FEDERAL UNIVERSITY OF THE GOIAS
MATHEMATICS AND STATISTICS INSTITUTE
GRADUATE PROGRAM IN MATHEMATICS

GERARDO HOMERO ANACONA ERAZO

Melnikov Theory for Filippov
systems with an algebraic switching
curve

Goiania
2022



SEI/UFG - 2932292 - Termo de Ciéncia e de Autorizagéo (TECA) 06/06/22 18:00

UNIVERSIDADE FEDERAL DE GOIAS
INSTITUTO DE MATEMATICA E ESTATISTICA

TERMO DE CIENCIA E DE AUTORIZACAO (TECA) PARA DISPONIBILIZAR VERSOES ELETRONICAS DE
TESES

E DISSERTACOES NA BIBLIOTECA DIGITAL DA UFG

Na qualidade de titular dos direitos de autor, autorizo a Universidade Federal de Goias
(UFG) a disponibilizar, gratuitamente, por meio da Biblioteca Digital de Teses e Dissertacdes
(BDTD/UFG), regulamentada pela Resolugdo CEPEC n2 832/2007, sem ressarcimento dos direitos
autorais, de acordo com a Lei 9.610/98, o documento conforme permissdes assinaladas abaixo, para
fins de leitura, impressdo e/ou download, a titulo de divulgacdo da producdo cientifica brasileira, a
partir desta data.

O conteido das Teses e Dissertacbes disponibilizado na BDTD/UFG ¢é de
responsabilidade exclusiva do autor. Ao encaminhar o produto final, o autor(a) e o(a) orientador(a)
firmam o compromisso de que o trabalho ndo contém nenhuma violacdo de quaisquer direitos
autorais ou outro direito de terceiros.

1. Identificagdo do material bibliografico

[ X] Dissertacao [ ] Tese

2. Nome completo do autor

Gerardo Homero Anacona Erazo

3. Titulo do trabalho

Melnikov Theory for Filippov systems with an algebraic switching curve

4. Informagoes de acesso ao documento (este campo deve ser preenchido pelo orientador)
Concorda com a liberagao total do documento [ X ] SIM [ ]NAO'

[1] Neste caso o documento serd embargado por até um ano a partir da data de defesa. Apds esse
periodo, a possivel disponibilizacdo ocorrera apenas mediante:

a) consulta ao(a) autor(a) e ao(a) orientador(a);

b) novo Termo de Ciéncia e de Autorizacdo (TECA) assinado e inserido no arquivo da tese ou dissertacao.
O documento ndo sera disponibilizado durante o periodo de embargo.

Casos de embargo:

- Solicitacdo de registro de patente;

- Submissdo de artigo em revista cientifica;

- Publicagao como capitulo de livro;

- Publicacdo da dissertacdo/tese em livro.

Obs. Este termo devera ser assinado no SEI pelo orientador e pelo autor.

https://sei.ufg.br/sei/controlador.php?acao=documento_imprimir_web&...sh=bb6a7579e26bb087af28ff981e959c51c231ec0d71cb12d088669aae9f1473e6 Pagina 1 de 2



SEI/UFG - 2932292 - Termo de Ciéncia e de Autorizagéo (TECA) 06/06/22 18:00

_ T " ") Documento assinado eletronicamente por Otavio Marcal Leandro Gomide, Professor do
.)el. @ Magistério Superior, em 25/05/2022, as 19:36, conforme horario oficial de Brasilia, com
fundamento no § 32 do art. 42 do Decreto n? 10.543, de 13 de novembro de 2020.

assinatura
(eletrom(a

ei' Documento assinado eletronicamente por GERARDO HOMERO ANACONA ERAZO, Discente,
AL @ em 25/05/2022, as 20:51, conforme horario oficial de Brasilia, com fundamento no § 32 do art.

assinatura

| eletronica 42 do Decreto n? 10.543, de 13 de novembro de 2020.

Referéncia: Processo n? 23070.022531/2022-49 SEl n2 2932292

https://sei.ufg.br/sei/controlador.php?acao=documento_imprimir_web&...sh=bb6a7579e26bb087af28ff981e959c51c231ec0d71cb12d088669aae9f1473e6 Pagina 2 de 2



GERARDO HOMERO ANACONA ERAZO

Melnikov Theory for Filippov
systems with an algebraic switching
curve

Dissertation submitted to the graduate program in
mathematics of the Mathematics and Statistics Institute
Federal University of the Goias, as part of the require-
ments for obtaining the degree of Master in mathemat-
ics.

Specialized field: Dynamical Systems.

Advisor: Prof. Otavio Marcal Leandro Gomide

Goiania
2022



Ficha de identificacéo da obra elaborada pelo autor, através do
Programa de Geracdo Automatica do Sistema de Bibliotecas da UFG.

Erazo, Gerardo Homero Anacona

Melnikov Theory for Filippov systems with an algebraic switching
curve [manuscrito] / Gerardo Homero Anacona Erazo. - 2020.

LXIX, 69 f.: il.

Orientador: Prof. Dr. Otavio Marcal Leandro Gomide.

Dissertagdo (Mestrado) - Universidade Federal de Goias, Instituto
de Matemética e Estatistica (IME), , Goiania, 2020.

Bibliografia.

1. Melnikov Theory. 2. Limit cycles. I. Gomide, Otavio Marcal
Leandro, orient. Il. Titulo.

CDhu 51




SEI/UFG - 2866260 - Ata de Defesa de Dissertagao 06/06/22 17:59

UNIVERSIDADE FEDERAL DE GOIAS
INSTITUTO DE MATEMATICA E ESTATISTICA
ATA DE DEFESA DE DISSERTACAO

Ata n2 02 da sessao de Defesa de Dissertacdo de Gerardo Homero Anacona Erazo, que
confere o titulo de Mestre em Matematica, na area de Sistemas Dinamicos.

Ao vigésimo quinto dia do més de maio do ano de dois mil e vinte e dois, a partir das
quatorze horas, de forma hibrida, realizou-se a sessao publica de Defesa de Dissertagao intitulada
“Melnikov Theory for Filippov systems with an algebraic switching curve”. Os trabalhos foram
instalados pelo presidente da banca, Professor Doutor Otavio Margal Leandro Gomide - IME/UFG com
a participacdao dos demais membros da Banca Examinadora: Professora Doutora Kamila da Silva
Andrade - IME/UFG membro titular interno e o Professor Doutor Oscar Alexander Ramirez Cespedes -
MAT/UFV membro titular externo. Ressaltamos que apenas o professor doutor Oscar Alexander
Ramirez Cespedes - MAT/UFV participou da defesa de dissertacdo via web videoconferéncia. Durante a
arguicdao os membros da banca nao fizeram sugestao de alteragao do titulo do trabalho. A Banca
Examinadora reuniu-se em sessao secreta a fim de concluir o julgamento da Dissertacdo, tendo sido o
candidato aprovado pelos seus membros. Proclamados os resultados pelo Professor Doutor Otavio
Marcal Leandro Gomide - IME/UFG, Presidente da Banca Examinadora, foram encerrados os
trabalhos e, para constar, lavrou-se a presente ata que é assinada pelos Membros da Banca
Examinadora, ao vigésimo quinto dia do més de maio do ano de dois mil e vinte e dois.

TITULO SUGERIDO PELA BANCA

Melnikov Theory for Filippov systems with an algebraic switching curve

: eil . Documento assinado eletronicamente por Otavio Margal Leandro Gomide, Professor do
- * L‘ﬂ Magistério Superior, em 25/05/2022, as 19:22, conforme horario oficial de Brasilia, com

assinatura

| eletrdnica fundamento no § 32 do art. 42 do Decreto n? 10.543, de 13 de novembro de 2020.

: eil ’ Documento assinado eletronicamente por OSCAR ALEXANDER RAMIREZ CESPEDES, Usudario
o * é Externo, em 25/05/2022, as 19:27, conforme horario oficial de Brasilia, com fundamento no §

assinatura

| eletrdnica 32 do art. 42 do Decreto n? 10.543, de 13 de novembro de 2020.

eil . Documento assinado eletronicamente por Kamila Da Silva Andrade, Professor do Magistério
2 * Lﬂ Superior, em 25/05/2022, as 22:43, conforme hordrio oficial de Brasilia, com fundamento no §

assinatura

| eletrdnica 32 do art. 42 do Decreto n? 10.543, de 13 de novembro de 2020.

A autenticidade deste documento pode ser conferida no site

https://sei.ufg.br/sei/controlador.php?acao=documento_imprimir_web&a...ash=3d560e0d02435bc830e7746a7f870b7082cf5eff5{755a6¢c50e1163a7ae0aaa Pagina 1 de 2



SEI/UFG - 2866260 - Ata de Defesa de Dissertagao 06/06/22 17:59

h: acao=documento_conferir&id_orgao_acesso_externo=0, informando o cédigo verificador
i 2866260 e o0 codigo CRC 5782B765.

Referéncia: Processo n° 23070.022531/2022-49 SEI n°® 2866260

https://sei.ufg.br/sei/controlador.php?acao=documento_imprimir_web&a...ash=3d560e0d02435bc830e7746a7f870b7082cf5eff5{755a6¢c50e1163a7ae0aaa Pagina 2 de 2



Todos os direitos reservados. E proibida a reproducéo total ou parcial do
trabalho sem autorizacao da universidade, do autor e do orientador(a).

Gerardo Homero Anacona Erazo

Licensed in mathematics by the University of Cauca (UNICAUCA)
in 2018 and Mathematics by the University of Cauca in 2019, during
the Master’s degree was awared scholarship by CAPES and work in
dynamical system.



This work is dedicated to all those friends who could not study due their

socioeconomic conditions.



Acknowledgment

In first place I want to thank to life, body, mind and the emotions for its proper
functioning, since this is the basic requirement for begining many tasks in the life.

In second place to my mother Marta Concepcion Erazo because without her I
would not be here, her advice, financial aids and others were the cornerstone in this
journey. To my father, my brothers, Cristian Camilo Anacona and Ricardo Javier
Anacona and my cousin Javier Andres Oviedo my aunts and uncles with whom lived
a childhood and today it is reflected in my work. Thanks to my teachers of primary
schools and high schools, without them the society as we know could not be possible.
Thanks to my friends with whom I lived a difficult adolescence and many are no
longer with us or or they are in the ways that society does not consider good.

In third place, but not least, thanks to Marly Tatiana Anacona, girlfriend and
classmate, is ineffable your contribution in my life. Thanks to the professor Otavio
Marcal Leandro Gomide, his dedication was crucial in this project, spending many
hours in understanding the objects. Thanks to professors Kamila da Silva Andrade
and Oscar Alexander Ramirez Cespedes for your time and orientations in this work.

Finally, thank to the people in Brazil, without them and their warm welcome
with foreign have made my stay easier. The free education policies in Brazil are an
example for other countries like mine where education is a privilege and not a right,
Thanks to CAPES for financial support which are the culmination of struggles of

the Brazilian people who believed in a quality public education.



“Anyone who stops learning is old, whether at twenty or eighty.
Anyone who keeps learning stays young. The greatest thing in life is
to keep your mind young.”

Henry Ford,
1865-1947.



Resumo

Anacona Erazo, Gerardo. Melnikov Theory for Filippov systems
with an algebraic switching curve. Goiania, 2022. 63p. Dissertacao de
Mestrado. Graduate program in mathematics, Mathematics and Statistics
Institute , Federal University of the Goiés.

A existéncia de ciclos limite em sistemas dinamicos é um tépico de pesquisa muito
atrativo devido a suas amplas aplicacoes. A importancia do desenvolvimento deste
tema pode ser justificada por um dos itens da famosa lista de problemas proposta por
David Hilbert que permanece em aberto e consiste em encontrar o nimero maximo
de ciclos limite de um sistema planar polinomial. Em virtude de sua relevancia,
atualmente hd um grande interesse em estender a busca de ciclos limite a outros
tipos de sistemas, como os famigerados sistemas de Filippov.

Neste trabalho, estudamos uma técnica para encontrar ciclos limite em sistemas
dindmicos suaves por partes, chamada Teoria de Melnikov, e aplicamos tal técnica
para encontrar cotas inferiores para o ntimero méaximo de ciclos limite de sistemas

polinomiais por partes da forma

onde P* e QF, sdo polinomios de grau 2, n € N.

Palavras—chave

Campo de vetores suave por partes, Teoria de Melnikov, ciclos limite.



Abstract

Anacona Erazo, Gerardo. Melnikov Theory for Filippov systems with
an algebraic switching curve. Goiania, 2022. 63p. MSc. Dissertation.
Graduate program in mathematics, Mathematics and Statistics Institute ,
Federal University of the Goias.

The existence of limit cycles in dynamical systems is a very attractive research topic
due to its extensive range of applications. The importance of the development of
such theme can be seen in one item of the famous list of problems provided by
David Hilbert which is still open and consists in finding the maximum number of
limit cycles of a planar polynomial system. In light of this, nowadays there is great
interest in extend the search of limit cycles to another types of systems, as the
so-called Filippov systems.

In this work we study a technique to find limit cycles in piecewise smooth dynamical
systems called Melnikov Theory and we apply it to provide lower bounds for the

maximum number of limit cycles of piecewise polynomial systems of the form

y+ePt(x,y) : "
, if y > an,
—z+eQ* (z,y)

y+eP (z,y) : .
B , if oy <am,
\ —.7)—'—6@ ((L’,y)

where P* and Q% are polynomials of degree 2, and n € N.

