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Resumo

Contreras, Jeferson Poveda. On the classification of Ricci solitons and Yamabe
solitons. Goiania, 2023. 76p. Tese de Doutorado . Departamento de Matematica,
Instituto de Matematica e Estatistica, Universidade Federal de Goias.

Neste trabalho, estudaremos as solugdes autossimilares tanto do fluxo de Ricci quanto do
fluxo de Yamabe. Essas solucdes também sao conhecidas como Ricci e Yamabe soliton,
respectivamente. Inspirados na equacdo da divergéncia usada por Robinson em sua
demonstrac@o da unicidade dos buracos negros estéticos e na classificacdo de Brendle dos
solitons estdveis de Ricci, faremos algumas caracterizacdes importantes desses solitons.
Provamos que solitons de Yamabe gradientes quadridimensionais devem ter uma métrica
de Yamabe, desde que uma condicao assintética seja vélida. Inspirados na geometria do
soliton de charuto, demonstramos que um soliton de Ricci gradiente estdvel é Ricci-flat
com uma fungio potencial constante ou um quociente do produto soliton estavel N"~! x R
, onde N"~! é Ricci-flat, ou isométrico ao soliton de Bryant. No capitulo final, provamos

alguns resultados de rigidez para solitons de Ricci contraidos e expandidos.

Palavras—chave

soliton de Ricci, soliton de Yamabe, steady, shrinking, expanding, pinching



Abstract

Contreras, Jeferson Poveda. On the classification of Ricci solitons and Yamabe
solitons. Goiania, 2023. 76p. PhD. Thesis . Departamento de Matematica,
Instituto de Matematica e Estatistica, Universidade Federal de Goias.

In this work, we will study the self-similar solutions of both Ricci flow and Yamabe flow.
These solutions are also known as Ricci and Yamabe soliton, respectively. Inspired by the
divergence equation used by Robinson in his demonstration of the uniqueness of static
black holes and by Brendle’s classification of steady Ricci solitons, we will make some
important characterizations of these solitons. We prove that four-dimensional gradient
Yamabe solitons must have a Yamabe metric, provided that an asymptotic condition holds.
Inspired by the geometry of the cigar soliton, we demonstrate that a gradient steady Ricci
soliton is either Ricci flat with a constant potential function or a quotient of the product
steady soliton N""! xR, where N"1 is Ricci flat, or isometric to the Bryant soliton. In the

final Chapter, we prove some rigidity results for shrinking and expanding Ricci solitons.

Keywords

Ricci soliton, Yamabe soliton, steady, shrinking, expanding, pinching.
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Introduction

Natural generalizations of Einstein manifolds are Ricci solitons. They are the
fixed points of the Ricci flow in the space of Riemannian metrics and correspond to self-
similar Ricci flow solutions. Ricci solitons played an essential role in Perelman’s proof of

the Poincaré conjecture.

Definition. An n-dimensional Riemannian manifold M" with complete Riemannian metric
g is a gradient Ricci soliton (M", g, f,p) if there is a smooth function f on M and a
constant p such that

Ric+V? f = pg.

Here, V2 f denotes the Hessian of f and Ric is the Ricci curvature of g. The function f is
called a potential function. Also, if p > 0, p < 0 or p =0, we have a shrinking, expanding,

or steady gradient Ricci soliton, respectively.

A gradient Ricci soliton is an Einstein manifold when f is constant (trivial).
Thus, Ricci solitons are natural extensions of Einstein metrics.

Hamilton showed that any 2-dimensional compact shrinking Ricci soliton must
be Einstein [41]. In [45], the author proved that the three-dimensional compact shrinking
Ricci soliton must be Einstein. Any compact steady and expanding Ricci solitons, as well
as the compact shrinking Ricci solitons in dimensions two and three, must be trivial.
However, in general, this is not true. In fact, (C]P’z#(—(CIP’Z) is a compact non-Einstein
shrinking Ricci soliton (cf. [5, 46]).

In [42], Hamilton conjectured that any compact gradient shrinking Ricci soliton
with a positive curvature operator must be Einstein. In [13], the authors proved that a
compact gradient shrinking Ricci soliton must be Einstein if it admits a Riemannian
metric with a positive curvature operator and satisfies an integral inequality. Petersen and
Wylie [61] proved the rigidity of compact shrinkers under a pinched integral condition.
In [37], Fernandez-L6épez and Garcia-Rio gave an important classification for compact
shrinking Ricci solitons in terms of the range of the potential function (Theorem 2.4).
The works [8, 57] accurately classified the non-compact case under certain geometric

hypothesis conditions.
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A lot of progress on classifying shrinking Ricci Soliton has been made during
the last few years. In [8], Cao and Chen provided a classification for complete Bach-flat
gradient shrinking Ricci solitons. In [8, Theorem 1.4] was proved that if the D-tensor (cf.
Equation 1-6) is identically zero, then a complete four-dimensional shrinking Ricci soliton
is Einstein, or a finite quotient of R* or S* x R. Moreover, considering 7 > 5 the shrinking
soliton must be either Einstein, a finite quotient of the Gaussian shrinking soliton R" or a
finite quotient of N1 xR, where N"~! is Einstein (see also [15]).

Robinson in [62] used an important technique to prove the uniqueness of static
vacuum black holes, where the author provided a fundamental divergence formula for
the static vacuum equations. In [1], Brendle, based on the work of Robinson, got a
classification of steady Ricci solitons. Still, he did not closely follow the procedure of
Robinson to construct the divergence formula for the steady Ricci soliton (cf. [48]). In
[49], combining [1] and [62], the authors proved that an n-dimensional gradient Yamabe
soliton must be a Riemannian manifold with constant scalar curvature.

In this work, we will build a divergence formula (Lemma 3.2) for the shrinking
Riccti soliton following the ideas of Robinson and Brendle closely, so with the help of this
formula, we classify a compact shrinking Ricci soliton under a natural condition over the
scalar curvature.

If a Ricci soliton is trivial (i.e., Einstein), then the scalar curvature satisfies
R = np. The following result was also inspired by [38]. We will show the triviality of
compact gradient shrinking Ricci soliton over a gap on the potential function. This gap
on f can also be interpreted as a lower bound on the scalar curvature; see the pinched

conditions assumed by Catino in [15].

Theorem. 4.1. Let (M", g, f, p) be a compact gradient shrinking Ricci soliton such that

n+2 8\2 nd [n+2 8
f@#( 4 ‘%) w—( 4 ‘%)’

where & = miny (R) is a constant. Then, (M", g, f) is Einstein.

For any trivial (i.e., Einstein) shrinking Ricci soliton with the constant potential
function, we have p = %. Thus, if (M", g, f,p) is a compact gradient shrinking Ricci
soliton such that np = miny, R the condition over f in Theorem 4.1 is equivalent to

flx) < =(vVn2+1-1).

| =

Hence, the condition over f in Theorem 4.1 is trivially satisfied for an Einstein manifold
with, for instance, f = 0. Also, the soliton CP"#(—CP") is not a counter-example for this

theorem.
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In [53, Theorem 6.1], the authors proved an upper bound for the diameter of
a compact shrinking Ricci soliton. This bound depends only on the dimension and the
injectivity radius of the manifold. Moreover, in [38], they proved that a compact shrinking
Ricci soliton has a diameter bounded below by a constant depending on the geometry of
the manifold.

It is important to highlight that the scalar curvature R on a shrinking Ricci soliton

is nonnegative and

1

L) —e1)? < fx) <

; () + 2)?,

e

where r(x) = d(xp, x) is the distance function from some fixed point xp € M, and ¢; and
¢ are positive constants depending only on n and the geometry of g on the unit ball By (1)
(cf. [12]).

For expanding Ricci solitons, we have that on a complete non-compact gradient
expanding soliton with nonnegative Ricci curvature (or pinched Ricci curvature), the

potential function f satisfies the estimates

L) e e < () <

(r(x) +2v/=f(x0))*.

Here, ¢; > 0 and ¢, > 0 are constants [11]. Of course, the normalizing of f and the

B -

coefficients in the above estimates have to be adjusted accordingly.

Now we prove a rigidity result for complete (non-compact) shrinking Ricci
solitons assuming the curvature is pinched, and an asymptotic condition on the gradient of
the scalar curvature at infinity holds. Rigidity results for shrinking Ricci solitons assuming

pinched conditions was proved by Catino in [15, 16].

Theorem. 4.2. Let (M", g, f, p) be a complete gradient shrinking Ricci soliton such that
VR =0(r™"7%); r—eo,

and one of the following conditions hold:

(I) Ric < R(%_p)3 .
(2p(1+ /) - 253R)

(1)

(n—1) (n=3).\* 4Gn-2) ( R
vr < 2D |Vfr\/(2p<1+f> mR) e (p- K

(- 1) (n3)
S (2p<1+f> o 1)R) .
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Then, the D-tensor must be identically zero. Consequently,

(i) (M*, g) is either Einstein, or a finite quotient of R* or S* x R;
(ii) (M",g), n > 5, is either Einstein or is a finite quotient of the Gaussian shrinking

soliton or is a finite quotient of N"~! x R, where N"~! is Einstein.

The hypothesis considered in the above theorem will be discussed after the proof
of this theorem in chapter 4.

By following the same strategy of Theorem 4.2 we can prove our next result for
expanding Ricci solitons. The theorem that follows is possibly the most important result
of this thesis.

