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Abstract

Over the last few decades, a new theory has been developed in order to describe the

thermodynamics of microscopic quantum systems, which became known as quantum thermo-

dynamics. An interesting application of this theory is in the development of heat engines in

which the working substance is a microscopic quantum system. These devices came to be

known as quantum heat engines. Within this context, the study of quantum refrigerators has

attracted a lot of attention, especially for its potential application in nanoscopic systems. In

this context, this dissertation presents two studies related to an autonomous quantum refrig-

erator. In the first study, we approach an autonomous refrigerator composed of three qubits

operating with one of the reservoirs at negative temperatures, which aims to cool one of the

qubits. We find the values of the lowest possible temperature that the qubit of interest reaches

when fixing the relevant parameters and we also analyze the limit for cooling the qubit arbi-

trarily close to absolute zero. We thus proceed to a comparative study showing that reservoirs

at effective negative temperatures are more powerful than those at positive temperatures to

cool the qubit of interest. In the second study, we carried out a case study of a quantum re-

frigerator operating in the presence of bosonic or fermionic thermal reservoirs, and we showed

that fermionic baths have advantages over bosonic ones. Finally, a discussion is carried out

on the use of reservoirs with inverted populations and the efficiency measure used for these

systems.

Keywords: Quantum thermodynamics, Quantum refrigerators, Negative temperature.

ii



Resumo

Ao longo das últimas décadas, uma nova teoria tem sido desenvolvida com o intuito de

descrever a termodinâmica de sistemas quânticos microscópicos, a qual ficou conhecida como

termodinâmica quântica. Uma aplicação interessante dessa teoria está no desenvolvimento

de motores térmicos nos quais a substância de trabalho é um sistema quântico microscópico,

esses dispositivos passaram a ser conhecidos como motores térmicos quânticos. Dentro desse

contexto, o estudo de refrigeradores quânticos tem atraído bastante atenção especialmente

para sua aplicação potencial em sistemas nanoscópicos. Nesse contexto, a presente dissertação

apresenta dois estudos relacionados a um refrigerador quântico autônomo. No primeiro es-

tudo, abordamos um refrigerador autônomo composto por três qubits operando com um dos

reservatórios com temperaturas negativas, que tem como finalidade resfriar um dos qubits.

Encontramos os valores da temperatura mais baixa possível que o qubit de interesse atinge ao

fixar os parâmetros relevantes e também analisamos o limite para resfriar o qubit arbitrari-

amente próximo ao zero absoluto. Procedemos assim a um estudo comparativo mostrando

que reservatórios com temperaturas negativas efetivas são mais poderosos do que aqueles em

temperaturas positivas para resfriar o qubit de interesse. No segundo estudo, realizamos um

estudo de caso de um refrigerador quântico operando na presença de reservatórios térmicos

bosônicos ou fermiônicos, e mostramos que os banhos fermiônicos apresentam vantagens so-

bre os bosônicos. Por fim, é feita uma discussão sobre o uso de reservatórios com população

invertida e a medida de eficiência utilizada para esses sistemas.

Palavras-chave: Termodinâmica quântica, Refrigeradores quânticos, Temperatura nega-

tiva.
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Chapter 1

Introduction

One application of quantum thermodynamics that has attracted a lot of attention in recent

decades is related to the study of quantum thermal engines. In particular, the study of

quantum refrigerators especially for their potential application in nanoscopic systems [3, 4,

5]. In particular, a recent proposal involving autonomous refrigerators, without the need for

external control, was proposed in [2], where the authors studied three models for cooling

qubits or arbitrary quantum systems. The first model uses qubits only, the second a qubit

and a qutrit with nearest neighbor interactions, and the third a single qutrit. The model that

uses only qubits is an autonomous refrigerator (AR) with three interacting qubits, one being

the cooled object. In this work, we study the AR constituted only by qubits as proposed by

Linden et al. [2], putting it to work with one of the reservoirs at a negative temperature.

Negative absolute temperatures were initially considered in 1951 when Purcell first produced

spin states with population inversion [6]. In 1956, Ramsey theoretically studied these states,

treating them as states of thermodynamic equilibrium [1]. More than 60 years after the

experiment performed by Purcell, other experiments involving negative temperatures followed,

which brought attention to this topic [7, 8]. Numerous studies contributed to the description

of quantum states that had negative temperatures [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19,

20, 21, 22]. In the end, we were able to show that the AR qubit-based model has advantages

when operating with one of the reservoirs at negative temperatures compared to operating only

with conventional reservoirs at positive temperatures. We also explore the quantum nature of
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fermionic reservoirs without taking population inversion into account, such that we restrict to

the domain of positive temperatures.

This paper is structured as follows: Chapter Two is dedicated to negative temperatures

and begins with a review of classical thermodynamics, including the laws of thermodynamics,

heat engines, and entropy. It then delves into a historical review of the emergence of negative

temperatures, discussing alleged inconsistencies and attempts to describe inverted population

states that present negative temperatures. In Chapter Three, we introduce the theory of

open systems, which leads to the deduction of the master equation for bosonic and fermionic

reservoirs. We also describe the thermodynamic laws in the quantum regime. Finally, Chapter

Four presents our conclusions based on the comparative study of AR involving positive and

negative temperatures.
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Chapter 2

Negative effective temperature

2.1 Classical thermodynamics

2.1.1 The Laws of Thermodynamics

In order to discuss thermodynamic laws, let us start with a simple system. A closed system

is a physical system that does not allow the transfer of matter in or out of the system but

allows the exchange of energy (work and heat, e.g.).

A thermodynamic process is any change in one or more properties that occurs within a

system. Equilibrium occurs when all processes occurring within a state cease. If a system

in equilibrium is disturbed, it goes out of equilibrium, and a new process occurs. When the

disturbance is done slowly enough, the system adapts to the change to remain in equilibrium.

Slow processes that can drive the system through a series of equilibrium states are called

quasi-static processes. Nonetheless, if the disturbance occurs fast and the system cannot reach

a new equilibrium state, we are dealing with a non-equilibrium process. If this manipulation

causes a non-equilibrium process for the system, it will change until it reaches its equilibrium

state.

A reversible process is defined as a process in which the system and its surroundings can

return to the original final state conditions without producing any change in the thermody-

namic properties of the universe if the process is reversed. The inverse is known as irreversible

processes.
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Historically, thermodynamics was initially developed to better understand processes in

steam engines and other heat devices so that this understanding could be used to improve

engines. Thermodynamics is a product of observations and experiments condensing into the

so-called laws of thermodynamics [23].

The zeroth law of thermodynamics states that if two systems are in thermal equilibrium

with a third, they are in thermal equilibrium with each other. Two physical systems are in

thermal equilibrium if there is no net transfer of thermal energy between them when they are

in thermal contact.

The first law of thermodynamics expresses conservation of energy. It can be formulated as

[24]:

Energy can neither be produced nor destroyed; it can only be transferred or con-

verted from one form to another. In short, energy is conserved.

Meyer, Joule, and Helmholtz formulated this statement, for a closed system,

dE

dt
= Q̇+ Ẇ , (2.1)

here E is the system’s internal energy; Q̇ is the rate of heat transfer into or out of the system,

and Ẇ is the rate of work exchanged with the surroundings. Let us use the convention such

that the heat transferred into the system is positive, and the work done on the system is

positive.

In general, there can be multiple iterations of Ẇj work from the system, so the total

work to the system will be the sum of all these contributions, Ẇ =
∑

j Ẇj. Likewise, in the

case of multiple heat interactions Q̇j with multiple auxiliary systems, the total heat will be

Q̇ =
∑

j Q̇j. A process in which there is no heat transfer, Q̇ = 0, is called adiabatic.

The second law of thermodynamics describes how thermodynamic systems tend towards

stable equilibrium states. It states that any isolated system will naturally move towards

equilibrium, with a tendency for disorder to increase over time. To express this tendency, a

5



new function called entropy is introduced and is denoted by S. For an isolated system, we

write

∆S ≥ 0. (2.2)

This formulation is a mathematical expression of the second law of thermodynamics.

The Clausius theorem (1855) [25] states that a thermodynamic system (e.g., an engine

or refrigerator) that exchanges heat with external reservoirs and undergoes a thermodynamic

cycle, holds ∮
d̄Q

T
≤ 0, (2.3)

where d̄Q is the heat exchanged with the reservoir, T is the temperature of the reservoir. The

equality in Eq. (2.3) is satisfied only if the process to which the thermodynamic system is

subjected is reversible, thus the integral
∫ 2

1
d̄Q
T

is independent of the path that connects two

processes. d̄Q does not represent an exact differential, i.e., the variable depends on the process

path, which mathematically implies that it is not an exact differential.

Figure 2.1: P − V diagram showing two processes, a reversible process A and an irreversible
process B. Points 1 and 2 connect them.

Let us assume a transformation as shown in Fig. 2.1. By the Clausius theorem:

∫ 2

1(irrev)

d̄Q

T
+

∫ 1

2(rev)

d̄Q

T
≤ 0. (2.4)

6



Reversing the bounds of the integral and substituting the relation from Eq. (2.2)

∫ 2

1(irrev)

d̄Q

T
−
∫ 2

1

dS ≤ 0, (2.5)

We can rewrite it so that,

∆S ≥
∫ 2

1

d̄Q

T
(2.6)

where equality occurs for equilibrium. The right side of Eq. (2.6) is related to the heat received

from or transferred to a thermal reservoir with fixed or variable temperature T . Thus, if the

thermodynamic system of interest is thermally isolated, then Eq. (2.6) reduces to Eq. (2.2).

The equality in (2.6) is satisfied only if the process to which the thermodynamic system is

subjected is reversible.

It is also interesting to rewrite the Eq. (2.6), such that

∆S −
∫ 2

1

d̄Q

T
≥ 0, (2.7)

where we can identify ∆S −
∫ 2

1
d̄Q
T

≡
∑

, where
∑

is entropy production. It holds,

∑
= ∆S −

∫ 2

1

d̄Q

T
≥ 0, (2.8)

further details will be discussed in Section 3.3.

2.1.2 Heat engines

Heat engines are devices capable of transforming part of the heat absorbed from a given

heat source into useful work so that Ẇ > 0. The most famous heat engine is the Carnot one,

a reversible engine that operates between two reservoirs at temperatures TH and TC , as seen

in Figure 2.2. The Carnot cycle consists of four processes, two isothermal processes, and two

adiabatic processes. Heat is only exchanged with the reservoirs during isothermal steps.

To quantify the performance of engines, it is helpful to define efficiency measures that

compare the output with the input of energy. Therefore, the thermal efficiency η is the

7



Figure 2.2: Heat and work directions in a Carnot engine

ratio of work output to heat input for heat engines. For heat engines operating between two

reservoirs with different temperatures, we obtain

η =
−Ẇ
Q̇H

, (2.9)

and for the Carnot engine,

ηC =
Q̇H − Q̇C

Q̇H

= 1− TC
TH

. (2.10)

Devised by Sadi Carnot in 1824 [26], the Carnot efficiency is a universal limit to the thermal

efficiency that any engine operating between two temperatures can have.

A refrigerator is a device that works by transferring energy from a cold source to a hot

source through thermodynamic processes. In an ideal refrigerator, all processes are reversible,

and all energy transfers are carried out without the losses caused by effects such as friction. By

inverting the Carnot cycle, the Carnot refrigerator is obtained. The efficiency of a refrigerator

is called the coefficient of performance (COP):

COP =
Q̇C

−Ẇ
. (2.11)
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The equation for the coefficient of performance is commonly used in the context of refrigeration,

which typically involves two thermal reservoirs: a hot reservoir (such as the environment or a

compressor) and a cold reservoir (such as the space being cooled). For the Carnot refrigerator,

COP =
TC

TH − TC
. (2.12)

Although cyclic processes were fundamental in the foundation of thermodynamics, real ma-

chines do not need cyclic processes to function. Indeed in Chapter 4, we will see an autonomous

quantum refrigerator (AR) as proposed in [2] that does not run in cycle.

Aiming at the discussion about the negative temperature in Chapter 3, it is essential to

introduce the Kelvin-Planck statement,

It is impossible to construct an engine that will work in a complete cycle and

produce no effect except the raising of a weights (i.e., produce work) and the transfer

of energy out of a system (e.g., a reservoir) in a stable equilibrium state [27].

Recalling the Clausius statement, heat will flow from the hot reservoir to the cold one, whereas

the Kelvin-Planck statement allows part of the heat to be converted into work.

2.1.3 Entropy

In the mid to late 19th century, Boltzmann and Gibbs formulated microscopic interpreta-

tions of entropy. Here we will take a look at each interpretation [28, 29].

A distribution in microscopic states (microstates) characterizes the macroscopic state of a

system. Gibbs entropy describes this distribution,

SG = kB ln Ω(E), (2.13)

Ω(E) is the total number of quantum states of a system with energy less than or equal to

E. For classical systems with many degrees of freedom, Ω(E) is dominated by the number of

states very close to E. To calculate the number of states in a narrow range ∆ϵ around E, we
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differentiate Ω(E) concerning E and we obtain [15]

∂Ω(E)

∂E
∆ϵ ≡ ω(E)∆ϵ. (2.14)

The symbol ω(E) stands for the density of states, and the symbol ϵ represents some arbitrary

constant with energy units.

