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Resumo

Marinho, A. J.. Cohomology and Partial Differential Equations. Goia-
nia, 2024. 145p. Dissertacdo de Mestrado. Programa de P6s Graduagdo em
Matematica, Instituto de Matematica e Estatistica (IME), Universidade Federal
de Goias (UFG).

Este texto trata de problemas de equacdes diferenciais parciais elipticas do ponto de vista
da teoria de Morse. Como a teoria de Morse tem uma conexao com alguns conceitos
da topologia algébrica, a teoria da cohomologia é empregada para mostrar um resultado
de existéncia para uma classe de equacdes. O conceito de indice cohomoldgico sera util
para mostrar resultados de multiplas solucdes para o problema de Brezis-Nirenberg para
o p-Laplaciano.

Palavras—chave
Teoria de Morse, Indice Cohomolégico, p-Laplaciano, problema de Brezis-Nirenberg,

Equacgdes Diferenciais Parciais Elipticas, Ligacdo, Pontos Criticos, Métodos Variacionais.



Abstract

Marinho, A. J.. Cohomology and Partial Differential Equations. Goiania,
2024. 145p. MSc. Dissertation. Programa de Pds Graduacdo em Matemadtica,
Instituto de Matematica e Estatistica (IME), Universidade Federal de Goias
(UFG).

This text deals with elliptic partial differential equation problems by the Morse theoric
point of view. Since Morse theory has a connection with some concepts from algebraic
topology, cohomology theory is employed to show existence result for a class of equa-
tions. The concept of cohomological index will be useful to show multiple solution results

for the Brezis-Nirenberg problem for the p-Laplacian.

Keywords
Morse Theory, Cohomological Index, p-Laplacian, Brezis-Niremberg problem, Elliptic Par-
tial Differential Equations, Linking, Critical Points, Variational Methods.
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Introduction

Variational problems have always arised in science. Here are some examples; the Brachis-
tochrone Problem, which asks for the shape of the best “ramp" connecting two points in such a way
that a ball of mass m, restricted only to the gravitational pull, released from the rest at the higher point,
would take the least time to arrive at its end point. The Principle of the Least Action or Hamilton’s
Principle: the nature seems to always work in such a way that it do so with as minimal effort as pos-
sible, therefore some mathematical laws of nature can be formulated as variational principles. More
precisely, given a Lagrangian system, a particle which goes from point x to point y will do so through
a path that is critical for a certain functional.

Due to the importance of these problems, a significant amount of theory concerning the
solvability of variational problems has naturally developed. Morse Theory has been a cornerstone
in such studies, focusing on the topological behavior of the level sets of a function, along with a
local study of isolated critical points. One good example of studying the existence of critical points
through the study of the topology of level sets is the Mountain Pass Theorem, which detects a loss
in path-connectedness when crossing certain levels. Another example in the same vein are the Saddle
Point and Linking Theorems from Rabinowitz, both of which generalize the Mountain Pass Theorem.
These theorems detect more general changes in the topology of level sets, thereby identifying critical
points (see [27]). A common way of identifying these topological changes is by demonstrating that
certain minimax values are finite. For instance, the Mountain Pass Theorem deals with values of the

form

c= ;‘éﬁ,‘é}&’ﬂ F(¥(@))-
If ¢ is finite, say oo > ¢ > a, then the set {u: f(u) < a} is not path connected (here I is a family of
continuous curves connecting two fixed points u; and uy with f(u;) < a).

It is reasonable to think that not every critical point can be detected using the theorems cited
above. Some problems require a different type of topological study. For example, the topological
behavior of certain functionals is better understood through the Ljusternik-Schnirelmann category,
while others are better analyzed using the Krasnoselskii genus, and so on (see [4], [26]).

This connection between finding critical points and topological invariance naturally leads to

the use of tools from algebraic topology in Morse theory.
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In 1953, a paper by Chung-Tao Yang titled “On Theorems of Bursuk-Ulam, Kakutani-
Yamabe- Yujobo, and Dyson, I" was published (see [28]). This paper aimed to generalize the con-
clusions of these theorems to more general cases. To achieve this, Yang introduced a homological
index for the family of compact Hausdorff spaces that possess a continuous involution without fixed
points. This index was later called the Yang index. It was discovered that the Yang index is very useful
for studying the topological behavior of certain problems with symmetries. Some applications of this
index to Morse theory were made by Fadell and Rabinowitz [11] and K. Perera [22]. In 1978, Fadell
and Rabinowitz published a paper generalizing the Yang index to more general types of symmetries,
which has implications for Hamiltonian systems [12]. After this generalization, the index became
known simply as the cohomological index. In 2007, using this cohomological index, M. Degiovanni
and S. Lancelotti provided a generalization of Rabinowitz’s Linking Theorem that uses cones in-
stead of linear subspaces [7]. This generalization is very useful in problems involving the p-Laplace
operator, as its eigenspaces are generally not linear.

This text will introduce the reader to the cohomological index and demonstrate its utility in
handling variational problems, particularly those with Z, symmetries. The focus will be on problems
involving p-Laplacian type operators. Some abstract methods wll be developed for these kind of
problems. As an application of these methods, we will be able to establish the existence of multiple

solutions to the Brezis-Nirenberg problem.
_ *_ 1
—Apu=MulP2u+ |ulP Pu, we Wyt (Q),

for any A > 0. The Brezis-Nirenberg problem for p = 2 has the advantage that the eigenspaces of —A
are linear, so the topological behavior of this problem can be easily understood by the most common
methods such as the category or genus (see [5]). However, when p # 2 this property does not hold any
longer, and we need to employ more sofisticated techniques. One way of doing this is by employing
the cohomological index. This is just an example of the usefulness of the theory that will be developed
in this text.

Since we will widely use the cohomological index through this text, Chapter 1 will be used
to remember some basic concepts regarding homology and cohomology theories. We will define the
Alexander-Spanier cohomology theory in Section 1.3, which will be the cohomology used to define
the index.

Chapter 2 has the intetion to discuss, in a non-rigorous way, some intuitive ideas concerning
Morse theory, showing why undertanding change in topology of sublevels is a good strategy for
finding critical points. Section 2.2 will introduce an index which is very useful when one is trying
to seek for critical values of an Zj-invariant functional. Section 2.3 will show that some problems
requires more tools, other than that of the genus, to be dealt with, motivating the employment of the
Z»-cohomological index, which is the index theory that this text is based on.

Chapter 3 will deal with the construction of the Z,-cohomological index. Some important
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properties of such an index will be stated.

Chapter 4 has the goal of remembering some basics about Morse theoretic aspects of critical
point theory.

Using the theory discussed in Chapter 4, Chapter 5 will deal with general p-eigenvalue
problems, culminating on the existence of an unbounded sequence of eigenvalues of the p-Laplacian
operator using the cohomological index. The existence of this sequence will be used to find saddle
points to some related problems.

Using the previous ideas, Chapter 6 and 7 will be used to develop and apply some abstract
approaches that are useful in problems involving p-Laplacian type operators.

Such approaches will be able to study problems of the types
Apu=ABpu+ f(u), Apu=>ABpu—puf(u)—gu).

Chapter 8 will be used as the appendix, which contains a few useful results.



CHAPTER 1

A review on some topics on algebraic topology

1.1 Singular Homology

An introduction on algebraic topology can be found on [14] and [24]. For an interesting
discussion about some problems that motivated the development of singular homology theory, the
reader is referred to [15]. The reader interested in applications of algebraic topology other than those
shown in this text might find [19] and [25] a very insteresting reading.

Let X be a topological space, and let

q
Ad — {(lo,"' 1) c RIt!. Zti: 1, andti20f0ralli}
i=0

be the standard g-simplex. A singular g-simplex in the space X is by definition a continuous map
6 : A7 — X. Given an abelian group G, we define the formal linear combinations: ) g;6;, where
gi € G, and o; are singular g-simplexes. These sums are called singular g-chains, or simply g-chains.
The set of all singular g-chains is denoted by C,(X,G). Once the group G is known, we will simply
denote C,(X) for the group Cy(X,G).

Let us denote A?l.) = {(to7 cotg) EAT = O}. There is a canonical homeomorphism
AT A‘(Il.). Given G a g-singular simplex, let us denote by 6!) : A9~! — X the (¢ — 1)-singular
simplex defined as being the composition of the restriction G| A% with the canonical homeomorphism

AT — AT
Note that any homomorphism C,(X) — C,(X) is totally determined by its value on the
singular g-simplexes. Given any singular g-simplex &, we define the boundary operator d, : C,(X) —

Cy—1(X) as
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therefore given any formal sum }; g;0;, the boundary operator d, is such that
g ).8i0; = Y.,8i945;-
j j

Often we write the boundary operator d, simply as d when this does not lead to ambiguities.
It is not hard to verify that d,04+1 := 94 094+1 = 0, or more concisely 0> = 0. Therefore we have the

following sequence of homomorphisms of abelian groups

C s Co(X) =2 ¢ (X) y o y O1(X) —2 Co(X) —250 (L)

with 02 = 0 and the last 9 on the right is defined to be identically equal zero. Such a sequence is
called a chain complex. Let us define Z,(X,G) = ker(d,) and B,(X,G) = Im(d,41), and if there is
no ambiguities we will denote the same sets simply as Z,(X) and B,(X) respectively. The equation
0494+1 = 0 is equivalent to the inclusion B, (X) C Z,(X), so we can define the ¢'" homology group of
the chain complex to be the quotient group

H,(X,G)=7,X,G)/By(X,G).

As always, we sometimes denote the ¢’ homology group just as H,(X), when G is already under-
stood.

Elements of Z,(X) are called cycles and elements of B,(X) are called boundaries. Elements
of H,(X) are cosets of B,(X), called homology classes. Two cycles representing the same homology
class are said to be homologous. This means their difference is a boundary.

It is not difficult to prove the following simple results concerning singular homology groups

of a topological space X (see [14], pg 109-110).

Proposition 1.1.1. Corresponding to the decomposition of a space X into its path-components Xy,
there is an isomorphism of Hy(X) with the direct sum @q Hy(Xq).

Proposition 1.1.2. If X is nonempty and path-connected, then Hy(X) = G. Hence for any space X,
Hy(X) is a direct sum of G’s, one for each path-component of X.

Proposition 1.1.3. If X is a point, then
0 if ¢>0,
G if q=0.

It is often very convenient to have a slightly modified version of homology for which a point

has trivial homology groups in all dimensions, incuding zero. This is done by defining the reduced



1.1 Singular Homology 16

homology groups qu (X) to be the homology groups of the augmented chain complex

s OX) 2 X)) 2 X)) —£5 G

o

where €(Y;¢;6;) = ¥ gi- Then we have

H(X)®G if ¢=0,
H,(X) if g>0.

Now let us take two topological spaces X and Y. For a continuous map f : X — Y, an
induced homomorphism f; : Cy(X) — C4(Y) is defined by composing each singular g-simplex
6 : AY — X with f to get a singular g-simplex fi(c) = fo : A? — Y, then extending f; linearly
via fi(¥,;8i0:) = Y &ifi(0i). It is easily seen that f;0 = df}, i.e. f; defines a chain map from the
singular chain complex of X to that of Y. Therefore we have a well defined induced homomorphism
fe i Hy(X) = Hy(Y), defined as f.[y] = [fiY]-

Two maps f,g: X — Y are called homotopic if exists a continuous map F : X x [0,1] = Y
such that

One of the most important properties of singular homology theory is the following.

Theorem 1.1.1. If two maps f,g : X — Y are homotopic, then they induce the same homomorphism
fe =8« Hy(X) = Hy(Y) for all q.

Definition 1.1.1. Two topological spaces X and Y are said to have the same homotopy type if there
are continuous maps f : X — Y and g: Y — X, such that f o g is homotopic with the identity on Y and
go f is homotopic to the identity on X. If such maps exist, we say that f is a homotopy equivalence,
and that g is the homotopy inverse of f. A space X is said to be contractible if there exists a homotopy

equivalence f : X — P, where P is a single point.
Then we have the following corollary.

Corollary 1.1.1. The maps f. : Hy(X) — Hy(Y) induced by a homotopy equivalence f : X — Y are

isomorphisms for all q.

Example 1.1.1. For example, if X is contractible, then by Proposition 1.1.3 we have qu (X) =0 for
all g. Or equivalently, Hy(X) = G and H,(X) = 0 for g > 0. An example of contractible space is any
star-shaped subspace of a vector space. A star-shaped space W C E with respect to a point xo € W,
where E is a vector space, is a subset such that for every point'y € W, the line (1 —t)y +txo belongs
to W for all t € [0,1]. The homotopy equivalence is the constant map f : W — {xo}, with homotopy

inverse being the inclusion i : {xo} — W. For example every vector space is a contractible space.
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A topological pair (X,Y) is a topological space X together with a subspace ¥ C X. Given
two topological pairs (X,Y) and (X’,Y’), we say that a map f : (X,Y) — (X',Y’) is continuous if
f:X — X' is continuous with f(Y) C Y’. Naturally, we say that two maps f,g: (X,Y) — (X',Y’) are

homotopic if exists a continuous map

F:(Xx[0,1],Y x[0,1]) = (X', Y"),
such that
F(,00=f, F(,1)=g.
Let (X,Y) be a topological pair, since
0:Cy(X) = Cy—1(X)
we have
0:Cy(Y) = Cy1(Y).

Therefore, the boundary operator induces a homomorphism 0 which makes the diagram

Cy(X) ——— G(X)/Cy(Y)

| s

Cq-1(X) —— C41(X)/Cy1(Y)
commutative. Then we have clearly that 90 = 0. We call
Cq(X,Y) = Cq(X)/Cq(Y)

the singular g-relative chain group. We define Z,(X,Y), B,(X,Y) and H,(X,Y) in the same manner
as we did for the case Y = 0. We call H,(X,Y) the singular g-relative homology group.
As in the case Y = 0, any continuous map f : (X,Y) — (X’,Y’) induces a homomorphism

fe tHy(X,Y) = Hy(X',Y') forall g,

such that 9 fo = f*é.
We still have the homotopy invariance: if f,g: (X,Y) — (X’,Y’) are homotopic, then f, = g..

Also, we have the following very important results in relative homology grops:
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Theorem 1.1.2 (Excision). If U C X satisfies U C int(Y), then the inclusion i : (X\U,Y\U) — (X,Y)

induces isomorphisms
it Hy(X\U,Y\U) = H,(X,Y), forall ¢g>0.

A sequence of homomorphisms

Og+1 O
> Agl > Ay »Ag 1 ——> -

is said to be exact if kera,, = Im o, | for each q.

Theorem 1.1.3 (Exactness). If Z C Y C X are three topological spaces, and define the injections
i:(Y,Z2) = (X,Z), and j: (X,Z) — (X,Y), then for each q there exists a homomorphism 0 :
H,(X,Y) — Hy—1(Y,Z) such that the sequence

s H(Y,Z) —2 Hy(X,Z) —2 Hy(X,Y) —2> Hy (Y, Z) — -+

Is exact.

The following homology groups are often used, where S” is the unit sphere on R"*! and B"

the n-ball on R”, and P" the real n-projective space.

0 qg#n, when g¢g,n>1,
HQ(SnaG>g G

g=n>1, and g=0n>1,
G? q=n=0.

n’
q=n
0 > n,
H,y(P",Z,) & 1
Zn qg <n.

1.2 Singular Cohomology

A cochain complex C over G is a sequence

et 3 e Y
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of G-modules and homomorphisms &%, called coboundary operators, such that
318971 =0, Vvq.

If C'7 C CY is a sequence of submodules such that 87(C"?) C C"*!, then C' = {C"9,87} is

itself a cochain complex, called a subcomplex of C. Passing to quotients, 67 induces a homomorphism
87 .c1/Ch - ¢ttt

such that SquH =0,s0C/C' = {C‘I /C ,Sq} is also a cochain complex, called the quotient complex
of C by C'.

The elements of C? are called g-cochains and those of the subspaces Z4(C) = kerd?, B4(C) =
Im &7~ are called g-cocycles and g-coboundaries, respectively. We clearly have BY(C) C Z4(C), and

the quotient space
HY(C) = 2%(C)/B1(C)

is called the g-th cohomology group of C. A cochain map f : C — C’ of complexes C = {C?,87} and
C' = {C",8'?} consists of a sequence of homomorphisms f9 : C¢ — C'? such that f4+189 = §'¢ f4 for
all g. Then f4(Z4(C)) C Z4(C’") and f4(B%(C)) C B%(C’), so f induces homomorphisms

f*:H1(C) — HI(C"), Vq.

Given a topological space X and its singular chain complex {C,(X, G),aq}q we define the
set of all singular g-cochains C?(X,G) as the dual of Cy(X), i.e., C?(X,G) := Hom (C,(X,G),G).
C(X,G) is of course a G-module. The dual operator of dy is denoted by 67, and it the homomorphism
8:C171(X,G) — C4(X,G) defined as

(87f)(0) = f(9,0), forall feCT'(X,G) and o€ Cy(X,G).

Most of the time, when there are no ambiguities, we will just denote 8 instead of &7. Since
9% = 0 we have that 82 = 0, i.e.

T8 =0, VY fecCiX,G).

Therefore {C?(X;G),87} is a cochain complex, called the singular cochain complex of X
with coefficients in G.

More generally we can construc the singular cohomology as follows: For a topological pair
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(X,Y), let
CY(X,Y,G) =Hom (C4(X,G)/C,(Y,G),G)
and let
8.1 (X,Y,G) = CU(X,Y,G)

be the dual operator of the boundary operator 0 : Cy(X,Y,G) = C4—1(X,Y,G). Most of the time, when
there are no ambiguities, we will denote 57 only by 0. It is easily seen that C4(X,Y,G) is isomorphic

to the set
{feCi(X,G): f(6)=0Vo€C,(Y,G)}.
As usual, we define Z4(X,Y;Z) := ker(89), B4(X,Y;G) = Im (89~ ') and
HY(X,Y;G)=2X,Y;G)/B1(X,Y;G).
In general, we have a canonical homomorphism
o:HY(X,Y;G) — Hom (H,(X,Y;G),G).

In the case where G is a field, o is surjective.

If f:(X,Y)— (X',Y’) is continuous, then we can define a homomorphism
Fcix'Y',G) — Ci(X,Y;G)
defined as
[/ (9))(c) = 8(f;0)
for all g € C9(X',Y";G) and 6 € C9(X,Y;G). Note that 5f = f 9, so it induces homomorphisms
fHIX'Y';G) - HIX,Y;G), Yq
given by
flgl=[f"sl.
We then have the following properties concerning singular cohomology

(1) If f: (X,Y) — (X',Y') is continuous, we have
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(a) If f =1y, then f* = 1y-.
(b) Ifg: (X',Y') — (X",Y") is continuous, then (gf)* = f*g*.

(2) If f,g: (X,Y) — (X',Y’) are homotopic, then f* = g*. If (X,Y) has the same homotopy type
as (X',Y'), then H1(X,Y;G) = HY(X'",Y';G) for all q.

(3) (Excision) If U C int(Y), then H*(X\U,Y\U;G) =2 H*(X,Y;G).

(4) If Z CY C X, then the sequence

L HYX,Y;6) —L HYX,Z:G) s HI(Y,Z;G) —> HITN(X,Y:G) —— -

1s exact.

(5)

qg=0
0 q#0.

H({p},0G) =

Now suppose that G is also a ring, and let us consider the maps

Ap AP — APH

B, :AI— APT
to be
Ap(t0,...,tp) = (t0,...,1p,0,...,0),  By(to,...,t;) = (0,...,0,t0,...,1,).

For cochains g € CP(X;G) and h € CY(X;G), the cup product g — h € CPT9(X;G) is the
cochain whose value on a singular simplex 6 : AP*9 — X is given by the formula

(g —h)(0) =g(c0hy)h(c0PBy).
It is easily seen that the cup product — has the property
8(g — h) =98¢ — h+(—1)"g — dh,
for g € CP(X;G) and h € C9(X;G). So it follows that there is an induced cup product
HP(X;G) x H1(X;G) — HPT1(X;G).

It can also be shown that the cup product — is not generally commutative. Namely, we have

the following:
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* The identity g — h = (—1)P?h — g holds for all g € H?(X;G) and h € H(X;G), when G is a

commutative ring.

Also, it is easily seen that for a continuous map f : X — Y, the induced maps f*: H4(Y;G) —
HY(X;G) satisfy f*(g—h) = f*g— f*h.
The cup product formula (g — h)(c) = g(coA,)h(c0B,) also gives relative cup products

HP(X;G) x H1(X,A;G) — HP(X,A;G)
HP(X,A;G)xHY(X;G) — HPT(X,A;G)

~—

HP(X,A;G) x HY(X,A;G) — HPTI(X,A;G),
since if g or & vanishes on chains in A then so does g — h. There is a more general relative cup product
HP(X,A;G)x HY(X,B;G) — HP'(X,AUB;G)

when A and B are open subsets of X (see [14], pg 209).

The cup product is associative and distributive, so we can make it the multiplication in
a ring structure on the cohomology groups of a space X. This is easy to do if we simply define
H*(X;G) to be the direct sum of the groups H4(X;G), i.e. H*(X;G) = @7, H (X;G). Elements of
H*(X;G) are finite sums Y ; a;, with o; € H J (X;G), and the product of two such sums is defined to be
(X;0:)(X;Bj) = ¥i jouB;, where of course we are denoting, by simplicity, o;; = a; — ;.

Example 1.2.1. If P" is the n-dimensional real projective space, then it can be shown that
H*(P";7) = Zolo] /(o1 where o is the generator of the group H'(P";Z5). For example, if n =2
then H*(P?;7;) consistis of the polynomials ay+ a10.+ a0, with a; € Zy and o = 0. if n = oo,
then we have H*(P*;7) = Z»|o), where o, is the generator of H'(P;Z,). The same is true for the
complex projective spaces CP" with n € NU {eo}, but this time o is the generator of H>(CP";Z5).
(For a proof of those computations the reader is referred to [14],[24] or [15]).

1.3 Alexander-Spanier Cohomology Theory

We now recall the construction and properties of the Alexsander-Spanier cohomology theory
with coefficients in the field Z;. A basic reference for this theory can be found in [24].

Let (X,A) be a pair of spaces, i.e. a topological space X and a subspace A C X. For ¢ > 0,
let C9(X) be the vector space over Z; of all functions ¢ : X971 — Z,, where X9*! is the product of
q+ 1 copies of X, with adding and scallar multiplication defined pointwise, i.e.,

(0+¢)(x) =0(x) +¢'(x), (co)(x) =c(p(x))
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for 9,9’ € C4(X), ¢ € Zy, and x = (xp, . ..,x;) € X9"!. Define the coboundary operator 8 : C4(X) —
C1t1(X) by

q+1
(Sq(p)(xO, o ,xq+1) = Z (P()C(), R ,)/C\,', R ,xq+1)
i=0

where the symbol ; indicates that x; is omitted. Then 8987~ =0, so C(X) = {C%(X), 84} is a cochain
complex.

We say that ¢ € C?(X) is a locally zero if there is an open covering U of X such that ¢
vanishes on any (g + 1)-tuple of X that lies in some U € U, i.e., @ vanishes on U :=J, o U
Let Cd(X) be the subspace of C7(X) consisting of locally zero funcitons. If @ vanishes on U9"!, then
89¢ vanishes on U2, so Co(X) = {C(X),87} is a subcomplex of C(X). Let C(X) = C(X)/Co(X) =
{C‘I(X)/Cg (X),Sq}. A continuous map f : X — Y of spaces induces a cochain map f*: C(Y) — C(X)
by

(fﬁq(P)@CO; s ,xq) = (P(f(x0)7 s 7f(x11))’ ¢c Cq(Y>‘

If y € C{(Y) and 7V is an open covering of Y such that y vanishes on 7+, then U = f~19/
is an open covering of X and f*y vanishes on 79*!. So f* maps Co(Y) into Co(X) and hence induces
a cochain map f* : C(Y) — C(X).

If i : A C X, then C(X,A) = keri’ = {kerfﬁq,sq} is a subcomplex of C(X). Let C(X,A)
be the subcomplex of C(X) consisting of functions that are locally zero on A. Then we see that
Co(X) CC(X,A) and C(X,A) = C(X,A)/Cy(X). Define the Alexander-Spanier cohomology of (X,A)
by

H*(X,A) = H*(C(X,A)).

We write H*(X,0) = H*(X). If £ : (X,A) — (Y, B) is a continuous map of pairs, then 7 : C(Y,B) —

C(X,A) is a cochain map and hence induces homomorphisms
ff:H"(Y,B) — H*(X,A)

such that (gf)* = f*g" for (X,A) -5 (¥,B) =% (2,C) and (1ix.4))* = Li-(x.4)-

The Alexander-Spanier cohomology satisfies the following axioms (see [24] for the proofs):

(i) Homotopy axiom: If fy ~ f; : (X,A) — (Y, B), then

fo=f1 H(Y,B)— H" (X,A).
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(if) Exactness axiom: Each triple (X,A, B) with B C A C X has an exact sequence
s HY(X,A) —L HYX,B) — s HIA,B) —O HITI(X,A) — ...
where i : (A,B) C (X,B), j: (X,B) C (X,A), and § is called the connecting map.
(iii) Excision axiom: If U is an open subset of X such that U C int(A), then the inclusion j :
(X\U,A\U) C (X,A) induces an isomorphism
JH(X,A) 2 HY(X\U,A\U).

(iv) Dimension axiom: If X is a one-point space, then

Z, if ¢=0,
0 if g+#0.

12

HY(X)

When X # 0, in some occasions it is convenient to work with the reduced groups

HY(X)/Z,,  q¢=0
Hi(X), qg>1.

HI(X) =2

They also fit into an exact sequence
. —— H"Y(X) —— H? '(A) —— HY(X,A) —— HI(X) — -

for a pair (X,A) with A # 0.

There is a product —: HP(X) x H4(X) — HP"4(X), called the cup product, giving H*(X)
the structure of a graded ring. To define this product, first define a product

—:CP(X) x CI(X) — CPT(X)

<(P ~ \V)(XO, ce 7xp+q) = (P(x07 ‘e ,Xp)\l/(xl;, ce ,Xerq).

If @ or y is locally zero, then so is ¢ — V, and hence — induces a product

—: P (x)xC1(x) - "M (x)
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It is easy to verify that

3(Q — ) =00 — y+0¢ — Oy,

so if @ and y are cocycles, then so is ¢ — Y, and if one of them is a coboundary in addition, then so
is @ — y. Hence — induces a product on cohomology classes.

