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Abstract

Cassio Pereira da Silva Junior, Arlam. Classification of Real Clif-
ford Algebras and of Polynomials’ roots with albegras of R*
coefficients. Goiania, 2024. 92 p. MSc. Dissertation. Programa de
Pés-graduagao em Matematica Strictu Sensu, Instituto de Matematica
e Estatistica, Universidade Federal de Goiés.

Clifford Algebras is an abstract construct related to bilinear vector spaces, whilst
Polynomials with R* coefficients is a generalization of the study of polynomials
with complex coefficients. The study of tensor product and tensor algebras is first
presented as a theoretical base to be build upon. The definition of a Clifford Algebra
over the real numbers and its universal property are studied. The classification
of Clifford Algebras related to real finite-dimensional vector spaces is presented
with the use of the Periodicity Theorem. Then the presentation eight algebras
defined in R* is done. The classification of roots from one-sided polynomials with
quartenionic coefficients is first presented, followed by the one-sided polynomials over
noncommutative algebras of R, and then by the two-sided quaternionic polynomial’s
case.

Keywords

Clifford Algebras, Classification of Real Clifford Algebras, Polynomials
with algebras of R*, Classification of Polynomials’ roots.
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Introduction

Clifford Algebras, also known as Geometric algebras, were first introduced by British
mathematician William Kingdon Clifford, who generalized the idea of Grassman
Algebras [1], and they were later developed by other mathematicians, like Lipschitz,
Cartan and Chevalley to name a few.

By its construction, Clifford Algebras are typically related to multilinear alge-
bras, quartenions, the theory of spinors and spin groups (see [2], [3], [4], [5], [6])-

In physics, one of the earliest use of such algebras was done by notorious English
mathematician and physicist Paul Dirac, where, by trying to write a relativistic
wave equation to model the motion of the electron (the Dirac Equation), he ended
up writing four matrices, hitorically noted as ~;, 0 <1 < 3, called the Dirac matrices
or the gamma matrices, that satisfy the relation

ViV + Vi = 20141,

with n being the diagonal matrix with entries 1717 = 1 and 729 = 133 = e = —1.
This realation is the same done in Definition (see Equation [2.1)). For more
information about the Dirac matrices and the Dirac Equation, see Reference [7].

In geometry, Clifford Algebras play a role in the Conformal Algebra, as an ex-
ample in the conformal algebra of twistors (see References [8] and [9]). Likewise,
we can also see some applications in neural networks, encryption, signal and image
processing and descrete mathematics. The curious reader can see Reference [10] for
more details.

Also related to quartenions is the study of quaternionic polynomials, i.e., poly-
nomials with quartenionic coefficients, the study of polynomials over other noncom-
mutative algebras of R*, and the type of roots such polynomial may present. The
set of Quartenions, in particular, has seen some applications in physics as a way to
express the Lorentz transformation in the Theory of Relativity, as well as in Classica
Mechanics, like in some scattering problems and in modeling the rotation of a body
in 3D space. As such, Quartenions also are used in computer graphics to for the
animation of 3D bodies (see References [11] and [12]).

This work here presented has two objectives, which can be divided into two parts:
the first being the classification of Clifford Algebras for finite-dimensional real vector
spaces and the classification of one and two-sided polynomials over noncommutative
algebras of R*. To do so, the following “roadmap” will be used as the structure of
this work:

e We begin by presenting the foundation necessary in Chapter 1| which stablishes
the “building blocks” necessary to define the Clifford Algebras. Begining with
modules, the definition of a tensor product between modules will be presented

11



(Definition together with some of its most important properties, for ex-
ample its universal nature (Theorem, all being encapsulated in Corollary
1.1.2] The definition of a graded tensor product (Definition and of an
algebra (Definition are also present, followed by the theorem defining
the graded tensor algebra (Theorem . This is all done whilst presenting
some examples to illustrate as well as to antecipate some future results.

e Chapter[2treats with Clifford Algebras proper, they being defined in Definition
and one example being constructed based on the graded tensor algebra
(Theorem . The dimension of a Clifford Algebra for a finite-dimensional
vector space and its relation with the dimension of the original vector space will
also be studied (Theorem ; likewise the isomorphisms between a series
of Clifford Algebras shall be proved throughout Section [2.2, culminating in
Corollary , the Periodicity Theorem (Theorem and Corollary .
This three results will be the pillars in order to classify the Clifford Algebras,
which are summarized in Table 2.2] and Table 2.2

e Chapter [3|starts the second part of this work. It involves the study and classi-
fication of polynomials’ roots with coefficients in algebras of R*, more specifi-
cally the noncommutative algebras of Quartenions, Coquartenions, Nectarines
and Conectarines (Table [3.4). Because of their noncommutative nature, as
well as some of them having zero-divisors, three cases are studied: one-sided
quaternionic polynomials, one-sided polynomials over the other three non-
commutative algebras (denoted by A), and two-sided quaternionic polynomi-
als. The idea behind classifying zeros in such polynomials is related to how
many there are in the equivalent class of a given zero, such class being defined
from the equivalent relation of quasi-similarity (Definition . From this,
a series of properties are presented, in special the Iteration Process (Theorem
for the quaternionic case, Theorem for the other noncommutative
algebras) and how to rewrite a polynomial with degree n as a linear polyno-
mial (Corollary for H, Corollary for A, and Corollary for the
two-side quaternionic polynomial). From this results we shall classify the zeros
of each case.

As a final consideration, while the bibliography related to the topics presented is
extensive, not all results are easily proven or find to be found. So, in order to give
a more complete look into the proofs, the calculations made follow our vision.

12



Chapter 1

The Tensor Product

This chapter is dedicated to some fundamental concepts that are noneless funda-
mental for the theory to be studied in Chapter [2 Although there’re a lot of results
in it, we're still focusing only on the more important parts related to the aim of
this work, namely to study the Clifford Algebras. Thus, the reader who wants to
delve into a more specific point here presented, or to see other applications of the
structures presented in this chapter, can look into References [13], [14], [15] and [16].

1.1 The tensor product over modules

We begin this section by defining some basic algebraic constructions used throughout
this essay.

Definition 1.1.1. Let E be an additive group and R be a commutative ring with
unity, i.e., 1 € R. Then E is a module over R (or an R-module) if there ezists
an binary operation, called scalar multiplication, with the following properties: for
any x,y € E, and any o, f € R,

(i) a
i) (a+p) z=a-x+ -z
(iif) (af) -z = a(f - x);

(iv) 1 -2 ==x.

(r4y)=a-z+a-y;

In this context, the elements of R are called scalars (hence the name).
Example 1.1.1.

(i) Let V' be a vetor space over the field F. Since, by definition, every field is a
ring with unity, we can conclude every vector space is a module over its field.

(ii) Let R be a ring with unity, and let I be an ideal of R. If we consider the abelian
group (I,+) and the scalar multiplication . : R x I — I as just the multiplica-
tion of elements in R, then I is an R-module, for if we take arbitraries x € I
and o € R, then a.x € 1.

13



(i1i) Let (G,+) be any abelian group. We can define the scalar multiplication . :

ZxG— G as
(0.9 =0,
ng=g-+..+g,forn >0,
<n’g) = n-times
ng=—(g+..+g), forn<0.

In such case, G is a module over Z.

From now on we will omit the “dot” symbolizing the scalar product since, by
context, it will always be clear to understand if it’s the product between two scalars
or the product between a scalar and an element of the abelian group F.

Definition 1.1.2. Let Ey, ..., E, and F be modules over R. A function
f]1E—F
i=1

is said to be a multilinear map (or an R-multilinear map) if
flrg, o am+ 2t x,) = af (v, o @iy ooy x0) + f21, 00, 25, 0 2)

for all « € R and any 1 < i < n. The set of all multilinear maps from [[;_, E;
into F will be denoted as L([[;_, Ei; F). For the particular case of n = 1, the adjec-
tive “multilinear” is dropped in favor of the more usual (and intuitive) descriptive
“linear”.

Example 1.1.2.

(i) Let V' be a vector space over the real field R, and let (.,.) be an inner product
in V.. Then, by definition of an inner product, (.,.) is a multilinear mapping
between V- x V and R.

(i) The determinant of a matrixz can also be seen as an multilinear mapping, as
it can be seen in [15], [14)] and [17].

In order to define the tensor product between two modules, it becomes necessary
to introduce the idea of free-modules.

Definition 1.1.3. Let E be an R-module and let S be a subset of E. Additionally,
let i : S — E be the insertion of S in E. We say that E is a free module on S
when, to every function f : S — F, F being an R-module, there exists an unique
linear map t : E — F with t o1 = f. In this case, we also say that S is a set of
free generators for E, or that S is a basis for E.

The name basis may bring recolections from the concept of a basis in linear
algebra. This is no coincidence since a vector space is nothing more than a module
over a field. Moreover, the concept of a basis generating the vector space means
that each element of the vector space is a linear combination of elements of its basis.
This result is also true for free-modules.

14



f

Figure 1.1: Diagram for Definition [1.1.3

Theorem 1.1.1. Let E be a free module on the subset S. Then the set S spans E,
i.e., each element of E can be written as a linear combination of elements of S.

Proof. Let D be the set of all linear combinations of elements of S. It is immediate to
see that D is a submodule of F since D is closed by addition and scalar multiplication
by definition, hence D is a subgroup of E. We need to show that D = E. To do so,

consider the quotient group —. Such a group can be turned into a module over R.

To do so, consider the element y € z + D. In this way,
y—re€D=aly—x)=ay—ax € D.
Therefore y € v + D = ay € ar + D. Consequentely the multiplication
a(e+D)=ax+ D (1.1)
is well-defined. Moreover, for any o, 5 € R, and any =,y € E,

al(z+ D)+ (y+ D)) =a((r+y)+ D) =(ax+ D)+ (ay + D);
(a+B)(x+ D) = (a+ Bz + D = (ax + D) + (fx + D);
(aB)(x + D) = (aB)x + D = (a(Bx)) + D = a(B(z + D));

(x+D)=1lx+D=x+D;

E
so this is a scalar multiplication and D is a module over R.

Finally consider the linear maps

p:E—

)

the canonical projection, and

& Ol

0: F— —
D?

the mapping taking all elements in £ and assigning them the value 0 + D. Hereby,
for the injection i : S — E,

E
 =007:5 = —
poi 01 D

where we used the fact that S C D = p(S) = {0} = 0(S5). By the unicity of the
linear map ¢t : S — E from Definition [I.1.3] we must have ¢t = p = 0, meaning

Im(p) = % ={0+ D}.

This is only true if £ = D, finishing this proof. m

15



Theorem tells us that every finite-dimensional vector space is a free-module
since, by its definition, the vector space contains at least one finite subset of elements
that spans the whole space.

Example 1.1.3. Consider R™ as the typical n-tuple real vector space, which addition
15 done coordinate-wise, and scalar multiplication is done by multiplying the scalar
over each coordinate:
(X1, ey Ty ooy ) (Y1y ooy Yiy ooy Yn) = (X1 F Y1y ooy T+ Yiy ooy T + Yn),
A(T1,y ey Ty ey Tpy) = (QTY, oy QT oy QT
Then the set {e; | 1 <i < n} spans R", where e; is the element with all entries being
null except the i-th coordinate, which is 1. For example, if n = 3, then

€1 = (1707())
€2 = (07 1a O)
€3 = (07 Oa 1)

The fact that such subset spans R™ comes immediatly from the addition and scalar
multiplication definitions: suppose (x1,...,x,) € R™. Then

n
(i[)l, vy l’n) = Zmzel
i=1

This set is called the canonical basis of R".

Free-modules perform a central role in the algebraic construction of the tensor
product, as we can see promptly.

Definition 1.1.4. Let R be a commutative ring with unity, and let Er, ..., E, be
modules over R; let M be the free module generated by the cartesian product [}_, E;
and N be the submodule generated by the elements of the form

(@1 oy Ty T ey ) — (X1 ey Ty ooy T) — (T, ey Ty oy X)), (1.2)
(X1, ey QT ey ) — QT oy Ty ooy T, (1.3)
M
for all z;,x, € E;;1 < i <n,a € R. The quotient module N over R is called the
tensor product of E1, ..., E,.

The next theorem being presented shows two points: the first is the existence of

M
the tensor product, which justifies the last definition and shows that N is indeed a

module over R; the second is its universal nature.

Theorem 1.1.2 (Universality of the Tensor Product). Let F, ..., E,, be R-modules.
Then there exists a pair (T,g) consisting of an R-module T and a R-multilinear
mapping g : [[_, E; — T with the following property: gien any R-module F and
any R-multilinear mapping

=1

there exists a unique linear mapping of modules
ff:T—F (1.5)
such that f = f*og.

16



M
Proof. The existence of T'= — is immediate from Theorem [1.1.1, The existence of

the function ¢ is done by taking the composition of the insertion i : [} | E; — M

M
with the canonical projection p: M — T = N In symbols, g = poi (see Figure

. To see that g is multilinear, take (z1,...,az; + 2, ..., x,) = (ax; + x}), where
a € R (in this part only we are omitting the “fixed” coordinates for the sake of
convenience and simplicity). Therefore, for any 1 <i <mn,

g(ax; + ) = plax; + z;) = (ax; + ;) + N =
= (ax; + N) + () + N) = a(x; + N) + (2, + N) = ag(x;) + g(x}),

In addition, since ¢ and p are unique, g is the only multilinear mapping between
I[., Ei and T.

g:poi

Figure 1.2: First diagram for Theorem [1.1.2

The only point left to prove is the universality of 7. To do so, we need to show
that f factors over T" in such a way that the Diagram [I.3| commutes.

11E f F
i=1

T =

zIZ

Figure 1.3: Second diagram for Theorem [1.1.2

First we define the mapping f as follows:

f:M—F

z = Zajxj = f(2) = Zajf(q;j)’ (1.6)

where z; € H?:l E;and o; € R for all 1 < j < m (notice here z; is being considered
an element of the cartesian product [[;_, E;, and not a coordinate of an element of
said product). This mapping is a linear extesion of f over M, that is,

f@) = f(lz) = 1f(2) = f(2),

for all © € [[;_, E;. Moreover, f is a linear mapping: for any z;,2, € M and any
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7€ R,

r
21 = E Oéjl'j,
j=1
s

Zy = Z Bryr,

k=1

with 2, yx € [, Ei, and «;j, B € R; we have

oz +2) =v) aife) + > Bef () = vF(21) + f(=),

j=1

prooving the linearity of f. It is also worth noting that f is unique, a fact rather
immediate from its linear property.

Now let’s look at how f acts on N: for any y € N, y can be written as linear
combinations from elements of the form and . Because f is linear, we can
just look at the action of f on (1.2):

Fl(@y, i+ 2y ) = (T oy Ty ooy ) — (B0, ey Ty oy ) =
Flxy, oz + 2 2) = F(01, o Tiy ooy ) — f((21, 0 Ty ) =
fl(y, e+ 2 ) — f((21, s Ty oy ) — f((1, o 2l ) =

= fl(@1, ey @iy ey ) + f((21, 0, @y oy )
—f((1, ey iy oy ) — f((21, oo @y o)) =

and on ([1.3):

where, in both cases, we used the multilinearity of f and the fact the restriction of
f to [, E; is identical to f by construction. This means that all elements of the
submodule N are equal to zero, in other words,

N C ker(f). (1.7)

With all this “tools” in hand, we can proceed with the last part of our proof.

Let
ff:Tr—=F

z+ N f*(z+N) = f(2).

Such function is well-defined:

(1.8)

2+ N=+N&z-2Z=yeN=
= flz=2)=fly) =0=f(2) - () =
= f*(2) = f(2) = F(z) = f*(<).
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Moreover, by the linearity of f, f*is also linear.
We can write f = f* o p. By the unicity of f, f* is also unique. Additionally,
using the Diagram (1.4} it is easy to see that

n
I1E
i=1

i

Figure 1.4: Third diagram for Theorem [I.1.2]

f=TFfoi=(fop)oi=fo(poi)=frog,
which finishes this proof. n

M
It’s worth noting that, by this theorem, the tensor product N is not only an
R-module, but it’s also a free-module over R with (][], E;) = Im(i) being its

basis. This means that, when dealing with linear maps having N its domain,

M
we can only study the elements in the basis of N namely elements of the form

(171, ceey ZL’n) + N.
The next result is immediate consequence from Theorem [1.1.2]

Corollary 1.1.1. Let (T, g) and (T’, g°) be two pairs with the property specified in
Theorem [1.1.3. Then there exists an unique isomorphism

h:T— T,
such that ¢ = hog.

Proof. Identifying F' = T" and f = ¢/, from Theorem we can find two linear
maps: one being h : T'— T’ such that ¢’ = h o g; the other one being A’ : T — T
such that g = A/ o ¢, both cases being illustrated in the Figures and [1.6] Thus,

g=hog=ho(hog)=(hol)od,

meaning h o h' is the identity map for 7. The same reasoning shows that h’' o h is
the identity map for 7". This means that h is an isomorphism between 7" and T".
The unicity of h is given by Theorem [1.1.2 O

M
Corollary [1.1.1| shows us the unicity of the tensor product N (up to an iso-

morphism), hence we can talk about it as the thensor product instead of a tensor
product.

M
From this point onwards we shall abandon the notation — for the tensor product

to adopt the typical notation ®F ,F;, while its elements (x1,...,x,) + N will be
written as 1 ® ... ® x,,.
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n

g
I1E r
i=1
\ h
T

Figure 1.5: First diagram for Corollary

n

¢
H E; T
i=1
\ ’
T

Figure 1.6: Second diagram for Corollary

The last theorem shows the existence of the tensor product, but this doesn’t
mean every tensor product as a interesting structure, that is, it’s not trivial.

Example 1.1.4. Let m,n € Z with gcd(m,n) = 1. Then the tensor product of the

Z-modules — and — 1is trivial, i.e.,
m n.

() ® () = {0},

By Theorem the tensor product % ® nZ—Z 18 a Z-module genereted by the
elements x ®y, where x € % andy € %Z. Therefore, by the bilinearity of the tensor
product,

mrzey)=(mz)ey=00y =0,
nz®y) =r®(my) =r®0=0.

Bézout’s lemma (see [18]) tells us that we can find r,s € Z such that
ged(m,n) =1 =rm + sn.

So
Hz®y)=(rm+sn)(z®y) = (rmz) ®y +z® (sny) =0,
concluding that this tensor product has only zero as its element.

A question arises from this example: when is the tensor product different from
the trivial case? Here we present a sufficient condition answering this question.

Theorem 1.1.3. Let F and F be two free-modules over the ring with unit R, and let
{z1,...;xm} and {y1,...,yn} be two basis for E and F respectively. Then the tensor
product E ® F is a free-module over R and the set {z; ®y; | 1 <i<m,1 <j<n}
15 a basis for B ® F.
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Proof. The fact that £ ® F' is a free-module is already known. So let’s consider
z € F® F. This means we can write z as a linear combination of elements of the
form z; ® 29, where z; € E and 2z, € F. By our hypothesis,

21 = Z ;T
i=1
72 = Z Biy;s
j=1
The bilinearity of the tensor product tells us that

(Z T;) ® (Z Biyi) = > > il @),

i=1 j=1

(1.9)

meaning the set S = {z; ®y; | 1 <i <m,1 < j <n} generates the tensor product
E® F. Now let G be an arbitray R-module and f : S — G be a function. Then the

function
t:ExF — G,

(21,22) — Zzaiﬁjf(l'iayj)a

i=1 j=1

(1.10)

is a bilinear mapping by construction. Moreover, Theorem guarantees that ¢
can be uniquely factor through £® F by a linear map t*, hence we have t*(z; ®y;) =
f(z4,y;), meaning t* oi = f and S is a basis for £ ® F.

