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Abstract

Cassio Pereira da Silva Junior, Arlam. Classification of Real Clif-
ford Algebras and of Polynomials’ roots with albegras of R4

coefficients. Goiânia, 2024. 92 p. MSc. Dissertation. Programa de
Pós-graduação em Matemática Strictu Sensu, Instituto de Matemática
e Estat́ıstica, Universidade Federal de Goiás.

Clifford Algebras is an abstract construct related to bilinear vector spaces, whilst
Polynomials with R4 coefficients is a generalization of the study of polynomials
with complex coefficients. The study of tensor product and tensor algebras is first
presented as a theoretical base to be build upon. The definition of a Clifford Algebra
over the real numbers and its universal property are studied. The classification
of Clifford Algebras related to real finite-dimensional vector spaces is presented
with the use of the Periodicity Theorem. Then the presentation eight algebras
defined in R4 is done. The classification of roots from one-sided polynomials with
quartenionic coefficients is first presented, followed by the one-sided polynomials over
noncommutative algebras of R4, and then by the two-sided quaternionic polynomial’s
case.

Keywords

Clifford Algebras, Classification of Real Clifford Algebras, Polynomials
with algebras of R4, Classification of Polynomials’ roots.
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Introduction

Clifford Algebras, also known as Geometric algebras, were first introduced by British
mathematician William Kingdon Clifford, who generalized the idea of Grassman
Algebras [1], and they were later developed by other mathematicians, like Lipschitz,
Cartan and Chevalley to name a few.

By its construction, Clifford Algebras are typically related to multilinear alge-
bras, quartenions, the theory of spinors and spin groups (see [2], [3], [4], [5], [6]).

In physics, one of the earliest use of such algebras was done by notorious English
mathematician and physicist Paul Dirac, where, by trying to write a relativistic
wave equation to model the motion of the electron (the Dirac Equation), he ended
up writing four matrices, hitorically noted as γi, 0 ≤ i ≤ 3, called the Dirac matrices
or the gamma matrices, that satisfy the relation

γiγj + γjγi = 2ηi+1j+1,

with η being the diagonal matrix with entries η11 = 1 and η22 = η33 = η44 = −1.
This realation is the same done in Definition 2.1.1 (see Equation 2.1). For more
information about the Dirac matrices and the Dirac Equation, see Reference [7].

In geometry, Clifford Algebras play a role in the Conformal Algebra, as an ex-
ample in the conformal algebra of twistors (see References [8] and [9]). Likewise,
we can also see some applications in neural networks, encryption, signal and image
processing and descrete mathematics. The curious reader can see Reference [10] for
more details.

Also related to quartenions is the study of quaternionic polynomials, i.e., poly-
nomials with quartenionic coefficients, the study of polynomials over other noncom-
mutative algebras of R4, and the type of roots such polynomial may present. The
set of Quartenions, in particular, has seen some applications in physics as a way to
express the Lorentz transformation in the Theory of Relativity, as well as in Classica
Mechanics, like in some scattering problems and in modeling the rotation of a body
in 3D space. As such, Quartenions also are used in computer graphics to for the
animation of 3D bodies (see References [11] and [12]).

This work here presented has two objectives, which can be divided into two parts:
the first being the classification of Clifford Algebras for finite-dimensional real vector
spaces and the classification of one and two-sided polynomials over noncommutative
algebras of R4. To do so, the following “roadmap” will be used as the structure of
this work:

• We begin by presenting the foundation necessary in Chapter 1 which stablishes
the “building blocks” necessary to define the Clifford Algebras. Begining with
modules, the definition of a tensor product between modules will be presented

11



(Definition 1.1.4) together with some of its most important properties, for ex-
ample its universal nature (Theorem 1.1.2), all being encapsulated in Corollary
1.1.2. The definition of a graded tensor product (Definition 1.2.2) and of an
algebra (Definition 1.2.3) are also present, followed by the theorem defining
the graded tensor algebra (Theorem 1.2.2). This is all done whilst presenting
some examples to illustrate as well as to antecipate some future results.

• Chapter 2 treats with Clifford Algebras proper, they being defined in Definition
2.1.1 and one example being constructed based on the graded tensor algebra
(Theorem 2.1.1). The dimension of a Clifford Algebra for a finite-dimensional
vector space and its relation with the dimension of the original vector space will
also be studied (Theorem 2.1.4); likewise the isomorphisms between a series
of Clifford Algebras shall be proved throughout Section 2.2, culminating in
Corollary 2.2.2, the Periodicity Theorem (Theorem 2.2.4) and Corollary 2.2.5.
This three results will be the pillars in order to classify the Clifford Algebras,
which are summarized in Table 2.2 and Table 2.2.

• Chapter 3 starts the second part of this work. It involves the study and classi-
fication of polynomials’ roots with coefficients in algebras of R4, more specifi-
cally the noncommutative algebras of Quartenions, Coquartenions, Nectarines
and Conectarines (Table 3.4). Because of their noncommutative nature, as
well as some of them having zero-divisors, three cases are studied: one-sided
quaternionic polynomials, one-sided polynomials over the other three non-
commutative algebras (denoted by A), and two-sided quaternionic polynomi-
als.The idea behind classifying zeros in such polynomials is related to how
many there are in the equivalent class of a given zero, such class being defined
from the equivalent relation of quasi-similarity (Definition 3.1.5). From this,
a series of properties are presented, in special the Iteration Process (Theorem
3.2.1 for the quaternionic case, Theorem 3.3.1 for the other noncommutative
algebras) and how to rewrite a polynomial with degree n as a linear polyno-
mial (Corollary 3.2.2 for H, Corollary 3.3.1 for A, and Corollary 3.4.2 for the
two-side quaternionic polynomial). From this results we shall classify the zeros
of each case.

As a final consideration, while the bibliography related to the topics presented is
extensive, not all results are easily proven or find to be found. So, in order to give
a more complete look into the proofs, the calculations made follow our vision.

12



Chapter 1

The Tensor Product

This chapter is dedicated to some fundamental concepts that are noneless funda-
mental for the theory to be studied in Chapter 2. Although there’re a lot of results
in it, we’re still focusing only on the more important parts related to the aim of
this work, namely to study the Clifford Algebras. Thus, the reader who wants to
delve into a more specific point here presented, or to see other applications of the
structures presented in this chapter, can look into References [13], [14], [15] and [16].

1.1 The tensor product over modules

We begin this section by defining some basic algebraic constructions used throughout
this essay.

Definition 1.1.1. Let E be an additive group and R be a commutative ring with
unity, i.e., 1 ∈ R. Then E is a module over R (or an R-module) if there exists
an binary operation, called scalar multiplication, with the following properties: for
any x, y ∈ E, and any α, β ∈ R,

(i) α · (x+ y) = α · x+ α · y;

(ii) (α + β) · x = α · x+ β · x;

(iii) (αβ) · x = α(β · x);

(iv) 1 · x = x.

In this context, the elements of R are called scalars (hence the name).

Example 1.1.1.

(i) Let V be a vetor space over the field F . Since, by definition, every field is a
ring with unity, we can conclude every vector space is a module over its field.

(ii) Let R be a ring with unity, and let I be an ideal of R. If we consider the abelian
group (I,+) and the scalar multiplication . : R× I → I as just the multiplica-
tion of elements in R, then I is an R-module, for if we take arbitraries x ∈ I
and α ∈ R, then α.x ∈ I.

13



(iii) Let (G,+) be any abelian group. We can define the scalar multiplication . :
Z×G→ G as

(n, g) 7→



0.g = 0,

n.g = g + ...+ g︸ ︷︷ ︸
n-times

, for n > 0,

n.g = −(g + ...+ g︸ ︷︷ ︸
−n-times

), for n < 0.

In such case, G is a module over Z.

From now on we will omit the “dot” symbolizing the scalar product since, by
context, it will always be clear to understand if it’s the product between two scalars
or the product between a scalar and an element of the abelian group E.

Definition 1.1.2. Let E1, ..., En and F be modules over R. A function

f :
n∏

i=1

Ei → F

is said to be a multilinear map (or an R-multilinear map) if

f(x1, ..., αxi + x′i, ..., xn) = αf(x1, ..., xi, ..., xn) + f(x1, ..., x
′
i, ..., xn)

for all α ∈ R and any 1 ≤ i ≤ n. The set of all multilinear maps from
∏n

i=1Ei

into F will be denoted as L(
∏n

i=1Ei;F ). For the particular case of n = 1, the adjec-
tive “multilinear” is dropped in favor of the more usual (and intuitive) descriptive
“linear”.

Example 1.1.2.

(i) Let V be a vector space over the real field R, and let ⟨., .⟩ be an inner product
in V . Then, by definition of an inner product, ⟨., .⟩ is a multilinear mapping
between V × V and R.

(ii) The determinant of a matrix can also be seen as an multilinear mapping, as
it can be seen in [13], [14] and [17].

In order to define the tensor product between two modules, it becomes necessary
to introduce the idea of free-modules.

Definition 1.1.3. Let E be an R-module and let S be a subset of E. Additionally,
let i : S → E be the insertion of S in E. We say that E is a free module on S
when, to every function f : S → F , F being an R-module, there exists an unique
linear map t : E → F with t ◦ i = f . In this case, we also say that S is a set of
free generators for E, or that S is a basis for E.

The name basis may bring recolections from the concept of a basis in linear
algebra. This is no coincidence since a vector space is nothing more than a module
over a field. Moreover, the concept of a basis generating the vector space means
that each element of the vector space is a linear combination of elements of its basis.
This result is also true for free-modules.

14



Figure 1.1: Diagram for Definition 1.1.3

Theorem 1.1.1. Let E be a free module on the subset S. Then the set S spans E,
i.e., each element of E can be written as a linear combination of elements of S.

Proof. Let D be the set of all linear combinations of elements of S. It is immediate to
see that D is a submodule of E since D is closed by addition and scalar multiplication
by definition, hence D is a subgroup of E. We need to show that D = E. To do so,

consider the quotient group
E

D
. Such a group can be turned into a module over R.

To do so, consider the element y ∈ x+D. In this way,

y − x ∈ D ⇒ α(y − x) = αy − αx ∈ D.

Therefore y ∈ x+D ⇒ αy ∈ αx+D. Consequentely the multiplication

α(x+D) = αx+D (1.1)

is well-defined. Moreover, for any α, β ∈ R, and any x, y ∈ E,

α((x+D) + (y +D)) = α((x+ y) +D) = (αx+D) + (αy +D);

(α + β)(x+D) = (α + β)x+D = (αx+D) + (βx+D);

(αβ)(x+D) = (αβ)x+D = (α(βx)) +D = α(β(x+D));

1(x+D) = 1x+D = x+D;

so this is a scalar multiplication and
E

D
is a module over R.

Finally consider the linear maps

p : E → E

D
,

the canonical projection, and

0 : E → E

D
,

the mapping taking all elements in E and assigning them the value 0 +D. Hereby,
for the injection i : S → E,

p ◦ i = 0 ◦ i : S → E

D
,

where we used the fact that S ⊂ D ⇒ p(S) = {0} = 0(S). By the unicity of the
linear map t : S → E from Definition 1.1.3, we must have t = p = 0, meaning

Im(p) =
E

D
= {0 +D}.

This is only true if E = D, finishing this proof.
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Theorem 1.1.1 tells us that every finite-dimensional vector space is a free-module
since, by its definition, the vector space contains at least one finite subset of elements
that spans the whole space.

Example 1.1.3. Consider Rn as the typical n-tuple real vector space, which addition
is done coordinate-wise, and scalar multiplication is done by multiplying the scalar
over each coordinate:

(x1, ..., xi, ..., xn) + (y1, ..., yi, ..., yn) = (x1 + y1, ..., xi + yi, ..., xn + yn),

α(x1, ..., xi, ..., xn) = (αx1, ..., αxi, ..., αxn).

Then the set {ei | 1 ≤ i ≤ n} spans Rn, where ei is the element with all entries being
null except the i-th coordinate, which is 1. For example, if n = 3, then

e1 = (1, 0, 0)

e2 = (0, 1, 0)

e3 = (0, 0, 1).

The fact that such subset spans Rn comes immediatly from the addition and scalar
multiplication definitions: suppose (x1, ..., xn) ∈ Rn. Then

(x1, ..., xn) =
n∑

i=1

xiei.

This set is called the canonical basis of Rn.

Free-modules perform a central role in the algebraic construction of the tensor
product, as we can see promptly.

Definition 1.1.4. Let R be a commutative ring with unity, and let E1, ..., En be
modules over R; let M be the free module generated by the cartesian product

∏n
i=1Ei

and N be the submodule generated by the elements of the form

(x1, ..., xi + x′i, ..., xn)− (x1, ..., xi, ..., xn)− (x1, ..., x
′
i, ..., xn), (1.2)

(x1, ..., αxi, ..., xn)− α(x1, ..., xi, ..., xn), (1.3)

for all xi, x
′
i ∈ Ei, 1 ≤ i ≤ n, α ∈ R. The quotient module

M

N
over R is called the

tensor product of E1, ..., En.

The next theorem being presented shows two points: the first is the existence of

the tensor product, which justifies the last definition and shows that
M

N
is indeed a

module over R; the second is its universal nature.

Theorem 1.1.2 (Universality of the Tensor Product). Let E1, ..., En be R-modules.
Then there exists a pair (T,g) consisting of an R-module T and a R-multilinear
mapping g :

∏n
i=1Ei → T with the following property: given any R-module F and

any R-multilinear mapping

f :
n∏

i=1

Ei → F, (1.4)

there exists a unique linear mapping of modules

f ∗ : T → F (1.5)

such that f = f ∗ ◦ g.
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Proof. The existence of T =
M

N
is immediate from Theorem 1.1.1. The existence of

the function g is done by taking the composition of the insertion i :
∏n

i=1Ei → M

with the canonical projection p : M → T =
M

N
. In symbols, g = p ◦ i (see Figure

1.2). To see that g is multilinear, take (x1, ..., αxi + x′i, ..., xn) = (αxi + x′i), where
α ∈ R (in this part only we are omitting the “fixed” coordinates for the sake of
convenience and simplicity). Therefore, for any 1 ≤ i ≤ n,

g(αxi + x′i) = p(αxi + x′i) = (αxi + x′i) +N =

= (αxi +N) + (x′i +N) = α(xi +N) + (x′i +N) = αg(xi) + g(x′i),

In addition, since i and p are unique, g is the only multilinear mapping between∏n
i=1Ei and T .

Figure 1.2: First diagram for Theorem 1.1.2

The only point left to prove is the universality of T . To do so, we need to show
that f factors over T in such a way that the Diagram 1.3 commutes.

Figure 1.3: Second diagram for Theorem 1.1.2

First we define the mapping f as follows:

f :M → F

z =
m∑
j=1

αjxj 7→ f(z) :=
m∑
j=1

αjf(xj),
(1.6)

where xj ∈
∏n

i=1Ei and αj ∈ R for all 1 ≤ j ≤ m (notice here xj is being considered
an element of the cartesian product

∏n
i=1Ei, and not a coordinate of an element of

said product). This mapping is a linear extesion of f over M , that is,

f(x) = f(1x) = 1f(x) = f(x),

for all x ∈
∏n

i=1Ei. Moreover, f is a linear mapping: for any z1, z2 ∈ M and any
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γ ∈ R,

z1 =
r∑

j=1

αjxj,

z2 =
s∑

k=1

βkyk,

with xj, yk ∈
∏n

i=1Ei, and αj, βk ∈ R; we have

f(γz1 + z2) = γ

r∑
j=1

αjf(xj) +
s∑

k=1

βkf(yk) = γf(z1) + f(z2),

prooving the linearity of f . It is also worth noting that f is unique, a fact rather
immediate from its linear property.

Now let’s look at how f acts on N : for any y ∈ N , y can be written as linear
combinations from elements of the form (1.2) and (1.3). Because f is linear, we can
just look at the action of f on (1.2):

f((x1, ..., xi + x′i, ..., xn)− (x1, ..., xi, ..., xn)− (x1, ..., x
′
i, ..., xn)) =

= f((x1, ..., xi + x′i, ..., xn))− f((x1, ..., xi, ..., xn))− f((x1, ..., x
′
i, ..., xn)) =

= f((x1, ..., xi + x′i, ..., xn))− f((x1, ..., xi, ..., xn))− f((x1, ..., x
′
i, ..., xn)) =

= f((x1, ..., xi, ..., xn)) + f((x1, ..., x
′
i, ..., xn))

−f((x1, ..., xi, ..., xn))− f((x1, ..., x
′
i, ..., xn)) =

= 0;

and on (1.3):

f((x1, ..., γxi, ..., xn)− γ(x1, ..., xi, ..., xn)) =

= f((x1, ..., γxi, ..., xn))− f(γ(x1, ..., xi, ..., xn)) =

= f((x1, ..., γxi, ..., xn))− f(γ(x1, ..., xi, ..., xn)) =

= γf((x1, ..., xi, ..., xn))− γf((x1, ..., xi, ..., xn)) =

= 0;

where, in both cases, we used the multilinearity of f and the fact the restriction of
f to

∏n
i=1Ei is identical to f by construction. This means that all elements of the

submodule N are equal to zero, in other words,

N ⊆ ker(f). (1.7)

With all this “tools” in hand, we can proceed with the last part of our proof.
Let

f ∗ : T → F

z +N 7→ f ∗(z +N) = f(z).
(1.8)

Such function is well-defined:

z +N = z′ +N ⇔ z − z′ = y ∈ N ⇒
⇒ f(z − z′) = f(y) = 0 = f(z)− f(z′) ⇒

⇒ f ∗(z) = f(z) = f(z′) = f ∗(z′).
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Moreover, by the linearity of f , f ∗ is also linear.
We can write f = f ∗ ◦ p. By the unicity of f , f ∗ is also unique. Additionally,

using the Diagram 1.4, it is easy to see that

Figure 1.4: Third diagram for Theorem 1.1.2

f = f ◦ i = (f ∗ ◦ p) ◦ i = f ∗ ◦ (p ◦ i) = f ∗ ◦ g,
which finishes this proof.

It’s worth noting that, by this theorem, the tensor product
M

N
is not only an

R-module, but it’s also a free-module over R with i(
∏n

i=1Ei) = Im(i) being its

basis. This means that, when dealing with linear maps having
M

N
as its domain,

we can only study the elements in the basis of
M

N
, namely elements of the form

(x1, ..., xn) +N .
The next result is immediate consequence from Theorem 1.1.2.

Corollary 1.1.1. Let (T, g) and (T’, g’) be two pairs with the property specified in
Theorem 1.1.2. Then there exists an unique isomorphism

h : T → T ′,

such that g′ = h ◦ g.

Proof. Identifying F = T ′ and f = g′, from Theorem 1.1.2 we can find two linear
maps: one being h : T → T ′ such that g′ = h ◦ g; the other one being h′ : T ′ → T
such that g = h′ ◦ g′, both cases being illustrated in the Figures 1.5 and 1.6. Thus,

g′ = h ◦ g = h ◦ (h′ ◦ g′) = (h ◦ h′) ◦ g′,

meaning h ◦ h′ is the identity map for T ′. The same reasoning shows that h′ ◦ h is
the identity map for T . This means that h is an isomorphism between T and T ′.

The unicity of h is given by Theorem 1.1.2.

Corollary 1.1.1 shows us the unicity of the tensor product
M

N
(up to an iso-

morphism), hence we can talk about it as the thensor product instead of a tensor
product.

From this point onwards we shall abandon the notation
M

N
for the tensor product

to adopt the typical notation ⊗n
i=1Ei, while its elements (x1, ..., xn) + N will be

written as x1 ⊗ ...⊗ xn.
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Figure 1.5: First diagram for Corollary 1.1.1

Figure 1.6: Second diagram for Corollary 1.1.1

The last theorem shows the existence of the tensor product, but this doesn’t
mean every tensor product as a interesting structure, that is, it’s not trivial.

Example 1.1.4. Let m,n ∈ Z with gcd(m,n) = 1. Then the tensor product of the

Z-modules
Z
mZ

and
Z
nZ

is trivial, i.e.,

(
Z
mZ

)⊗ (
Z
nZ

) = {0} .

By Theorem 1.1.2, the tensor product Z
mZ ⊗ Z

nZ is a Z-module genereted by the
elements x⊗y, where x ∈ Z

mZ and y ∈ Z
nZ . Therefore, by the bilinearity of the tensor

product,

m(x⊗ y) = (mx)⊗ y = 0⊗ y = 0,

n(x⊗ y) = x⊗ (ny) = x⊗ 0 = 0.

Bézout’s lemma (see [18]) tells us that we can find r, s ∈ Z such that

gcd(m,n) = 1 = rm+ sn.

So
1(x⊗ y) = (rm+ sn)(x⊗ y) = (rmx)⊗ y + x⊗ (sny) = 0,

concluding that this tensor product has only zero as its element.

A question arises from this example: when is the tensor product different from
the trivial case? Here we present a sufficient condition answering this question.

Theorem 1.1.3. Let E and F be two free-modules over the ring with unit R, and let
{x1, ..., xm} and {y1, ..., yn} be two basis for E and F respectively. Then the tensor
product E ⊗ F is a free-module over R and the set {xi ⊗ yj | 1 ≤ i ≤ m, 1 ≤ j ≤ n}
is a basis for E ⊗ F .

20



Proof. The fact that E ⊗ F is a free-module is already known. So let’s consider
z ∈ E ⊗ F . This means we can write z as a linear combination of elements of the
form z1 ⊗ z2, where z1 ∈ E and z2 ∈ F . By our hypothesis,

z1 =
m∑
i=1

αixi

z2 =
n∑

j=1

βjyj,

(1.9)

The bilinearity of the tensor product tells us that

(
m∑
i=1

αixi)⊗ (
n∑

j=1

βjyj) =
m∑
i=1

n∑
j=1

αiβj(xi ⊗ yj),

meaning the set S = {xi ⊗ yj | 1 ≤ i ≤ m, 1 ≤ j ≤ n} generates the tensor product
E⊗F . Now let G be an arbitray R-module and f : S → G be a function. Then the
function

t : E × F → G,

(z1, z2) 7→
m∑
i=1

n∑
j=1

αiβjf(xi, yj),
(1.10)

is a bilinear mapping by construction. Moreover, Theorem 1.1.2 guarantees that t
can be uniquely factor through E⊗F by a linear map t∗, hence we have t∗(xi⊗yj) =
f(xi, yj), meaning t∗ ◦ i = f and S is a basis for E ⊗ F .

