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Abstract

In this work, we will analyze three types of method to solve vector optimization problems
in different types of context. First, we will present the trust region method for multiobjective
optimization in the Riemannian context, which retrieves the classical trust region method for
minimizing scalar functions. Under mild assumptions, we will show that each accumulation
point of the generated sequences by the method, if any, is Pareto critical. Next, the proximal
point method for vector optimization and its inexact version will be extended from Euclidean
space to the Riemannian context. Under suitable assumptions on the objective function,
the well-definedness of the methods will be established. Besides, the convergence of any
generated sequence, to a weak efficient point, will be obtained. The last method to be
investigated is the Newton method to solve vector optimization problem with respect to
variable ordering structure. Variable ordering structures are set-valued map with cone values
that to each element associates an ordering. In this analyze we will prove the convergence
of the sequence generated by the algorithm of Newton method and, moreover, we also will
obtain the rate of convergence under variable ordering structures satisfying mild hypothesis.

Keywords: Vector Optimization, Multiobjective Optimization, Trust Region, Proximal
Point method, Newton method, Riemannian Manifolds, Variable order.



Resumo

Neste trabalho, analisaremos trés tipos de métodos para resolver problemas de otimizacao
vetorial em diferentes tipos contextos. Primeiro, apresentaremos o método de Regiao de
Confianca para resolver problemas multiobjetivo no contexto Riemanniano, o qual recupera o
método de Regiao de Confianca classico para minimizar funcoes escalares. Sob determinadas
suposicoes, mostraremos que cada ponto de acumulacao das sequéncias geradas pelo método,
caso existam, é Pareto critico. Em seguida, o método do ponto proximal para otimizacao
vetorial e sua versao inexata serao generalizados do espaco Euclidiano para o contexto
Riemanniano. Sob suposies adequadas sobre a funcao objetiva, as boas defini¢coes dos
métodos serao estabelecidos. Além disso, a convergéncia de qualquer sequéncia gerada pelos
algoritmos, para um ponto fracamente eficiente, é obtida. O ultimo método a ser investigado
¢ o método de Newton para resolver problemas de otimizacao vetorial com respeito a
estruturas de ordem variavel. Estruturas de ordem varidvel sao aplica¢oes ponto-conjunto
cujas imagens sao cones que induzem uma ordem. Nesta andlise, provaremos a convergéencia
da sequéncia gerada pelo algoritmo do método de Newton e, além disso, também obteremos
a taxa de convergeéncia sob estruturas de ordem varidvel satisfazendo hipdteses adequadas.

Palavras-chave : Otimizacao Vetorial, Otimizacao Multiobjetivo, Regiao de Cofianca |,
Método do ponto proximal, Variedades Riemannianas, Ordem Variavel.
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Chapter 1

Introduction

In mathematical optimization one of the main objectives is minimizing (or maximizing) an
objective function over some feasible set. When the objective function is scalar-valued, a
feasible element is said to be a optimal solution if attain the smallest (or largest) value of
the objective function over the feasible region. However, in case the objective function is
vector-valued, it is not obvious anymore how to compare the values of the objective function,
usually, no single point will minimize all given objective functions at once. Francis Y.
Edgeworth (1845-1926) and Vilfredo Pareto (1848-1923) are credited the first who introduced
the optimality concept for vector optimization problems, i.e., for optimization problems
with such a vector-valued objective function. Both have studied a particular case of vector
optimization problems, called multiobjective optimization problems, which is optimization
problem with an objective function mapping in the m-dimensional Euclidean space R™, for
m > 2, i.e., a multiobjective optimization problem can be formulated as

min F'(z),

where F(x) = (fi(z),..., fm(z)), fi : R* = R for alli € {1,...m} and X is feasible set. For
comparing elements in R™ they used the natural ordering cone, the nonnegative orthant,
which corresponds to the componentwise partial ordering, i.e., given z! and 2% € X, we said
that F(z') <X F(2?) when f;(z') < f;(2?) for each i € {1,...m}. A point z* € X is a optimal
point (referred to as Pareto optimal) if there is no other x € X such that F(z) < F(z*).
In this work, we present three methods to solve vector optimizations problems on different
setting.

The first two methods to be studied extend the classical optimization methods to the
Riemannian context to solve vector optimization problems. In the last two decades it has
appeared a significant number of papers dealing with extensions of optimization methods
to the Riemannian context; see [11,12,15,26,32,68]. One of the motivations to study this
subject is that many optimization problems are naturally posed in this context; see [2,58,61].
Besides, in this setting, it is possible to deal with constrained problems as unconstrained one
from the point of view Riemannian; see [36,49]. Over the past few years have appeared some
papers on multiobjective optimization problems in the Riemannian context; see [11,12,15,19].
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The first method to be worked is the Trust Region method for multiobjective optimization.
The Trust Region method is recognized as one of the most efficient techniques of global
convergence of the Newton Method for nonlinear optimization, which origin can be traced
back to Levenberg [44]. This method became popular due to its attractive convergence
properties under mild assumptions, for instance, global convergence without assuming any
convexity assumption. Early works dealing with this subject include, but are not limited
to [27, 52,55, 56,64, 65]. In [76] Yuan has been presented a perspective historical and
a comprehensive description of the recent advances in this method. Unlikely line search
algorithms, where a line search is carried out along a search direction in each iteration, the
trust region algorithms obtain the new iterate point by solving a subproblem restricted to a
neighborhood centered at the current iterate point, this neighborhood is called a trust region
To be more exact, at the kth iteration, a trust region algorithm for the general optimization
problem

min f(x),

where f : X — R is the objective function to be minimized and X C R" is the feasible set,
obtains the trial step s* by solving the following trust region subproblem

min {my(s): s € X, ||s]| < Ag}, (1.1)

where my(s) is a model function that approximates the objective function f(z* + s) near
the current iteration point ¥ and Ay > 0 is the trust region radius. Given a trial step s*
we define the trust ratio

F*) = F(* + )

m(0) — my(s¥)

then we verify the agreement between the numerator, called actual reduction, and
denominator, called the predicted reduction. Depending on the criteria to be used, if trust
ratio is greater than a certain constant the trial step will be accepted, otherwise, the trial
step must be reject and the trust region should be shrink by reducing Ay, then remake the
subproblem (1.1).

Recently this method was extended to solve multiobjective problems. In this new context
some distinct quantities, namely, the quadratic model functions and the trust rates, have
been introduced in order to design the method; see [21,40,57,70]. Furthermore, the trust
region methods were extended to solve scalar problems in the Riemannian context, and its
main features were preserved, including its global convergence properties; see [1,41]. As
a natural generalization what is done in the scalar Riemannian version of the trust region
method; see [1], the model in our multiobjective version is the maximum of the quadratic
models involving the coordinates of the objective function. Our method iteratively obtain a
trial step by solving inexactly an optimization problem involving the quadratic model within
a trust region in the tangent space at the current iterate. Then, next iterate is obtained by
using the exponential mapping in the tangent space at the current iterate evaluated at the
trial step and judging this point using the trust rate, the same trust rate present in [70], the
formal description of the method is done in Chapter 3. Under mild assumptions, we show

Ty =



that each accumulation point of a generated sequence by the method, if any, is Pareto critical,
which retrieves the same convergence results of the scalar Euclidean version; see [25,53].

The next method to be extended to the Riemannian context is the Proximal Point method
to solve vector optimization problem. As an extension of the nonnegative orthant for
comparing elements in multiobjective optimization, in vector optimization it is often assumed
that the partial order of a linear space is induced by a general closed convex pointed cone;
see [43,48]. Let F': X — Y a vector-value function, where X and Y are to linear space, and
C be a closed convex pointed cone which induce a partial order in Y, given 2! and 2%, we
said that F(x') ¢ F(z?) if F(2?) — F(z') € C. An element z* € X is said to be a minimal
element (efficient element ) if there is no x € X such that F'(z) < F(z*) and F(x) # F(z*).
The classical Proximal Point method, to solve the minimization problem

min f(z),
introduced by Martinet [50] and Rockafellar [59], generates a sequence {z*} C X as follows:
given zy € X and some A>0

A
k+1 _ : k _ k2
x —arg;réggl{f(x)+ 5 1z =2 }

where the sequence of real numbers {\;} satisfies 0 < A, < \. In the last years researchers
began extend the proximal point method to solve to vector optimization see [13,18,22,69].
The method to be developed in this work deals with the extension of the proximal point
method for vector optimization from the Fuclidean settings to the Riemannian context,
which continues the subject addressed in the following papers [14,16,32,45,72]. To our best
knowledge, this is the first extending of the proximal point method and its inexact version
for vector optimization to the Riemannian settings. Besides our approach is new even in
Euclidean context, since we are dealing with general convex cone and the nonlinear and
variable scalarization which is more flexible than the one considered in Bento et al. [13].
Under suitable assumptions on the objective function, the well-definedness of the method
and its inexact version are established. Besides, the convergence of any generated sequence,
to a weak efficient point, is obtained. It is worth pointing out that under assumption of null
sectional curvature, our algorithm retrieves the proximal point method for multiobjective
presented in [13] and, somehow, goes further.

The last method to be worked is the Newton method For Variable Order Vector
Optimization Problems. The idea of variable ordering structures was given by Yu in [75]
where it was assumed that it is a set-valued map with cone values that associates with each
element of the linear space and ordering, furthermore, Yu defined the notion of nondominated
element, a candidate element is called a nondominated element if it is not dominated by their
reference elements with respect to the corresponding ordering of these other ones, i.e, given
the set-valued application K : R™ = R™ where K(y) is a cone which define a partial
ordering, it is said that y* € R™ is a nondominated element if there is no y € R™/{y*} such
that y — y* € K(y). In [4] Bao et al. study some necessary conditions for nondominated
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solutions with respect to variable ordering structures. But in this work we use another notion
of optimal elements in variable ordering structures, called efficient or minimal element, it is
said that y* € R™ is a minimal element if there is no y € R™/{y*} such that y —y* € K(y*).
It is easy to see, that if K(-) is a constant set-valued application, then the concepts of
nondominated solutions and minimal element retrieve the concept of efficient solutions in the
case vector optimization and in case the image of K (-) is the ortant non-negative the concept
of Pareto minimal. In [28] Eichfelder shows that the nondominated element and minimal
element are are connected by duality properties, moreover she proves their characterizations
and existence results.

The first applications of variable ordering optimization models appear in Economy and
Medicine, see [3,31,73]. They motivated the characterization of the solutions via necessary or
sufficient optimality conditions, solution approaches and further applications in Behavioral
Sciences, see [5,6,28-30,47,62,63].

Recently, some works have appeared generalizing the classical methods of optimization for
vector optimization problem with variable order structures. An extension of the steepest
descend method has been proposed in Bello-Cruz et al. [9], in addition they introduced the
concept of convexity function for the case variable order. In [10] Bello-Cruz et al. present
the extension of the subgradient method with a different structure of variable order present
in [9]. In this work, using the variable order present in [9] and their concept of convexity, we
generalize Newton method proposed in Fliege et al. [33] and Grana-Drummond et al. [38],
for the case vector optimization problem with respect to with variable ordering structures.
To this aim we extend the concept of strong convexity and prove some properties of the
that in this case Newton’s method is well defined and will converge to a solution of the
problem. Variable orders under which the rate of convergence is super-linear and under
which is quadratic are given.



Chapter 2

Preliminaries results on riemannian
geometry

In this section, we introduce some notations about Riemannian geometry and some results
related to convex analysis in this setting, which will be used throughout the Chapters 3 and
4.

2.1 Notation and terminology

In this section, we introduce some notations about Riemannian geometry, which can be found
in any introductory book on Riemannian geometry, such as in Sakai [60], Do Carmo [20].
From now on, let M be an n-dimensional connected manifold. We denote by T,M the
n-dimensional tangent space of M at p, and by T'M = Upep/T,M tangent bundle of M and
by X (M) the space of smooth vector fields over M. Suppose that M be endowed with a
Riemannian metric (, ), with corresponding norm denoted by || ||, that is, M is a Riemannian
manifold. Recall that the metric can be used to define the length of piecewise smooth curves
v : |a,b] — M joining p to g, i.e., such that vy(a) = p and v(b) = ¢, by

I(y) = / I/ (8) e,

and, moreover, by minimizing this functional length over the set of all such curves, we
obtain a Riemannian distance d(p, ¢), which induces the original topology on M, and, given
a nonempty set U C M, we can define the distance function associated to U, which is given
by:

M >p—d(p,U) :=inf{d(p,q) : q€ U}.

Let f: M — R a differential function, the metric induces a map
frgrad f € X(M),
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which associates to each scalar function smooth over M its gradient via the rule (grad f, X) =
df (X), X € X(M). If fis a two differentiable function we define, for any p € M, the hessian
matrix of the function f as the map Hessf(p) : T,M — T,M. Let V be the Levi-Civita
connection associated to (M, (, )). A vector field V along 7 is said to be paralleliff V.,V = 0.
If ~" itself is parallel we say that 7 is a geodesic. A geodesic v = 7,(.,p) is determined by
its position p and velocity v at p. We say that v is normalized if ||7'|| = 1. The restriction
of a geodesic to a closed bounded interval is called a geodesic segment. A geodesic segment
joining p to ¢ in M is said to be minimal iff its length is equals to d(p, ¢) and, in this case,
the geodesic is called a minimizing geodesic. If  is a curve joining points p and ¢ in M then
for each t € [a, b], V induces a linear isometry, relative to (, ), Py y@)~t) @ Ty@M — TywyM,
the so-called parallel transport along v from 7(a) to y(t). The inverse map of P, ()~ 18
denoted by Pv_é(a)ﬁ(t) : TyyM — TyqyM. In the particular case of « is the unique curve
joining points p and ¢ in M then parallel transport along v from p to ¢ is denoted by
P,,q,:T,M — T,M. Next we present the definition of Lipschitz continuously of vector field
on Riemannian manifolds firstly presented in [26].

Definition 2.1.1 The gradient vector field of a differentiable function f : M — R
is said to be Lipschitz continuous with constant L > 0 if there holds the inequality
|1 Py p.qgrad f(p) — grad f(q)|| < LI(7), for any p,q € M and v any geodesic segment joining
p to q.