Theorem. 4.3 Let (M?, g, f) be a complete gradient expanding Ricci soliton with non-
positive Ricci curvature such that 1 < — f and R goes to zero at infinity. Suppose that

IVfIPIVR| = o(r ),

where r is the distance function. Then, (M3, g) is rotationally symmetric. Moreover, R

must be constant, particularly R = 0.

The above result is consistent with the geometry of the expander cylinders. This
soliton will be presented in Chapter 4.

Switching gears, let us now focus on p = 0. Gradient steady solitons play an
important role in Hamilton’s Ricci flow [42] as they correspond to translating solutions
and often arise as Type I1 singularity models, thus playing a crucial role in the singularity
analysis of the Ricci flow [58].

It is well-known that compact gradient steady Ricci solitons must be Ricci flat.
For dimension n = 2, Hamilton [41] obtained the cigar soliton, i.e., the first example of
a complete non-compact gradient steady soliton on R?, where the explicit metric is given
by

dx* +dy?
8= m7
and the potential function is
f=—In(14+x>+y%).

This soliton is also known as Witten’s black hole. It has positive curvature and is
asymptotic to a cylinder of finite circumference at infinity. The scalar curvature decays

exponentially. It is important to highlight that

RIVf]=|VR|
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on the cigar soliton. We can see this naturally by changing to polar coordinates and

obtaining
1

T
This identity also is trivially satisfied, in higher dimensions, for Ricci flat solitons

R

with a constant potential function, a quotient of the product steady soliton N"~! x R,
where N"~! is Ricci flat and the product of the cigar soliton and any complete Ricci flat
manifold.

For dimension n > 3, Robert Bryant [4] proved that there exists, up to scaling,
a unique complete rotationally symmetric gradient Ricci soliton on R”. Its sectional
curvature is positive and the scalar curvature R decays like r~! at infinity. The volume
of the geodesic balls B,(0) grows according to the order of r"+1/2 Here, r denotes the
geodesic distance function. The dichotomic of steady Ricci solitons was studied in [22].

It was conjectured by Perelman [58] that in dimension n = 3, the Bryant soliton
is the only complete non-compact (k-noncollapsed) gradient steady soliton with positive
sectional curvature. This conjecture was proved by Brendle [2] in 2013 and was extended
by himself in 2014 [3] for arbitrary dimensions (n > 4) under the additional condition
that the steady Ricci soliton is asymptotically cylindrical. Moreover, Deng and Zhu [31]
proved that any non-compact K-noncollapsed steady Ricci soliton with a nonnegative
curvature operator must be rotationally symmetric if it has a linear curvature decay. As we
can see, for n > 4, it is desirable to find geometrically interesting conditions under which
the uniqueness would hold.

In the context of finding interesting geometric conditions to prove classification,
Cao and Chen [10] proved that a complete non-compact n-dimensional (n > 3) locally
conformally flat gradient steady Ricci soliton with positive sectional curvature is isometric
to the Bryant soliton. Moreover, they showed that a complete non-compact n-dimensional
locally conformally flat gradient steady Ricci soliton is either flat or isometric to the
Bryant soliton (see also [17]). For n = 4, Chen and Wang [25] showed that any 4-
dimensional complete half-conformally flat gradient steady Ricci soliton is either Ricci
flat, or locally conformally flat (hence isometric to the Bryant soliton). In [6], Cao, Catino,
Chen, Mantegazza, and Mazzieri proved that any n-dimensional (n > 4) complete Bach-
flat gradient steady Ricci soliton with positive Ricci curvature is isometric to the Bryant
soliton. Very recently, Cao and Yu proved that any n-dimensional complete non-compact
gradient steady Ricci soliton with vanishing D-tensor is either Ricci flat, or a quotient of
the product steady soliton N"~! x R, where N"~! is Ricci flat, or isometric to the Bryant
soliton (up to scalings). Here, the D-tensor is a 3-tensor defined by (1-6), see [11].

In recent years, much progress has been made in understanding the curvature
estimate of gradient steady Ricci solitons, see, e.g., [19, 28, 31, 39]. This topic will be

important in analyzing and classifying steady Ricci solitons.
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It follows from a result by Chen [24] that every complete gradient steady Ricci
soliton has nonnegative scalar curvature, i.e., R > 0. On the other hand, it is well known

that a complete gradient steady Ricci soliton satisfies
R+|VfP =G,

where () is a positive constant. In other words, the scalar curvature of a complete gradient
steady Ricci soliton is uniformly bounded. In particular, up to normalization, we may
consider

R+|Vf*=1.

This, therefore, implies that a (normalized) gradient steady Ricci soliton satisfies 0 < R <
1.
Before proceeding, we recall that Brendle [1] (see also [6, Proposition 5.2])

proved the following result.

Theorem (Brendle, [1]). Let (M",g,f), n > 3, be a complete n-dimensional gradient
steady Ricci soliton. Suppose that the scalar curvature R of (M",g) is positive and
approaches zero at infinity. Denote by Y : (0,1) — R the smooth function such that the
vector field

X :=VR+y(R)Vf=0 (0-1)

on the Bryant soliton, and define u : (0,1) — R by

B 1 s n  n—1—(n=-3)t
u(s)—logw(s)+n_1/l/2(1_t T=v() )a’t.

Moreover, assume that there exists an exhaustion of M" by bounded domains €; such that

lim [ “®(VR+y(R)VS,V) =0.
l—e JoQ,
Then X = 0 and D;j = 0. In particular, for n =3, (M3,g,f) is isometric to the Bryant

soliton.

Brendle’s theorem given above combined with Proposition 5.1 by Cao et al. [6]
implies that a complete gradient steady Ricci soliton (M", g, f), n > 4, with positive Ricci
curvature such that the scalar curvature R approaches zero at infinity so that the asymptotic
condition given above is satisfied for some exhaustion of M" by bounded domains €; is
isometric to the Bryant soliton.

We highlight that the proof of Theorem below is partially based on the ideas
outlined by Robinson [62] to study the uniqueness of static black holes, which depends
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essentially of a suitable divergence formula. In this paper, motivated by the result obtained
by Brendle [1] and the ideas by Robinson [62], we obtain a divergence formula (Lemma
3.2) for the gradient steady Ricci soliton by following the ideas of Robinson in order to
obtain a rigidity result.

On the original paper of Robinson [62], there exists a natural vector field

8f|VfI?
(1-s2)

such that it vanishes identically on the three-dimensional Schwarzschild solution. Based

X=V|VfP+

v

on this vector field, Robinson built a divergence formula which is the core of its demon-
stration of the uniqueness of static vacuum black holes. However, since the Bryant soliton
is not an exact solution like Schwarzschild is, i.e., explicitly given, the construction of a
divergence formula can be more trick for steady solitons. This is why the unusual condi-
tion (0-1) rises in the above theorem, and we will avoid this condition in our result based
on the geometry of the Cigar soliton. More precisely, we have established the following

result.

Theorem. 3./. Let (M”, g, f) be a complete non-compact gradient steady Ricci soliton

satisfying
where 6 = ()T, 3(::21 )(7n—13) . Suppose that there exists an exhaustion of M"* by bounded

domains Qg such that

lim IVR+RVf| =0. (0-3)

f—+o0 BQ,
Then (M", g, f) is either Ricci flat with a constant potential function, or a quotient of
the product steady soliton N"~! x R, where N"~! is Ricci flat, or isometric to the Bryant

soliton (up to scalings).

In [39, Lemma 3], the authors proved that a nonnegatively curved steady soliton

satisfies the following inequality:

R2
|Ric|* < - (0-4)

Therefore,
IVR> < 2R*|Vf)?.

1+7

This shows us that (0-2) can be interpreted as a lower bound for |VR|. In fact, 6 < 3
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see also [31, Lemma 2.3]. Moreover, the vector field X = VR + RV f vanishes identically
on the Cigar soliton. Moreover, for n = 2 the constant ¢ = 1.
We can note that by combining our hypothesis (0-2) with the inequality (0-4),

we arrive at the range of values

2
(0.60)R -~ ~ gR < |Ric| < %R ~ (0.70)R - --

Notably, it is crucial to observe that the positivity of the scalar curvature R in (0-4) is a
fundamental assumption for our analysis.

One possible conjecture concerning the curvature decay of a gradient steady
Ricci soliton is that the decay rate is either linear or exponential [22]. In [19, Corollary
1], the author proved the scalar curvature of a steady Ricci soliton with nonnegative Ricci
curvature decays exponentially if an asymptotic condition holds.

In [27, Theorem 9.56], Chow, Lu, and Ni proved that the scalar curvature of
complete and non-compact gradient steady Ricci soliton with positively pinched Ricci
curvature has exponential decay. In that sense, condition (0-3) can be replaced by an
exponential decay for the scalar curvature to get a rigidity of the metric (cf. Corollary
3.1),1i.e.,

R=o(e™"), r— oo,

where r stands for the geodesic distance from a fixed point.

