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Resumo

Esta dissertação aborda aspectos da teoria da informação e da termod-
inâmica no contexto da dualidade calibre/gravidade, focando em dois modelos
holográficos específicos: 1RCBH e 2RCBH. O estudo analisa conceitos funda-
mentais da teoria da informação, como a entropia de emaranhamento, e discute
a dualidade calibre/gravidade como uma ferramenta para analisar propriedades
termodinâmicas e de informação desses modelos.

Inicialmente, revisamos em detalhe a termodinâmica do modelo 1RCBH,
que é um “toy-model” para uma teoria de campo quântico fortemente acoplada
a temperatura e densidade finitas e que possui um ponto crítico em seu dia-
grama de fase, enquanto o modelo 2RCBH descreve uma teoria de campo quân-
tico fortemente acoplada diferente, também definida a temperatura e densidade
finitas, mas sem um ponto crítico em seu diagrama de fase. O foco principal
da pesquisa é calcular observáveis termodinâmicos e de informação utilizando a
dualidade holográfica calibre/gravidade nesses modelos.

Também revisamos a entropia de emaranhamento do modelo 1RCBH e,
como uma contribuição original, propomos um novo método de cálculo mais
eficiente do que o considerado anteriormente na literatura. Devido a dificuldades
numéricas ainda a serem entendidas e resolvidas, uma análise detalhada da
entropia de emaranhamento nos modelos 1RCBH e 2RCBH será adiada para
um artigo a ser desenvolvido em breve.

Palavras-chave: Informação; Termodinâmica; Dualidade Calibre/Gravidade.



Abstract

This dissertation addresses aspects of information theory and thermodynam-
ics in the context of gauge/gravity duality, focusing on two specific holographic
models: 1RCBH and 2RCBH. The study analyzes fundamental concepts of in-
formation theory, such as entanglement entropy and discusses gauge/gravity
duality as a tool for analyzing thermodynamic and information properties of
these models.

Initially, we review in detail the thermodynamics of the 1RCBH model,
which is a toy-model for a strongly-coupled quantum field theory at finite tem-
perature and density and has a critical point in its phase diagram, while the
2RCBH model describes a different strongly-coupled quantum field theory, also
defined at finite temperature and density, but without a critical point in its
phase diagram. The main focus of the research is to calculate thermodynamic
and information observables using holographic gauge/gravity duality in these
models.

We also review the entanglement entropy of the 1RCBH model, and, as an
original contribution, we propose a new and more efficient method to evaluate it
than previously considered in the literature. Due to some numerical issues still
to be understood and solved, a detailed analysis of the entanglement entropy
in the 1RCBH and 2RCBH models will be postponed to an upcoming work
intended for publication.

Keywords: Information; Thermodynamics; Gauge/Gravity Duality.
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Chapter 1

Introduction

Information theory has played a fundamental role in theoretical physics.
Among the most relevant concepts of this theory are entanglement entropy and
mutual information, which we will review in the second chapter, along with
other fundamental concepts of information theory, focusing on their subsequent
applications. Entanglement entropy measures how much a quantum state differs
from a separable state, reaching its maximum value when a state is a super-
position of all possible quantum states with equal weights. This concept is
particularly relevant for the study of phase transitions in quantum systems.

Holographic gauge/gravity duality, also known as AdS/CFT correspondence,
is one of the most notable developments in theoretical physics in recent decades.
It establishes a relationship between strongly-coupled quantum gauge theories,
and gravitational theories in higher-dimensional spacetimes. This duality has
allowed for a deeper understanding of different regimes of theories, providing a
bridge between two seemingly distinct areas of physics. In the third chapter,
we review some essential aspects of gauge/gravity duality, using it as a tool for
the study of our models.

The main focus of this work is the calculation of thermodynamic and in-
formation observables by using the holographic gauge/gravity duality in two
specific toy-models: 1 R-charge Black Hole (1RCBH) and 2 R-charge Black
Hole (2RCBH). In the fourth chapter, we will address the 1RCBH model, which
consists of a rigorous top-down holographic construction. It is defined at finite
temperature and density, having a critical point in its phase diagram.

In the fifth chapter, we will explore the 2RCBH model, which, like the
previous one, is a rigorous top-down holographic construction. However, this
model does not have a critical point in its phase diagram. We will compare
the calculations of the thermodynamics of this model with those of the 1RCBH
model, highlighting the differences and similarities between them.
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This work aims to review the literature, explicitly verifying the thermody-
namics of the 1RCBH and 2RCBH models, which are already known. We also
present new perspectives for the numerical calculation of entanglement entropy
in both models, which will be submitted for publication as a research article in
the near future.

We define here our notation and conventions used throughout this disser-
tation, unless otherwise specified. We adopt the natural unit system, i.e.,
c = kB = ~ = 1. The metric signature is mostly plus, i.e., (−+ + · · · ).
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Chapter 2

Basic Aspects of Information Theory

Every physical system has the capacity to record bits of information1, where
this recording can be the configuration of balls on a pool table, the passage of
electric current, light in a switch, an atom, an electron, and even a photon. The
information that the physical system carries can be classified as classical, quan-
tum, or a hybrid combination, depending on the system’s characteristics [1], [2].
We can confidently assert that both the position of a ball on a pool table and a
road map record only classical information. Electrons, atoms, or even supercon-
ducting systems are capable of recording information, which can be quantum
due to the application of quantum theory to each of these systems or classical,
as it is always possible for a quantum system to make such a recording [1], [3].
It is worth noting that this entire section is strongly based on [1]–[4], though not
exclusively on these sources. In particular, all the proofs of the claims discussed
here can be found in Ref. [1].

In the sequence we discuss some features of classical information theory,
also known as Shannon theory, before discussing its quantum aspects. We have
no intention to be complete here, but just providing some tools that will be
important for us in the next chapters.

2.1 Shannon’s Theory

Let us consider a random variable X. Each realization2 x of the random
variable X belongs to a set X that we will call the alphabet. Each occurrence

1In the context of information theory, the term “information” acquires a meaning that
differs somewhat from our day-to-day experience. It is important to remember that the
concept of a physical bit refers to the physical representation of a bit, while the information
bit is a measure of the amount we learn from the outcome of a random experiment [1].
Eventually, the term surprise can more precisely convey the idea of information as applied in
the context of information theory.

2In our context, it refers to the manifestation of a specific process or event that transmit-
s/possesses data, knowledge or meaning.
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is said to be independent and identically distributed (i.i.d.). Let pX(x) be
the probability density function of X, where pX(x) indicates the probability of
occurrence of the realization x. We then define the information content i(x)
of a realization (or occurrence) x as a measure of the surprise one has when
learning the result of a random experiment, expressed by [1], [2]

i(x) ≡ − log [pX(x)] . (2.1)

The logarithm used throughout the text is taken to base two, and this selection
implies that we are measuring surprise, or information, in units of bits.

The measure of surprise (2.1) behaves as expected: it is bigger for events
with lower probability and thus surprises us more, and it is smaller for events
with higher probability whose occurrence does not surprise us as much [1], [2].
By carefully analyzing the previously stated sentence, we can also see that
the information content is non-negative for any realization x. Equation (2.1)
also shows that the information content has the property of additivity, due
to the choice of the logarithmic function. Consider two independent random
events (i.e., events that are uncorrelated), with two symbols, x1 and x2, which
are associated, respectively, with the random variables X1 and X2. Then, the
events occur according to the joint probability pX1X2 (x1, x2), such that [1]

i (x1, x2) = − log [pX1X2 (x1, x2)]

= − log [pX1 (x1) pX2 (x2)]

= − log [pX1 (x1)]− log [pX2 (x2)]

= i (x1) + i (x2) , (2.2)

where the independence was used in the second equality.
The information content is a useful measure of surprise for specific occur-

rences of the random variable X, but it does not encompass a general notion
of the amount of surprise that a given random variable X has [1], [2]. The
Shannon entropy Ssh(X) captures this general idea of the surprise of a random
variable X —which is the expected information content of the random variable
X [1], [2]— defined as

Ssh(X) ≡ EX [i(X)] , (2.3)
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where EX is the expected value, also known as expectation. Thus, the entropy
of a discrete random variable X with probability distribution pX(x) is given by

Ssh(X) ≡ −
∑
x

pX(x) log [pX(x)] , (2.4)

which is the general definition of Shannon entropy for a probability distribution
of a random variable X. Since the probability density function describes the
likelihood of a random variable X falling within a certain range or assuming a
specific value x, this definition is valid and consistent.

Throughout the text, we will adopt the convention that 0 · log(0) = 0 for
occurrences with zero probability. The fact that limε→0 ε · log(1/ε) = 0 intu-
itively justifies this last convention, or it can be interpreted as a statement that
the zero probability of an event is much more important or relevant than being
infinitely surprised if such an event were to occur [1], [2].

2.1.1 Conditional Entropy

Now, let us introduce another important quantity in Information Theory.
To do so, let us consider a schematic communication scenario where we have a
sender and a receiver, whom we will call Alice and Bob3, respectively.

Alice wants to communicate with Bob and sends him a message that consists
of many symbols, each being an instance of a random variable X whose possible
values are x1, · · · , xn. She transmits the message through a noisy channel, so
what Bob receives are several copies of a random variable Y , drawn from an
alphabet with symbols y1, · · · , yk, as Bob may confuse some of the symbols he
received from Alice due to the noise in the channel as well as misunderstand
others [1], [3], [4]. The question that needs to be answered is how many bits
of information will Bob gain after Alice has transmitted a message with N

symbols.
To answer this question, let’s assume that PX,Y (x, y) is the probability that,

on a given occurrence, Alice sends a message X = x and Bob receives it as
Y = y. Then, the probability that Bob receives Y = y, summing over all the
choices of what Alice intended to send, is given by

PY (y) =
∑
x

PX,Y (x, y) . (2.5)

3Alice and Bob are names given to fictional characters that are used to help understand
a given concept. Their invention is credited to R.L. Rivest, A. Shamir, and L. Adleman
presented in [5].
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If Bob can receive Y = y, he will then be able to measure the probability that
Alice sent x, given by the conditional probability [1], [2]

PX|Y (x | y) = PX,Y (x, y)
PY (y) .

Once Bob has received Y = y, the result of his estimate of the remaining
uncertainty in Alice’s signal, which is the Shannon entropy of the conditional
probability distribution, is given by

S(X | Y = y) = −
∑
x

PX|Y (x | y) log
(
PX|Y (x | y)

)
. (2.6)

Averaging over all possible values of Y , once Bob has received Y , will result in
the average remaining entropy, given by

∑
y

PY (y)S(X | Y = y) = −
∑
y

PY (y)
∑
x

PX,Y (x, y)
PY (y) log

(
PX,Y (x, y)
PY (y)

)
(2.7)

= −
∑
x,y

PX,Y (x, y) log (PX,Y (x, y))

+
∑
x,y

PX,Y (x, y) log (PY (y)) (2.8)

which results in the conditional entropy [1], [2]

S(X | Y ) = S(X, Y )− Ssh(Y ), (2.9)

which is the entropy that remains in the probability distribution X once Y is
known [1], [2], [4], and also

S(X, Y ) ≡ −
∑
x,y

PX,Y (x, y) log (PX,Y (x, y)) (2.10)

is the joint entropy while Ssh(Y ) is the Shannon entropy of the probability
distribution PY (y) = ∑

x PX,Y (x, y) for Y .
As the quantities from which (2.9) were obtained are sums of entropies,

which in turn have positive coefficients, we have that the conditional entropy is
always positive [1], [2], so that

S(X, Y )− SSh(Y ) ≥ 0. (2.11)
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2.1.2 Relative Entropy

Given the random variables X and Y , associated with the symbols x and
y, which are given according to the probability distributions pX(x) and pY (y),
respectively, we define the relative entropy as [1], [2]

S(X‖Y ) ≡ −
∑
x,y

pX(x) log [pY (y)]− Ssh(X). (2.12)

Using (2.4), we can rewrite (2.12) as [2]

S(X‖Y ) =
∑
x,y

pX(x) log
(
pX(x)
pY (y)

)
. (2.13)

Relative entropy is not symmetric in the exchange of pX(x) and pY (y). There-
fore, relative entropy is not a distance measure in the strict mathematical sense
because it is not symmetric and does not satisfy the triangle inequality. Rela-
tive entropy measures how much the probability distribution pY (y) differs from
a second distribution pX(x). Note that if the set of all values of the probability
distribution over X is not contained in the set of all values of the probability
distribution over Y , this quantity gives an infinite value. For this reason, it is
also called divergence [1], [2], [4].

For example, if we have a model that estimates the probability distribution
of some data, but for some reason this model is not very good and the true
distribution is slightly different, we can then use relative entropy to measure
the difference between this estimated distribution and the true one [3].

Additionally, there is an interesting property satisfied by relative entropy,
which is the fact that S(X‖Y ) is non-negative and it is zero if and only if
Y = X [1], [2]. As the difference between these two probability distributions
increases, the relative entropy will become larger, always assuming positive
values.

Finally, given a uniform probability distribution pY (y) = 1/|X | (|X | is the
cardinality of the alphabet) and pX(x) a probability distribution for X. Then

S(X‖Y ) =
∑
x,y

pX(x) log
(
pX(x)
pY (y)

)

=
∑
x

p(x) log (p(x) · |X |)

=
∑
x

p(x) log p(x) +
∑
x

p(x) log |X |. (2.14)
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and since log |X | is a constant, and ∑x p(x) = 1, we have

S(X‖Y ) =
∑
x

p(x) log p(x) + log |X |. (2.15)

Since the Shannon entropy Ssh(X) is given by (2.4), we can then express

∑
x

p(x) log p(x) = −Ssh(X), (2.16)

which substituting into (2.15), we have

S(X‖Y ) = log |X | − Ssh(X). (2.17)

Since 0 ≤ S(X‖Y ), we have that

0 ≤ log |X | − Ssh(X), (2.18)

and then
Ssh(X) ≤ log |X |, (2.19)

which is the maximum value that entropy can reach [1], [2].

2.1.3 Mutual Information

Now let’s address a measure of information entropy that is common or mu-
tual to the two parts that contain it. We define the mutual information between
two random variables X and Y as [1], [2]

I(X;Y ) ≡ Ssh(X)− S(X | Y ). (2.20)

Mutual information measures how much dependence or correlation there is be-
tween two random variables, in our case X and Y . It can be said that it
measures how much knowledge we have of one random variable that will imply
a reduction in uncertainty about the other random variable. In this sense, it is
the common information between the two random variables. If Y is known and
X is not, there is an uncertainty S(X | Y ) about the variable X. Therefore,
knowing Y will provide a gain of information of S(X | Y ) bits about X and
consequently will reduce the total uncertainty Ssh(X) about X. If we think
that X has a great dependence on Y , knowing Y will significantly change the
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knowledge we have about X. These arguments suggest that mutual information
is also defined as a measure of dependence between its random variables.

Two random variables X and Y have zero bits of mutual information if they
are statistically independent (it is worth remembering that the joint density
factors as pX,Y (x, y) = pX(x)pY (y) when X and Y are independent). That is,
the knowledge of Y does not provide any information aboutX when the random
variables are statistically independent. In fact, knowing Y does not provide any
information about X when both are disjoint.

We can also show that [1], [2]

I(X;Y ) = Ssh(X) + Ssh(Y )− S(X, Y )

= Ssh(Y )− [S(X, Y )− Ssh(X)]

= Ssh(Y )− S(Y | X) (2.21)

= I(Y ;X), (2.22)

showing that mutual information is symmetric. From (2.21) , we have that the
mutual information is non-negative, so that, for any two random variables, X
and Y ,

I(X;Y ) ≥ 0, (2.23)

with equality if, and only if, X and Y are independent [1], [2]. We can still
rewrite the mutual information I(X;Y ) as

I(X;Y ) =
∑
x,y

pXY (x, y) log pXY (x, y)
pX(x)pY (y)

=
∑
x,y

pXY (x, y) log pXY (x | y)
pX(x)

= −
∑
x,y

pXY (x, y) log pX(x) +
∑
x,y

pXY (x, y) log pXY (x | y)

= −
∑
x

pX(x) log pX(x)−
(
−
∑
x,y

pXY (x, y) log pXY (x | y)
)

= SSh(X)− SSh(X | Y ). (2.24)

So far, we have presented some basic concepts of information measures from
Shannon’s information theory. In the next section, we will continue to explore
the topic of information, now in the quantum context.
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2.2 Quantum Information

There are several measures of information that are important for measuring
the amount of information and the correlations present in quantum systems.
The fundamental measure we will discuss is the von Neumann entropy (also
known as quantum entropy). It is a generalization of Shannon entropy applied
to the quantum world and brings with it not only classical uncertainty but also
encompasses the quantum uncertainty in a quantum state. When we talk about
classical entropy, our smallest unit of information is the bit [2]. This measure
of entropy when associated with the quantum world is called a qubit [4]. It is
worth remembering that a physical qubit is different from an information qubit.
The physical qubit describes the quantum state of a system, like a photon or
an electron. The information qubit is the most fundamental unit of measure of
quantum information present in a quantum system. It is also worth noting that
this entire section is strongly based on [1], [3], [6], [7], but not solely on them.
In particular, all the proofs can be found in [1], [6], [7].

2.2.1 Density Matrices

The most general representation of a quantum system is written in terms of
an operator ρ called the density operator, or density matrix. It is constructed in
such a way that it naturally encompasses quantum and classical probabilities [1].
So, even if we do not have classical uncertainties, we will eventually find the
need to deal with density matrices. For this reason, it is said that the density
matrix is one of the most important concepts in quantum theory [1], [8].

