(ty + αe) = max
z∈Z

〈ty + αe, z〉
〈e, z〉

= tfe(y) + α.

Now, using the definition of partial order induced by the cone C, the inequality y �C w
implies, for any z ∈ Z,

〈y, z〉 ≤ 〈w, z〉.

Then multiplying the inequality above by 1/〈e, z〉 and taking the maximum in z ∈ Z we
obtain the proof of ii). �

Now we introduce the proximal point method for vector optimization. Let {λk} be a
sequence of positive numbers and {ek} ⊂ intC such that ‖ek‖ = 1, for k = 0, 1, . . .. Consider
the sequence of functions

fk(y) := max
z∈Z

〈y, z〉
〈ek, z〉

, k = 0, 1, . . . . (4.6)

The proximal point method for solving (4.1), with starting point p0 ∈M , is defined by

pk+1 := argminp∈Ωk
fk

(
F (p) +

λk
2
d2(p, pk)ek

)
, (4.7)

for k = 0, 1, . . . , where Ωk := {p ∈ M : F (p) �C F (pk)}. From now on, {pk} denotes the
sequence generated by the proximal point method with starting point p0 ∈M .

4.1 Convergence analysis

In this section, we prove the convergence of any generated sequence by the proximal point
method to a weak efficient point. For this purpose, we need to define the convexity of a
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function with respect to the order induced by C. A vector-valued function F : M → Rm is
called C- convex if, for p, q ∈M and γ : [0, 1]→M a geodesic segment joining p to q, there
holds F (γ(t)) �C (1− t)F (p) + tF (q), for all t ∈ [0, 1]; see [19]. In the next proposition, we
show that the scalar function (4.4) composed with a C-convex function is a convex function.

Proposition 4.1.1 Let F : M → Rn be a C-convex function , then the compound function
fe ◦ F : R→ Rn is a convex function.

Proof. From definition of C-convexity, for any geodesic γ : [0, 1]→ M joining p to q, for all
t ∈ [0, 1] and for any z ∈ Z we have

〈F (γ(t)), z〉 ≤ 〈(1− t)F (p) + tF (q), z〉.

Then multiplying the inequality above by 1/〈e, z〉, taking the maximum in z ∈ Z and using
the properties of the maximum we obtain

max
z∈Z

〈F (γ(t)), z〉
〈e, z〉

≤ (1− t) max
z∈Z

〈F (p), z〉
〈e, z〉

+ tmax
z∈Z

〈F (q), z〉
〈e, z〉

,

which implies

(fe ◦ F )(γ(t)) ≤ (1− t)(fe ◦ F )(p) + t(fe ◦ F )(q).

�

We also need of the following assumption:

(A1) Ω̄ :=
⋂∞
k=0 Ωk 6= ∅.

Remark 4.1.2 In general the set Ω̄ in (A1) can be an empty set. One way to guarantee
that Ω̄ is nonempty is to assume: for each p0 ∈M the set (F (p0)−C)∩F (M) is C-complete
(see [48, Section 19]), meaning that each sequence {qk} ⊂ M , with q0 = p0, such that
F (qk+1) �C F (qk), for k = 0, 1, . . ., there exists q ∈ M such that F (q) �C F (qk), for
k = 0, 1, . . .. This assumption is standard to ensure the convergence of descent methods in
vector optimization; see, for instance, [18,22,35,39,69].

Now we are ready to state and prove the main result of this section.

Theorem 4.1.3 Let F : M → Rm be a C-convex function, and assume that (A1) hold
and let {λk} be a sequence such that

∑∞
k=0(1/λk) = +∞. Then, {pk} is well defined and

converges to a weakly efficient point.

Proof. Let {fk} be the sequence of functions defined in (4.6), and define ϕk : M → R∪{+∞}
by

ϕk(p) = fk

(
F (p) + IΩk

(p)ek +
λk
2
d2(p, pk)ek

)
,
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for all k = 0, 1, . . ., where IΩk
is the indicator function of Ωk. From item i) of Lemma 4.0.4

we have

ϕk(p) = fk (F (p)) + IΩk
(p) +

λk
2
d2(p, pk), (4.8)

for all k = 0, 1, . . .. Since F is C- convex, then fk ◦ F is convex and IΩk
are convex,

for k = 0, 1, . . .. Consequently, taking into account that d2(·, pk) is strongly convex and
Ωk is closed, we conclude that ϕk is strongly convex and lower semicontinuous on Ωk, for
k = 0, 1, . . .. Thus, there exists a unique pk+1 ∈ Ωk such that

pk+1 = argminp∈Mϕk(p), k = 0, 1, . . . , (4.9)

which implies that {pk} is well defined and the first part of the proposition is proved.

Using the convexity of the function ϕk and (4.9) we conclude that 0 ∈ ∂ϕk(pk+1), which
from (4.8) yields

0 ∈ ∂
(
fk ◦ F (·) + IΩk

(·) +
λk
2
d2(·, pk)

)
(pk+1),

for all k = 0, 1, . . .. Note that int(dom fk◦F ) = M , dom (λk)/2)d2(·, pk) = M and dom IΩK
=

Ωk. Owing to F be C- convex and (A1) holds, then it follows that Ωk is convex and
nonempty. Thus, we can apply Proposition 2.2.1 with g = fk ◦ F + (λk/2)d2(·, pk) and
Ω = Ωk to obtain that

0 ∈ ∂
(
fk ◦ F (·) +

λk
2
d2(·, pk)

)
(pk+1) +NΩk

(pk+1),

for all k = 0, 1, . . .. Again applying Proposition 2.2.1 with g1 = fk◦F and g2 = (λk/2)d2(·, pk)
in last inclusion and considering that grad d2

pk
(pk+1) = −2exp−1

pk+1p
k, we conclude that there

exist wk+1 ∈ ∂(fk ◦ F )(pk+1) and vk+1 ∈ NΩk
(pk+1) such that

exp−1
pk+1 p

k =
1

λk

(
wk+1 + vk+1

)
, k = 0, 1, . . . . (4.10)

On the other hand, using inequality (2.2) with p1 = p ∈M , p2 = pk and p3 = pk+1, we have

d2(p, pk+1) + d2(pk+1, pk)− 〈exp−1
pk+1 p, exp−1

pk+1 p
k〉 ≤ d2(p, pk),

for each k = 0, 1, . . . . Substituting the equality in (4.10) into the last inequality, we obtain

d2(p, pk+1) ≤ d2(p, pk)− d2(pk+1, pk) +
1

λk
〈exp−1

pk+1 p, w
k+1 + vk+1〉, (4.11)

for all k = 0, 1, . . .. Considering that fk ◦F is a convex function and wk+1 ∈ ∂(fk ◦F )(pk+1)
then assumption (A1) implies〈

exp−1
pk+1 p, w

k+1
〉
≤ fk(F (p))− fk(F (pk+1)) ≤ 0, (4.12)
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for all p ∈ Ω̄ and k = 0, 1, . . ., where the last inequality follows from item ii) of Lemma 4.0.4.
Now, taking into account that Ω̄ ⊂ Ωk and vk+1 ∈ NΩk

(pk+1), for k = 0, 1, . . ., we have

〈exp−1
pk+1 p, v

k+1〉 ≤ 0, p ∈ Ω̄, k = 0, 1, . . . . (4.13)

Therefore, taking into account (A1), we can combine (4.11), (4.12) and (4.13) to conclude
that {pk} is Fejér convergence to Ω̄. In particular, Proposition 2.1.5 implies that {pk}
is bounded. Let p̄ be a cluster point of {pk} and {pkj} a subsequence of {pk} such that
limk→∞ p

kj = p̄. Note that (4.7) yields

F (pk+1) �C F (pk), k = 0, 1, . . . .

Hence, the continuity of F implies that F (p̄) �C F (pk), for k = 0, 1, . . ., which is equivalent
to say p̄ ∈ Ω̄. Using Proposition 2.1.5 we conclude that {pk} converges to p̄.

It remains to prove that p̄ is a weakly efficient point. Let us suppose, by contradiction,
that there exists p̂ ∈ M such that F (p̂) ≺C F (p̄) (note that, in particular, p̂ ∈ Ω̄). Since
p̄ ∈ Ω̄, using item ii) of Lemma 4.0.4 we have

fk(F (p̂))− fk(F (p̄)) ≥ fk(F (p̂))− fk(F (pk+1)).

Owing that (4.10) implies λk exp−1
pk+1 p

k − vk+1 ∈ ∂(fk ◦F )(pk+1), the last inequality and the
definition of subdifferential yield

fk(F (p̂))− fk(F (p̄)) ≥ 〈exp−1
pk+1 p̂, λk exp−1

pk+1 p
k − vk+1〉.

Since F (p̂) ≺C F (p̄) �C F (pk) then p̂ ∈ Ωk for any k and, consequently 〈exp−1
pk+1 p̂, v

k+1〉 ≤ 0,
which implies

1

λk
(fk(F (p̂))− fk(F (p̄))) ≥ 〈exp−1

pk+1 p̂, exp−1
pk+1 p

k〉. (4.14)

On the other hand, applying inequality (2.2) with p1 = p̂, p2 = pk and p3 = pk+1 we conclude
that

d2(p̂, pk+1)− d2(p̂, pk) ≤ 2〈exp−1
pk+1 p̂, exp−1

pk+1 p
k〉 − d2(pk+1, pk).

Using (4.6) we have fk(F (p̄) − F (p̂)) ≥ fk(F (p̄)) − fk(F (p̂)), for k = 0, 1, . . .. Thus, the
latter inequality and (4.14) give us

d2(p̂, pk+1)− d2(p̂, pk) ≤ 2

λk
fk(F (p̄)− F (p̂)).

Since F (p̂) ≺C F (p̄), we conclude that there exist δ > 0 such that 〈F (p̂), z〉 < 〈F (p̄), z〉 − δ,
for all z ∈ Z. Hence, using (4.6) and the last inequality we obtain

d2(p̂, pk+1)− d2(p̂, pk) ≤ 2

λk
max
z∈Z

〈F (p̄)− F (p̂), z〉
〈ek, z〉

≤ 2

λk
max
z∈Z

−δ
〈ek, z〉

.
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After some algebraic manipulations, and taking account {ek} ⊂ intC and ‖ek‖ = 1, the last
inequality becomes

1

λk
≤ δ

2

[
d2(p̂, pk)− d2(p̂, pk+1)

]
‖z‖.