There is yet another known representation of the Gibbs entropy. We start by defining the

canonical ensemble, a sizeable thermodynamic system S in contact with a thermal reservoir

at temperature T [30]. The ensemble is constituted by the set of microstates j associated with

a probability distribution, given by

pj =
e−βEj∑
k e

−βEk
. (2.15)

Here pj is the probability of finding the system S in the particular microscopic state j, and Ej

is the energy of the system S in the microscopic state j. Eq. (2.15) can be rewritten so that,

pj =
e−βEj

Z
, (2.16)

Z =
∑

k e
−βEk is defined as the canonical partition function. The expression for entropy in

terms of pj is,

S = −kB
∑
j

pj ln pj, (2.17)

which is sometimes known in the literature as Shannon entropy. This expression is also valid

in the microcanonical ensemble. For this case, pj = 1/Ω, there are Ω states accessible to the

system, and Eq. (2.17) reduces to the known form, Eq.(2.13).

Boltzmann defined entropy as a measure of a system’s possible microstates in thermody-

namic equilibrium. A microstate of the system is a description of the positions and moments

of all its particles. The set of microstates comprises a statistical probability distribution for

each microstate, and the group of most likely configurations explains the macroscopic state.
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The entropy of the macroscopic state, according to Boltzmann, is

SB = kB ln ω(E). (2.18)

The constant kB is the Boltzmann constant [31]. Boltzmann entropy describes the system

when all accessible microstates are equally likely and is the configuration corresponding to the

maximum entropy at equilibrium.

It is important to emphasize here that these two entropies addressed are not the only ones.

In Chapter 3, for example, we will discuss Von Neumann and relative entropy. In information

theory, there is Shannon entropy as already mentioned, Rényi entropy, and collision entropy,

among others [32, 33, 34]. As early as 1988, Tsallis [35] proposed a non-extensive entropy, which

is a generalization of the traditional Boltzmann-Gibbs entropy. Non-extensive entropy leads

to non-extensive statistical mechanics [36, 37]. We focused on these two above to comment

on the question “Boltzmann vs. Gibbs entropy” in the next section.

2.2 Thermodynamics at negative temperatures

The topic of negative temperature first arose in 1950, when Purcell first produced spin

states with inverted populations and considered the possibility of describing them as states

at negative spin temperatures. After this first experimental evidence, there were attempts

on how to treat these states in the quantum regime and criticisms about the validity of this

result. In this session, we will explore this subject historically and see how it is currently being

discussed.

In 1950, Purcell and Pound [6] experimented on a nuclear spin system in a crystal of lithium

fluoride, which is known to have a longer relaxation time for spin-spin compared to spin-lattice

relaxation when in a strong magnetic field or in the Earth’s magnetic field. They wanted to

find the conditions that determine the sense of remagnetization, which is caused by a strong

magnetic field. The experiment involved first magnetizing the crystal in a strong magnetic
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field, then removing it from the Earth’s magnetic field and placing it in a solenoid, where the

field could be quickly reversed. When the direction of the field was reversed, the magnetization

of the system was found to reverse in the opposite direction as well, resulting in a state of

reverse magnetization. This state persisted even when the system returned to equilibrium,

and it was found to be characterized by a negative temperature. A negative temperature is a

state where a system loses internal energy while gaining entropy. It is possible because of the

Boltzmann distribution, which determines the population of energy levels in a system based

on the average energy of the system. If the average energy of the system is less than the

average energy of the available levels, the temperature of the Boltzmann distribution can be

negative.

The state of reverse magnetization requires population inversion, which means that the

higher energy levels are more populated than the lower ones. This is an unusual state, as

it violates the usual behavior of thermal equilibrium, where the higher energy levels are less

populated. However, it is possible in some quantum systems where the interactions between

the particles are strong and coherent.

Purcell and Pound’s experiment was a significant discovery that challenged the conventional

understanding of thermodynamics at the quantum level, confirmed by other experiments that

also observed the properties of the nuclear spin systems in the LiF crystal [38, 39].

Ramsey discussed the thermodynamics and statistics that describe states with negative

temperatures, discovered in [6], in his 1956 paper [1]. The entropy S, as one might think, is

not necessarily a monotonically increasing function of the internal energy U . This statement

is made in various references but is not essential to developing the thermodynamics theorems

[23, 31, 40, 41].

Entropy S and internal energy U can be related in the form of a derivative, a state function

as [23]

β =
(
dS
dU

)∣∣∣
V,N

. (2.19)
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Figure 2.3: The entropy versus internal energy for a two-state system. The energy is dimen-
sionless by the quantity ε, where the two energy levels of the system are ±ε, and kB is the
Boltzmann constant. Figure adapted from [1].

The Eq. (2.19) shows that when the derivative of S with respect to U is negative, it corresponds

to negative temperature. This phenomenon is illustrated in Fig 2.3, where an increase in

energy U coincides with a decrease in entropy S. Assuming two possible energy states exist

for each system element, the lowest possible state is reached with all elements in the lowest

energy state, corresponding to S = 0. The opposite follows for the greatest possible state, and

S = 0. Also, the graph shows that when the energy is at its maximum, where the entropy is

null, the temperature is infinite. After that, the negative scale for temperature occurs, which

means that negative temperatures are "hotter" than infinite temperatures. As we are now

considering T < 0 to be hotter than hot, it is necessary to look again at some definitions of

thermodynamics.

The definitions of "heat" and "work" remain the same for positive and negative tempera-

tures. A definition that leaves no doubt could be that this is the hotter system in a situation

with two bodies in contact with each other when heat flows from one body to another. That

definition avoids confusion with the meaning of "hot" and "cold" as we take into account neg-

ative temperature. The scale from cold to hot runs according to +0 K, ...,+300 K, ...,+∞ K,
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−∞ K, ...,−300 K, ...,−0 K.

Various cyclic processes, including the Carnot cycle, can be carried out at negative tem-

peratures, as the ratio between two negative temperatures would be positive, and the equation

would hold. However, the problem arises when we have one system at a positive temperature

and the other at a negative temperature. This phenomenon has been studied in recent works

[8, 42, 43, 44].

The definition of entropy and the Clausius statement remain unaltered, but the Kelvin-

Planck statement must be modified to account for negative temperature: it is impossible to

construct a device that operates in a closed system and produces no other effect than the

extraction of heat from a positive temperature reservoir to produce work, or the rejection

of heat into a negative-temperature reservoir with the work being done on the engine. It is

important to note that absolute zero temperature remains unattainable, and the third law

must include this caveat: it is impossible, by any means, to reduce any system to absolute

zero at positive temperature or to raise any system to absolute zero at a negative temperature

in a finite number of operations.

To reach a negative temperature, any given system must meet some essential requirements

for any thermodynamic system. They are: to be in thermodynamic equilibrium, there must

be a limit to the highest possible energy for the system’s allowed states, and this system

must be thermally isolated from all systems with T > 0. The upper states are busier for

negative temperatures than the lower ones, characterizing an inverted population. For positive

temperatures, the opposite occurs.

The occupation distribution of a system at positive temperature is described in such way

that the probability for a particle to occupy a certain state with energy Ei is proportional to

the Boltzmann factor [28]

e−Eiβ. (2.20)

That is, the distribution decreases exponentially with energy Ei. For negative temperatures,
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the above factor increases exponentially with increasing Ei, and higher energy states are busier

than lower ones. So, if there were no upper limit on energy, these temperatures could not be

reached with finite energy.

A system that shows negative temperature is cold atoms in optical lattices since they are

isolated from the environment, and it is possible to control the relevant parameters.

After the first evidence of the existence of negative temperatures in inverted population

systems and of other works that followed and repeated the initial results, one of the critical

arguments that were used about the validity of T < 0 was with respect to the correct entropy

used to describe these spin systems.

2.3 Thermodynamic inconsistency

After recent discoveries related to negative temperatures [7, 8], the definition of equilibrium

entropy in statistical mechanics has been addressed by some authors. This has led to a debate

on the "Boltzmann vs. Gibbs entropy" question, which has been explored in various studies

[9, 10, 11, 12, 14, 15, 16, 18, 19, 20]. These authors have provided a detailed comparison

between the most commonly used entropies.

In a 2013 Nature article, Dunkel and Hilbert argument against the compatibility of a

negative temperature with the thermodynamics [9]. The authors claimed that Gibb’s entropy

is the only one that fulfills the laws of thermodynamics. The thermodynamic temperature

measured is the Boltzmann temperature TB and not the absolute temperature T = TG. Where,

TB =
TG

1− kB/C
(2.21)

and C = (∂TG/∂E) is the heat capacity associated with T . By the equation above, TB < 0

when 0 < C < kB.

In the 2014 article, Hilbert et al [11] proposed a detailed comparison between the commonly

discussed microcanonical entropy definitions, to demonstrate whether they satisfy or violate
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the laws of thermodynamics. The entropies studied were: the Gibbs entropy (Eq. (2.13)), the

complementary Gibbs entropy [45], the alternative Penrose entropy, the Boltzmann entropy

(Eq. (2.18)), and a modified Boltzmann entropy [29]. The authors in Ref. [11] found that only

the Gibbs entropy simultaneously satisfies the zeroth, first, and second laws of thermodynamics

(as well as the classical equipartition theorem). They also comment on the argument in favor

of Boltzmann entropy motivated by the equivalence between thermodynamic entropy and

information entropy: there is no reason why a physical quantity should always coincide with

a specific abstract information measure.

Unlike Ref. [11], which starts from the definitions of entropy to verify inconsistency con-

cerning the laws of thermodynamics, in 2015, Campisi [12] started from the laws to build

an expression of microscopic entropy. He then reaches the same conclusion, that the only

entropy that fulfills the laws of thermodynamics is Gibbs entropy. Furthermore, he point out

that the demonstrated failure of Boltzmann entropy to reproduce thermodynamic forces is not

restricted to small systems, but continues, becoming more prominent in the thermodynamic

limit, where Boltzmann entropy predicts an unphysical and nonexistent phase transition in

the magnetization of a system of non-interacting spins in a magnetic field. The author con-

cluded that the uniqueness of Gibbs entropy, as well as the demonstrated potential defect of

Boltzmann entropy, provide compelling reasons to renounce the subject for once.

In an attempt to present the Boltzmann temperature as the only one capable of providing

a consistent description of fluctuations, Cerino et al [14] provide a review of the Boltzmann

and Gibbs entropies. The authors in Ref. [14] first point out that the 2014 work dealt

with small systems where the number N of degrees of freedom was N = O(1) and/or with

long interactions. Assuming that SB is always convex and considering systems with N ≫ 1,

regardless of the sign of TB, the energy flow always goes from the hottest system to the

coldest one. The Boltzmann temperature would be the only proper quantity that describes a

distribution of the energy fluctuations in the canonical ensemble.

Several authors [15, 16, 18, 19, 20] have offered their rebuttals to the claim made in Ref.
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[11] that only the Gibbs volume entropy satisfies all three laws and should be recognized as the

thermodynamic entropy. These papers argue that negative temperatures do not contravene

the principles of thermodynamics.

Ramsey in his work always assumed that equilibrium states always existed and that they

were stable. He never specified a universal thermometer that would allow an unambiguous

measurement of negative temperatures. As seen, several works address the subject. However,

until 2013 it had not been discussed whether states of systems with negative temperatures

were stable. Rochin described in his article [46] that if a system in a negative temperature

state interacts with one that takes only positive temperatures the equilibrium state will always

have a positive temperature. This argument holds regardless of the size of the systems. The

author comes to the conclusion that states with negative temperatures cannot remain at a

stable equilibrium state. It will always transfer its energy into any “normal” body it interacts

with and will necessarily come out of that state. It is only in this respect that these states

can be considered as being "hotter" than any body at positive temperatures, but this does

not mean at all that they can be assigned a negative temperature. This discussion would not

imply that systems cannot be placed in macroscopic states that would correspond to negative

temperatures, it just says that these states are necessarily unstable.

In the 2015 article [47], Hoffmann intends to show how non-thermal equilibrium processes

are described and understood without difficulties, balancing the different types of particles

along with their energy and entropy production within the scope of thermodynamics. He

described inverted quantum systems as mixtures in nonequilibrium states. Following this

reasoning, Struchtrup [24] stands out by showing that the classical interpretation of thermo-

dynamics provides a complete description of inverted quantum states as temperature-unstable

states. The author concludes that systems are trapped in their unstable state, but will return

to stable equilibrium states if there is a working medium or heat exchange with the environ-

ment. When one recognizes inverted quantum states as unstable temperature states, there is

no need to modify the Kelvin-Planck statement and therefore no law of thermodynamics is
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violated for these states.
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Chapter 3

Quantum thermodynamics

3.1 Open Quantum Systems

An open system is a quantum system S coupled to a distinct one, denoted R, usually

called the environment or the reservoir. Each represents a subsystem of the total system

S+R, which is generally considered a closed system. As the state of subsystem S changes due

to its interactions, it is no longer represented by a unitary Hamiltonian dynamic. The total

system’s Hamiltonian evolution then induces its dynamic, and the subsystem is often assigned

as a reduced system.

The Hilbert Space of the system is indicated as HS and the equivalent to the environment

as HR. The total system’s Hilbert space is denoted by H = HS ⊗HR, the tensor product of

both subsystems. And the total Hamiltonian H(t) is given by

H = HS ⊗ IR + IS ⊗HR +HI , (3.1)

where HS is the Hamiltonian of the open system S, IR is the identity operator in the Hilbert

space HR, HR the Hamiltonian of the environment R, IS is the identity operator for HS, and

HI is the Hamiltonian that described the interaction between S and R.