Figure 1.7: Diagram for Theorem 1.1.3

An immediate consequence of Theorem 1.1.3 follows: if V and W are two vector
spaces over a field F with dimensions m and n respectively, then V ⊗W is a vector
space over F with dimesion mn.

Example 1.1.5. Let’s consider the set of square matricesMat(m,R) andMat(n,R)
over the real numbers. It’s a well known fact from linear algebra that both are vector
spaces over the real numbers with dimension m2 and n2 respectively. This means
that the vector space Mat(m,R)⊗Mat(n,R) has dimension m2n2 = (mn)2, thus we
can conclude that Mat(m,R) ⊗Mat(n,R) and Mat(mn,R) are isomorphic vector
spaces.
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The tensor product between more than two R-modules may be defined more
than one way. For example, when we say “consider the tensor product between the
R-modules E1, E2 and E3”, we could be talking about (E1⊗E2)⊗E3, E1⊗(E2⊗E3),
or even E1 ⊗ E2 ⊗ E3. Which one are we talking about or should be used later in
the theory?

Theorem 1.1.4. Let E1, E2, and E3 be R-modules. Then there exist unique iso-
morphisms

(E1 ⊗ E2)⊗ E3 → E1 ⊗ E2 ⊗ E3 → E1 ⊗ (E2 ⊗ E3) (1.11)

such that
(x⊗ y)⊗ z 7→ x⊗ y ⊗ z 7→ x⊗ (y ⊗ z), (1.12)

for x ∈ E1, y ∈ E2 and z ∈ E3.

Proof. We begin by showing the first arrow of Equation (1.11).
Let z ∈ E3 be arbitrary and define

hz : E1 × E2 → E1 ⊗ E2 ⊗ E3

(x, y) 7→ hz(x, y) = x⊗ y ⊗ z.
(1.13)

By the multilinearity of the tensor product, hz is bilinear. Therefore, by Theorem
1.1.2, it induces an unique linear mapping

h∗z : E1 ⊗ E2 → E1 ⊗ E2 ⊗ E3

x⊗ y 7→ h∗z(x, y) = x⊗ y ⊗ z.
(1.14)

Figure 1.8: First diagram for Theorem 1.1.4

Consider the mapping

f : (E1 ⊗ E2)× E3 → E1 ⊗ E2 ⊗ E3

(t, z) 7→ h∗z(t),

where t is a (finite) linear combination from elements of the form xi ⊗ yj. Then f is
a bilinear map. Indeed, for any γ ∈ R,

f(γt+ t′, z) = h∗z(γt+ t′) = γh∗z(t) + h∗z(t
′) = γf(t, z) + f(t′, z),
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and

f(t, γz + z′) = h∗γz+z′(t) = h∗γz+z′(
m∑
i=1

n∑
j=1

αiβjxi ⊗ yj) =

=
m∑
i=1

n∑
j=1

αiβjh
∗
γz+z′(xi ⊗ yj) =

m∑
i=1

n∑
j=1

αiβj(xi ⊗ yj ⊗ (γz + z′)) =

= γ
m∑
i=1

n∑
j=1

αiβj(xi ⊗ yj ⊗ z) +
m∑
i=1

n∑
j=1

αiβj(xi ⊗ yj ⊗ z′) =

= γ
m∑
i=1

n∑
j=1

αiβjh
∗
z(xi ⊗ yj) +

m∑
i=1

n∑
j=1

αiβjh
∗
z′(xi ⊗ yj) = γh∗z(t) + h∗z′(t) =

= γf(t, z) + f(t, z′),

where we used the linearity of h∗z for any z ∈ E3.
By Theorem 1.1.2 again, there exists an unique linear mapping

f ∗ : (E1 ⊗ E2)⊗ E3 → E1 ⊗ E2 ⊗ E3,

such that f ∗(t⊗ z) = h∗z(t). In particular, f ∗((x⊗ y)⊗ z) = x⊗ y ⊗ z.

Figure 1.9: Second diagram for Theorem 1.1.4

Now consider the mapping

g : E1 × E2 × E3 → (E1 ⊗ E2)⊗ E3

(x, y, z) 7→ (x⊗ y)⊗ z.

The multilinearity of the tensor product guarantees g being multilinear. Addition-
ally, g induces an unique linear mapping

g∗ : E1 ⊗ E2 ⊗ E3 → (E1 ⊗ E2)⊗ E3

x⊗ y ⊗ z 7→ (x⊗ y)⊗ z.
(1.15)

A reminder for the last equation: since E1 ⊗ E2 ⊗ E3 is generated by elements of
the form x⊗ y ⊗ z, we can consider g∗ acting only over such elements.

Notice that (x ⊗ y) ⊗ z = g∗(x ⊗ y ⊗ z) = g∗ ◦ f ∗((x ⊗ y) ⊗ z) for all elements
that generates the modules (E1 ⊗ E2)⊗ E3, so g

∗ ◦ f ∗ = Id(E1⊗E2)⊗E3 , the identity
map of (E1 ⊗ E2)⊗ E3. Similarly,

f ∗ ◦ g∗(x⊗ y ⊗ z) = x⊗ y ⊗ z ⇒ f ∗ ◦ g∗ = IdE1⊗E2⊗E3 ,
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Figure 1.10: Third diagram for Theorem 1.1.4

meaning f ∗ has a two-sided inverse, so f ∗ is invertible and hence a bijection with
(f ∗)−1 = g∗. Therefore, (E1 ⊗ E2)⊗ E3

∼= E1 ⊗ E2 ⊗ E3.
The proof for the second arrow of Equation (1.11) is a verbatim of the previous

case.

Theorem 1.1.4 shows us that we can write the tensor product as x⊗y⊗z without
considering the “order” of operation, so there’s no ambiguity in saying “the tensor
product between the E1, E2 and E3”.

The next theorem brings some more isomorphisms between tensor products.

Theorem 1.1.5. Let E,E1, E2 and E3 be R-modules. Then the following isomor-
phims hold true:

E1 ⊗ E2
∼= E2 ⊗ E1; (1.16)

(E1 ⊕ E2)⊗ E3
∼= (E1 ⊗ E3)⊕ (E2 ⊗ E3); (1.17)

E1 ⊗ (E2 ⊕ E3) ∼= (E1 ⊗ E2)⊕ (E1 ⊗ E3); (1.18)

R⊗ E ∼= E. (1.19)

The core idea in proving each isomorphism is the same done in Theorem 1.1.4.
Here we’ll present the proof for Equation (1.17), the other cases being omitted since
they are almost identical to the following one, as well as what was done in Theorem
1.1.4.

Proof. For Equation (1.17), we define

f : (E1 ⊕ E2)× E3 → (E1 ⊗ E3)⊕ (E2 ⊗ E3)

((x, y), z) 7→ (x⊗ z, y ⊗ z).
(1.20)

First notice f is bilinear: indeed, for any (x, y), (x′, y′) ∈ E1 ⊕ E2, any z, z
′ ∈ E3,

and any c ∈ R,

f(c(x, y) + (x′, y′), z) = f((cx+ x′, cy + y′), z) = ((cx+ x′)⊗ z, (cy + y′)⊗ z) =

= c(x⊗ z, y ⊗ z) + (x′ ⊗ z, y′ ⊗ z) = cf((x, y), z) + f((x′, y′), z);

f((x, y), cz + z′) = (x⊗ (cz + z′), y ⊗ cz + z′) = c(x⊗ z, y ⊗ z) + (x⊗ z′, y ⊗ z′) =

= cf((x, y), z) + f((x, y), z′).

Theorem 1.1.2 tells us about the existence of the following unique linear mapping:

f ∗ : (E1 ⊕ E2)⊗ E3 → (E1 ⊗ E3)⊕ (E2 ⊗ E3)

(x, y)⊗ z 7→ (x⊗ z, y ⊗ z).
(1.21)
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Figure 1.11: First diagram for Theorem 1.1.5

Our objective now is to construct the inverse of f ∗. To do so, let’s consider the
functions

ψ1 : E1 × E3 → (E1 ⊗ E3)⊕ (E2 ⊗ E3)

(x, z) 7→ (x, 0)⊗ z,
(1.22)

and
ψ2 : E2 × E3 → (E1 ⊗ E3)⊕ (E2 ⊗ E3)

(y, z) 7→ (0, y)⊗ z.
(1.23)

By the nature of the tensor product and of the direct sum E1 ⊕ E2, ψ1 and ψ2 are
bilinear:

ψ1(cx+ x′, z) = (cx+ x′, 0)⊗ z = (c(x, 0) + (x′, 0))⊗ z =

= c(x, 0)⊗ z + (x′, 0)⊗ z = cψ1(x, z) + ψ1(x, z
′);

ψ1(x, cz + z′) = (x, 0)⊗ (cz + z′) =

= c((x, 0)⊗ z) + (x, 0)⊗ z′ = cψ1(x, z) + ψ1(x, z
′);

the case for ψ2 being trivial to see by replacing 1 for 2 and x for y in the last
reasoning.

Since the tensor product is universal (Theorem 1.1.2), we have ψ∗
1 and ψ∗

2 such
that

ψ∗
1(x⊗ z) = (x, 0)⊗ z,

ψ∗
2(y ⊗ z) = (0, y)⊗ z.

(1.24)

This is illustrated in Figure 1.12.

Figure 1.12: Second diagra for Theorem 1.1.5

Let’s also consider the functions

h1 : E1 × E3 → (E1 ⊗ E3)⊕ (E2 ⊗ E3)

(x, z) 7→ (x⊗ z, 0);
(1.25)
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h2 : E2 × E3 → (E1 ⊗ E3)⊕ (E2 ⊗ E3)

(y, z) 7→ (0, y ⊗ z).
(1.26)

The two of them are bilinear since they are defined based on the tensor product and
the direct sum. So again, there exist unique linear maps h∗1(x⊗ z) = (x⊗ z, 0) and
h∗2(y ⊗ z) = (0, y ⊗ z) which make the diagram in Figure 1.13 commute.

Figure 1.13: Third diagram for Theorem 1.1.5

Finally, let’s establish the function

ψ : (E1 ⊗ E3)⊕ (E2 ⊗ E3) → (E1 ⊕ E2)⊗ E3

(x⊗ z1, y ⊗ z2) 7→ (x, 0)⊗ z1 + (0, y)⊗ z2.
(1.27)

Notice that ψ◦h∗1 = ψ∗
1 and ψ◦h∗2 = ψ∗

2. Moreover, ψ is a linear map by construction.

Figure 1.14: Forth diagram for Theorem 1.1.5

Finally we argue that ψ is the inverse of f ∗:

f ∗ ◦ ψ(x⊗ z1, y ⊗ z2) = f ∗((x, 0)⊗ z1 + (0, y)⊗ z2) =

= f ∗((x, 0)⊗ z1) + f ∗((0, y)⊗ z2) = (x⊗ z1, 0⊗ z1) + (0⊗ z2, y ⊗ z2) =

= (x⊗ z1, y ⊗ z2) ⇒ f ∗ ◦ ψ = Id(E1⊗E3)⊕(E2⊗E3);

ψ ◦ f ∗((x, y)⊗ z) = ψ(x⊗ z, y ⊗ z) = (x, 0)⊗ z + (0, y)⊗ z =

= ((x, 0) + (0, y))⊗ z = (x, y)⊗ z ⇒ ψ ◦ f ∗ = Id(E1⊕E2)⊗E3 .

Hence ψ is letf and right-inverse of f ∗, showing that f ∗ is an invertible linear
transformation, i.e., an isomorphism.

So far we look at how the tensor product interact with different R-modules. Now
we shall inspect how it affects linear mappings between R-modules.

26



Theorem 1.1.6. Let E,E ′, G and G′ be R-modules, and f : E → E ′ and g : G→ G′

be linear maps. Then:

(i) there exists an unique linear mapping ϕ : E⊗G→ E ′⊗G′ such that ϕ(x⊗y) =
f(x)⊗ g(y);

(ii) if E ′′ and G′′ are also R-modules, and f ′ : E ′ → E ′′ and g′ : G′ → G′′ are two
linear maps, then there exist unique linear maps α, β and γ such that

α : E ⊗G→ E ′ ⊗G′

x⊗ y 7→ f(x)⊗ g(y);
(1.28)

β : E ′ ⊗G′ → E ′′ ⊗G′′

x′ ⊗ y′ 7→ f ′(x′)⊗ g′(y′);
(1.29)

γ : E ⊗G→ E ′′ ⊗G′′

x⊗ y 7→ f ′ ◦ f(x)⊗ g′ ◦ g(y);
(1.30)

and
γ = β ◦ α; (1.31)

(iii) there exists a bilinear map between L(E,E ′)×L(G,G′) and L(E⊗G,E ′⊗G′).
Moreover, such map is a functor.

Note. In this work, we won’t delve too much in the theory of Categories. With
that being said, the functorial property of the tensor product is quite proeminent
in the theory to be developed, becoming very hard to avoid it. Therefore, here
is presented a basic definition for functors without going into many details. The
interested reader can refer to [13]-[14] for a more complete study of such structures.

Let R be the collection of all R-modules. A functor F is any rule that associates
to each E ∈ R a new R-morphism F (E) ∈ R, and to each morphism f : E → G
beteween R-modules a new morphism F (f) : F (E) → F (G) such that:

(i) for all E ∈ R, F (IdE) = IdF (E);

(ii) if f : E → G and g : G → H are two morphims between R-modules, then
F (g ◦ f) = F (g) ◦ F (f).

Proof. Here we’ll make use of the following convention: for the linear maps f : E →
E ′ and g : G→ G′, define

(f, g) : E ×G→ E ′ ×G′

(x, y) 7→ (f(x), g(y)).

The existence and unicity of ϕ is given by noticing that, for t′ : E ′ ×G′ → E ′ ⊗G′

being the bilinear map defined in Theorem 1.1.2, t′ ◦ (f, g) is bilinear:

t′ ◦ (f, g)(cx1 + x2, y) = t′(f(cx1 + x2), g(y)) = (cf(x1) + f(x2))⊗ g(y) =

= c(f(x1)⊗ g(y)) + f(x2)⊗ g(y) = ct′ ◦ (f, g)(x1, y) + t′ ◦ (f, g)(x2, y);

the linearity over the second coordinate being proved identically to the first one.
Therefore ϕ(x ⊗ y) = f(x) ⊗ g(y) does exist and it’s unique according to Theorem
1.1.2.
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Figure 1.15: First diagram for Theorem 1.1.6.

The existence and unicity of α, β and γ are given by the first point of this
theorem, just notice that f ′ ◦ f and g′ ◦ g are linear, so the composition with t′′ :
E ′′ ×G′′ → E ′′ ⊗G′′ is bilinear, namely t′′ ◦ (f ′ ◦ f, g′ ◦ g). We’re left to show that
γ = β ◦ α.

By construction, β(x′ ⊗ y′) = f ′(x′) ⊗ g′(y′). In particular, x′ = f(x) and
y′ = g(y), so β(f(x) ⊗ g(y)) = f ′ ◦ f(x) ⊗ g′ ◦ g(y) = γ(x ⊗ y). But we also have
f(x)⊗g(y) = α(x⊗y) by construction, hence β(f(x)⊗g(y)) = β◦α(x⊗y) = γ(x⊗y).

Figure 1.16: Second diagram for Theorem 1.1.6.

For the last point, let T be defined as

T : L(E;E ′)× L(G;G′) → L(E ⊗G;E ′ ⊗G′)

(f, g) 7→ T (f, g),
(1.32)

where T (f, g)(x⊗ y) := f(x)⊗ g(y), or, using the notation of (ii), T (f, g) = α. We
need to show that T is bilinear and functorial. For any f, f ′ ∈ L(E;E ′), any c ∈ R,
and any x⊗ y ∈ E ⊗G,

T (cf + f ′, g)(x⊗ y) = ((cf + f ′)(x))⊗ g(y) = (cf(x) + f ′(x))⊗ g(y) =

= c(f(x)⊗ g(y)) + f ′(x)⊗ g(y) = cT (f, g)(x⊗ y) + T (f ′, g)(x⊗ y) =

= (cT (f, g) + T (f ′, g))(x⊗ y) ⇒
⇒ T (cf + f ′, g) = cT (f, g) + T (f ′, g).

The proof for the second coordinate is analogous to the first, which improves T
bilinear.

Lastly, let the R-module E be fixed. Then G 7→ E ⊗ G and g 7→ T (IdE, g) is
a functor “tensor product on the left by E”. Being more specific, let E be a fixed
R-module and consider the collection R of all R-modules. We define

τE : R → R
G 7→ τE(G) := E ⊗G.
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Then τE defines a linear mapping

τE : L(G,G′) → L(τE(G); τE(G′))

for each pair of R-modules E and G by the formula

τE(g) = T (IdE, g).

This finishes this proof.

One can easily generalize all previous theorems and corollaries of this section
to the cartesian product of n R-modules by using the same reasoning developed in
previous proofs together with the application of the Finite Induction Theorem. The
principal generalizations are written in the following corollary.

Corollary 1.1.2. Let E1, ..., En, G1, ..., Gn and F be a collection of R-modules; let
fi ∈ L(Ei, Gi) where 1 ≤ i ≤ n. Then the following assertives are true:

(i) for any combination of parenthesis placed in the tensor product E1 ⊗ ...⊗En,
the resulting R-module will be isomorphic to ⊗n

i=1Ei;

(ii) (⊕n
i=1Ei)⊗ F ∼= ⊕n

i=1(Ei ⊗ F ) and F ⊗ (⊕n
i=1Ei) ∼= ⊕n

i=1(F ⊗ Ei);

(iii) there exist an unique multilinear mapping

T :
n∏

i=1

L(Ei, Gi) → L(⊗n
i=1Ei,⊗n

i=1Gi)

(f1, ..., fn) → T (f1, ..., fn),

(1.33)

such that
T (f1, ..., fn)(x1 ⊗ ...⊗ xn) = f1(x1)⊗ ...⊗ fn(xn). (1.34)

1.2 The Tensor Algebra

We’ve stabilished some of the main properties of the tensor product, making the
foundation of the theory to appear. Now we start to build upon this foundation.

Definition 1.2.1. Let En be an R-module for each n ∈ N. The sequence of modules

(En)n∈N = (E1, E2, ..., En, ...) (1.35)

is called a graded module with addition being coordinate-wise, and scalar multipli-
cation being done to all coordinates. The elements of the graded module En are called
the homogeneous element of degree n. Additionally, if (En)n∈N and (Gn)n∈N
are two graded modules, and fn : En → Gn is a linear mapping between modules,
than we define ∏

fn : (En)n∈N → (Gn)n∈N

(x1, x2, ..., xn, ...) 7→ (f1(x1), f2(x2), ..., fn(xn), ...).
(1.36)
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It’s immediate from the definition that
∏
fn is a linear mapping between mod-

ules.
Let’s turn our attetion to a special case of graded modules: the graded tensor

product.

Definition 1.2.2. Let (En)n∈N and (Gn)n∈N be two graded modules. We define their
graded tensor product to be the graded module whose the k-th term is

((En)n∈N ⊗ (Gn)n∈N)k = ⊕k=m+n(Em ⊗Gn)

= (E0 ⊗Gk)⊕ ...⊕ (Ek ⊗G0).
(1.37)

Theorem 1.2.1. Let (En)n∈N, (Gn)n∈N and (Fn)n∈N be graded modules. Then, given
the bilinear functions

fm,n : Em ×Gn → Fm+n

for all m,n ∈ N, there is exactly one multilinear mapping of modules

f : ((En)n∈N)⊗ ((Gn)n∈N) → (Fn)n∈N

f(x⊗ y) 7→ fm,n(x, y),
(1.38)

for all x ∈ ⊕n∈NEn and all y ∈ ⊕n∈NGn.

Proof. By the universality of the tensor product (Theorem 1.1.2) there exsits an
unique R-multilinear mapping

f ∗
m,n : Em ⊗Gn → Fm+n

f ∗
m,n(x⊗ y) 7→ fm,n(x, y),

for each m,n ∈ N. Moreover, the injection

im+n : (⊕n∈NEn)⊗ (⊕n∈NGn) → Em ⊗Gn

is also unique, hence the composition f ∗
m,n ◦ im+n is an unique multilinear mapping.

Therefore the mapping defined in Equation 1.38 is the desired multilinear mapping,
as stated.

In order to define the tensor algebra, one needs to understand the meaning of
the word “algebra” used in this context.

Definition 1.2.3. Let E be an R-module. We say that E is an algebra, or an
R-algebra whenever we want to make explicit the commutative ring R, when:

(i) E is a ring;

(ii) for all x, y ∈ E and all c ∈ R, c(x.y) = (cx).y = x.(cy).

If E is a ring with unity, i.e., 1 ∈ E, then we say E is an algebra with unity.

What follows are some examples of algebras that will appear later in the text.
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Example 1.2.1. Consider E = C, the set of complex numbers with the usual oper-
ations of addition and multiplication, i.e.,

(x+ iy) + (z + iw) = (x+ z) + i(y + w) (1.39a)

and
(x+ iy)(z + iw) = (xz − yw) + i(xw + yz) (1.39b)

respectively, with i2 = −1. Thus, if we consider the scalar multiplication as just the
usual multiplication between a real number and a complex number, that is

α(x+ iy) = (αx) + i(αy), (1.39c)

then C becomes an algebra over the real field. Additionally, as a vector space, {1, i}
is a linearly independent set that spans C, hence dim(C) = 2, thus C is isomorphic
to R2 as a vector space.

Example 1.2.2. Consider E = R× R and define the following operations:

(x, y) + (z, w) = (x+ z, y + w) (1.40a)

and
(x, y)(z, w) = (xz + yw, xw + yz). (1.40b)

It’s straightforward to prove that E is a ring with (1, 0) being its unity, thus this
won’t be done here. If we define the scalar multiplication as

α(x, y) = (αx, αy) (1.40c)

with α ∈ R, then E becomes an algebra over R. This algebra shall be denoted as
R⊕R. Moreover, as a vector space, {(1, 0), (0, 1)} is a linearly independent set that
spans R⊕R, thus it has dimension 2, meaning R⊕R is isomorphic to R2 as a vector
space.