Summing the inequality from k = 0 to j we have

j∑
k=0

1

λk
≤ δ

2

(
d2(p̂, po)− d2(p̂, pj+1)

)
‖z‖ ≤ δ

2
d2(p̂, po)‖z‖,

which contradicts the assumptions
∑∞

k=0(1/λk) = +∞ and the desired result follows. �

4.2 Inexact version of the proximal method

In this section we present the inexact version of the proximal point method for vector
optimization and prove that any generated sequence convergence to the weakly efficient
point. Inexact versions of the proximal point method for optimization problem have been
studied in [7, 67, 71]. It is worth mentioning that the error criterium of our method merge
into the criterium used in [18], that is different from the used in [71], which solves the
proximal subproblem exactly and chooses as iterate point close to that solution, in many
cases, solving the proximal subproblem exactly is either impossible or as difficult as solving
the minimization problem. Before stating the method we choose 0 < σ < 1, {λk} ⊂ R++

and {ek} ⊂ intC such that ‖ek‖ = 1, for all k = 0, 1, . . .. The inexact proximal point method
for solving (4.1) starts choosing p0 ∈ M . In the iterative step it takes as pk+1 any p ∈ M
such that there exists εk ≥ 0 satisfying,

0 ∈ ∂εk(fk ◦ F )(p) +NΩk
(p) + λk exp−1

p pk, (4.15)

εk ≤ σλkd
2(p, pk)/2, (4.16)

for all k = 0, 1, . . ..

Theorem 4.2.1 Let F : M → Rm be a C-convex function, and assume that (A1) holds
and let {λk} be a sequence such that

∑∞
k=0(1/λk) = +∞. Then {pk} generated by (4.15) and

(4.16) is well defined and converges to a weakly efficient point.

Proof. In Theorem 4.1.3, we proved that there exists pk+1 such that 0 ∈ ∂ϕk(pk+1), where

ϕk(p) = fk
(
F (p) + IΩk

(p)ek + λk/2 d
2(p, pk)ek

)
.

From Proposition 2.2.1 we have

0 ∈ ∂(fk ◦ F )(p) +NΩk
(p)− λk exp−1

p pk, k = 0, 1, . . . .
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Since ∂(fk ◦F )(pk+1) ⊂ ∂ε(fk ◦F )(pk+1). Thus, we conclude that there exists pk+1 satisfying
(4.15) and (4.16). From (4.15) we obtain

0 ∈ ∂εk(fk ◦ F )(pk+1) +NΩk
(pk+1)− λk exp−1

pk+1 p
k,

for all k = 0, 1, . . .. Taking νk ∈ NΩk
(pk+1), the above inclusion becomes

λk exp−1
pk+1 p

k − νk ∈ ∂εk(fk ◦ F )(pk+1), k = 0, 1, . . . .

Take p ∈ Ω̄. In view of the definition of ∂εk(fk ◦ F ), (A1) and Lemma 4.0.4 we have

−εk + λk〈exp−1
pk+1 p

k, exp−1
pk+1 p〉 − 〈νk, exp−1

pk+1 p〉 ≤ fk ◦ F (p)− fk ◦ F (pk+1) ≤ 0,

for all k = 0, 1, . . .. Since νk ∈ NΩk
(pk+1), we obtain from the last inequality that

0 ≤ εk − λk〈exp−1
pk+1 p

k, exp−1
pk+1 p〉, k = 0, 1, . . . .

Applying (2.2) with p1 = p, p2 = pk and p3 = pk+1, the last inequality implies

0 ≤ εk +
λk
2

(
d2(p, pk)− d2(p, pk+1)− d2(pk+1, pk)

)
,

for all k = 0, 1, . . .. Combining (4.16) with the last inequality we obtain

0 ≤ λk
2

(
d2(p, pk)− d2(p, pk+1)− (1− σ)d2(pk+1, pk)

)
,

for all k = 0, 1, . . . . Thus, in view of 0 < σ < 1 and λk > 0, it follows that d2(p, pk+1) ≤
d2(p, pk), for all k = 0, 1, . . .. Hence {pk} is Fejér convergence to Ω̄. Therefore, by using
similar argument as in Theorem 4.1.3, we can prove that {pk} converges to some p̄ ∈ Ω̄, and
p̄ is a weakly efficient point of F .

�
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Chapter 5

The Newton method for variable
order structure

In this chapter we present the Newton method for solving vector optimization problems
with respect to the variable order structure. But first we introduce some notations,
definitions and results which will be used throughout this chapter. Moreover, we present the
vector optimization problem with respect to the variable ordering structure, the first-order
optimality condition for it and we extend the concept of convexity and strong convexity of a
function to the variable ordered case and obtain some properties of this classes of functions.
Then we introduce the concept of Newton direction and its properties. We propose the
algorithm and we prove the convergence of the sequence generated for this method to efficient
point. And finally we make a study of the convergence rate of this algorithm.

5.1 Notation and auxiliary results

We denote 〈·, ·〉 as the usual inner product in Rn and ‖ · ‖ the Euclidean norm. We denote
Ac the complement of A and its convex hull as conv(A). B(x, r) := {y : ‖x − y‖ ≤ r}
represents the ball centered at x with radius r and S(x, r) := {y : ‖x − y‖ = r}, its
boundary. Given two sets A and B, dist(A,B) is the Hausdorff’s distance, i.e., dist(A,B) :=

max
{

supa∈A infb∈B d(a, b), supb∈B infa∈A d(a, b)
}
.

5.2 Vector optimization problem

The variable order structure in Rm is given by the set-valued application K : Rn ⇒ Rm,
where K(x) is a pointed, convex and closed cone with nonempty interior for each x ∈ Rn.
Given x ∈ Rn, we define the dual cone of K(x) by K∗(x) := {w ∈ Rm : 〈w, y〉 ≥ 0, for all
y ∈ K(x)}. Then, we denote as G : Rn ⇒ Rm the set value map, which for each x, defines a
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compact set G(x) ⊂ K∗(x)∩ S(0; 1), such that the cone generated by the convex hull of the
set G(x) coincide with K∗(x), i.e., 0 /∈ G(x) and cone(convG(x∗)) = K∗(x).

Given an open and convex set U ⊂ Rn and a vector function F : U → Rm, F (x) =
(F1(x), . . . , Fm(x)), we consider the problem of finding an efficient point of F in U with
respect to a variable order structure, i.e., a point x∗ ∈ U such that there is no x ∈ U\{x∗}
with F (x∗)− F (x) ∈ K(x∗). We denote this problem as follows:

K −min
x∈U

F (x). (5.1)

A point x∗ ∈ U is said to be weakly efficient for the problem defined in (5.1) iff F (x)−F (x∗) /∈
−intK(x∗), for all x ∈ U .

Assume that F is a differentiable function for all x ∈ U , let us denote the Jacobian of F by
JF (x) := (∇F1(x), . . . ,∇Fm(x)) , where ∇Fi : Rn → Rn is the gradient map
of each coordinate function Fi : Rn → R for i ∈ {1, . . . ,m}. In this case,
the image of the Jacobian of F at a point x ∈ Rn is given by Im(JF (x)) :=
{JF (x)v = (〈∇F1(x), v〉, . . . , 〈∇Fm(x), v〉) : v ∈ Rn} . A first-order necessary optimality
condition for the model presented in (5.1), see Bello Cruz and Bouza Allende [9], is stated
as

x∗ ∈ U, Im(JF (x∗)) ∩ −intK(x∗) = ∅. (5.2)

A point of U satisfying (5.2) is called critical or stationary point. In general, (5.2) is a
necessary optimality condition. In the next section we will present functions such that this
condition is also sufficient.

5.3 Convexity

In this section, the definitions and properties of convexity in a variable order setting
are presented. We introduce the definition of strong convexity for variable order vector
optimization and its relations with other concepts related with convexity. First we recall the
notion of convex function introduced in [9].

Definition 5.3.1 Let U ⊂ Rn be a non-empty, open and convex set and F : U → Rm a
vector function.

i) F is said to be convex with respect to mapping K iff for each x, y ∈ U and for all
λ ∈ [0, 1] hold,

F (λx+ (1− λ)y) ∈ λF (x) + (1− λ)F (y)−K(λx+ (1− λ)y);

ii) F is strongly convex with respect to K iff there exists û ∈ ∩z∈U intK(z) ∩ S(0, 1) and
γ > 0 such that, for each x, y ∈ U and for all λ ∈ [0, 1],

F (λx+(1−λ)y) ∈ λF (x)+(1−λ)F (y)−K(λx+(1−λ)y)− 1

2
λ(1−λ)‖x−y‖2γû. (5.3)
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Note that, in the particular case where the set-valued application K is constant, the
definition of strongly convexity retrieves the notion of strong convexity introduced by Graña
Drummond et al. in [38]. In the case in which the function is continuously differentiable,
the following relations hold.

Proposition 5.3.2 Assume that K is a closed cone-valued mapping and F : U → Rm is a
continuously differentiable function, where U is non-empty, open and convex set. Then, F
is convex if and only if, for each x, y ∈ U hold

F (y)− F (x)− JF (x)(y − x) ∈ K(x). (5.4)

Furthermore, F is strongly convex if and only if, for each x, y ∈ U

JF (x)(y − x) ∈ (F (y)− F (x))−K(x)− 1

2
‖x− y‖2γû. (5.5)

Proof. First suppose that F is convex, then we have

F (λx+ (1− λ)y) ∈ λF (x) + (1− λ)F (y)−K(λx+ (1− λ)y),

after some algebraic manipulations, taking into account that K(λx+ (1− λ)y) is a cone, we
obtain,

F (λx+ (1− λ)y)− F (x)

1− λ
∈ F (x)− F (y)−K(λx+ (1− λ)y).

As F is a continuously differentiable function, it holds that

lim
λ→1

F (λx+ (1− λ)y)− F (x)

1− λ
→ JF (x)(y − x).

Letting λ→ 1, recall that K is a map closed, follows (5.4).

Conversely, suppose holds (5.4). Let x(λ) = λx + (1 − λ)y, making x = x(λ) in (5.4) we
obtain

F (y)− F (x(λ))− λJF (x(λ))(y − x) ∈ K(x(λ)). (5.6)

Similarly, making x = x(λ) and y = x in (5.4), we obtain

F (x)− F (x(λ))− (1− λ)JF (x(λ))(y − x) ∈ K(x(λ)). (5.7)

Multiplying (5.6) by 1−λ, (5.7) by λ and summing up the resulting expressions, and taking
account that K(x(λ)) is a cone, follows the desired result.

For the second part, let us firstly suppose that F is strongly convex. Thus, there exist
û ∈ ∩z∈U intK(z) ∩ S(0, 1) and γ > 0 such that, for each x, y ∈ U and for all λ ∈ [0, 1].

