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SECANT-TYPE METHODS WITH FEASIBLE

INEXACT PROJECTION FOR SOLVING

CONSTRAINED MIXED GENERALIZED

EQUATIONS

Doctoral Thesis by
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À minha famı́lia e aos amigos, em especial à minha saudosa mãezinha Maria de Souza, à
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Abstract

This thesis addresses the solution of a mixed generalized equation of the form Find x ∈
C such that f(x) + g(x) + F (x) ∋ 0, where f : Ω → Rn is continuously differentiable,

g : Ω → Rn is continuous (but not necessarily differentiable), F : Rn ⇒ Rn is a set-valued

mapping with closed, nonempty graph, Ω ⊆ Rn is open, and C ⊂ Ω is a closed convex set.

To handle the non-smoothness of g and the complexity of the set-valued term F , this work

introduces and analyzes two iterative methods based on partial linearizations and feasible

inexact projections. The first is a secant-type method, which utilizes first- and second-order

divided differences of g to approximate its local behavior. The second is a quasi-Newton

method employing a Broyden update to approximate the Jacobian of f , thus avoiding its

exact computation.

The convergence analysis of both methods is conducted under assumptions of metric

regularity for the associated linearized mappings. Theoretical results establish local

convergence of the sequences generated by the algorithms. For the secant method, it is

shown that if the projection errors vanish, the convergence becomes superlinear, and in the

exact projection case, the rate becomes quadratic. For the quasi-Newton method, assuming

bounded deterioration of the Jacobian approximations, the sequence converges q-linearly.

The analysis is supported by variational tools such as metric regularity, strong metric

regularity, linearization error bounds, the Contraction Principle Theorem and a key

perturbed metric regularity theorem. These tools enable a rigorous treatment of the impact

of approximation errors in both the projections and Jacobian estimates, ensuring robustness

and stability of the proposed methods.

Overall, this thesis contributes new algorithms and a complete convergence theory for

solving nonsmooth and set-valued generalized equations with convex constraints. The

methods presented extend classical Newton-type strategies to more general, practical

contexts involving nonsmooth components, variational terms, and computational inexactness.

Keywords: Mixed generalized equation, Secant-type method, Feasible inexact projection,

Metric regularity, Contraction Principle, Partial linearization, Broyden rule, quasi-Newton

method.
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Resumo

Esta tese trata da solução de uma equação generalizada mista da forma Encontrar x ∈
C tal que f(x)+g(x)+F (x) ∋ 0, onde f : Ω→ Rn é uma função continuamente diferenciável,

g : Ω → Rn é uma função cont́ınua (mas não necessariamente diferenciável), F : Rn ⇒ Rn

é uma aplicação ponto-conjunto com gráfico fechado e não vazio, Ω ⊆ Rn é um conjunto

aberto, e C ⊂ Ω é um conjunto convexo e fechado.

Para lidar com a não suavidade de g e com a complexidade da aplicação ponto-conjunto F ,

este trabalho introduz e analisa dois métodos iterativos baseados em linearizações parciais e

projeções inexatas viáveis. O primeiro é um método do tipo secante, que utiliza diferenças

divididas de primeira e segunda ordem de g para aproximar seu comportamento local. O

segundo é um método quasi-Newton que emprega a atualização de Broyden para aproximar

o jacobiano de f , evitando, assim, sua computação exata.

A análise de convergência de ambos os métodos é realizada sob hipóteses de regularidade

métrica para as aplicações linearizadas associadas. Resultados teóricos estabelecem a

convergência local das sequências geradas pelos algoritmos. Para o método secante, mostra-se

que, se os erros de projeção forem nulos, a convergência é superlinear, e no caso de projeções

exatas, a taxa de convergência torna-se quadrática. Para o método quasi-Newton, assumindo

deterioração limitada das aproximações do jacobiano, a sequência converge q-linearmente.

A análise é fundamentada em ferramentas variacionais como regularidade métrica,

regularidade métrica forte, estimativas do erro de linearização, Teorema do Prinćıpio da

Contração e um teorema fundamental de regularidade métrica perturbada. Essas ferramentas

permitem um tratamento rigoroso do impacto dos erros de aproximação tanto nas projeções

quanto nas estimativas do jacobiano, garantindo robustez e estabilidade dos métodos

propostos.

De forma geral, esta tese contribui com novos algoritmos e uma teoria completa de

convergência para a resolução de equações generalizadas com componentes não suaves e

multivalorados sujeitas a restrições convexas. Os métodos apresentados estendem estratégias

clássicas do tipo Newton para contextos mais gerais e práticos, que envolvem não suavidade,

termos variacionais e inexatidões computacionais.

Palavras-chave: Equação generalizada mista, Métodos do tipo Newton, Projeções

inexatas, Regularidade métrica, Prinćıpio da Contração, Linearização Parcial, Métodos

quasi-Newton, Broyden.
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Chapter 1

Introduction

Structure of the Thesis

The primary objective of this thesis is to investigate novel versions of secant-type

methods for solving constrained generalized equations. Specifically, the proposed method

synergistically combines the traditional secant method, applied to generalized equations,

with the conditional gradient method (also known as the Frank-Wolfe method). This

fusion aims to leverage the strengths of both approaches to enhance convergence properties

and computational efficiency in solving complex, constrained problems. To establish the

convergence of the proposed algorithm, we employ the contraction mapping principle, a

fundamental tool in fixed-point theory. Additionally, by assuming a Lipschitz condition on

the gradient of the involved functions and utilizing the metric regularity property of the

underlying mappings, we demonstrate that the sequence generated by our algorithm is well

defined and exhibits local convergence. In particular, the convergence rate achieved is linear

or superlinear, depending on the specific conditions satisfied by the problem.

The thesis is organized into several chapters, each addressing distinct aspects of the

research problem:

• Chapter 2: This chapter revisits essential notation, definitions, and preliminary

results that form the basis for subsequent analysis. This ensures that the reader

is equipped with the necessary theoretical background to comprehend the advanced

methods discussed in the later chapters.

• Chapter 3: Dedicated to the development of a secant-type method to solve mixed

generalized equations subject to a set of constraints, this chapter introduces the problem

formulation and the proposed iterative scheme. The primary focus is on addressing

the following problem:

3



Find x ∈ C such that f(x) + g(x) + F (x) ∋ 0, (1.1)

where:

– f : Ω→ Rn is a continuously differentiable function,

– g : Ω→ Rn is a continuous function (not necessarily differentiable),

– Ω ⊆ Rn is an open set,

– C ⊂ Ω is a closed and convex set,

– F : Rn ⇒ Rn is a set-valued mapping with a closed, nonempty graph.

Although the study of generalized equations began in the early 1970s with seminal

contributions from S. M. Robinson [52,53,55,56] and N. H. Josephy [41,42], it remains

a vibrant area of research today. Contemporary works, such as those by Adly, Van

Ngai, and Nguyen [3], Gilson, Leo, and Andreani [4], Dontchev [22], and Dontchev and

Rockafellar [24], continue to advance the theoretical and computational methodologies

for solving generalized equations. It is investigated the following iterative scheme:

f(xk) + g(xk) + (f ′(xk) + [xk−1, xk; g])(yk − xk) + F (yk) ∋ 0, k = 0, 1, . . . , (1.2)

where [xk−1, xk; g] represents the first order divided difference of the function g at the

points xk−1, xk.

It is demonstrated that with some metrically regular hypothesis, some bounded

properties and f ′ is Lipschitz continuous, the sequence {xk} generated by the presented

algorithm converges linearly to x∗ and sometimes the sequence {xk} generated by the

presented algorithm converges superlinearly to x∗.

• Chapter 4: This chapter introduces a novel secant-type method augmented with a

Broyden-type quasi-Newton update, inspired by the work of Roberto Andreani, Rui

Marques Carvalho, Leonardo Delarmelina Secchin, and Gilson do Nascimento Silva [5].

The method addresses the same following constrained mixed generalized equation (1.1).

This chapter builds on Chapter 3 by integrating a secant-type iterative scheme with a

quasi-Newton approach, thereby enhancing convergence properties while maintaining

computational efficiency. The iterative process involves computing intermediate points

that satisfy a linearized inclusion, followed by projecting these points onto the feasible

set C using an inexact projection procedure inspired by the conditional gradient

method. It is investigated the following iterative scheme:

f(xk) + g(xk) + (Bk + [xk−1, xk; g])(yk − xk) + F (yk) ∋ 0, k = 0, 1, . . . , (1.3)

4



where {Bk} denotes a sequence of bounded linear mappings between Rn, which adhere

to the classical Broyden update rule. It is demonstrated that if the multifunction

f + F is metrically regular at the point x for 0, and if the derivative mapping f ′

is Lipschitz continuous, then the sequence {xk} generated by (1.3) converges linearly

to x∗, as shown in [6, Theorem 4.3]. More broadly, Adly and Huynh [2] proposed

quasi-Newton schemes analogous to (1.3) for solving (1.1), permitting the function

f to be potentially non-differentiable. In this context, it is imposed a regularity

metric condition concerning a specific form of semismooth regularization of f + F .

It is established that if {Bk} satisfies an appropriate modified Broyden update, then

the sequence {xk} generated by (1.3) converges linearly to a solution x∗ of (1.1) [2,

Theorem 4.3]. A similar methodology was employed in [9, 43].

Problem Formulation and Motivation

The generalized equation framework, as encapsulated in equation (1.1), provides a unified

mathematical model that captures a broad spectrum of problems, including nonlinear

equation systems, equilibrium models, complementarity problems and variational inequality

problems. Specifically, the generalized equation can be viewed as an abstraction that extends

beyond traditional equation solving paradigms by incorporating set-valued mappings and

additional nonlinear components.

A particular case of (1.1) arises when the constraints are relaxed or removed and g(x) = 0.

Setting C = Rn simplifies (1.1) to an unconstrained generalized equation, formulated as:

Find x ∈ Rn such that f(x) + F (x) ∋ 0. (1.4)

This problem was first systematically studied in the works of Josephy [41,42] and Robinson

[54], laying the groundwork for subsequent advancements.

The constrained generalized equation (1.1) further broadens the applicability by

introducing feasible regions defined by the convex set C. This inclusion is critical for modeling

scenarios where solutions must adhere to specific constraints, such as non-negativity,

boundedness, or more complex feasibility conditions. For example, if g(x) = 0 and F is

the normal cone mapping ND of a convex set D ⊂ Rn, then (1.1) specializes to a constrained

variational inequality :

Find x ∈ C ∩D such that ⟨f(x), y − x⟩ ≥ 0, ∀y ∈ D, (1.5)

where ⟨·, ·⟩ denotes the standard inner product in Rn.

A particularly notable instance of (1.5) is the constrained nonlinear complementarity

problem, defined as:

Find x ∈ C such that x ∈ Rn
+, f(x) ∈ Rn

+, and ⟨f(x), x⟩ = 0,

5



where Rn
+ denotes the non-negative orthant in Rn. The problem (1.4) and its variants have

been extensively studied over the past decades, with significant contributions in the literature

[14], highlighting their relevance in both theoretical research and practical applications.

When the constraint set C coincides with the entire space Rn, the problem reduces to

a constrained system of nonlinear equations. This reduction underscores the flexibility of

generalized equations in encapsulating various types of problem. This system is pivotal

in many disciplines, prompting the development of numerous numerical methods for its

resolution [11,33,34,44,48].

Newton’s Method for Generalized Equations

Newton’s method, a cornerstone in numerical analysis, has been extended to tackle

generalized equations due to its superior convergence properties. For the unconstrained

generalized equation (1.4), Newton’s iterative scheme is defined as:

f(xk) + f ′(xk)(xk+1 − xk) + F (xk+1) ∋ 0, ∀k ≥ 0. (1.6)

At each iteration, the method solves a partially linearized inclusion based on the current

iterate xk. This approach generalizes the traditional Newton’s method for solving nonlinear

equations by accommodating set-valued mappings and additional nonlinearities.

The versatility of (1.6) is evident in its ability to model various iterative procedures in

numerical nonlinear programming:

• Unconstrained Nonlinear Equations: When F ≡ {0}, (1.6) simplifies to the classic

Newton’s method for solving f(x) = 0.

• Nonlinear Equations with Inequality Constraints: If F represents the product

of the negative orthant Rs
− in Rs with the origin in Rm−s, i.e., F = Rs

− × {0}m−s,

then (1.6) becomes Newton’s method for solving systems of nonlinear equalities and

inequalities [17].

• Sequential Quadratic Programming (SQP): When (1.4) represents the

Karush-Kuhn-Tucker (KKT) optimality conditions for a nonlinear programming

problem, (1.6) corresponds to the well-known SQP method [24, p. 384]; see also [21,39].

The attractiveness of Newton-type methods lies in their superior local convergence

properties, including superlinear rates under appropriate regularity conditions. Consequently,

extensive research has been dedicated to refining these methods for generalized equations

[6, 7, 13, 20,23,28–30,51].
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Secant-Type and Quasi-Newton Methods

Building upon the foundation of Newton’s method, this thesis explores secant-type methods

for solving constrained generalized equations. These methods approximate the Jacobian

matrix f ′(x) iteratively, eliminating the need for explicit derivative computations and thereby

enhancing computational efficiency, especially in large-scale problems.

In Chapter 3, we develop a secant-type method for the constrained mixed generalized

equation (1.1), incorporating elements from both secant and conditional gradient methods.

This hybrid approach is designed to maintain feasibility with respect to the constraint

set C while effectively approximating the Jacobian. The iterative scheme for solving the

constrained generalized equation (1.1) is given by:

f(xk) + g(xk) + (f ′(xk) + [xk−1, xk; g])(yk − xk) + F (yk) ∋ 0, ∀k ≥ 0, (1.7)

where:

• [xk−1, xk; g] denotes the first-order divided difference of the function g with respect to

the points xk−1 and xk,

• yk is the intermediate point computed at each iteration.

Chapter 4 introduces an enhanced secant-type method integrated with a Broyden-type

quasi-Newton update, inspired by Andreani, Carvalho, Secchin, and Silva [5]. The iterative

scheme for solving the constrained generalized equation (1.1) is given by:

f(xk) + g(xk) + (Bk + [xk−1, xk; g])(yk − xk) + F (yk) ∋ 0, ∀k ≥ 0, (1.8)

where:

• Bk is an approximation of the Jacobian f ′(xk), updated iteratively using a modified

Broyden update rule,

• [xk−1, xk; g] denotes the first-order divided difference of the function g with respect to

the points xk−1 and xk,

• yk is the intermediate point computed at each iteration.

Due to the possibility of yk being infeasible with respect to the constraint set C, we employ

the conditional gradient method to perform an inexact projection, thereby obtaining the next

iterate xk+1 that remains within C. This projection step is crucial for maintaining feasibility

throughout the iterative process.
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The local convergence of quasi-Newton approaches like (1.8) is established under specific

assumptions, including bounded deterioration of the update matrix and Lipschitz continuity

of the gradient. These conditions ensure that the algorithm remains stable and converges

towards a solution at a linear or superlinear rate.

Contributions of the Thesis

The thesis makes several significant contributions to the field of numerical analysis and

optimization:

(i) Development of Hybrid Secant-Type Methods: We propose new versions of

secant-type methods tailored for constrained generalized equations, integrating the

conditional gradient method to handle feasibility constraints effectively.

(ii) Theoretical Convergence Analysis: Utilizing the contraction mapping principle,

we rigorously establish the convergence of the proposed algorithms. Under Lipschitz

continuity of the gradient and metric regularity of the mapping, we demonstrate that

the generated sequence is well-defined and converges locally with desirable rates.

(iii) Algorithmic Enhancements with Quasi-Newton Updates: Inspired by

Broyden’s method, we incorporate quasi-Newton updates into the secant-type

framework, improving the approximation of the Jacobian and enhancing convergence

properties.

Literature Review

The study of generalized equations has its roots in the early 1970s, with pioneering works by

S. M. Robinson [52,53,55,56] and N. H. Josephy [41,42]. These foundational studies laid the

groundwork for understanding the theoretical underpinnings of generalized equations and

their solution methodologies.

Over the decades, researchers have explored various iterative methods for solving

generalized equations, focusing on improving convergence rates, handling constraints, and

enhancing computational efficiency. Notable contributions include:

• Newton-Type Methods: Dontchev and Rockafellar [24] extensively studied

Newton’s method for generalized equations, providing comprehensive convergence

analyses under metric regularity conditions.
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• Quasi-Newton Approaches: Works by Adly and Huynh [2] and Andreani et al. [5]

introduced quasi-Newton schemes that approximate the Jacobian matrix iteratively,

reducing computational overhead while maintaining favorable convergence properties.

• Constrained Optimization: Studies by Dontchev [21, 23] and others have focused

on the interplay between generalized equations and constrained optimization problems,

emphasizing the role of metric regularity in ensuring solution stability and convergence.

• Conditional Gradient Methods: The integration of conditional gradient

(Frank-Wolfe) methods into the framework of generalized equations, as seen in

Chapter 3, has opened new avenues for handling feasibility constraints efficiently.

These contributions collectively underscore the importance of generalized equations in

modeling and solving a wide array of problems in optimization, equilibrium analysis, and

beyond. Our work builds upon these foundations, introducing novel hybrid methods that

enhance both theoretical robustness and practical applicability.

Motivation for the Proposed Method

The generalized equation framework is inherently versatile, capturing a multitude of problem

types within a unified mathematical structure. However, the presence of constraints and

the set-valued nature of the mappings involved introduce significant challenges in devising

efficient and robust solution methods.

Traditional Newton-type methods, while powerful, require the explicit computation

of derivatives and may face difficulties in handling constraints and ensuring feasibility.

Quasi-Newton methods alleviate some of these challenges by iteratively approximating the

Jacobian matrix, reducing computational burden. However, they still necessitate strategies

to maintain feasibility with respect to constraints.

The conditional gradient method offers an efficient means to perform projections onto

feasible sets, especially when exact projections are computationally intensive or impractical.

By integrating this method into a secant-type iterative scheme, we aim to create an algorithm

that not only approximates the Jacobian effectively but also ensures that all iterates remain

within the feasible region.

Moreover, the use of the contraction mapping principle provides a robust theoretical

foundation for establishing convergence, ensuring that the sequence of iterates converges

reliably to a solution under mild regularity conditions.
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Conclusion

The convergence and efficiency of iterative methods for solving constrained generalized

equations are pivotal for addressing a broad spectrum of applications in optimization

and equilibrium modeling. By developing a hybrid secant-type method augmented with

quasi-Newton updates and incorporating the conditional gradient method for feasible

projections, this thesis contributes to the advancement of numerical techniques in this

domain. The theoretical convergence analyses, grounded in metric regularity and Lipschitz

continuity assumptions, provide confidence in the reliability of the proposed algorithms.

Coupled with numerical validations, the work presented herein offers both theoretical insights

and practical tools for tackling complex constrained generalized equations.
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Chapter 2

Basic results

In this chapter, we review some notations, definitions and preliminary results used

throughout this text.

2.1 First notations

Let ∥ · ∥ denotes the Euclidean norm in Rn. The sets

Bδ(x) := {y ∈ Rn : ∥x− y∥ < δ}

and

Bδ[x] := {y ∈ Rn : ∥x− y∥ ⩽ δ}

represent the open and closed balls centered at the point x with radius δ > 0, respectively.

We denote by L (Rn,Rn) the space of all continuous linear mappings A : Rn → Rn. The

norm of the mapping A is defined as

∥A∥ := sup{∥Ax∥ : ∥x∥ ⩽ 1}.

Let Ω ⊆ Rn be an open set. The derivative of a differentiable function h : Ω → Rn at a

point x is characterized as the continuous linear mapping h′(x) : Rn → Rn.