As motivation, let’s imagine that we have a machine that prepares quantum
systems in certain states. For example, this could be an oven producing spin 1/2
particles, or a quantum optics setup producing photons. Suppose this device
is imperfect, so it does not always produce the same state. That is, suppose
it produces a state |ψ1〉 with a certain probability p1 or a state |ψ2〉 with a
certain probability p2 and so on. Note that here we are introducing a classical
uncertainty [8]. The |ψi〉 are quantum states, but we do not know which states
we will get from the machine. We can have as many p’s as we want. All we
need to assume is that they satisfy the expected properties of a probability [3],
[8]:

pi ∈ [0, 1], e
∑
i

pi = 1. (2.25)
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Now let A be an observable. If the state is |ψ1〉, then the expected value of A
will be 〈ψ1|A|ψ1〉. However, if it is |ψ2〉 then it will be 〈ψ2|A|ψ2〉. To calculate
the actual expected value of A we must then average the quantum averages,
given by

〈A〉 =
∑
i

pi 〈ψi|A|ψi〉 , (2.26)

where we weigh the possible expected values 〈ψi|A|ψi〉 by the relative probabil-
ities pi that each one occurs [8].

This type of average cannot be written as 〈φ|A|φ〉 for some ket |φ〉. If we
want to assign a “state” to our system, then we must generalize the idea of ket.
To do this, let’s introduce the idea of trace.

The trace of an operator is defined as the sum of its diagonal entries

Tr(A) =
∑
i

〈i|A|i〉. (2.27)

It turns out that the trace is the same, no matter which basis is used. You can
see this using completeness, for example: if |a〉 is some other basis, then

∑
i

〈i|A|i〉 =
∑
i

∑
a

〈i | a〉〈a|A|i〉 =
∑
i

∑
a

〈a|A|i〉〈i | a〉 =
∑
a

〈a|A|a〉. (2.28)

Therefore, we conclude that

Tr(A) =
∑
i

〈i|A|i〉 =
∑
a

〈a|A|a〉. (2.29)

The trace is a property of the operator, not of the basis we use [8]. Since it
doesn’t matter which basis is used, let’s choose the basis |λi〉 that diagonalizes
the operator A. Then 〈λi|A|λi〉 = λi will be an eigenvalue of A.

Thus, we also see that

Tr(A) =
∑
i

λi = sum of all eigenvalues of A. (2.30)

A useful property of the trace is that it is cyclic

Tr(AB) = Tr(BA). (2.31)
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Using the cyclic property above, it is also possible to move an arbitrary number
of operators, but only in cyclic permutations [8]. We have as an example

Tr(ABC) = Tr(CAB) = Tr(BCA). (2.32)

where we are moving them in a specific order: Tr(ABC) 6= Tr(BAC). An-
other example we have is a trace of the form Tr

(
UAU †

)
, where U is a unitary

operator. In this case, it follows from the cyclic property that

Tr
(
UAU †

)
= Tr

(
AU †U

)
= Tr(A). (2.33)

Therefore, the trace of an operator is invariant under unitary transformations
and also agrees with the fact that the trace is the sum of the eigenvalues and
the unitaries preserve the eigenvalues [8].

Finally, using |ψ〉 and |φ〉 arbitrary kets, we can calculate the trace of the
outer product |ψ〉〈φ|, as

Tr(|ψ〉〈φ|) =
∑
i

〈i | ψ〉〈φ | i〉 =
∑
i

〈φ | i〉〈i | ψ〉. (2.34)

The sum over |i〉 becomes 1 due to completeness and then we have that

Tr(|ψ〉〈φ|) = 〈φ | ψ〉. (2.35)

Returning to the discussion about density matrices, using (2.35) to write

〈ψi|A|ψi〉 = Tr [A |ψi〉 〈ψi|] . (2.36)

Then (2.26) can be written as

〈A〉 =
∑
i

pi Tr [A |ψi〉 〈ψi|] = Tr
{
A
∑
i

pi |ψi〉 〈ψi|
}
. (2.37)

We then define the density matrix as [8]

ρ =
∑
i

pi |ψi〉 〈ψi| . (2.38)

Then we can finally write (2.26) as

〈A〉 = Tr(Aρ), (2.39)
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which is the same as Tr(ρA) since the trace is cyclic.
With this idea, we can now reformulate all of quantum mechanics in terms

of density matrices, instead of kets [8]. If it happens that a density matrix
can be written as ρ = |ψ〉〈ψ|, we say that we have a pure state [8]. And in
this case it is not necessary to use ρ and we can simply continue to use |ψ〉.
For example, (2.39) reduces to Tr(Aρ) = 〈ψ|A|ψ〉. A state that is not pure is
usually called a mixed state. In this case, we must use ρ.

The density matrix satisfies several properties [3], [8]. We will comment on
two main ones. First, the density matrix is a Hermitian operator

ρ† = ρ. (2.40)

Second,

Tr(ρ) =
∑
i

pi Tr (|ψi〉 〈ψi|) =
∑
i

pi 〈ψi | ψi〉 =
∑
i

pi = 1. (2.41)

This is the normalization condition of the density matrix. Another way to see
this starting from (2.39) choosing A = 1. Then, as 〈1〉 = 1 we obtain again
Tr(ρ) = 1.

2.2.2 Entanglement Entropy

There are several measures of entanglement. Even measuring entanglement
is not trivial, as the understanding of what entanglement is has changed over the
years [9]. In 1935, Schrödinger named the effects of the so-called non-classical
manifestations of quantum formalism as ˝Verschränkung, which we know today
as entanglement [10]. Several renowned scientists of the past century have
written their opinions on entanglement, among whom we list [11]:

• Asher Peres: a trick that quantum magicians use to produce phenomena
that classical magicians cannot imitate [12];

• Artur Ekert: a tool for secure communication [13];

• Charles Bennett: a resource that enables quantum teleportation [14];

• David Mermin: a correlation that contradicts the theory of elements of
reality [15];
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• Einstein/Podolsky/Rosen (EPR): an entangled wave function does not
describe physical reality completely [16];

• Erwin Schrödinger : for an entangled state, ˝the best possible knowledge
of the whole does not include the best possible knowledge of its parts [10];

• Horodecki’s: the necessity for the first applications of positive maps in
physics [17];

• John Bell: a correlation stronger than any classical correlation [18];

• Peter Shor : a global structure of the wave function that allows faster
algorithms [19].

Over the years, we have seen that the view on entanglement has been changing
and we still do not have a single, definitive definition of what entanglement is.

Entanglement is essential for quantum theory, especially information, cryp-
tography, and computing, with the latter having its heart in entanglement [9],
[20], [21]. However, entanglement alone does not solve our problems; it is neces-
sary to quantify entanglement in order to develop theory and calculations. The
main issue is precisely this: we do not fully understand what entanglement is,
but we know its mathematical definition and how it manifests, for example, via
Bell’s inequality [9].

In the case of pure states, which is the interest of this dissertation, it is
possible to distinguish between entangled and non-entangled states. A pure
state is said to be entangled if its state vector |ψ〉 cannot be written as |ψ〉 =
|ψA〉 ⊗ |ψB〉; otherwise, it is a product state [6].

To quantitatively measure entanglement, one considers the entanglement en-
tropy, which for a pure state is uniquely given by the von Neumann entropy [6].
The von Neumann entropy of a density matrix ρA is defined similarly to the
Shannon entropy of a probability distribution, given by

S (ρA) = −Tr ρA log ρA. (2.42)

Using an analogy, let’s suppose that Alice has an alphabet A = {a1, a2, . . . , aN},
where the letters ρi are the density matrix operators describing quantum states,
each of which can occur with probability pi [22]. Suppose Alice sends a “let-
ter” (quantum state) to Bob, and Bob only knows that the letters were taken
from the set {ρi, pi}, where ρi = |i〉〈i|. The quantum state he describes is,
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therefore [22]

ρ =
∑
i

piρi =
∑
i

pi|i〉〈i| =


p1 0 . . . 0
0 p2 · · · 0
... ... . . . ...
0 0 · · · pN

 , (2.43)

and the von Neumann entropy is

S(ρ) = −Tr ρ log ρ = −Tr
∑

i

pi|i〉
〈
i

∣∣∣∣∣∣log
∑
j

pi

∣∣∣∣∣∣ j
〉
〈j|

 . (2.44)

Since ρ|j〉 = pj|j〉, F (ρ)|j〉 = F (pj) |j〉, we can see from the above expression,
with F (ρ) = log ρ

S(ρ) = −
∑
i

pi〈i| log ρ|i〉 = −
∑
i

pi log pi. (2.45)

We then see the similarity between von Neumann entropy and Shannon en-
tropy [22].

We have analogously, as is the case for Shannon entropy,

S (ρA) ≥ 0, (2.46)

and being equal only for a pure state, which in other words, one of the p being
1 and the others 0. Equation (2.42) also implies the same upper bound that we
have classically for a system with d states, given by [1], [7]

S (ρA) ≤ log d, (2.47)

being equal only if the populations are equally distributed, so that

ρA = 1
d


1

1
1

. . .

 . (2.48)

In this case, we have that A is in a maximally mixed state (2.42). As presented,
von Neumann entropy has many properties analogous to Shannon entropy; how-
ever, it has more subtle details and fundamental differences, which are presented
in [1], [7].
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An interesting property of von Neumann entropy that has no classical analog
is: given a bipartite system AB that is in a pure state, then

|ψAB〉 =
∑
i

√
pi
∣∣∣ψiA〉 ⊗ ∣∣∣ψiB〉 ∈ HA ⊗HB, (2.49)

we then have that the density matrices of systems A and B are given by

ρA =
∑
i

pi
∣∣∣ψiA〉 〈ψiA∣∣∣ , (2.50)

and similarly
ρB =

∑
i

pi
∣∣∣ψiB〉 〈ψiB∣∣∣ . (2.51)

And since the same constants pi appear in each, we have that

S (ρA) = S (ρB) . (2.52)

Note that, in this situation, as the system AB is in a pure state, its entropy
SAB is zero [1].

In this chapter, we provided a brief introduction to the fundamental concepts
of information theory, exploring the notions of entropy, mutual information,
and entanglement, both in the classical context and in quantum mechanics. We
discussed entropy as a measure of uncertainty in a system, while mutual infor-
mation quantifies the degree of correlation between two variables. In the quan-
tum realm, we addressed entanglement, a unique characteristic that describes
non-classical correlations between systems. After presenting these fundamen-
tal ideas, we will return to these concepts in a more advanced context within
the holographic principle, where we will show how these principles apply and
transform into holographic theory.
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Chapter 3

Basic Aspects of the Gauge/Gravity
Duality

Throughout physics, there are limitations, whether from an experimental or
theoretical standpoint. When we reach these limits, it is very natural to resort
to effective models and/or other alternative theoretical approaches to gain some
qualitative insight and even some quantitative predictions for the behavior of the
observable or theory in question. One of these alternative approaches, which is
the theoretical tool considered in this dissertation, is called gauge-gravity holo-
graphic duality, also often referred to as AdS-CFT correspondence, holographic
correspondence, or Maldacena duality [23]–[26]. It is worth emphasizing that in
the first subsection, we will briefly approach the gauge/gravity duality closely
following the discussions presented in [27].

3.1 Overview of the Duality

The gauge-gravity holographic duality is motivated by the structure of string
theory, which in its original formulation had a relation with the strong inter-
action. Fundamentally, string theory (note that we are not referring to super-
string theory) was originally developed as an S-matrix theory for the strong
nuclear interaction between hadrons, which were empirically known to fall on
linear Regge trajectories that related their total angular momentum J to their
squared mass m2, known as Chew-Frautschi plots [28]. By modeling a meson as
a relativistic open string rotating around its center, it is possible to reproduce
the observed Chew-Frautschi relation, J = α0 + α′m2, where the relativistic
string tension is given in terms of the measured slope of the linear Regge tra-
jectory, σ = (2πα′)−1 ≈ (440MeV)2 [29]. Its slope is practically the same for
the different Regge trajectories defined by the different measured values of the
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Regge intercept, α0, which will depend on the flavor quantum numbers of the
considered hadrons. Hadrons with the same flavor quantum numbers fall on
the same Regge trajectory and can be seen as resonances of this trajectory
with different values of mass and angular momentum. However, as this simple
string model also predicts results that contradict hadron experiments, such as
an incorrect (albeit smooth) exponential fall-off for the associated Veneziano
scattering amplitude in the high-energy limit of hard hadron scattering at fixed
angles, it was abandoned as a model for hadrons, being replaced by the advent
of QCD, with its theoretical and experimental successes as the fundamental
description of the strong interaction [27].

Subsequently, theoretical interest in string theory reappeared more signif-
icantly, but this time in a very different context. This revival is associated
with the so-called first and second superstring revolutions, which correspond,
respectively [27]:

1. to the discovery of five different consistent supersymmetric quantum string
theories in 10 spacetime dimensions, namely: Type I, Type IIA, Type IIB,
Heterotic SO(32), and Heterotic E8 ⊗ E8;

2. to the subsequent discovery that these five 10-dimensional superstring
theories are related through a network of duality transformations, and
are also related to a membrane theory defined in 11 spacetime dimen-
sions called M-theory, whose low-energy limit corresponds to a unique
11-dimensional supergravity theory.

It is worth noting that all superstring theories share a very interesting common
feature: a massless spin-2 particle in their spectrum, known as the graviton,
which is the hypothetical vibrational mode of the string responsible for medi-
ating the gravitational interaction at the quantum level. Due to this, and also
because of the fundamental fact that at low energies, superstring theory re-
duces to supergravity, thus incorporating general relativity as the classical and
low-energy description of gravity, superstring theory is considered a promising
candidate for a quantum gravity theory [30]–[34].

In its original formulation, the so-called AdS-CFT correspondence [23]–[26]
relates Type IIB superstring theory defined on the product of a 5-dimensional
Anti-de Sitter (AdS) spacetime and a 5-dimensional sphere, AdS5 × S5, to a
conformal quantum field theory (CFT) corresponding toN = 4 Supersymmetric
Yang-Mills (SYM) theory with gauge group SU (Nc), where Nc is the number
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of color charges and is related to the local symmetry of the system, along with
N = 4 referring to the number of different supersymmetries in the theory,
defined on the conformally flat 4-dimensional boundary of AdS5 [27]. Two
other early realizations of the AdS-CFT duality also involve the relation between
M-theory defined on AdS4 × S7 and the Aharony-Bergman-Jafferis-Maldacena
(ABJM) superconformal field theory defined on the 3-dimensional boundary
of AdS4, as well as the relation between M-theory defined on AdS7 × S4 and
the so-called 6D (2,0) superconformal field theory defined on the 6-dimensional
boundary of AdS7 [27].

Now, let’s present some aspects of the original proposal, in which the stan-
dard review [35] is also indicated, as well as the following works for more de-
tails [36]–[39]. Let’s take as an example the relationship between the Type IIB
superstring theory compactified on AdS5 × S5 and the N = 4 SYM theory
that lives on the boundary of AdS5. First, consider the Type IIB string theory
in the flat Minkowski spacetime R1,9 and a collection of Nc coincident parallel
D3-branes in this background1 [42].

The excitations of the so-called perturbative string theory in this system
correspond to vibrational modes of both: closed strings and also open strings
with their endpoints attached to the D3-branes [27]. If we consider the sys-
tem defined at low energies compared to the characteristic scale of the string,
(α′)−1/2 ≡ (ls)−1, only massless string modes can be excited, which, for the
closed strings, will generate a gravitational supermultiplet, and for the open
strings with their endpoints attached to the (3 + 1) dimensional volume of the
coincident Nc D3-branes, will yield an N = 4 vector supermultiplet with gauge
group SU (Nc). A low-energy effective action for these massless string excita-
tions in the considered background can be schematically written by integrating

1An endpoint of an open string must satisfy either Dirichlet or Neumann boundary con-
ditions. Considering Neumann boundary conditions on p spatial dimensions plus time, then
the remaining D − p − 1 dimensions must satisfy Dirichlet boundary conditions. Since for
Dirichlet boundary conditions a string endpoint is fixed in space, while for Neumann bound-
ary conditions it must move at the speed of light, then with Neumann boundary conditions
on p + 1 dimensions, the open string endpoints are constrained to move within a (p + 1)-
dimensional hypersurface, which is a dynamical object called a Dp-brane [27]. Dp-branes are
shown to be related to black p-branes [40], [41], which are solutions of higher-dimensional
(super)gravity that generalize the concept of black holes by having extended event horizons
that are translationally invariant through p spatial dimensions [27]. They actually provide
different descriptions of a single object, in which a perturbative string regime is accurately
described by Dp-branes not backreacting on the background spacetime, while at low energies,
corresponding to taking α′ ≡ l2s to be small, where ls is the fundamental string length, so that
massive string states can be neglected, and also large gravitational fields, the backreaction of
the Dp-branes on the background produces a black p-brane geometry.
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out the massive string modes [27],

Seff = SR1,9 bulk + SR1,3 brane + Sint , (3.1)

where SR1,9 bulk is the low-energy action for the gravitational supermultiplet, cor-
responding to Type IIB supergravity (SUGRA) in R1,9 along with higher-order
derivative corrections arising from integrating out the massive string modes;
SR1,3 brane is the low-energy action for the N = 4 vector supermultiplet residing
in the R1,3 volume of the coincident Nc D3-branes, corresponding to the N = 4
SYM theory with gauge group SU (Nc) plus higher-order derivative corrections
arising from integrating out the massive string modes; and Sint is an interaction
term between the bulk and brane modes [27].