In [52], the authors proved that the sectional curvature Rm of a gradient steady
Ricci soliton (non-flat) with potential function f bounded from above (or f a proper
function, which happens if Ric > 0) by a constant and such that |[Rm|r = o(1), at infinity,
decays like

|Rm| < c(1 +r)3(”+1)e*r,

where c is a positive constant and r stands for the geodesic distance. It is known that the
assumption over f holds true when Ric > 0. The exponential decay rate in the theorem
is sharp as seen from M = N x ¥; where X is the cigar soliton and N is a compact
Ricci flat manifold. Moreover, Chan and Zhu [22] proved that a gradient steady Ricci
soliton (M, g, f) with |[Rm| — 0, then either one of the following estimates holds outside
a compact set of M:

clrl< |Rm| < crl;

Cle "< |[Rm| < Ce™ ",
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where C is a positive constant and r is the distance function.

The control of the curvature is an important information in the analysis of a
Ricci soliton and there are several results proving that the scalar curvature controls the
sectional curvature, see [9, 19]. Here, it is important to emphasize that four-dimensional
Ricci solitons must satisfy the following condition:

|Rm| <A (w + |Ric|) )
VS

where A is an universal positive constant (see [9]). PleaseFor more detail, see also [19,
Proposition 2].

Therefore, inspired by the above curvature properties of four-dimensional steady
Ricci solitons we will prove that if the Ricci curvature is controlled by the scalar curvature
we get the Bryant soliton. Moreover, we will not assume that the steady Ricci soliton is

K-noncollapsed.

Theorem. 3.2. Let (M", g, f) be a complete non-compact gradient steady Ricci soliton
with positive Ricci curvature and
3|VR|?

Ve

1
Ric| < = |20
Ricl < 3 [2|Vf|2

Suppose that

imR=0 and lim|Rm|r=o(1).

r—>00 r—roo
Then (M", g, f) is isometric to the Bryant soliton (up to scalings).

According to Hamilton [40, 42], a Riemannian manifold (M", g) is positively

pinched Ricci curvature if there is a uniform constant 6 > 0 such that
ORg < Ric(g).

Deng and Zhu [30] proved that any (n > 2)-dimensional complete non-compact steady
Kihler-Ricci soliton (M", g, f) with positively pinched Ricci curvature should be Ricci
flat (provided that there is a point p so that V f(p) = 0). The existence of such a point p is
called equilibrium point condition. Under our approach, we shall show that this condition

can be removed. To be precise, we have established the following results.

Corollary. 3.1. Let (M”, g, f), n >3, be a complete non-compact gradient steady Kdihler-
Ricci soliton. If (M", g) has positively pinched Ricci curvature , then (M", g, f) is Ricci

flat.
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Thus, the above corollary answers a question proposed by Chow, Lu, and Ni in
the case of steady Kihler-Ricci solitons (cf. [27, 56]), and proves Corollary 1.5 in [30]. In
fact, the above corollary still holds for any gradient steady Ricci soliton (not necessarily
Kihler).

Steady Ricci solitons with pinched Ricci curvature have been studied in the past
years (cf. [32] and the references therein). In [56], Ni proved that any steady Ricci soliton
with pinched Ricci curvature and nonnegative sectional curvature must be flat. Then, Deng
and Zhu [30] proved that Ni’s result is valid without the assumption on the sectional
curvature for steady K#hler-Ricci solitons.

Finally, we will apply our strategy to Yamabe solitons. A Riemannian manifold
(M", g) is called Yamabe soliton if

1

for some constant A and vector field Z. Here, R and £,¢ stand for the scalar curvature and
the Lie derivative for the metric g, respectively. When we take Z = V f, where f is some

smooth potential function in M, we obtain a gradient Yamabe soliton, i.e.,
(R—N)g=V*f, (0-5)

where V? stands for the Hessian operator for g. For A = 0 the Yamabe soliton is steady,
for A > 0 it is shrinking and for A < 0 expanding [1, 10, 29, 43, 44, 50, 51]. It is important
to highlight that any steady and shrinking gradient Yamabe solitons have non-negative
scalar curvature. In 2-dimensions Yamabe solitons are equivalent to Ricci solitons. In this
case, an important example is the soliton cigar provided by Hamilton.

The Yamabe solitons represent self-similar solutions to the Yamabe flow. This
geometric flow behaved like a heat flow and was used in an attempt to solve the Yamabe
problem. Many examples of gradient Yamabe solitons can be found in [55].Moreover, the
Yamabe soliton equation is related to conformal gradient solitons [18, 23]. This geometric

structure is important to classify warped product manifolds in the form:
(a,b) xyN"1, (0-6)

where (a, b) C R.

Following the ideas presented by [23], Cao et al. [10] were able to provide a
classification for gradient Yamabe solitons. They proved that every complete nontrivial
gradient Yamabe soliton admits a special global warped product structure with an 1-
dimensional base and the warping function provided by |V f|. Consequently, a nontrivial

complete gradient Yamabe soliton with positive Ricci curvature is rotationally symmetric.
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Locally conformally flat Yamabe solitons were also classified in this work, inspired
by [29]. In [29], the authors proved that any locally conformally flat gradient Yamabe
solitons with positive sectional curvature must be rotationally symmetric. Moreover,
Daskalopoulos and Sesum provided some examples of gradient yamabe soliton having
asymptotic behavior. It is important to remember that any closed gradient Yamabe soliton
must have constant scalar curvature; hence trivial since f is harmonic and thus is constant
[29, 43, 50].

In this work we combine [1] and [62] to prove that an n-dimensional gradient
Yamabe soliton must be a Riemannian manifold with constant scalar curvature, provided

that an asymptotic condition holds (see also [63, Theorem 2.3]).

Theorem. 2.1. Let (M", g, f), n > 5, be an n-dimensional gradient Yamabe soliton such
that

2
|Ric|* <

T (0-7)

Assume that there exists an exhaustion of M by bounded domains €y such that

R
lim [ R(VR+———Vfv)=0,
l—+0J3Q, < nn—1) f:v)

where V is the normal vector field. Then, (M", g) must have constant scalar curvature.

Moreover, the D-tensor (1-6) vanishes identically, and the equality holds in (0-7).

The existence of exhaustion of M is, in fact, a natural assumption. For example,
Cao and Chen [7, Proposition 2.3] proved that the potential function is an exhaustion
function for the steady gradient Ricci solitons. For the gradient Yamabe solitons, we can
quote [63, Theorem 4.1 and Lemma 3.3]. Moreover, in [64, Theorem 1.6], the authors
proved that under an asymptotic condition, the potential function is an exhaustion function

for the gradient Yamabe soliton.

Theorem. 2.2. Let (M3, g, f) be a complete three-dimensional gradient steady Yamabe

soliton such that
Rick > &
ic —.
-2
Assume that there exists an exhaustion of M by bounded domains € such that

R
lim R(VR+—-Vf,v) =0,
l—+o0./30Q, < 6 £

where V is the normal vector field. Then, (M?, g) must be isometric to the standard three-

dimensional Euclidean space.
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Estimates for the curvature are an essential tool for the classification of solitons.
The curvature bounds for three-dimensional gradient steady Ricci solitons were proved by
Chen [24]. Recently, bounds for the curvature of four-dimensional gradient Ricci solitons
were provided in [26]. For Yamabe solitons, bounds for the scalar curvature considering
some asymptotic conditions were provided in [51, 63].

Considering the asymptotic condition (2-4), we prove that any four-dimensional
gradient Yamabe soliton is a Riemannian manifold with constant scalar curvature, i.e., a
Yamabe metric. In this result, no additional condition on the curvature is necessary, and

no restriction for A is required.

Theorem. 2.3. Let (M*, g, ) be a four dimensional gradient Yamabe soliton. Moreover,

assume that there exists an exhaustion of M* by bounded domains Qg such that

R
li R(VR+ —VF.v)=0.
Mmoo RVR+ V)

Then, (M*, g, f) has constant scalar curvature.

It is interesting to highlight that this theorem is important to understand the

structure of four-dimensional warped product manifolds of the form (0-6).



CHAPTER 1

Preliminary

This chapter introduces the Ricci Solitons, the Yamabe solitons, and the D-
tensor, among other valuable concepts for this work. For this reason, we have been
guided by texts such as [8, 11, 20, 27]. To that end, we will introduce basic objects of

Riemannian geometry that are important for a better understanding of the dissertation;
see also [20, 35, 60].

1.1 Hilbert-Schmidt Norm and Kato Inequality

Let us start with a definition that will be very useful for this dissertation. The

following definition is also known as the Hilbert-Schmidt norm.

Definition 1.1. Let T be a (0, r)-tensor, the norm of T on a Rimannian manfild (M, g) is
given by

T|> =g g Ty i, Ty oy
where T;, ...; are the components of T, and g'"Jr the components of the inverse of g.

Another important property of tensors used in this work is the Kato inequality.

Proposition 1.1 (Kato’s inequality). Let T be any tensor defined on any Riemannian
manifold (M, g). Then, we have
IVIT|| <|VT|

which holds point-wise wherever |T| # 0.

Proof: By Cauchy-Schwarz equation, we have
VIT*| = [2(T,VT)| <2|T||VT|.