2.2 First and second order divided differences

In the subsequent discussion, we will revisit the concept of divided differences, which serves

as a fundamental tool for analyzing the incremental variations of a function across points

within its domain. Consider a function g : Ω → Rn defined on a subset Ω ⊆ Rn. Divided
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differences provide a systematic method for approximating derivatives and yield insights

into the local behavior of the function. The first-order divided difference of g at points

x and y in Ω is defined as an operator that linearly maps the vector difference y − x

to the corresponding difference g(y) − g(x). When g is differentiable at a point x, this

first-order divided difference coincides with the derivative g′(x). Extending this concept, the

second-order divided difference, which involves three points x, y, and z in Ω, quantifies the

variation in the first-order divided differences and is analogous to the second derivative when

g is twice differentiable. The formal definition is as follows:

Definition 2.2.1 Let g : Ω → Rn be a function and x, y ∈ Ω ⊆ Rn. An operator [x, y; g]

belonging to L (Rn,Rn) is a first order divided difference of the function g at the

points x, y ∈ Ω, if

[x, y; g](y − x) = g(y)− g(x), ∀x, y ∈ Ω, x ̸= y,

and, when g differentiable at x,

[x, x; g] = g′(x).

An operator [x, y, z; g] belonging to L (Rn,L (Rn,Rn)) is a second order divided

difference of g at the points x, y, z ∈ Ω, if

[x, y, z; g](z − x) = [y, z; g]− [x, y; g], ∀x, y, z ∈ Ω, x ̸= y, x ̸= z, y ̸= z,

and, if g is twice differentiable at x,

[x, x, x; g] =
1

2
g′′(x).

Below are three examples that illustrate the application of first and second-order divided

differences for different types of functions.

Example 2.2.2 (Linear Function) Let g : Rn → Rn be a linear function defined by

g(x) = Ax, where A is a constant n× n matrix.

The first-order divided difference, for any distinct points x, y ∈ Rn is given by

[x, y; g] = A.

This is because

[x, y; g](y − x) = A(y − x) = g(y)− g(x).

In conclusion, since g is linear, the divided difference operator is constant and equal to the

matrix A. The second-order divided difference, for any distinct points x, y, z ∈ Rn, is given

by

[x, y, z; g] = 0.
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This is because the first-order divided differences are all equal to A, so their difference is

zero.

Example 2.2.3 (Quadratic Function in Rn) Let g(x) = 1
2
x⊤Qx + c⊤x + d, where Q is

a symmetric n× n matrix, c ∈ Rn, and d ∈ R.

We again use the definition of the first-order divided difference:

[x, y; g](y − x) = g(y)− g(x), for x ̸= y.

Step 1: Compute g(y)− g(x).

Compute g(y) and g(x):

g(y) =
1

2
y⊤Qy + c⊤y + d,

g(x) =
1

2
x⊤Qx+ c⊤x+ d.

Subtract g(x) from g(y):

g(y)− g(x) =

(
1

2
y⊤Qy − 1

2
x⊤Qx

)
+
(
c⊤y − c⊤x

)
.

Step 2: Simplify g(y)− g(x).

Using the identity for symmetric Q:

y⊤Qy − x⊤Qx = (y − x)⊤Q(y + x),

we rewrite the difference as:

g(y)− g(x) =
1

2
(y − x)⊤Q(y + x) + c⊤(y − x).

Step 3: Relate to the Divided Difference.

The first-order divided difference satisfies:

[x, y; g](y − x) = g(y)− g(x).

Substitute g(y)− g(x) from Step 2:

[x, y; g](y − x) =
1

2
(y − x)⊤Q(y + x) + c⊤(y − x).

Step 4: Solve for [x, y; g].
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To isolate [x, y; g], factor out (y − x) from the right-hand side:

[x, y; g](y − x) =

(
1

2
Q(y + x) + c

)⊤

(y − x).

Since Q is symmetric, Q⊤ = Q, and we can write:

[x, y; g](y − x) =

(
1

2
Q(y + x) + c

)⊤

(y − x).

Thus, the first-order divided difference is:

[x, y; g] =
1

2
Q(y + x) + c.

The second-order divided difference, for distinct points x, y, z ∈ Rn, is given by

[x, y, z; g] =
Q

2
.

This is because [x, y, z; g](z − x) = [y, z; g]− [x, y; g].

So, [x, y, z; g](z − x) = [y, z; g]− [x, y; g] =
(
Q z+y

2
+ c
)
−
(
Qy+x

2
+ c
)
=

Q

2
(z − x).

Example 2.2.4 Let g : R2 → R2 be a function given by

g(x1, x2) = (g1(x1, x2), g2(x1, x2)), where

g1(x1, x2) = x2
1 − x2 + 1 +

1

9
|x1 − 1|,

g2(x1, x2) = x2
2 + x1 − 7 +

1

9
|x2|.

For x, y ∈ R2, x = (x1, x2), y = (y1, y2), xi ̸= yi, i = 1, 2. We have:

[x, y; g] ∈ L (R2,R2) as:

[x, y; g]i1 =
gi(x1, y2)− gi(y1, y2)

x1 − y1
, i = 1, 2,

[x, y; g]i2 =
gi(x1, x2)− gi(x1, y2)

x2 − y2
, i = 1, 2.

[x, y; g]11 =
g1(x1, y2)− g1(y1, y2)

x1 − y1
=

x2
1 − y21 +

1
9
(|x1 − 1| − |y1 − 1|)
x1 − y1

.
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[x, y; g]21 =
g2(x1, y2)− g2(y1, y2)

x1 − y1
=

x1 − y1
x1 − y1

= 1.

[x, y; g]12 =
g1(x1, x2)− g1(x1, y2)

x2 − y2
= −x2 − y2

x2 − y2
= −1.

[x, y; g]22 =
g2(x1, x2)− g2(x1, y2)

x2 − y2
=

x2
2 − y22 +

1
9
(|x2| − |y2|)

x2 − y2
.

So,

[x, y; g] =


x2
1 − y21 +

1
9
(|x1 − 1| − |y1 − 1|)
x1 − y1

−1

1
x2
2 − y22 +

1
9
(|x2| − |y2|)

x2 − y2


Note that

[x, y; g] (y−x) =


x2
1 − y21 +

1
9
(|x1 − 1| − |y1 − 1|)
x1 − y1

−1

1
x2
2 − y22 +

1
9
(|x2| − |y2|)

x2 − y2


 y1 − x1

y2 − x2

 =

 −x2
1 + y21 − 1

9
(|x1 − 1| − |y1 − 1|)− y2 + x2

y1 − x1 − x2
2 + y22 − 1

9
(|x2| − |y2|)

 = [g(y)− g(x)]⊤ .

2.3 Distance and Excess

The following definitions related to sets and distances are fundamental tools that will be

used throughout this report to analyze the convergence properties of the algorithm and its

results. They provide a precise language for quantifying the relationship between points and

sets such as relationship between two sets, which is essential for understanding the conditions

under which our iterative method approaches a solution.

Definition 2.3.1 For sets C and D in Rn the distance from x to D and the excess of

C beyond D are defined, respectively, by

d(x,D) := inf
x̂∈D
∥x− x̂∥ and e(C,D) := sup

x∈C
d(x,D), (2.1)

where d(x, ∅) = +∞, e(∅, D) = 0 when D ̸= ∅ and e(∅,∅) = +∞.

Below are some examples that illustrate the definition of excess of a set beyond another one.

Example 2.3.2 Points in R2
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Let C = {(2, 1)} and D = {(0, 0)}.

d((2, 1), D) =
√
5, e(C,D) =

√
5.

The distance is calculated by applying the Euclidean distance formula from (2, 1) to (0, 0),

and since C is a single point, the excess is the same as the distance.

Example 2.3.3 Line Segment in R2

Let C = [1, 2]× {0} and D = {(0, 0)}.

d((x, 0), D) = x, e(C,D) = 2.

The distance from (x, 0) to (0, 0) is x, and the supremum over the interval [1, 2] is 2.

Example 2.3.4 Sphere and Point in R3

Let C = {(x, y, z) | x2 + y2 + z2 = 1} and D = {(0, 0, 0)}.

d(x,D) = 1, e(C,D) = 1.

Every point on the unit sphere is at distance 1 from the origin.

Example 2.3.5 Cube and a Plane in R3 Let C = [1, 2]×[1, 2]×[1, 2] and D = {(x, y, 0)}.

d((x, y, z), D) = |z|, e(C,D) = 2.

The distance from (x, y, z) to the xy-plane is |z|, and the supremum of z over [1, 2] is 2.

Example 2.3.6 A Point and a Line in R2

Let C = {(1, 2)} and D = {(x, 0) | x ∈ R}.

d((1, 2), D) = inf
x̂∈D
∥(1, 2)− x̂∥ = ∥(1, 2)− (1, 0)∥ = |2− 0| = 2,

e(C,D) = sup
x∈C

d(x,D) = d((1, 2), D) = 2.

The point (1, 2) is located directly 2 units above the line D = {(x, 0) | x ∈ R}. Since the

shortest distance from a point to a line is the perpendicular distance, the nearest point on

D is (1, 0). Hence, d((1, 2), D) = 2. Since C contains only this one point, the excess is the

same as the distance, i.e., e(C,D) = 2.

Example 2.3.7 A Ball and a Point in R3

Let C = {(x, y, z) | x2 + y2 + z2 ≤ 1} and D = {(2, 0, 0)}.

d((−1, 0, 0), D) = ∥(−1, 0, 0)− (2, 0, 0)∥ = ∥(−3, 0, 0)∥ = 3,

e(C,D) = sup
x∈C

d(x,D) = 3.
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The set C is the unit ball centered at the origin, and D is the point (2, 0, 0). The farthest

point on the surface of the ball fromD is (−1, 0, 0), which is directly oppositeD. The distance

from (−1, 0, 0) to (2, 0, 0) is 3, hence d((−1, 0, 0), D) = 3. The excess is the maximum

distance from any point in C to D, which is also 3.

Example 2.3.8 A Plane and a Line in R3

Let C = {(x, y, 0) | x2 + y2 ≤ 1} and D = {(0, 0, z) | z ∈ R}.

d((x, y, 0), D) =
√

x2 + y2,

e(C,D) = 1.

The set C is the unit disk in the xy-plane, and D is the z-axis. The distance from any

point (x, y, 0) ∈ C to the z-axis is simply the distance in the xy-plane, which is
√
x2 + y2.

The farthest point in C from D occurs at the boundary of the disk, where x2 + y2 = 1.

Hence, e(C,D) = 1.

Example 2.3.9 A Cube and a Point in R4

Let C = [1, 2]× [1, 2]× [1, 2]× [1, 2] and D = {(0, 0, 0, 0)}.

d((x1, x2, x3, x4), D) =
√

x2
1 + x2

2 + x2
3 + x2

4,

e(C,D) = 4.

The set C is a 4-dimensional cube, and D is the origin. The distance from any point

(x1, x2, x3, x4) ∈ C to the origin is the Euclidean distance
√
x2
1 + x2

2 + x2
3 + x2

4. The

maximum distance occurs when x1 = x2 = x3 = x4 = 2, giving d((2, 2, 2, 2), D) =
√
16 = 4.

Thus, the excess is 4.

Example 2.3.10 In this example we show, through the figure 2.1 the excess of C beyond

D and the excess of D beyond C.
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Figure 2.1: Excess of C beyond D and excess of D beyond C

2.4 Metric Regularity

In the following, we present the concept of metric regularity which plays an important role

for understanding the behavior of set-valued mappings near a given point. More specifically,

it describes how the inverse image of a point under a set-valued mapping behaves locally in

terms of distance. By ensuring that the distance from points to their preimages (under the

mapping) behaves in a controlled manner, metric regularity provides useful insights into the

existence of solutions in optimization problems. It will be provided an in-depth exploration

of metrically regular set-valued mappings, beginning with its formal definition.

Definition 2.4.1 Let Ω ⊂ Rn be open and nonempty. A set-valued mapping G : Ω ⇒ Rm

is said to be metrically regular at x̄ ∈ Ω for ū ∈ Rm if the following conditions are

satisfied:

(i) ū ∈ G(x̄).

(ii) The graph of G is locally closed at (x̄, ū).

(iii) There exist constants κ ≥ 0, a > 0, and b > 0 such that Ba(x̄) ⊂ Ω and

d(x,G−1(u)) ≤ κ d(u,G(x)), ∀(x, u) ∈ Ba(x̄)×Bb(ū),

where d(·, ·) denotes the Euclidean distance.

In addition, if the mapping Bb(ū) ∋ u 7→ G−1(u) ∩ Ba(x̄) is single-valued, then G is called

strongly metrically regular at x̄ ∈ Ω for ū ∈ Rm with associated constants κ ≥ 0,

a > 0, and b > 0.
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When the mapping Bb[ū] ∋ u 7→ G−1(u) ∩ Ba[x̄] in Definition 2.4.1 is single-valued, then

for the sake of simplicity we hereafter adopt the notation w = G−1(u) ∩ Ba[x̄] instead of

{w} = G−1(u) ∩Ba[x̄].

To elucidate the concept of metric regularity, we present three distinct examples.

Each example highlights different scenarios where metric regularity holds, providing a

comprehensive understanding of its applications and implications.

Example 2.4.2 (Affine Mappings) Consider the affine mapping G : Rn → Rm defined

by

G(x) = Ax+ b,

where A ∈ Rm×n is a constant matrix and b ∈ Rm.

(i) Metric Regularity: The mapping G is metrically regular at any point x̄ ∈ Rn for

ū ∈ Rm if and only if the matrix A has full row rank, i.e., rank(A) = m. This condition

ensures that the inverse mapping G−1(u) = {x ∈ Rn | Ax = u− b} is well-defined and

behaves continuously with respect to u.

(ii) Constants Identification: If A has full row rank, there exists a constant κ > 0 such

that

d(x,G−1(u)) ≤ κ ∥u−G(x)∥, ∀x ∈ Ba(x̄), u ∈ Bb(ū),

where a and b can be chosen based on the norms of A and its pseudoinverse.

(iii) Strong Metric Regularity: Since G is single-valued and linear with full row rank,

it is also strongly metrically regular. The inverse mapping G−1(u) is unique within the

neighborhood Ba(x̄).

Proof. (a) Metric Regularity iff A has full row rank

Necessity: Suppose G is metrically regular at x̄ for ū. Assume, for contradiction, that

A does not have full row rank, i.e., rank(A) < m. Then, there exists a non-zero vector

v ∈ Rm such that ATv = 0. Consider a sequence uk = ū + 1
k
v and xk ∈ G−1(uk). Since

Axk = uk − b = ū − b + 1
k
v = Ax̄ + 1

k
v, it follows that A(xk − x̄) = 1

k
v. However, ATv = 0

implies v is orthogonal to the range of A, which contradicts A(xk − x̄) = 1
k
v ̸= 0 for all k.

Thus, A must have full row rank.

Sufficiency: Assume A has full row rank. Then, for each u ∈ Rm, the equation Ax = u− b

has either a unique solution (if n = m) or infinitely many solutions forming an affine subspace

(if n > m). Given the full row rank, the mapping G is open onto its image, and the inverse

mapping is Lipschitz continuous with constant κ = ∥A†∥, where A† is the Moore-Penrose

pseudoinverse of A. Therefore, metric regularity holds.
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(b) Existence of Constants κ, a, and b

Since A has full row rank, the pseudoinverse A† exists and satisfies AA† = Im. The

Lipschitz constant κ can be taken as ∥A†∥, which bounds the distance from any x to the

inverse image G−1(u). Specifically, for any x ∈ Ba(x̄) and u ∈ Bb(ū), we have:

d(x,G−1(u)) = ∥A†(u− b− Ax)∥ ≤ ∥A†∥ · ∥u−G(x)∥ = κ∥u−G(x)∥.

Appropriate choices of a and b ensure that x remains within the domain where A maintains

full row rank and the Lipschitz condition holds uniformly.

(c) Strong Metric Regularity

Given that G is single-valued (since it’s linear and A has full row rank), and the inverse

mapping G−1 is unique within Ba(x̄), the mapping G is strongly metrically regular. The

uniqueness of G−1(u) within the neighborhood satisfies the single-valuedness condition

required for strong metric regularity. ■

Example 2.4.3 (Nonlinear Mappings with Invertible Jacobian) Consider a nonlinear,

single-valued mapping G : Rn → Rm defined by

G(x) = F (x),

where F : Rn → Rm is continuously differentiable.

(i) Local Invertibility: Suppose that F is locally invertible around a point x̄ ∈ Rn, and

the Jacobian matrix F ′(x̄) is invertible, i.e., det(F ′(x̄)) ̸= 0. By the Implicit Function

Theorem, G is locally invertible near (x̄, F (x̄)).

(ii) Metric Regularity: Under these conditions, G is metrically regular at x̄ for ū = F (x̄).

The inverse mapping G−1 exists locally and is Lipschitz continuous.

(iii) Strong Metric Regularity: Since G is single-valued and its Jacobian is invertible

at x̄, G is also strongly metrically regular at x̄ for ū.

Proof. (a) Local Invertibility via Implicit Function Theorem

Since F is continuously differentiable and its Jacobian F ′(x̄) is invertible, the Implicit

Function Theorem guarantees that there exists a neighborhood U of x̄ and a neighborhood

V of ū = F (x̄) such that for every u ∈ V , there exists a unique x ∈ U satisfying G(x) = u.

This establishes the local invertibility of G around (x̄, ū).

(b) Metric Regularity
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Given the local invertibility and the smoothness of F , the inverse mapping G−1 : V →
U exists and is continuously differentiable. Therefore, G−1 is Lipschitz continuous on V .

Specifically, there exists a constant κ > 0 such that for all u1, u2 ∈ V ,

∥G−1(u1)−G−1(u2)∥ ≤ κ∥u1 − u2∥.

This Lipschitz continuity directly implies metric regularity of G at x̄ for ū, with constants

κ, a, and b determined by the neighborhoods U and V .

(c) Strong Metric Regularity

Since G is single-valued and its inverse G−1 is unique within the neighborhood U , the

mapping G satisfies the single-valuedness condition required for strong metric regularity.

Therefore, G is strongly metrically regular at x̄ for ū. ■

Example 2.4.4 (Normal Cone Mapping) Let C ⊂ Rn be a nonempty, closed, and

convex set. Define the normal cone mapping G : Rn ⇒ Rn by

G(x) = NC(x),

where NC(x) denotes the normal cone to C at x.

(i) Metric Regularity: The normal cone mapping G is metrically regular at a point

x̄ ∈ C for ū ∈ NC(x̄) if and only if C satisfies the Clarke regularity (or linear regularity)

around x̄. This typically holds if C is smooth (i.e., has a continuously differentiable

boundary) around x̄.

(ii) Examples of Regular Sets:

• If C is the non-negative orthant Rn
+, then G(x) is metrically regular at any

boundary point where one or more components of x are zero.

• If C is a strictly convex set with a smooth boundary, metric regularity holds at

every boundary point.

(iii) Strong Metric Regularity: When C is smooth and strictly convex around x̄, the

normal cone mapping G is strongly metrically regular at x̄ for ū ∈ NC(x̄). This implies

the uniqueness of the projection onto C in a neighborhood of x̄.

Proof. (a) Metric Regularity and Clarke Regularity

Necessity: Suppose G is metrically regular at x̄ for ū. If C were not Clarke regular around

x̄, there would exist directions in which the normal cone does not behave continuously,

violating the distance estimate required for metric regularity. Hence, C must satisfy Clarke

regularity for G to be metrically regular.
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Sufficiency: Assume C is Clarke regular around x̄. Clarke regularity ensures that the

normal cone mapping behaves continuously and satisfies the distance estimate:

d(x,G−1(u)) ≤ κ d(u,G(x)),

for some constant κ > 0 and for all (x, u) in neighborhoods around (x̄, ū). This directly

implies that G is metrically regular at x̄ for ū.