S EQF ExF

G

Figure 1.7: Diagram for Theorem [I.1.3]

[]

An immediate consequence of Theorem follows: if V' and W are two vector
spaces over a field F' with dimensions m and n respectively, then V @ W is a vector
space over F with dimesion mn.

Example 1.1.5. Let’s consider the set of square matrices Mat(m,R) and Mat(n,R)
over the real numbers. It’s a well known fact from linear algebra that both are vector
spaces over the real numbers with dimension m? and n? respectively. This means
that the vector space Mat(m,R)® Mat(n,R) has dimension m*n* = (mn)?, thus we
can conclude that Mat(m,R) @ Mat(n,R) and Mat(mn,R) are isomorphic vector
spaces.
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The tensor product between more than two R-modules may be defined more
than one way. For example, when we say “consider the tensor product between the
R-modules E1, E3 and E3”, we could be talking about (E; ® Eq)® E3, E1®(Ey® Es),
or even F; ® Fy ® EF5. Which one are we talking about or should be used later in
the theory?

Theorem 1.1.4. Let Ey, Fs5, and E3 be R-modules. Then there exist unique iso-
morphisms
<E1®E2)®E3—>E1®EQ®E3—)E1®(E2®E3) (111)

such that
TRYVz—rRYRz— R (Y® 2), (1.12)

forx € Ey,y € By and z € Es.
Proof. We begin by showing the first arrow of Equation ((1.11]).
Let z € E5 be arbitrary and define
hz:El XEQ—)E1®E2®E3

(2.9) = halay) =2 @y @ 2. (1.13)

By the multilinearity of the tensor product, h, is bilinear. Therefore, by Theorem
it induces an unique linear mapping

h;:E1®E2—>E1®E2®E3

. (1.14)
r@y— hi(r,y) =10y 2.

Eq{ X E, E1®E,®E;

E1®E,
Figure 1.8: First diagram for Theorem [1.1.4]

Consider the mapping

fI(E1®E2) XE3-)E1®E2®E3
(t,2) = (1),

where ¢ is a (finite) linear combination from elements of the form x; ® y;. Then f is
a bilinear map. Indeed, for any v € R,

o+t 2) = Wiyt + 1) = yhZ(t) + hi(t) = vf(t,2) + f (¥, 2),
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and

m n

f(ta e + Zl) = hi’;erz’ (t) 'yz+z Z Z Oézﬁsz ® yﬂ>
=1 j=1

=D D bl ®y) =) ) abi@ oy (v +2) =

i=1 j=1 i=1 j=1

= 722%@(%@% ® 2) —I—Zzazﬂj(% RyY; ®2) =

i=1 j=1 i=1 j=1

=7 Z Z azﬁ] .7}1 ® yj + Z Z a%ﬁ] mz ® yj) 7h2<t) + h,:’(t) =

=1 j5=1 =1 j5=1

=f(t2) + f(t,2),

where we used the linearity of A} for any z € Es.
By Theorem [1.1.2 again, there exists an unique linear mapping

ff i (Ey®E) ® Es — B ® Ey ® Es,

such that f*(t ® z) = hi(t). In particular, f*((z QRy)R2) =1 Ry 2.

(E]®E2)XE3 E]®E2®E3

(E1 ®E,)®E;
Figure 1.9: Second diagram for Theorem [1.1.4

Now consider the mapping

gIE1XE2XE3%(E1®E2)®E3
(r,y,2) = (2 ®y) ® 2.

The multilinearity of the tensor product guarantees g being multilinear. Addition-
ally, g induces an unique linear mapping

g*ZE1®E2®E3—>(E1®E2>®E3

(1.15)
TQYRz— (TRY) 2.

A reminder for the last equation: since F; ® Es ® Fj3 is generated by elements of
the form r ® y ® z, we can consider ¢g* acting only over such elements.

Notice that (z®y)® 2z = ¢"(z @y ® 2) = g* o f*((zr ® y) ® 2) for all elements
that generates the modules (£ ® E») ® Es, so g* o f* = Id (g, 08,0k, the identity
map of (B} ® E») ® Ej. Similarly,

f*og*(x@y@z):x®y®z:>f*og*:IdE1®EQ®E3,

23



Eq{ XE; XEj3 (E1®E»)®E;3

E1®E,®E;

Figure 1.10: Third diagram for Theorem [1.1.4]

meaning f* has a two-sided inverse, so f* is invertible and hence a bijection with
(f*>_1 = g* Therefore, (El X EQ) (] E3 = E1 (] E2 (9 Eg.

The proof for the second arrow of Equation ((1.11)) is a verbatim of the previous
case. 0]

Theorem shows us that we can write the tensor product as r®y® z without
considering the “order” of operation, so there’s no ambiguity in saying “the tensor
product between the F;, Fr and E3”.

The next theorem brings some more isomorphisms between tensor products.

Theorem 1.1.5. Let F, Ey, E5 and E3 be R-modules. Then the following isomor-
phims hold true:

Ey® Ey = E, ® Ey; (1.16)

(Ey® FEy) @ B3~ (B, ® E3) ® (Fy ® Es); (1.17)
Ey® (Ey® Es) = (B ® Ey) @ (B ® E3); (1.18)
RRE=E. (1.19)

The core idea in proving each isomorphism is the same done in Theorem [T.1.4]
Here we’ll present the proof for Equation ((1.17)), the other cases being omitted since
they are almost identical to the following one, as well as what was done in Theorem

14
Proof. For Equation (1.17]), we define

fi(Ey® Ey) X By — (EBy ® E3) @ (B2 ® Ej)
(,y),2) = (x® 2,y ® 2). (1.20)

First notice f is bilinear: indeed, for any (z,y), (2',y) € Ey ® Es, any 2,2’ € Es,
and any c € R,

fle(@,y) + (@), 2) = fllce + 2", ey +9/),2) = ((ce +2") @ 2, (cy +¢) ® 2) =
=z ®@z,y®2)+ (@ Q2y ®2)=cf(y),2) + f(&,y), 2);

fl(@y)ez+2)= (@@ (cz+2)y@cz+)=clt®@z,y®2) + (2@ ,y®7) =
=cf((z,y),2) + f((z,y),7).

Theorem tells us about the existence of the following unique linear mapping;:

[T (Br @ Ey) © By — (B ® E3) @ (B2 © Es)

(T, Y) @2 (2® 2,y R 2). (1.21)
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(E1®Ey) X E3 (E1®E3)®(E2®E3)

(E1®E;)QE;

Figure 1.11: First diagram for Theorem [1.1.5

Our objective now is to construct the inverse of f*. To do so, let’s consider the

functions

Y1 By X B3 — (B @ E3) © (B @ ) (1.22)
(,2) = (2,0) ® 2,

and
Yy By X B3 — (B @ E3) ® (B2 ® E3)

(y,2) = (0,y) ® 2.

By the nature of the tensor product and of the direct sum E; & Fs, ¥ and v are
bilinear:

(1.23)

i(cx+a',2) = (cx +2',0) @ 2 = (¢(x,0) + (2/,0)) ® 2 =
=c(2,0) @z + (2,0) @ 2 = cpy(x, 2) + Py (2, 2);

Pi(z,cz+2") = (2,0) @ (cz + 2) =
= ¢((2,0) @ 2) + (2,0) @ 2’ = et (=, 2) + Pn(x, 2);

the case for i being trivial to see by replacing 1 for 2 and z for y in the last
reasoning.
Since the tensor product is universal (Theorem [1.1.2), we have ¢} and 5 such
that
iz ®2) = (2,0) @z,
Py ®2)=(0,y) ® =
This is illustrated in Figure [1.12]

(1.24)

Eq X E;3

(E1®E»)QE; E, X Ej

U1

v 2

E1®E; E,®E;
Figure 1.12: Second diagra for Theorem [1.1.5

Let’s also consider the functions
hy: By % FEs — (E1®E3)@(EQ®E3)

(z,2) = (2 ® 2,0); (1.25)
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hg : E2 X E3—> <E1®E3)@(E2®E3)
(y,2) = (0,y ® 2).

The two of them are bilinear since they are defined based on the tensor product and
the direct sum. So again, there exist unique linear maps hj(z ® z) = (x ® z,0) and
hi(y ® z) = (0,y ® z) which make the diagram in Figure commute.

(1.26)

EyXEs———(E1®E3;)®(E2QEj3) E; X Ej

VAV

E{®E; E,®E;
Figure 1.13: Third diagram for Theorem

Finally, let’s establish the function

w(E1®E3>EB(E2®E3)—>(E1€BE2)®E3

1.27
(2® 2,98 %) (2,0)® 5+ (0,y) @ 2. (1.27)

Notice that ¢oh] = ] and ¥ ohj = 5. Moreover, 1) is a linear map by construction.
(E1®E3) @ (E2 ® E3)
I hy
E{XE3;—E{®E3 Y E,®E;<—E; XE;

(E1 D E,)®E;

Figure 1.14: Forth diagram for Theorem
Finally we argue that v is the inverse of f*:

fro(r® 21,y ®22) = f*((2,0) ® 21 + (0,y) ® 20) =
= f((2,0) @ 21) + f((0,y) ®2) = (2@ 2,00 21) + (0@ 20,y ® 2) =
= (T ® 21,y ®22) = [* ot = Id(g,08:)0(E2Es);

Vo f(z,y)R2)=¢v(r®2,y®2) = (2,00 2+ (0,y) ® 2z =
= ((2,0) +(0,y)) ® 2 = (2,y) ® 2 = Yo f* = Id(g,eB,)0E;-

Hence 9 is letf and right-inverse of f*, showing that f* is an invertible linear
transformation, ¢.e., an isomorphism. O

So far we look at how the tensor product interact with different R-modules. Now
we shall inspect how it affects linear mappings between R-modules.
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Theorem 1.1.6. Let E, E', G and G’ be R-modules, and f : E — E" and g : G — G’
be linear maps. Then:

(1) there exists an unique linear mapping ¢ : EQG — E'®G' such that p(z®y) =
fx) @ g(y);

(i1) if E" and G" are also R-modules, and ' : E' — E" and ¢’ : G' — G" are two
linear maps, then there exist unique linear maps o, B and v such that

a: FG—=FEF G

v @y f(2)® g(y) (128)
B:E®G —E ®G (1.29)
@y = f@)@d )
v E®G—E'®G" (1.30)
r@yr flof(z)®g og(y);
and
v=pfoaq; (1.31)

(11i) there ezists a bilinear map between L(E, E')x L(G,G") and LIE®G, E'®G').
Moreover, such map is a functor.

Note. In this work, we won’t delve too much in the theory of Categories. With
that being said, the functorial property of the tensor product is quite proeminent
in the theory to be developed, becoming very hard to avoid it. Therefore, here
is presented a basic definition for functors without going into many details. The
interested reader can refer to [13]-|14] for a more complete study of such structures.

Let R be the collection of all R-modules. A functor F' is any rule that associates
to each F € R a new R-morphism F(F) € R, and to each morphism f : £ — G
beteween R-modules a new morphism F(f): F(E) — F(G) such that:

(i) for all E € R, F(Idg) = Idp(g);

(ii) if f: £ - G and g : G — H are two morphims between R-modules, then
F(go f) = F(g)o F(f).
Proof. Here we’ll make use of the following convention: for the linear maps f : £ —
E' and g : G — G’, define
(f,9): ExG— E xG
(@, y) = (f(2), 9(y))-

The existence and unicity of ¢ is given by noticing that, for ¢’ : B/ x G’ - E' @ G’
being the bilinear map defined in Theorem [1.1.2} t' o (f,g) is bilinear:

t' o (f,g)(car + x9,y) = '(flcxr + 22),9(y)) = (cf(21) + flz2)) @ g(y) =
= c(f(21) ® g(y)) + f(x2) @ g(y) = ct’ o (f, 9)(2x1,y) +1 o (f, 9)(22,9);

the linearity over the second coordinate being proved identically to the first one.
Therefore ¢p(z @ y) = f(z) ® g(y) does exist and it’s unique according to Theorem
1.2
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.9 E'xXG 17 E'®G

E®G

Figure 1.15: First diagram for Theorem [1.1.6}

The existence and unicity of «, and ~ are given by the first point of this
theorem, just notice that ' o f and ¢’ o g are linear, so the composition with ¢” :
E" x G" — E" ® G" is bilinear, namely t" o (f' o f, ¢’ o g). We're left to show that
v=[0Boa.

By construction, (2’ ® ¥') = f'(2') ® ¢'(¥'). In particular, 2’ = f(x) and
Y = g(y), so B(f(z) @ g(y)) = "o f(z) ®g' o g(y) = v(r ®y). But we also have
f(2)®g(y) = a(x®y) by construction, hence 5(f(x)®g(y)) = Boa(z®y) = y(zQy).

ExXG

.2 E'xX G’ F.9) E’"%xG

E®G EF®G B E"®G”

b4

Figure 1.16: Second diagram for Theorem [1.1.6]

For the last point, let T be defined as
T:L(E,E)x L(G;G)— LIEQG;E' @G
(f,9) = T(f.9),

where T'(f, g)(z ® y) := f(z) ® g(y), or, using the notation of (ii), T'(f, g) = a. We
need to show that 7" is bilinear and functorial. For any f, f' € L(E; E'), any ¢ € R,
and any rQy € F ® G,

T(cf+ [ 9)(x@y) = ((cf+ @) @g(y) = (cf(z) + f(2) @ gly) =
=c(f(x)@g(y) + ['(@) @ g(y) = T(f,9)(z@y) + T(f 9)(z @ y) =
= (T(f,.9)+T(f', 9))(z®y) =
=T(cf+f9)=cT(f,.9) +T(f,9).
The proof for the second coordinate is analogous to the first, which improves T’
bilinear.
Lastly, let the R-module E be fixed. Then G — E ® G and g — T(Idg,g) is
a functor “tensor product on the left by E”. Being more specific, let E be a fixed
R-module and consider the collection R of all R-modules. We define
TE: R—R
G—15(G)=E®G.

(1.32)
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Then 75 defines a linear mapping
5 L(G,G') = L(15(G); 75(G"))
for each pair of R-modules £ and G by the formula

e(9) = T(1dg, g).
This finishes this proof. [

One can easily generalize all previous theorems and corollaries of this section
to the cartesian product of n R-modules by using the same reasoning developed in
previous proofs together with the application of the Finite Induction Theorem. The
principal generalizations are written in the following corollary.

Corollary 1.1.2. Let Ey, ..., E,,Gy,...,G, and F be a collection of R-modules; let
fi € L(E;, G;) where 1 < i <n. Then the following assertives are true:

(i) for any combination of parenthesis placed in the tensor product By ® ... ® E,,
the resulting R-module will be isomorphic to @} E;;

(”) ( i B) @ F =0l (B;®F) and F®( ?:1Ez‘) = oL, (F o E);

(111) there exist an unique multilinear mapping

n

T: [ £(E:.G) — L(&, Ei, @1, G))

i=1

(fl; 7fn) — T(fl, ey fn),

(1.33)

such that

1.2 The Tensor Algebra

We’ve stabilished some of the main properties of the tensor product, making the
foundation of the theory to appear. Now we start to build upon this foundation.

Definition 1.2.1. Let E,, be an R-module for each n € N. The sequence of modules
(En)TLEN = (E17E27"'7En7"') (135)

15 called a graded module with addition being coordinate-wise, and scalar multipli-
cation being done to all coordinates. The elements of the graded module E,, are called
the homogeneous element of degree n. Additionally, if (E,)nen and (Gp)nen
are two graded modules, and f, : E, — G, is a linear mapping between modules,
than we define

an : (En)neN — (Gn)neN

(1.36)
(1, Tay oy Ty o) = (fr(x1), fa(T2), ooy frlTn), ..).
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It’s immediate from the definition that [] f, is a linear mapping between mod-
ules.

Let’s turn our attetion to a special case of graded modules: the graded tensor
product.

Definition 1.2.2. Let (E,)nen and (Gp)nen be two graded modules. We define their
graded tensor product to be the graded module whose the k-th term is

((En)neN ® (Gn>n€N>k = @k=m+n(Em & Gn)

= (BEy®Gy) @ ... B (B ® Gy). (1.37)

Theorem 1.2.1. Let (E,)nen, (Gp)nen and (Fy,)nen be graded modules. Then, given
the bilinear functions
fm,n : Em X Gn — Fm+n

for all m,n € N, there is exactly one multilinear mapping of modules

[ (Bn)nen) @ ((Gn)nen) = (Fu)nen
flx@y) = fonlr,y),

for all x € ®,enFy and all y € @enGa.

(1.38)

Proof. By the universality of the tensor product (Theorem [1.1.2]) there exsits an
unique R-multilinear mapping

f* . Em ® Gn — Fm+n

m,n

f;,n<x ® y) = fm,n<x>y)a
for each m,n € N. Moreover, the injection
im+n : (@neNEn) & (@nGNGn) — Em & Gn

is also unique, hence the composition f, , ©4m 4, is an unique multilinear mapping.
Therefore the mapping defined in Equation [1.38]is the desired multilinear mapping,
as stated. O

In order to define the tensor algebra, one needs to understand the meaning of
the word “algebra” used in this context.

Definition 1.2.3. Let E be an R-module. We say that E is an algebra, or an
R-algebra whenever we want to make explicit the commutative ring R, when:

(i) E is a ring;
(i) for allz,y € E and all c € R, c(x.y) = (cx).y = z.(cy).
If £ is a ring with unity, i.e., 1 € E, then we say E is an algebra with unity.

What follows are some examples of algebras that will appear later in the text.
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Example 1.2.1. Consider E = C, the set of complex numbers with the usual oper-
ations of addition and multiplication, i.e.,

(x+iy)+ (z+iw) = (z+ 2) +i(y + w) (1.39a)

and
(x 4+ 1) (z + iw) = (zz — yw) + i(zw + yz) (1.39b)
respectively, with i> = —1. Thus, if we consider the scalar multiplication as just the

usual multiplication between a real number and a complex number, that is
alz 4+ iy) = (ax) + i(ay), (1.39¢)

then C becomes an algebra over the real field. Additionally, as a vector space, {1,i}
is a linearly independent set that spans C, hence dim(C) = 2, thus C is isomorphic
to R? as a vector space.

Example 1.2.2. Consider E =R x R and define the following operations:
(@,9) + (z,w) = (z + 2,y + w) (1.40a)
and
(z,9)(2,w) = (z2 + yw, 2w + y2). (1.40b)

It’s straightforward to prove that E is a ring with (1,0) being its unity, thus this
won’t be done here. If we define the scalar multiplication as

a(z,y) = (az, ay) (1.40c)

with o« € R, then E becomes an algebra over R. This algebra shall be denoted as
R@®R. Moreover, as a vector space, {(1,0),(0,1)} is a linearly independent set that
spans ROR, thus it has dimension 2, meaning ROR is isomorphic to R? as a vector
space.