Keywords

Piecewise smooth vector field, Melnikov Theory, Limit cycles.
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Introduction

The Qualitative Theory of Differential Equations derives from the work of many
mathematicians, but the origin of this is recognized to H. J. Poincaré (1854-1912).
This theory provides tools for understanding the dynamics of differential systems
without knowing their explicit solutions. It is based on recognizing certain elements,
one of these type of elements are the so-called periodic orbits, which are closed curves
in the phase space. In particular, it is crucial to detect isolated periodic orbits, known
as limit cycles, to describe the behavior of a system.

In this work we are interested in detecting limit cycles in piecewise smooth vector
fields. Roughly speaking, piecewise smooth vector fields are vector fields which looses
smoothness somewhere, i.e., they are smooth in its domain with exception of some
measure zero set called switching set. There are many approaches to define the
trajectories of a piecewise smooth vector field, but we will adopt in this work the
one proposed by Filippov due to its applicability in real problems, see for instance
|1, 8, 26]. We refer such vector fields as Filippov systems.

One useful tool to find limit cycles is the Melnikov Theory which converts the
search for cycles in finding zeros of certain functions called Melnikov functions. More
specically, the main idea of Melnikov Theory is to write a Poincaré map A in terms
of Melnikov functions, {A;}¥_,, which control the zeros of A. In this case, k is known
as the order of the method.

In this work, we apply the Melnikov Theory to detect bifurcating limit cycles from

a piecewise polynomial perturbation of a planar linear center. More specifically, we

()-(2)

(see Figure 1) and we split the plane into two regions separated by the curve y = 2",

consider the linear center

n € N. We consider a small polynomial perturbation of degree 2 of (0-1) in each

region (see Figure 2), which gives rise to the Filippov system
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Figure 1: Phase portrait of system (0-1)

Zen(T,y) = (0-2)

where P*, Q% are polynomials of degree 2.

i=y+eP(z,y) Ly
y =X + €Q+($ay)

j=—x+eQ (z,y)

{i =y+eP (z,y)

Figure 2: Filippov system with switching curve y = x.

Calling m;(n) as the maximum number of zeros of the first Melnikov function, Ay,
of (0-2), as a result of this work, we obtain the following values of m;(n) described
in the Table 1. As a consequence, we obtain that the maximum number of limit
cycles H(n) of (0-2) satisfies that H(1) > 2, H(2) >4, H(3) > 5, H(n) >6ifn >6
is even and H(n) > 7 if n > 7 is odd.

We highlight that such kind of problem was previously approached in the
literature in different scenarios. In [6], the authors consider Filippov systems in

the form given by (0-2) where n = 3 and P*, Q* are polynomials of degree 1, and
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n my(n)

1 2

2 4

3 5

n > 2, n even 6 <my(n) <7
n > 3, n odd 7

Table 1: Values of mi(n).

using Melnikov Theory up to order 2, they obtain lower bounds for H(3). In [3],
the authors also consider the same scenario approached in [6] but they extend the
results to switching curves of the form y = 2", n € N, and using Melnikov Theory
up to order 6, they obtained sharpened lower bound for H(n), for each n € N. In the
preprint [37], the authors consider Filippov system in the form (0-2) with switching
curve given by 4" = 2™, with m,n € N, and P*, Q* are polynomials of degree 1, and
using Melnikov Theory up to order 3, they obtained lower bounds for H(n). Finally,
in the preprint [39] the authors provides lower bounds Z(m,n) for the general case
of system (0-2), where P and Q% are polynomials of degree n and the switching
curve is given by y = 2™, n,m € N.

The problem approached in this work is a special case of the problem approached
in [39], in fact, we provide lower bounds for Z(m,2), m € N, nevertheless our
techniques allow us to provide sharpened lower bounds in comparison with the

bounds obtained in [39]. In Table 2, we can see a comparison between our results

and the results of [39] in this special case.
m Z(m,2) in this | Z(m,2) in [39].
work

1 2 2

2 4 4

3 5 5< Z(3,2) <6
m > 2, m even 6<m; <7 5<Z(m,2) <7
m > 3, m odd 7 6<Z(m,2)<T7

Table 2: Comparison between Z(m,2) obtained in this work
and in [79].

The structure of this work is described below:

e Chaprter 1. We introduce Filippov systems, which are piecewise smooth vector
fields with trajectories given by the Filippov’s convention. Also, we give some
general results on Chebyshev Theory, which shall be used to find zeros of

Melnikov functions.
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e Chapter 2. In this chapter we provide the Melnikov Theory up to order 2
for piecewise smooth vector fields. In particular, we establish formulas for the
Melnikov Functions of orders 1 and 2, and we prove that such functions allow
us to find limit cycles of original system.

e Chapter 3. In this chapter we apply Melnikov Theory to detect limit cycles
in a class of Filippov systems having a switching curve of the form y = x",
n € N.

e Chapter 4. In this chapter we highlight the principal topics of this work and

we give some further directions this work can take.



CHAPTER 1

Preliminaries

In this chapter we define some topics which are needed to develop this work,
among these topics, we briefly discuss FExistence and Uniqueness Theorem For
ordinary differential equations and Landau symbols. More details can be found
in [32] and [30], respectively. Later we discuss autonomous and non-autonomous

Filippov systems and Chebyshev systems.

1.1 Existence and Uniqueness Theorem For ordi-

nary differential equations

In this chapter we study nonlinear systems of differential equations

T = f(x), (1-1)
where f: ' — R" is a smooth function and F is an open subset of R™.

Remark 1. When the function f is continuous in E, we denote f € C(FE), and if

the derivatives of f are continuous we denote f € CY(F).

Before stating the Fundamental Existence and Uniqueness Theorem for the

system (1-1), it is necessary to define the solution of (1-1).

Definition 1.1.1. Suppose that f € C(FE), where E is an open susbset of R then
©o(t) is a solution of the differential equation (1-1) on an interval I if, only if, p(t)
is differentiable on I and if for allt € I, p(t) € E and

and given xyg € E, ¢(t) is a solution of the initial value problem

i =f(x)

1-2
.Clﬁ(tg) =X ( )
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on an interval I if, and only if, to € I, p(to) = xo and (t) is a solution of the
differential equation (1-1) on the interval I.

We define, for 6 > 0 and x € R”
Bs(z) ={y e R": [z —y|| <4},

where || - || denotes the Euclidean norm.

Theorem 1.1.1. (The Fundamental Existence and uniqueness Theorem).
Let E be an open subset of R™ containing xo and assume that f € CY(E). Then

there exists an a > 0 such that the initial value problem

C(](t()) = 29
has a unique solution p(t) in the interval [—a.a).
Now, we study the dependence of the solution of the initial value problem

i =/(x)

1-3
z(0) =y -3

on the initial condition x(0) = y.

Theorem 1.1.2. (Dependence on Initial Conditions). Let E be an open subset
of R™ containing xo and assume that f € CY(E). then there exists an a > 0 and
d > 0 such that for all y € Bs(xq) the initial value problem

&= f(x)
z(0) =y
has a unique solution p(t,y) with ¢ € C(G) where G = [—a,a] x Bs(xg) C R™.

Furthermore, for eachy € Bs(xo), p(t) is a twice continuously differentiable function
of t fort € [—a,al.

If the differential equation depends on a parameter pu € R”, i.e., if the function
f(z) in (1-3) is replaced by f(z, u), then the solution (¢, y, 1) also depends on the

parameter L.

Theorem 1.1.3. (Dependence on Parameters) Let E be an open subset of

R™™ containing the point (xg, po) where g € R™ and py € R™ and assume that
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f € CHE). It follows that there exist a > 0 and 6 > 0 such that for all y € Bs(xo)
and p € Bs(uo), the initial value problem

&= f(z,p)
z(0) =y
has unique solution p(t,y, pn) with ¢ € C*(G) where G = [—a, a] x Bs(xg) X Bs(to)-
Finally, we define the following concepts associated to the solutions of an ODE.

Definition 1.1.2. (Orbit). If we denote I(xg) the mazimal interval, where the
solution p(t,zo) of the problem value problem (1-3) is defined. We define the set

v(p) = {p(t,m0) : t € I(z0)}

as the orbit of f through xy.

Remark 2. I(xg) is the mazimal interval of ¢ if, for any open interval J where the

function ¢(t, xo) is defined, we have J C I(xo), see [72] for more details.

Remark 3. Fizing an initial point xo and considering I = I(xq) then the mapping
o(, o) : I — E defines a solution curve or trajectory of the system (1-1). As usual,
the mapping (-, xy) defines a curve I' in FEand the trajectory can be seen as the

motion along such curve I' through the point xq in the subset E C R".

Definition 1.1.3. (Periodic function). A function f(t,z) is periodic in the
variable t if, and only if, there exists L > 0 such that f(to,z) = f(to + L,z) for
all v € E and for all ty € R: In this case, we define the period by

T =inf{L € (0,00) : f(to,x) = f(to+ L,x) for all x € D} (1-4)

and we say that f is a T-periodic function in the variable t.

We can also consider nonlinear systems of differential equations of the form

T = f(t, ), (1-5)

where the function f depends on the independent variable t, which are called
nonautonomous systems. Nevertheless, all nonautonomous system (1-5) with x € R™
can be written as an autonomous system of the form (1-1) with z € R*™! where
the 2,41 =t and &,,1 = 1 (see the Subsection 1.4 below for more details). In light
of this, all definitions and results in this section can be stated for nonautonomous

systems.
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1.2 Big O notation: Landau symbols

Big O notation (with a capital letter O, not zero), also called Landau’s symbol, is
a symbolism used in Mathematics to describe the asymptotic behavior of functions.
In short, it tells how fast a function grows or declines. It will appear frequently when
we expand a function in Taylor series, procedure widely used in the work, so this

notation is introduced for completeness.

Definition 1.2.1. (Order function) A function §(¢) is an order function if, and

only if, 0(e) is positive, continuous and lim 6() when ¢ — 0 exists.

Let ¢(t,€) be a function that assumes values in R™ defined for e > 0 and t € I,
where I is a real interval that depends on €. The expression € | 0 means that there

exists g¢ such as the statement in the definition above is satisfied for each e € (0, .

Definition 1.2.2. (Big O) We say that ¢(t,¢) is of order 6(g) for ¢ | 0 if, and
only if, there exist constants g > 0 and K > 0 such that:

le(t,e)] < Ko(e)

for each t € I. and ¢ € (0,g9). When the function o(t,e) is of order 6(g) for e | 0
we denote p(t,e) = O(d(¢))

Remark 4. Usually with the Landau symbols we will work in the neighborhood of
e =0, then the notation € | 0 can be omitted.

In the following proposition we omit the argument of functions ¢;(¢,¢), i = 1, 2.

Proposition 1.2.1. If 1 and s are function such that o1 = O(d1(¢)) and
P2 = O<52(€))7 then

1. @1y = O(d1(¢) - 02(e))
2. o1 =0(61(¢)) and w3 = O(d2(¢)), then p1 + w2 = O(maz(d1,02)).
3. If k is a nonzero constant, then O(|k|-¢1) = O(p1) .

1.3 Filippov systems

Since in real life there are many phenomena that can not be properly modeled
by smooth systems, it is necessary to consider piecewise smooth systems to model
certain phenomena. Nevertheless, it is not trivial to define the solution of a
piecewise smooth system, and among all the possibilities, the Filippov’s convention

to define the solution of a piecewise smooth system was introduced by a russian
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mathematician called Aleksei Fedorovich Filippov, and it gave rise to the so-called
Filippov systems. Such systems are very useful to describe non-smooth phenomena
and for this reason, they appear frequently in control systems see [20], impact and
friction mechanics [8], and nonlinear oscillations || for instance.

In this section we discuss the Filippov’s convention to define the solutions of a

piecewise smooth system.

Definition 1.3.1. (Piecewice smooth vector field) The vector field X : D C
R™ — R™ is said to be piecewise smooth if, and only if the set D can be partitioned
in open and connected sets {D;}¥_| such that the restriction of the vector field X to
any D; is smooth. More specifically, there is a collection {D;}¥_, of open, connected

and disjoint sets such that
k
D = szv
i=1
and the vector field X; - D; — R™ defined by
X, = X|D1 Ez — Rn,

is smooth for each i € {1,2,... n}.

Let us denote ¥ C Ule 0D, the set where the vector field is not smooth, it’s
worth saying that p(X) = 0. Here the symbol 0 means boundary of a set and pu
denote the Lebesgue measure for more details about the measure theory see [38].

Now, we study a definition of trajectories for this kind of system which is know
as Filippov’s convention. For simplicity, we restrict ourselves to the case where
D is an open subset of R™ and ¥ is a hypersurface in R™ of dimension 1. More
specifically, let h : D — R"™ be a C! function having 0 € R as a regular value, and
let 3 = h1(0). So the set D splits into two regions namely X" = {z € D : h(z) > 0}
and ¥~ = {z € D : h(x) < 0}, separated by X.

Let X,Y : D — R"™ be two smooth vector fields and consider the piecewise smooth
vector field given by

Z(x) = (1-6)

We concisely denote Z = (X,Y).
Remark 5. In this case X is referred as the switching manifold of (1-6).