Higher-order derivative corrections to the bulk and brane actions arising
from integrating out the massive string modes are proportional to positive pow-
ers of α′, while the interaction action is proportional to positive powers of the
square root of Newton’s gravitational constant in 10D, κ10 ≡

√
8πG10 ∼ gsα

′2,
where gs is the string coupling, so that by considering the so-called decoupling
limit in which α′ ≡ l2s → 0 with Nc and gs fixed, we have that SR1,9 bulk →
SR1,9 IIB SUGRA , SR1,3 brane → SR1,3N=4SYM, and Sint → 0, so we are left with two
decoupled actions [27]

lim
α′→0(fixed Nc,gs)

Seff = SR1,9 IIB SUGRA + SR1,3N=4SYM. (3.2)

For a given number Nc of coincident D3-branes, the ’t Hooft coupling, which
effectively controls the strength of interactions in the N = 4 SYM SU (Nc)
gauge theory, is given by λt ≡ Ncg

2
SYM = Ncgs, where this latter relation can be

inferred from the fact that a closed string, governed by the coupling gs, can be
formed by the collision between the endpoints of two open strings moving on the
D3-branes, with gSYM being the non-Abelian gauge field coupling corresponding
to the massless mode of open strings on these branes [37]. This reasoning holds
for any value of λt and as the SYM theory is a CFT, its ’t Hooft coupling
remains constant for any energy value, so in fact, there are infinitely many
different SYM theories, each defined at some given value of λt [27].

We can consider another perspective for the same system as follows. The
effective gravitational field generated by the collection of Nc coincident D3-
branes is ∼ Ncgs (ls/r)4 [38], [39], and by considering a very large Nc such that
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λt = Ncgs � 1 even for small values of gs, so that we can ignore the contribu-
tions of quantum string loops in the bulk, very close to the D3-branes for r → 0,
the gravitational field is very intense, and its backreaction on the background
spacetime highly distorts its geometry, producing a curved manifold. In this
limit, it is necessary to replace the perturbative string description of D3-branes
in flat Minkowski spacetime with the associated supergravity solution of the
black 3-brane, whose near-horizon geometry, i.e., near the black brane, pre-
cisely approximates that of AdS5(L) × S5(L), with the same curvature radius
L for both the AdS5 and S5 manifolds. On the other hand, far from the black
brane, the background geometry is still that of Minkowski R1,9 [27]. In both
regions, near and far from the black brane, considering that the string coupling
gs is small, so that string loops can be discarded, by taking the decoupling limit
as before, with ls → 0 and Nc, gs fixed, the bulk spacetime is inhabited only by
Type IIB supergravity fields [27].

By comparing the two perspectives above for the same system, when de-
fined in the same regime corresponding to low energies, low string coupling
value, large Nc, and with strong ’t Hooft coupling (α′ ≡ l2s → 0 with Nc,gs
fixed, but such that gs is small, Nc is large and λt = Ncg

2
SYM = Ncgs � 1), we

notice that in both views there is a common element, which is Type IIB su-
pergravity defined in R1,9, and it is then conjectured that the remaining pieces
in each perspective must be dual to each other: the strongly coupled, large
Nc, N = 4 SYM theory with gauge group SU (Nc), defined in R1,3, which is
equivalent, up to a conformal factor, to the boundary of AdS5, and the classical,
weakly coupled Type IIB supergravity defined in AdS5(L) × S5(L) [27]. The
duality involved in this comparison comprises, in fact, a detailed mathematical
dictionary that translates the evaluation of physical observables in a classical
supergravity theory, defined at weak coupling over a background given by the
product of an AdS spacetime and a compact manifold, into the calculation of
other observables in a different conformal quantum gauge field theory defined
at strong coupling and with a large number of colors on the conformally flat
boundary of the AdS manifold. Thus, the notion of the hologram understood
in the AdS-CFT duality refers to the fact that the gravitational information of
a higher-dimensional bulk spacetime can be encoded in its boundary [27].

This is the weakest form of the AdS-CFT holographic correspondence and a
particular case of the broader gauge-gravity duality, being widely supported by
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a large amount of consistency checks [35]–[38]. The stronger version of the AdS-
CFT conjecture corresponds to a particular case of the so-called gauge-string
duality, which is more general than the gauge-gravity duality and proposes that
the duality should be valid for all values of gs and Nc, thus relating the N = 4
SYM theory in R1,3 with arbitrary ’t Hooft coupling and an arbitrary number
of colors for the gauge group SU (Nc), and the full quantum Type IIB string
theory, generally formulated non-perturbatively in AdS5(L) × S5(L), instead
of just its low-energy limit corresponding to Type IIB supergravity. It is also
postulated that higher derivative/curvature corrections in the bulk correspond
to the inverse of ’t Hooft coupling corrections in the dual CFT, as according to
the detailed holographic dictionary, α′/L2 =

{
ls/
[
ls (Ncgs)1/4

]}2
= 1/

√
λt, and

that quantum string loop corrections in the bulk correspond to the inverse of Nc

corrections in the dual CFT, as gs (ls/L)4 = gs
(
ls/
[
ls (Ncgs)1/4

])4
= 1/Nc [27].

The AdS-CFT holographic duality has a striking feature, which is the fact
that complicated non-perturbative calculations in a strongly coupled quantum
CFT can be translated, through the detailed mathematical holographic dictio-
nary, into much simpler calculations (although at no point do we claim that
these calculations are necessarily easy) involving weakly coupled classical grav-
ity in higher dimensions [27].

More generally, the holographic gauge-gravity duality is not restricted to
AdS spacetimes in the bulk and dual CFTs on the boundary. For example,
by considering the backreaction of effective 5D massive fields living in AdS5,
which are associated with the Kaluza-Klein (KK) reduction on S5 of the origi-
nally massless 10D modes of SUGRA, the AdS5 background metric is generally
deformed within the bulk, and the effective 5D bulk spacetime geometry be-
comes only asymptotically AdS, with the AdS5 metric being asymptotically
recovered near the bulk spacetime boundary [27]. Usually, there is also a cor-
responding deformation of the dual QFT theory on the asymptotically AdS
bulk spacetime boundary induced by considering relevant or marginal oper-
ators, which can break conformal symmetry and supersymmetry, and whose
scale dimension is associated through the holographic dictionary to the masses
of the effective 5D bulk fields [27]. In this sense, we have a broader holographic
gauge-gravity duality relating a strongly coupled QFT that is not necessarily
conformal or supersymmetric, living on the boundary of an asymptotically AdS
higher-dimensional spacetime, whose geometry is dynamically determined by a
classical gravity theory interacting with different matter fields in the bulk [27].
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In the holographic gauge-gravity duality, the extra dimension connecting the
asymptotically AdS bulk spacetime to its boundary plays the role of a ge-
ometrization of the energy scale of the renormalization group flow in the QFT
living on the boundary [43], with low/high energy processes in the QFT be-
ing mapped to the deep interior/near-boundary regions of the bulk spacetime,
respectively [27].

The main motivation for employing holography is to calculate observables
that are unfeasible to obtain through perturbation theory in strongly coupled
quantum field theories (QFTs). Holographic calculations involve general rela-
tivity and, although they can be complicated in some cases, at least they are,
in principle, possible to be carried out. In contrast, perturbation theory under
strong coupling conditions in QFTs is simply an inapplicable approach.

A certain class of holographic models is determined by a specific class of
gravity-matter actions, usually in asymptotically AdS spacetimes, which re-
quire the use of a negative cosmological constant in the gravitational action,
in D spacetime dimensions. Although we usually work with bulk spacetimes
with five dimensions or less, at least one more dimension is always used than
the flat spacetime of the target theory or target phenomenology that we want
to model holographically. It is worth noting that, in the case of strongly inter-
acting systems in condensed matter, effective descriptions of the system in low
dimensions are often considered, therefore, in such cases the dual gravitational
holographic model will have less than five dimensions.

A holographic model is defined by a specific gravity-matter action within a
particular class of holographic models. For example, the class of EMD (Einstein-
Maxwell-Dilaton) actions has infinitely many different specific actions, just as
the class of sinusoidal functions sin(αx) contains infinitely many distinct sine
functions, each determined by a value of the parameter α. Each action within
a class is specified by a set of functions and parameters that can be free, as
in bottom-up phenomenological models, or can be fixed by formal low-energy
constructions originating from string theory, as in top-down models. The latter
is exactly the case of the two models we will discuss throughout the text. By
specifying the form of these functions and the values of these parameters, a
model within a class of actions is determined. Each specific holographic model
describes a different physical system, whether it exists in our universe or not.
Therefore, in addition to holographic models of direct relevance to different
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phenomenologies 2, we can also consider some top-down holographic toy models.
The latter, although of no direct phenomenological relevance, may be used to
investigate possible general properties of strongly coupled quantum systems
in simpler setups where the holographic dictionary has been more rigorously
justified. Such calculations in toy models are also typically a first step towards
more complicated calculations in realistic models.

In other words, once a holographic gravitational model is specified, delimit-
ing the target QFT on the boundary of the higher-dimensional bulk spacetime to
be emulated holographically by the specified classical gravity-matter model, we
have a physical system holographically dual to this QFT on the boundary, with
this boundary QFT being necessarily strongly coupled. The boundary QFT
observables can be evaluated through calculations involving classical gravity,
by using the holographic dictionary presented in Fig. 3.1.

Each holographic model and/or dual physical system can be specified un-
der different dynamic conditions. The specification of these different dynamic
conditions do not involve any modification of the model’s action but are imple-
mented through the choice of different ansätze and boundary conditions for the
fields of the considered action. This, in turn, leads to different field equations
and, consequently, to different physical results that arise as solutions of these
differential equations, or from mathematical operations performed with them.
These solutions can be analytical or numerical, depending on the model and
the type of physical and/or dynamic condition we are interested in analyzing.

For example, if the ansätze for the gravitational bulk fields involve only a
dependence on the extra dimension, often called the holographic radial coor-
dinate, and if the form of the ansatz for the metric does not admit an event
horizon, then the physical situation in the dual boundary QFT will correspond
to the vacuum state. Correspondingly, in the bulk, the equations of motion will
be a coupled system of ODEs (Ordinary Differential Equations) with no black-
ening function in this case. If the ansatz for the metric admits an event horizon,
with the bulk system still depending only on the holographic coordinate, we will
have black holes or, more generally, black branes3 in equilibrium, and the dual
boundary QFT will be defined in a given state of thermodynamic equilibrium,
whose specific state will depend on the properties of the black hole considered

2Which are typically much more difficult to formulate and also often less rigorous from
the standpoint of the holographic dictionary, since the vast majority of phenomenologically
realistic holographic models are bottom-up constructions.

3Black branes are solutions of the Einstein equations with extended event horizons with
spatial translation symmetry along directions parallel to the gravitational bulk’s boundary.
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Figure 3.1: Some entries of the holographic dictionary, taken
from [44].
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in the bulk, which emerges as a solution of the field equations from a given
choice of initial data. For each set of initial data, a black hole solution with
certain properties is generated—for example, charge and mass values—which
translate into specific thermal states of the boundary QFT, with given values
of chemical potentials, temperature, pressure, among others. In this case, the
field equations are still just coupled ODEs.

If we consider quadratic perturbations at the level of the action, around ther-
modynamic equilibrium, the bulk fields will be written as background terms,
obtained through the procedure described above, plus the perturbation terms.
If, for these bulk field perturbations, we adopt an ansatz with temporal and/or
spatial dependence in the coordinates parallel to the boundary (and orthog-
onal to the holographic radial coordinate) in the form of a plane wave, the
linearized equations of motion for these perturbations in the bulk will initially
be coupled PDEs (Partial Differential Equations). However, since the spatial
and temporal dependence of the perturbations in this case has already been
specified in the form of plane waves, these equations of motion are reduced
again to coupled ODEs, now also depending on the frequency ω and the wave
number k of these plane wave ansätze. These (ω, k) are characteristics of the
considered perturbations and, by solving their equations of motion subjected to
certain boundary conditions, one can obtain, through the holographic dictio-
nary, both several hydrodynamic transport coefficients and also characteristic
equilibration times of the dual system in the boundary QFT perturbed around
thermodynamic equilibrium. These equilibration times indicate how the sys-
tem relaxes to equilibrium according to different observables. This relaxation
dynamics near thermodynamic equilibrium is associated with the calculation of
the quasinormal modes (QNMs) of the perturbed black holes [45]–[55].

On the other hand, if we assume a generic dependence of the bulk fields in
coordinates beyond the holographic radial coordinate, we will necessarily have
to deal with coupled PDEs. This is because the holographic coordinate will
always be present, and, in this case, there will be at least one more coordi-
nate, usually the time. More ambitiously, one could consider including all the
coordinates of the bulk spacetime, which would allow for a fully non-trivial
dependence on all the coordinates of the target QFT at the boundary. How-
ever, increasing the number of variables/coordinates in the PDE system brings
considerable difficulties for the numerical evaluation of these equations, as well
as increasing computational time costs. In this case of coupled PDEs, the
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dual boundary QFT can initially be defined in a state far from thermodynamic
equilibrium, where neither thermodynamics nor hydrodynamics are applicable
descriptions for the system. However, generally, the analyzed systems evolve to
acquire, from a certain moment in time, an effective hydrodynamic description,
at which point we say that the system has “hydrodynamized”, although the hy-
drodynamization of different observables usually occurs on different time scales.
Subsequently, the system assumes an effective thermodynamic description, and
we generally say that the system has “thermalized” only when the system’s
observable that equilibrates the latest has definitively converged, within a cer-
tain numerical tolerance, to its thermodynamic equilibrium value. Thus, it is
possible to study different equilibration dynamics of initial states far from equi-
librium from the specification of different multi-coordinate ansätze for the bulk
fields and different boundary conditions [53], [56]–[69].

Since its original proposal by Maldacena in 1997 [23], the holographic gauge-
gravity duality has established itself as one of the most important discoveries
in theoretical physics in recent decades, being applied to obtain various in-
sights into the non-perturbative physics of different strongly coupled quantum
systems, including studies in the context of strong interaction [27], [44], [70]–
[75], condensed matter systems [76]–[81], and more recently, in information the-
ory [82]–[85].

3.2 Black Holes and Thermodynamics: a bird’s eye
view

First, we will provide a convenient shortcut to derive the Hawking tem-
perature, which involves arguing that, in the Euclidean black hole metric, the
Wick-rotated imaginary time coordinate must be periodic in the imaginary di-
rection, and this imaginary time periodicity implies that the black hole has a
temperature. This shortcut is entirely correct, and its formal justification from
the path integral can be found in [86]. This discussion will be closely following
section 11 of Ramallo’s review [39].

Given t belonging to the reals, we have that under a Wick rotation [87]

t ∈ R W.R.−−−→ t̄ = −itE ∈ iR ∴ tE = it̄. (3.3)
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e−iHt W.R.−−−→ e−iHt̄ = e−iH(−itE) = e−HtE (3.4)

where W.R. is a Wick rotation. Then, e−HtE is formally equivalent to the
Boltzmann factor e−H/T under the identification tE = it̄ ≡ 1/T.

Let us consider the partition function of a thermal field theory, Z = Tr[e−H/T ],
then the thermal expectation value of a given observable O is given by

〈O〉T =
Tr
[
Oe−H/T

]
Z

∼
∫
ψi=ψf=ψ

[Dψ]
〈
ψ(x), t

∣∣∣Oe−HT ∣∣∣ψ(x), t
〉

∼
∫

[Dψ]
〈
ψ(x), t|O|ψ(x), t+ i

T

〉
(3.5)

and the restriction ψi = ψ (x, t+ i/T ) = ψf = ψ (x, t) implies that the func-
tional integral must be performed over all periodic functions ψ over a circle of
radius β ≡ 1/T . Notice that for T → 0 ⇒ β → ∞ and effectively there is no
compactification of the Euclidean time dimension in the vacuum, that is, the
compactification of Euclidean time corresponds to T 6= 0.

Let us now consider a stationary black hole metric with Euclidean time tE.
It is worth noting that in this case, the time component of the metric has the
same sign as the spatial components, so that

ds2 = g(r)
[
f(r)dt2E + d~x2

]
+ 1
h(r)dr

2 (3.6)

where the functions f(r) and h(r) have a first-order zero at the event horizon,
such that

f(r → rH) ≈ f ′ (rH) (r − rH) , h(r → rH) ≈ h′ (rH) (r − rH) , (3.7)

so that near the horizon the metric becomes

ds2 ≈ g (rH)
[
f ′ (rH) (r − rH) dt2E + d~x2

]
+ dr2

h′ (rH) (r − rH) . (3.8)

We define a new radial coordinate ρ ∈ R+ through the relation

dρ2 ≡ dr2

h′ (rH) (r − rH) =⇒ dρ = dr√
h′ (rH) (r − rH)

(3.9)
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which can be integrated to give the following relationship between ρ and r:

ρ = 2
√
r − rH
h′ (rH) . (3.10)

We now define an angular coordinate θ ∈ [0, 2π] through the relation

g (rH) f ′ (rH) (r − rH) dt2E = 4 (r − rH)
h′ (rH) dθ2 (3.11)

then

dθ =

√
g (rH) f ′ (rH)h′ (rH)

2 dtE ∴ θ =

√
g (rH) f ′ (rH)h′ (rH)tE

2 . (3.12)

In terms of the coordinates (ρ, θ), the part depending on (r, tE) in the metric
near the horizon (3.8) takes the form

g (rH) f ′ (rH) (r − rH) dt2E + dr2

h′ (rH) (r − rH) = ρ2dθ2 + dρ2, (3.13)

which is locally the metric of a plane. Note from (3.10) that the horizon is
at ρ = 0 and for this to be a regular point of the geometry without curvature
singularities, the angular variable θ must be periodic with period 2π, otherwise,
there would be a conical singularity at the origin associated with an angular
deficit of the geometry. But from (3.12), if θ is periodic, tE is periodic, and
we saw earlier that having a periodic Euclidean time corresponds to having the
system at a finite temperature, T 6= 0. Thus, we conclude that we can assign a
temperature T to the black hole, which is the Hawking temperature. Note that
tE must be periodic under tE → tE + 1/T where T is the temperature given
by

1
T

= 4π√
g (rH) f ′ (rH)h′ (rH)

, (3.14)

so that when tE → tE + 1/T =⇒ θ → θ + 2π by (3.14) and (3.12).
From (3.14) and (3.8) we have that

T =

√
g (rH) f ′ (rH)h′ (rH)

4π =

√
g′tEtE (rH) g′rr (rH)

4π =

√
−g′tt (rH) g′rr (rH)

4π .