This cohomology theory satisfies the following property. For the definition of directed
systems see §2.2. on [21], or [24]. A neighborhood of a pair (A,B) in a topological space X is a
pair (U,V) in X such that U is a neighborhood of A and V is a neighborhood of B. The set A of all
neighborhoods of (A, B) is partially ordered downward (see [21]) by inclusion: (Uj,Vy) = (Uy,V,) if
iyt (U Vi) C (U, Vo). Ais directed since (Uy NU,, V) NV,) C (Up, W), (Uy,Vy). Then it is easily
seen that the collection {H7(Uy,Vy) },c, is a directed system. The maps j; : H(Uy,Vy,) — H(A,B)
induced by the inclusion jj : (A,B) C (Uy,Vy) satisfy Juin, = (iagju)™ = Jj, so their limit

j* :hgfi : @Hq(UMVX) —>Hq(A7B)
A A

is well defined. Then we have the following two facts (see [24]).
Proposition 1.3.1. If X is paracompact and A and B are closed, then j* is an isomorphism for all q.

Proposition 1.3.2. Let us denote H; the singular cohomology groups with Zy-coefficents. If X is
paracompact and locally contractible, then there is an isomorphism u : H4(X) — H{ (X).



CHAPTER 2

Motivation

2.1 Some ideas on critical point theory

As mentioned in the introduction, many significant problems in science can be translated to
finding critical points of a suitable functional defined on an appropriate space. Consequently, there is a
substantial body of literature devoted to techniques for solving critical point problems. The problems
of finding minima of a functional are the most natural ones, and such kind of problem do not even ask
for regularity in the sense of differentiability. Therefore the problem of finding minima can deal with
a broader class of situations. However, when a problem has regularity, we can go further and seek for
another kind of critical points, the ones which are neither of minimum or maximum type, namely the
saddle points.

This section will concern with some intuitive ideas that motivate this dissertation. The proper
definitions regarding critical point theory will be given in the next section.

Given f : M — R a differentiable function, defined on a differentiable manifold M, we will
use the notations

fa={ued fu)za}, fP={ued:flu)<b}, [fi=fuf,

K={ueM:f(u)=0}, K:=Knfl, K° =K.

The best prototype of a saddle point is the unique critical point of the function f : R — R given by
fley) ==~

But how can we detect critical points of this kind? Well, we can first try to understand the
case of the saddle x> — y?. The origin (the saddle point of f) can be characterized in the following way;
let us take two points x1,x; € R? such that if x; = (a;, b;) then by < 0 and b, > 0 (for example (0, —1)
and (0,1)). Then it is obvious, by the mean value theorem, that any continuous path y: [0,1] — R?

connecting x| and x, must cross the line y = 0. But f > 0 on the line y = 0. We then conclude that for
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Figure 2.1:
Graph of x> — y? near the origin. A saddle.

any such a path, we have

max t)) > 0.
max (1)) >
Therefore, if we denote by I to be the set of continuous paths y: [0, 1] — R? connecting x;
to x2 (Y(0) = x1 and y(1) = x,), we have

inf > 0.
inf max fv@)) >

But it is easily seen that in fact the equality holds:

;glﬁtgl[gﬁ]f (v(2)) = 0. (L.1)

Equation (1.1), as innocent as it might seem to be, it tells us a very important information; Consider

€ > 0 such that max{f(x;),f(x2)} < —e. Then the set f~% is not path connected (the points

X1,x2 € f% cannot be connected by a continuous path that lies entirely on f~%). Note, however,

that for any & > 0, f9 is always path connected, and f° is the “critical sublevel" in the sense that it is
the last sublevel that is path connected, i.e. 0 = inf {8 >0:fdis path connected}.

Just to be sure that such topological behaviour is not a coincidence, let us do something

similar with a more general saddle point. Namely let us take the best prototype of a non-degenerate

critical point with Morse index A > 0 (see Morse Lemma 4.2.1). Let f : R” — R be such a function.

By the Morse Lemma, we can assume that f is given by

A n
fl,w)=c=Y i+ Y (1.2)
i=1 J=A+1

with f(0) =c.
Firt let us remember what a retract is; Let (X,A) be a pair, i.e., a topological space X and a
subspace A C X. A is called a retract of X if there exists a continuous map r : X — A such that ri = 14,

where 14 is the identity map of A and i : A C X is the inclusion map. This means that r(x) = x for all
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x € A. Such a map r is called a retraction of X to A.

For example the map r : R™\ {0} — $"~!, given by x ~ x/|x| is a retraction of R™\ {0} to
$"=1. And it can be shown that if B" is a closed ball in R”, then there is no retraction r : B" — dB".

A is called a deformation retract of X if there is a retraction » of X to A such thatifi: A C X,
then 1y ~ ir, where ~ means homotopy, i.e., the identity 1y of X is homotopic to the map ir. So we
have that ri = 14 and ir ~ lx, which brings the idea of r being the homotopy inverse of i. When that
happens, we say that the maps i and r are homotopy equivalences between X and A.

Let us consider the direct sum decomposition R"” = R* 3 R"*, and on R* let us consider
the ball centered at O with radius /€

A
Bk;:Bi”/g(()) — {(ul,...,uk,O,...,O) ceR": Zulz SS} CRX.
i=1

Then by employing the relative singular homology groups in dimension A, it is easy to show

that (see the figures below)

Hy(f¢,0B") = Hy (R*,0B) = Hy,(B*,0B") = Hy (S*) # 0 (1.3)
Rnfl A
I ) ;
1 R R*
ar
Figure 2.2:
while

Hy(f°7%,0B) = Hy (R"\ {0} ,0B*) = H) (9B",0B") = 0 (1.4)

Therefore, by (1.3) and (1.4) we see that the groups Hj (f¢,0B") and Hy (f¢€,0B") are
not isomorphic. This implies that f“~¢ is not a deformation retract of f€, consequently f“~¢ is not a
deformation retract of f¢*¢. We might conclude that the change in topology between the sublevels
f¢T€ and ¢ might not be a coincidence, and our guess is that it is related with the existence of a

critical value between ¢ — € and ¢ + €.
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Wre " B\ {0}

Figure 2.3:

Also, if our guess happens to be true, we just found a way of searching for critical values of
a function f. Namely, by studying the topology of the sublevels f“. However in some cases we can
have a change in topology of the sublevels of a function without any critical values in between. For
example the function g(x) = e* —y2. It is easy to see that, for any & > 0, g® is path connected but g—¢

is not, and g has no critical points at all.

Figure 2.4:

Graph of e™* —y?.

A way of avoinding such situations is by asking the function to have some kind of compact-

ness. The most common one is the Palais-Smale compactness condition.

Definition 2.1.1 (Palais-Smale compactness condition). A sequence (x,), is called a Palais-Smale
sequence (PS-sequence) at ¢ for f, if f(x,) — ¢ and f'(x,) — 0. We say that f satisfies the (PS).
condition if every PS-sequence at c possesses a subsequence that converges strongly to some x. We
say that f satisfies the (PS) condition if it satisfies the (PS). condition for all ¢ € R.

The result that connects the topology of sublevels with the existence of critical values of a

function is the following (see [4], Theorem 3.2).

Theorem 2.1.1 (Second deformation lemma). Let M be a C?> Finsler manifold (see Chapter 4).
Suppose that f € C'(M,R) satisfies the (PS). condition for all ¢ € [a,b] and that a is the only critical
value of f in |a,b). Assume that the connected components of K* are only isolated points. Then f* is

a strong deformation retract of f° \Kb .

It is easy to see that the function (1.2) satisfies the (PS) condition, and therefore the change

in topology of its sublevels happens only because of the critical value f(0) = c.
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Since the topological behaviour of a function near a non-degenerate critical point is well

2 since we

known, it is easy to see how to spot its critical value. For example, for the saddle x> — y
lose path conectdness when a critical value is crossed, we can spot the change in topology by studying
paths, as the expression (1.1) shows us. And for the more general case of the function (1.2), since the
change in topology occurs in dimension A, we can spot its critical value using balls of dimension A in
the following way.

Consider

I':= {ye C(BMR") : Y]yp = 1an} .

Since there is no continuous retraction from the ball B to its boundary, we have that

max f(y(u)) = f(0), VyeTl.

ucB*

Since 15 €I, it is easily seen that

r;gpgé%);f (v(u)) = f(0). (1.5)

So, at least for the simpler case of a non-degenerated critical point, we saw that by

understanding the topological behaviour of the function f, we can try to find changes in the topology
of the sublevels by an expression like (1.5).

However, in most problems we do not have the necessary hypothesis to talk about non-

degeneracy of critical points, and therefore some generalizations of the previous ideas are necessary.

For example, by mimicking the above ideas to a case of a function defined on a general Banach space,

we have the following results.

Theorem 2.1.2 (Mountain pass theorem, Ambrosetti-Rabinowitz, 1973. See [27], Theorem 2.10). Let
X be a Banach space, @ € C'(X,R), e € X and r > 0 be such that ||e|| > r and

b:= inf @(u) > @(0) > @(e).

[Jul|=r
If ¢ satisfies the (PS). condition with
c: = ;gtrer% o(Y(1)),
I': = {yec([0,1],X) :v(0) =0,y(1) = e},

then c is a critical value of .
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Remark 2.1.1. Note that the mountain pass theorem detects losses in path connectedness of the

sublevels.

Theorem 2.1.3 (Saddle-point theorem, Rabinowitz, 1978. See [27], Theorem 2.11). Let X =Y & Z
be a Banach space with dimY < oco. Define, for p > 0,

M:={uecY:|u||<p}, Moy:={ucY:|ul|=p}.
Let @ € C'(X,R) be such that
:=inf = .
b in ©o>a rr]%%x(p

If ¢ satisfies the (PS). condition with

c: = ;gﬁglee}éw(v(u)),
i = {yeCM.X):Ymy = Inm},

then c is a critical value of @.

Remark 2.1.2. Note that the change in topology that the Saddle-point theorem is detecting is the

same as in the function (1.2).

Theorem 2.1.4 (Linking Theorem, Rabinowitz, 1978. See [27]). Let X =Y & Z be a Banach space
with dimY < eo. Let p > r > 0 and let 7 € Z be such that ||z|| = r. Define

M: = {u=y+Az:|ul| <p,A>0,yeY},
My: = {u=y+Arz:yeY,|u||=pandr>0or||u| >pand A=0},
N: = {ueZ:|ul|=r}.

Let ¢ € C'(X,R) be such that
b :=inf = .
inf@ >a nl}/la})xcp
If ¢ satisfies the (PS). condition with

ci= ;gltrurgg;@(v(u)), [i={yeC(M.X) :¥|m, = lm,},

then c is a critical value of @.

More generally, one way of understanding the topological behaviour of sublevels of a

functional which satisfies a compactness condition is as follows (see [26], Theorem 3.11).
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Theorem 2.1.5 (Deformation Lemma). Suppose M C E is a C' complete submanifold of a Banach
space E and f € C' (M) satisfies the (PS) condition. Let ¢ € R, € > 0 be given and let N be any
neighborhood of K¢ := { f(u) = ¢, f'(u) = 0}. Then there exist a number 0 < € < € and a continuous
1-parameter family of homeomorphisms M(-,t) of M, 0 <t < oo, with the properties

L n(ut)=u ift=0,0r f'(u)=0,0orue (fc—&c+g)°

2. f(M(u,t)) is non-increasing in t for any u € M;

3. N(fEN, 1) C f8 and (f°T8) C fCEUN.

4. If M is symmetric and f is even, then 1|(+,t) can be taken to be odd for all t.

It implies that if ¢ is a regular value and f satisfies the (PS). condition, then the family D, ¢
of maps 1 € C([0, 1] x M, M) satisfying

1. n(0,-) = 144,

2. n(z,-) is a homeomorphism of M for all 7 € [0, 1],

3. M(t,-) is the identity outside f~![c —2¢,c+2¢] for all t € [0, 1],
4. f(

5. n(

3

f(M(-,u)) is non-increasing for all u € M,
n(l, fere) et

is nonempty for all small € > 0

Definition 2.1.2. We say that a family F of subsets M is deformation invariant under D, ¢, if
MeFmeD,e = n(,M)eT
Theorem 2.1.6 (Minimax Principle). Suppose F is a collection of subsets of M and

¢ = inf su u
Fefuegf( )

is finite, and that F is deformation invariant under D, ¢ for all sufficently small € > 0, and f satisfies

(PS). condition, then c is a critical value of f.

Remark 2.1.3. The Minimax Principle tells us that we can seek for change in topology of sublevels
through min-max numbers, using more general sets than just balls, as we did for the case of non-

degenerated critical points.

2.2 Kranoselskii Genus

More informations about the critical set of a functional can be found when the problem is

endowed with some kind of symmetry. For example let us study the following problem.
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Let X be a real Hilbert space with inner product (-,-), norm |-| = +/(+,-). Let T : X — X
a continuous linear operator. Let us suppose, in addition, that 7 is compact, self-adjoint and @(x) =
(Tx,x) >0onX. Also let S = {x € X : |x| = 1} be the unit sphere of X.

Proposition 2.2.1. Let X, S and T as above. Let F,, be the family of n-dimensional subspaces of X.
Then the eigenvalues Ay > Ay > ... of T are given by

A, = maxmin(7x,x) = min max (7'x,x).
F. FNS Fn-1 FLNS
Proof. Let us first prove the equality A, = ming,_, maxyi~¢(7x,x), and the another one will follow
similarly. Remember that A, = maxgnx, ,(7x,x), where X, = (span{ey,... e, })+. We claim that
for every F € F,_1 we have F-Nspan{ey,...,e,} # {0}, but this is clear since the codimension of
F* is n— 1. This then implies that (F- N S) N (span{ey,...,e,} NS) # 0, so

max (7x,x) > min  (Tx,x),
F+inSs span{ey,...,en }NS

and since on span{ej,...,e,} T has the form Tx =Y " , A;(x,e;)e;, it is obvious that

min (Tx,x) = Ap.
spanfe,....en}NS
Therefore A, is a lower bound for values of the form maxy.~¢(7x,x) with F € %,_1, and since it is
attained for F = span{ey,...,e,_1} we are done.

Now let us prove the equality A, = maxg¢ mingns(Tx,x). Let F € F,. We claim that
(FNS)N(X,—1NS) # 0. Note that it suffices to show that F N X,,_; # {0}. Suppose that F N X, =
{0}, then it implies that the codimension of X,_; is at least n, which is a contradition since the
codimension of X,,_ is of course n — 1. So in fact we have (F NS) N (X,—1 NS) # 0, which implies that
mingns(7Tx,x) < maxy, ,(Tx,x) <A, therefore max ¢ mingns(7x,x) < Ay, so the equality follows

since we have that it is attained for F = span{ey,...,e,}. O

Denoting f(x) = —(Tx,x) we have

Cp := —A, = min max f(x).
n n Fed, FOS f ( )
The above theorem remembers us about the Minimax Principle. Note, however, that the sets of the
form F'NS where F is a vector subspace are not good to detect changes in homotopy type of the
sublevels £ € and f»~¢ since they are not deformation invariant.
First, let us denote 4, = {F NS : F subspace, dimF = n}, so it is clear that

¢, = minmax f.
a, A
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In order to detect the values ¢, by means of a minimax number which fits the Minimax
Principle, we need to add more sets to 4,

So if one still wants to use the above idea to show that the value ¢, is detecting a change in
homotopy type of subleves, and therefore a critical value, it is needed to find a bigger set Z,, with
A, C Zy in such a way that if A € Z,, and 1 is a deformation, then (1,A) € Z, and

¢, = minmax f.
Zy Z

Since all the conditions above need to be satisfied, we can not choose a too large Z,,. We can
get a hint on how to do that using the following deformation lemma:

Since in our problem f is an even function, and the family 4, has only symmetric sets,
Theorem 2.1.5-4. tells us that the wider family Z, can only have symmetric sets. Indeed, if 1] is an
odd deformation, n(1,A) is always a symmetric set when A € 4,. So to define the family Z, we need
to understand what property the symmetric sets A and 1(1,A) have in common when A € 4,,;

By definition, every A € 4, is an (n — 1)-sphere and the map g : A — n(1,A), given by
g(x) =n(1,x) is an odd homeomorphism. Now let us remember the following result:

Theorem 2.2.1 (Borsuk-Ulam). Let us denote S* to be the k-sphere. If g : 8" — S™ is an odd

continuous map, then n < m.

So thanks to the Borsuk-Ulam theorem, both A and n(1,A) have the property if h:n(1,4) —
$™=1is an odd continuous map, then n < m, or equivalently, if & : n(1,A) — R™\ {0} is an odd
continuous map, then n < m. In fact, since A is an (n — 1)-sphere, the assertion is evident for A. And
if h:1(1,A) — R™\ {0} is odd and continuous, then the composition A — 1(1,A) N R™\ {0} is
an odd map from A to R™\ {0}, so by Borsuk-Ulam theorem, n < m.

This implies that if we define the numbers

Y1 = min {k € N : there exists an odd f € C(n(1,A); R\ {0})}

Y = min {k € N : there exists an odd f € C(A; R\ {O})} )

then y1,Y, > n. This motivates the following definition:

Definition 2.2.1 (Krasnoselski genus). Denote by X the class of all closed symmetric subsets of S.
The Krasnoselski genus y: X — NU{0, e} is defined as y(0) = 0,

Y(X) = min {k € N: there exists an odd f € C(X;R¥\ {0})} ,

and if no such a finite k exists, we set Y(X) = oo.
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All the above discussion implies that the best way of defining Z, is
Zy={A€X:y(A) >n}.

It is clear that 4, C Z,, and for any deformation 1 given by Theorem 2.1.5,n(1,A) € Z, for
all A € Z,,. So we just need to prove that

—A, = ¢, = minmax f = minmax f. 2.6
» = € = minmax f = minmax f 2.6)

It is clear that ming, max, f > minz maxz f, so we just need to show that min g, max, f <

minz, maxyz f. For let us remember that f(x) = —(7'x,x), so
—minmax f = maxmin(7'x, x).
Z, Z Zy Z

Let Z € Z,, then y(Z) > n. We claim that ZN X, # 0. Suppose by contradiction that
ZNX,—1 =0, and consider p : X — span({ey,...,e,—1}) be the orthogonal projection p(u+v) =u
where u € span({ej,...,e,—1}) and v € X,_;. Since Z does not intersects X,_j, we have that

p(Z) C span({ey,...,e,—1})\ {0}. So the composition

z -2 span({er,....en1})\ {0} T 5"

is a continuous odd map, where ©t(v) = v/|v|. So by the Borsuk-Ulam theorem, y(Z) < n— 1, which
is a contradiction. Therefore ZN X,,_; # 0. This then implies that

mZin(Tx,x) < r}?ax(Tx,x) =k, VZE Zy,
n—1

SO

mﬁxmzin(Tx,x) < An,

or in other words,

minmax f > ¢,
Zn
and consequently equation (2.6) holds. Now, since Z, is deformatin invariant when the deformations
are understood to be odd, the Minimax Principle shows us that the values ¢, are in fact critical values
of f.

It happens that the Krasnoselski genus (2.2.1) has been extensively used in the literature to
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prove existence and multiplicity results to a huge amount of problems that have a Z;-symmetry. It is
clear that the definition of genus in (2.2.1) can be generalized to any metric space X which has an

Z»-action acting on it, i.e., we have the following general definition of genus:

Definition 2.2.2. Let (X,d) be a metric space and I : X — X a continuous map such that 1(I(x)) = x
and 1(x) # x for all x € X. We will denote —x := I(x) (I is the Zy action). Let

YX)={ACX:Aisclosedand —A=A}.
Then the Krasnoselski genus (with relation with I) Y: £(X) — NU{0,e0} is defined by y(0) = 0,
Y(A) = min {k € N: there exists a continuous map f : A — RF\ {0} with f(—x) = —f(x)} :

and Y(A) = oo otherwise.

It is not difficult to show that the genus satisfies the following properties (see [13], pg. 140
or [9], pg. 355.)

Proposition 2.2.2. Using the same notations as in Definition 2.2.2 let A,B,K € ¥(X). Then we have
that

(g-1) Y(A) =0ifand only if A =0,

(g.2) If there exists a continuous map f : A — B with f(—x) = —f(x), then y(B) > y(A),

(g.3) If K is compact, then Y(K) < oo and there exists & > 0 such that N5(K) € X(X) and y(N§(K)) =
Y(K),

(¢-:4) Y(AUB) <Y(A) +Y(B).

Remark 2.2.1. IfA € X(X) is a finite set, then Y(A) = 1. Indeed, if A = J*_, {x;, —x;}, then the map
h:A—S%={—1,1} given by h(x;) = 1 and h(—x;) = —1 is odd and continuous.

The genus is an example of an index theory. (see [26], § II-5.) The notion of genus

generalizes the notion of a linear space (see [26], § II-5. Proposition 5.1.):

Proposition 2.2.3. For any bounded symmetric neighborhood Q of the origin in R™ there holds:
Y(0Q) = m.

Given an even smooth function ¢ : M — R, defined on complete the symmetric C!-
submanifold M of X\ {0}, we can generalize the procedure we did in the case of finding eigenvalues
for T, to the case of finding critical values for f. As usual, define X() as the family of closed
symmetric subsets of M, and Z, = {Z € £(M ) : Y(Z) > n}. We then can define, for any k < y(M),

¢y = inf sup¢.
VASY 44
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If ¢y is finite and ¢ satisfies the (PS), condition, by Proposition 2.2.4 it is a critical value for

Remember that in the problem of the eigenvalues of 7 we worked above, it is clear that
if successive eigenvalues Ay = Ay ] = -~ = Ay = A coincide, then 7 has an [-dimensional
eigenspace of eigenvectors u € X satisfying Tu = Au. So we could ask if there is a similar result
in the general non-linear case. In fact there is.

First let us remember the following deformation lemma (see [26]).

Proposition 2.2.4. Suppose M C X\ {0} a symmetric C' submanifold of X and f : M —
R an even function that satisfies the (PS) condition, and let ¢ € R. Let us denote K¢ =
{ueM: f'(u)=0,f(u) =c}. Given &y,8 > 0, then there are € > 0 and m € C([0,1] x M, M) sat-
isfying

0,x) =xforall x e M,

t,-) is an odd homeomorphism for all t € [0, 1],

1, fET8\N5(K€)) C fC 5. In particular; if c is not a critical value, then (1, f<7¢) C f<5.
n(t,u),u) <& V(t,u)€|0,1] x M.

(i) M
(i) m
(iii) M
(iv) d

A~ o~~~

Proposition 2.2.5. Suppose that for some k,[ there holds
—00  Cfp = Cjg] = " = Cpg]—] = C < o0,

If 0 satisfies (PS). condition, then Y(K¢) > . And in particular, if | > 1, K€ is infinite.

Proof. By the (PS). condition, K¢ is a symmetric compact set. Hence Y(K) is well defined and by
Proposition 2.2.2, there exists & > 0 such that y(Ng(K¢)) = y(K). Let € > 0 and 1 as in Proposition
2.2.4 such that N(1,0“"*\N5/,) C ¢“7%. Choose Z € M closed such that y(Z) > k+1—1 and
sup, ¢ < c+E€.

LetA =n(1,Z) € X(M). By Proposition 2.2 4,

A C 0 "FUN;s(KS).
Moreover, by definition of ¢ = ¢y it follows that

Y(OF) <k.

Thus by Proposition 2.2.2

> Y(0TFUNs(K)) —v(9°F)
> Y(A)—k>7Y(A)—k
> k+l-1—-k=1-1;

Y(Ns(K°))
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that is, Y(Ns(K¢)) = y(K¢) > 1, as claimed.

In consequence, we have

Proposition 2.2.6. Suppose ¢ : M — R is an even C'-functional and suppose O satisfies the (PS)

condition and is bounded from below on M. Let
YM) = sup {Y(K) : K C M compact and symmetric } .

Then the functional ¢ possesses at least y(M) < oo pairs of critical points.

Corollary 2.2.1. If M is compact and ¢ € C' (M) is even, then ¢ has at least Y(M) pairs of critical

points.
Corollary 2.2.2. Every even C'-functional ¢ : S" — R has at least n+ 1 pairs of critical points.

e Application to Elliptic Problems.
Let Q be an open smooth bounded subset of R” with n > 3. Let p € (2,2n/(n—2)) and
consider the following problem

{—Au—l—ku — |u|’2u inQ o7

u=20 on 0Q,

where A > 0 is a constant, and A is the laplace operator Af =Y, 812 f. By definition, the weak solutions
of (2.7) are the critical points of the functional E : H}(Q) — R defined by

E(u) = % (/Q|Vu|2dx—|—7u/9|u|2dx) - é/|u|pdx.

However, it is evident, by using the Lagrange Multipliers, that it suffices to search for critical

points of the functional

1
(p(u):i(/Q]Vu|2dx+7h/g|u|2dx), ue Hy(Q),

restricted to the C'-submanifold S = {u € H}(Q) : g(u) := [ |u|Pdx = 1}. Indeed, if @' (u) = g’ (u)
where y > 0 (since A > 0, the only possibility for the Langrange multipliers are the non-negative ones)
is a Lagrange multiplier, then v = u'/(P=2)y is a critical value for E.

First of all, to motivate the usage of Proposition 2.2.6 on this problem, let us see that the
functional ¢ has a similar behavior as (7x,x) in the problem of finding the eigenvalues for the linear

map 7" we worked on. For that, we will need the following well known result (see [2], §9.8, pg. 311.):
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Theorem 2.2.2. There exist a Hilbert bases (e,),>1 of L*(Q) and a sequence 0 <Ay <Ay < --- of

real numbers with A, — oo such that

en € Hy (Q)NC(Q),
—Ae, =Ne, in Q.

Corollary 2.2.3. The sequence (e,/\/Ay) is a Hilbert basis of H} (Q) equipped with the inner product
Jo VuVv.

For simplicity, let us denote v; := e;/v/A;. Then (v;);>1 is a Hilbert basis for H& (Q). Let us

define
Y, :=span{vy,---,v,}.
Let us take v € ¥,,. Then v =Y, o;v;, where o; = [ VvV;. Suppose in addition that v € S.
Since Y}, is finite dimensional, the norms || - || and | - |, are equivalent on it. So there exists a positive

constant c,, that depend only on ¥, such that |[u||> > c,,|u|f7 on it. Then we have

o(v) =) o) = %Z(x% (/Q]Vvi|2dx+7n/9\vi|2dx>
R T A Cn A
= sra(ep) 25 ()

i=1

Therefore we have that

inf (P(V) Z Bi’h

Y,NS

where B, = %" (H—%).

Now, let us take F to be an (n — 1)-dimensional subspace of H(}(Q). Then, we clearly
have F-NY, # {0}, and since S is radially homeomorphic to the unit sphere of H}(Q), we have
(F-NS)N (¥, NS) # 0. Consequently, denoting %, ;| to be the family of (n — 1)-dimensional
subspaces of Hj (Q), we have

inf su > inf @ > B,.
:Tnfl FJ_rI])S(p - Ynms(p - Bn

This shows us that ¢ behaves in a similar way as in the problem of Proposition 2.2.1. So it

is tempting to use the tools developed in the study of the eigenvalues of 7. In fact, it can be easily
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shown that ¢ satisfies the (PS). condition for all ¢, and it is bounded from below on S. Therefore, by
Theorem 2.2.6, if 4, = {A € §: A is closed symmetric and Y(A) > n}, defining, for each n,

s, = inf sup@(u),
n Aegnue/g@()

we have that s, is a critical value for @ on § for all n. Therefore we have the following

Theorem 2.2.3. Problem (2.7) admits infinitely many distinct pairs of solutions.