In order to establish the concept of trajectory for a systems defined in (1-6) we

distinguish some regions of ¥, see Figure 1.1.
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e Crossing region. X ={pe X : Xh(p) - Yh(p) > 0},
e Escaping region. X ={pe X : Xh(p) >0, Yh(p) <0},
e Sliding region. ¥* ={p e ¥: Xh(p) <0, Yh(p) > 0}.

where X h(p) (respectively Y'h(p)) is given by X (p)-Vh(p) (respectively X (p)-Vh(p))
and it is called Lie derivative of h in the direction of X (respectively Y) at p.

. O9.90.4
oA LKL

a) Crossing region. b) Escaping region.

ERRRR
I

(c) Sliding region.

Figure 1.1: Different regions in the switching curve 3.

Remark 6. The regions above are open subsets of ¥ which can have more than one

connected component.

In this work, we study Filippov systems having only crossing regions, and for this
reason, we define the trajectories of a Filippov system through points in ¥¢U 3.
The definition of trajectory through the remaining points of the phase space can be
found in [13]. If p € ¥ and Z(p) = 0 then the trajectory is stationary. In the other

points we have

e Case 1. If p ¢ ¥, then the trajectory is given by X or Y in the usual way.
e Case 2. If p € X¢, then the vector fields X and Y point to the same side T

or X7, so it is sufficient to connect the trajectories of X and Y through p.

Remark 7. The rules used to define the local trajectories of (1-6) are known as

Filippov’s convention.

Now, we formalize the concept of trajectory in Filippov systems. Here we suppose
that px(t,p) is the trajectory of X through p in the region 1 and @y (¢, p) is the
trajectory of Y through p in the region X7, which are both defined in an interval I

containing p in its interior.

Definition 1.3.2. The trajectory of a Filippov system (1-6) through a point p is
defined n the following way
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o Ifpe Xt orpe€ X, is such that X(p) # 0 or Y (p) # 0, respectively, then the
trajectory is given by oz(t,p) = @x(t,p) or vz (t,p) = @y (t,p), respectively,
fortelI CR.

o Ifpe X and Xf(p),Yf(p) >0, we define the local trajectory of (1-6) by

SOX(tap)v tEIm{tZO}

wz(t,p) = {

o Ifpe X and Xf(p),Y f(p) > 0,we define the local trajectory of (1-6) by

ey(t,p), telIn{t>0}
px(t,p), telIn{t<0}

wz(t,p) = {

Considering the goals of our work, we distinguish some special orbits which play

an important role in the dynamics of Filippov systems.

Definition 1.3.3. (Local orbit) The local orbit of a point p € D is given by
v(p) = {pz(t,p) : t € I}.

Definition 1.3.4. (Regular periodic orbit) An orbit v(p) = {pz(t,p) : t € I} is
a regular periodic orbit if, and only if, v C ST UX" U and oz (t+T,p) = o (t,p)
for some T >0, for allt € R. Ty =inf{T > 0: @z(t+T,p) = pz(t,p), tecR}
is called the period of v(p).

Definition 1.3.5. (Regular crossing periodic orbit) The set v(p) = {pz(t,p) :
t € I} is regular crossing periodic orbit if, and only if, yNY C ¥, YNX #£ D, see
Figure 1.2.

Definition 1.3.6. (Limit cycle). An orbit v(p) = {@z(t,p) : t € I} is a limit
cycle of (1-6) if, and only if, there exists a neighborhood V' of ~ in D such that it is
the unique periodic orbit of (1-6) in this neighborhood. (See figure 1.2).

1.4 Non-autonomous and autonomous systems

We have studied Filippov systems Z = (X,Y) where X and Y are autonomous
vector fields, i.e, X and Y depend only on the spatial variable  and their associated

systems are of the form

t=X(z) and y=Y(zx). (1-7)
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Figure 1.2: Crossing orbit and limit cycle.

For our purposes, we need to consider the case where X and Y depend on the time

variable t i.e. they are non-autonomous and can be written as
t=X(t,z) and gy=Y(t, ). (1-8)
Example 1. An example of non-autonomous system is
T =t. (1-9)

and an example of autonomous system is

{ =y, (1-10)

g=1.

So we need to adapt the theory developed in the last section to non-autonomous
Filippov systems. In order to do this, we relate a non-autonomous system to an

autonomous system in the following way.

Definition 1.4.1. Given a non-autonomous system & = X (t, x) where X : RxR" —

R™ is smooth, the autonomous system associate to & = X (t,x) is defined by

{ &= X(Tpi1,7), (1-11)

i‘n—‘rl - ]_

Example 2. In FExample 1 we can associate the system

T =1,
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T =y,
y=1.

Now we relate the solution of the non-autonomous initial value problem

to the autonomous system

{ #(t) = X(t,x), (1-12)

l’(to) = T,
to the solution of the related autonomous initial value problem

&= X(pi1,7),
Tpy1 = 1, (1_13)
I(O) = (SCO,t()).

Denote 7 : I;, — R" and ¢ : [ — R"™! by the solutions of systems (1-12) and
(1-13), respectively, where the intervals I;, = (to —¢,ty+¢) and Iy = (¢, ¢) are given
by the Existence-Uniqueness Theorem 1.1.1. In the next result, we prove that ¢ and

~ are related through the following expression
o(t) = (y(t +1to),t + o) forall te Iy (1-14)

Proposition 1.4.1. If vy and ¢ are functions that satisfy the expression (1-14), then
7 1is the solution of the initial value problem (1-12) if, and only if, ¢ is the solution
of the initial value problem (1-13).

Proof. Let v(t) be the solution of (1-12) defined in I;, and consider (t) given by
(1-14). From (1-12) and (1-14) we have that

p(t) = (Yt +10), 1) = (f(E+to, vt + 1)), 1) = (f(p(2)), 1), forall te(—¢,e).
(1-15)
Also we have from (1-14) and (1-12) that

©(0) = (7(0),t0) = (w0, %0).

Therefore (t) : (—e,e) — R™ is the solution of (1-13).

On the other hand, let ¢ be the solution of (1-13) defined in (—¢,¢) and denote
the j-th component of ¢ by ¢;.

Define v(t) = (@1(t — to),...,n(t — ty)) for each t € [, and notice that
90n+1<t> =t+tp.
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Since ¢(t) = (f(@nt1(t), p1(t), -+ ,on(t)),1), it follows that o(t — t5) =
(f@nar(t — to), o1(t — o), ..., on(t — 1)), 1) = (f(t,v(t)),1), which means that
ot —to) = ((t), 1). It follows that y(t) is the solution of (1-12). O
Example 3. The solution of system (1-9) with initial condition v(to) = xq is given
by

t2 t2

V() =5 Fwo—7 (1-16)

and the solution of (1-10) with initial condition ¢(0) = (xo,to) is given by

olt) = <@ + a0 — %O,H— to) | (1-17)

Moreover the phase portrait can be seen in Figure 1.3.

T

al
A

Figure 1.3: phase portrait of (1-17)

Since we have only defined Filippov solutions for autonomous systems, when we
are working with non-autonomous Fillipov systems we can relate them with an
autonomous systems through Definition 1.4.1 and Proposition 1.4.1. Thus we can
extend the concept of solution developed in Section 1.3 to non-autonomous Fillipov
systems.

In fact, assume that we have a non-autonomous Filippov system

Xi(t,x), if 0(t,x) >0,
Z(t,z) = . (1-18)
Xo(t,z), if O(t,z) <0

Then, we set t = x,,1 and (x,,1,2) = X, and consider its associated autonomous
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Filippov system

” 1 .
X = (Xl(x) >, if 0(x) >0,

Z(x) = (1-19)

1 :
\ Y:<Y1(X)>’ if f(x) <0.

Since the solutions of X; and X (respectively Y; and Y') are related through

Proposition 1.4.1 we can construct the solutions (1-18) through solutions of (1-19)
obtained by Filippov’s convention.

Note that if § : Rx D — R" is given by 0(2p41, %) = Zpi1 —0(x), where § : D — R
is a smooth function, then computing the product X6(p)Y8(p) (where X6(p) and

Y0(p) are the Lie derivatives defined in the previous section) we get

X@(p)Y9<p) = <(17 Vé)v (1’ Xl))((la vé)? (1v XQ))
= (1+(V0, X))(1 + (VF, X)) (1-20)
=1+ (V0, X5) + (V0, X)) + (VO, X,)(V, X,).

Hence, in the case where the term (V(0), X2)+(V(6), X1)+(V(0), X1)(V(0), X5)
is sufficiently small we have that X6(p)Y0(p) > 0, which means that we have only
crossing points in the switching manifold.

In particular, when X; and X, are of the form X;(x) = Zle e'F (x) and

Xo(x) = Zle £ FiT(x), respectively, where Fi* are smooth vector fields we have
that, for ¢ sufficiently small, all points of the switching manifold > are crossing

points, i.e. X = X°.

1.5 Chebyshev systems

Another important theory for the development of this work is the Theory of
Chebyshev systems. In general words, this theory can be used to find the number of
zeros of some function which lives in the set spanned by a finite family of functions,
under some conditions.

We start with some necessary definitions and agreements. Let F' = [ug, ..., u,]
be an ordered set of smooth functions defined on the closed interval [a, b], we denote
the vector space spanned by the family F' by Span(F'), and the maximum number of
zeros, counting multiplicity, that any nontrivial function in Span(F') can have will
be denoted by Z(F'). A classical tool to study Z(F) is the Theory of Chebyshev. we
shall establish below.
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Definition 1.5.1. The set F' = [ug,...,u,| is said to be an Extended Chebyshev
System (ET-system) on [a,b] if, and only if, the number Z(F) < n.

Remark 8. When Z(F) =n+k, k € Z, then the set F is called Chebyshev system

with positive accuracy k in |a,b]. (see [70] for more details).

Definition 1.5.2. We say that F' = [ug,...,u,] is an extended complete Cheby-
shev system (ECT-system) on a closed interval [a,b] if, and only if, for all k €
{1,2,...,n} the set [ug,uy,...,ux] is an Extended Chebyshev system.

Remark 9. The interval |a,b] in the Definitions 1.5.1 and 1.5.2 can be replaced the

interval (a,b), since (a,b) = U2 [a+ +,b— 2]

There exists a result that can help us to verify when the set F' is an extended
complete Chebyshev system of a finite set of functions F'. In order to establish such

result, the next definition is needed.

Definition 1.5.3. The Wronskian of the ordered set of functions {ug,uy, -+, ug}
15 defined by:

Wi(z) = W(ug, uq, ..., ug)(x) = det(M (ug, u, - .., ug)(x))

where

M (ug,uq, ..., uy)(z) =

ug(z) () ... ug(e)

The following result is stated and proved in [35].

Proposition 1.5.1. The set F' = [ug,...,u,| is an FEztended complete Chebyshev
system on the interval [a,b] if, and only if for all k € {1,2,...,n} we have that
W (ug, uy, ..., ug)(x) # 0 for all € [a,b].

Remark 10. Notice that every ECT-system is an EC-system, since putting k = n
in the Definition 1.5.2 we obtain that [ug,uq,- -+ ,u,] is an EC-system. However,
there exists sets which are EC-systems, but do not satisfy the definition of an EC'T -
system. In fact, consider F' = [1,2% x] in [—2,2]|. This ordered family in an EC-
system since any element in Span(F) has the form oy + aoz® + aox, and thus
Z(F) < 2. Bul, if we consider the set [1,2% we have that p(x) = x*> — 1 is in
Span(1,z?) and has two zeroes in [—2,2], so Z([1,2%]) > 1, and thus F does not
satisfy Definition 1.5.2.
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In Qualitative Theory of Differential Equations, ECT-systems can be used to
study the number of isolated periodic orbits (limit cycles) bifurcating from a period
annulus, see [31]. More concretely, this technique is useful to get upper bounds for
the number of zeros of the Poincaré-Pontryaguin-Melnikov function and to provide
lower bounds for the so called weak Hilbert 16th problem, see [10] and [10]. One
said this, we enunciate the following theorems which allow us to know the behavior
of the isolated zeroes of the functions in Span(F'). We say that a zero of a function
is simple if the Jacobian matrix of f evaluated at the this point is a non-singular

matrix. The following two theorems can be found in [35] and [30] respectively.

Theorem 1.5.2. Let F' = [ug,uq,...,u,] be an ECT-system on a closed interval
la,b]. Then, the number of isolated zeros for every element of Span(F') does not
exceed n. Moreover, for each configuration of m < n zeros, taking into account their

multiplicity, there exists f € Span(F') with this configuration of zeros.

The following theorem extend the theorem above to the Chebyshev systems with

positive accuracy (see Remark 8).

Theorem 1.5.3. Let F' = [ug,uy,...,u,] be an ordered set of functions on |a,b].
Assume that all the Wronskians Wi(x),k = 0,...,n — 1, are non vanishing except
W, (), which has exactly one zero on (a,b) and this zero is simple. Then, the number
of isolated zeros for every element of Span(F') do not exceed n + 1. Moreover, for

any configuration of m < n + 1 zeros there exists f € Span(F') realizing it.

Finally, the following theorem improves the bounds given by Theorems 1.5.2 and
1.5.3, however this theorem do not ensure that the bound can be reached. For more

details, see [30)].