(3.15)
As the area of the event horizon of a black hole increases if its mass increases, we
have that dM ∝ dAH for a black hole. By multiplying dM by the gravitational
constant G , we have that GdM has the dimension of acceleration times area
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and therefore, GdM ∝ κdAH , where κ must have the dimension of acceleration
and it is therefore natural to associate it with the surface gravity at the event
horizon of the black hole as seen by an asymptotically distant observer (in our
case, by an observer at the boundary of the gravitational bulk). Considering
various specific geometries of black holes, it turns out that in practice κ = 2πT
and (see section 3 of [38] and section 11 of [39])

GdM = κ

8πdAH = T

4 dAH ∴ dM = Td
(
AH
4G

)
, (3.16)

which is the first law of black hole thermodynamics, analogous to the first law
of usual thermodynamics,

dE = TdS. (3.17)

Identifying the mass of a stationary black hole with its internal energy (E =
Mc2, where we are considering natural units c = ~ = kB = 1), by compar-
ing (3.16) and (3.17) we identify the Bekenstein-Hawking expression [88], [89]
for the entropy of a stationary black hole [38] [39]

SH ≡
AH
4G . (3.18)

Black holes with conserved charges under a U(1) symmetry group are solu-
tions of the Einstein-Maxwell equations (along with other possible matter fields
in the gravitational bulk). On the other hand, in field theories, charges are
expressed as volume integrals of charge densities,

Q =
∫
R3
d3x ρ =

∫
R3
d3x J0. (3.19)

The conserved current Jµ(x) of the QFT living at the boundary ∂M5 of a 5-
dimensional manifold minimally couples with the boundary value of the Maxwell
field of the gravitational bulk, so that by choosing the ansatz Aµ = Φ(r)δµ0 ,
where r is the holographic radial coordinate in terms of which the boundary
of the gravitational bulk is located at r → ∞, we have that the interaction
Lagrangian between Aµ and Jµ at the boundary is,

Lint |∂M5
∝ lim

r→∞

∫
R3
d3xAµJµ = lim

r→∞
Φ(r)Q. (3.20)
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The first law of thermodynamics for charged black holes is (see sections 3 and
9 of [38]),

dE = dM = TdS + µdQ, (3.21)

or in terms of volume densities ε = E/V , s = S/V and ρ = Q/V ,

dε = Tds+ µdρ. (3.22)

By comparing (3.22) and (3.20), it is proposed that the chemical potential in
the homogeneous and isotropic strongly-coupled QFT in thermodynamic equi-
librium at the boundary is calculated as

µ = lim
r→∞

A0(r) = lim
r→∞

Φ(r). (3.23)

Since the chemical potential and charge density are conjugate thermodynamic
variables, it is proposed that the charge density in the homogeneous and isotropic
QFT in thermodynamic equilibrium at the boundary is calculated as the bound-
ary value of the radial canonical momentum conjugate to the temporal compo-
nent of the Maxwell field in the gravitational bulk 4,

ρ = 〈J0〉 ≡ lim
r→∞

∂L
∂ (∂rA0(r)) = lim

r→∞

∂L
∂ (∂rΦ(r)) . (3.24)

Up to this point, we have heuristically discussed some of the thermodynamic
entries of the holographic dictionary presented in Fig. 3.1.

In the next chapter, we will apply some concepts discussed here to calculate
several thermodynamic observables for a top-down holographic toy-model. It
is defined at finite temperature and density, having a critical point in its phase
diagram. Subsequently, we will focus on our main goal which is the calculation
of information observables.

3.3 Heuristic Aspects of Holographic Entanglement
Entropy

As discussed in Sec. 2.2.2, the entanglement entropy is defined for pure states
as the von Neumann entropy SA ≡ −TrA[ρA ln(ρA)] of the reduced density

4In equation (3.24)
√
−g is included in L, i.e., S =

∫
M5

d5xL.
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matrix ρA ≡ TrB(ρ) obtained by tracing out the degrees of freedom of a d-
dimensional spacelike submanifold B, in a given QFT in D = d+ 1 dimensions,
where B is the complement of A. SA measures how the subsystems A and B
are correlated to each other. In a QFT, the leading divergence of SA ∝ Area
of the subsystem A (what is known as the “Area Law” [90], [91] see also the
reviews [92]–[99]). In 2D CFTs, the entanglement entropy is proportional to
the central charge of the QFT 5 [100]–[103]. Unlike thermodynamic entropy,
which vanishes in most cases at zero temperature 6, the entanglement entropy
is non-zero at T = 0 and can therefore be used to investigate the properties of
the ground state of a given quantum system (for example, it can be used as an
order parameter for quantum phase transitions at zero temperature - see, for
instance, section 4 of [82]). The Ryu-Takayanagi formula for the holographic
entanglement entropy provides an answer to the following question: “Which
part of an asymptotically AdS spacetime is related to the calculation of SA
(for a QFT on the boundary) on the gravitational side of the gauge-gravity
holographic duality?” The proposal of Ryu and Takayanagi (R-T) is that [82]

SA = Area (γA)
4G(D+1)

N

, (3.25)

where D + 1 = d + 2 is the dimension of the asymptotically AdS spacetime
(d is the spatial dimension and D = d + 1 is the spacetime dimension of the
boundary) and Area (γA) is the hyperarea of the minimal hypersurface γA in
the bulk, whose boundary coincides with the boundary of the subsystem A, see
Fig. 3.2,

∂γA = ∂A. (3.26)

The area law for SA [90], [91] is naturally encompassed by the holographic
entanglement entropy formula (3.25).
Since entanglement entropy is always divergent for continuous systems, we in-
troduce an ultraviolet cutoff a (analogous to a lattice spacing) to regularize its
expression, obtaining from numerical analyses [90], [91] (see also [104]–[106]),

SA = λ · Area(∂A)
ad−1 + subleading terms as a→ 0, (3.27)

5The central charge c is a numerical parameter that characterizes the Virasoro Algebra of
the symmetry generators of the CFT.

6This is not always valid, since, for example, the entropy of the Reissner-Nordström black
hole remains finite when T → 0, see, for example, section 3.3.3 of [82].
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Figure 3.2: The holographic calculation of entanglement en-
tropy via AdS/CFT, taken from [82].

where λ is a constant which depends on the considered system. For CFTs, being
∂A a smooth and compact manifold, the R-T formula (3.25) for holographic
entanglement entropy predicts that [82]

SA = p1(l/a)d−1 + p3(l/a)d−3 + · · ·

· · ·+

pd−1(l/a) + pd, d : even

pd−2(l/a)2 + c̃ log(l/a), d : odd
(3.28)

where l is the typical length scale of ∂A and c̃ is given in terms of CFTs central
charges, in particular c̃ = c/3 for d = 1 which leads to S2D CFTs

A = c/3 log (l/a),
which is a well-known result for 2D CFTs.

Since the metric of asymptotically AdS backgrounds diverges at the bound-
ary (u = 0), we impose an ultraviolet cutoff in the bulk, u ≥ a ∈ R∗+, which
we identify as the ultraviolet cutoff of the QFT on the boundary 7. To obtain
a gravitational dual of the entanglement entropy SA of the boundary QFT, we
extend ∂A in Fig. 3.2 to the gravitational bulk with the condition that γA is the
smallest possible surface in the bulk, such that ∂γA = ∂A, and propose that SA
is calculated by means of (3.25). It can be shown that the leading divergence

7The argument considered here is proposed for static asymptotically AdS backgrounds (for
time-dependent backgrounds, see section 6 of the review [82]).
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obtained from the calculation of (3.25) is proportional to a−(d+1)Area (∂A), re-
producing the area law in (3.27) [82].

The form of (3.25) is identical to the Bekenstein-Hawking formula for the
entropy of a black hole, replacing the hyperarea of the black hole’s event horizon
with the hyperarea of the minimal surface γA. This formula can be heuristically
motivated as follows [82], [107]. Being the reduced density matrix ρA of the QFT
normalized such that TrA (ρA) = 1, we consider the replica trick, in which we
take n-replicas of the subsystem A, so that,

SA = −TrA[ρA ln ρA] = − ∂

∂n
TrA ρnA

∣∣∣∣∣
n=1

= − ∂

∂n
log TrA ρnA

∣∣∣∣∣
n=1

, (3.29)

where using the functional integration formalism it can be shown that [82]
Tr (ρnA) = Zn/Z

n
1 , being Zn a partition function in a space with conical sin-

gularities, obtained as the Riemann surface Rn corresponding to the gluing of
n copies of the original space ∂A with negative angular deficit δ = 2π(1 − n)
8. Thus, on the gravitational side of the holographic duality, it is proposed to
construct a (d + 2)-dimensional asymptotically AdSd+2 geometry with angular
deficit δ located on a codimension-2 surface 9 [107]. Using the fundamental
holographic Gubser-Klebanov-Polyakov-Witten (GKPW) relation [24], [25],

ZQFT ∼ e−S
on−shell
SUGRA ∴ lnZQFT ∼ −Son−shellSUGRA , (3.30)

which relates the partition function of a strongly coupled QFT on the boundary
to the dual on-shell supergravity (SUGRA) action in the gravitational bulk, it
is shown that [82], [107]

SA = − ∂

∂n
log Tr ρnA

∣∣∣∣∣
n=1

= − ∂

∂n

[
(1− n) Area (γA)

4Gd+2
N

]
n=1

= Area (γA)
4G(d+2)

N

(3.31)

where the Hamilton’s principle of least action, used to calculate the on-shell
gravitational action, implies that the Area(γA) is the surface of minimal hyper-
area in the bulk with border ∂γA = ∂A on the boundary.

Finally, equation (3.31) will be used in Sections 4.3 and 5.3 to evaluate the
holographic entanglement entropy in the 1RCBH and 2RCBH models, respec-
tively.

8This angular deficit is used to construct the Riemann surface - see for example fig. 2b
of [82].

9Codimension (γA) ≡ dimension(Md+2)−dimension(γA).
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Chapter 4

1RCBH model

In the present chapter, we will deal with a top-down holographic construc-
tion, which it is defined at finite temperature and density, having a critical
point in its phase diagram. This top-down holographic model may be viewed as
a simple and safe playground where several physical observables for a strongly
coupled QFT at finite temperature and density may be evaluated using the holo-
graphic dictionary. In fact, we will present the calculations of thermodynamic
observables, and later, we will focus on our main objective, which is information
observables.

In the low energy limit of type IIB strings, all quantum loops of strings
are discarded, resulting in type IIB Supergravity theory. When defined on
AdS5 × S5, a compactification of the fields of the type IIB supergravity theory
is performed on the S5 sphere, generating an infinite tower of massive Kaluza-
Klein modes. The Kaluza-Klein reduction of the type IIB supergravity theory
on the S5 sphere can be consistently truncated by considering only the lowest
mass modes, generating an effective theory for these modes, namely 5D maxi-
mally supersymmetric N = 8 gauged supergravity [108], [109], see also [110],
[111].

The isometry group of the S5 sphere is SO(6), and the Cartan subgroup of
SO(6) is SO(2)× SO(2)× SO(2). As mentioned in section 3, the N = 4 SYM
theory with gauge group SU(N), with large N and strong coupling, is dual to
type IIB supergravity theory in AdS5 × S5. This N = 4 SYM theory in the
vacuum has a global R-symmetry1 SU(4).

There are black brane solutions that are charged only under the Cartan
subgroup U(1)×U(1)×U(1) of the SU(4) R-symmetry group. Since U(1) and
SO(2) are isomorphic, U(1)×U(1)×U(1) ' SO(2)× SO(2)× SO(2), and the
Cartan subgroup of S5 isometries is isomorphic to the Cartan subgroup of the

1R-symmetry is a symmetry that transforms the generators of supersymmetry, called su-
percharges, in a supersymmetric theory.
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N = 4 SYM R-symmetry. These black brane solutions2 in the bulk, therefore,
break the SU(4) R-symmetry group of the N = 4 SYM in the vacuum to only
its Cartan subgroup U(1) × U(1) × U(1) at finite temperature and finite R-
charge densities. The effective bulk theory in 5D that provides these charged
black brane solutions is known as the STU model3 [108], [109], see also [110],
[111].

The STU model with three generic conserved R-charges has three Maxwell
gauge fields (associated with each U(1) of the Cartan subgroup of SU(4)), two
scalar fields, and the metric. We can set two of these R-charges to zero and keep
only one non-trivial R-charge, in which case the R-symmetry of the system is
further reduced to just U(1). This particular case of the STU model is called
the 1 R-charge Black Hole (1RCBH) model [110], [111].

In this chapter, we will address the 1RCBH model, and in the next chapter,
we will discuss another particular case of the STU model corresponding to
setting one R-charge to zero and keeping the other two R-charges different
from zero but equal to each other, which is called the 2 R-charge Black Hole
(2RCBH) model [110], [111]. Setting all the charges of the STU model to zero
yields the purely thermal SYM theory. It is worth noting that in this case,
the dual gravitational action is the pure Einstein-Hilbert action with a negative
cosmological constant in five dimensions, which, in turn, has a unique solution
corresponding to the AdS5-Schwarzschild spacetime.

4.1 The 1RCBH model

Given a certain simplicity and also the fact that it is a rigorous top-down
holographic construction that describes a strongly coupled quantum medium at
finite temperature and density, which has a critical point in its phase diagram,
the 1RCBH model has been extensively explored in the holographic literature
in recent times. For example, its thermodynamics was analyzed in [52], [110],

2In particular, the solutions of “black holes” in the 1RCBH and 2RCBHmodels are actually
black brane solutions. Thus, it would be correct to call them black branes, but in holography,
these solutions are typically referred to as “black holes” .

3The bosonic part of 5D N = 2 gauged Supergravity is given by equation (1) of [108],
where the potential of the scalar fields of the theory is given by equation (2) of the same
reference, which satisfy the general constraint (3). In the particular case of this constraint
being given by equation (38) of the same reference, we have the so-called STU model, where
S, T, U are three scalar fields of which only 2 are independent, due to the constraint (38),
STU = 1. Although it originally appears as a particular case of 5D N = 2 gauged SUGRA
with the constraint STU = 1, the STU model can also be embedded in the 5D N = 8 gauged
SUGRA.
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hydrodynamic transport coefficients were calculated in [110], [112], the spectra
of quasinormal modes were obtained in [52], [53], various observables of quantum
information theory were evaluated in [113]–[115], chaotic properties and the
pole-skipping phenomenon were addressed in [116], [117], while the holographic
renormalization and far from equilibrium numerical simulations of homogeneous
isotropization dynamics and inhomogeneous Bjorken flow were discussed in [53],
[65], [68], [69].

The 1RCBH model [110], [111] is described by a bulk Einstein-Maxwell-
dilaton (EMD) action plus two boundary terms as follows

S = 1
2κ2

5

∫
M5

d5x
√
−g

[
R− f(φ)

4 FµνF
µν − 1

2 (∂µφ)2 − V (φ)
]

+ SGHY + Sct,

(4.1)
where R is the Ricci curvature scalar, the dilaton φ is a real scalar field, Fµν =
∂µAν−∂νAµ, with Aµ being the Maxwell gauge field, and κ2

5 = 8πG5, where G5

is the Newtonian gravitational constant in 5 dimensions. The Maxwell-dilaton
coupling4 and the dilaton potential, which define the top-down construction
corresponding to the model, are given, respectively, by

f(φ) = e−2
√

2
3φ, V (φ) = − 1

L2

(
8e

φ√
6 + 4e−

√
2
3φ
)
, (4.2)

where L is the asymptotic AdS5 radius and SGHY is the Gibbons-Hawking-York
boundary action [86], [118], see also [119], which is necessary for the Hamilton’s
Principle to yield the Einstein equations consistently with Dirichlet boundary
conditions in a spacetime with a boundary, as it is the case for asymptotically
AdS spaces. The last term in (4.1), denoted by Sct, is the counterterm action
that is added to the EMD action to remove the divergences of the on-shell action
at the boundary [53]. For simplicity, we will consider L = 1.