Proposition 2.1.2 If the Hessian of the function f : M — R is uniformly bounded, i.e.,
|Hess f(p)|| < B, for all p € M, then the gradient vector field of f is Lipschitz continuous
with constant (3.

Proof. Let p,q € M and v : [0,1] — M be a geodesic segment such that v(0) = g to y(1) = p.
From the fundamental theorem of calculus we have

1
P, ,qgrad f(p) — grad f(q) = / Py w),oHess f(t)7'(t)dt.

0
Taking norm in both sides of the last equality, using properties of the transport parallel and
the uniformly boundedness of Hessian, we get || P, ,,grad f(p) — grad f(¢)| < Bl(vy). Thus
the desired result follows.

A Riemannian manifold is complete iff geodesics are defined for any values of . Hopf-Rinow
Theorem asserts that, if this is the case then any pair of points, say p and ¢, in M can
be joined by a (not necessarily unique) minimal geodesic segment. Moreover, (M, d) is a
complete metric space and bounded and closed subsets are compact. From the completeness
of the Riemannian manifold M, for each p € M, the exponential map exp, : T,M — M can
be defined by exp,v = 7,(1,p), where v,(-,p) : R :— M denotes the unique geodesic such
that 7,(0,p) = p and . (0,p) = v.

We denote by R the curvature tensor defined by R(X,Y) = VxVyZ -VyVxZ -V xy|Z
with X, Y, Z € X(M) where [X,Y] = YX — XY Moreover, the sectional curvature with
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respect to X and Y is given K(X,Y) = (R(X, Y)Y, X) /(| X|?||IY]|* — (X, Y)?) where || X|| =
(X, Y)V2 If K(X,Y) < 0 for all X and Y, then M is called a Riemannian manifold of
nonpositive curvature and we use the short notation K < 0.

Theorem 2.1.3 Let M be a complete,n-dimensional, simply connected Riemannian
manifold with nonpositive sectional curvature. Then M s diffeomorphic to the Fuclidean
space R™. More precisely, at any point p € M, the exponential map exp,, is a diffeomorphism.

Proof. See [20, Lemma 3.2 p. 149] or [60, Theorem 4.1 p. 221] [

A complete simply connected Riemannian manifold of nonpositive sectional curvature
is called a Hadamard manifold. Thus Theorem 2.1.3 states that if M is a Hadamard
manifold then M has the same topology and differential structure of the Euclidean space R".
Furthermore, there are known some similar geometrical properties of the Euclidean space R"
such as, given two points there exists an unique geodesic segment that joins them. Hence,
if M is a Hadamard manifold the lenght of the geodesic segment ~ joining p to ¢ is equals
d(p, q). Moreover, the exponential map exp,v = 7,(1, p) is a diffeomorphism. Let ¢ € M and
exp;l : M — T,M be the inverse of the exponential map. Note that d(q, p) = Hea:p;qu,
the function d2 : M — R defined by d2(p) = d*(¢,p) is C* and grad d;(p) := —2exp,'p.

A geodesic triangle A(py, pa, p3) of a Riemannian manifold is the set consisting of three
distinct points pi, p2, p3 called the vertices and three minimizing geodesic segments ;.
joining p;.1 to p; o called the sides, where ¢ = 0, 1, 2.

Theorem 2.1.4 Let M be a Hadamard manifold A(py,pa, p3) a geodesic triangle. Denote
by Vit1 : [0,001] — M geodesic segments joining p;11 to pira and set U; = L(vy;), 0; =
Z(i1(0), =vi(€;)) where i = 1,2,3(mod 3). Then

01 4 0y + 03 < m;
G+ 0y — 20100 cos0; < (7. (2.1)
As l; = d(pis1, iv2), we can rewrite (2.1) as follows
d*(pi, Piva) + &> (pi, Pis1) — d(pi, Piv2)d(ps, pir) cos by < d(piyr, pita),

where 6; = L(exp;i1 Dit1, exp;il Dit2)-

Since d(p;, piv2)d(ps, piv1) cosb; = <exp;i1 Di+1, €XDPy" Piya), then we have

d*(pi, Piva) + A2 (i piv1) — (exp,,,! Pis1, exp, ! Piva) < d°(Pis, Pita)- (2.2)

Proof. See [60, Proposition 4.5 p. 223] [ |

Since (M, d) is a complete metric space, we recall the notion of Fejér convergence in this
context. A sequence {p*} C (M, d) is said to be Fejér convergence to a nonempty set W C M
iff d?(q,p") < d?(q,p"), for every ¢ € W. We end this section with the following result,
whose proof can be found in [32].



Proposition 2.1.5 Let {p*} be a sequence in (M,d). If {p*} is Fejér convergent to
non-empty set W C M, then {p*} is bounded. If furthermore, an accumulation point p
of {p*} belongs to W, then limy_,, p* = p.

2.2 Convexity

In this section, some results related to convex analysis in the Riemannian context are
presented, which can be found in [45,46, 68].

A set €2 C M is said to be convex if any geodesic segment with end points in € is contained
in Q, that is, if v : [a,b] — M is a geodesic such that z = v(a) € Q and y = v(b) € Q;
then v((1 —t)a +tb) € Q for all t € [0,1]. Let g : M — R U {400} be a function. The
domain of g is the set domg :={p € M : g(p) < co}. The function g is said to be proper
if dom g # @ and convex (resp. strictly convez, strongly convezr) on a convex set {2 C dom g
if for any geodesic segment v : [a,b] — £ the composition g oy : [a,b] — R is convex
(resp. strictly convex, , strongly convex). It is well known that, for each ¢ € M, dg is
strongly convex. Take p € domg. A vector s € T, M is said to be a subgradient of g at p, if
9(q) > g(p) + (s, exp, ' q), for ¢ € M. The set dg(p) of all subgradients of g at p is called the
subdifferential of g at p. If g is a differentiable function at p € M then dg(p) = {grad g(p)}.
The function g is lower semicontinuous (Isc) at T € domy if for each sequence {z"} converging
to T we have liminf,, . g(z™) > ¢(T). Let Q C M be a closed and convex set. The indicator
function of Q, I : M — RU{+o0}, is a lower semicontinuous function and, for each p € Q,
0lq(p) = Na(p) # @, where Nq denotes the normal cone defined by

Na(p) := {v eT,M : (v, exp;l q) <0, g€ Q}

The next result is the additivity rule for subdifferential, which is a particular instance of [46,
Proposition 4.3]. Indeed, since we are in the Hadamard setting, the concept of convex set
that we are using merges into the concept of weakly convex set in [46, Definition 3.7].

Proposition 2.2.1 Let g1,920 : M — R U {400} be proper and convex functions such that
dom g; N'dom gy @s convex. Then, there holds

(g1 + 92)(p) = 9g1(p) + 9g2(p), p € int(dom g;) N dom gs.

In particular, for a nonempty and convex set 2 C M and a convexr function g : M —
R U {400} such that int(dom) g # @ and QN dom g is convez, it follows that

(g + Ia)(p) = dg(p) + Na(p), p € int(dom g) N Q.

In [7] Batista et. al. introduced the concept of the enlargement of monotone vector fields,
moreover they presented an inexact proximal point method for constrained optimization
where they defined the e-subdifferential of g : M — R as the set-valued function d.g : M —
T M, which is given by

deg(p) :={u e T,M : g(q) > g(p) + (u,exp,' q) —¢, g € M},
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where € > 0. One of its properties that is easy to see is dg(p) C d.g(p) for all p € M
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Chapter 3

A trust region method for
unconstrained mutiobjective problems
on Riemannian manifolds

3.1 The multiobjective problem

In this section, we present the multiobjective problem, the first order optimality condition
for it and some basic definitions. Let I := {1,...,m}, R} ={y € R™ : y; > 0,75 € I} and
R? ={yeR™ : y; >0,j€l}. Fory, z€ R™, 2=y (or y % z) means that z —y € R
and z > y (or y < z) means that z —y € R7, . Let M be a Riemannian manifold and
F : M — R™ a vector function. We denote the multiobjective unconstrained optimization
problem in the Riemannian context as

min{F(p) : p€ M}. (3.1)

A point p* € M is an optimum Pareto point for (3.1) if there exists no other p € M with
F(p) X F(p*) and F(p) # F(p*). Letting the jacobian of F' at p € M be denoted by JF(p),
the first order optimality condition for (3.1) is stated as

Im(JF(p)) N (-RY,) =0, peM. (3.2)

A point satisfying (3.2) will be called a Pareto critical point for the problem in (3.1).

Let F := (f1,..., fm) be a differentiable function and define the auxiliary function w :
M — R by

w(p) == —min {Hilealx<grad filp),v)y : veT,M, |v| < 1} . (3.3)

For M = R™ the function (3.3) retrieves the correspondent one in Svaiter [34]. In order to
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recall some properties of w, we define M > p — D(p) C T,M as follows

D(p) := argmin {majx(grad filp),vy : veT,M, |v| < 1} :
1€

In the next result, we state some properties of the functions w and D.

Lemma 3.1.1 The following statements hold:

(1) If p is Pareto critical point, then 0 € D(p) and w(p) = 0;
(ii) If p is not Pareto critical point, then w(p) > 0;

(iii) If fi : M — R has Lipschitz continuous gradient with constant L; > 0, for each i € I.
Then, w is Lipschitz continuous with constant L = maxer Ly, i.e., |w(p) — w(q)|] <
L d(p,q), for all p,q € M.

Proof. Assume that p € M is Pareto critical point. Thus (5.2) implies that, for each v € T, M,
there exists ¢ € I such that (grad f;(p),v) > 0, which implies max;e;{(grad f;,v) > 0. Since
0 € T,M the proof of item (i) is concluded. Now, let us suppose that p € M is not Pareto
critical point. Then, there exists v € T, M such that (grad f;(p),v) < 0 for all ¢ € I and thus
w(p) > 0. This, together with item (i), proof (iz). For proving the item (i), let p, ¢ in M,
v : [0,1] = M any geodesic joining p to ¢ and P, ,, : T,M — T,M the parallel transport
along . Let v, € D(q). Hence, (3.3) implies

—w(p) < max (grad fi(p), Py 4v0)

= —w(g) + max (grad fi(p), P;ve) —max (grad fi(g), vg) -
After some algebraic manipulations, the latter expression becomes
w(q) —w(p) < max (grad fi(p) — Py, grad fia), Ppqva) -

Using Cauchy-Schwarz inequality and taking into account that the parallel transport
is an isometry and |[jv,|| < 1, we obtain from last inequality that w(q) — w(p) <
max;e; || Pypqgrad f;(p) — grad fi(q)||. On other hand, by using similar argument and using
that the parallel transport is an isometry, it easy to see that for v, € D(p) there holds
w(p) —w(q) < maxiey || Py pqgrad fi(p) — grad f;(q)||. Combining two last inequalities, using
that f; : M — R has Lipschitz continuous gradient with constant L; > 0, for ¢ € I and
L = max;¢; L;, from Proposition 2.1.2 we obtain

lw(p) —w(q)] < Li(v),

for any geodesic segment 7 joining p to ¢, in particular we can take the geodesic segment ~y
such that I(y) = d(p, ¢), then the desired result follows. |
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3.2 The trust region method

In this section, we introduce the trust region method for solving (3.1). As a natural
generalization what is done in the scalar version of the method, see [1], which establishes a
quadratic model involving the objective function in the tangent space at the current iterate
in the multiobjective version the model is the maximum of the quadratic models involving
the coordinate of the objective function. More specifically, for the current iterate p € M the
model m,, : T,M — R is defined by

m,(v) := max {fi(p) + (gradfi(p),v) + % (Hess fi(p)v, y)} : (3.4)

iel
The method iteratively obtain the trial step v, € T,,M solving inexactly the problem
min {m,(v) : v e T,M, |v|]| <A},

where A, > 0 denotes the trust radius associated to p. Obtained the trial step v, the
decision to accept or not this candidate, and update the trust radius A, is based on the
trust ratio r(v,) given by

r(up) - maxXiey fi(p) — MaX;er fi(expp Vp) ‘ (3_5)

my(0) — my ()

Since the trial step v, is obtained by minimizing the model m, over the region defined by the
trust radius A, that includes v = 0, the quantity m,(0) —m,(1,) will always be nonnegative.
Hence, if r(1,) is negative or close to zero, then we have a poor correlation between the
model m,, and the function max;c; f; over this step. In this case, the trial step v, must be
rejected and the trust radius is reduced at the next iteration. On the other hand, if r(v,) is
close to 1, then there is a good correlation between the model m,, and the function max;cs f;
over this step and, consequently, the step must be accepted and it is safe to increase the
radius in the next iteration. If r(1,) is positive and smaller than 1, but not as close to zero,
then we accepted the step, but do not alter the trust radius. The method describing the
above process is as follows:

Multiobjective Trust Region Method

Step 0. Let A >0,0<c¢<1/2,0<7" <1/4,py € M, Ay € (0,A) and set k = 0;
Step 1. Given p* and Ay := A, computes my, := m, using (3.4) and v* := 1P a solution
of the problem
min {my(v) : v € TuM, |v| < Ay}, (3.6)
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according to the following error criterium

mk(()) — mk(yk) > Cw(pk) min {Ak’ maxes ]}[gl')eslfz(pk)H } . (37)

Compute the trust ratio 7, := r(v*) using (3.5). Define the next iterate p*** by

k : /
exp,r V", if r > 1/,
phtl = Pph k (3.8)

", otherwise,

and computes the trust radius Ag,, as follows:

A 1
Ik, if < 1—13,

Akt1 = § min{2A;, A}, if > and [u = Ay, (3.9)
Ay, otherwise;

Step 2. set k < k+ 1 and go to step 1.

end

Remark 3.2.1 The multiobjective trust region method becomes the classical Euclidean
trust region method when m = 1; see [53, page 69]. We also remark that the quadratic model
(3.4) generalize to the Riemannian context the corespondent Euclidean one of [57]. However,
the trust ratio (3.5) not merge into the one used in [21,57]. Finally, note that the sequence
{max;c; fi(p*)} is non-increasing, where {p*} is generated from the above method. Indeed,
given an iterate p*, if the trust ratio r, < 7/, from (3.8), we have p*! = p*. Otherwise,
if the trust ratio 7, > 7/, then from (3.5) we obtain max;c; fi(p¥) — maxes fi(p*™!) >
' (my,(0) — my(v*)) > 0, which prove that {max;c; f;(p*)} is in fact non-increasing.