(b) Examples of Regular Sets

• Non-negative Orthant Rn
+: At any boundary point x̄ where one or more components

are zero, the normal cone NRn
+
(x̄) consists of vectors with non-negative entries

corresponding to the zero components of x̄. The orthant is polyhedral and satisfies

Clarke regularity at all points, including boundary points. Therefore, G is metrically

regular at these points.

• Strictly Convex Sets with Smooth Boundary: For strictly convex sets with

a continuously differentiable boundary, the normal cone at any boundary point is

uniquely determined by the outward normal vector. The smoothness ensures that

small perturbations in the point result in small perturbations in the normal vector,

satisfying the distance estimate required for metric regularity.

(c) Strong Metric Regularity

When C is smooth and strictly convex around x̄, the projection onto C is uniquely defined

and continuously differentiable in a neighborhood of x̄. This uniqueness ensures that the

inverse mapping G−1(u) is single-valued for u near ū. Consequently, G satisfies the conditions

for strong metric regularity at x̄ for ū. ■

Remark 2.4.5 These examples illustrate the versatility and applicability of metric

regularity in various contexts:

• Affine - Linear Mappings: Demonstrates that metric regularity is closely tied to

the properties of the underlying linear operator, specifically its rank. Full row rank

ensures that the mapping behaves well in terms of invertibility and stability.

• Nonlinear Mappings with Invertible Jacobian: Extends the concept to nonlinear

settings, where local properties of the Jacobian play a crucial role in determining metric

regularity. This is foundational in the analysis of Newton-type methods for solving

nonlinear equations.
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• Normal Cone Mapping: Highlights the role of geometry and regularity of convex

sets in establishing metric regularity. This is particularly relevant in optimization and

variational inequality problems, where normal cones characterize optimality conditions.

Understanding these examples provides deeper insight into how metric regularity facilitates

the convergence analysis of iterative methods for solving generalized equations, ensuring

robustness and reliability in diverse problem settings.

2.4.1 Linearization Error and Partial Linearization

The next definitions involves linearization error and partial linearization. Linearization error

of a function f +g at a point y in the domain Ω provides a way of measuring how accurately

the linear approximation of f + g at y represents the actual function in the neighborhood

of x and z. Specifically, the linearization error captures the difference between the function

f + g and its first-order approximation using the derivative f ′(x) and an approximation of

the derivative of the non-differentiable function g. The second concept, partial linearization,

is a generalized form of linearization that is particularly useful when dealing with sets of

functions or when we need to approximate a function with additional terms. Specifically,

it applies to the sum of a differentiable function f , a non-differentiable function g, and a

set-valued mapping F . In this case, the partial linearization of f + g + F at y involves

approximating the function f + g + F by a linear map plus an additional term involving F .

Definition 2.4.6 Let f : Ω → Rn be a differentiable function and g : Ω → Rn a not

necessarily differentiable function. The linearization error of f + g at x, z ∈ Ω is the

mapping Ef+g(x, ·, z) : Ω→ Rn defined by

Ef+g(x, y, z) := f(y) + g(y)− [f(x) + g(x) + (f ′(x) + [z, x; g]) (y − x)] . (2.2)

Definition 2.4.7 The partial linearization of f + g + F at x, z ∈ Ω is the set-valued

mapping Lf+g+F (x, ·, z) : Ω ⇒ Rn defined by

Lf+g+F (x, y, z) := f(x) + g(x) + (f ′(x) + [z, x; g]) (y − x) + F (y). (2.3)

2.4.2 Graph, Domain, Range and inverse of a set-valued function

In the study of optimization, variational analysis, and nonsmooth analysis, set-valued

mappings serve as fundamental objects that generalize classical functions. These mappings,

which associate each point in the domain with a set of possible values in the range, allow

us to model situations where solutions are not unique or where multi-valued relationships
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between variables exist. To better understand and work with such mappings, we need to

define some basic concepts, such as the graph, domain, range, and inverse of a set-valued

mapping.

Definition 2.4.8 The graph of the set-valued mapping F : Rn ⇒ Rn is defined as

gph F := {(x, y) ∈ Rn × Rn : y ∈ F (x)}.
The domain and the range of F are, respectively, the sets

dom F = {x ∈ Rn : F (x) ̸= ∅} and rge F = {y ∈ Rn : y ∈ F (x) for some x ∈ Rn}.
The inverse of F is the set-valued mapping F−1 : Rn ⇒ Rn defined as

F−1(y) = {x ∈ Rn : y ∈ F (x)}.

2.4.3 Monotone maximal mapping

Monotonicity is a fundamental property that arises naturally in many practical contexts,

particularly in problems where the relationship between variables should preserve a consistent

directional effect. For example, in optimization or equilibrium models, we often require that

increasing or decreasing one variable should lead to a predictable and consistent change in

the corresponding solution set, thus maintaining stability and coherence within the system.

In this report, we will explore how monotonicity and related properties, such as maximal

monotonicity, influence the behavior of partial linearization and contribute to achieving

strong metrical regularity. These concepts will be formally examined in the next proposition.

Definition 2.4.9 A mapping G : Rn ⇒ Rn is said to be monotone if

⟨y′ − y, x′ − x⟩ ≥ 0, ∀(x, y), (x′, y′) ∈ gph G.

If G is monotone and its graph is maximal with respect to this property, i.e., it is not properly

contained in the graph of any other monotone operator, then we say that G is maximal

monotone.

Example 2.4.10 Identity Operator in Rn

Let G(x) = x. For any (x, y), (x′, y′) ∈ gph G, we have y = x and y′ = x′. The

monotonicity condition becomes:

⟨x′ − x, x′ − x⟩ = ∥x′ − x∥2 ≥ 0.

Thus, G(x) = x is monotone. Any attempt to extend the graph by adding a new point

would break monotonicity, hence the graph is maximal.
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Example 2.4.11 Zero Operator in Rn

Let G(x) = 0. For any (x, y), (x′, y′) ∈ gph G, we have y = 0 and y′ = 0. The monotonicity

condition becomes:

⟨0− 0, x′ − x⟩ = 0 ≥ 0.

Thus, G(x) = 0 is monotone. Extending the graph by adding a point with ỹ ̸= 0 would

violate monotonicity, so the graph is maximal.

Example 2.4.12 Subdifferential of a Convex Function in Rn

Let f : Rn → R be a convex function and let G(x) = ∂f(x), where ∂f(x) is the

subdifferential. The monotonicity condition holds as follows: For (x, y) ∈ gph G, we have

y ∈ ∂f(x), which means

f(x′) ≥ f(x) + ⟨y, x′ − x⟩ .

Similarly, for (x′, y′), we have y′ ∈ ∂f(x′), which means

f(x) ≥ f(x′) + ⟨y′, x− x′⟩ .

Adding these two inequalities gives:

0 ≤ ⟨y′ − y, x′ − x⟩ .

Hence, G(x) = ∂f(x) is monotone. Extending the graph would violate this property, making

the subdifferential maximal monotone.

When the mapping Bb[ū] ∋ u 7→ G−1(u) ∩ Ba[x̄] in Definition 2.4.1 is single-valued, then

for the sake of simplicity we hereafter adopt the notation w = G−1(u) ∩ Ba[x̄] instead of

{w} = G−1(u) ∩ Ba[x̄]. Next, we present a class of mappings f , g and F for which the

partial linearization of f + g + F (see (2.3)) is strongly metrically regular.

Proposition 2.4.13 Let f : Rn → Rn be a continuously differentiable function, g : Rn → Rn

a continuous function and F : Rn ⇒ Rn be a maximal monotone mapping. Assume that

z, x∗ ∈ Rn, α > 0 and β > 0 satisfy the following conditions:

⟨f ′(x∗) p, p⟩ ≥ β∥p∥2, ⟨[z, x∗; g] q, q⟩ ≥ α∥q∥2, ∀ p, q ∈ Rn. (2.4)

Then, rgeLf+g+F (x∗, ·, z) = Rn, and for each x̄ ∈ Rn and ū ∈ Lf+g+F (x∗, x̄, z), the set-valued

mapping Lf+g+F (x∗, ·, z) : Rn ⇒ Rn is strongly metrically regular at x̄ ∈ Rn for ū ∈ Rn, with

constants κ = 1/(α + β), a = +∞, and b = +∞.

Proof. First, we will prove that rgeLf+g+F (x∗, ·, z) = Rn. For that we take µ ∈ R satisfying

0 < µ <
2α + 2β

(∥f ′(x∗)∥+ ∥[z, x∗; g]∥)2
. (2.5)
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Moreover, take x̂ ∈ Rn and define the mapping

Rn ∋ y 7→ Φ(y) := (I + µF )−1 (µx̂+ y − µ[f(x∗) + g(x∗) + (f ′(x∗) + [z, x∗; g]) (y − x∗)]) .

(2.6)

Since F is a maximal monotone mapping, according to [24, Theorem 6C.4, p. 387] the

mapping (I +µF )−1 is single-valued and Lipschitz continuous on Rn with constant 1. Thus,

by using (2.6), for any y, w ∈ Rn we have

∥Φ(y)− Φ(w)∥2 ≤ ∥y − w − µ (f ′(x∗) + [z, x∗; g]) (y − w)∥2. (2.7)

On the other hand, by using triangular inequality, some algebraic manipulations show that

∥y − w − µ (f ′(x∗) + [z, x∗; g]) (y − w)∥2 ≤ ∥y − w∥2 − 2µ⟨f ′(x∗)(y − w), y − w⟩−
2µ⟨[z, x∗; g] (y − w), y − w⟩+ µ2(∥f ′(x∗)∥+ ∥ [z, x∗; g] ∥)2∥(y − w)∥2.

Thus, using both inequalities (2.4) into the last inequality and combining the result with

(2.7) we conclude that

∥Φ(y)− Φ(w)∥ ≤
(
1− 2βµ− 2αµ+ µ2(∥f ′(x∗)∥+ ∥ [z, x∗; g] ∥)2

)1/2 ∥y − w∥.

Since µ satisfies (2.5) we conclude that (1− 2βµ− 2αµ + µ2(∥f ′(x∗)∥ + ∥ [z, x∗; g] ∥)2) < 1.

Therefore, by the Banach contraction principle (see [24, Theorem 1A.3, p. 17]), there exists

a unique x ∈ Rn such that x = Φ(x), which together (2.6) implies that

(I + µF )x = µx̂+ x− µ[f(x∗) + g(x∗) + (f ′(x∗) + [z, x∗; g]) (x− x∗)].

Hence, expression (2.3) yields x̂ = Lf+g+F (x∗, x, z). Therefore, rgeLf+g+F (x∗, ·, z) = Rn.

We proceed to prove that the graph of Lf+g+F (x∗, ·, z) is locally closed at (x̄, ū), i.e., there

exists a neighborhood U of (x̄, ū) such that the intersection gphLf+g+F (x∗, ·, z)∩U is closed.

Indeed, let {(x̄k, ūk)} ⊂ gphLf+g+F (x∗, ·, z) ∩ U be a sequence such that limk→+∞ x̄k = x̄

and limk→+∞ ūk = ū. By the definition of graph of a set-valued mapping, we have ūk ∈
Lf+g+F (x∗, x̄k, z) for k = 0, 1, . . .. Hence, from (2.3) we obtain

ūk ∈ f(x∗) + g(x∗) + (f ′(x∗) + [z, x∗, z]) (x̄k − x∗) + F (x̄k), k = 0, 1, . . . .

Because F is maximal monotone, according to [8, Proposition 6.1.3, p. 185] it has closed

graph, and thus we can take the limit in the last inclusion to conclude that

ū ∈ f(x∗) + g(x∗) + (f ′(x∗) + [z, x∗, z]) (x̄− x∗) + F (x̄).

This implies that ū ∈ Lf+g+F (x∗, x̄, z), i.e., (x̄, ū) ∈ gphLf+g+F (x∗, ·, z). Therefore, the

graph of Lf+g+F (x∗, ·, z) is locally closed at (x̄, ū).
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Now, we will prove that the mapping Rn ∋ x 7→ Lf+g+F (x∗, x, z) is metrically regular

at x̄ ∈ Rn for ū ∈ Rn with constants κ = 1/ (α + β), a = +∞, and b = +∞. For this,

take arbitrary x, u ∈ Rn. As rgeLf+g+F (x∗, ·, z) = Rn, there exists y ∈ Rn such that

u ∈ Lf+g+F (x∗, y, z). Thus, it follows from (2.3) that there exists wy ∈ F (y) such that

u = f(x∗) + g(x∗) + (f ′(x∗) + [z, x∗; g]) (y − x∗) + wy. (2.8)

Moreover, for every arbitrary v ∈ Lf+g+F (x∗, x, z), we can find wx ∈ F (x) such that

v = f(x∗) + g(x∗) + (f ′(x∗) + [z, x∗; g]) (x− x∗) + wx. (2.9)

Thus, the monotonicity of F together with (2.8) and (2.9) yield

⟨(f ′(x∗) + [z, x∗; g]) (x− y), x− y⟩ ≤ ⟨(f ′(x∗) + [z, x∗; g]) (x− y), x− y⟩+ ⟨wx − wy, x− y⟩
= ⟨v − u, x− y⟩
≤ ∥v − u∥∥x− y∥.

On the other hand, (2.4) implies in β∥x−y∥2+α∥x−y∥2 ≤ ⟨(f ′(x∗) + [z, x∗; g]) (x−y), x−y⟩,
which combined with the last inequality gives

β∥x− y∥2 + α∥x− y∥2 ≤ ∥v − u∥∥x− y∥. (2.10)

We have two possibilities: x = y and x ̸= y. First, assume that x = y. In this case, as

u ∈ Lf+g+F (x∗, y, z) we have x ∈ Lf+g+F (x∗, u, z)
−1. Thus, we conclude that

d
(
x, Lf+g+F (x∗, u, z)

−1
)
= 0 ≤ 1

α + β
d (u, Lf+g+F (x∗, x, z)) . (2.11)

Now assume that x ̸= y. In this case, it follows from (2.10) that

∥x− y∥ ≤ 1

α + β
∥v − u∥, ∀ v ∈ Lf+g+F (x∗, x, z).

Because u ∈ Lf+g+F (x∗, y, z), (2.1) and the previous inequality imply that

d
(
x, Lf+g+F (x∗, u, z)

−1
)
≤ 1

α + β
d (u, Lf+g+F (x∗, x, z)) , ∀x, u ∈ Rn. (2.12)

Since we already know that Lf+g+F (x∗, ·, z) is locally closed at (x̄, ū), by using (2.11) and

(2.12), we conclude that Lf+g+F (x∗, ·, z) is metrically regular at x̄ ∈ Rn for ū ∈ Rn, with

constants κ = 1/(α + β), a = +∞, and b = +∞.

To conclude the proof, it remains to prove that the mapping u 7→ Lf+g+F (x∗, u, z)
−1

is single-valued from Rn to Rn. Take u ∈ Rn, x1 ∈ Lf+g+F (x∗, u, z)
−1 and x2 ∈

Lf+g+F (x∗, u, z)
−1. For i = 1, 2, take vi ∈ F (xi) such that u = f(x∗) + g(x∗) +
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(f ′(x∗) + [z, x∗; g]) (xi−x∗)+vi. Thus, using (2.4) and taking into account that F is monotone

we conclude that

(α + β) ∥x1 − x2∥2 ≤ ⟨(f ′(x∗) + [z, x∗; g]) (x1 − x2), x1 − x2⟩+ ⟨v1 − v2, x1 − x2⟩ = 0,

yielding that x1 = x2. Therefore, Lf+g+F (x∗, ·, z)−1 is single-valued, concluding the proof.

■

2.4.4 Aubin Property

Definition 2.4.14 A mapping S : Rm ⇒ Rn is said to have the Aubin property at ȳ ∈ Rm

for x̄ ∈ Rn if x̄ ∈ S(ȳ), the graph of S is locally closed at (ȳ, x̄), and there is a constant

κ ≥ 0 together with neighborhoods U of x̄ and V of ȳ such that

e(S(y′) ∩ U, S(y)) ≤ κ∥y′ − y∥, ∀ y′, y ∈ V. (2.13)

Proposition 2.4.15 (alternative description of Aubin property). A mapping S : Rm ⇒ Rn

has the Aubin property at ȳ for x̄ with constant κ > 0 if and only if x̄ ∈ S(ȳ), gphS is locally

closed at (ȳ; x̄), and there exist neighborhoods U of x̄ and V of ȳ such that

e(S(y′) ∩ U ;S(y)) ≤ κ∥y′ − y∥, ∀ y′ ∈ Rm, and y ∈ V. (2.14)

Proof. Clearly, (2.14) implies (2.13). Assume (2.13) with corresponding U and V and choose

positive a and b such that Ba[x̄] ⊂ U and Bb[ȳ] ⊂ V . Let 0 < a′ < a and 0 < b′ < b be such

that

2κb′ + a′ ≤ κb. (2.15)

For any y ∈ Bb′ [ȳ] we have from (2.13) that

d(x̄, S(y)) ≤ κ∥y − ȳ∥ ≤ κb′,

hence

e(Ba′ [x̄], S(y)) ≤ κb′ + a′. (2.16)

The last inequality comes from d(x, S(y)) ≤ d(x, x̄) + d(x̄, S(y)).

Take any y′ ∈ Rm. If y′ ∈ Bb[ȳ] the inequality in (2.14) comes from (2.13) and there

is nothing more to prove. Assume ∥y′ − y∥ > b. Then ∥y − y′∥ = ∥ȳ − y′ + y − ȳ∥ ≥
∥ȳ − y′∥ − ∥y − ȳ∥ > b− b′. From (2.15),

2κb′ + a′ ≤ κb⇒ κb′ + a′ ≤ κ(b− b′) ≤ κ∥y′ − y∥.

Using (2.16), we obtain

e(Ba′ [x̄], S(y)) ≤ κ∥y′ − y∥,

and since S(y′) ∩Ba′ [x̄] ⊂ Ba′ [x̄], we come again to (2.14). ■
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Theorem 2.4.16 (equivalence of metric regularity and the inverse Aubin property). A

set-valued mapping F : Rn ⇒ Rm is metrically regular at x̄ for ȳ if and only if its inverse

F−1 : Rm ⇒ Rn has the Aubin property at ȳ for x̄.

Proof. The local closedness of the graph of F at (x̄; ȳ) is equivalent to the local closedness

of the graph of F−1 at (ȳ; x̄). By assumption, F is metrically regular at x̄ for ȳ. Hence,

ȳ ∈ F (x̄), ∃ κ ≥ 0, a > 0, b > 0 (U = Ba[x̄], V = Bb[ȳ]) such that

d(x, F−1(y)) ≤ κd(y, F (x)), ∀ (x, y) ∈ U × V. (2.17)

Without loss of generality, assume b < a
κ
. We will prove next that

e(F−1(y) ∩ U, F−1(y′)) ≤ κ∥y − y′∥ ∀ y, y′ ∈ V,with U = Ba[x̄], V = Bb[ȳ]. (2.18)

Choose y, y′ ∈ Bb[ȳ]. If F−1(y) ∩ Ba[x̄] = ∅, then d(x̄;F−1(y)) ≥ a. From the inequality

(2.17) with x = x̄ we have

a ≤ d(x̄, F−1(y)) ≤ κd(y, F (x̄)) ≤ κ∥y − ȳ∥ ≤ κb < a,

a contradiction. Hence, there exists x ∈ F−1(y) ∩ Ba[x̄], and for any such x we have from

(2.17) that

d(x, F−1(y′)) ≤ κd(y′, F (x)) ≤ κ∥y′ − y∥.