F (λx+ (1− λ)y) ∈ λF (x) + (1− λ)F (y)−K(λx+ (1− λ)y)− 1

2
λ(1− λ)‖x− y‖2γû.
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Recalling that K(λx+(1−λ)y) is a cone, for all λ ∈]0, 1[ and x, y ∈ U , last inclusion implies
that

F (λx+ (1− λ)y)− F (x)

1− λ
∈ F (y)− F (x)−K(λx+ (1− λ)y)− 1

2
λ‖x− y‖2γû.

Thus, recall that K is a closed mapping, taking limits for λ→ 1 we obtain (5.5).

Now, let us assume that there exists û ∈ ∩z∈U intK(z) ∩ S(0, 1) such that (5.5) holds for
each x, y ∈ U . Take λ ∈ [0, 1] and x(λ) := λx + (1 − λ)y. Making x = x(λ) in (5.5), it is
easy to see that

−λJF (x(λ))(x− y) ∈ (F (y)− F (x(λ))−K(x(λ))− λ2 1

2
‖x− y‖2γû. (5.8)

Similarly, making x = x(λ) and y = x, we obtain

(1− λ)JF (x(λ))(x− y) ∈ (F (x)− F (x(λ)))−K(x(λ))− (1− λ)2 1

2
‖x− y‖2γû. (5.9)

Therefore, taking into account that K(x) is a convex cone, the desired result follows by
multiplying (5.8) by 1− λ, (5.9) by λ and summing up the resulting expressions. �

Since the previously result will be widely needed is the rest of the work, we assume, from
now on, that K is a closed mapping. In the next proposition we demonstrate a condition of
the twice continuously differentiable strongly convex function.

Proposition 5.3.3 Let U ⊂ Rn be an open and convex set, F : U → Rm a twice
continuously differentiable and strongly convex function on U . Then, for each x ∈ U and
d ∈ Rn,

〈w, dTD2F (x)d〉 ≥ γ〈w, û〉‖d‖2, for all w ∈ G(x),

where dTD2F (x)d := (dT∇2F1(x)d, . . . , dT∇2Fm(x)d), with ∇2Fi(x) being the Hessian of
Fi : Rn → R, for all i = 1, . . . ,m and û ∈ ∩z∈U intK(z) ∩ S(0, 1) fulfills the strong convexity
condition given in (5.3).

Proof. By the Taylor’s second order expansion in each coordinate function Fi, we have

Fi(y)− Fi(x)−∇Fi(x)(y − x) =
1

2
(y − x)T∇2Fi(x)(y − x) + oi(‖x− y‖2),

for all i = 1, . . . ,m. Comparing with (5.5), we get

1

2
(y − x)TD2F (x)(y − x) + o(‖x− y‖2) ∈ 1

2
‖x− y‖2γû+K(x), for all y ∈ Rn, (5.10)

where û ∈ ∩x∈U intK(x)∩S(0, 1) and o(‖x− y‖2) := (o1(‖x− y‖2), . . . , om(‖x− y‖2)). Now,
taking y = x+td for all t ∈ R++ and d ∈ Rn, inclusion (5.10) becomes t2dTD2F (x)d+o(t2) ∈
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t2‖d‖2 γû+K(x). Since K(x) is a closed and convex cone, dividing the last inclusion by t2

and letting t goes to zero, we obtain

dTD2F (x)d ∈ ‖d‖2 γû+K(x), for all d ∈ Rn, (5.11)

from which follows the desired result. �

Next proposition shows some properties of critical and efficient points of strongly convex
functions.

Proposition 5.3.4 Let U ⊂ Rn be an open and convex set and F : U → Rm be a
continuously differentiable function. Then, the following results hold:

(i) If F is convex and x∗ ∈ U is a critical point for F , then x∗ is a weakly efficient point.

(ii) If F is strongly convex and x∗ ∈ U is a critical point for F , then x∗ is an efficient point.

(iii) Let x∗1 and x∗2 be two distinct critical points. If F is strongly convex, then F (x∗1) 6=
F (x∗2).

Proof. To prove (i), let x∗ ∈ U a critical point and let suppose too there exist x such that

F (x)− F (x∗) = k1 ∈ −intK(x∗)

Since F is convex, from proposition 5.3.2 we have

F (x)− F (x∗)− JF (x∗)(x∗ − x) = k2 ∈ K(x∗).

Then we have JF (x∗)(x∗ − x) = k1 − k2 ∈
For (ii), let us suppose that there is a x̄ ∈ U\{x∗} satisfying

F (x̄)− F (x∗) ∈ −K(x∗). (5.12)

Since F is strongly convex, as x̄ 6= x∗, Proposition 5.3.2 implies that for all x̄ ∈ U \ {x∗}

JF (x∗)(x̄− x∗)− F (x̄) + F (x∗) ∈ −K(x∗)− 1

2
‖x∗ − x̄‖2γû ⊂ −intK(x∗). (5.13)

Combining (5.12) with (5.13) it follows that JF (x∗)(x̄−x∗) ∈ −intK(x∗). But this is absurd,
because x∗ is a critical point, which concludes the proof.

For the last part, take two distinct critical points x∗1 and x∗2 such that F (x∗1) = F (x∗2). By
the strong convexity of F , JF (x∗1)(x∗2 − x∗1) ∈ F (x∗2) − F (x∗1) − K(x∗1) − 1/2‖x∗1 − x∗2‖2γû,
see (5.5). As F (x∗2) = F (x∗1) and û ∈ ∩x∈U int(K(x)), it holds JF (x∗1)(x∗2−x∗1) ∈ −intK(x∗1),
contradicting that x∗1 is a critical point. �

As expected, strong convexity provides a sufficient condition for the efficiency. Next
example shows that the natural extension of the strict convexity, namely, F (λx+(1−λ)x∗) ∈
λF (x)+(1−λ)F (x∗)− int(K(λx+(1−λ)x∗)), for all λ ∈ (0, 1), is not a sufficient condition
for the efficiency, as holds in the particular case where the order is given by a fixed cone
(see [38]).
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Example 5.3.5 Let F : [0, 1] → R2, where F (x) = (x2 − 2x, x3 − 2x) and the ordering
structure given by K : [0, 1] ⇒ R2, where K(x) is the cone generated by the convex hull of
the vectors [1, x] and [1, 2x+ 1].

After some calculations it holds that

F (λx+ (1−λ)x∗)−λF (x)− (1−λ)F (x∗) = −λ(1−λ)(x− x∗)2 [1 [(λ+ 1)x+ (2− λ)x∗]]T .

Then λx+ (1−λ)x∗ ≤ (λ+ 1)x+ (2−λ)x∗ and (λ+ 1)x+ (2−λ)x∗ ≤ 2[λx+ (1−λ)x∗] + 1
holds, recall that 0 ≤ x, x∗ ≤ 1. As the equality in the first relation holds if and only if
x = x∗ = 0 and the second if x = x∗ = 1, [1 [(λ+ 1)x+ (2− λ)x∗]]T ∈ int(K(λx+(1−λ)x∗)
and, therefore, F is a strictly convex function.

Note that since JF (0) = (−2,−2) and -K(0) is generated by [−1, 0], [−1,−1], 0 is a
stationary point. However F (1) − F (0) = [−1 − 1]T ∈ −K(0). Hence it is not an efficient
point.

The previous example shows that the strong convexity is the natural assumptions for
algorithms using second order derivatives. This is the main goal of the next section.

5.4 Newton direction for variable order

In this section we will extend the formula of Newton’s method to the case of minimizing
an strongly convex function according to the variable ordering application. A quadratic
approximation of the scalarized objective function will be used. It is proven that this problem
has a unique solution and, hence, that the Newton’s direction is well defined. Further
properties of the direction such as the characterization of efficiency, the continuity of the
direction, upper bounds and descend of the objective functions will be obtained. From now
on, we will assume that F is strongly convex and twice continuously differentiable on the
open convex set U .

Given x ∈ U and w ∈ G(x), let us consider the function ϕw : Rn × Rn → R,

ϕw(x, v) := 〈w, JF (x)v〉+
1

2
〈w, vTD2F (x)v〉, (5.14)

where vTD2F (x)v := (vT∇2F1(x)v, . . . , vT∇2Fm(x)v) and w ∈ G(x). We define the Newton
direction s : U → Rn as

s(x) := argmin
v∈Rn

max
w∈G(x)

ϕw(x, v). (5.15)

In the next result, we show the well-definedness of the Newton direction defined above.

Proposition 5.4.1 Given x ∈ U and w ∈ G(x), then the function ϕw(x, ·) is strongly convex
with modulus ρ(x) := minw∈G(x) γ〈w, û〉, where û ∈ ∩x∈U intK(x) is such that (5.3) holds.
Moreover, the Newton direction defined in (5.15) is well-defined.
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Proof. First note that since G(x) is compact and û ∈ intK(x), ρ(x) is well-defined and
positive.

Now take v1, v2 ∈ Rn, λ ∈ [0, 1] and define v(λ) := λv1 + (1− λ)v2. From the definition of
ϕw, we have

ϕw(x, v(λ)) = 〈w, JF (x)[v(λ)]〉+
1

2

〈
w, [v(λ)]TD2F (x)[v(λ)]

〉
.

Simple algebraic manipulations allow us to obtain,

ϕw(x, v(λ)) = λ〈w, JF (x)v1〉+ (1− λ)〈w, JF (x)v2〉

+
1

2
λ2〈w, vT1 D2F (x)v1〉+

1

2
(1− λ)2〈w, vT2 D2F (x)v2〉.

Adding and subtracting 1
2
λ(1− λ)〈w, (v− s)TD2F (x)(v− s)〉 to the last equality, and again

using simple algebraic manipulations, we get

ϕw(x, v(λ)) = λ〈w, JF (x)v1〉+ (1− λ)〈w, JF (x)v2〉+
1

2
λ〈w, vT1 D2F (x)v1〉

+
1

2
(1− λ)〈w, vT2 D2F (x)v2〉 −

1

2
λ(1− λ)〈w, (v1 − v2)TD2F (x)(v1 − v2)〉.

Taking into account that F is strongly convex and using Proposition 5.3.3 with d = v1− v2,
last equality yields

ϕw(x, v(λ)) ≤ λϕw(x, v1) + (1− λ)ϕ(x, v2)− 1

2
λ(1− λ)γ〈w, û〉‖v1 − v2‖2, for all w ∈ G(x).

As by the definition of ρ(x)
γ〈w, û〉 ≥ ρ(x) > 0, (5.16)

the first part of the proposition holds.