In the scalar case one of strategy to obtaining the global convergence of the method is that
the trial step produces a reduction which is at least a fraction of the reduction produced by
the Cauchy step, i.e., a minimizer of the model quadratic along the steepest descent direction
within the trust region. This method is the determination of the step v, that sufficiently
reduces the model within the trust region. It is shown in [56] that the trust region method
is convergent if the trial step satisfies a sufficient reduction of the model function. Based
on that, it is enough, for purposes of global convergence, accept an approximate solution
vy, that lies within the trust region and satisfies a sufficient reduction defined in (3.7). It is
worth to mentioning that an exact solution of (3.6) satisfies (3.7) to ¢ = 1/2. Therefore, the
method is always well-defined. In the next lemma we show that (3.7) is also satisfied for the
Cauchy step with ¢ = 1/2.
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Lemma 3.2.2 Let p € M, v € D(p) and the trust radius A, > 0. Then, the following
inequality holds

. 1
"%UD'—QQEEM”%K@V)Ei§

w@ﬁmn{Am w(p) }.

maX;er ||Hessfi (p) H

Proof. Let a € [0,A,] and v € D(p). From (3.4) it follows that

2

m0) = () = () = ma { £5) + (s ). ) + G hessfio) |

el 2

Using properties of the maximum and Cauchy-Schwartz inequality, the last equality becomes

2
[0
iy (0) — (o) > —amax (grad fi(p), v) — 5[] max [ Hess (o)

Since v € D(p), using the definition of w(p) in (3.3), we obtain, for any a € [0, A,)]

max [m,(0) — m,(ar)] > max |aw(p) — % max |Hess fi(p)||| - (3.10)

a€l0,A,)] a€[0,Ap]

Now, analyzing the right side of the inequality above, realize the function a — aw(p) —
o?/2max;e; ||[Hessfi(p)|| is concave and non-negative, then we need verifying the two
possibilities for the maximum above. First, we denote the unconstrained maximizer of this
function by

o = w(p) >0, (3.11)

max;cy ||Hess f;(p)||

and with maximum value equal to

w(p)

1
Z > 0.
2 maxer [[Hess fi(p)|| —
Then, we have two possibilities
a) If 0 <a* <A, then
a? 1 w(p)
. Hess f; == > 0. 3.12
s Jawlp) - G max el =y oS00 By

b) If a* > A,, then
a? 2
_ ) - __P )
s aw) 5 max tessf (]| = Aye) — 5 max [Hess )]
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From (3.11) and item b) we have w(p)/ max;e; [|[Hessfi(p)|| > A,, as a consequence

A127 AP AP
Ayo(p) = 2 max [Hess )| = Apwolp) — wlp) = Sl (3.13)

Hence, from (3.12) and (3.13) we obtain

a? 1 w(p)
_ > Hess f; > — ind A, : s Ap).
i Jowlp) = S max s | 2 gemin{a, <1 acpa,
Since maxaeo,a,] [Mp(0) — mp(av)] = my(0) — mingeppa,] mp(av) the results follows from
(3.10). n

3.3 Convergence analysis

In this section, we present a convergence analysis for the multiobjective trust region method
under the following assumptions:

(A1). There exists iy € I such that f;, is bounded below.

(A2). The Hessian matrices are uniformly bounded, i.e, |[Hessf;(p)|| < 3, for all p € M and
1=1,...,m.

Remark 3.3.1 The assumptions A1 and A2 are generalizations to the mutiobjective setting
of the corespondent one scalar version; see, for example, [25, page 121].

From now on, we assume that {p*}, {v*}, {r:} and {A,} are the sequences generated by
the multiobjective trust region method. In the next result, we study an important property
of the trust radius sequence.

Lemma 3.3.2 There holds
BAY

=S oy min (A, oGP BY

k=0,1,2,....

Proof. First note that direct manipulations on the function ¢ — f;(exp,« (tv%)) yield

fi(exppk(uk)) = fi(p") + <grad f: (%), Vk> + Aj(k), k=0,1,..., (3.14)

where the quantity A;(k) is defined by

[l Uk o U
Ai(k) = /0 <P7(t)7(0) grad f; (expp;c (tm)> — grad f;(p"), W> dt.
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and (t) = exp, (tv"/||v¥|)). Thus, using (3.14) and considering the definition of my, we can
conclude

max filexpye (V7)) — my,(VF) < max [A;(k) — (Hessf;(p")v*, %) /2], k=0,1,....

el

Again, from some manipulations in (3.14) and taking into account the definition of my, we
have

max filexpyr (V%) — mi(VF) > max [—A; (k)] — max (Hessf;(p* )", V%) /2, k=0,1,....

Combining two latter inequalities, we obtain

<

max filexpye (V7)) — my,(VF)

max {

for k= 0,1,.... Using properties of the maximum and triangular inequality, last inequality
reduces to

max {4;(k) — (Hess fi(p")v*, V") /2}

il

, ]max [ A4,(k)] — ma (Hess ()%, ) /2\} |

. k=0,1,....

1
k k N
IIingfi<eprk(l/ )) — my(v )‘ < 1111€aIX|AZ(k)| + 5 max |(Hessf; (p")v"*, v")

Taking into account A2, Proposition 2.1.2 and that ||v*|| < Ay, for all k, the last inequality
implies

<BAL, k=0,1,.... (3.15)

max fi(expye (v")) — mi(vF)
On the other hand, the combination of the definition of m; with (3.5) yield, for k=0, 1,...,

max;ecr fi (pk) — MaX;er fz‘(eprk(Vk))
my(0) — my(vF)

|7alC - 1| = ’ . 1‘ _ ‘mk(yk) — mMaX;er fi(eprk(Vk))

my(0) — my(VF)

Since we are under the condition (3.7), the desired result follows from A2, (3.15) and the
last equality.

We ready to prove the main result of the chapter, whose the proof uses similar techniques
from linear scalar setting adapted to the Riemannian multiobjective context; see, for
example, [53, Theorem 4.5 and 4.6] .

Theorem 3.3.3 There holds limy_,o w(p*) = 0. Moreover, each cluster point of {p*}, if
any, is Pareto critical.
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Proof. For proving the result, let ' > 0 the constant defined on the Algorithm, let us to
define the set I' := {k : ry > r'}. First, we assume that I is a finite set and let k = maxT.
It is immediate from (3.8) that p* = p*™1 for k = k + 1,k +2,.... Let us to suppose, by
contradiction, that p*! is not a Pareto critical point. Thus, the item (ii) of Lemma 3.1.1
implies i

wiph) =w@P™) >0, k=k+1,k+2,....

Using Lemma 3.3.2 we have

A2 - -
Iry, — 1] < el - , k=k+1,k+2,.... (3.16)
_ w<pk+1)
cw(pF+1) min < Ay,
s
Since r, < 7/, for k = k+ 1,k +2,...., (3.9) implies that the trust radius sequence {A}

converges to 0. Thus, using (3.16) we conclude that there exists k > k such that lrp—1] < 1/2.
Last inequality implies that 7, > 1/2 > /. But it is a contradiction because k > k = maxT.
k+1

Therefore, p*™* is Pareto critical.

Let us to assume that I' is an infinite set. Suppose that there exist € > 0 and & satisfying
wph) >e, k>k (3.17)

First of all we are going to prove that the following inequality holds

A A _
AkZmin{Ag, Z} >0, A:= min{;—;, %}, k> k. (3.18)
We proceed by induction on k. The inequality holds for k& = k. Assume that (3.18) holds
for k > k. We have two possibilities, either Ay < A or A, > A. We begin analyzing the
possibility Ay < A. Since we are under the assumption Ay < A, using Lemma 3.3.2; (3.17)
and definition of A we have

A? A 1
ry — 1] < P2 < : =5

ce min {Ak, %} ~ 2min {Ak’ %}

Therefore, r, > 1/2 > 1/4 and it follows from the Algorithm that Ay > Ay and (3.18)
holds for k& + 1. Now, assume that Ay > A. From (3.9) we have, either Agy 1 > Ay or
A1 = Ap/4. If Apyq > Ay then using the induction assumption we conclude that (3.18)
holds for k+1. If Ajyq = A, /4 then Ayyq > A/4 because Ay > A and (3.18) holds for k+1.
Therefore, (3.18) holds for all k > k. Consider the index set J = {k; € T : k; >k, j € N}
and note that from (3.8) we have

kjo1 kil k;
Pttt =phT =exp v, k; € J.
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Hence, from last equality, (3.5), (3.7), assumption A2 and (3.17) we obtain

ki k. . €
r?éalez( 7) — I?G%Xfi(P 1) > 7" (my; (0) — my, (V7)) > 7”cemin {Akj, 3 } >0, kjeld
The Remark 3.2.1 implies that the sequence {max;c; fi(p*)} is nonincreasing and, using
A1, it is also bounded below. Thus, {max;c; fi(p*/)} converges and, using last inequality,

we conclude that
lim Ay, =0,

]—>OO
contradicting the inequality (3.18). Therefore the assumption (3.17) is false. Consequently,
in view of the assumption that I" is an infinite set, using Lemma 3.1.1 we have
liminf w(p®) = 0. (3.19)
k—o0

For proving that in fact limy_,., w(p*) = 0, fix an arbitrary s > 0. For simplifying the
notations, we define

1 €
€= §w(p5), R := 5 B(p*,R):={pe M : d(p° p) < R}. (3.20)
For any p € B(p®, R) we can prove that w(p) = w(p®) +w(p) —w(p®) > w(p®) — |w(p) —w(p®)|.
Thus, combining A2, Proposition 2.1.2 and Lemma 3.1.1 item (7iz) with the definitions of €
and R in (3.20), the last inequality becomes w(p) > w(p®) — Bd(p, p®) > w(p®) — BR = ¢, for
all p € B(p®, R). This inequality together with (3.19) implies that there exists n > s such
that p” ¢ B(p®, R). Take £ > s such that p’*! is the first iterate satisfying p*** ¢ B(p®, R).
We claim that .
(S) (ol > o e —
max fi(p®) max fi(p™) > rceﬂ. (3.21)

Using (3.5) and (3.8), after some simple algebraic manipulations we have

¢

mae f(p*) — max fi(p) Zmasz ) max () 230 o () — ma)]

k=s, keJ

where J := {k : p* # pF*t1}. Since w(p*) > ¢, for k =s,5+1,...,¢, using (3.7) and taking
into account assumption A2, the latter inequality becomes

max f;(p®) — max f;(p**) Z rcemln{Ak,B}. (3.22)

el el
k=s,keJ

Note that, if there exists k' € {s,s + 1,...¢} N J such that Ay > €/, then (3.21) is an
immediate consequence of (3.22) . Now, assume that Ay < ¢€/3, forall k € {s,s+1,...£}NJ.
Hence, (3.22) yields

L
(o l+1 > 4/
maxfl( ) r?ea}xfz(p )—TCE Z Ak

el
k=s,keJ
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Considering that (3.6) and (3.8) imply, respectively, that ||v*|| < Ag and [[v*| = d(pF, p**1),
for all £ € J, the above inequality becomes

) s\ ) (41 > / d k k+1
max f;(p*) —max f;(p™) > e Y d(pt. ).

Using triangular inequality, last inequality implies maxes f;(p®) — maxes fi(p*™!) >
r'ced(p®, p™!) and due to p**! ¢ B(p®, R), we conclude from (3. 20) that (3.21) holds, which
prove the claim. Since Remark 3.2.1 implies that {max;cs f;(p*)} is non-increasing and
bounded below, thus we have limy_,o, max;es f;(p*) = 7 > —o0. Therefore, using (3.21) we
obtain that . .
S +1 /
max f;(p*) — 7 2> max fi(p°) — max fi(p )ET%E

Combining the equalities in (3.20) with the latter inequality, it follows that

max fi(p*) — 7 > /P OW)

> 0.
el - 2 26 o

Then, letting s goes to infinity and considering that limg_,,, max;es fi(p®) = 7, the first

statement of the theorem follows. The second one follows from item (ii) of Lemma 3.1.1.
|

Remark 3.3.4 We show that, unlikely the line search method used in [33], the trust
region method ensure the global convergence of the Newton method without assuming any
hypothesis of convexity of the objective function.
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Chapter 4

The proximal point method for vector
optimization on Hadamard Manifolds

In this chapter, we present the vector optimization problem, some concepts and results
related to this problem, and introduce the proximal point method for this problem and its
inexact version.

Let C' C R™ be a closed pointed convex cone, with nonempty interior. We will use the
binary relations < and <o defined, respectively, by p <¢ ¢ means ¢ — p € C' and p <¢ ¢
means ¢ — p € intC, for all p,q € R™. Given a vector-valued function F' : M — R™, we
consider the problem of finding an efficient point of F, i.e., a point p* € R" such that there
exists no p € M with F(p) <¢ F(p*) and F(p) # F(p*). We denote this unconstrained
problem as

C' — Min,ep F(p). (4.1)

We say that p* € M is a weakly efficient point of (4.1) if there is no p € M such that F(p) <¢
F(p*). The set of the weakly efficient points of (4.1) is denoted by C' —argmin, {F(p) : p €
M}. Let define by C* the positve dual set of the cone C, i.e.

C*={weR" : (w,y) >0, forally € C}.
Since C'is a closed convex cone, then C' = C**, as a consequence
C={yeR" : (y,w) >0, forallw € C*},

and
intC ={y e R" : (y,w) >0, for allw € C*}.

From now on, we take a compact set Z C R™\{0} such that the cone generated by the convex
hull of Z will be the dual set C*, i.e., cone(convZ) = C*. As int(C) # @) and Z C C*\{0}, it
follows that 0 € conv(Z), therefore

C={yeR™ : (y,2) >0, forallz € 7}, (4.2)
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and
intC ={y e R" : (y,2) >0, forallz e Z}.