An interesting comparison can be made between Examples 1.2.1 and 1.2.2. In
Example 1.2.2, we know that (1, 0) is the unity of the algebra, while (0, 1)2 = (1, 0).
If we define (1, 0) = 1 and (0, 1) = i, then we can write all elements of R⊕ R as

z = x(1, 0) + y(0, 1) = x+ iy, (1.41)

with x, y ∈ R. Like in C, i is called the imaginary unit of R⊕R. Notice that, in this
new notation, i2 = 1 for i ∈ R ⊕ R. This idea of “changing the minus sign in the
square of the imaginary unity” will appear again when dealing with the algebras of
R4.

Example 1.2.3. Consider E = H = {x0 + ix1 + jx2 + kx3 | x0, x1, x2, x3 ∈ R}, the
set of quartenions with the usual operations:

(x0 + ix1 + jx2 + kx3) + (y0 + iy1 + jy2 + ky3) = (x0 + y0) + i(x1 + y1)

+ j(x2 + y2) + k(x3 + y3)
(1.42a)
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and

(x0 + ix1 + jx2 + kx3)(y0 + iy1 + jy2 + ky3) = (x0y0 + x1y1 + x2y2 + x3y3)

+ i(x0y1 + x1y0 + x2y3 − x3y2)

+ j(x0y2 − x1y3 + x2y0 + x3y1)

+ k(x0y3 + x1y2 − x2y1 + x3y0).
(1.42b)

From them we can write the classical equations{
i2 = j2 = k2 = −1

ijk = −1
(1.43)

Similar to R⊕R and C, H is an algebra over the field of the real numbers, where
the scalar multiplication is just the usual multiplication between a real number and
a quartenionic number. Furthermore, the set {1, i, j, k} is a linearly independent set
that spans H, so, as a vector space over R, H has dimension 4, therefore the algebra
of quartenions is isomorphic to R4 as a vector space.

Definition 1.2.4. Let A be an algebra over R and X be a subset of A. We say that
A is generated by X if, for any z ∈ A, we can write

z =
m∑
i=1

yi (1.44a)

of any m > 0 elements, each yi being the product

yi = xi1 ∗ ... ∗ xiki , (1.44b)

with ki elements and each xiji being either an element of X or the opposite of an
element of X.

Example 1.2.4. Let A = C, the algebra of complex numbers over the real numbers.
This algebra is generated by the subset

X = {ix | x ∈ R} = iR.

Indeed, let x+ iy ∈ C. Thus

x+ iy = (i(−x))︸ ︷︷ ︸
∈iR

(i1)︸︷︷︸
∈iR

+ (iy)︸︷︷︸
∈iR

.

By the same argument we have that the algebra R⊕ R is generated by the set X =
{ix | x ∈ R and i2 = 1}.

Finally, consider the algebra of quartenions. This algebra is generated by

X = {x+ yj | x, y ∈ C} = C⊕ jC.

This is true since

x+ iy + jz + kw = (x+ iy) + (jz + kw)

= (x+ iy)︸ ︷︷ ︸
∈C⊕jC

+(z + iw)︸ ︷︷ ︸
∈C⊕jC

(j1)︸︷︷︸
∈C⊕jC

.
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The next theorem gives us a more abstract algebra when compared to the pre-
vious examples.

Theorem 1.2.2. Let E be an R-module and define the following graded module:

T (E) = (Tn(E))n∈N

= (R,E,E ⊗ E,E ⊗ E ⊗ E, ...),
(1.45)

where
T0(E) = R,

Tn(E) = Tn−1(E)⊗ E,
(1.46)

for all n ≥ 1. Then this graded module is, in fact, an algebra over R with multipli-
cation been the graded tensor product (Definition 1.2.2) and the element (1, 0, 0, ...)
as its unit element.

Proof. Here we shall ripe what we sow in the last section. Firstly, we already
know that each Tn(E) is an R-module, hence T (E) is graded module by definition.
Additionally, the functions

f ∗
m,n : Tm(E)⊗ Tn(E) → Tm+n(E)

(x1 ⊗ ...⊗ xm)⊗ (y1 ⊗ ...⊗ yn) 7→ x1 ⊗ ...⊗ xm ⊗ y1 ⊗ ...⊗ yn,

are the unique multilinear maps multiplying two elements that generates Tm(E)
and Tn(E) (Theorem 1.2.1). In practical terms, this means that the multiplication
between elements of the graded tensor product is essentially a problem of “removing
the parenthesis between elements of the basis”.

To prove the associativity of this product, remember that in Corollary 1.1.2
we showed that the module generated from the tensor product of more than one
R-module is the same (up to an isomorphism) for any combination of paranthesis
placed between the simbols. Therefore the product is associative.

The element (1, 0, 0, 0, ...) being the unit of T (E) is a direct consequence of the
definition of graded tensor product (Definition 1.37) together with the Theorem
1.1.5 and Equation 1.19.

The graded module defined in the previous theorem is called the (graded) ten-
sor algebra of E. Notice that the Tensor Algebra of E being an algebra generated
by E is an immediate consequence from the definition of a tensor algebra and Defi-
nition 1.2.4.

Tensor algebras are in the core of what will be later defined as the Clifford
Algebra.

Before proceeding, here follows one classical example that may hit close to the
heart of some readers.

Example 1.2.5. Let E = R be a free module with one generator, namely 1. Then
the tensor product Tn(R) = ⊗n

i=1K
∼= K is also a free module. Moreover,

a1 ⊗ ...⊗ an = (a1...an)1⊗ ...⊗ 1,

so Tn(R) is being generated by 1⊗ ...⊗ 1 = xn. Additionally, we also have

xm+n = xm ⊗ xn ⇒ xn = x1 ⊗ ...⊗ x1 = (x1)
n,
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mening each generator xn is the power of x1. Therefore, if we identify x1 = x, we
can conclude that

T (R) = (R,Rx,Rx2, Rx3, Rx4, ...) = R[x],

i.e., we can identify the polynomial ring R[x] as a graded tensor algebra.

So far we looked at tensor product over modules. However our interest lies in
understanding how it behaves if, instead of a module, we were considering E and G
to be two algebras over R.

Theorem 1.2.3. Let E and G be R-algebras. Then the tensor product E ⊗G with
the multiplication between elements being defined as

(x1 ⊗ y1)(x2 ⊗ y2) = (x1x2)⊗ (y1y2), (1.47)

is an algebra over R.

Proof. E and G being algebras means they are R-modules, so E ⊗ G is also an
R-module by Theorem 1.1.2. We just need to show the multiplication defined in
Equation 1.47 turns E ⊗G into an algebra.

Consider the mapping

M : E ×G× E ×G→ E ⊗G

(x1, y1, x2, y2) 7→ (x1x2)⊗ (y1y2).
(1.48)

Such mapping is multilinear: indeed, for any α ∈ R,

M(αx1 + x′1, y1, x2, y2) = ((αx1 + x′1)x2)⊗ (y1y2)

= (αx1x2 + x′1x2)⊗ (y1y2)

= (αx1x2)⊗ (y1y2) + (x′1x2)⊗ (y1y2)

= α(x1x2)⊗ (y1y2) + (x′1x2)⊗ (y1y2)

= αM(x1, y1, x2, y2) +M(x′1, y1, x2, y2);

M being linear in the other coordinates is a verbatim from the first case.
By Theorem 1.1.2 again, the following linear mapping

M∗ : E ⊗G⊗ E ⊗G→ E ⊗G

x1 ⊗ y1 ⊗ x2 ⊗ y2 7→ (x1x2)⊗ (y1y2).
(1.49)

does exist and it is unique.
Now consider the canonical projection

N : (E ⊗G)× (E ⊗G) → (E ⊗G)⊗ (E ⊗G)

(x1 ⊗ y1, x2 ⊗ y2) 7→ (x1 ⊗ y1)⊗ (x2 ⊗ y2)
(1.50)

and the isomorphism

K : (E ⊗G)⊗ (E ⊗G) → E ⊗G⊗ E ⊗G

(x1 ⊗ y1)⊗ (x2 ⊗ y2) 7→ x1 ⊗ y1 ⊗ x2 ⊗ y2.
(1.51)
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Thus the composition mapping

P =M∗ ◦K ◦N : (E ⊗G)× (E ⊗G) → E ⊗G

is the unique bilinear mapping satisfying

P (x1 ⊗ y1, x2 ⊗ y2) = (x1x2)⊗ (y1y2)

by Theorem 1.1.2. But that’s exaclty Equation 1.47, hence this multiplication is
well-defined. We’re left to show this multiplication is associative and left and right-
distributive over addition. To do so, let x1, x2, x3 ∈ E and y1, y2, y3 ∈ G be arbitrary.
Consequently,

(x1 ⊗ y1)[(x2 ⊗ y2)(x3 ⊗ y3)] = (x1 ⊗ y1)(x2x3 ⊗ y2y3)

= (x1(x2x3))⊗ (y1(y2y3))

= ((x1x2)x3)⊗ ((y1y2)y3)

= (x1x2 ⊗ y1y2)(x3 ⊗ y3)

= [(x1 ⊗ y1)(x2 ⊗ y2)](x3 ⊗ y3),

proving the multiplication associative; whilst

(x1 ⊗ y1)(x2 ⊗ y2 + x3 ⊗ y3) = P (x1 ⊗ y1, x2 ⊗ y2 + x3 ⊗ y3)

(P bilinear) = P (x1 ⊗ y1, x2 ⊗ y2) + P (x1 ⊗ y1, x3 ⊗ y3)

= (x1 ⊗ y1)(x2 ⊗ y2) + (x1 ⊗ y1)(x3 ⊗ y3),

proves multiplication is left-distributive over addition. Right-distribution is proven
analogously.

We close this section with a theorem and some definitions from linear algebra.
Such theorem shall not be proved here but the interested reader can check [19] for
a formal proof.

Definition 1.2.5. Let V be a vector space and let g be a bilinear form over V . The
pair (V, g) is said to be a quadratic vector space. For the particullar case where

g(y, x) = g(x, y), (1.52)

for all x, y ∈ V , then we say that g is symmetric. Additionally, if V has dimension
n, then the nullity of g is defined as

null(g) = dim(ker(g)), (1.53)

while the rank of g is defined as

rank(g) = n− null(g). (1.54)

Definition 1.2.6. Let (V, g) be a quadratic vector space over the field F with g being
symmetric. Then

Q : V → F

x 7→ g(x, x)
(1.55)

is defined as the Quadratic form associated with g.
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Theorem 1.2.4. Let V be a finite-dimensional vector space over R, and let g be
a symmetric bilinear form over V with rank r. Then there exists an ordered basis
{e1, ..., en} for V such that

g(ei, ej) = ±δij, for 1 ≤ i, j ≤ r, (1.56)

where δij is the Kronecker delta function. Furthermore, the number p of basis vectors
ei for which g(ei, ei) = 1 is independent of the choice of the basis. As such, the
signature of g, defined as

sig(g) = r − p (1.57)

is also independent of the choice of the basis.

Example 2.1.3, together with the previous theorem, motivates the following def-
inition.

Definition 1.2.7. Let V be vector space over R with dim(V ) = n, g be an bilinear
form over V such that rank(g) = n and sig(g) = m. We define

p =
n+m

2
,

q =
n−m

2
.

(1.58)

In this case, since V ≃ Rn, we write Rp+q to represent the quadratic vector space
(V, g).
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Chapter 2

Clifford Algebra

In this text we shall only work with Clifford Algebras over real vector spaces, al-
though the definition would be the same if we were considering complex vector
spaces. For a treatment using the complex numbers, see References [4] and [16]. For
a more in-depth look into the structure of the Clifford Algebras, the specific isomor-
phisms and how they relate to some specific groups, like orthogonal transformations,
the Pin Group and the Spin Group, see References [2], [3], [4], [5] and [6].

2.1 Definition of a Clifford Algebra

Definition 2.1.1. Let V be a real vector space and g be a non-degenerate symmetric
bilinear form over V , that is, for x ∈ V ,

g(x, x) = 0 ⇔ x = 0.

Also let A be an algebra with unity 1A and let γ : V → A be a linear mapping. The
pair (A, γ) is a Clifford Algebra for the quadratic space (V, g) when A is generated
as an algebra by {γ(x)|x ∈ V } and {α1A|α ∈ R}, and γ satisfies

γ(x) ∗ γ(y) + γ(y) ∗ γ(x) = 2g(x, y)1A (2.1)

for all x, y ∈ V , where the asterisk is used to represent the product between elements
of the algebra A. In this case, the mapping γ is said to be a Clifford mapping.

Equation (2.1) can be rewriten by using the quadratic form Q associated with g:

Q(x) = g(x, x). (2.2)

Thus, using the identity

Q(x+ y)−Q(x)−Q(y) = 2g(x, y), (2.3)

Equation (2.1) becomes

(γ(x))2 = Q(x)1A = g(x, x)1A. (2.4)

We’ll make use of both equations, depending of which is more convinient at the time.
For now, we begin with two simple but important examples of Clifford Algebras
associated with quadratic real vector spaces.
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Example 2.1.1. Let V ≃ R, {e} be a vector generating V , i.e., e ̸= 0, and let

g(e, e) = 1

be the bilinear form associated with V . This means, for any x ∈ V ,

g(x, x) = α2, (2.5)

where x = αe.
Consider the set {1, e}, and let A be a vector space generated by this set, that is,

A = R⊕ V. (2.6)

Suppose also the following set of equations are observed in A:

(α1 + β1e) + (α2 + β2e) = (α1 + α2) + (β1 + β2)e, (2.7a)

(α1 + β1e) ∗ (α2 + β2e) = (α1α2 + β1β2) + (α1β2 + α2β1)e, (2.7b)

γ(α1 + β1e) = (γα1) + (γβ1)e, (2.7c)

with α1, α2, β1, β2, γ ∈ R. Consequently, 1 is the unity of A and e ∗ e = e2 = 1 =
g(x, x) is observed.

Clearly A is a Clifford Algebra for V : it’s straightforward from the set of Equa-
tions 2.7 to prove A is an algebra with unity. Moreover, consider the insertion
mapping

i : V → A

x 7→ x.

For any x ∈ V , i satisfies Equation 2.4 by construction of A, meaning i is a Clifford
mapping. In addition, the mapping

ϕ : A→ R⊕ R,

where ϕ(1) = (1, 0) and ϕ(e) = (0, 1), is an algebra isomorphism between A and
the algebra R ⊕ R (see Example 1.2.2), thus R ⊕ R is algebraicaly isomorphic to a
Clifford algebra.

Example 2.1.2. Let’s consider the same vector space in Example 2.1.1, but here
we take the bilinear form

g(e, e) = −1.

This means Equation 2.5 becomes

g(x, x) = −α2 (2.8)

for x = αe ∈ V .
Once again, let A be the vector space defined by Equation 2.6 and satisfying

(α1 + β1e) + (α2 + β2e) = (α1 + α2) + (β1 + β2)e, (2.9a)

(α1 + β1e) ∗ (α2 + β2e) = (α1α2 − β1β2) + (α1β2 + α2β1)e, (2.9b)

γ(α1 + β1e) = (γα1) + (γβ1)e, (2.9c)
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with α1, α2, β1, β2, γ ∈ R. Thus, by the same reasoning done in the previous example,
the pair (A, j), with j being the insertion of V into A, is a Clifford Algebra for V .
Moreover, the mapping

ϕ : A→ C
ϕ(1) = 1 and ϕ(e) = i,

with i being the imaginary unity of C, is an isomorphism of algebras. Hence, C is
also algebraicaly isomorphic to a Clifford Algebra.

At a first glance, with this two examples, one may think the prodcut in a Clifford
Algebra is commutative. Such is not the case in general. This can be immediatly
seen from its definition: suppose g(x, y) = 0. Then, by Equation 2.1,

γ(y) ∗ γ(x) = −γ(x) ∗ γ(y). (2.10)

This brings to attention an interesting point: suppose V is a finite-dimensional vec-
tor space over R and g = ⟨., .⟩ is a inner-product for V . Consequently, g(x, y) =
0 = ⟨x, y⟩ (i.e., x perpendicular to y) means that γ(x) and γ(y) anticommute. So
we have a geometric property in V (perpendicularity) being reflected as an alge-
braic property in the Clifford Algebra A (anticommutation). Although this relation
between “geometry in V , algebra in A” often appears when treating with Clifford
Algebras, it’s not a property we’ll make frequent use in this work. For the intrested
reader, see [20].

This first two examples gave us a glance of an important point: knowing the
rank of the bilinear form g is not sufficient to know the isomorphism being related
to the Clifford Algebra. In both cases, Example 2.1.1 and Example 2.1.2, the rank
in question is the same, namely 1. What changes is a second property associated
with the quadratic form: its signature. But how this properties relate to each other
will be explored in more details in the next section. For now, we come back to the
foundations and present a theorem showing how we can construct a Clifford Algebra
from a given quadratic space over R.

Theorem 2.1.1. Let (V, g) be a quadratic vector space over R. Then there exists a
pair (Clg(V ), γ) consisting of a Clifford Algebra Clg(V ) for V and a Clifford mapping
γ : V → Clg(V ) with the following property: given any Clifford Algebra A for V
with a Clifford mapping

ρ : V → A, (2.11)

there exists an unique homomorphism of algebras

ψ : Clg(V ) → A (2.12)

such that ρ = ψ ◦ γ.
This is the theorem of existence and universality of a particular set of Clifford

Algebras. The proof is done by constructing a Clifford Algebra from the quotient
of the tensor algebra T (V ) over an specific ideal. But, before starting its proof, we
need to stablish said ideal.

Definition 2.1.2. Let (V, g) be a quadratic space over R and let T (V ) be its tensor
algebra. We define the two-sided ideal Ig as the ideal generated by elements of the
form

x⊗ x− g(x, x)1, (2.13)

where here 1 is the neutral element for the product of the algebra T (V ).
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Proof of Theorem 2.1.1. We begin by studying the two-sided ideal Ig, which is being
spanned by elements of the form (2.13). But, by using the bilinearity of g, we also
have

(x+ y)⊗ (x+ y)− g(x+ y, x+ y)1 = x⊗ x+ x⊗ y + y ⊗ x+ y ⊗ y

− g(x, x)− g(x, y)− g(y, x)− g(y, y)

= (x⊗ x− g(x, x)) + (y ⊗ y − g(y, y))

+ (x⊗ y + y ⊗ x− 2g(x, y)).

The first two parenthesis are elements of Ig, hence x ⊗ y + y ⊗ x − 2g(x, y) ∈ Ig.
Moreover, for every x ∈ V ,

(
1

2
x)⊗ x+ x⊗ (

1

2
x)− 2g(

1

2
x, x) = x⊗ x− g(x, x).

Thus, we can write the elements of Ig as being generated by elements of the form
(2.13), or of the form

x⊗ y + y ⊗ x− 2g(x, y)1. (2.14)

With this in mind, we define the following equivalence relation:

A ∼ B ⇔ A = B + y, y ∈ Ig, (2.15)

where A,B ∈ T (V ). We write [A] to denote the equivalent classes of A under this
equivalence relation, and define the following operations:

[A] + [B] = [A+B], (2.16a)

α[A] = [αA], (2.16b)

[A] ∗ [B] = [A⊗B], (2.16c)

where α ∈ R.
The addition defined by Equation 2.16a is well-defined since T (V ) is an algebra,

therefore an abelian group over addition, hence its quotient is also an abelian group
over the two-sided ideal Ig by the First Isomorphism Theorem of Groups [21]. Scalar
multiplication (Equation (2.16b)) is also well-defined because, for any α ∈ R and
any C ∈ [A],

C ∼ A⇔ C = A+ y, y ∈ Ig

⇒ αC = αA+ αy ⇔ αC ∼ αA ⇒ αC ∈ [αA].

Lastly, the multiplication (Equation (2.16c)) is well-defined as well: suppose C ∈ [A]
and D ∈ [B]. Then we can find y, z ∈ Ig such that C = A + y and D = B + z.
Therefore,

C ⊗D = (A+ y)⊗ (B + z) = A⊗B + A⊗ z + y ⊗B + y ⊗ z.

The last three terms are elements of the ideal Ig, hence C ⊗ D ∼ A ⊗ B, i.e.,
[C ⊗D] = [A⊗B].
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We’ve just proved that Clg(V ) is an algebra. To prove that it is a Clifford
Algebra, take x, y ∈ V . We can write

x⊗ y =
1

2
(x⊗ y − y ⊗ x) + g(x, y)

+
1

2
((x+ y)⊗ (y + x)− g(x+ y, x+ y))

− 1

2
(x⊗ x− g(x, x))− 1

2
(y ⊗ y − g(y, y)).

The last three terms are elements of Ig, meaning we have

x⊗ y ∼ 1

2
(x⊗ y − y ⊗ x) + g(x, y).

Thus, if we consider the composition mapping

γ = p ◦ i, (2.17)

where i : V → T (V ) is the insertion of V into T (V ) and p : T (V ) → T (V )

Ig
is the

canonical projection, then

γ(x) ∗ γ(y) + γ(y) ∗ γ(x) = [x] ∗ [y] + [y] ∗ [x]
= [x⊗ y] + [y ⊗ x]

= [
1

2
(x⊗ y − y ⊗ x) + g(x, y)]

+ [
1

2
(y ⊗ x− x⊗ y) + g(y, x)]

= 2g(x, y)[1].

So γ satisfies Equation (2.1), hence it’s a Clifford mapping. Additionally, since
the elements of V generates its tensor algebra, the algebra Clg(V ) is generated by
{[x] | x ∈ V } and {α[1] | α ∈ R}, and so it’s a Clifford Algebra.

So far, we’ve proved the existence. The next part is proving its universality, that
is, Equation (2.12). To do so, by using the fact that ρ ∈ L(V,A), we construc the
mapping

ρk =
k∏

i=1

ρ :
k∏

i=1

V → A

(x1, ..., xk) 7→ ρ(x1) ∗ ... ∗ ρ(xk),
(2.18)

which is a linear mapping for any k ≥ 1: indeed, for any α ∈ R and any 1 ≤ j ≤ k,

ρk(x1, ..., αxj + x′j, ..., xk) = ρ(x1) ∗ ... ∗ ρ(αxj + x′j) ∗ ... ∗ ρ(xk)
= ρ(x1) ∗ ... ∗ (αρ(xj) + ρ(x′j)) ∗ ... ∗ ρ(xk)
= αρ(x1) ∗ ... ∗ ρ(xj) ∗ ... ∗ ρ(xk)
+ ρ(x1) ∗ ... ∗ ρ(x′j) ∗ ... ∗ ρ(xk)
= αρk(x1, ..., xj, ..., xk) + ρk(x1, ..., x

′
j, ...xk).