For proving the second part, note that there exists w̄ ∈ G(x) such that maxw∈G(x) ϕw(x, v) =
ϕw̄(x, v), because G(x) is compact. Furthermore, since ϕw(x, ·) is strongly convex for each
w ∈ G(x), in particular, ϕw̄(x, ·) is also strongly convex, which is enough to conclude the
proof of the proposition. �

Denote by θ(x) the optimal value of the minimization problem in (5.15), i.e.,

θ(x) = min
v∈Rn

max
w∈G(x)

[
〈w, JF (x)v〉+

1

2
〈w, vTD2F (x)v〉

]
= max

w∈G(x)

[
〈w, JF (x)s(x)〉+

1

2
〈w, s(x)TD2F (x)s(x)〉

]
. (5.17)

Let us give some results relating a critical point x to its corresponding Newton direction s(x)
and θ(x).
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Proposition 5.4.2 Let θ : U → R and s : U → Rn be given by (5.17) and (5.15)
respectively. Then the following holds

(i) θ(x) ≤ 0 for all x ∈ U .

(ii) x is not a critical point iff θ(x) < 0, furthermore s(x) 6= 0.

(iii) If x is a critical point then θ(x) = 0 and s(x) = 0.

Proof. Since we have θ(x) ≤ maxw∈G(x)〈w, JF (x)v〉+ 1/2〈w, vTD2F (x)v〉 for all x ∈ U and
v ∈ Rn, making v = 0 we obtain (i).

In order to prove (ii) first we suppose that x is not critical. Then there is a v̂ ∈ Rn such
that JF (x)v̂ ∈ −intK(x), which means that 〈w, JF (x)v̂〉 < 0 for all w ∈ G(x). By the
definition of θ(x) we have, for v = tv̂ with t > 0,

θ(x) ≤ t max
w∈G(x)

〈w, JF (x)v̂〉+
t2

2
〈w, v̂TD2F (x)v̂〉.

For t > 0 small enough the right hand side of the last inequality is negative and therefore
θ(x) < 0. Conversely supposing that θ(x) < 0, from Proposition 5.3.3 we have

〈w, JF (x)s(x)〉 ≤ 〈w, J(x)s(x)〉+ 〈w, s(x)TD2F (x)s(x)〉 ≤ θ(x) < 0, for allw ∈ G(x).

The above inequality implies JF (x)s(x) ∈ −intK(x), concluding that x is not a critical
point, and since θ(x) < 0, the solution of that problem cannot be s(x) = 0, concluding (ii).

The last part is a clear consequence of (i) and (ii). �

The next result is used to proof the continuity of the functions θ(x) and s(x).

Lemma 5.4.3 If intK(x) 6= ∅ for all x ∈ U , then the following holds:

(i) ‖s(x)‖ ≤ 2
γ〈w,û〉‖JF (x)‖, for all w ∈ G(x).

(ii) Suppose that W ⊂ Rm is a bounded set. If for some L ≥ 0, dist(G(x1), G(x2)) ≤
L‖x1 − x2‖ for all x1, x2 ∈ U , then the auxiliary function η(x, z) := maxw∈G(x)〈w, z〉
is a Lipschitz function for all (x, z) ∈ U ×W , i.e., for all z1, z2 ∈ W

|η(x1, z1)− η(x2, z2)| ≤ L‖x1 − x2‖+ ‖z1 − z2‖. (5.18)

Proof. To prove the first part we use the fact that θ(x) ≤ 0. Then

〈w, JF (x)s(x)〉+
1

2
〈w, s(x)T∇2F (x)s(x)〉 ≤ θ(x) ≤ 0.

By Proposition 5.3.3 and Holder inequality, we obtain

γ〈w, û〉
2
‖s(x)‖2 ≤ 1

2
〈w, s(x)T∇2F (x)s(x)〉 ≤ ‖w‖‖JF (x)s(x)‖ ≤ ‖JF (x)‖‖s(x)‖.
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Dividing by γ〈w,û〉
2

> 0, recall (5.16), the first part is obtained.

Now to prove (ii), since η(x, z) is a sublinear function, holds the following inequation.

η(x1, z2)− η(x1, z2 − z1) ≤ η(x1, z1) ≤ η(x1, z2) + η(x1, z1 − z2). (5.19)

We first analyze the left side of the inequality above, which can be equivalently written as

η(x1, z2)− η(x2, z2)− η(x1, z2 − z1) ≤ η(x1, z1)− η(x2, z2). (5.20)

From the CauchySchwartz inequality and definition of G(x) we have

η(x, z) = max
w∈G(x)

〈w, z〉 ≤ max
w∈G(x)

‖w‖‖z‖ = ‖z‖. (5.21)

Thus, combining (5.20) and (5.21), we obtain

η(x1, z2)− η(x2, z2)− ‖z2 − z1‖ ≤ η(x1, z1)− η(x2, z2). (5.22)

Now we pay attention on the expression η(x1, z2)−η(x2, z2) AsG(x1) andG(x2) are compacts,
then there exists y1 ∈ G(x1) and y2 ∈ G(x2), satisfying respectively η(x1, z2) = 〈y1, z2〉
η(x2, z2) = 〈y2, z2〉. Taking into account that dist(G(x1), G(x2)) ≤ L‖x1 − x2‖, there exist
w1 ∈ G(x1) and µ1 ∈ B(0, 1) such that y2 = w1 + L‖x1 − x2‖µ1. Hence,

η(x1, z2)− η(x2, z2) = 〈y1, z2〉 − 〈y2, z2〉 = 〈y1 − w1 − L‖x1 − x2‖µ1, z2〉 .

Recalling that w1 ∈ G(x1) and η(x1, z2) = 〈y1, z2〉, from definition of ρ, we have 〈y1, z2〉 ≥
〈w1, z2〉, this implies the last inequality becomes

η(x1, z2)− η(x2, z2) ≥ −〈L‖x1 − x2‖µ1, z2〉 ≥ −L‖x1 − x2‖‖z2‖. (5.23)

Note that as W is bounded, then for some M > 0, ‖w‖ ≤ M for all w ∈ W .Combining
(5.22) and (5.23), and defining L̂ := LM , we obtain

η(x1, z1)− η(x2, z2) ≥ −L̂‖x1 − x2‖ − ‖z2 − z1‖. (5.24)

On the other hand, analyzing the right side of inequality (5.19) leads to

η(x1, z1)− η(x2, z2) ≤ η(x1, z2)− η(x2, z2) + η(x1, z1 − z2).

Using the Cauchy-Schwartz inequality, we have

η(x1, z1)− η(x2, z2) ≤ η(x1, z2)− η(x2, z2) + ‖z1 − z2‖. (5.25)

Analogously, taking w2 ∈ G(x2) and µ2 ∈ B(0, 1) such that y1 = w2 +L‖x1x2‖µ2, we obtain

η(x1, z2)− η(x2, z2) = 〈y1, z2〉 − 〈y2, z2〉 = 〈w2 − y2 + L‖x1 − x2‖µ2, z2〉 ,
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since ρ(x2, w2) = 〈y2, z2〉, this implies 〈y2, z2〉 ≥ 〈w2, z2〉, hence

η(x1, z2)− η(x2, z2) ≤ 〈L‖x1 − x2‖µ2, z2〉 ≤ L‖x1 − x2‖‖µ2‖. (5.26)

Taking L̂ = LM , the combination of (5.25) and (5.26) implies

η(x1, z1)− η(x2, z2) ≤ L̂‖x1 − x2‖‖+ ‖z1 − z2‖.

Together with (5.24), evidently it follows that

|η(x1, z1)− η(x2, z2)| ≤ L̂‖x1 − x2‖‖+ ‖z1 − z2‖.

�

Corollary 5.4.4 Let {xk} be a sequence which satisfies xk ∈ U , for all k. If G is a closed
map and xk → x∗, x∗ ∈ U , then there exists ρ̂ > 0 such that ρ(xk) > ρ̂ for all k. Moreover,
{s(xk)} is bounded.

Proof. Since G(xk) is compact, there exists wk such that ρ(xk) = 〈wk, û〉. As û ∈ ∩x∈UK(x)
and {wk} is a bounded sequence, the accumulation points of ρ(xk) are non-negative. Due to
xk → x∗ and G is closed, the limit points of wk are elements of G(x∗). Hence

lim
k
ρ(xk) = lim

k
〈wk, û〉 = 〈ŵ, û〉 > 0.

Recalling that the set of accumulation points of a sequence is closed, it is clear that ρ(xk) > ρ̂,
for some ρ̂ > 0.

For the second part, by Lemma 5.4.3(i) we have, ‖s(xk)‖ ≤ (2/γ〈wk, u〉)‖JF (xk)‖, for all
k. As proven before γ〈wk, û〉 ≥ ρ(xk) > ρ̂. Then we have that {s(xk)} is also bounded. �

Proposition 5.4.5 The following holds

(i) If G is a closed map, then θ(x) is an upper semi-continuous function.

(ii) If for some L ≥ 0, dist(G(x1), G(x2)) ≤ L‖x1 − x2‖, for all x1, x2 ∈ U , G is a closed
map, then θ(·) is a lower semi-continuous function.

(iii) If for some L ≥ 0, dist(G(x1), G(x2)) ≤ L‖x1 − x2‖, for all x1, x2 ∈ U and θ(·) is a
continuous function, then s(·) is closed. Furthermore, s(·) is a continuous function.