Varying the EMD action with respect to the metric, we obtain the Einstein
equations,

Rµν −
1
2gµνR = κ2

5Tµν , (4.3)

where the energy-momentum tensor of the matter fields Aµ and φ is defined by,

Tµν ≡ −
2√
−g

δ (√−gLMatter/2κ2
5)

δgµν
, (4.4)

4Since the dilaton is a real scalar field, it is not charged under the U(1) gauge symmetry
group associated with the Maxwell field, and therefore, there is no minimal coupling between
the dilaton and Maxwell field.
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wherein

Tµν = 1
κ2

5

f(φ)
2 FµαFν

α + 1
2∂µφ∂νφ−

1
2gµν

(
f(φ)

4 FαβF
αβ + 1

2 (∂αφ)2 + V (φ)
).
(4.5)

Often, it is simpler to work with the form given by the trace-reversed Einstein
equations. Contracting both sides of (4.3) with the inverse metric gµν we have
the following

gµνRµν −
1
2g

µνgµνR = κ2
5g
µνTµν

R− 1
2 δµµ︸︷︷︸
D=5

R = κ2
5T

µ
µ

−R2 = κ2
5

3 T
ρ
ρ . (4.6)

Substituting in (4.3) the expression on the right-hand side of the above equality
we have

Rµν = κ2
5

(
Tµν −

1
3gµνT

ρ
ρ

)
. (4.7)

By substituting (4.5) in (4.7), we rewrite Einstein equations as

Rµν −
gµν
3

[
V (φ)− f(φ)

4 FρσF
ρσ

]
− 1

2∂µφ∂νφ−
f(φ)

2 FµσFν
σ = 0. (4.8)

We can also obtain the Maxwell equations by varying the EMD action with
respect to the Maxwell field, getting

∂µ
(√
−gf(φ)F µν

)
= 0. (4.9)

The dilaton field equation, obtained by varying the EMD action with respect
to the scalar field is,

1√
−g

∂µ
(√
−ggµν∂νφ

)
− ∂φV (φ)− FρσF

ρσ

4 ∂φf(φ) = 0. (4.10)

It is worth noting that any model of the EMD class satisfies the equations of
motion given by (4.8), (4.9) and (4.10). To treat a strongly coupled QFT on
the boundary, dual to the EMD theory defined in the gravitational bulk, in the
particular case of this QFT being in a homogeneous and isotropic configuration
in thermodynamic equilibrium at finite temperature and density, in the absence
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of external electromagnetic fields, we use as an ansatz for the bulk fields

ds2 = e2A(r)
(
−h(r)dt2 + d~x2

)
+ e2B(r)

h(r) dr
2, φ = φ(r), Aµ = Φ(r)δµ0 , (4.11)

where the fields depend only on the holographic radial coordinate (this fact
justifies why there is no variation in time and space for the QFT state considered
on the boundary). The gauge field has only the non-zero time component, whose
boundary value will provide the chemical potential in the QFT. The metric,
which has a blackening function, describes charged black hole backgrounds,
which are the gravitational duals to thermal states at finite temperature and
density in the boundary QFT in thermodynamic equilibrium.

Substituting (4.2) (which specify the 1RCBH model within the class of EMD
models) and (4.11) (which specify that the system in equilibrium) into the
general EMD field equations (4.8), (4.9) and (4.10), we obtain a set of coupled
ODEs for the bulk fields, whose solutions are of the form specified below 5

A(r) = ln r + 1
6 ln

(
1 + Q2

r2

)
, (4.12)

B(r) = − ln r − 1
3 ln

(
1 + Q2

r2

)
, (4.13)

h(r) = 1− M2

r2 (r2 +Q2) , (4.14)

φ(r) = −
√

2
3 ln

(
1 + Q2

r2

)
, (4.15)

Φ(r) =
(
− MQ

r2 +Q2 + MQ

r2
H +Q2

)
. (4.16)

These solutions are specified in terms of two data that we can choose for the
black holes: their mass denoted by M and their charge denoted by Q. Each
black hole solution generated in the gravitational bulk from the choices of the
pair (M,Q) is dual, via the holographic dictionary, to a specific thermal state of
the boundary QFT, which is located at r →∞. In the solutions given by (4.12)
to (4.16) we have that rH is the radial location of the event horizon of the
black hole solution, which is obtained by the condition of vanishing of the gtt
component of the metric, which corresponds to the vanishing of the blackening

5The presented solutions were explicitly checked by direct substitution into the ODEs,
thus showing that these functions, in fact, solve the field equations.
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function at r = rH (
1− M2

r2
H (r2

H +Q2)

)
= 0. (4.17)

Since the above expression is a quartic equation for rH , it therefore has four
roots. Since the holographic radial coordinate r is real and non-negative, we
take from these four roots the one that corresponds to a real and non-negative
value for the radial location of the event horizon, which is given by

rH =
√√

Q4 + 4M2 −Q2

2 . (4.18)

We can use (4.18) to express M as a function of rH and Q and, alternatively to
the description of black hole backgrounds in terms of (M,Q), we can describe
them in terms of (rH , Q), resulting

M = rH
√
Q2 + r2

H . (4.19)

In the next section, we will discuss the calculation of thermodynamic observ-
ables, the phase diagram and R-charge susceptibilities for the 1RCBH model.

4.2 Thermodynamics

4.2.1 Basic thermodynamic variables

We can obtain the Hawking temperature of the black hole in terms of the
charge Q and the radial location of the event horizon rH through (3.15) with the
identification of the metric coefficients given below (4.20), which follows from
(4.11),

T =

√
− (gtt)′ (grr)′

4π

∣∣∣∣∣∣
r=rH

, (4.20)
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where gtt = −e2A(r)h(r), grr = e−2B(r)h(r) and ′ denotes the derivative with
respect to r. Substituting these quantities into expression (4.20), we have that

T =

√
− (−e2A(r)h(r))′ (e−2B(r)h(r))′

4π

∣∣∣∣∣∣
r=rH

(4.21)

=

√
(2e2A(r)h(r)A′(r) + e2A(r)h′(r)) (e−2B(r)h′(r)− 2e−2B(r)h(r)B′(r))

4π

∣∣∣∣∣∣
r=rH

,

(4.22)

which applying (4.12),(4.13),(4.14) and performing the calculation of the re-
spective derivatives, we obtain

T =

√
M4(2Q4+9Q2r2+9r4)+M2(5Q6r2+23Q4r4+36Q2r6+18r8)+r4(Q2+r2)2(2Q4+9Q2r2+9r4)

r4(Q2+r2)3

6π

∣∣∣∣∣∣∣∣
r=rH

.

(4.23)
Substituting (4.18),(4.19) into the above expression, evaluating at r = rH and
simplifying, we have

T = Q2 + 2r2
H

2π
√
Q2 + r2

H

. (4.24)

For the chemical potential of R-charges U(1) by using (3.23), we have

µ = lim
r→∞

Φ(r) = lim
r→∞

(
− MQ

r2 +Q2 + MQ

Q2 + r2
H

)
, (4.25)

where Φ(r) was given by (4.16). Calculating the limit, we have that

µ = MQ

Q2 + r2
H

, (4.26)

and substituting (4.19) and simplifying, we will have the chemical potential
given by

µ = QrH√
Q2 + r2

H

. (4.27)

The entropy S can be obtained through the Bekenstein-Hawking formula pre-
sented in (3.18), as

S = AH
4G5

, (4.28)
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being the hypersurface of the event horizon AH given by

AH =
∫
MH

√
|γH |d3x =

∫
MH

√
gxxgyygzzd

3x =
∫
MH

√
e2A(rH)e2A(rH)e2A(rH)d3x

=e3A(rH)
∫
MH

d3x, (4.29)

which substituting (4.12) and simplifying we will have

AH = r2
H

√
Q2 + r2

H

∫
MH

d3x. (4.30)

As the integral is in three dimensions, we will have a volume denoted by V ,
therefore

AH = r2
H

√
Q2 + r2

HV. (4.31)

Substituting (4.31) into (4.28), we have

S =
r2
H

√
Q2 + r2

HV

4G5
. (4.32)

Dividing the entropy S by the volume V we will have the entropy density s,
given by

s =
r2
H

√
Q2 + r2

H

4G5
. (4.33)

We can still rewrite the Newton constant in five dimensions as follows

κ2
5 = 8πG5 ⇒ 4G5 = κ2

5
2π .

Therefore, we have the entropy density given by the expression

s = 2π
κ2

5
r2
H

√
Q2 + r2

H . (4.34)

We also have that the R-charge density given by expression (3.24), which is the
radially conjugate momentum

ρ = lim
r→∞

δS

δΦ′ . (4.35)

The Lagrangian density for the Maxwell field is

LMaxwell = −

√
|g|

2κ2
5

f(φ)
4 FµνF

µν . (4.36)
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We need to find the momentum conjugate to the field Aµ, denoted by πµ and
given by [120]

πµ = ∂LMaxwell

∂(∂rAµ) , (4.37)

where r is the radial coordinate, so that

πµ = ∂

∂(∂rAµ)

−
√
|g|

2κ2
5

f(φ)
4 FµνF

µν

 =−

√
|g|

2κ2
5

f(φ)
4

∂

∂(∂rAµ) (FµνF µν)

= −

√
|g|

2κ2
5

f(φ)
4 · 2 (∂rAµ − ∂µAr) ,

(4.38)

then, we have that

πµ = −

√
|g|

2κ2
5

f(φ)
2 F rµ. (4.39)

Now, as in (3.24), we will consider the µ = 0 component of the conjugate
momentum,

ρ = lim
r→∞

π0 = 1
2κ2

5
lim
r→∞

√
|g|f(φ)

2 F 0r. (4.40)

Therefore, the R-charge density ρ is given by [120]

ρ = 1
2κ2

5
lim
r→∞

e3A(r) · e−2
√

2
3φ · ∂0Ar

 = 1
2κ2

5
lim
r→∞

e3A(r) · e−2
√

2
3φ · ∂t (Φ(r)dt)

= 1
2κ2

5
lim
r→∞

e3A(r) · e−2
√

2
3φ · Φ(r) (4.41)

which substituting (4.11), (4.12), (4.13), (4.15) and (4.16) into the above ex-
pression and simplifying, will result in

ρ = 1
2κ2

5
lim
r→∞

2MQr2/3

(Q2 + r2)1/3 = 2MQ

2κ2
5
, (4.42)

which substituting (4.19) we have

ρ = QrH
κ2

5

√
Q2 + r2

H . (4.43)

4.2.2 Phase diagram and equation of state

The black hole solutions of the 1RCBH model can be parameterized in terms
of the dimensionless ratio Q/rH . To obtain the ratio, we divide (4.27) by (4.24),
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Figure 4.1: Phase structure for the 1RCBH model (follow-
ing closely the discussions presented in [52], [110] and taken
from [52]): (a) The only dimensionless control parameter of the
QFT phase diagram, µ/T , as a function of the dimensionless
ratio that corresponds to Q/rH on the gravity side for the sta-
ble and unstable branches. It is worth noting that the superstar
solution is at Q/rH →∞; (b) The same discussion, but in terms

of the alternative variable y defined in (4.46).

resulting in
µ

T
= 2πQrH
Q2 + 2r2

H

. (4.44)

We can obtain from (4.44) the quantity Q/rH ,

Q

rH
=
√

2

1±
√

1−
(
µ/T

π/
√

2

)2

µ/T

π/
√

2

 . (4.45)

Since the quantity Q/rH is non-negative, it implies that µ/T ∈ [0, π/
√

2]. Still
looking at the same expression, we have that for each value of the ratio µ/T ∈
[0, π/

√
2), there are two different values of Q/rH, each associated with different

branches of black hole solutions.
We introduce through the parametric relation below a variable y that smoothly

connects the two branches of solutions

y2 +
(
µ/T

π/
√

2

)2

= 1 with y ∈ [−1, 1], (4.46)

where y = 0 will parameterize the critical region of the background geometry,
in which µ/T = π/

√
2. 6 For y = 1, we have the parameterization of the

background geometry of the AdS5-Schwarzschild without charge, which in turn
6Later it will be clear why this is a critical point of the phase diagram.
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has Q = 0 and rH 6= 0 implying directly in µ/T = 0. If y = −1, we have
that µ/T = 0, however, it is rH = 0 and Q 6= 0, which will indeed correspond
to a supersymmetric BPS solution known in the literature as “superstar” [121]
instead of a black hole. We can still write (4.46) in terms of µ/T , as

µ/T = π√
2

√
1− y2. (4.47)

Isolating the charge Q from (4.44) we obtain two possible solution branches,

Q = πrH
µ/T

±

√
π2r2

H − 2r2
H(µ/T )2

µ/T
, (4.48)

and substituting (4.47) into the above expression, we have

Q = ∓
√

2rH(y ± 1)√
1− y2 . (4.49)

From the temperature expression (4.24), we can isolate the radial location of
the event horizon rH , and substituting the charge Q by the expression (4.49)
we have

rH = πT

2
√

(3∓ y)(y ± 1). (4.50)

which are two solutions corresponding to the upper or lower signs.
We can rewrite (4.49) in terms of (4.50), which becomes

Q =
πT
√

(y ∓ 3)(y ∓ 1)
√

2
. (4.51)

Finally, we can write the massM of the black hole given in (4.19) by substituting
rH by the expression given in (4.50)

M = π2T 2

4
√
y ± 1(3∓ y)3/2. (4.52)

It is known in the literature [122] that for a SYM plasma, we have

1
κ2

5
= N2

c

4π2 , (4.53)

where Nc is the number of color charges of the boundary QFT, which is very
large in the classical limit of the holographic duality.
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By substituting (4.53), (4.49) and (4.50) in the entropy density relation (4.34),
we will have

s = 1
16Nc

2π2T 3(3∓ y)2(1± y), (4.54)

being able to rewrite the same in terms of µ/T using (4.46), and after some
algebraic manipulations we will have

s

N2
c T

3 = π2

16

3±

√√√√1−
(
µ/T

π/
√

2

)2


21∓

√√√√1−
(
µ/T

π/
√

2

)2
 , (4.55)

where the lower/upper signs will denote the branches that are stable/unsta-
ble, as in (4.45). Later we will justify why the mentioned signs represent the
thermodynamically stable or unstable branches.

For the R-charge density given in (4.43), substituting by (4.53), (4.49)
and (4.50), we have

ρ = µ/T

16 N2
c T

3(3− y)2 (4.56)

which can be rewritten in terms of µ/T using (4.46)

ρ

N2
c T

3 = µ/T

16

3±

√√√√1−
(
µ/T

π/
√

2

)2


2

. (4.57)

It is worth noting here that for this model, given any dimensionless ratio, it
will always be written in terms of µ/T , as expected, since this is a model with
conformal symmetry, and therefore does not have an intrinsic mass scale with
respect to which temperature and chemical potential can be measured indepen-
dently. In a conformal theory, when temperature is introduced, it becomes a
scale of the theory with respect to which variations in the chemical potential
can be measured. For this reason, the phase diagram of the model is not a
plane, but a line parameterized by values of µ/T , which, being limited between[
0, π/

√
2
]
forms, in the case of the model in question, a line segment.

Starting from the Gibbs-Duhem thermodynamic relation, dp = sdT + ρdµ,
it is possible to calculate the pressure. To do this, it is necessary to obtain the
entropy and the chemical potential, as presented below.
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For an entropy density given by s = s(T, y) we have
(
∂s

∂µ

)
T

=
(
∂s

∂y

)
T

dy

d(µ/T )

(
∂(µ/T )
∂µ

)
T

=− Nc
2πT 2(3∓ y)(3y ∓ 1)(µ/T )

8
√
π2 − 2(µ/T )2

=N
2
c T

2(3∓ y)(3y ∓ 1)(µ/T )
8y . (4.58)

Now, for the charge density given by ρ = ρ(T, µ/T, y) we have that
(
∂ρ

∂T

)
µ

=
(
∂ρ

∂T

)
µ
T
,y

+
(

∂ρ

∂(µ/T )

)
T,y

(
∂(µ/T )
∂T

)
µ

+
(
∂ρ

∂y

)
T, µ
T

dy

d(µ/T )

(
∂(µ/T )
∂T

)
µ

(4.59)

= N2
c T

16 (3∓ y)
∓3T (y ∓ 3)(µ/T )± µ

(y ∓ 3)− 4(µ/T )2

π
√
π2 − 2(µ/T )2

 ,
(4.60)

which rewriting in terms of µ/T using (4.46)
(
∂ρ

∂T

)
µ

= N2
c T

2(3∓ y)(3y ∓ 1)(µ/T )
8y . (4.61)

From expressions (4.58) and (4.61) we obtain the following Maxwell relation
(
∂s

∂µ

)
T

=
(
∂ρ

∂T

)
µ

. (4.62)

By the Gibbs-Duhem relation, the quantities s, ρ, are partial derivatives of
the pressure with respect to T and µ, respectively. Writing the pressure as a
function of T and y, then p = p(T, y), therefore

p =
∫ s+ ρ

(
∂µ

∂T

)
µ
T

 dT

y

+F (y) =
(∫ [

ρ

(
∂µ

∂(µ/T )

)
T

d(µ/T )
dy

]
dy

)
T

+G(T ).

(4.63)
Let’s define

I1 =
∫ s+ ρ

(
∂µ

∂T

)
µ
T

 dT

y

+F (y), I2 =
(∫ [

ρ

(
∂µ

∂(µ/T )

)
T

d(µ/T )
dy

]
dy

)
T

+G(T ).

(4.64)
where I1 is an expression for the pressure, in which the first term of the integrand
is the entropy density which is integrated with respect to temperature, which
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results in
I1 = −π

2N2
c T

4

128 (y ∓ 3)3(y ± 1) + F (y). (4.65)

For I2, we also have an expression for the pressure, where we have in the inte-
grand the charge density integrated with respect to the chemical potential, so
that

I2 = −π
2N2

c T
4

128 y2 [(y ∓ 8)y + 18] +G(T ). (4.66)

As I1 and I2 are different expressions for the pressure, therefore, when subtract-
ing I1 − I2 we must obtain zero.