Thus, by the Universality of the Tensor Product (Theorem 1.1.2), for each k ≥ 1,
there exists an unique linear mapping satisfying

ρ∗k : Tk(V ) → A

x1 ⊗ ...⊗ xk 7→ ρ(x1) ∗ ... ∗ ρ(xk).
(2.19)
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For the Clifford AlgebraA, we can define the graded module (An)n∈N = (A,A, ..., A, ...).
Thus, we’ve just shown that

ρ′ =
∏

ρ∗n :T (V ) →(An)n∈N

(xn)n∈N 7→(ρn(xn))n∈N
(2.20)

is a multilinear mapping between graded modules as defined by Equation (1.36),
where ρ∗n is define by Equation (2.19) for the cases n ≥ 1, while ρ∗0 = i : R → A is
the insertion of R in A.

Take the Quotient module
T (V )

ker(ρ′)
. By the First Isomorphism Theorem of

Groups [21], there exists an unique linear mapping ϕ :
T (V )

ker(ρ′)
→ (An)n∈N, such

that
ρ′ = ϕ ◦ π, (2.21)

with π : T (V ) → T (V )

ker(ρ′)
being the canonical projection. Therefore, if we consider

an element of the form x⊗ x−Q(x)1 ∈ T (V ), we have

ρ′(x⊗ x−Q(x)1) = ρ′(x⊗ x)−Q(x)ρ′(1)

= ρ(x) ∗ ρ(x)−Q(x)1A

= 0 = ϕ((x⊗ x−Q(x)1) + ker(ρ′)).

Since elements of this form spans the ideal Ig, we have Ig ⊆ ker(ρ′). Once again, by
First Isomorphism Theorem of Groups [21], there exists an unique linear mapping

ρ∗ :
T (V )

Ig
→ T (V )

ker(ρ′)
such that the diagram in Figure 2.1 commutes.

Figure 2.1: First diagram for Theorem 2.1.1.

We summarize all the linear maps used and defined so far in Figure 2.2 in order
to visualize what’s done and what’s left. In said diagram, i : V → T (V ) is the
insertion of V into T (V ). Also notice the lack of a solid line between (An)n∈N and
A. In order to ”close this gap”, we define: (an)n∈N has degree k if (an)n∈N ̸= 0 and
if there exist k ∈ N such that ak ̸= 0 and an = 0 if n > k.

With the last definition at hand, we can construct the mapping j : (An)n∈N → A
as

j(an)n∈N =

{∑k
i=0 ak , if (an)n∈N as degree k;

0 , otherwise.
(2.22)
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Figure 2.2: Second diagram for Theorem 2.1.1.

Such mapping is not linear: if we consider (1, 0, 0, 0, ...) and (0, 1, 1, 1, ...), then

j((1, 0, 0, 0, ...) + (0, 1, 1, 1, ...)) = j(1, 1, 1, 1, ...) = 0

̸= 1 + 0 = j(1, 0, 0, 0, ...) + j(0, 1, 1, 1, ...).

But, the composition mapping

ψ = j ◦ ϕ ◦ ρ∗ (2.23)

is linear: for any x, y ∈ V and any α ∈ R,

ψ(α[x] + [y]) = ψ([αx+ y]) = j ◦ ϕ ◦ ρ∗([αx+ y])

= j ◦ ϕ ◦ (ρ∗ ◦ p)(αx+ y) = j ◦ (ϕ ◦ π)(αx+ y)

= j ◦ ρ′(αx+ y) = j(ρ′(αx+ y)︸ ︷︷ ︸
degree 1

)

= ρ′(αx+ y︸ ︷︷ ︸
∈T1(V )

) = ρ∗1(αx+ y)

= αρ∗1(x) + ρ∗1(y)

= αρ′(x) + ρ′(y) = αj ◦ ρ′(x) + j ◦ ρ′(y)
= αψ([x]) + ψ([y]).

Furthermore, ψ also preserves the multiplication:

ψ([x] ∗ [y]) = ψ([x⊗ y]) = j ◦ ϕ ◦ ρ∗([x⊗ y])

= j ◦ ρ′(x⊗ y) = j(ρ′(x⊗ y)︸ ︷︷ ︸
degree 2

)

= ρ′(x⊗ y︸ ︷︷ ︸
∈T2(V )

) = ρ∗2(x⊗ y)

= ρ(x) ∗ ρ(y) = ρ∗1(x) ∗ ρ∗1(y)
= ρ′(x) ∗ ρ′(y) = j ◦ ρ′(x) ∗ j ◦ ρ′(y)
= ψ(x) ∗ ψ(y).

This proves that ψ an homomorphism between algebras. Finally, using the fact that
γ(x) = [x], we have

ψ([x]) = ρ∗1(x) = ρ(x) = ψ ◦ γ(x),

i.e., Equation (2.12) is satisfied, finishing this proof.
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By its universal nature, we can say “the Clifford Algebra of V ” instead of “a
Clifford Algebra of V ” when treating with Clg(V ), similar with what was done with
the tensor algebra T (V ).

It’s worth noticing that V is embedded in Clg(V ), by which we mean we can
find a subspace of Clg(V ) isomorphic to V . Indeed, we know that W = Im(γ) is a
subspace of Clg(V ). Morevover, if γ(x) ∈ ker(γ), then

γ(x) = 0 ⇒ γ(x) ∗ γ(x) = g(x, x)1Clg(V ) = 0 ⇒
⇒ g(x, x) = 0 ⇒ x = 0,

since the bilinear form g is considered to be non-singular. Therefore γ is an injective
mapping and V ≃ W . This tells us we can “identify” W as V and say V ⊂ Clg(V ),
which allows us to write the elements γ(x) as just x. Moreover, instead of saying
“Clg(V ) is generated by {γ(x) | x ∈ V } ∪ {α1 | α ∈ R}”, we can say “Clg(V ) is
generated by V ∪ {α1 | α ∈ R}”. This identifications shall be considered from this
point onwards.

In this work we’ll be interested in finite-dimensional vector spaces. It turns out
the Clifford algebra Clg(V ) constructed in Theorem 2.1.1 is also finite-dimensional
if V is finite-dimensional itself. Not only that but we can calculate the dimesion of
Clg(V ) quite easly given the dimension of V . To do so, we’ll need some definitions,
properties and notations relating to Clg(V ).

Definition 2.1.3. Let (V, g) and (V ′, g′) be two pairs of quadratic vector spaces. A
linear map f : V → V ′ is said to preserve the bilinear forms if

g′(f(x), f(y)) = g(x, y) (2.24)

for any x, y ∈ V . In particular, if both forms are inner products for their respective
vector spaces, and if f satisfies Equation (2.24), then f is said to be an isometry.

Definition 2.1.4. Let V be a quadratic vector space. We denote by O(V ) the set
of all linear automorphims of V that preserve the the bilinear form g. In particular,
if g is an inner-product of V , then O(V ) is the set of orthogonal maps of V .

Theorem 2.1.2. Let (V, g) and (V ′, g′) be two quadratic vector spaces; let γ and γ′

be the Cliffor mappings for V and V ′ respectively; and let f : V → V ′ be a linear
mapping preserving the bilinear forms. Then there exists an unique algebra mapping

θf : Clg(V ) → Clg′(V
′)

such that
θf ◦ γ = γ′ ◦ f (2.25)

is observed.

Proof. Consider the composition of linear mappings

γ′ ◦ f : V → Clg′(V
′).

Such composition is itself a linear mapping. Moreover, W = Im(f), the image of
f , is a subspace of V ′, thus we can restrict γ′ and g′ to W , and construct Clg′(W ),

44



the Clifford algebra for W . It’s easy to see this Clifford algebra is a subalgebra of
Clg′(V

′). Therefore, by Theorem 2.1.1, there exists an algebra homomorphism

(f ◦ γ′)∗ : Clg(V ) → Clg′(W )

such that (f ◦ γ′)∗(γ(x)) = γ′ ◦ f(x) for any x ∈ V .
Since Clg′(W ) is a subalgebra of Clg′(V

′), we can use the insertion mapping
i : Clg′(W ) → Clg′(V

′) to define

θf = i ◦ (f ◦ γ′)∗. (2.26)

Notice that θf satisfies Equation 2.25 and it is an algebra homomorphism.

Corollary 2.1.1. Each linear transformation f ∈ O(V ) extends uniquely to define
an algebraic automorphism θf of the Clifford Algebra Clg(V ).

This automorphism is referred as the Bogoliubov automorphism of Clg(V )
induced by f .

Corollary 2.1.2. Suppose f, h ∈ O(V ). Then

θf◦h = θf ◦ θh. (2.27)

In fact, the function
θ : O(V ) → Aut(Clg(V )), (2.28)

which maps each linear mapping of O(V ) to its Bogoliubov automorphism, is a group
homomorphism.

Proof. If f, h ∈ O(V ), then f ◦ h ∈ O(V ), so each of θf◦h and θf ◦ θh is an automor-
phism of Clg(V ) extending f ◦ h. By its unicity, it must follow that θf◦h = θf ◦ θh.
Finally, θ being a group homomorphism is immediate consequence of Equation
2.27.

For the next part, we shall make use of the following notations: let m ∈ N. We
denote

m = {1, ...,m}.

Moreover, let S be the non-empty set

S = {s1 < ... < sp} ⊂ m;

in this case, we write the following product in Clg(V ):

vS = vs1 ∗ vs2 ∗ ... ∗ vsp .

For convinence sake, we alse write

v∅ = 1.

With this notations in mind, along with Theorem 1.2.4, we begin presenting
some properties the generators of Clg(V ) hold.
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Theorem 2.1.3. Let (V, g) be a quadratic vector space over R. Let {v1, ..., vm} be
a set of V satisfying

g(vi, vj) = 0

whenever i ̸= j. If S, T ⊂ m, then

vT ∗ vS = (−1)pq+rvS ∗ vT , (2.29)

where p, q and r are the cardinality of the sets S, T and S ∩ T respectively.

Proof. Let R = S ∩ T . We begin by considering the particular case R = ∅. By
hypothesis, we know that

g(vi, vj) = 0 ⇔ vj ∗ vi = −vi ∗ vj (2.30)

whenever i ̸= j. Suppose q = 1 and fix p ∈ N. In this case,

vT ∗ vS = vt1 ∗ vs1 ∗ ... ∗ vsp︸ ︷︷ ︸
p factors

= (−1)pvs1 ∗ ... ∗ vsp ∗ vt1 = (−1)pvS ∗ vT ,

where we used the fact S and T are disjoint, thus t1 ̸= si for all 1 ≤ i ≤ p; and the
anticommutative property p-times in the product. Thus Equation 2.29 is observed.
By induction, suppose Equation 2.29 also holds for q = k. So, for q = k + 1,

vT ∗ vS = vt1 ∗ ... ∗ vtk ∗ vtk+1
∗ vs1 ∗ ... ∗ vsp︸ ︷︷ ︸

p permutations

= (−1)p vt1 ∗ ... ∗ vtk ∗ vs1 ∗ ... ∗ vsp︸ ︷︷ ︸
Induction Hypothesis

∗vtk+1

= (−1)p(−1)pk(vs1 ∗ ... ∗ vsp) ∗ (vt1 ∗ ...vtk ∗ vtk+1
)

= (−1)p(k+1)vS ∗ vT .

Therefore, Equation 2.29 is valid for all q ∈ N. Since p ∈ N is arbitrary, this
equations is valid whenever S and T are disjoint.

Next suppose R ̸= ∅. We define S ′ = S − R and T ′ = T − R. Notice that the
cardinality of S ′ and T ′ are p−r and q−r respetively. Moreover, by using Equation
2.29, we can permute the elements of S and T to write

vS = (−1)avS′ ∗ vR (2.31a)

and
vT = (−1)bvR ∗ vT ′ , (2.31b)

where a and b are the number of transpositions performed to arrive in Equations
2.31a and 2.31b respectively. Consequently, by multiple aplications of Equation
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2.29,

vT ∗ vS = (−1)a+bvR ∗ vT ′ ∗ vS′︸ ︷︷ ︸
Equation 2.29

∗vR

= (−1)a+b(−1)(p−r)(q−r) vR ∗ vS′︸ ︷︷ ︸
Equation 2.29

∗ vT ′ ∗ vR︸ ︷︷ ︸
Equation 2.29

(Rearranging factors) = (−1)a+b+(p−r)(q−r)(−1)(p−r)r(−1)(q−r)rvS′ ∗ vR ∗ vR ∗ vT ′

= (−1)(p−r)(q−r)+(p−r)r+(q−r)r ((−1)avS′ ∗ vR)︸ ︷︷ ︸
Equation 2.31a

∗ ((−1)bvR ∗ vT ′)︸ ︷︷ ︸
Equation 2.31b

= (−1)(p−r)(q−r)+(p−r)r+(q−r)rvS ∗ vT
= (−1)pq−pr−qr+r2+pr−r2+qr−r2vS ∗ vT
= (−1)pq−r2vS ∗ vT .

Notice that

(−1)−r2 = (−1)r
2

=

{
(−1)(2c)

2
= 1 = (−1)2c = (−1)r (r even);

(−1)(2c+1)2 = −1 = (−1)2c+1 (r odd).

So either way (r even or odd), we can always write

vT ∗ vS = (−1)pq−r2vS ∗ vT = (−1)pq+rvS ∗ vT ,

which finishes this proof.

The next corollary is a trivial consequence of the previous theorem and of Equa-
tion 2.4.

Corollary 2.1.3. Let j ∈ m and S ⊂ m. Then, under the conditions of Theorem
2.1.3,

vj ∗ vS ∗ vj = (−1)p+rg(vj, vj)vS, (2.32)

where p is the cardinality of S and r is the cardinality of S ∩ {j}.

Lemma 2.1.1. Let i1, ..., ik ∈ m and let

vi1 ∗ ... ∗ vik

be a product of elements of {v1, ..., vm} like stated in Theorem 2.1.3. Then there
exists β ∈ R and S = {s1 < ... < sp} ⊂ m such that

vi1 ∗ ... ∗ vik = βi1...ikvS. (2.33)

Proof. Let σ be a permutation function for {1, ..., k} such that

iσ(j1) ≤ ... ≤ iσ(jk),

where j1, ..., jk ∈ {1, ..., k}. Consequently, we can write

vi1 ∗ ... ∗ vik = sgn(σ)viσ(j1)
∗ ... ∗ viσ(jk)

, (2.34)
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with sgn being the sign function for the permutation σ:

sgn(σ) =

{
+1 if σ is even;

−1 if σ is odd.

If iσ(jr) = iσ(jr+1), then, by Equation 2.4,

viσ(jr)
∗ viσ(jr+1)

= g(viσ(jr)
, viσ(jr)

)1Clg(V ). (2.35)

In this case, the Equation 2.34 becomes

vi1 ∗ ... ∗ vik =

sgn(σ)g(viσ(jr)
, viσ(jr)

)viσ(j1)
∗ ... ∗ viσ(jr−1)

∗ viσ(jr+2)
∗ ... ∗ viσ(jk)

.

(2.36)
We can “take out” identical indexes two-by-two by using the same reasoning

done in Equation 2.36. The resulting scalar shall be identified as βi1...ik .
If all factors are removed by the reapeted uses of Equation 2.4, then

vi1 ∗ ... ∗ vik = βi1...ik1Clg(V ) = βv∅.

If some factors were not removed by the use of Equation 2.4, then the remaining
factors have distinct indexes in an ascending order. Let S be the set of said indexes.
Thus

vi1 ∗ ... ∗ vik = βi1...ikvS.

In both cases, Equation 2.33 is satisfied.

Lemma 2.1.2. Let (V, g) be a quadratic space with dimension n, and {e1, ..., en} be
a basis that diagonilizes g, as stated in Theorem 1.2.4. Then, for any y1, ..., yk ∈ V ,
the product

y1 ∗ ... ∗ yk ∈ Clg(V )

can be written as a linear combination of elements from the set {eS | S ⊂ n} ⊂
Clg(V ).

Proof. Since yj ∈ V for each 1 ≤ j ≤ k, we can write

yj =
n∑

ij=1

αijeij .

So, by the distributive property,

y1 ∗ ... ∗ yk =
n∑

i1=1

...

n∑
ik=1

αi1 ...αikei1 ∗ ... ∗ eik .

By Lemma 2.1.1,
ei1 ∗ ... ∗ eik = βi1...ikeS, (2.37)

thus the initial product becomes

y1 ∗ ... ∗ yk =
n∑

i1=1

...

n∑
ik=1

αi1 ...αikβi1...ikeS,

which proves our assertion.
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Next we have the first relation between the dimensions of V and Clg(V ).

Lemma 2.1.3. Let (V, g) be a quadratic vector space over R. If dim(V ) = n, then
dim(Clg(V )) ≤ 2n.

Proof. In here, the set {e1, ..., en} shall be a basis as stated in Theorem 1.2.4.
The Clifford algebra Clg(V ), by its definition, is generated by the set

B = V ∪ {α1 | α ∈ R}.

This means any z ∈ Clg(V ) can be written in the form

z =
m∑
i=1

zi (2.38)

of any m > 0 elements, each zi being the product

zi = yi1 ∗ ... ∗ yiki , (2.39)

with ki elements and each yiji being either an element of B or the opposite of an
element of B (see Definition 1.2.4). But, since V is a vector space, if yiji is the
opposite of an element in V , then yiji ∈ V ; additionally, if yiji is the opposite of an
element in {α1 | α ∈ R}, then

yiji = −(αiji1) = (−αiji)1,

which is itself an element of {α1 | α ∈ R}; thus, in all possible cases, each yiji is an
element of B.

For each 1 ≤ i ≤ m, if in the product

yi1 ∗ ... ∗ yiki
there is a factor

yiji = αiji1 ∈ {α1 | α ∈ R},
then we can rewrite the previous product as

yi1 ∗ ... ∗ yiki = αijiyi1 ∗ ... ∗ yiji−1
∗ yiji+1

∗ ... ∗ yiki .

This process can be repeated until the last element of {α1 | α ∈ R} is “taken out”
of the multiplication in Equation 2.39. If all factors are elements of {α1 | α ∈ R},
then

yi1 ∗ ... ∗ yiki = αi1...αiki1 = αi1...αikie∅.

Otherwise, the remaining factors of the multiplication are all elements of V , which,
by Lemma 2.1.2, can be written as a linear combination of elements from the set
{eS | S ⊂ n}. Both cases show us that, for 1 ≤ i ≤ m, each zi is a linear combination
of elements from the set {eS | S ⊂ n}. Moreover, since z in Equation 2.38 is a sum
of elements in the algebra, z can also be written as a linear combination of elements
from the set {eS | S ⊂ n}. Hence this set generates Clg(V ) as a vector space.

The set {eS | S ⊂ n} has cardinality

n∑
k=0

n!

k!(n− k)!
= 2n,

thus dim(Clg(V )) ≤ 2n.
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For the next theorem we shall consider the particular Bogoliubov automorphism
θ−I , where −I takes each element of V and maps it to its opposite.

Theorem 2.1.4. Let (V, g) be a quadratic vector space over R. If dim(V ) = n, then
dim(Clg(V )) = 2n.

Proof. We already know that dim(Clg(V )) ≤ 2n (Lemma 2.1.3). To show the equal-
ity, let m ≤ n be a fixed natural number and let {v1, ..., vn} be a basis for V such
that g(vi, vj) = 0 whenever i ̸= j. Suppose∑

S⊂m , αS ̸=0

αSvS = 0 (2.40)

is a non-trivial relation of elements in Clg(V ) involving as few nonzero coefficients as
possible, i.e., the vectors vS are linearly dependent and none has a zero coefficient.
If this summation only has one αS ̸= 0, then

αSvS = 0 ⇒ αSvS ∗ vS = 0.

Notice that,
vS ∗ vS = (vs1 ∗ ... ∗ vsp) ∗ (vs1 ∗ ... ∗ vsp)

= (−1)(p−1)+(p−2)+...+1v2s1 ∗ ... ∗ v
2
sp

= (−1)
1
2
p(p−1)g(vs1 , vs1)...g(vsp , vsp).

Thus
αSvS = 0 ⇒ αS(−1)

1
2
p(p−1)g(vs1 , vs1)...g(vsp , vsp) = 0.

This means one of the g(vsi , vsi) must be zero since αS ̸= 0 by hypothesis. This con-
tradicts the non-singularity of the bilinear g, therefore we can not have a summation
with only one αS ̸= 0. So Equation (2.40) must have at least two terms.

Next consider the automorphism

1

2
(Id+ θ−I) ∈ Aut(Clg(V )),

where Id is the identity map. So,

1

2
(Id+ θ−I)(

∑
S⊂m

αSvS) =
1

2
(
∑
S⊂m

αSvS +
∑
S⊂m

αSθ−I(vS))

=
1

2
(
∑
S⊂m

αSvS +
∑
S⊂m

(−1)card(S)αSvS)

=
1

2
(
∑
S⊂m

αS(1 + (−1)card(S))vS)

=
∑

S⊂m, card(S) even

αSvS

This automorphism is ”filtering” the summation by eliminating the sets S with an
odd cardinality. Since our hypothesis asks Equation (2.40) to have has few nonzero
coeficients as possible, either all sets have even cardinality, which would make the
automorphism act as the identity, or all sets must have an odd cardinality, meaning
the automorphism would act as the 0 automorphism. Either way, the important

50



fact we can extract is all sets S in the Equation (2.40) have either an even or odd
cardinality simultaneously.

Finally, let 1 ≤ j ≤ m and consider the multiplication

0 = vj ∗ (
∑

S⊂m , αS ̸=0

αSvS) ∗ vj

=
∑

S⊂m , αS ̸=0

αSvj ∗ vS ∗ vj

(Corollary 2.1.3) =
∑

S⊂m , αS ̸=0

αS(−1)card(S)+card(S∩{j})g(vj, vj)vS

= g(vj, vj)
∑

S⊂m , αS ̸=0

(−1)card(S)+card(S∩{j})αSvS

(g(vj , vj) ̸= 0) =
∑

S⊂m , αS ̸=0

(−1)card(S)+card(S∩{j})αSvS.

Therefore we obtain by adding Equation (2.40)

0 =
∑

S⊂m , αS ̸=0

(1 + (−1)card(S)+card(S∩{j}))αSvS.