An interesting comparison can be made between Examples [I1.2.1] and [1.2.2] In
Example we know that (1,0) is the unity of the algebra, while (0,1)% = (1,0).
If we define (1,0) =1 and (0, 1) = ¢, then we can write all elements of R & R as

z=1z(1,0) +y(0,1) = x + 7y, (1.41)

with x,y € R. Like in C, 7 is called the imaginary unit of R@R. Notice that, in this
new notation, 2 = 1 for 7 € R @ R. This idea of “changing the minus sign in the

square of the imaginary unity” will appear again when dealing with the algebras of
R

Example 1.2.3. Consider E = H = {xq + iz + jzo + kxs | o, 11, 22, x3 € R}, the
set of quartenions with the usual operations:

(o +ix1 + jwg + kxs) + (yo +iy1 + jyo + kys) = (o + yo) +i(z1 + y1)

) 1.42a
+j(a:2+y2)+k:(m3+y3) ( )
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and

(o +iz1 + joo + kx3)(yo + iy1 + jyo + kys) = (zoyo + z1y1 + T2y + 23Ys3)
+i(zovh + 1Yo + T2ys — T3Y2)
+ j(zoy2 — T1y3 + T2Yo + T311)

+ k(zoys + z1y2 — Z2U1 + 3Y0)-
(1.42b)

From them we can write the classical equations

-2 42 _ 1.2 _
{Z.. =r=F=-l (1.43)
1k = —1

Similar to R®R and C, H is an algebra over the field of the real numbers, where
the scalar multiplication is just the usual multiplication between a real number and
a quartenionic number. Furthermore, the set {1,1,7,k} is a linearly independent set
that spans H, so, as a vector space over R, H has dimension 4, therefore the algebra
of quartenions is isomorphic to R* as a vector space.

Definition 1.2.4. Let A be an algebra over R and X be a subset of A. We say that
A is generated by X if, for any z € A, we can write

z = Zyz (1.44a)

of any m > 0 elements, each y; being the product
Yi = Tig % oo ¥ Tik,, (1.44b)

with k; elements and each x;; being either an element of X or the opposite of an
element of X.

Example 1.2.4. Let A = C, the algebra of complex numbers over the real numbers.
This algebra is generated by the subset

X ={ix|zeR}=
Indeed, let v + 1y € C. Thus
r+1y = (i(—x)) (11) + (iy) .
—— N
€iR  €R &R

By the same argument we have that the algebra R & R s generated by the set X =
{iz |z € R and ¢* = 1}.
Finally, consider the algebra of quartenions. This algebra is generated by

X=A{z+yj|z,ye C} =Caq jC.
This is true since
T4y +jz+kw = (z+1iy) + (jz + kw)
= (x+iy)+ (z +iw) (j1) .

——— ——
eCeq;C cCpjC €eCopjC
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The next theorem gives us a more abstract algebra when compared to the pre-
vious examples.

Theorem 1.2.2. Let E be an R-module and define the following graded module:

T(E) = (Tu(E))nen

(1.45)
=(RLELEQRE EFERERE,..),

where

T()(E) - R,
T.(E)=T,1(F)® E,
for all n > 1. Then this graded module is, in fact, an algebra over R with multipli-

cation been the graded tensor product (Definition [1.2.9) and the element (1,0,0, ...)
as its unit element.

(1.46)

Proof. Here we shall ripe what we sow in the last section. Firstly, we already
know that each T, (F) is an R-module, hence T'(FE) is graded module by definition.
Additionally, the functions

f;z,n (T (B) @ T(E) = Trnyn(E)

(1@ ... QTp) (YN R . QUYn) P L1 R . QT @Y1 @ ... @ Y,

are the unique multilinear maps multiplying two elements that generates T,,(F)
and T,,(E) (Theorem [1.2.1)). In practical terms, this means that the multiplication
between elements of the graded tensor product is essentially a problem of “removing
the parenthesis between elements of the basis”.

To prove the associativity of this product, remember that in Corollary
we showed that the module generated from the tensor product of more than one
R-module is the same (up to an isomorphism) for any combination of paranthesis
placed between the simbols. Therefore the product is associative.

The element (1,0,0,0,...) being the unit of T'(E) is a direct consequence of the
definition of graded tensor product (Definition together with the Theorem

and Equation [1.19] O

The graded module defined in the previous theorem is called the (graded) ten-
sor algebra of E. Notice that the Tensor Algebra of E being an algebra generated
by E is an immediate consequence from the definition of a tensor algebra and Defi-
nition 2.4

Tensor algebras are in the core of what will be later defined as the Clifford
Algebra.

Before proceeding, here follows one classical example that may hit close to the
heart of some readers.

Example 1.2.5. Let E = R be a free module with one generator, namely 1. Then
the tensor product T,(R) = @ K = K is also a free module. Moreover,

a4 ® ... Qa, = (a1...a,)1 ® ... ® 1,
so T,,(R) is being generated by 1 ® ... ® 1 = x,,. Additionally, we also have

n
Tmgn = Tm @ T = Tp = 11 @ ... @ 11 = (21)",
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mening each generator x, is the power of x1. Therefore, if we identify xr1 = x, we
can conclude that

T(R) = (R, Rz, Rx* Rx® Rx*,...) = R[x],
i.e., we can identify the polynomial ring R[x| as a graded tensor algebra.

So far we looked at tensor product over modules. However our interest lies in
understanding how it behaves if, instead of a module, we were considering F and GG
to be two algebras over R.

Theorem 1.2.3. Let E and G be R-algebras. Then the tensor product E ® G with
the multiplication between elements being defined as

(1 @ Y1) (12 @ 1y2) = (2172) @ (Y1%2), (1.47)
1s an algebra over R.

Proof. E and G being algebras means they are R-modules, so £ ® G is also an
R-module by Theorem [I.1.2l We just need to show the multiplication defined in
Equation turns F ® G into an algebra.

Consider the mapping

M: ExXGxExG—=FEQG

1.48
(1, Y1, T2, Y2) > (2122) @ (Y192)- (1.48)
Such mapping is multilinear: indeed, for any a € R,
M (o) + 7y, 41, T2, 92) = ((az1 + 21)72) @ (Y172)
= (az122 + 2172) ® (Y192)
= (ax172) @ (Y172) + (7772) @ (Y172)
= a(r172) @ (Y1y2) + (7772) @ (Y172)
= aM (w1, y1,%2,Y2) + M (2}, y1, T2, Y2);
M being linear in the other coordinates is a verbatim from the first case.
By Theorem again, the following linear mapping
M EFERGRIEFERG—-ERG (1.49)
T1 @Y1 @ To ® Yo > (1172) @ (11Y2)- '
does exist and it is unique.
Now consider the canonical projection
N (ERG x(FE®G) - (E?G)®(E®G) (1.50)
(71 @ Y1, T2 @ y2) = (11 @ y1) ® (T2 @ y2) ’
and the isomorphism
K (EQ®EQGF) -EQGCGRE®G (151)

(21 @y1) ® (T2 @ y2) = 71 @ Y1 ® To @ Ya.
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Thus the composition mapping
P=MoKoN:(FERG) x(E®G) »>FEFG
is the unique bilinear mapping satisfying
P(z1 @ y1, 22 @ 12) = (2172) ® (11%2)

by Theorem [I.1.2] But that’s exaclty Equation hence this multiplication is
well-defined. We're left to show this multiplication is associative and left and right-
distributive over addition. To do so, let x1, x5, x5 € E and yy, 42, y3 € G be arbitrary.
Consequently,

1 @ Y1) (2223 ® Yoys)
21(2223)) ® (y1(y2y3))

(21 @ y1)[(z2 ® yo) (23 @ y3)] = (
= (
(r172)73) @ ((Y192)Y3)
= (
=

T1Z2 @ Y1y2) (23 @ y3)
(21 @ 1) (22 @ Y2)|(23 ® y3),

proving the multiplication associative; whilst

(1 @) (X2 @Yo+ 23 ®y3) = P(a1 @ Y1, 22 @ y2 + 3 ® Ys3)
(P bilinear) = P(Z’l X Y1, T2 X y2) + P(xl & Y1, T3 (29 yg)
= (1@ y)(T2 @ y2) + (71 @ Y1) (73 ® y3),

proves multiplication is left-distributive over addition. Right-distribution is proven
analogously. O]

We close this section with a theorem and some definitions from linear algebra.
Such theorem shall not be proved here but the interested reader can check [19] for
a formal proof.

Definition 1.2.5. Let V' be a vector space and let g be a bilinear form over V.. The
pair (V,g) is said to be a quadratic vector space. For the particullar case where

9y, ) = g(z,y), (1.52)

forallx,y € V, then we say that g is symmetric. Additionally, if V has dimension
n, then the nullity of g is defined as

null(g) = dim(ker(g)), (1.53)
while the rank of g is defined as
rank(g) =n — null(g). (1.54)

Definition 1.2.6. Let (V, g) be a quadratic vector space over the field F' with g being

symmetric. Then
Q:V—=>F

z— g(z,x) (1.55)

is defined as the Quadratic form assoctated with g.
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Theorem 1.2.4. Let V be a finite-dimensional vector space over R, and let g be
a symmetric bilinear form over V with rank r. Then there exists an ordered basis
{e1,....,en} for V such that

gle;,ej) = £6;;, for 1 <i,j <, (1.56)

where 0;; is the Kronecker delta function. Furthermore, the number p of basis vectors
e; for which g(e;,e;) = 1 is independent of the choice of the basis. As such, the
signature of g, defined as

sig(g) =r—p (1.57)
is also independent of the choice of the basis.
Example [2.1.3] together with the previous theorem, motivates the following def-
inition.

Definition 1.2.7. Let V' be vector space over R with dim(V') =n, g be an bilinear
form over V' such that rank(g) = n and sig(g) = m. We define

n-—+m
b= 5
nim (1.58)
q= 5

In this case, since V.~ R", we write RPT? to represent the quadratic vector space

(V. g).
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Chapter 2

Clifford Algebra

In this text we shall only work with Clifford Algebras over real vector spaces, al-
though the definition would be the same if we were considering complex vector
spaces. For a treatment using the complex numbers, see References [4] and [16]. For
a more in-depth look into the structure of the Clifford Algebras, the specific isomor-
phisms and how they relate to some specific groups, like orthogonal transformations,
the Pin Group and the Spin Group, see References [2], 3], [4], |5] and [6].

2.1 Definition of a Clifford Algebra

Definition 2.1.1. Let V' be a real vector space and g be a non-degenerate symmetric
bilinear form over V| that is, for x € V,

g(r,z) =0 x=0.

Also let A be an algebra with unity 14 and let v : V — A be a linear mapping. The
pair (A,~) is a Clifford Algebra for the quadratic space (V,g) when A is generated
as an algebra by {y(z)|x € V} and {alala € R}, and vy satisfies

Y(@) *y(y) +v(y) * v(w) = 29(2, y)1a (2.1)

forall x,y € V, where the asterisk is used to represent the product between elements
of the algebra A. In this case, the mapping v is said to be a Clifford mapping.

Equation (2.1 can be rewriten by using the quadratic form () associated with g:
Qz) = g(x, ). (2.2)

Thus, using the identity
Qr +y) — Qz) — Qy) = 29(x,y), (2.3)

Equation becomes
(7(2))* = Q(x)1a = g(x,x)14. (2.4)

We’ll make use of both equations, depending of which is more convinient at the time.
For now, we begin with two simple but important examples of Clifford Algebras
associated with quadratic real vector spaces.
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Example 2.1.1. Let V ~ R, {e} be a vector generating V, i.e., e # 0, and let
gle,e) =1
be the bilinear form associated with V. This means, for any x € V,
g(z,r) = a?, (2.5)

where T = «ae.
Consider the set {1,e}, and let A be a vector space generated by this set, that is,

A=RaV. (2.6)

Suppose also the following set of equations are observed in A:

(a1 + Bie) + (a2 + Bae) = (o1 + a2) + (B + Bo)e, (2.7a)
(a1 + Bre) * (ag + Poe) = (arag + B152) + (a1 P2 + a5y )e, (2.7b)
Y(ar + Bre) = (yai) + (vB1)e, (2.7¢)

with oy, s, B1, B2, v € R. Consequently, 1 is the unity of A and exe = e?> =1 =
g(x,x) is observed.

Clearly A is a Clifford Algebra for V : it’s straightforward from the set of Equa-
tions to prove A is an algebra with unity. Moreover, consider the insertion

mapping
1:V—=> A

T — .
For any x € V, i satisfies Equation[2.4 by construction of A, meaning i is a Clifford
mapping. In addition, the mapping
p:A—>RDR,

where ¢(1) = (1,0) and ¢(e) = (0,1), is an algebra isomorphism between A and
the algebra R ® R (see Example , thus R & R is algebraicaly isomorphic to a
Clifford algebra.

Example 2.1.2. Let’s consider the same vector space in Example but here
we take the bilinear form

gle,e) = —1.
This means Equation [2.5 becomes
g(ZE,CL’) = —042 (28)

forz=aeecV.
Once again, let A be the vector space defined by Equation[2.6 and satisfying

(o1 + Bie) + (g + Bae) = (a1 + ag) + (81 + Ba)e, (2.9a)
(a1 + Bre) * (ag + Bae) = (a1ag — B1f2) + (1P + aaf51)e, (2.9b)
V(o + Bie) = (yar) + (vB1)e, (2.9¢)
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with oy, ag, By, P2,y € R. Thus, by the same reasoning done in the previous example,
the pair (A, j), with j being the insertion of V into A, is a Clifford Algebra for V.
Moreover, the mapping
p:A—C
#(1) =1 and ¢(e) =i,
with © being the imaginary unity of C, is an isomorphism of algebras. Hence, C is
also algebraicaly isomorphic to a Clifford Algebra.

At a first glance, with this two examples, one may think the prodcut in a Clifford
Algebra is commutative. Such is not the case in general. This can be immediatly
seen from its definition: suppose g(z,y) = 0. Then, by Equation

Y(y) *y(z) = —y(z) * 7(y). (2.10)

This brings to attention an interesting point: suppose V' is a finite-dimensional vec-
tor space over R and g = (.,.) is a inner-product for V. Consequently, g(x,y) =
0 = (z,y) (i.e., z perpendicular to y) means that y(z) and v(y) anticommute. So
we have a geometric property in V' (perpendicularity) being reflected as an alge-
braic property in the Clifford Algebra A (anticommutation). Although this relation
between “geometry in V, algebra in A” often appears when treating with Clifford
Algebras, it’s not a property we’ll make frequent use in this work. For the intrested
reader, see [20].

This first two examples gave us a glance of an important point: knowing the
rank of the bilinear form ¢ is not sufficient to know the isomorphism being related
to the Clifford Algebra. In both cases, Example and Example the rank
in question is the same, namely 1. What changes is a second property associated
with the quadratic form: its signature. But how this properties relate to each other
will be explored in more details in the next section. For now, we come back to the
foundations and present a theorem showing how we can construct a Clifford Algebra
from a given quadratic space over R.

Theorem 2.1.1. Let (V,g) be a quadratic vector space over R. Then there exists a
pair (Cly(V'),~y) consisting of a Clifford Algebra Cl,(V') for V and a Clifford mapping
vV = Cly(V) with the following property: given any Clifford Algebra A for V
with a Clifford mapping

p:V = A, (2.11)
there exists an unique homomorphism of algebras
P Cl,(V)— A (2.12)

such that p =1 oy.

This is the theorem of existence and universality of a particular set of Clifford
Algebras. The proof is done by constructing a Clifford Algebra from the quotient
of the tensor algebra T'(V') over an specific ideal. But, before starting its proof, we
need to stablish said ideal.

Definition 2.1.2. Let (V, g) be a quadratic space over R and let T(V') be its tensor
algebra. We define the two-sided ideal 1, as the ideal generated by elements of the

form
r®@x— gz, x)l, (2.13)

where here 1 is the neutral element for the product of the algebra T(V).
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Proof of Theorem |2.1.1, We begin by studying the two-sided ideal I, which is being
spanned by elements of the form (2.13]). But, by using the bilinearity of g, we also
have

(z+y)@@+y) —glz+yr+yl=21Qr+zrRQy+yRzr+yy
—g(z,2) — g(x,y) — 9(y,x) — 9(y,v)

=@@@r—g(z)+ Yy —9,v))
+(rzRy+yc—29(x,y)).

The first two parenthesis are elements of I, hence r @ y +y ® v — 2¢(x,y) € I,.
Moreover, for every z € V,

1 1 1

Thus, we can write the elements of I, as being generated by elements of the form

(2.13)), or of the form
r®y+y®r—2g(x,y)l (2.14)

With this in mind, we define the following equivalence relation:
A~B & A=B+y,ye€l, (2.15)

where A, B € T(V). We write [A] to denote the equivalent classes of A under this
equivalence relation, and define the following operations:

[A] + [B] = [A + B], (2.16a)
alA] = [ad], (2.16Db)
[A] % [B] = [A® B, (2.16¢)

where o € R.

The addition defined by Equation is well-defined since T'(V) is an algebra,
therefore an abelian group over addition, hence its quotient is also an abelian group
over the two-sided ideal I, by the First Isomorphism Theorem of Groups [21]. Scalar
multiplication (Equation (2.16D))) is also well-defined because, for any @ € R and
any C € [A],

C~r~AsC=A+yyel,
=aC=adA+ay < aC ~aAd = aC € [aA].

Lastly, the multiplication (Equation ([2.16d])) is well-defined as well: suppose C' € [A]
and D € [B]. Then we can find y,z € I, such that C = A+y and D = B + z.
Therefore,

CRD=(A+y)®@(B+2) =AB+ARQ2+y®@B+yQ® 2.

The last three terms are elements of the ideal I, hence C ® D ~ A ® B, ie.,
[C® D] =[A® B].
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We've just proved that Cl,(V) is an algebra. To prove that it is a Clifford
Algebra, take x,y € V. We can write

rRy=-(z@y—yz)+g(r,y)

+s((z+y) @ y+z)—glx+y,r+y)

(r®@x—g(z,z)) - %(y @y —9,y))

The last three terms are elements of /,, meaning we have

NN NN I NG

1
x®y~§(x®y—y®x)+g(fﬂ,y)-

Thus, if we consider the composition mapping
vy=poi, (2.17)

(V)
I

g

is the

where i : V' — T'(V) is the insertion of V into T'(V) and p : T'(V) —
canonical projection, then

Y(@) *y(y) +v(y) * () = [2] * [y] + [y] * [z]

=r®y]+ [y ® 7]

_ [%(x@)y —y®z)+ gz, y)
+ [%(y@x—z@y) +9(y, v)]
= 2g(z, y)[1].

So v satisfies Equation , hence it’s a Clifford mapping. Additionally, since
the elements of V' generates its tensor algebra, the algebra Cl,(V') is generated by
{[z] | x € V} and {a[l] | @ € R}, and so it’s a Clifford Algebra.