I1 − I2 = 27
128π

2N2
c T

4 + F (y)−G(T ) = 0, (4.67)

while F (y) = 0 we have that G(T ) = 27
128π

2N2
c T

4. Substituting F (y) = 0
in (4.65) we obtain

p = π2N2
c T

4

128 (3± y)3(1∓ y), (4.68)

which can be rewritten in terms of µ/T using (4.46)

p

N2
c T

4 = π2

128

3±

√√√√1−
(
µ/T

π/
√

2

)2


31∓

√√√√1−
(
µ/T

π/
√

2

)2
 . (4.69)

Using (4.34), (4.57) and (4.69), we can calculate the internal energy density
ε = Ts− p+ µρ,

ε = 3
128π

2N2
c T

4(3± y)3(y ∓ 1), (4.70)

again rewriting in terms of µ/T using (4.46), we have

ε

N2
c T

4 = 3π2

128

3±

√√√√1−
(
µ/T

π/
√

2

)2


31∓

√√√√1−
(
µ/T

π/
√

2

)2
 . (4.71)

As ε − 3p is the trace of the 4D boundary QFT energy-momentum tensor,
which is non-zero in general, but vanishes for conformal theories, we verify that
ε− 3p = 0, which was expected since the 1RCBH is a conformal model [53].

The specific heat at fixed chemical potential and constant volume is given
by

Cµ = 1
V

(
∂Q

∂T

)
µ,V

= T

(
∂s

∂T

)
µ

= T

( ∂s
∂T

)
y

+
(
∂s

∂y

)
T

dy
d(µ/T )

(
∂(µ/T )
∂T

)
µ


(4.72)
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and substituting the expressions and performing the same mathematical ma-
nipulations done previously and applying (4.46), we have that

Cµ
N2
c T

3 = π2

16


(

3±
√(

µ/T

π/
√

2

)2
)(

1∓
√(

µ/T

π/
√

2

)2
)(

1∓ 5
√(

µ/T

π/
√

2

)2
)

(√(
µ/T

π/
√

2

)2
)

 . (4.73)

Whereas the R-charge susceptibility of order n+ 1 is given by

χn+1 =
(
∂nρ

∂µn

)
T

=
(
∂χn
∂µ

)
T

(4.74)

where we calculate up to n = 7, and χ1 = ρ, as presented below. For χ2 we
have

χ2 =
(
∂ρ

∂µ

)
T

=
(

∂ρ

∂(µ/T )

)
T,y

(
∂(µ/T )
∂µ

)
T

+
(
∂ρ

∂y

)
T,(µ/T )

dy
d(µ/T )

(
∂(µ/T )
∂µ

)
T

,

(4.75)
where after performing the calculations we have

χ2 = N2
c T

2

16 (3± y)
(

3(1± y)∓ 2
y

)
, (4.76)

and applying (4.46), we have that

χ2 = N2
c T

2

16

3±

√√√√1−
(
µ/T

π/
√

2

)2

3

1±

√√√√1−
(
µ/T

π/
√

2

)2
∓ 2√

1−
(
µ/T

π/
√

2

)2

 .
(4.77)

Since we obtain (4.77) as a function of µ/T we have that ∂/∂µ = T−1∂/∂(µ/T )
and that under successive application of this operator all other orders of sus-
ceptibilities below are obtained.

We then have that χ3 will be given by

χ3 = 3Nc
2T

4π
√

2

√
1− y2

(
∓ 1
y3 ∓

2
y
− 1

)
, (4.78)
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again applying (4.46), we have that

χ3 = 3Nc
2T

4π
√

2

√√√√√√1−


√√√√1−

(
µ/T

π/
√

2

)2


2

∓
1(√

1−
(
µ/T

π/
√

2

)2
)3 ∓

2(√
1−

(
µ/T

π/
√

2

)2
) − 1

 .
(4.79)

We have that χ4 is given by

χ4 = 3Nc
2

4π2

(
−1∓ 3

y5

)
, (4.80)

and applying (4.46), we have

χ4 = 3Nc
2

4π2

−1∓ 3(√
1−

(
µ/T

π/
√

2

)2
)5

 . (4.81)

Similarly, χ5, which results

χ5 = ∓ 45Nc
2

2
√

2π3T

√
1− y2

y7 , (4.82)

where applying (4.46), we have

χ5 = ∓ 45Nc
2

2
√

2π3T

√√√√1−
(√

1−
(
µ/T

π/
√

2

)2
)2

(√
1−

(
µ/T

π/
√

2

)2
)7 . (4.83)

In the same way, χ6, resulting

χ6 = ∓45Nc
2

2π4T 2

(
7
y9 −

6
y7

)
, (4.84)

applying (4.46), we have that

χ6 = ∓45Nc
2

2π4T 2


7(√

1−
(
µ/T

π/
√

2

)2
)9 −

6(√
1−

(
µ/T

π/
√

2

)2
)7

 , (4.85)
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And finally, we have χ7 given by

χ7 = ∓ 945Nc
2

√
2π5T 3

(√
1− y2 (−3 + 2y2)

y11

)
(4.86)

and applying (4.46), we have that

χ7 = ∓ 945Nc
2

√
2π5T 3



√√√√1−
(√

1−
(
µ/T

π/
√

2

)2
)2
−3 + 2

(√
1−

(
µ/T

π/
√

2

)2
)2


(√
1−

(
µ/T

π/
√

2

)2
)11

 .
(4.87)

As we approach the critical point, we observe, for example, that the free energy
density that corresponds to minus the pressure of our system becomes non-
analytic, which means that we cannot express this quantity by means of a
convergent power series. During a phase transition, this non-analyticity arises
due to either a discontinuity or a divergence in the derivatives of the free energy.

If this discontinuity is present in a first derivative, this transition is called a
first-order phase transition. On the other hand, if the divergence is in the second
derivative or in another higher-order derivative, we have a second-order phase
transition. It is worth noting that the specific heat and the susceptibilities
all diverge at the critical point of this model, which is therefore a point of
second-order phase transition, since the specific heat and the susceptibilities
are second-order or higher derivatives of the pressure, in the case of χ3, χ4

onwards.
The phase diagram of the 1RCBH model is a line segment that extends

from the initial point when µ/T = 0 to the final point at π/
√

2, where it ends
abruptly. At this final point, the second derivative of the pressure with respect
to the chemical potential, which gives us the susceptibility, and the second
derivative of the pressure with respect to the temperature, diverge, as shown in
fig. 4.2 and fig. 4.3, indicating a second-order phase transition. However, in this
model, there is no genuine phase transition, as the phase diagram ends when
the critical point is reached and therefore the critical point does not separate
two distinct stable phases [110].

When µ = 0, we have the purely thermal SYM theory if we are in the stable
branch; if we are in the unstable branch, we have the superstar solution [121], as
already mentioned in Sec. 4.2.2. When we consider a finite chemical potential,
we obtain different solutions of charged black holes that go up to the critical
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Figure 4.2: Distribution of thermodynamic quantities for the
1RCBH model.

point [110].
Global thermodynamic stability requires that in a region of the phase dia-

gram with competing solutions (as occurs in this model for all values of µ/T ) the
globally stable phase is the one that minimizes the free energy, or correspond-
ingly, maximizes the pressure of the system. Local thermodynamic stability
with respect to thermal fluctuations corresponds to requiring the positivity of
the Jacobian of the susceptibility matrix. In other words, if the Jacobian is neg-
ative we know that we have a thermodynamically unstable phase. It is worth
noting that in general the Jacobian does not allow us to decide which phase
is stable or metastable, since in both cases the Jacobian is positive. In the
particular case of the 1RCBH, since there are only two branches of competing
solutions, and also, one of these branches has a positive Jacobian and the other
negative for each value of µ/T , the Jacobian test can directly distinguish which
branch is stable and which is unstable [123]

J = ∂(s, ρ)
∂(T, µ) =

 ∂s
∂T

∂s
∂µ

∂ρ
∂T

∂ρ
∂µ

 . (4.88)
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Figure 4.3: Susceptibilities of order n for the 1RCBH model.
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Its expression for the 1RCBH model is given by

J = 3N4
c π

2T 4

256 (3− y)4
(

1 + 1
y

)
, (4.89)

where the term that is raised to the fourth power is always positive, while the
expression that is in parentheses will be negative for y ∈ (−1, 0), corroborating
with the previous division of the stable and unstable branches. Applying (4.46),
we have that

J
N4
c T

4 = 3π2

256

3∓


√√√√1−

(
µ/T

π/
√

2

)2



4
1∓ 1(√

1−
(
µ/T

π/
√

2

)2
)
 . (4.90)

4.3 Aspects of Holographic Entanglement Entropy
for the 1RCBH Model

In this section, we review the calculation of Holographic Entanglement En-
tropy (HEE) in the 1RCBH model [114] (see also [117]). Although the cal-
culation of entanglement entropy from the holographic point of view and the
Wilson loop are obtained in a similar way in gauge/gravity duality, their phys-
ical interpretations are distinct. The Wilson loop depends on the position of
the particles. For example, a probe quark-antiquark pair in the dual theory on
the gravitational side represents the movement of an open string, whose ends is
described by an open string sagging into the bulk, with its ends attached to the
boundary representing the probe particles. Holographic entanglement entropy
SA, on the other hand, depends on the choice of the subsystem in the gauge the-
ory, and on the gravitational theory side, the holographic entanglement entropy
will depend on the spacetime properties of the bulk [124].

4.3.1 Poincare Coordinates

It is convenient for the following discussion to work in the so-called Poincare
coordinates, where the new holographic radial coordinate is defined as u = 1/r
and, therefore, the bulk fields in (4.11) now read as follows

ds2 = e2A(u)
(
−h(u)dt2 + d~x2

)
+ e2B(u)

h(u)
1
u4du

2, φ = φ(u), Aµ = Φ(u)δµ0 ,

(4.91)
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where the boundary r → ∞ is at u = 0 in terms of the new holographic
coordinate u [114], [117].

Substituting (4.2) (which specify the 1RCBH model within the class of EMD
models) and (4.91) (which specify that the system is in equilibrium in the new
coordinate system) into the general EMD field equations (4.8), (4.9), and (4.10),
we obtain a set of coupled ODEs for the bulk fields, whose solutions are of the
form specified below [115] 7,

A(u) = ln
(1
u

)
+ 1

6 ln
(
1 +Q2u2

)
, (4.92)

B(u) = − ln
(1
u

)
− 1

3 ln
(
1 +Q2u2

)
, (4.93)

h(u) = 1− M2u4

1 +Q2u2 , (4.94)

φ(u) = −
√

2
3 ln

(
1 +Q2u2

)
, (4.95)

Φ(u) = MQu2
H

(1 +Q2u2
H) −

MQu2

(1 +Q2u2) . (4.96)

In the solutions given by (4.92) to (4.96), we have that uH is the radial location
of the event horizon of the black hole solution, which is obtained by the con-
dition that the gtt component of the metric vanishes, which corresponds to the
vanishing of the blackening function at u = uH , so that(

1− M2u4
H

1 +Q2u2
H

)
= 0. (4.97)

Since the above expression is a quartic equation for uH , it therefore has four
roots. Since the holographic radial coordinate u is real and non-negative,
we take from among these four roots the one that corresponds to a real and
non-negative value for the radial location of the event horizon, which is given
by [114], [115],

uH =
√
Q2 +

√
Q4 + 4M2

2M2 . (4.98)

We can use (4.98) to expressM as a function of uH and Q, and as an alternative
to the description of black hole backgrounds in terms of (M,Q), we can describe

7Again, as in Sec. 4.1, the solutions presented were explicitly verified by direct substitution
into the ODEs, thus showing that these functions do, in fact, solve the field equations.
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them in terms of (uH , Q), resulting in

M =

√
Q2u2

H + 1
u2
H

. (4.99)

4.3.2 Holographic Entanglement Entropy

In this subsection, we review in more detail the original results presented in
Section 3 of [114], which were also subsequently reviewed in Section 3 of [117].
Starting from the expression given in (3.25) to calculate the HEE, we need to
obtain the hyperarea of the minimal hypersurface in the bulk with the boundary
given by ∂γA = ∂A (see Fig. 4.4), using the background geometry discussed in
section 4.3.1.

We consider here a subsystem A ∈ R3 corresponding to a slab (paral-
lelepiped) geometry defined as,

X1 ≡ x1 ≡ x(u) ∈
[
− l2 ,

l

2

]
, X i = xi ∈

[
−R2 ,

R

2

]
, i = 2, 3, (4.100)

where xµ = Xµ(σ1, σ2, σ3) is the parametric equation of the hypersurface γA
illustrated in Fig. 4.4. Considering that R is sufficiently large, so that R

l
� 1, we

can then state that the surface given by γA will be invariant under translations
in the xi coordinates [114], [117], [125].

Figure 4.4: A simplified cartoon of region A with character-
istic length l, where Ac is the complement of the spatial region
A ∈ R3, and uc is the turning point of γA in the bulk. The
minimal surface γA is shown extending into the bulk. The figure
omits an additional dimension of size R which cannot be visually

represented.
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By following [124], we choose to parametrize the hypersurface γA by taking
the parameters σ1 = u, σ2 = x2 = y, σ3 = x3 = z, so that the hyperarea of the
hypersurface γA in an arbitrary curved background geometry is given by,

A(γA) =
∫
γA
d3σ

√
det(γab) =

∫
γA
dσ1dσ2dσ3

√
det(γab); γab := gµν∂aX

µ∂bX
ν ,

(4.101)
where γab is the induced metric (or pullback) on γA, the indices a, b ∈ {σ1 =
u, σ2 = y, σ3 = z}, and the HEE will be calculated over a constant time slice.

Using (4.91), we obtain for the induced metric,

γyy = gyy∂yX
y∂yX

y = e2A(u), γzz = gzz∂zX
z∂zX

z = e2A(u), (4.102)

where ∂yXy = ∂zX
z = 1, i.e., γyy = γzz, and,

γuu = gxx∂uX
x∂uX

x + guu∂uX
u∂uX

u = e2A(u) (x′(u))2 + e2B(u)

u4h(u) , (4.103)

where ∂uXx = x′(u), ∂uXu = 1, and all the non-diagonal components of the
induced metric γab vanish.

With γab at hand, we can calculate its determinant,

det(γab) = γuuγyyγzz + cross terms

=
(

e2A(u) (x′(u))2 + e2B(u)

u4h(u)

)
e2A(u)e2A(u) + 0

= e6A(u)
(

(x′(u))2 + e2B(u)−2A(u)

u4h(u)

)
. (4.104)

Calculating the square root of the expression obtained by (4.104), we have that

√
det(γab) = e3A(u)

√√√√((x′(u))2 + e2B(u)−2A(u)

u4h(u)

)
, (4.105)
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which, substituting into (4.101), gives us the expression for the area of the
surface γA [114], [117]

A(γA) =
∫
γA
dσ1dσ2dσ3

√
det(γab)

= 2
∫ uc

0
du
∫ R/2

−R/2
dy
∫ R/2

−R/2
dz e3A(u)

√√√√(x′(u))2 + e2B(u)−2A(u)

u4h(u)

= 2R2
∫ uc

0
du e3A(u)

√√√√(x′(u))2 + e2B(u)−2A(u)

u4h(u)︸ ︷︷ ︸
≡L(x(u),x′(u),u)

, (4.106)

where the factor of 2 comes from the u-integration with respect to the sym-
metric configuration of the U-shaped profile for γA depicted in Fig. 4.4, with uc
being the turning point of the hypersurface γA. The area functional (4.106) is
extremized by solving the Euler-Lagrange equation for L,

∂L
∂x(u) − ∂u

∂L
∂(x′(u)) = 0. (4.107)

Since the integrand L of the area functional (4.106) does not explicitly depend
on x(u), we have from (4.107) the following radial constant,

constant = ∂L
∂(x′(u)) = e3A(u)x′(u)√

(x′(u))2 + e2B(u)−2A(u)

u4h(u)

= e3A(u)√
1 + e2B(u)−2A(u)

(x′(u))2 u4h(u)

. (4.108)

Since (4.108) is a radial constant, we can choose to evaluate it at any convenient
value of the radial coordinate u. Notice from Fig. 4.4 that at the turning point
of γA, one has, 0 = u′(x = 0) = (du/dx)x=0 = 1/(dx/du)u=uc = 1/x′(u = uc),
so that by evaluating (4.108) at u = uc, one obtains,

constant = e3A(uc). (4.109)

By substituting (4.109) into (4.108) and then solving for x′(u), one gets,

x′(u) = dx

du
= ± e3A(uc)eB(u)−A(u)

u2
√
h(u)
√

e6A(u) − e6A(uc)
. (4.110)

By noticing from Fig. 4.4 that by increasing x from 0 to l/2, u decreases from
uc to 0, one concludes that the derivative x′(u) must be negative, so that one
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must choose the minus sign in (4.110),

x′(u) = dx

du
= − e3A(uc)eB(u)−A(u)

u2
√
h(u)
√

e6A(u) − e6A(uc)
, (4.111)

which, akin to [126], actually has the opposite sign from what is written in [114],
[117]. Indeed, by closely following the approach in [126], it follows from (4.111)
that,

dx = − e3A(uc)eB(u)−A(u)

u2
√
h(u)
√

e6A(u) − e6A(uc)
du. (4.112)

Integrating both sides of (4.112), we have,

x(u) =
∫ x(u)

x(uc)=0
dx̃ = −

∫ u

uc
dũ

e3A(uc)eB(ũ)−A(ũ)

ũ2
√
h(ũ)
√

e6A(ũ) − e6A(uc)

= +
∫ uc

u
dũ

e3A(uc)eB(ũ)−A(ũ)

ũ2
√
h(ũ)
√

e6A(ũ) − e6A(uc)
. (4.113)

For u = 0, we have that x(u = 0) = l/2, therefore [114], [117],

l

2 =
∫ uc

0
du

e3A(uc)eB(u)−A(u)

u2
√
h(u)
√

e6A(u) − e6A(uc)
. (4.114)

Finally, we can substitute (4.111) into (4.106), so that

A(γA) = 2R2
∫ uc

0
du e3A(u)

√√√√√
 e3A(uc)eB(u)−A(u)

u2
√
h(u)
√

e6A(u) − e6A(uc)

2

+ e2B(u)−2A(u)

u4h(u) .