The sets A and 1(1,A) also have another common topological property. They have the same
Z»-cohomological index. This cohomological index functions similarly to the genus, but it possesses
some useful properties that the genus does not have. The definition of this index will be given later,

but a motivation to use such an index instead of the genus is the following problem.

2.3 Motivation for this work

Let us consider the following PDE problem

(3.8)

—Apu = MulP~2u+ pf (x,u) + |u|7?u in Q
u=0 on 0Q.

where Q is a bounded domain in RN, n > 1, p > 1, Apu = div (|Vu|1’*2Vu) is the p-Laplacian of u,
p<q<p*=Np/(N—p)if p<Nand p<qg<ooif p>N,Au>0 are parameters, and f is a
Carathéodory function on Q x R satisfying
f,t) =t 2t +o(|t|° ') as t—0, uniformly ae.in Q (3.9)
for some 1 < ¢ < p, the sign condition
t
F(x,t) = / f(x,5)ds>0 foraa. xe€Q andall reR\{0}, (3.10)
0
and the growth condition

If,0)| <a(jt|"'+1) foraa. xeQ andall reR (3.11)

forsomea >0and p <r<gq.
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It is well known that

Vul?
A= inf —fQ| ulPdx

(3.12)
u0ucw, (@) JolulPdx

It is easy to see that for A < A; the energy functional associated to (3.8) has the mountain
pass geometry (see Theorem 2.3.2 below). Therefore to show the existence of nontrivial solution in
such setting will not be big deal. This will be the first part of this section, where we will employ
the mountain pass theorem to solve (3.8). However, since for A > A; the problem has no longer the
mountain pass geometry, we will need to find out another kind of linking that detects the geometry
of the sub-levels of the energy functional. For that, we will employ an index theory that involves

cohomology theory, namely the Z;-cohomological index of Fadell-Rabinowitz.

2.3.1 The case A < A\

Let us consider the energy functional associated to (3.8):

1 A 1
E(u) = —/ \Vu]”dx——/ \u|pdx—,u/ F(x,u)dx——/ |u|dx, uEWOl’p(Q) (3.13)
pPJQ pPJo Q qgJo

Then we have the following

Theorem 2.3.1. The functional (3.13) satisfies (PS). condition for all ¢ € R.
We will need the following lemma to prove the above theorem.

Lemma 2.3.1. Let p > 1, let Q be an bounded subset of RN and let {u,} C Wol’p(Q) be such that
Up — uin WO] P(Q) and

/ (|Vun|p_2Vun - |Vu|p_2Vu) VT (up —u)dx — 0
Q
where

s if |s| <1
s/lsl i s >1

T(s)=

Then

1. there exists a subsequence (up,)such that

Vu, —Vu ae on Q
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lim (/ |Vun|pdx—/ |V(un—u)|pdx> :/ |VulPdx
n—oo Q Q Q

3. forany 1 < q < p,u, — uin WH(Q).
Proof. ([6] Theorem 1.1). O

Proof of Theorem 2.3.1. Consider a sequence {u,},cy C WO1 ?(Q) such that E(u,) — ¢ and
E'(u,) — 0 on W~1P(Q). Taking n big such that —E’(u,)u, < p||lu,||, and denoting d := sup, E (uy,)

we have that
l /
d—+ ||”n|| > E(”n) ——E (”n)”n

4
1 1
:/ Ef(x,u,,)u,,—F(x,u,,)a’)H— (———)/ |un|?dx.
Qp P q)Jo

Therefore, by the growth condition on f and Sobolev inequalities, there exist constants c1,c; > 0 such
that

(3.14)

< cilug|r+ 2 (3.15)

/ Ef(x, Uup)un — F(x,u,)dx
Qp

then by (3.14) and (3.15) we have
[nlg < €3 utnl} =+ [[un|| +ca
for some constants ¢3,c4 > 0. And since |Q| < e and g > r there is a constant ¢5 > 0 such that
anl < 5 (lunlg)4.

Therefore
- < 5 (€3[| 4 || 4 4)™

< ar (Junl})? + aallun |/ + a3

for some constants a@; > 0. And by doing the same procedure repeatedly together with the Sobolev

inequality we have

nle < Cr(lun ")+ Y il |77 (3.16)
i=1

for some constants C1,b; > 0 and some s € N such that r(r/q)° < p.
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Similarly we have constants C,g; > 0 and m € N such that p(p/q)™ < p and

a8 < Co(lua|7)P/9" 4 Y gl /" (3.17)
j=1

Now, taking n bigger if necessary we have

1
d + [|un|| > E(un) — ;]E’(un)un

1 1 1 1 1
=(———)|up||P =M —=—= unp+/— Xy up )y — F (x,up,)dx
(p q) [t | (p q)l bt [ o) (6, 4 )

> Aj||un||? — Az |un |5 — Az |un |, — Ag

By (3.16), (3.17) and the above inequality we can easily check that ||u,|| is a bounded

sequence.

We can then suppose that there exists v € Wol’p (Q) such that for all s € [1, p*)

U, —v in W, 7 (Q),
u, —>v in L’(Q)

up(x) = v(x) ae.in Q.

Taking T as in Lemma 2.3.1, since T is bounded, by dominated convergence theorem we
have [ |T (1, —v)|*dx — O forall s > 1 and T'(u, —v) — O in Wolvl’(g) (see Apendix). Therefore

/Q (IVttn|P =2Vt — |VV|P~2V0) - VT (1t — v)dx =
:E'(un)T(un—v)+7L/|un|pzunT(un—u)—l—,u/f(x,un)T(un—v)—l—

—|—/|un|q_2unT(un—V)—/|Vv|p_2VvVT(un—v)—>O, n— oo.

Hence by Lemma 2.3.1 we can assume that Vu,, — Vv pointwise a.e. on Q.

Now, since
E'(u,)v = / (IVtn P2V, Vv = M| P~ 21ty — pf (X, )V — a7 2upv) dx = o(|[v]]) ~ (3.18)
and

E'(un)un:/(\Vun|”—Klunlp—ﬂf(x,un)un—\un|")dx:0(||un\|) (3.19)
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we have
JunI” =l + [ o+ af . v)) (1), (320
and passing to the limit on (3.18)
V17 = I3+ | (AIvI? +-a (e, v)v)d G21)
and by Lemma 2.3.1 we have
[t = V(|7 = {[ual|” = [[V[|” +o(1) (3.22)
Hence, combining the last three equations we conclude that ||u, — v|| — 0.
O

Now, employing the mountain pass theorem we have the
Theorem 2.3.2. [f A < A; then problem (3.8) has a nontrivial solution.

Proof. By Theorem 2.3.1 the energy functional E satisties the (PS). condition for all ¢ € R.

Note that since by definition of the first eigenvalue

VulPd
A= inf M
u#O,ueWol’p fQ |u|de

Therefore, for all u € WO1 P (Q) we have

1
— Vup>/up
M/Q!|_Q|!

hence

_x/ Mpz_&/ VulP
Q A Jao

and finally

/|vuv’—x/ ulP > (1—%)/ VulP
Q Q 1 Q
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Therefore, using the last inequality and the Sobolev inequalities we have

E(u) = c1l|ul|” = pealul]” = e3]|ul|? — ucq

for positive constants ¢;. Maximizing the right hand side of the above inequality we can easily see

that there exists yo > 0 such that if 4 < ug then there exist R, > 0 which

inf E(u) > 9.
[Jul| =Ry
for some & > 0.
Taking v; € WO1 7(Q) nonzero, then it is easy to see that E(tv) — —oo as t — 0. This shows
that there exist v with ||v|| > Ry, such that E(v) < 0.
Therefore, defining

o= {ye Clo, 1w (2) :7(0) = 0.4(1) = v}
and

c:=inf sup E(y(t
¥elyefo,] )

we have that ¢ > 0 and by the Mountain Pass Theorem, c is a critical value for E
O

When A > Ay, the energy functional does not have the mountain pass geometry anymore.
Also, the fact that the eigenspaces of the p-Laplacian are not linear spaces when p # 2 makes the
usage of the genus considerably harder. To detect the topological behaviour of the functional E when

A > A1 we will need the Z;-cohomological index.



CHAPTER 3

Z,-Cohomological Index Theory

3.1 Basic definitions

Definition 3.1.1. Let X be a topological space. A free Zj-action on X is a continuous function
T :X — X with T(T (x)) = x such that T (x) # x for all x € X.

Remark 3.1.1. Note that T as above is in fact a homeomorphism.

Example 3.1.1. Let S* C R"™! the n-dimensional sphere. Then the map T : S* — S" given by

T (x) = —x is a free Zy-action on S".

Example 3.1.2. Let T : R" — R" given by T'(x) = —x. Then T is not a free Z-action on R" because
T(0)=0.

Definition 3.1.2. A topological space X is said to be paracompact if it is Hausdorff and every open

cover of X has a locally finite partition of unity subordinated to it.

In this chapter, free action will always stand for a free Z;-action, unless otherwise stated.

To define the index we are looking for, we will need to do some constructions. First let
R” ={(an)nen: thereexists M suchthat ;=0 for i>M}

with the norm || - || : R® — R given by ||(a,)|| = 1/ ¥ a?. We then have the infinite dimensional sphere

S*i={xeR”: |jx| =1}

Of course, since R* is a metric space with the metric induced by the norm || - ||, we have
that R™ is a paracompact space and therefore so is S°. Moreover, the antipodal map x — —x is a free

action on S*.
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3.2 Construcion of the index

Let us denote 7 to be the set of all pairs (X,7) where X is a topological paracompact space
and T : X — X is a free Z,-action. A topological space X € F will mean a pair (X, T) and the action
T will always be denoted by T'(x) = —x. Given X,Y € ¥, an equivariant map f : X — Y is a map
which satisfies f(—x) = —f(x) for all x € X. We will say that E C X is invariant if —E = E. We have
a very interesting relation between elements of ¥ and the infinite dimensional sphere $%°, namely

Proposition 3.2.1. Let X € F be a compact metric space. Then there is an odd continuous map

f:X— 8% ie f(—x)=—f(x).

Proof. For each x € X let B(x,d,), Oy > 0 be an open ball centered at x such that B(x,28y) N
B(—x,28,) =0and &, : X — [0, 1] a continuous function such that &,(y) = 1 in B(x, ;) and &,(y) =0
ouside B(x,28,). Then of course X = UyexB(x,dy). Since X is compact we can extract a finite open
subcover X = U B(x;,dy;). Denote V; := &,; and B; := B(x;,0,,). Now define oc,( ) =Yi(—x). Then
by construction we have supp?y; Nsupp o; = 0. Now it is clear that }" | yz ) >0 forall x € X.
Define then

Yi

Then we have

Therefore, the function

f(x) = (g1(x) =h1(x),.-.,gm(x) = hm(x),0,0,...)
is an odd continuous function f : X — §%. ]

Remark 3.2.1. In fact the function f in the above proposition can be thought as a function X — SN

for some natural N.
We have in fact much more than the last proposition. Namely, we have the

Theorem 3.2.1. For any X € F there is an odd continuous map f : X — S”. Moreover, if f1,f>: X —
S* are two odd continuous maps, then there exists a homotopy H : [0,1] x X — S* between f| and f»
such that for each fixed t the map H;(x) := H(t,x) is an odd map from X to S*.
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Proof. By Theorem 7.5 in [10] it suffices to show that S is contractible. First let us define
T :[0,1] x R* — R* given by

T(t,xl,xz,...) = (1 —l‘)(xl,XQ,...) +I(O,X1,XQ,...).

It is clear that T is a continuous map. We claim that 7'(¢,x) # 0 for all (¢,x) € [0, 1] x R* such that
x # 0. In fact suppose that T'(z,x1,x2,...) = 0 with (x1,x2,...) # 0. Let k := min{i : x; # 0} then by
the definition of 7' we would have (1 —#)x; = 0 hence t = 1. But since T'(¢,x1,x2,...) = 0 we finally
get (0,x1,...) = 0 which implies x; = 0. This is a contradiction. Therefore in fact 7'(¢,x) # 0 for all
x#0.

The map H; : [0,1] x $* — S given by H;(¢,x) = T (t,x)/||T (¢,x)|| is a homotopy from the
identity 1g= : S — S* to the map Q : §* — S given by Q(x1,x2,...) = (0,x1,x2,...). Now the map
G:[0,1] x R*® — R* given by

G(t,x1,x2,...) = (1 —=1)(0,x1,x2,...)+¢(1,0,0,...)

is a continuous map such that G(z,x) # 0 if x # 0, and defining H(t,x) := G(t,x)/||G(t,x)|| on
0, 1] x § we have that H, is a homotopy from the function Q to the constant map P(x) = (1,0,0,...)

By composing the two homotopies H| and H; it gives a homotopy between the identity 1 g
and the constant map that sends S to the point (1,0,0,...). ]

Let X € F. We now consider X := {{x,—x} : x € X} the orbit space of X with the topology
induced by the projection p : X — X given by p(x) = {x, —x}. In particular, we denote RP>:=S= the

infinite dimensional real projective space.

Remark 3.2.2. Given f : X — S an odd map, there exists a unique continuous map f: X - RP”

which makes the diagram below commute

v ) l” 2.1)

Where p are the canonical projections.

Definition 3.2.1. In the same notation of the above remark, the map fis called a classifying map of
X.

Remark 3.2.3. By Theorem 3.2.1 fis unique up to homotopy. Indeed, if g : X — S is another odd
continuous map, then by Theorem 3.2.1 there exists a homotopy H : [0,1] x X — S between f and g
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that is odd for each fixed t. Then the map H : [0,1] x X — RP> given by Fl(t, {x,—x}) =p(H(t,x))
is a homotopy between fand g

Definition 3.2.2. Let X € F and f : X — RP™ be the classifying map of X and

£ HY (RP®) — H(X)

the induced homomorphism of the cohomoloy rings where HY is the Alexander-Spanier Cohomology

groups. Let ® be the generating class in H' (RP*). The Z»-cohomological index of X is defined by

sup{k>1: (W) £0}  if X#0
0 if X=0

i(X) =

The cohomological index as defined above has the following properties (see [21], Proposition
2.12).

Proposition 3.2.2. The index i: F — NU{0,c} has the following properties.

(i1) i(X) =0ifand only if X = 0.
(ir) if f: X — Y is an equivariant map, then

i(X) <i(y)
(i3) If X is a symmetric subset of a normed linear space W and does not contain the origin, then

i(X) < dimW.

(is) If X € F and A is a closed invariant subset of X, then there is a closed invariant neighborhood
N of A in X such that

When X is a metric space and A is compact, N may be chosen to be a 8-neighborhood Ng(A).
(is) If X € F and A and B are closed invariant subsets of X such that X = AU B, then

i(AUB) <i(A)+i(B).
(ic) If SX is the set X x [0, 1] with the sets X x {0} and X x {1} identified as different points, then
i(SX) = i(X) + 1.

(i7) If X,A € F, Xo and X, are closed invariant subsets of X such that X = XoUXj, and 0 :
A x [0,1] — X is a continuous mapping satisfying ¢(—x,t) = —0(x,t) for all (x,t), (A x [0,1])
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is closed in X, (A x {0}) C Xo, and (A x {1}) C Xy, then
i(O(AX[0,1))NXoNXy) > i(A).

(ig) If U is a bounded closed symmetric neighborhood of the origin in a normed linear space W,
then

i(U) = dimW.

Corollary 3.2.1. If U is a bounded closed symmetric neighborhood of the origin in a normed linear
space W, A is a bounded symmetric subset of U, and \y : IA — W is an odd continuous mapping,
where IA = {tx: x € A,t € [0,1]}, such that y(IA) is closed and Y|4 = 14, then

i(W(IA)NAU) > i(A).
Proof. Note that y(IA) NoU = y(y~!(dU)) so by Proposition 3.2.2
i(y(1A) NOU) > iy~ (V)
since Y is odd. Also y(0) = 0 (since y is odd), so there is a 8 > 0 such that
Vs:i={tx:xeA,re0,8) cy(U)
by continuity. We apply Proposition 3.2.2 (i7) to the map

0:AX[0,1] — IA5\Vs= (¢ ' (U)\V5)Ud 1(U°) given by
(1) = ((1=1)0+1)x.

Since V is contained in the closed set y~!(U), so is its relative boundary dVs, so ¢(A x {0}) = dV; C
v~ 1(U)\V;s. Since v is the identity on A C U€, 0(A x {1}) = A C y~ ! (U°). Since ¢ is onto,

O(A X [0,1]) N (y (U)\Vs) Ny~ (T°) =y (0U)\Vs =y ' (V)

so we have

ity (QU)) > i(A).

Beyond the above properties, the index also have some interesting features, namely

Proposition 3.2.3. Let X € F with index k > 1.
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(i) If X is the disjoint union of a pair of subsets U, —U, then k = 1. In particular, k = 1 when X is
a finite set.
(ii) If X is compact, then k < oo.
(iii) If X is locally contractible, then for each finite j < k, X has a compact invariant subset C with
i(C) > j. In particular, there is a compact invariant subset C with index k when k < oo.
(iv) Ifk < oo and A is an invariant subset of X with index k, then the rank i* : H*='(X) — H*~1(A),
induces by i : A C X, is at least 1 + 8. In particular, H*1(X) # 0.

Proof. (This is the same proof as in [21]) To prove item (i), note that we can define the map
f:X—S"={-1,1} by

1 if xeU
—1 if xe-U.

fx) =

Then f is equivariant, and therefore by (i) of Proposition 3.2.2 we have that i(X) < i(S°). By (ig) in
3.2.2i(8°) = 1 hence i(X) = 1 by (i) of the same proposition.

(ii) For each x € X let U, be a closed neighborhood of x such that U, N —U, = 0 (this is
possible because the action of Z, on X is free, and each two disjoint closed sets can be separated
by open neighborhoods). Since X is compact we can extract a finite collection {Uy, },_ Lo such that
X = U;Uy,. Hence, by (i2) and (is) on Proposition 3.2.2 we have that, since X = U} , (Uxi/U -Uy,)

i iUy, U—Uy,) =m < oo,

(iif) Recall that if X is locally contractible then there exists a natural isomorphism y :
H9(X) — H{(X) where Hy stands for the singular cohomology groups. Also, there is a natural
isomorphism & : H{ (X) — Hom(H,(X),Z2), where H, stands for the singular homology groups. Note
that the isomorphism / does not depend on the fact that X is locally contractible, but on the fact that
Z, is a field (see [14]). Now if C is any invariant subset of X, then we have the following commutative

diagram

HIZ\(RP?) —2— H{T(RP*) —'— Hom (H;_(RP*),Z,)

I I ()

H'X) —" & B/ 7'(X) —" 5 Hom (H,_ (N),zz)

i iy (is)*
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where f is a classifying map of X and i:C C X is induced by the inclusion i : C C X, and with fi
serving as a classifying map for C. Now, since j > k we have that the top left-hend corner give us
f*(&/~1) 0, so the map o € Hom <Hj_1(XV),Zg> given by o := huf*(®/ 1) is nontrivial since
both 4 and u are isomorphisms. Then there exists z € H j_l(f ) such that a(z) # 0. Since singular
homology is a theory with compact supports, X has a compact invariant subset C such that z is the
image of i, : Hj,l(f?v) — Hj,l(jfv), say, z = i,c for some ¢ € Hj,l(é’v). By commutativeness of the

diagram we have

(hui” f* (@ ™1)) (€) = (i) ") (¢) = aulizc) = au(z) # 0,

therefore (f1)*(/~1) = *f*(0/ 1) #£0, s0 i(C) > j.
(iv) We have the commutative diagram

HY(RP?) —E qF1(S®) — HFL(RP™) —25 HN(RP™)
HU(X) — & B 1x) — s B X)) L0 g

.
|7 |+ | [

H (&) T B A) s BN A) S HY

N

)

where f is the classifying map of X, i:AC X is induced byi:A CX, with f?serving as a
classifying map for A, and the horizontal rows come from the Thom-Gysin exact sequence (see [14]
or [24]). Since i(X) =k,

0= /(0" = /(@ —0) = (@) = [0

so f*(0F 1) € ker(— f*®) = r*(H*~1(X)) by exactness, say f*(@*~!) = r*o. Then from the lower
middle square

rifa=irra =i (o) = (i) (o) £0

since i(A) =k, so ot £ 0. When k = 1, ot £ T*1 = 1, since i*a ¢ kerr* = *(H(A)), and i*1 = 1.
The second assertion follows by taking A = X.
[



CHAPTER 4

Critical Point Theory

In this chapter we will develop some basic tools regarding Critical Point Theory

4.1 Basic definitions

Throuough all this work every Banach space will stand by a Banach space over the real

numbers R.

Definition 4.1.1 (Differentiability). Let X and Y two Banach spaces and Q0 C X be an open set. A
map F : Q — Y is said to be (Fréchet-)differentiable at xy € Q if there is an F'(xy) € L(X,Y) such
that

F(xo+h) =F(x0) +F'(x0)h+®(x0,h) and o(xo,h) =o0(|h|) as h—0

In this case F'(xo) is the (Fréchet-)derivative of F at xo. If F is differentiable at each x € Q and
F':Q — L(X,Y) is continuous, then F is said to be continuously differentiable in Q, F € C'(Q) for

short.

Example 4.1.1. Let X = C([a,b]) := {x:[a,b] = R:x is continuous} with the norm |x|| =
Sup; ¢, [X(1)| and consider the map F : X — X defined by

b
(Fx)(t):/a k(t,s)f(s,x(s))ds for t€ la,b],

where k : [a,b] X [a,b] = R, f and df/dx : [a,b] Xx R — R are continuous. We claim that F is
continuously differentiable with F'(x) given by

(F'(x)h)(t) = /abk(t,s)g—ic(s,x(s))h(s)ds for heX.

d
Indeed, it follows from the fact that f(s,x+h) — f(s,x) — a—f(s,x) — 0 uniformly on s as
x
h — 0.
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Example 4.1.2. Let X be a Banach space and || - || : X — R its norm. We claim that || - || is not
differentiable at 0. Indeed if it was true, then there would exist T € L(X,R) such that

Bl = Th+oi(|[r]]) and
[all = —=Th+o1(||Al]),
therefore
1] = o([|Al]),

which is a contradiction.

Higher derivatives are defined in the usual way by induction, i.e. if F is k-times differentiable
in a neighborhood of xq and the kth derivative F*) (+) is differentiable at x( then F is said to be k + 1-

times differentiable at xg.

4.2 Critical Point Theory on Finsler Manifolds

First let us remember what is a manifold modeled by a Banach space.

Definition 4.2.1. Let X be a Banach space, and let M be a connected Hausdorff space. We say that
M is a Banach C" manifold, r > 1 (integer), modeled on X, if

* There exist an open covering {U;};cr of M,
 Foreach i € T there exist a homeomorphism ¥, : U; — ¥;(U;) C X,
. ‘P,-o‘PJfl W(U;NUj) = Yi(U;iNUj) is a C"-diffeomorphism, for all i, j € I when U;NU; # 0.

Differentiable maps between two C” Banach manifolds, tangent 7M and cotangent bundle
T*M are defined in the same way as in the finite dimensional case.

Let (E,m, M) be a vector bundle. & : M — E is called a section if to& = 1,,. A section  is
called C" if it is a C" map from M to E.

A section of the tangent bundle is called a vector field, and a section of the cotangent bundle

is called a co-vector field.

Definition 4.2.2. A Finsler manifold is a C' Banach manifold M together with a continuous function
|1l : TM — [0,0), called a Finsler structure on TM, such that

o for each u € M, the restriction || - ||, of || - || to the tangent space T,M at u is a norm,
e for eachu € M and C > 1, there is a trivializing neighbourhood U of u such that

1
Sl <l sl weu
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The Finsler structure also induces a metric on & that is consistent with the topology of M ;

1
() = inf [ 6/(0)]d

where I'= {6 € C'([0,1], M) : 6(0) = u,6(1) = v}.

We say that the manifold M is a Hilbert-Riemannian manifold if it is a Finsler manifold
with Finsler structure || - || : TM — [0, o) such that || - ||, is induced by an inner product on the Hilbert
space T,M for eachv € M.

Lemma 4.2.1 (Morse Lemma). Assume ¢ is a C2-functional on a complete C?-Riemannian manifold
X modeled on a Hilbert space E. If vy is a non-degenerate critical point of ¢ (i.e. ifdzq)(vo) is
invertible), then there exists a Lipschitz homeomorphism H from a neighborhood W of O in E onto a
neighborhood M of vo with H(0) = vq in such a way that

O(H(2)) = 0(vo) + s> — I|z-|I?

where 7 — (z—,z+) corresponds to the decomposition of E into the positive and negative spaces E.

and E_ associated with the operator d*¢(vy).

Proof. For simplicity let us assume that X is a Hilbert space and vy = 0. It will then suffice to show
that there exists a homeomorphism H from a neighborhood W of 0 into a neighborhood M of 0
satisfying H(0) = 0 and for every z € X

0(H(2)) = 0(0) + 5 (d0(0)2.2).

First define the function y : X — R given by

W(2) = 0(2) — 0(0) ~ 5(&0(0)2,2

and note that y(0) = ¢/(0) = ¢”(0) = 0. Therefore, by Taylor series we have

v = [ (-2 ads and V(= [ W (s2)ds

Thus, for each € > 0 there exists 8 > 0 such that for ||z|| < & we have

W)l <elz]* and [y (2)] <elz] (2.1)

Since 0 is a non-degenerate critical point, there exists K > 0 such that forall z € X
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K~z| < 197 (0)z]| < K]z].- 2.2)

Indeed, if not, then there exists a sequence (y,) € X such that either 1/n > [|0”(0)y,/]|y|||| or
16" (0)yn/||yull|] > n for all n. Both cases leads to a contradiction.
Now let € < 5 and & > O that satisfies (2.2) and define on [0, 1] x B(0,8) the function

1
F(r2) = (1-1) (000)+ 50" 0)2.) ) +10(2).
Using (2.1) and (2.2) we can define the vector field on B(0,3)

—F(t,2)|F:(t,2)| ?F(t,z)  if z#0
0 if z=0

f(t7Z):

Note that for z # 0 we have
£(6,2) = —w(@)[0"(0)z+ 1 ()| (W2 +1¥/(2)).
Using (2.1) and (2.2) it is easy to see that for ||z|| < &
[f(2,2)] <2K(K +e)ellz] (2.3)

showing that f is continuous since f(¢,0) = 0.

Taking, if necessary 8 > 0 smaller, we can also suppose that on B(0, d)

' (z)[| < 1. (2.4)

Using (2.1), (2.2) and (2.4) it is easy to find K; > 0 such that || f;(,2)|| < K for ||z]| < & and z # 0.