So far, we've proved the existence. The next part is proving its universality, that
is, Equation (2.12)). To do so, by using the fact that p € L(V, A), we construc the

mapping . .
pk:Hp:HV%A (2.18)
=1 i=1 :

(1, .y ) = px) * oo p(T),
which is a linear mapping for any k£ > 1: indeed, for any « € R and any 1 < j < k,
P, oy oy 2, ) = pan) * ok play + 2%) + ok p(ay,)
= pla) o aplig) + o) % pla)
= ap(z1) * ... % p(x;) * ... % p(zy)
+ p(w1) * .ok p(af) * % p(ay)
= (21, s g, ooy k) A pr(@1, 00, X, ).

Thus, by the Universality of the Tensor Product (Theorem |1.1.2)), for each k > 1,
there exists an unique linear mapping satisfying

pr:T(V) — A

2.19
T @ ... @ g > p(x1) * .o x p(ay). (2.19)
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For the Clifford Algebra A, we can define the graded module (A,)en = (A, A, ..., A, ...).

Thus, we've just shown that

/=TI TOV) (A

2.20
($n>n€N '_><:0n(xn>>n€N ( )

is a multilinear mapping between graded modules as defined by Equation ([1.36]),
where p} is define by Equation (2.19) for the cases n > 1, while pf =i : R — A is
the insertion of R in A.

V)

Take the Quotient module .
ker ()

Groups [21], there exists an unique linear mapping ¢ :

that

By the First Isomorphism Theorem of
V)
ker ()

p=¢om, (2.21)

— (An)nen, such

V)
Fer(7)
an element of the form z ® x — Q(z)1 € T(V'), we have

Pl —Q)l)=pzer) - Q) (1)
1

= p(x) * pla) = Q(z)1a
=0=9¢((z @z —Q(z)1) + ker(p)).

with 7 : T(V) —

being the canonical projection. Therefore, if we consider

Since elements of this form spans the ideal I, we have I, C ker(p’). Once again, by
First Isomorphism Theorem of Groups |21], there exists an unique linear mapping
rv) . TWV)

Iy ker(p')

* .,

such that the diagram in Figure |2.1| commutes.

T(V)

T(V) =

Figure 2.1: First diagram for Theorem [2.1.1

We summarize all the linear maps used and defined so far in Figure in order
to visualize what’s done and what’s left. In said diagram, i : V. — T'(V) is the
insertion of V' into T'(V'). Also notice the lack of a solid line between (A, ),en and
A. In order to "close this gap”, we define: (a,)nen has degree k if (a,)neny # 0 and
if there exist £ € N such that ax # 0 and a,, =0 if n > k.

With the last definition at hand, we can construct the mapping j : (A, )peny — A
as

(2.22)

J(n)nen = Zf:ﬂ ar , if (an)nen as degree k;
e 0 , otherwise.
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P A
(V) r (An)uen
P T ¢
(V) p (V)
Cl =
V) I, ker(p”)

Figure 2.2: Second diagram for Theorem [2.1.1]

Such mapping is not linear: if we consider (1,0,0,0,...) and (0,1,1,1,...), then

3((1,0,0,0,...) + (0,1,1,1,..)) = j(1,1,1,1,...) =0
£1+40=5(1,0,0,0,..)+ j(0,1,1,1,...).

But, the composition mapping
Y=jodop (2.23)
is linear: for any z,y € V and any a € R,

Y(alz] + [y]) = Y(lax +y]) = jo o p*([ax +y])
=jogo(p op)lar+y)=jo(pom)(ar+y)
=jop(ax+y)=jp(ar+y))

degree 1
= p'(az +y) = pi(az +y)
€T (V)
= api(r) + pi(y)
=ap'(x) +p'(y) = ajop(z)+jop(y)
= ay([z]) + ¥ ([y])-

Furthermore, 1) also preserves the multiplication:

Y([z] * [y]) = Y(r@y]) =jodop (r®y])
=jop(z®@y) =7 (r®y))
degree 2
= p’(gg_y) = py(z®@Y)
€T (V)
= p(x) * p(y) = pi(z) * pi(y)
=pl(x)*p'(y) = jop(x)*jop(y)

This proves that ¢» an homomorphism between algebras. Finally, using the fact that
v(z) = [z], we have

U([z]) = pi(z) = p(x) = o (z),
i.e., Equation ([2.12) is satisfied, finishing this proof. O
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By its universal nature, we can say “the Clifford Algebra of V" instead of “a
Clifford Algebra of V' when treating with Cl,(V'), similar with what was done with
the tensor algebra T'(V).

It’s worth noticing that V' is embedded in Cl,(V'), by which we mean we can
find a subspace of Cl (V') isomorphic to V. Indeed, we know that W = Im(7y) is a
subspace of Cl,(V'). Morevover, if y(x) € ker(y), then

Y(z) = 0= v(z) *y(r) = g(z, 2)lor,v) = 0 =
= g(z,2) =0=2 =0,

since the bilinear form g is considered to be non-singular. Therefore v is an injective
mapping and V'~ W. This tells us we can “identify” W as V and say V C Cl,(V),
which allows us to write the elements v(x) as just . Moreover, instead of saying
“Cly(V) is generated by {vy(z) | v € V} U {al | « € R}”, we can say “Cl,(V) is
generated by V' U {al | a € R}”. This identifications shall be considered from this
point onwards.

In this work we’ll be interested in finite-dimensional vector spaces. It turns out
the Clifford algebra Cl,(V') constructed in Theorem is also finite-dimensional
if V is finite-dimensional itself. Not only that but we can calculate the dimesion of
Cl,(V') quite easly given the dimension of V. To do so, we’ll need some definitions,
properties and notations relating to Cl (V).

Definition 2.1.3. Let (V,g) and (V',¢') be two pairs of quadratic vector spaces. A
linear map f:V — V' is said to preserve the bilinear forms if

g(f(x), f(y) = g(z,y) (2.24)

for any x,y € V. In particular, if both forms are inner products for their respective
vector spaces, and if f satisfies Equation , then f is said to be an isometry.

Definition 2.1.4. Let V' be a quadratic vector space. We denote by O(V') the set
of all linear automorphims of V' that preserve the the bilinear form g. In particular,
if g is an inner-product of V', then O(V') is the set of orthogonal maps of V.

Theorem 2.1.2. Let (V,g) and (V',¢’) be two quadratic vector spaces; let v and ~'
be the Cliffor mappings for V. and V' respectively; and let f :V — V' be a linear
mapping preserving the bilinear forms. Then there exists an unique algebra mapping

Qf : Clg(V) — Clg/(V’)

such that
Oroy=r'of (2.25)

18 observed.

Proof. Consider the composition of linear mappings
Yo f:V—=Cly(V').

Such composition is itself a linear mapping. Moreover, W = Im(f), the image of
f, is a subspace of V', thus we can restrict 4" and ¢’ to W, and construct Cly, (W),
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the Clifford algebra for W. It’s easy to see this Clifford algebra is a subalgebra of
Cly(V'). Therefore, by Theorem [2.1.1] there exists an algebra homomorphism

(f o) : Cly(V) = Cly (W)

such that (f o~")*(y(x)) =+ o f(z) for any z € V.
Since Cly (W) is a subalgebra of Cly(V’), we can use the insertion mapping
i:Cly(W)— Cly(V') to define

Oy =io(for)". (2.26)
Notice that 0 satisfies Equation and it is an algebra homomorphism. O

Corollary 2.1.1. Fach linear transformation f € O(V') extends uniquely to define
an algebraic automorphism 0y of the Clifford Algebra Cl, (V).

This automorphism is referred as the Bogoliubov automorphism of Cl,(V)
induced by f.

Corollary 2.1.2. Suppose f,h € O(V). Then
efoh = (9]0 e} Qh. (227)

In fact, the function
6:0(V) = Aut(Cl,(V)), (2.28)

which maps each linear mapping of O(V') to its Bogoliubov automorphism, is a group
homomorphism.

Proof. If f,h € O(V), then foh € O(V), so each of 6., and 0 0§, is an automor-
phism of Cl,(V) extending f o h. By its unicity, it must follow that 6, = 6 o ).
Finally, # being a group homomorphism is immediate consequence of Equation
2.2 0

For the next part, we shall make use of the following notations: let m € N. We
denote
m={1,...m}.

Moreover, let S be the non-empty set
S={s1<..<s} Cm
in this case, we write the following product in Cl,(V):
Vg = Uy * Uy ¥ ... % Ug .
For convinence sake, we alse write
vp = 1.

With this notations in mind, along with Theorem [1.2.4] we begin presenting
some properties the generators of Cl (V') hold.
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Theorem 2.1.3. Let (V,g) be a quadratic vector space over R. Let {vy,...,v,} be
a set of V' satisfying

g(U@', Uj) =0
whenever i # j. If S,T C m, then

vp ¥ vg = (=1)PT " vg * vy, (2.29)
where p, q and r are the cardinality of the sets S, T and S N'T" respectively.

Proof. Let R = SNT. We begin by considering the particular case R = (). By
hypothesis, we know that

9(v;,v;) =0 & v xv; = —v; *v; (2.30)
whenever i # j. Suppose ¢ = 1 and fix p € N. In this case,

VU * Vg = VUgy ¥ Vg * .0 X Vs,
N ——’
p factors

= (=1)Pvs, * ...k vy, ¥ vy, = (—1)Pvg * vy,

where we used the fact S and T are disjoint, thus t; # s; for all 1 <14 < p; and the
anticommutative property p-times in the product. Thus Equation is observed.
By induction, suppose Equation [2.29 also holds for ¢ = k. So, for ¢ = k + 1,

U ¥ Vg = Vg ¥ ... % Uy, * Utk+1 * VUgy * ..ok 'Usp
NS -~ >
p permutations

p
(=1)P g, % % Uy, % Vg % ok U, KU,

InductionVHypothesis
= (—1)P(=1)P"(vg, * ook vg)) % (V) * 0y, % vy, ,)

= (—=1)PFHyg % vy,

Therefore, Equation [2.29| is valid for all ¢ € N. Since p € N is arbitrary, this
equations is valid whenever S and T are disjoint.

Next suppose R # (). We define S’ =S — R and T" = T' — R. Notice that the
cardinality of S" and T" are p —r and ¢ — r respetively. Moreover, by using Equation
2.29, we can permute the elements of S and T to write

vsg = (—1)%g * vg (2.31a)

and
Ur = (_1)va * U, (231b)

where a and b are the number of transpositions performed to arrive in Equations

and respectively. Consequently, by multiple aplications of Equation
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vr ¥ vg = (—1)"Pug x vp xvg *vg
—

Equation |2.29
— (_1)a+b(_1)(p7r)(qfr) VR * Vg * VU * VR
—— ——
Equation@ Equation@
(Rearranging factors) = (_1)a+b+(p—r)(q—r)(_1)(p—r)r(_1)(q—r)r,USl * UR * URp * U
(_1)(p,T)(q,,,)Jr(p,,,)H(q,r)r ((—=1)%vg % vg) * ((—1)%vg * vpv)

Vv Vv
Equation Equation
(—1) (p=r)(a=)+p=r)r+a=1)ry, o 5 v

—pr— 2 2 2
(_1)pq pr—qr+r<4+pr—r<4qr—r Vg * Up
2
= (_1)1761 " Vg * Ur.
Notice that

2 2 _ (—1)@) =1 = (=1)% = (=1)" (r even);
(1 = 1 = (174 (r 0dd).

So either way (7 even or odd), we can always write
Ur ¥ Vg = (—].)pq_TQ’US * Up = (—1)pq+TUS * U,
which finishes this proof. n

The next corollary is a trivial consequence of the previous theorem and of Equa-

tion 2.41

Corollary 2.1.3. Let j € m and S C m. Then, under the conditions of Theorem

[2-1.5,

v; * vg *xv; = (—1)P"g(v, vj)vs, (2.32)
where p is the cardinality of S and r is the cardinality of S N{j}.
Lemma 2.1.1. Let iy,...,1, € m and let
Viy * oo ¥ Uy,

be a product of elements of {v1,...,v,} like stated in Theorem m Then there
erists B € R and S = {s1 < ... < s,} C m such that

Uiy % .o ¥ V4 = ﬁil...ikvs- (233)
Proof. Let o be a permutation function for {1, ..., k} such that
lo(i) S - S o),
where ji, ..., jx € {1, ..., k}. Consequently, we can write

Viy * o XU, = sgn(a)vig(jl) XLk

(2.34)

o(jg)?
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with sgn being the sign function for the permutation o:

sgn(o) =

+1 if o is even;
—1 if o is odd.

If i(j,) = i (j,41), then, by Equation [2.4]
Vgt * Vinsypn) = 9(Wins,0 Vigpy Lty v)- (2.35)
In this case, the Equation becomes
Uiy % .o ¥V =

SINUO)I Wiy, Vig(sry Wintin) * -+ * Yoty ) * Vgt ) % -+ ¥ Viggyy-
(2.36)
We can “take out” identical indexes two-by-two by using the same reasoning
done in Equation [2.36] The resulting scalar shall be identified as ;..
If all factors are removed by the reapeted uses of Equation [2.4] then

Viq * ...k Uy, = /821 zklcl V) — BU@

If some factors were not removed by the use of Equation then the remaining
factors have distinct indexes in an ascending order. Let S be the set of said indexes.
Thus

Uiy ¥ kU, = Biy i Us.

In both cases, Equation [2.33|is satisfied. O]

Lemma 2.1.2. Let (V, g) be a quadratic space with dimension n, and {ey, ...,e,} be
a basis that diagonilizes g, as stated in Theorem[1.2.4. Then, for any yi,...,yx €V,
the product

Y1 * ..ok y € Cly(V)

can be written as a linear combination of elements from the set {es | S C n} C
O, (V).

Proof. Since y; € V for each 1 < j <k, we can write
n
= Z A4, €4,
ij=1

So, by the distributive property,

R Y = E g Qi o Oy €41 % L X €5

11=1 =1

By Lemma [2.1.1}
€iy * ...k €, = Bi) xS, (2.37)

thus the initial product becomes

n

n
Y1 * *yk = E E ail...aikﬁil_,_ikes,

=1 ig=1

which proves our assertion. [
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Next we have the first relation between the dimensions of V' and Cl,(V).

Lemma 2.1.3. Let (V,g) be a quadratic vector space over R. If dim(V') = n, then
dim(Cl,(V)) < 2m.

Proof. In here, the set {ej, ..., e,} shall be a basis as stated in Theorem m
The Clifford algebra Cl,(V), by its definition, is generated by the set
B=VU{al|«aecR}.

This means any z € Cl,(V') can be written in the form

m

z = Z 2 (2.38)

=1

of any m > 0 elements, each z; being the product

with k; elements and each y;;, being either an element of B or the opposite of an
element of B (see Definition . But, since V is a vector space, if y;;, is the
opposite of an element in V', then y;;, € V; additionally, if y;;, is the opposite of an
element in {al | @ € R}, then

Yij, = _(Oéijil) = <_aiji)17

which is itself an element of {al | @ € R}; thus, in all possible cases, each y;;, is an
element of B.
For each 1 <7 < m, if in the product

Yi1 * ... ¥ Yik,

there is a factor
Yij, = gl € {al | a € R},

then we can rewrite the previous product as

This process can be repeated until the last element of {al | & € R} is “taken out”
of the multiplication in Equation [2.39] If all factors are elements of {al | & € R},
then
Vil ¥ ook Uik, = Q1. QG 1 = Q1. €.
Otherwise, the remaining factors of the multiplication are all elements of V', which,
by Lemma [2.1.2] can be written as a linear combination of elements from the set
{es | S C n}. Both cases show us that, for 1 < i < m, each z; is a linear combination
of elements from the set {es | S C n}. Moreover, since z in Equation is a sum
of elements in the algebra, z can also be written as a linear combination of elements
from the set {eg | S C n}. Hence this set generates Cl,(V') as a vector space.
The set {eg | S C n} has cardinality

& n!
kz:; El(n — k)!
thus dim(Cl,(V)) < 2" O
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For the next theorem we shall consider the particular Bogoliubov automorphism
0_r, where —1 takes each element of V' and maps it to its opposite.

Theorem 2.1.4. Let (V, g) be a quadratic vector space over R. If dim(V') = n, then
dim(Cl,(V)) = 2.

Proof. We already know that dim(Cly(V')) < 2" (Lemma[2.1.3). To show the equal-
ity, let m < n be a fixed natural number and let {v;, ...,vn} be a basis for V' such
that g(v;,v;) = 0 whenever ¢ # j. Suppose

Y asus=0 (2.40)

SCm , ag#0

is a non-trivial relation of elements in Cl, (V') involving as few nonzero coefficients as
possible, i.e., the vectors vg are linearly dependent and none has a zero coefficient.
If this summation only has one ag # 0, then

asvg = 0 = agvg xvg = 0.
Notice that,

Vg * Vg = (Us; * ... % Ug) * (Vg * ... ¥ V)

= (- 1)(7’ 1)+(p_2)+“‘+lv§1 k.. ok U?p
)

Thus )
agvg =0 = aS(—l)ip(p_l)g(vsl, Vs, )--g(Vs,, Vs,) = 0.

This means one of the g(vs,, vs,) must be zero since ag # 0 by hypothesis. This con-
tradicts the non-singularity of the bilinear g, therefore we can not have a summation
with only one ag # 0. So Equation (2.40)) must have at least two terms.

Next consider the automorphism

%(Id +0_1) € Aut(Cly(V)),

where Id is the identity map. So,

Id +0_; Z asvs) (Z agvg + Z ast_1(vs))

SCm SCm SCm
= Z agvg + Z card(S Oésvs)
SCm SCm
1
= 52 as(L+ (=1 P)g)
SCm

= E QsUs

SCm, card(S) even

This automorphism is "filtering” the summation by eliminating the sets S with an
odd cardinality. Since our hypothesis asks Equation to have has few nonzero
coeficients as possible, either all sets have even cardinality, which would make the
automorphism act as the identity, or all sets must have an odd cardinality, meaning
the automorphism would act as the 0 automorphism. Either way, the important
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fact we can extract is all sets S in the Equation (2.40) have either an even or odd
cardinality simultaneously.
Finally, let 1 < 5 < m and consider the multiplication

0=uv;*( Z QgUg) * U;

SCm , ag#0
= Z gV * Vg * Uj
SCm , ag#0
(Corollary — Z aS(_1)card(S)—i—card(Sm{j})g(Uj7 Uj)”S
SCm , ag#0
_ g(Uj, Uj) Z (_1)card(S)—l—card(Sﬂ{j})aSUS
SCm , ag#0
(9(vj,v5) #0) = Z (—1)card(S)+eard(SN{D oy gy
SCm , ag#0

Therefore we obtain by adding Equation ([2.40)

0= Z (1 + (_1)card(5)+card(5ﬂ{j}))aSUS‘
SCm , ag#0

Suppose card(S) is even. Then we must have SN {j} = 0, otherwise we would
have a non-trivial summation with fewer terms than Equation [2.40] a contradiction.
But j is arbitrary, hence S N {j} = 0 must be true for each 1 < j < m. The only
possible case is S = (), meaning the summation in Equation has only one term,
an absurd as proved previously in the first paragraph of this proof. Consequently
card(S) must be odd and SN {j} = {j}. (If the intersection was the empty set, we
would arrive again at a summation with fewer terms than Equation [2.40, an absurd
as stated previously.) Once again, by the arbitrarity of j, S N {j} = {j} for each
1 <7 < m, meaning S = {1,2,...,m} = m. There is only one such set, thus the
summation in Equation has, yet again, one term, giving us another absurd.