(4.115)
After simplifying, we have that [117]

A(γA) = 2R2
∫ uc

0
du

eB(u)+2A(u)

u2
√
h(u)

√
e6A(u)

e6A(u) − e6A(uc)
, (4.116)

where the above expression, corresponding to the hyperarea integral of the
hypersurface γA, is ultraviolet divergent, that is, on the gravity side of the
holographic duality this divergence is associated with the lower limit u → 0
of (4.116), corresponding to the near-boundary part of the bulk geometry. Since
ultraviolet (UV) divergences are independent of temperature [127], [128], they
are the same in vacuum and at finite temperature (and chemical potential).
In [114], [117], it was explicitly identified that the UV divergence of (4.116) in
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the 1RCBH model takes the form R2/ε2, 8 where u = ε corresponds to a small
finite UV cutoff near the boundary employed to regularize the integral (4.116).
As expected from general properties of divergences in QFTs, this is, in fact,
the very same UV divergence found in vacuum for the area functional of the
hypersurface γA with the slab entanglement geometry illustrated in Fig. 4.4
in the case of the SYM theory at zero temperature and vanishing chemical
potential — see e.g. [126].

Therefore, once the form of the UV divergence is known, we can subtract it
from the regularized hyperarea integral of the hypersurface γA in order to define
a finite difference as follows,9

∆Ã(ε)
R2 ≡ A(γA; ε)

R2 − 1
ε2

=
∫ uc

ε
du 2 eB(u)+2A(u)

u2
√
h(u)

√
e6A(u)

e6A(u) − e6A(uc)
− 1
ε2
. (4.117)

Although formally finite, as we shall discuss in the next subsection, Eq. (4.117)
is inconvenient for numerical calculations, since it comprises the subtraction
of two large numbers, which is generally problematic to handle in numerical
calculations with finite precision. In order to circumvent this numerical issue,
we “des-integrate” the form of the subtracted UV divergence in (4.117), so that
the delicate subtraction can be done inside the definite integral, what can be
done by noticing that,

− 1
ε2

=
∫ uc

ε

(
− 2
u3

)
du− 1

u2
c

. (4.118)

Substituting (4.118) into (4.117), we have

∆A(ε)
R2 =

∫ uc

ε
du

2 eB(u)+2A(u)

u2
√
h(u)

√
e6A(u)

e6A(u) − e6A(uc)
− 2
u3

− 1
u2
c

, (4.119)

∆A ≡ ∆A(ε = 0), (4.120)

where ∆Ã(ε) in (4.117) and ∆A(ε) in (4.119) are formally the same, but we
denote them with different symbols in order to illustrate in the next subsection
that Eq. (4.119) is numerically more well-behaved than Eq. (4.117). In fact, as

8Remember that we have set here the asymptotic AdS radius L to unity. We also remark
that our notation differs from the one used in [114], [117], where they denoted the two large
sizes of the slab geometry at the boundary by L (while we denote it by R), and the asymptotic
AdS radius was denoted by R (while we denote it by L).

9This is finite as long as one does not consider the limit where the turning point uc of the
hypersurface γA approaches the boundary.
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we shall see, we can safely remove the UV cutoff by setting ε = 0 in (4.119),
obtaining a finite and cutoff-independent expression ∆A, as defined in (4.120),
while by progressively lowering the value of ε in (4.117) leads to a spurious
numerical divergence for sufficiently small values of the UV cutoff.

Notice from Eqs. (4.117) and (4.119) that for uc → ε, the considered inte-
grals formally vanish and the hyperarea difference diverges with negative val-
ues. Therefore, the hyperarea difference ∆A is not positive-definite and cannot
be geometrically interpreted as a hyperarea, corresponding instead to a dif-
ference between two divergent hyperareas. Consequently, by using the finite
difference ∆A in Eq. (3.25), instead of the divergent extremal hypearea A(γA),
one obtains a quantity which, although finite, is not positive-definite. There-
fore, in our opinion, one cannot physically interpret the corresponding result
as the entanglement entropy of subregion A in Fig 4.4 (which is originally also
a positive-definite and divergent quantity for a continuous QFT), and should
instead interpret it as an entanglement entropy difference. This point has been
overlooked in some previous works published in the literature.

We remark that in [114], [117], instead of evaluating the integrals numer-
ically, it was employed a very laborious method which consists in expanding
the integrand of (4.116) into several summations, eventually arriving at the
following expression for the finite hyperarea difference,

∆A
R2 = 1

u2
c

3ξ
2

(
uc
uH

)2
−
[
1 + ξ

(
uc
uH

)2
] 3

2

+ 1 + ξ

3ξ

(
uc
uH

)2
(1 + ξ

(
uc
uH

)2
) 3

2

− 1


+ 1
u2
c


∞∑
k=2

k∑
n=0

∞∑
m=0

Λknm

Γ
(
m+ 1

2

)
Γ(k + n− 1)

Γ(k + n+m+ 1)

(
uc
uH

)2(k+n+m)

×
[
(m+ 1) + (k + n− 1)

(
1 + ξ

(
uc
uH

)2
)]}

+ 1
u2
c


∞∑
k=0

k∑
n=0

∞∑
m=0

∞∑
j=1

Λknm

Γ
(
m+ j + 1

2

)
Γ(k + n+ 3j − 1)

Γ(j + 1)Γ(k + n+m+ 3j + 1)

(
uc
uH

)2(k+n+m)

×
[
(m+ 1) + (k + n+ 3j − 1)

(
1 + ξ

(
uc
uH

)2
)]}

, (4.121)

where ξ ≡ Q2u2
H and Λknm is given by,

Λknm ≡
(−1)k+nΓ

(
k + 1

2

)
πΓ(n+ 1)Γ(k − n+ 1)ξ

k−n+m(1 + ξ)n
[
1 + ξ

(
uc
uH

)2
]−m− 1

2

. (4.122)

The approach we have chosen to implement is much faster and efficient than
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using the above summations, and consists in numerically integrating (4.120)
without performing any expansion of its integrand. In the next subsection, we
are going to present some preliminary results for the numerical evaluation of the
integral for the finite difference ∆A/R2 and compare it with the outcome ob-
tained through the above formula for ∆A/R2 in terms of summations. This will
be more systematically approached in an upcoming work intended for publica-
tion, where we shall also numerically interpolate the dimensionless combination
∆A/LR2 as a function of µ/T and l/L,10 providing explicit 3D and 2D plots
to illustrate and discuss the physical behavior of the entanglement entropy dif-
ference for the 1RCBH model, a fundamental point which is simply missing in
the previous works [114], [117].

4.3.3 Preliminary Results

Below we present some preliminary results concerning the numerical eval-
uation of Eq. (4.117) for ∆Ã(ε)/R2 and Eq. (4.119) for ∆A(ε)/R2, which are
written in terms of the small UV cutoff ε, and compare them with the results
obtained from Eq. (4.120) for ∆A/R2, which is independent of the UV cutoff,
and from Eq. (4.121) for ∆A/R2, which is also independent of the UV cutoff but
depends on the order of the truncations done in the summations. All these area
differences should give formally the same results, but in numerical calculations
this will not be necessarily true due to the finite precision of the computations,
and also due to the fact that the truncations for the summations in Eq. (4.121)
for ∆A/R2 will only provide an approximate expression for the area difference.

We have as control parameters in the gravity side of the holographic du-
ality the pair of variables (Q, uH = 1/rH), corresponding to the charge and
the radial position of the black hole background solution, besides the turning
point uc of the extremal hypersurface γA. As discussed before, the pair (Q, uH)
controls the value of the dimensionless ratio µ/T in the dual 1RCBH plasma
living at the boundary, while the turning point uc ∈ (ε, uH) controls the size
of the characteristic length l of the slab entanglement geometry A in Fig. 4.4,
through Eq. (4.114). Notice from Fig. 4.1(a) that QuH ∈ [0,

√
2] in the ther-

modynamically stable branch of black hole solutions, while QuH ∈ [
√

2,∞) in
the thermodynamically unstable branch of black holes.

10We will simply keep setting L = 1, but formally restore L in the labels of the plots to
make it explicit that we are plotting dimensionless combinations, as appropriate for a CFT.
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ε ∆Ã(ε)/R2 ∆A(ε)/R2 ∆A/R2

10−2 −128.068 −126.068 −126.679
10−3 −126.691 −126.691 −126.679
10−4 −142.337 −126.679 −126.679
10−5 −142.351 −126.679 −126.679
10−6 −142.353 −126.679 −126.679
10−7 −142.344 −126.679 −126.679
10−8 −152 −126.679 −126.679
10−9 −6.50593× 108 −126.679 −126.679

Table 4.1: Test case #1 with (Q = 1, uH = 0.08, uc = 0.05).

Upper limit ∆A/R2

20 −162.90428323618872
90 −143.88841956721814
120 −141.59105516915363

Table 4.2: Test case #1 with (Q = 1, uH = 0.08, uc = 0.05).
The first column refers to the different values used as common

upper limits for the summations in Eq. (4.121).

As a first test case, we chose Q = 1, uH = 0.08 (so that we are in the
stable branch of black holes), and uc = 0.05. Then, we varied the value of
the UV cutoff ε to analyze the numerical convergence of the expressions for
∆Ã(ε)/R2 and ∆A(ε)/R2, which depend on the cutoff. The results are shown in
Table 4.1, where we also display the result obtained for the cutoff-independent
ratio ∆A/R2 (where ∆A ≡ ∆A(ε = 0)). On the other hand, in Table 4.2
we show the results for the calculation of ∆A/R2 using different truncations
(taking a common upper limit) for the summations in Eq. (4.121). One notices
the following salient features in such a comparison:

• The regularization and subtraction schemes discussed in the previous
subsection appear to be consistent. In fact, the divergent hyperarea in
Eq. (4.116) returns, under numerical integration using the native routine
NIntegrate in Wolfram’s Mathematica, the enormous value A(γA)/R2 ∼
3.422937243317424 × 1055897, which was made finite by subtracting the
factor 1/ε2 independently of the temperature or the chemical potential,
as it should be;

• Although (4.117) is formally equivalent to (4.119), numerically, due to the
dependence on the UV cutoff ε and the well-known issue with subtracting
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Figure 4.5: Numerical evaluation of the finite difference in-
tegral (continuous blue line) ∆A/R2, compared with the result
obtained for ∆A/R2 in terms of summations (red points), for
the test case #1. In (a), we used 5 as a common upper limit for
the summations in Eq. (4.121), which took 1 second to evaluate
in Mathematica; in (b), we used 15 as a common upper limit,
which took 15 seconds to evaluate; in (c), we used 65 as a com-
mon upper limit, which took 6h22min22s to evaluate; and in (d),
we used 180 as a common upper limit, which took 37h3min39s
to evaluate. In striking constrast, the numerical integral took

just about 1 second to evaluate!

large numbers with finite numerical precision, we see from the tables above
that, for the test case under consideration, in fact, (4.117) ∼ (4.119) for
ε in the range between 10−2 and 10−3. However, for progressively smaller
values of ε, Eq. (4.117) becomes an inefficient expression from a numerical
point of view and eventually diverges again (due to a purely numerical
reason, involving the subtraction of large numbers with finite numerical
precision);

• Eq. (4.119) converges rather fast to Eq. (4.120) within Mathematica’s
standard numerical precision, for ε of the order of 10−4 or less. Clearly,
from a numerical point of view, Eq. (4.119) is a much better and efficient
expression than Eq. (4.117) (even though both are formally identical).
Moreover, it is clear that we can explicitly set ε = 0 in Eq. (4.119) and
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thus work directly with Eq. (4.120), without needing to use the UV cutoff
ε (which was only necessary as an intermediate step to properly regularize
the divergent integral of the hyperarea, before subtracting the correspond-
ing UV divergence);

• Regarding the results for ∆A/R2 in terms of the summations in Eq. (4.121),
the corresponding calculations are extremely slow and time consuming,
and even going up to 120 terms in Table 4.2, the results have not yet con-
verged. In order to obtain a broader vision of the test case at hand, we
plotted the comparison shown in Fig. 4.5. One sees that, for the present
test case, by increasing the number of terms considered in the summa-
tions, indeed the red points slowly approach the blue curve corresponding
to the much faster numerical integration method. However, even with 180
terms in the summations, the red points still not converged to the blue
curve.

Curiously, the values obtained via summation with 90 or 120 terms are very
close to (4.117) for ε between 10−4 and 10−7, which seems to indicate that the
expression via summations must be encountering a problem of subtracting large
numbers as well (although, in this case, it does not explicitly involve the UV
cutoff ε, which does not appear in the summations).

To confirm the presence of possible numerical issues (at least if no refine-
ment is made in Mathematica’s operating standards) in the calculation of the
summations, another test case was also considered, corresponding to the choice
(Q = 1, uH = 1, uc = 0.9999), with the corresponding results shown in Ta-
bles 4.3 and 4.4.

ε ∆Ã(ε)/R2 ∆A(ε)/R2 ∆A/R2

10−2 4.45873 4.45873 4.45883
10−3 2.6341 4.45883 4.45883
10−4 2.63365 4.45883 4.45883
10−5 2.63361 4.45883 4.45883
10−6 2.63428 4.45883 4.45883
10−7 2.59375 4.45883 4.45883
10−8 −4786 4.45883 4.45883
10−9 −1.02154× 107 4.45883 4.45883

Table 4.3: Test case #2 with (Q = 1, uH = 1, uc = 0.9999).
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Upper limit ∆A/R2

20 1.824011004347724
90 −6.573009973338912× 1024

Table 4.4: Test case #2 with (Q = 1, uH = 1, uc = 0.9999).
The first column refers to the different values used as common

upper limits for the summations in Eq. (4.121).

This test case above is interesting, as it reveals some new nuances. Firstly, as in
the previous case, (4.120) is completely finite and (4.119) converges to (4.120)
even more rapidly than in the previous case. Again, (4.117) starts for ε = 10−2

equal to (4.119), but as we decrease ε, (4.117) starts to behave poorly and even-
tually diverges negatively (although for smaller values of ε, it is positive in the
present case). A similar trend is seen in the expression via summations (al-
though in this case we vary the number of terms considered in the summations,
instead of ε, since the summations do not depend on the UV cutoff, but do
depend on the corresponding truncations), but in this new test case there is
no convergence at all and adding more terms to the summations considerably
worsens the situation. This intriguing issue clearly requires further investigation
to be fully understood and solved.
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Chapter 5

2RCBH model

As previously mentioned in section 4.1, the STU model with three generic
conserved R-charges has three Maxwell gauge fields (associated with each U(1)
of the Cartan subgroup of the SU(4) R-symmetry group), two scalar fields, and
the metric. Alongside with the 1RCBH model discussed in Chapter 4, we have
another model originating from the same parent (the STU model) which, by
taking one R-charge to be zero and keeping the other two R-charges nonzero but
equal to each other, gives us what is called the 2 R-charge Black Hole (2RCBH)
model [110], [111]. Similarly to the 1RCBH model, the 2RCBH model is also a
rigorous top-down holographic construction defined at finite temperature and
density, but that contrary to the 1RCBH model, it does not have a critical point
in its phase diagram.

5.1 The 2RCBH Model

The 2RCBH model has not been as widely explored in the literature as its
sibling, the 1RCBH model. In fact, up to now, just the structure of Fermi
surfaces [111], some transport coefficients [110], the thermodynamics and the
spectra of homogeneous quasinormal modes [55] have been analyzed for the
2RCBH model. It is our purpose to add to the literature by investigating infor-
mation properties of this model, and comparing with the corresponding results
for the 1RCBH model, since these are two top-down holographic constructions
originating from the same parent model, but possessing different physical prop-
erties and phase diagrams.

The 2RCBH model [110], [111] is also described by the bulk action given
by (4.1). The Maxwell-dilaton coupling for the 2RCBH model is different, while
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the dilaton potential is the same as for the 1RCBH model in (4.2),

f(φ) = e
√

2
3φ V (φ) = − 1

L2

(
8e

φ√
6 + 4e−

√
2
3φ
)
, (5.1)

where L, as previously mentioned, is the asymptotically AdS5 radius. For sim-
plicity, again, we will consider L = 1. As stated before, any model of the EMD
class satisfies the equations of motion given by (4.8), (4.9), and (4.10). Further-
more, as before, to describe a strongly coupled QFT on the boundary, dual to
the EMD theory defined in the gravitational bulk, in a particular case where
this QFT is in a homogeneous and isotropic configuration, in thermodynamic
equilibrium at finite temperature and density, and in the absence of external
electromagnetic fields, we use the following ansatz for the bulk fields,

ds2 = e2A(r)
(
−h(r)dt2 + d~x2

)
+ e2B(r)

h(r) dr
2, φ = φ(r), Aµ = Φ(r)δµ0 , (5.2)

where the fields depend only on the holographic radial coordinate. The gauge
field has only the nonzero temporal component, whose value at the boundary
provides the chemical potential in the QFT. The metric, which has a blackening
function, describes charged black hole backgrounds, which are the gravitational
duals to thermal states at finite temperature and density in the boundary QFT
in thermodynamic equilibrium.