Suppose card(S) is even. Then we must have S ∩ {j} = ∅, otherwise we would
have a non-trivial summation with fewer terms than Equation 2.40, a contradiction.
But j is arbitrary, hence S ∩ {j} = ∅ must be true for each 1 ≤ j ≤ m. The only
possible case is S = ∅, meaning the summation in Equation 2.40 has only one term,
an absurd as proved previously in the first paragraph of this proof. Consequently
card(S) must be odd and S ∩ {j} = {j}. (If the intersection was the empty set, we
would arrive again at a summation with fewer terms than Equation 2.40, an absurd
as stated previously.) Once again, by the arbitrarity of j, S ∩ {j} = {j} for each
1 ≤ j ≤ m, meaning S = {1, 2, ...,m} = m. There is only one such set, thus the
summation in Equation 2.40 has, yet again, one term, giving us another absurd.

In conclusion, all possible scenarios for Equation 2.40 being a non-trivial linear
combination with as few nonzero coefficients as possible lead to a contradiction, thus
proving the set

Sm = {vS | S ⊂ m}

is linearly independet for each 1 ≤ m ≤ n. Notice that, for m = n,

card(Sn) =
n∑

k=0

n!

k!(n− k)!
= 2n,

hence dim(Clg(V )) ≥ 2n. By Lemma 2.1.3, we conclude that dim(Clg(V )) = 2n.

So far, the examples here presented were the only possible cases of Clifford
Algebras related to an unidimensional vector spaces. The next example looks into
two cases for spaces with dimension 2.

Example 2.1.3. Let V ≃ R2 with basis {e1, e2}, and let g be the bilinear form

g(e1) = g(e2) = −1.
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By the previous theorem, dim(Clg(V )) = 22 = 4 with basis

S4 = {vS | S ⊂ 4} = {1, e1, e2, e1 ∗ e2}.

Hence the following set of equations are observed:
1 ∗ 1 = 1;

e1 ∗ e1 = g(e1, e1)1 = −1;

e2 ∗ e2 = g(e2, e2)1 = −1;

e1 ∗ e2 = −e2 ∗ e1.

For (e1 ∗ e2)2, we have

(e1 ∗ e2)2 = (e1 ∗ e2) ∗ (e1 ∗ e2) = e1 ∗ (e2 ∗ e1) ∗ e2
= −e1 ∗ (e1 ∗ e2) ∗ e2 = −(e1 ∗ e1) ∗ (e2 ∗ e2)
= −(−1) ∗ (−1) = −1.

Consider the mapping
ϕ : Clg(V ) → H

where 
ϕ(1) = 1;

ϕ(e1) = i;

ϕ(e2) = j;

ϕ(e1 ∗ e2) = k.

Thus it is immediate to see that ϕ is an algebra isomorphism between Clg(V ) and
H, hence Clg(V ) ≃ H.

Example 2.1.4. Under the same conditions of the previous example, if we were to
change the bilinear form into

g(e1) = g(e2) = +1,

then we would have 
1 ∗ 1 = 1;

e1 ∗ e1 = g(e1, e1)1 = +1;

e2 ∗ e2 = g(e2, e2)1 = +1;

e1 ∗ e2 = −e2 ∗ e1.

(Notice how e1 and e2 still anticommute.) Meanwhile, (e1 ∗ e2)2 would remain the
same:

(e1 ∗ e2)2 = (e1 ∗ e2) ∗ (e1 ∗ e2) = e1 ∗ (e2 ∗ e1) ∗ e2
= −e1 ∗ (e1 ∗ e2) ∗ e2 = −(e1 ∗ e1) ∗ (e2 ∗ e2)
= −(1) ∗ (1) = −1.

Consider the mapping

ϕ : Clg(V ) →Mat(2,R)
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where 

ϕ(1) =

[
1 0

0 1

]
;

ϕ(e1) =

[
1 0

0 −1

]
;

ϕ(e2) =

[
0 1

1 0

]
;

ϕ(e1 ∗ e2) =

[
0 1

−1 0

]
;

(2.41)

which is an algebra isomorphism between Clg(V ) and Mat(2,R), ergo Clg′(V ) ≃
Mat(2,R).

One last comment before closing this section. There exists another algebra hav-
ing similar properties to the Clifford Algebra Clg(V ):

(i) this algebra can be constructed as a quotient of the tensor algebra T (V );

(ii) this algebra has an universal nature;

(iii) this algebra has V embedded into it;

(iv) if dim(V ) = n, then the algebra has dimension 2n.

This is the case for the called Grassman Algebras, usually notated by
∧
(V ). For

finite-dimensional vector spaces, we have Clg(V ) ≃
∧
(V ) as vector spaces since both

have the same dimension. But they are not algebraicaly isomorphic. This is pretty
immediate by the basic property they hold: while in Clifford Algebras we want the
square of any element in V to be a multiple of the unity (x ∗ x = g(x, x)1 ̸= 0), in
Grassman Algebras the square of such elements are, by construction, equal to zero
(x∧x = 0). Although not explored in this text, this algebras share more similarities
then the ones just stated. The interested reader can check References [4][16].

2.2 Classification of Clifford Algebras

We’re now in place to begin constructing the building blocks that shall classify the
Clifford Algebras of finite-dimensional real vector spaces. Such classifications will be
done by a series of theorems and corollaries, with the so called Periodicity theorem
being in the core of said classifications.

Before begining, an observation. Let V ≃ Rp+q and g be the bilinear form
associated with V having rank p + q and signature p − q (see Definition 1.2.7).
Then the Clifford Algebra Clg(V ) associated with the quadratic space (V, g) will
be written as Clp,q. Moreover, as a reminder, the bilinear form is non-singular (see
Definition 2.1.1).

We’ll start with the first “building block” of our construction.

Theorem 2.2.1. Let Cl2,0 and Cl1,1 be the two Clifford Algebras associated with
the vector spaces R2+0 and R1+1 respectively. Then the following isomorphism is
verified:

Cl2,0 ≃ Cl1,1. (2.42)
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Proof. Let {1, e1, e2, e1 ∗ e2} be the generators of Cl2,0, such that e21 = 1, e22 = 1
and, as consequence, (e1 ∗ e2)2 = (e1 ∗ e2) ∗ (e1 ∗ e2) = −1; and {1, v1, v2, v1 ∗ v2} the
generators of Cl1,1, such that v21 = 1, v22 = −1 and (v1 ∗ v2)2 = 1.

Then the linear mapping

ϕ : Cl2,0 → Cl1,1

ϕ(1) = 1, ϕ(e1) = v1, ϕ(e2) = v1 ∗ v2, ϕ(e1 ∗ e2) = v2;

is an isomorphism between algebras. Indeed, notice that

ϕ(e21) = ϕ(1) = 1 = (v1)
2 = (ϕ(e1))

2;

ϕ(e22) = ϕ(1) = 1 = (v1 ∗ v2)2 = (ϕ(e1) ∗ ϕ(e2))2;
ϕ(e22) = ϕ(−1) = −1 = (v2)

2 = (ϕ(e2))
2;

thus ϕ is preserving the product between the genertors of Cl2,0, therefore ϕ preserves
multiplication of the algebra elements. Since dim(Cl2,0) = 22 = 4 = dim(Cl1,1), we
can conclude that ϕ is an algebra isomorphism.

So far, we’ve seen the first five “classification” isomorphisms: one in our previous
result, Theorem 2.2.1, and four being presentend in Examples 2.1.1, 2.1.2, 2.1.3
and 2.1.4. The next corollary is being stated for simplicity sake for when such
isomorphims are referenced later in the text.

Corollary 2.2.1. The following algebraic isomorphisms hold true:

(Example 2.1.1) Cl1,0 ≃ R⊕ R;
(Example 2.1.2) Cl0,1 ≃ C;

(Theorem 2.2.1 and Example 2.1.4) Cl1,1 ≃ Cl2,0 ≃Mat(2,R);
(Example 2.1.3) Cl0,2 ≃ H.

(2.43)

Theorem 2.2.1 is the first example we have of two Clifford Algebras associated
with different values of signatures being isomorphic to one another. In other words,
the Clifford Algebra Cl2,0 is associated with R2+0, a vector space with quadratic
form Q having signature 2, while Cl1,1 is associated with R1+1, a vector space with
quadratic form Q having signature 0.

Our next example of isomorphisms between Clifford Algebras is more general
then the previous cases and starts to make use of our tensor product knowledge.

Theorem 2.2.2. Let Clp,q be a Clifford Algebra associated with the the quadratic
space Rp+q. Then there exists the following isomorphism:

Clp+1,q+1 ≃ Cl1,1 ⊗ Clp,q, (2.44)

where either p > 0 or q > 0.

Proof. Let {ei|1 ≤ i ≤ p + q + 2} be an orthonormal basis for the quadratic space
Rp+1,q+1 with quadratic form Q, such that we have the following relations:

Q(ei) =

{
1, 1 ≤ i ≤ p+ 1

−1, p+ 2 ≤ i ≤ p+ q + 2.
(2.45)
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Similarly, we define {vi|1 ≤ i ≤ p+ q}, an orthonormal basis for the quadratic space
Rp,q with quadrtic form Q′ and

Q′(vi) =

{
1, 1 ≤ i ≤ p

−1, p+ 2 ≤ i ≤ p+ q;
(2.46)

and {r, s}, an orthonormal basis for the quadratic space R1,1 with quadrtic form H,
and

H(r) = 1

H(s) = −1.
(2.47)

Consider the linear mapping f : Rp+1,q+1 → Clp,q ⊗ Cl1,1 defined as

f(ei) =


vi ⊗ (r ∗ s), 1 ≤ i ≤ p

1⊗ r, i = p+ 1

1⊗ s, i = p+ 2

vi ⊗ (r ∗ s), p+ 3 ≤ i ≤ p+ q + 2.

(2.48)

We want to show that this linear mapping is a Clifford mapping. To do so, we must
calculate

f(ei) ∗ f(ej) + f(ej) ∗ f(ei)

for each value of 1 ≤ i, j ≤ p+ q + 2, therefore giving us ten cases to study.

1st. 1 ≤ i, j ≤ p:

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (vi ⊗ r ∗ s) ∗ (vj ⊗ r ∗ s)
+ (vj ⊗ r ∗ s) ∗ (vi ⊗ r ∗ s) =
= (vi ∗ vj + vj ∗ vi)⊗ (r ∗ s)2 =
= (vi ∗ vj + vj ∗ vi)⊗ (−r2 ∗ s2) =
= 2δi,j1⊗ 1,

where we used the identities vi ∗ vj + vj ∗ vi = 2δi,j, r
2 = 1, s2 = −1 and

s ∗ r = −r ∗ s. Thus

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 2δi,j1⊗ 1. (2.49)

2nd. 1 ≤ i ≤ p and j = p+ 1:

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (vi ⊗ r ∗ s) ∗ (1⊗ r)

+ (1⊗ r) ∗ (vi ⊗ r ∗ s) =
= vi ⊗ (r ∗ s ∗ r + r ∗ r ∗ s) =
= vi ⊗ (−r2 ∗ s+ r2 ∗ s) =
= vi ⊗ 0 = 0.

So
f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 0. (2.50)
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3rd. 1 ≤ i ≤ p and j = p+ 2:

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (vi ⊗ r ∗ s) ∗ (1⊗ s)

+ (1⊗ s) ∗ (vi ⊗ r ∗ s) =
= vi ⊗ (r ∗ s ∗ s+ s ∗ r ∗ s) =
= vi ⊗ (r ∗ s2 − s2 ∗ r) =
= vi ⊗ 0 = 0.

Hence
f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 0. (2.51)

4th. 1 ≤ i ≤ p and p+ 3 ≤ j ≤ p+ q + 2:

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (vi ⊗ r ∗ s) ∗ (vj ⊗ r ∗ s)
+ (vj ⊗ r ∗ s) ∗ (vi ⊗ r ∗ s) =
= (vi ∗ vj + vj ∗ vi)⊗ (r ∗ s)2 =
= (vi ∗ vj + vj ∗ vi)⊗ (−r2 ∗ s2) =
= 2δi,j1⊗ 1 = 0,

since i ̸= j for all its values in this case. Thus

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 0. (2.52)

5th. i = j = p+ 1:

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (1⊗ r) ∗ (1⊗ r) + (1⊗ r) ∗ (1⊗ r) =

= 2(1⊗ r2) =

= 2(1⊗ 1).

Then
f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 21⊗ 1. (2.53)

6th. i = p+ 1 and j = p+ 2:

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (1⊗ r) ∗ (1⊗ s) + (1⊗ s) ∗ (1⊗ r) =

= 1⊗ (r ∗ s+ s ∗ r) = 0.

Therefore
f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 0. (2.54)

7th. i = p+ 1 and p+ 3 ≤ j ≤ p+ q + 2:

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (1⊗ r) ∗ (vj ⊗ r ∗ s)
+ (vj ⊗ r ∗ s) ∗ (1⊗ r) =

= vj ⊗ (r2 ∗ s+ r ∗ s ∗ r) =
= vj ⊗ (r2 ∗ s− r2 ∗ s) = 0.

Because of this we have

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 0. (2.55)
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8th. i = j = p+ 2:

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (1⊗ s) ∗ (1⊗ s) + (1⊗ s) ∗ (1⊗ s) =

= 2(1⊗ s2) =

= 2(1⊗ (−1)).

So
f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = −2(1⊗ 1). (2.56)

9th. i = p+ 2 and p+ 3 ≤ j ≤ p+ q + 2:

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (1⊗ s) ∗ (vj ⊗ r ∗ s)
+ (vj ⊗ r ∗ s) ∗ (1⊗ s) =

= vj ⊗ (s ∗ r ∗ s+ r ∗ s2) =
= vj ⊗ (−r ∗ s2 + r ∗ s2) = 0.

Thus
f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 0. (2.57)

10th. p+ 3 ≤ i, j ≤ p+ q + 2:

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (vi ⊗ r ∗ s) ∗ (vj ⊗ r ∗ s)
+ (vj ⊗ r ∗ s) ∗ (vi ⊗ r ∗ s) =
= (vi ∗ vj + vj ∗ vi)⊗ (r ∗ s)2 =
= (vi ∗ vj + vj ∗ vi)⊗ (−r2 ∗ s2) =
= −2δi,j1⊗ 1,

where we used the identity vi ∗ vj + vj ∗ vi = −2δi,j. Hence

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = −2δi,j1⊗ 1. (2.58)

Therefore, if we consider any element x ∈ Rp+1,q+1 as

x =

p+q+2∑
i=1

αiei,

we have

(f(x))2 =

p+q+2∑
i=1

p+q+2∑
j=1

αiαjf(ei) ∗ f(ej) =

= 2(

p+1∑
i=1

(αi)
2 −

p+q+2∑
i=p+2

αi)
2)1⊗ 1 =

= 2Q(x)1⊗ 1.

The factor 2 appearing multiplying Q at the end is irrelevant since we could have
defined f by multiplying a factor of one half. Doing so would give us

(f(x))2 = Q(x)1⊗ 1.
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Figure 2.3: Diagram for Theorem 2.2.2.

Thus f is a Clifford mapping. By the universality of the Clifford Algebras (Theorem
2.1.1), the diagram in Figure 2.3 commutes.

By construction, the image of f generates the algebra Clp,q ⊗ Cl1,1. Indeed,
notice that Clp,q ⊗ Cl1,1 is generated by elements of the form

vε11 ∗ ... ∗ vεp+q

p+q ⊗ 1 =

p+q∏
i=1

(vεii ⊗ 1),

vε11 ∗ ... ∗ vεp+q

p+q ⊗ r =

p+q∏
i=1

(vεii ⊗ r),

vε11 ∗ ... ∗ vεp+q

p+q ⊗ s =

p+q∏
i=1

(vεii ⊗ s),

vε11 ∗ ... ∗ vεp+q

p+q ⊗ r ∗ s =
p+q∏
i=1

(vεii ⊗ r ∗ s),

(2.59)

where εi ∈ {0, 1} for 1 ≤ i, j ≤ p+ q + 2, giving us the following cases:

(a) 1 ≤ i ≤ p+ q and εi = 0:

1⊗ 1 = f(ep+1) ∗ f(ep+1),

1⊗ r = f(ep+1),

1⊗ s = f(ep+2),

1⊗ r ∗ s = f(ep+1) ∗ f(ep+2);

(2.60)

(b) 1 ≤ i ≤ p and εi = 1:

vi ⊗ 1 = f(ei) ∗ f(ep+1) ∗ f(ep+2),

vi ⊗ r = −f(ei) ∗ f(ep+2),

vi ⊗ s = −f(ei) ∗ f(ep+1),

vi ⊗ r ∗ s = f(ei);

(2.61)

(c) p+ 2 ≤ i ≤ p+ q and εi = 1:

vi ⊗ 1 = f(ep+2+i) ∗ f(ep+1) ∗ f(ep+2),

vi ⊗ r = −f(ep+2+i) ∗ f(ep+2),

vi ⊗ s = −f(ep+2+i) ∗ f(ep+1),

vi ⊗ r ∗ s = f(ep+2+i).

(2.62)
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Since, by construction, f is taking {ei|1 ≤ i ≤ p + q + 2}, a basis of Rp+1,q+1, into
the set {vi ⊗ (r ∗ s), 1⊗ r, 1⊗ s | 1 ≤ i ≤ p+ q}, a basis for Clp,q ⊗Cl1,1, we have f
a surjective linear mapping between vector spaces. Moreover, by Theorem 2.1.1,

Im(f) = Im(f ∗),

thus f ∗ is a surjective homomorphism of algebras. Additionally,

rank(f ∗) = dim(Clp,q ⊗ Cl1,1) =︸︷︷︸
Theorem 1.1.3

dim(Clp,q)dim(Cl1,1) = 2p+q+2

and
dim(Clp+1,q+1) = 2p+q+2,

meaning that ker(f ∗) = {0}, so f ∗ is injective.
In conclusion, f ∗ is an algebra isomorphism between Clp+1,q+1 and Clp,q ⊗Cl1,1,

the latter being isomorphic to Cl1,1 ⊗ Clp,q.

The next example shows us the reasoning used through out the classification of
the Clifford Algebras and how theorems like Theorem 2.2.2 are applied.

Example 2.2.1. Consider the Clifford Algebra Cl2,2. By Theorem 2.2.2 and Corol-
lay 2.2.1, we know that

Cl2,2 = Cl1+1,1+1 ≃ Cl1,1 ⊗ Cl1,1 ≃Mat(2,R)⊗Mat(2,R) ≃Mat(4,R).

Theorem 2.2.3. Let Clp,q be a Clifford Algebra associated with the the quadratic
space Rp+q. Then the following isomorphisms hold:

Clq+2,p ≃ Cl2,0 ⊗ Clp,q

Clq,p+2 ≃ Cl0,2 ⊗ Clp,q,
(2.63)

where either p > 0 or q > 0.

Proof. The proof for Clq,p+2 is similar, if not almost identical, to the case Clq+2,p, so
we shall proof only the later. Moreover, this proof is quite close to Theroem 2.2.2’s
proof, as we shall see. Let {ei|1 ≤ i ≤ p + q + 2} be an orthonormal basis for the
quadratic space Rp+1,q+1 with quadratic form Q, such that we have the following
relations:

Q(ei) =

{
1, 1 ≤ i ≤ q + 2

−1, q + 3 ≤ i ≤ p+ q + 2.
(2.64)

Similarly, we define {vi|1 ≤ i ≤ p+ q}, an orthonormal basis for the quadratic space
Rp,q with quadrtic form Q′ and

Q′(vi) =

{
1, 1 ≤ i ≤ p

−1, p+ 2 ≤ i ≤ p+ q,
(2.65)

and {r, s}, an orthonormal basis for the quadratic space R2,0 with quadrtic form H,
and

H(r) = 1

H(s) = 1.
(2.66)
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Consider the linear mapping f : Rq+2,p → Clp,q ⊗ Cl2,0 defined as

f(ei) =


vi ⊗ (r ∗ s), 1 ≤ i ≤ q

1⊗ r, i = q + 1

1⊗ s, i = q + 2

vi ⊗ (r ∗ s), q + 3 ≤ i ≤ p+ q + 2.

(2.67)

Once again we want to show that this linear mapping is a Clifford mapping. So,
for 1 ≤ i, j ≤ p+ q + 2, we once again have 10 cases to study:

1st. 1 ≤ i, j ≤ p: f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = −2δi,j1⊗ 1.

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (vi ⊗ r ∗ s) ∗ (vj ⊗ r ∗ s)
+ (vj ⊗ r ∗ s) ∗ (vi ⊗ r ∗ s) =
= (vi ∗ vj + vj ∗ vi)⊗ (r ∗ s)2 =
= (vi ∗ vj + vj ∗ vi)⊗ (−r2 ∗ s2)
= −2δi,j1⊗ 1,

2nd. 1 ≤ i ≤ p and j = p+ 1: f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 0.

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (vi ⊗ r ∗ s) ∗ (1⊗ r)

+ (1⊗ r) ∗ (vi ⊗ r ∗ s) =
= vi ⊗ (r ∗ s ∗ r + r ∗ r ∗ s) =
= vi ⊗ (−r2 ∗ s+ r2 ∗ s) = vi ⊗ 0 = 0.

3rd. 1 ≤ i ≤ p and j = p+ 2: f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 0.

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (vi ⊗ r ∗ s) ∗ (1⊗ s)

+ (1⊗ s) ∗ (vi ⊗ r ∗ s) =
= vi ⊗ (r ∗ s ∗ s+ s ∗ r ∗ s) =
= vi ⊗ (r ∗ s2 − s2 ∗ r) = 0.

4th. 1 ≤ i ≤ p and p+ 3 ≤ j ≤ p+ q + 2: f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 0.

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (vi ⊗ r ∗ s) ∗ (vj ⊗ r ∗ s)
+ (vj ⊗ r ∗ s) ∗ (vi ⊗ r ∗ s) =
= (vi ∗ vj + vj ∗ vi)⊗ (r ∗ s)2 =
= (vi ∗ vj + vj ∗ vi)⊗ (−r2 ∗ s2) =
= −2δi,j1⊗ 1 = 0.

5th. i = j = p+ 1: f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 2(1⊗ 1).

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (1⊗ r) ∗ (1⊗ r) + (1⊗ r) ∗ (1⊗ r) =

= 2(1⊗ r2) = 2(1⊗ 1).