In conclusion, all possible scenarios for Equation being a non-trivial linear
combination with as few nonzero coefficients as possible lead to a contradiction, thus
proving the set

Sm:{U5’SCm}

is linearly independet for each 1 < m < n. Notice that, for m = n,

. n! "
card(S,) = Z W — k) =27,
k=0

hence dim(Cly(V')) > 2". By Lemma[2.1.3] we conclude that dim(Cl,(V)) =2". O

So far, the examples here presented were the only possible cases of Clifford
Algebras related to an unidimensional vector spaces. The next example looks into
two cases for spaces with dimension 2.

Example 2.1.3. Let V ~ R? with basis {e1,es}, and let g be the bilinear form

gler) = g(e2) = —1.
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By the previous theorem, dim(Cl,(V')) = 22 = 4 with basis
84 = {2}5 | S C 4} = {1,61,62,61 * 62}.

Hence the following set of equations are observed:

1x1 =1;

erxer =g(er,e)l =—1;
eax ey = g(ez,e9)l = —1;
€1 %€y = —e€g *eq.

For (e; * e3)?*, we have

(e1xe9)? = (e1 % €)% (ep xeg) = e1 % (eg x e1) * €9
= —ep % (e xeg) keg = —(e1 xe1) * (eg x €3)
= (—1)*(~1) =1

Consider the mapping

¢:Cl,(V)—H
where

o(1) =1;

p(e1) = i;

o(e2) = j;

oler xea) = k.

Thus it is immediate to see that ¢ is an algebra isomorphism between Cl,(V') and
H, hence Cl,(V') ~ H.

Example 2.1.4. Under the same conditions of the previous example, if we were to
change the bilinear form into

gle1) = gle2) = +1,
then we would have
1x1 =1,
epxe; =gle,er)l = +1;
eax ez = g(e2,€2)1 = +1;
€1 %€y = —eg ke,

2

(Notice how ey and ey still anticommute.) Meanwhile, (e1 * e3)® would remain the

same:
(€1 * 62)2 = (e1xeg) x (€1 % ex) = e x (eg % e1) *x €3

= —ep % (e xeg) keg = —(e1 xe1) * (eg x €3)
=—(1)=*(1)=-1.

Consider the mapping

¢ : Cly(V) — Mat(2,R)
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where

8 1_1 (2.41)
¢(€2) = 1 O] )
\¢(61 * eg) = _01 (1)] ;

which is an algebra isomorphism between Cl,(V) and Mat(2,R), ergo Cly(V) ~
Mat(2,R).

One last comment before closing this section. There exists another algebra hav-
ing similar properties to the Clifford Algebra Cl,(V):

(i) this algebra can be constructed as a quotient of the tensor algebra T'(V);
(ii) this algebra has an universal nature;
(iii) this algebra has V' embedded into it;
(iv) if dim(V') = n, then the algebra has dimension 2".

This is the case for the called Grassman Algebras, usually notated by A(V'). For
finite-dimensional vector spaces, we have Cl,(V') ~ A(V) as vector spaces since both
have the same dimension. But they are not algebraicaly isomorphic. This is pretty
immediate by the basic property they hold: while in Clifford Algebras we want the
square of any element in V' to be a multiple of the unity (z * z = g(x,x)1 # 0), in
Grassman Algebras the square of such elements are, by construction, equal to zero
(x Az = 0). Although not explored in this text, this algebras share more similarities
then the ones just stated. The interested reader can check References [4]]16].

2.2 Classification of Clifford Algebras

We’re now in place to begin constructing the building blocks that shall classify the
Clifford Algebras of finite-dimensional real vector spaces. Such classifications will be
done by a series of theorems and corollaries, with the so called Periodicity theorem
being in the core of said classifications.

Before begining, an observation. Let V ~ RP? and g be the bilinear form
associated with V having rank p + ¢ and signature p — ¢ (see Definition [1.2.7).
Then the Clifford Algebra Cl,(V') associated with the quadratic space (V,g) will
be written as Cl,,. Moreover, as a reminder, the bilinear form is non-singular (see

Definition [2.1.1)).

We’ll start with the first “building block” of our construction.

Theorem 2.2.1. Let Clyy and Cly; be the two Clifford Algebras associated with
the vector spaces R?T0 and R respectively. Then the following isomorphism is
verified:

Cloy = Cl 1. (2.42)
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Proof. Let {1,e1,es,e1 * €2} be the generators of Clyy, such that e2=1es=1
and, as consequence, (e; x e3)? = (e1 * €3) x (e % €9) = —1; and {1, vy, v2, vy * vo} the
generators of Cly 1, such that v} =1, v = —1 and (v * v2)? = 1.

Then the linear mapping

qb : 012,0 — 01171
925(1) =1, ¢(e1) = v1, ¢(€2) = vy * Vg, P(eg * 62) = Ug;

is an isomorphism between algebras. Indeed, notice that

thus ¢ is preserving the product between the genertors of Cly , therefore ¢ preserves
multiplication of the algebra elements. Since dim(Clyg) = 2% = 4 = dim(Cly 1), we
can conclude that ¢ is an algebra isomorphism. O

So far, we’ve seen the first five “classification” isomorphisms: one in our previous
result, Theorem and four being presentend in Examples 2.1.1] 2.1.2, 2.1.3
and [2.1.4L The next corollary is being stated for simplicity sake for when such
isomorphims are referenced later in the text.

Corollary 2.2.1. The following algebraic isomorphisms hold true:

(Example Cll,O ~R® R,
(Example 2.1.2) 01071 ~ (C,

(Theoremand Example Oll,l ~ Clg}o ~ Mat(2, R),
(Example 01072 ~ H.

(2.43)

Theorem [2.2.1] is the first example we have of two Clifford Algebras associated
with different values of signatures being isomorphic to one another. In other words,
the Clifford Algebra Clyq is associated with R*™0, a vector space with quadratic
form @ having signature 2, while Cl ; is associated with R, a vector space with
quadratic form () having signature 0.

Our next example of isomorphisms between Clifford Algebras is more general
then the previous cases and starts to make use of our tensor product knowledge.

Theorem 2.2.2. Let Cl,, be a Clifford Algebra associated with the the quadratic
space RPY9. Then there exists the following isomorphism:

Clp+1’q+1 >~ Oll,l ® Olp’(p (244)

where either p > 0 or ¢ > 0.

Proof. Let {e;|]1 <1i < p+ g+ 2} be an orthonormal basis for the quadratic space
RPFHLa+L with quadratic form @, such that we have the following relations:

I, 1<i<p+1

€)= 2.45
Qe) {—1, p+2<i<p+qg+2 ( )
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Similarly, we define {v;|1 <@ < p+ g}, an orthonormal basis for the quadratic space
RP? with quadrtic form @’ and

1. 1<i<
Qv) =4 =t=p (2.46)
-1, p+2<i<p+g;

and {r, s}, an orthonormal basis for the quadratic space R with quadrtic form H,
and

H(r)=1
(r) (2.47)
H(s)=—-1.
Consider the linear mapping f : RPTH4+t — O, @ Cly; defined as
v;®(rxs), 1<i<p
l®@r,i=p+1
fle) = . (2.48)
1®s,t=p+2

Vi@ (rxs),p+3<i<p+q+2.

We want to show that this linear mapping is a Clifford mapping. To do so, we must
calculate

flei) * fe;) + flej) * f(es)

for each value of 1 <i,5 < p+ g+ 2, therefore giving us ten cases to study.
Ist. 1 <4,5 <p:

flex) = fles) + f(ej) * fler) = (i @7 % 5) (v @7 % 5)

(v;
+(V@r*s)* (v, QT *s) =
= (v; *vj+v]*vl)®(r*s)2 =
= (v; *v]+v]*vz)®(—r2*32) =
—25,1® 1,
where we used the identities v; * v; + v; x v; = 20,5, r* = 1, s* = —1 and
s*xr = —r*s. Thus
fleq) * fe;) + flej) * fle) = 20;;1 @ 1. (2.49)

2nd. 1<i<pandj=p+1:

fled) = f(e;) + fleg) = fle) = (vi @71 xs)* (1Q7)
+(1®r)*(v;@r*s) =
=0, Q(r*xs*r+rxrks)=
=0, @ (—r?*s+12%s) =

So
f(e:) = f(e;) + f(ej) * f(e;) = 0. (2.50)
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3rd.

4th.

5th. ¢

6th.

7th.

1<i<pandj=p+2

flei) = f(ej) + fleg) * flei) = (v @rxs)x (1)
+(1®s)*x(v;,@rxs)=
=0, Q(rxs*s+sxr*s)=
=@ (r*s>—s*r)=
=v,®0=0.

Hence

flei) x f(e;) + f(ej) * fles) = 0. (2.51)
1<i<pandp+3<j<p+qg+2:

flei) * flej) + fej) * flei) = (v @7 s) x (v @7 % 5)
+ (U @r*s)* (v, QT *xs) =
= (v; % vj + v % v;) @ (1 % 5)?
= (v; % vj + v % v;) @ (=% % 57)
—25,1®1=0,

since ¢ # j for all its values in this case. Thus

flei) = fe;) + f(ej) * f(ei) = 0. (2.52)
1=j=p+1
flei) = f(ej) + flej) * fle)) =(l@r)«x(1ler)+(1er)*(1er)=
=2(1®7r?) =
—2(1®1)
Then
flei) * flej) + fley) * fle:) =21 @ 1. (2.53)

t=p+1land j=p+2:

fle) x fleg) + fleg) x fler) = (1@r)x (1@s) + (1@s)x (1@7) =
=1®((rxs+sxr)=0.

Therefore
f(e:) x f(e;) + f(ej) * f(e;) = 0. (2.54)

t=p+landp+3<j<p+qg+2

flei) * fej) + f(ej) * flei) = (1 @7) % (v; @71 % 5)
+(wj@rxs)x(ler) =
=0, @(r’*s+r*xs*r)=

=v; @ (r**s—1’*s) = 0.
Because of this we have
f(e:) = f(e;) + f(ej) = f(e;) = 0. (2.55)
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8th. i=j=p+2

So
fe:) = f(e;) + flej) = fle;) = —2(1®1).

9th. i=p+2andp+3<j<p+qg+2:

flei) = f(e;) + f(e;) = fle)) = (1® ) * (v; @71 x5
+(v;@r*s)*x(1®s) =
:vj®(s*r*s+r*52):

:Uj(g)(—r*sQ—{—r*sQ):O.

Thus
fles) * f(ej) + f(ej) x fe;) = 0.

10th. p+3<i,j<p+q+2:

flei) * flej) + flej) * flei) = (vi @1 s) s (v @1k s)
+ (U @r*s)*(v; @1 *xs) =
(v;*xv; + v %0;) ® (r*s5)° =
(v; % v + v % v;) @ (—1? * 57)
= —20,,1®1,

[\

where we used the identity v; x v; + v; * v; = —26; ;. Hence
flei) = fleg) + f(ej) = fler) = —20;;1® 1.

Therefore, if we consider any element x € RPTH4+L a5

pt+q+2

Tr = g Q€4
i=1

we have
pHa+2 pra+2
(f(x))* = Z Z oo f(e;) * f(ej) =
=1 j=1
p+1 p+q+2
=20} (@)= ) a))el=
i=1 i=p+2
=2Q(z)l ® 1.

(2.56)

(2.57)

(2.58)

The factor 2 appearing multiplying () at the end is irrelevant since we could have

defined f by multiplying a factor of one half. Doing so would give us

(f(2))*=Q2)1® 1.
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]Rp+1, q+1

Clp+1, q+1

Figure 2.3: Diagram for Theorem [2.2.2]

Thus f is a Clifford mapping. By the universality of the Clifford Algebras (Theorem
, the diagram in Figure commutes.

By construction, the image of f generates the algebra Cl,, ® Cly ;. Indeed,
notice that Cl, , ® Cl,; is generated by elements of the form

p+q

€1 5p+q Ei
vt xuir e 1= [Jf @1),
=1
p+q

Ok Lk @ = H(Uf ),
= (2.59)

pt+q

€1 Ep+q i

vyt ok L p+q®3—||(vi®s),
1=1
p+q

€1 €p+q _ €
(R O T ®r*s-H(v/®r*s),
i=1

where ¢; € {0,1} for 1 <i,j < p+ q+ 2, giving us the following cases:
(a) 1<i<p+gande =0:
1@ 1= fept1) * fleps1),
l®r= (ep+1)7
1®s= (€P+2)7
L@r*s= f(ep1) * fepra);

(2.60)

(by 1<i<pandeg =1:

v;® 1= f(e;) * f(ept1) * f(ept2),
v; @1 = —f(e:) * fept2),
v ®s = —f(e;) * fep+1),
v; @1 x5 = f(e);

(2.61)

(c) p+2<i<p+gqgande; =1:

v; @ 1= f(eprari) * f(ep1) * f(ept2),
Vi @1 = —fleprari) * fepta),
0 @5 = —fleprari) * f(€ps1),
Vi @1 x5 = f(eprai).

(2.62)
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Since, by construction, f is taking {e;|1 <4 < p+ g + 2}, a basis of RPT14T! into
the set {v; ® (r*s),1®r1®s|1<i<p+q}, a basis for Cl,,® Cly 1, we have f
a surjective linear mapping between vector spaces. Moreover, by Theorem [2.1.1],

Im(f) = Im(f"),
thus f* is a surjective homomorphism of algebras. Additionally,

rank(f*) = dim(Cl,, @ Clyy) =, dim(Cl,,)dim(Cly,) = 2Pt
Theorem [[L1.3]
and
dim(Clypi1,41) = 27772,
meaning that ker(f*) = {0}, so f* is injective.

In conclusion, f* is an algebra isomorphism between Cl,;1 441 and Cl, , ® Cly 1,
the latter being isomorphic to Cl;; ® Cl,,,. O

The next example shows us the reasoning used through out the classification of
the Clifford Algebras and how theorems like Theorem are applied.

Example 2.2.1. Consider the Clifford Algebra Cly,. By Theorem[2.2.9 and Corol-
lay we know that

OZQ’Q = Cl1+171+1 >~ Cll,l X Cll,l ~ Mat(2,R) & Mat(?,R) ~ Mat(4,]R)

Theorem 2.2.3. Let Cl,, be a Clifford Algebra associated with the the quadratic
space RPT. Then the following isomorphisms hold:

Clgyop =2 Clyy® Cl, 4

2.63
Clq7p+2 ~ ClO’Q & Clpyq, ( )

where either p >0 or ¢ > 0.

Proof. The proof for Cl, ;4 is similar, if not almost identical, to the case Cl,42,, so
we shall proof only the later. Moreover, this proof is quite close to Theroem [2.2.2s
proof, as we shall see. Let {e;|1 < ¢ < p+ g+ 2} be an orthonormal basis for the
quadratic space RPFLI+L with quadratic form @, such that we have the following

relations:
I, 1<:<qg+2
Qe;) = , (2.64)
-1, ¢g+3<i<p+qg+2

Similarly, we define {v;|1 <i < p+q}, an orthonormal basis for the quadratic space
RP? with quadrtic form @' and

1, 1<i<p

@i {—L p+2<i<ptaq (26

and {r, s}, an orthonormal basis for the quadratic space R*° with quadrtic form H,
and

H(r)=1
(r) (2.66)
H(s) =1.
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Consider the linear mapping f : R?™?? — (1, , ® Cly defined as

v;®(rxs),1<i<gq
1l®ri=qg+1
flei) = . (2.67)
1®s,i=q+2
Vi@ (r*s),q+3<i<p+q+2.
Once again we want to show that this linear mapping is a Clifford mapping. So,
for 1 <14,5 < p+ q+ 2, we once again have 10 cases to study:

Ist. 1 <i4,j <p: f(e;)* f(ej) + fe;) * f(e;) = —26; ;1 ® 1.
flei) x fle5) + flej) * flei) = (vi @1 s)x (v; @7 % 5)
+ (v, @rxs)*(v;@r*s) =
(v % vj + v % v;) ® (1% 8)? =
( *

2 82)

U k0 + v %) @ (—T

2nd. 1 <i<pandj=p+1: f(e)* f(ej) + f(e;) * f(e;) = 0.
flei) = fle;) + flej) = fle;)) =(v;@r=*s)*x (1)
+(1er)*(v;,@rxs) =
=0, Q(r*xs*r+r*rks)=
=0, @ (—r?*s+1r°%8) =1v; ®0 =0.
3rd. 1 <i<pandj=p+2: f(e)=* f(e;)+ f(e;) * f(e;) =0.
flei) = flej) + f(ej) * flei) = (v; @1 x5)x (1@ 5)
+(1®s)*(v;@r*s) =
=0, Q@ (r*xs*s+sxr*s)=

=@ (r*s?—s2xr)=0.
4th. 1 <i<pandp+3<j<p+q+2: f(e)=* f(ej)+ f(e;) * f(e;) =0.

flei) = fle5) + flej) * flei) = (vi @1 s)x (v; @7 % 5)
+ (v, @r*s)* (v, @1 *s) =
= (v; %V +vj%0;) @ (1 x5)° =
= (v; % vj + v % v;) @ (—1? * 57)
= 20,11 =0.

[\

Sth. i =j=p+1: f(e:) * fle;) + f(e5) » fle:) =2(1® 1).
flei) x fleg) + fleg) x fler) = (1T@r)«(1@r)+ (1@r)«(1®r) =
=2(1®@r) =2(1®1).
6th. i=p+1and j=p+2: f(e;) * f(e;) + f(ej) * f(e;) = 0.
fle) x fleg) + fleg) x fler) = (1@r)x (1@s) + (1@s)* (1@7) =
=1®((r*xs+sx*xr)=0.
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Tth. i=p+landp+3<j<p+q+2: fle)* fle;)+ fle;) * fle;) =0.

fles) = flej) + flej) = fle) = (1@7) x (v; @7 % 3)
+(v;@r*s)*x(1®r)=
:vj®(r2*s+r*s*r):

=0, ® (r**xs—1*x5)=0.

8th. i = j = p+2 f(es)  fle;) + fle) % fles) = —2(1 @ 1).

flei) x flej) + flej) * fle) = (1©@s)x (1@s)+(1®s)* (1®s) =
=2(1®s)=2(1® (1) =-2(1®1).

9th. i=p+2andp+3<j<p+q+2: f(e)* flej) + fe;) * f(e;) = 0.

fle)* flej) + flej) x fle) =(1@s)*(v;@r*s)+ (v;@r*s)* (1®s) =
=0, @ (skr*s+1x5) =

=0, @ (—rxs>+1rxs5”)=0.
10th. p+3 <14, <p+q+2: f(e;)* f(ej)+ f(e;) * f(e;) =20, ;1 ® 1.

flei) = fe;) + fle) = fle;) = (v @r=s)* (v; @1 *5)

+ (v @r*s)*(v; QT xs) =
= (v; % vj + v % v;) ® (1% 5)° =
= (v; ¥ v; +v; % v;) ® (=% * %) =

=—(-20;;,) ®1=26,;(1®1).