Taking the supremum with respect to x ∈ F−1(y) ∩Ba[x̄] we obtain (2.18).

Conversely, suppose there are neighborhoods U of x̄ and V of ȳ along with a constant

κ > 0 such that (2.18) is satisfied. Take U and V smaller if necessary so that, according to

Proposition 2.4.15, we have

e(F−1(y) ∩ U ;F−1(y)) ≤ κ∥y − y′∥, ∀ y ∈ Rm, and y′ ∈ V. (2.19)

Let x ∈ U and y ∈ V . If F (x) ̸= ∅, then for any y ∈ F (x) we have x ∈ F−1(y) ∩ U . From

(2.19), we obtain

d(x, F−1(y′)) ≤ e(F−1(x) ∩ U, F−1(y′)) ≤ κ∥y − y′∥.

This holds for every y ∈ F (x), hence, by taking the infimum with respect to yinF (x) in the

last expression we get

d(x, F−1(y′)) ≤ κd(y′, F (x)).

(If F (x) = ∅, then because of the convention d(y; ∅) = ∞, this inequality holds

automatically.)

Hence, F is metrically regular at x̄ for ȳ with a constant κ. ■

Here, we provide several examples of applications that exhibit metric regularity.

29



Example 2.4.17 S : Rm → Rn linear continuos.

Take ȳ ∈ Rm and x̄ ∈ Rn, with x̄ = S(ȳ). Let V = Rm be a neighborhood of ȳ and

U = Rn a neighborhood of x̄. Take y′, y ∈ V . Then,

e(S(y′) ∩ U, S(y)) = e(S(y′), S(y)) = d(S(y′), S(y)) =

∥S(y′)− S(y)∥ = ∥S(y′ − y)∥ ≤ ∥S∥∥y′ − y∥.

Hence, S is Aubin at ȳ for x̄. So, S−1 is metrically regular at x̄ for ȳ.

Example 2.4.18 S : Rm → Rn locally Lipschitz.

Take ȳ ∈ Rm and x̄ ∈ Rn, with x̄ = S(ȳ). Let V be a neighborhood of ȳ and U a

neighborhood of x̄, such that S is Lipschitz in V with constant L. Take y′, y ∈ V . Then,

e(S(y′) ∩ U, S(y)) = e(S(y′), S(y)) = d(S(y′), S(y)) = ∥S(y′)− S(y)∥ ≤ L∥y′ − y∥.

Hence, S is Aubin at ȳ for x̄. So, S−1 is metrically regular at x̄ for ȳ.

Example 2.4.19 S : Rn → Rn linear invertible.

Take x̄, ȳ ∈ Rn, with ȳ = S(x̄). Let V be a neighborhood of ȳ and U a neighborhood of

x̄. Take (x, y) ∈ U × V .

d(x, S(y)) = ∥x− S(y)∥ = ∥SS−1(x)− S(y)∥ = ∥S(S−1(x)− y)∥ ≤ ∥S∥∥y − S−1∥.

So, S is metrically regular at x̄ for ȳ.

Example 2.4.20 S : Rn → Rn invertible, locally Lipschitz.

Take x̄, ȳ ∈ Rn, with ȳ = S(x̄). Let V be a neighborhood of ȳ and U a neighborhood of

x̄. Take (x, y) ∈ U × V .

d(x, S(y)) = ∥x− S(y)∥ = ∥SS−1(x)− S(y)∥ ≤ κ∥y − S−1(x)∥.

So, S is metrically regular at x̄ for ȳ.

Example 2.4.21 F−1 : R ⇒ R definided by

F−1(y) =

 {0, 1 +
√
y}, se y ≥ 0

0, se y < 0.
This mapping has the Aubin property at 0 for 0.
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In fact, let U be a neighbourhood of 0, for instance U = (−2, 2) and V be a neighbourhood

of 0, for instance V =
(
−1

4
, 1
4

)
.

Take y, y′ ∈ V .

If y, y′ ≥ 0, we have:

F−1(y) = {0, 1 +√y} and F−1(y′) = {0, 1 +
√
y′}. Since y′ ∈

[
0, 1

4

)
, we have F−1(y′) <

3
2
⇒ F−1(y′) ∩ U = F−1(y′).

So, e(F−1(y′) ∩ U, F−1(y)) = sup
s∈S(y′)∩U

d(s, F−1(y)) =
3

2
.

Note that ∥y − y′∥ < 1

4
.

Hence, taking κ = 6, we have e(F−1(y′) ∩ U, F−1(y)) =
3

2
≤ κ.∥y − y′∥.

If y ∈
(
−1

4
, 0
)
and y′ ≥ 0, we have:

F−1(y) = {0, 1 +
√

(y′)} and F−1(y′) = 0⇒ F−1(y′) ∩ U = {0}.

So, e(F−1(y′) ∩ U, F−1(y)) = d(0, F−1(y)) =
3

2
.

Note that ∥y − y′∥ < 1

2
.

Hence, taking κ = 3, we have e(F−1(y′) ∩ U, F−1(y)) =
3

2
≤ κ.∥y − y′∥.

If y, y′ ∈
(
−1

4
, 0
)
, we have:

F−1(y) = 0 and F−1(y′) = 0⇒ F−1(y′) ∩ U = {0}.
So, e(F−1(y′) ∩ U, F−1(y)) = 0.

Note that ∥y − y′∥ < 1

4
.

Hence, taking any κ > 0, we have e(F−1(y′) ∩ U, F−1(y)) = 0 ≤ κ.∥y − y′∥.
Conclusion: We can take κ = 6 for all cases, and this proof that F−1 has the Aubin

property at 0 for 0.

Then, F : R ⇒ R is metrically regular at 0 for 0, where,

F (x) =



∅, se x ≤ 0

R, se x = 0

∅, se 0 < x < 1

(x− 1)2, se x ≥ 1.
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2.4.5 The Contraction Principle Theorem

In the study of fixed-point theory, one of the most fundamental and widely applicable

results is the Contraction Principle (also known as the Banach Fixed-Point Theorem), which

guarantees the existence of a unique fixed point for certain types of mappings. This principle

has found applications in various fields such as differential equations, optimization, and

mathematical economics.

The theorem, in its classical form, addresses single-valued contractions in a complete

metric space, ensuring the existence and uniqueness of fixed points. However, the set-valued

version of the contraction principle is an important generalization that extends this result

to set-valued mappings (multifunctions), where the mapping may associate each point with

a set of values rather than a single value.

The Contraction Principle in this setting introduces conditions under which a set-valued

mapping Φ on Rn admits a fixed point, meaning there exists a point x̂ such that x̂ ∈ Φ(x̂).

The theorem provides specific conditions involving the distance from x̄ to the set Φ(x̄) and

a contraction property within a neighborhood around x̄.

The theorem can be particularly useful in dealing with non-linear systems or in contexts

where solutions are not guaranteed to be unique or where the solution space is more complex

than a single point. This generalization of the fixed-point theorem offers powerful tools for

handling these broader cases and has implications in fields like control theory and game

theory, where set-valued mappings naturally arise.

The theorem is stated as follows:

Theorem 2.4.22 (Contraction Principle) Let Φ : Rn ⇒ Rn be a set-valued mapping

and x̄ ∈ Rn. Suppose that there exist scalars r > 0 and λ ∈ (0, 1) such that the set gphΦ ∩
(Br[x̄]×Br[x̄]) is closed and

(a) d(x̄,Φ(x̄)) ≤ r(1− λ);

(b) e(Φ(x) ∩Br[x̄],Φ(x
′)) ≤ λ∥x− x′∥, for all x, x′ ∈ Br[x̄].

Then Φ has a fixed point in Br[x̄]; that is, there exists x̂ ∈ Br[x̄] such that x̂ ∈ Φ(x̂). If Φ is

single-valued, then x̂ is the unique fixed point of Φ in Br[x̄].

Proof. By assumption (a), there exists x1 ∈ Φ(x̄) such that ∥x̄− x1∥ ≤ r(1− λ).

Proceeding by induction, suppose that there exists xk+1 ∈ Φ(xk) ∩Br[x̄],

for k = 1, 2, . . . , n− 1 with

∥xk+1 − xk∥ ≤ r(1− λ)λk.
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By assumption (b),

d(xn,Φ(xn)) ≤ e(Φ(xn−1) ∩Br[x̄],Φ(xn)) ≤ λ∥xn−1 − xn∥ < r(1− λ)λn.

This implies that there exists xn+1 ∈ Φ(xn) such that

∥xn+1 − xn∥ ≤ r(1− λ)λn.

By the triangle inequality,

∥xn+1 − x̄∥ ≤

(
n∑

k=1

∥xk+1 − xk∥

)
+ ∥x1 − x̄∥ < r(1− λ)

n∑
k=0

λk ≤ r(1− λ)
∞∑
k=0

λk = r.

Hence, xn+1 ∈ Br[x̄] and the induction step is complete.

For n > m, we have

∥xn − xm∥ ≤
n−1∑
k=m

∥xk+1 − xk∥ ≤ r(1− λ)
n−1∑
k=m

λk ≤ r(1− λ)
∞∑

k=m

λk = rλm.

Thus, the sequence {xk} is a Cauchy sequence converging to some x̂ ∈ Br[x̄].

By assumption (b),

d(xn,Φ(x̂)) ≤ e(Φ(xn−1) ∩Br[x̄],Φ(x̂)) ≤ λ∥x̂− xn−1∥.

The triangle inequality implies that

d(x̂,Φ(x̂)) ≤ ∥x̂− xn∥+ d(xn,Φ(x̂)) ≤ ∥xn − x̂∥+ λ∥xn−1 − x̂∥,

which approaches zero as n increases. Since Φ(x̂) is closed, we conclude that x̂ ∈ Φ(x̂).

If Φ is single-valued, assumption (b) implies that x̂ is the unique fixed point of Φ in Br[x̄].

This completes the proof. ■

2.4.6 Perturbed Metric Regularity Theorem

Theorem 2.4.23 (Perturbed metric regularity) Consider a mapping H : Rn ⇒ Rm

with closed graph and a point (x̄, ȳ) ∈ gphH at which H is metrically regular, that is, there

exist positive constants a, b and κ such that

d(x,H−1(y)) ≤ κd(y,H(x)) for all (x, y) ∈ Ba[x̄]×Bb[ȳ]. (2.20)

Let µ > 0 be such that κµ < 1 and κ′ > κ. Then for every positive α and β such that

α ≤ a/2, µα+ 2β ≤ b and 2κ′β ≤ α(1− κµ), (2.21)
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and for every function h : Rn → Rm satisfying

∥h(x̄)∥ ≤ β, (2.22)

and

∥h(x)− h(x′)∥ ≤ µ∥x− x′∥, ∀ x, x′ ∈ Bα[x̄], (2.23)

the mapping h + H has the following property: for every y, y′ ∈ Bβ[ȳ] and every x ∈ (h +

H)−1(y) ∩Bα[x̄] there exists x′ ∈ (h+H)−1(y′) such that

∥x− x′∥ ≤ κ′

1− κµ
∥y − y′∥. (2.24)

In addition, if the mapping H is strongly metrically regular at x̄ for ȳ; that is, the mapping

y 7→ H−1(y) ∩ Bα[x̄] is single-valued and Lipschitz continuous on Bb[ȳ] with a Lipschitz

constant κ, then for µ, κ′, α and β as above and any function h satisfying (2.22) and (2.23),

the mapping y 7→ (H + h)−1(y) ∩ Bα[x̄] is a Lipschitz continuous function on Bβ[ȳ] with a

Lipschitz constant κ′

1−κµ
.

Proof. Choose µ and κ′ as required and then α and β to satisfy (2.21). For any x ∈ Bα[x̄]

and y ∈ Bβ[ȳ], using (2.22), (2.23) and the triangle inequality, we obtain

∥−h(x)+y−ȳ∥ ≤ ∥h(x̄)∥+∥h(x̄)−h(x)∥+∥y−ȳ∥ ≤ β+µ∥x−x̄∥+β ≤ 2β+µα ≤ b, (2.25)

where the last inequality follows from the second inequality in (2.21). Fix y′ ∈ Bβ[ȳ] and

consider the mapping

Φy′ : x 7→ H−1(−h(x) + y′) for x ∈ Bα[x̄].

Clearly, gphΦy′ is closed. Let y ∈ Bβ[ȳ], y ̸= y′ and let x ∈ (h + H)−1(y) ∩ Bα[x̄]. We

will apply Theorem 2.4.22 with the closed ball Bα[x̄] to show that there is a fixed point

x′ ∈ Φy′(x
′) in the closed ball centered at x with radius

ϵ :=
κ′∥y − y′∥
1− κµ

. (2.26)

Then, from the third inequality in (2.21), we obtain

ϵ ≤ κ′(2β)

1− κµ
≤ α.

Hence, from the first inequality in (2.21), we get Bϵ[x] ⊂ Ba[x̄]. Since y ∈ h(x) +H(x) and

(x, y) satisfies (2.25), from the assumed metric regularity of H we get

d(x,Φy′(x)) = d(x,H−1(−h(x) + y′)) ≤ κd(−h(x) + y′, H(x))

= κd(y′, h(x) +H(x)) ≤ κ∥y − y′∥
< κ′∥y − y′∥ = ϵ(1− κµ).
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For any u, v ∈ Bϵ[x], using (2.23), we have

e(Φy′(u) ∩Bϵ[x],Φy′(v)) ≤ e(H−1(−h(u) + y′) ∩Ba[x̄], H
−1(−h(v) + y′))

≤ κ∥h(u)− h(v)∥ ≤ κµ∥u− v∥.

Applying Theorem 2.4.22 to the mapping Φy′ , with x̄ identified with x and constants r = ϵ

and λ = κµ, we obtain the existence of a fixed point x′ ∈ Φy′(x
′) = H−1(−h(x′) + y′), which

is equivalent to x′ ∈ (h+H)−1(y′), within distance ϵ given by (2.26) from x. So,

∥x− x′∥ ≤ ϵ =
κ′

1− κµ
∥y − y′∥.

For the second part of the theorem, suppose that y 7→ s(y) := H−1(y) ∩Ba[x̄] is a Lipschitz

continuous function on Bb[ȳ] with a Lipschitz constant κ. Choose µ, κ′, α and β as in the

statement and let h satisfy (2.22) and (2.23).

For any y ∈ Bβ[ȳ], since x̄ ∈ (h+H)−1(ȳ + h(x̄)) ∩ Bα[x̄], from (2.24) we obtain that there

exists x ∈ (h+H)−1(y) such that

∥x− x̄∥ ≤ κ′

1− κµ
∥y − (ȳ + h(x̄))∥.

Since ∥y − (ȳ + h(x̄))∥ ≤ ∥y − ȳ∥ + ∥h(x̄)∥ ≤ 2β, by (2.22) we get ∥x − x̄∥ ≤ α, that is,

(h + H)−1(y) ∩ Bα[x̄] ̸= ∅. Hence, the domain of the mapping (h + H)−1 ∩ Bα[x̄] contains

Bβ[ȳ].

If x ∈ (h + H)−1(y) ∩ Bα[x̄], then x ∈ H−1(y − h(x)) ∩ Bα[x̄] ⊂ H−1(y − h(x)) ∩ Ba[x̄] =

s(y − h(x)), since y − h(x) ∈ Bb[ȳ] according to (2.25). Hence,

H−1(y − h(x)) ∩Bα[x̄] = s(y − h(x)) = x. (2.27)

Assume that there exist y ∈ Bβ and x, x′ ∈ (h + H)−1(y) ∩ Bα(x̄) such that x ̸= x′. From

(2.25), we have that both y − h(x) and y − h(x′) are in Bb[ȳ]. Then from (2.27) we get

∥x− x′∥ = ∥s(−h(x′) + y)− s(−h(x) + y)∥
≤ κ∥ − h(x) + y + h(x′)− y∥ = κ∥h(x)− h(x′)∥
≤ κµ∥x− x′∥ < ∥x− x′∥,

which is a contradiction. Hence, the mapping y 7→ g(y) := (h + H)−1(y) ∩ Bα[x̄] is

single-valued, that is, a function, defined on Bβ[ȳ]. Let y, y′ ∈ Bβ[ȳ]. Utilizing the equality

g(y) = s(−h(g(y)) + y), see (2.27), we have

∥g(y)− g(y′)∥ = ∥s(−h(g(y)) + y)− s(−h(g(y′)) + y′)∥
≤ κ∥ − h(g(y)) + y + h(g(y′))− y′∥ ≤ κ∥h(g(y))− h(g(y′))∥+ κ∥y − y′∥
≤ κµ∥g(y)− g(y′)∥+ κ∥y − y′∥.
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Thus

(1− κµ)∥g(y)− g(y′)∥ ≤ κ∥y − y′∥ ⇒ ∥g(y)− g(y′)∥ ≤ κ′

1− κµ
∥y − y′∥;

that is, g is Lipschitz continuous with Lipschitz constant κ′

1−κµ
. The proof is complete.

■

Remark 2.4.24 Assuming h(x̄) = 0 in the last theorem, the concept of perturbed metric

regularity indicates that if H is (strongly) metrically regular at x̄ for ȳ, and if h has a

sufficiently small Lipschitz constant, then the perturbed function h + H is also (strongly)

metrically regular at x̄ for ȳ. Specifically, the claim related to inequality (2.24) implies that

(h+H)−1 possesses the Aubin property at ȳ for x̄ which is equivalent to the metric regularity

of h + H at x̄ for ȳ. This leads us to the (extended) Lyusternik-Graves theorem as stated

in [24, Theorem 5E.1].For the strong regularity aspect, we derive a version of Robinson’s

Theorem, as referenced in [24, Theorem 5F.1].

2.5 The Feasible Inexact Projection Mapping

The proposed methods studies in the following chapters require an inner subroutine named

CondG procedure to compute a feasible inexact projection onto the set C, which was also used

in [45] (see also, [12, p. 215], e [18, 33]). Hence, we also need first describe this subroutine.

For that, we first recall the concept of feasible inexact projection introduced in [18].

Definition 2.5.1 Let C ⊂ Rn be a closed and convex set, x ∈ C and θ ≥ 0. The feasible

inexact projection mapping relative to x and forcing term θ, denoted by PC(·, x, θ) :

Rn → C is the set-valued mapping defined as

PC(y, x, θ) :=
{
w ∈ C : ⟨y − w, z − w⟩ ≤ θ∥y − x∥2, ∀ z ∈ C

}
.

Each point w ∈ PC(y, x, θ) is called a feasible inexact projection of y onto C with respect to

x and forcing term θ.

Remark 2.5.2 Since C ⊂ Rn is a closed and convex set, Proposition 2.1.3 of [12, p. 201]

implies that PC(y) ∈ PC(y, x, θ) for each y ∈ Rn, where PC(·) denotes the exact projection

mapping. Therefore, PC(y, x, θ) ̸= ∅ for all y ∈ Rn and x ∈ C. If in Definition 2.5.1 we

have θ = 0, then PC(y, x, 0) = {PC(y)} for all y ∈ Rn and x ∈ C. In this case, we may write

PC(y, x, 0) = PC(y) instead of PC(y, x, 0) = {PC(y)}.

The next result plays an important role in our theory. It is a basic property of the feasible

inexact projection whose proof can be found in [33, Lemma 4]; see also [18].
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Lemma 2.5.3 Let y, ỹ ∈ Rn, x, x̃ ∈ C and θ ≥ 0. Then, for any u ∈ PC(y, x, θ) we have

∥u− PC(ỹ, x̃, 0)∥ ≤ ∥y − ỹ∥+
√
2θ∥y − x∥.

The CondG procedure, which is based on conditional gradient method (for a general

overview of this method; see [12]), is the procedure for obtain a feasible inexact projections

onto special compact sets C. The CondG procedure with input data v, u and θ it is formally

described as follows:

Algorithm 2.5.4 CondG

Input: Take θ ∈ R+, v ∈ Rn and v ̸= u,w ∈ C. Set w0 = w and ℓ = 0.