On the other hand, |V|T|?| = 2|T||V|T||, so it follows that

TIVIT]| <|T[IVT],

which implies a demonstration of proposition wherever |T| # 0. ]
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1.2 Gradient, Divergence, and Laplacian

The Lie derivative allows us to define the Hessian of a smooth function on a

Riemannian manifold (M, g) as a (0,2)-tensor:
1
HCSSf(X, Y) = E(SVfg)(Xay)

The Hessian is supposed to measure how the metric changes as we move along the
gradient field. To further understand this, consider the divergence of a vector field X to be

the function divX that measures how the volume form changes along the flow for X:
L£xvol = (divX)vol.
We can see that selecting a positively oriented orthonormal frame {E;}”_, we have

QX = (Exvol)(Er,-- )
= Lx(Vol(Ey,--- ,E,)) — Y VOl(Ey, -+, £xE;, -, Ep)
= —) 8(ExE.E)

- %Z(Lx(g(Ei,E,-)) — 8(LxE;, E;) — g(E;, £xE;))

1
= X5 (exg) (B E).
The above computation leads us to the classic definition of divergence.

Definition 1.2. Let X be a smooth vector field in (M, (-, -)). The divergence of X, denoted
by div X, is defined by
divX = Z(VE,-XaEi>-
i

Let us remember some useful properties of the divergence.

Proposition 1.2. If X, Y are smooth vectors field in (M, (-, -)) and f : M — R is a smooth

function, then:

a) div(X+Y)=div(X)+div(Y);
b) div(fX) = fdiv(X)+ (Vf,X).

Now, consider 7 be a (1, 1)-tensor in a Riemannian manifold (M",g). Thus,
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(@vT)(2) = Y A(V&T)(Z).E)

Therefore,
div(T(Z)) = (divT)(Z) +(VZ,T™), (1-1)

where T* is a adjoint operator of T'.

Consequently, the following lemma holds.

Lemma 1.1. Let T be a symmetric (0,2)-tensor on a Riemannian manifold (M", g) then
div(T(92)) = 0(divT)(2) +¢(VZ,T) +T(V$,2),

forall Z € X(M) and any smooth function ¢ on M.

Let us now define an important operator, which will be very important throughout

the dissertation.
Definition 1.3. The Laplacian A of a smooth function on (M, (-, -)) is the divergence of
its gradient, i.e.,

Af = div(VF).

1.3 Curvature

In this section, we will establish the convention for the curvature operators.

Definition 1.4. Let M" be an n-dimensional Riemannian manifold with Levi-Civita

connection V. The Riemannian curvature tensor of M is a (1,3)-tensor

R: (X)Y,Z) — R(X,Y)Z =VxVyZ—-VyVxZ— V[X’Y}Z.

It is also natural to use Rm for the curvature operator when it is convenient.
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Using the metric g we have Rm as an (0,4)-tensor on M as follows:
R(X,Y,Z,W)=g(R(X,Y)Z,W).

The curvature tensor has important and useful symmetries.

Proposition 1.3. The Riemannian curvature tensor R(X,Y,Z, W) satisfies the following

properties:

1. Rm is skew-symmetric in the first two and last two entries:

R(X,Y,Z,W)=—R(Y,X,Z,W)=R(Y,X,W,Z).

2. Rm is symmetric between the first two and last two entries:

R(X,Y,Z,W)=R(Z,W,X.Y).

3. Rm satisfies a cyclic permutation property called Bianchi’s first identity:

R(X,Y)Z+R(Z,X)Y +R(Y,Z)X =0.

4. VRm satisfies a cyclic permutation property called Bianchi’s second identity:
(VZR)(X,Y)W + (VxR)(Y,Z)W + (VyR)(Z,X)W = 0.

Proof: See [60]. ]

The sectional (or Riemannian) curvature is closely related to the curvature tensor,

which we define below.

Definition 1.5. Let M be a Riemannian manifold, a point p € M and a two-dimensional
subspace 6 C T,M the real number Rm(u, v) = Rm(c), where {u, v} is any basis of ©, is

called the sectional curvature of G at p.

Geometrically the sectional curvature is the Gaussian curvature of the surface

generated by the geodesics leaving p that are tangent to ©.
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Proposition 1.4. Let 6 C T,M be a two-dimensional subspace of the tangent space T,M

and let u,v € © be two linearly independent vectors. Then,

g(R(u,v)u,v)
g(”? u)g(v, V) - g(v, u)

Rm(u,v) = 5

does not depend on the choice of vectors u, v € G.

Proof. See [35] and [60]. ]

1.3.1 Ricci curvature

We will define the following geometric objects: the Ricci tensor and the Ricci

curvature.

Definition 1.6. The Ricci tensor of an n-dimensional Riemannian manifold M", denoted

by Ric, is a symmetric (0,2)-tensor defined by

Ric(X,Y) = Tr{X —> R(Z,X)Y},

or equivalently,

M=

Ric(X,Y) =) (R(E;,X)Y,E}),

=1

where {Ey,--- ,E,} is a frame for M. In coordinates,
Rij =g Ruji.

Thus, Ric is a symmetric bilinear form, and we can also define it as a symmetric

(1,1)-tensor:

D=

RiC(V) = R(V,E,‘)Ei.

1

Definition 1.7. A Riemannian manifold (M", g) is called an Einstein manifold if the Ricci

tensor is a multiple of the metric g, i.e., Ric = cg for some constant c.

1.3.2 Scalar curvature

The last curvature quantity we define here is the scalar curvature:

Definition 1.8. The scalar curvature R of Mis defined by

R =Y Ric(E;, Ej),

i<j
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where Ey,--- ,E, is a frame of M. In coordinates,
R= ginij-

Proposition 1.5. On any Riemannian manifold, the scalar and Ricci curvature are related
by
dR = 2divRic.

Proof: See [60]. ]

1.4 Ricci soliton and Yamabe soliton

We start this section by defining a Ricci soliton.

Definition 1.9. We say that a Riemannian manifold (M", g) is a Ricci soliton if there exists

a vector field X over M and a real number p satisfying

1
Ricg + §£Xg =pg. (1-2)

We say that the Ricci soliton is expanding, steady, or shrinking if p is less than,
equal to, or greater than zero, respectively.
If the vector field X is the gradient of some differentiable function f : M — R,

from the equation (1-2) we have a gradient Ricci soliton.

Definition 1.10. An n-dimensional Riemannian manifold M" with complete Riemannian
metric g is a gradient Ricci soliton (M", g, f, p) if there is a smooth function f on M and
a constant p such that

Ric+Hess(f) = pg. (1-3)

Here, V2 f denotes the Hessian of f and Ric is the Ricci curvature of g. The function f is
called a potential function. Also, if p > 0, p < 0 or p =0, we have a shrinking, expanding,

or steady gradient Ricci soliton, respectively.

In the following chapters, we present some crucial properties of Ricci solitons

that will be of much support. To that end, we remember the Ricci equation:
ViV;Vif —=V,;ViVif =RijuV'f.

Proposition 1.6. Let (M", g, f,p) a gradient Ricci soliton. Then,

(1) ViRjx—V Ryt = —RijuV'f.
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(2) VR =2Ric(Vf).
(3) R+|Vf|> =2pf (up to scaling).
(4) R+Af =np.

(5) AR+2|Ric|> = (VR,Vf)+2pR.

Proof. We start defining g = (-, -). To prove the first item, we combine (1-3) with the

Ricci equation. Now, taking the trace and using Bianchi’s second identity, we have:

ViR kg’ — g™V iRy
1
ViR — 5V,’R

ViR

and this proves Item (2).
For Item (3),

ViR+|Vf*=2pf) =

—g/*R; jlelf ;
RyV'f;
2Ry V'Y,

ViR+2V,VfVIf—2pV;f

= 2R,~jij+2V,-ijij—2pV,-f
= 2(=V,V;f+pgij)V f+2V:V;fVIf—2pV;f

= 0.
Contracting (1-3), we get Item (4), i.e.,

g'Rij+g'ViV,f
R+Af

pgijgij;
np.

Finally, to obtain the Item (6) we compute the Laplacian of the Ricci tensor by

using Item (1) and the second Bianchi identity. Hence,

ARy = VIV Ry =

lij

ijl
f=VR V' f+RijuVV' f

VIViRj+ VIR jiuV' f + Riju V'V f
= V,V/Rj+R
+VR. V!

R+ szklRi'

= V,V/Rji+RyR,+ R} R’
ViRV f+ VIRV f + R;juVIV' £
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Replacing V/V! f by using the soliton’s equation we get

ARy = %VinR +RyR} + R}, R,
—ViRiV' f + (VRit, V.f) = RijuR" + pRy,
= (VRi, V) +pRix — 2R;juR" + Ry R,
FSVAViR -~ ViRV, (1-4)

On the other hand, by differentiating the relation on Item (2) we obtain
1 I
0= EVk(ViR —2R;V'f).

Hence,

1
EVkviR —VRyV'f =Ry V'V, f.

Then, by equation (1-4), we conclude

ARy = (VRi,Vf)+pRix—2R;juR" + RyRi + Ry V'V f,
= (VRi,Vf)+ PRy — 2R;juR" + RyR} + pRyy — Ry Ry,
= (VRu,Vf)+2pRy — 2R;juR”.

Item (6) follows by contracting the above equation on i and k. O]

The above results can be found in [36, Proposition 2.1] and they will be very
important in the characterization of the solitons at several stages of this dissertation.
Switching gears, we now define the Yamabe solitons and discuss some important

and useful results about them.

Definition 1.11. A Riemannian manifold (M",g) of dimension is called a gradient
Yamabe soliton if there exists a differentiable potential function f : M" — R and a constant
A such that

(R—N)g=V>f. (1-5)

where V? stands for the Hessian operator for f with respect to g. For A = 0 the Yamabe
soliton is steady, for A > 0 it is shrinking, and for A < 0 expanding.