Therefore, if we consider any element x € RI"2? as

p+q+2

T = E a;e;,
=1

we have
P+q+2 p+q+2

(f(x)* = Z Z i f(ei) * flej) =

q ptq+2
i=1 i=q+1

=2Q(x)1®1,

where, once again, the factor 2 appearing multiplying ) at the end is irrelevant and
will be disconsidered for the next part of this proof.

We've just proven f is a Clifford mapping. By Theorem [2.1.1] the diagram in
Figure [2.4] commutes.

Finally, we can repeat the argument done at the end of Theorem [2.2.2]s proof
to conclude that Im(f*) = Cl,, ® Clay, thus rank(f*) = dim(Clyy ® Cl,,) =
dim(Cly12,), which proves that f* is an algebra isomorphism between Cl 42, and
Clap @ Cly, 4. O
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]Rq"'zr 14 CZZ,O ® Clp,q

Clyizyp

Figure 2.4: Diagram for Theorem [2.2.3]

Once again, we group toghether the previous two theorems into one corollary.
Corollary 2.2.2. The following isomorphims hold true:

Clp+17q+1 ~ Cl171 & Clp,q
Clyszp =~ Clog @ Cly, (2.68)
Clq7p+2 ~ Cl(]’Q ® Clp,qa

where either p > 0 and q > 0, with the particular case p = q = 0 being identified as
the real field, i.e.,
Cloo = R. (2.69)

Corollary allows us to expand on our isomorphism done in Example [2.2.1]

Example 2.2.2. Consider the Clifford Algebra Clyy. By Corollarie and Corol-
lary we can conclude that

01470 = Cl2+2’0 ~ Clzo X 01072 ~ MCLt(2, R) & H ~ Mat(2, H)
~ 01270 & 01072 ~ Cl072+2 = 01074.

Similarly, if we consider Clg o, we have

CZS,O = Cl4+470 ~ 01470 X 010,4 ~ Mat(2,]R) QHRH® Mat(Q,R)
~ Mat(2,R) ® Mat(4,R) ® Mat(2,R)
~ M(Zt(16, R) ~ Cl470 (059 Cl074 ~ Ol0,4+4 = Clo’g.

The following corollary is an immediate consequence of Corollary and by
using the reasoning done in Examples [2.2.1] and [2.2.2]

Corollary 2.2.3. The following isomorphims hold true:

Clyg~Cl,, @ Clyp—q, forp>q

2.70
Clyg ~Cly,®Cly_g0, forp <q. ( )

Theorem tells us how the Clifford Algebra Cl,, “behaves” when we add
2 into either p or q. The next corollary is similar to this case but now considering
adding 4 and 8.

Corollary 2.2.4. The following isomorphims hold:

Clp7q+4 ~ Cl074 (24 Clp7q

2.71
Clp’qug >~ Cl(]’g & Clp,q~ ( )
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Proof. The first isomorphism is a direct consequence of Corollary and Example
2.2.2)
Clp7q+4 ~ Clq_i_g’p X Clo,g ~ Clp’q &® Clg,g &® 010,2

~ Clyy @ Clo s,

while the second isomorphism is a consequence of the first one:

Clp,q+8 ~ Clp7p+4 X Cl074 ~ Clp,q X Cl074 ® Cl074
~ Clp,q (059 Cl470 & Clo74 >~ Clp’q X ClO,S-

O

We could keep going and exploring similar results for cases like Clyg o, Cly2,0, Clig o,
and so on. For example, for any k£ > 1,

Clgro ~ ®f:1058,0 o ®?:10l0,8 ~ Cly sk

However, such scrutiny is unnecessary. If we look back at the case Clyg in Example
2.2.2| we notice that such algebra is isomophic to the algebra Mat(16,R). Such
result, together with our previous corollary, is called the Periodicity Theorem, which
we state bellow for completionism sake.

Theorem 2.2.4 (The Periodicity Theorem). Let Cl,, be a Clifford Algebra
associated with the the quadratic space RPYY. Then the following isomorphism is
true:

Clygis ~ Cly g ® Mat(16,R). (2.72)

This theorem, as the name sugests, stablishes a periodic nature for the Clifford
Algebras. This means we can study only the cases where 1 < dim(V) =p+q < 7,
and the rest becomes a consequence of each of this particular cases together with the
Periodicity Theorem. Take, for example, the case Cly 1. Using both, the Periodicity
Theorem and Example 2.2.1] we have

Cl2710 = Cl272+8 >~ Clg’g X Mat(16, R)
Theorem [2.2.4]
(Example [2.2.1) ™~ Mat(4, R) ® Mat(lﬁ, R)
(Example ~ Mat(64, R)

One question may arrive: Corollary [2.2.4] also stablishes a possible periodicity by
adding 4 in ¢q. The reason why 8 is chosen instead of 4 is a practical one. Notice that
Clypa ~ Mat(2,H), i.e., the isomorphism happens between the algebra of matrices
with quartenion entries; meanwhile the isomorphism between Clyg happens with
the algebra of matrices with real entries. And, while it is possible to write the
quartenions as a subalgebra of Mat(4,R) via an algebraic isomorphism (see Section
, the notation for the classification starts to become cumbersome, speacially
when we start to get cases more complexes like Cl3y and Cls;. When we present
the table classifying the Clifford Algebras, this notion of why 8 over 4 will become
clearer.

Example 2.2.3. Consider the Clifford Algebras Clsg, Clys and Cls,. By Corol-
laries and Example we have

Cl370 ~ Clo,l X Clg’o ~C X MCLt(Q,R) ~ Mat(2, C),
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Cl0,320l170®0l0722 (R@R)@HZ (R@H)@(R@H)ZH@H

and
Cls1 ~Cly; ® Cloy ~ Mat(2,R) @ H® Mat(2,R)

~H® Mat(2,R) ® Mat(2,R)
~H® Mat(4,R) ~ Mat(4,H).

With the Periodicity Theorem, we can easily obtain the next corollary, which is
the formal proposition of our conclusions elaborated in the previous paragraph.

Corollary 2.2.5.

(i) Suppose that p > q and take p—q = 8k+r, where k € N and 0 < r < 7. Then

Clyy ~ Mat(2¥1 R) @ Cl,. (2.73)

(ii) Suppose that p < q and take g—p = 8k+r, where k € N and 0 <r < 7. Then

Cly, ~ Mat(2*7? R) @ Cly,. (2.74)
(iii) Suppose p=q. Then

Cl,, ~ Mat(2P,R). (2.75)
Proof. For the case p = g, we have
Clyp ~ @Y | Cliy ~ @Y Mat(2,R) ~ Mat(2P,R).
For p > q,

Clyg > Clyg®@Cly_g0>~Cly g @ Clggirp
~ Clgq @ Clg(k—1)+r+6+2,0
~ Clyq @ Clag ® Clyg—1) ® Clo s
~ Mat(29,R) ® Mat(2,R) ® Mat(16*™' R) @ Cly,,46
~ Mat(2971+4 5D R) @ Cly g ~ Mat(27773 R) @ Cloppg
~ Mat(27* 3 R) ® Clyy ® Clag @ Clys @ Clyg
~ Mat(29* 3 R) ® Clys ® Clag ® Clyg
~ Mat(277*3 R) @ Mat(4,R) ® Mat(2,R) ® Cl,.o
~ Mat(277*73 R) ® Mat(8,R) @ Cl, ¢
~ Mat(29M** R) @ Cl,.

The case p < ¢ is analogous to the previous one. O

This is it. The last corollary was the last “building block” for our classification
problem. Once we stablished the isomorphisms for the “simpler” cases 0 < p+q < 7,
we can apply the Corollary for the more “complex” cases p + g > 8, allowing
us to classify all Clifford Algebras associated with finite dimensional vector spaces
over the real field.
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Throughout this and the last section, each example given has been done so
to start our classification of the simpler cases. The idea behind each case left is
analogous, if not identical, to what was done so far in said examples. As a final
example to illustrate this similarity, take the cases Cl5 o and Cly ;. Using everything
done so far, we have

Cls g~ Clyy® Clys ~ Mat(2,R) @ (Ho H)
~ (Mat(2,R) ® H) & (Mat(2,R) ® H) (2.76)
~ Mat(2,H) & Mat(2,H),
and
Clo7 ~Clp2 @ Clso~H® (H® H) ® Mat(2,R)
~ [(HeH)® (He H)] ® Mat(2,R)
~ (Mat(4,R) ® Mat(4,R)) @ Mat(2,R) (2.77)
~ (Mat(4,R) ® Mat(2,R)) & (Mat(4,R) @ Mat(2,R))
~ Mat(8,R) & Mat(8,R).
The theorem that follows is the classification of all simpler cases, i.e., the com-
binations of 1 <p+¢q < 7.

Theorem 2.2.5. The following isomorphisms hold:

-p+qg=0:
Cloo = R; (2.78)
-p+q=1:
Cll 0=~ R b R,
’ 2.79
Clys ~C; ( )
-ptqg=2:
Clyg~Cly1 ~ Mat(2,R),
20 Chy o Mat(2,R) (2.80)
Cl072 ~ H,
-ptqg=3:
Cl&o >~ 01172 >~ MCLt(2, C),
01073 ~ He H, (281)
Clyy ~ Mat(2,R) ® Mat(2,R);
-ptg=4:
Clyg~Cliz >~ Clyy ~ Mat(2,H
4,0 1,3 0,4 a ( ) ), (2.82)
C’lgyl ~ Cl272 ~ Mat(4,]R),
-ptqg=>5:
Cls o~ Clyg >~ Mat(2,H) & Mat(2,H),
Cl075 ~ Cl471 >~ 01273 >~ Mat(4, (C), (283)
Cl372 >~ Mat(4, R) @D M(lt(4, R),
-ptq=06:

Cleo ~ Clyy >~ Clsq ~ Cly s ~ Mat(4,H),

2.84
CZO,G ~ Cl4,2 ~ Cl3’3 ~ Mat(& R), ( )
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-ptq=7T:
Cl7o >~ Cly 4~ Clyg ~ Cls 2 ~ Mat(8,C),

Cly7 ~ Clysz ~ Mat(8,R) ® Mat(8,R), (2.85)
OlG,l ~ Clg75 ~ M(lt(4, H) D Mat(4, H)

We group all simple cases into Table to help the visualisation. Notice that
the isomorphism between the matrix set is not presented just yet.

p+q=0]|Clyy Cliy Clyo Clsz
p+q=1|Cliyg Clyy Clzgo Clyz Clyy
p+q=2|Clyy Cls; Clys Clyg
p+q= 3 Cl370 Cl471 Cl572 01075 Cll,G
p+q= 4 01470 01571 01074 01175
p+q= 5 Cl570 Cl671 Cl073 Cl174 Cl2’5
p+q=06|Clsgyg Clps Cliz Clyy
pt+q=7|Cl;yg Clygy Clip Clyg Clgy

Table 2.1: Real Clifford Algebra Classification for dimension n < 8.

We now couple together the previous theorem with Corollary to start the
classification for the cases p + ¢ > 8. To do so, we need to consider the cases p > ¢
and p < ¢, as well as r = p — ¢ mod(8). This gives us 16 cases to be studied:

Case 1: r=0and p>¢ (0=p—qmod(8)).

Clyy ~ Mat(277 R);
Case 2: r=0and p<q (0=p—qmod(8)).

Clyq ~ Mat(2"** R);
Case 3: r=1andp>¢q (1=p—qmod(8)).

Clyy ~ Mat(27™% R) ® Cly o ~ Mat(2** R) @ (R @ R)
~ Mat(297* R) @ Mat(277* R);

Case 4: r=1and p<q (7=p—¢gmod(8)).

Clyy ~ Mat(2"™ R) @ Cly; ~ Mat(2"*** R) ® C)

~ Mat (2P C).
As a parenthesis, for the previous cases, we can rewrite ¢+4k as ¢+4k = [%’W’] =

[234] = [2], where [s] denotes the integer part of the number s. The same is true for

p+ 4k.

Case 5: r=2and p>q (2=p—qgmod(8)).

Clyq =~ Mat(27* R) @ Clyg ~ Mat(297** R) @ Mat(2,R)
~ Mat(29H4+1 R).
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Case 6: r=2and p<q (6=p—qmod(l)).

Clyq ~ Mat(2PT™ R) ® Clo, ~ Mat(2P™ R) @ H)
~ Mat(2PT* H).

Case 7: r=4and p>q (3=p—qgmod(8)).

Clyy ~ Mat(277* R) ® Cls g ~ Mat(27™* R) @ Mat(2,C)

p,q —

~ Mat(29H4+1 C).
Case 8: r=4and p < q (5=p—qmod(8)).
Clyq ~ Mat(2p+4k, R)® Clyz ~ Mat(2p+4k,]R) ® (H ¢ H)
~ Mat(2PT** H) @ Mat(27H* H).

For the cases r = 2,3, if p > ¢, then ¢+ 4k + 1 = [Qq“;ﬂ] = [5]; and if p < ¢, then
p+4k+1 =[BT =[] 1,

Case 9: r=4and p > ¢ (4 =p— g mod(8)).

Clyy ~ Mat(27™ R) ® Clyo ~ Mat(2T** R) @ Mat(2, H)
~ Mat(20%+1 H).

Case 10: r =4 and p < g (4 =p— g mod(8)).
Clyy =~ Mat(2P7* R) @ Cly 4 ~ Mat(2"* R) @ Mat(2, H)
~ Mat(2P+1 H).
Case 11: r=5and p > ¢q ( 5 =p — ¢ mod(8)).

Olyy = Mat(277 R) @ Cls g ~ Mat(27™* R) ® (Mat(2, H) ® Mat (2, H))
~ Mat (2974 H) @ Mat (277 H).

Case 12: r=5and p < q ( 3=p— ¢ mod(8)).
Clyy = Mat(2"" R) ® Cly s ~ Mat(2"*** R) ® Mat(4,C)
~ Mat(2PT4+2 C).

In the cases where r = 5,6, if p > gor r = 4, then ¢+4k+1 = [%] —1=[3]-1
and if p < g and r =5, then p+ 4k 4+ 2 = [W] = [5].
Case 13: r=6 and p > ¢ ( 6 = p — ¢ mod(8)).
Clyy ~ Mat(27* R) @ Clg g ~ Mat(27™* R) @ Mat (4, H)
~ Mat(2974%+2 H).
Case 14: r =6 and p < ¢ ( 2 =p — ¢ mod(8)).
Clyy =~ Mat(2P7% R) @ Clyg ~ Mat(2"** R) @ Mat(8,R)
~ Mat(2PT*+3 R).
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Case 15: r=T7and p > ¢q ( 7=p— ¢ mod(8)).

Clyy ~ Mat(27* R) @ Cly g ~ Mat(27™** R) ® Mat(8,C)
~ Mat (2743 C).
Case 16: r=7and p < ¢ (1 =p— g mod(8)).
Clyg =~ Mat(2P7* R) @ Cly7 ~ Mat(2"™* R) @ (Mat(8,R) & Mat(8,R))
~ Mat (243 R) @ Mat (243 R).
Lastly, in cases r = 6,7, if p > ¢ and 7 = 6, then ¢ + 4k + 2 = [§] — 1; whilst, if

p < ¢, then p + 4k + 3 = [3].
This results can be neatly organized into two tables, one for n < 8, and the other

for n > 8.
p—¢q =0 mod(8 Mat (2121 R)
p—q=1mod(8 Mat(2lz] R) @ Mat(212], R)
p—q=2mod(8 Mat (2] R)
Mat (2151, C)

Mat(212171 H) @ Mat(2121-1, H)
Mat (212171 H)
Mat(2lz1,C)

)

)

)

)

) Mat (212171 H)

] .
)

)

Table 2.2: Real Clifford Algebra Classification for dimension n.

To finish this section, we present some examples to illustrate the use of the
previous tables.

Example 2.2.4. Consider the case Cly 0. This means the dimension of the vector
space isn =2+ 10 =12 and

p—q=—8=0mod(8).

So, by looking at Table

and
Clyo ~ Mat(2°,R) = Mat(64,R).

Example 2.2.5. Let V' be a quadratic space with dimension 31 and its quadratic
form having signature 19. By using Equations we have

31+1
p= 0 o
2
31 —-19
= = 6.
1=
Thus p —q =19 and
19 = 3 mod(8).
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By Table (2.2, we have
Cl2576 ~ Mat(225, (C),

where we used the result ”
n
—| = [—] = [25.0] = 25.
21 =151 =250

Notice how we needed to know the dimension of the vector space and the signa-
ture of the quadratic form in the previous example.

Example 2.2.6. Consider the Clifford Algebra Clss. By looking at Table 77, we
can conclude immediatly that

n 5+ 2
2 =22 = sl =3
= Cls; ~ Mat(8,C),

which agrees with Theorem [2.2.5,
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Chapter 3

Classification of Polynomials over
Algebras of R*

We begin this section by presenting some basic properties related to the Quartenions
and other algebras of R*. For more details for this chapter as a whole, the reader is
invited to check References [22], [23], [24], [25], [26], [27], [28].

3.1 Quartenions and Algebras of R*

In the paragraph following Example [1.2.2] we saw the first idea that R & R is an
algebra of R2. Here we formalize and flesh out this idea.

Definition 3.1.1. Let A be a real algebra. If we can find n € N such that A is
isomorphic to R™ as a vector space, then we say A is an algebra of R™.

Examples [1.2.1 and [1.2.2 tell us that C and R @ R are algebras of R2. Example
informs us that H is an algebra of R*. But how can we find an algebra of R*?
To answer this question let’s look into the vector space R*. Consider the canonical
basis C = {(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1)}. If R* was suppose to be an
algebra, then we know the basis C generates R* as an algebra, then we just need to
consider a multiplicative table for the elements in the basis C. Here we shall use the

following notation: 1 = (1,0,0,0), i = (0,1,0,0), j = (0,0,1,0), k = (0,0,0, 1).

HEREENFARE
L1214 1)1k
i | i1 2 g | ik
Jl g1l 4% [k
k| k1| kil kyj| K

Table 3.1: Multiplication table for the elements in C.

For each combination of values for the product a new algebra is generated. Take,
for example, Table[3.2] If we look at the products between 7, j and k, we notice the
product is anticommutative, the square elements vanish, and it’s cyclical in the sense
that i.j = k, j.k =i, k.. = j. If we consider the subspace V' generated by {i, j, k},
the product so defined is closed in this subspace, i.e., the product of elements in V
always give an element of V' as a result, meaning V is an algebra. This algebra’s
product is communly known as the cross product (or vector product) of R3.
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HBERFARS
11 7]k
i i 0| k|—j
il T=k[0 ]
Lkl 7 [=i] 0

Table 3.2: The cross product of R3.

Another example is the cited Quartenions. Similar to the cross product, the
multiplication between 4, 7 and k is cyclical, but differently from the last case,
{i,7,k} doesn’t spans an algebra V of R? since > = j2 = k* = —1, which is not
an element of V. The multiplication table for the Quartenions can be seen in Table
3.3

HEEREFaEEa
1 1] 2 J k
i i | =1 Kk |—J
g7l —=k|—-11"1
k\k| g | —i|—1

Table 3.3: The Quartenion’s multiplication table.