Remark 4.0.1 In the particular case of classical optimization, namely, C' = R, we can
take Z = {1}. For multiobjective optimization, i.e., when C is the nonnegative orthant
of R™, we can take Z as the canonical base of R™. For a generic cone C' we can take
Z ={2€C" : |z|1 =1}, where C* :={y € R™ : (y,x) >0, v € C} and ||z]|; :=
1] + [za] + - 4 [ 2ml.

We consider the following nonlinear scalar function f. : R™ — R, which will play an
important role in our analysis, defined by

fe(y) :=inf{t eR : teey+C}, (4.3)

where e is any fixed point in intC'; see, for example, [37, page 39]. In [23, Proposition 1.44]
it was proved that the nonlinear function above can be rewritten as follow.

Proposition 4.0.2 Assuming that intC' # (). Let e € intC, then for all y € R™ the function
fe(y) :=inf{t e R : te € y+ C} is equivalent to

fe(y) = max M (4.4)

Proof. From definition of (4.3), for any e € intC and y € R™ we have f.(y)e —y € C, then,
for any z € Z we obtain

(toe —y,2z) > 0.
As (e, z) > 0, it follows for linearly that
fely) = E‘Z 2
Since z has been taken any in Z, we conclude
o) = 2 (4.5
Now, define
o=
Hence, we obtain
(toe —y,z) >0, for allz € Z.
From (4.2), the inequality above implies
toe —y € C.
It follows from (4.3) that f.(y) < to, which together with (4.5) concludes our proof.
[
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Remark 4.0.3 Note that, for C being the nonnegative orthant of R™, (4.4) becomes f(y) =
max;cr(y, €;), where {e;} C R™ is the canonical base of the space R™, which has been used
in [13].

Next lemma, given in [37, Corollary 2.3.5], gives us some properties of (4.3) that will be
useful through this chapter.

Lemma 4.0.4 Let f : R™ — R be a nonlinear function defined in (4.3), then following
properties hold:

i) Giveny € R™, a € R andt >0, f(ty+ ae) =tf.(y) + «;

it) If y <c w then f(y) < f(w) for any y, w € R™.

Proof. Since the equation (4.3) is equivalent to (4.4), to prove item i), we have directly,

t
fe(ty + Oée) = max M

ey (6, Z> = tfe(y) +a.

Now, using the definition of partial order induced by the cone C, the inequality vy <¢ w
implies, for any z € Z,

(y,2) < (w, z2).

Then multiplying the inequality above by 1/(e, z) and taking the maximum in z € Z we
obtain the proof of 4i). [
Now we introduce the proximal point method for vector optimization. Let {\*} be a
sequence of positive numbers and {e*} C int C such that ||e*|| = 1, for k = 0,1, . ... Consider

the sequence of functions
fr(y) := max W:2) : k=0,1,.... (4.6)

2€Z <6k, Z>

The prozimal point method for solving (4.1), with starting point p° € M, is defined by

. A
P = argmin,cq fi (F (p) + §d2 (p,p"“)e'“) : (4.7)

for k =0,1,..., where Q;, :={p e M : F(p) Z¢ F(p*)}. From now on, {p*} denotes the
sequence generated by the proximal point method with starting point p® € M.

4.1 Convergence analysis

In this section, we prove the convergence of any generated sequence by the proximal point
method to a weak efficient point. For this purpose, we need to define the convexity of a
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function with respect to the order induced by C. A vector-valued function F' : M — R™ is
called C- convez if, for p,q € M and v : [0,1] — M a geodesic segment joining p to ¢, there
holds F(y(t)) =¢ (1 —t)F(p) + tF(q), for all t € [0, 1]; see [19]. In the next proposition, we
show that the scalar function (4.4) composed with a C-convex function is a convex function.

Proposition 4.1.1 Let F': M — R" be a C'-convex function , then the compound function
feo ' : R — R" is a convex function.

Proof. From definition of C-convexity, for any geodesic v : [0, 1] — M joining p to ¢, for all
t € [0,1] and for any z € Z we have

(F(y(1)),2) = {1 =) F(p) +tF(q), 2).

Then multiplying the inequality above by 1/(e, z), taking the maximum in z € Z and using
the properties of the maximum we obtain

(F(v(1)), 2)

max ——>-—= — t) max (F(p), 2) max (F(q), z)
i S PR (1 —1)mas ey TimaxT

which implies

(feo F)(v(t)) < (1 =t)(fe o F)(p) +t(fe 0 F)(q).

We also need of the following assumption:
(A1) Q=2 # 2.

Remark 4.1.2 In general the set Q in (A1) can be an empty set. One way to guarantee
that  is nonempty is to assume: for each p° € M the set (F(p°) — C)NF (M) is C-complete
(see [48, Section 19]), meaning that each sequence {¢*} C M, with ¢° = p°, such that
F(¢"™) 2¢ F(q%), for k = 0,1,..., there exists ¢ € M such that F(q) <¢ F(q"), for
k =0,1,.... This assumption is standard to ensure the convergence of descent methods in
vector optimization; see, for instance, [18,22,35,39,69].

Now we are ready to state and prove the main result of this section.

Theorem 4.1.3 Let F : M — R™ be a C-convez function, and assume that (A1) hold
and let {\*} be a sequence such that Y oo ((1/\;) = +oo. Then, {p*} is well defined and
converges to a weakly efficient point.

Proof. Let { fx} be the sequence of functions defined in (4.6), and define ¢, : M — RU{+o0}
by

o) = o (F)+ I, ()t + 5.1
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for all k =0,1,..., where I, is the indicator function of ;. From item i) of Lemma 4.0.4
we have

Ak
ox(p) = fir (F(p)) + Ioy () + 5 &*(p, "), (4.8)
for all £ = 0,1,.... Since F' is C- convex, then f; o F' is convex and I, are convex,
for k = 0,1,.... Consequently, taking into account that d?(-,p*) is strongly convex and

Q. is closed, we conclude that ¢ is strongly convex and lower semicontinuous on (), for
k =0,1,.... Thus, there exists a unique p**! € Q such that

pFtt = argmin,c ,, 0k (p), k=0,1,..., (4.9)

which implies that {p*} is well defined and the first part of the proposition is proved.

Using the convexity of the function ¢, and (4.9) we conclude that 0 € 9oy (p*!), which
from (4.8) yields

0€d <fk o F(-) + I, () + %dz(-,p’“)) (P,

forall k = 0,1,.... Note that int(dom fyoF) = M, dom (\;)/2)d?(-,p*) = M and dom I, =
Q. Owing to F' be C- convex and (A1) holds, then it follows that € is convex and
nonempty. Thus, we can apply Proposition 2.2.1 with g = fx o F' + (\./2)d?(-,p*) and
) = ), to obtain that

Ak

0ed (fk: o F() + 7d2(',pk>> (pk—i-l) —+ Ngk(pk"‘l)’

forall k = 0,1, .... Again applying Proposition 2.2.1 with g; = fyoF and g, = (\/2)d?(-, p*)
in last inclusion and considering that grad df)k (p*1) = —Qexp;kﬂl p¥, we conclude that there
exist w*t! € 9(fy, o F)(p**!) and vF+ € Ng, (p**!) such that

1

-1 k _
EXPp1 P = )\_
k

(wh o) k=0,1,.... (4.10)

k+1

On the other hand, using inequality (2.2) with p; = p € M, p, = p* and ps = p**!, we have

d2<p7pk+1) + dz(karl’pk) - <eXp;k1+1 p7 eXp;lirl pk> S d2(p7pk)7
for each £ =0, 1,.... Substituting the equality in (4.10) into the last inequality, we obtain

1 _
E(p, o) < &(pp") = PP+ lexpyia w0, (4.11)

for all k =0, 1,.... Considering that f; o F'is a convex function and w*** € 9(f, o F)(p*™!)
then assumption (A1) implies

(expplsp wt™h) < fulF(p) = SlF () <0, (1.12)
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forallpe Qand k=0,1,..., where the last inequality follows from item i1) of Lemma 4.0.4.
Now, taking into account that Q C Q and v*™' € Ng, (p**1), for £ = 0,1, ..., we have

(exp o, M) <0, peQ, k=0,1,.... (4.13)

Therefore, taking into account (A1), we can combine (4.11), (4.12) and (4.13) to conclude
that {p*} is Fejér convergence to €. In particular, Proposition 2.1.5 implies that {p*}
is bounded. Let p be a cluster point of {p*} and {p*} a subsequence of {p*} such that
limg_.oo p* = p. Note that (4.7) yields

F(pth) zc F(p"), kE=0,1,....

Hence, the continuity of F' implies that F(p) <¢ F (p¥), for k = 0,1, ..., which is equivalent
to say p € Q. Using Proposition 2.1.5 we conclude that {p*} converges to p.

It remains to prove that p is a weakly efficient point. Let us suppose, by contradiction,
that there exists p € M such that F(p) <¢ F(p) (note that, in particular, p € Q). Since
p € (), using item ¢i) of Lemma 4.0.4 we have

F(F (D) — f(F(D)) > fulF (D) — fu(F ().

Owing that (4.10) implies )y exp;,irl Pk —v*t € O(f o F)(p"T1), the last inequality and the
definition of subdifferential yield

() — FulF()) > (expiha M expiit p* — vF*),

Since F(p) <c F(p) Z¢ F(p*) then p € Q for any k and, consequently <exp;k1+1 p, vF L) <0,
which implies

/\ik (fk(F(ﬁ)) - fk(F(ﬁ))) > <eXp;k1+1 ﬁv exp;klﬂ pk>- (414)

On the other hand, applying inequality (2.2) with p; = p, p» = p* and p3 = p*! we conclude
that

d*(p, p™) — d*(p,p*) < 2(exp it Byexp il ) — (" "),
Using (4.6) we have fp(F(p) — F(p)) > fu(F(p)) — fe(F(p)), for k = 0,1,.... Thus, the
latter inequality and (4.14) give us

(5. ) — (5. ) < %fkw(p) — F(p)).

Since F(p) <¢ F(p), we conclude that there exist 6 > 0 such that (F(p),z) < (F(p),z) — 6,
for all z € Z. Hence, using (4.6) and the last inequality we obtain

d2(A kH) - dQ(ﬁ pk) < 3max <F(ﬁ) — F(ﬁ)’ Z> 2 —0

< —ma .
PP )‘k 2€Z <6k,Z> o >\k: r?EZX <6k,2>
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After some algebraic manipulations, and taking account {e*} C int C' and ||e*|| = 1, the last

inequality becomes

1 ) . .
L < 3 12G.ph) - ] el
A 2

Summing the inequality from k£ = 0 to j we have

16, o 0
D <5 (@00 = B p") 2l < 5 (0|21,

which contradicts the assumptions » ;- (1/A\;) = 400 and the desired result follows. |

4.2 Inexact version of the proximal method

In this section we present the inexact version of the proximal point method for vector
optimization and prove that any generated sequence convergence to the weakly efficient
point. Inexact versions of the proximal point method for optimization problem have been
studied in [7,67,71]. It is worth mentioning that the error criterium of our method merge
into the criterium used in [18], that is different from the used in [71], which solves the
proximal subproblem exactly and chooses as iterate point close to that solution, in many
cases, solving the proximal subproblem exactly is either impossible or as difficult as solving
the minimization problem. Before stating the method we choose 0 < o < 1, {\;} C Ry
and {e*} C int C such that ||e*|| = 1, for all k = 0, 1,.... The inexact prozimal point method

for solving (4.1) starts choosing p° € M. In the iterative step it takes as p**! any p € M
such that there exists €, > 0 satisfying,

0 € 0, (fro F)(p) + Na,(p) + M\ expglpk, (4.15)

er < old?(p, p*) /2, (4.16)

forall k=0,1,....

Theorem 4.2.1 Let F' : M — R™ be a C-convex function, and assume that (A1) holds
and let {\*} be a sequence such that >, (1/\;) = +00. Then {p*} generated by (4.15) and
(4.16) is well defined and converges to a weakly efficient point.

Proof. In Theorem 4.1.3, we proved that there exists p**1 such that 0 € 9, (p**!), where
oi(p) = fr (F(p) + I, (p)e" + /2 d%(p, p*)e") .
From Proposition 2.2.1 we have
0 € d(fr o F)(p) + No,(p) — Ak exp, ' p*, k=0,1,....
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Since (f, 0 F)(p**1) C O(fro F)(p*™). Thus, we conclude that there exists p*! satisfying
(4.15) and (4.16). From (4.15) we obtain

0 € De (fx 0 F)(P*H) + Nog (0") = Apexp Ly p",
for all k =0,1,.... Taking v* € Ng, (p**1), the above inclusion becomes
)\kexp;,irlpk—uk € 0, (fro F)(p™), k=0,1,....
Take p € Q. In view of the definition of 9, (fx o F'), (A1) and Lemma 4.0.4 we have
—ep + Mfexp il pF exp iy p) — (W exp il p) < fio Fp) — fro F(p™) <0,
for all k=0,1,.... Since V¥ € Ng, (p"), we obtain from the last inequality that
0<e¢,— )\k<exp;k1+1 Pk, exp;kﬂl D), k=0,1,....
k1

Applying (2.2) with p; = p, ps = p* and p3 = p*T1, the last inequality implies

A
0 <6+ 5 (Pp.p") = P = P Y),
for all Kk =0,1,.... Combining (4.16) with the last inequality we obtain

A\
0< 28 (d(p,p") — (p, p") — (1 — o), p"))

2
for all k = 0,1,.... Thus, in view of 0 < ¢ < 1 and Ay > 0, it follows that d*(p,p*™") <
d*(p,p*), for all k = 0,1,.... Hence {p*} is Fejér convergence to Q. Therefore, by using

similar argument as in Theorem 4.1.3, we can prove that {p*} converges to some p € Q, and
p is a weakly efficient point of F'.
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Chapter 5

The Newton method for variable
order structure

In this chapter we present the Newton method for solving vector optimization problems
with respect to the variable order structure. But first we introduce some notations,
definitions and results which will be used throughout this chapter. Moreover, we present the
vector optimization problem with respect to the variable ordering structure, the first-order
optimality condition for it and we extend the concept of convexity and strong convexity of a
function to the variable ordered case and obtain some properties of this classes of functions.
Then we introduce the concept of Newton direction and its properties. We propose the
algorithm and we prove the convergence of the sequence generated for this method to efficient
point. And finally we make a study of the convergence rate of this algorithm.