In [29], inspired by [10], the authors developed one of the first classification
theorems for Yamabe soliton.

Theorem 1.1. [29, Theorem 1.3] All complete locally conformally flat gradient Yamabe

solitons with positive sectional curvature Rm > 0 are rotationally symmetric.
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Cao, Sun, and Zhang [10] motivated by the above theorem investigate the
structure of gradient Yamabe solitons not necessarily locally conformally flat. It turns out
that, every complete nontrivial gradient Yamabe soliton admits a special warped product
structure.

The following theorem shows us through the critical points of the potential
function and the scalar curvature the warped product morphology of the complete gradient

Yamabe Soliton.

Theorem 1.2. [0, Theorem 1.2] Let (M", g, f) be a nontrivial complete gradient Yamabe
soliton satisfying equation (1-5). Then |V f|* is constant on regular level surfaces of f,

and either

1. f has a unique critical point at some point xo € M", and (M",g, f) is rotationally

symmetric and equal to the warped product
([0>°°)7dr2> X|Vf] (Snil;g_can%

where g can is the round metric on ™!, or

2. f has no critical point and (M", g, f) is the warped product
(R,d}"z) X\Vf| (Nn_lvg)7

where (N”_17g_) is a Riemannian manifold of constant scalar curvature, say R.
Moreover, if (M",g,f) has nonnegative Ricci curvature Ric > 0 then (M",g) is
isometric to the Riemannian product (R,dr?) x (N"~1,g); if the scalar curvature
R >0 on M", then either R >0, or R=R =0 and (M",g) is isometric to the
Riemannian product (R,dr?) x (N"~1, g).

Now we present some of the main properties of the Yamabe soliton.
Lemma 1.2. [44, Lemma 2.1] Let (M”, g, [) be a gradient Yamabe soliton. Then,

(1) n(R—1\) = Af.

(2) VIVF]? =2(R—A)VS.

(3) VR+ llRic(Vf)zo.

n —
Proof. The first item can be obtained directly by contracting the Yamabe soliton equation
(1-5), i.e.,

(R=M)g"gij = g'ViV,f:
n(R—\) = Af.
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On the other hand,

ViVF? = 2V\V,fVif
= 2(R—k)gijij
= 2(R—MVif.

So, we have Item (2).

Using the equation (1-5) again, we obtain
Vi(R—A)=V,V,;V,f.
From the Ricci equation, Item (1) and Item (2), we deduce

g*ViR—Ngix = g*ViV;Vif
= V(A +RyV'f
= nV;j(R—AN)+R;V'f.

Reorganizing the equation we have
0 = (n — 1)V,‘(R — 7») +R,~ijf.

This concludes the proof of Item (3). O

It is important to highlight that any steady and shrinking gradient Yamabe
solitons have non-negative scalar curvature. Examples of Yamabe solitons of dimension
greater than 2 are not easy to find. However, in [29] we can find the construction of very

interesting examples with asymptotic behavior.

1.5 D-tensor

In [7], Cao and Chen classified locally conformally flat gradient steady solitons,
they construct an important 3-tensor inspired by Israel’s proof of the uniqueness of static
vacuum black holes [62], the D-tensor connects the Weyl tensor and the Cotton tensor with
the solitons structure. Similarly, in this dissertation, we will use the D-tensor throughout
the following three chapters as an important tool for the classification and characterization

of solitons.
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We remember that the Weyl tensor W is defined by the following formula

1
Rija = Wi+ =5 (gj1Rix + gikRj1 — g jkRit — giR jr)
R
_m (gjlgik - gilgjk) )

where R;jy; stands for the Riemannian curvature operator. Moreover, the Cotton tensor C

is given according to

Cijk = ViRjx — V Ry — gjkViR—gikViR) .

1
2(n—1) (

Proposition 1.7. [8, Lemma 3.1] Let (M",g, f,p) (n > 3) be a complete gradient Ricci
soliton satisfying (1-3). Then,

Diji = Cij+ Wi V' £,
where

1
Dijx = E(Rjkvif —RiVf)
1
2(n—1)(n—-2) [

+ 8ik(2RV ;f —V,R) — gk (2RV;f — ViR)]. (1-6)
Proof. From the soliton equation (1-3), we have

ViRjx—ViRix=—=VV;Vi f+V;ViVif = —RijuVif.
Hence, using Proposition 1.6-(3), we can infer that

Cijx = ViRjx—VRy— (gjxViR — gV jR)

2(n—1)
1
= —RijuVif— m(é’ KR —gaR)V' f
= —WiuVif - M(Rikvjf_Rjkvif)
1
ViR — gV R
D —2) ViR~ 8ikViR)

R
= (eaVi:f—9.V:
+(n_1)(n_2)<glk ]f gjk lf)
= —WiuVif+Dijj.
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Remark 1.1. For the steady Ricci soliton (Chapter 3) we will consider [ := — f, so the

D-tensor gets the form:

1
Dijx = E(Rikvjf_RjkVif)
1

D m=2) g6 (ViR+2RVf) — gi (V;R+2RV;f)].

By Proposition 1.7 we can see that D is equal to the Cotton tensor in gradient

Ricci soliton of dimension n = 3. We can also see that
, "
Dijx = —Djy and g“Djjx = g"D;jx = 0.

Similarly, for the Yamabe solitons, the relation between the Weyl tensor and the

D-tensor is given by the next proposition.

Proposition 1.8. /44, Proposition 2.2] Let (M”, g, [) be a gradient Yamabe soliton. Then,
WijuV' f = Dij,
where

(n—=2)Djjx = (RiVif —RiV,f)
R R
+ (ViR+ = Vif)gik— (ViR + ——Vif)g k- (1-7)

n—
Proof. By using Lemma 1.2-(3) and (1-5), we have

ViV,Vif =V;ViVif = Vi((R=A)grj) — V;((R—A)gki)

1
= _nTl(Rilgjlef_legikvlf)-

Using the Ricci equation, Proposition 1.3-(3) and the definition of Weyl tensor we obtain

ViViVif —=V,ViVif = Ru;iV'f
R
- W Vi (ou0g—040.,)V!
ijkl f (l’l— 1)(11—2) (glkgjl gllg]k) f
1
+—n — (gjiRix — 8 jkRit + gieR j1 — gaRjx) V' f

= WiuV'f+ (8x;Vif —8kiVif)

R
(1= 1)(n—2)

1 1
_E(Rkjvif_Rkiij) - E(gijilvlf_giklevlf)-
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Combining the two equations, by the definition of D; j; we obtain

1
WiuV'f = ——=(RiVif —RuV;f)+

p— (gixRaV'f — gaRV' f)

IS S

(n—1)(n—2)
R

_m(gkjvif_gkivjf)

= Dijk-

]

We now present some classification results for solitons via D-tensor. In the
following proposition, Cao and Chen [8] proved that the tensor D; j; can provide essential
properties of the level set of the potential function. In the main chapters, we will give
several theorems proving that D is identically zero under some pinching and asymptotic
conditions. Therefore, it is important to understand the consequences of D = 0 for the

soliton’s structure.

Proposition 1.9. [8, Proposition 3.2] Let (M", g, f), n > 3, be any complete gradient
Ricci soliton with D = 0, and let ¢ be a regular value of f and . = {x € M; f(x) = ¢}
be the level set of f. Then, for any local orthonormal frame {ey,ey, - ,e,} with ey =
Vi/IVf|and {es,--- ey} tangent to X., we have

(a) |Vf|? and the scalar curvature R of (M", g, f) are constants on ¥;
(b) Riu=0ande; =V [/|Vf|isan eigenvector for Ric;

(c) The second fundamental form hg, of X, is of the form hg, = %gdb;
(d) The mean curvature H of ¥, is constant;

(e) On X, the Ricci tensor of (M", g, f) either has a unique eigenvalue v, or has two
distinct eigenvalues 'y and p of multiplicity 1 and n — 1, respectively. Moreover, both

p and u are constant on X,.

Remark 1.2. The previous proposition holds, in essence, for the Yamabe solitons (cf.
[10, 44]).

The following theorems are important for the classification and characterization
of solitons, and they will be crucial in the proof of some main results of this dissertation.
The proof of these theorems follows, in part, from the previous proposition.

It is important to note that the compact, steady case, is trivial. We can see this in

the following proposition (cf. [7, 42, 45]).
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Proposition 1.10. On a compact manifold M", a gradient steady Ricci soliton is neces-

sarily a Ricci-flat Einstein metric.

Also, the compact gradient Yamabe solitons are characterized by the next theo-

rem.

Theorem 1.3. [43, Theorem 1] Let (M",g) be an n-dimensional compact Yamabe
gradient soliton with n > 3. Then, (M, g) is a manifold of constant scalar curvature,

i.e., have a Yamabe metric.

We have the following results for the non-compact solitons; we need them to

prove our main theorems.

Theorem 1.4. [11, Theorem 1.1] Let (M", g, f), n > 5, be a complete non-compact
gradient steady Ricci soliton with vanishing D-tensor. Then, (M", g, f) is either Ricci-flat
with a constant potential function, or a quotient of the product steady soliton N"~! x R,

where N1 is Ricci-flat, or isometric to the Bryant solitons (up to scaling).