At first, we introduce the term environment to refer to system R; however, throughout

this text, we will refer to a different type of environment, a reservoir. When referring to a

reservoir, we assume it is in a thermal equilibrium state.
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Considering that our system of interest is denoted by S if ρ, an density matrix expresses

the state of the total system. The reduced density matrix of the quantum system S is

ρS = trRρ, (3.2)

where "tr" denotes the partial trace over the open system’s Hilbert space [48]. Furthermore,

the expectation values of the observables that act on the open system’s Hilbert space are

determined through

⟨A⟩ = trS {AρS} . (3.3)

The equation of motion that describes ρ is given by

ρ̇ = − i

ℏ
[H, ρ] , (3.4)

where H is the Hamiltonian of the S⊗R composite system. Just as the Schrödinger equation

describes how pure states evolve in time, the Von Neumann equation (also known as the

Liouville–Von Neumann equation) describes how a density operator evolves in time. When

we move to the interaction representation, Eq. (3.4) becomes

˜̇ρ = − i

ℏ

[
H̃I(t), ρ̃

]
. (3.5)

where

˜̇ρ(t) = e(i/ℏ)(HS+HR)tρ(t)e−(i/ℏ)(HS+HR)t, (3.6)

H̃I(t) = e(i/ℏ)(HS+HR)tHIe
−(i/ℏ)(HS+HR)t. (3.7)

Integrating Eq. (3.5) twice from t to 0 and substituting back in, we find

˜̇ρ = − i

ℏ

[
H̃I(t), ρ(0)

]
− 1

ℏ2

∫ t

0

[
H̃I(t),

[
H̃I(t

′), ρ̃(t′)
]]
dt′. (3.8)

The Born approximation assumes that the system interacts weakly with a large reservoir,
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neglecting the correlation between them and considering the reservoir stationary, so that

ρ̃(t) = ρ̃S(t)⊗ ρR(0) + ρc(t) ≈ ρ̃S(t)⊗ ρR(0), (3.9)

where ρc(t) is the correlation term. Making the substitution of ρ̃(t) into Eq. (3.8), and

performing the partial trace in the reservoir,

ρ̇S =
1

iℏ

{
trR

[
H̃I(t)ρR(0)

]
ρS(0)− ρS(0)

[
ρR(0)H̃I(t)

]}
− 1

ℏ2
trR

∫ t

0

[
H̃I(t),

[
H̃I(t

′), ρ̃S(t
′)⊗ ρR(0)

]]
dt′. (3.10)

To facilitate the above equation we eliminate the term 1
iℏtrR

[
H̃I(t)ρR(0)

]
with the assumption

trR

[
H̃I(t)ρR(0)

]
= 0. (3.11)

Taking into account the Markov approximation where the integrand ρ̃S(t
′) is replaced by

ρ̃S(t), i.e., the state of the system does not depend on the past. Eq. (3.10) becomes

˜̇ρS = − 1

ℏ2
trR

∫ t

0

[
H̃I(t),

[
H̃I(t

′), ρ̃S(t)⊗ ρR(0)
]]

dt′. (3.12)

The above equation is a representation of a system interacting with a reservoir.

Since HI is the Hamiltonian of interaction between S and R, let us consider a specific

model

HI = ℏ
∑
i

siRi, (3.13)

where the si are operators in the Hilbert space of S and the Ri are reservoir operators in the

Hilbert space of R. Then, in the interaction picture

H̃I(t) = ℏ
∑
i

s̃i(t)R̃i(t). (3.14)
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The master equation is now

ρ̇S = −
∑
i,j

∫ t

0

dt′{[s̃i(t)s̃j(t)ρS(t′)− s̃j(t)ρS(t
′)s̃i(t)] ⟨R̃i(t)R̃j(t

′)⟩R

+ [ρS(t
′)s̃j(t)s̃i(t)− s̃i(t)ρS(t

′)s̃j(t)] ⟨R̃j(t)R̃i(t
′)⟩R}, (3.15)

hence

⟨R̃i(t)R̃j(t
′)⟩R = trR

[
ρR(0)R̃i(t)R̃j(t

′)
]
, (3.16)

⟨R̃j(t
′)R̃i(t)⟩R = trR

[
ρR(0)R̃j(t

′)R̃i(t)
]
. (3.17)

are called correlation functions.

A typical example of the system is the decay of a two-level atom damped by a reservoir

of oscillators. We will use this system to derive a known form of the master equation that

will be of interest in later chapters. The Hamiltonian that described this situation in the

rotating-wave approximation is

H =
1

2
ℏω0σz +

∑
j

ℏωja
†
jaj + ℏ

∑
j

(κ∗jσ−a
†
j + κjσ+aj). (3.18)

The σ− operator takes an atom in the higher state to the lower state, while σ+ takes an atom

in the lower state to the higher state. The Hamiltonian consists of four terms. The first term

describes the system, a two-level atom, and the second represents the reservoir. The term

a†jσ− describes the process in which the atom is taken from the higher state to the lower state,

a photon of mode j is created, and ajσ+ describes the opposite process.

Identifying the operators in Eq. (3.18), s1 = σ−, s2 = σ+, R1 = R† ≡
∑

j κ
∗
ja

†
j, and

R2 = R ≡
∑

j κjaj, these operators in the interaction picture are

s̃1(t) = ei(ω0σz/2)tσ−e
−i(ω0σz/2)t = σ−e

−iω0t, (3.19)

s̃2(t) = ei(ω0σz/2)tσ+e
−i(ω0σz/2)t = σ+e

iω0t, (3.20)
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and

R̃1(t) = R̃†(t) =
∑
j

κ∗j

[
ei
∑

k(ωka
†
kak)ta†je

−i
∑

l(ωla
†
l al)t

]
=

∑
j

κ∗ja
†
je

iωjt, (3.21)

R̃2(t) = R̃(t) =
∑
j

κj

[
ei
∑

k(ωka
†
kak)taje

−i
∑

l(ωla
†
l al)t

]
=

∑
j

κjaje
−iωjt. (3.22)

The Hamiltonian is then

HI(t) = ℏ
∑
j

[
κ∗ja

†
jσ−e

i(ωj−ω0)t + κjajσ+e
−i(ωj−ω0)t

]
, (3.23)

where κj is the coupling constant, ω0 refers to the system’s frequency, and ωj represents the

jth frequency of the reservoir. Finally, we insert the above term into Eq. (3.15) and obtain

dρ̃(t)

dt
= −

∫ t

0

dt′{[σ−σ−ρ̃(t′)− σ−ρ̃(t
′)σ−] e

−iω0(t+t′)⟨R̃†(t)R̃†(t′)⟩R

+ [ρ̃(t′)σ−σ− − σ−ρ̃(t
′)σ−] e

−iω0(t+t′)⟨R̃†(t′)R̃†(t)⟩R

+ [σ−σ+ρ̃(t
′)− σ+ρ̃(t

′)σ−] e
−iω0(t−t′)⟨R̃†(t)R̃(t′)⟩R

+ [ρ̃(t′)σ+σ− − σ−ρ̃(t
′)σ+] e

−iω0(t−t′)⟨R̃(t′)R̃†(t)⟩R

+ [σ+σ−ρ̃(t
′)− σ−ρ̃(t

′)σ+] e
iω0(t−t′)⟨R̃(t)R̃†(t′)⟩R

+ [ρ̃(t′)σ−σ+ − σ+ρ̃(t
′)σ−] e

iω0(t−t′)⟨R̃†(t′)R̃(t)⟩R

+ [σ+σ+ρ̃(t
′)− σ+ρ̃(t

′)σ+] e
iω0(t+t′)⟨R̃(t)R̃(t′)⟩R

+ [ρ̃(t′)σ+σ+ − σ+ρ̃(t
′)σ+] e

iω0(t+t′)⟨R̃(t′)R̃(t)⟩R}. (3.24)

It is in our interest that the reduced density operator that describes the reservoir is in the

form of a thermal operator,

ρR(0) =
∏
j

[
1− e

(−ℏωj
kBT

)]
e

(
−ℏωja

†
j
aj

kBT

)
(3.25)

where T is the temperature and kB is the Boltzmann constant. Thus, from Equations (3.16)
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and (3.17), it is natural that

⟨R̃†(t)R̃†(t′)⟩R =
∑
i,j

κ∗jκ
∗
ke

iωjteiωkt
′
trR

{
a†ja

†
kρR(0)

}
(3.26)

⟨R̃†(t′)R̃†(t)⟩R =
∑
i,j

κ∗jκ
∗
ke

iωjt
′
eiωkttrR

{
a†ja

†
kρR(0)

}
(3.27)

⟨R̃†(t)R̃(t′)⟩R =
∑
i,j

κ∗jκke
iωjte−iωkt

′
trR

{
a†jakρR(0)

}
(3.28)

⟨R̃(t′)R̃†(t)⟩R =
∑
i,j

κjκ
∗
ke

−iωjt
′
eiωkttrR

{
aja

†
kρR(0)

}
(3.29)

⟨R̃(t)R̃†(t′)⟩R =
∑
i,j

κjκ
∗
ke

−iωjteiωkt
′
trR

{
aja

†
kρR(0)

}
(3.30)

⟨R̃†(t′)R̃(t)⟩R =
∑
i,j

κ∗jκke
iωjt

′
e−iωkttrR

{
a†jakρR(0)

}
(3.31)

⟨R̃(t)R̃(t′)⟩R =
∑
i,j

κjκke
−iωjte−iωkt

′
trR {ajakρR(0)} (3.32)

⟨R̃(t′)R̃(t)⟩R =
∑
i,j

κjκke
−iωjt

′
e−iωkttrR {ajakρR(0)} . (3.33)

To calculate the terms of Equations (3.26)-(3.33), let us first consider the case where j ̸= k,

trR

{
ρR(0)a

†
jak

}
= trR

{
a†jak

∏
m

[
1− e−ℏωm/kBT

]
e(−ℏωm/kBT )a†mam

}

=
∑

...,nj ,...,nk,...

⟨..., nj, ..., nk, ...|

{
a†jak

∏
m

[
1− e−ℏωm/kBT

]
e(−ℏωm/kBT )a†mam

}
|..., nj, ..., nk, ...⟩

=
∑

...,nj ,...,nk,...

⟨..., nj, ..., nk, ...|a†jak|..., nj, ..., nk, ...⟩
∏
m

[
1− e−ℏωm/kBT

]
e(−ℏωm/kBT )nm .

and

⟨..., nj, ..., nk, ...|a†jak|..., nj, ..., nk, ...⟩ =
√
nj + 1

√
nk⟨..., nj, ..., nk, ...|..., nj + 1, ..., nk − 1, ...⟩

= 0.

Thus, whatever the values of j and k, the trace above are null. Evaluating now trR

{
ρR(0)a

†
jaj

}
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in the case where i ̸= j, we get

trR

{
ρR(0)a

†
jaj

}
= trR

{
a†jaj

∏
m

[
1− e−ℏωm/kBT

]
e(−ℏωm/kBT )a†mam

}

=
∑

...,nj ,...

⟨..., nj, ...|

{
a†mam

∏
m

[
1− e−ℏωm/kBT

]
e(−ℏωm/kBT )a†mam

}
|..., nj, ...⟩

=
∑

...,nj ,...

nj

∏
m

[
1− e−ℏωm/kBT

]
⟨nm|e(−ℏωj/kBT )a†mam|nm⟩

=
∑

...,nj ,...

nj

∏
m

[
1− e−ℏωm/kBT

]
e(−ℏωj/kBT )nm

=
e−ℏωj/kBT

1− e−ℏωj/kBT

=
1

eℏωj/kBT − 1
= n̄(ωj, β). (3.34)

Therefore, the results obtained were

trR

{
a†ja

†
kρR(0)

}
= trR {ajakρR(0)} = 0, (3.35)

trR

{
a†jakρR(0)

}
= n̄(ωj, β)δj,k, (3.36)

trR

{
aja

†
kρR(0)

}
= trR

{[
1− aja

†
k

]
ρR(0)

}
= [1− n̄(ωj, β)] δj,k. (3.37)

Using Equations (3.35)-(3.37), Eq. (3.24) becomes

dρ̃(t)

dt
= −

∫ t

0

dt′{[σ−σ+ρ̃(t′)− σ+ρ̃(t
′)σ−] e

−iω0(t−t′)⟨R̃†(t)R̃(t′)⟩R

+ [ρ̃(t′)σ+σ− − σ−ρ̃(t
′)σ+] e

−iω0(t−t′)⟨R̃(t′)R̃†(t)⟩R

+ [σ+σ−ρ̃(t
′)− σ−ρ̃(t

′)σ+] e
iω0(t−t′)⟨R̃(t)R̃†(t′)⟩R

+ [ρ̃(t′)σ−σ+ − σ+ρ̃(t
′)σ−] e

iω0(t−t′)⟨R̃†(t′)R̃(t)⟩R. (3.38)
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The reservoir correlation functions are explicit:

⟨R̃†(t)R̃(t′)⟩R =
∑
j

|κj|2 eiωj(t−t′)n̄(ωj, β), (3.39)

⟨R̃(t′)R̃†(t)⟩R =
∑
j

|κj|2 eiωj(t−t′) [1− n̄(ωj, β)] , (3.40)