5.1 Notation and auxiliary results

We denote (-, -) as the usual inner product in R™ and || - || the Euclidean norm. We denote
A° the complement of A and its convex hull as conv(A). B(z,r) := {y : ||z —y| < r}
represents the ball centered at x with radius r and S(x,r) := {y : ||v —y|| = r}, its

boundary. Given two sets A and B, dist(A, B) is the Hausdorfl’s distance, i.e., dist(A, B) :=

max{ SUp,e 4 infpep d(a,b), sup,ep infaea d(a,b) ¢.

5.2 Vector optimization problem

The variable order structure in R™ is given by the set-valued application K : R® = R™,
where K (z) is a pointed, convex and closed cone with nonempty interior for each x € R™.
Given = € R", we define the dual cone of K(x) by K*(z) := {w € R™ : (w,y) > 0, for all
y € K(x)}. Then, we denote as G : R" = R™ the set value map, which for each x, defines a
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compact set G(z) C K*(x) N .S(0;1), such that the cone generated by the convex hull of the
set G(z) coincide with K*(z), i.e., 0 ¢ G(z) and cone(convG(z*)) = K*(z).

Given an open and convex set U C R"™ and a vector function F' : U — R™, F(z) =
(Fi(z), ..., Fn(x)), we consider the problem of finding an efficient point of F' in U with

respect to a variable order structure, i.e., a point * € U such that there is no x € U\{z*}
with F(z*) — F(x) € K(2*). We denote this problem as follows:

K — min F(z). (5.1)
A point 2* € U is said to be weakly efficient for the problem defined in (5.1) iff F'(x)—F'(z*) ¢
—int K (z*), for all x € U.

Assume that F' is a differentiable function for all = € U, let us denote the Jacobian of F' by
JF(z) = (VFi(x),...,VF,(z)), where VF, : R* — R" is the gradient map
of each coordinate function F; : R®™ — R for ¢ € {1,...,m}. In this case,
the image of the Jacobian of F at a point x € R" is given by Im(JF(z)) =
{JF(x)v = ((VFi(2),v),...,(VE,(z),v)) ;v € R"}. A first-order necessary optimality
condition for the model presented in (5.1), see Bello Cruz and Bouza Allende [9], is stated
as

z* e U, Im(JF(z*)) N —int K (z*) = 0. (5.2)

A point of U satisfying (5.2) is called critical or stationary point. In general, (5.2) is a
necessary optimality condition. In the next section we will present functions such that this
condition is also sufficient.

5.3 Convexity

In this section, the definitions and properties of convexity in a variable order setting
are presented. We introduce the definition of strong convexity for variable order vector
optimization and its relations with other concepts related with convexity. First we recall the
notion of convex function introduced in [9].

Definition 5.3.1 Let U C R" be a non-empty, open and convex set and F' : U — R™ a
vector function.

i) F is said to be conver with respect to mapping K iff for each xz,y € U and for all
A € [0, 1] hold,

Fr+(1=XNy) e \F(x)+ (1= NF(y) — KAz + (1 = \)y);

ii) F is strongly convex with respect to K iff there exists i € N,epintK(z) NS(0,1) and
v > 0 such that, for each x,y € U and for all X € [0, 1],

Fa+(1-\y) € )\F(x)+(1—)\)F(y)—K()\x+(1—)\)y)—%A(l—A)Hx—yH?’yﬁ. (5.3)
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Note that, in the particular case where the set-valued application K is constant, the
definition of strongly convexity retrieves the notion of strong convexity introduced by Grana
Drummond et al. in [38]. In the case in which the function is continuously differentiable,
the following relations hold.

Proposition 5.3.2 Assume that K is a closed cone-valued mapping and F : U — R™ is a
continuously differentiable function, where U is non-empty, open and convexr set. Then, F
1s convex if and only if, for each x,y € U hold

Fly) = F(z) = JF(x)(y — x) € K(). (5.4)

Furthermore, F is strongly convex if and only if, for each x,y € U
1 .
JE(2)(y — ) € (Fy) = F(x)) = K () = S llz =yl (5.5)

Proof. First suppose that F'is convex, then we have
Fox+(1—=Ny) € AF(z)+ (1 - NF(y) — KAz + (1 = N)y),

after some algebraic manipulations, taking into account that K (Ax + (1 — \)y) is a cone, we
obtain,
FAz+ (1= MNy) — F(x)
1—-A

As F'is a continuously differentiable function, it holds that

€ F(x)— Fy) — K(Ax + (1 = \)y).

lim FAx + (1 = Ny) — F(z)

lim T — JF(z)(y — x).

Letting A — 1, recall that K is a map closed, follows (5.4).

Conversely, suppose holds (5.4). Let x(\) = Az + (1 — \)y, making x = x(\) in (5.4) we
obtain
Fy) = F(z(N) = A E(x(M\)(y — x) € K(z(A)). (5.6)

Similarly, making x = z(\) and y = « in (5.4), we obtain
Fx) = F(x(A) = (1= A)JF@@A)(y — ) € K(z(A)). (5.7)

Multiplying (5.6) by 1 — A, (5.7) by A and summing up the resulting expressions, and taking
account that K (x())) is a cone, follows the desired result.

For the second part, let us firstly suppose that F' is strongly convex. Thus, there exist
U € Nyeyint K (z) NS(0,1) and v > 0 such that, for each z,y € U and for all A € [0, 1].
1
F(A + (1= N)y) € AF(2) + (1= VF(y) = KO + (1= N)y) = SAL = N)|e = y*vi
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Recalling that K (Ax+ (1—\)y) is a cone, for all A €]0, 1] and z,y € U, last inclusion implies
that

FOw + (1= \y) — F(z)
1— A

€ F(y) ~ F() ~ KA+ (1= A)y) — 5\lr — yla.

Thus, recall that K is a closed mapping, taking limits for A — 1 we obtain (5.5).

Now, let us assume that there exists 4 € N,eyintK (z) N S(0,1) such that (5.5) holds for
each x,y € U. Take A € [0,1] and z(\) := Az + (1 — A\)y. Making z = x(A) in (5.5), it is
easy to see that

—AF(z(N)(z —y) € (F(y) — F(z(A) — K(z(A)) — /\Q%Hx —yl*ya. (5.8)
Similarly, making x = z(\) and y = z, we obtain
(1 =N JF(z(A)(x —y) € (F(z) — F(z())) — K(z(A)) — (1 — A)Q%Hx —yl*ya. (5.9)

Therefore, taking into account that K(z) is a convex cone, the desired result follows by
multiplying (5.8) by 1 — A, (5.9) by A and summing up the resulting expressions. [ |

Since the previously result will be widely needed is the rest of the work, we assume, from
now on, that K is a closed mapping. In the next proposition we demonstrate a condition of
the twice continuously differentiable strongly convex function.

Proposition 5.3.3 Let U C R"™ be an open and conver set, ' : U — R™ a twice
continuously differentiable and strongly convex function on U. Then, for each x € U and
d e R,

(w,d" D*F(z)d) > v{w,a)||d||, for all w € G(z),

where d" D*F(z)d = (d"V2F(z)d,...,d"V?F,(x)d), with V*F,(z) being the Hessian of
Fi:R" =R, foralli=1,...,m and u € N,cyintK(2) NS(0,1) fulfills the strong convezity
condition given in (5.3).
Proof. By the Taylor’s second order expansion in each coordinate function F;, we have
1
Fi(y) = Fi(z) = VE(2)(y — 2) = 5y =) V' F(@)(y — 2) + oz = ),
for all i = 1,...,m. Comparing with (5.5), we get

1 1 ) .
§(y —2)'D*F(z)(y — 2) +o(||lz — y||*) € §||x —y|Pya+ K(x), for all y € R",  (5.10)

where @ € NyeyintK () N S(0,1) and o(||z — y||?) := (o1(|lx —y||?), - - -, om(]|z — y||?)). Now,
taking y = x+td for all t € R, and d € R", inclusion (5.10) becomes t?d” D*F(x)d+o(t?) €
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t?||d||* v& + K (z). Since K(z) is a closed and convex cone, dividing the last inclusion by ¢?
and letting t goes to zero, we obtain

d"D*F(x)d € ||d||* v& + K(z), for all d € R", (5.11)
from which follows the desired result. [ |
Next proposition shows some properties of critical and efficient points of strongly convex

functions.

Proposition 5.3.4 Let U C R"™ be an open and conver set and F : U — R™ be a
continuously differentiable function. Then, the following results hold:

(1) If F is convex and z* € U is a critical point for F, then x* is a weakly efficient point.
(ii) If F is strongly convex and x* € U is a critical point for F, then x* is an efficient point.

iii) Let x7 and x% be two distinct critical points. If ' s strongly convex, then F(x7
1 2 1
F(x3).

Proof. To prove (i), let z* € U a critical point and let suppose too there exist « such that
F(z)— F(z*) =k € —intK(x*)
Since F is convex, from proposition 5.3.2 we have
F(z) = F(z") = JF(z")(z" — ) = ko € K(2¥).
Then we have JF(2*)(x* —2) = k1 — ko €
For (i), let us suppose that there is a 7 € U\{z*} satisfying
F(z)— F(z") € =K (x"). (5.12)
Since F' is strongly convex, as T # x*, Proposition 5.3.2 implies that for all z € U \ {z*}

JF(x*)(z —2*) — F(z)+ F(z*) € =K(z") — %Hx* — Z||*y0 C —intK (a¥). (5.13)

Combining (5.12) with (5.13) it follows that JF'(z*)(Z —2*) € —intK (z*). But this is absurd,
because x* is a critical point, which concludes the proof.

For the last part, take two distinct critical points z} and z} such that F(z}) = F(z3). By
the strong convexity of F, JF(z})(z3 — a}) € F(x3) — F(x}) — K(27) — 1/2||2} — 23]]*v4,
see (5.5). As F(x}) = F(z7) and @ € Nyepint(K (x)), it holds JF(z}) (x5 — 27) € —int K (x7}),
contradicting that =7 is a critical point. [ |

As expected, strong convexity provides a sufficient condition for the efficiency. Next
example shows that the natural extension of the strict convexity, namely, F'(Az+(1—\)z*) €
AF(2)4+ (1= AN F(2*) —int (K (Ax + (1 = X)z*)), for all A € (0, 1), is not a sufficient condition
for the efficiency, as holds in the particular case where the order is given by a fixed cone
(see [38]).
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Example 5.3.5 Let F : [0,1] — R? where F(x) = (2? — 2z,2° — 2z) and the ordering
structure given by K : [0,1] = R?, where K(z) is the cone generated by the convex hull of
the vectors [1,z] and [1,2x + 1].

After some calculations it holds that
FOz+(1=Naz*) = AF(z)— (1=NF(*) = = 1 =X (z—2)?[1 [A+ Dz + (2-Nz*]]".

Then Az + (1= N)z* < (A+1)z+(2—N)z*and A+ 1)z + (2= N)z* <2 Az + (1 —N)z*]+1
holds, recall that 0 < z,2* < 1. As the equality in the first relation holds if and only if
z =1* =0and thesecond if z = 2* = 1, [1 [(A 4+ D)z + (2 = N)z*]]" € int(K Az +(1—\)z*)
and, therefore, I is a strictly convex function.

Note that since JF(0) = (—2,—2) and -K(0) is generated by [—1,0], [-1,—1], 0 is a
stationary point. However F(1) — F(0) = [-1 —1]" € —K(0). Hence it is not an efficient
point.

The previous example shows that the strong convexity is the natural assumptions for
algorithms using second order derivatives. This is the main goal of the next section.

5.4 Newton direction for variable order

In this section we will extend the formula of Newton’s method to the case of minimizing
an strongly convex function according to the variable ordering application. A quadratic
approximation of the scalarized objective function will be used. It is proven that this problem
has a unique solution and, hence, that the Newton’s direction is well defined. Further
properties of the direction such as the characterization of efficiency, the continuity of the
direction, upper bounds and descend of the objective functions will be obtained. From now
on, we will assume that F' is strongly convex and twice continuously differentiable on the
open convex set U.

Given z € U and w € G(x), let us consider the function ¢, : R” x R" — R,
1
Yw(x,v) = (w, JF(x)v) + i(w,vTD2F(x)v>, (5.14)

where v D?*F(x)v := (v V2F (2)v, ..., vTV?F, (z)v) and w € G(x). We define the Newton
direction s : U — R" as

= argmi (2. 0). 5.15

s(x) 1= argmin Jnax (z,v) (5.15)

In the next result, we show the well-definedness of the Newton direction defined above.
Proposition 5.4.1 Givenx € U andw € G(z), then the function ¢, (x,-) is strongly convex

with modulus p(x) = Minyeq) Y(w, ), where i € NyeyintK (x) is such that (5.3) holds.
Moreover, the Newton direction defined in (5.15) is well-defined.
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Proof. First note that since G(z) is compact and @ € intK(z), p(x) is well-defined and
positive.

Now take vy, v € R, A € [0,1] and define v(\) := Avy + (1 — A)vy. From the definition of
Yw, We have

pw(z, v(A) = (w, JF(x)[v(A)]) + % (w, [N D*F(2)[v(N)]) -
Simple algebraic manipulations allow us to obtain,

Yw(x,v(N)) = Mw, JF(x)v1) + (1 = X)(w, JF(x)vs)
4 %)\2 (w, T D2F (), + %(1 02w, o7 D2F ().

Adding and subtracting $A(1 — X)(w, (v — s)T D?*F(z)(v — s)) to the last equality, and again
using simple algebraic manipulations, we get

(2, 0(N)) = Aw, JF(z)or) + (1 — N){w, JF(x)vs) + %)\(w, o D2F(2)0)
1

+ 5(1 — N {(w, vl D*F(z)vs) — %)\(1 — N {(w, (v; — )T D*F(2)(vy — v2)).