Theorem 1.5.4. Let F' = [ug, uq,...,u,] be an ordered set of analytic functions
in la,b]. Assume that all the v; zeros of the Wronskian W; are simple for i €
{0,1,...,n}. Then the number of isolated zeros for every element of Span(F') does

not exceed
N AV + Upo1 + 2(Un—z + -+ 00) F fn1 A 3 (1-21)

where

pi = min(2v;,vi_g +---+wv) i €{3,4,...,n—1} (1-22)



CHAPTER 2

Melnikov Funtions for Filippov system with

nonlinear switching manifold

This section is devoted to develop the main theory given in [6]. In this work,
the authors develop the Melnikov Theory to find lower bounds to the maximum
number of limits cycles bifurcating from a piecewise smooth perturbation of a linear
center with switching curve given by y = 2. The results in this paper generalizes
the results obtained in |9, 21].

Let D be an open set of R¢, St = R/T for some period T > 0, and N a positive
integer. We consider a finite set of C" (r > N + 1) functions 6; : D — S! for
1=1,..., M, satisfying 0 < 0, < by < --- <0y <Tforallz € D. For completeness,

we take 0y = 0 and 0,1 = T. We consider the following piecewise smooth system:

M
i =Y 'F(tx)+e" Rt x,¢). (2-1)
i=1
with
F(t,z), if 0O(x) <t <6y,
Fl(t,z), if 0.(x) <t <by(x),
Fhay = | D), 0@ <t <0
.Fijw(t, IL‘)7 if 0]\/[(1’) <t<T.
and
RO(t,z,e), if 0<t<b
R\ (t,z,e), if 0, <t<¥
Ritw.e) = T 1 i

R]W(t,$,€), it Oy <t<T,

where F} : ' x D — R?, R/ : S' x D x (—&g,g0) = R? are C" functions, r > N +1,
fori=1,...,Nand j=1,..., M, and T-periodic in the variable ¢. Notice that the
switching curve is given by ¥ = {(0;(z),z) :x € D, i=1,..., M + 1}, see Figure
2.1.
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N
Remark 11. Throughout this work we shall denote Fi(t,z,¢) = ZeiFlj(t,m) +

i=1
eNTIRI(t, 2, €).

Remark 12. The form (2-1) is called standard form. To apply the Melnikov Theory,

it 1s necessary to have a system in the standard form.

(01(z), )
(05-1(=), =)
(05 (z), )
(Op (), )

M

?
t

Figure 2.1: [llustration fields in the Remark (11).

There exists another theory which allows us to find limit cycles of systems of type
(2-1), called Averaging Theory. The Melnikov Theory and the Averaging Theory are
classical tools to investigate the existence of periodic solutions of pertubative system
of type (2-1). In short, both theories provide a sequence of functions A;, i = 1,2, ..., k,
which control the existence of isolated periodic solutions of (2-1). These functions
A; are known as Melnikov Functions and Averaging Functions, in each case. Tt is
worth saying that for smooth systems the Melnikov functions are, in some sense,
equivalent to Averaging functions at any order. Nevertheless, for piecewise smooth
systems of type (2-1), the Melnikov function of order 2 has an extra term, which
depends on the jump of discontinuity and on the geometry of the switching curve.

Counsider the functions

fl(x):/o Fi(s,z)ds, (2-2)

and

folz) = /0 ' [DxFl(s,x) /O CFy(t 2)dt + Fy(s,x)| ds, (2-3)

and define the functions

Ai(r) = filz) and  Dy(x) = folz) + f5(2), (2-4)
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where fi, f are given by (2-2) and (2-3) respectively and

M

. . 0 ()
i) = (FH(0;(x),2) - Ff(ej(l‘)w))Dﬁj(fE)/o Fi(s, z)ds. (2-5)

i=1

In this section, we prove that the Melnikov functions of order 1 and 2 of (2-1) are
given by Ay and A, in (2-4), respectively, and we also show that they can be used
to find limit cycles of system (2-1) for € > 0 small.

Remark 13. The functions given in (2-2) and (2-3) are called the Averaging
functions of order 1 and 2 of the system (2-1), respectively.

Remark 14. Note that if the vector field Fy is continuous then FI ™' (0;(x),z) =
Fl(0;(x),2) 7 = 1,M, thus f§ = 0. If 6;(x) is vertical for all j = 1, M, then
D,(0j(x)) =0 and so f; = 0. In both cases, the Melnikov functions coincide with

Averaging functions up to order 2, see [19].

2.0.1 Main Theorem

Now we establish and prove the main theorem of [6].

Theorem 2.0.1. Consider system (2-1) and the functions Ay and Aq given by (2-4).
Then the following statements hold.

i. (First order) Assume that a* € D satisfies Ai(a*) = 0 and det(JA(a*)) #
0, then for |e| # 0 sufficiently small, there is a unique T-periodic solution
x(t,e) of system (2-1) such that x(0,e) — a* as e — 0.

ii. (Second order) Assume that Ai(x) = 0 and a* € D satisfies Ag(a*) = 0
and det(JAq(a*)) # 0, then for |e| # 0 sufficiently small, there exists a unique
T-periodic solution x(t,e) of system (2-1) such that x(0,¢) — a* as e — 0.

Here JA;(z) denotes the Jacobian matrix of A; evaluated at .
Proof. Let zg be a fixed element in D and consider the function
Go: S' x D x (—eg,60) = R
(t,z,e) =t — b1 (po(t,x,€))

where ¢q(t, x,¢) is solution of
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Note that Gy is a smooth function and from (2-10) and pg(x,¢,0) = x for all t € S*
and x € D. Thus

Go(6o(0), 20, 0) = 01(z0) — O1(0(01(0), 20, 0)

Also, %(el(xo),xo, 0) =1 # 0. From the Implicit Function Theorem, there exists
a smooth function
ay : (zg — 8,20+ 0) X (—gp,60) = R

for some § > 0 and ¢f, € (0,g¢) such that a;(xg,0) = 0;(x¢), and
ay(z,e) = O (po(an(z,€),x,e), foreach x € (zg— 0,20+ 0) ,and € € (—ep, £)-

Hence, aj(xg,€) denotes the time which is necessary to the trajectory ¢q(-,z,¢),
starting at po(ag(z,€),z,e) € D intersects the switching curve ¥, = {(0;(z),x) :
x € D}. We refer ay(zg,e) as the flying time of ¢o(t,z,¢). Analogously, we
construct the fiying time o;(zo,€), j = 1,---, M, which denotes the time sent
by the trajectory ¢;_1(-,x,¢) starting at ¢;_i(oj_1(x,€),2,€) to reach the curve
¥ ={(0j(x),z) : x € D} (see Figure 2.2). In this case, we have

0, if j=0,
aj(z,e) = S 0;(pj-1(a;(z,€),z,€)), if 1<j<M, (2-6)
T, it = M1,

Now, we write the solution of (2-1) as

wolt,z,e), it 0<t<a(x,e),
ot 7. 6) = wl(t,.x, £), if ai(z,e) <t < ag(x,e), 27)
@M(t;a;,a), if ay(x,e) <t<T.
Moreover
a%’ Y . Tt _
E(t,x,s) = F'(t,p;(t,z,€),e), for j=1,M, (2-8)
where

0,2,¢e) ==,
ol ) (2:9)
gOj(Oéj(x’8)"%”6) = @j(aj(flf,éf),l',é‘), for ,] = 17M

See Figure 11.
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(61(2), x)

8 —~ =
8

5 g =
~

| < S
cb

< ~ e

N

= A (T z0,¢)

AR
g
aj_1(z0,e)  aj(zo,e) t

Figure 2.2: Solution of a piecewise smooth system (2-1).

Remark 15. ;(t,z,¢) and a;(x,€) are C" functions for j =0,..., M. In fact, from
Theorems 1.1.2 and 1.1.3, for j = 0 and (z,e) € D X (—eg,&0) there exist 6 > 0
and a > 0 such that the solution vo(t,x,e) of (2-1) is C" in [—a,a] x Bs(x) x Bs(¢e)
(r > M +1), and from (2-6) we have that g is C". In a similar way we can prove

the assertion for every 7.

We notice that the recurrence (2-8) describes a set of initial value problems.

Therefore, we can write them in the integral form
t
aoltze) =2+ [ F(sipnls,m,e), )ds
0

t

ai(z,e)
901(t71’75) =T +/ FO(S7§00(37x7€)7€)dS + / F1(57§00(Sax7€)7€)d8
0 a1 (z,e) (2_10)

t .
QDj(t,ZU,E) = QDjfl(Oéj(t,E),.’,U,E) +/ F](57¢j(s>$76)75)d87
j(d),E)

for j =1, M. So, we may compute

M raj(ee)
om(t,x,e) :x+z FI7Y(s, 0 1(s,2,¢),€)ds
j=1705-1(0e) (2-11)
t
+ FM(Sv(PM($7x76)>5)dS'
o (x,€)

We construct the displacement function
A(z,e) = (T, x,e) —x = op (T, x0,€) — . (2-12)

From Remark (15) the displacement function (2-12) is a C" function. So, expanding A in
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Taylor series, around € = 0, we get
Az, e) = Aog(z) + eAq(x) + €2A2($) + 0(63). (2-13)

Note that due to (2-11) and Remark 11, we have Ag(x) = 0 since pp (7T, z,0) = x. The
functions A; and Ay are called the Melnikov functions of order 1 and 2 of (2-1), respectively.
Due to (2-11), the displacement function (2-12) is given by

M+1

Ax,e) = o (T,x,6) —x = Z FI7Y(s, 0 1(s,2,¢),€)ds (2-14)

Qj— 11’6

Now we are interested in finding the Taylor expansion, around € = 0, of the right-hand
side of (2-14) and then match the terms with (2-13). In this sense we compute the Taylor
expansion up to order 2 of the right hand side of 2-14. We shall prove that, using Remark
(11), we have

1(z,.€) 1(z,e)
/ FO(s,p0(s,z,¢),¢)ds :/ [eFP (s, ¢0(s,x,€)) + €2 F3 (s, po(s, z,€))
0 0

+ O(e%)] ds

01(x) o
=¢ </0 Ff(s,x)ds) + &2 <F10(91(x),:z)6881(x,0)

01(x)
+/ [DwFP(s,x)a(;zo(s,x, 0) + FQO(S,a:)] ds)
0

+ 0(e?).
(2-15)
In fact, to prove the equality (2-15), consider
1(5!2,8)
g(g) = / [6F10(57900(87$75))+52F20(3a§00<87x75))+O(53)] ds (2'16)
0
and
G(z,¢) = / [eFlo(s, wo(s,z,e)) + 62F20(3, wo(s,z,e)) + 0(53)] ds. (2-17)
0

Thus

g(&‘) = G(Oél(l‘75),€). (2_18)

The idea is to find the Taylor expansion, around € = 0, up to order 2 of g(¢), and write

o(e) = 9(0) + £9'(0) + 5¢%9"(0) + O, (219

Due the definition of g we get that g(0) = 0. Moreover we get

g'(e)|._, = [0:Glon(x,¢e),2)0:0n (2, ) + 0-G(u (x,€),€)] | (2-20)

e=0
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and, from Fundamental Theorem of Calculus,
0.G(z,e) =eFY(z,p0(s,x,€)) + 2 FY(z, po(s, z,€)) + O(e2). (2-21)
Thus

0.G(ay(x,€),e)0:a1(x,€) =0. (2-22)
e=0

On the other hand we have

N 0
0.G(2.6) = [ | FiCo. gl ,0) + D2 s, (5,6 S (5,0

+ 26F20(s, wo(s,z,€)) + EgDmF20<S, (po(s,x,a))%(s,w, 0) + (’)(62)] ds.

Oe
(2-23)
So,
a1(z,0) 01(z)
0G| = [ Reeaods= [ FHeads @2
e=0 0 0
Therefore,
01(x)
g'(0) = / F)(s,z)ds. (2-25)
0

In order to conclude the calculation, we are interested in computing %529” (0). For this

purpose we use (2-20) to compute
g’ (e) = 0 (0.G(1(z,¢€),e)0:a(z,€) + 0:G(av1(z, €), €)) : (2-26)
e=0 e=0

From (2-21), we have

0: [0,G(a1(x,€),e)0:a(x,€)] = [5DF10(al(x,5),gpo(s,x,s))V(al(x,5),@0(5,:0,5))
+ FY (a1 (2,¢), 0(s, ,€))26F3 (2, o (s, 2, €))
+ e2DFY(z, po(s,z,€))V (a1 (z, €), vo(s, z,€)) (2-27)
+ O(e)] 01 (z,€) + [EF{)(al(x,s),wo(s,w,s))
+ 2F) (v (z,€), wo(s, z,€)) + (9(52)] 2o (x,¢).

Thus,

0: [0.G(a1(x,€),e)0:a(x, €)] = FP(ay(x,0), ¢o(z, 5,0))d-01 (2, 0)
e=0 (2-28)

= FP(Gl (x),z)0:1(z,0).
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From (2-23) we have

ai(z,e)
0G0 (,2)2) =0 ( [ (o) + DS oo, ) 0 s )
0

+ 2£F20(s, wo(s,z,€)) + €2DF20(8, goo(s,x,a))aaf)(s,x,e)
+ O(¢?)] ds) .