⟨R̃(t)R̃†(t′)⟩R =
∑
j

|κj|2 e−iωj(t−t′) [1− n̄(ωj, β)] , (3.41)

⟨R̃†(t′)R̃(t)⟩R =
∑
j

|κj|2 e−iωj(t−t′)n̄(ωj, β). (3.42)

Performing now the changes τ = t− t′ and
∑

j →
∫∞
0
dωg(ω), where dωg(ω) is the number

of atoms with the frequency between ω and ω + dω, we have [49]

dρ̃(t)

dt
= −

∫ t

0

dτ{[σ−σ+ρ̃(t− τ)− σ+ρ̃(t− τ)σ−] e
−iω0τ ⟨R̃†(t)R̃(t− τ)⟩R

+ [ρ̃(t− τ)σ+σ− − σ−ρ̃(t− τ)σ+] e
−iω0τ ⟨R̃(t− τ)R̃†(t)⟩R

+ [σ+σ−ρ̃(t− τ)− σ−ρ̃(t+ τ)σ+] e
iω0τ ⟨R̃(t)R̃†(t− τ)⟩R

+ [ρ̃(t− τ)σ−σ+ − σ+ρ̃(t− τ)σ−] e
iω0τ ⟨R̃†(t− τ)R̃(t)⟩R, (3.43)

where the nonzero reservoir correlation functions are

⟨R̃†(t)R̃(t− τ)⟩R =

∫ ∞

0

dωg(ω)|κ(ω)|2eiωτ n̄(ω, β), (3.44)

⟨R̃(t− τ)R̃†(t)⟩R =

∫ ∞

0

dωg(ω)|κ(ω)|2eiωτ [1− n̄(ω, β)] , (3.45)

⟨R̃(t)R̃†(t− τ)⟩R =

∫ ∞

0

dωg(ω)|κ(ω)|2e−iωτ [1− n̄(ω, β)] , (3.46)

⟨R̃†(t− τ)R̃(t)⟩R =

∫ ∞

0

dωg(ω)|κ(ω)|2e−iωτ n̄(ω, β). (3.47)

If the integration at τ is dominated by times that are shorter than the ρ̃ evolution timescale,

we can perform the Markov approximation, so we rewrite the Eq. (3.43) in the form

dρ̃(t)

dt
= α [σ−ρ̃(t)σ+ − σ+σ−ρ̃(t)] + β [σ−ρ̃(t)σ+ + σ+ρ̃(t)σ− − σ+σ−ρ̃(t)− ρ̃(t)σ−σ+]

+ α∗ [σ+ρ̃(t)σ− − σ−σ+ρ̃(t)] + β∗ [σ+ρ̃(t)σ− + σ−ρ̃(t)σ+ − σ−σ+ρ̃(t)− ρ̃(t)σ+σ−] ,

(3.48)
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being,

α ≡
∫ t

0

dτ

∫ ∞

0

dωg(ω)|κ(ω)|2ei(ω−ω0)τ , (3.49)

β ≡
∫ t

0

dτ

∫ ∞

0

dωg(ω)|κ(ω)|2ei(ω−ω0)τ n̄(ω, β). (3.50)

Considering that the dynamics of the reservoir is much faster than the dynamics of the system,

the limit of integration can be extended to infinity in such a way that

lim
t→∞

∫ t

0

dτei(ω−ω0)τ = πδ(ω − ω0) + i
P

ω0 − ω
. (3.51)

where P indicates the Cauchy principal value. In this way, we have

α = πg(ω0)|κ(ω0)|2 + i∆, (3.52)

β = πg(ω0)|κ(ω0)|2n̄(ω, β) + i∆′, (3.53)

with ∆ and ∆′ given by

∆ = P

∫ ∞

0

dω
g(ω)|κ(ω)|2

ω0 − ω
, (3.54)

∆′ = P

∫ ∞

0

dω
g(ω)|κ(ω)|2

ω0 − ω
n̄(ω, β). (3.55)

Defining γ = 2πg(ω0)|κ(ω0)|2 and n̄ = n̄(ω, β), the master equation for a two-level atom

damped by a reservoir of oscillators:

dρ̃(t)

dt
= −i∆ [σ+σ−, ρ̃(t)] +

γ

2
(n̄+ 1) [2σ−ρ̃(t)σ+ − σ+σ−ρ̃(t)− ρ̃(t)σ+σ−]

+
γ

2
n̄ [2σ+ρ̃(t)σ− − σ−σ+ρ̃(t)− ρ̃(t)σ−σ+] . (3.56)

3.2 Fermionic bath

The fermionic reservoir can be thought of as a collection of non-interacting fermions. Let

us then consider a collection of non-interacting two-level atoms whose frequency is ω0, The
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Hamiltonian who describes this is

HR =
ℏ
2

∑
j

ωjσz,j. (3.57)

The state ρR(0) of reservoir R is a Gibbs state:

ρR(0) =
e−βHR

trR(e−βHR)
. (3.58)

Inserting Eq. (3.57) into Eq. (3.58):

ρR(0) =
e−(βℏ/2)

∑
j ωjσz,j

trR
[
e−(βℏ/2)

∑
j ωjσz,j

]
=

∏
j e

−(βℏ/2)
∑

j ωjσz,j

trR

[∏
j e

−(βℏ/2)
∑

j ωjσz,j

]
=

∏
j e

−(βℏ/2)
∑

j ωjσz,j∏
j trR

[
e−(βℏ/2)

∑
j ωjσz,j

]
=

∏
j

e−(βℏ/2)ωz,j

e(βℏ/2)ωj + e−(βℏ/2)ωj
. (3.59)

Assuming now that we have a two-level atom coupled to the reservoir R. Thus, the

Hamiltonian of the system S will be

HS =
ℏ
2
ω0σz, (3.60)

here ωj represents the jth frequency of the reservoir. And the Hamiltonian interaction between

them can be written in the rotating wave approximation as

HI = ℏ
∑
j

(κ∗jσ−σ+,j + κjσ+σ−,j), (3.61)

with κ being the jth coupling constant. Identifying the operators in Eq. (3.14) as was done

in the previous section, s1 = σ−, s2 = σ+, F1 =
∑

j κ
∗
jσ+,j, and

∑
j κjσ−,j. Moving on to the
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interaction representation, we have

S̃1(t) = ei(ω0σz/2)tσ−e
−i(ω0σz/2)t = σ−e

−iω0t,

S̃2(t) = ei(ω0σz/2)tσ+e
−i(ω0σz/2)t = σ+e

iω0t, (3.62)

and

F̃1(t) =
∑
j

κ∗j

[
ei
∑

k(ωkσz,k/2)tσ+,je
−i
∑

k(ωkσz,k/2)t
]
=

∑
j

κ∗jσ+,je
iωjt,

F̃2(t) =
∑
j

κj

[
ei
∑

k(ωkσz,k/2)tσ−,je
−i
∑

k(ωkσz,k/2)t
]
=

∑
j

κjσ−,je
iωjt. (3.63)

And the interaction Hamiltonian in the interaction picture,

H̃I(t) = ℏ
∑
j

[
κ∗jσ−σ+,je

i(ωj−ω0)t + κjσ+σ−,je
−i(ωj−ω0)t

]
. (3.64)

Inserting all terms in Eq. (3.15), that gives

dρ̃(t)

dt
= −

∫ t

0

dt′{[σ−σ−ρ̃(t′)− σ−ρ̃(t
′)σ−] e

−iω0(t+t′)⟨F̃ †(t)F̃ †(t′)⟩R

+ [ρ̃(t′)σ−σ− − σ−ρ̃(t
′)σ−] e

−iω0(t+t′)⟨F̃ †(t′)F̃ †(t)⟩R

+ [σ−σ+ρ̃(t
′)− σ+ρ̃(t

′)σ−] e
−iω0(t−t′)⟨F̃ †(t)F̃ (t′)⟩R

+ [ρ̃(t′)σ+σ− − σ−ρ̃(t
′)σ+] e

−iω0(t−t′)⟨F̃ (t′)F̃ †(t)⟩R

+ [σ+σ−ρ̃(t
′)− σ−ρ̃(t

′)σ+] e
iω0(t−t′)⟨F̃ (t)F̃ †(t′)⟩R

+ [ρ̃(t′)σ−σ+ − σ+ρ̃(t
′)σ−] e

iω0(t−t′)⟨F̃ †(t′)F̃ (t)⟩R

+ [σ+σ+ρ̃(t
′)− σ+ρ̃(t

′)σ+] e
iω0(t+t′)⟨F̃ (t)F̃ (t′)⟩R}. (3.65)
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where the reservoir averages read

⟨F̃ †(t)F̃ †(t′)⟩R =
∑
i,j

κ∗jκ
∗
ke

iωjteiωkt
′
trR {σ+,jσ+,kρR(0)} (3.66)

⟨F̃ †(t′)F̃ †(t)⟩R =
∑
i,j

κ∗jκ
∗
ke

iωjt
′
eiωkttrR {σ+,jσ+,kρR(0)} (3.67)

⟨F̃ †(t)F̃ (t′)⟩R =
∑
i,j

κ∗jκke
iωjte−iωkt

′
trR {σ+,jσ−,kρR(0)} (3.68)

⟨F̃ (t′)F̃ †(t)⟩R =
∑
i,j

κjκ
∗
ke

−iωjt
′
eiωkttrR {σ−,jσ+,kρR(0)} (3.69)

⟨F̃ (t)F̃ †(t′)⟩R =
∑
i,j

κjκ
∗
ke

−iωjteiωkt
′
trR {σ−,jσ+,kρR(0)} (3.70)

⟨F̃ †(t′)F̃ (t)⟩R =
∑
i,j

κ∗jκke
iωjt

′
e−iωkttrR {σ+,jσ−,kρR(0)} (3.71)

⟨F̃ (t)F̃ (t′)⟩R =
∑
i,j

κjκke
−iωjte−iωkt

′
trR {σ−,jσ−,kρR(0)} (3.72)

⟨F̃ (t′)F̃ (t)⟩R =
∑
i,j

κjκke
−iωjt

′
e−iωkttrR {σ−,jσ−,kρR(0)} . (3.73)

To calculate the traces of the equations above, let’s first look at trR {σ±,jσ±,kρR(0)}, if j = k,

trR {σ±,jσ±,kρR(0)} = 0 due to σ±,jσ±,j = 0. In the case where j ̸= k,

trR {σ±,jσ±,kρR(0)}j ̸=k = trR

[
σ±,jσ±,k

∏
l

e−(βℏ/2)ωlσz,l

e(βℏ/2)ωl + e−(βℏ/2)ωl

]

=

{
trRj

[
σ±,je

−(βℏ/2)ωjσz,j
]

e(βℏ/2)ωj + e−(βℏ/2)ωj

}{
trRk

[
σ±,ke

−(βℏ/2)ωkσz,k
]

e(βℏ/2)ωk + e−(βℏ/2)ωk

}
= 0. (3.74)

Now computing trR {σ±,jσ∓,kρR(0)} = 0, that gives

trR {σ±,jσ∓,kρR(0)}j ̸=k = trR

[
σ±,jσ∓,k

∏
l

e−(βℏ/2)ωlσz,l

e(βℏ/2)ωl + e−(βℏ/2)ωl

]

=

{
trRj

[
σ±,je

−(βℏ/2)ωjσz,j
]

e(βℏ/2)ωj + e−(βℏ/2)ωj

}{
trRk

[
σ∓,ke

−(βℏ/2)ωkσz,k
]

e(βℏ/2)ωk + e−(βℏ/2)ωk

}
= 0. (3.75)
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In the case where j = k, we need to calculate the traces separately, let us start first with

trR {σ+,jσ−,jρR(0)} = trR

[
σ+,jσ−,j

∏
l

e−(βℏ/2)ωlσz,l

e(βℏ/2)ωl + e−(βℏ/2)ωl

]

=
trRj

[
σ+,jσ−,je

−(βℏ/2)ωjσz,j
]

e(βℏ/2)ωj + e−(βℏ/2)ωj

=
⟨gj|σ+,jσ−,je

−(βℏ/2)ωjσz,j |gj⟩+ ⟨ej|σ+,jσ−,je
−(βℏ/2)ωjσz,j |ej⟩

e(βℏ/2)ωj + e−(βℏ/2)ωj

=
⟨gj|σ+,jσ−,j |gj⟩ e(βℏ/2)ωjσz,j + ⟨ej|σ+,jσ−,j |ej⟩ e−(βℏ/2)ωjσz,j

e(βℏ/2)ωj + e−(βℏ/2)ωj

=
e−(βℏ/2)ωj

e(βℏ/2)ωj + e−(βℏ/2)ωj

=
1

eβℏωj + 1

= n̄(ωj, β). (3.76)

Here n̄(ωj, β) is the average number of electrons in the excited state of atom j, which obeys

the Fermi-Dirac distribution [50]. And finally,

trR {σ−,jσ+,jρR(0)} = trR [(1− σ−,jσ+,jρR(0)) ρR(0)]

= 1− n̄(ωj, β). (3.77)