Taking into account that F'is strongly convex and using Proposition 5.3.3 with d = v; — vs,
last equality yields

1
Vu(z,v(N) < Aoy (z,v1) + (1 — N)p(x, v9) — 5)\(1 — My{w, @) |lvr — ]|, for all w € G(x).

As by the definition of p(x)
Y(w, @) = p(z) >0, (5.16)
the first part of the proposition holds.

For proving the second part, note that there exists w € G(z) such that max,ecc(z) Puw(2,v) =
va(z,v), because G(x) is compact. Furthermore, since ¢, (z,-) is strongly convex for each
w € G(x), in particular, pg(z,-) is also strongly convex, which is enough to conclude the
proof of the proposition. [

Denote by 6(z) the optimal value of the minimization problem in (5.15), i.e.,

0(z) = min max [(w,JF(x)v> + %(w,vTD2F(:c)v>}

vER™ weG (z)

1 T 12
= wrélgé) [(w, JF(z)s(x)) + §(w, s(x)" D F(x)s(x))] . (5.17)

Let us give some results relating a critical point x to its corresponding Newton direction s(z)
and 0(x).
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Proposition 5.4.2 Let § : U — R and s : U — R" be given by (5.17) and (5.15)
respectively. Then the following holds

(i) 0(x) <0 forallz e U.

(i) x is not a critical point iff 0(x) < 0, furthermore s(z) # 0.

(iii) If z is a critical point then 0(x) = 0 and s(z) = 0.

Proof. Since we have §(z) < maxyeq()(w, JF(z)v) + 1/2(w, v" D*F(z)v) for all € U and

v € R", making v = 0 we obtain (7).

In order to prove (i1) first we suppose that x is not critical. Then there is a © € R" such
that JF(z)v € —intK(x), which means that (w, JF(x)v) < 0 for all w € G(z). By the
definition of #(x) we have, for v = t0 with t > 0,

t2
() < t max (w, JF(2)0) + 5 (w, 0T D*F (2)d).
weG(z

For ¢ > 0 small enough the right hand side of the last inequality is negative and therefore
0(x) < 0. Conversely supposing that 6(x) < 0, from Proposition 5.3.3 we have

(w, JF(x)s(z)) < (w, J(z)s(x)) + (w, s(x)T D*F(z)s(x)) < 0(x) <0, forallw € G(x).

The above inequality implies JF(x)s(z) € —intK(z), concluding that = is not a critical
point, and since 6(z) < 0, the solution of that problem cannot be s(z) = 0, concluding (7).

The last part is a clear consequence of (i) and (ii). [

The next result is used to proof the continuity of the functions 6(z) and s(x).
Lemma 5.4.3 If intK(z) # 0 for all x € U, then the following holds:
() 5)ll < =25 | TF @), for allw € Gz).

(ii) Suppose that W C R™ is a bounded set. If for some L > 0, dist(G(z1),G(z2)) <
L||xy — x| for all x1, xo € U, then the auziliary function n(z, z) := MaXyeq(a) (W, 2)
is a Lipschitz function for all (xz,z) € U x W, i.e., for all zy, zo € W

n(z1,21) = nl@2, 22)| < Lz — x| + [[21 — 2. (5.18)
Proof. To prove the first part we use the fact that 6(x) < 0. Then
(w, JF(z)s(z)) + %(w, s(z)'V2F(z)s(x)) < 0(x) < 0.
By Proposition 5.3.3 and Holder inequality, we obtain

82 <

5 (w, s(z)" V2F(2)s(2)) < [wll[|JF(2)s(@)[| < [[TF()|l||s(2)]-

DN | —
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Dividing by w > 0, recall (5.16), the first part is obtained.

Now to prove (ii), since n(x, z) is a sublinear function, holds the following inequation.
n(xy, z2) — n(xy, 20 — 21) < (w1, 21) <Ny, 29) + (T, 21 — 29). (5.19)
We first analyze the left side of the inequality above, which can be equivalently written as
(1, z2) = n(w2, 20) — N1, 22 — 21) < w1, 21) — (a2, 22). (5.20)
From the CauchySchwartz inequality and definition of G(z) we have

s —_= y S = . 521
n(r.2) = max (w.2) < max [Ju]|z]) = =] (5.21)

Thus, combining (5.20) and (5.21), we obtain

n(@1, 22) — 02, 22) — [[22 — 21| < (@1, 21) — (@2, 22). (5.22)
Now we pay attention on the expression 7(x1, z2)—n(x2, 22) As G(z1) and G(z5) are compacts,
then there exists y; € G(x1) and yo € G(x2), satisfying respectively n(xi,22) = (y1, 22)
n(xq, z2) = (Y2, 22). Taking into account that dist(G(x1), G(z2)) < L||z1 — x2||, there exist
wy € G(xy1) and puy € B(0,1) such that yo = wy + L||x1 — x2||p1. Hence,

n(x1, z2) — n(xa, 22) = (Y1, 22) — (Yo, 22) = (Y1 — w1 — Lz — z2||pr, 22) -

Recalling that wy; € G(z1) and n(xy, z2) = (y1, 22), from definition of p, we have (yi, z2) >
(w1, z2), this implies the last inequality becomes

(w1, 22) = 0w, 22) = —(Ll|lwy — wallp, z0) > — Ly — all[|22]]- (5.23)

Note that as W is bounded, then for some M > 0, [[w| < M for all w € W.Combining
(5.22) and (5.23), and defining L := LM, we obtain

n(x1,21) = (@, 20) > —Lllwy — sl = ||z — 1. (5.24)
On the other hand, analyzing the right side of inequality (5.19) leads to
n(@1, 21) — n(w2, 22) < (w1, 22) — Nw2, 22) +0(@1, 210 — 22).-
Using the Cauchy-Schwartz inequality, we have
(w1, 21) = (@2, 22) < (21, 22) — (22, 22) + |21 — 22 (5.25)
Analogously, taking we € G(z2) and pe € B(0,1) such that y; = wy + L||z122|| 2, we obtain
n(@1, 22) — nlx2, 22) = (Y1, 22) — (Y2, 22) = (w2 — Y2 + Ll|z1 — 22| pi2, 22) ,
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since p(ra, wy) = (Yo, 22), this implies (ys, z0) > (wy, 29), hence
(@1, 22) = (w2, 22) < (Lllwy — 22l[p2, 22) < Lz — o[ p2]]- (5.26)
Taking L = LM, the combination of (5.25) and (5.26) implies
(w1, 21) — (a2, 22) < i||$1 — o[l + [lz1 — 2.
Together with (5.24), evidently it follows that
(21, 21) — (@2, 22)| < z||$1 — o[l + [l21 — 2.
[

Corollary 5.4.4 Let {2*} be a sequence which satisfies x* € U, for all k. If G is a closed
map and z* — 2%, x* € U, then there exists p > 0 such that p(z*) > p for all k. Moreover,
{s(z*)} is bounded.

Proof. Since G(2%) is compact, there exists w* such that p(a*) = (w* 4). As 4 € Nyey K ()
and {w*} is a bounded sequence, the accumulation points of p(z*) are non-negative. Due to
zF — z* and G is closed, the limit points of w" are elements of G(x*). Hence

hin plak) = lilgn(wk,ﬂ) = (w,u) > 0.

Recalling that the set of accumulation points of a sequence is closed, it is clear that p(z*) > p,
for some p > 0.

For the second part, by Lemma 5.4.3(i) we have, ||s(z®)|| < (2/v(w*, u))||JF(z¥)]|, for all
k. As proven before v{w*, @) > p(z¥) > p. Then we have that {s(z*)} is also bounded. W

Proposition 5.4.5 The following holds

(1) If G is a closed map, then 0(x) is an upper semi-continuous function.

(ii) If for some L > 0, dist(G(z1), G(x3)) < L||zy — 22]|, for all 1,25 € U, G is a closed
map, then 0(-) is a lower semi-continuous function.

(iii) If for some L > 0, dist(G(z1),G(x3)) < L||lx1 — x2||, for all x1,29 € U and 0(-) is a
continuous function, then s(-) is closed. Furthermore, s(-) is a continuous function.

Proof. Let {2*} be a sequence in U that converges to & € U. For each k, we consider
w* € G(2%) such that

(w*, JF (2*)s(z)) + %(wk, s(z)' D*F(2%)s(2)) =

max (w, JF(z*)s(z)) + %(w, 5(2)T D*F(2%)s(2)).

weG(zk)

38



It is clear that, by the definition of 6, we have

0(z%) < (W, JF(2%)s(z)) + %(wk, s(z)T' D*F(2*)s(z)), for all k. (5.27)

As {w*} is bounded, it has a convergent sub-sequence. Since G is a closed map, we will
suppose without loss of generality that {w*} converges to w € G(z). Thus, taking limits in
(5.27),

lim :EEO 6(z*) < lim :BEO (wk, JF(z")s(z)) + %(wk, s(2)' D*F(2%)s(7))
= (0, JE(@)s(2)) + 50, 5(2) D*F(2)
_ _ 1 NT 12 _ N\ _
< max 0, JF(@)s(0) + 5 (w0, (2) D2F(@)s()) = 0(a),

which proves (7).
Now for (i), take w* € G(z*) as

(wk, JF(z")s(x*)) + %(wk, s(zMTD*F(2%)s(2h)) =

N 1 WNT 192 (kY o (oK
Jax (w, JE(z7)s(@")) + 5 (w, s(27)" D2F(2%)s(27)),

and u € Nyep iIntK (2)NS(0, 1) such that the condition given in (5.3) is fulfilled. By Corollary
5.4.4 we have {s(z*)} is also bounded. Then by the definition of the application (-), for all
k

_ _ 1 T 9o
O(z) < wrggé)(w,JF(x)s(:vk»~|—§(w,s(:vk) D?F(z)s(z"))

= 02" + wrélgé)(w, JF(z)s(z®)) + %(w, s(2")

T

D*F(z)s(x"))

— [ max (w, JF(z")s(a*)) + %(w, s(x®)T D*F(2%)s(2%))]. (5.28)

weG(zk)

From Lemma 5.4.3(ii), making o1 = Z, x5 = ¥, 2, = JF(z)s(a") + 1/2s(z*)" D2F(2)s(z")
and 2o = JF(a%)s(z*) + 1/28($k)TD2F(atk)s(a:k), for all k, we have

1 T

n(z, JF(z)s(a") + %S(xk)TDzF(f)S(w’“)) — (", JF (z*)s(a") + 58(%’“) D*F(z")s(z"))
< Lz — 2*||| TF(@)s(a") + %s(xk)TD2F( O+ [(TF@) = JF (")) s
+Hs(a:) (D*F(z) — D*F(*))s(z")]|. (5.29)
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Substituting the above inequality in (5.28) and recalling that n(z, 2) := maxy,cq @) (w, 2), we
get

0(z) < 0(=*)+L|z — ||| JF @) + %vaDzF(:E)s(xk)H
+ ||(JF@) = TF(@"))s(a")]| + ||s(=*)" (D*F(z) — D*F(a%))s(z")|.  (5.30)

As s(z*) is a bounded sequence and F is twice continuously differentiable in U, then taking
limit in (5.30), we obtain

f(z) < lim klilgoe(.ilﬁk) + L||z — a:kH HJF(:E)S(:E’“) + %s(xk)TD2F(x)s(a:k)||
+ ||(JF(@) — JF(2"))s(=")| + Hs(xk)T(D2F(3‘v) — D*F(2"))s(a")]|

— lim inf A(z"),
k—o0

concluding the lower semi-continuity of 6.

Finally, to prove (iii), let {z¥} — a*. Note that, by Corollary 5.4.4 we obtain that
{s(z"*)} is bounded. Hence, it has a convergent sub-sequence and, without loss of generality,
we suppose that s(z¥) — 5. We must show that 5 solves (5.15). Let @ € G(Z) be such that,

1 1
(b, JF (%)) + 5(@@, " D*F(z)v) = n(z, JF(Z)0 + §@TD2F(:7;)@).
By the hypothesis of this part, we know that dist(G(z*), G(z)) < L||z* — ||, for each k € N.
Then, there is w* € G(z*) such that @ = w* + L||Z — 2*||u*, where p* € B(0,1). Hence for
all k it holds

0(zh) > (0F, JF(ah)s(ah) + %W, 55" D2F (k) s(2h)) =

(i — Llle — 2, TF)s(ah) + (i — Llle — ¥, s(a) D2F(H)s()). (531)

Since p* is bounded and @ is continuous by hypothesis, then taking limits in (5.31) we obtain,

) () g e —a¥ i () D2 P (a¥)s(2*))

~~

lim 6(z*) > Jim (—L||z—2"||u*, JF
—»00

k—o0

0(z) > (0, JF(2)5) + =(w, 5" D*F(2)5) = n(z, JF(T)5 + %STD2F(9U)S),

DO | —

which prove the closeness of s(-) as a map.

Since all accumulation points of {s(z*)} solve (5.15) and this problem has a unique
solution, recall Proposition 5.4.1, s(z*) is the limit of the whole sequence {s(z*)}. Therefore
s(+) is a continuous function. |
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Remark 5.4.6 It is clear that the continuity of the function 6(-) can be substituted by the
hypotheses needed for its lower and upper semi-continuity. Using (i) and (ii), the result
stated in (iii) also holds true if G is closed and dist(G(z1), G(22)) < L||x; — x2|| for some
L >0 and for all z1,2, € U.

The classical Armijo rule for the Newton direction s(z) at a noncritical point for a scalar
function F': U — R reads

F(z +ts(x)) < F(z) + BtJF(x)"s(x),
with 3 €]0, 3[. Note that, in this case, since JF(z)+D*F(z)s(z) = 0, 0(z) = 1/2JF(z)"s(x).
Then the Armijo rule can be rewritten as
F(z+ts(x)) < F(x) + of(x),
where o = 260 € (0, 1).

Combining the results proven in the previous propositions and generalizing the Armijo-rule
to variable order optimization problems, next we show that, given a non critical point, the
Armijo-rule is well-defined. This fact guarantees that for an arbitrary s such that JF(x)s €
—int K (z), it is possible to compute a new feasible solution in which the value of the objective
function decreases.