The above result also holds, in part, for n = 4 and n = 3. Let us announce these

results below.

Theorem 1.5. [8, Theorem 1.4] Let (M4, g, f) be a complete gradient steady Ricci soliton
with D; i = 0. Then, (M*, g, f) is either Ricci-flat or isometric to the Bryant soliton.

Theorem 1.6. [7, Theorem 1.2] Let (M3, g, f) be a complete non-compact gradient
steady Ricci soliton with Djj, = 0. Then, (M3, g, [) is either flat or isometric to the Bryant

soliton

In chapter 4 of this work, we will use the classification result for the shrinking

Ricci solitons based on the vanishing of the D-tensor.

Theorem 1.7. [8, Corollary 5.1] Let (M", g, f), n > 4, be a complete gradient shrinking
Ricci soliton with D;j; = 0. Then,

» (M*, g, f) is either Einstein, or a finite quotient of R* or S* x R;

o (M", g, f), n>5, is either Einstein, or is a finite quotient of the Gaussian shrinking

soliton R", or is a finite quotient of N*~' x R, where N"~! is Einstein.

We must remember that the authors [27, 57, 59] showed that any complete 3-
dimensional gradient shrinking Ricci soliton is a finite quotient of either the round sphere
S3, or of the Gaussian shrinking soliton R?, or of the round cylinder S x R.

Another classification theorem through the D-tensor can be found for non-

compact gradient expanding Ricci soliton as follows.
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Proposition 1.11. [11, Proposition 3.3] Let (M",g, f), n > 5, be a complete non-compact
gradient expanding Ricci soliton with vanishing D-tensor. Then, (M", g, f) is either

1. Einstein (of negative scalar curvature) with a constant potential function; or

2. a quotient of some warped product expanding Ricci soliton of the form
(R,dr?) xo (N"1,3),

where (N"~1,8) is an Einstein manifold.

1.6 Asymptotic behavior of solitons

Brendle [1] uses the D-tensor to classify gradient steady Ricci solitons. To show
D = 0, Brendle used an exhaustion function to build his asymptotic hypothesis. This
technique was of great help in Brendle’s work, and we will use part of this idea in the
main chapters of this work.

For now, we will show the definition of exhaustion and a result that helped us to

pose the theorems of Chapters 3 and 4.

Definition 1.12. [47] Let Q C M be any domain of a Riemannian manifold M. A
function ¢ : Q — R is called an exhaustion function for Q if, for any c € R, the set
Q. ={x € Q:0(x) <c} is relatively compact in Q.

Definition 1.13. [47] Let U C M be open (bounded or unbounded). An exhaustion of U
is a sequence of compacts Q; C U such that U = UQ; (Q; C intQ;41), for every i € N.

We will present some examples of exhaustion functions for a gradient Ricci
Solitons: Proposition 1.8, Proposition 1.9, and Proposition 1.11. Also, in the Yamabes
Soliton, it is natural to find exhaustions [63, Theorem 4.1 and Lemma 3.3], and [64,
Theorem 1.6].

The characterization of Ricci solitons is very relevant for geometry. Some of the
most relevant characteristics are the asymptotic behavior of curvature, potential function,
and volume growth rates.

Thus, we will first present some estimates for the potential function in the
different Ricci solitons [7, 12, 27], and then present some curvature and volume estimates
[12, 21].

Besides being an inspiration, the following results were crucial in demonstrating

the results.
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We start from the steady case. The following result came from Theorem 3.2 and
Corollary 3.4 in [22].

Theorem 1.8. [22] Let (M",g,f) be a complete non-compact gradient steady Ricci
soliton. Assume the scalar curvature R goes to zero at infinity (at least linearly) and f

is proper (which is true if Ric > 0). Then,

r—cln(r+1)—c < —f(x) <r+c,
where r(x) = d(xo,x) is the distance function from xo € M, and ¢ > 0 is a constant. In
particular, M has at most polynomial growth.

In [12], Cao and Zhou proved the following theorem,

Theorem 1.9. [12, Theorem 1.1] Let (M",g,f) be a complete non-compact gradient

shrinking Ricci soliton. Then, the potential function f satisfies the estimates

1

() =) < f(0) < 2(r(x) +2)*.

=

Here, c| and c; are positive constants depending only on n and the geometry of g;j on the
unit ball By, (1).

Consequently, we have the following volume growth for geodesic balls.

Theorem 1.10. /12, Theorem 1.2] Let (M", g f) be a complete non-compact gradient

shrinking Ricci soliton. Then there exists some positive constant C1 > 0 such that
By (r)| < Cir"

for r > 0 sufficiently large.

The following estimation was largely inspired by the construction of the main

result (Theorem 4.3) of chapter 4.

Theorem 1.11. [11] Let (M", g, f) be a complete non-compact gradient expanding Ricci
soliton with nonnegative Ricci curvature (or pinched Ricci curvature). Then, the potential
function f satisfies the estimates

(r(x) +2v/=f(x0))*.

(r(x) —c1)* —e2 < —f(x) <

B

1
4
Here, ci > 0 and ¢y > 0 are constants.

Remark 1.3. In Theorem 1.11, we can replace the assumption of nonnegative Ricci
curvature Ric > 0 by Ric < —(% — ¢€)g for any small € > 0. Of course, the normalizing
of f and the coefficients has to be adjusted accordingly.
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We invoke Corollary 4.7 in [21] to infer that the geodesic ball has Euclidean

growth for some expanders.

Theorem 1.12. [2], Corollary 4.7] In particular, any 3-dimensional complete non-
compact gradient Ricci expander such that R goes to zero at infinity (f is automatically

proper in this case) has Euclidean volume growth, i.e.,
By (n)] < CP,

where C is a positive constant, and xy € M.

In the study of Ricci solitons, it is natural to consider the qualitative or quanti-
tative properties of a general soliton. For example, Chan and Zhang [21] studied volume
estimates for three types of solitons, Cao and Zhou [12] derive optimal growth estimates
on the potential functions, and Ferndndez and Garcia [38] obtained sufficient and neces-
sary conditions for a gradient Ricci soliton be Einstein expressed in terms of upper and
lower bounds on the behavior of the Ricci tensor and the potential function.

We now present some results that are of great importance for this dissertation.
Remember that there are two generic types of scalar curvature decay for steady Ricci
solitons, i.e., the linear decay R < Cr—! and the exponential decay R < Ce™". The
following results prove, in this sense, estimates of curvature decay. The next results about
decay on curvature shows to the reader that an asymptotic curvature decay as a hypothesis

to classify Ricci solitons is natural to assumption and often used.

Corollary 1.1. [19, Corollary 1] Let (M", g, f) be an n-dimensional complete non-Ricci
flat gradient steady Ricci soliton with Ric > 0. Suppose that lim,_,. rR < % Then there

exists a constant C > 0 such that
R<Ce™" on M

The following theorem is a result for steady gradient Ricci soliton of dimension
4 and has its basis in the conjecture made by [52], which generalizes the dichotomy of the

exponential or linear growth of the gradient steady Ricci soliton.

Theorem 1.13. [22, Teorema 1.3] Let (M4, g, f) be a 4-dimensional, complete, non-Ricci
flat steady gradient Ricci soliton with proper potential function lim,_,. f = —oo and linear
scalar curvature decay, i.e. R < E(r—f— 1)_1, where C is a positive constant. Then there

exists a positive constant C such that either one of the following estimates holds near
infinity

clrl< |Rm| < crl;

Cle "< |[Rm| < Ce™ ",
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where r is the distance function.
An important result of curvature decay in expanding Ricci soliton is:

Theorem 1.14. [27, Theorem 9.56] If (M",g) is a gradient expanding Ricci soliton on a
non-compact manifold with pinched Ricci curvature in the sense that R;; > €Rg; ; for some

€ > 0, where R > 0, then the scalar curvature R has exponential decay.

In [52], the authors found that the curvature of a gradient steady Ricci soliton
must decay exponentially if it decays faster than linear and the potential function is

bounded above. Thus, they obtained the following result.

Theorem 1.15. [52, Theorem 1.11] Let (M",g, f) be a complete gradient steady Ricci

soliton with potential f bounded above by a constant. If its Riemann curvature satisfies
[Rm|(x)r(x) = o(1)
as x — oo, then
[Rm| (x) < e(1+r(x))3 e,

We have for the gradient steady Ricci soliton an estimate for the volume of

geodesic balls without any additional assumption.

Theorem 1.16. [2], Theorem 3.1] Suppose that (M",g, f) is a complete non-compact
gradient steady Ricci soliton. Then, for all p € M, there exist positive constants a and ¢
such that for all large r > 1, it holds that

¢ <|Bi(p)| < ce™V.

An interesting result that should be mentioned is the following one.

Corollary 1.2. [21, Corollary 3.4] Let (M",g, f), n > 4, be a complete non-compact non-
Ricci-flat gradient steady Ricci soliton normalized. If the scalar curvature R of M decays

at least linearly and f is proper, then has at most polynomial volume growth.
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Four dimensional gradient Yamabe solitons

2.1 Preliminary Results

Before presenting the main results, we shall present some theorems and lemmas
which will be helpful for the establishment of the desired results. This chapter is based on
[49].