6th. i = p+ 1 and j = p+ 2: f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 0.

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (1⊗ r) ∗ (1⊗ s) + (1⊗ s) ∗ (1⊗ r) =

= 1⊗ (r ∗ s+ s ∗ r) = 0.
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7th. i = p+ 1 and p+ 3 ≤ j ≤ p+ q + 2: f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 0.

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (1⊗ r) ∗ (vj ⊗ r ∗ s)
+ (vj ⊗ r ∗ s) ∗ (1⊗ r) =

= vj ⊗ (r2 ∗ s+ r ∗ s ∗ r) =
= vj ⊗ (r2 ∗ s− r2 ∗ s) = 0.

8th. i = j = p+ 2: f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = −2(1⊗ 1).

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (1⊗ s) ∗ (1⊗ s) + (1⊗ s) ∗ (1⊗ s) =

= 2(1⊗ s2) = 2(1⊗ (−1)) = −2(1⊗ 1).

9th. i = p+ 2 and p+ 3 ≤ j ≤ p+ q + 2: f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 0.

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (1⊗ s) ∗ (vj ⊗ r ∗ s) + (vj ⊗ r ∗ s) ∗ (1⊗ s) =

= vj ⊗ (s ∗ r ∗ s+ r ∗ s2) =
= vj ⊗ (−r ∗ s2 + r ∗ s2) = 0.

10th. p+ 3 ≤ i, j ≤ p+ q + 2: f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = 2δi,j1⊗ 1.

f(ei) ∗ f(ej) + f(ej) ∗ f(ei) = (vi ⊗ r ∗ s) ∗ (vj ⊗ r ∗ s)
+ (vj ⊗ r ∗ s) ∗ (vi ⊗ r ∗ s) =
= (vi ∗ vj + vj ∗ vi)⊗ (r ∗ s)2 =
= (vi ∗ vj + vj ∗ vi)⊗ (−r2 ∗ s2) =
= −(−2δi,j)⊗ 1 = 2δi,j(1⊗ 1).

Therefore, if we consider any element x ∈ Rq+2,p as

x =

p+q+2∑
i=1

αiei,

we have

(f(x))2 =

p+q+2∑
i=1

p+q+2∑
j=1

αiαjf(ei) ∗ f(ej) =

= 2(−
q∑

i=1

(αi)
2 +

p+q+2∑
i=q+1

αi)
2)1⊗ 1 =

= 2Q(x)1⊗ 1,

where, once again, the factor 2 appearing multiplying Q at the end is irrelevant and
will be disconsidered for the next part of this proof.

We’ve just proven f is a Clifford mapping. By Theorem 2.1.1, the diagram in
Figure 2.4 commutes.

Finally, we can repeat the argument done at the end of Theorem 2.2.2’s proof
to conclude that Im(f ∗) = Clp,q ⊗ Cl2,0, thus rank(f

∗) = dim(Cl2,0 ⊗ Clp,q) =
dim(Clq+2,p), which proves that f ∗ is an algebra isomorphism between Clq+2,p and
Cl2,0 ⊗ Clp,q.
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Figure 2.4: Diagram for Theorem 2.2.3.

Once again, we group toghether the previous two theorems into one corollary.

Corollary 2.2.2. The following isomorphims hold true:

Clp+1,q+1 ≃ Cl1,1 ⊗ Clp,q

Clq+2,p ≃ Cl2,0 ⊗ Clp,q

Clq,p+2 ≃ Cl0,2 ⊗ Clp,q,

(2.68)

where either p ≥ 0 and q ≥ 0, with the particular case p = q = 0 being identified as
the real field, i.e.,

Cl0,0 = R. (2.69)

Corollary 2.2.2 allows us to expand on our isomorphism done in Example 2.2.1.

Example 2.2.2. Consider the Clifford Algebra Cl4,0. By Corollarie 2.2.2 and Corol-
lary 2.2.1, we can conclude that

Cl4,0 = Cl2+2,0 ≃ Cl2,0 ⊗ Cl0,2 ≃Mat(2,R)⊗H ≃Mat(2,H)

≃ Cl2,0 ⊗ Cl0,2 ≃ Cl0,2+2 = Cl0,4.

Similarly, if we consider Cl8,0, we have

Cl8,0 = Cl4+4,0 ≃ Cl4,0 ⊗ Cl0,4 ≃Mat(2,R)⊗H⊗H⊗Mat(2,R)
≃Mat(2,R)⊗Mat(4,R)⊗Mat(2,R)
≃Mat(16,R) ≃ Cl4,0 ⊗ Cl0,4 ≃ Cl0,4+4 = Cl0,8.

The following corollary is an immediate consequence of Corollary 2.2.2 and by
using the reasoning done in Examples 2.2.1 and 2.2.2.

Corollary 2.2.3. The following isomorphims hold true:

Clp,q ≃ Clp,p ⊗ Cl0,p−q, for p ≥ q

Clp,q ≃ Clq,q ⊗ Clp−q,0, for p ≤ q.
(2.70)

Theorem 2.2.2 tells us how the Clifford Algebra Clp,q “behaves” when we add
2 into either p or q. The next corollary is similar to this case but now considering
adding 4 and 8.

Corollary 2.2.4. The following isomorphims hold:

Clp,q+4 ≃ Cl0,4 ⊗ Clp,q

Clp,q+8 ≃ Cl0,8 ⊗ Clp,q.
(2.71)
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Proof. The first isomorphism is a direct consequence of Corollary 2.2.2 and Example
2.2.2:

Clp,q+4 ≃ Clq+2,p ⊗ Cl0,2 ≃ Clp,q ⊗ Cl2,0 ⊗ Cl0,2

≃ Clp,q ⊗ Cl0,4,

while the second isomorphism is a consequence of the first one:

Clp,q+8 ≃ Clp,p+4 ⊗ Cl0,4 ≃ Clp,q ⊗ Cl0,4 ⊗ Cl0,4

≃ Clp,q ⊗ Cl4,0 ⊗ Cl0,4 ≃ Clp,q ⊗ Cl0,8.

We could keep going and exploring similar results for cases like Cl10,0, Cl12,0, Cl16,0,
and so on. For example, for any k ≥ 1,

Cl8k,0 ≃ ⊗k
i=1Cl8,0 ≃ ⊗k

i=1Cl0,8 ≃ Cl0,8k.

However, such scrutiny is unnecessary. If we look back at the case Cl0,8 in Example
2.2.2, we notice that such algebra is isomophic to the algebra Mat(16,R). Such
result, together with our previous corollary, is called the Periodicity Theorem, which
we state bellow for completionism sake.

Theorem 2.2.4 (The Periodicity Theorem). Let Clp,q be a Clifford Algebra
associated with the the quadratic space Rp+q. Then the following isomorphism is
true:

Clp,q+8 ≃ Clp,q ⊗Mat(16,R). (2.72)

This theorem, as the name sugests, stablishes a periodic nature for the Clifford
Algebras. This means we can study only the cases where 1 ≤ dim(V ) = p+ q ≤ 7,
and the rest becomes a consequence of each of this particular cases together with the
Periodicity Theorem. Take, for example, the case Cl2,10. Using both, the Periodicity
Theorem and Example 2.2.1, we have

Cl2,10 = Cl2,2+8 ≃︸︷︷︸
Theorem 2.2.4

Cl2,2 ⊗Mat(16,R)

(Example 2.2.1) ≃Mat(4,R)⊗Mat(16,R)
(Example 1.1.5) ≃Mat(64,R).

One question may arrive: Corollary 2.2.4 also stablishes a possible periodicity by
adding 4 in q. The reason why 8 is chosen instead of 4 is a practical one. Notice that
Cl0,4 ≃ Mat(2,H), i.e., the isomorphism happens between the algebra of matrices
with quartenion entries; meanwhile the isomorphism between Cl0,8 happens with
the algebra of matrices with real entries. And, while it is possible to write the
quartenions as a subalgebra of Mat(4,R) via an algebraic isomorphism (see Section
3.4), the notation for the classification starts to become cumbersome, speacially
when we start to get cases more complexes like Cl3,0 and Cl5,1. When we present
the table classifying the Clifford Algebras, this notion of why 8 over 4 will become
clearer.

Example 2.2.3. Consider the Clifford Algebras Cl3,0, Cl0,3 and Cl5,1. By Corol-
laries 2.2.1, 2.2.4 and Example 2.2.2, we have

Cl3,0 ≃ Cl0,1 ⊗ Cl2,0 ≃ C⊗Mat(2,R) ≃Mat(2,C),
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Cl0,3 ≃ Cl1,0 ⊗ Cl0,2 ≃ (R⊕ R)⊗H ≃ (R⊗H)⊕ (R⊗H) ≃ H⊕H

and
Cl5,1 ≃ Cl1,1 ⊗ Cl0,4 ≃Mat(2,R)⊗H⊗Mat(2,R)

≃ H⊗Mat(2,R)⊗Mat(2,R)
≃ H⊗Mat(4,R) ≃Mat(4,H).

With the Periodicity Theorem, we can easily obtain the next corollary, which is
the formal proposition of our conclusions elaborated in the previous paragraph.

Corollary 2.2.5.

(i) Suppose that p > q and take p− q = 8k+ r, where k ∈ N and 0 ≤ r ≤ 7. Then

Clp,q ≃Mat(24k+q,R)⊗ Clr,0. (2.73)

(ii) Suppose that p < q and take q−p = 8k+ r, where k ∈ N and 0 ≤ r ≤ 7. Then

Clp,q ≃Mat(24k+p,R)⊗ Cl0,r. (2.74)

(iii) Suppose p = q. Then

Clp,p ≃Mat(2p,R). (2.75)

Proof. For the case p = q, we have

Clp,p ≃ ⊗p
i=1Cl1,1 ≃ ⊗p

i=1Mat(2,R) ≃Mat(2p,R).

For p > q,

Clp,q ≃ Clq,q ⊗ Clp−q,0 ≃ Clq,q ⊗ Cl8k+r,0

≃ Clq,q ⊗ Cl8(k−1)+r+6+2,0

≃ Clq,q ⊗ Cl2,0 ⊗ Cl0,8(k−1) ⊗ Cl0,r+6

≃Mat(2q,R)⊗Mat(2,R)⊗Mat(16k−1,R)⊗ Cl0,r+6

≃Mat(2q+1+4(k−1),R)⊗ Cl0,r+6 ≃Mat(2q+4k−3,R)⊗ Cl0,r+6

≃Mat(2q+4k−3,R)⊗ Cl0,2 ⊗ Cl2,0 ⊗ Cl0,2 ⊗ Clr,0

≃Mat(2q+4k−3,R)⊗ Cl0,4 ⊗ Cl2,0 ⊗ Clr,0

≃Mat(2q+4k−3,R)⊗Mat(4,R)⊗Mat(2,R)⊗ Clr,0

≃Mat(2q+4k−3,R)⊗Mat(8,R)⊗ Clr,0

≃Mat(2q+4k,R)⊗ Clr,0.

The case p < q is analogous to the previous one.

This is it. The last corollary was the last “building block” for our classification
problem. Once we stablished the isomorphisms for the “simpler” cases 0 ≤ p+q ≤ 7,
we can apply the Corollary 2.2.5 for the more “complex” cases p + q ≥ 8, allowing
us to classify all Clifford Algebras associated with finite dimensional vector spaces
over the real field.
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Throughout this and the last section, each example given has been done so
to start our classification of the simpler cases. The idea behind each case left is
analogous, if not identical, to what was done so far in said examples. As a final
example to illustrate this similarity, take the cases Cl5,0 and Cl0,7. Using everything
done so far, we have

Cl5,0 ≃ Cl2,0 ⊗ Cl0,3 ≃Mat(2,R)⊗ (H⊕H)

≃ (Mat(2,R)⊗H)⊕ (Mat(2,R)⊗H)

≃Mat(2,H)⊕Mat(2,H),

(2.76)

and
Cl0,7 ≃ Cl0,2 ⊗ Cl5,0 ≃ H⊗ (H⊕H)⊗Mat(2,R)

≃ [(H⊗H)⊕ (H⊗H)]⊗Mat(2,R)
≃ (Mat(4,R)⊕Mat(4,R))⊗Mat(2,R)
≃ (Mat(4,R)⊗Mat(2,R))⊕ (Mat(4,R)⊗Mat(2,R))
≃Mat(8,R)⊕Mat(8,R).

(2.77)

The theorem that follows is the classification of all simpler cases, i.e., the com-
binations of 1 ≤ p+ q ≤ 7.

Theorem 2.2.5. The following isomorphisms hold:

- p+ q = 0:
Cl0,0 = R; (2.78)

- p+ q = 1:
Cl1,0 ≃ R⊕ R,
Cl0,1 ≃ C;

(2.79)

- p+ q = 2:
Cl2,0 ≃ Cl1,1 ≃Mat(2,R),
Cl0,2 ≃ H;

(2.80)

- p+ q = 3:
Cl3,0 ≃ Cl1,2 ≃Mat(2,C),
Cl0,3 ≃ H⊕H,
Cl2,1 ≃Mat(2,R)⊕Mat(2,R);

(2.81)

- p+ q = 4:
Cl4,0 ≃ Cl1,3 ≃ Cl0,4 ≃Mat(2,H),

Cl3,1 ≃ Cl2,2 ≃Mat(4,R);
(2.82)

- p+ q = 5:
Cl5,0 ≃ Cl1,4 ≃Mat(2,H)⊕Mat(2,H),

Cl0,5 ≃ Cl4,1 ≃ Cl2,3 ≃Mat(4,C),
Cl3,2 ≃Mat(4,R)⊕Mat(4,R);

(2.83)

- p+ q = 6:
Cl6,0 ≃ Cl2,4 ≃ Cl5,1 ≃ Cl1,5 ≃Mat(4,H),

Cl0,6 ≃ Cl4,2 ≃ Cl3,3 ≃Mat(8,R);
(2.84)
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- p+ q = 7:
Cl7,0 ≃ Cl3,4 ≃ Cl1,6 ≃ Cl5,2 ≃Mat(8,C),
Cl0,7 ≃ Cl4,3 ≃Mat(8,R)⊕Mat(8,R),
Cl6,1 ≃ Cl2,5 ≃Mat(4,H)⊕Mat(4,H).

(2.85)

We group all simple cases into Table 2.2 to help the visualisation. Notice that
the isomorphism between the matrix set is not presented just yet.

p+ q = 0 Cl0,0 Cl1,1 Cl2,2 Cl3,3
p+ q = 1 Cl1,0 Cl2,1 Cl3,2 Cl4,3 Cl0,7
p+ q = 2 Cl2,0 Cl3,1 Cl4,2 Cl0,6
p+ q = 3 Cl3,0 Cl4,1 Cl5,2 Cl0,5 Cl1,6
p+ q = 4 Cl4,0 Cl5,1 Cl0,4 Cl1,5
p+ q = 5 Cl5,0 Cl6,1 Cl0,3 Cl1,4 Cl2,5
p+ q = 6 Cl6,0 Cl0,2 Cl1,3 Cl2,4
p+ q = 7 Cl7,0 Cl0,1 Cl1,2 Cl2,3 Cl3,4

Table 2.1: Real Clifford Algebra Classification for dimension n < 8.

We now couple together the previous theorem with Corollary 2.2.5 to start the
classification for the cases p+ q ≥ 8. To do so, we need to consider the cases p ≥ q
and p < q, as well as r = p− q mod(8). This gives us 16 cases to be studied:

Case 1: r = 0 and p ≥ q ( 0 = p− q mod(8)).

Clp,q ≃Mat(2q+4k,R);

Case 2: r = 0 and p < q ( 0 = p− q mod(8)).

Clp,q ≃Mat(2p+4k,R);

Case 3: r = 1 and p > q ( 1 = p− q mod(8)).

Clp,q ≃Mat(2q+4k,R)⊗ Cl1,0 ≃Mat(2q+4k,R)⊗ (R⊕ R)
≃Mat(2q+4k,R)⊕Mat(2q+4k,R);

Case 4: r = 1 and p < q ( 7 = p− q mod(8)).

Clp,q ≃Mat(2p+4k,R)⊗ Cl0,1 ≃Mat(2p+4k,R)⊗ C)
≃Mat(2p+4k,C).

As a parenthesis, for the previous cases, we can rewrite q+4k as q+4k = [2q+8k+r
2

] =
[p+q

2
] = [n

2
], where [s] denotes the integer part of the number s. The same is true for

p+ 4k.

Case 5: r = 2 and p > q ( 2 = p− q mod(8)).

Clp,q ≃Mat(2q+4k,R)⊗ Cl2,0 ≃Mat(2q+4k,R)⊗Mat(2,R)
≃Mat(2q+4k+1,R).
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Case 6: r = 2 and p < q ( 6 = p− q mod(8)).

Clp,q ≃Mat(2p+4k,R)⊗ Cl0,2 ≃Mat(2p+4k,R)⊗H)

≃Mat(2p+4k,H).

Case 7: r = 4 and p > q ( 3 = p− q mod(8)).

Clp,q ≃Mat(2q+4k,R)⊗ Cl3,0 ≃Mat(2q+4k,R)⊗Mat(2,C)
≃Mat(2q+4k+1,C).

Case 8: r = 4 and p < q ( 5 = p− q mod(8)).

Clp,q ≃Mat(2p+4k,R)⊗ Cl0,3 ≃Mat(2p+4k,R)⊗ (H⊕H)

≃Mat(2p+4k,H)⊕Mat(2p+4k,H).

For the cases r = 2, 3, if p > q, then q + 4k + 1 = [2q+8k+r
2

] = [n
2
]; and if p < q, then

p+ 4k + 1 = [2p+8k+r
2

]− 1 = [n
2
]− 1.

Case 9: r = 4 and p > q ( 4 = p− q mod(8)).

Clp,q ≃Mat(2q+4k,R)⊗ Cl4,0 ≃Mat(2q+4k,R)⊗Mat(2,H)

≃Mat(2q+4k+1,H).

Case 10: r = 4 and p < q ( 4 = p− q mod(8)).

Clp,q ≃Mat(2p+4k,R)⊗ Cl0,4 ≃Mat(2p+4k,R)⊗Mat(2,H)

≃Mat(2p+4k+1,H).

Case 11: r = 5 and p > q ( 5 = p− q mod(8)).

Clp,q ≃Mat(2q+4k,R)⊗ Cl5,0 ≃Mat(2q+4k,R)⊗ (Mat(2,H)⊕Mat(2,H))

≃Mat(2q+4k+1,H)⊕Mat(2q+4k+1,H).

Case 12: r = 5 and p < q ( 3 = p− q mod(8)).

Clp,q ≃Mat(2p+4k,R)⊗ Cl0,5 ≃Mat(2p+4k,R)⊗Mat(4,C)
≃Mat(2p+4k+2,C).

In the cases where r = 5, 6, if p > q or r = 4, then q+4k+1 = [2q+8k+r
2

]−1 = [n
2
]−1;

and if p < q and r = 5, then p+ 4k + 2 = [2p+8(k+1)+r
2

] = [n
2
].

Case 13: r = 6 and p > q ( 6 = p− q mod(8)).

Clp,q ≃Mat(2q+4k,R)⊗ Cl6,0 ≃Mat(2q+4k,R)⊗Mat(4,H)

≃Mat(2q+4k+2,H).

Case 14: r = 6 and p < q ( 2 = p− q mod(8)).

Clp,q ≃Mat(2p+4k,R)⊗ Cl0,6 ≃Mat(2p+4k,R)⊗Mat(8,R)
≃Mat(2p+4k+3,R).
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Case 15: r = 7 and p > q ( 7 = p− q mod(8)).

Clp,q ≃Mat(2q+4k,R)⊗ Cl7,0 ≃Mat(2q+4k,R)⊗Mat(8,C)
≃Mat(2q+4k+3,C).

Case 16: r = 7 and p < q ( 1 = p− q mod(8)).

Clp,q ≃Mat(2p+4k,R)⊗ Cl0,7 ≃Mat(2p+4k,R)⊗ (Mat(8,R)⊕Mat(8,R))
≃Mat(2p+4k+3,R)⊕Mat(2p+4k+3,R).

Lastly, in cases r = 6, 7, if p > q and r = 6, then q + 4k + 2 = [n
2
] − 1; whilst, if

p < q, then p+ 4k + 3 = [n
2
].

This results can be neatly organized into two tables, one for n < 8, and the other
for n ≥ 8.

p− q = 0 mod(8) Mat(2[
n
2
],R)

p− q = 1 mod(8) Mat(2[
n
2
],R)⊕Mat(2[

n
2
],R)

p− q = 2 mod(8) Mat(2[
n
2
],R)

p− q = 3 mod(8) Mat(2[
n
2
],C)

p− q = 4 mod(8) Mat(2[
n
2
]−1,H)

p− q = 5 mod(8) Mat(2[
n
2
]−1,H)⊕Mat(2[

n
2
]−1,H)

p− q = 6 mod(8) Mat(2[
n
2
]−1,H)

p− q = 7 mod(8) Mat(2[
n
2
],C)

Table 2.2: Real Clifford Algebra Classification for dimension n.

To finish this section, we present some examples to illustrate the use of the
previous tables.

Example 2.2.4. Consider the case Cl2,10. This means the dimension of the vector
space is n = 2 + 10 = 12 and

p− q = −8 ≡ 0 mod(8).

So, by looking at Table 2.2,

[
n

2
] = [

12

2
] = [6] = 6,

and
Cl2,10 ≃Mat(26,R) =Mat(64,R).

Example 2.2.5. Let V be a quadratic space with dimension 31 and its quadratic
form having signature 19. By using Equations 1.58, we have

p =
31 + 19

2
= 25;

q =
31− 19

2
= 6.

Thus p− q = 19 and
19 ≡ 3 mod(8).
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By Table 2.2, we have
Cl25,6 ≃Mat(225,C),

where we used the result

[
n

2
] = [

50

2
] = [25.0] = 25.

Notice how we needed to know the dimension of the vector space and the signa-
ture of the quadratic form in the previous example.

Example 2.2.6. Consider the Clifford Algebra Cl5,2. By looking at Table ??, we
can conclude immediatly that

[
n

2
] = [

5 + 2

2
] = [3.5] = 3 ⇒

⇒ Cl5,1 ≃Mat(8,C),

which agrees with Theorem 2.2.5.
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Chapter 3

Classification of Polynomials over
Algebras of R4

We begin this section by presenting some basic properties related to the Quartenions
and other algebras of R4. For more details for this chapter as a whole, the reader is
invited to check References [22], [23], [24], [25], [26], [27], [28].