Proposition 5.4.7 Let x € U and s € R™ be such that JF(x)s € —intK(x). Then, for any
0 <o <1 there exist 0 <t < 1 such that

r+tselU and F(r+ts) € F(x)+ otJF(z)s — K(x),
hold for all t € (0,1].

Proof. Since F' is differentiable, the Taylor’s expansion leads to
F(x +ts) = F(x) +tJF(x)s + o(t), (5.32)
where lim; o |lo(t)||/t = 0.

Since U is an open set, we have for ¢ small enough that x +ts € U. As —intK(z) is a
cone then, by the hypothesis (1 — o)JF(z)s € —int K (z). On the other hand, there is ¢ > 0
such that for all ¢ € (0,¢], ||o(¢)|| is small enough and (1 — o)JF(x)s + o(t) € —K(x). This
result, together with (5.32), implies F(z + ts) € F(z) + otJF(z)s — K(z), concluding the
proof. [ |

Now, under assuming that F' is a twice continuously differentiable and strongly convex

function, we showed the well-definedness of the backtracking procedure for the Armijo-like
rule with the Newton direction.

Corollary 5.4.8 Ifx € U is not a critical point for F, then for 0 < o <1 thereis 0 <t < 1
such that
(w, F(a + ts(2))) < {w, F(z)) + ot6(x)

holds for all w € G(x) and for all t € (0,1].



Proof. By Proposition 5.4.7, we have
(w, F(z +ts(z))) < {(w, F(x)) + ot{w, JF(x)s(x))

for all w € G(z) and for some t € (0,#]. Besides, as (w, s(x)D*F(z)s(z)) > 0 for all w € G(z)
and by the definition of 6(-), we obtain the required result . [ |

Due to the already proven properties of s(-), we can use it as a descent direction if the
function F' is strongly convex. Next section we will present Newton’s method and analyze
its convergence.

5.5 The Newton method

In this section we present the Newton’s method for variable order optimization problems
and study the sequence {2*} generated by the approach. First the convergence {F(x*)} is
shown. This result is used to ensure that the accumulation points of the sequence {x*}, if
any, are efficient. Then, it is proven that the algorithm converges.

We start presenting the algorithm.

Algorithm 5.5.1

(i) First choose o € (0,1), 2° € U and set k := 0.

k

(ii) Given z*, compute s* := s(z*) and 6(x*) solution and optimal value respectively of the
k

problem given in (5.15) for z = x".

(iii) If s* = 0, then stop. Otherwise, compute a step-length t; such that 2% + t,s* € U and

ty =max{277, j € Zy; (w, F(z" 4+ 2775")) < (w, F(2%)) +02770(2"), Yw € G(z")}.
(5.33)

(iv) Define 2% = 2% + ;5% and go to step (ii).

The well-definedness of Algorithm 5.5.1 was proven in Proposition 5.4.7 and Corollary 5.4.8.

Note that whenever Newton’s algorithm for vector optimization has a finite termination,
the last iteration computes a stationary point. So, from now on, we assume that {xk},
{s*} and {t*} are infinite sequences generated by Newton’s algorithm. Before we started
the convergence analysis, we present the following lemma that, under certain hypotheses,
guarantee the full convergence of the sequence { F'(z*)} to F((z*), where * is an accumulation
point of the sequence {z*}.

Lemma 5.5.2 Assume that
(i) Upepn K(x) C K, where K is a closed, convexr and pointed cone.
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(ii) The application G(-) is closed.
(iii) dist(G(z),G(y)) < L||lz —y||, for all, z, y € R".
If z* is an accumulation point of the sequence {x*}, then limy_ o F(2*) = F(z*).

Proof. Take {x'*} a sub-sequence of {2*} that converges to x*. By the Armijo-step rule we

have
(w, F(2") — F(2%)) < ot1,0(2"),

for all w € G(2%). Hence, z* is not a critical point and, therefore, by Proposition 5.4.2 we
have §(z*) < 0. So, we obtain

(w, F(z"™) — F(z")) <0, forall weG@") = F@E") - F@F) e —intK(2).
As U epn K(7) C K, we have, for all z, intK(z) C K. So
F(2*) — F(2") € int K (%)

or equivalently: F(z*) is a decreasing sequence with respect to the cone K.

By the continuity of F', we have

lim F(z™) = F(z*).

k—o0

Particularly, F'(z*) is an accumulation point of {F(2*)}. So, due to K is a closed, convex
and pointed cone, F(z*) — F(z*) because if y* —y**! € K, for all k, K satisfies (i) and {y*}
has an accumulation point, y*, then {y*} — y*, see [54] for more details. |

Now we prove that every accumulation point of {z*}, if any, is an efficient point.
Proposition 5.5.3 Suppose that
(i) Upepn K(x) C K, where K is a closed, convex and pointed cone.
(ii) The application G(-) is closed.
(iii) dist(G(x),G(y)) < L||x —y||, for all, x, y € R™.
If z* € U is an accumulation point of {x*}, then 6(x*) = 0 and x* is an efficient point.

Proof. Suppose that x* € U is an accumulation point of {z*} and let {w*} be a bounded
sequence where w* € G(2%). As in the previous lemma, we have for all w* € G(a*)

(wk, (2 — F(2")) < ot 0(2") < 0.

Since t* € (0, 1], for all k, the sequence {t*} is bounded. Let us consider the sub-sequences
{z*}, {t*} and {w'}. Without loss of generality we assume that these sub-sequences

43



converge respectively to z*, t* and w*. Note that w* € G(z*), since G is a closed map. Now
we have
lim (w, F(z* ™) — F(2™)) < lim ot; 0(2™) < 0. (5.34)
k—o0 k—o00
By Lemma 5.5.2 we have limy_,o, F'(z'*™') — F(2'*) = 0. Then, together with (5.34), we
obtain

lim ot; 0(x"™) = 0. (5.35)

k—o0

Now we have two cases: t* > 0 and t* = 0.

Case 1. Ift* > 0, then, using (5.35), we have 6(z*) = 0. By Proposition 5.4.2 we conclude
that x* is critical.

Case 2. Now we suppose that t* = 0. First let us define the sequence {s%}, where s is
the solution of the optimization model introduced in (5.15) for = x%. From Corollary 5.4.4,
this sequence is bounded, recall that x** — z*. Without loss of generality let us suppose
that {s"} converges to s*, which is a solution of the problem in (5.15) for # = z* because
s(-) is closed. Take r € N. As t* = 0 there is a k € N large enough such that ¢t;, < 27". This
means the condition of Armijo rule is not satisfied for ¢ = 27", i.e., there is a w’* € G(2%)
such that

(W', F(z™ +277s") — F(z™)) > 02770(x™).

Letting £ — oo in the above inequality, taking into account that w'* — w* € G(z*), since
w'* is a bounded sequence, G(-) is a closed map and 6(-) is continuous, we obtain

WP+ 278 P g

Letting » — oo, we have
(w*, JF(x*)s*) > af(z").

As F(-) is a strong convex function, (w, sT D*F(x*)s) > 0 for all w € G(x*), see Proposition
5.3.3. Due to s € R", then

m&x)(w, JF(2*)s*) + (w, s D*F(z*)s*) > (w*, JF(z*)s*) > of(x").
weG(z*

Since s* is solution of (5.15) and 0 < ¢ < 1, then we conclude
6(z*) > 0. (5.36)

Therefore by Proposition 5.4.2 we have z* is critical. |

We end this section with the convergence of the method.
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Theorem 5.5.4 Suppose that there exists f € R™ such that the set F = {x € R": F(z) €
f =K} is compact, where K is a convex, pointed and closed cone which contains Uyey K ().
If 2° belongs to F, then the sequence {x*} converges to an efficient point x* € U.

Proof. Let 2° € F. By Lemma 5.5.2, the sequence {F(2%)} is K-decreasing. So, we have

¥ e F, for all k.

By the compactness of F, the accumulation points of {z*} belong to F and, using
Proposition 5.5.3, we conclude that all accumulation points of {x*} are efficient. Moreover,
since {F(z*)} is K-decreasing, all these accumulation points have the same value at F.
As U is convex and F is strongly K-convex, by Proposition 5.3.4(iii) there exists just one
accumulation point of {z¥} as desired. |

This section shows that Newton’s method is well defined for optimization problems in
which a strongly convex function is minimized with respect to a variable ordering structure.
Moreover, the generated sequence converges to a solution. It is important to study the speed
of this convergence. Next section is devoted to analyze under which condition super-linear
or quadratic convergence can be ensured.

5.6 Convergence rate

In this section we analyze the convergence rate of the sequence {x*} generated by Newton’s
method for variable order vector optimization problems proposed in the previous section.
As usual a characterization of s(x¥) is needed. To this aim the first lemma provides a closed
formula of the Newton direction which uses elements of the set of active vectors w € G(z)
for ¢, (x,v), where x € U and v € R". That is

Wiz v) ={w € G@); pa(r,v) = max ou(x,v)}-

Lemma 5.6.1 For any x € U, there exists an integer r := r(x) and
w' = w'(z) € W(z,s(x)), o :=as(z)€[0,1],i=1,...,7

such that
> (@VE;(a*) + a V2 Fj(a*)s(2h)) = 0. (5.37)

Jj=1

Hence,

r m -1
o [Z > awiV2Fj(x)
i=1 j=1

[ Z oWV Fy(x)

=1 j=1
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Proof. Take x € U and let us define g : R® — R as

= h
9(v) Jnax (w,v),

where h : G(2)xR™ — Ris given by h(w, v) := ¢, (x,v) and @, (-, -) is defined in (5.14). Since
G(z) is compact, h is continuous, h(w, -) is a continuously differentiable convex function for
all w € G(x) and V,h(-, v) is continuous on G(z) for all v € R™, using Danskin’s Theorem,
see [17], we conclude that dg(v) = conv{V,h(w, v); w € W(x,v)}. Now calculating the
v-gradient of h(w,-) and evaluating in v = s(z), we have

Vsh(w, s(z)) = Vi ((w, JF(z)s(z)) + %(w, s(x)TDQF(x)s(x))) .

Making w = (w1, ... w,y,), it follows
= 1
Vsh(w, s(z)) = Vi, (Z w;VF;(x) s(z) + ésT(x)ijQFj(x)s(az)> ,
j=1
which is equal to

Vih(w, s(z)) = (Z w;VF;(x)+ ij2Fj($)S($)> .

Since s(x) minimizes g(-), 0 € dg(s(x)). Hence there exists r = r(z), w' = w'(zr) €
W(x;s(x)) and o; = a;(z) € [0;1] (1 <4 < r) such that

0= Zaivsh(wi, s(x)) = Z Zai (WiVFj(z) + w,V2Fj(z)s(z)) |
i=1 i=1 j=1
with Y7, @; = 1. Then (5.37) holds.

Since F' is strongly convex, by Proposition 5.3.3 Zin: ! w;V*F;(z) is positive definite for
all w = (wy,...,wy) € G(z). Therefore the positive combination Y7/, Y7 a;wiV2Fj(x),
is regular and the result follows directly from (5.37). |

This result is now applied for obtaining an upper bound of the norm of this distance based
on the value of 6(z).

Lemma 5.6.2 For any x € R" it holds

A s(a) 2 < ~0(@).

Proof. Consider r, o, w®, i = 1,...,r given as in Lemma 5.6.1. Then we have

r

O(z) = Zai ((wi, JF(z)s(z)) + %(wi, s(x)TDQF(x)s(x») s(x)

=1
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or, equivalently:

T

=D a'wVE @) s(x) + %s(w)T ( > a"w;lVQFj(x)) s(x).

=1 j=1
As by Lemma 5.6.1, [22:1 > oziw;-VQFj(x)} s(x) = — [22:1 > aiw;-VFj(x)], it is

equivalent with

0(z) = — ( [Z Z WiV Fy(z)

i=1 j=1

s(x)) s(x) + %s(m)T (Z aiw§V2P}(x)> s(x).

=1 j=

That is

0(x) = —s(z)” [Z Z oziw;.VQFj(x) s(z) + %s(x)T (Z Zaiw;-VQF’j(x)) s(x).

i=1 j=1 i=1 j=1
Therefore, recalling that V2F}(z), j = 1,...,m are symmetric, the expression above becomes
1
0(x a'w V2F s(z) = —={w, s(x)' D*F(x)s(z))) ,
() == (L w501 0 = = 00 D)

where w = >")_, a;w’. From Proposition 5.3.3, we have

p(z) 2
o) < LD st

which completes the proof. [ |

After having a bound for [|s(-)|| depending on 6, last lemma shows how an interval where
this value shall lay where its lower extreme depends on the evaluation of F' at the iteration
point.

Lemma 5.6.3 For any w € convG (z*1), it follows,
1 m
k+1 k+1\1(12
0 2 —5 | ;wﬁw )17 (5.38)
Proof. Since G(2*1) C convG(xF*1), we obviously have

k+1 k+1 k+1 k+1
a > a .
ey P 8@ 2 e (et s(z)

The linearity of the function ,, (z¥*1, s(x*1)) with respect to w leads to the equality.
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From the definition of 6, for any w € convG(a**!)

1
—(w, sT D*F(2**1)s).

O(z* ) > mm(w JF(z")s) + 5

Using Proposition 5.3.3 and the definition of p(x*!) given in Proposition 5.4.1, the above
inequality becomes

1
0(z*1) = minfw, JF(z"1)s) + (" lls]1,
or equivalently
- 1
0(1) = min 3wy VE (#1)s + 2 p(a*1)lJs|*
j=1

Sy w VE; ()
G

As the minimum is attained at s(z) =

2
m ) (k1
o) > — szzl w; VI (@ )H
= 2p(zF+1) )
as desired. [ |

Now we can present the superlinear convergence of the sequence {s(z*)}.

Theorem 5.6.4 Suppose that for some f € R™, 2° € F, where F := {zx € R" : F(z) €
f— K} is a compact set. Assume that there exists L > 0 such that dist(G(z**1), G(z*)) <
o(||s(x*)|), for all k. Then {z*} converges to an efficient point x*. Moreover, t, = 1 for k
large enough and the convergence of {x*} to x* is superlinear.