Proof. Let {xk} be a sequence in U that converges to x̄ ∈ U . For each k, we consider
wk ∈ G(xk) such that

〈wk, JF (xk)s(x̄)〉+
1

2
〈wk, s(x̄)TD2F (xk)s(x̄)〉 =

max
w∈G(xk)

〈w, JF (xk)s(x̄)〉+
1

2
〈w, s(x̄)TD2F (xk)s(x̄)〉.
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It is clear that, by the definition of θ, we have

θ(xk) ≤ 〈wk, JF (xk)s(x̄)〉+
1

2
〈wk, s(x̄)TD2F (xk)s(x̄)〉, for all k. (5.27)

As {wk} is bounded, it has a convergent sub-sequence. Since G is a closed map, we will
suppose without loss of generality that {wk} converges to w̄ ∈ G(x̄). Thus, taking limits in
(5.27),

lim sup
k→∞

θ(xk) ≤ lim sup
k→∞

[
〈wk, JF (xk)s(x̄)〉+

1

2
〈wk, s(x̄)TD2F (xk)s(x̄)〉

]
= 〈w̄, JF (x̄)s(x̄)〉+

1

2
〈w̄, s(x̄)TD2F (x̄)〉

≤ max
w∈G(x̄)

〈w, JF (x̄)s(x̄)〉+
1

2
〈w, s(x̄)TD2F (x̄)s(x̄)〉 = θ(x̄),

which proves (i).
Now for (ii), take wk ∈ G(xk) as

〈wk, JF (xk)s(xk)〉+
1

2
〈wk, s(xk)TD2F (xk)s(xk)〉 =

max
w∈G(xk)

〈w, JF (xk)s(xk)〉+
1

2
〈w, s(xk)TD2F (xk)s(xk)〉,

and u ∈ ∩x∈U intK(x)∩S(0, 1) such that the condition given in (5.3) is fulfilled. By Corollary
5.4.4 we have {s(xk)} is also bounded. Then by the definition of the application θ(·), for all
k

θ(x̄) ≤ max
w∈G(x̄)

〈w, JF (x̄)s(xk)〉+
1

2
〈w, s(xk)TD2F (x̄)s(xk)〉

= θ(xk) + max
w∈G(x̄)

〈w, JF (x̄)s(xk)〉+
1

2
〈w, s(xk)TD2F (x̄)s(xk)〉

− [ max
w∈G(xk)

〈w, JF (xk)s(xk)〉+
1

2
〈w, s(xk)TD2F (xk)s(xk)〉]. (5.28)

From Lemma 5.4.3(ii), making x1 = x̄, x2 = xk, z1 = JF (x̄)s(xk) + 1/2s(xk)
T
D2F (x̄)s(xk)

and z2 = JF (xk)s(xk) + 1/2s(xk)
T
D2F (xk)s(xk), for all k, we have∣∣∣∣η(x̄, JF (x̄)s(xk) +

1

2
s(xk)

T
D2F (x̄)s(xk))− η(xk, JF (xk)s(xk) +

1

2
s(xk)

T
D2F (xk)s(xk))

∣∣∣∣
≤ L‖x̄− xk‖

∥∥JF (x̄)s(xk) +
1

2
s(xk)

T
D2F (x̄)s(xk)

∥∥+
∥∥(JF (x̄)− JF (xk)

)
s(xk)

∥∥
+
∥∥s(xk)T (D2F (x̄)−D2F (xk)

)
s(xk)

∥∥. (5.29)
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Substituting the above inequality in (5.28) and recalling that η(x, z) := maxw∈G(x)〈w, z〉, we
get

θ(x̄) ≤ θ(xk) + L‖x̄− xk‖
∥∥JF (x̄)vk +

1

2
vk

T
D2F (x̄)s(xk)

∥∥
+

∥∥(JF (x̄)− JF (xk)
)
s(xk)

∥∥+
∥∥s(xk)T (D2F (x̄)−D2F (xk)

)
s(xk)

∥∥. (5.30)

As s(xk) is a bounded sequence and F is twice continuously differentiable in U , then taking
limit in (5.30), we obtain

θ(x̄) ≤ lim inf
k→∞

θ(xk) + L‖x̄− xk‖
∥∥JF (x̄)s(xk) +

1

2
s(xk)

T
D2F (x̄)s(xk)

∥∥
+

∥∥(JF (x̄)− JF (xk)
)
s(xk)

∥∥+
∥∥s(xk)T (D2F (x̄)−D2F (xk)

)
s(xk)

∥∥
= lim inf

k→∞
θ(xk),

concluding the lower semi-continuity of θ.

Finally, to prove (iii), let {xk} → x∗. Note that, by Corollary 5.4.4 we obtain that
{s(xk)} is bounded. Hence, it has a convergent sub-sequence and, without loss of generality,
we suppose that s(xk)→ s̄. We must show that s̄ solves (5.15). Let ŵ ∈ G(x̄) be such that,

〈ŵ, JF (x̄)v̄〉+
1

2
〈ŵ, v̄TD2F (x̄)v̄〉 = η

(
x, JF (x̄)v̄ +

1

2
v̄TD2F (x̄)v̄

)
.

By the hypothesis of this part, we know that dist(G(xk), G(x̄)) ≤ L‖xk− x̄‖, for each k ∈ N.
Then, there is ŵk ∈ G(xk) such that ŵ = ŵk + L‖x̄− xk‖µk, where µk ∈ B(0, 1). Hence for
all k it holds

θ(xk) ≥ 〈ŵk, JF (xk)s(xk)〉+
1

2
〈ŵk, s(xk)TD2F (xk)s(xk)〉 =

〈ŵ − L‖x̄− xk‖µk, JF (xk)s(xk)〉+
1

2
〈ŵ − L‖x̄− xk‖µk, s(xk)TD2F (xk)s(xk)〉. (5.31)

Since µk is bounded and θ is continuous by hypothesis, then taking limits in (5.31) we obtain,

lim
k→∞

θ(xk) ≥ lim
k→∞
〈ŵ−L‖x̄−xk‖µk, JF (xk)s(xk)〉+1

2
〈ŵ−L‖x̄−xk‖µk, s(xk)TD2F (xk)s(xk)〉

θ(x̄) ≥ 〈ŵ, JF (x̄)s̄〉+
1

2
〈ŵ, s̄TD2F (x̄)s̄〉 = η

(
x, JF (x̄)s̄+

1

2
s̄TD2F (x̄)s̄

)
,

which prove the closeness of s(·) as a map.

Since all accumulation points of {s(xk)} solve (5.15) and this problem has a unique
solution, recall Proposition 5.4.1, s(x∗) is the limit of the whole sequence {s(xk)}. Therefore
s(·) is a continuous function. �
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Remark 5.4.6 It is clear that the continuity of the function θ(·) can be substituted by the
hypotheses needed for its lower and upper semi-continuity. Using (i) and (ii), the result
stated in (iii) also holds true if G is closed and dist(G(x1), G(x2)) ≤ L‖x1 − x2‖ for some
L ≥ 0 and for all x1, x2 ∈ U .

The classical Armijo rule for the Newton direction s(x) at a noncritical point for a scalar
function F : U → R reads

F (x+ ts(x)) ≤ F (x) + βtJF (x)T s(x),

with β ∈]0, 1
2
[. Note that, in this case, since JF (x)+D2F (x)s(x) = 0, θ(x) = 1/2JF (x)T s(x).

Then the Armijo rule can be rewritten as

F (x+ ts(x)) ≤ F (x) + σθ(x),

where σ = 2θ ∈ (0, 1).

Combining the results proven in the previous propositions and generalizing the Armijo-rule
to variable order optimization problems, next we show that, given a non critical point, the
Armijo-rule is well-defined. This fact guarantees that for an arbitrary s such that JF (x)s ∈
−intK(x), it is possible to compute a new feasible solution in which the value of the objective
function decreases.

Proposition 5.4.7 Let x ∈ U and s ∈ Rn be such that JF (x)s ∈ −intK(x). Then, for any
0 < σ < 1 there exist 0 < t̄ < 1 such that

x+ ts ∈ U and F (x+ ts) ∈ F (x) + σtJF (x)s−K(x),

hold for all t ∈ (0, t̄].

Proof. Since F is differentiable, the Taylor’s expansion leads to

F (x+ ts) = F (x) + tJF (x)s+ o(t), (5.32)

where limt→0 ‖o(t)‖/t = 0.

Since U is an open set, we have for t small enough that x + ts ∈ U . As −intK(x) is a
cone then, by the hypothesis (1− σ)JF (x)s ∈ −intK(x). On the other hand, there is t̄ > 0
such that for all t ∈ (0, t̄], ‖o(t)‖ is small enough and (1− σ)JF (x)s + o(t) ∈ −K(x). This
result, together with (5.32), implies F (x + ts) ∈ F (x) + σtJF (x)s −K(x), concluding the
proof. �

Now, under assuming that F is a twice continuously differentiable and strongly convex
function, we showed the well-definedness of the backtracking procedure for the Armijo-like
rule with the Newton direction.

Corollary 5.4.8 If x ∈ U is not a critical point for F , then for 0 < σ < 1 there is 0 < t̄ < 1
such that

〈w,F (x+ ts(x))〉 ≤ 〈w,F (x)〉+ σtθ(x)

holds for all w ∈ G(x) and for all t ∈ (0, t̄].
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Proof. By Proposition 5.4.7, we have

〈w,F (x+ ts(x))〉 ≤ 〈w,F (x)〉+ σt〈w, JF (x)s(x)〉

for all w ∈ G(x) and for some t ∈ (0, t̄]. Besides, as 〈w, s(x)D2F (x)s(x)〉 > 0 for all w ∈ G(x)
and by the definition of θ(·), we obtain the required result . �

Due to the already proven properties of s(·), we can use it as a descent direction if the
function F is strongly convex. Next section we will present Newton’s method and analyze
its convergence.

5.5 The Newton method

In this section we present the Newton’s method for variable order optimization problems
and study the sequence {xk} generated by the approach. First the convergence {F (xk)} is
shown. This result is used to ensure that the accumulation points of the sequence {xk}, if
any, are efficient. Then, it is proven that the algorithm converges.

We start presenting the algorithm.

Algorithm 5.5.1

(i) First choose σ ∈ (0, 1), x0 ∈ U and set k := 0.

(ii) Given xk, compute sk := s(xk) and θ(xk) solution and optimal value respectively of the
problem given in (5.15) for x = xk.

(iii) If sk = 0, then stop. Otherwise, compute a step-length tk such that xk + tks
k ∈ U and

tk = max{2−j, j ∈ Z+; 〈w,F (xk + 2−jsk)〉 ≤ 〈w,F (xk)〉+ σ2−jθ(xk),∀w ∈ G(xk)}.
(5.33)

(iv) Define xk+1 = xk + tks
k, and go to step (ii).

The well-definedness of Algorithm 5.5.1 was proven in Proposition 5.4.7 and Corollary 5.4.8.

Note that whenever Newton’s algorithm for vector optimization has a finite termination,
the last iteration computes a stationary point. So, from now on, we assume that {xk},
{sk} and {tk} are infinite sequences generated by Newton’s algorithm. Before we started
the convergence analysis, we present the following lemma that, under certain hypotheses,
guarantee the full convergence of the sequence {F (xk)} to F (x∗), where x∗ is an accumulation
point of the sequence {xk}.

Lemma 5.5.2 Assume that

(i)
⋃
x∈Rn K(x) ⊂ K, where K is a closed, convex and pointed cone.
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(ii) The application G(·) is closed.

(iii) dist(G(x), G(y)) ≤ L‖x− y‖, for all, x, y ∈ Rn.

If x∗ is an accumulation point of the sequence {xk}, then limk→∞ F (xk) = F (x∗).