Lemma 2.1. [44, Lemma 2.1] Let (M", g, [) be a gradient Yamabe soliton. Then,

1. n(R—L\) =Af;
2. VIVF? =2(R-MVT;
3. VR+ lRic(Vf):O.

n—

The following result can be deduced from the previous lemma.

Proposition 2.1. Let (M", g, [) be a gradient Yamabe soliton. Then,

1
AR+—2(n_1)<VR,Vf>+n_1

(R—M)R=0.

Proof: Taking the divergence of Lemma 2.1-(3) we get

AR + 11div(Ric(Vf)) = 0.

n—

Changing T = Ric, Z=Vf and ¢ =1 in Lemma 1.1 and using the contracted second

Bianchi identity (Proposition 1.5) we obtain

AR + [(div(Ric), Vf) + (Ric, V*f)] = 0;

1
(n—1)

1 1
2(n_1)<VR, Vf)+—(R-MR = 0. @2-1)

n—1
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Remember that, for a Riemannian manifold (M", g), n > 3, the Weyl tensor W
is defined by the following decomposition formula

1
Rijui = Wiju+ > (gjiRik + gikRj1 — g jkRit — gitR i)

R
RCENTE) (818 — 88 jx)

where R; j;; and R;; stand for the Riemannian and Ricci curvatures for the metric tensor g,
respectively.
We obtain from (1-7) the following key lemma (cf. [1, 62]).

Lemma 2.2. Let (M", g, f) be a gradient Yamabe soliton. Then,

R2
(1=2/(n = 4)DF + 2~ D |VR] = 2n— 4V (Imcf T 1>>
n J—
+8div (n(n—1)RVR +R*Vf) .
Proof. We start by calculating the norm of the D-tensor (1-7), from Definition 1.1 we get

(n—2)*D)> = 2|Rjkvif|2_ZRjkVifRiijf+2(”_1)|VR+’:;1V]£’2
+4(RjVif —RiV;)(V,;R+ nR%lVf)gikQ

(n—2)’|D* = 2|Ric|2]Vf]2—2<Ric(Vf),Ric(Vf)>+2(n—1)|VR+nR%1Vf]2
+4(Ric(Vf)—RVf, VR + n%v 1.

Then, by using Lemma 2.1-(3) we have

R

(n—2)%ID]*> = 2[Ric)|Vf]*—2(n—1)?|VR|* —2(n—1)|VR+ —1ny2
n_

2

R
(n—1)

= 2|VfJ? <\Ric[2— >—2n(n—1)yVR|2—4R<VR, Vf).

Hence, from (2-1) we obtain

2

R
(n—1)
+8R*(R— L) +8(n—1)RAR. (2-2)

(n—2)%D]* = 2\Vf\2<\Ric\2— )—2n(n—1)WR\2

On the other hand, from Lemma 2.1-(1) and (2-1), we deduce the following divergence
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formula:

div (811 EZ:}L;RVR—F %sz) = 8R*(R— 1) +8(n— 1)RAR +8n EZ:B IVR].

Finally, combining the last two equations, the result follows. L

2.2 Main Results

We will now present the main results of this chapter. The goal is to prove that
under certain pinched and asymptotic conditions, the Yamabe soliton metric becomes
rigid, i.e., a Yamabe metric (a metric with constant scalar curvature). We will also show

that the D-tensor is identically zero under those conditions (cf. Proposition 1.9).

Theorem 2.1. Let (M", g, f), n > 5, be an n-dimensional gradient Yamabe soliton such

that
R2
Ric|> < (2-3)
n R
Assume that there exists an exhaustion of M" by bounded domains €y such that
. R
lim R(VR+——=Vf. v) =0, (2-4)

(—+0.J3Q, nn—1)

where V is the normal vector field. Then, (M", g) must have constant scalar curvature,
i.e., R = \. Moreover, the D-tensor (1-6) vanishes identically, and the equality holds in
(2-3).

Proof. Let Q be a bounded domain on M with smooth boundary dQ. Using the divergence
theorem, we get

- . R2 7
/g[(nf 2)*(n—4)|D]*+2(n— 1)n*|VRP"] = 2(n—4) /Q _|Vf|2 ('R’C|2 = 1))_

+8 /Q div (n(n—1)RVR + R2V f)

= 2= [ 1ot (1w - )

—|—8/aQ<n(n— 1)RVR+R*VF, V),

where v is the normal vector field.

Consider an exhaustion of M by bounded domains £, such that

lim n(n—1)R(VR+

\% =0.
(=00 /30, nn—1) fov)
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Therefore,

L[[(n—z)z(n—4)\012+2(n—1)n2WR2] = 2(n—4)/gé {nyz (\Ricz— (nR_Zl)ﬂ

+ / 8(n(n— 1)RVR+R?Vf, V).  (2-5)
BQ[

Then, making ¢ — oo we have

/M[(n—z)z(n—zt)\DFJrz(n—1)n2\VR\2} + 2(n—4)/M[\Vf\2(<nIi21)—]Ric]2>] -

= 8lim [ (n(n—1)RVR+R*VFf,V)
=0 JoQ,
= 0.

Finally, the D-tensor (for n > 5) and |VR| are identically zero. Also, observe that
there is no open subset Q of M" where {V f = 0} is dense. If f is constant in €, since M"
is complete, we have that f is analytic, which implies f is constant everywhere. Therefore,

2 .
(nR—l) = |Ric|?. O

The choice of dimension in Lemma 2.2 leads us to different consequences. Let

us see an interesting rigidity result concerning the steady Yamabe solitons with dimension

n=>3.

Theorem 2.2. Let (M3, g, f) be a complete three-dimensional gradient steady Yamabe

soliton such that

RZ
Ric|? > —.
|Ric|” > 3

Assume that there exists an exhaustion of M> by bounded domains € such that

R
lim R(VR+ -V f,v)=0,
l—+o0 /90y, < 6 £

3

where V is the normal vector field. Then, (M, g) must be isometric to the standard three-

dimensional Euclidean space.

Important estimates of the curvature in the Yamabe Solitons were recently
discovered. In [51] with a natural asymptotic condition (i.e., limy_,. R(x) < 0), the authors
proved that the sectional curvature is nonnegative. Also, in [63] under an asymptotic

condition, it was demonstrated that the scalar curvature R is constant.
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Proof of Theorem 2.2. Following the proof of Teorema 2.1, we have

[ opasivap) = -2 [ (v (g 5]

+ 8/ (6RVR+R*V £, V).
0Q,

Making ¢ — oo and taking into account that n = 3 (W = 0) we have D = 0, then we
conclude that |VR] is identically zero.
If {Vf =0} is not dense and M is complete we obtains that

R?
Ricl?> = —.

Hence, the steady soliton is Ricci-flat if R = 0. Consequently, from (2-2), (M3, g, f) with
A = 0 must be isometric to R? with standard metric.
]

Considering the asymptotic condition (2-4) we prove that any four-dimensional
gradient Yamabe soliton is a Riemannian manifold with constant scalar curvature, i.e., a
Yamabe metric. In this result, no additional condition on the curvature is necessary and

no restriction for A is required.

Theorem 2.3. Let (M*, g, f) be a four dimensional gradient Yamabe soliton. Moreover,

assume that there exists an exhaustion of M* by bounded domains Q, such that

R
li RIVR+ V£ v) = 0.
e Jag, (VR+ 5V v)

Then, (M*, g, f) has constant scalar curvature, i.e., R = \.

Proof. Following the proof of Theorem 2.1 in (2-5) we take n = 4 to obtain
/ 96|VR]2] — 8/ (12RVR+ RV £, V).
o)} aQy
Then, making ¢ — oo we have

/[96|VR|2]:81im (12RVR + RV £, V) = 0.
M

L= /30,

Finally, |VR| are identically zero

]

Remark 2.1. We can also conclude from the proof of Theorem 2.1, n > 5, that the D-
tensor (1-6) vanishes identically. This fact has a great impact on the structure of gradient

Yamabe solitons (Proposition 1.9, see also [44, Proposition 2.4]).
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A comparison theorem for steady Ricci solitons

3.1 Preliminary Results

Similarly, as in the previous Chapter, we will give some preliminary results
before presenting our main results and following the same structure argumentation as
in Chapter 2.

First, we review some basic facts and present key results that will be useful in
proving our main result. To that end, in this section, we consider f := — f. Thus, from
Proposition 1.6-(2), (3) with p = 0 we have

VR = —2Ric(Vf). (3-1)
And,
R+|Vf*=Co (3-2)

at each any point on M, where Cj is a positive constant. Up to a normalization of f, we
may assume that Cy = 1. We remember that a complete gradient steady Ricci soliton has
nonnegative scalar curvature (see [6, Lemma 2.2]), i.e., R > 0. Therefore, we conclude

that a steady (normalized) gradient Ricci soliton must satisfy
0<R<I.
As a consequence, we have the following key lemma (see [1, Proposition 4]).

Lemma 3.1. Let (M”, g, f) be a gradient steady Ricci soliton. Then we have:

IVR+2RVf]>  (1-R) (1-R) 1
‘D|2+2(n—1)(n—2)2 - _(n—2)2AR_(n—2)2<VR’Vf>_2(n—2)2

IVR|?.