(2-29)
So, consider
o1(@:e) 0 0 o
nE©= [ [P po(s2.0) + DE s poss0,2) G0 s1.)
0 € (2-30)
dyp
+ 25F20(s7 wo(s,z,€)) + 52DF20(5, cpo(s,az,s))a—so(s,x,e) + (’)(52)] ds
and
G _ ‘ 0 0 6800
1(z,e) = Fy(s,0(s,2,¢€)) +eDFY (s, 0(s,z, 5))—6(3, x,€)
0 5 (2-31)
+ 2eFY(s,p0(s,x,€)) + e2DFY(s, wg(s,x,a))%(s,x,a) + 0(52)] ds.
Notice that
91(8) = Gl(a1($,6),8), (2—32)

thus
O2G (a1 (x,€),¢) = 0-g1(¢) = 0.G1 (a1 (x,€),¢)0-1(,€) + 0-G1 (1 (2,€), €) (2-33)
and from Fundamental of Theorem Calculus and (2-31), we get

0.G1(2,¢) =F{(z, o0l 2,6)) + <DF{(z, ool 2,) 2z, )
€ (2-34)

+ 26 FY(2, 00(2, z,€)) + e2DFY (2, o(2, z, 5))8(;?(2, z,€) + O(e?).

Thus
9.G1(a1(z,€),€)0-c1(z,€) = [F} (ar(z, €), po(ar(z,€), z,€))
+ EDFlo(al(m,E), goo(al(x,s),x,s))({)aio(al(x,s),w,s)

+ 25F20(a1(x,5),gpg(al(x,s),x,s))
+ 62DF2()(Q1(:E’ 8)7 QDQ(Oél(Oél(-T,ﬁ),af),CL‘,S))
) o

0 (a1, 2),,) + O(=2) | decn ()

(2-35)
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From (2-33) we need to compute
0:G1(ai(z,€),¢e). (2-36)

Due to (2-31), we get

0:G1(z,¢) :/ [DxFlo(s,goo(s,l‘,e))aaio(s,m,e) + DxFlo(s,cpo(s,az,E))a(po (s,z,¢)
0

O

+ eD2FY %0 i 0 9%p0
ey 1(8,(,00(8,I,€)) 7(S,I,E) —l—EDFl(8,(p0(5,x,€))7(8,1},5)

Oe 0e?
+ 2B (s, ol 2,6)) + 2=Du (s, ols,2,€)) 2 (5, 2,¢)
0 d¢o 2 0 d¢o ?
+ 2eDF5 (s, cpo(s,x,e))g(s,a:,é) +e° Dy F5 (s, 0(s,,¢)) y(s,x,s)
8o
+ EDE(s (s, 2) G5 m,8) + O)| s
(2-37)
Now, from (2-35) and (2-37), we get
02G(ay(x,€),¢) =F)(01(x), z)0-a1(x,0) +/91(r) [2D F(s x)%(s z,0)
< 1 ) ) 0 1 1 ) eI\ L, 0 xl'1 ) 85 5 Ly (2_38)
+ 2F3 (s, z)] ds
From (2-26), (2-28) and (2-38), it follows that
I 01(:2) 0 8(100 0 0
g (0)=2 / [DxFl (S,.T)%(S,I‘, 0) + F5 (s, x)] ds + Fy(01(z),x)0-a1(z,0) | .
0
(2-39)
From (2-16), (2-25) and (2-39) we obtain
01(x) 01(x)
g(e) :5/ F(s,x)ds + £* / {DmFP(s,x)M(s, z,0) + Fg(s,w)} ds
0 0 e (2-40)

+FY(0:1(x), )01 (, 0)) + O(e%),

which proves (2-15). In order to finish the computation of the right-hand side of (2-15) we

have to compute the terms %(s, z,0) and .1 (z,0). Expanding the equation
t
300(t7 z, E) =+ / FO(Sa SOO(Sa z, 5)7 €)d8,
0
around € = 0, and using Remark 11, we have that

t
ac—i—eaaio(s,x,())—i-O(g) ::E+€/ F{(s,z)ds + O(e?).
0
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So we get
é) t
al Z(s,2,0) = | FP(s,z)ds. (2-41)
85 0
In the same way, expanding the equation «a;(x,e) = 01(po(a1(z,€),x,¢€)), around £ = 0,

and since ¢g(t, x,0) = x, we obtain

1 (,0) + £ 0L (2,0) + O() = 1(x) + =Dt (v) (‘95"()(91( )z >‘98< 0
&PO ) (2-42)

Now, from the definition of a;(z,¢) j = 1, M, see (2-6), we have that a;(z,0) = 01(z).
Due to (2-8) and Remark 11 we have 2 2 (01(x), 2,0) = 0 and, using (2-41), we get

01(x)
%.?(x,O) = Dxﬁl(x)/ F(s,z)ds. (2-43)
0

Replacing (2-41) and (2-43) in (2-15), the first term in the sum (2-14) is given by

al(t,a) 91(]})
/ FO(s, po(s,z,¢),¢)ds =¢ / F(s,x)ds
0 0

01(x) s
+ &2 / [DxFlo(s,x)/ Flo(s,x)ds—l—FQO(s,:r)} ds
0

0

01(x)
+FO(0y(2), ) Dty () /0 FO(s, 2)ds | +O(%)
(2-44)

Similarly, we can compute other terms of the sum in (2-14). More specifically we obtain

o (t,€) . 0;(x)
/ FI7l(s,0j-1(s,m,¢),€)ds =¢ / FO (s, z)ds
aj—1(x€) 0;—1(x)

) - 0;(x)
& [ FIY(6,(2), 2) Dy () / FO(s, 2)ds
0

n@ :
—l—/ [DFIJ (s,m)/ F)(s,x)ds

6]'_1 0
+ B (s,2)] ds = F{ 7 (0j-1(w), 2) Da1 ()

0j-1(z)
. / Flo(s,z)ds> +0(£%)
0
(2-45)

From (2-44) and (2-45) we have that the Melnikov functions of first and second order
are given by equations (2-4) and (2-5), respectively. Now, from the definition of the
displacement function (2-12) we have that the T-periodic solutions z(t,e) of system (2-1)

satisfying x(0,e) = x are in one-to-one correspondence with the zeros of the equation
A(z,e) =0 (see Figure 2.3).
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Figure 2.3: Identifiying the points (0,x) and (0,T) in the
Figure 2.2 we get that the zeros of A(x,€) are in

correspondence with T-periodic solutions x(t,¢)
of the system (2-1).

From (2-13), if we define A(z,¢) = A(z,¢)/e = A1(z) + O(e) and from hypothesis of
item 1 in Theorem 2.0.1, it follows that

A(a*,0) = Ay(a*,0) =0 and det (gﬁ(ﬁ)) =det (JA1(a")) # 0.

Therefore, from the Implicit Function Theorem, we get the existence of a unique C”
function a(e) € D such that a(0) = o* and A(a(e),e) = eA(a(e),e) = 0 for every |e| # 0
sufficiently small. So, it is enough to define z(0,e) = a(e) to get the conclusion of item 1
of Theorem 2.0.1.

Finally, assuming that Aj(z) = 0, define A(z,¢) = A(z,¢)/e? = Ay(z) + O(g). The

proof of statement 2 follows analogously to the proof of statement 1. O

Remark 16. It is worth to say that Theorem 2.0.1 is a sufficient condition for
finding limit cycles. In fact, it is possible that there exist zeros of the Poincaré map
A which are not zeros of the Melnikov functions A; i = 1,2,. Hence, we can not say
that this methodology detects all the limit cycles of (2-1).



CHAPTER 3

Finding bifurcating limits cycles in planar

system

3.1 Statement of the problem

Piecewise smooth systems appear in the field of nature, control systems [26],
mechanics [3], nonlinear oscillations [1]. Thus many researches began to study
the dynamical behavior of such systems in recent years. There is an interest in
studying the existence of limit cycles and the maximum number of limit cycles if,
it exists. Note that this problem is, in some sense, an extension of 16" Hilbet’s
problem to piecewise smooth vectors fields. So there exists an increasing interest
on establishing a uniform upper bound for the maximum number of limit cycles of
piecewise polynomial differential systems.

There exists an extensive literature in the existence of limit cycles in piecewise
smooth vector fields separated by an straight line, see for example |15, 16, 24]. Tt is
worth saying that it does not exist a piecewise linear system separated by a straight
line with more than 3 limit cycles, but if we change the straight line by a general
curve, the statement is not true anymore. The existence and characterization of
upper bounds to piecewise polynomial system in an open problem. In fact, in |7]
and [29] the authors conjectured and proved, respectively, the existence of systems
having an arbitrary number of limit cycles, which depends on the shape of the
discontinuity set.

Recently, the study of piecewise linear systems with two zones separated by y = x"
was explored in [6] and [3]. For this reason we are interested in finding limits cycles
bifurcating from a linear center under a piecewise smooth polynomial perturbation

of the form
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( k
y+ Y 'PH(z,y)
i=1 ’ if y > "

k
—T + Z EiQ,?_(fE, y)
=1

k
y+> &P (z,y)
i=1 ’ if y < z"

k
—x + Z £'Q; (v,y)
L i=1

In |6] the authors consider system (3-1) with P and QF being polynomials of
degree 1, k = 1,2 and n = 3, and using Melnikov functions they found limit cycles
of system (3-1). In [3] the authors study (3-1) for a general n € Z , k = 1,2...,6,
and polynomials P and QF are of degree 1, and using the Melnikov functions they
found limit cycles of the system (3-1). In [39] the authors consider the same system
(3-1) with P* and QF being polynomials of any degree, k = 1 and n € Z and they
find lower and upper bounds for the maximum number of isolated zeroes of the
Melnikov function of order 1.

Based on that, in this work, we study (3-1) and instead of considering that P
and QF are polynomials of degree 1, we consider that P* and Q are polynomials

of degree 2,1 =1,2,--- |k, given by
= ag; + auT + ayy + azry + ayr’ + asy’,

(3-2)

y)

P (x,y) = aoi + 01 + agiy + agizy + agiz® + sy’
y) = boi + bz + baiy + baizy + byx”® + bsiy”,
y)

= Boi + Bux + Baiy + Baixy + By’ + Bsiy’,

and we use Melnikov Theory, developed in Chapter 2 to detect bifurcating limit
cycles of (3-1) for € > 0 small and we obtain lower bounds for the maximum number
of limit cycles of system (3-1). We sumarize it in the following theorem, which is the
main result of this work.

We denote by my(n) the maximum number of simple zeros that the first
non-vanishing Melnikov function A, can have for any choice of parameters
i aji, By b €R,i=1,2,7=0,1,2and £ = 1,2 .

Theorem 3.1.1. Consider the planar piecewise polynomial differential system (3-1)
where PE(x,y) and QF (x,y) are given by (3-2). Forn € Z+ and £ = 1,2, my(n)

assume the following values:
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i. mi(1) =2,m1(2) =4,m1(3) =5, mi(n) =7 forn >5 odd, and 6 < my(n) <7
for n >4 even,

ii. mo(1) = 3.
Moreover all the lower bounds above can be achieved. Consequently, H(1) > 3,
H(2) >4, H3) >5, Hn) > 7 forn >5 odd, and H(n) > 6 for n > 4 even,
where H(n) is the mazimum number of limit cycles of (3-1) with P and QF,
i =1,2 given by, (3-2).

This Theorem is proved in the remaining chapter. The results of item (i) of

Theorem 3.1.1 is summarized in the following Table

n mq(n)

1 2

2 4

3 D

n > 2, n even 6 <my(n)<T7
n > 3, n odd 7

Table 3.1: Values of mi(n).

To conclude, we compare our results with the results obtained in references
|6, 3, 37] in the following table. We can see that considering polynomial perturbations
of degree 2 instead of polynomial perturbations of degree 1, we can detect the

existence of more limit cycles through first order Melnikov Theory.

n my(n) in [6] my(n) in |3, 37]
1 1
2 3
3 3 3
n > 2, n even 4
n > 3, n odd 3
Table 3.2: Lower bounds of mi(n) obtained in different

works.

Remark 17. In [2], the authors prove that my(n) = 6 for n > 4 even, while we
found 6 < my(n) <7 forn >4 even.

3.1.1 General procedure for finding Melnikov Functions

Note that Melnikov Theory applies to non-autonomous system and (3-1) is an
autonomous system, so we must bring (3-1) into a non-autonomous context. In
general we should do the following steps to compute the Melnikov functions of (3-1)

and to study their zeroes.
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1. Apply a change of variables at Z(x,y) to polar coordinates (r, ), i.e. consider
x =rcos(f) and y = rsin(h).

2. Take 6 in the polar coordinates as an independent variable in order to obtain

a system of the form % = F(r,0,¢).
3. Compute the Taylor expansion of F(r,6,¢) around € = 0 up to the order k,
k

writing F'(r,0,¢) = ZsiFi(r, 0) + O(c**1). Note that 7 = F(r,0,¢) is in the
i=1
standard form (2-1).

4. Compute the Melnikov functions with 7" = 27. So far the procedure is the
same in all cases, but there is a change in the expressions depending on the
discontinuity set.

5. Identify if n € Z" is odd or even in order to get the angle 6, between y = 2"
and the z-axis.

6. Obtain the Melnikov functions A; ¢ = 1,2,...,n in term of cos(f;), sin(6;)
and r and powers of them.

7. Use the relations cos(f;) = %, sin(f;) = £ = £ and r = Vit y? =

r’ r

Va? + 22" and write A Zu]u] Ak tie, C R

8. Check if this family {u;}7", 1s an ECT-system (see Definition 1.5.2) and use
Theorem 1.5.2 or Theorem 1.5.3 to study the zeroes of A;.