Step 1. Use a Linear Optimization oracle to compute an optimal solution zℓ and the optimal value s∗ℓ as

zℓ := argmin
z∈C
⟨wℓ − v, z − wℓ⟩, s∗ℓ := ⟨wℓ − v, zℓ − wℓ⟩. (2.28)

Step 2. If −s∗ℓ ≤ θ∥v − u∥2, then stop and returns w+ := wℓ.

Step 3. Compute αℓ ∈ (0, 1] and wℓ+1 as

wℓ+1 := wℓ + αℓ(zℓ − wℓ), αℓ := min

{
1,

−s∗ℓ
∥zℓ − wℓ∥2

}
. (2.29)

Step 4. Set ℓ← ℓ+ 1, and go to step 1.

Output: w+ := wℓ.

We now highlight the key aspects of algorithm above. The algorithm aims to approximate

the projection of v onto the set C by iteratively improving the estimate wℓ. At each iteration,

the algorithm solves the linearized subproblem (2.28), which involves minimizing the linear

approximation of the distance function over C. The optimal value s∗ℓ obtained in (2.28)

measures the potential reduction in the objective function. If this reduction is smaller

than the specified tolerance, i.e., −s∗ℓ ≤ θ∥v − u∥2, the algorithm terminates, returning

w+ = wℓ as the approximate projection. If the condition is not met, the algorithm updates

the current estimate by moving towards zℓ using a step size αℓ. The choice of αℓ ensures

sufficient decrease in the objective function while keeping wℓ+1 within C due to the convexity

of C. Under mild assumptions, it can be shown that the sequence (s∗ℓ)ℓ∈N converges to zero

(see, e.g., [10, Proposition A.2]), guaranteeing that the algorithm will terminate after a

finite number of iterations. In essence, the algorithm above provides an efficient method for

computing an approximate projection onto C that satisfies the inexact projection condition

required by our main algorithm.

Next, we simulate the Cond G Algorithm. We aim to minimize a linear function over a

convex feasible set, specifically the unit square in R2. The goal is to demonstrate how the

Conditional Gradient Algorithm can be applied in this context, following the steps of the

algorithm to compute an optimal solution.
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Example 2.5.5 We want to minimize a linear function ⟨w−v, z−w⟩ over a convex feasible

set C ⊆ R2.

Problem Setup

- Let C be the unit square in R2:

C = {z = (z1, z2) ∈ R2 | 0 ≤ z1 ≤ 1, 0 ≤ z2 ≤ 1}.

- Let the starting point w = (0.5, 0.5).

- Let v = (0, 0).

- Set u = (1, 1).

- Choose a threshold θ = 0.01.

Applying the Conditional Gradient Algorithm

Step 1: Linear Optimization Oracle (Initial Iteration, ℓ = 0)

The algorithm solves the linear optimization problem:

z0 = argmin
z∈C
⟨w0 − v, z − w0⟩.

This means minimizing the function ⟨(0.5, 0.5) − (0, 0), (z1, z2) − (0.5, 0.5)⟩ over z ∈ C.

Simplifying, this becomes:

⟨(0.5, 0.5), (z1 − 0.5, z2 − 0.5)⟩ = 0.5(z1 − 0.5) + 0.5(z2 − 0.5).

To minimize this function, we choose z0 = (0, 0), since it gives the smallest values for both

z1 − 0.5 and z2 − 0.5 over the unit square.

So, the solution is:

z0 = (0, 0).

The optimal value of the objective function is:

s∗0 = ⟨(0.5, 0.5), (0, 0)− (0.5, 0.5)⟩ = −0.5(−0.5)− 0.5(−0.5) = −0.5.

Step 2: Stopping Condition

The algorithm checks if −s∗0 ≤ θ∥v − u∥2.
- We know s∗0 = −0.5.
- The norm ∥v − u∥2 = ∥(1, 1)− (0, 0)∥2 = 12 + 12 = 2.

- We check if 0.5 ≤ 0.01× 2, i.e., if 0.5 ≤ 0.02, which is false.

Thus, the algorithm continues to the next iteration.
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Step 3: Compute w1 and α0

Compute α0 as:

α0 = min

{
1,

−s∗0
∥z0 − w0∥2

}
.

- s∗0 = −0.5.
- ∥z0 − w0∥2 = ∥(0, 0)− (0.5, 0.5)∥2 = 0.52 + 0.52 = 0.5.

- So, α0 = min
{
1, 0.5

0.5

}
= 1.

Update w1 as:

w1 = w0 + α0(z0 − w0) = (0.5, 0.5) + 1× ((0, 0)− (0.5, 0.5)) = (0, 0).

Step 4: Iteration Update

Set ℓ = 1 and return to Step 1 with w1 = (0, 0).

Step 1: Linear Optimization Oracle (Iteration ℓ = 1)

Now, solve the linear optimization problem:

z1 = argmin
z∈C
⟨w1 − v, z − w1⟩ = argmin

z∈C
⟨(0, 0)− (0, 0), (z1, z2)− (0, 0)⟩.

Simplifying:

⟨(0, 0), (z1, z2)⟩ = 0.

The optimal solution is any (z1, z2) over the unit square C.

The optimal value is:

s∗1 = ⟨(0, 0), (z1, z2)⟩ = 0.

Step 2: Stopping Condition

The algorithm checks if −s∗1 ≤ θ∥v − u∥2.
- We know s∗1 = 0, and as a result, −s∗1 = 0 ≤ θ∥v − u∥2 = 0.02, which is true.

Thus, the algorithm stops and returns w+ = w1 = (0, 0).

Conclusion

The algorithm terminates with the solution w+ = (0, 0) after two iterations.
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2.6 Broyden Update Rule

The subsequent definition pertains to the Broyden update rule, a significant numerical

optimization tool that serves as an iterative approximation for the Jacobian matrix f ′ in

quasi-Newton methods. This rule is employed to update the approximate Jacobian in each

iteration.

Definition 2.6.1 The Broyden update rule is defined as

Bk+1 := Bk +
(zk −Bksk) s

T
k

∥sk∥2
, (2.30)

where zk := f(yk)− f(xk) and sk := yk − xk. A practical usual choice for B0 is B0 = f ′(x0).

Example 2.6.2 Consider the function f(x) =

 2x1 − x2

−x1 + 3x2

 and two points x0 =

1
1

 and

y0 =

0.5
0.5

.
We aim to apply the Broyden update rule to approximate the Jacobian matrix.

Step 1: Compute z0 and s0

z0 = f(y0)− f(x0) =

 2(0.5)− 0.5

−0.5 + 3(0.5)

−
 2(1)− 1

−1 + 3(1)

 =

0.5
1

−
1
2

 =

−0.5
−1

 .

s0 = y0 − x0 =

0.5
0.5

−
1
1

 =

−0.5
−0.5


Step 2: Initialize B0

A common choice for B0 is the Jacobian f ′(x0), which for f(x) is:

B0 = f ′(x0) =

 2 −1

−1 3

 .

Step 3: Apply the Broyden update rule

Using the formula Bk+1 = Bk +
(zk −Bksk) s

T
k

∥sk∥2
, we first compute B0s0:

B0s0 =

 2 −1

−1 3

−0.5
−0.5

 =

−1
−1

 .
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Now compute the difference z0 −B0s0:

z0 −B0s0 =

−0.5
−1

−
−1
−1

 =

0.5
0

 .

The norm ∥s0∥2 is:

∥s0∥2 = (−0.5)2 + (−0.5)2 = 0.5.

Now update B1:

B1 = B0 +

0.5
0

[−0.5 −0.5]
0.5

=

 2 −1

−1 3

+

−0.5 −0.5
0 0

 =

1.5 −1.5
−1 3

 .

Final Matrix:

The updated matrix B1 is:

B1 =

1.5 −1.5
−1 3

 .

In the context of quasi-Newton methods, such as the Broyden algorithm, the iterative

update of the matrix Bk is a central component. These methods rely on the idea that the

sequence of matrices {Bk} generated at each step serves as an effective approximation of the

true Jacobian of the function f by the solution point x∗. The quality of this approximation

is paramount for ensuring the convergence and efficiency of the algorithm.

2.6.1 The Bounded Deterioration Condition

The bounded deterioration condition, in the next definition, is a crucial property

that addresses a key challenge in these methods: controlling the error of the Jacobian

approximation. It ensures that the increase in the approximation error is bounded by a

term related to the proximity of the current iterates xk and yk to the solution x∗, thus

preserving the desirable convergence properties of the method.

Definition 2.6.3 If there exists a constant c > 0 such that, for each k ≥ 0,

∥Bk+1 − f ′(x∗)∥ ≤ ∥Bk − f ′(x∗)∥+ c(∥xk − x∗∥+ ∥yk − x∗∥). (2.31)

then we say that Bk+1 satisfies the bounded deterioration condition.
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Lemma 2.6.4 Let A ∈ L (Rn,Rn). If x ∈ Rn \ {0}, then

∥∥∥∥A− ⟨x, .⟩Ax∥x∥2

∥∥∥∥ =

 0 if n = 1

∥A∥ if n > 1
. (2.32)

Proof. Let z ∈ span(x) = {λx | λ ∈ R}. Then there is some λ0 ∈ R such that z = λ0x.

Hence, ∥∥∥∥Az − ⟨x, z⟩Ax∥x∥2

∥∥∥∥ =

∥∥∥∥λ0Ax−
λ0⟨x, x⟩Ax
∥x∥2

∥∥∥∥ = 0.

If n = 1, then Rn = span(x), and from the above equality we obtain (2.32). Otherwise,

assume that n > 1. For any z ∈ Rn, ∥z∥ ≤ 1, one has∥∥∥∥z − ⟨x, z⟩x∥x∥2

∥∥∥∥2 = ∥z∥2 − ⟨x, z⟩2∥x∥2
≤ 1.

Hence,∥∥∥∥A− ⟨x, .⟩Ax∥x∥2

∥∥∥∥ = sup
∥w∥≤1

∥∥∥∥A(w − ⟨x,w⟩x∥x∥2

)∥∥∥∥ ≤ ∥A∥ sup
∥w∥≤1

∥∥∥∥w − ⟨x,w⟩x∥x∥2

∥∥∥∥ ≤ ∥A∥.
For any z ∈ {x}⊥ = {w ∈ Rn | ⟨w, x⟩ = 0} ≠ ∅, one has∥∥∥∥Az − ⟨x, z⟩Ax∥x∥2

∥∥∥∥ = ∥Az∥,

and therefore, (2.32) follows. ■

Proposition 2.6.5 Let f : Rn → Rn be a continuously differentiable function, such that f ′

is Lipschitz continuous with constant L, in a convex neighborhood U of a point x∗. Given

Bk ∈ L (Rn,Rn) and xk, yk ∈ U , yk ̸= xk, the operator Bk+1, defined as in (2.30) satisfies

∥Bk+1 − f ′(x∗)∥ ≤ ∥Bk − f ′(x∗)∥+
L

2
(∥yk − x∗∥+ ∥x∗ − xk∥), (2.33)

i.e., Bk+1 satisfies the bounded deterioration condition.

Proof. By assumption,

∥f ′(u)− f ′(v)∥ ≤ L∥u− v∥, ∀ u, v ∈ U.
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Let yk, xk ∈ U, yk ̸= xk and let Bk+1 be defined as in (2.6.1). Then

Bk+1 − f ′(x∗) = Bk − f ′(x∗) +
(zk −Bksk) s

T
k

∥sk∥2

= Bk − f ′(x∗)−
(Bk − f ′(x∗)) sks

T
k

∥sk∥2
+

(zk − f ′(x∗)sk) s
T
k

∥sk∥2
.

Thus,

∥Bk+1 − f ′(x∗)∥ ≤
∥∥∥∥(Bk − f ′(x∗))−

(Bk − f ′(x∗)) sks
T
k

∥sk∥2

∥∥∥∥+ ∥zk − f ′(x∗)sk∥
∥sk∥

.

By Lemma 2.6.4, ∥∥∥∥(Bk − f ′(x∗))−
(Bk − f ′(x∗)) sks

T
k

∥sk∥2

∥∥∥∥ ≤ ∥Bk − f ′(x∗)∥.

Using the mean value theorem, we obtain

∥zk − f ′(x∗)sk∥ = ∥f(yk)− f(xk)− f ′(x∗)sk∥

=

∥∥∥∥∫ 1

0

[f ′(xk + t(yk − xk)(yk − xk)− f ′(x∗)sk]dt

∥∥∥∥
≤ ∥sk∥

∫ 1

0

∥f ′(xk + t(yk − xk)− f ′(x∗)∥dt

≤ L∥sk∥
∫ 1

0

((1− t)∥xk − x∗∥+ t∥yk − x∗∥)dt

=
L

2
∥sk∥(∥yk − x∗∥+ ∥xk − x∗∥).

This yields (2.33).

■

2.7 Convergence q-linear and Superlinear

Definition 2.7.1 A sequence {xk} is convergent q-linearly to x̄ when there exist a

natural K and a real α ∈ [0, 1) such that

∥xk+1 − x̄∥ ≤ α∥xk − x̄∥ for k = K,K + 1, . . .

Example 2.7.2 xk =
1

k + 5
is not convergent q-linearly to 0.

In fact,
∥xk+1∥
∥xk∥

=
k + 5

k + 6
→ 1.
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Example 2.7.3 xk =
1

3k
is convergent q-linearly to 0.

In fact,
∥xk+1∥
∥xk∥

=
1

3
.

Definition 2.7.4 A sequence {xk} is convergent super linearly to x̄ when

∥xk+1 − x̄∥
∥xk − x̄∥

→ 0.

Example 2.7.5 xk =
1

2k2
is convergent super linearly to 0.

In fact,
∥xk+1∥
∥xk∥

=
xk2

x(k+1)2
=

1

22k+1
→ 0.
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Chapter 3

Secant-type method with feasible

inexact projection for solving

constrained mixed generalized

equations

In this chapter we present an secant method to solve the constrained problem (1.1). Under

metric regularity of the partial linearization of f+g+F , Lipschitz continuity of the derivative

f ′ and boundedness of the second order divided difference of g, we will analyze the sequence

generated by the inexact secant method.

3.1 The Secant-InexP Algorithm

The conceptual secant method with a feasible inexact projection, named the Secant-InexP

method for solving the mixed generalized equation (1.1) and with x−1, x0 ∈ C and

(θk)k∈N ⊂ [0,+∞) as the input data, is formally described as follows:

Algorithm 3.1.1 Secant-InexP

Step 0. Let x−1, x0 ∈ C and (θk)k∈N ⊂ [0,+∞) be given, and set k = 0.

Step 1. If f(xk) + g(xk) + F (xk) ∋ 0, then stop; otherwise, compute yk ∈ Rn such that

f(xk) + g(xk) + (f ′(xk) + [xk−1, xk; g])(yk − xk) + F (yk) ∋ 0. (3.1)

Step 2. If yk ∈ C, set xk+1 = yk; otherwise take any xk+1 ∈ C satisfying

xk+1 ∈ PC (yk, xk, θk) . (3.2)
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Step 3. Set k ← k + 1, and go to Step 1.

In Step 1 of Algorithm 3.1.1, we first check if the current iterate xk is a solution of (1.1).

If not, then we compute yk satisfying the inclusion (3.1). Since the point yk in Step 1

may not belong to the constraint set C, the Secant-InexP method uses Algorithm 2.5.4

to compute xk+1 in C. It is worth noting that xk+1 obtained in (3.2) is an approximate

solution to the projection subproblem minp∈C ∥p − yk∥2/2, satisfying the stopping criterion

⟨yk − xk+1, p− xk+1⟩ ≤ θk∥yk − xk∥2, for any p ∈ C.

Remark 3.1.2 Whenever g = 0 and F ≡ {0} the above algorithm merges into the one

proposed in [33]. On the other hand, if C = Rn then Algorithm 3.1.1 merges into the

finite-dimensional version of the secant method proposed in [32].

In order to analyze the convergence properties of Algorithm 3.1.1, we will need some

preliminary results. For that, we assume throughout our presentation that the following

assumptions hold:

(A1) there exist L > 0 and M > 0 such that

∥f ′(x)− f ′(y)∥ ≤ L∥x− y∥, ∥[x, y, z; g]∥ ≤M, ∀x, y, z ∈ Ω, (3.3)

where Ω is the domain of f and g.

(A2) for each z ∈ Ω, the set-valued mapping Ω ∋ y 7→ Lf+g+F (x∗, y, z) is metrically regular

at x∗ for 0, with constants κ > 0, a > 0, and b > 0.

For simplifying notation, we fix constants δ̄ > 0, Θ̄ > 0 and θ̄ satisfying the following

conditions:

δ̄ < Θ̄ := min

 2
(
1−
√
2θ̄
)

κ
[(

3−
√
2θ̄
)
L+ 4M

] , √ 2b

3L+ 4M

 , θ̄ := sup
k

θk <
1

2
, (3.4)

where (θk)k∈N is a sequence of nonnegative numbers. We begin by establishing two technical

results that will be useful for our analysis.

Lemma 3.1.3 Let δ̄ and Θ̄ be as in (3.4). For all x ∈ Bδ̄(x∗), the following inequality holds:

∥f(x∗)− f(x)− f ′(x)(x∗ − x)∥ ≤ L

2
∥x∗ − x∥2.

Moreover, if x, z and p are distinct points in Bδ̄[x∗] then

∥Ef+g(x, p, z)− Ef+g(x∗, p, z)∥ ≤ b.
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Proof. Since x∗+(1−τ)(x−x∗) ∈ Bδ̄(x∗) for all τ ∈ [0, 1] and f is continuously differentiable

in Ω, the first inequality of the lemma can be obtained by combining the fundamental theorem

of calculus and the first inequality in (A1) in a straightforward way. We proceed to prove

the second inequality. For this purpose, let x, z and p be distinct points in Bδ̄[x∗]. By

the definition of the mapping Ef+g(x, ·, z) in (2.2) and the triangular inequality, after some

algebraic manipulations, we have

∥Ef+g(x, p, z)− Ef+g(x∗, p, z)∥ =
∥f(x∗) + g(x∗) + (f ′(x∗) + [z, x∗; g])(p− x∗)− f(x)− g(x)− (f ′(x) + [z, x; g])(p− x)∥ ≤

∥f(x∗)− f(x)− f ′(x)(x∗ − x)∥+ ∥f ′(x∗)− f ′(x)∥ ∥p− x∗∥+
∥g(x∗)− g(x)− [z, x; g](x∗ − x)∥+ ∥[z, x∗; g](p− x∗)− [z, x; g](p− x∗)∥. (3.5)

The first inequality of this lemma together the Lipschitz condition in (3.3) imply that

∥f(x∗)− f(x)− f ′(x)(x∗ − x)∥+ ∥f ′(x)− f ′(x∗)∥ ∥x∗ − p∥ ≤
L

2
∥x∗ − x∥2 + L∥x∗ − x∥∥x∗ − p∥. (3.6)

On the other hand, by Definition 2.2.1 we obtain

∥g(x∗)− g(x)− [z, x; g](x∗ − x)∥ = ∥[z, x, x∗; g](x∗ − z)(x∗ − x)∥, (3.7)

and again using Definition 2.2.1 we have

∥[z, x∗; g](p− x∗)− [z, x; g](p− x∗)∥ = ∥ ([z, x∗; g]− [z, x; g]) (p− x∗)∥
= ∥([x, z, x∗; g](x∗ − x) + [x, z; g]− [z, x; g])(p− x∗)∥

(3.8)

= ∥[x, z, x∗; g](x∗ − x)(p− x∗)∥.