In this work we’re interested in cases similar to the Quartenions: 1 is the unity
of the algebra, i.j = k, i+ 1, 524+ 1 and k?> + 1. For each choice of sign of i, j
and k, we generate a new algebra of R*. This algebras are named Quartenions,
Coquartenions, Tessarines, Cotessarines, Nectarines, Conectarines, Tan-
gerines and Cotangerines. The multiplication tables of these 8 algebras can be
seen in Table By using this table, we can write the multiplication between any
two elements x and y from any of these eight algebras.

Algebra Notation | i* j° k* ij jk ki
Quartenions H -1 -1 -1 k =+ g
Coquartenions Heoq -1 1 1 kK —i g
Tessarines Hli o -1 1 -1 k 1+ =3
Cotessarines Hot 1 1 1 k1 Ji
Nectarines H,,. 1 -1 1 k i -y
Conectarines Heon 1 1 =1 k —i —j
Tangerines Hion 1 -1 -1 k 1 7
Cotangerines Heotan -1 -1 1 k —-i —j

Table 3.4: The Algebras of R*.

Example 3.1.1. Consider algebra of Coquartenions. We want to write the multi-
plication between any two elements x,y € Heoq. To do so, first we need to find the
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values j.i, k.j and i.k.

kj=klj=k(=i®).j=—(ki).(i.j) = —j.k = —i,

V)

ik=ikl=1ikj? =i (kj).j=i(—i).j=—ij
~—~—

=—1

With this results, we can multiply v = xo+ix1+jro+kxs by y = yo+iys +jy2+kys,
which gives

T.Y = ToYo — T1Y1 + ToYa + T3y + i(Toyr + 1Yo — Toys + T3Ya)
+ 7 (woy2 — w1Y3 + Tayo + x3y1) + k(Toys + 21y2 — Tay1 + T3Y0).

An analogous reason can be done for each of the other six algebras. This laborious
work returns the following results for the remaining algebras, which are gathered
together with the quartenions and coquartenions for completionism sake:

e Quartenions:

T.Y = ToYo — T1Y1 — TaYo — T3ys + {(ToYr + T1Yo + T2ys — T3y2)

. (3.1a)
+ j(woy2 — 21y3 + Tayo + x3y1) + k(Toys + T1y2 — T2y + T3Y0)

Coquartenions:

T.Y = ToYo — T1Y1 + ToYa + T3y + i(Toyr + 1Yo — To2ys + T3Ya2)

| (3.1b)
+ 7 (woy2 — w1y3 + Tayo + x3y1) + k(Toys + 212 — Tay1 + T390)

Tessarines:

T.Y = TolYo — T1Y1 + ToYo — T3Y3 + i(Xoy1 + 1Yo + T2y + T3Ya2)

: (3.1c)
+ 7 (woy2 — T1y3 + Tayo — T3y1) + k(Toys + 212 + Tay1 + T3Y0)

Cotessarines:

Ty = ToYo + T1y1 + TaYa + x3ys + 1(Toy1 + T1Yo + T2ys + T3Y2)

. (3.1d)
+ 7 (woy2 + T1y3 + Tayo + x3y1) + k(Toys + T1y2 + Toy1 + T3Yo)

Nectarines:

T.Y = ToYo + T1Y1 — ToYo + T3ys + i(Toyr + T1Yo + T2Ys — T3Ya)
+ 7 (woy2 + T1y3 + Tayo — x3y1) + k(Toys + x1y2 — Tay1 + T3Y0)

Conectarines:

.Y = ToYo + T1Y1 + ToYo — T3Ys + i(Toy1 + T1Yo — T2Y3 + T3Y2)

. (3.1f)
+ j(woy2 + 21y3 + Tayo — x3y1) + k(Toys + T1y2 — Tay1 + T3Y0)
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e Tangerines:

.Y = ToYo + T1y1 — Loy — T3ys + i(Toy1 + T1Yo + T2Y3 + T3Yo)

. (3.1g)
+ j(woya + T1y3 + Tayo + x3y1) + k(Toys + 11y + Toy1 + T3Yo)
e Cotangerines:
T.Y = ToYo — T1Y1 — T2y + T3y + ((Zoy1 + T1Yo — T2ys — T3Ya) (3.1h)

+ j(woy2 — T1Y3 + Tayo — T3y1) + k(Toys + 212 + Tay1 + T3y0).

Like the Complex numbers, the conjugate and the absolute value of an element
in one of these algebras can also be defined.

Definition 3.1.2. Let A be one of the eight algebras of R* defined in Table[3.4), and
suppose z = zg + iz1 + jzo + kzz € A. We define the conjugate of z as

zZ = 20 — iZl - jZQ - ng. (32)

Definition 3.1.3. Let z = 2y +i21 + j2o + k23 € A, where A is one of the eight
algebras of R*. We define

abs(z) = zz (3.3)

as the absolute value of z. Moreover, we say that R(z) = 2y is the real part of
z.

It’s worth noticing the absulute value defined above doesn’t necessarily retuns
a positive number depending on the algebra in question. The only case where
abs(z) > 0 for any z € A — {0} is when A = H, as it can be seen in the next
example.

Example 3.1.2. Consider the products show in the set of Equations[3.1. Then, for
each of the algebras, we have

.
28+ 28+ 25 + 22, for H

2, .2 .2 .2

ZO _|_ Zl - ZQ - 23, fOI" Hcoq

28+ 28 — 22 + 22 — 2(izoz3 — j2123 + k212), for Hy,
28— 28 — 22 — 22 — 2(izg23 + j2123 + k2923), for Hey

abs(z) = (3.4)

2 2 2 2

25 — 2 + 25 — 25, for Hy.
2 2 2 2

ZO - Zl - ZQ + Z3, fOI" HCO’I’L

28 — 22 4 22 + 22 — 2(izez3 + j2123 + k2122), for Hyg,

2.2, .2 .2 , ~
| 2+ 2+ 25 — 25 — 2(—izozs — jzizs + k2 22), for Hepan

The following properties follow immediatly by using the the set of Equations [3.1]

Lemma 3.1.1. Let A be any of the eight algebras presented in Table[3.4. Then, for
any x? y? z e A?

(i) Zz = 2Z;
(i1) abs(xy) = abs(yx) = abs(z)abs(y);
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(i) Rlxy) = R(yx);
(i) Ty = yz;
(v) az = za for any a € R.

Moreover, the Quartenions, Coquartenions, Nectarines and Conectarines are
noncommutative algebras, whilst the Tessarines, Cotessarines, Tangerines and Cotan-
gerines are commutative algebras.

The next result is an immediate consequence of Equation |3.4]

Lemma 3.1.2. Let A be any of the four noncommutative algebras from Table[3.4)
Then, for any z € A, abs(z) is a real number and
1

27 = abs(z)z (3.5)

whenever abs(z) # 0.

Corollary 3.1.1. Let A be any of the four noncommutative algebras. Then, for any
z € A, z is invertile if, and only if, abs(z) # 0.

Proof. Suppose z is invertible, then we can find x € A such that
zx =1= Zzo = abs(z)x = Z.

If abs(z) = 0, then z = 0, contradicting z being invertible, thus we must have
abs(z) # 0. The rest of this theorem follows from Equation O

From now on, whenever we use the symbol A, unless stated otherwise, we are
refering to one of the four noncommutative algebras from Table [3.4]

We now present the key idea behind the classification of zeros presented in the
next sections.

Definition 3.1.4. Let z,y € A, one of the four noncommutative algebras. We say
that x and y are equivalent, in symbols x ~ y, if there exists some invertible
element h € A — {0} such that y = h~'zh. Additionally, we denote by [z] the
equivalent class of x:

[z] = {y € H |y = h 'zh for some h € H — {0}}. (3.6)
It’s straightforward to prove that ~ is an equivalence relation.

Example 3.1.3. Let « € R C A. We wish to calculate its equivalence class.
Suppose y € A is equivalent to o. Therefore we can find h € A such that

y=h"tah=ah™'h=a.
In conclusion, [a] = {a}.
The next result is specific for the algebra of Quartenions. Its proof can be seen

in Reference [25].
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Lemma 3.1.3. Let x,y € H. Then x and y are equivalent if, and only if,
R(z) = R(y) and abs(x) = abs(y). (3.7)

Lemma presents a necessary and sufficient condition in order to two quarte-
nions be equivalent. But such is not the case for the other noncommutative algebras.

Example 3.1.4. Let « € R and z = a + i + j be two coquartenions. Since « is
real, we have [a] = {a}, i.e., its equivalence class consists of a single element, thus
a and z are not equivalent. However,

R(a) = a=R(z),

and
abs(a) = o = abs(z),

meaning Equation is still satisfied. The same result holds for z = a+j+k € H,..
and z = a+ j + k € Hepp,.

Example (3.1.4] provided us an important result: for a general noncommutative
algebra of R*, Equation is not sufficient to guarantee similarity. This motivates
another equivalence class to be used in such algebras.

Definition 3.1.5. Let x,y € A. We say that * and y are quasi-similar, in
symbols x ~1 y, if Equation 1 observed.

So, from Example|3.1.4] we can conclude that o ~? z.

Similar to ~, the relation ~, is also an equivalence relation, which can be proven
by its definition.

Before closing this section, one point of observation must be made: in Example
we proved the quartenions as one of the real Clifford Algebras with dimension
4. Specifically, H ~ Clys, as stated in Corollary 2.2.1 This same corollary bring
us another algebraic isomorphism, Cly g ~ Cly ;. Let’s take a closer look into Cly .
Such Clifford Algebra is generated by the set {1, e, eq, €1 * €3} such that

12=1

e =1

e2=1 (3.8)
€1 X €y = —€9 X €]

\(61 * 62)2 =-1

as it was seen in Example [2.1.4] By using [3.8| we can also derive

{62*<€1*€2):—€1*€%:—61 (3.9)

(€1 % €3) k€1 = —e2 % eg = —e.

By using Table [3.4] Equation [3.8 and Equation [3.9] it’s immediate to conclude that
the mapping ¢ : Cly g — H,py,, where

o(1) =1
w3 0
¢(€3 =k,



is an algebra isomorphism. Thus the Conectarines is also a Clifford Algebra. By
using same reasoning, one can see that H.,, ~ H,.. ~ Cl;, all algebraic isomor-
phisms.

In conclusion, all noncommutative algebras of R* are algebraicly isomorphic to
a Clifford Algebral

3.2 One-sided Quaternionic Polynomials

In this section we only consider the case A = H, the general case for the other
noncommutative algebras being presented in Section [3.3]

Definition 3.2.1. We define a one-sided (or simple) quaternionic polyno-

maial as
n

p(z) = az, (3.11)
k=0
where ag,z € H for all 0 < k <mn, and apa,, # 0.

The condition a,ay # 0 is here to exclude the cases where 0 is a root of the
polynomial (ay = 0) and so we can say p has degree n (a, # 0). Moreover, by zero
of the polynomial p, also called a root, we mean a value z, € H such that

p(z0) = 0. (3.12)

One question may arise: why do we explicitly say one-sided polynomial? Why
not just polynomial, similarl to what is done to the real and complexe cases? To
answer this, let’s look at the polynomials

pr(z) =iz —k
and
pr(z) = zi — k.

both with quaternionic entries, that are similarly the same polynomial. But, if we
apply the case z = j to both polynomials, then we have

pr(j)=ij—k=k—k=0%#—2k=—k—k=ji—k=pr(j).

This shows us that, just because j is a zero for the left case (pr), it doesn’t
mean it will be a zero for the right case (pgr). That’s why such a explicit distinction
between left and right must be made. A similar argument can be done for the
two-sided case. All of this happens because all algebras we shall study in this text
are not commutative, different from the real and complex polynomials, which are
commutative and thus no distiction needs to be made. With that being said, all
results (Lemmas, Theorems and Corollaries) for the left case are also valid to the
right case, which can immediately be seen by the fact that all properties we use for
the left-side case are also valid to the right-side case.

Before starting, let’s look at a simple example to further differ the quaternionic
case (and consequently all the other three cases as well) to the complex case.
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Example 3.2.1. Consider the quaternionic polynomial
p(z) =22 + 1.
We want to find the zeros of this polynomial. This means to calculate p(z) = 0.
p(z) =0=2*=—-1=z€ {i,—i,j,—j k —k},

which can be immediately seen by looking at Table . Thus, for the algebras of R*,
we may have more zeros associated to a given polynomial then in the complex case.

Later we shall come back to this example to see the relation the zeroes have
between each other.

Now we begin the study proper, and the first step to do so is to simplify the way
we can write the polynomial p in Equation [3.2.1]

Theorem 3.2.1 (Iteration Process - Quartenions). Let z € H. Then, for anyn € N,
the following two term iteration process is valid:

2" = o, + B, (3.13a)
where o, f € R and
Oy = 07 ﬁo = 17 (3 13b)
ap = 2R(2)n_1 + Bn1, Bn = —abs(z)?a,_1 for n > 1. '

Proof. Before proving the recursion, notice that any quartenion h = hg+1ihy+ jho +
khs is a root of the polynomial
2 —pz+gq,
where p = 2R(h) = 2hg and ¢ = abs(h)?> = hZ + h? + h3 + h3. To see this is
straightforward:
h? — ph + q = (ho + ihy + jhg + kh3)® — 2ho(ho + ihy + jho + kh3)

+ hg + hi+ h3 + h3

= h2 —h? — h2 — h2 +i(hohy + hihg + hahs — hshy)

+ j(hoha — hihs 4 hohg + hahy) + k(hohs + hiho — haohy + hshg)

— 2h2 — i2hohy — j2hohy — k2hohs + hE 4 h? + h3 + h2

=0.
Thus we can write
2% = 2R(2)z — abs(2)% (3.14)
We can now begin the proof, which is done by induction. The case n = 0 is
satisfied by definition of 2 = 1. Thus suppose it is also true for n = k. For

n =k + 1 we have

= 228 = 2(apz + Br)
ap2® + Bz
ar(2R(2)z — abs(2)?) + Brz

N

Eq. B14]
= (2R(2)oy + Br) = + (—abs(z) o)
=071:+1 =E;+1

= 112 + By
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Since the Quartenions are being considered, we don’t need to differentiate the
equivalent class case to the quasi-equivalent class case since both are the same by
Lemma [3.1.3]

Corollary 3.2.1. Let x ~y. Then, for any n € N, x and y have the same coeffi-
cients a, and 3, defined by Equation|3.150.

Proof. By Lemma [3.2.1) x ~ y means R(x) = R(y) and abs(z) = abs(y). Thus, by
Theorem x and y have the same coefficients «,, and (3, for all n € N. O]

Corollary 3.2.2. Let p € H[z| be a simple polynomial with degree n. Then we can
write p(z), with z € H, as a linear polinomial function with real coefficients, i.e.,

p(z) = Az + B, (3.15)
with A, B € H.
Proof. Let .
p(z) = Z a2
k=0

be a simple quartenionic polynomial. Theorem [3.2.1] gives us

n

p(z) =) ar(awz + By)

k=0
= (O araw) 2+ (O awb)
5=0 k=0
_AG2) B (:)
= A(z)z + B(z).

O

Corollary is interesting: given any quaternionic polynomial p of degree n,
we can reduce it into a linear polynomial by using the recursive iteration presented
in Theorem [3.2.1] This is surprising since, for example, in the real case, this doesn’t
happen.

Theorem 3.2.2. Let zy € H be fized and p be a simple polynomial over the quarte-
nions. Then both A(z) and B(z) are constants for all z € [z]. Moreover, if zo is a
non-real zero of p, then the quantities A(zy) and B(zp) can vanish only simultane-
ously. Finally, if A(zy) =0, then all elements of its equivalence class are also zeros
of p; otherwise, zy is the only zero of p in [z).

Proof. The first statment of A(z) and B(z) being constant for all z € [zg] is im-
mediate from Corollaries [3.2.1] and [3.2.2l Next suppose zq is a root of p. This
means

p(z0) = Azo+ B=0= Az = —B,

where A = A(zp) and B = B(zp). Thus B = 0 means A = 0 since we’re assuming
2o 7# 0 (see comment just after Definition [3.2.1]). On the other hand, if A = 0, then
trivially B = 0, thus A and B can only vanish simutaneously.
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Finally, suppose z € [z0]. For the case A(z) = A =0, we also have B(z) = B =0
and
p(z) =02 +0=0,

i.e., z is a zero of p. For the case A # 0, then B # 0 and
20 = AilB,
is the only possible solution, thus only 2, is a zero of p in [zo]. O]

Example 3.2.2. Let’s go back to the polynomial in Example and use the results
we have so far. By definition of A and B given in Corollary[3.2.9’s proof, we just
need to calculate oy, and By up to n = 2:

Qo = 0760 - ]-7
Q= 1751 =0,
g = 229, o = —abs(2)? = 23 + 27 + 25 + 23,

where zg = R(z). This gives us
A=22,B=1— (25 + 2]+ 25+ 23).

Suppose A # 0. Then the equation p(z) = Az + B =0 gives us

2 — 24 20 .24 2
22§ =zgt+zt+zt+z25—1
2122222320.

Meaning
2z§:z§—1:>23:—1,

which is impossible since zg € R by hypothesis. Therefore we must have A = 0,
giving us zg = 0. Moreover, by Theorem we know both A and B can only
vanish simultaneosly, thus

stz =1
The pair of zeros {1, —i}, {j, —j} and {k,—k} happen when zo = 23 =0, 2y = 23 =0
and z; = z9 = 0 respectively. Additionally, notice that all this zeros satisfy Equation

therefore they are equivalent (Lemma .

Corollary 3.2.3. Let p be a simple quartenionic polynomial.

(i) If zo,z1 € H are two different zeros of p with zy € [z, then all elements of
[20] are zeros of p.

(ii) Suppose zo € H — R is a zero of p. If A(z0) # 0, then zy is the only zero of p
in the equivalence classe [z).

Proof. Theorem tell us that A(z) = A and B(z) = B are constant for all
z € [20], thus
p(20) = Azo+ B=0= Az + B =p(2)
Alzg—2z1)=0=A=0,
since zg # z1 by hypothesis. By Theorem [3.2.2] we must have B = 0, therefore all
z € [zo] are zeros of p, which proves the first item.
The second case is an immediate consequence of Theorem [3.2.2 O
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Example [3.1.3] and Corollary motivates the following classification for the
zeros of a quaternionic polynomial.

Definition 3.2.2. Let zy € H be a zero of the one-sided quaternionic polynomial p.
Then:

(i) if zo € R, or if zo € H— R is such that A(z9) # 0, then zy is said to be an
isolated zero of p.

(11) if zo € H—R is such that A(zy) = 0, then zy is said to be an spherical zero
of p.

The name spherical comes from the following reasoning: suppose x = xo+ix, 2 €
H such that x ~ z. This means zo = 2y and

abs(z)? = abs(2)? = 2% = 2 + 25 + 22,

which is the equation of a sphere.

As a closing remark for this section, one can calculate all of the zeros from the
polynomial p = 2% — ¢, with ¢ € H, by using everything presented in this section.
Although this polynomial doesn’t seem particularly difficult, the amount of cases
that need to be analyzed while calculating the zeros show that, even for more simple
cases, finding the zeros is no easy task. The interested reader can check Reference
[28] for this and more complex examples.