Proof. Take {xik} a sub-sequence of {xk} that converges to x∗. By the Armijo-step rule we
have

〈w,F (xk+1)− F (xk)〉 ≤ σtkθ(x
k),

for all w ∈ G(xk). Hence, xk is not a critical point and, therefore, by Proposition 5.4.2 we
have θ(xk) < 0. So, we obtain

〈w,F (xk+1)− F (xk)〉 < 0, for all w ∈ G(xk) ⇒ F (xk+1)− F (xk) ∈ −intK(xk).

As
⋃
x∈Rn K(x) ⊂ K, we have, for all x, intK(x) ⊂ K. So

F (xk)− F (xk+1) ∈ intK(xk)

or equivalently: F (xk) is a decreasing sequence with respect to the cone K.

By the continuity of F , we have

lim
k→∞

F (xik) = F (x∗).

Particularly, F (x∗) is an accumulation point of {F (xk)}. So, due to K is a closed, convex
and pointed cone, F (xk)→ F (x∗) because if yk−yk+1 ∈ K, for all k, K satisfies (i) and {yk}
has an accumulation point, y∗, then {yk} → y∗, see [54] for more details. �

Now we prove that every accumulation point of {xk}, if any, is an efficient point.

Proposition 5.5.3 Suppose that

(i)
⋃
x∈Rn K(x) ⊂ K, where K is a closed, convex and pointed cone.

(ii) The application G(·) is closed.

(iii) dist(G(x), G(y)) ≤ L‖x− y‖, for all, x, y ∈ Rn.

If x∗ ∈ U is an accumulation point of {xk}, then θ(x∗) = 0 and x∗ is an efficient point.

Proof. Suppose that x∗ ∈ U is an accumulation point of {xk} and let {wk} be a bounded
sequence where wk ∈ G(xk). As in the previous lemma, we have for all wk ∈ G(xk)

〈wk, F (xk+1)− F (xk)〉 ≤ σtkθ(x
k) < 0.

Since tk ∈ (0, 1], for all k, the sequence {tk} is bounded. Let us consider the sub-sequences
{xik}, {tik} and {wik}. Without loss of generality we assume that these sub-sequences
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converge respectively to x∗, t∗ and w∗. Note that w∗ ∈ G(x∗), since G is a closed map. Now
we have

lim
k→∞
〈wik , F (xik+1)− F (xik)〉 ≤ lim

k→∞
σtikθ(x

ik) ≤ 0. (5.34)

By Lemma 5.5.2 we have limk→∞ F (xik+1) − F (xik) = 0. Then, together with (5.34), we
obtain

lim
k→∞

σtikθ(x
ik) = 0. (5.35)

Now we have two cases: t∗ > 0 and t∗ = 0.

Case 1. If t∗ > 0, then, using (5.35), we have θ(x∗) = 0. By Proposition 5.4.2 we conclude
that x∗ is critical.

Case 2. Now we suppose that t∗ = 0. First let us define the sequence {sik}, where sik is
the solution of the optimization model introduced in (5.15) for x = xik . From Corollary 5.4.4,
this sequence is bounded, recall that xik → x∗. Without loss of generality let us suppose
that {sik} converges to s∗, which is a solution of the problem in (5.15) for x = x∗ because
s(·) is closed. Take r ∈ N. As t∗ = 0 there is a k ∈ N large enough such that tik < 2−r. This
means the condition of Armijo rule is not satisfied for t = 2−r, i.e., there is a wik ∈ G(xk)
such that

〈wik , F (xik + 2−rsik)− F (xik)〉 > σ2−rθ(xik).

Letting k → ∞ in the above inequality, taking into account that wik → w∗ ∈ G(x∗), since
wik is a bounded sequence, G(·) is a closed map and θ(·) is continuous, we obtain

〈w∗, F (x∗ + 2−rs∗)− F (x∗)〉
2−r

≥ σθ(x∗).

Letting r →∞, we have

〈w∗, JF (x∗)s∗〉 ≥ σθ(x∗).

As F (·) is a strong convex function, 〈w, sTD2F (x∗)s〉 > 0 for all w ∈ G(x∗), see Proposition
5.3.3. Due to s ∈ Rn, then

max
w∈G(x∗)

〈w, JF (x∗)s∗〉+ 〈w, s∗TD2F (x∗)s∗〉 ≥ 〈w∗, JF (x∗)s∗〉 ≥ σθ(x∗).

Since s∗ is solution of (5.15) and 0 < σ < 1, then we conclude

θ(x∗) ≥ 0. (5.36)

Therefore by Proposition 5.4.2 we have x∗ is critical. �

We end this section with the convergence of the method.
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Theorem 5.5.4 Suppose that there exists f ∈ Rm such that the set F = {x ∈ Rn : F (x) ∈
f −K} is compact, where K is a convex, pointed and closed cone which contains ∪x∈UK(x).
If x0 belongs to F , then the sequence {xk} converges to an efficient point x∗ ∈ U .

Proof. Let x0 ∈ F . By Lemma 5.5.2, the sequence {F (xk)} is K-decreasing. So, we have

xk ∈ F , for all k.

By the compactness of F , the accumulation points of {xk} belong to F and, using
Proposition 5.5.3, we conclude that all accumulation points of {xk} are efficient. Moreover,
since {F (xk)} is K-decreasing, all these accumulation points have the same value at F .
As U is convex and F is strongly K-convex, by Proposition 5.3.4(iii) there exists just one
accumulation point of {xk} as desired. �

This section shows that Newton’s method is well defined for optimization problems in
which a strongly convex function is minimized with respect to a variable ordering structure.
Moreover, the generated sequence converges to a solution. It is important to study the speed
of this convergence. Next section is devoted to analyze under which condition super-linear
or quadratic convergence can be ensured.

5.6 Convergence rate

In this section we analyze the convergence rate of the sequence {xk} generated by Newton’s
method for variable order vector optimization problems proposed in the previous section.
As usual a characterization of s(xk) is needed. To this aim the first lemma provides a closed
formula of the Newton direction which uses elements of the set of active vectors w ∈ G(x)
for ϕw(x, v), where x ∈ U and v ∈ Rn. That is

W (x, v) := {w̄ ∈ G(x); ϕw̄(x, v) = max
w∈G(x)

ϕw(x, v)}.

Lemma 5.6.1 For any x ∈ U , there exists an integer r := r(x) and

wi := wi(x) ∈ W (x, s(x)), αi := αi(x) ∈ [0, 1], i = 1, . . . , r,

such that
m∑
j=1

(
w̃kj∇Fj(xk) + w̃kj∇2Fj(x

k)s(xk)
)

= 0. (5.37)

Hence,

s(x) = −

[
r∑
i=1

m∑
j=1

αiw
i
j∇2Fj(x)

]−1 [ r∑
i=1

m∑
j=1

αiw
i
j∇Fj(x)

]
,

r∑
i=1

αi = 1.
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Proof. Take x ∈ U and let us define g : Rn → R as

g(v) := max
w∈G(x)

h(w, v),

where h : G(x)×Rn → R is given by h(w, v) := ϕw(x, v) and ϕw(·, ·) is defined in (5.14). Since
G(x) is compact, h is continuous, h(w, ·) is a continuously differentiable convex function for
all w ∈ G(x) and ∇vh(·, v) is continuous on G(x) for all v ∈ Rn, using Danskin’s Theorem,
see [17], we conclude that ∂g(v) = conv{∇vh(w, v); w ∈ W (x, v)}. Now calculating the
v-gradient of h(w, ·) and evaluating in v = s(x), we have

∇sh(w, s(x)) = ∇s

(
〈w, JF (x)s(x)〉+

1

2
〈w, s(x)TD2F (x)s(x)〉

)
.

Making w = (w1, . . . wm), it follows

∇sh(w, s(x)) = ∇s

(
m∑
j=1

wj∇Fj(x)T s(x) +
1

2
sT (x)wj∇2Fj(x)s(x)

)
,

which is equal to

∇sh(w, s(x)) =

(
m∑
j=1

wj∇Fj(x) + wj∇2Fj(x)s(x)

)
.

Since s(x) minimizes g(·), 0 ∈ ∂g(s(x)). Hence there exists r = r(x), wi = wi(x) ∈
W (x; s(x)) and αi = αi(x) ∈ [0; 1] (1 ≤ i ≤ r) such that

0 =
r∑
i=1

αi∇sh(wi, s(x)) =
r∑
i=1

m∑
j=1

αi
(
wij∇Fj(x) + wij∇2Fj(x)s(x)

)
,

with
∑r

i=1 αi = 1. Then (5.37) holds.

Since F is strongly convex, by Proposition 5.3.3
∑j=1

m wj∇2Fj(x) is positive definite for
all w = (w1, . . . , wm) ∈ G(x). Therefore the positive combination

∑r
i=1

∑m
j=1 αiw

i
j∇2Fj(x),

is regular and the result follows directly from (5.37). �

This result is now applied for obtaining an upper bound of the norm of this distance based
on the value of θ(x).

Lemma 5.6.2 For any x ∈ Rn it holds

ρ(x)

2
‖s(x)‖2 ≤ −θ(x).

Proof. Consider r, αi, wi, i = 1, . . . , r given as in Lemma 5.6.1. Then we have

θ(x) =
r∑
i=1

αi
(
〈wi, JF (x)s(x)〉+

1

2
〈wi, s(x)TD2F (x)s(x)〉

)
s(x)
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or, equivalently:

θ(x) =
r∑
i=1

m∑
j=1

αiwij∇Fj(x)T s(x) +
1

2
s(x)T

(
r∑
i=1

m∑
j=1

αiwij∇2Fj(x)

)
s(x).

As by Lemma 5.6.1,
[∑r

i=1

∑m
j=1 αiw

i
j∇2Fj(x)

]
s(x) = −

[∑r
i=1

∑m
j=1 αiw

i
j∇Fj(x)

]
, it is

equivalent with

θ(x) = −

([
r∑
i=1

m∑
j=1

αiw
i
j∇2Fj(x)

]
s(x)

)T

s(x) +
1

2
s(x)T

(
r∑
i=1

m∑
j=1

αiwij∇2Fj(x)

)
s(x).

That is

θ(x) = −s(x)T

[
r∑
i=1

m∑
j=1

αiw
i
j∇2Fj(x)

]T
s(x) +

1

2
s(x)T

(
r∑
i=1

m∑
j=1

αiwij∇2Fj(x)

)
s(x).