Combining (3.5) with (3.6), (3.7) and (3.8) and taking into account that ∥[x, y, z; g]∥ ≤ M

for all x, y, z in a neighborhood of x∗, we conclude that

∥Ef+g(x, p, z)− Ef+g(x∗, p, z)∥

≤ L

2
∥x∗ − x∥2 + L∥x∗ − x∥∥x∗ − p∥+M∥x∗ − z∥∥x∗ − x∥+M∥x∗ − x∥∥p− x∗∥.

Considering that x, z, p ∈ Bδ̄[x∗], the last inequality implies

∥Ef+g(x, p, z)− Ef+g(x∗, p, z)∥ ≤
L

2
δ̄2 + Lδ̄2 + 2Mδ̄2 =

3L+ 4M

2
δ̄2.

Since (3.4) implies that δ̄ ≤
√

2b/(3L+ 4M), the desired inequality follows from the last

inequality. Therefore, the proof of the lemma is concluded. ■
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For stating the next result, we define, for each fixed x, z ∈ Rn, the following auxiliary

set-valued mapping Φ(x,z) : Ω ⇒ Rn:

Φ(x,z)(y) := Lf+g+F (x∗, Ef+g(x, y, z)− Ef+g(x∗, y, z), z)
−1 , (3.9)

where

Rm ∋ u 7→ Lf+g+F (x∗, u, z)
−1 := {w ∈ Rn : u ∈ Lf+g+F (x∗, w, z)}

is the inverse of the partial linearization Lf+g+F defined in (2.3). By using (2.3) and (3.9),

we obtain that, if y ∈ Φ(x,z)(y), then x, y and z satisfy the inclusion

f(x) + g(x) + (f ′(x) + [z, x; g])(y − x) + F (y) ∋ 0.

Hence, a fixed point y of Φ(x,z) is the next secant iterate from x. Our next task is to establish

the existence of a fixed point to Φ(x,z) for each x, z in a suitable neighborhood of x∗. Moreover,

for a given fixed point y of Φ(x,z), we also need to bound the distance between x∗ ∈ C, a

solution of (1.1), and the inexact projections of y onto the set C. The statement of this

result is the following:

Lemma 3.1.4 Let δ̄ and Θ̄ be as in (3.4). Assume that x∗ ∈ C is a solution of (1.1). Take

θ ≥ 0 and x, z ∈ C ∩ Bδ̄(x∗)\{x∗}. Then, the mapping Φ(x,z) has a fixed point y ∈ Ω and,

for every w ∈ PC(y, x, θ), holds

∥x∗ − w∥ ≤

[(
1 +
√
2θ
) κ

[
L
2
∥x∗ − x∥+M∥x∗ − z∥

]
1− κ(L+M)∥x∗ − x∥

+
√
2θ

]
∥x∗ − x∥. (3.10)

In addition, if θ < 1/2 then PC(y, x, θ) ⊂ Bδ̄(x∗) ∩ C.

Proof. Using the definition of the set-valued mapping Φ(x,z) given in (3.9) we arrive at

d(x∗,Φ(x,z)(x∗)) = d
(
x∗, Lf+g+F (x∗, Ef+g(x, x∗, z)− Ef+g(x∗, x∗, z), z)

−1
)
. (3.11)

Thus, applying the second part of Lemma 4.1.3 with p = x∗ we obtain

∥Ef+g(x, x∗, z)− Ef+g(x∗, x∗, z)∥ < b,

and owing to x∗ ∈ Ba[x∗] and 0 ∈ Lf+g+F (x∗, x∗, z), we can use Definition 2.4.1 to conclude

that

d(x∗,Φ(x,z)(x∗)) ≤ κ∥Ef+g(x, x∗, z)− Ef+g(x∗, x∗, z)∥
= κ∥f(x∗) + g(x∗)− f(x)− g(x)− (f ′(x) + [z, x; g])(x∗ − x)∥.

48



Since the first part of Lemma 4.1.3 implies ∥f(x∗)−f(x)−f ′(x)(x∗−x)∥ ≤ (L/2)∥x∗−x∥2,
using Definition 2.2.1 we arrive at

d(x∗,Φ(x,z)(x∗)) ≤
κL

2
∥x∗ − x∥2 + κ∥[z, x, x∗; g](x∗ − z)(x∗ − x)∥.

Thus, due to ∥[z, x, x∗; g]∥ ≤M for all x, z, x∗ ∈ Ω, the last inequality yields

d(x∗,Φ(x,z)(x∗)) ≤
κ
[
L
2
∥x∗ − x∥+M∥x∗ − z∥

]
1− κ(L+M)∥x∗ − x∥

∥x∗ − x∥ (1− κ(L+M)∥x∗ − x∥) . (3.12)

To simplify the notation, for every x, z in a neighborhood of x∗, we define the quantities

r :=
κ
[
L
2
∥x∗ − x∥+M∥x∗ − z∥

]
1− κ(L+M)∥x∗ − x∥

∥x∗ − x∥, λ := κ(L+M)∥x∗ − x∥. (3.13)

From (3.4), δ̄ < Θ̄. Thus, due to ∥x∗ − x∥ ≤ δ̄, we have 1− κ(L+M)∥x∗ − x∥ > 0. Hence,

r > 0. Now, combining (3.12) with (3.13), we obtain

d(x∗,Φ(x,z)(x∗)) ≤ r (1− λ) . (3.14)

Take p, q ∈ Br[x∗]. In order to apply Theorem 2.4.22, we will bound the excess

e
(
Φ(x,z)(p) ∩Br[x∗],Φ(x,z)(q)

)
. Since δ̄ < Θ̄, some algebraic manipulations show that r ≤ δ̄.

Thus, we also have p, q ∈ Bδ̄[x∗]. Considering that x, z ∈ Bδ̄[x∗], it follows from Lemma 4.1.3

that

∥Ef+g(x, p, z)− Ef+g(x∗, p, z)∥ < b, ∥Ef+g(x, q, z)− Ef+g(x∗, q, z)∥ < b. (3.15)

Since e(∅,Φ(x,z)(q)) = 0, we can assume that Φ(x,z)(p) ∩ Br[x∗] ̸= ∅, for all p ∈ Br[x∗]. Let

v ∈ Φ(x,z)(p) ∩ Br[x∗], thus using Definition 2.4.1 with u = Ef+g(x, q, z) − Ef+g(x∗, q, z),

x̄ = x∗, ū = 0, x = v and G = Lf+g+F (x∗, ·, z), and using (3.9) and (3.15) we conclude that

d(v,Φ(x,z)(q)) ≤ κd (Ef+g(x, q, z)− Ef+g(x∗, q, z), Lf+g+F (x∗, v, z)) .

As v ∈ Φ(x,z)(p), from (3.9) it follows that Ef+g(x, p, z) − Ef+g(x∗, p, z) ∈ Lf+g+F (x∗, v, z).

Thus, by using the definition of distance given in (2.1) we obtain

d (Ef+g(x, q, z)− Ef+g(x∗, q, z), Lf+g+F (x∗, v, z)) ≤
(∥f ′(x)− f ′(x∗)∥+ ∥[z, x; g]− [z, x∗; g]∥) ∥p− q∥.

Hence, combining Definition 2.2.1 with the last two inequalities we conclude that

d(v,Φ(x,z)(q)) ≤ κ ∥[f ′(x)− f ′(x∗)](p− q)∥+ κ∥[x∗, z, x; g](x− x∗)∥∥q − p∥,
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so, considering that ∥[x∗, z, x; g]∥ ≤M for all x, z, x∗ ∈ Ω and using (3.3), we obtain

d(v,Φ(x,z)(q)) ≤ κ(L+M)∥x− x∗∥∥q − p∥.

Taking the supremum with respect to v ∈ Φ(x,z)(p) ∩ Br[x∗] in the last inequality, using

(3.13) and the definition of excess given in (2.1), we have

e
(
Φ(x,z)(p) ∩Br[x∗],Φ(x,z)(q)

)
≤ λ∥q − p∥. (3.16)

Therefore, from (3.13), (3.14), (3.16) and Theorem 2.4.22 we conclude that there exists

y ∈ Φ(x,z)(y) with y ∈ Br[x∗]. Hence, y satisfies the inequality

∥x∗ − y∥ ≤
κ
[
L
2
∥x∗ − x∥+M∥x∗ − z∥

]
1− κ(L+M)∥x∗ − x∥

∥x∗ − x∥. (3.17)

Furthermore, we conclude from (3.13) and (3.17) that y ∈ Br(x∗). Now, take w ∈ PC(y, x, θ).

Applying Lemma 2.5.3 with ỹ = x∗ and x̃ = x∗ we have

∥PC (x∗, x∗, 0)− w∥ ≤ ∥x∗ − y∥+
√
2θ (∥x∗ − x∥+ ∥x∗ − y∥)

=
(
1 +
√
2θ
)
∥x∗ − y∥+

√
2θ∥x∗ − x∥.

Considering that y satisfies (3.17) and PC(x∗, x∗, 0) = x∗, after some manipulations, the

desired inequality (3.10) follows from the last inequality. Moreover, owing to x, z ∈
Bδ̄(x∗)\{x∗}, using (3.4) together with θ < 1/2 yields[(

1 +
√
2θ
) κ

[
L
2
∥x∗ − x∥+M∥x∗ − z∥

]
1− κ(L+M)∥x∗ − x∥

+
√
2θ

]
< 1.

Thus, it follows from (3.10) that ∥x∗ − w∥ < ∥x∗ − x∥ for all w ∈ PC(y, x, θ). Due to

∥x∗− x∥ < δ̄ we obtain PC(y, x, θ) ⊂ Bδ(x∗). Because PC(y, x, θ) ⊂ C, the last statement of

the lemma follows, which concludes the proof. ■

3.2 The Convergence Theorem

In the following, we state our main local convergence theorem for the sequence generated by

the Secant-InexP method.

Theorem 3.2.1 Let Ω ⊂ Rn be an open set, f : Ω → Rn be a continuously differentiable

function in Ω, g : Ω → Rn be a continuous function not necessarily differentiable and

F : Ω ⇒ Rn be a set-valued mapping with closed graph. Assume that C ⊂ Ω is a closed

convex set, x∗ ∈ C, f(x∗) + g(x∗) + F (x∗) ∋ 0, and assumptions (A1) and (A2) hold. Let
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L be as defined in (A1) and κ, a and b be constants as defined in (A2). Let δ̄, Θ̄ and θ̄ be

constants and (θk)k∈N be a sequence satisfying (3.4). Set γ := sup {t ∈ R : Bt(x∗) ⊂ Ω} and

0 < δ < min
{
γ, a, δ̄

}
. (3.18)

If x−1, x0 ∈ C ∩ Bδ(x∗)\{x∗}, then every sequence (xk)k∈N generated by Algorithm 3.1.1

belongs to Bδ(x∗) ∩ C. Moreover, (xk)k∈N converges to x∗ and

∥x∗ − xk+1∥ ≤

((
1 +

√
2θk

) κ
(
L
2
∥x∗ − xk∥+M∥x∗ − xk−1∥

)
1− κ(L+M)∥x∗ − xk∥

+
√

2θk

)
∥x∗ − xk∥. (3.19)

As a consequence, if lim
k→+∞

θk = 0, then (xk)k∈N converges to x∗ superlinearly. In particular,

if θk = 0 for all k = 0, 1 . . ., then

∥x∗ − xk+1∥ ≤
κ(3L+ 4M)

2
∥x∗ − xk∥max{∥x∗ − xk−1∥, ∥x∗ − xk∥}, k = 0, 1, . . . . (3.20)

Proof. First we will show by induction on k that, for any x−1, x0 ∈ Bδ(x∗) ∩ C, there exists

a sequence (xk)k∈N satisfying (3.1) and (3.2) (i.e., (xk)k∈N is well-defined), (3.19) and xk ∈
Bδ(x∗) ∩ C for all k ∈ N. Since x−1, x0 ∈ Bδ(x∗)\{x∗} ∩ C, we can apply Lemma 3.1.4

with x = x0 and z = x−1 for concluding that there exists y0 ∈ Φ(x0,x−1)(y0) such that any

x1 ∈ PC(y1, x1, θk) ⊂ Bδ(x∗) ∩ C satisfies (3.19) for k = 0. Thus, the last two previous

conditions hold for k = 0. Assume by induction that them hold for k = 1, 2, . . . , j− 1. Since

xj−1, xj ∈ Bδ(x∗)\{x∗} ∩ C, we can apply again Lemma 3.1.4 with x = xj and z = xj−1 to

conclude that there exists yj ∈ Φ(xj ,xj−1)(yj) such that any xj+1 ∈ PC(yj, xj, θk) ⊂ Bδ(x∗)∩C
satisfies (3.19) for k = j + 1, completing the induction step. In particular, (3.1) and (3.2)

are satisfied for all k = 1, 2, . . . and (xk)k∈N is well-defined.

We now proceed to prove that (xk)k∈N converge to x∗. Indeed, since (xk)k∈N ⊂ Bδ(x∗),

θ̄ = supk θk < 1/2 and δ ≤ [2(1−
√
2θ̄)]/[κ((3−

√
2θ̄)L+4M)], we conclude from (3.19) that

∥x∗ − xk+1∥ < ∥x∗ − xk∥.

This implies that the sequence (∥x∗ − xk∥)k∈N converges, let us say, t∗ = limk→∞ ∥x∗ − xk∥.
Owing to (xk)k∈N ⊂ Br∗(x∗)∩C we conclude that t∗≤ δ . On the other hand, letting k goes

to +∞ in (3.19) and using that t∗ = limk→∞ ∥x∗ − xk∥≤ δ we have

t∗ ≤

[(
1 +

√
2θ̄
) κ

[
L
2
+M

]
δ

1− κ(L+M)δ
+
√

2θ̄

]
t∗.

If t∗ ̸= 0 we obtain from the last inequality that

δ̄ <
2
(
1−
√
2θ̄
)

κ
[(

3−
√
2θ̄
)
L+ 4M

] ≤ δ,
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which contradicts (3.18). Hence, t∗ = 0 and consequently the sequence (xk)k∈N converges

to x∗. In particular, if limk→+∞ θk = 0, taking the limit in (3.19) as k goes to +∞ we

obtain lim supk→+∞[∥x∗ − xk+1∥/∥x∗ − xk∥] = 0, i.e., the sequence (xk)k∈N converges to x∗

superlinearly.

Finally, to prove (3.20), first let θk = 0 for all k = 0, 1 . . ., in (3.19) to obtain

∥x∗ − xk+1∥ ≤

(
κ
(
L
2
+M

)
1− κ(L+M)∥x∗ − xk∥

)
∥x∗ − xk∥max{∥x∗ − xk−1∥, ∥x∗ − xk∥} (3.21)

for all k = 0, 1, . . .. Moreover, θk = 0 for all k = 0, 1 . . . implies that θ̄ = 0. Thus, (3.4) gives

∥x∗ − xk∥ < δ̄ <
2

κ (3L+ 4M)
,

which combined with (3.21) yields (3.20), concluding the proof. ■

Remark 3.2.2 Let us present relationships of Theorem 3.2.1 with some existing results in

the literature:

(i) If C = Rn then θk = 0 for all k = 0, 1, . . .. In this case, letting g = 0 we conclude that

Theorem 3.2.1 merges into [20, Theorem 1].

(ii) Taking C = Rn and θk = 0 for all k = 0, 1, . . ., after some adjustments Theorem 3.2.1

can be seen as version of [32, Theorem 3.1] for Euclidean setting.

(iii) Let θ̂ = lim supk→+∞ θk. Thus, (3.19) implies lim supk→+∞[∥x∗ − xk+1∥/∥x∗ − xk∥] ≤√
2θ̂. Therefore, letting g = 0 and F ≡ 0, we obtain that Theorem 3.2.1 is related

to [33, Theorem 6].

(iv) Letting g = 0, we conclude that Theorem 3.2.1 merges into [18, Theorem 2].

3.2.1 The Uniqueness

Now, let us study the uniqueness of the solution for (1.1) in the neighborhood Bδ(x∗).

Theorem 3.2.3 Let Ω ⊂ Rn be an open set, f : Ω → Rn be a continuously differentiable

function in Ω, g : Ω → Rn be a continuous function not necessarily differentiable and

F : Ω ⇒ Rn be a set-valued mapping with closed graph. Assume that C ⊂ Ω is a closed

convex set, x∗ ∈ C, f(x∗) + g(x∗) + F (x∗) ∋ 0. Let L be as defined in (A1). Also, suppose

that the set-valued mapping Ω ∋ y 7→ Lf+g+F (x∗, y, z) is strongly metrically regular at x∗

for 0 with constants κ > 0, a > 0 and b > 0. Let δ̄, Θ̄ and θ̄ be constants and (θk)k∈N be

a sequence satisfying (3.4). Set γ := sup {t ∈ R : Bt(x∗) ⊂ Ω} and δ > 0 satisfying (3.18).

Then x∗ is the unique solution of (1.1) in Bδ(x∗).
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Proof. Let x̂ be a solution of (1.1) in Bδ(x∗) and assume that x̂ ̸= x∗. In order to simplify

the notations, for a given z ∈ Bδ(x∗) with z ̸= x∗ and z ̸= x̂, we define

u(z, x∗, x̂) := f(x̂) + g(x̂)− f(x∗)− g(x∗)− f ′(x∗)(x̂− x∗)− [z, x∗; g](x̂− x∗). (3.22)

Thus, using triangular inequality we conclude that

∥u(z, x∗, x̂)∥ ≤ ∥f(x̂)− f(x∗)− f ′(x∗)(x̂− x∗)∥+ ∥g(x̂)− g(x∗)− [z, x∗; g](x̂− x∗)∥. (3.23)

Our first task is to bound the two terms in the right hand side of the last inequality. By

using the first part of Lemma 4.1.3 and considering that x̂ ∈ Bδ(x∗), we bound the first term

as follows

∥f(x̂)− f(x∗)− f ′(x∗)(x̂− x∗)∥ ≤
L

2
∥x̂− x∗∥2 <

L

2
δ2. (3.24)

Thus, to bound the second term, we first take z ∈ Bδ(x∗) with z ̸= x∗ and z ̸= x̂. Since

x̂ ̸= x∗, using the first part Definition 2.2.1 we have

∥g(x̂)− g(x∗)− [z, x∗; g](x̂− x∗)∥ = ∥[x∗, x̂; g](x̂− x∗)− [z, x∗; g](x̂− x∗)∥.

Considering that ∥[x∗, x̂; g](x̂−x∗)− [z, x∗; g](x̂−x∗)∥ ≤ ∥[x∗, x̂; g]− [z, x∗; g]∥∥x̂−x∗∥, and
due x̂ ̸= x∗, z ̸= x∗ and z ̸= x̂, the second part of Definition 2.2.1 gives

∥g(x̂)− g(x∗)− [z, x∗; g](x̂− x∗)∥ ≤ ∥[z, x∗, x̂; g](x̂− z)∥∥x̂− x∗∥.

Since ∥[z, x∗, x̂; g](x̂ − z)∥ ≤ ∥[z, x∗, x̂; g]∥∥x̂ − z∥ and x̂, z ∈ Bδ(x∗), the last inequality

together with the second inequality in (3.3) imply that

∥g(x̂)− g(x∗)− [z, x∗; g](x̂− x∗)∥ ≤M∥x̂− z∥∥x̂− x∗∥ < 2Mδ2. (3.25)

On the other hand, using (3.4) and (3.18), it is straightforward to show that

L

2
δ2 + 2Mδ2 <

(L
2
+ 2M

) 2b

3L+ 4M
=

L+ 4M

2

2b

3L+ 4M
< b.