Summarizing, the results are

trR {σ±,jσ±,kρR(0)} = 0, (3.78)

trR {σ+,jσ−,kρR(0)} = n̄ (ωj, β) δj,k, (3.79)

trR {σ−,jσ+,kρR(0)} = [1− n̄ (ωj, β) δj,k] . (3.80)
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Substituting Eq. (3.78)-(3.80) into Eq. (3.65):

dρ̃(t)

dt
= −

∫ t

0

dt′{[σ−σ+ρ̃(t′)− σ+ρ̃(t
′)σ−] e

−iω0(t−t′)⟨F̃ †(t)F̃ (t′)⟩R

+ [ρ̃(t′)σ+σ− − σ−ρ̃(t
′)σ+] e

−iω0(t−t′)⟨F̃ (t′)F̃ †(t)⟩R

+ [σ+σ−ρ̃(t
′)− σ−ρ̃(t

′)σ+] e
iω0(t−t′)⟨F̃ (t)F̃ †(t′)⟩R

+ [ρ̃(t′)σ−σ+ − σ+ρ̃(t
′)σ−] e

iω0(t−t′)⟨F̃ †(t′)F̃ (t)⟩R. (3.81)

where

⟨F̃ †(t)F̃ (t′)⟩R =
∑
j

|κj|2 eiωj(t−t′)n̄(ωj, β), (3.82)

⟨F̃ (t′)F̃ †(t)⟩R =
∑
j

|κj|2 eiωj(t−t′) [1− n̄(ωj, β)] , (3.83)

⟨F̃ (t)F̃ †(t′)⟩R =
∑
j

|κj|2 e−iωj(t−t′) [1− n̄(ωj, β)] , (3.84)

⟨F̃ †(t′)F̃ (t)⟩R =
∑
j

|κj|2 e−iωj(t−t′)n̄(ωj, β). (3.85)

Arriving here, the similarity of the process of deduction of the master equation done before

can be noted, so the last approximations will not be treated here in detail. Following the same

procedure, one arrives at

dρ̃(t)

dt
= −i∆ [σ+σ−, ρ̃(t)] +

γ

2
(1− n̄) [2σ−ρ̃(t)σ+ − σ+σ−ρ̃(t)− ρ̃(t)σ+σ−]

+
γ

2
n̄ [2σ+ρ̃(t)σ− − σ−σ+ρ̃(t)− ρ̃(t)σ−σ+] . (3.86)

The evolution of a quantum system is given by the master equation, given by Eqs. (3.56)

and (3.86). We can summarize it as:

dρ

dt
= −i[H(t), ρ] + Lρ, (3.87)

where L is the Liouville operator. Since the reservoir is thermal, the asymptotic (or steady-
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state) state of this equation is the Gibbs state

ρ(t→ ∞) = ρ =
e−βH

Z
, (3.88)

with temperature T = 1/kBβ and partition function Z = tr(e−βH). The details to arrive at

Eq. (3.88), as well as the demonstration that the density operator that maximizes the entropy

subject to the normalization condition and constant average energy is Gibbs state are shown

in Appendix A.

3.3 The Laws of Quantum Thermodynamics

In the previous chapter, the laws of thermodynamics were defined for systems in equilib-

rium. In quantum thermodynamics, a theory of non-equilibrium is necessary to revisit the laws

of thermodynamics to understand how they are generalized to arbitrary quantum systems.

The first law of thermodynamics has the form,

dE

dt
= Q̇+ Ẇ , (3.89)

and is written in terms of the internal E of a system, W is the work done by external forces,

and Q is the heat supplied to the system by its surroundings. For a quantum system isolated

or weakly coupled to a reservoir, the internal energy is written in terms of the expected value

of its Hamiltonian E(t), that is,

E(t) = tr [H(t)ρ(t)] . (3.90)

Differentiating Eq. (3.90) concerning t,

dE(t)

dt
= tr

[
H(t)

dρ(t)

dt

]
+ tr

[
dH(t)

dt
ρ(t)

]
. (3.91)
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Heat and work are thus defined:

Q =

∫ τ

0

tr

[
H(t)

dρ(t)

dt

]
dt, (3.92)

W =

∫ τ

0

tr

[
dH(t)

dt
ρ(t)

]
dt, (3.93)

in which τ is the time of evolution.

Before defining the second law, it is necessary to describe the entropy of a quantum system.

In this work, as is usual in other works in the literature [51, 52, 53], we will use the Von

Neumann entropy

S(t) = −tr {ρ(t) ln[ρ(t)]} . (3.94)

Two important properties to mention regarding entropy are:

1. S(ρ(t)) = 0, if and only if ρ is pure.

2. S(ρ(t)) is invariant under unitary transformation, i.e, S(U †ρU) = S(ρ(t)).

The first property can be proved if we assume a pure state ρ = |ψ⟩ ⟨ψ|. So, if |ψ⟩ is the

eigenstate of the ρ operator with eigenvalue +1, ρ |ψ⟩ = |ψ⟩. Then,

trρ ln ρ = tr |ψ⟩ ⟨ψ| ln(|ψ⟩ ⟨ψ|)

= ⟨ψ| ln ρ |ψ⟩ = ln 1 = 0,

where we use F (ρ) |ψ⟩ = F (1) |ψ⟩, since ρ |ψ⟩ = |ψ⟩.

To prove the second property, we know that given a complete and orthonormal basis {ϕk}

[54],

ρ|ϕk⟩ = λk|ϕk⟩. (3.95)

The unitary operator U acts in such a way [51], that gives:

U |ϕk⟩ = λk|ϕ̃k⟩, (3.96)
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where {ϕk} is also a complete and orthonormal basis such that,

⟨ϕ̃k|ϕ̃m⟩ = ⟨ϕ̃k|U †U |ϕ̃m⟩ = ⟨ϕk|ϕm⟩ = δkm. (3.97)

The density operator ρ̃ = Uρ also obeys the relation of Eq. (3.95),

ρ̃|ϕ̃k⟩ = Uρ|ϕk⟩ = Uλk|ϕk⟩ = λkU |ϕk⟩ = λk|ϕ̃k⟩. (3.98)

Furthermore, we can see that the eigenvalues of the density operator are invariant under

unitary transformation, and as entropy is a function of ρ, this property will be used. Taking

again the density operator, ρ̃,

S(ρ̃) = −trρ̃ lnρ̃ = −
∑
k

⟨ϕ̃k|ρ̃ lnρ̃|ϕ̃k⟩

= −
∑
k

⟨ϕ̃k|λk lnλk|ϕ̃k⟩ = −
∑
k

λk lnλk = S(ρ). (3.99)

The Von Neumann entropy is invariant under unitary transformations, and the second property

is proved.

The variation of the entropy dS may be written as the sum of two terms [55]:

dS = dSext + d
∑

, (3.100)

where dSext is the entropy exchanged with the environment and d
∑

is the entropy production

of the system.

We define the entropy flow as

J = β
dQ

dt
, (3.101)
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dQ/dt can be written in terms of Eq. (3.87) as

dQ

dt
= tr

dρ

dt
H = tr

{[
− i

ℏ
[H, ρ] + L(ρ)

]
H

}
= − i

ℏ
tr[H, ρ]H + trL(ρ)H

= − i

ℏ
tr[HρH − ρHH] + trL(ρ)H. (3.102)

When A and B are operators, the commutator trace of A and B disappears: tr([A,B]) = 0,

because tr(AB) = tr(BA) and tr is linear. Hence,

dQ

dt
= trL(ρ)H. (3.103)

Then, we have

J = βtrL(ρ)H. (3.104)

The rate of entropy production σ(t) can be defined as the difference between the total

entropy of the system and the entropy flow due to the reservoir:

σ(t) =
dS

dt
− J, (3.105)

S is given by Eq. (3.94) and J by Eq. (3.104). Putting S and J in the Eq. (3.105)

σ(t) =
d

dt
(−trρ ln ρ)− βtrL(ρ)H

= −tr
[(

dρ

dt

)
ln ρ− ρρ−1 d

dt
ρ

]
− βtrL(ρ)H

= −trdρ
dt

ln ρ− βtrL(ρ)H. (3.106)

Substituting in the second term the Eq. (3.87),

σ(t) = −tr
{
− i

ℏ
[H, ρ] + L(ρ)

}
ln ρ− βtrL(ρ)H (3.107)

But since the trace has a cyclic property, the first term inside the bracket is null ([ρ, ln ρ] = 0)
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and we get

σ(t) = −trL(ρ) ln ρ− βtrL(ρ)H

= −trL(ρ)(ln ρ+ βH) (3.108)

The thermal state is written as

ρ =
e−βH

tre−βH
=
e−βH

Z
, (3.109)

and can be formulated,

ln ρ = ln e−βH − lnZ = −βH − lnZ. (3.110)

Replacing this expression into Eq. (3.108)

σ(t) = −trL(ρ)(−βH − lnZ + βH)

= −trL(ρ)(−βH − lnZ + βH) = trL(ρ) lnZ (3.111)

and using

trL(ρ) = tr

(
dρ

dt
+
i

ℏ
[H, ρ]

)
= 0, (3.112)

hence

σ(t) = trL(ρ) lnZ = 0. (3.113)

For a thermal state, which is a state of maximum entropy, no additional entropy can be

produced.

For a system that exchanges energy as heat with its reservoir, ρ follows Eq. (3.87) and

dQ/dt Eq. (3.103). If the exchange is reversible:

dSext

dt
= β

dQ

dt
= βtrL(ρ)H. (3.114)
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With S given by Eq. (3.94), we can write

dS

dt
= −trL(ρ) ln ρ. (3.115)

From the relation of Eq. (3.100):

d
∑
dt

=
dS

dt
− dSext

dt
, (3.116)

and replacing Eqs. (3.114) and (3.115) into Eq. (3.116):

d
∑
dt

= trL(ρ) ln ρ− βtrL(ρ)H = σ(t). (3.117)

Starting from the above expression for σ(t), and assuming ρT the thermal state of the reservoir

and isolating the term βT from Eq. (3.110), we write

σ(t) = −trL(ρ) (ln ρ− ln ρT − lnZ)

= −trL(ρ) ln ρ+ trL(ρ) ln ρT + trL(ρ) lnZ. (3.118)

As we have already seen, the last term vanish. We then substitute L(ρ) in Eq. (3.87) into ρ

and ρT

σ(t) = −tr
{
dρ

dt
− i

ℏ
[H, ρ]

}
ln ρ+ tr

{
dρ

dt
− i

ℏ
[H, ρ]

}
ln ρT

= −tr
(
dρ

dt

)
ln ρ+ tr

dρ

dt
ln ρT . (3.119)

Note that,

−tr d
dt
(ρ ln ρ) = −tr

[(
dρ

dt

)
ln ρ− ρρ−1dρ

dt

]
= −tr

(
dρ

dt

)
ln ρ. (3.120)

Thus,

σ(t) = −tr d
dt

(ρ ln ρ− ρ ln ρT ) ≡ − d

dt
D(ρ ∥ ρT ). (3.121)

Wherein D(ρ ∥ ρT ) = ρ ln ρ − ρ ln ρT ≡
∑

is the relative entropy [54] or entropy production

who is always positive,
∑

⩾ 0 [56].
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Now it is convenient to write the second law of thermodynamics as

∑
⩾ 0. (3.122)
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Chapter 4

Cooling in a quantum regime

In this chapter, we consider an autonomous quantum refrigerator (AR) composed of three

interacting qubits, each exposed to a specific thermal reservoir. This AR was first proposed

in 2010 [2], in which the authors considered only bosonic reservoirs. The chapter is divided

into two sections, in order to elaborate on the results obtained. We aim to investigate this AR

operating with fermionic and bosonic reservoirs with positive temperatures and compare them,

and in another scenario with one of the reservoirs being a fermionic reservoir at a negative

temperature.

4.1 Cooling with negative temperatures

As a general property, the experimental realization of reservoirs with effective negative

temperatures, as we will consider in this work, requires population inversion. It has been

experimentally demonstrated that fermionic substances are required to build thermal reservoirs

that exhibit population inversion and negative system temperatures, as evidenced in studies

such as [7, 8, 53]. This inverted population effect has been explored in some works [57, 58, 53],

with a notable impact on the efficiency of heat engines, as shown experimentally in Ref.

[52, 53]. Motivated by these works, we studied the properties of the system of interest initially

with only bosonic reservoirs, now with fermionic reservoirs at negative temperatures.

Here, as in Ref. [2], we approach the case where qubits 1, 2 and 3 interact respectively
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with a thermal reservoir at a cold temperature Tc > 0, a thermal reservoir at an "room"

temperature Tr > 0 and a thermal reservoir at a temperature hot Th > 0 - see the scheme

shown in Fig. 4.1.

Figure 4.1: Schematic representation of the AR refrigerator and its respective thermal reser-
voirs. The AR is composed of three interacting qubits having energy gaps E1, E2, and E3 in
contact with their respective reservoirs. Here, Th is the temperature of the hot reservoir, Tr
is the temperature of the "room" reservoir, Tc is the temperature of the cold reservoir, and g
is the coupling constant between the qubits.