Using this together with the mean value theorem we have a constant C > 0O such that

1 f(t,21) = f(t,22)]| <Cl|z1 — 22|

for all ||z|| << 8.
It follows that the Cauchy problem

T]/ :f(tan)
no) =z
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has a continuous solution 1 for z in some open neighborhood W of 0. Note that

%F(I,ﬂ(f)) =Fn()) + (F@n0))m' (1) =0

and in particular

0(0) + 50 (0)2,2) = F(0,9) = F(1.n(1,2)) = 0(n(1,2)

which means that the homeomorphism H(z) =n(1,z) verifies the claim of the lemma.
O]

Lemma 4.2.2 (First Deformation Lemma, [21]). If ¢ € R, €y,0 > 0 and C a bounded set containing
K., and f satisfies (PS),, then there are € > 0 andm € C([0,1] x M, M) satisfying

(i) dMm(t,u),u) <& V(t,u) € [0,1] x M,
(i) M(t,-) is the identity outside [ s forallt €[0,1],
(iii) fM(t,u)) < f(u) V(t,u) € [0,1] x M,
(iv) M(1, fTE\N5(C)) C f.
(v) If M is a free Zy-space and f is even then M can be taken such that the map 1\(t,-) is odd for
each fixed t.

Lemma 4.2.3 (Second Deformation Lemma, [4]). If — < a < b < 4o and f has no critical values
in [a,b] and satisfies (PS). for all ¢ € [a,b] "R, then f is a deformation retract of f°.

Proposition 4.2.1. [f ¢ :=inf f(M) is finite and f satisfies (PS)., then c is a critical value of f.

Proof. If not, lete > 0andm € C([0, 1] x M, M) by Lemma 4.2.2 and take u € M with f(u) < c+e.
then f(m(1,u)) < ¢ —¢€, a contradiction. O

Remark 4.2.1. Note that the (PS). condition in the above proposition is essential. Indeed if we take
f:R—=Ras f(x) =€ then inf f(R) = 0 but f has no critical points.

4.3 Critical Groups

In Morse Theory, one of the most important concepts when one is studying the critical set of
a functional is that of critical groups. Such groups are topological objects that detects the behaviour

of a functional near an isolated critical point.

Definition 4.3.1. Let ug be an isolated critical point of f, and let ¢ = f(ugp). We call

CI(f,u0) = HI(f MU, (f\{uo}) NU)
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the g™ critical group of f at ug where g € NU {0}. Where U is a neighborhood of ug such that has
no other critical points but uy, and H*(X,Y) stands for the Alexander-Spanier relative cohomology

groups with coefficient group 7.

According to the excision property of the Alexsander-Spanier cohomology theory, the critical

groups are well-defined; i.e., they do not depend on a special choice of the neighborhood U'.

Example 4.3.1. Letting ug be an isolated local minimum of f : M — R, then

Zz q:O
0 q#0

C?(f,uo) =
In fact since ug is an isolated local minimum, U can be chosen in such a way that fNU = {up},
where ¢ = f(ug), therefore C1(f,up) = H1({up}) for all g > 0.

Example 4.3.2. Let f: M" — R where M" is a n-dimensional Riemannian manifold with n < oo. If ug

is an isolated local maximum, of f then

Lp  gq=n
0 q#n

Cg(fa MO) =
Indeed it suffices to take U = B(uy, d) for & > 0 sufficeiently small in such a way that fN\U = B(uo, d).
Then C4(f,ug) = H4(B(up,d),0B(up,9))).

Example 4.3.3 (Monkey Saddle). Let f : R? — R be the function given by f(x,y) = x> — 3xy*. Then

we have

Loy ® 7o g=1
0 q#1.

CY(f,0) =

Indeed note that we can choose an open neighborhood U of 0 such that fO N U is the figure below
Denoting A := fONU and B := A\ {0} we have C9(f,0) = H%(A,B). Since A is locally contractible

we can assume that H*(A,B) are the relative singular cohomology groups. First let us prove that
HC(A,B) = 0. Indeed let [6] € H(A,B) then G is a homomorphism & : Co(A,B) — Zy such that
do06 =6 0d = 0. By definition G vanishes in any 0-singular simplex c; that lies on B. We claim that
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G also vanishes on the singular O-singular simplex represented by 0. Indeed note that the 1-singular
simplex [c,0] with ¢ being a point in B is such that 8 o 6([c,0]) = 0 therefore 6([0]) — o([c]) = O but
since 6([c]) = 0 we have ([0]) = 0. Hence 6 = 0 thus [c] = 0.

Now consider the following part of the long exact sequence associated with the pair (A, B);

0— H°A,B) - H(A) - H°(B) - H'(A,B) - H'(A) — - --
which translates into the exact sequence
0—=Zp —>ZyDZ>DZ> —>H1(A,B) —0

By exactness we have that H' (A, B) = 7o ® Z,.
In a similiar fashion we can show that H*(A,B) = 0 and the fact that H1(A,B) = 0 for g > 2

is because we are dealing with a two-dimensional configuration.

Now let us show an interesting result conserning the local behavior of a functional near a

nondegenerate critical point;

Theorem 4.3.1. Suppose that f € C>(M,R), where M is a Hilbert-Riemannian manifold and p is a

nondegenerate critical point of f with Morse index j. then

Zy q=17]
Ci(f,p) = _
0 qF]j

Proof. Since p is nondegenerate, using the Lemma Morse we can change coordinates if necessary
and suppose that f has the form f(x) = %(Ax,x) where A is a bounded, invertible, self-adjoint operator.

Let P+ be the orthogonal projection onto the positive (negative) subspace H. with respect with the

2
spectral deocomposition of A. Then by functional calculus we have that AP, = ((APJF)%) and

2
—AP_ = ((—AP_)%> where (AP;)'/2 and (—AP_)"/? are both bounded, positive and self-adjoint
operators since both AP, and —AP_ are positive and self-adjoint.

Therefore we have

Fl) = l(Ax,x):%(A(P+x+P_x),x):

2
% (AP.x, %) — (—AP_x,x)) =
(T R TRV SENE
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Let us denote y+ = (+APy) 2x. Given € > 0 we have that if Be := B(0,€) then
Benfo={xeH:|xl <e |yl <lly-II}.
Now we define the deformation 1 : [0, 1] x (Be N f0) — (B¢ N f°) given by
N(t,x) =P_x+ (1 —1)Pix.

We need to show that this is well defined. Indeed since x € B¢ it is evident that P_x +
(1 —t)Pyx € Be so we need to verify that n(¢,x) € f° for all x € B¢ N f° and ¢ € [0,1]. First
note that (AP,)'/2P_ = (—=AP_)'/2P, = 0, because 0 = ((AP,)P_x,P_x) = |(AP,)'/2P_x]|?,
the same holding for (—AP_)'/2P,. Then we have that ||(AP,)"/?(P_x+ (1 —1)Pyx)||> = (1 —
)2/ (AP;)'/2P, x||>. Now we claim that ||(AP,)'/2P,x||* = ||(AP,.)"/%x||? for all x. For that, just note
that || (AP} )'/2P, x||> = (AP Py x, P, x) = (AP, x, P, x) = (AP, x,x) = || (AP, )'/?x||?. Putting all those
together we have that ||(AP)'/?n(¢,x)| < ||(AP;)"/%x].

By similar arguments we have that ||(—AP_)"/?n(z,x)|| = ||(—AP-)"/2x||. Therefore we have
that in fact n(¢,x) € f° for all # and x in its domain.

It shows that 1 is a strong deformation retract from (Be N f°,Be N (f°\{0})) to (H_ N
Be,(H-\{0}) N Bg). Thus

Ci(f,p) = HI(f7NBe,(f\{0}) N Be)
>~ HY(H_NBe,(H_\{0})NB)

L q=1]

~ H9(B/,0B’) =
0 q7 ]

if j is finite and B/ is the closed unit ball centered at the origin of H_.

If j = oo, since S is contractible we have CY(f,p) = 0 for all g. O
Remark 4.3.1. Note that, by the above theorem, the critical point of the example (4.3.3) is degenerate.

Remark 4.3.2. By the proof of the above theorem it is quite clear why the function in example 4.3.3
is degenerate at 0. It is because its sublevel f° can not be deformated in a linear subspace (as we
deformated f° into H_ in the proof of the theorem). More generally, any function on R? that has 0 as

a critical point and a f° has the form of the figure below must be degenerate at 0;
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The critical groups have an important role in critical point theory because they represent the

topological "obstruction" between two sublevels, more precisely we have

Proposition 4.3.1. If —o < a < b < +oo and f has only a finite number of critical points at the level
¢ € (a,b), has no other critical values in |a,b|, and satisfies (PS). for all ¢ € [a,b] R, then

= P Cifu) Vg,
uekKe¢
In particular,

dimH9(f*.f*) = Y dimC(f,u) Vq.

ueke

Proof. By the Second Deformation Lemma 4.2.3 we have that f” is a deformation retract of f¢ and
f\K€ is a deformation retract of f“. Therefore

HI(fP, ) 2 HI(f<, f*) 2 HI(f<, f\K°)

Therefore it is suffice to compute the group HY(f¢, f°\K¢). Since K is a finite set, let & > 0
small enough such that K¢ C UyecgeB(u,d) and B(u,8) N B(v,8) = 0 if u # v. Now define Z :=
F\ Uyeke B(u, ). Thus Z is a closed subset of f¢ and it is contained in f“\K“ which is an open
subset of f. Therefore by the excision property of cohomology we have that HY(f¢, f¢\K) ~
HI(f\Z,(f\K)\Z) but it is clear that

HI(f\Z, (f\K)\Z) = D HI(fNB(u,8), f NBu,8)\{u}) = P C(f,u)

ucke uckKe

O

Note that the theorem is true under the hypothesis that ¢ were the only critical value in [a, b).
We can use this to study the case where we have several critical points [a,b] but still have only finite

critical points associated to such critical values, namely

Proposition 4.3.2. [f —oo < a < b < +oo are regular values and f has only a finite number of critical
points in f{ and satisfies (PS). for all c € [a,b] "R, then

dimHI(f°, f) < Y dimCY(f,u) Vq.

uek?
In particular, f has a critical point u with a < f(u) < b and C(f,u) # 0 when HI(f", f¢) # 0.

Proof. The idea here is to break down the interval [a,b] in smaller ones in such a way that on each

smaller interval we can apply Proposition 4.3.1. For that let us denote c¢; < --- < ¢ be the critical
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values of f on (a,b) and
a=ar<c1<ay<cy<--cp-1 <ap<cp<apy =b.
For sake of simplicity let us denote f“ = X; fori =1,...,k+ 1. Then we have
X1 CXo C-o C Xit1-

We claim that

M=

dimH?(X;+1,X1) < ) HY(Xi+1,Xi) Vq.

1

Indeed let us consider the long exact sequence associated with the triple (Xj,Xy,Xj11) i.e.

the long exact sequence induced by the inclusion of pairs

(X, X1) = (X1, X1) = (X1, Xk)

namely
e HI(Xep 1, X)) — s HI(Xe1, X)) — s HI(X, X)) —— -
Then we have by exactness
Im " =2 HY (X} 1,X1)/ keri* = HY(Xp11,X1) /Im j*
consequently

dimHY(Xp+1,X1) = rank i* +rank j* < dimHY (X, X;) + dim H? (Xp41,X;)

then by induction we have that in fact

M=

dimH?(X41,X1) < Y HY(X;i11,Xi) Vq.

1

therefore applying Proposition 4.3.1 to the intervals [a;,a;+1] we have

k
diqu(fb,fa) < ZdimHCI(faH-l,fai)
i=1

k

= Y Y dimC(f,u)

i=luekK¢i

= ) dimCY(f,u)

uek?
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]

Proposition 4.3.2 show us that under certain conditions, only by computing the cohomology
groups of a space is enough to know wether a functional has critical points, for example

Example 4.3.4. Let M = T? be the 2-dimensional torus. Let f : M — R be a C' function which
has only a finite amount of critical points. Since M is compact we can choose |a,b] C R such that

f(M) C (a,b). f satisfies (PS). for all ¢ € [a,b]. Note that H1(f", f*) = H1(T?), so

Lo q=0,2
HI(f*, [ =S Za®Zy  q=1
0 q>3.

and therefore by Proposition 4.3.2 we have

2=dimH'(f*, ") < Y dimC'(f,u).

uek?

Consequently f must have a critical point u with C'(f,u) # 0 which is neither of maximum

nor minimum by Examples 4.3.1 and 4.3.2.

Example 4.3.5. More generally, any C' function f that has only a finite amount of critical points

on a compact 2dimensional surface M of genus g must have a critical point u which is neither of

. .o . ~ 72
maximum nor minimum since H' (M) = 7%

Remark 4.3.3. Note that the hypotesis of having only a finite amount of critical points on [a,b) is
crucial. For example if we take a constant function f : T> — R then all points are critical ones. Thus
the critical groups of f are not well defined. Moreover all of its critical points are both of maximum

and minimum nature.
When the critical values of f: W — R are bounded from below and f satisfies (PS), for all
¢ € R, the global behavior of f can be described by the critical groups at infinity
CY(f,00) = HI(W, f7)
where a is less than all critical values. This is well defined by Lemma 4.2.3.
We have the following properties of the critical groups at infinity;
Proposition 4.3.3. Assume that f satisfies (PS). for all c.

(i) If f is bounded from below, then

0 qg>0
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(ii) If the critical values of f are bounded from below, then
Cl(f,e) = HITI(f) Vq.

In particular CO(f,o0) = 0.

Proof. (i) Itis suffice to choose a such that f¢ =0, so C9(f,) = HI(W) = 8,0Z»
(ii) It follows by the long exact sequence induced by the inclusions f* — W — (W, f“) since
W is contractible. L

Proposition 4.3.4. If f has only a finite number of critical points and satisfies (PS). condition for all

c then

dimCY(f,00) < Y dimCI(f,u) Vq.

uck

Proof. Just take b = oo on Proposition 4.3.2. ]

4.4 Linking

By Lemmas 4.2.2 and 4.2.3 we have that if a functional f does not have critical values in
[a,b] then f¢ is homotopically equivalent to f” i.e. their topology are quite similar. Therefore if it
happens that the two sublevels f¢ and f” have very different topologies then it is likely to exists a
critical value in [a,b]. One way to study the change in topology between two sublevels is by means of
the relative cohomology groups, namely H9( f?, f). Indeed under the hypothesis of Proposition 4.3.2
if the sublevels differ in topology in the sense of having H?( Vi f%) # 0 then f must have a critical
value in [a,b].

Note that instead of using cohomology to study change in topology, we can also employ
singular homology. All the previous results conserning the cohomology groups still hold when we

use singular homology groups instead (see [4]).

Definition 4.4.1. Let Yy € C,(A) be a g-dimensional singular simplex. Then ¥ = Z{;Iaiﬁi where
o : A7 — A is a continuous function for all i and a; € Zy. Then we call the set Y| :== U<_ 6;(A?) C A
the support of .

Proposition 4.4.1. Let f : M — R be a C' function defined on the C' Finsler manifold M. Suppose
that f satisfies (PS) for all ¢ € [a,b] and H,(f?, f*) # 0. Then there exists a critical value c € |a,b)],

where H, stands for singular homology groups.

Proof. Let 0 + [0] € H,(f?, f) and define

c:= inf sup f(x).
velo] |y
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We claim that ¢ is a critical value. Indeed, if it is not, then by Lemma 4.2.2 there exists a
deformation M : [0,1] X M — M and € > 0 such that (0, -) = 14, and (1, f€78) C f< 5.

Let y € [o] such that sup f(|y]) < c+e&. Since 14, is homotopic to the map n(1,-) we have
n(1,-)y € [o]. Butsince [y C ¢, In(1,-)«y] C £ ¢ which leads to a contradiction by the definition
of c. U

Propositions 4.4.1 and 4.3.2 tells us that computing the relative groups HY(f”, f¢) is a
good strategy to seek for critical values of a functional f. But how to guess which levels we should
compute their relative groups? Well, we can choose those who are more likely to carry topological
changes, namely those who are detected by the notion of linking. Here we will present the notion of

cohomological linking.

Definition 4.4.2. Let A and B be disjoint nonempty subsets of a Banach space W. We say that A

cohomologically links B in dimension q < oo if the homomorphism
i*: H1(B) — HY(A)
induced by i : A C B, is nontrivial.

At a first glance the above definition might seem a little bit strange. How can we detect
changes in topology on the sublevels of a functional just by verifying the nontriviality of i*? Well,
to exemplify let us suppose that both A and B¢ are locally contractible so we can assume, by means
of the isomorphism y, that H? stands for the singular cohomology groups. Also, by means of the
isomorphism 4 we have that i : A C B¢ is nontrivial in the singular homology groups i, : I:fq(A) —

H,(B°). Let us consider now the long exact sequence induced by the inclusion B¢ — W — (W, B°),

1.e.

~ a* ~ ~
- —— Hyyt(W) —— Hy1(W,B°) —— Hy(B°) —— H,(W) —— ---.

Where 0, is the connecting homomorphism wich associate a simplex 6 in Cy4((W,B¢) with 06 €

C,(B°) to its equivalence class [dc] on H,(B). Since W is contractible, H,(W) = 0 for all ¢ therefore

by exactness 9, is an isomorphism

In the same fashion, but now analyzing the long exact sequence induced by the inclusions
A=W — (W,A)

~ a* ~ ~
- —— Hyy (W) —— Hyyt(W,A) —— Hy(A) —— H(W) —— ---

we also have that 9 is an isomorphism. Therefore we have the commutative diagram
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0. ~
Hy(W.BY) 2 H,(B)

hence the map (9.)~1i,0. : Hyy1(W,A) — Hyy1(W,BC) is nontrivial, so there exists [6] € H,(W,A)
such that (9,)~'i,[6]0. # 0. By the construction of the connecting homomorphisms we have that any
(g+1)-singular simplex 7y such that dy = dc happens to be in (d.) ~!i,0.[c]. But since (3,)~'i.0.[0] #
0 then for any y € (9,)~'i.0.[0] we must have |y| N B # 0 (otherwise ¥ € C,41(B¢) and therefore
0 = [y] = (9x)~'i.0.[0], a contradiction). In short, we have that there exists a g + 1-singular simplex
6 which has its boundary on A (more precisely |d6| C A) such that for any other (g + 1)-singular

simplex ¥ such that dy = 96 then |y|NB # 0.

This is the why the nontriviality of i* is called a linking. For example when we have the
mountain pass setting we have a linking in dimension zero. Namely, let B = § be a sphere centered at
the origin and A be two points {0, p} where p has has lenght bigger than the radius of the sphere S.

Then the set A links B cohomologically in dimension O (see the figure below).

B

By the figure it is clear that any other 1-singular simplex which has the same boundary as ¢
must have support which intersect S.

By detecting linkings by means of cohomology theory we have the algebra working together
with the topology, which is a powerful combination which allows us to detect more complicated and

useful linkings and consequently detect critical points as in the following result.

Proposition 4.4.2. If A cohomologically links B in dimension q and

fla<a< flp

then HY (W, f*) = 0 and H1™Y (W, f*) # 0. If in addition, a is less than all critical values and f has
only a finite number of critical points in f~'(a,o) and satisfies (PS). for all c, then C°(f,o) = 0,
CIH1(f,00) #£0, and f has a critical point u with f(u) > a and C11(f,u) # 0.
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Proof. We have the commutative diagram

HI(BY) — HI(")

|~
Hi(A)

induced by the inclusions A < f¢ < BC. Since i* # 0, by commutativity H7(f*) # 0. By the long
exact sequence induced by the inclusions f* < W < (W, f%) and the fact that W is contractible, we
have H9T1 (W, %) = H4(f%). Applying Proposition 4.3.4 we are done. O

Now let us use the concept of cohomological linking to construct examples of linkings. For
that, let M be a bounded symmetric subset of W\ {0} radially homeomorphic to the unit sphere
S={xeW:|x|| =1}, ie., the map n: W\ {0} — S given by m(x) = x/||x|| when restricted to M is
a a homeomorphism onto S. Then the radial projection form W\ {0} onto M is given by

—1
Tgr = (T|gs)” om.
Then we have, with the above notations :

Proposition 4.4.3. Let Ay # 0, By be disjoint closed symmetric subsets of M such that
i(Ag) = i(M\By) < eo.

Then A = RA( cohomologically links B = TE;[] (Bo) U{0} in dimension g = i(Ag) — 1 for any R > 0,
where RAg = {Rx : x € Ap}.

Figure 4.1:
geometric setting of A and B on R?

Proof. First let us show that M \By and W\B have homotopic type. In fact let us define H :
[0,1] x W\B — W\B as H(t,x) = (1 —t)x +t(igr|ar 5, © Tarlw\p)(x) Where igr is the inclusion

M — W\{0}. Therefore (inr|ar g, © Tarlw\p) = lw\p. Since Tarlw\p © inclarp, = larp, our
assertion follows.
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This then implies that Tta/|y\g : W\B — M \Bj induces isomorphisms on cohomology
groups (Ta,|w\p)" : H7 ' (W\B) — H1~ (M \By) for all g > 0.

Also, we have that the restriction Ty, |ga, : RAg — Ao is a homeomorphism and therefore
induces isomorphisms on cohomology groups (Tt |ra,)* : H9~'(Ag) — H?~'(RAy).

All that leads to the following commutative diagram

HeY(M\Bo) —— He(Ag)

F lg

HI-Y(W\B) ——— H11(A)

where the vertical isomorphisms are those of the above discussion, and j* is the induced by the
inclusion Ay <— M \By.
By Proposition 3.2.3 (iv) we have that j* is a nontrivial homomorphism, therefore by
commutativity i* is also nontrivial.
[

4.5 Critical Points of Even Functionals on Symmetric Finsler
Manifolds

Suppose that M is a free Z,-space and also a C! Finsler manifold. Moreover, suppose that
f: M — RisaC! even functional.
Let us denote by ¥ the class of symmetric subsets of M. For each k € N let us define the

family of sets

Fe={MeF :iM)>k} (5.5

and the values
= inf su . 5.6
k MeF uEAI/)If(u) ( )

Lemma 4.5.1. Suppose that f satisfies (PS). condition, then there is an € > 0 such that

c—e<cp < <cppmo1 <c+e = i(K)>m.
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Proof. By (PS). condition K¢ is compact, therefore by Proposition (3.2.2) there is & > 0 such that
i(K€) = i(N3(K*))-

By Lemma (4.2.2) there exists an odd map 1 € C(M, M) so that n(f<TE\Ns(K°)) C £ ¢ for some
small € > 0.
Now note that f<€ C f¢+€\Ng(K¢) UNg(K) and by Proposition (3.2.2) we have

i(f7F) <i(K)+i(f).
If we have ¢ —€ < ¢ then f“"¢ ¢ F; so
i(f8) <k—1.
Also, if ¢y 1 < c+¢€ then there is a set M € Fi,,_1 such that M C f¢¢, so
i(f8) >iM) > k+m—1.

Combining the last three inequalities we have the desired result. L
Proposition 4.5.1. Ler f and M be as in the beginning of this section.

(i) If —0 < ¢ =+++ = Cpam—1 = ¢ < +oo and f satisfies (PS),, then i(K°) > m. In particular, if
—oo < ¢ <0 < Cpym—1 < +oo and f satisfies (PS)c for ¢ = ¢y, ..., Crym—1, then each c is a
critical value and f has m distinct pairs of associated critical points.

(ii) if —oo < ¢ < oo for all sufficiently large k and f satisfies (PS), then ¢y /* +oo.

Proof. (i) Follows directly from Lemma 4.5.1.

(ii) If not, then since the sequence (cy) is non-decreasing we have that there exists b € R such
that ¢, — b as k — +oo, so for any € > 0 we have that ¢, € (b —¢€,b+ ¢€) for all k large enough. So, for
any p,b—e <c¢; <--- < cpqp—1 < b+¢€hence by Lemma4.5.1 i(K¢) > p for any p, so i(Kb) = 400,
but this is a contradiction since K” is compact and by Proposition 3.2.3 i(K?) < +oo. ]

We can easily compute the index of the sublevels of the functional f: M — R as follows.
Proposition 4.5.2. Ler f : M — R as in the introduction of this section.

(i) If ci is finite and f satisfies (PS)c,, then
(M fy) < k < i(f%). 57)
(ii) If cx < cpv1 are finite and f satisfies (PS). for ¢ = ¢k, ¢+, then

i(f*) = i(M\fa) = i(f*) = i(M\foy.,) =k Va € (cx,crp1)-
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Proof. (i) Suppose by contradiction that i(M\ f,) > k. Since M is locally contractible and f, is
closed, then M\ f., is locally contractible, so by Proposition 3.2.3 there exists a compact symmetric
subset C of M\ f,, such that i(C) > k. Then C € F; and since f is continuous sup,,. f(#) < ¢, which
is a contradiction by the definition of cy. It gives the left inequality in (5.7).

Now let us prove the other inequality. By Proposition 3.2.2 there exists a closed neighbor-
hood N of f“ such that

i(N) = (7).

Since K is compact
5= %dist(K"", M\N) > 0.

By Lemma 4.2.2 there exist € > 0 and an odd map 1 € C(M, M) such that
N(f*TE\N(KS)) C f47°

and
d(u),u) <& YueM.

Therefore since f<1 C fte\ N5(K%) UNs(K*) and No5(K) C N we have

nN(f*) c f4PUNCN

so since 1 is an odd map ,by Proposition 3.2.2 we have i( f**€) < i(N) = i(f°*). By the definition of
cx there exists M € F; such that M C ¢ so0 i(f*€) > k and consequently i( %) > k.
(ii) Employing Proposition 3.2.2 and (5.7) we have

k< (f%) < (ML) < i(f) < i(M\ fo,) < K+ 1.

4.6 Pseudo-Index

Using the cohomological index already introduced, we are now able to develop a useful
related tool. When one is seeking for positive critical points, it is convenient to employ the notion of

pseudo-index introduced by Benci [1].

Definition 4.6.1. Let F denote the class of symmetric subsets of W\ {0} where W is a Banach space
M € F be closed 0 < a < b < +oo, and denote by I the groups of odd homeomorphisms of W that
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are the identity outside f~'(a,b). Then the pseudo-index of M € F related to i, M, and T is defined
by

(M) = %iPi(y(M) NM).

We then have the following properties of the pseudo-index i* : F — NU{0,o}.
Proposition 4.6.1. Let A,b € T.

(i) If A C B, then

(ii) Ifn €T, then

(iii) If A and B are closed, then
i*(AUB) <i*(A)+i(B).
Proof. (i) Since A C B then y(A) C y(B) for any y € T, so by Proposition 3.2.2
i(WA)NM) < i(y(B)N M),

so the assertion follows.
(if) Note first that {yn :ye '} =T So we have that

(n(4)) = mini(m(A) N 3) = i*(4).