Proof. From Theorem 5.5.4, the whole sequence {z*} converges to the efficient point x*.
Since F' is twice continuously differentiable, for any ¢ > 0 there exists d. > 0 such that

B(z,0.) C U, ||D*F(z)— D*F(y)|| < e, (5.39)
for all z, y € B(x*,0,).

From Proposition 5.4.2 and 5.4.5, we can assure that the sequence {s(z*)} converges to
s(z*) = 0. Therefore there exists k. > 0, such that for k > k. we obtain z*+s(z*) € B(z*, ).
Using the Taylor’s second order expansion at z* for each coordinate function Fj, we have

Fi(a* + s(2h)) = Fj(a¥) + VEF;(2F)s(2F) + %s(sck)TV2Fj(nk)s(xk), for all k£ > k.,

where n* € [2%, 2% + s(2%)]. Taking w € G(z*), multiplying the expression above for w; and
summing up in j we obtain

ij (40 = F(0) = 2 (T F s + Jussle V().

J=1
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which becomes,
(w, F(a")) = (w, F(a%)) = (w, JF(2*)s(2*)) + %<w, s(a*)T D*F(n*)s(2")).

Using some algebraic manipulations and (5.39) we have

5 (. (@) DPF () s(a) 4 Sl 2

(w, F(**1) = (w, F(z%)) < (w, JF(2")s(2%)) + 3

Taking the maximum in w € G(z*) in the second part of the above inequality, we obtain
(w, F(z"*1) — (w, F(z*)) < 0(a*) + %IIS(?E'“)H?-

Writing 0(2%) = 00(2%) + (1 — 0)0(2"), by Lemma 5.6.2 we obtain
s

(0, P — (a0, F() < o) + (e — (1 = () L

This means that if € < (1—o)p(x*) then ¢;, = 1 fulfills the Armijo rule for k& > k,, see (5.33).
Since the sequence {z*} converges, by Corollary 5.4.4, p(x*) is lower bounded.

From now on we will assume that ¢ < (1 — o)p(z¥). From Lemma 5.6.1, there exists

w* € convW(z¥, s(z¥)), such that Y™ (Wi VF;(a*) + wiV2Fy(a*)s(z¥)) = 0. For any

w € convG(z**1) we have
> w;VE; (") > wVE (M) = Y (@b VF(a*) + @f V2 E (a%)s(2")) ‘ (5.40)
j=1 =1 =1

Let {w'(k)...,w'(k)} C W(z*, s(z*)) such that S\, auwi(k) = &%, where Y\ a; =
1. But we assumed that dist(G(z**1), G(2*)) < o(||s(z")||). Then, for each wi(k) €
W (zk, s(x*)) there is wi(k + 1) € G(z!) such that

w'(k + 1) = w'(k) + L|s(2")l|u' (%), (5.41)
where zif(k) — 0. Making w = >\_, a;w'(k + 1) in (5.40) it follows

m m l m l
S wVE | = 1Y) awi(k + DV ) = aqul (k) VF ()
j=1 j=1 i=1 j=1 i=1
m l
— S5 (k) V2 (ah)s(a)
=1 =1

Substituting (5.41) in the above expression we have

|2 eV E )| = | S S et (0)(TF (@) = VF(*)
FL|s(a) ] 2T, S aiuj< JVF; (@) = S5y oL et (1) V2 F (04)s(a*) |

(5.42)
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Using the expansion of Taylor, we get

m m
> wVE ") YD (k) Hy(a*)s(2*) + L|s(x HZZO@/@ Gl
j=1 j=1 i=1 J=1 =1

where H;( fo V2E; (2% + ts( )) — V2F;(z¥))dt. Furthermore, from (5.39) we obtain

|1 H;(x )|| <€ Due to a; Z 0, Zz‘:l a; = 1 and wi(k) € G(z*) C S(0,1), it follows

S5 anl (k) H (ah)s(a*)

=1 i=1

< me||s(z")|. (5.43)

On the other hand, from the convergence of the sequence {z*} we can guarantee the existence
of ¢ > 0 such that
IVE; ") < e,

for all j = {1,...,m}. Therefore, for all > 0 there exists k, such that
-1

recall that a; > 0, Zizl a; = land for all j =1,2,...,m, u;j(k) — 0. Combining (5.42),
(5.43) and the previous inequality, we obtain

Z ijFj<£L‘k+1)

j=1

l

L“ Z/’Lj k+1)
1

< nlls(z®)|, for all k > k,,

i=

< (me+m)|s(=")].

Taking me +n < ¢, for k > k. := max{k, k,}, the last inequality becomes

> wVE

j=1

<ells(z")I.

Using the last inequality and Lemma 5.6.3, we obtain

2
1 g2
k1 LRt kY (12
—0(="") < (@) JZI?UJVF )| < WHS(JC )|I7-
But, from Lemma 5.6.2 we have
p(zF+1)

5 lls@ I < =0,
So, the last two relations lead to

p(zF+1) 2
2

s k+1 2
(eI < 5y

Is(2")11%.
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Then

£ 9
p(l’k'H) Hs(xk)H = p(l’k'H) kaJrl - ka

Since {z*} is convergent, there is p* such that pa*) > p* for all k. Then for k > k. and
7 > 1 we have

2542 — 25 = [ls(2" )] <

J
ka-i-j—l-l . Ik—l—j—&-ln < (%) ”xkﬂ . xk” (5.44)
p
To prove superlinear convergence, we use the same ideas of the proof of [38, Theorem 6.2].
We take 0 < 7 < 1 and define

-
e mind1— .
€ mm{ 0,1+27_}p

If e < € and k > k., using (5.44) and the convergence of the sequence {z*} to z*, we have

o) ] 7
e DI e e D D e B At B e et |
= =t 1+ 27 1+7
Hence,
1
2% = a*[| > fla* — 2™ = 2™ = 2| > ——]la® — 2.

T 14T

Combining the two above inequalities we conclude that, if ¢ < € and k > k. then

I|Ik+1 _ *”

l’k — *
I

Recalling that 7 is an arbitrary element of (0, 1), it can be taken as small as desired. So,

k+1 %
[
[J# — ]|
and the super-linear convergence is obtained. [ |

The super-linear convergence is the first step of the proof of the quadratic convergence
of the method. The next theorem generalizes this result, already proven in [33, 38] for
multi-objective and vector optimization problems, to the variable ordering case.

Theorem 5.6.5 Suppose that for some f € R™, F:={zx € R": F(x) € f—K} is a compact
set. Assume that 2° € F, D*F is Lipschitz continuous on U and that dist(G(x),G(y)) <
o(||z — y||?). Then the sequence {x*} converges quadratically to an efficient solution x*.

Proof. From the previous theorem, we have that the sequence {2*} converges superlinearly
to an efficient point z* € U and that ¢, = 1 for k sufficiently large. Let £ be the Lipschitz
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constant for D?F. By Lemma 5.6.1, there exist w* € convW (2%, s(z*)), k = 1,...,m, such
that .

> (WhVE;(a*) + ak V2 F(a*)s(2h)) = 0.

7=1
Hence, let {w' (k) ..., w'(k)} C W (z*, s(z*)) such that 3\_ aywi(k) = @*, where 3!, o =
1. Then, due to we assumed that dist(G(z*!), G(2*)) < Ll|s(z¥)||?, for each wi(k) €
W (z", s(x")) there exists wi(k + 1) € G(xF) such that

w'(k +1) = w'(k) + Llls(a") |14 (%),

where p‘(k) € B(0,1). Using the Taylor expansion, after some algebraic manipulations we
obtain

m m
> wVE )| < Zzaiwé(k)Hj(ﬂf) (&%) + Ll|s(=*)])* ZZO@MJ 52"
j=1 7j=1 =1 7=1 =1
(5.45)
where H( fo V2E; (2% + ts(a*)) — V2F;(2%))dt. As the function D*F is Lipschitz

contlnuous

1
Hj(x’“)g/ tLdt < L/2.
0

On the other hand, due to the sequence {z*} converges and VF} is continuous for j =
1,...,m, we can assume, as in the proof of Theorem 5.6.4, that |V F;(z*")| < ¢, for some
¢ > 0. Then, from (5.45) we have

> w;VE; ()

J=1

< (5 + cm) It

Using the above inequality and Lemma 5.6.3, we obtain

k+1 1 L ’ k(14

which combined with Lemma 5.6.2 yields

2(£ + mcL)
p(zF )

From now on the proof follows the same steps of the proof of [38, Theorem 6.3]. We include
it here for sake of completeness.

Is(@" )] < Is(")II*. (5.46)

Take 7 € (0,1). Since the sequence {z*} converges superlinearly to 2*, there exists k such
that for k >k, (5.46) is satisfied and

lo* — 2™ < rlla” — 2.
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Therefore, from the triangle inequality, for £ < k we obtain

(1= 7)lla" — 2| < [l — 2™,

lo = 2" < (14 7)l|l2" — 2.

Taking ¢ = k + 1, in the first inequality and ¢ = k in the second, the following holds

(1= 7)lle” =2 < ls(=" ). (5.47)

sl < (1+7) 2" — 2] (5.48)
Combining (5.46),(5.48),(5.47), we finally obtain

|lz* — 2* < (14 7)22(5 +mcL)
P ST )

which means that the sequence converges quadratically. [ |
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Chapter 6

Final remarks

In the Chapter 3, the main purpose has been to introduce and discuss the trust region
method for multiobjective problems on the Riemannian context. Our method considered the
trust rate function (3.5), which retrieves the trust rate function proposed in [70]. It is worth
to mentioning that the trust rate function introduced in Liang el al. [57] and Carrizo et al. [21]
can also be generalized to the Riemannian context and, as a consequence, new variants of the
trust region method comes up. Furthermore, it is worth to investigate the relationship and
performance of these methods from the numerical viewpoint. It is well known that the trust
region method is one of the most important iterative methods for solving unconstrained
nonlinear optimization problems, due its global convergence and superlinear convergence
rate. In this work, we only study its global convergence properties of the method. In
future work, we expect to prove the superlinear convergence of the trust region method
in addition, extend other variations of trust region method for the multiobjective case for
instance, constrained case and non-monotone case.

In relation to the Chapter 4, it is worth noting that the nonlinear scalar function, see
(4.6), considered in the iterative step process of the algorithm, see (4.7), allows a relationship
between the weak sharp minima set of the vector optimization problem and the weak sharp
minima set of the scalarized problem. For state this relationship, we need some definitions
and results. Let G: M — R™, n € R™ and let us define the following level set

Wy ={peM : Gp) =n}.

We denote by MinG (resp. WMinG) the set of the efficient points (resp. weak efficient
points) associated to (4.1).

Definition 6.0.1 A point p € M is said to be weak sharp minimum to (4.1), if there is a
constant T > 0 such that

G(p) — G(ﬁ) §é B(O, Td(p, Wg(ﬁ))) — C, pE M\Wg(ﬁ), (61)

The set of all weak sharp minimum to (4.1) is denoted by WSMing.
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The above definition has appeared in several contexts, see for example, [8,13,66,74]. Note
that the relationship (6.1) can be expressed in following equivalent form

d(G(p) — G(p), —C) = 7d(p, W), pE M,

and there holds WSMing C MinG. In the particular case m=1 and C' = R, , the last
inequality becomes to the well-known inequality

G(p) — G(p) > md(p, Wep),  peEM,

introduced in [46], defining weak sharp minimizer in Riemannian context.

Next result establishes the above mentioned relationship between WSMinF' and the weak
sharp minimum associated to the nonlinear scalar function defined in (4.3), the proof follows
by using similar arguments used in the proof of [74, Theorem 3.4].

Theorem 6.0.2 Let F': M — R™ and p € M. Suppose that W) is closed set and define
F:M—R" by F(p) =F(p)— F(p). If p € WSMinp then p € WSMin, 7, where f is given
by (4.4).

We expect that the Theorem 6.0.2 constitutes a first step towards to establish the following
result: “If p € WSMing, then {p*} converges, in a finite number of iterations”. We foresee
further progress along these line in the nearby future. Similar result has been proven in the
Euclidean context; see [13].

At last, we have introduced extended Newton’s method to variable ordering structures. To
his aim the concept of strong convexity has been generalized and results involving first and
second derivatives are shown. Although in the case of convex functions, stationarity implies
weakly-efficiency in variable order optimization problems, we observed that stationary points
may not be efficient if the objective function is strictly convex with respect to the variable
ordering as it is in the case of vector optimization models. The variability of the order leads
to examples where the difference of the values of the function lay on the boundary of the
cone. Efficiency is only guaranteed if the function is strongly convex.

For the method, the Newton direction is defined using a quadratic approximation of the
objective function and the dual cone at the point. Uniqueness, continuity, characterization of
stationary points are satisfied under Lipschitz continuity of the distance of the generator of
the cones and strong convexity of the objective function. The convergence of the algorithm
and its rate of convergence are also obtained. We want to point out that in this approach
computes efficient points if the function is strongly convex and other natural hypotheses on
the ordering structure. This is an advantage with respect to other solutions methods which
can only guarantee the calculation of weakly efficient point. In fact, as noted in [51, page
20], “Although weakly Pareto optimal solutions are important for theoretical considerations,
they are not always useful in practice, because of the large size of the weakly Pareto optimal
set.” For an application where Pareto optimality arises as a central concept we mentioned,
for example, "new welfare economics”. In this case, a social state is Pareto optimal if no
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individual can be made better off without making at least one other individual worse off; for
more details, see [24, page 220].

The hypothesis needed for the convergence of the approach are not too strong. Indeed,
compared with the steepest descent method, proposed in [9], only one extra assumption
on the objective function have to be asked. On the other hand, the hypotheses are clear
generalizations of the suppositions need for the convergence of the Newton scheme in vector
optimization models as reported in [38].

For the rate of convergence, if the distance of the generator of the cone is only Lipschitz
continuous, the scalarizing vector providing the direction may vary on a linear range. So,
not even super-linear convergence can be proven. For that reason, a stronger condition on
the rate of variability of the cone is asked for obtaining a quadratic rate of convergence.

The computational implementation of the algorithm is a line of future research. The
numerical behavior of the algorithm shall be tested at non-convex, convex and strongly
convex functions. Using the ideas of [42] for generating convex functions, strongly convex
functions can be obtained.
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