3.1 Quartenions and Algebras of R4

In the paragraph following Example 1.2.2, we saw the first idea that R ⊕ R is an
algebra of R2. Here we formalize and flesh out this idea.

Definition 3.1.1. Let A be a real algebra. If we can find n ∈ N such that A is
isomorphic to Rn as a vector space, then we say A is an algebra of Rn.

Examples 1.2.1 and 1.2.2 tell us that C and R⊕R are algebras of R2. Example
1.2.3 informs us that H is an algebra of R4. But how can we find an algebra of R4?
To answer this question let’s look into the vector space R4. Consider the canonical
basis C = {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)}. If R4 was suppose to be an
algebra, then we know the basis C generates R4 as an algebra, then we just need to
consider a multiplicative table for the elements in the basis C. Here we shall use the
following notation: 1 = (1, 0, 0, 0), i = (0, 1, 0, 0), j = (0, 0, 1, 0), k = (0, 0, 0, 1).

. 1 i j k

1 12 1.i 1.j 1.k
i i.1 i2 i.j i.k
j j.1 j.i j2 j.k
k k.1 k.i k.j k2

Table 3.1: Multiplication table for the elements in C.

For each combination of values for the product a new algebra is generated. Take,
for example, Table 3.2. If we look at the products between i, j and k, we notice the
product is anticommutative, the square elements vanish, and it’s cyclical in the sense
that i.j = k, j.k = i, k.i = j. If we consider the subspace V generated by {i, j, k},
the product so defined is closed in this subspace, i.e., the product of elements in V
always give an element of V as a result, meaning V is an algebra. This algebra’s
product is communly known as the cross product (or vector product) of R3.
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. 1 i j k

1 1 i j k
i i 0 k −j
j j −k 0 i
k k j −i 0

Table 3.2: The cross product of R3.

Another example is the cited Quartenions. Similar to the cross product, the
multiplication between i, j and k is cyclical, but differently from the last case,
{i, j, k} doesn’t spans an algebra V of R3 since i2 = j2 = k2 = −1, which is not
an element of V . The multiplication table for the Quartenions can be seen in Table
3.3.

. 1 i j k

1 1 i j k
i i −1 k −j
j j −k −1 i
k k j −i −1

Table 3.3: The Quartenion’s multiplication table.

In this work we’re interested in cases similar to the Quartenions: 1 is the unity
of the algebra, i.j = k, i2 ± 1, j2 ± 1 and k2 ± 1. For each choice of sign of i, j
and k, we generate a new algebra of R4. This algebras are named Quartenions,
Coquartenions, Tessarines, Cotessarines, Nectarines, Conectarines, Tan-
gerines and Cotangerines. The multiplication tables of these 8 algebras can be
seen in Table 3.4. By using this table, we can write the multiplication between any
two elements x and y from any of these eight algebras.

Algebra Notation i2 j2 k2 ij jk ki
Quartenions H −1 −1 −1 k i j
Coquartenions Hcoq −1 1 1 k −i j
Tessarines Htes −1 1 −1 k i −j
Cotessarines Hcot 1 1 1 k i j
Nectarines Hnec 1 −1 1 k i −j

Conectarines Hcon 1 1 −1 k −i −j
Tangerines Htan 1 −1 −1 k i j
Cotangerines Hcotan −1 −1 1 k −i −j

Table 3.4: The Algebras of R4.

Example 3.1.1. Consider algebra of Coquartenions. We want to write the multi-
plication between any two elements x, y ∈ Hcoq. To do so, first we need to find the
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values j.i, k.j and i.k.

j.i = 1.j.i = −i2.j.i = −i. (i.j)︸︷︷︸
=k

.i = −i. k.i︸︷︷︸
=j

= −i.j = −k,

k.j = k.1.j = k.(−i2).j = − (k.i)︸︷︷︸
=j

. (i.j)︸︷︷︸
=k

= −j.k = −i,

i.k = i.k.1 = i.k.j2 = i. (k.j)︸︷︷︸
=−i

.j = i.(−i).j = −i2.j = −(−1).j = j.

With this results, we can multiply x = x0+ix1+jx2+kx3 by y = y0+iy1+jy2+ky3,
which gives

x.y = x0y0 − x1y1 + x2y2 + x3y3 + i(x0y1 + x1y0 − x2y3 + x3y2)

+ j(x0y2 − x1y3 + x2y0 + x3y1) + k(x0y3 + x1y2 − x2y1 + x3y0).

An analogous reason can be done for each of the other six algebras. This laborious
work returns the following results for the remaining algebras, which are gathered
together with the quartenions and coquartenions for completionism sake:

• Quartenions:

x.y = x0y0 − x1y1 − x2y2 − x3y3 + i(x0y1 + x1y0 + x2y3 − x3y2)

+ j(x0y2 − x1y3 + x2y0 + x3y1) + k(x0y3 + x1y2 − x2y1 + x3y0)
(3.1a)

• Coquartenions:

x.y = x0y0 − x1y1 + x2y2 + x3y3 + i(x0y1 + x1y0 − x2y3 + x3y2)

+ j(x0y2 − x1y3 + x2y0 + x3y1) + k(x0y3 + x1y2 − x2y1 + x3y0)
(3.1b)

• Tessarines:

x.y = x0y0 − x1y1 + x2y2 − x3y3 + i(x0y1 + x1y0 + x2y3 + x3y2)

+ j(x0y2 − x1y3 + x2y0 − x3y1) + k(x0y3 + x1y2 + x2y1 + x3y0)
(3.1c)

• Cotessarines:

x.y = x0y0 + x1y1 + x2y2 + x3y3 + i(x0y1 + x1y0 + x2y3 + x3y2)

+ j(x0y2 + x1y3 + x2y0 + x3y1) + k(x0y3 + x1y2 + x2y1 + x3y0)
(3.1d)

• Nectarines:

x.y = x0y0 + x1y1 − x2y2 + x3y3 + i(x0y1 + x1y0 + x2y3 − x3y2)

+ j(x0y2 + x1y3 + x2y0 − x3y1) + k(x0y3 + x1y2 − x2y1 + x3y0)
(3.1e)

• Conectarines:

x.y = x0y0 + x1y1 + x2y2 − x3y3 + i(x0y1 + x1y0 − x2y3 + x3y2)

+ j(x0y2 + x1y3 + x2y0 − x3y1) + k(x0y3 + x1y2 − x2y1 + x3y0)
(3.1f)
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• Tangerines:

x.y = x0y0 + x1y1 − x2y2 − x3y3 + i(x0y1 + x1y0 + x2y3 + x3y2)

+ j(x0y2 + x1y3 + x2y0 + x3y1) + k(x0y3 + x1y2 + x2y1 + x3y0)
(3.1g)

• Cotangerines:

x.y = x0y0 − x1y1 − x2y2 + x3y3 + i(x0y1 + x1y0 − x2y3 − x3y2)

+ j(x0y2 − x1y3 + x2y0 − x3y1) + k(x0y3 + x1y2 + x2y1 + x3y0).
(3.1h)

Like the Complex numbers, the conjugate and the absolute value of an element
in one of these algebras can also be defined.

Definition 3.1.2. Let A be one of the eight algebras of R4 defined in Table 3.4, and
suppose z = z0 + iz1 + jz2 + kz3 ∈ A. We define the conjugate of z as

z = z0 − iz1 − jz2 − kz3. (3.2)

Definition 3.1.3. Let z = z0 + iz1 + jz2 + kz3 ∈ A, where A is one of the eight
algebras of R4. We define

abs(z) = zz (3.3)

as the absolute value of z. Moreover, we say that R(z) = z0 is the real part of
z.

It’s worth noticing the absulute value defined above doesn’t necessarily retuns
a positive number depending on the algebra in question. The only case where
abs(z) > 0 for any z ∈ A − {0} is when A = H, as it can be seen in the next
example.

Example 3.1.2. Consider the products show in the set of Equations 3.1. Then, for
each of the algebras, we have

abs(z) =



z20 + z21 + z22 + z23 , for H
z20 + z21 − z22 − z23 , for Hcoq

z20 + z21 − z22 + z23 − 2(iz2z3 − jz1z3 + kz1z2), for Htes

z20 − z21 − z22 − z23 − 2(iz2z3 + jz1z3 + kz2z3), for Hcot

z20 − z21 + z22 − z23 , for Hnec

z20 − z21 − z22 + z23 , for Hcon

z20 − z21 + z22 + z23 − 2(iz2z3 + jz1z3 + kz1z2), for Htan

z20 + z21 + z22 − z23 − 2(−iz2z3 − jz1z3 + kz1z2), for Hcotan

(3.4)

The following properties follow immediatly by using the the set of Equations 3.1.

Lemma 3.1.1. Let A be any of the eight algebras presented in Table 3.4. Then, for
any x, y, z ∈ A,

(i) zz = zz;

(ii) abs(xy) = abs(yx) = abs(x)abs(y);
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(iii) R(xy) = R(yx);

(iv) xy = ȳx̄;

(v) αz = zα for any α ∈ R.

Moreover, the Quartenions, Coquartenions, Nectarines and Conectarines are
noncommutative algebras, whilst the Tessarines, Cotessarines, Tangerines and Cotan-
gerines are commutative algebras.

The next result is an immediate consequence of Equation 3.4.

Lemma 3.1.2. Let A be any of the four noncommutative algebras from Table 3.4.
Then, for any z ∈ A, abs(z) is a real number and

z−1 =
1

abs(z)
z̄ (3.5)

whenever abs(z) ̸= 0.

Corollary 3.1.1. Let A be any of the four noncommutative algebras. Then, for any
z ∈ A, z is invertile if, and only if, abs(z) ̸= 0.

Proof. Suppose z is invertible, then we can find x ∈ A such that

zx = 1 ⇒ z̄zx = abs(z)x = z̄.

If abs(z) = 0, then z̄ = 0, contradicting z being invertible, thus we must have
abs(z) ̸= 0. The rest of this theorem follows from Equation 3.5.

From now on, whenever we use the symbol A, unless stated otherwise, we are
refering to one of the four noncommutative algebras from Table 3.4.

We now present the key idea behind the classification of zeros presented in the
next sections.

Definition 3.1.4. Let x, y ∈ A, one of the four noncommutative algebras. We say
that x and y are equivalent, in symbols x ∼ y, if there exists some invertible
element h ∈ A − {0} such that y = h−1xh. Additionally, we denote by [x] the
equivalent class of x:

[x] = {y ∈ H | y = h−1xh for some h ∈ H− {0}}. (3.6)

It’s straightforward to prove that ∼ is an equivalence relation.

Example 3.1.3. Let α ∈ R ⊂ A. We wish to calculate its equivalence class.
Suppose y ∈ A is equivalent to α. Therefore we can find h ∈ A such that

y = h−1αh = αh−1h = α.

In conclusion, [α] = {α}.

The next result is specific for the algebra of Quartenions. Its proof can be seen
in Reference [25].
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Lemma 3.1.3. Let x, y ∈ H. Then x and y are equivalent if, and only if,

R(x) = R(y) and abs(x) = abs(y). (3.7)

Lemma 3.1.3 presents a necessary and sufficient condition in order to two quarte-
nions be equivalent. But such is not the case for the other noncommutative algebras.

Example 3.1.4. Let α ∈ R and z = α + i + j be two coquartenions. Since α is
real, we have [α] = {α}, i.e., its equivalence class consists of a single element, thus
α and z are not equivalent. However,

R(α) = α = R(z),

and
abs(α) = α2 = abs(z),

meaning Equation 3.7 is still satisfied. The same result holds for z = α+j+k ∈ Hnec

and z = α + j + k ∈ Hcon.

Example 3.1.4 provided us an important result: for a general noncommutative
algebra of R4, Equation 3.7 is not sufficient to guarantee similarity. This motivates
another equivalence class to be used in such algebras.

Definition 3.1.5. Let x, y ∈ A. We say that x and y are quasi-similar, in
symbols x ∼q y, if Equation 3.7 is observed.

So, from Example 3.1.4, we can conclude that α ∼q z.
Similar to ∼, the relation ∼q is also an equivalence relation, which can be proven

by its definition.
Before closing this section, one point of observation must be made: in Example

2.1.3, we proved the quartenions as one of the real Clifford Algebras with dimension
4. Specifically, H ∼ Cl0,2, as stated in Corollary 2.2.1. This same corollary bring
us another algebraic isomorphism, Cl2,0 ∼ Cl1,1. Let’s take a closer look into Cl2,0.
Such Clifford Algebra is generated by the set {1, e1, e2, e1 ∗ e2} such that

12 = 1

e21 = 1

e22 = 1

e1 ∗ e2 = −e2 ∗ e1
(e1 ∗ e2)2 = −1

(3.8)

as it was seen in Example 2.1.4. By using 3.8, we can also derive{
e2 ∗ (e1 ∗ e2) = −e1 ∗ e22 = −e1
(e1 ∗ e2) ∗ e1 = −e21 ∗ e2 = −e2.

(3.9)

By using Table 3.4, Equation 3.8 and Equation 3.9, it’s immediate to conclude that
the mapping ϕ : Cl2,0 → Hcon, where

ϕ(1) = 1

ϕ(e1) = i

ϕ(e2) = j

ϕ(e3) = k,

(3.10)
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is an algebra isomorphism. Thus the Conectarines is also a Clifford Algebra. By
using same reasoning, one can see that Hcoq ∼ Hnec ∼ Cl1,1, all algebraic isomor-
phisms.

In conclusion, all noncommutative algebras of R4 are algebraicly isomorphic to
a Clifford Algebra!

3.2 One-sided Quaternionic Polynomials

In this section we only consider the case A = H, the general case for the other
noncommutative algebras being presented in Section 3.3.

Definition 3.2.1. We define a one-sided (or simple) quaternionic polyno-
mial as

p(z) =
n∑

k=0

akz
k, (3.11)

where ak, z ∈ H for all 0 ≤ k ≤ n, and a0an ̸= 0.

The condition ana0 ̸= 0 is here to exclude the cases where 0 is a root of the
polynomial (a0 = 0) and so we can say p has degree n (an ̸= 0). Moreover, by zero
of the polynomial p, also called a root, we mean a value z0 ∈ H such that

p(z0) = 0. (3.12)

One question may arise: why do we explicitly say one-sided polynomial? Why
not just polynomial, similarl to what is done to the real and complexe cases? To
answer this, let’s look at the polynomials

pL(z) = iz − k

and
pR(z) = zi− k.

both with quaternionic entries, that are similarly the same polynomial. But, if we
apply the case z = j to both polynomials, then we have

pL(j) = i.j − k = k − k = 0 ̸= −2k = −k − k = j.i− k = pR(j).

This shows us that, just because j is a zero for the left case (pL), it doesn’t
mean it will be a zero for the right case (pR). That’s why such a explicit distinction
between left and right must be made. A similar argument can be done for the
two-sided case. All of this happens because all algebras we shall study in this text
are not commutative, different from the real and complex polynomials, which are
commutative and thus no distiction needs to be made. With that being said, all
results (Lemmas, Theorems and Corollaries) for the left case are also valid to the
right case, which can immediately be seen by the fact that all properties we use for
the left-side case are also valid to the right-side case.

Before starting, let’s look at a simple example to further differ the quaternionic
case (and consequently all the other three cases as well) to the complex case.
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Example 3.2.1. Consider the quaternionic polynomial

p(z) = z2 + 1.

We want to find the zeros of this polynomial. This means to calculate p(z) = 0.

p(z) = 0 ⇒ z2 = −1 ⇒ z ∈ {i,−i, j,−j, k,−k},

which can be immediately seen by looking at Table 3.3. Thus, for the algebras of R4,
we may have more zeros associated to a given polynomial then in the complex case.

Later we shall come back to this example to see the relation the zeroes have
between each other.

Now we begin the study proper, and the first step to do so is to simplify the way
we can write the polynomial p in Equation 3.2.1.

Theorem 3.2.1 (Iteration Process - Quartenions). Let z ∈ H. Then, for any n ∈ N,
the following two term iteration process is valid:

zn = αnx+ βn, (3.13a)

where α, β ∈ R and{
α0 = 0, β0 = 1,

αn = 2R(z)αn−1 + βn−1, βn = −abs(z)2αn−1 for n ≥ 1.
(3.13b)

Proof. Before proving the recursion, notice that any quartenion h = h0+ ih1+jh2+
kh3 is a root of the polynomial

z2 − pz + q,

where p = 2R(h) = 2h0 and q = abs(h)2 = h20 + h21 + h22 + h23. To see this is
straightforward:

h2 − ph+ q = (h0 + ih1 + jh2 + kh3)
2 − 2h0(h0 + ih1 + jh2 + kh3)

+ h20 + h21 + h22 + h23
= h20 − h21 − h22 − h23 + i(h0h1 + h1h0 + h2h3 − h3h2)

+ j(h0h2 − h1h3 + h2h0 + h3h1) + k(h0h3 + h1h2 − h2h1 + h3h0)

− 2h20 − i2h0h1 − j2h0h2 − k2h0h3 + h20 + h21 + h22 + h23
= 0.

Thus we can write
z2 = 2R(z)z − abs(z)2. (3.14)

We can now begin the proof, which is done by induction. The case n = 0 is
satisfied by definition of z0 = 1. Thus suppose it is also true for n = k. For
n = k + 1 we have

zk+1 = zzk = z(αkz + βk)

= αkz
2 + βkz

=︸︷︷︸
Eq. 3.14

αk(2R(z)z − abs(z)2) + βkz

= (2R(z)αk + βk)︸ ︷︷ ︸
=αk+1

z + (−abs(z)αk)︸ ︷︷ ︸
=βk+1

= αk+1z + βk+1.
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Since the Quartenions are being considered, we don’t need to differentiate the
equivalent class case to the quasi-equivalent class case since both are the same by
Lemma 3.1.3.

Corollary 3.2.1. Let x ∼ y. Then, for any n ∈ N, x and y have the same coeffi-
cients αn and βn defined by Equation 3.13b.

Proof. By Lemma 3.2.1, x ∼ y means R(x) = R(y) and abs(x) = abs(y). Thus, by
Theorem 3.2.1, x and y have the same coefficients αn and βn for all n ∈ N.

Corollary 3.2.2. Let p ∈ H[x] be a simple polynomial with degree n. Then we can
write p(z), with z ∈ H, as a linear polinomial function with real coefficients, i.e.,

p(z) = Az +B, (3.15)

with A,B ∈ H.

Proof. Let

p(z) =
n∑

k=0

akz
k

be a simple quartenionic polynomial. Theorem 3.2.1 gives us

p(z) =
n∑

k=0

ak(αkz + βk)

= (
n∑

k=0

akαk)︸ ︷︷ ︸
=A(z)

z + (
n∑

k=0

akβk)︸ ︷︷ ︸
=B(z)

= A(z)z +B(z).

Corollary 3.2.2 is interesting: given any quaternionic polynomial p of degree n,
we can reduce it into a linear polynomial by using the recursive iteration presented
in Theorem 3.2.1. This is surprising since, for example, in the real case, this doesn’t
happen.

Theorem 3.2.2. Let z0 ∈ H be fixed and p be a simple polynomial over the quarte-
nions. Then both A(z) and B(z) are constants for all z ∈ [z0]. Moreover, if z0 is a
non-real zero of p, then the quantities A(z0) and B(z0) can vanish only simultane-
ously. Finally, if A(z0) = 0, then all elements of its equivalence class are also zeros
of p; otherwise, z0 is the only zero of p in [z0].

Proof. The first statment of A(z) and B(z) being constant for all z ∈ [z0] is im-
mediate from Corollaries 3.2.1 and 3.2.2. Next suppose z0 is a root of p. This
means

p(z0) = Az0 +B = 0 ⇒ Az0 = −B,

where A = A(z0) and B = B(z0). Thus B = 0 means A = 0 since we’re assuming
z0 ̸= 0 (see comment just after Definition 3.2.1). On the other hand, if A = 0, then
trivially B = 0, thus A and B can only vanish simutaneously.
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Finally, suppose z ∈ [z0]. For the case A(z) = A = 0, we also have B(z) = B = 0
and

p(z) = 0z + 0 = 0,

i.e., z is a zero of p. For the case A ̸= 0, then B ̸= 0 and

z0 = A−1B,

is the only possible solution, thus only z0 is a zero of p in [z0].

Example 3.2.2. Let’s go back to the polynomial in Example 3.2.1 and use the results
we have so far. By definition of A and B given in Corollary 3.2.2’s proof, we just
need to calculate αk and βk up to n = 2:

α0 = 0, β0 = 1,

α1 = 1, β1 = 0,

α2 = 2z0, β2 = −abs(z)2 = z20 + z21 + z22 + z23 ,

where z0 = R(z). This gives us

A = 2z0, B = 1− (z20 + z21 + z22 + z23).

Suppose A ̸= 0. Then the equation p(z) = Az +B = 0 gives us{
2z20 = z20 + z21 + z22 + z23 − 1

z1 = z2 = z3 = 0.

Meaning
2z20 = z20 − 1 ⇒ z20 = −1,

which is impossible since z0 ∈ R by hypothesis. Therefore we must have A = 0,
giving us z0 = 0. Moreover, by Theorem 3.2.2, we know both A and B can only
vanish simultaneosly, thus

z21 + z22 + z23 = 1.

The pair of zeros {i,−i}, {j,−j} and {k,−k} happen when z2 = z3 = 0, z1 = z3 = 0
and z1 = z2 = 0 respectively. Additionally, notice that all this zeros satisfy Equation
3.7, therefore they are equivalent (Lemma 3.1.3).

Corollary 3.2.3. Let p be a simple quartenionic polynomial.

(i) If z0, z1 ∈ H are two different zeros of p with z1 ∈ [z0], then all elements of
[z0] are zeros of p.

(ii) Suppose z0 ∈ H− R is a zero of p. If A(z0) ̸= 0, then z0 is the only zero of p
in the equivalence classe [z0].

Proof. Theorem 3.2.2 tell us that A(z) = A and B(z) = B are constant for all
z ∈ [z0], thus

p(z0) = Az0 +B = 0 = Az1 +B = p(z1)

A(z0 − z1) = 0 ⇒ A = 0,

since z0 ̸= z1 by hypothesis. By Theorem 3.2.2, we must have B = 0, therefore all
z ∈ [z0] are zeros of p, which proves the first item.