(iii) Foreachye T,

i(VAUB)NM) = i((v(A)NM)U (v(B) N M)

< i(vA)NM) +i(v(B) N M)
Since 7y is an odd homeomorphism,

i(y(B)NM) <i(Y(B)) = i(B).
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Note that depending on the choice of M in the Definition 4.6.1 we have that the pseudo-
index i* is bounded. Indeed, we have by 4.6.1 i*(M) < i(M), so if we choose M so that i(M) < e

then the pseudo-index relative to M is bounded.
For k <i(M) in N, let
F={MecF: i"(M)>k}
and

c; = inf sup f(u).
k Mef,:ueﬁf()

: * * * *
Since —‘Fk+1 C ¥, we have Crr1 = C-

With the same notations of Definition 4.6.1 we have
Lemma 4.6.1. If ¢ > 0 and f is even and satisfies (PS)., then there is an € > 0 such that
c—e<cp <<y <cte = i(K°) >m.
Proof. Let > 0 such that
i(Ns(K€)) = i(K°).
By Lemma 4.2.2 there exist € > 0 and an odd homeomorphism 1 : W — W such that

NN (K)) € fE

In Lemma 4.2.2 we can choose € > 0 small enough such that 1 is the identity on f~!(a,b)
sothatn el
By Proposition 4.6.1 we then have

(fE) S T(FOTE\NS(K)) +i(Ns(K€)) < () +i(K°).

Since ¢ +¢€ > ¢ m— there exists, by the very definition of cr m_1> M € F such that
M C f°t€. Therefore by Proposition 4.6.1 i* (7€) > k+m — 1.
Since ¢ — € < ¢, by the very definition of ¢; we also have i*(f°~%) < k — 1. So putting all

those inequalities together we have the desired result. O]

Proposition 4.6.2. Assume that f is even,
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() fa<ci=++=Cm =c<band f satisfies (PS)., then i(K) > m. In particular, if
a<cp<--< c,ter_l < b and f satisfies (PS) for c =ci,. .. ,c,t+m_1, then each c is a critical
value and f has m distincs pairs of associated critical points.

(ii) If a =0, b = 400, 0 < ¢} < o0 for all sufficiently large k, and f satisfies (PS). for all ¢ > 0,
then cj; /" +oo.

Proof. (i) It is just a direct employment of the Lemma 4.6.1.
(if) If that is not the case, then the points ¢; accumulates in a point, so we can apply part
(i) for any m and k big enough, concluding i(K¢) = oo, which is a contradiction by Proposition 3.2.3

since K¢ is compact. O

Proposition 4.6.3. If M € F is bounded and radially homeomorphic to the unit sphere, U =
{tx:x eM, tel0, 1]} A,B e F withA C U compact and B C ‘M,

i(A)>k+m—1, i(M\B)<k-—1
for some k,m > 1, and
sup f(A) <a < inf f(B) <supf(IA) <b

and f is even and satisfies (PS). for all ¢ € (a,b) thena < c; <--- < ¢, < b and hence there are

m distinct pairs of critical points in f~1(a,b).

Proof. We will aplly Proposition 4.6.2. Since 1y € I' we have
(MOM) > i*(M) > i(M\B)

and hance by Proposition 3.2.2 (i) M intersects B and since inf f(B) > a we have ¢;; > a. If ye I" we
have Y|4 = 14 since f < a on A. Applying Corollary 3.2.1 with y = 7|4 gives

i(Y(IA) N M) > i(A) > k+m— 1.

So i*(IA) > k+m— 1 and hence IA € ¥, _,. Since sup f(IA) < b, ¢, <b. =



CHAPTER 5

p-Eigenvalues

One of the main interests of this work is to study the equation

(0.1)

—Aput = MulP~2u+pf (x,u) +|u|??u in Q
u=0 on 0Q.

And because of the term A|u|?~2u, such equation depends on the values of a chosen A. One way to
study the dependence of the problem with the values of A is to choose it based upon a study of the

spectrum of —A,,, i.e. based on the study of the eigenvalue problem

{—Apu =AMulP2u inQ 02)

u=>0 on 0Q.

Because of that, let us put some effort in the study of problems like (0.2). No difficulties are added if

we study a general case where (0.2) is just a special case.

5.1 General p-Laplacian Eigenvalue Problems
Let us consider the problem
Apu=ABpu (1.3)

in the dual (W*, |- ||*) of a real reflexive Banach space (W,|-|), A € R and A,,B, € C(W,W*)

satisfies

(A1) A, is (p—1)-homogeneous and odd for p € (1,0),
(A2) uniformly A, is positive: Jcg > 0 such that

(Apu,u) > collul|? YueW,
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(A3) A, is a potential operator: IQ € cl(w, R) called a potential for A, such that
Q'u)=Au Yuew,
(A4) Ap is of type (S): every sequence (uj) C W such that
uj—u, (Apuj,uj—u)—0
has a subsequence that converges strongly to u.

(B1) By is (p—1)-homogeneous and odd,
(By) strictly positive:

(Bpu,u) >0 Yu#0,
(B3) Bj is a compact potential operator.

We say that A is an eigenvalue of (1.3) if there exists a u # 0 in W satisfying (1.3), called an
eigenvalye associated with A. The set 6(4,,B,) of all eigenvalues is called the spectrum of the pair

of operators (A,,B,).

For example, in the problem (0.2) we have
(Apu,v) = —/ \VulP~2VuVvdx
Q
and

(Bpu,v):/ |u|P 2 uvdx
Q

Proposition 5.1.1. Suppose A, : W — W* satisfies (A1) and (A3). If 1, is its potential satisfying
1,(0) =0, then

1
I(u) = ;(Apu,u) YueWw.

Proof.

1 1
(1! (1), )t = /0 (Aptu,u)dt

1 1
P~ (Au,u)dt = (Apu,u)/ P~ dr
0

Il
TS~ S~

(Apu,u).
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]

Now note that if the equation A,u = ABpu is true for some u € W\ {0}, then (A u,u) =
A(Bpu,u), and since B, satisfies (B2) we can divide both sides by (B,u,u), getting

(Apu,u)

(B, ) =A. (1.4)

This shows that every eigenvalue of (0.2) is given by (1.4). So we are led to study the function
f:W — R given by

(Apu,u)

(Byii,0) (1)

fu) =

We claim that the critical levels of (1.5) are the eigenvalues of (0.2). Indeed, by Proposition
1
~p

5.1.1 a potential functions for A, and B,, are I,,(u) = %(Apu, u) and J,,(u) = - (Bpu,u) respectively, so

Jp(u)(Apu,v) —1,(u)(Byu,v)
Jp(”>2

_ 1 U— 1y(u) wov
- (Jp<u>A" Jp<u>23"’)

therefore if u is a critical point of f then

(f'(u),v)

1 Ip(”) .
Jp(u)Apu — WBPM = 0
hence
1
Apu = %Bpu = f(u)Bpu.

The converse is also true; if A is an eigenvalue of (0.2) then A is a critical value for f. Indeed

let u be a eigenfunction associated with A. Then 1, (u)/J,(u) = A hence

To) P T, (w)?

1 I
A— W g

so u is a critical point for f by the calculations we did above.

The above discussion shows us that in order to understand the eigenvalues of (0.2) it is
suffice to study the set of critical points of the function (1.5). This is what we are going to do.

For that, first note that f is 0-homogeneous, i.e. f(ru) = f(u) for all # > 0. This implies that
we can study the values of f in any subset of W that is radially homeomorphic to the sphere, because

we will not lose any important information. In particular we can study the function f when restricted
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to
M:={ueW:Iu)=1}.

Since (I'(u),u) = (Apu,u) = pl,(u), zero is the only critical value of I, and hence by the
implicit function theorem M is a C'-Finsler manifold. Moreover, M is complete, symmetric, and
radially homeomorphic to the unit sphere since I, is continuous, even, and p-homogeneous. In fact,
let us denote by S the unit sphere on W, i.e. S:={u € W : ||u|| = 1}, and let us take u € S and consider
the path vy, : R — W given by

Yu(t) = tu.

We want to find the time 7 when v,,(¢) hits . This is the time when (A ,tu,tu) = p, and since
A, satisfies (A1) we have

= ((A;Z,u)); = )™

This shows that if we define the map Q : S — M as

u

(Ip ()7

We also have the restriction of the projection T on M, 7|y, : M — S given by

Ou) =

] (1) = H

We claim that Q is a homeomorphism with inverse 7|4, In fact, for all u € M

- _ T
(Qemladll) = Q) = (Ip (w2 (u))) /7
_ wflull u/lu]
(I (/)P o (L)) P
()

= U.



5.1 General p-Laplacian Eigenvalue Problems 78

And forallu € S

u

u))t/
(Tlag 0 0)(u) = (alac () = LT
() 77

Therefore Q : S — M is in fact an homeomorphism with 7| 4, as its inverse.

Proposition 5.1.2. Let M as in the discussion above. Then there are positive constants cqy,Cy such
that

p 1/p p 1/p
(—) < inf Jlu] < sup [la] < (—) (1.6

Proof. First let us prove that there exists a constant Cy > 0 such that
1Apull < Collul|P~"!
If not, there is a sequence (u;) C W\ {0} such that
A pul| > P P~ .
Letv; =u;/(j|luj||). Then |lv;|| =1/j— 0, but

A pu;l|

gl T 7T

1Ap(vi)ll =
contradicting the continuity of A,,. Then we have

1 1
L, (u)=—Au,u) < —||Ayul|lu
(1) p( pit; ) pll pitll[ul

Co
— [[ul”

IN

and by (A2) there exists a constant ¢y > 0 such that

€0

;HMH” < Ip(u).
Putting all those together we get

co C()
—ull? < Ip(u) < —lull”
p p
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consequently, if u € M then I,(u) = 1 leading to

co p 1/p
OlulP <1 = sup |lu] < (—)
p uemM o

and similarly

C 1/[’
1< Qpupp — (ﬁ) < inf [ul.
D CO ueM

]

Now we will show that not only the values of f are totally described when it is restricted
to M, but also the critical values. More precisely, we will show that the critical values of f|4, are

exactly the eigenvalues of (0.2). But for that, we first need to understand what is the derivative of f|M .

Since M = {u € W : I,(u) = 1} we have that the tangent space of M on the point u, T, M
is defined as

LM ={veWw: (I, (u),v) = 0} = ker I, (u).
The dual space of T, M is the space T, M = L(T, M ,R) with the norm

1Bl ;== sup  (B,v).
veT,M,|v||=1

Lemma 5.1.1. If L,M € W, then
IL]kerm || = min||Z — uM|[*
HER
Proof. Foreach ue R,

[Llerm|" = sup  (L,v) < sup (L—uM,v) = [|IL—uM||".
vekerM, |[v|=1 |v]|=1

By the Hahn-Banach theorem, there is G € W* such that G = L on ker M and
IGII* = [1L|kern "

Since kerM C ker(L — G), L— G = uM for some u € R (because both kerM and ker(L — G) have
codimension < 1) for some u € R, so

1L |kernt [|* = [IL — M|
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]

Proposition 5.1.3. If g is a C'-functional defined in a neighborhood of M and g is its restriction to
M, then the norm of g (u) € T,"M is given by

I8 ()3, = min [|g" (u) — ul () ||
HeER
Proof. By the above lemma we have

18" @l = sup  (g'(u),v)
veker ), (u),|[v]|=1

g Wlkeeny ol
— : / _ I/ *.
min||g"(u) = ()|

O

Now let us go back to the study of the function f given in defined as (1.5). As we saw, it
is suffice to study the values of f when it is restricted to /M, but we want to study the set of critical
points of f. What happens it is also suffice to study the critical points of f|4,. Indeed we have the

following

Lemma 5.1.2. Let us denote f be the restriction f|qs of the function f given by (1.5) on the manifold

M. Then the eigenvalues of (0.2) coincide with the critical values of f, i.e.,\ is an eigenvalue if and

only if there is a u € M such that 7/(u) =0and f(u) =\

Proof. By the definition of M we have that

— B p B 1 y
Fw) = (Bpu,u) — Jp(u)’ vue M

Note that if we define g : W\ {0} — R by

S5 YeEW\(0),

then g is a function defined in a neighborhood of M such that g|4; = f. By Lemma 5.1.1 and
Proposition 5.1.3,

17 @)l = 1€ () 7, 3¢ |1* = min || (u) — () |
HeER

Note that

o ) Bk
(g( )7h)_ (Jp(u))2 - <Jp(u))2 _( g( ) BP ’h)
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therefore,
g'(u)=—f(u)*Bou Yuec M.
Since I,(u) = Apu, we have then

171 = min |17 () By + s pul]” ¥ € 9. (17)

Now we have fl(u) = 0 with u € M, if and only if there exists some u € R such that
F(u)*Bpu+pApu=0. (1.8)

Suppose that fl(u) = 0, then there exists u € R that satisfies the above inequality, so applying u in
both sides of (1.8) we have

(A pu,u) ‘*‘J_C(u)z(Bp”’ u)=0

(Byww) o1/
R = T =T

= u=—f(u)?

and substituting it in (1.8) we get
Apu=AByu with A= f(u).

Conversely, suppose that A is an eigenvalue of (0.2), and let u € M be an eigenfunction associated
with A. Then by (0.2) we have

SO

Apu— f(u)B, =0
— Tl A+ F () By =0
—  wA,+f(u)?Bu=0 with u=—f(u)

hence by (1.8) u is a critical value of f and f(u) = A.
[]

Example 5.1.1. Let us suppose that Q is a bounded smooth open subset of RN, and 1 < p < o0 and
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let us consider the eigenvalue problem

(1.9

—Apu = Mul|P"u inQ
u=>0 on 0Q.

Then we can apply all what we did to this particular case. And using the same notations we have, in

this case

M = {ueWOI’p(Q) : l/g|vu|f?: 1}7

P

1
Ju:—/up,
= [

Flu)y= L

 Jalulr

Example 5.1.2. In the same notations as in the last example, let

LP(Q) if 1<p<n
V(Q) =S U1L"(Q)  if p=n
L'(Q) if p>n.

and let V € V(Q) with V(x) > 0 almost everywhere, and consider the eigenvalue problem

_ — p—2,
{ Apu = AV (x)|ulP"“u in Q (1.10)

u=>0 on 0Q.

In this case we have

Iyl =+ [ VeluP
— . P
)= TV

Lemma 5.1.3. Let (L;) C W* converges to L and (uj) C W converges weakly to u, then (Lj,u;) —
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(L,u), in particular, (Lj,u;j—u) — 0.

Proof.
|(Lj,uj) — (Lyu)| < [|Lj = LI[*lujll + [(L,uj) — (L,u)| — 0

since ||u|| is bounded. O

Lemma 5.1.4. The function f : M — R given by

fu) = Yue M,

(Bpu7u)
satisfies (PS).
Proof. ([21])

Let (u;) C M such that

fluj) —ec, H?l(u)ll’;j —0.

By Proposition 5.1.2, (u;) is a bounded sequence, and since W is reflexive, we can assume, passing
to a subsequence if necessary, that u; — u for some u € W. Since B), satisfies (B3), B,u; converges
strongly to some L € W*. By Lemma 5.1.3 we have

NP p
M) = By~ Ty 7 °

so ¢ # 0. By (1.7) there exists a sequence of real numbers u; such that
AU+ f(u;)*Byuj — 0. (1.11)

Applying (1.11) to u; gives

pj+ fluj) =0
SO

pj— —c #0.
Applying (1.11) to u; — u gives

(Apujuj—u) =0

therefore by (A4) u; — u € M strongly. O
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Example 5.1.3. In the same configuration as in Example 5.1.1 we have that the map f : M — R
given by

p
Jo lul?

ut—

satisfies (PS) for all ¢ € R. Such function appears quite frequently in applications.

5.2 An unbounded sequence of eigenvalues

We can construct various types of unbounded sequence of eigenvalues of the problem (0.2).
However, in order to search of useful linkigs it would be better to define an unbounded squence by
means of Z,-cohomological index.

Let us denote
K= {u eM:F(u)=0,F(u) = c} .

By Lemma (5.1.4), K* is a compact subset of M.
As usual, let us denote ¥ be the class of symmetric subsets of M. Then, for each k € N we

can define
Fe={A€F :i(M) >k}
and

M= Jnf sup flu).
Of course we have that g1 > Ag since Fry1 C Fr. We claim that Ay < o« for each k € N with
k < dimW. Indeed, if dimW = d € RU {400} then for each m < d let V,, be a subspace of W with
dimV,,, = m. Then i(V,, N M) = m by Proposition 3.2.2 (ig) and of course —oo < sup f(V,, N M) < oo,
Theorem 5.2.1. Under assumptions (A1) — (As4) and (B1) — (B3) we have that the sequence (Ag)
satisfies
(i) If\p =+ = Mym—1 = A, then i(K*) > m. In particular, every Ay is a critical value for f.

(ii) The smallest eigenvalue, called the first eigenvalue, is

NI 1))
}\‘1 — bfgg/}f(”) - r,gg)l]po/t)

>0
(iii) We have

i(M\Fy,) <k <i(F*).
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And lf?\.k <A< 7\.k_|_1, then

—Ak

i(F") =i M\Fp) =i(F") = i(M\Fy,..,) = k.
(iv) If dim M = oo, then Ay / +oo.
Proof. (i) and (iv) follows from Proposition 4.5.1.

(
(

ii) follows from homogeneity and the fact that pairs of points are in #; by Proposition 3.2.3.
iit) Follows from Proposition 4.5.2. Ol

Let us now remember the notions of genus and cogenus of symmetric subsets. Two integer
valued functions y©,y~ : & — NU {40} are defined as

Y'(M)=sup{neN:3¢: §"~1 M odd and continuous }

and

Y (M)=inf{neN:3¢:M— 5" odd and continuous }

and if no such ¢ exists we simply define Y= (M) = 4-o0. y* (M) is called the genus of M and Y~ (M) is
called the cogenus of A.
Let us define

G ={MecF:y"(M)>k}
and
Gy ={MeF:y (M)>k}.
We can also define two more sequences of eigenvalues for (0.2), namely
M = inf sup f(u). (2.12)

Megk uecM

The numbers 7»2[ are the most standard ones treated in the literature when it comes to the

study of critical points of a functional that possesses some kind of symmetry.
Proposition 5.2.1. With the same notations as above

(i) A\ =1y,
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(i) Ay <A <AL
Proof. (i) It suffices to note that antipodal points {u, —u} C M are such that
,Yi({uv —I/t}) =1,
Therefore

A = inf f(u)=A;.
I ulean(”) 1

(ii) If o1 : S*~1 — M and ¢ : M — S°~! are odd continuous maps, then by Proposition 3.2.2

(i) we have

k<i(M)<s,
therefore
YH(M) <i(M) <y (M). (2.13)
Consequently
G CHC Gy

which leads to the desired inequalities.



CHAPTER 6

An abstract method for a class of multiple solution

problems.

We now have the necessary box of tools to deal with all cases of problem (3.8). In this
section, we will develop an abstract method that can be applied to (3.8) as a particular case. Such
method is due to (K. Perera, [23]).

6.1 Abstract configuration

As usual, let (W, || -||) be a uniformly convex Banach space with dual (W*, || -||*) and duality

pairing (-,-). We now consider the nonlinear operator equation
Apu = ABpu+uf(u) +g(u) (1.1)

in W*, where A, B, f,g € C(W,W*) are potential operators, and u,A > 0 are parameters satisfying

(a1) A, is (p— 1)-homogeneous and odd for some p € (1,+o00): A (tu) = |t|P~%tA u for all u € W
andt € R,

(a2) (Apu,v) < |lul|P~Yv| for all u,v € W, and equality holds if and only if ow = Bv for some
o, B > 0, not both zero,

(b1) B, is (p— 1)-homogeneous and odd: B, (tu) = |¢|P~2tB,u forallu € W and t € R,
(b2) (Bpu,u) >0 forall u € W\ {0}, and

(Bpu,v) < (Bpu,u)(p_])/p(pr,v)]/p forall u,veWw,

(b3) B is a compact operator,

(f1) the potential F of f with F(0) = O satisfies

F(tu)
im =
1—0 |¢|P

uniformly on compact subsets of W\ {0},
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(f2) F(u) > 0 forall u € W\ {0},
(f3) F is bounded on bounded subsets of W,

(g1) the potential G of g with G(0) = 0 satisfies
G(u)=o(|[ul|’) as u—0,

(22) G(u) > 0 forallu € W\ {0},
(g3) G is bounded on bounded subsets of W,

(g4)

lim = +oo
t—+oo P

uniformly on compact subsets of W\ {0}.

If 1, and J, are the potentials of A, and B, respectively, with 1,(0) = J,(0) = 0, then by

Proposition 5.1.1 we have that
u) = u,u) = —||u||”, u) = uu).
P P D P P

It is then clear that solutions of equation (1.1) coincinde with critical points of the C'-

functional
E(u) =1,(u) —Mp(u) —puF (u) —G(u), ueW. (1.2)

The main idea of the method we will employ to solve (1.1) is to find a linking between two
subsets of W that goes together with the behaviour of E. More precisely, we will look for a kind of
linking that detects changes in topology of the sublevels of E. For that, we will employ the notion of
cohomological linking given in Definition 4.4.2, and use the linking found in Proposition (4.4.3) to
construct a more interesting one.

First let us define M = {u € W : I,(u) = 1}. By the discussion after Proposition 5.1.1 we
have that M C W\ {0} is a bounded complete symmetric C! —Finsler manifold radially homeomor-
phic to the unit sphere S'in W.

As we have set before Proposition 4.4.3, if ©: W\ {0} — S is given by u > u/||u||, then we
can define the radial projection of W\ {0} onto M by

Tar = (Wag) ' o

Using the linking given in Proposition 4.4.3 we can construct another useful linking in the

following way (see [23]).
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Theorem 6.1.1. Ler Ag and By be disjoint closed symmetric subsets of M such that
i(Ag) = i(M\Bo) =k < 0.
Let wo € M\Ag and 0 <r <p <R. Set
A ={mg (1 =s)v+swp) :vEA), 0<s<1}
and
A={ru:ucA}U{tviveAy, r<t<R}U{Ru:ucA;}, B={pw:weBp}.

Then A links B cohomologically in dimension k.

Proof. First we claim that A; is contractible. For, define the map H; : A| x [0,1] — A; given by
Hi (u,1) = Ty (1 — )+ wo)

which is a contraction of A to wy. Now let us define the sets

Ay={ru:uecA}U{tv:veApt <t<R}, As={Rv:veAp},
and
By ={tw:we€By,t>0}, By={tw:weBy, t>p}.

We claim that A is also contractible. Indeed, let us define the map H, : A x [0, 1] — A, given by

Hy(u,t) = (1 —t)u+trrg,(u)

which is a strong deformation retract of A, onto {ru:u € Ay}, which is homeomorphic to A; and
hence contractible.

Now, by considering the long exact sequences induced by the inclusions
WA\B) — W\B; — (W\B,W\B)
and
Az — Ay — (A2,A3)

we have the commutative diagram
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H*Y(W\By) —— H*'(W\B)) —— HX(W\B,,W\B|) —— H¥(W\B,)

| L Js !

H1(Ay)) ——— HF1(43) ¥ H*(Ay,A3) ——— HF(A)

where i] : A3 — W\Bj and i) : (A2,A3) < (W\B,W\B)) are the inclusions. By Proposition 4.4.3 A3
links B; cohomologically in dimension k — 1 so 7] is nontrivial. Since A; is contractible H* (A2) =0
and hence 6" is an isomorphism. By commutativity we have that i # 0.

Now let us define

As={Ru:ucA}
and
B*={tw:we By, 0<t<p},
and consider the commutative diagram

HY(W\B,W\B*) —— H"(W\B,,W\B)

H*(A,Ay) ——— H"(Ay,A3)

induced by inclusions where i3 : (A,A4) — (W\B,W\B*). The top arrow is an isomorphism by the
excision property since {tw:w € By, t > p} is a closed subset of W\B contained in the open subset
WA\B*. Since i3 # 0, it follows by commutativity that i # 0.

In the same way we did before, we now consider the following commutative diagram

H*'(W\B*) —— H*(W\B,W\B*) —— HX(W\B) —— HX(W\B")

| ok !

B Ay —— H*AA)) —L 5 HA) ——— HY(As)
Note that A4 is contractible since it is homeomorphic to A, hence H* (A4) =0. So j* is an
isomorphism by exactness. Since i3 # 0, by commutativity we have i* # 0. O]

Now that we have found a more interesting linking setting, we need to show that such linking

detects changes in the topology of the sublevels of E. For that porpuse, we need first show that under
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certain conditions, Theorem 6.1.1 is useful when searching for critical points of a functional. More

precisely we have (see [23])

Theorem 6.1.2. Let E be a C! functional on an infinite dimensional Banach space W and let Ay and
By be disjoint closed symmetric subsets of M such that

i(Ag) = i(M\By) =k < o0
Assume that there exist wg € M\Ao, 0 < r < p <R, and a < b such that, setting

A = {mg (1 —=s)v+swp):veAy, 0<s<1}

A = {tu:ucA, r<t<R}

B* = {tw:weBy, 0<r<p}

A = {ru:ucA}U{tv:iveAy, r<t<R}U{Ru:ucA}
B = {pw:w€ By},

we have
a<infE, supE <infE, supE <b,
B* A B A
If ‘E satisfies (PS). for all ¢ € (a,b), then E has a pair of critical points uy,uy with
infE <E(u;) <supE, infE<E(uy)<supk.
B* A B A

If, in addition, ‘E has only a finite number of critical points with the corresponding critical values in

(a,b), then uy and uy can be chosen to satisfy
CH(E,um) #0, CY(E,up) #0.

Proof. Since B*NA and BNA* are nonempty, inf E(B*) < supE(A) and inf E(B) < supE(A*). It
will suffice, by Proposition 4.4.1 to show that for any numbers o < 3 < y such that

a<o<infE, supE<PB<infE, supE<y<b,
B A B A
then

HY(EP, E* £0, HF'(EY ZP)+0.



6.1 Abstract configuration 92

If that is true, then by Proposition 4.4.1 ‘£ has a pair of critical points u,u; with
a<E(u) <P, B<E(u) <y

If inf £(B*) or sup E(A) is a critical value of ‘£, we can take u; to be one of those levels. On the other
hand, if neither of such numbers are critical levels, then since E satisfies (PS), for all ¢ € (a,b), then
we can choose o and f3 in such a way that £ has no critical values in [o,inf E(B*)| U [sup E(A), B],

therefore we would have
infE < E(u;) <supE
B* A

By a similar argument we can always guarantee that

infE < E(up) <supZ.
B A*

If E has only a finite number of critical points in (a,b), by Proposition 4.3.2 we can choose u; and u;
such that

CY(E,u1) #0, CYE uy)#0.