After following these steps we are able to detect limit cycles of (3-1) by meanof the
proposed method.

3.2 Finding first order Melnikov functions

Now we compute the Melnikov function of (3-1) when k =1, i.e.,

(
P+ 2P+
y+ebm e by iy >
—x +eQf +2Q7F

P 2p;
—r 4+ Q] +e°Q,
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where P*(z,y) and Qi (z,y) are given by (3-2) i.e.

P (x,y) = ag; + a1,@ + agiy + aziwy + agx’ + asy’
P (x,y) = ai + o + iy + iy + agx’ + asiy’
Qi (z,y) = boi + buiw + boiy + bsizy + bux® + bs;y?

y)

= Boi + Bux + By + Baizy + Bux® + Bsiy®.

We denote Z(z,y) restricted to the region y > a™ by

Fal(x7y) _ y+€P1++€2P2+7 (3 4)
Fa?(x7 y) —T + €Qi’_ + 52@; ’

and the vector field Z(z,y) restricted to the region y < ™ by
Fdl(x7y> _ y+€Pli +€2P277 (3_5)
Fap(2,y) —r +eQy +°Qy

According to last section, we must apply a change of variables to polar coordi-
nates. Considering x = r cos(6) and y = rsin(f), (3-4) can be written as

i =¢ [cos(6)(ao1 + aoze + 7sin(0) (a1 + e(azz + bi2) + 12 cos?(0)(as1 + as2e)

+ 7 cos?

0)(a11 + ai2e + rsin(0)(az1 + (asz2 + baa) + ba1))
+ sin(0)(bo1 + boze + rsin(0)(bar + baze + 7sin(0)(bs1 + bsac)))

+ rsin(f)(as1 + e(as2 + bsz) + b31) + b11))]

(
(

0 :% [sin(0)(—e(ao1 + aoze) — rsin(0)(e(az1 + agee) + resin(f)(asi + asze) + 1))

+ ecos(f)(rsin(0)(—a11 — aj2e + rsin(0)(—as1 — asae + bs1 + bs2e) + bag + base)
+ bo1 + bogé‘) + TCOS2(0)(7’€ sin(@)(—a41 — Qa49€ + b3 + 6326) + €(b11 + 5126) — 1)

+ 72e cos®(0) (byse + b))
(3-6)
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and (3-5) is written as

7 =€ [cos(@)(am + apae + rsin(f) (ae1 + e(ao + bia) + r? cos3(6)(a41 + ay9¢)
+ 7 cos?(0) (a11 + aze + 7 sin(0) (az + e(ass + Boa) + Ba1))
+ sin(0)(Bo1 + Boze + 7sin() (P21 + Baoe + rsin(6)(Bs1 + Bs2e)))
+ 7sin(0)(as1 + e(as2 + bs2) + B31) + B11))]

0 :% [sin(0)(—e(ao1 + ao2e) — rsin(0)(e(aa1 + age) + resin(f) (as1 + ase) + 1))

+ ecos(0)(rsin(f)(—a11 — aroe + rsin(0)(—as1 — asae + P51 + PBs2¢) + Po1 + [22¢)
+ Bo1 + Boze) + 7 cos?(0)(re sin(0)(—aur — quse + Ba1 + Baze) +e(Bi1 + Pize) — 1)

+ 1%e cos (0) (Ba4e + Ba1)]
(37

Note that, in polar coordinates, the discontinuity set is given by
sin(f) = "1 cos™(6). (3-8)

Now we must consider 6 as an independent variable in the systems (3-6) and (3-7).
Doing ' = %, we obtain 6 as independent variable in (3-6) and (3-7) respectively, and
denote how as 1’ = F,(r,0,¢) and 7’ = Fy(r, 0, ¢), here F, represent 3-4 after this procedure
and Fy represent 3-5 after this procedure. Computing the Taylor expansion of F, and Fj

up to order 2 around € = 0 we get

, | eFF(r,0) + 2F5 (1,0) + O(?), if sin(6)

"~ cos(0),
T =
eFy (1,0) + 2Fy (r,0) + O(e%),  if sin(f)

>
< 7" Lcos(),

(3-9)

In this case, we have

FF(r,0) = — agr? cos®(0) — cos(0)agr + 7sin(0) (a1 + P11 + r(as1 + Ba1)sin(h)))

-r COSQ(Q)(CLH + 7(asy + bg1) sin(f)) + sin(0)(bo1 + rsin(6)(ba1 + Bs17sin(h))),
(3-10)

F2+(r, 0) =— % [[a417"2 0053(9) + cos(0)(apr + rsin(@) (a1 + bi1 + r(as1 + bs1) sin(6)))
+ rcos?(0)(ar1 + r(azy + ba1) sin(0)) + sin() (boy + 7 sin(6) (ba1
+ Bs17rsin(h)))] - [— sin(6
- (b11 + r(b31 — a41) sin(0

) (aOl + a'él?"2 SinQ(G) + ao217 Sin(@)) —+r 0052(9)
)) + barr? cos®(0) + cos(0) (boy + rsin(0)(—ar;
+ b1a + r(ase + b3a) sin(6))) + 7 cos?(0) (ar2 + r(azz + baz) sin(0)) + sin(6) (boz

)
+ bar + r(bs1 — az) sin(9)))] + 7 (aazr® cos®(6) + cos(6)(aoz + rsin(9) (azs
)
+ 7sin(8)(baa + Bsorsin(6))))],

(3-11)
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Fy(r,8)=— aypr? 0053(0) — cos(0)(ap1 + rsin(f)(az1 + B11 + r(as1 + B31) sin(h)))
—rcos?(0)(ar1 + 7(az1 + Ba1) sin(6)) + sin(0)(Bor + 7 sin(6)(Ba1

+ Bs17rsin(h))),
(3-12)

Fy (r,0) =— % Ha417“2 cos3(0) + cos(0)(ap1 + rsin(0) (a1 + 11 + r(as1 + B31) sin(0)))
+ 7cos?(0) (a1 + r(asy + Ba1) sin(8)) + sin(8)(Bor + rsin()(Bar
+ Bsirsin(6)))] - [—sin(6) (am + a2 sin?(0) 4 aorr sin(6)) + r cos?()
- (Br11 4 7(B31 — ) sin(B)) Barr? cos®(8) + cos(0) (Bor + rsin(f)(—ar1 + Bor
+ 7(Bs51 — az1) sin(6)))] + 7 (cuar? cos®(0) + cos(8) (a2 + rsin(f) (aze + Pia
+ r(ase + Ba2) sin(0))) + rcos?(0) (arz + r(asg + Baz) sin(0)) + sin(0)(Boz
+ rsin(6) (B2 + Bsorsin(h))))] .

(3-13)
Thus, the original system (3-3) is brought to
' =elF(0,r)+ 62F2(9, r)+ (’)(;53)7 (3-14)
where for ¢ = 1,2
F(6 it sin(@) < r"1cos™(6
Fi(r,0) = T (0,r), if  sin(f) < r"7 cos™(0) (315)
Ff(r,0), if sin(f) >r"tcos™(0)

So, system (3-3) is changed in the form (2-1), note that the equation sin(f) = r"~! cos™()
gives rise to two angles 61(r) € [0,%] and 65(r) € [5,3F] such that the circle 2% +
22" = 72 (recall that y = 2™) intersects at the points (rcos(61(r)),rsin(f1(r))) and
(rsin(f2(r)), rcos(f2(r))). See Figure 3.1 and 3.2. in this case (3-15) write as

F(r,0), if 0<6<0:(r),

Ei(r,0) = ¢ FF(r,0), if 61(r) <60 < 6x(r), (3-16)
F7(r,0), if 6y(r) <60 <2m.

K3
Now we are able to compute the Melnikov function of first order given in (2-4) and obtain

01 02 27
Ay (r) = ; Ff(@,r)d&—i—/e Ff(@,r)d9+/9 F(0,r)de. (3-17)
1 2

For simplicity, in the last expression we write 61 and 6 instead 60 (r) and 03(r). Computing
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Fy

"

92ﬂ+¥ Fl+

Figure 3.1: Case n = 3.

F2+ Yy = x2
02
0 01 R

92:71'—(91 F+

—_

Figure 3.2: Case n = 2.
the integral (3-17) we get:

1 .
Aq(r) = — or [377r(a11 + a1 + bar + B21) — 12sin(61) (ao1 — o1 + aarr?® — aurr?)

+ 472 cos®(61)(az1 — a1 + bay — Bar — bs1 + Bs1) + 4r?sin®(61)(as1 — o
— as1 + a5t — b1 + B31) + 12cos(61) (bor — Bo1 + bsir® — Bsir?)]

(3-18)
when n is odd and when n is even

Aq(r) :% [cos(61) (rsin(6r) (a1 — a1 — bar + Bo1) + 2 (—bor + Bo1 — bsir® + Bs11?))

1
— 57“((201 + ) (11 + Po1) + a1 (m — 261) + bar (7w — 26,)) — o2 COSS(Ol)(agl
— a1 + by — Ba1 — bs1 + Bs1)] -

(3-19)
Now, it is sufficient to study the zeroes of A; given by (3-18) and (3-19).
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3.2.1 Casen=1

When n = 1, we have that
cos(fy) = %, sin(f;) = %, and 72 =222 (3-20)

So, replacing (3-20) in (3-18) and since r > 0, we have that Aj(r) = 0 if and only if
A1(z) = 0, where A1(x) = rAi(z). So, the maximum number of limit cycles obtained by

the first order Melnikov method is the maximum number of positive zeros simples of the

polynomial
— —6 6 6bg; — 6 1
Al(x) :l'( aol + Oé(gﬂ_‘*’ 01 Bol) . 5.172((111 + ay + b21 4 ,821)
23(ag1 — a1 — Hagy + Saur — asy + s — bgr + Ba1 + bar — Bar + Hbs1 — 5851)

3
(3-21)

Considering

ko = as1 — as1 — baar + Hour — as1 + as1 — ba1 + P31 + bar — a1 + 5bs1 — 5051,
k1 = —6ag1 + 6y + 6bg1 — 6591, and (3—22)
ko = a11 + 11 + ba1 + P21

we get

A(z) = ——— — = — = (3-23)

It is worth mentioning that the change of parameters done in (3-22) is surjective, see

Remark 18 below. Considering F = [23, z, 72|, we obtain that

Wo(z) =23,
Wi(z) = — 223, and (3-24)
Wo(z) =223,

Since that x # 0 we get that the set F'is an FCT-system in (0, 00) and so, from Theorem
1.5.2, we get that two is the maximum number of positive roots of polynomial (3-23).
Therefore, when the switching curve is y = z, there is a choice of [k;]2_, for which A;(z)
has exactly 2 zeros.

Finally, using Theorem 2.0.1, it follows that the first order Melnikov function A; of
(3-3) for n = 1 detects at most 2 limit cycles and there is a choice of polynomials Pl.i and
Q;.t, i = 1,2, for which (3-3) has at least 2 limit cycles.

Remark 18. Let P be the parameter space given by
P ={(a,b,a,B) : where a = (ao1,a11,a21,as1,as1,a51), b= (bo1,b11,ba1,b31,ba1,b51),

a = (a1, 1, 021,031, 041, a51), B = (ao1, B11, P21, Ba1, Bat, Bs1), ait, biz, ai,

Br€e€RYi=1,2,...,5=R*
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and consider the linear change of parameters T : P — R3 given by T(a,b,a,B) =
(ko, k1, k2), where [k;)?_, are given by (3-22). Notice that T is a full rank linear trans-
formation and therefore T is surjective. In fact, Consider the subspace S C P given by
S = span{es,e1,ea} where ej is the j-th element of the canonical basis of R?4, then the

map T|s is an isomorphism with matriz

1 0 O
[Tls)=|0 —6 0
0

It follows that, the change of parameters done in (3-22) is surjective.

3.2.2 Casen=2
When n = 2, we have that
2
2

cos(fy) = %, r? =2+t sin(6) = %, and 0; = tan"'(z). (3-25)

Replacing (3-25) in (3-19) and since » > 0, we have that A;(r) = 0 if, and only if,
Ai(z) =0, Ai(z) = rAy(x). Therefore, the maximum number of limit cycles obtained by

the first order Melnikov method is the maximum number of positive zeros of

_ 1 2
Aq(x) =5 {963 <a11 — o1 — 5(631 — g1 + ba1 — Bar — bs1 + Bs1)

— Doy + Bo1 — 2(bs1 — Bs1)) + (2601 — 2bo1) — 22°(bs1 — Bs1)

1 (3-26)
+ zt <tan1(:c)(a11 — 11+ ba1 — Ba1) — 577(1111 +aq1 + ba1 + 521))
_ 1
+a? <tan 1(90)((111 — o1+ bar — PBor) — §W(a11 + a1 + bay + 521))]
Considering
ko = a1 + ba1 + aq1 + B,
k1 = k0 — 2aq1 — 2f321,
ko = 4az1 + 12bay + 4by1 + 8bs1 — 6k + 12011 — 4azr — 4841 — 8051, (3-27)
k3 = 12bg1 — 12001,
ky = bs1 — Bs1,
we get,
— 0 M e = 3-28
Aq(x) 1 (22 4+1) + 5% tan™ ' (z) (2% + 1) DT (3-28)

It is worth mentioning that, following the same steps in Remark 18, we can show that the
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change of parameters done in (3-27) is surjective. Defining F' = [ug = —%2 (22 4+1),u =

z?tan~!(z) (xQ + 1) ,u = 23, ug = x,u4 = 2°], then we obtain that

WQ(CIZ) = _5622 (a:2 + 1) s

Wi(x) = —%7@4 (% +1),

2’
Wa(z) = 211 (3-29)
16ma®
Ws(x) = —Lz, and
(z2+1)
768w
Wy(z) = ——.
(22 +1)
For = # 0 we get that the family F = J[uy = —%2 (x2+1),u1 =
r?tan~!(z) ($2+1),uQ = 23 u3 = x,u4 = 2°) is an ECT-system in (0,00) and,

from Theorem 1.5.2, we get that four is the maximum number of positive roots of (3-26)
when the switching curve is determined by y = 22 and there is a choice for [k;]:, such
that Aj(z) has exactly 4 simple zeros. Finally, using Theorem 2.0.1, it follows that the
first order Melnikov function A of (3-3), for n = 2, detects at most 4 limit cycles and
there is a choice of polynomials PijE and Qii, i = 1,2, for which such that (3-3) has at least

4 limit cycles.