Substituting (5.1) – which specifies the 2RCBH model within the class of
EMD models – and (5.2) – which specifies that the system is in equilibrium –
into the general equations of the EMD fields (4.8), (4.9), and (4.10), we will
obtain a set of coupled ODEs for the bulk fields, whose solutions are of the form
specified below [55], [110], [111],1

1The solutions presented were explicitly verified by direct substitution into the ODEs, thus
showing that these functions do, in fact, solve the field equations. It is worth noting that
there is a typo corresponding to an incorrect factor of 1/2, which should be

√
2 for Φ2(r) in

equation (14) of [111], and also a typo corresponding to an incorrect factor of 1/2 where it
should be 1 for Φ1(r) in equation (17) of [111], where Φ1(r) and Φ2(r) refer to the solutions
for the Maxwell field in the 1RCBH and 2RCBH models, respectively. On the other hand,
the signs of Φ1(r) and Φ2(r) in [110] are reversed compared to those used in this text and
in [52], [55], [111]: these are still solutions to the field equations, but would instead imply
negative R-charge chemical potentials. It is also worth mentioning the different notation used
in [110], where the black hole mass M and the chemical potential of the dual gauge theory
µ are instead denoted by √µ and Ω, respectively. There is also a typographical error in
Equation (2.2) of [114] and in Equation (6) of [117] regarding the expression for f(φ) in the
1RCBH model.
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A(r) = ln r + 1
3 ln

(
1 + Q2

r2

)
, (5.3)

B(r) = − ln r − 2
3 ln

(
1 + Q2

r2

)
, (5.4)

h(r) = 1− M2

(r2 +Q2)2 , (5.5)

φ(r) =
√

2
3 log

(
1 + Q2

r2

)
, (5.6)

Φ(r) =
(
−
√

2MQ

r2 +Q2 +
√

2MQ

r2
H +Q2

)
. (5.7)

These solutions are specified in terms of two pieces of data that we can choose
for the black holes: their mass, denoted by M , and their charge, denoted by Q.
Each black hole solution generated in the gravitational bulk from the choices
of the pair (M,Q) is dual, via the holographic dictionary, to a specific thermal
state of the boundary QFT, located at r →∞. In the solutions given by (5.3)
to (5.7), rH is the radial location of the event horizon of the black hole solution,
obtained by the condition that the gtt component of the metric vanishes, which
corresponds to the vanishing of the blackening function at r = rH :(

1− M2

(r2
H +Q2)2

)
= 0. (5.8)

Since the expression given above is a quartic equation for rH , it therefore has
four roots. As the holographic radial coordinate r is real and non-negative, we
take from these four roots the one that corresponds to a real and non-negative
value for the radial location of the event horizon, which is given by

rH =
√
M −Q2. (5.9)

We can use (5.9) to express M as a function of rH and Q. Alternatively to
describing the black hole backgrounds in terms of (M,Q), we can describe them
in terms of (rH , Q), resulting in

M = Q2 + r2
H . (5.10)

In the next section, we will discuss the calculation of thermodynamic observ-
ables, phase diagrams, and susceptibilities for the 2RCBH model.
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5.2 Thermodynamics

5.2.1 Basic Thermodynamic Variables

We can also obtain the Hawking temperature of the black hole in terms
of the charge Q and the radial location of the event horizon rH for this model
through (3.15) with the identification of the metric coefficients given below (5.11),
which follows from (5.2):

T =

√
− (gtt)′ (grr)′

4π

∣∣∣∣∣∣
r=rH

(5.11)

where gtt = −e2A(r)h(r), grr = e−2B(r)h(r), and ′ denotes the respective deriva-
tive with respect to r.

Substituting into expression (5.11), we have that

T =

√
− (−e2A(r)h(r))′ (e−2B(r)h(r))′

4π

∣∣∣∣∣∣
r=rH

(5.12)

=

√
(2e2A(r)h(r)A′(r) + e2A(r)h′(r)) (e−2B(r)h′(r)− 2e−2B(r)h(r)B′(r))

4π

∣∣∣∣∣∣
r=rH

,

(5.13)

applying (5.3), (5.4), and (5.5) after calculating the respective derivatives:

T =

√
−

M4(Q4−9r4)
(Q2+r2)4 − 2M2(Q4+9r4)

(Q2+r2)2 +Q4−9r4

r2

6π

∣∣∣∣∣∣∣∣∣∣
r=rH

. (5.14)

Substituting (5.9) and (5.10) into the expression above, setting r = rH , and
simplifying, we have:

T = rH
π
. (5.15)

For the U(1) R-charge chemical potential, using (3.23), we have:

µ = lim
r→∞

Φ(r) = lim
r→∞

(
−
√

2MQ

r2 +Q2 +
√

2MQ

r2
H +Q2

)
, (5.16)
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where Φ(r) was given by (5.7). Calculating the limit, we have:

µ =
√

2MQ

r2
H +Q2 . (5.17)

Substituting (5.10) and simplifying, we obtain the chemical potential:

µ =
√

2Q. (5.18)

The entropy S can be obtained through the Bekenstein-Hawking formula (3.18),

S = AH
4G5

, (5.19)

where AH is given by

AH =
∫
M

√
|g|d3x, (5.20)

=
∫
M

√
gxxgyygzzd

3x, (5.21)

=
∫
M

√
e2A(r)e2A(r)e2A(r)d3x, (5.22)

=
√

e6A(r)
∫
M
d3x, (5.23)

Substituting (5.3), evaluating at r = rH , and simplifying, we have

AH = rH
(
Q2 + r2

H

) ∫
M
d3x. (5.24)

Since the integral is in three dimensions, we will have a volume denoted by V

AH = rH
(
Q2 + r2

H

)
V. (5.25)

Substituting (5.25) into (5.19), we have

S = rH (Q2 + r2
H)V

4G5
. (5.26)

Dividing the entropy S by the volume V , we obtain the entropy density

s = rH (Q2 + r2
H)

4G5
. (5.27)

We can rewrite the five-dimensional Newton’s constant as

κ2
5 = 8πG5 ⇒ 4G5 = κ2

5
2π ,
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Thus, the entropy density is given by:

s = 2πrH
κ2

5

(
Q2 + r2

H

)
. (5.28)

The R-charge density, given by the radially conjugate momentum, is again given
by expression (3.24). Reproducing the steps described from (4.35) to (4.41),
carefully substituting f(φ) with the expression given by (5.2), and substitut-
ing (5.3), (5.4), (5.6), and (5.7), and simplifying, results in

ρ =
√

2Q (Q2 + r2
H)

κ2
5

. (5.29)

5.2.2 Phase Diagram and Equation of State

The 2RCBH black hole solutions can be parameterized by various values of
the dimensionless ratio Q/rH . To obtain this ratio, we divide (5.18) by (5.15),
resulting in

µ

T
=
√

2π Q
rH
. (5.30)

From (5.30), we obtain the quantity Q/rH ,

Q

rH
= 1√

2π
µ

T
. (5.31)

Since the quantity Q/rH is non-negative, this implies µ/T ∈ [0,∞). Looking
at the same expression, we see that for each value of the ratio µ/T ∈ [0,∞),
there exists only one corresponding value of Q/rH , which in turn parameterizes
only one solution branch, differently from the 1RCBH model where there are
two branches of competing black hole solutions, as discussed before.

For a SYM plasma, the relation given by (4.53), when substituted into the
entropy density relation (5.28), yields

s = N2
c rH (Q2 + r2

H)
2π . (5.32)

Isolating the charge Q from expression (5.18) and rH from (5.15), and substi-
tuting above, we have

s = N2
c T

3

4

(
2π2 +

(
µ

T

)2
)
. (5.33)
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Substituting (4.53) into the R-charge density relation (5.29), we have

ρ = N2
cQ (Q2 + r2

H)
2
√

2π2
. (5.34)

Again, isolating the charge Q from expression (5.18) and rH from (5.15), and
substituting into the expression above and rearranging the terms, we obtain

ρ = N2
c T

3 (µ/T )
4

[
1 + (µ/T )2

2π2

]
. (5.35)

Starting again from the Gibbs-Duhem thermodynamic relation, dp = sdT+ρdµ,
it is possible to calculate the pressure. For this, it is necessary to obtain the
entropy and chemical potential as presented below.

Starting from (5.33), we have
(
∂s

∂µ

)
T

=
(

∂s

∂ (µ/T )

)
T

(
∂ (µ/T )
∂µ

)
T

= 1
2N

2
c µT. (5.36)

For the charge density, starting from (5.35), we have
(
∂ρ

∂T

)
µ

=
(
∂ρ

∂T

)
µ/T

+
(

∂ρ

∂ (µ/T )

)
T

(
∂ (µ/T )
∂T

)
µ

= 1
2N

2
c µT. (5.37)

From expressions (5.36) and (5.37), we again obtain the Maxwell relation
(
∂s

∂µ

)
T

=
(
∂ρ

∂T

)
µ

. (5.38)

Again, from the Gibbs-Duhem relation, the quantities s and ρ are partial deriva-
tives of the pressure with respect to T and µ, respectively. Writing the pressure
as a function of T and µ, we have

p =
∫ s+ ρ

(
∂µ

∂T

)
µ
T

 dT + F (µ) =
∫
ρTd (µ/T ) +G(T ). (5.39)

Let’s define

I1 =
∫ s+ ρ

(
∂µ

∂T

)
µ
T

 dT + F (µ), I2 =
∫
ρTd (µ/T ) +G(T ). (5.40)
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where I1 is an expression for the pressure, in which the first term of the integrand
is the entropy density integrated with respect to temperature, resulting in

I1 = N2
c T

4

32π2

(
2π2 +

(
µ

T

)2
)2

+ F (µ). (5.41)

For I2, we also have an expression for the pressure, where we have in the in-
tegrand the charge density integrated with respect to the chemical potential,
such that

I2 = N2
c T

4

32π2

(
4π2µ2

T 2 +
(
µ

T

)4
)

+G(T ). (5.42)

Since I1 and I2 are different expressions for the pressure, subtracting I1 − I2

should result in zero

I1 − I2 = 1
8N

2
c π

2T 4 + F (µ)−G(T ) = 0. (5.43)

If F (µ) = 0, we have G(T ) = 1
8N

2
c π

2T 4. Substituting G(T ) into (5.42) and
simplifying the expressions, we obtain

p = N2
c T

4π2

8

(
1 + (µ/T )2

2π2

)2

. (5.44)

Using (5.28), (5.35), and (5.44), we can calculate the internal energy density
ε = Ts− p+ µρ, resulting in

ε = 3π2N2
c T

4

8

(
1 + (µ/T )2

2π2

)2

. (5.45)

As mentioned in the previous chapter, ε−3p is the trace of the energy-momentum
tensor of the 4D boundary QFT, which is generally nonzero but vanishes for
conformal theories. We verify again that ε− 3p = 0, which was expected since
the 2RCBH is also a conformal model [53].

The specific heat at fixed chemical potential and constant volume is given
by

Cµ = 1
V

(
∂Q

∂T

)
µ,V

= T

(
∂s

∂T

)
µ

= T

( ∂s
∂T

)
µ

+ ds
d(µ/T )

(
∂(µ/T )
∂T

)
µ

 , (5.46)
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Figure 5.1: Distribution of thermodynamic quantities for the
2RCBH model along with the 1RCBH model. The solid line
represents the phase diagram of the 2RCBH model. The dashed
lines represent the stable and unstable branches of the 1RCBH

model, denoted by the letters S and U, respectively.

and, substituting the expressions and performing the same mathematical ma-
nipulations as before for simplification, we have

Cµ = N2
c T

3

4

(
6π2 +

(
µ

T

)2
)
. (5.47)

Considering that the (n+ 1)-th order R-charge susceptibility is given by

χn+1 =
(
∂nρ

∂µn

)
T

=
(
∂χn
∂µ

)
T

, (5.48)

where we calculate up to n = 4 and χ1 = ρ, as presented below,

χ2 =
(
∂ρ

∂µ

)
T

=
(

∂ρ

∂(µ/T )

)
T

(
∂(µ/T )
∂µ

)
T

, (5.49)
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where, after performing the calculations, we have

χ2 = N2
c T

2

8

(
2 + 3

π2

(
µ

T

)2
)
. (5.50)

Since we obtain (5.50) as a function of µ/T , we have ∂/∂µ = T−1∂/∂(µ/T ),
and again, under the successive application of this operator, all other orders of
susceptibilities below are obtained.

Thus, we have that χ3 will be given by

χ3 = 3N2
c µ

4π2 . (5.51)

And finally, we have that χ4 will be given by

χ4 = 3N2
c

4π2 , (5.52)

since derivatives of order higher than 4 will result in zero.
The phase diagram of the 2RCBH model is a line segment that extends

from the initial point µ/T = 0, and grows indefinitely to infinity, unlike the
1RCBH model, which extends from the initial point µ/T = 0 to the critical
point at π/

√
2, where it ends abruptly. When µ/T = 0 we recover from the

2RCBH model the purely thermal SYM theory, similarly to what happens in
the thermodynamically stable branch of the 1RCBH model.

In figs. 5.1 and 5.2, we present the plots of the thermodynamic quantities of
the 2RCBH model, comparing them with those of the 1RCBH model.

5.3 Aspects of Holographic Entanglement Entropy
for the 2RCBH Model

In this section, we will present in detail the calculation of the holographic
entanglement entropy (HEE) in the 2RCBH model. As already presented in
the previous chapter for the 1RCBH model, the calculation will follow a very
similar procedure to the one performed previously, with any differing detail duly
noted.
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Figure 5.2: Susceptibilities up to the fourth order for the
2RCBH model along with the 1RCBH model. The solid line
represents the phase diagram of the 2RCBH model. The dashed
lines represent the stable and unstable branches of the 1RCBH

model, denoted by the letters S and U, respectively.

5.3.1 Poincare Coordinates

It is convenient for the following discussion again in the so-called Poincaré
coordinates, where the new holographic radial coordinate is defined as u = 1/r
and, therefore, the bulk fields in (5.2) now read as follows

ds2 = e2A(u)
(
−h(u)dt2 + d~x2

)
+ e2B(u)

h(u)
1
u4du

2, φ = φ(u), Aµ = Φ(u)δµ0 ,

(5.53)

where the boundary r → ∞ is at u = 0 in terms of the new holographic
coordinate u.

Substituting (5.1) (which specify the 2RCBH model within the class of EMD
models) and (5.53) (which specify that the system is in equilibrium in the new
coordinate system) into the general EMD field equations (4.8), (4.9), and (4.10),
we obtain a set of coupled ODEs for the bulk fields, whose solutions are of the
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form specified below:

A(u) = ln
(1
u

)
+ 1

3 ln
(
1 +Q2u2

)
, (5.54)

B(u) = − ln
(1
u

)
− 2

3 ln
(
1 +Q2u2

)
, (5.55)

h(u) = 1− M2(
(1/u)2 +Q2

)2 , (5.56)

φ(u) =
√

2
3 ln

(
1 +Q2u2

)
, (5.57)

Φ(u) =
( √

2MQ

(1/uH)2 +Q2
−

√
2MQ

(1/u)2 +Q2

)
. (5.58)

In the solutions given by (5.54) to (5.58), we have that uH is the radial location
of the event horizon of the black hole solution, which is obtained by the con-
dition that the gtt component of the metric vanishes, which corresponds to the
vanishing of the blackening function at u = uH , so that1− M2(

(1/uH)2 +Q2
)2

 = 0. (5.59)

Since the above expression is a quartic equation for uH , it therefore has four
roots. Since the holographic radial coordinate u is real and non-negative, we
take from among these four roots the one that corresponds to a real and non-
negative value for the radial location of the event horizon, which is given by

uH = 1√
M −Q2 . (5.60)

We can use (5.60) to express M as a function of uH and Q, and, alternatively
to describing black hole backgrounds in terms of (M,Q), we can describe them
in terms of (uH , Q), resulting in

M = Q2 + 1
u2
H

. (5.61)

5.3.2 Holographic Entanglement Entropy

The integral formulas are the same as those presented in Section 4.3.2 for the
1RCBH model, with the only change being the background black hole solutions.
The corresponding results will be presented in an upcoming paper.
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Chapter 6

Conclusions and perspectives

We reviewed the application of thermodynamics and information theory
in the context of the gauge/gravity duality for two holographic toy-models:
1RCBH and 2RCBH.

In the case of the 1RCBH model, a top-down holographic construction de-
fined at finite temperature and chemical potential, there is a critical point in its
phase diagram. In contrast, the 2RCBH model is also a top-down holographic
construction stemming from the same parent model (STU) as the 1RCBH
model, but without a critical point in its phase diagram.

We also reviewed the calculation of the entanglement entropy of the 1RCBH
model and presented some new preliminary results comparing the previous ap-
proach published in the literature, based on summations, with the direct numer-
ical evaluation of the area integral involved in the calculation of the holographic
entanglement entropy. Such a comparison revealed numerical issues, not con-
sidered in previous works, which require further investigation to be fully under-
stood and solved. This is the main focus and perspective for the continuation
of the present work, alongside with the analysis of the entanglement entropy in
the 2RCBH model, which has not yet been considered in the literature. In fact,
in previous works, not even the entanglement entropy of the 1RCBH model
has been analyzed in detail, with just a formal expression being derived in the
literature, without associated plots which should allow for a direct analysis of
the physical behavior of the entanglement entropy in that model. The reason
is likely related to the very inefficient formula based on summations, which is
rather cumbersome and extremely slow to evaluate in practice. The more di-
rect method we proposed here, based on numerical integration, is much faster
and apparently displays no convergence issues like the summation method. We
expect to report soon further developments in this direction in an upcoming
paper intended for publication.
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