By Theorem 6.1.1 we have that the inclusion i : A — W\B induces a nontrivial homomor-
phism in dimension k i* H*(W\B) — H*(A). Since E < B on A and E > B on B, we also have the
inclusions iy : A < B and i B - W\B, leading to the commutative diagram

HY(EP) «—— H*(W\B)

Which implies that
iis =1 £0.

consequently both i} and i; are nontrivial homomorphisms.
Let us now show that H*(EP, £%) =£ 0. First note that since £ > o on B* and o < B, we have

the inclusiongs

E* < W\B* — W\B, % EP — W\B,
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leading to the commutative diagram

H*(W\B) —— H*(W\B*)

oo

AYEP) —L s Hk(£%)

where j is the inclusion £* — B,
We claim that W\B* is contractible. Indeed, let us take p’ > p and define the mapping
Hy : (W\B*) x [0,1] — W\B* given by

Hi(u,t) = (1 —t)u+1p'mqs(u)

which is a strong deformation retract of W\B* onto {p’ u:ueM } which is homeomorphic to the

sphere S which is contractible since W is infinte dimensional. Then we have that H*(W\B*) = 0 so

*

i*i3 = 0.

But as we have shown, i; # 0, which means that i* is not injective. Now consider the following part
of the long exact sequence induced by the inclusions E* — EP — (EB £%)

O HNEB o) I gR(EBy L FR(Ee) S

Since i* is not injective, by exactness we have

Im jj =keri* #0,
consequently

H*(EP, E%) #£0.

Now let us prove that H**1(EY, EB) =£ 0. For that, first note that since E < yon A* and p < v,
we have the inclusions A < A* < EYand A — EP — E", which leads to the following commutative

diagram

HY(EY) —— HF(A*)

P

A (2R 1 HkA).

Note that A* is contractible since we can define the strong deformation map H, : A* x [0,1] — A*
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given by
Hy(u,t) = (1 —t)u+trmg,(u)

that is a strong deformation of A* onto {ru : u € A} }, which is contractible. Therfore H*(A*) = 0 and

therefore
i *=0.

Since i} is nontrivial, this implies that i* is not surjective. Now consider the long exact sequence
induced by the inclusions EP — EY — (EY EP):

L FREY) s FR(ER) B g (et ER) —— .
Now, since i* is not surjective, we have that, by exactness
kerd* =Im i* # H*(EP)
so 8" # 0 and consequently
HY(EY Py £0.

]

Now, in order to show that the topological obstruction found in Theorem 6.1.2 also happens
with the energy functional (1.2) we will need find suitable sets Ag and By which satisfies the
hypothesis of Theorem 6.1.2.

For that, let us first prove the following.

Proposition 6.1.1. If (ay) holds, then
(1) A, is strictly monotone: (Apu —Apv,u—v) >0 forallusvin W,
(2) A, satisfies (S): every sequence (uj) C W such that uj — u and (Apuj,uj —u) — 0 has a
sequence that converges strongly to u.

Proof. (1) Since (ay) holds, we have

(Apu—Apv,u—v) = (Apu,u)— (Apu,v) — (Apv,u) + (Apv,v)
> fadll? = [l P H I P el V)P
(leel”=F = I~ el = [Iv1]) = 0

for all u,v € W. If (A,u —Apv,u —v) = 0, then equality holds throughout and hence (A,u,v) =
l|w||P~"||v|| and ||u|| = ||v||. Since (a2) holds, the first equality implies that o = Bv for some o, 3 > 0
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not both zero. The second equality then implies that either u = v = 0, or o = > 0. In the latter case,
u="v.

(2) Similarly we have
(Apttj —Apity e —1e) > (Jluj [P~ = [aal =) ([l | — []eel}) = 0.
Since (Apuj,uj—u) —0and u; — u,
(Apuj—Apu,uj—u) =0

therefore ||u|| — ||u||. Then u; — u strongly since W is uniformly convex.
[]

Now we are able to find useful sets Ag and By in order to apply Theorem 6.1.2 to our

functional (1.2). We will find such sets by means of the study of the eigenvalues of the problem
Apu = ABpu. (1.3)

As we did in chapter 4 let us remember that eigenvalues of (1.3) coincide with the critical
values of the C!-functional ¥ : M — R defined as

Also, let us denote F the class of symmetric subsets of M and by i(A) the cohomological
index of A € F, and define

F={Ae€ T :i(A) >k},
and set

A = inf sup¥(u), keN.
¢ Aefkueg (x)

By Theorem 5.2.1 we have that

A= inf P(u) >0
ueM

is the first eigenvalue and
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is an unbounded sequence of eigenvalues. Moreover, by Proposition 4.5.2, if A, < A4, then

i(PM) = i(M\P,,,,) = k.

Now we are able to show the existence of a symmetric set A that is suitable to our functional

‘E in view of Theorem 6.1.2.

Theorem 6.1.3. Assume that (a1) — (b3) hold. If Ay < Ay1, then the sublevel set ¥* has a compact

symmetric subset of index k.
But first we will need the following lemma.

Lemma 6.1.1. For each w € W, the equation
Apu = B,w
has a unique solution. Moreover, denoting
K:W—-=W w—u

the solution map, then K (tw) = tK(w) for all t € R and K is a compact operator.

Proof. A solution of (1.4) can be obtained by minimizing the C!-functional
1
Y (u) = l—)(Apu,u) — (Bpw,u).
Indeed, note that " is coercive, since
Lo .
9 (u) = ;IIMH = [1Bpw "]
and p > 1. So let u; be a sequence in W such that

Y (un) — inf ¥ (u),

ucW

so (u) is a bounded sequence and therefore converges weakly to some u € W. Consequently

1 1
]~ (Bp) < imine (;||uk|| — Byw, m) — inf 7 (u).

(1.4)

which implies that u is a solution (1.4). Suppose that u and v are two solutions of (1.4), then we have

that

Apu=Bpw=Apv,
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implying that (A,u —A,v,u —v) =0, so by Proposition 6.1.1, u = v. Now suppose that K(w) = u,
then A,u = B,w and therefore, since (a1) and (b1 ) hold,

B, (tw) = [t|P2tByw = |t|P A ,u = A, (tu),

which means that K(rw) =tu =tK(w).
Now, to show that K is compact, let (w j) be a bounded sequence in W and let u; = Kw;.

Since B, is a compact operator,
Apuj=Byw; —1
for a renamed subsequence and some [ € W*. By (a2),
ujl|? = (Apuj uj) = (Bpwj,uj) < |IBpwl|*[[ujll,

which implies that ||u;|| is bounded since p > 1 and (B,w;) is bounded. Since W is reflexive, a further

subsequence of (u;) converges weakly to some u € W. Then
(Apujuj—u) = (Apuj—luj—u)+ (luj—u) — 0.

Since A, is of type (S) (see Proposition 6.1.1), then (u;) has a subsequence that converges strongly

to u.

]

Proof of Theorem 6.1.3. We will use the same notations as in Lemma 6.1.1.
Let w € W\ {0} and led u = Kw. Then u # 0 since (A,u,w) = (B,w,w) > 0 by (b2). It is

easily seen that the radial projection of u on M is given by

. u
o) = 1 e
Since Jj, is p-homogeneous we have
1 I,(u)
W (ngy(u)) = =2z (1.5)
a0 = 3 )~ Tyl

Also we have
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by (b>) and
Jy(o0) = - (Bpww) =~ (Agatw) < [l ol = 1) 721 o)1 7 (16)
by (az), so
W) _ I
T (0) = T (w)

Forwe M, I,(u) =1and 1/J,(w) = ¥(w), so combining this with (1.5) gives

Y(mg (Kw)) < W(w). (1.7)
Let

Co = Tar(K(¥M)).

By (1.7) we have that

T (K(¥M)) C W™,
and since W™ is closed we have

T (K(¥™)) € Co € WM.

By Lemma 6.1.1 ©4, 0 K is an odd continuous map on WM then by the monotonicity of the

index (Proposition 3.2.2) we have
i) < i(ma (K (™)) < i(Co) < i(WM).

Since Ay < A4, by Proposition 4.5.2 we have i(Cp) = k. Since I,(w) = 1 and J,(w) > 1/A4 for

w € Wh, (1.6) implies that K(¥™) ¢ W\ {0}. Since K is compact, ¥* is bounded and T4, is

continuous, Cy is compact. ]

Putting Theorem 6.1.3 and Proposition 4.5.2 together, we can apply Theorem 6.1.2 to our

energy functional (1.2). Namely we have the following.

Theorem 6.1.4. Assume that (a1)-(ga) hold and ‘E satisfies (PS). for all ¢ € R. If L > 0, then there

exists o > 0 such that equation (1.1) has two nontrivial solutions uy,us with
E(ur) <0< E(up)

for O < u < up.
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Proof. We will apply Theorem 6.1.2 to ‘E. The sets Aj, A, A*, B, B* in what follows are the same as
in Theorem 6.1.2.

IfO <A < Aj, take Ag =0 and By = M . Otherwise, if L > A, then since (1) is an unbounded
sequence, there exists k > 1 such that Ay < A < A4y ;. By Theorem 6.1.3 there exists a compact
symmetric subset Ag of WM © M such that i (Ao) = k. Now, let By =¥y, .- By Proposition 4.5.2 we
have i(M\By) = k. Then

i(Ag) = i(M\Bo) = k < +oo.

Let us note first that, for u € M and ¢ > 0, since ¥(u) = 1/J,(u),

A
E(tu) =1t (1 - W) — uF (tu) — G(tu). (1.8)

For w € By, since (g1) holds and ¥(w) > Ay, we get

E(w) > 1P (1 _ ﬁl) — uF (tw) — G(tw)

> t”(l—L+0(1))—,uF(tw) as t—0.
Mt 1

Therefore, since By is bounded, A < A;.1 and (f3) holds, there are p,uo > 0 such that
inf E >0,
B

for all 0 < u < up, where B is defined as in Theorem 6.1.2.
Now let us fix u € (0,up) and let wy € By, and let A| defined as in Theorem 6.1.2. Since Ay
is compact, so is Aj. For u € Ay, (1.8) together with (g,) gives

E(tu) <t? (1 —,uM) :

tP
Since A is compact, it follows form this and (f}) that there exists 0 < r < p such that
sup{E(ru) :u A1} <O0. (1.9)

Similarly, (1.8) together with (f>) gives

E(tu) < 17 <1 _ G(W))

P
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for u € Ay, and it follows from this and (g4) that there exists R > p such that
sup{E(Ru):ucA;} <0. (1.10)

For v € Ay,

E(tv) < —tP (‘P?v) - 1> <0

since W(v) < Ay < A. Since Ag is compact, it follows from this that
sup{E(tv) :v € Ap, r <t <R} <0. (1.11)
Combining (1.9)-(1.11) gives

supE < 0.
A
Since ‘E is bounded on bounded sets, we also have that there exist a < b € R such that
a<infE, supE <b.
B* A*
Therefore, by Theorem 6.1.2, £ has two nontrivial critical points u;,u,; with
E(up) <supE <0< igff < E(up).
A

[]

Remark 6.1.1. Theorem 6.1.4 gives us two nontrivial critical points. If ‘E has not infinitely many
critical points, one way to find a third one is to search for local minimum type critical points. Indeed,
if A > Ay with k > 1 then we have that

CY(E,u1) #0, C(E 1) #0.
And if we find an isolated local minimum u3 for ‘E, then by Example 4.3.1 we would have

Zo  if k=0
0 if k0.

Ck(f,ug) =

which implies that uz # u; and u3 # uy.
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6.2 Some applications of Theorem 6.1.4

The principal application of Theorem 6.1.4 is on our Problem (3.8). By Theorem 2.3.1 we
just need to check that E defined in (3.13) satisfies (a1)-(g4). In this case we have that A, B, f and
gin C(WOl P(Q), WP (Q)) are given by

(Apu,v) = / VulP2VuVy,  (Byu,v) = / P2y
Q Q

(F(),v) = /Q Flou),  (g(u),v) = /Q ]2y

(a1). Letu € W, ”(Q) and note that, for all v € W, ”(Q) and € R,

Apt)v) = [ ¥ (0) |29 () Vo
Q
— / VulP~2Vuvy.
Q
= |1P"21(Apu,v)
= (|t]P %A u,v).
Logo de fato A, (tu) = |t|P~%tA u
(az) Letu,v € Wol’p(Q), then
(Apu,v) = /]Vu|p2Vqu§/ IVu|P~ V|

Q Q

-1
< Pl

where the first inequality is due the Cauchy-Schwarz Inequality, and the second one by Holder
Inequality.
Suppose now that (A,u,v) = ||u|”~!||v| with u,v # 0. Then

la|P~Hlvll = (Apu,V)=/Q|Vu\p‘2Vqu§/QIVu\p‘z\VuHVvy (2.12)

< lullP7 L, (2.13)
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which implies that

(p=1)/p /p
fvar = (fwar) ()
Q Q
= ol [ (o + T > [ et
Tl o) Ja

therefore

|Vul|? |Vv|P B ]Vu]p_lwv\

= ae.on Q,
SorllullP = plvlle flullP= ]
hence by Young’s inequality it implies that
VulP |Vy|P \% \%
Vul [V IVl Vg ”]Vv\ ae.on Q. (2.14)

ez vl leell IVl

Now, by inequality (2.12) we get
VuVv = |Vul||Vy|,
and by Cauchy-Schwarz Inequality there exists a function f : Q — R such that
Vu(x) = f(x)Vv(x) ae.on Q. (2.15)

Putting together (2.14) and (2.15) we have that f is a constant nonzero function so there
exists 0 # o € R such that

Vu=aVyv for almost everywhere x € Q,
and consequently
u=0ov ae.on Q.

(by) It is analogous as in (ay).
(b2) The fact that (B,u,u) > 0 on WO1 ?(Q)\ {0} is evident. And the inequality

(Bpu,v) < (Bpu,u)(”*l)/p(pr, v)l/p

follows from Holder inequality.
(b3) Let {uy ey C WOl 7(Q) be a bounded sequence. Then there exists u € WO] ?(Q) such
that, taking a subsequence if necessary, u; — u. By the imbedding theorems, we can assume, taking a
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further subsequence if necessary, that

U —u in LP(Q),

up(x) —u(x) ae.on Q.

By Theorem 8.0.2, taking an even further subsequence, we can assume that there exists v € L”(Q)

such that
lup(x)| <v(x) ae.on Q.

Now note that, by Holder inequality,

(p—=1)/

p
_ _ —1
|(Bpuk—Bpu,v)| < (/Q Huk|P Zuk— |u|p Zu‘p/(P )) ||V|| = WOLP(Q)’

and consequently

(p=1)/p
* - - -1
|Bpux — Bpu||™ < (/QHL{](’P 2 — |ul? 2u|p/(p ))

Since
Huk|p_2uk— |u\p_2u’p/(p_1) <C([v|P+|ulP) ae.on Q

for some constant C > 0, and

H“k(x)’pfzuk(x) - \”(x)|p72u(X)‘p/(p_l) —0 aeon Q as k— +oo,
therefore, by Lebesgue Theorem 8.0.1 and inequality (2.16) we have
Bpuy — Bpu  on W’l’pl(Q),
(f1) By the condition (3.9) we have
/O[f(x,s)dx =c1t|°+o(1)|t|° as t—0, uniformly ae.in Q

for some 1 < 6 < p and a constant ¢; > 0. And rememeber that

Flu) = /Q ( /0 e f(x,s)ds) dx

is the potential for f with F(0) = 0.

(2.16)

(2.17)
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Now let K C Wol P(Q)\ {0} a compact subset. So we have that K C L"(Q) NL°(Q)\ {0} is
a bounded subset. It is worth noting that K is a set bounded from below in L”(Q)NL"(Q), i.e. there
exists a constant M > 0 such that [ |u|", [ |u|® > M forall u € K.

By (2.17) and (3.11) we have that

/Otf(x,s)ds — c1]t|% + h(r),

such that |A(t)| < cp|t|” for all # € R and for some constants c¢,c; > 0 with p < r < g. Therefore we
have, forall u € K,

fu(x)
F(tu) :/Q< 5 f(x,s)ds) decl|t|G/Q|u|G—c2|t|’/Q|u|r

and since K is bounded on L"(Q)
F(tu) 2 Cy(|t]° = t]") Vuek,

for some positive constant C;. Consequently, since 1 <6 < p <r,

F(t
lim (u)

t—0 ’l‘|17

— +oo  uniformly on K.

(f2) 1t follows from assumption (3.10).
(f3) It follows from assumptions (3.9) and (3.11) that there are positive constants a; and a,
such that

t
/ fx,8)ds <a|t|° +az|t|” forall reR
0
and consequenlty, by Sobolev inequalities,
F(u) < Cillull® + Collull” - Vu € Wy* (@),

for some positive constants C and C;.

(g1) By Sobolev inequality there exists a constant B > 0 such that

[ 1ul? < B,

and the assertion follows since p < gq.
(g2) Itis evident since G(u) = éfg lul? = %Mg.
(g3) Since g < p*, there exists, by the Sobolev inequality, a positive constant C > 0 such that

lul, <Cllul|, forall ueW,”(Q),
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which implies that G is bounded on bounded subsets of WO1 P(Q).
(g4) Let K C WO1 ?(Q)\ {0} be a compact subset. By the Sobolev inequality, K is a also a
compact subset of L4(Q)\ {0}. Therefore there exists a constant C > 0 such that

ul,>C Vuek,

and therefore, for ¢ > 0,

G(tu)
tp

1 4
= —|t|?|ul] > cp= P, Yuek,
q

for some positive constant c. And since g — p > 0 we have that

lim Z0%)
{Ssoo  tP

— +oo  uniformly on K.
This shows that we can apply Theorem 6.1.4 to the problem (3.8), namely we have proved
the following result.

Theorem 6.2.1. Let 1 < p <gq, withq < p*if p<Nandg<oif p>N, let A\ >0, and let f be a
Carathéodory function on Q x R satisfying (3.9)-(3.11) for some 1 <6 < p <r < q. Then 3 uy >0

such that problem (3.8) has two nontrivial solutions uy,uy with
E(u1) <0< E(uz)

Jor 0 < u < uo.

Another application of Theorem 6.1.4 is the following; Consider the Kirchhoff type problem

- (/ |Vu]2) Au =i +puf (x,u) +|u)"2u in Q
Q
u=20 on 0Q.

(2.18)

where Q is a bounded domain in RV, N = I,2o0r3,4<g<6if N=3and4<g<ooif N=1or2,
A,u > 0 are parameters, and f is a Carathéodory funcion on Q x R satisfying (3.9)-(3.11) for some

1 <6 <4 <r<gq.Solutions of this problem coincide with critical points of the functional

1 2 A 1
Z(u):Z</Q|Vu\2dx> —Z/Qu“dx—y/QF(x,u)dx—5/Q|u|4dx, ue HY(Q),

where F(x,t) = [§ f(x,s)ds. As in Theorem 2.3.1, E satisfies (PS), condition for all ¢ € R. We can
apply Theorem 6.1.4 with W = H} (Q) and the operators A, B,,, f,g € C(H} (Q),H~1(Q)) given by

(Apu,v) = (/ ]Vu\%x)/Vqudx, (Bpu,v):/u3vdx,
Q Q Q
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(f(u),v):/gf(x,u)vdx, (g(u)7v):/g|u|q2uvdx,

for all u,v € Hj (Q).
By verfifying, in a similar way as we just did, that for problem (2.18), (a;)-(g4) hold, we
have the following result.

Theorem 6.2.2. Let g > 4, with g <6 if N=3 and g < if N=1o0r2, let A >0, and let f be a
Carathéodory function on Q x R satisfying (3.9)-(3.11) for some 1 <6 <4 <r < q. Then 3 uy >0

such that problem (2.18) has two nontrivial solutions uy,uy with
f(ul) <0< f(uz)

Sfor 0 < u < .

6.3 The critical version of Problem 3.8

Now let us consider the case of Problem 3.8 when it is allowed to have ¢ = p*, namely

consider the problem

(3.19)

—Aput = NulP~u+ pf (x,u) + lulP "2u in Q
u=0 on 0Q.

where Q is a bounded domain in RV, 1 < p <N, A,u > 0 are parameters, and f is a Carathéodory
function on Q x R satisfying (3.9)-(3.11) for some 1 < 6 < p < r < p*. Solutions of this problem
coincide with critical points of the functional

1 A 1 x
E(u) :—/ |Vu|pdx——/ |u|pdx—,u/ F(x,u)dx——*/ lu|P dx, ueWol’p(Q). (3.20)
P JO pJQ Q prJo

Since g = p*, the compact imbeddings are no longer valid, therefore (PS). condition is no
more guaranteed for all ¢ € R. However, functional (3.20) satisfies a local (PS) condition. In that
fashion, to apply the theory so far developed we will need to make some adjustments.

The main result of this section will be the following.

Theorem 6.3.1. Let p > 1, N > p? and L > 0 with L & 6(—A,), and let f be a Carathéodory function
on Q x R satisfying (3.9)-(3.11) for some 1 < 6 < p <r < p*. Then 3 uy, ® > 0 such that problem

(3.19) has two nontrivial solutions uy,up with
1 N/
E(u1)<O<E(u2)<N—S P —ou

Jor 0 < u < uo.
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In order to prove the above theorem, we will need to adapt Theorem 6.1.4 in the following
way.
Theorem 6.3.2. Assume that (ay)-(g4) hold and 3c,, > O such that ‘E satisfies (PS). condition for all
¢ <cy If 0 <A < Ay, assume that 3wy € M such that

sup E(two) < ¢y (3.21)
>0

for all sufficiently small u > 0. If Ay < A < A1, assume that thee exist a compact symmetric subset
C of ! with i(C) = k and wo € M\C such that

sup  E(sv+twp) < cy (3.22)
veC, s,t>0

for all sufficiently small u > 0. Then 3ug > 0 such that equation (1.1) has two nontrivial solutions

uy,uy with
E(ur) <0< E(uz) < cy

Jor 0 < u < uo.
Proof. Here we will use the same notations as in Theorem 6.1.4.
If 0 <A < Ay, as in Theorem 6.1.4, take Ag = 0 and By = M . Then

A" C{twy:t >0}

and hence sup E(A*) < ¢, for all sufficiently small u > 0 by (3.21). Therefore Theorem 6.1.4 can be
apply for any b € (supE(A*),c,] and a < inf E(B*).
If Ay <A< Agyq,letAg=C and By = ‘¥y,.,» then by Proposition 4.5.2,

i(Ag) = i(M\Boy) =k.
Also, we have
A" C{sv+two:veC, s,t >0},

and hence sup E(A*) < ¢, for all small u > 0 by (3.22). Therefore we can apply Theorem 6.1.4 for
a <infE(B*) and b = c,,.
[

We will employ Theorem 3.19 in order to seek critical points of the functional E defined in
(3.20). For that porpuse, let us first show that there exists ¢, > 0 such that the functional 3.20 satisfies
(PS). forall ¢ < ¢y
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Let

p
g of Jo IVu| dx/ *
ueWy P(@\{0} (Jq ul?"dx)P"?

(3.23)

be the best Sobolev constant.

We then have the following.

Lemma 6.3.1. Let O < u < 1. Then there exists ® > 0 such that E satisfies the (PS). condition for all
c< lSN/I’—oau (3.24)
N . .
Proof. Suppose that

E(uj)—=c on W,P(Q),
E'(uj)=0 on W '7(Q).
Then

1 A 1 .
Blw) = [ (S0l = 2l ()~ gl Jds=cro(). (25)

and

(E'(uj),v) =/Q(IWJ\”_ZWJVV—Mujlp_zujv—uf(x,uj)v—Iujl”*_zujv> dx

=o(|v]) WeWw, Q). (3.26)

Taking v = u; in (3.26) gives

S (19307 =27 = s = a7 ) = o ). (3.27)

As in Theorem 2.3.1, (u;) is a bounded sequence, so a renamed subsequence converges
weakly to some u in WO1 P(Q) and strongly in L*(Q) for all s € [1, p*), and almost everywhere in Q.
Let us write v; = uj — u.

Therefore, for (3.27) we have

17 = Juj 2 + /Q (Mul? + pf (x,0)ue) dx -+ o(1). (3.28)

As in Theorem 2.3.1, Vu;(x) — Vu(x) a.e. on Q, and consequently, since |Vu;|?~>Vu is bounded on
LP/(P=D(Q : RY), we have that |Vu;|P~2Vu; — |Vu|P~>Vu on LP/(P=1)(Q : RN). Therefore, taking
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v =uin (3.26) and passing to the limit gives
Jul? = [u]? + /Q (Mul? + paf (x, 0)1e) dix. (3.29)
Again as in Theorem 2.3.1 we have
[Vill? = llull” = llull” + o(1). (3.30)
Also, by the Brézis-Lieb lemma,
Vil = lujlye = luly +o(1),
and combining (3.28) and (3.29) with the last two equalities we get, by the definition of S,
||P*
iy < il
||VJ|| ‘Vj‘p*—i—o(l)— Sp*/p +0(1)7
SO
o l17 (/02— /) < o(1). (3:31)
Now, from (3.25) we have
1 p Lo Ao
el = llyy = [ (Sl 4 (s ) dx-to(1)
this together with (3.28)-(3.30) gives
1
c:N||vj||1’+/QH(x,u)dx+0(l), (3.32)

where
Hxt) = 0+ (L) ).

By condition (3.11) on f, we have

1
—fx, )t —F(x,t) > —a; (Jt|"+1) forae.xeQandallr € R
p

for some a; > 0. Since r < p*, there exists a constant a; > 0 such that

H(x,t) > —apu a.e.in Qandall7 € R.
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Then (3.32) gives
[[Vill” < N(e+ ow) +o(1)

for some > 0.
Combining this with (3.31) shows that v; — 0 when (3.24) holds. O

Now we have found the constant ¢, of Theorem 3.19, namely
cy= lSN /p_ ou.
N

Let us first consider the case where Ay < A < A1 with k > 1 on Theorem 6.3.1. The case
0 < A < A will be treated later. So in order to apply Theorem 6.3.2, we will need to show the existence
of the compact symmetric subset C C W* with i(C) = k satisfying (3.22).

Consider now the operator K first defined in Lemma 6.1.1 and used in in the proof of
Theorem 6.1.3 and the set Cy constructed in the same such a theorem. It can be proved that there exists
some m > 2 such that K" (¥*) is a bounded subset of L™(Q)N Cllo’g(Q) of index k (see [8], Theorem
2.3). Therefore we can assume that Cj is a subset of W™ that is also bounded in L™ (Q) N Cll()’g(Q).

By a translation, we can assume without loss of generality that 0 € Q. Let §p = dist(0,0Q),
and M : [0,00) — [0, 1] be a smooth function such that n|(s) = 0 for s <3/4 and n(s) = 1 for s > 1, and
set

u(x) =1 (%) u(x), 0<8<8)2

for u € Co. Remember that M = {u EWLP(Q) : |ull? = p} and T, 1 WP (Q)\ {0} — M defined
as T (1) = p'/Pu/||u| is the radial projection onto M. Let us define

Cs = {TCM(M5> uc C()}.
Then we have the following.
Lemma 6.3.2. If 6 > 0 is sufficiently small, then Cg is a compact symmetric subset of P vith i (C)=k.