The second case is an immediate consequence of Theorem 3.2.2.
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Example 3.1.3 and Corollary 3.2.3 motivates the following classification for the
zeros of a quaternionic polynomial.

Definition 3.2.2. Let z0 ∈ H be a zero of the one-sided quaternionic polynomial p.
Then:

(i) if z0 ∈ R, or if z0 ∈ H − R is such that A(z0) ̸= 0, then z0 is said to be an
isolated zero of p.

(ii) if z0 ∈ H−R is such that A(z0) = 0, then z0 is said to be an spherical zero
of p.

The name spherical comes from the following reasoning: suppose x = x0+ix1, z ∈
H such that x ∼ z. This means x0 = z0 and

abs(x)2 = abs(z)2 ⇒ x21 = z21 + z22 + z23 ,

which is the equation of a sphere.
As a closing remark for this section, one can calculate all of the zeros from the

polynomial p = z2 − c, with c ∈ H, by using everything presented in this section.
Although this polynomial doesn’t seem particularly difficult, the amount of cases
that need to be analyzed while calculating the zeros show that, even for more simple
cases, finding the zeros is no easy task. The interested reader can check Reference
[28] for this and more complex examples.

3.3 One-sided Polynomials over A
Here we shall denote by A one of the three noncommutative algebras of R4 dif-
ferent from the Quartenions, namely the Coquartenions, the Nectarines and the
Conectarines.

Definition 3.3.1. We define a one-sided (or simple) polynomial over the
algebra A as

p(z) =
n∑

k=0

akz
k, (3.16)

where ak, z ∈ A for all 0 ≤ k ≤ n, and a0 and an are invertibles in A.

Equivalently to the Quartenions, such algebras also verify the Iteration Process
of Theorem 3.2.1.

Theorem 3.3.1 (Iteration Process - General case). Let z ∈ A. Then, for any
n ∈ N, the following two term iteration process is valid:

zn = αnz + βn, (3.17a)

where α, β ∈ R and{
α0 = 0, β0 = 1,

αn = 2R(z)αn−1 + βn−1, βn = −abs(z)2αn−1 for n ≥ 1.
(3.17b)
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Proof. For any noncommutative algebra A, the relation

h2 − 2R(h)z + abs(h) = 0

is still valid for any h ∈ A. To see this, we first define
i2 = ϵi

j2 = ϵj

k2 = ϵk,

(3.18)

where ϵ is either +1 or −1 depending of the algebra A in question (see Table 3.4).
Keeping in mind thatA is (up to isomorphism) one of the Clifford Algebras, we know
that {i, j, k} anticommute (see Equation 2.10, or directly from the set of Equations
3.1), therefore

h2 − ph+ q = (h0 + ih1 + jh2 + kh3)
2 − 2h0(h0 + ih1 + jh2 + kh3)

+ h20 − ϵih
2
1 − ϵjh

2
2 − ϵkh

2
3

= h20 + ϵih
2
1 + ϵjh

2
2 + ϵkh

2
3

+ i(h0h1 + h1h0) + ijh1h2 + jih2h1︸ ︷︷ ︸
=0

+ j(h0h2 + h2h0) + jkh2h3 + kjh3h2︸ ︷︷ ︸
=0

+ k(h0h3 + h3h0) + ikh1h3 + kih3h1︸ ︷︷ ︸
=0

− 2h20 − i2h0h1 − j2h0h2 − k2h0h3

+ h20 − ϵih
2
1 − ϵjh

2
2 − ϵkh

2
3

= 0.

Thus the itereation is valid and the rest of the demonstration follows verbatim from
Theorem 3.2.1’s proof.

Corollary 3.3.1. Let p be a polynomial with degree n over A. Then we can write
p(z), with z ∈ A, as a linear polinomial function, i.e.,

p(z) = Az +B, (3.19)

with A,B ∈ A.

Proof. Verbatim from Corollary 3.2.2’s proof.

It’s worth reminding both A and B depend of the element z ∈ A, which is
explicitly stated by writing A = A(z) and B = B(z).

Corollary 3.3.2. Let x ∼q y. Then, for any n ∈ N, x and y have the same
coefficients αn and βn defined by Equation 3.13b.

Proof. By definition, x ∼q y means R(x) = R(y) and abs(x) = abs(y). Thus, by
Theorem 3.3.1, x and y have the same coefficients αn and βn for all n ∈ N.

Corollary 3.3.3. Let z0 ∈ A be fixed and p be a polynomial over the algebra A.
Then both A(z) and B(z) are constant for all z ∈ [z0]q.
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Proof. Immediate from Corollary 3.3.2.

The following results start to shape what kind of properties we need to classify
the zeros of p. Although they may look identical to the quaternionic case in a first
glance, they will contain some fundamental differences with the previous case.

Theorem 3.3.2. Let A be invertible on the given class [z]q and let [z]q contain a
zero z0 of p. Then

z0 = A(z0)
−1B(z0) (3.20)

is the only zero in [z]q. If A(z0) = B(z0) = 0, then all elements in [z]q are zeros of
p.

Proof. First suppose the case where A(z0) = A is invertible. Then, for B(z0) = B,

z0 = A−1B

is a zero of p. To show its uniquiness in [z]q, suppose z1 ∈ [z]q is also a zero of p.
By Corollary 3.3.3, A(z1) = A and B(z1) = B, therefore

Az0 = −B = Az1 ⇒ A(z0 − z1) = 0 ⇒ z0 = z1.

Lastly, suppose A(z0) = B(z0) = 0. By Corollary 3.3.3, A(z1) = B(z1) = 0 for
all z1 ∈ [z], thus

p(z1) = 0.

Compare the previous theorem with Theorem 3.2.2, its quaternionic counterpart.
Even though they are almost identical (both stablish if A is invertible, then z0 is
the only zero in its quasi-equivalence class, and both state if A = B = 0, then
all elements in z0 are zeros), the latter present to us A and B can only vanish
simultaneously, while the former makes no mention of this being the case. This
result shouldn’t be surprising since the Coquartenions, Nectarines and Conectarines
have zero divisors, that is, we can find x, y ∈ A−{0} such that xy = 0. For example,
let A = Hcoq. Then

x = i+ j ⇒ x2 = i2︸︷︷︸
=−1

+ ij + ji︸ ︷︷ ︸
=0

+ j2︸︷︷︸
=1

= 0.

Thus we can conclude Theorem 3.2.2 is a stronger case of Theorem 3.3.2.
Whilst for the algebras A the values A and B may now vanish simultaneously,

we still have a weaker result, which is trivially seen from Az0 +B = 0.

Corollary 3.3.4. Let z0 ∈ A be a zero of p. If A(z0) = 0, then B(z0) = 0.

Such fundamental difference between the algebras A and H gives rise to a new
type of zero.

Theorem 3.3.3. Let A ̸= 0, but let A be noninvertible on the given class [z]q, and
let [z]q contain a zero of p. Assume that there is a real constant γ such that

γA+B = 0.

Then, for all real α, the quantity

z0 = αĀ+ γ (3.21)

is a zero of p, provided that z0 ∈ [z]q.
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Proof. First remember that A being noninvertible in A means that

ĀA = AĀ = 0

(see Corollary 3.1.1). Thus,

p(z0) = Az0 +B = A(αĀ+ γ) +B

= α AĀ︸︷︷︸
=0

+ γA+B︸ ︷︷ ︸
=0

= 0

Observe the fact that Theorem 3.3.3 doesn’t make sense if we were considering
A = H: if A ̸= 0, then its inverse exists and is A−1 = abs(A)−1A.

Corollary 3.3.5. Suppose Theorem 3.3.3 is valid and, in addition, R(A) ̸= 0 is also
observed. Then there is at most one α which defines a zero z0 which is contained in
the quasi similarity class [z]q.

Proof. The vaule of A is invariant for all elements in [z]q (Corollary 3.3.3), therefore
so is R(A) = R(Ā). Thus

R(z0) = R(αĀ+ γ) = αR(Ā) + γ = αR(A) + γ

tells us that R(z0) is fixed if, and only if, α is fixed (γ is fixed by hypothesis). This
means that there is at most one value of α which allows z0 to be quasi similar to z,
otherwise A = A(z0) would vary, a contradiction.

It’s worth pointing out how both Theorem 3.3.3 and Corollary 3.3.5 don’t tell
us if a given quasi-similar class [z]q has a zero of the form given by Equation 3.21,
they only state that, if such a zero is found in [z]q, and if R(A) ̸= 0, then the value
of α is unique. Moreover, they don’t tell us if there exists another zero of p in [z]q
besides z0.

With all these results at hand, we can classify the zeros of simple polynomials
over A.

Definition 3.3.2. Let z0 ∈ A be a zero of the one-sided polynomial p over A. Then:

(i) if z0 ∈ A is such that A(z0) is invertible, or if z0 is the only zero of p in its
quasi-similar class, then z0 is said to be an isolated zero of p.

(ii) if z0 ∈ A is such that A(z0) = B(z0) = 0, or if all elements of [z0]q are zeros
of p, then z0 is said to be an hyperbolic zero of p.

(iii) if z0 is computed by Equation 3.21, then z0 is said to be an unexpected zero
of p.

This convention of names can be found in [22].
The name hyperbolic comes from the following reasoning: suppose x = x0 +

ix1, z ∈ A is such that x ∼q z. This means x0 = z0 and abs(x)2 = abs(z)2 results in

x21 =


+z21 − z22 − z23 , for A = Hcoq,

−z21 + z22 − z23 , for A = Hnec,

−z21 − z22 + z23 , for A = Hcon.
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which all are equations of a hyperbole.
One observation must be made: similarity classes [z] either contain infinitely

many elements in case [z] does not contain real elements or [z] consist of a single
element, which is possible only if z ∈ R: suppose [z] = {z}. Then, for any invertible
h ∈ A,

z ∼ z ⇒ z = h−1zh⇒ hz = zh,

which is true only if z ∈ R since A is always noncommutative. Meanwhile, quasi-
similarity classes inA can not contain only one element: take z = z0+iz1+jz2+kz3 ∈
Hcoq. In this case, z′ = z0 + iabs(z) + jz0 has the same real part of z and

abs(z′)2 = z20 − i2︸︷︷︸
=−1

abs(z)2 − j2︸︷︷︸
=1

z20 = abs(z)2,

thus z ∼q z
′. Similarly, for the Nectarines we have z ∼q z

′ = R(z)+iR(z)+j abs(z),
whilst for the Conectarines, z ∼q z

′ = R(z) + iR(z) + k abs(z).

3.4 Two-sided Quaternionic Polynomials

In this section we come back to the quaternionic algebra, but now we study what is
called a two-sided polynomial.

Definition 3.4.1. We define a two-sided quaternionic polynomial as

p(z) =
n∑

k=0

akz
kbk, (3.22)

where ak, bkz ∈ H for all 0 ≤ k ≤ n, a0b0 ̸= 0 and anbn ̸= 0.

Since the Quartenions is noncommutative, we can not rewrite Equation 3.22 as

p(z) =
n∑

k=0

akbkz
k,

but later we’ll see a method to permutate z with bk. In order to do so, we need to
introduce the column operator.

Definition 3.4.2. Let z = z0 + iz1 + jz2 + kz3 ∈ H. Then we define the column
operator as

col : H → R4×1

z 7→ col(z),

where R4×1 is the set of real matrices with 4 lines and 1 column, and

col(z) =


z0
z1
z2
z3

 . (3.23)

The following result is an immediate consequence from the column operator’s
definition.
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Lemma 3.4.1. The column operator is a linear transformation between H and R4×1

over R.

In the paragraph just before Example 2.2.3, we observed the algebra of Quarte-
nions could be written as an subalgebra of the algebra Mat(4,R). What follows is
the linear transformation that makes such subalgebra possible.

Definition 3.4.3. Let z = z0 + iz1 + jz2 + kz3 ∈ H. We define ω1 : H →Mat(4,R)
as

ω1(z) =


z0 −z1 −z2 −z3
z1 z0 −z3 z2
z2 z3 z0 −z1
z3 −z2 z1 z0

 . (3.24)

Theorem 3.4.1. The function ω1 in Definition 3.4.3 is an injective linear mapping
between the real vector spaces H and Mat(4,R). Moreover it preserves multiplica-
tion, that is,

ω1(xy) = ω1(x)ω1(y) (3.25)

for any x, y ∈ H.

Proof. First we prove injectiviness. Suppose x = y. This means xi = yi for all
0 ≤ i ≤ 3, thus ω1(x) = ω1(y) is observed. Second, linearity, which can be seen from
the difinition of ω1: for any x, y ∈ H, and any α ∈ R,

ω1(αx+ y) =


αx0 + y0 −(αx1 + y1) −(αx2 + y2 −(αx3 + y3)
αx1 + y1 −(αx0 + y0) −(αx3 + y3 −(αx2 + y2)
αx2 + y2 αx3 + y3 αx0 + y0 −(αx1 + y1)
αx3 + y3 −(αx2 + y2) αx1 + y1 αx0 + y0



= α


x0 −x1 −x2 −x3
x1 −x0 −x3 −x2
x2 x3 x0 −x1
x3 −x2 x1 x0

+


y0 −y1 −y2 −y3
y1 −y0 −y3 −y2
y2 y3 y0 −y1
y3 −y2 y1 y0


= αω1(x) + ω1(y)

Lastly, by using Equation 3.1a, we can write

ω1(xy) =

=


x0y0 − x1y1 − x2y2 − x3y3 −(x0y1 + x1y0 + x2y3 − x3y2) −(x0y2 − x1y3 + x2y0 + x3y1) −(x0y3 + x1y2 − x2y1 + x3y0)
x0y1 + x1y0 + x2y3 − x3y2 x0y0 + x1y1 + x2y2 + x3y3 −(x0y3 + x1y2 − x2y1 + x3y0) x0y2 − x1y3 + x2y0 + x3y1
x0y2 − x1y3 + x2y0 + x3y1 x0y3 + x1y2 − x2y1 + x3y0 x0y0 + x1y1 + x2y2 + x3y3 −(x0y1 + x1y0 + x2y3 − x3y2)
x0y3 + x1y2 − x2y1 + x3y0 −(x0y2 − x1y3 + x2y0 + x3y1) x0y1 + x1y0 + x2y3 − x3y2 x0y0 + x1y1 + x2y2 + x3y3



=


x0 −x1 −x2 −x3
x1 −x0 −x3 −x2
x2 x3 x0 −x1
x3 −x2 x1 x0



y0 −y1 −y2 −y3
y1 −y0 −y3 −y2
y2 y3 y0 −y1
y3 −y2 y1 y0

 = ω1(x)ω1(y)

Theorem 3.4.1 show us Im(ω1) is isomorphic to H, not only as a vector space,
but as an algebra. This subalgebra of Mat(4,R) is here denoted HR [29].

Another important linear mapping is ω2, which was first introduced by L. I.
Aramanovich [30].
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Definition 3.4.4. Let z = z0 + iz1 + jz2 + kz3 ∈ H. We define ω2 : H →Mat(4,R)
as

ω2(z) =


z0 −z1 −z2 −z3
z1 z0 z3 −z2
z2 −z3 z0 z1
z3 z2 −z1 z0

 . (3.26)

Theorem 3.4.2. The function ω2 in Definition 3.4.4 is an injective linear mapping
between the real vector spaces H and Mat(4,R). Moreover it has the following
property:

ω2(xy) = ω2(y)ω2(x) (3.27)

for any x, y ∈ H.

Proof. Identical to Theorem 3.4.1’s proof.

Corollary 3.4.1. Let x, y, z ∈ H be arbitrary. Then the following properties are
observed:

col(xy) = ω1(x)col(y) = ω2(y)col(x), (3.28a)

col(xyz) = ω1(x)ω2(z)col(y). (3.28b)

Proof. Immediate from Definitions 3.4.3 and 3.4.4.

Equation 3.28b shows us the product between ω1 and ω2. Such product plays an
important role in the theory to be presented, therefore it seems fitting to define ω3

as this product:

ω3(x, y) = ω1(x)ω2(y). (3.29)

All these three mappings have other properties, for instance, ω3 is normal and
orthogonal. Unfortunally such properties are not going to be used or explored here
in more depth. The interested reader can check [23] [24].

Similar to Corollaries 3.2.2 and 3.3.1, two-sided quaternionic polynomials have
the next corollary.

Corollary 3.4.2. Let p be a two-sided polynomial over the quartenions as stablished
in Definition 3.4.1. Then we can write col(p(z)) ∈ R4 as

col(p(z)) = A(z)col(z) + col(B(z)), (3.30)

where B(z) ∈ H and A(z) ∈Mat(4,R).

Proof. By using the Theorem 3.2.1, we can write

p(z) =
n∑

k=0

akz
kbk =

n∑
k=0

ak(αkz + βk)bk

=
n∑

k=0

αkakzbk +
n∑

k=0

βkakbk.
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So, by applying the column operator,

col(p(z)) =
n∑

k=0

αk col(akzbk)︸ ︷︷ ︸
=ω3(ak,bk)col(z)

+
n∑

k=0

βkcol(akbk)

= (
n∑

k=0

αkω3(ak, bk)︸ ︷︷ ︸
=A(z)

)col(z) +
n∑

k=0

βkcol(akbk)︸ ︷︷ ︸
=B(z)

= A(z)col(z) +B(z),

where we used Corollary 3.4.1.

Similar to Theorems 3.2.2 and 3.3.2, the following theorem is observed.

Theorem 3.4.3. Let z0 ∈ H be fixed and p be a two-sided polynomial over the
quartenions. Then both A(z) and B(z) are constants for all z ∈ [z0]. Moreover, if
z0 is a non-real zero of p, then A(z0) is singular (non-invertible) whenever B(z0) = 0.

Proof. Corollary 3.2.1 inform us αk and βk invariant for all z ∈ [z0], thus, by their
definition, A(z) and B(z) are also invariant. Additionally, if z0 is a zero of p, then

col(p(z0)) = A(z0)col(z0) +B(z0) = 0 ⇒ A(z0)col(z0) = −B(z0).

Finally, suppose B(z0) = 0. Then z0 is an element of A(z0)’s kernel, meaning A(z0)
is singular.

And finally, similar to the first and second items of Corollary 3.2.3, the two-sided
quaternionic polynomial case also satisfies the next two assertions.

Corollary 3.4.3. Let z0, z1 ∈ H be two distinct, but equivalent, zeros of the two-
sided quaternionic polynomial p. Then A(z0) is singular.

Proof. Theorem 3.4.3 inform us A(z0) = A(z1) and B(z0) = B(z1) since z0 ∼ z1,
therefore

col(p(z0))− col(p(z1)) = 0 ⇒ A(z0)col(z0)− A(z0)col(z1) = A(z0)col(z0 − z1) = 0.

Because we assumed z0 ̸= z1, we can conclude A(z0) is singular.

Corollary 3.4.4. Let z0 ∈ [z] be a non-real zero of the two-sided quaternionic
polynomial p. If A(z0) is invertible, then z0 is the only zero of p in the equivalence
class [z].

Proof. If z1 ∈ [z] is a distinc zero of p, then A(z0) would be singular by Corollary
3.4.3, contradicting the hypothesis of it being invertible.

Corollaries 3.4.3 and 3.4.4 motivates the classification for the zeros of p.

Definition 3.4.5. Let z0 ∈ H be a zero of the two-sided quaternionic polynomial p.
Then we say z0 is a zero of type k, 0 ≤ k ≤ 4, if

rank(A(z0)) = 4− k. (3.31)

In particular,
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(i) if z0 real or if it’s of type 0, then it’s called an isolated zero;

(ii) if z0 is of type 4, then it’s called an spherical zero.

The reason why the particular cases of rank equals 0 or 4 boils down to the
simillarity with the one-sided case, which can be seen in the next corollary.

Corollary 3.4.5. Let z0 be a zero of the two-sided polynomial p.

(i) If z0 is a spherical zero, then z is also a zero of p for all z ∈ [z0].

(ii) If z0 is an isolated zero, then it is the only zero in [z0].

Proof. For the first case, z0 being spherical means rank(A(z0)) = 0, i.e., A(z0) = 0,
the matrix with all entries equal to zero, thus

col(p(z0)) = A(z0)︸ ︷︷ ︸
=0

col(z0) +B(z0) = 0 ⇒ B(z0) = 0.

Since B(z) = B(z0) = 0 and A(z) = A(z0) = 0 for all z ∈ [z0], we have

col(p(z)) = A(z)col(z) +B(z) = 0.

For the second case, z0 ∈ R means [z0] = {z0} as shown in Example 3.1.3.
Otherwise, rank(A(z0)) = 4 means the matrix is invertible, thus this is the statement
of Corollary 3.4.4.
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Final Considerations

This work here presented had proposed two objectives: the classification of Clifford
Algebras for finite-dimensional real vector spaces and the classification of one and
two-sided polynomials over noncommutative algebras of R4. And, as it was seen, a
lot can be derived from their study.

For Clifford Algebras, one can make the classification of all the finite-dimensional
complex vector spaces. The argument is similar to the real case whilst is utilized
a method called complexificaion of an algebra (see References [4] and [16]). Addi-
tionally, as stated in Chapter 2, in the paragraph immediately after Equation 2.10,
Clifford Algebras have a “tendency” to transform geometrical properties into alge-
braically ones. This can be seen between perpendicularity and anticommutativity
(Equation 2.10), or in the Bogoliubov automorphism (Corollary 2.1.1). Moreover,
although we know some Clifford Algebras are isomorphic to one another, we never
explicitely write the isomorphism, the exception being the simpler cases with di-
mension 2 and 4. Depending on the isomorphism chosen, the Clifford Algebra may
be associated to a group, like the groups Pin, Spin and the theory of Spinors. The
curious reader can go to the References [2], [4], [5], [6] and [20].

Finally, for the subject of polynomials, a similar study can be made for the
one-sided polynomials with coefficients over the four commutative algebras of R4,
namely the Tessarines, Cotessarines, Tangerines and Cotangerines. Moreover, there
exsit some algorithms showing how to find a zero inside a class of quasi-equivalence,
as well as the relation of the polynomial with its called companion, and how they
relate with the solution of linear systems. Although not presented here, there number
of zeros a polynomial can have is always finite, be it one-sided or two-sided. All of
this can be seen in References [22], [23], [24], [25], [26], [27], [28], [29] and [30].
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