3.3 One-sided Polynomials over A

Here we shall denote by A one of the three noncommutative algebras of R* dif-
ferent from the Quartenions, namely the Coquartenions, the Nectarines and the
Conectarines.

Definition 3.3.1. We define a one-sided (or simple) polynomial over the
algebra A as

pz) =Y apt, (3.16)

where ag, z € A for all 0 < k <mn, and ag and a,, are invertibles in A.

Equivalently to the Quartenions, such algebras also verify the Iteration Process

of Theorem [3.2.1]

Theorem 3.3.1 (Iteration Process - General case). Let z € A. Then, for any
n € N, the following two term iteration process is valid:

2" = anz + B, (3.17a)
where o, f € R and
Qp = 07 /80 = 17 (3 ]_7b)
ay, = 2R(2)an_1 + Bn_1, Bn = —abs(z)?a,_1 for n > 1. ‘
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Proof. For any noncommutative algebra A, the relation
h? — 2R (h)z + abs(h) =0

is still valid for any h € A. To see this, we first define

] €;
P2 o=¢ (3.18)
k2 = €,

where € is either +1 or —1 depending of the algebra A in question (see Table |3.4)).
Keeping in mind that A is (up to isomorphism) one of the Clifford Algebras, we know
that {4, j, k} anticommute (see Equation or directly from the set of Equations

, therefore

h2 — ph —|— q = (ho —I— ’th +jh2 + k’h3)2 — 2h0(h0 + ’L]’Ll —f-]hg —|— k’hg)

+ hy — €;h] — €;hy — exh3

= hi + €;h + €jh3 + exh3

+ i(hohy + hiho) +3’jh1h2 + jithL
-0

+ j(hoha + haho) + jkhohs + kjhshy
=0

+ k(hohs + hsho) + zkhlhg + kih;;hl
-0

— 2h2 — i2hohy — j2hohy — k2hohs

+ hy — €;h] — €;hy — exh3

=0.

Thus the itereation is valid and the rest of the demonstration follows verbatim from

Theorem s proof. n

Corollary 3.3.1. Let p be a polynomial with degree n over A. Then we can write
p(z), with z € A, as a linear polinomial function, i.e.,

p(z) = Az + B, (3.19)
with A, B € A.
Proof. Verbatim from Corollary [3.2.2]s proof. m

It’s worth reminding both A and B depend of the element z € A, which is
explicitly stated by writing A = A(z) and B = B(z).

Corollary 3.3.2. Let © ~, y. Then, for any n € N, z and y have the same
coefficients o, and [, defined by Equation |3.130.

Proof. By definition, x ~, y means R(z) = R(y) and abs(x) = abs(y). Thus, by
Theorem [3.3.1]  and y have the same coefficients «,, and ,, for all n € N. O

Corollary 3.3.3. Let zy € A be fixred and p be a polynomial over the algebra A.
Then both A(z) and B(z) are constant for all z € [z,
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Proof. Immediate from Corollary [3.3.2] O]

The following results start to shape what kind of properties we need to classify
the zeros of p. Although they may look identical to the quaternionic case in a first
glance, they will contain some fundamental differences with the previous case.

Theorem 3.3.2. Let A be invertible on the given class [z], and let [z], contain a
zero zg of p. Then
20 — A(Zo)_lB<Zo) (320)

is the only zero in [z],. If A(z0) = B(z9) = 0, then all elements in [z], are zeros of
.
Proof. First suppose the case where A(zy) = A is invertible. Then, for B(zy) = B,
zZ0 — A_lB
is a zero of p. To show its uniquiness in [z],, suppose z; € [z], is also a zero of p.
By Corollary A(z1) = A and B(z) = B, therefore
AZOZ—B:A21:>A(ZO—2’1):0:>Z()221.

Lastly, suppose A(zp) = B(z) = 0. By Corollary [3.3.3] A(z1) = B(z1) = 0 for
all z; € [z], thus
p(z1) =0.
[

Compare the previous theorem with Theorem [3.2.2] its quaternionic counterpart.
Even though they are almost identical (both stablish if A is invertible, then zj is
the only zero in its quasi-equivalence class, and both state if A = B = 0, then
all elements in zy are zeros), the latter present to us A and B can only vanish
simultaneously, while the former makes no mention of this being the case. This
result shouldn’t be surprising since the Coquartenions, Nectarines and Conectarines
have zero divisors, that is, we can find z,y € A—{0} such that zy = 0. For example,
let A =H,,. Then

r=i+j=a>=_i" +ij+ji+ j* =0.
j ;4,] ﬂ a

Thus we can conclude Theorem is a stronger case of Theorem [3.3.2]
Whilst for the algebras A the values A and B may now vanish simultaneously,
we still have a weaker result, which is trivially seen from Az, + B = 0.

Corollary 3.3.4. Let zy € A be a zero of p. If A(zg) =0, then B(z) = 0.

Such fundamental difference between the algebras A and H gives rise to a new
type of zero.

Theorem 3.3.3. Let A # 0, but let A be noninvertible on the given class [z],, and
let [z], contain a zero of p. Assume that there is a real constant v such that

vyA+ B =0.
Then, for all real v, the quantity
2= A+ (3.21)

is a zero of p, provided that zy € [z],.
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Proof. First remember that A being noninvertible in A means that
AA=AA=0

(see Corollary |3.1.1]). Thus,

p(z0) = Azg+ B=A(aA+7)+ B
:aA?+7A+B:O
= -0

]

Observe the fact that Theorem doesn’t make sense if we were considering
A =H: if A +# 0, then its inverse exists and is A~! = abs(A) ' A.

Corollary 3.3.5. Suppose Theorem is valid and, in addition, R(A) # 0 is also
observed. Then there is at most one o which defines a zero zy which is contained in
the quasi similarity class [2],.

Proof. The vaule of A is invariant for all elements in [z], (Corollary , therefore

so is R(A) = R(A). Thus
R(z0) = R(aA+7) = aR(A) +v = aR(A) +~

tells us that R(zp) is fixed if, and only if, « is fixed (7 is fixed by hypothesis). This
means that there is at most one value of o which allows zg to be quasi similar to z,
otherwise A = A(zp) would vary, a contradiction. O

It’s worth pointing out how both Theorem and Corollary don’t tell
us if a given quasi-similar class [z], has a zero of the form given by Equation M,
they only state that, if such a zero is found in [z],, and if R(A) # 0, then the value
of « is unique. Moreover, they don’t tell us if there exists another zero of p in [2],
besides zj.

With all these results at hand, we can classify the zeros of simple polynomials
over A.

Definition 3.3.2. Let zg € A be a zero of the one-sided polynomial p over A. Then:

(1) if zo € A is such that A(zy) is invertible, or if zy is the only zero of p in its
quast-similar class, then zy is said to be an tsolated zero of p.

(11) if zo € A is such that A(zy) = B(z9) = 0, or if all elements of [2], are zeros
of p, then zy is said to be an hyperbolic zero of p.

(111) if zo is computed by Equation then 2y s said to be an unexpected zero
of p.
This convention of names can be found in [22].

The name hyperbolic comes from the following reasoning: suppose x = xy +
ixy,z € A is such that  ~, z. This means 2y = zy and abs(x)? = abs(z)? results in

+27 — 22 — 23, for A = Hepy,
= —22 4 22 — 22 for A = H,,

2 2., .2
—z7 — 25 + 25, for A = Hepp,.

=N
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which all are equations of a hyperbole.

One observation must be made: similarity classes [z] either contain infinitely
many elements in case [z] does not contain real elements or [z] consist of a single
element, which is possible only if z € R: suppose [z] = {z}. Then, for any invertible

heA,
z~z=z=hl2h = hz = zh,

which is true only if z € R since A is always noncommutative. Meanwhile, quasi-
similarity classes in A can not contain only one element: take z = zg+iz;+j20+kz3 €
Heop- In this case, 2’ = 2o + iabs(z) + jzo has the same real part of z and
2 2 2 2 2 2 2
abs(2')? = z§ — _i° jabs(z)® — j° 25 = abs(z)?,
=1 -

thus z ~, 2/. Similarly, for the Nectarines we have z ~, 2’ = R(2)+iR(z)+J abs(z),
whilst for the Conectarines, z ~, 2/ = R(z) + iR(z) + k abs(z).

3.4 Two-sided Quaternionic Polynomials

In this section we come back to the quaternionic algebra, but now we study what is
called a two-sided polynomial.

Definition 3.4.1. We define a two-sided quaternionic polynomaial as

n

p(z) = Z a2 by, (3.22)

k=0
where ay, bz € H for all 0 < k <n, agby # 0 and a,b, # 0.

Since the Quartenions is noncommutative, we can not rewrite Equation as

n

p(’Z) - Z akbkzk7

k=0

but later we’ll see a method to permutate z with b,. In order to do so, we need to
introduce the column operator.

Definition 3.4.2. Let z = zg +i21 + j2o + kz3 € H. Then we define the column

operator as
col : H — R¥!

z > col(z),

where R*™! is the set of real matrices with 4 lines and 1 column, and

col(z) = (3.23)

The following result is an immediate consequence from the column operator’s
definition.
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Lemma 3.4.1. The column operator is a linear transformation between H and R**!
over R.

In the paragraph just before Example we observed the algebra of Quarte-
nions could be written as an subalgebra of the algebra Mat(4,R). What follows is
the linear transformation that makes such subalgebra possible.

Definition 3.4.3. Let z = zg+iz1+ jzo + kz3 € H. We define wy : H — Mat(4,R)
as
20 —R1 —R2 —Z3
|1~ 20 —Z3 V)
wy(z) = o (3.24)
Z3 —2Z9 21 20

Theorem 3.4.1. The function wy in Definition[3.4.3 is an injective linear mapping
between the real vector spaces H and Mat(4,R). Moreover it preserves multiplica-
tion, that is,

w1 (ry) = wi(z)wi(y) (3.25)

for any x,y € H.

Proof. First we prove injectiviness. Suppose x = y. This means x; = y; for all
0 < i < 3, thus wy(z) = wi(y) is observed. Second, linearity, which can be seen from
the difinition of wy: for any z,y € H, and any o € R,

axg+yo —(ax1+y1) —(axs+ys —(aws+ys3)
ary+1y1 —(axg+yo) —(axs+ys —(axs + yo)
ary + Y2 o3+ Y3 azo+yo  —(azi+ Y1)
ars +ys —(axy+12) ar+y azxo + Yo

wy(ax +y) =

o —T1 —T2 —T3 Yo —Y1 —Y2 —Y3
— T1 —%o —X3 —XT2 + Y —Y —Ys —Y2
To I3 To —I1 Y2 Y3 Yo U
T3 —T2 1 Zo Ys —Y2 Y1 Yo

= awi (z) + wi(y)
Lastly, by using Equation [3.1a we can write

wi(zy) =
Toyo — T1Y1 — T2y2 — 23y3  —(Toy1 + 1Yo + z2y3 — 23y2) —(Toy2 —z1y3 +z2y0 + z3y1) —(zoys +T1y2 — T2y1 + 23Y0)
_ |Toy1 + 1Yo + ®2y3 — T3Y2 zoYo + 1y1 + ®2y2 + T3Y3 —(zoys + T1y2 — T2y1 + T3Y0) zoy2 — *1Y3 + Z2y0 + T3Y1
roy2 — z1Y3 + T2yo + £3Y1 ToY3 + T1y2 — T2Y1 + T3Yo zoyo + £1Y1 + z2y2 + T3Y3 —(zoy1 + z1y0 + z2y3 — 3y2)
zoy3 + T1y2 — z2y1 +z3y0  —(zoy2 — T1Y3 + T2y0 + 23Y1) oY1 + 1Yo + T2Y3 — T3Y2 royo + 1y1 + x2y2 + T3Y3

g —T1 —T2 —T3 Yo —Y1 —Y2 —Y3
Ty —%o —X3 —XT2 Y —Y —Ys —Y2
= =wi(r)w
To X3 To —T1 Y2 Y3 Yo —U 1( ) 1(y)
T3 —T2 X1 Zo Ys —Y2 U Yo

[]

Theorem show us I'm(wy) is isomorphic to H, not only as a vector space,
but as an algebra. This subalgebra of Mat(4,R) is here denoted Hg [29).

Another important linear mapping is ws, which was first introduced by L. 1.
Aramanovich [30].
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Definition 3.4.4. Let z = 29+ 121 + jzo + kzz € H. We define wy : H — Mat(4,R)

as
20 —R1 —R2 —RZ3
21 %0 z3 T2
wa(z) = . (3.26)
Z9 —2Z23 20 21
23 R2 TR A0
Theorem 3.4.2. The function wy in Definition|3.4.4] is an injective linear mapping

between the real vector spaces H and Mat(4,R). Moreover it has the following
property:

wa(7y) = wa(y)ws(z) (3.27)
for any x,y € H.
Proof. Identical to Theorem [3.4.1]s proof. O

Corollary 3.4.1. Let x,y,z € H be arbitrary. Then the following properties are
observed:

col(zy) = wi(x)col(y) = wa(y)col(x), (3.28a)
col(xyz) = wy(x)wsa(2)col(y). (3.28b)
Proof. Immediate from Definitions |3.4.3| and |3.4.4} O

Equation shows us the product between w; and ws. Such product plays an
important role in the theory to be presented, therefore it seems fitting to define ws
as this product:

ws(z,y) = wi(z)ws(y). (3.29)

All these three mappings have other properties, for instance, ws is normal and
orthogonal. Unfortunally such properties are not going to be used or explored here
in more depth. The interested reader can check [23] [24].

Similar to Corollaries [3.2.2] and [3.3.1], two-sided quaternionic polynomials have
the next corollary.

Corollary 3.4.2. Let p be a two-sided polynomial over the quartenions as stablished
in Definition[3.4.1. Then we can write col(p(z)) € R* as

col(p(z)) = A(z)col(z) + col(B(z)), (3.30)
where B(z) € H and A(z) € Mat(4,R).

Proof. By using the Theorem [3.2.1] we can write

n n

p(z) = a2y = ar(onz + Bi)br

k=0 k=0

=) oparzbe + Y Brardy.
k=0 5=0
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So, by applying the column operator,

col(p ap col(apzby) + col(axb
Z k 1 2b) Zﬁk kbx)

=ws(ag,bk)col(2) k=0

Z agws(ag, by))col (z) + Z Brcol (ayby,)

S s

:A(z) =B(z)
= A(z)col(z) + B(z),

where we used Corollary [3.4.1] m
Similar to Theorems [3.2.2] and [3.3.2], the following theorem is observed.

Theorem 3.4.3. Let zo € H be fized and p be a two-sided polynomial over the
quartenions. Then both A(z) and B(z) are constants for all z € [z]. Moreover, if
2o 1s a non-real zero of p, then A(zy) is singular (non-invertible) whenever B(zy) = 0.

Proof. Corollary inform us oy and fy invariant for all z € [z], thus, by their
definition, A(z) and B(z) are also invariant. Additionally, if zy is a zero of p, then

col(p(z0)) = A(zo)col(z9) + B(z9) = 0 = A(zg)col(zy) = —B(z0).

Finally, suppose B(zp) = 0. Then zj is an element of A(zp)’s kernel, meaning A(zp)
is singular. O]

And finally, similar to the first and second items of Corollary|3.2.3] the two-sided
quaternionic polynomial case also satisfies the next two assertions.

Corollary 3.4.3. Let zy,z1 € H be two distinct, but equivalent, zeros of the two-
sided quaternionic polynomial p. Then A(zy) is singular.

Proof. Theorem inform us A(zy) = A(z1) and B(z9) = B(z1) since zg ~ z1,

therefore
col(p(zp)) — col(p(z1)) = 0 = A(zo)col(z9) — A(zo)col(z1) = A(zp)col(zg — z1) = 0.
Because we assumed zg # z1, we can conclude A(z) is singular. ]

Corollary 3.4.4. Let zy € [z] be a non-real zero of the two-sided quaternionic
polynomial p. If A(zo) is invertible, then zy is the only zero of p in the equivalence
class [z].

Proof. 1f z; € [z] is a distinc zero of p, then A(zy) would be singular by Corollary
3.4.3| contradicting the hypothesis of it being invertible. O]

Corollaries |3.4.3| and |3.4.4] motivates the classification for the zeros of p.

Definition 3.4.5. Let zg € H be a zero of the two-sided quaternionic polynomaial p.
Then we say zy is a zero of type k, 0 < k <4, if

rank(A(z)) =4 — k. (3.31)

In particular,
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(i) if zo real or if it’s of type 0, then it’s called an isolated zero;
(11) if 2o is of type 4, then it’s called an spherical zero.

The reason why the particular cases of rank equals 0 or 4 boils down to the
simillarity with the one-sided case, which can be seen in the next corollary.

Corollary 3.4.5. Let zy be a zero of the two-sided polynomial p.
(i) If zo is a spherical zero, then z is also a zero of p for all z € [z].
(11) If zo is an isolated zero, then it is the only zero in [z).

Proof. For the first case, zy being spherical means rank(A(z)) = 0, i.e., A(z) = 0,
the matrix with all entries equal to zero, thus

col(p(z0)) = @cal(zo) + B(z0) = 0= B(z9) = 0.

Since B(z) = B(zp) = 0 and A(z) = A(zp) = 0 for all z € 2], we have
col(p(z)) = A(z)col(z) + B(z) = 0.

For the second case, zp € R means [29] = {20} as shown in Example [3.1.3]
Otherwise, rank(A(zp)) = 4 means the matrix is invertible, thus this is the statement

of Corollary O
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Final Considerations

This work here presented had proposed two objectives: the classification of Clifford
Algebras for finite-dimensional real vector spaces and the classification of one and
two-sided polynomials over noncommutative algebras of R*. And, as it was seen, a
lot can be derived from their study.

For Clifford Algebras, one can make the classification of all the finite-dimensional
complex vector spaces. The argument is similar to the real case whilst is utilized
a method called complezificaion of an algebra (see References [4] and [16]). Addi-
tionally, as stated in Chapter [2] in the paragraph immediately after Equation [2.10]
Clifford Algebras have a “tendency” to transform geometrical properties into alge-
braically ones. This can be seen between perpendicularity and anticommutativity
(Equation , or in the Bogoliubov automorphism (Corollary . Moreover,
although we know some Clifford Algebras are isomorphic to one another, we never
explicitely write the isomorphism, the exception being the simpler cases with di-
mension 2 and 4. Depending on the isomorphism chosen, the Clifford Algebra may
be associated to a group, like the groups Pin, Spin and the theory of Spinors. The
curious reader can go to the References [2], [4], [5], [6] and [20].

Finally, for the subject of polynomials, a similar study can be made for the
one-sided polynomials with coefficients over the four commutative algebras of R*,
namely the Tessarines, Cotessarines, Tangerines and Cotangerines. Moreover, there
exsit some algorithms showing how to find a zero inside a class of quasi-equivalence,
as well as the relation of the polynomial with its called companion, and how they
relate with the solution of linear systems. Although not presented here, there number
of zeros a polynomial can have is always finite, be it one-sided or two-sided. All of
this can be seen in References [22], [23], [24], [25], [26], [27], [28], [29] and [30].
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