Therefore, recalling that∇2Fj(x), j = 1, . . . ,m are symmetric, the expression above becomes

θ(x) = −1

2
s(x)T

(
r∑
i=1

m∑
j=1

αiwij∇2Fj(x)

)
s(x) = −1

2

〈
w̄, s(x)TD2F (x)s(x)〉

)
,

where w̄ =
∑r

i=1 αiw
i. From Proposition 5.3.3, we have

θ(x) ≤ −ρ(x)

2
‖s(x)‖2,

which completes the proof. �

After having a bound for ‖s(·)‖ depending on θ, last lemma shows how an interval where
this value shall lay where its lower extreme depends on the evaluation of F at the iteration
point.

Lemma 5.6.3 For any w ∈ convG(xk+1), it follows,

θ(xk+1) ≥ − 1

2ρ(xk+1)
‖

m∑
j=1

wj∇Fj(xk+1)‖2. (5.38)

Proof. Since G(xk+1) ⊂ convG(xk+1), we obviously have

max
w∈convG(xk+1)

ϕw(xk+1, s(xk+1)) ≥ max
w∈G(xk+1)

ϕw(xk+1, s(xk+1)).

The linearity of the function ϕw(xk+1, s(xk+1)) with respect to w leads to the equality.
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From the definition of θ, for any w ∈ convG(xk+1)

θ(xk+1) ≥ min
s
〈w, JF (xk+1)s〉+

1

2
〈w, sTD2F (xk+1)s〉.

Using Proposition 5.3.3 and the definition of ρ(xk+1) given in Proposition 5.4.1, the above
inequality becomes

θ(xk+1) ≥ min
s
〈w, JF (xk+1)s〉+

1

2
ρ(xk+1)‖s‖2,

or equivalently

θ(xk+1) ≥ min
s

m∑
j=1

wj∇Fj(xk+1)s+
1

2
ρ(xk+1)‖s‖2.

As the minimum is attained at s(x) = −
∑m

j=1 wj∇Fj(xk+1)

ρ(xk+1)
,

θ(xk+1) ≥ −

∥∥∥∑m
j=1 wj∇Fj(xk+1)

∥∥∥2

2ρ(xk+1)
,

as desired. �

Now we can present the superlinear convergence of the sequence {s(xk)}.

Theorem 5.6.4 Suppose that for some f ∈ Rm, x0 ∈ F , where F := {x ∈ Rn : F (x) ∈
f − K} is a compact set. Assume that there exists L > 0 such that dist(G(xk+1), G(xk)) ≤
o(‖s(xk)‖), for all k. Then {xk} converges to an efficient point x∗. Moreover, tk = 1 for k
large enough and the convergence of {xk} to x∗ is superlinear.

Proof. From Theorem 5.5.4, the whole sequence {xk} converges to the efficient point x∗.
Since F is twice continuously differentiable, for any ε > 0 there exists δε > 0 such that

B(x̄, δε) ⊂ U, ‖D2F (x)−D2F (y)‖ < ε, (5.39)

for all x, y ∈ B(x∗, δε).

From Proposition 5.4.2 and 5.4.5, we can assure that the sequence {s(xk)} converges to
s(x∗) = 0. Therefore there exists kε > 0, such that for k ≥ kε we obtain xk+s(xk) ∈ B(x∗, δε).
Using the Taylor’s second order expansion at xk for each coordinate function Fj, we have

Fj(x
k + s(xk)) = Fj(x

k) +∇Fj(xk)s(xk) +
1

2
s(xk)T∇2Fj(η

k)s(xk), for all k ≥ kε,

where ηk ∈ [xk, xk + s(xk)]. Taking w ∈ G(xk), multiplying the expression above for wj and
summing up in j we obtain

m∑
j=1

wj
(
Fj(x

k + s(xk))− Fj(xk)
)

=
m∑
j=1

(
wj∇Fj(xk)s(xk) +

1

2
wjs(x

k)T∇2Fj(η
k)s(xk)

)
,
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which becomes,

〈w,F (xk+1)〉 − 〈w,F (xk)〉 = 〈w, JF (xk)s(xk)〉+
1

2
〈w, s(xk)TD2F (ηk)s(xk)〉.

Using some algebraic manipulations and (5.39) we have

〈w,F (xk+1)〉 − 〈w,F (xk)〉 ≤ 〈w, JF (xk)s(xk)〉+
1

2
〈w, s(xk)TD2F (xk)s(xk) +

ε

2
‖s(xk)‖2.

Taking the maximum in w ∈ G(xk) in the second part of the above inequality, we obtain

〈w,F (xk+1)〉 − 〈w,F (xk)〉 ≤ θ(xk) +
ε

2
‖s(xk)‖2.

Writing θ(xk) = σθ(xk) + (1− σ)θ(xk), by Lemma 5.6.2 we obtain

〈w,F (xk+1)〉 − 〈w,F (xk)〉 ≤ σθ(xk) +
(
ε− (1− σ)ρ(xk)

) ‖s(xk)‖2

2
.

This means that if ε < (1−σ)ρ(xk) then tk = 1 fulfills the Armijo rule for k ≥ kε, see (5.33).
Since the sequence {xk} converges, by Corollary 5.4.4, ρ(xk) is lower bounded.

From now on we will assume that ε < (1 − σ)ρ(xk). From Lemma 5.6.1, there exists
w̃k ∈ convW (xk, s(xk)), such that

∑m
j=1

(
w̃kj∇Fj(xk) + w̃kj∇2Fj(x

k)s(xk)
)

= 0. For any

w ∈ convG(xk+1) we have∥∥∥∥∥
m∑
j=1

wj∇Fj(xk+1)

∥∥∥∥∥ =

∥∥∥∥∥
m∑
j=1

wj∇Fj(xk+1)−
m∑
j=1

(
w̃kj∇Fj(xk) + w̃kj∇2Fj(x

k)s(xk)
)∥∥∥∥∥ . (5.40)

Let {w1(k) . . . , wl(k)} ⊂ W (xk, s(xk)) such that
∑l

i=1 αiw
i(k) = w̃k, where

∑l
i=1 αi =

1. But we assumed that dist(G(xk+1), G(xk)) ≤ o(‖s(xk)‖). Then, for each wi(k) ∈
W (xk, s(xk)) there is wi(k + 1) ∈ G(xk+1) such that

wi(k + 1) = wi(k) + L‖s(xk)‖µi(k), (5.41)

where µi(k)→ 0. Making w =
∑l

i=1 αiw
i(k + 1) in (5.40) it follows∥∥∥∥∥

m∑
j=1

wj∇Fj(xk+1)

∥∥∥∥∥ =

∥∥∥∥∥
m∑
j=1

l∑
i=1

αiw
i
j(k + 1)∇Fj(xk+1)−

m∑
j=1

l∑
i=1

αiw
i
j(k)∇Fj(xk)

−
m∑
j=1

l∑
i=1

αiw
i
j(k)∇2Fj(x

k)s(xk)

∥∥∥∥∥ .
Substituting (5.41) in the above expression we have∥∥∥∑m

j=1 wj∇Fj(xk+1)
∥∥∥ =

∥∥∥∑m
j=1

∑l
i=1 αiw

i
j(k)(∇Fj(xk+1)−∇Fj(xk))

+L‖s(xk)‖
∑m

j=1

∑l
i=1 αiµ

i
j(k)∇Fj(xk+1)−

∑m
j=1

∑l
i=1 αiw

i
j(k)∇2Fj(x

k)s(xk)
∥∥∥ . (5.42)
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Using the expansion of Taylor, we get∥∥∥∥∥
m∑
j=1

wj∇Fj(xk+1)

∥∥∥∥∥ ≤
∥∥∥∥∥

m∑
j=1

l∑
i=1

αiw
i
j(k)Hj(x

k)s(xk) + L‖s(xk)‖
m∑
j=1

l∑
i=1

αiµ
i
j(k)∇Fj(xk+1)

∥∥∥∥∥ ,
where Hj(x

k) =
∫ 1

0
∇2Fj(x

k + ts(xk)) − ∇2Fj(x
k))dt. Furthermore, from (5.39) we obtain

‖Hj(x
k)‖ < ε. Due to αi ≥ 0,

∑l
i=1 αi = 1 and wij(k) ∈ G(xk) ⊂ S(0, 1), it follows∥∥∥∥∥

m∑
j=1

l∑
i=1

αiw
i
j(k)Hj(x

k)s(xk)

∥∥∥∥∥ ≤ mε‖s(xk)‖. (5.43)

On the other hand, from the convergence of the sequence {xk} we can guarantee the existence
of c > 0 such that

‖∇Fj(xk+1)‖ ≤ c,

for all j = {1, . . . ,m}. Therefore, for all η > 0 there exists kη such that

L‖s(xk)‖

∥∥∥∥∥
m∑
j=1

l∑
i=1

αiµ
i
j(k)∇Fj(xk+1)

∥∥∥∥∥ ≤ η‖s(xk)‖, for all k ≥ kη,

recall that αi ≥ 0,
∑l

i=1 αi = 1 and for all j = 1, 2, . . . ,m, µj(k) → 0. Combining (5.42),
(5.43) and the previous inequality, we obtain∥∥∥∥∥

m∑
j=1

wj∇Fj(xk+1)

∥∥∥∥∥ ≤ (mε+ η)‖s(xk)‖.

Taking mε+ η < ε, for k ≥ kε := max{kε, kη}, the last inequality becomes∥∥∥∥∥
m∑
j=1

wj∇Fj(xk+1)

∥∥∥∥∥ ≤ ε‖s(xk)‖.

Using the last inequality and Lemma 5.6.3, we obtain

−θ(xk+1) ≤ 1

2ρ(xk+1)

∥∥∥∥∥
m∑
j=1

wj∇Fj(xk+1)

∥∥∥∥∥
2

≤ ε2

2ρ(xk+1)
‖s(xk)‖2.

But, from Lemma 5.6.2 we have

ρ(xk+1)

2
‖s(xk+1)‖2 ≤ −θ(xk+1).

So, the last two relations lead to

ρ(xk+1)

2
‖s(xk+1)‖2 ≤ ε2

2ρ2(xk+1)
‖s(xk)‖2.
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Then

‖xk+2 − xk+1‖ = ‖s(xk+1)‖ ≤ ε

ρ(xk+1)
‖s(xk)‖ =

ε

ρ(xk+1)
‖xk+1 − xk‖.

Since {xk} is convergent, there is ρ∗ such that ρ(x
k) > ρ∗ for all k. Then for k ≥ kε and

j ≥ 1 we have

‖xk+j+1 − xk+j+1‖ ≤
(
ε

ρ∗

)j
‖xk+1 − xk‖. (5.44)

To prove superlinear convergence, we use the same ideas of the proof of [38, Theorem 6.2].
We take 0 < τ < 1 and define

ε̄ = min

{
1− σ, τ

1 + 2τ

}
ρ∗.