3.2.3 Casen=23

When n = 3, we have that

2
cos(f1) = f, =22+ 2* and sin(6;) = T (3-30)
r r

Replacing (3-30) in (3-18) and since r > 0, we have that Aj(r) = 0 if, and only if,
Ai(z) =0, where Aj(z) = rAy(x). So, the maximum number of limit cycles obtained by

the first order Melnikov method is the maximum number of positive zeros of the polynomial

Al(x) :g [—x‘s(—12a01 + 12c1 + 4dagy — 4azy + 4bgy — 4841 + 8bs1 — 8651)

— 5137(12b51 —12851) — :136(37ra11 + 3wy + 3wBa1 + 3mhay) — x> (3mayy + 3raqy
+ 3mfBa1 + 3mha1) — xg(—8a41 + 8ayy — 4dasy + 4asy — 4bsy +4031) — z° (12a1

— 12a41) — x(12bo1 — 12501)]
(3-31)
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Considering

ko = 4831 — 8aq1 — 4asy; — 4b31 + Bauyy + dasy,
kl = 12&41 — 12a41
ko = 3mwai1 + 3way + 3wBe1 + 3whoy,

(3-32)
k3 = 12bo1 — 12301,
ky = —12a01 + 4a31 + 4byy + 8bs1 + 12001 — dazy — 4841 — 8551,
ks = 12b51 — 120851,
we get
Ay = _For k2t k(@ H)e? ke ket kel (g

S 12r 127 127 120 127 127
It is worth mentioning that, following the same steps in Remark 18, we can show that
the change of parameters done in (3-32) is surjective. If, we define F' = [ug = —2°,u; =

22 uy =z, u3 = 28, us = 7, uy = a2 (1 + x5)], then we get

Wo(x) = — 27,
Wl (:E) = 4$137
Wy (z) = — 128212,
2(e) (3-34)
Ws(z) = — 3072212,
Wiy(z) =2949122'° and
Ws(z) =30965760212,
From theorem 1.5.2 and = # 0 we get that the family F = [uy = 2% u = 2% uy =

zT,ug = 3, U4 = 7, us = x? (1 +:1:5)] is an FCT-system in (0,00). From the Theorem
1.5.2 we get that, for the system (3-3) five is the maximum number of positive roots of
polynomial (3-33) when the switching curve is given by y = 2 and there is a choice for
[ki]_g, for which Aj(x) has exactly 5 zeros. Finally, using Theorem 2.0.1, it follows that
the first order Melnikov function Ay of (3-3), for n = 3, detects at most 5 limit cycles and
there is a choice of polynomials PZ-jE and Qgt i = 1,2 such that (3-3) has at least 5 limit

cycles.

3.2.4 Case y=2?*! for k> 1
When n =2k + 1, k > 1, we have that

. p2k+1
2 g2y g2

cos(Gl):% r and sin(f;) = (3-35)

r

Replacing (3-35) in (3-18) and since r > 0, we have that A;(r) = 0 if, and only if,
Aj(z) =0, where A(z) = rAj(z). So, the maximum number of limit cycles obtained by

the first order Melnikov method is the maximum number of positive zeros of the polynomial
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Aq(z) :% [m ((12&01 — 12a0;)x?F — 1281 — 12b01) + 2% (=3mway;, — 3maq; — 376
— 37mbo1 + x4k(—37ra11 —3raq; — 3wPa — 37rb21)) + 23 (—4das1 + 4agy — 4byy
— 441 — 8bs1 + 8B51 + 2% (8aar — 81 + dasy — dast + 31 — 4B31)

+ (12a41 — 120471)2?* + (12851 — 12651)3341“)} ,

(3-36)

Considering

ko = 8aa1 + 4as1 + 4b31 — 8ayr — 4as1 — 4031,

k1 = —12a41 + 120y,

kg = 12651 — 12851,

k3 = 9allw + 96217 + 91 + 97 Fa1, (3-37)

k4 = —36a01 + 36001,

ks = 12a31 + 12bgq + 2ko — 12031 — 12841, and

ke = 36bo1 — 36001,
we get

L k0336k+3 k1x2k+3 k2x4k+3 kaQ ($4k + 1) k‘4$2k+1 k‘5$ kex

A =
1) 127 127 127 367 367 367 367
(3-38)

It is worth mentioning that, following the same steps in Remark 18 we can show that

the change of parameters done in (3-37) is surjective.

Consider the ordered set of functions F = [ug = x,u; = 23up = 2'72F uz =
3Ty = 23T g = 23T0F g = 22 (14 2)]. Then, we get
Wo(z) = — =,
Wi (z) =222,
Wa(z) =8(k — 1)ka?+2,
Wi () =64k (kQ 1)z Ak+2
Wi(x) =2048(k — 1)k (k + 1)%(2k + 1)+ (3-39)
Wi (x) =393216(k — 1)E"(k + 1)%(2k + 1)*(3k + 1)z'**~1 and
We(x) =393216(k — 1)k7 (k 4+ 1)%(2k — 1)(2k + 1)3(3k + 1)(4k + 1)214+—>

(8K + 26— 1) 2% — 6k —1)

Notice that since x # 0 the Wronskians W;(x) # 0, for i = 1,2,--- ,5 do not vanish in
(0,00), k € ZT\ {1} and Ws(z) has one positive zero for each k € Z*\ {1}, which is simple,
see Remark 19 below. Thus from Theorem 1.5.3, we get that when the switching curve is

2k+1

given by y =z , seven is the maximum number of positive roots of polynomial (3-36)

and there is a choice for [k;]%_,, such that Aj(z) has exactly seven zeros. Finally, using
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Theorem 2.0.1, it follows that the first order Melnikov function Ay, of (3-3), for n = 2k+1,
k > 1, detects at most 7 limit cycles and there is a choice of polynomials PijE and Q;t,
i = 1,2. for which (3-3) has at least 7 limit cycles.

Remark 19. Notice that equation Wg(z) = 0 has a positive solution

. ik 6k + 1
S e Ty (3-40)

and computing the derivative of Wg, we get

W(x) =393216(k — 1)k"(k + 1)%(2k — 1)(2k + 1)3(3k + 1)(4k + 1)(14k — 5)z 4+
. ((8k2 42k — 1) 2 — 6k — 1) +393216(k — 1)k (k + 1)2(2k — 1)(2k +1)°
- (3k + 1)(4k + 1) (14k — 5) (8k? + 2k — 1) (4k)2'8+?

and thus Wi(z*) # 0, for k # —%. Since k € Z+ \ {1}, it follows that x* is a simple zero
Of WG-

3.2.5 Case y=a%, for k > 1

When n = 2k, k > 1, we have that

2k

cos(0)) ==, r2=22+2%, and sin(6;) = —. (3-41)
T T

Replacing (3-35) in (3-19) and since r > 0, we have that A;(r) = 0 if and only if A;(z) = 0,
where A1 (z) = rAj(z). So, the maximum number of limit cycles obtained by the first order

Melnikov method is the maximum number of positive zeros of

Ay (z) =62 (56%(&11 — a1 — b1 + Ba1) — 2bo1 + 2601 — 2(bs1 — B51) <$4k + x2))
-3 (x4k + x2) {7‘((@11 + 11 + by + Bo1) + 2tan~! (x%_1> (—ai + oy (3-42)
— ba1 + Bo1)] + 42°(—as1 + sy — ba1 + Bar + bs1 — Bs1).
Considering

ko = —a31 — ba1 + bs1 + az1 + B — Bs,
k1 = a1 —ba1 — a1 + P,
ko = —2bo1 + 2001,
ks = ag1 + ba1 + ko — az1 — Baa,
ky = 2bo1 + k1 + 2011, and
ks = 2bo1 + k1 — 2[91.

(3-43)
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we get,

Aq(x) =4koz> + 6k1 22T + 6kox + ks (—12x4k+1 — 121‘3) + ky <—37T£E4k — 37T332>
+ 6ks (x4k + x2) tan™? (a:%”) i
(3-44)
It is worth mentioning that, following the same steps in Remark 18 we can show that

the change of parameters done in (3-43) is surjective.

Consider the ordered set of functions F' = [ug = x%,u; = 2%t uy = 2,u3 =
—122%+1 — 1223 uy = —3mz?* — 3na?, us = (a:4k + 3:2) tan~! (aj%_l)]. In this case we
have that

Wo(z) = 22,

Wi(x) = 2(k — 1)2?*+3,

Wa(x) = 8(k — 1)ka?*+2

Wi(z) = —1536(—1 + k)k3(—1 + 2k)2*, (3-45)
Wi(z) = —46087(1 — 2k)%(k — 1)k3(4k — 1)2%%—4 ((4k — 3)t x2) . and

1474
Ws(x) = —ﬂﬂ(l — 2k)*(k — 1)k*(4k — 1)z Py (2*%2),
(24 _,_372)4

P(x) = (k — D)k(3k — 1)(4k — 3)2® — (3k — 1)(k(3k(8k — 15) + 31) — 8)x?

(3-46)
+ (3% — 2)(k(k(4k — 13) + 6) — D)a + (k — 1)(3k — 2)(3k — 1)

We have that W;(z) # 0 for i = 1,2,3,4, in (0, +00). Below we prove that W5(x) has two
simple roots in (0, +00). Notice that

lim Pg(x) = £oo. (3-47)

r—+o00

Since the coefficient (k — 1)k(3k — 1)(4k —3) > 0, for £ > 1, and

P(0) =(k—1)(3k—2)(3k—1) >0, and

(3-48)
Pu(2) = —3(7k — 5)(k(k(8k — 11) +9) —2) < 0

From Bolzano’s Theorem there exists a root of (3-46) in the interval (0,2). From (3-47)
and (3-48) it follows from Bolzano’s Theorem that there is a root in the interval (2, +o00)
(see Figure 3.3). From Py(0) > 0 and (3-47), we can apply Bolzano’s Theorem again to
conclude that there is a negative root of Py(x). Thus there exist two positive roots of the
polynomial (3-46) which are simple. Applying Theorem 1.5.4 to the family F' and using
the expression of Ws(x) in (3-45) we have that

vp=v1=ve=v3=v4 =0, vs=2, and puz = g = 0. (3-49)



3.3 Finding second order Melnikov functions 52

P.(0)

lim, , o Pr(z) = —00 lim, o Pr(z) = 00

Figure 3.3: lllustration of an polynomial of degree 3 with 2
positives real roots and the procedure with the
polynomial (3-46).

So, the number of isolated zeros of every element of Span(F) does not exceed 7, i.e.,
Z(F) < 7. On the other hand, if we call the positive roots of polynomial (3-46) by z1 < x2
we can choose the interval (0,z1 + g], with 6 = |za — 21|, where the family F' is an EC-
system with accuracy 1 in the interval [a,z; + g] with @ > 0 sufficiently small. Using
Theorem 1.5.3, we get that there exists an element of Span(F') which has 6 isolated zeros,
thus 6 < Z(F) < 7 (see Figure 3.3). Since we can provide a choice of parameter to reach
any {k;}>_,, we have that there is a choice of polynomials P~ and Qi for which (3-3) has
exactly 6 limit cycles. Thus 6 < m; < 7.