Proof. By the above discussion, we have that functions in Cy are bounded in C' (Bj, /2(0)) and belong

to P Note that
i) =’ (5 )utw gt () vt
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therefore

/|Vu3|pdx = / |Vu5|pdx+/ |Vug|Pdx
Q Q\B5(0) B5(0)

1
S Vu|ld _|_2p/ (_ "PlulP + In|P|V P)d’
< /Q\BB(O)| ulPdx 55(0) 6P|n| u|? + [P |VulP | dx

n(y)| < 1, and Cy is bounded € C' (Bs,/2(0)) and 27 > 1, we have

and since M 1s of class C*,

1
/\Vug\pdx < /yvu|de+(2P—1)/ |n]”\Vu\pdx+2p/ [P |ufPdx
Q Q B3(0) B3(0) ©7

o
< p+ ClsNip + C25N

for some positive constants ¢; and c;. We also have that

[husrar= [ = [l [ i 2o
Q Q\B;5(0) Q B5(0) M

for some c3 > 0. So

_ Jo |Vug|Pdx < p—i—clsN*p—}—CzSN

¥ (g (us)) = <
M Jo lug|Px P _ 5N
M
Denoting by
p+ c18N‘P + 6‘25N
1(8) = £ ,
x—k — C38N

then 7 is well defined and continuous for & small enough and 7(0) = A. Therefore since A; < A
we have that for all 8 > 0 small enough we have 1(8) < A. Therefore v = ¥(t4,(u5)) € P for all
sufficiently small & > 0.

Since Cj is a compact symmetric set and u — v is an odd continuous map of Cy onto C, C

is also a compact symmetric set and
i(Cs) > i(Co) =k
by the monotonicity of the index. On the other hand, since Cs C wh M \Wy,,, by Proposition 4.5.2,
i(Cs) <i(M\Wy,,,) =k

S0 i(Cs) = k. 0

Now we are ready to prove Theorem 6.3.1.



6.3 The critical version of Problem 3.8 112

Proof of Theorem 6.3.1 . Let us first prove when A € (Ag, Agr1).
Let us consider the Aubin-Talenti functions
. ey pg(N—p)/p2

u, (x) = , €>0.
<) (+ |x|p/ (= 1))V =P)/P

It is well-known that such functions minimizes (3.23) when Q = R". The constant cy, p > 01s chosen
so that

/N Vit |Pdx = /N it |Pdx = SN/,
R R

Fix 8 > 0 so small that Cs is a compact symmetric subset of ¥* with i(Cs) = k (see Lemma 6.3.2).
Let 0 : [0,00) — [0, 1] be a smooth function such that 6(s) = 1 for s < 1/4 and 6(s) =0 for s > 1/2,

and set

ug(x) = Mu*x e (x) = g (X)
=0 (). wewy= oo

We have the well known estimates (see [16])

/N|Vﬁe|pdx§ S+ae-r/r,
R

He|P dx = 1,
Nl ’
R

[ Jlrar= N>
€ -
RV areP|loge|  if N =p>.

for some ay, ar > 0.
Let

By the construction of Cs in Lemma 6.3.2 it is clear that functions in Cgs have their support in
Q\B35,4(0), while the support of wy is in Bg/»(0), therefore wo € M\Cs. Let v € C5 and s, > 0.
Since v and wy have disjoint support,

E(sv+twy) = E(sv) + E(twp). (3.33)

By (3.10),
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E(sv) < % (/Q |Vv|palx—7u/Q |v]pdx> = —sP <‘P}(Lv) - 1) <0 (3.34)

since v € W}, Moreover,

tP IP* .
Bt < ( [ [wolras =1 i) =2 [ ot a,
p Q Q prJo

and maximizing the right-hand side over all r > 0, and using the above integral estimates, we have

1 (fg |Vwo|Pdx — ng |W0|de)P*/(p*—p)
(Jo |WO|P*dx)P/(P**p)

1 (fo |Vite|Pdx — A [, |ii|Pdx)P ™/ P"=P)
(Jo |L’Z£]p*dx)P/(P*—p)

E(ZWQ) <

2|

=4

N/
: (S+“1€(N*p)/”—7va2€”71> TN s p? (3.35)

- N (S+aje?~! —hareP~!|loge|)” if N = p?.

It follows from (3.33)-(3.35) that

1
sup  E(sv+1wp) < —SV/P
veCs, s,t>1 N

if € > 0 os sufficiently small. Then for u > 0 sufficiently small we also have that

1
sup  E(sv+twp) < —SVP —ap.
veCs, si>1 N
Note that this can be done since the above calculations does not depend on p.
The case when 0 < A < A is handled the same way, but the only modification is that we does

not need the set Cs anymore.
[]



CHAPTER 7/

The Brezis-Nirenberg problem for the p-Laplacian

In this section we will apply the theory so far developed, with some adjustments, to the
famous Brezis-Nirenberg problem. Such kind of problem was first studied by Brezis and Nirenberg
in their seminal paper [3] for the case p = 2.

Consider the problem

{—Apu:k|u|p2u+\u|p*2 in Q o1

u=20 on 0Q).

where Q is a smooth bounded domain in RY, N >2, 1 < p < N, p* = Np/(N — p) is the critical
Sobolev exponent, and A > 0 is a parameter.
In order to show that under certain conditions problem (0.1) has nontrivial solutions, we will

develop an abstract approach to a class of equations that includes (0.1) as a special case.

7.1 Abstract approach

Assume that W is a uniformly convex Banach space and let (W*, || - ||*) be its dual with

duality pairing (-,-). Consider the nonlinear operator equation
Apu = ABpu+ f(u) (1.2)

in W*, where A,,B,, f € C(W,W*) are potential operators, with f odd, satisfying the following

assumptions, and A € R is a parameter:

(A'1) A, is (p — 1)-homogeneous and odd for some p € (1,+0): A,(tu) = |t|P~2tA,u for all u € W
andt € R,

(A"2) (Apu,v) < ||ul|P~Y||v|| for all u,v € W, and equality holds if and only if ow = Bv for some
o, B > 0, not both zero,

(B'1) B, is (p— 1)-homogeneous and odd: B, (tu) = |t|P~*tB,u forallu € W and t € R,
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(B'2) (Bpu,u) > 0 forall u € W\ {0}, and
(Bpu,v) < (Bpu,u)(p_l)/p(pr, WP forall u,veWw,
(B'3) B, is a compact operator,

(F'1) the potential F of f with F(0) = 0 satisfies F(u) = o(||u||?) as u — 0,
(F'2)

F(tu)
im =
t—r+oo |t|1’

uniformly on compact subsets of W\ {0}.
By Lemma 5.1.1, solutions of (1.2) coincide with critical points of the C!-functional
E(u) =1I,(u) —Mpy(u) —F(u), uecWw,
where
Ip(u) = (Apt) = ", Tpla) = (Bt
u) =—(Apu,u) = —||ul|”, u) = —(Bpu,u
P PP D P PP

are the potentials of A, and B, satisfying 1,(0) = 0 = J,(0), respectively.

Moreover, eigenvalues of the eigenvalue problem
Apu = ABpu

coincide with critical values of the C!-functional

1

P(u) = But)’

ues,

where § = {u eW: (Apu,u) = 1} is the unit sphere in W. Denote by ¥ the class of symmetric
subsets of §, let 7 ={M € F :i(M) >k}, and set

M = A}Ielgk:élﬂli/)llp(u), k> 1.
Then A} = inf¥(S) > 0 is the first eigenvalue and by Theorem 5.2.1 A} <Ay < --- is an
unbounded sequence of eigenvalues.
Denote 4* the class of symmetric subsets of W\ {0}. Let /A’ be a closed symmetric subset of
W\ {0} and let I" denote the group of homeomorphisms of W that are the identity outside Z~'(0,b).
As in Definition 4.6.1, let us define the pseudo-index of a set A € A4* related to the cohomological
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index i (see Definition 3.2.2), A, and I" as

i*(A) = mini(y(A) N A). (1.3)
yel

For j > 1, let
={M € 4% : M is compact and i"(M) > j}
and set

¢; = inf maxE(u).
MEA; ueM

Also, suppose that W is a closed linear subspace of a Banach space D. We assume that £ has

the following compactness properties

(Cy) there exists ¢* > 0 such that £ satisfies the (PS). condition for all ¢ € (0,c¢*),
(Cy) there exist b > ¢* and for each ¢ € [¢*,D) a set M. C D\ {0} such that

(i) every (PS). sequence (u,) has either a subsequence that converges strongly to a point in

K., or a renamed subsequence that converges weakly to a point in K._.+ and satisfies
dist(u,,M;) -0 or dist(u,,—M,) — 0,
(ii) N3(M.) N Ns(—M,.) = 0 for all sufficiently small & > 0.

We then have the following result.

Theorem 7.1.1. Assume (Cy) and (C3). If 0 < Crp1 <o Zcpyy < b for some k>0 andl >3, then
E has at least (I — 1) /2 distinct pairs of critical points at levels in (0,b).

First we will need to prove the following two lemmas.

Lemma 7.1.1. Assume (Cy) and let ¢ € [c*,b), B= K UM U—M,, and & > 0. Then there exist €y > 0
and for each € € (0,€9) amapn € C(W x [0,1],W) satisfying

(i
(ii

(iii

,0) is the identity,
,t) is an odd homeomorphism of W for all t € [0, 1],
t) is the identity outside £f+22§\N5/3 (B) forallt € [0,1],

) n(:
) (:
) (.,
(iv) |In(u,t) —ul| <8/4 for all (u,t) € W x [0,1],
(v) EM(u,-)) is nonincreasing for all u € W,

)

(vi) M(E“T*\Ng(B),1) C E°7F.
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Proof. By (C;) it is clear that there exists €9 > 0 such that for each € € (0,€p),

32¢ X
| E (u)||* > = Yu e Z‘+2£\N5/3(B). (1.4)

c—2¢

Let V be an odd pseudo-gradient vector field for ‘£, i.e., a locally Lipschitz continuous mapping from
{u e W: E'(u) # 0} to W satisfying

V@I < IE @I 20 @),V w) = (IE' @), V(—u) ==V (), (1.5)

this is possible because ‘£ is even.
Now take an even Locally Lipschitz continuous mapping g : W — [0, 1] such that g = 0
outside £-53¢\N5/3(B) and g = 1 on ES75\Nyg 3(B), for instance

c—2¢ c—2¢

dist(x, (EST2\Ns/3(B)) ")

x) — Cf‘ZE .
dist(x, (ES\Ns/3(B)) ) + dist (x, E<35\ N 3(B))
Letn(u,t), 0 <t < T(u) < +oo be the maximal solution of
V(n) - 2
—4egM)r—7vz  if ue ETGN\Ny/3(B),
N = [EOIR c-2e O/ >0, N0 =ucW.
0 otherwise,

By (1.4) and (1.5) it is easily seen that

ot
_ < =
In(ut) —ul < 3

so ||n(u,-)| is bounded if 7'(u) < 4-oo. Therefore, as in [20] §6, Theorem (3) we have T (1) = +o0 and
consequently (i)-(iv) easily follow.

Since

d

“(EM1))) < —2eg(n) <0 (1.6)

by (1.5), (v) holds.

Now let u € E°T€\N5(B) and suppose M(u,1) ¢ E €. Then by (v) we have that 1(u,t) €
Ete for all t € [0,1] and M(u,r) ¢ Nag/3(B) by (iv). So n(u,1) € EFE\Nas/3(B) and hence
g(M(u,t))=1forallr € [0,1], so (1.6) gives

EM(u,t)) < E(u) —2e <c—¢,

a contradiction, hence (vi) follows. O

Lemma 7.1.2. Assume (C1) and (C). If 0 < ¢ = ¢}, | = ¢ <b, then K* is an infinite set.
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Proof. If ¢ € (0,c*), then E satisfies (PS). by (C;) and as in Proposition 4.6.2 the desired conclusion
follows. So suppose ¢ € [¢*,b) and let B= K UM_.U—M,. Suppose that K is finite. Then K¢ consists
of a finite number of pairs of antipodal points, then (C;) implies that for sufficiently small > 0, N5(B)
is the disjoint union of £Ng(M,) and a finite number of pairs of closed balls centered at antipodal
points. So there is an odd continuous map from Ns(B) to S° and hence i(N3(B)) < 1.

Let €9, € € (0,€0) and M as in Lemma 7.1.1. Since c;fH — ¢, there exists M € ﬂ}kH such that
M C E°® and hence by Proposition 4.6.1

JH1<i"(M) <i*(E). (1.7)

Take € < min{c/2,(b—c)/2} and let y=m(+,1) soy € I" because y is an odd homeomorphism of W
and is the identity outside £~'(0,5). Since E*¢ = N5(B) U E\N5(B) we have

() <T(EF) +i(N3(B)) (1.8)

by Lemma 7.1.1 and Proposition 4.6.1.
Since ¢ = c;, we have
F(ECE) < j— 1 (1.9)

By (1.7)-(1.9) we have

which is a contradiction. OJ

Proof of Theorem 7.1.1. In view of Lemma 7.1.2 we can assume that
0<cpyg < <cpyy<b.

We claim that if £ satisfies (PS )"/’EH condition, then ¢, is a critical value for it. Indeed let us denote
c=cy,;and let §,€ > 0 such that i(K¢) = i(N5(K¢)) and y="(-,1) given in Lemma 4.2.2 such that
vis an odd homeomorphism and Y€ T".

Since
ETE = Ns(K) U ET*\N5(K),
we have

WETE) CY(N5(K)) UV(ETE\N5(K)).
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And since Y€ T, Y(E“8\Ns(K¢)) C E°¢ it implies that
i(ECTE) < (ETE) +i(Ns(K°)) (1.10)

by Proposition 4.6.1.

By definition of ¢ = ¢j ; we have
k+i<i*(ET®), and i*(EE) <k+i—1. (1.11)
Then
i(N5(K)) > 1

by (1.10) and (1.11). And since i(K¢) = (N5(K*)), K¢ # 0 by Proposition 3.2.2.

On the other hand, if £ does not satisfies the (PS).; . condition, then cf; € [¢*,b) by (C)
and E has a (PS)C;+1_ sequence with no convergent subsequence. Then ¢ ; —c* is a critical level of
E by (C2). So ¢ or ¢, —c* is a critical level of E in (0,b) for each i such that ¢ ; # ¢*, and it
follows that £ has at least (I — 1)/2 distinct critical levels in (0,).

O

Now we prove a key result, which is essential in showing that equation (1.2) has nontrivial

solutions.

Theorem 7.1.2. Assume (C1) and (Cy). Let Ag and By be symmetric subsets of the unit sphere
S={ueW:|ul| =1} such that Ay is compact, By is closed, and

i(Ag) > k+1, i(S\By) <k (1.12)
for some k > 0 and | > 3. Assume that there exist R > r > 0 such that, setting
A={Ru:ucAy}, B={ru:ueBy}, X={ru:ucA, tel01]},
we have
sgpf <0< igff, sgpf <b.
Then ‘E has at least (I — 1) /2 distinct pairs of critical points at levels in (0,D).
Proof. In the definition of the pseudo-index (1.3), we take A to be the sphere

S,={uew:|ul|=r},
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and we will show that
O<igff§c;+1 <o <Zcpyy SsupE < b,
X

and apply Theorem 7.1.1. We note that A and S,\B are radially homeomorphic to Ap and S\Bj,

respectively, and hence
i(A) > k+1, i(S\B) <k (1.13)

by Proposition 3.2.2 and (1.12).
IfM e A, ,, then (1.13) gives

i(S\B) <k<k+1<i"(M)<iMnNS,)
since the identity is in ', so M intersects B by Proposition 3.2.2-(i). Hence
Chr1 > igff.
For y € I, consider the continuous map
Q:AX[0,1] =W, o(u,t)="(tu).

We have

¢(A < [0,1]) = y(X),
which is compact. Since Y is odd,

O(—u,1) = —(u,1)
for all (u,t) € A x[0,1] and @(A x [0,1]) = {y(0)} = {0}. Since E < 0 on A, 7|4 is the identity
and hence @(A x {1}) = A. Applying the piercing property (i7) of Proposition 3.2.2 with Xy =
{ueW:||ul| <r}land X; ={u e W :|u|| >r} gives

i(Y(X)NS,) = i(@(A < [0,1))NXoNX1) = i(A) = k+1

by (1.13). Hence i*(X) > k+1. So X € 4y, and hence ¢}, < supy E. O

Using Theorem 7.1.2 we can prove the following.
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Theorem 7.1.3. Assume (Cy) and (Cy). Let By and Cy be symmetric subsets of S such that Cy is

compact, By is closed and
i(Co) > k—m, i(S\Bo) <k (1.14)

for some k > m > 0. Assume that there exist an odd continuous map @ : SN S\Co, N > m+2 and
R > r > 0 such that, setting

s o(sN) if Co=0
’ {m((1—1)v+1tw):veCo, weo(sV), r€[0,1]} if Co # 0,

A={Ru:ucAy}, B={ru:ueBy}, X={tu:ucA, tel0,1]},
we have
supE <0 <infE, supE <b.
A B X

Then ‘E has at least (N — m) /2 distinct pairs of critical points at levels in (0,b).

Proof. Let us first consider the case where Cy # 0.

Recall that £Cy denotes the suspension of Cp, which is obtained as the quotient space of
Co x [—1,1] with Cg x {1} and Cp x {—1} collapsed to different points. Let VN +1Cy be the (N +1)-
fold suspension consisting of points (v,f1,...,tx+1), wherev € Cpand ¢; € [—1,1] for j=1,... ,N+1,

with the appropriate identifications for 7; = =1, for instance if N = 1 then we have, under such

identifications
(v,t1,£1) = (w,i1,£1), forallv,we Cy, 11,71 € [—1,1]
(v,£1,60) = (w,£1,8), forallv,w e Cy, 1, € [—1,1].
Now set
N+1 N+1
po=[10=uh), pi=lyl [T A—lal), forj=1,....N, pyn1=|tns1l.
=1 I=j+1

It is worth nOting that the maps
0 — K, (V,tl,...,lN+1) > Pj

are well defined and continuous for all j =0,1,...,N+ 1, indeed the continuous property is evident
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once it is well defined, and it is in fact well defined since the p; are constant on collapsed points. Let
{e1,...,en11} be the standard unit basis of R¥*!, and let

@RV {0} - 8V, xe -

[«
be the radial projection onto SV. Let us define the map

N+1
Zj:l pjsgn tjej

N+1 2
Yj-1 Pj

N+1
= (pov+ (I—po)o (fﬁ (Z pjsgn fﬂj))) :
j=1

Such map is well defined, odd and continuous since

*NFLCy — Ao, Wty tve1) = | pov+(1—po)@

N+1
pjsentje; #0, forall (nty,...,tn11) € VTG,
=

and continuous because pjsgnt; =t; Hév:t'il (1—1g)).

Therefore
i(Ag) > i(ZNT1Co) =i(Co) + N+1>k+N—m+1

by Proposition 3.2.2- (i3), (i¢) and (1.14). So the conclusion follows from Theorem 7.1.2.
If Co = 0, then k = m by (1.14) and Proposition 3.2.2- (i1 ), and

i(Ag) = i(@(SM)) > i(SN) =N+ 1=k+N—-m+1

by Proposition 3.2.2 (i) and (ig), so the conclusion follows from Theorem 7.1.2.
[]

Now we have the tools to prove the most important theorem of this abstract setting, which

will allows us to prove the existence of nontrivial solutions of problem (0.1).

Theorem 7.1.4. Suppose (A))-(F;) hold and ‘E satisfies (Cy) and (C3). Assume that \ < Ay+1, there
exists a compact symmetric subset Cy of S with i(Co) > k —m for some 0 < m < k, and there exists an

odd continuous map @ : S¥ — S\Co, N > m+2 such that

sup  E(tw)<b ifCy=0 (1.15)
wep(SN), >0
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and

sup E(sv+iw) <b ifCy+#0. (1.16)

veCy, wep(SN), 5,t>0

Then equation (1.2) has N — m distinct pairs of nontrivial solutions satisfying
0< E(u) <b.

Proof. We apply Theorem 7.1.3 with By =¥, ,,. By Proposition 4.5.2, i(S\¥, ) < k. Foru € §
and r > 0,

Since ¥(u) > 0 by (BY), this gives

5 (1) 0 <200 < 7 (145 )~

where A* = max {£A,0}. Since AT < A4 1, the first inequality and (F/) imply that infg E > 0if r > 0
is sufficiently small. Since Ag is a compact subset of W\ {0}, the second inequality and (F};) imply
that sup, £ < 0 if R > r is sufficiently large. By (1.15) and (1.16), supy E < b. O

7.2 Compactness condition for problem (0.1)

In order to show the existence of nontrivial solutions of (0.1) we will apply Theorem 7.1.4

to the energy functional associated to (0.1)

1 A 1 "
E(u):—/ |vu|de——/ |u|de——*/ W' dx, uwew, Q). 2.17)
pJa P/ P Jja

Firstly we need to show that E satisfies the compactness conditions (C}) and (C;). Let us

first set some notations. Let

S |Vu|Pdx

- (2.18)
weD'P(RVN(O} (frow ul?” dx)P?

SNp =

denote the best Sobolev constant. Recall that the infimum in (2.18) is attained on the functions

CN’pg(N_P)/P(P_])

(gp/(p—l) +|x _y|p/(p—1))(N—p)/p’

U y(x) = e>0,ycRV, (2.19)
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where the constant ¢y , > 0 is chosen so that

A@vaue,y‘pd’c:/w’“&y’p dx:S%,/,f-

Solutions of the equation
—Apu = |ulP"2u (2.20)

in D7 (RN) coincide with critical points of the functional

1 I *
Ew(u) :—/ |vuv’dx——/ P dx, we DP(RY).
pJRY p*JRY

Denote by RY = {x=(xi,...,xy) € RY :xy >0} the upper-half space in R and by
Q)&’p (RY) the closure of C(RY) in D1 (RV) after extending by zero on RV\RY. Set

C* — NSNJ) .

We will need the following nonexistence result.

Lemma 7.2.1. Let 1 <p <N,uc R, andletu e Q)é P (Rﬁ) be a nonnegative solution of the equation
—Apu = /Jup*_1 in Rﬁ.
Then u=0.

Proof. [17], Theorem 1.1. O

Lemma 7.2.2. Let u be a nontrivial weak solution of the equation (2.20) in D" (RN) or Q)é P(RY).
Then

E.(u) > c". (2.21)
Ifue Q)(Rﬁ), then this inequality is strict. If u is sign-changing, then
Eo(u) > 2c". (2.22)

Proof. Let u be a solution of (2.20) in D7 (RN) or Q)é’p (RY). Since u satisfies the equality (2.20)

(in the weak sense) we have that

/ VulPdx = / ul”" dx (2.23)
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and this together with the Sobolev inequality gives us

N\ PP p/p*
/|vu|1’ > Swp (/ | > — Sy, (/ |vu\de> ,

and consequently

(/\WV’) > sy/P. (2.24)

By (2.23) and (2.24) we have

1 I *
En(u) — —/ |vu|de——/ ulP" dx
pJRN P JRN

1 1
= (———)/ |VulPdx
p p)JrY

1 ~N/p

N N.,p»

v

which is (2.21). Now suppose that u € Q)é’p (RY) and Ew(u) = c*. By what we just did above we get

P — N/P _ P
/RN|VL¢| dx—Sx’p —/RN|M| dx,
therefore

S [Vaal?
(Jfian |ul?"dx)P/ 7"

N,p>

and consequently u minimizes (2.18). We can suppose u > 0, otherwise take |u| instead, which will

clearly minimize (2.18) as well. So by Lagrange multipliers we have that u satisfies
—Apu = w1 in Rﬁ

for some u € R, so by Lemma 7.2.1 we have u = 0, which is a contradiction, because Ew(u) > 0,
therefore the inequality (2.21) must be strict. Now suppose u is sign-changing. Since u satisfies (2.20),

we have in particular
*
/ |Vu|p_2VuVuidx:/ |u|P” ~2uuFdx
RN RN

which leads to

/N|Vui|pdx:/lv|ui|p*dx,
R R
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and similarly as we did before,

and noting that Ew(#) = Ew(u™) + Ew(u™) we have (2.22). O

Lemma 7.2.3. Let (Q;) be a sequence of open subsets of Q such that Qi C Qi1 and Q = g Q.
Let p > 1, {v,} ¢ W'P(Q) be such that v, — v in WP (Q) and, for every k,

lim [ (|Vva|P "2V, — |VV|P2V0) VT (v, — v)dx = 0,
n—e Jo,

where T is as in Lemma 2.3.1. Then

1. Vv, — Vv a.e. on Q passing if necessary to a subsequence,

2. 1limy o0 ([ [VVn|? — [V (v —v)|P — |VV|Pdx) = 0,

3. Vva|P2Vv, — [V (e =) |P 2V (v — v) — [Vv|P=2Vy in LP/(P=D(Q . RV).
Proof. [17] Theorem 3.3. ]

Lemma 7.2.4. Let p > 1 and define A : RN — RN by A(y) = |y|P2y. Let (u,) C LP(Q;RY) be such

that u, — u a.e. on Q and sup,, |uy|, < oo. Then

lim / A(un) — Aty —u) — A(u) [P/ P~ Ddx = 0.
Q

n—oo

Proof. [17] Lemma 3.2.
Lemma 7.2.5. Let c € R, {uy}, e C WO] P(Q) and u € WO1 P(Q) such that
U, = u in Wol’p(Q),
U, —u ae on £,

E(u,) — c,
E'(u) =0 in W 7(Q).
Then, passing if necessary to a subsequence, Vu, — Vu a.e. on Q and E'(u) = 0. Moreover

Vi = u, — u is such that

p’

1 1imy oo (||t ||P = [[va]|?) = ||u
2. Ew(vp) = c—E(u),
3. EL(va) = 0in WL (Q).

Proof. Let us take 7 : R — R defined as T(s) = s if |s| < 1 and T(s) = s/|s| if |s| > 1. Since
T is bounded, and u, — u a.e. on £, by the Dominated Convergence Theorem, we have that



7.2 Compactness condition for problem (0.1) 127

Jo T (up —u)|?%dx — 0 as n — oo for all ¢ > 1. Moreover T (u, —u) — 0 in Wol’p(Q). Hence we
have
/Q (|Vun|p_2Vun - |Vu|p_2Vu) VT (u, —u)dx
= (E'(un),T(up—u))— /Q \VulP=2VuVT (1, — u)dx
+ /Q (7»|un|p_2un + |un|p*_2un> T (up —u)dx — 0.

Statement 1. and the fact that Vu,, — Vu a.e. on Q follows from Lemma 7.2.3. This together

with the compact embedding and Brezis-Lieb lemma we have statement 2.:

Ew(vh) = E(vy)+o(1)
= E(uy)—E(u)+o(1)
= c—Eu)+o(1).