If ε < ε̄ and k ≥ kε, using (5.44) and the convergence of the sequence {xk} to x∗, we have

‖xk+1 − x∗‖ ≤
∞∑
j=1

‖xk+j+1 − xk+j+1‖ ≤
∞∑
j=1

(
τ

1 + 2τ

)j
‖xk+1 − xk‖ =

τ

1 + τ
‖xk+1 − xk‖.

Hence,

‖xk − x∗‖ ≥ ‖xk − xk+1‖ − ‖xk+1 − x∗‖ ≥ 1

1 + τ
‖xk − xk+1‖.

Combining the two above inequalities we conclude that, if ε < ε̄ and k ≥ kε then

‖xk+1 − x∗‖
‖xk − x∗‖

≤ τ.

Recalling that τ is an arbitrary element of (0, 1), it can be taken as small as desired. So,

‖xk+1 − x∗‖
‖xk − x∗‖

→ 0,

and the super-linear convergence is obtained. �

The super-linear convergence is the first step of the proof of the quadratic convergence
of the method. The next theorem generalizes this result, already proven in [33, 38] for
multi-objective and vector optimization problems, to the variable ordering case.

Theorem 5.6.5 Suppose that for some f ∈ Rm, F := {x ∈ Rn : F (x) ∈ f−K} is a compact
set. Assume that x0 ∈ F , D2F is Lipschitz continuous on U and that dist(G(x), G(y)) ≤
o(‖x− y‖2). Then the sequence {xk} converges quadratically to an efficient solution x∗.

Proof. From the previous theorem, we have that the sequence {xk} converges superlinearly
to an efficient point x∗ ∈ U and that tk = 1 for k sufficiently large. Let L be the Lipschitz
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constant for D2F . By Lemma 5.6.1, there exist w̃k ∈ convW (xk, s(xk)), k = 1, . . . ,m, such
that

m∑
j=1

(
w̃kj∇Fj(xk) + w̃kj∇2Fj(x

k)s(xk)
)

= 0.

Hence, let {w1(k) . . . , wl(k)} ⊂ W (xk, s(xk)) such that
∑l

i=1 αiw
i(k) = w̃k, where

∑l
i=1 αi =

1. Then, due to we assumed that dist(G(xk+1), G(xk)) ≤ L‖s(xk)‖2, for each wi(k) ∈
W (xk, s(xk)) there exists wi(k + 1) ∈ G(xk+1) such that

wi(k + 1) = wi(k) + L‖s(xk)‖2µi(k),

where µi(k) ∈ B(0, 1). Using the Taylor expansion, after some algebraic manipulations we
obtain∥∥∥∥∥

m∑
j=1

wj∇Fj(xk+1)

∥∥∥∥∥ ≤
∥∥∥∥∥

m∑
j=1

l∑
i=1

αiw
i
j(k)Hj(x

k)s(xk) + L‖s(xk)‖2

m∑
j=1

l∑
i=1

αiµ
i
j(k)∇Fj(xk+1)

∥∥∥∥∥ ,
(5.45)

where Hj(x
k) =

∫ 1

0
∇2Fj(x

k + ts(xk)) − ∇2Fj(x
k))dt. As the function D2F is Lipschitz

continuous

Hj(x
k) ≤

∫ 1

0

tLdt ≤ L/2.

On the other hand, due to the sequence {xk} converges and ∇Fj is continuous for j =
1, . . . ,m, we can assume, as in the proof of Theorem 5.6.4, that ‖∇Fj(xk+1)‖ ≤ c, for some
c > 0. Then, from (5.45) we have∥∥∥∥∥

m∑
j=1

wj∇Fj(xk+1)

∥∥∥∥∥ ≤
(
L
2

+ cLm

)
‖s(xk)‖2.

Using the above inequality and Lemma 5.6.3, we obtain

|θ(xk+1)| ≤ 1

ρ(xk+1)

(
L
2

+mcL

)2

‖s(xk)‖4,

which combined with Lemma 5.6.2 yields

‖s(xk+1)‖ ≤
2(L

2
+mcL)

ρ(xk+1)
‖s(xk)‖2. (5.46)

From now on the proof follows the same steps of the proof of [38, Theorem 6.3]. We include
it here for sake of completeness.

Take τ ∈ (0, 1). Since the sequence {xk} converges superlinearly to x∗, there exists k̄ such
that for k ≥ k̄ , (5.46) is satisfied and

‖x∗ − xk+1‖ ≤ τ‖x∗ − xk‖.
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Therefore, from the triangle inequality, for ` ≤ k̄ we obtain

(1− τ)‖x∗ − x`‖ ≤ ‖x` − x`+1‖,

‖x` − x`+1‖ ≤ (1 + τ)‖x∗ − x`‖.

Taking ` = k + 1, in the first inequality and ` = k in the second, the following holds

(1− τ)‖x∗ − xk+1‖ ≤ ‖s(xk+1)‖. (5.47)

‖s(xk)‖ ≤ (1 + τ)‖x∗ − xk‖ (5.48)

Combining (5.46),(5.48),(5.47), we finally obtain

‖x∗ − xk+1‖
‖x∗ − xk‖2

≤ (1 + τ)2

(1− τ)

2(L
2

+mcL)

ρ(xk+1)
,

which means that the sequence converges quadratically. �
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Chapter 6

Final remarks

In the Chapter 3, the main purpose has been to introduce and discuss the trust region
method for multiobjective problems on the Riemannian context. Our method considered the
trust rate function (3.5), which retrieves the trust rate function proposed in [70]. It is worth
to mentioning that the trust rate function introduced in Liang el al. [57] and Carrizo et al. [21]
can also be generalized to the Riemannian context and, as a consequence, new variants of the
trust region method comes up. Furthermore, it is worth to investigate the relationship and
performance of these methods from the numerical viewpoint. It is well known that the trust
region method is one of the most important iterative methods for solving unconstrained
nonlinear optimization problems, due its global convergence and superlinear convergence
rate. In this work, we only study its global convergence properties of the method. In
future work, we expect to prove the superlinear convergence of the trust region method
in addition, extend other variations of trust region method for the multiobjective case for
instance, constrained case and non-monotone case.

In relation to the Chapter 4, it is worth noting that the nonlinear scalar function, see
(4.6), considered in the iterative step process of the algorithm, see (4.7), allows a relationship
between the weak sharp minima set of the vector optimization problem and the weak sharp
minima set of the scalarized problem. For state this relationship, we need some definitions
and results. Let G : M → Rm, η ∈ Rm and let us define the following level set

Wη := {p ∈M : G(p) = η} .

We denote by MinG (resp. WMinG) the set of the efficient points (resp. weak efficient
points) associated to (4.1).

Definition 6.0.1 A point p̂ ∈ M is said to be weak sharp minimum to (4.1), if there is a
constant τ > 0 such that

G(p)−G(p̂) /∈ B(0, τd(p,WG(p̂)))− C, p ∈M\WG(p̂), (6.1)

The set of all weak sharp minimum to (4.1) is denoted by WSMinG.
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The above definition has appeared in several contexts, see for example, [8, 13, 66, 74]. Note
that the relationship (6.1) can be expressed in following equivalent form

d(G(p)−G(p̂),−C) ≥ τd(p,WG(p̂)), p ∈M,

and there holds WSMinG ⊂ MinG. In the particular case m=1 and C = R+, the last
inequality becomes to the well-known inequality

G(p)−G(p̂) ≥ τd(p,WG(p̂)), p ∈M,

introduced in [46], defining weak sharp minimizer in Riemannian context.

Next result establishes the above mentioned relationship between WSMinF and the weak
sharp minimum associated to the nonlinear scalar function defined in (4.3), the proof follows
by using similar arguments used in the proof of [74, Theorem 3.4].

Theorem 6.0.2 Let F : M → Rm and p̂ ∈ M . Suppose that WF (p̂) is closed set and define

F̃ : M → Rn by F̃ (p) = F (p)−F (p̂). If p̂ ∈WSMinF then p̂ ∈WSMinf◦F̃ , where f is given
by (4.4).

We expect that the Theorem 6.0.2 constitutes a first step towards to establish the following
result: “If p̂ ∈ WSMinF , then {pk} converges, in a finite number of iterations”. We foresee
further progress along these line in the nearby future. Similar result has been proven in the
Euclidean context; see [13].

At last, we have introduced extended Newton’s method to variable ordering structures. To
his aim the concept of strong convexity has been generalized and results involving first and
second derivatives are shown. Although in the case of convex functions, stationarity implies
weakly-efficiency in variable order optimization problems, we observed that stationary points
may not be efficient if the objective function is strictly convex with respect to the variable
ordering as it is in the case of vector optimization models. The variability of the order leads
to examples where the difference of the values of the function lay on the boundary of the
cone. Efficiency is only guaranteed if the function is strongly convex.

For the method, the Newton direction is defined using a quadratic approximation of the
objective function and the dual cone at the point. Uniqueness, continuity, characterization of
stationary points are satisfied under Lipschitz continuity of the distance of the generator of
the cones and strong convexity of the objective function. The convergence of the algorithm
and its rate of convergence are also obtained. We want to point out that in this approach
computes efficient points if the function is strongly convex and other natural hypotheses on
the ordering structure. This is an advantage with respect to other solutions methods which
can only guarantee the calculation of weakly efficient point. In fact, as noted in [51, page
20], “Although weakly Pareto optimal solutions are important for theoretical considerations,
they are not always useful in practice, because of the large size of the weakly Pareto optimal
set.” For an application where Pareto optimality arises as a central concept we mentioned,
for example, ”new welfare economics”. In this case, a social state is Pareto optimal if no
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individual can be made better off without making at least one other individual worse off; for
more details, see [24, page 220].

The hypothesis needed for the convergence of the approach are not too strong. Indeed,
compared with the steepest descent method, proposed in [9], only one extra assumption
on the objective function have to be asked. On the other hand, the hypotheses are clear
generalizations of the suppositions need for the convergence of the Newton scheme in vector
optimization models as reported in [38].

For the rate of convergence, if the distance of the generator of the cone is only Lipschitz
continuous, the scalarizing vector providing the direction may vary on a linear range. So,
not even super-linear convergence can be proven. For that reason, a stronger condition on
the rate of variability of the cone is asked for obtaining a quadratic rate of convergence.

The computational implementation of the algorithm is a line of future research. The
numerical behavior of the algorithm shall be tested at non-convex, convex and strongly
convex functions. Using the ideas of [42] for generating convex functions, strongly convex
functions can be obtained.
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