Thus, combining (3.23), (3.24) and (3.25) with the last inequality yields

∥u(z, x∗, x̂)∥ < b. (3.26)

Since, in particular, Lf+g+F (x∗, ·, z) is metrically regular at x∗ for 0, x∗ ∈ Bδ[x∗] and (3.26)

holds, applying Definition 2.4.1 with x = x∗, G(·) = Lf+g+F (x∗, ·, z), u = −u(z, x∗, x̂) and

taking into account that δ < a, we conclude that

d(x∗, Lf+g+F (x∗,−u(z, x∗, x̂), z)
−1) ≤ κd(−u(z, x∗, x̂), Lf+g+F (x∗, x∗, z)). (3.27)
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Due to 0 ∈ Lf+g+F (x∗, x∗, z) we have d(−u(z, x∗, x̂), Lf+g+F (x∗, x∗, z)) ≤ ∥u(z, x∗, x̂)∥.
Moreover, considering that (3.23) and first inequalities in (3.24) and (3.25) implies

∥u(z, x∗, x̂)∥ ≤
L

2
∥x̂− x∗∥2 +M ∥x̂− z∥ ∥x̂− x∗∥ ,

we obtain from (3.27) that

d(x∗, Lf+g+F (x∗,−u(z, x∗, x̂), z)
−1) ≤ κ

(L
2
∥x̂− x∗∥2 +M ∥x̂− z∥ ∥x̂− x∗∥

)
. (3.28)

Considering that Lf+g+F (x∗, ·, z) is strongly metrically regular at x∗ for 0, the mapping

Bb[0] ∋ u 7→ Lf+g+F (x∗, u, z)
−1 ∩Ba[x∗]

is single-valued. Thus, as x̂ is a solution of (1.1), it follows from (2.3) and (3.22) that

0 ∈ f(x̂) + g(x̂) + F (x̂) = u(z, x∗, x̂) + Lf+g+F (x∗, x̂, z),

which implies −u(z, x∗, x̂) ∈ Lf+g+F (x∗, x̂, z). Therefore, x̂ = Lf+g+F (x∗,−u(z, x∗, x̂), z)
−1.

Hence, (3.28) implies

∥x̂− x∗∥ ≤ κ
(L
2
∥x̂− x∗∥+M∥x̂− z∥

)
∥x̂− x∗∥,

and, as ∥x̂− x∗∥ ≠ 0, we have

κ
(L
2
∥x̂− x∗∥+M∥x̂− z∥

)
≥ 1.

Since x̂, z ∈ Bδ(x∗) we have ∥x̂− z∥ ≤ ∥x̂− x∗∥+ |x∗ − z∥. The last inequality implies that

κ (L+ 2M) δ > 1, or equivalently,

δ >
1

κ (L+ 2M)
. (3.29)

On the other hand, (3.4) implies that

δ <
2
(
1−
√
2θ̄
)

κ
[(

3−
√
2θ̄
)
L+ 4M

] , 0 ≤ θ̄ <
1

2
,

which in turn implies that δ < 1/(κ(L+2M)). This inequality contradicts (3.29). Therefore,

∥x̂− x∗∥ = 0, that is x̂ = x∗, and the proof is concluded. ■
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3.2.2 Application

In this section, we present a particular instance of Theorems 3.2.1 and 3.2.3.

Theorem 3.2.4 Let h : Rn → Rn be a continuously differentiable function, g : Rn → Rn be

a continuous function, F : Rn ⇒ Rn be a maximal monotone mapping and C be a convex

and closed set in Rn. Assume that x∗ ∈ C, h(x∗) + g(x∗) + F (x∗) ∋ 0, and that there exist

α > 0, β > 0, L > 0 and M > 0 such that

⟨h′(x∗) p, p⟩ ≥ β∥p∥2; ⟨[z, x∗; g] q, q⟩ ≥ α∥q∥2;

∥h′(x)− h′(y)∥ ≤ L∥x− y∥; ∥[x, y, z; g]∥ ≤M ∀ p, q, x, y, z ∈ Rn.

Let (θk)k∈N ⊂ [0, 1/2) be a sequence such that θ̃ := supk θk < 1/2 and take δ > 0 such that

δ <
2(1−

√
2θ̃) (α + β)

(3−
√

2θ̃)L+ 4M
.

Then x∗ is the unique solution of (1.1) in Bδ(x∗). If x−1, x0 ∈ C ∩Bδ(x∗)\{x∗}, then every

sequence (xk)k∈N generated by Algorithm 3.1.1 belongs to the set Bδ(x∗) ∩ C. Moreover,

(xk)k∈N converges to x∗ and the convergence rate is as follows:

∥x∗−xk+1∥ ≤
[(

1 +
√

2θk

) L∥x∗ − xk∥+ 2M∥x∗ − xk−1∥
2((α + β)− (L+M)∥x∗ − xk∥)

+
√

2θk

]
∥x∗−xk∥, k = 0, 1, . . . .

As a consequence, if limk→+∞ θk = 0, then (xk)k∈N converges to x∗ superlinearly. In

particular, if θk = 0, for all k = 0, 1 . . ., then

∥x∗ − xk+1∥ ≤
(3L+ 4M)

2(α + β)(L+ 2M)
(L∥x∗ − xk∥+ 2M∥x∗ − xk−1∥) ∥x∗ − xk∥, k = 0, 1, . . . .

Proof. Applying Proposition 2.4.13 we obtain that, for all z ∈ Rn, Lh+g+F (x∗, ·, z) : Rn ⇒ Rn

is strongly metrically regular at x∗ ∈ Rn for 0 ∈ Rn, with constants κ = 1/(α+ β), a = +∞
and b = +∞. Moreover, as x∗ ∈ C satisfies h(x∗)+ g(x∗)+F (x∗) ∋ 0, we conclude that h, g

and F fulfill all assumptions of Theorems 3.2.1 and 3.2.3. Therefore, the statement follows.

■

Remark 3.2.5 It is worth noting that letting g = 0 and F = ND, where ND denotes the

normal cone, Theorem 3.2.4 merges into [18, Theorem 3].

We end this section by presenting some particular cases of constrained mixed generalized

equations. We begin by presenting the so-called Mixed Constrained Variational Inequality

Problem (MCVIP); see a particular instance for example in [15]. Let U and Ω be closed
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convex sets in Rn, f : Rn → Rn be a continuously differentiable function and g : Rn → Rn

be a continuous function. The MCVIP is defined as

find x∗ ∈ U ∩ Ω such that ⟨f(x∗) + g(x∗), x− x∗⟩ ≥ 0, ∀ x ∈ U. (3.30)

Let NU : Rn ⇒ Rn be the normal cone mapping of a closed convex set U defined by

NU(x) = {d ∈ Rn : ⟨d, x− x̄⟩ ≤ 0, ∀x ∈ U} .

Problem (3.30) can be rewritten equivalently as follows:

find x∗ ∈ U ∩ Ω such that f(x∗) + g(x∗) +NU(x∗) ∋ 0. (3.31)

Then, (3.30) can be seen as a special instance the constrained generalized equation (1.1).

Observe that the classical mixed variational inequality problem is not equivalent to the above

MCVIP, since in (3.30) the point x∗ must belong to U ∩ Ω.

Next we describe the Split Mixed Variational Inequality Problem (SMVIP), which can be

rewritten as special case of MCVIP; see for example [14,36] for an extensive discussion on this

problem. Let U ⊂ Rn and Ω ⊂ Rm be nonempty, closed and convex sets, and A : Rn → Rm

be a linear operator. Let f1 : Rn → Rn and g1 : Rm → Rm be continuously differentiable

functions and f2 : Rn → Rn and g2 : Rm → Rm be continuous functions. The SMVIP is

formulated as follows: find a point x∗ ∈ U such that

⟨f1(x∗) + f2(x∗), x− x∗⟩ ≥ 0, ∀ x ∈ U,

and such that the point y∗ = Ax∗ ∈ Ω satisfies

⟨g1(y∗) + g2(y∗), y − y∗⟩ ≥ 0, ∀ y ∈ Ω.

By taking Rnm := Rn×Rm, D := U×Ω and V := {w = (x, y) ∈ Rnm : Ax = y} the SMVIP

is equivalent to the following MCVIP:

find w∗ ∈ D ∩ V such that ⟨f(w∗) + g(w∗), w − w∗⟩ ≥ 0, ∀w ∈ D, (3.32)

where w = (x, y) and the functions f, g : Rnm → Rnm are defined by f(x, y) := (f1(x), g1(y))

and g(x, y) := (f2(x), g2(y)). See [14, Lemma 5.1] for a particular instance of this

problem. Therefore, from (3.31) and (3.32), SMVIP is equivalent to the following constrained

generalized equation: find w∗ ∈ D ∩ V such that f(w∗) + g(w∗) + ND(w∗) ∋ 0, where

f, g : Rnm → Rnm are defined by f(x, y) := (f1(x), g1(y)) and g(x, y) := (f2(x), g2(y)),

D := U × Ω and V := {w = (x, y) ∈ Rnm : Ax = y}.

Remark 3.2.6 It is worth noting that SMVIP is quite general and includes several problems

as special cases. For instance, Split Minimization Problem and Common Solutions to

Variational Inequalities Problem; see for example [1, 14, 15,49].
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Chapter 4

Broyden quasi-Newton secant-type

method with feasible inexact

projection for solving constrained

mixed generalized equations

In this chapter, we are going to propose a version of the Secant-type method for solving

constrained generalized equations, i.e., for solving the problem (1.1). Basically, the proposed

method can be seen as a combination of the Secant-type method studied in the last chapter

and Broyden-type quasi-Newton method. The local convergence of general quasi-Newton

approaches is established under a bounded deterioration of the update matrix and Lipschitz

continuity hypotheses.

Broyden quasi-Newton secant-type method to generalized equations, which has its origin

in the works of N. H. Josephy, see [42], have the following formulation: for the current

iterates xk−1, xk ∈ Rn, the next iterate xk+1 is computed as a point satisfying the following

inclusion

f(xk) + g(xk) + (Bk + [xk−1, xk; g])(yk − xk) + F (yk) ∋ 0., k = 0, 1, . . . , (4.1)

where {Bk} is a sequence of bounded linear mappings between Rn satisfying the classical

Broyden update rule. and [xk−1, xk; g] is is the first order divided difference of the function

g : Ω → Rn on the points x, y. The specific choice of how Bk is constructed dictates

the particular quasi-Newton method being used, such as Broyden, BFGS, SR1, and others.

Typically, the initial mapping B0 is chosen to be a good approximation of f ′(x̄). Note

that at each iteration, a partially linearized inclusion at the current iterate needs to

be solved. The method described by (4.1) serves as a framework for various iterative
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procedures in numerical nonlinear programming. For example, when F ≡ {0}, this method

reduces to the standard Newton’s method for solving systems of nonlinear equations. If

F represents the product of the negative orthant in Rs with the origin in Rm−s, i.e.,

F = Rs
−×{0}m−s, then (4.1) corresponds to Newton’s method for solving systems of nonlinear

equalities and inequalities [17]. Conversely, if the problem (1.1) with C = Ω represents

the Karush-Kuhn-Tucker optimality conditions for a nonlinear programming problem, then

(4.1) describes the well-known sequential quadratic programming method [24, p. 384]; see

also [21, 39].

For unconstrained problems, where C = Rn or C = Ω, we can simply set xk+1 = yk. The

iterative scheme described in (4.1) was initially proposed by [16] for the specific case where

F ≡ 0 and C = Rn. This was followed by a local convergence analysis and, later, a semi-local

analysis by [37]. [32] extended this method to the case where C = Rn and F ̸= 0, providing a

local convergence analysis, with a semi-local analysis appearing subsequently in [38]. Other

significant variants of this method have been explored, for instance, in [40, 50]. Since the

iterate yk in (4.1) can sometimes be infeasible with respect to the constraint set C, a strategy

is needed to ensure the feasibility of the sequence generated. To address this, we employ the

conditional gradient (CondG) method, also known as the Frank-Wolfe method. This method,

one of the earliest first-order techniques, was originally proposed for quadratic problems over

a polyhedron (see [31]) and has since been generalized to other problems [19,25–27,46]. The

CondG method has garnered significant attention in recent years [35, 45, 47], motivating

its use in conjunction with the Broyden quasi-Newton secant-type method for solving

problem (1.1). From a theoretical perspective, we establish that the Broyden quasi-Newton

secant-type method (4.1) is well-defined and locally convergent, with convergence rate that is

q-linear. The key assumptions required for these results include metric regularity, Lipschitz

continuity of the derivative f ′, Approximation of f ′(xk) - sequence {Bk} of bounded linear

mappings between Rn satisfying the classical Broyden update rule. and boundedness of

the second-order divided difference of g. For a detailed discussion on the metric regularity,

see [23].

4.1 The Inexact Broyden quasi-Newton secant-type

Algorithm

The conceptual secant method with a feasible inexact projection, named the inexact Broyden

quasi-Newton secant-type method for solving the mixed generalized equation (1.1) and with

x−1, x0 ∈ C, (θk)k∈N ⊂ [0,+∞) and B0 ∈ L (Rn,Rn) as the input data, is a method

that utilizes the CondG procedure to handle constraints and employs a Broyden update to

approximate the Jacobian of f . The algorithm is formally described below.
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Algorithm 4.1.1 Inexact Broyden quasi-Newton secant-type

Step 0 Initialize with x−1, x0 ∈ C, a sequence (θk)k∈N ⊂ [0,+∞), and B0 ∈ L (Rn,Rn). Set k = 0.

Step 1 If 0 ∈ f(xk) + g(xk) + F (xk), stop; a solution has been found. Otherwise, compute yk ∈ Rn

satisfying

0 ∈ f(xk) + g(xk) + (Bk + [xk−1, xk; g]) (yk − xk) + F (yk). (4.2)

Update

sk := yk − xk, zk := f(yk)− f(xk),

and compute

Bk+1 := Bk +
(zk −Bksk)s

⊤
k

∥sk∥2
. (4.3)

Step 2 If yk ∈ C, set xk+1 = yk. Otherwise, compute xk+1 ∈ PC(yk, xk, θk) using the CondG procedure.

Step 3 Set k ← k + 1 and return to Step 1.

In Step 1 of Algorithm 4.1.1, we first check if the current iterate xk is a solution of (1.1). If

xk is not a solution of (1.1), we compute yk satisfying the inclusion (3.1). Note that yk ̸= xk.

Since yk in Step 1 may not belong to the constraint set C, the Secant-InexP method uses

Algorithm 2.5.4 to compute xk+1 in C. Because yk ̸= xk, we also have xk ̸= xk+1. Hence,

Algorithm 4.1.1 either generates a finite sequence with the last iterate being a solution of (1.1)

or an infinite sequence. Therefore, from now on, we assume that Algorithm 4.1.1 generates

an infinite sequence (xk)k∈N ⊂ C with xk ̸= xk+1 for all k = 0, 1, . . .. Finally, it is worth

noting that xk+1 obtained in (3.2) is an approximate solution for the projection subproblem

minp∈C ∥p− yk∥2/2, satisfying the stopping criterion ⟨yk−xk+1, p−xk+1⟩ ≤ θk∥yk−xk∥2 for
any p ∈ C.

Remark 4.1.2 Whenever g = 0 and F ≡ {0} the above algorithm merges into the one

proposed in [33]. On the other hand, if C = Rn then Algorithm 4.1.1 merges into the finite

dimensional version of the secant method proposed in [32].

To proceed with the analysis of Algorithm 4.1.1, we assume throughout our presentation

that the following assumptions hold:

(A0) The derivative f ′ is Lipschitz continuous with constant L > 0 on Ω, i.e.,

∥f ′(x)− f ′(y)∥ ≤ L∥x− y∥, ∀x, y ∈ Ω. (4.4)
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(A1) There exists M > 0 such that

∥[x, y, z; g]∥ ≤M, ∀x, y, z ∈ Ω, (4.5)

where [x, y, z; g] denotes the second-order divided difference of g.

(A2) The mapping f + g + F is metrically regular at x∗ for 0 with constants κ > 0, a > 0,

and b > 0.

We begin by establishing a technical result that will be useful in our analysis.

Lemma 4.1.3 Let f : Rn → Rn be a continuously differentiable function such that f ′

satisfies (A0). Let r > 0 and ϵ > 0 be such that 2Lr < ϵ. Then, for all x, y ∈ Br(x∗),

the following inequalities hold:

∥f(y)− f(x)− f ′(x)(y − x)∥ ≤ L

2
∥y − x∥2, (4.6)

and

∥f(y)− f(x)− f ′(x∗)(y − x)∥ ≤ ϵ∥y − x∥. (4.7)

Proof. Since f ′ is Lipschitz continuous with constant L, by applying Taylor’s theorem with

integral the equality (4.6) follows. For prove (4.7), we have

∥f(y)− f(x)− f ′(x∗)(y − x)∥ ≤ ∥f(y)− f(x)− f ′(x)(y − x)∥+ ∥[f ′(x)− f ′(x∗)](y − x)∥
≤
(
(L/2)∥y − x∥+ L∥x− x∗∥

)
∥y − x∥

≤ ϵ∥y − x∥,

where the last inequality holds because ∥y − x∥ ≤ 2r and 2Lr < ϵ. ■

4.2 The Convergence Theorem

With these preliminary results in hand, we now state and prove our main convergence

theorem for Algorithm 4.1.1.

Theorem 4.2.1 Let Ω ⊆ Rn be an open set, C ⊆ Ω be a closed convex set, and let f : Ω→
Rn be a continuously differentiable function. Let g : Ω → Rn be a continuous function (not

necessarily differentiable), and let F : Rn ⇒ Rn be a set-valued mapping with closed graph.

Suppose that x∗ is a solution to the generalized equation

f(x) + g(x) + F (x) ∋ 0.
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Assume that conditions (A0), (A1), and (A2) hold. Take the initial approximation B0

satisfying

δ := ∥B0 − f ′(x∗)∥ <
1

2κ
. (4.8)

Let (θk)k∈N ⊂ [0,+∞) be a sequence with θ̂ = supk∈N θk <
1

2
. Then, there exists τ > 0

such that, for any initial points x−1, x0 ∈ Bτ [x∗] ∩ C, there exists a sequence (xk)k∈N ⊂
Bτ [x∗] ∩ C generated by Algorithm 2 with starting points x−1, x0 converges q-linearly to x∗.

If, in addition, f + g+F is strongly metrically regular at x∗ for 0, then the sequence (xk)k∈N
starting from x−1, x0 is unique and converges q-linearly to x∗.

Proof. Let L > 0 satisfying (A0), M > 0 satisfying (A1) and κ ≥ 0, a > 0, and b > 0

satisfying (A2). Choose κ′ > κ and γ > 0 such that

κ′δ

1− κδ
< 1,

κ′δ

1− κδ
< γ < 1.