In the weak coupling limit and the Markovian regime, the dynamics governing the AR is

dictated by the master equation

∂ρ

∂t
= −i [H0 +HI , ρ] +

1

2

3∑
k=1

Γ↓
k (2σ−,kρσ+,k − {σ+,kσ−,k, ρ})+

1

2

3∑
k=1

Γ↑
k (2σ+,kρσ−,k − {σ−,kσ+,k, ρ}) , (4.1)

where H0 and HI are respectively the free qubits Hamiltonian and the three-body interaction

Hamiltonian, given by

H0 = H1 +H2 +H3

=
1

2
E1σz,1 +

1

2
E2σz,2 +

1

2
E3σz,3 (4.2)
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and

HI = g (σ−,1σ+,2σ−,3 + σ+,1σ−,2σ+,3) . (4.3)

In the above equations, σ−,k, σ+,k, and σz,k (k = 1, 2, 3) are respectively the lowering, raising,

and z Pauli operators for the kth qubit; E1, E2, and E3 are the energy gaps for each qubit,

and g is the coupling constant. Also, we let Γ↓
k = γk (1± nαk

), where the signal "+" ("-")

is for a bosonic (fermionic) reservoir, and Γ↑
k = γknαk

(α1 = c, α2 = r, and α3 = h), with

γk being the dissipation rate for the kth qubit and nαk
being the average excitation number

of the reservoir at temperature Tαk
. Note that Eq. (4.1) describes the dynamics dictated by

either bosonic [49, 48] or fermionic [59, 50] thermal reservoirs. For bosonic thermal reservoirs

nαk
= 1/

(
eEk/Tαk − 1

)
, while for fermionic reservoirs nαk

= 1/
(
eEk/Tαk + 1

)
. As said before,

negative temperatures are characterized by population inversion, which occurs when nαk
>

1/2, and it is only possible for fermionic reservoirs. For the AR to work properly, considering

only reservoirs at positive temperatures, the relations Tc < Tr < Th and E3 = E2 − E1 - see

Fig. 4.2, must be satisfied [2].

Figure 4.2: Schematic representation of possible level configuration for the qubit-based AR
cooler. (a) Level configurations used in Ref. [2] for positive temperatures, where the condition
E3 = E2 − E1 is required. (b) A possible level configuration with E3 = E2 = E1 for negative
temperatures, where the condition E3 = E2−E1 is no longer needed. In (a) and (b), ⟨g|k and
|e⟩k are the ground and excited states of the kth qubit, respectively.

The wanted solution from Eq. (4.1) is the steady-state solution, that is needed to solve the
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equation for the stationary state, ρS. To obtain the asymptotic state we used the quantum

optics toolbox [60, 61].

Let us start detailing the positive temperature case by fixing the parameters used in [2].

Thus, we fixed the energies gaps E1 = 1, E2 = 5, and E3 = 4, which is a special case of the

more general relation E3 = E2−E1 to AR work properly, and the temperatures Tc = 1, 1.5, 2,

and Tr = 2. Finally, we fixed the dissipation rates γ1 = γ2 = γ3 = 1 and let Th vary from 1 to

10. Cooling is achieved when T1 − Tc < 0, which means that the temperature T1 of the qubit

1 is lower than the temperature Tc of the cold reservoir. In Fig. 4.3, it is possible to observe

this effect in a) we see the refrigerator working, and in b) we observe the behavior of system

1, i.e., T1 decays with the growth of Th.

Figure 4.3: (a) T1 − Tc versus Th > 0 for three different values of Tc: Tc = 1 (dot green line),
Tc = 1.5 (dash red line) and Tc = 2 (solid blue line). Refrigeration occurs for T1 − Tc < 0. (b)
T1 behavior for those three initial conditions given in (a). Note that the lowest temperature of
the qubit T1 does not decrease any further, no matter how high Th becomes. The lowest values
reached by T1 are T1 = 0.9486 (when Tc = 1), T1 = 1.4054 (when Tc = 1.5) and T1 = 1.867
(when Tc = 2).

Regardless of how high Tc is, the temperature of qubit 1 remains constant. After conducting

numerical analysis, we discovered that the corresponding lowest temperatures reached by qubit

1 are T1 = 0.9486 (when Tc = 1), T1 = 1.4054 (when Tc = 1.5), and T1 = 1.867 (when Tc = 2).

These minimum temperatures are determined by the population of the ground state pg,1, which
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can be expressed as follows:

pg,1 =
1

1 + e−E1/T1
. (4.4)

Solving for temperature, we get

T1 =
E1

ln
(

pg,1
1−pg,1

) . (4.5)

It is evident from the equation that T1 can attain any value between Tc and the minimum

temperature allowed by the population of the ground state pg,1, which is between 0.5 and

1.0. However, due to imperfect insulation, heat transfer to qubit 1 hinders it from attaining

temperatures closer to absolute zero. Our numerical calculations indicate that if the initial

temperature is low, such as Tc < 0.48, then T1 − Tc > 0, indicating the breakdown of the

refrigerator’s operation. We shall see that using the same parameters but considering one of

the reservoirs at negative temperatures, we can cool the qubit 1 below Tc = 0.48.

The perfect isolation condition for the temperature of qubit 1 occurs when it gets as close

as possible to absolute zero. This condition is obtained by isolating qubit 1 from its reservoir,

thus letting γ1. This condition allows us to reach lower temperatures for qubit 1 than those

depicted in Fig. 4.3(b), and the following analytical expression for the required temperature

[2]:

T1 =
Tc

1 + E3

E1

(
1− Tc

Th

) . (4.6)

The above formula tells us that, under the condition of perfect insulation, it is possible to cool

down to absolute zero, provided that E3/E1 → ∞.

In order to compare the cooling process at either negative or positive temperatures, we

put the AR to work with the same parameters. The steady state is found using the Eq. (4.1),

but now considering a fermionic reservoir with n3 > 0.5 (Th < 0). In Fig. 4.4(a), we show

the difference T1 − Tc as a function of Th < 0. Interestingly, if we compare with Fig. 4.3(a)

for Th > 0, we see that at negative temperatures, the steady-states are always cooled, no

matter the initial temperature we choose for Th < 0. Also, remembering that for Th < 0, the

higher temperatures ranges according to (−∞, 0−) in Fig. 4.4(b), we see that the higher the
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Figure 4.4: (a) T1 − Tc versus Th < 0 using the same three values for Tc as before: Tc = 1
(dot green line), Tc = 1.5 (dash red line) and Tc = 2 (solid blue line). Refrigeration occurs for
T1 − Tc < 0. Note that the higher the temperature Th the greater the cooling of qubit 1, as
before, but now the steady state of qubit 1 is cooled for all negative temperatures. (b) T1 versus
Th for those three initial conditions given in (a). Again, the lowest temperature of the qubit
T1 does not decrease any further by increasing Th. However, this time the lower temperatures
are closer to absolute zero than when using positive temperatures. The corresponding lowest
temperatures are T1 = 0.7805 (when Tc = 1 ), T1 = 1.1615 (when Tc = 1.5) and T1 = 1.5568
(when Tc = 2).

temperature Th, the lower is the temperature of qubit 1.

A notable result is that the lowest temperatures T1 in the case Th < 0 are lower than the

temperatures T1 corresponding to the case Th > 0. That is true for all reference temperatures

Tc according to our numerical calculation and as can be seen in a few examples shown in the

table of Fig. 4.5(a). Taking Tc as the reference temperature, we can calculate the percentage

decrease of T1 in relation to Tc for both negative and positive temperatures. In Fig. 4.5(b) we

show the corresponding percentages for both Th > 0 (blue) and Th < 0 (red).

Through Fig. 4.5(b) it is clear that negative temperatures are more effective for cooling

a qubit, as it drives qubit 1 to lower temperatures by a large percentage. According to our

numerical calculations, for this set of parameters, which is the same as used for positive

temperatures, when the reference temperature Tc is as low as Tc = 0.48 the AR stops cooling

if Th > 0. However, at Th < 0 the AR continues to cool down until qubit 1 reaches the limit

of T1 = 0.0275, that is, an order of magnitude lower.
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Figure 4.5: (a) Lowest values for T1 obtained when either Th > 0 or Th < 0 for some values of
Tc (b) Percentage of cooling using both positive and negative temperatures for the pumping
heat at Th and taking Tc as reference. According to our numerical calculations, AR stops
working if Tc < 0.48 (Tc < 0.0275) when Th > 0 (Th < 0).

In the case where we impose the condition of perfect insulation for Th, we can demonstrate

that Eq. (4.6) remains valid. Alternatively, we can write Eq. (4.6) as

T1 =
TC

1 + E3

E1
(1 + TC

|Th|
)
. (4.7)

Eq. (4.7) tells us that, as in the case of positive temperatures, it is possible to cool a qubit to

temperatures arbitrarily close to absolute zero. Note, however, that for cooling a qubit toward

zero, since Tc/Th < 1, while for positive temperatures, Eq. (4.6), there is need to resort only

to the ratio E3/E1 → ∞, for negative temperatures we can have Tc > |Th|. Thus, it is possible

to take advantage of negative temperatures by choosing Tc/ |Th| → ∞.

There is a critical remark regarding the ratio E3/E1. In order for positive temperatures

to be possible, the condition E3 = E2 − E1 must be met, which imposes limitations on the

required qubit level structures for AR to be effective. However, with negative temperatures,

arbitrary configurations are allowed, such as E3 = E2 = E1, as shown in Fig. 4.2(b). Besides,

in the perfect insulation condition, if we take for example E3/E1 = 1, Eq. (4.6) tells us that

it is impossible, starting from finite and positive temperatures, to cool qubit 1 arbitrarily
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close to absolute zero. Indeed, according to Eq. (4.6), the smallest possible temperature for

E3/E1 = 1 is obtained when Tc/Th is very small, such that the final temperature of qubit 1 is

T1 = Tc/2. Nevertheless, for negative temperatures and in the condition of perfect insulation

where Eq. (4.7) applies, even if we let E3/E1 = 1 we can still make the ratio Tc/Th very large,

thus cooling qubit 1 as close to absolute zero as we want.

4.2 Cooling with positive temperatures

While fermionic reservoirs can have temperatures that assume both positive and negative

values, bosonic reservoirs are mostly used to model reservoirs with T > 0 by using quantum

harmonic oscillators with the average number of photons determined by the Bose-Einstein

distribution n = 1/(eE/T − 1). As a result, fermionic reservoirs are typically not considered

for positive temperature conditions, as there would be no advantage in doing so. However, we

consider a study of a case in which a refrigerator built with two-level substances can present

advantages when operating in a fermionic environment as compared to a bosonic one, with

both environments at positive temperatures. As the operating conditions are kept the same

for both environments, our results emphasize that the presented advantage stems from the

quantum nature of the fermionic reservoir.

Since the exchange rates Γ↓
k and Γ↑

k are different, the possible combinations of bosonic and

fermionic thermal reservoirs lead to distinct asymptotic states of Eq. (4.1). So, aiming to use

the device as a refrigerator, it is interesting to evaluate which combination leads to the lowest

temperature T1, considering a given set of parameters. Similar to the treatment given in the

previous section, we start with the same parameters, E1, E2 and E3 remain the same, with

the difference that now we let Th vary from 10−1 to 103.

Fig. 4.6(a) shows the temperature difference T1 − Tc versus Th (on a logarithmic scale) for

the AR working in a bosonic environment for the cold temperatures Tc = 1 (dotted green line),

Tc = 1.5 (dashed red line), and Tc = 2 (solid blue line). "As previously mentioned, the cooling

process is characterized by T1 − Tc < 0. Fig.4.6(b) depicts T1 − Tc as a function of Th for the
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Figure 4.6: Temperature difference T1 − Tc versus Th for (a) three bosonic and (b) three
fermionic reservoirs, considering three different values of Tc: Tc = 1 (dotted green line),
Tc = 1.5 (dashed red line) and Tc = 2 (solid blue line). Refrigeration occurs for T1 − Tc < 0.
Note the difference in behavior in the two figures: while in (a) temperature T1 reaches a
minimum and then starts to increase, in (b) T1 decreases monotonically, practically stabilizing
for sufficiently high Th, thus indicating that the lowest temperatures reached by qubit 1 occur
for fermionic reservoirs.

same cold temperatures, but in the presence of fermionic thermal reservoirs surrounding the

AR. In Fig. 4.6(a), T1 − Tc decreases to a minimum value, increases, and eventually stabilizes

at a negative value close to zero. On the other hand, in Fig. 4.6(b), T1 − Tc stabilizes at its

minimum value. Thus, the AR in the fermionic environment has an advantage over the bosonic

one, as its efficiency in cooling qubit 1 does not decrease at higher values of Th. Furthermore,

under fermionic thermal reservoirs, qubit 1 reaches lower minimum temperature values than

when under bosonic thermal reservoirs, as can be seen from the difference T1 − Tc, which is

more negative for the fermionic environment (compare Figs. 4.6(a) and 4.6(b)).

According to our numerical simulations, when considering the bosonic environment, the

minimum values for T1 are T1 = 0.95 (when Tc = 1), T1 = 1.41 (when Tc = 1.5), and T1 = 1.87

(when Tc = 2). On the other hand, when considering three fermionic thermal reservoirs,

since the values for T1 continue to decrease with increasing Th, we take the minimum value

for T1 when Th = 100. These minimum values are T1 = 0.82 (when Tc = 1), T1 ∼ 1.09

(when Tc = 1.5), and T1 = 1.29 (when Tc = 2). Tab. 4.1 compares the cooling effect of
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Tc
(%)

3B 3F

0.48 0.87 3.31

0.60 2.20 7.39

0.80 4.14 12.85

1 5.14 17.57

1.5 6.31 27.44

2 6.65 35.32

Tabela 4.1: Comparative values in the cooling percentage (|T1 − Tc| /Tc)×100 for the refriger-
ator working at three bosonic (3B) and three fermionic (3F) thermal reservoirs for six values
of the reference temperature Tc. The cooling percentages for fixed parameters decrease as the
reference temperature Tc approaches 0.48, where T1 − Tc > 0. Note that even so fermionic
thermal reservoirs are always more effective for cooling.

fermionic and bosonic thermal reservoirs on qubit 1 by calculating the cooling percentage

(|T1 − Tc| /Tc) × 100, with Tc as the reference. The table shows that using three fermionic

reservoirs (3F) results in a higher cooling percentage compared to three bosonic reservoirs

(3B).