Since Vu, — Vu a.e. on Q, and |Vu,|P~2Vu, is bounded in LP/P=D(Q RN), |Vu,|P~2Vu, — h
in LP/(P=1)(Q,RN), and by Proposition 8.0.1, i = |Vu|P~2Vu. Similarly we have that |u, "~ u, —
[P~ 2w in LP/P=D)(Q) and |u,|P" 2w, — |u|?" 2w in L7/ P D(Q). Since E' (u,) — 0 in W12 (Q),

we then have that

(E'(w),v) = /(\Vu|p_2Vqu—k|u|p_2uv—|u|p*_2uv>dx
Q
= li_r>n <|Vun]p_2Vuan — M |P Uy — |un|”*_2unv> dx
n—e JQ

— ; ! —
= nlglolo(E (uy),v) =0,

forallv e Wol’p(Q), therefore E'(u) = 0.
Finally, Lemma 7.2.4 yields statement 3. :

EL(va) = E'(va)+o(1)
E'(uy) —E'(u) +0(1)
1).

= o

Lemma 7.2.6. Let {y,},cy C Qand {&,},y C (0,00) be such that

g, \dist (y,0Q) — oo (2.25)
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Assume that the sequence {un},.y C DVP(RN) and the sequence

(N=p)/p

vn(x) =& Un(€px + yn)

are such that

Ve =V in Q)l’p(]RN),
V, =V a.e. on RN,
Eoo(un) — ¢,

EL(uy) >0 in W (Q).
Then, passing to a subsequence, Vv, — Vv a.e. on RN and E. (v) = 0. Moreover, the sequence
wa =ty — ()P~ Pu(e, ! (- = )
satisfies

i) 1imy, o0 (||1n]|? — [[wa]|7) = [|V]|7,
ii) Ew(wy) = ¢ —Ew(v),
iii) EL(wp) — 0in W=7'(Q).

Proof. 1) We first prove the existence of a subsequence on Vv, converging a.e. on R,
For h € CJ(RY), we define

hy ="V Ph((- = y,) J£).

Let us also define By := B(0, k). For every n large enough, if & € C7'(Bx) then, by assumption (2.25),
hy € C3(Q). Indeed, the only chance of h,(z) # 0 is that €~ ! (z—y,) € By, so we must have necessarily
that z € €,By, + y,.. Therefore the support of &, is in €,B; + y,. Now, since (g,)~dist (y,,0Q) — oo,
there exists NV, € N such that if n > N, we have

dist (yp,0Q) > €.k,

but this means that €,By +y, = B(y,,€,k) C Q for all n > Nj. Take n big such that &, € Ci’ (), then

we have, by changes of variables
[(EL(vn)s 1) = (B (ttn), )| < 1 Eca ()| [l Fan ]| = IV ES () [ |12

Hence, by apporoximation we have E_ (v,) — 0 in w—L (Bi).Letp € C3(RY) besuchthat 0 < p < 1
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and

;o <k,
0, x| > k+1.

Consider the vector field
fu = |Vva|P 2V, — V[P 2V,

We have

Jn- VT (v, —v)dx
By,

< '/Ran-V[pmn—v)J +‘/RNT<vn—v>fn-Vp .

Since T is bounded, it is clear that

T(vp—V)fn-Vpdx —0, as n—eo.

RN
Moreover
RN fn -V [pT(Vn - V)] dx = (Eéo(vn)7 pT(Vn - V))
+ / |vn|p*_2vin(vn —v)dx
RN
+ /N |Vv|p_2Vv-V[pT(vn —v)]dx
R
so that
/ fo-VIpT (v, —v)]dx =0, n— co.
RN
Finally,

fn- VT (vp—v)dx — 0, n— oo,
By

and it suffices to employ Lemma 7.2.3.

2) Using Lemma 7.2.3, we obtain

T ([[va|? = [lvn = v[[7) = [Iv]|”

or

tim ([fua]” = [[wall?) = [v]}”-
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It follows then from the Brezis-Lieb Lemma that
Ew(wy) = Ew(v,—V)
= Ew(vp) —Ew(v)+o0(1)
= Eo(uy) —Ew(v)+o(1)
= c¢—Eu(v)+o(l)
3) Since, for every h € Ci (RN), we have, simlilarly as in the proof of Lemma 7.2.5, that
(Eo(va),h) =0, (EL(va),h) — (EG(v),h),
so it is clear that EL (v) = 0.
4) For g € C;(Q) we define
gn() =€ " Pg(enxt y).
By combining Lemma 7.2.5 and Lemma 7.2.4, we obtain, uniformly on g € C5’(Q), ||g|| =1,
(E;,(wn),g) = (E;o(vn - V)ygn)
= (E;o(vn)agn) - (E;,(V),gn) +o(1)
= (EL(un),8)+o(1) =o(1)
0

Theorem 7.2.1. Let ¢ € R and let (u,) C WO1 P(Q) be a (PS). sequence for E. Then, passing to a

subsequence if necessary, there exist a possibly nontrivial solution u € WO1 P(Q) of problem (0.1),
k € NU{0}, nontrivial solutions v;, i = 1,...,k of equation (2.20) in H;, where H; is RN or (up to a
translation and a rotation) RY, with v; € D' (RN) if H; = RN and v; € @é’p(Rﬁ) if H; =RY, and

sequences (y.) C Q and (€!) C Ry such that

i i
n n
i i
n n

i=1
k

H”an—>HMHp—|—ZHvin as n-— oo,

=1
k

E(u)+ ZEOO(V,-) =c.

i=1

() dist (y1,0Q) -0 as n—oo if Hj=RN,
(e}) " dist (v},,0Q) is bounded if H;=RY,

Uy — U — Z (82)_(N_p)/p vi ((- —yi;)/ﬁi)

n— oo, (2.26)

(2.27)
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Proof. For sake of clarity we divide the proof in 6 steps.
(1) Suppose (u,) C Wol’p(Q) is such that

E(uy) — ¢, E'(u) — 0. (2.28)

We claim that (u,) is a bounded sequence. Indeed, since E’(u,) — 0, for all n big enough we have

|(E"(un),un)| < pllun||, and denoting d := sup E (u,), we have
1, 1 .
4+ ] 2 Eun) - (E'(n).10) = ~ .l (2.29)

Since Q has finite measure and p < p*, by the Holder inequality there is a positive constant ¢; such

that
. p/p*
/ lu|Pdx < ¢ (/ |u|? dx) ,
Q Q

so by (2.29) we get
bl < e (@4 a7 < s+ a7

for some constants c¢»,c3,c4 > 0. Since p < p*, we also have
€3, p<p

d+ ]l > E () — (B (), ) = — [/ Vil [ |u,,yl’dx].
p* N |Ja Q

By the last two inequalities we have
D1 + Dol |||/ + D3 [utn| > Dl |7

for some constants Dy, Dy,D3,D4 > 0, and since p > 1 we have that ||u,|| is bounded.

(2) Passing if necessary to a subsequence, we can assume i, — vy in WO1 P(Q) and u, — v
a.e. on Q for some vy € Wol’p(Q). By Lemma 7.2.5, it follows that E'(vo) = 0 and u), := u, — v is
such that

) Nugll? = lluall? = [IvollP +o(1),
ii) Ew(u)) =c—E(v),
i) EL(u}) =0, in W17 (Q).

(3) If u} — 0in LP"(Q), since E. (u}) — 0, we have that u} — 0 in WO1 P (Q) and the proof is

complete. Otherwise we can assume that

/ ul [P dx > &
Q
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for some 0 < & < (Sy,,/2)"/P. Introducing the Levy concentration function

On(r) :=sup lul|P dx,
yeQ/LWr
since 0,(0) =0 and Qy () > §, and Q,, is continuous, there exists a sequence {e}l}n ey C (0,00) and

a sequence {y,ll}n ey C Q such that

= sup/ |u,1,|p*dx:/ \u,1,|p*dx.
B(y,e}) B(y}.el

yeQ ns n)

We define on

1

Q=
€,

(Q—y)

the sequence v} (x) = (e!)(N=P)/Py} (el x4+ yl). We can assume that v} — v{ in D'P(RY) and v} — v,

a.e. on RY. Observe also that

&= sup WP dx = / WP dx. (2.30)
JerN JB1) B(0,1)

)

, N
(4) We claim that vi # 0. Indeed let f, = (f),...,fN) € (Lp (Q)) defined by the representation
S i 0h |
h) = —d Vh e W, P (Q).
=Y [ g 37
Define g, := (e}))N=P)/P £, (elx 4 y]). Tt is clear that
AR
h) = / i e VhewlP(Q
=1 [osg ey
and, since E. (u}) — 0,

N . N .y
nl? dx = / [P dx = o(1).
Y ), el dv= 3 L1531 dx=o(1)

Suppose, by contradiction, that v; = 0. Then we can assume that v} — 0 in LﬁC(RN ). Take
h € C3(RY) such that supph C B(y, 1) for some y € RY. From the Holder inequality, it follows that

pIN (N-p)/N
/|h|P|v,‘l|P dx < </gupph vl dx) </|hvn|1’ dx)
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and from the Sobolev inequality

p/N
/ B[P vb 1P dx < Sy ( /Supph vl dx) / V(hv)[Pdx.

Hence, since v} — 0in LI (RY), we have

| ovmhras = [inp1evie+o()

_ / VL P2V (R|Py]dx + o(1)
CX (kv
— Ply,lip i n
JACLEIRIED W e S
< sylery / V() Pdx+0(1)
1
< 5/\V(hv,ﬁ)|ﬁdx+o(1).

As a consequence we have that Vv! — 0in Lﬁ)c(RN ) (just use a partition of unity) and by the Sobolev

inequality we have that v} — 0 in Lﬁ)*C(RN ). Because of (2.30), this is a contradiction. Hence v; # 0.

(5) Since Q is bounded we may assume y, — y) € Q and €} — €} > 0. If &} > 0 then, as a
consequence of the fact that u) — 0 in WOl ?(Q), we have v) — 0in D!P(RV) and this is impossible.

Then we can assume that 8,11 — 0, and we have two possibilities, the first one is that

sup ((e)) ~ dist (v),0Q)) < co.
neN

In that case, we have y(l) € dQ, and therefore the limit domain of vy is a halspace H (H consists of the
halspace determined by the tangent space Ty(l) 0Q, and contains the inward normal vector at y(')). The

second possibility is that
(e))y~dist (y!,0Q) — eo.

In that case we have that the limit domain of v; is RY. As in Lemma 7.2.6 it is easy to see that v

satisfies

—Apju = [uf” u in H

u = 0 on 04,

ie. E_(vi) =0, where # is either a halfspace H or R", depending whether the expression
((e})~'dist (y},0Q)) is bounded or not. The sequence

uy (x) = 1y () = (&) P Pvi (e =) /)
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satisfies

1 = [lunll” = V0|1 = [[v1[|P +o(1)
Em(u%) =c—E(vo) —Ex(v1)+o(1)
El(up) = o(1).

(6) We have that the above procedure iterates constructing sequences {vi}, {851} and {vﬁl}
but only a finite number of iterations is allowed, since Ew(v;) > ¢* by Lemma 7.2.2, and this concludes
the proof.

[]

Now let us set
M={ugy:e>0,ycR"}

where gy is given by (2.19). Denote D = D'?(RY). Then we have

Theorem 7.2.2. The functional E satisfies the (PS). condition for all ¢ < ¢*. If ¢* < ¢ < 2c* and (uy)
is a (PS). sequence for E such that u, — u but not strongly, then u € K._+ and

dist (up —u,M) —0 or dist (u,—u,—M)
for a renamed subsequence. Moreover, setting
M. =K.+ +M={u+v:ucK._,veM},

we have M, C D\ {0} where D = D"P(RN) and N5(M.) N\ Ns(—M.) = 0 for all sufficiently small
6> 0.

Proof. Suppose (u,) is a (PS). sequence such that u, — u. Using Lemma 2.3.1 and Proposition 8.0.1
it is easy to see that E'(u) = 0. Therefore

1 1 N
E(u) =E(u) — —E'(u)u= —/ lu|? dx.
P NJa
By (7.2.1) we have Ew(v;) > ¢* fori=1,...,k, and by (2.27) we also have
1 . .
—/ |ulP dx+kc* <c. (2.31)
N Jo

If ¢ < ¢*, this implies k = 0, so u,, — u by (2.26).
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Suppose ¢* < ¢ < 2¢*. Then k£ < 1 by (2.31). If k = 0, then u,, — u as before, so suppose
k = 1. Then

Up — U — (8,1,)_(N_p)/pvl ((-=yn)/en)

‘—>O as n-— oo

by (2.26) and

E(u)+Ex(vi)=c (2.32)

by (2.27).If ¢ = ¢*, then u = 0 by 2.31 and hence E.(v;) = ¢* by (2.32). So by Lemma 7.2.2, v; does
not change sign, so either vi € M orvi € =M by [?]. If ¢* < ¢ < 2¢*, then Ew(v]) < 2¢* by (2.32) and
hence v; does not change sign by Lemma 7.2.2. So v; is a constant sign nontrivial solution of (2.20)
in DLP(RN) by Lemma 7.2.1. Then either vi € M or vi € —M by [?]. In particular E..(v;) = c*, s0
E(u) =c—c* by 2.32 and hence u € K,_.+. Since ¢ — ¢* < ¢* and hence K._.+ is compact by the first

part of the theorem, the rest follows as in [5], Lemma 9. ]

7.3 Existence of nontrivial solutions for problem (0.1)

In this section we will apply Theorem 7.1.4 to our problem (0.1). We have already verified
that the functional E given in (2.17) satisfies the compactness conditions (C) and (C,) with

L v/p 2 N/p
* - g
¢’ = NSN,P’ b= NSN’p
by means of Theorem 7.2.2 in the last section. Now it remains to prove the existence of a suitable
compact symmetric set Cy and the odd map ¢ as in Theorem 7.1.4. Our setting is the following:
D = D'P(RY), W = W, "”(Q), and the operators A,,B,, f € C(W,”(Q),W 17 (Q)) are
given by

(Apit,v) = / VP 2VuVvdx, (Byu,v) = / P 2uvdx,  (f(u),v) = / ul?" ~2uvdx
Q Q Q

for u,v € WOLP(Q).

In a similar manner as we did in Section 6.2 it is easily seen that (A}) — (F;) hold. Now
let us put some effort in the proof of the existence of the compact symmetric set Cp. After a
translation we can assume without loss of generality that 0 € Q. Fix 0 < &y < dist(0,0Q) and
let 7t : WO1 P(Q)\{0} — S, u > u/||u|| be the radial projection onto S. We then have the following

important fact.
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Lemma 7.3.1. For each k > 1 and sufficiently small 0 < & < Oy, there exists a compact symmetric
subset Cy 5 of S with i(Cy 5) > k such that v =0 on Bsg4(0) for all v € Cy 5 and

0 if A > A
sup  E(sv) < (3.33)
VGCkﬁS, s>0 aS(Nip)N/p # 7\‘ = 7\‘](
for some constant a > 0.
Proof. We have Ay =--- =A; < A;;| for some [ > k. By Degiovanni and Lancelotti ([?], Theorem 2.3),

the sublevel ¥ has a compact symmetric subset C; of index [ that is bounded in L=(Q) N C*(Q).

loc

Let & : [0,00) — [0, 1] be a smooth function such that §(s) = 0 for s < 3/4 and §(s) = 1 for s > 1. For
u € (Cy, set

and let
Ck75 = {TC(MS) uc Cl}.

Since C; is a compact symmetric set and u — 7t(us) is an odd continuous map of C; onto Cy 5, Cy 5 is

also a compact symmetric set and
i(Crs) 2 i(C)=1>k

by Proposition 3.2.2.
Let u € C;, v = m(ug) and note that Note that

|x

Vug(x) = & (’18’) ﬁu(x) +E (g‘) Vu(x).

Since u is bounded in C'(Bj, (0)) and belongs to P,
1
€] SlY +EVu

/\Vuslpdx < / \Vu\pdx+/
Q Q\B5(0) By (0) ]
p
/ \Vu\pdx+2p/ \&’yf"g—l,dxupf E|P|VulPdx
Q\B;(0) Bs(0) B;5(0)

1+(2P—1)/BS

< 14+ P<14a:8V P if 0<3<dy issmallenough,

p
X
dx

IA

\VulPdx + 8V P
(0)
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where c1,c>,a; > 0 are constants. We also have

/|u5|dx2/ |u|pdx:/ |u|de—/ |u|pdx2l—a28N
Q Q\B;(0) Q B5(0) Ve

for some constant ay > 0. So

1
L sy
Ja lus|Pdx Ak “ 1 N—
P — > > — —a30" 7P 3.34

provided 0 < 8 < 9y is small enough, where az > 0 is come constant. Cosequently, since Q is bounded,

the Holder inequality implies that

/Q V[P dx > a4 (3.35)

for some constant aq > 0.
Let s > 0, then we have

p As? P’ )
E(sv) = S—/ |Vv|pdx—i/ |v|pdx—s—*/ lv|P dx,
pJa JZe) P Jo
and maximizing the right-hand side over s > 0 gives

1

E(sv) < 5o,

where

(Jo [Vv[Pdx =1 Jq |v[Pdx)*

o) = *
(J VP dx)P/?

By (3.34) and (3.35),

k +
O(v) < by (1 — = +b26NP)
v

for some constants by,by > 0, so (3.33) follows for sufficiently small & > 0. O
Now let us construct the odd continuous map @.

Lemma 7.3.2. For each € > 0 and 0 < 8 < 8y with € <K 9§, there exists an odd continuous map
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Qe 5: SV — S such that w =0 on Q\B35/4(0) for allw € @ 5(SV) and

2 (N=p)/(p=1) N/p
Nsx’/lf I+a; (g) —apel if N > p2
sup  E(tw) <

3.36)
2 e\P 3\ 17 (
a5\ g () -wre()] e

for some constants ay,ay > 0.
Proof. Let us consider the functions given in (2.19) when y = 0, namely

cn pg(N_P)/P(P_l)

Ug(Xx) = g o(X) = ’
e( ) 8.,0( ) (Sp/(pfl)_|_|x|P/(1’*l))(N_p)/p

e>0.

Let € : [0,00) — [0,1] be a smooth function such that {(s) = 1 for s < 1/8 and {(s) = 0 for s > 1/4,
and set

x|

g 5(x) =G (3) ug(x), €>0,0<d<d.

As in [8]-Lemma 3.1 we have the estimates

(N=p)/(p=1)
/Q Vit p|Pdx < SN/? {1 vas () ] , (337)
L\ e\N/(p-1)
(/Q|u878|p dx) > sy/” {1—a4 () } (3.38)
(N=-p?)/(p—1)
ase? — age” (f) o ifN > p?
/ jug 5|7 > N (3.39)
Q asellog (E) —agel if N= p2

for some constants a; > 0,i=3,...,6.
Let SV~! be the unit sphere in RY, let

Sy = {x: (X'V1-525):4 eSSV seo, 1]}
be the upper hemisphere in R¥*!, and define a continuous map Qg5 Sﬂ\rf — S by

Qe 5(x) = (e 5(- — (1 —5)x/2) = (1 = s)ue 5(- +x'/2)).
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Let w = Q¢ 5(x) and note that w = 0 outside B3g/4(0). Fort > 0,

tP AP P ;
E(tw) :—/ |vw|de——/ |W|de——*/ Wi dx,
pJQ P JjQ P JQ

and maximizing the right-hand side over ¢ > 0 gives

E(iw) < =0(w)"/?,

where

_ fQ |Vw|Pdx — ka \w|Pdx

O(w .
) (fo Iw|P"dx)?'”

Noting that Q(w) = T(ug 5(- — (1 —5)x'/2) — (1 — s)ug 5(- +x'/2)) and wue5(- — (1 —5)x’/2) and
ug 5(- +x'/2) have disjoint suppports gives

O(w) = 1+ (1—s)?

- 1+ (1— s)P*]P/P* Oue ),

and maximizing the right-hand side over s € [0, 1], gives

Ow) < 27N O(u 5).
So

E(tw) < = 0(ues)N'?. (3.40)

2
N
Since @ 5 is odd on SN=1 and E is an even functional, Q¢ 5 can be extended to an odd continuous map
from SV to S such that (3.40) holds for all w € ¢ 5(S") and > 0. Since € < 3,

e\ N=p)/(p—1) ) 5
S+a3 (8) —ay€eP iftN>p
Q(”s,B) < e\ P ) .
S+as (—) —ay€l log (—) if N = p?
) €
for some constants az,as > 0 by (3.37)-(3.39), so (3.36) follows. O

Now we have the following multiplicity result for problem (0.1).
Theorem 7.3.1. Let N > p?.

(i) If O <A < Ay or My < A < Mgyy for some k > 1, then problem (0.1) has N /2 distinct pairs of
nontrivial solutions.

(ii) If A=Ay and N > 3, then problem (0.1) has N — 1 distinct pairs of nontrivial solutions.
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(ii0) If Moy < A= Mg—py1 = -+» = A < Ajyq for some k >m > 1 and N > m+ 2, then problem

(0.1) has N — m distinct pairs of nontrivial solutions.

These solutions satisfy

2 N/p
0<E(u)< NSNJ’ (3.41)

Proof. Let 0 <8 < 8yp. Lemma 7.3.2 gives an odd continuous map @ 5 : SN — S satisfying

2
sup  E(tw) < LSy” (3.42)
WEQe5(SY), 120 N

for all sufficiently small € > 0.

(i) If0 <A < Ay, Theorem 7.1.4 with k = m = 0 and Cp = 0 gives N distinct pairs of nontrivial
solutions satisfying (3.41). If Ay <A < Agy1, Lemma 7.3.1 gives a compact symmetric subset Cy 5 of
S with i(Cy 5) > k satisfying

sup E(sv)=0 (3.43)
veCy 5,520

when § > 0 is sufficiently small. Let v € Gy 5, w € @¢ 5(S"), and 5,7 > 0. Since v = 0 on B35/4(0) and
w = 0 outside B3g/4(0), @¢ 5(SV) C S\Cy 5 and

E(sv+tw) = E(sv) + E(tw). (3.44)
It follows from (3.42)-(3.44) that

ESN/P

sup E(sv+1tw) < NN

VECk,vae(ps,S(SN) 8,620

So Theorem 7.1.4 with m = 0 again gives N distinct pairs of nontrivial solutions satisfying (3.41). [

We also have a multiplicity result for problem (0.1) which makes no assumption on the

spectrum of the p-Laplacian.
Theorem 7.3.2. If N?>/(N +1) > p?, then problem (0.1) has N distinct pairs of nontrivial solutions

satisfying

2 N/p
0 < E(u) < 8y (3.45)

forall A > 0.
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Proof. Since N>/(N+1) > p? implies N > p? we have that the case where 0 < A < Aj or A <A <
Ak+1 for some k > 1 is covered in Theorem 7.3.1 (i), so we assume that A = Ay < Ay for some k > 1.

Lemma 7.3.1 gives a compact symmetric subset Cy 5 of S with i(Cy 5) > k satisfying

sup  E(sv) <adN-PIN/p (3.46)
veCy 5,520

for some constant a > 0 when 0 < & < 9§y is sufficiently small. Lemma 7.3.2 gives an odd continuous
map Qg 5 : SN — § satisfying

2 N/p e\ (N=p)/(p—1) N/p
sup  E(tw) < =Sy [1 +ai (= — areP (3.47)
WEP 5(SV).1>0 NP <8>

for some constants aj,ap > 0 for all sufficiently small € > 0. Letv € G 5, w € (P&S(SN ), and s,z > 0.
Since v = 0 on B35/4(0) and w = 0 outside B33,4(0), Qe 5(SV) C S\Cy 5 and

E(sv+1tw) = E(sv) + E(tw). (3.48)
Take & = €% with 0 < ow < 1. Then

SN=PIN/p _ €p+[(N*p)NG*P2]/P, (g) W=p)/(p=1) _ P t[N=p=(N=p)a]/(p—1) (3.49)

Since N2/(N +1) > p?,

so we can take p?/(N —p)N < o< (N — p?)/(N — p), combine (3.46)-(3.49), and take € sufficiently

small to get

2
sup E(sv+1tw) < ]T/S%g)‘

vECy 5, WEPg 5(SN),5,6>0

So Theorem 7.1.4 with m = 0 gives N distinct pairs of nontrivial solutions satisfying (3.45). L



CHAPTER 8

Appendix

Theorem 8.0.1 (Dominated Convergence Theorem). Let Q C RN be open and let {u}, . C L'(Q)

be a subsequence such that

1. up(x) = u(x) a.e. on Q as k — +oo;
2. there exists v € L'(Q) such that for all k,

ur(x)| <v(x) a.e. on Q.
Then u € L' (Q) and u — u in the L' (Q) norm, namely [q |uy — uldx — 0.

Theorem 8.0.2. Let Q C RY be open and let {uy} oy C LP(Q), p € [1,+0], be a sequence such that
ug — win LP(Q) as k — +oo. Then there exist a subsequence {uy, }jeN and a function v € LP (Q) such
that

1w (x) = u(x) a.e. on Q as j — +oo;
2. forall j,

ug; (x)| < v(x) a.e. on Q.

Theorem 8.0.3 (Egoroft’s Theorem). Suppose u(X) < oo, and fi, fa,...,f : X — R are measurable
Sfunctions on X such that f, — f almost everywhere. Then for every € > O there exists E C X such that
u(E) < eand f, — f uniformly on X\E.

Proof. Without loss of generality we may assume that f, — f everywhere on X. For k,n € N let

En(k) = \J {x € X 1 [fu(x) = f(x)| > 1/k}.
Then, for fixed k, E,(k) decreases as n increases, and N),_,E,(k) = 0, so since u(X) < oo, by the
Dominated Convergence Theorem, u(E,(k)) — 0 as n — . Given € > 0 and k € N, choose n; so
large that u(E,, (k)) < €/2F and let E = U, E,,, (k). Then u(E) <€, and we have | f,(x) — f(x)| < 1/k
for n > ny and x € X\E. Thus f;, — f uniformly on X\E. U

Proposition 8.0.1. Let Q C RN be an open set with finite Lebesgue measure, i.e. u(Q) < oo. Let
{fu}ien C LP(Q) with p € [1,00] such that f, — f (fn converges weakly to f) and f,(x) — g(x)

almost everywhere on Q. Then f = g almost everywhere on Q.
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Proof. Let us denote i, = f, — f, then h,, — 0 and h,(x) — g(x) — f(x) a.e. Suppose by contradiction
that g # f on a set of positive measure X C Q. Then clearly exists € > 0 and a subset E of positive
measure of Q such that either g— f >eor f—g>¢€.Solet E C Q with u(E) > Osuchthatg— f > €
on E. By the Egoroff’s Theorem (Theorem 8.0.3), we can replace E by a smaller subset of positive

measure such that 4, (x) — g(x) — f(x) uniformly on E. But since 4, — 0 we have, on one hand

/ hyxegdx — 0,
Q

and by the uniformly convergence we have on the other hand

/ hyxedx — / (g — f)xedx > eu(E) >0,
Q Q

which is a contradition.
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