3.3 Finding second order Melnikov functions

In this section we compute the second order Melnikov function of (3-3) which has the

form

T s
Ay(r) :/0 [DxFl(&x)/o Fl(t,az)dt—i—Fg(s,x)} ds
Moo | 0, (2) (3-50)
SO 05(0), 2) — FL(03(2),2)) Dab () /O Fy (s, )ds.
=1

Now, from Section 3.2 we have two angles to describe the discontinuity set, namely
01(r) € [0,3] and 65(r) € [Z,3F], where 65 depends on n and 6y, thus we have that
M =2 in (3-50). Using (3-14) and

Ax(r) = fa(r) + f5(r), (3-51)
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we can compute (3-50), where

1 01 3 [} 3 B
R =5 [ [DTFI 0,7) /0 Fr(s,r)ds + F (9,7«)] 40

2m
1 02 01 0
+ [DTFf'(H,r) [/ d5+/ Ff(s,r ds] 2"'((9,7“)} do
2m 0 61
1 92 01 2 (%
+— |:DTF1(9,T’) [/ ds—|—/ Fif(s,r)ds + Fl(s,r)ds]
2 0 01 0
F, (9,7“)] do
(3-52)

and
01
) = (F7 0n) = F (00,0) 0, [ P (s
01 02
+ (Ffr(Gg,r) — Ff(@g,r)) 0, [/0 Fy (s,r)ds —i—/ Ff(s,r)ds]

01

(3-53)

For simplicity, we write 6; i = 1,2 instead of 6;(r). Using (3-10) and (3-12) we can find
D, F(6,r) which are given by

D,F = <04211 - ’8;1> sin?(6) + (5221 - 04211) cos?(#) — % + (—a91 — B11) sin(0) cos(6)

_ % +sin®(0) (04317" n Bar 5517“> + sin(6) <_04317’ _ Bar 3ﬂ517’>

2 2 2 2 2 2
1
+ sin(6) cos®(6) <23a317“ - 36;17“ + 3B§1T> + cos®(0) <a421r + 045;7” + BZ”)
3o r B 3as1r _ 38317
2 2 2
(3-54)

+ sin2(6) cos(6) (

b
DTF1+ = <all - b21) sin2(9) + <21 — a11) cos2(0) — % + (—ag1 — by1) sin(0) cos(9)

ba1 .3 az1r  buar  bsir . as1r  buar  3bsir
—= +sin (6?)( 5 + 5 5 )—l—sm(&)( 5 5 5 )

1 3b 3b b
—|—sin(9) COSZ(H) <—23a317“ . ;17“ i ;17“> + cos3(9) <_a4217“ + G5217" 4 321r>

1
+ cos() (—3@417‘ B % b3217”> + sin?(6) cos(8) <3a;1r - 3(1;17‘ B 3b;1r>

(3-55)
Among the terms which appear in 3-51 we have 6] and ¢/, but their expressions depend on

y = 2" and it should be computed for each n.
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3.3.1 Switching set y =«

Since n = 1 is an odd number, we have that
Oy =601+, (3-56)

See Figure 3.1. In this case 6y = 7, thus 6] = 65 = 0 and f5(r) = 0 in (3-51). So we only
need to compute the term fy(r). Since we are interested in using Theorem 2.0.1 we must
impose that A; = 0, considering the formula for Ay obtained in (3-21), it is sufficient to

assume that

0 = ag1 — as1 — daqr + daar — as1 + as1 — b3y + 31 + bar — Bar + 5bs1 — 5851,
0 = —6ag1 + 61 + 6bg1 — 6591, and (3—57)
0 =ai1 + ar1 + bay + Ba1.

Computing fo(r) and replacing (3-57) in (3-51), we get

AQ(Z‘) = \/5]{0 + \/ik:l:c + k2x2 + \/ikgxs, (3—58)
where
apglQ ap1a ag1b a
ko = —agionr + 012 2 012 2L 012 L. 012ﬁ11 + ap1ba1 — 2ap1 521 — 211801 + Bo2
as1b a91b b bo1b
+ ag2 — ap2 + 212 Ol o1bor — 212 L 012611 - 012 L bo1ba1 — 2801821 — boa,
b ey — DTO01041 | BTA01G41  TA0LO51 | Taoidst  WAo1fst | mapibsy  mai
L Rtorest 2 2 2 2 2 2 2
_ mao1by n +7Ta01541 n Tmag1 P51 3mapibs: 4 Tomom man P 17Traian
2 2 2 2 4 4 64
arazr  moqe o agianr a2l maoifer magibar  mazifor 17masi for
+ 32 2 + 32 + 32 + 4 16 + 2 64
a Taz1h T 7bo1b
— moy1 Bo1 — maarbor — 2;521 - 321 o 505531 - 0; L 4 7801851 — o151
aibir | 15manibn i agibin | bufu | 15mbiifar mhuPar mhuba  mh2
32 64 32 32 64 4 16 2
_ buPar why
32 2’
17 14 4 2 52
ko 23\504110!31 - 5\/5@110141 - g\@allasl — V2011831 + 5\@&11541 + Hﬁallﬁm
1
N a?\l/%‘?’l + g (51\/§a31 + 20031 — 255v/20u; + 22472441 — 51V 2051 + 20841

+32v2a51 — 512851 + 72V 2b31 — 40V/2bg1 + 51v2841 — 136V 2051 + 255v/285,

1oy | oorasr o131 ao1far BoeifBs1t aziPBi 8
+ 40851) + + — — — — + V2o
Fs1) 3v2 | 3v2 32 32 V2 5/ g 2asfn
V2ass  V2azp 43 28 3o 1 11 as1611
- V) 20 V2auibi — _ V2 -
+ 3 3 + 9 V2aiia4 + 15\[(141 11 NG 3 V2041 Ba1 3v3
43 5v2 5 4 5
+ 4v/2a41b91 + 5\/5@41521 + \/;m + 5\/50411@51 + T5\/§a51b11 - g\@%ﬁm

(3-59)
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5v2a42 5 agibyy | 1lagibyy 1lagibyy 1lasibny
+ \fa51521

+ 4 Basb 2 + +

2 /% _ 2 _ _

3 b7l 3 6 602 12¢/2 60v/2
3 B11831 11511531 b11fa1 . PriBa

+ SV/2b11b31 — —~ —f\fbb + + N
5 11931 \/§ 60\[ 11941 6 3\/§ 15 11951

11011841 n b11851 n B11851 n 11511551
60v/2 3 3v2 12f

+V2a31b91 — 5V 20u41b21 — V2051691

\fOé \/§a
- \/>b21ﬁ31 - *\fb21641 + \fbglﬁzu + - \f521541 52 4\/§bzlb51 + . 52
V20 V2b V2
+ 5v/2b91 851 + 5\/5521551 ——3 o 5\@@11()31 + 5\/5521531 + 2 32 3532
5 5 11 11 52 5v/2b
— SV2011b41 — =V2B21ba1 — —V20a11b51 — 7\@521[)51 4 V2852 B V/2bso
3 3 3 3 3 3
2
+ \fg&z? and
L :7TOé3lCL41 7TB41G41 57Tﬁ51a41 _ DT Ol41 G 41 B Tas] + a41 a51b317T B 7T5316L41
T4 1 1 1 1 1 1
_ 3bamagyr  Sbsimas n 3as1may n b31mas L 0517031 | T304 | TO31051
4 4 2 4 4 4 4
4 4 2 4 2 A 1
_ as17P331 _ 7331841 B 7831851 B as1 by _ b31bq1 _ 3as1bs1m B ba1bs1m
4 4 4 4 4 4 4
CL%ITF
I
(3-60)
If, we define F = [ug = v2,u1 = V2z,up = 2%, uz = /227
Wo(z) = V2
Wi(x) =2
) (3-61)
WQ(:C) =4
Ws(x) = 24/27.

From Theorem 1.5.2 we get that the set F' = [ug = V2,u1 = V2x,us = 2%, uz = \/5:1:3] is
an FCT-system in (0,00) and we get that three is the maximum number of positive roots
of polynomial (3-58) when the switching curve is given by y = z and there is a choice of
[ki]?_o, such that As(z) has exactly 3 zeros. Finally, using Theorem 2.0.1, it follows that
the second order Melnikov function Ag of (3-3), for n = 1, detects at most 3 limit cycles
and there is a choice of polynomials PZi and Q , i = 1,2, for which (3-3) has at least 3

limit cycles.
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3.4 Comparision with previous results

Finally, we compare the results obtained in Theorem 3.1.1 with the results obtained in

[39]. For this purpose consider the following system

y+ept(z,y), s am,
. —$+€q+($,y),
X
()-
Y y+ep (z,9),
oy <z,
—r+eq (2,y),

where p*(z,y) = > ihizo aii,j:niyj gt (z,y) = > iri=0 bfjx"yj are any polynomial of degree
n and m > 1.

In [39] the authors find upper and lower bounds for the maximum number of limit
cycles of (3-62) through the analysis of Melnikov functions. Below we enunciate the results
obtained by the authors in [39] in order to compare with the Theorem 3.1.1. In the this
section, Z(m,n) denotes the upper bound of the number of limit cycles of system (3-62)

obtained through first order Melnikov function.

Theorem 3.4.1. (part (i) of Theorem 1.1 in [79]) Suppose that m = 2k + 1(k € N)
By using the first order Melnikov function in €, we have that for (m,n) € D1 = {(m,n) :
0<n<m-—1}

Z(m,n)gé [n—;:’)] [n—2|—5] N [n—2|—2] [n—2|—4] s

(3-63)

Z(m,n) = [3] [nzﬁ] + [”;1] 42

and the lower bound can be reached by some system of the form (3-62).

Theorem 3.4.2. (part (i) of Theorem 1.2 in [39]) Let 5, = 0 if n is odd, and
On, = —1 if n is even. Suppose that m = 2k(k € N) By using the first order Melnikov
function in €, we have that for (m,n) € Dy ={(m,n): 0<n<m-—1}

n

Z(m,n) <4 [gr + (60, +11) [2

} n %&L (56, + 17) + 4,

(3-64)

zonn 23 8] (3] +9)+ 5[5 (5] + )+

and the lower bound can be reached by some system of the form (3-62).

Corollary 3.4.3. (part (i,ii,iv) of the Corollary 1.2 in [79]) We have the following

results:

(i) Z(1,n) =n, n>1.
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(if) 5< Z(3,2) <6.
(iv) Z(2,2) =4.

The cases that are of our interest occur when (m,n) takes values (1,2), (3,2), (m,2)
when m > 2 is even. The first three cases appear in Corollary 3.4.3. From Theorem 3.4.1,
using (3-63), we have 6 < Z(m,2) < 7 when m > 3 is odd and from Theorem 3.4.2 using
(3-64), we have 5 < Z(m,2) < 7 when m > 2 is even. Thus we have the following Table
3.3.

m Z(m,2) in this | Z(m,2) in [39].
work

1 2 2

2 4 4

3 5 5< Z(3,2) <6

m > 2, m even 6<Z(m2)<7|5<Z(m,2)<T7

m > 3, m odd 7 6<Z(m,2)<T7

Table 3.3: Comparison between Z(m,2) obtained in this work

and in [39].

Recall that here Z(m,2) is the maximum number of isolated zeros detected by Aj.

Notice that our bounds agree with the bounds obtained in |

we have improved the bounds for m > 4. For m = 3 the authors of |

| when n = 2. Moreover

| could obtain an

improved bound, since they can reach 6 limit cycles, nevertheless they did not prove that

this upper bound is reached.



CHAPTER 4

Final comments and next steps

As we seen in this work, Melnikov Theory is a useful tool to find lower bounds for the
maximum number of limit cycles, as long as the system satisfies the hypothesis of Theorem
2.0.1. In this section we first discuss about some difficulties we had with such methodology

during this work and then we present some further directions for our results.

1. In this work, we deal with systems of the form (3-1) and we apply Melnikov Theory
up to order 2 to get Theorem 3.1.1, which provides lower bounds for the maximum
number of limit cycles of system (3-1). Nevertheless, in order to apply Melnikov
Theory, the system must be in the standard form (2-1) and it is not trivial to put
the system in this form for a general class of systems in higher dimensions.

2. Following the ideas of this work, in order to succeed on finding the maximum
number of zeros of a Melnikov function A;, we should employ a surjective change of
parameters to write A; as a linear combination of the elements of an ECT-system
and then we can obtain bounds for the number of zeros of A; through Chebyshev
Theory. In the problem approached in this work, for each switching curve y = z",
n € N, we need to chose the parameters [k;] iiO to identify the ECT-system, and there
is not a unique way or method to employ such change of parameters, so finding this
change of parameters is not always easy. In this case, we have obtained the expression

of the second order Melnikov function associated to the curve y = 2

, nevertheless
we were not able to provide a change of parameters to conclude the argument.

3. In general, the size of the Melnikov functions of (3-1) increases as long as we increase
the order k or the degree of the switching curve n, so we need to compute them using a
software (e.g. Mathematica). In many cases, the computer do not have enough power
to compute them and in such cases, it is not possible to apply Melnikov Theory to

detect limit cycles of the system.

With respect to the next steps and further directions of this work, we do the following

considerations.

1. First, we wish to study the second order Melnikov functions associated to the
switching curves y = 2™, n > 2. In some cases, we were able to compute the Melnikov
functions but we could not apply Chebyshev Theory to study them yet. This could

allows us to improve the lower bounds of H(n).
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2. In this work, we consider piecewise polynomial perturbations of degree 2 of the
planar linear center and we have shown that we get improved lower bounds for
the maximum number of limit cycles of the system in comparison with piecewise
polynomial perturbations of degree 1. So, a natural extension of this work is to
apply this methodology to piecewise polynomial perturbations of any degree of the
planar linear center, in order to detect even more limit cycles.

3. In general, Theorem 2.0.1 can not detect all limit cycles of a system, but under
certain conditions, it is possible to use a Melnikov function to detect all the limit
cycles of a system. So, a possible direction of this work is to look for a new class
of systems where all limit cycles can be detected by some Melnikov function. In
this case, we could apply the same methodology to obtain an upper bound of the
maximum number of limit cycles of such class of systems.

4. Finally, in this work we only consider piecewise polynomial perturbations of the
planar linear center with switching curve given by y = z”, so the problem remains

open for another types of algebraic curves.
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