Tab 4.1 illustrates a notable contrast in the cooling percentage between the two types of

thermal reservoirs, with the use of three fermionic reservoirs consistently resulting in a higher

cooling percentage. This observation suggests that the fermionic environment is significantly

more effective in reducing the temperature T1 compared to the bosonic environment. Fur-

thermore, this percentage is more favorable as the reference temperature Tc increases, with a

maximum value of over four times that achieved using only bosonic thermal reservoirs when

Tc = 2. Even at lower values of Tc, using fermionic thermal reservoirs leads to a significant

difference in cooling percentage. When Tc = 1, for instance, the cooling is more than dou-

ble compared to using only bosonic thermal reservoirs. Although the percentage difference

decreases for lower cold temperatures, fermionic reservoirs still provide more than twice the

cooling compared to bosonic reservoirs alone. It is noteworthy that when fixing the AR pa-

rameters as we did in the previous section, there is a limit to cooling qubit 1. As we found
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Tc
(%)

FBF FFF FBB FFB BBF BFF BBB BFB

0.48 3.38 3.31 1.11 1.10 2.71 2.65 0.87 0.86

0.80 13.09 12.85 7.31 7.22 7.76 7.62 4.14 4.09

1 17.87 17.57 10.81 10.67 9.03 8.87 5.14 5.09

1.5 27.28 27.44 18.65 18.43 10.28 10.13 6.31 6.24

2 35.76 35.32 25.36 25.09 10.46 10.33 6.65 6.58

Tabela 4.2: Comparative values showing the cooling percentages (|T1 − Tc| /Tc) × 100 for
several thermal reservoir configurations. Here, for example, BFF means qubit 1 bound to a
bosonic thermal reservoir and qubits 2 and 3 bound to fermionic thermal reservoirs. Note
that the highest percentage of cooling occurs for FBF configuration, meaning that qubit 1 is
bound to a fermionic thermal reservoir, qubit 2 is bound to a bosonic thermal reservoir and
qubit 3 is bound to another fermionic thermal reservoir.

numerically, the corresponding lowest cooling percentage reached by qubit 1, irrespective of

the type of thermal reservoir used, occurs when Tc ∼ 0.48. For temperatures lower than

Tc ∼ 0.48, T1−Tc > 0, meaning that the AR no longer works. Also, the percentage of cooling

decreases more and more as Tc approaches 0.48 for both kinds of thermal reservoirs. However,

the percentage of cooling when using fermionic thermal reservoirs remains higher.

Considerations of cases with combinations of bosonic and fermionic thermal reservoirs

are underway. However, it may be interesting to investigate scenarios where only one or

two fermionic thermal reservoirs are used, considering the fermionic thermal reservoir as a

quantum resource. It is necessary to consider with which qubit the fermionic thermal reservoir

is associated. Let us use a notation in which B (F) denotes the bosonic (fermionic) thermal

reservoir and the order in which it appears in the sequence indicates which qubit that reservoir

is attached to. For example, the sequence BFB indicates that qubit 1 is subjected to a bosonic

thermal reservoir, qubit 2 to a fermionic thermal reservoir, and the third qubit to a bosonic

thermal reservoir. Next, we investigate all configurations numerically and grouped the results

in Tab. 4.2, ordering from highest to lowest percentage of cooling and following the same

procedure as in the previous tables, i.e., we took the minimum value for T1.

It is worth noting that the most effective cooling scenario does not necessarily require the
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use of three fermionic thermal reservoirs, which may come as a surprise. As demonstrated in

Table 4.2, the greatest cooling range is achieved in the FBF case, where only qubit 1 and 3 are

connected to fermionic thermal reservoirs. While the difference between the FBF and FFF

configurations is not significant, it is worth noting that using two fermionic reservoirs rather

than three results in a higher percentage of cooling.

4.3 Coefficient of Performance

An attempt was made to calculate the coefficient of performance of the AR and compare the

two regimes discussed above to verify possible gains. For the AR the coefficient of performance

is identified as [62, 63]

COP =
Q̇c

Q̇h

, (4.8)

and the heat current as

Q̇c = LcH1, Q̇h = LhH3. (4.9)

With H1 and H3 given by the Eq. (4.2), and

Lc =
1

2
Γ↓
1 (2σ−,1ρσ+,1 − {σ+,1σ−,1, ρ}) +

1

2
Γ↑
1 (2σ+,1ρσ−,1 − {σ−,1σ+,1, ρ}) , (4.10)

Lh =
1

2
Γ↓
3 (2σ−,3ρσ+,3 − {σ+,3σ−,3, ρ}) +

1

2
Γ↑
3 (2σ+,3ρσ−,3 − {σ−,3σ+,3, ρ}) . (4.11)

The COP for the refrigerator is restricted by the Otto coefficient of performance:

COP ≤ E1

E3 − E1

, (4.12)

the values found are the same for positive and negative temperatures and the equality of Eq.

(4.12) is valid since the relation E3 = E2 − E1 is maintained. Different sets of reservoirs do

not change the COP value in such a way that it exceeds the Otto limit.

There are experimental models of three-qubit quantum coolers in the literature, including

approaches with the algorithmic cooling [64, 65]. However, there is no self-contained heat

engine model like this one, with the three qubits interacting with each other. One difficulty
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that could arise is that an inverted reservoir can only be created by the work input, so the

AR is no longer self-contained.
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Chapter 5

Conclusions and further perspectives

This work begins with a whole chapter on negative temperatures in quantum regimes,

first with a brief introduction to classical thermodynamics, emphasizing heat engines and the

statements of the second law of thermodynamics that would supposedly be violated with the

existence of negative temperatures in systems of inverted population. The objective is to pay

special attention to the discussion that emerged in the 1950s with Ramsey and followed over the

decades with some authors defending the existence of negative thermodynamic temperatures;

some works associate them with non-equilibrium states and thus refer to them as effective (or

apparent) negative temperatures, as opposed to equilibrium states at positive thermodynamic

temperatures [22, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 39]. The Third chapter aims

to approach the theory of open systems in order to understand the master equation to describe

quantum systems weakly coupled to thermal reservoirs. Finally, the model proposed in 2010

by Linden et al. is presented to study the AR operating at negative temperatures with the

hot reservoir [2].

So far, we have considered the autonomous quantum refrigerator using three qubits as

proposed in [2]. Through a comparative study of the operation of this refrigerator in environ-

ments with positive or negative temperatures, it was possible to show that under the same

conditions, that is, with the same parameters that characterize the autonomous quantum re-

frigerator, the use of negative temperature brings advantages to the use restricted to positive

temperatures. According to our numerical simulations, negative temperatures allow for a more
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comprehensive cooling range. Furthermore, by imposing the condition of perfect insulation,

that is, isolating the qubit 1 to be cooled from its environment and letting it interact directly

with the other qubits, we show that, as in the case of positive temperatures, the qubit 1 can

be cooled to a temperature T1 arbitrarily close to absolute zero. However, even for perfect

insulation, it is still possible to demonstrate the advantage of using negative temperatures.

Also, we explore the quantum nature of fermionic reservoirs without taking population

inversion into account, such that we restrict to the domain of positive temperatures. Using

a qubit-based refrigerator model proposed in Ref. [2], we show that, once the operating

parameters of the refrigerator are fixed, the use of fermionic thermal reservoirs allows us to

obtain better results, with respect to the cooling capacity, than the use of bosonic thermal

reservoirs. We have verified, for example, that when the qubit to be cooled cannot be perfectly

insulated, the use of only fermionic thermal reservoirs allows it to reach lower temperatures

than the use of only bosonic thermal reservoirs.

One of the criticisms of thermal engines, as discussed here, is that the definition of efficiency

used does not take into account the work required to produce the reservoirs out of equilib-

rium, which is a factor that could contribute to the good results obtained [66]. According

to Struchtrup, using efficiency measures like the one in Eq. (4.8) fails in the sense that they

ignore the cost of creating an inverted reservoir. A suitable measure of efficiency would aim to

compare the gain produced with the expense incurred. For a classic heat engine, the expense

is due to the amount of fuel needed to maintain the temperature of the hot reservoir, where

the heat of the reaction of the fuel is equal to the amount of heat absorbed by the engine. An

inverted reservoir can only be created by the work input. Due to inherent irreversibilities, the

loading process reduces the (possible) output of work. Although, in addition to commenting

on Eq. (4.8), we discuss here achieving low temperatures with the use of inverted reservoirs.

That said, even if it has a cost, the balance of the gain must be calculated, as it can be used

as a useful quantum resource [51, 67, 68, 69].

54



Bibliography

[1] Norman F. Ramsey. Thermodynamics and statistical mechanics at negative absolute

temperatures. Phys. Rev., 103:20–28, Jul 1956.

[2] Noah Linden, Sandu Popescu, and Paul Skrzypczyk. How small can thermal machines

be? The smallest possible refrigerator. Phys. Rev. Lett., 105:130401, Sep 2010.

[3] Alireza Moradikazerouni, Ahmad Hajizadeh, Mohammad Reza Safaei, Masoud Afrand,

Hooman Yarmand, and Nurin Wahidah Binti Mohd Zulkifli. Assessment of thermal

conductivity enhancement of nano-antifreeze containing single-walled carbon nanotubes:

Optimal artificial neural network and curve-fitting. Physica A: Statistical Mechanics and

its Applications, 521:138–145, 2019.

[4] Noah Van Horne, Dahyun Yum, Tarun Dutta, Peter Hänggi, Jiangbin Gong, Dario Po-

letti, and Manas Mukherjee. Single-atom energy-conversion device with a quantum load.

npj Quantum Information, 6(1):37, May 2020.

[5] Mohammad H. Ahmadi, Mohammad Amin Nabakhteh, Mohammad-Ali Ahmadi, Fathol-

lah Pourfayaz, and Mokhtar Bidi. Investigation and optimization of performance of nano-

scale stirling refrigerator using working fluid as maxwell–boltzmann gases. Physica A:

Statistical Mechanics and its Applications, 483:337–350, 2017.

[6] E. M. Purcell and R. V. Pound. A nuclear spin system at negative temperature. Phys.

Rev., 81:279–280, Jan 1951.

[7] Lincoln D. Carr. Negative temperatures? Science, 339(6115):42–43, 2013.

55



[8] S. Braun, J. P. Ronzheimer, M. Schreiber, S. S. Hodgman, T. Rom, I. Bloch, and

U. Schneider. Negative absolute temperature for motional degrees of freedom. Science,

339(6115):52–55, 2013.

[9] Jörn Dunkel and Stefan Hilbert. Consistent thermostatistics forbids negative absolute

temperatures. Nature Physics, 10:67, Dec 2013. Article.

[10] Igor M. Sokolov. Not hotter than hot. Nature Physics, 10:7, Dec 2013.

[11] Stefan Hilbert, Peter Hänggi, and Jörn Dunkel. Thermodynamic laws in isolated systems.

Phys. Rev. E, 90:062116, Dec 2014.

[12] Michele Campisi. Construction of microcanonical entropy on thermodynamic pillars.

Phys. Rev. E, 91:052147, May 2015.

[13] J.C. Villegas-Febres and W. Olivares-Rivas. The existence of negative absolute tem-

peratures in Axelrod’s social influence model. Physica A: Statistical Mechanics and its

Applications, 387(14):3701–3707, 2008.

[14] Luca Cerino, Andrea Puglisi, and Angelo Vulpiani. A consistent description of fluctu-

ations requires negative temperatures. Journal of Statistical Mechanics: Theory and

Experiment, 2015(12):P12002, dec 2015.

[15] Daan Frenkel and Patrick B. Warren. Gibbs, Boltzmann, and negative temperatures.

American Journal of Physics, 83(2):163–170, feb 2015.

[16] Robert H. Swendsen and Jian-Sheng Wang. Gibbs volume entropy is incorrect. Phys.

Rev. E, 92:020103, Aug 2015.

[17] Michael Matty, Lachlan Lancaster, William Griffin, and Robert H. Swendsen. Comparison

of canonical and microcanonical definitions of entropy. Physica A: Statistical Mechanics

and its Applications, 467:474–489, 2017.

56



[18] J. Poulter. In defense of negative temperature. Phys. Rev. E, 93:032149, Mar 2016.

[19] Robert H. Swendsen and Jian-Sheng Wang. Negative temperatures and the definition of

entropy. Physica A: Statistical Mechanics and its Applications, 453:24 – 34, 2016.

[20] Eitan Abraham and Oliver Penrose. Physics of negative absolute temperatures. Phys.

Rev. E, 95:012125, Jan 2017.

[21] Yusuke Hama, William J. Munro, and Kae Nemoto. Relaxation to negative temperatures

in double domain systems. Phys. Rev. Lett., 120:060403, Feb 2018.

[22] Henning Struchtrup. Work storage in states of apparent negative thermodynamic tem-

perature. Phys. Rev. Lett., 120:250602, Jun 2018.

[23] H.B. Callen. Thermodynamics and an Introduction to Thermostatistics. Wiley, 1985.

[24] H. Struchtrup. Thermodynamics and Energy Conversion. Springer Berlin Heidelberg,

2014.