To proceed with our analysis it is convenient to note the function (0,+∞) ∋ t 7→ κ′t/(1− κt)

is strictly increasing. Then, we can choose a sufficiently small ϵ > 0 that satisfies the following

two conditions

ϵ < δ,
κ′

1− κ(δ + ϵ)
(δ + ϵ) < γ. (4.9)

In addition, considering that δ > 0 satisfies (4.8), without loss of generality, we can also

assume that a > 0 and τ > 0 satisfy the following three conditions

a <
ϵ

2L
, κ

(
δ +

(L/2)a

1− γ
+Mτ

)
< 1, (4.10)

κ′

1− κ

(
δ +

(L/2)a

1− γ
+Mτ

) (δ + ϵ+
(L/2)a

1− γ
+Mτ

)
< γ. (4.11)

It is also convenient to define the constant

µ := δ +
(L/2)a

1− γ
+Mτ. (4.12)

Choose α > 0 and β > 0 satisfying (2.21) in Theorem 2.4.23, i.e., satisfying following

inequalities

ϵ+ 3αM ≤ µ, 0 < α ≤ a

2
, µα + 2β ≤ b, 2κ′β ≤ α(1− κµ). (4.13)

Finally, taking into account that β > 0 , we can again make τ > 0 sufficiently small such

that

0 < τ <
1

M

[
(γ −

√
2θ0)(1− κµ)

(1 +
√
2θ0)κ′

− (ϵ+ δ)

]
,

(
ϵ+ δ +

(L/2)a

1− γ
+Mτ

)
τ ≤ β. (4.14)
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Before continuing with our analysis let us note that the first two inequalities in (4.14) implies

that
κ′

1− κµ

(
ϵ+ δ +

(L/2)a

1− γ
+Mτ

)(
1 +

√
2θ0

)
+
√

2θ0 ≤ γ. (4.15)

Consider

h(x) = f(x∗) + g(x∗) + [f ′(x∗) + [z, x∗; g]] (x− x∗)− f(x)− g(x). (4.16)

Note that h(x∗) = 0 and, for all x, x′, z ∈ Bα[x∗], we have

∥h(x)− h(x′)∥ = ∥f(x′) + g(x′)− f(x)− g(x) + (f ′(x∗) + [z, x∗; g])(x− x′)∥
≤ ∥f(x′)− f(x)− f ′(x∗)(x

′ − x)∥+ ∥g(x′)− g(x)− [z, x∗; g](x
′ − x)∥. (4.17)

To bound the first term in (4.17) we note that (4.7) in Lemma 4.1.3 implies that

∥f(x′)− f(x)− f(x∗)(x
′ − x)∥ ≤ ϵ∥x′ − x∥. (4.18)

Now, we are going to bound the second term (4.17). For that, first note that

∥g(x′)− g(x)− [z, x∗; g](x
′ − x)∥ = |[x, x′; g](x′ − x)− [z, x∗; g](x

′ − x)∥
= ∥ ([x, x′; g]− [z, x∗; g]) (x

′ − x)∥
= ∥ ([x, x′; g]− [z, x; g]− ([z, x∗; g]− [z, x; g])) (x′ − x)∥.

Considering that [z, x∗; g]− [z, x; g] = [z, x∗; g]− [x, z; g], the last inequality implies that

∥g(x′)− g(x)− [z, x∗; g](x
′ − x)∥ = ∥ ([x, x′; g]− [z, x; g]− ([z, x∗; g]− [x, z; g])) (x′ − x)∥.

Thus, using Definition 2.2.1 and A1, and taking into account that x, x′, z ∈ Bα[x∗], we

conclude that

∥g(x′)− g(x)− [z, x∗; g](x
′ − x)∥ = ∥ ([z, x, x′; g](x′ − z)− [x, z, x∗; g](x∗ − x)) (x′ − x)∥

≤ (∥[z, x, x′; g]∥∥x′ − z∥+ ∥[x, z, x∗; g]∥∥x∗ − x∥) ∥x′ − x)∥
≤ 3αM∥x′ − x∥.

Hence, using (4.18) and the last inequality we obtain from (4.17) and the first inequality in

(4.13) that

∥h(x)− h(x′)∥ ≤ (ϵ+ 3αM)∥x′ − x∥ ≤ µ∥x′ − x∥, ∀x, x′ ∈ Bα[x∗]. (4.19)

To simplify the notation define the mapping

G(x) = f(x∗) + g(x∗) + [f ′(x∗) + [z, x∗; g]] (x− x∗) + F (x). (4.20)

62



It follows from (4.16) and (4.20) that G = H + h, where H = f + g + F . It follows from

(A2) that H is is metrically regular at x∗ for 0 with constants κ > 0, a > 0, and b > 0.

Considering that h(x∗) = 0, using (4.13) and (4.19) we can apply Theorem 2.4.23 with x̄

we conclude that G is metrically regular at x∗ for 0 with constant κ. Therefore, there exist

positive constants a and b such that

d(x,G−1(y)) ≤ κd(y,G(x)), ∀x ∈ Ba[x∗], ∀ y ∈ Bb[0].

Let O := Bτ [x∗], and choose any points x0, z ∈ O ∩ C with x0 ̸= z, x0 ̸= x∗ and z ̸= x∗.

Define

h0(x) := f(x0)+g(x0)+(B0+[z, x0; g])(x−x0)−f(x∗)− g(x∗)− (f ′(x∗)+ [z, x∗; g])(x−x∗),

(4.21)

and w0 := f(x0) + g(x0)− f(x∗)− g(x∗) + (B0 + [z, x0; g])(x∗ − x0). Then, we have

w0 = h0(x∗).

We proceed to estimate ∥h0(x∗)∥. For that, using (4.21), some manipulations show that

∥h0(x∗)∥ ≤ ∥f(x0)− f(x∗)− f ′(x∗)(x0 − x∗)∥+ ∥(B0 − f ′(x∗))(x∗ − x0)∥+
∥g(x0)− g(x∗) + [z, x0; g](x∗ − x0)∥. (4.22)

Let us first bound the right hand side of the last inequality. For the first tern, using (4.7) in

Lemma 4.1.3, we have

∥f(x0)− f(x∗)− f ′(x∗)(x0 − x∗)∥ ≤ ϵ∥x0 − x∗∥.

We bound the second tern, by using definition of δ in (4.8), which gives

∥(B0 − f ′(x∗))(x∗ − x0)∥ ≤ δ∥x0 − x∗∥.

For the term involving g, we use the definition of the second-order divided difference and

assumption (A1). Thus, we have

∥g(x0)− g(x∗) + [z, x0; g](x∗ − x0)∥ = ∥[x0, x∗; g](x∗ − x0)− [z, x0; g](x∗ − x0)∥
= ∥[z, x0, x∗; g](x∗ − z)(x∗ − x0)∥
≤M∥x∗ − z∥∥x0 − x∗∥ ≤Mτ∥x0 − x∗∥.

Combining these estimates and taking into account that x0 ∈ O ∩ C, the inequality (4.22)

yields

∥h0(x∗)∥ ≤ (ϵ+ δ +Mτ) ∥x0 − x∗∥ ≤ (ϵ+ δ +Mτ) τ ≤
(
ϵ+ δ +

(L/2)a

1− γ
+Mτ

)
τ. (4.23)
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Thus, it follows from (4.14) that

∥h0(x∗)∥ ≤ β.

Hence w0 = h0(x∗) ∈ Bβ[0]. Similarly, give x, x′ ∈ Bα(x∗) and considering z = x−1, by using

definition (4.21), some algebraic manipulations imply that

∥h0(x)− h0(x
′)∥ = ∥(B0 + [z, x0; g])(x− x′)− (f ′(x∗) + [z, x∗; g])(x− x′)∥
≤ ∥(B0 − f ′(x∗))(x− x′)∥+ ∥[z, x0; g]− [z, x∗; g]∥∥x− x′∥.

Thus, after some calculations and using Definition 2.2.1 we conclude that

∥h0(x)− h0(x
′)∥ ≤ ∥(B0 − f ′(x∗))(x− x′)∥+ ∥[z, x0; g]− [z, x∗; g]∥∥x− x′∥

= ∥(B0 − f ′(x∗))(x− x′)∥+ ∥[z, x0; g]− [x∗, z; g] + [x∗, z; g]− [z, x∗; g]∥∥x− x′∥
= ∥(B0 − f ′(x∗))(x− x′)∥+ ∥[x∗, z, x0; g](x0 − x∗) + [z, x∗, z; g](z − z)∥∥x− x′∥
≤ ∥(B0 − f ′(x∗))(x− x′)∥+ ∥[x∗, z, x0; g]∥∥x0 − x∗∥∥x− x′∥.

Since [z, x∗, z; g](z − z) = 0, using properties of the norm we obtain from the last inequality

that

∥h0(x)− h0(x
′)∥ ≤ ∥(B0 − f ′(x∗))(x− x′)∥+ ∥[x∗, z, x0; g]∥∥x0 − x∗∥∥x− x′∥.

Finally, using (4.8), assumption (A1) and definition of µ in (4.12), we conclude that

∥h0(x)− h0(x
′)∥ ≤ δ∥x− x′∥+Mτ∥x− x′∥ ≤ µ∥x− x′∥, ∀x, x′ ∈ Bα(x∗).

By Theorem 2.4.23, with x̄ = x∗, h = h0, H = G, y = w0 and x = x∗, there exists

y0 ∈ (h+G)−1(0) satisfying (4.2), for k = 0, and

∥y0 − x∗∥ ≤
κ′

1− κµ
∥h0(x∗)∥.

It follows from the first inequality in (4.23) and the last inequality, by taking into account

(4.11) and (4.12), that

∥y0 − x∗∥ ≤
κ′

1− κµ
(ϵ+ δ +Mτ) ∥x0 − x∗∥ ≤ γ∥x0 − x∗∥. (4.24)

Therefore, considering thta γ < 1, we conclude that y0 ∈ O. Next, applying Lemma 2.5.3

with u = x1, y = y0, x = x0, ỹ = x∗, x̃ = x∗, and θ = θ0, we obtain that

∥x1 − x∗∥ ≤ ∥y0 − x∗∥+
√

2θ0∥y0 − x0∥

≤ ∥y0 − x∗∥+
√

2θ0(∥y0 − x∗∥+ ∥x∗ − x0∥)

≤ (1 +
√

2θ0)∥y0 − x∗∥+
√

2θ0∥x0 − x∗∥.
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Using inequality (4.15) and (4.24) we conclude that

∥x1 − x∗∥ ≤
[

κ′

1− κµ
(ϵ+ δ +Mτ)(1 +

√
2θ0) +

√
2θ0

]
∥x0 − x∗∥ ≤ γ∥x0 − x∗∥.

Therefore, since γ < 1, we obtain that x1 ∈ O ∩ C. By induction, suppose that for some

n ≥ 1, we have points xk ∈ O ∩ C, yk ∈ O, satisfying

∥yk−1 − x∗∥ ≤ γ∥xk−1 − x∗∥, ∥xk − x∗∥ ≤ γ∥xk−1 − x∗∥, k = 1, . . . , n.

Thus, it follows from Proposition 2.6.5 together with the two last inequalities, that

∥Bn − f ′(x∗)∥ ≤ ∥B0 − f ′(x∗)∥+
L

2

(
∥x0 − x∗∥+

n∑
k=1

(∥xk − x∗∥) +
n∑

k=1

∥yk−1 − x∗∥)
)

≤ δ +
L

2
∥x0 − x∗∥+ L

n∑
k=1

γk∥x0 − x∗∥ ≤ δ + L
n∑

k=0

γk∥x0 − x∗∥

≤ δ +
L∥x0 − x∗∥

1− γ
.

Hence, using (4.13), we conclude that

∥Bn − f ′(x∗)∥ ≤ δ +
(L/2)a

1− γ
.

Consider z = x−1 and define

hn(x) := f(xn) + g(xn) + (Bn + [z, xn; g])(x− xn)− f(x∗)− g(x∗)−
(f ′(x∗) + [z, x∗; g])(x− x∗), (4.25)

wn := f(xn) + g(xn)− f(x∗)− g(x∗) + (Bn + [z, xn; g])(x∗ − xn) = hn(x∗).

Using similar estimates as before, to obtain that (4.23), we can also obtain that

∥wn∥ ≤
(
ϵ+ δ +

(L/2)a

1− γ
+Mτ

)
∥xn − x∗∥ ≤ β.

Hence, ∥hn(x∗)∥ = ∥wn∥ ≤ β. In addition, also we can obtain that

∥hn(x)− hn(x
′)∥ = ∥(Bn + [z, xn; g])(x− x′)− (f ′(x∗) + [z, x∗; g])(x− x′)∥
≤ ∥(Bn − f ′(x∗))(x− x′)∥+ ∥[z, xn; g]− [z, x∗; g]∥∥x− x′∥

≤
(
δ +

(L/2)a

1− γ

)
∥x− x′∥+Mτ∥x− x′∥

= µ∥x− x′∥, ∀x, x′ ∈ Bα[x∗].
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By applying Theorem 2.4.23, with x̄ = x∗, h = hn, H = G, y = wn and x = x∗, there exists

yn ∈ (hn +G)−1(0) satisfying (4.2) for k = n, and

∥yn− x∗∥ ≤
κ′

1− κµ
∥wn∥ ≤

κ′

1− κµ

(
ϵ+ δ+

(L/2)a

1− γ
+Mτ

)
∥xn− x∗∥ ≤ γ∥xn− x∗∥. (4.26)

Again, considering that γ < 1, we conclude that yn ∈ O. Next, applying Lemma 2.5.3 with

u = xn+1, y = yn, x = xn, ỹ = x∗, x̃ = x∗, and θ = θ0, and the inequality (4.15), we obtain

∥xn+1 − x∗∥ ≤ ∥yn − x∗∥+
√
2θ0∥yn − xn∥

≤ ∥yn − x∗∥+
√

2θ0(∥yn − x∗∥+ ∥x∗ − xn∥)

≤ (1 +
√

2θ0)∥yn − x∗∥+
√

2θ0∥xn − x∗∥.

Using inequality (4.15) and (4.26) we conclude that

∥xn+1 − x∗∥ ≤
( κ′

1− κµ
(ϵ+ δ +

(L/2)a

1− γ
+Mτ)(1 +

√
2θ0) +

√
2θ0

)
∥xn − x∗∥ ≤ γ∥xn − x∗∥.

Hence, the induction is completed. Moreover, taking into account that γ < 1, we conclude

that xn+1 ∈ O ∩ C. Therefore,

∥xk − x∗∥ ≤ γ∥xk−1 − x∗∥, k = 1, 2, . . . .

Consequently, the sequence (xk)k∈N ⊂ Bτ [x∗] ∩ C and converges q-linearly to x∗.

If H = f + g + F is strongly metrically regular at x∗ for 0, then the mapping G is

strongly metrically regular, and by the uniqueness part of Theorem 2.4.23, the sequence

(xk)k∈N ⊂ Bτ [x∗] ∩ C is unique and converges q-linearly to x∗. This completes the proof.

■

The proposed Broyden quasi-Newton secant-type method extends existing techniques

for solving constrained generalized equations by incorporating elements of the Conditional

Gradient method. The method achieves local Q-linear convergence under standard

assumptions, such as Lipschitz continuity and metric regularity. Future work could explore

extensions to global convergence and performance improvements for large-scale applications,

as well as adaptations for specific problem classes, such as variational inequalities and

complementarity problems.
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Chapter 5

Conclusion

5.1 Summary of Contributions

This thesis has embarked on the development and analysis of novel secant-type methods

tailored for solving constrained generalized equations. The primary contributions can be

succinctly summarized as follows:

• Hybrid Secant-Type Method: We introduced a new secant-type iterative scheme

that effectively combines the traditional secant method with the conditional gradient

(Frank-Wolfe) method. This hybrid approach addresses the inherent challenges posed

by constraints in generalized equations, ensuring that all iterates remain feasible within

the convex set C.

• Quasi-Newton Enhancements: Building upon the foundational work of Broyden

and inspired by Andreani et al. [5], we integrated a Broyden-type quasi-Newton update

into the secant-type framework. This integration enhances the approximation of

the Jacobian matrix, thereby improving the convergence properties of the algorithm

without incurring the computational burden of exact derivative evaluations.

• Theoretical Convergence Analysis: Utilizing the contraction mapping principle,

we established rigorous convergence results for the proposed methods. Under the

assumptions of Lipschitz continuity of the gradient and metric regularity of the

underlying mappings, we demonstrated that the generated sequences are well-defined

and converge locally to a solution with either linear or superlinear rates.

• Inexact Projection Mechanism: Recognizing that intermediate iterates may violate

feasibility constraints, we employed the conditional gradient method to perform inexact
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projections onto the convex set C. This strategy balances computational efficiency with

the necessity of maintaining feasibility, ensuring the practicality of the algorithm in

large-scale or complex constrained environments.

5.2 Implications and Significance

The advancements presented in this thesis hold significant implications for both theoretical

research and practical applications in numerical optimization and equilibrium analysis:

• Enhanced Computational Efficiency: By approximating the Jacobian matrix

iteratively through quasi-Newton updates, the proposed methods reduce the

computational overhead associated with exact derivative computations. This efficiency

is particularly beneficial in high-dimensional or large-scale problems where derivative

evaluations are costly.

• Robust Handling of Constraints: The integration of the conditional gradient

method ensures that all iterates remain within the feasible region defined by the convex

set C. This robust handling of constraints expands the applicability of secant-type

methods to a broader class of problems, including those with complex or non-linear

constraints.

• Theoretical Rigor and Practical Reliability: The convergence analyses grounded

in metric regularity and Lipschitz continuity provide a solid theoretical foundation

for the proposed algorithms. This rigor translates to practical reliability, assuring

practitioners of the methods’ effectiveness under well-defined conditions.

• Versatility Across Problem Domains: Generalized equations encapsulate a wide

array of problem types, from systems of nonlinear equations to variational inequalities

and complementarity problems. The methods developed herein are thus versatile

tools that can be adapted to diverse applications in engineering, economics, machine

learning, and beyond.

5.3 Future Research Directions

While this thesis has made significant strides in advancing secant-type methods for

constrained generalized equations, several avenues remain ripe for exploration:
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• Extension to Non-Convex Constraints: The current framework assumes that the

constraint set C is convex. Extending these methods to handle non-convex constraints

would broaden their applicability, albeit with additional theoretical challenges.

• Incorporation of Stochastic Elements: In many real-world applications, data or

model parameters may be subject to uncertainty. Developing stochastic variants of the

proposed methods could enhance their robustness and applicability in such settings.

• Adaptive Parameter Selection: The convergence and performance of the

algorithms are influenced by parameters such as the Lipschitz constants and metric

regularity parameters. Investigating adaptive strategies for selecting these parameters

dynamically could improve convergence rates and stability.

• Parallel and Distributed Implementations: Leveraging modern computational

architectures, such as parallel and distributed systems, to implement the proposed

methods can significantly reduce computation times, especially for large-scale

problems.

• Application to Machine Learning and Data Science: Given the prevalence of

constrained optimization problems in machine learning, exploring the application of

these methods in training models, especially those with complex constraints, could

yield impactful results.

• Enhanced Quasi-Newton Updates: Further refining the quasi-Newton update

rules, possibly incorporating second-order information or leveraging limited-memory

techniques, could enhance the efficiency and convergence properties of the algorithms.

5.4 Final Remarks

The proposed Broyden quasi-Newton secant-type method extends existing techniques for

solving constrained generalized equations by incorporating elements of the Conditional

Gradient method. The method achieves local Q-linear convergence under standard

assumptions, such as Lipschitz continuity and metric regularity. Future work could explore

extensions to global convergence and performance improvements for large-scale applications,

as well as adaptations for specific problem classes, such as variational inequalities and

complementarity problems. This thesis has contributed to the evolving landscape of

numerical methods for solving constrained generalized equations by introducing and

analyzing hybrid secant-type methods augmented with quasi-Newton updates and inexact

projection mechanisms. The convergence guarantees and empirical validations underscore

69



the potential of these methods to address complex, constrained problems efficiently and

reliably. As optimization and equilibrium modeling continue to underpin advances in various

scientific and engineering disciplines, the methodologies developed herein are poised to play

a pivotal role in facilitating these endeavors.
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quasi-Newton methods under metric regularity. Comput. Optim. Appl., 58(1):225–247,

2014.

[7] F. J. Aragón Artacho, A. L. Dontchev, M. Gaydu, M. H. Geoffroy, and V. M. Veliov.

Metric regularity of Newton’s iteration. SIAM J. Control Optim., 49(2):339–362, 2011.

[8] A. Auslender and M. Teboulle. Asymptotic cones and functions in optimization and

variational inequalities. Springer Monographs in Mathematics. Springer-Verlag, New

York, 2003.
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