[25] R. Clausius. Ueber die bewegende Kraft der Wärme: und die Gesetze, welche sich daraus

für die Wärmelehre selbst ableiten Lassen. Number Nº 99 in Ostwalds Klassiker der

exakten Wissenschaften. W. Engelmann, 1898.

[26] S. Carnot. Réflexions sur la puissance motrice du feu et sur les machines propres à

développer atte puissance. Bachelier Libraire, 1824.

[27] E.P. Gyftopoulos and G.P. Beretta. Thermodynamics: Foundations and Applications.

Dover Civil and Mechanical Engineering. Dover Publications, 2012.

[28] L. Boltzmann. Vorlesungen über Gastheorie: Theorie des Gase mit einatomigen

Molekülen, deren dimensionen gegen die Mittlere weglänge verschwinden. Vorlesungen

über Gastheorie. J. A. Barth, 1896.

57



[29] J.W. Gibbs. Elementary Principles in Statistical Mechanics: Developed with Especial

Reference to the Rational Foundations of Thermodynamics. Elementary Principles in

Statistical Mechanics: Developed with Especial Reference to the Rational Foundation of

Thermodynamics. C. Scribner’s sons, 1902.

[30] S.R.A. Salinas. Introdução a Física Estatística Vol. 09. EDUSP, 1997.

[31] C. Kittel and H. Kroemer. Thermal Physics. W. H. Freeman, 1980.

[32] Frank Nielsen and Richard Nock. A closed-form expression for the Sharma–Mittal entropy

of exponential families. Journal of Physics A: Mathematical and Theoretical, 45(3):32003,

2011.

[33] Tongyang Li and Xiaodi Wu. Quantum query complexity of entropy estimation. IEEE

Transactions on Information Theory, 65(5):2899–2921, 2019.

[34] Giorgos Chasapis, Salil Singh, and Tomasz Tkocz. Entropies of sums of independent

gamma random variables. Journal of Theoretical Probability, Jul 2022.

[35] Constantino Tsallis. Possible generalization of Boltzmann-gibbs statistics. Journal of

Statistical Physics, 52(1):479–487, Jul 1988.

[36] G. A. Tsekouras and Constantino Tsallis. Generalized entropy arising from a distribution

of q indices. Phys. Rev. E, 71:046144, Apr 2005.

[37] Steve Pressé, Kingshuk Ghosh, Julian Lee, and Ken A. Dill. Nonadditive entropies

yield probability distributions with biases not warranted by the data. Phys. Rev. Lett.,

111:180604, Nov 2013.

[38] R. V. Pound. Nuclear spin relaxation times in single crystals of lif. Phys. Rev., 81:156–156,

Jan 1951.

[39] N. F. Ramsey and R. V. Pound. Nuclear audiofrequency spectroscopy by resonant heating

of the nuclear spin system. Phys. Rev., 81:278–279, Jan 1951.

58



[40] M.W. Zemansky and R. Dittman. Heat and Thermodynamics: An Intermediate

Textbook. International series in pure and applied physics. McGraw-Hill, 1997.

[41] Robert H Swendsen. Thermodynamics, Statistical Mechanics and Entropy. Entropy,

19(11), 2017.

[42] Peter Hänggi, Stefan Hilbert, and Jörn Dunkel. Meaning of temperature in differ-

ent thermostatistical ensembles. Philosophical Transactions of the Royal Society A:

Mathematical, Physical and Engineering Sciences, 374(2064):20150039, March 2016.

[43] Michele Campisi. Notes on heat engines and negative temperatures, 2016.

[44] Salvatore Calabrese and Amilcare Porporato. Origin of negative temperatures in systems

interacting with external fields. Physics Letters A, 383(18):2153–2158, 2019.

[45] Ulrich Schneider, Stephan Mandt, Akos Rapp, Simon Braun, Hendrik Weimer, Immanuel

Bloch, and Achim Rosch. Comment on "consistent thermostatistics forbids negative

absolute temperatures", 2014.

[46] Víctor Romero-Rochín. Nonexistence of equilibrium states at absolute negative temper-

atures. Phys. Rev. E, 88:022144, Aug 2013.

[47] H.-J. Hoffmann. Two state particles, mixing entropy and negative temperatures revisited.

Materialwissenschaft und Werkstofftechnik, 46(8):765–785, 2015.

[48] Heinz-Peter Breuer and Francesco Petruccione. The Theory of Open Quantum Systems.

Oxford University Press, 2007.

[49] Howard J. Carmichael. Statistical Methods in Quantum Optics 1: Master Equations and

Fokker-Planck Equations. Springer Science & Business Media, 1999.

[50] Arnab Ghosh, Sudarson Sekhar Sinha, and Deb Shankar Ray. Fermionic oscillator in a

fermionic bath. Phys. Rev. E, 86:011138, Jul 2012.

59



[51] Rogério J. de Assis, Taysa M. de Mendonça, Celso J. Villas-Boas, Alexandre M. de Souza,

Roberto S. Sarthour, Ivan S. Oliveira, and Norton G. de Almeida. Efficiency of a quantum

otto heat engine operating under a reservoir at effective negative temperatures. Phys.

Rev. Lett., 122:240602, Jun 2019.

[52] R J de Assis, C J Villas-Boas, and N G de Almeida. Feasible platform to study negative

temperatures. Journal of Physics B: Atomic, Molecular and Optical Physics, 52(6):065501,

feb 2019.

[53] Taysa M. Mendonça, Alexandre M. Souza, Rogério J. de Assis, Norton G. de Almeida,

Roberto S. Sarthour, Ivan S. Oliveira, and Celso J. Villas-Boas. Reservoir engineering for

maximally efficient quantum engines. Phys. Rev. Research, 2:043419, Dec 2020.

[54] M.A. Nielsen and I.L. Chuang. Quantum Computation and Quantum Information: 10th

Anniversary Edition. Cambridge University Press, 2010.

[55] R Alicki. The quantum open system as a model of the heat engine. Journal of Physics

A: Mathematical and General, 12(5):L103, may 1979.

[56] F. Plastina, A. Alecce, T. J. G. Apollaro, G. Falcone, G. Francica, F. Galve, N. Lo

Gullo, and R. Zambrini. Irreversible work and inner friction in quantum thermodynamic

processes. Physical Review Letters, 113(26), dec 2014.

[57] P. T. Landsberg, R. J. Tykodi, and A. M. Tremblay. Systematics of Carnot cycles at

positive and negative Kelvin temperatures. Journal of Physics A Mathematical General,

13(3):1063–1074, March 1980.

[58] Jing-Yi Xi and Hai-Tao Quan. Quantum heat engine and negative Boltzmann tempera-

ture. Communications in Theoretical Physics, 68(3):347, sep 2017.

[59] Emilio Artacho and L. M. Falicov. Open fermionic quantum systems. Phys. Rev. B,

47:1190–1198, Jan 1993.

60



[60] J.R. Johansson, P.D. Nation, and Franco Nori. Qutip: An open-source python frame-

work for the dynamics of open quantum systems. Computer Physics Communications,

183(8):1760–1772, 2012.

[61] J.R. Johansson, P.D. Nation, and Franco Nori. Qutip 2: A python framework for the

dynamics of open quantum systems. Computer Physics Communications, 184(4):1234–

1240, 2013.

[62] Amikam Levy and Ronnie Kosloff. Quantum absorption refrigerator. Phys. Rev. Lett.,

108:070604, Feb 2012.

[63] Ronnie Kosloff and Amikam Levy. Quantum heat engines and refrigerators: continuous

cevices. Annual Review of Physical Chemistry, 65(1):365–393, 2014.

[64] Adam Hewgill, J. Onam González, José P. Palao, Daniel Alonso, Alessandro Ferraro, and

Gabriele De Chiara. Three-qubit refrigerator with two-body interactions. Phys. Rev. E,

101:012109, Jan 2020.

[65] Rodolfo R. Soldati, Durga B. R. Dasari, Jörg Wrachtrup, and Eric Lutz. Thermodynamics

of a minimal algorithmic cooling refrigerator. Phys. Rev. Lett., 129:030601, Jul 2022.

[66] Henning Struchtrup. Efficiencies and work losses for cycles interacting with reservoirs of

apparent negative temperatures. Entropy (Basel), 21(8):749, July 2019.

[67] Kosuke Ito and Gentaro Watanabe. Collectively enhanced high-power and high-capacity

charging of quantum batteries via quantum heat engines. arXiv: Quantum Physics, 2020.

[68] Jens Nettersheim, Sabrina Burgardt, Quentin Bouton, Daniel Adam, Eric Lutz, and Artur

Widera. Power of a quasispin quantum Otto engine at negative effective spin temperature.

PRX Quantum, 3:040334, Dec 2022.

[69] Yohei Onuki. Irreversible energy extraction from negative-temperature two-dimensional

turbulence. Phys. Rev. E, 106:064131, Dec 2022.

61



Appendix A

Gibbs state

An important result in quantum thermodynamics is the Gibbs state, an equilibrium prob-

ability distribution that remains invariant under the evolution of the system. To obtain this

result, we need to find a distribution of probabilities whose von Neumann entropy is maximum

and subject to the constraints:

Trρ = 1, (A.1)

⟨H⟩ = TrρH = constant. (A.2)

The Eq. (3.94) can be rewritten if the relation ρ|λi⟩ = ρii|λi⟩ is used, then

S(ρ) = −
n∑

i=1

⟨λi|ρ lnρ|λi⟩ = −
n∑

i=1

ρii lnρii. (A.3)

To maximize the entropy subject to two constraints we need two Lagrange multipliers, so we

take γ and β to form the Lagrangian function:

h(ρ) = −
n∑

i=1

ρii lnρii + γ(
n∑

i=1

ρii − 1) + β(⟨H⟩ −
n∑

i=1

ρiiHii), (A.4)

where ⟨H⟩ = ρH ≡
∑n

i=1 ρiiHii. Taking the derivative of the function h(ρ):

∂h

∂ρjj
= −

n∑
i=1

[(
∂

∂ρjj
ρii

)
lnρii + ρii

(
∂

∂ρjj
lnρii

)]
+ γ

n∑
i=1

∂

∂ρjj
ρii − β

n∑
i=1

(
∂

∂ρjj
ρii

)
Hii = 0,

(A.5)
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which leads us to:

−
n∑

i=1

(
δji lnρii + ρii

1

ρii
δji

)
+ γ

n∑
i=1

δji − β

n∑
i=1

δjiHii = 0, (A.6)

or yet:

−lnρii − 1 + γ − βHii = 0. (A.7)

If we isolate the ln term and take the exponential form:

ρii = e−1+γ−βHii , (A.8)

and from (3.26), Trρ =
∑n

i=1 ρii = 1, so the above equation becomes

n∑
i=1

e−1+γ−βHii = e−1+γ

n∑
i=1

e−βHii = 1, (A.9)

from which we deduce that

e−1+γ =
1∑n

i=1 e
βHii

≡ 1

Z
, (A.10)

then,

ρii =
1

Z
e−βHii (A.11)

is the distribution known as Gibbs distribution. Let’s suppose that given a density operator

ρ and a Hamiltonian H, they commute, that is, [ρ,H] = 0. As the operators commute, they

can be diagonalized on the same basis, so the following relations are valid:

ρ|λi⟩ = ρii|λi⟩, (A.12)

H|λi⟩ = Hii|λi⟩ ≡ Ei|λi⟩. (A.13)

Taking the Gibbs distribution density found previously and adding the completeness relation

into it,

ρ =
1

Z

n∑
i=1

e−βEi |λi⟩⟨λi|ρ =
1

Z

n∑
i=1

e−βH |λi⟩⟨λi|. (A.14)
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It can be reduced to:

ρ =
e−βH

Z

n∑
i=1

|λi⟩⟨λi| =
e−βH

Z
. (A.15)

The trace of ρ is equal to 1, so that we have

Trρ = 1 ⇒ Z = Tre−βH (A.16)

therefore,

ρ =
e−βH

Tre−βH
. (A.17)

To determine the Lagrange multiplier, let us consider a a given system whose Hamiltonian is

H = ℏωa†a. Its average energy is

⟨E⟩ = Tr He−βH

Tr e−βH
=

ℏω
∑∞

n=0⟨n|a†ae−xa†a|n⟩∑∞
m=0⟨m|e−xa†a|m⟩

, (A.18)

Using the known relation a†a|n⟩ = n|n⟩,

⟨E⟩ = ℏω
∑∞

n=0 ne
−nℏω∑∞

m=0 e
−mℏω , (A.19)

Also using that,

n̄ =

∑∞
n=0 nx

−n∑∞
m=0 x

−m
=

1

x− 1
, (A.20)

taking x = eℏω, we get

n̄ =
1

eℏωβ − 1
=

⟨E⟩
ℏω

, (A.21)

where n̄ is the thermal average boson number. For high temperatures, the equipartition

theorem implies ⟨E⟩ → kT . Replacing in the last equation,

ℏω
eℏωβ − 1

= kT (A.22)

and using the approximation ex − 1 ∼= 1 + x− 1 = x, x = ℏωβ

ℏω
ℏωβ

= kT ⇒ β =
1

kT
, (A.23)
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where T is the temperature and k is the Boltzmann constant.

The density operator that maximizes the entropy subject to the normalization condition

and constant average energy is

ρ =
e−H/kT

Tr e−H/kT
, (A.24)

the Gibbs state or the thermal state of Hamiltonian H.
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