Where D is the tensor defined in Section 1.5
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Proof. Let us write the norm of D only depending on the function f and the scalar cur-
vature R. We begin the computation using (1-6) and Hilbert-Schmidt’s norm, Definition

1.1. Therefore, we start with the following equality

2 ) 2
ID|* = (n_2)2|RlC\2Wf’2—mRiijijkVif

1 2
ST ap VR 2RV

2
+ (n_1)(n_2)2(Rikvjf_Rjkvif)(ViR-l-ZRV,'f)gjk.

Then, by using Definition 1.10, (3-1) and (3-2) we get

2 2
D> = Ricl?|Vf|? —
D| (n—2)2‘ ic|*|Vf]| (n—2)

2
+ 2(n_l)(n_z)z\VRjtzRVﬂ

ViVifVifViVifVif

1
=Dz VR +2RVS)(ViR+2RVf)

2 )
= mmldzwﬂz—

! 2 2 2
— 2(n_1)(n_2)2(yvm +4R(VR, Vf) +4R*|V f]?). (3-3)

2
2(n—2)2 VA

On the other hand, calculating V|V f|? and using Definition 1.10 we get

ViV = Vi(Vif,Vif)
= 2(V,Vif,Vif)
= 2(Hessf,Vif)
= 2Rij(Vif).

Thus, we obtain the following property
2Ric(Vf) = V|Vf]*.

Taking the divergence, Lemma 1.1, the above identity and Definition 1.10, we
obtain

2|Ric|> + (VR, Vf) = A|Vf],
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we can check the above identity in Proposition 1.6 -(5). Thus, from (3-2) we have
2|Ric|* = —(VR, Vf) — AR.

Therefore, by combining this identities with (3-3) we obtain

VR +2RV f|? —1 ) IV£|? 1 )
D|? = VfI*AR — VR,Vf) - ———|VRJ%.
o D22 ~ o AR VR VA — 5 5 VR
The result follows by using one more time (3-2) in the above equation. [

Remark 3.1. We need to point out that Proposition 4 in [ 1] follows from the above lemma

considering n = 3. In fact, we can rewrite Lemma 3.1 in the following form

P = —(1-R)AR (VR Vf) n|VR|?
- (n—2)2 (n—2)2  2(n—1)(n—2)2
(n—=3)R(VR,Vf)  2R*(1—R)
(n—1)(n—2)32 (n—1)(n—2)%

The above equation was used in [1], for n = 3.

In what follows, we provide a new divergence formula for the gradient steady

Ricci solitons. Now, consider smooth functions ¢, y : R — R such that
Y = 0(R)VR+W(R)Vf

onM.

Lemma 3.2. Let (M", g, f) be a gradient steady Ricci soliton. Then,

VR
v1—R

Proof. From Proposition 1.6-(4) with p =0, we have Af = R. So,

IVR + 2RV f|?
2(n—1)

(1—R)3/2div( —2\/1—RVf) = —(n—2)%D]* - —2R(1—R)%.
div(Y) = 0AR+¢'|VR|> +/ (VR, V) + WAf = 0AR + ¢/|[VR|> + /' (VR, V) + Ry.

Thus,

2(1=R)div(Y) = 2(1—R)OAR+2(1—R)¢'|VR}?
+2(1 = R)W(VR,Vf)+2(1 —R)Ry.
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Combining this with the previous lemma, we get

2on-27ipP+ L EZEIE o1~ pyar— 2901 R)(VR V1) ~oIVRP
= —2(1=R)div(Y)+2(1 —R)¢'|VR]> +2(1 — R)W (VR, Vf)
+2(1=R)Ry —2(1 —R)O(VR, Vf) — ¢|VR|*.
Hence,
2
2¢(n—2)2|D|2+W = —2(1—R)div(Y)+2(1—R)Ry
+ [2(1=R)¢' —0J|VRI* +2(1 = R)[W — 9](VR, V f).
Consider,
k
¢_m and y=-2kv1—R,

where k is a nonnull constant. Therefore,

0|VR+ 2RV f|?
(n—1)

20(n—2)|D> + +4k(1—R)*?R = —2(1 —R)div(Y).

3.2 Main Results

We will now present our main results. Our first goal in this chapter is to obtain
rigidity results for gradient steady Ricci solitons through the divergence equation (Lemma
3.2). We established the following theorem.

Theorem 3.1. Let (M", g, f) be a complete non-compact gradient steady Ricci soliton

satisfying
OR|Vf| < |VR|, (3-4)
where ¢ = ()T, 3(;':21 )(7n—13) . Suppose that there exists an exhaustion of M"* by bounded
domains Qy such that
lim IVR+RVf|=0. (3-5)
L—+00 J9Qy,

Then (M", g, f) is either Ricci flat with a constant potential function, or a quotient of
the product steady soliton N"~! x R, where N"~! is Ricci flat, or isometric to the Bryant
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soliton (up to scalings).

Remark 3.2. We point out that no sectional curvature bound is assumed. This is important
because, in dimension 4, the sectional curvature of shrinking and steady Ricci solitons
may change sign. Moreover, equality in (3-4) holds for the cigar soliton withc =1 (n=2),
and (3-5) is trivially satisfied. In that sense, our theorem is a comparison result with the

geometry of the cigar soliton.
Proof of Theorem 3.1. From Lemma 3.2 we can infer that

VR +2RVf|?

(1 =Ry 2div(V) = ~(n =2 |Df = ===

—2R(1—R)?,

where Y = \/% —2+1—RVf.
Let Q be a bounded domain on M with smooth boundary. Using the divergence

theorem, we get

/BQ<(1 —R)VR—-2(1 —R)ZVf, V) = /g)m{R<1}div ((1 —R)3/2Y>

= / (1—R)3/2div(Y)—§/ VI—R(Y, VR)
Qn{Rr<1} 2 Jan{r<1}

_ 2imi2 . |[VR+2RVf|? 2
— _/m{R<1} [(n—Z) D+ 5 T +2R<1—R)]

_ 3 V1—=R(Y,VR)
2 Jon{r<1}
VR +2RVf|? ]
= — Coppp g YRRV op Ry
foy [ =220 FE 2 o -y
3 (VR—2(1—=R)Vf, VR)
2 Jan{r<1}

_ oypy [VRE2RVSP R
_ /m{m} {(n 2PIDP + 5 T 2R( - R)
3

u— 2_ J—
5 s IVRP =201 =R)(V 7. VR)

_ _9)2pP M]
- /m{R<1} {(n 27IDF 2(n—1)

— / [§|VR]2+6(1 —R)Ric(Vf,Vf)+2R(1 —R)%, (3-6)
Qn{r<1} 2

where Vv is the normal vector field of M. We used in the above equation the identity

—2Ric(Vf) = VR. (3-7)
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Furthermore, using R = Af we get
div((1 —=R)*Vf) —4(1 —=R)Ric(Vf, Vf) = R(1—R)>.
Thus, from the above equations we have
[0 =RVR=21-RPVf ) = = [ [n=2PDP]

/ VR +2RVf|?
Qn{Rr<1}

3 2
1) T2VR
—2(1 =R)Ric(Vf, Vf)+2div((1 —R)*Vf)

bl

and so
- - - oo+ VARSI
/39<(1 RIVRY) = /Qﬂ{R<1} [(n 27 IDF 2(n—1)
3
_/m{R<1}[§|VR|2 —2(1=R)Ric(Vf,Vf)].  (3-8)

Moreover, a straightforward computation yields to

[IVR+RVf]?
/BQ<(1—R)VR,V> < —/m{m} {(n—Z)Z\D|2+ S ]

3 DVRP+- RﬂVfP]
2 Jon{r<1}

1
(n—1)
b / R(VR,Vf)+ 2(1=R)Ric(Vf, V)
(n—1) Jon{r<1} ’ QN{R<1} e
- 2 n|VR+RVf]2]
/Qm{R<1} [(n 1P 2(n—1)

—4)

- vRP 4 JA S\
/Qm{R<1}| | +2(11—1) QN{R<1} v/l
n—2

R(VR,V

+(n—1)/gm{R<1} (VR V/)

+ /Q oy 2V RIRIE(VS V),

IN
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On the other hand,

. - o4 IVRHRVST
/89(1 R)(VR+RVf,v) < /m{R<1} {(n 2P+ =55 ]

—4)
B VR + (n / RV £
/Qﬂ{R<1}’ | 2(n—1) Jan{r<1} v
n—2
+ R(VR,V
(n—l)/gm{R<1} < 7

a /Qm{R<1}(1 ~RIVR. VI + /agz(l ~RIRVEV).

We also have the following identity:

/89(1 _RR(VS,V) = /m{kl}div(u _R)RV/)
:/ [(1—R)RAf + (1 —R)(VR, Vf) —R(VR, V[)]
QN{R<1}
= [ [RIVP+ (1= R)(VR.VF) ~RVR V)]
QN{R<1}

Therefore,

_ _ i HVRERYSE
/ag(l R)(VR+RVf,v) < /QO{R<1} [(” 2)°|DI" + 2(n—1) ]

3(n—2)
- VR|? / R2|Vf|?
/Qm{R<1}| | +2(n—1) QN{R<1} v/l

1 :
T /Q m{R<1}2RRZC(V £,V5) (3-9)

- _/Qm{R<1} [(n—2)2|D|2]
(3n—2) (n—3)
+/m{1e<1} {_2(11— 1) IVRE + (n— 1)R2|Vf|2]

(n+1) _
=1 /gm{R<1}2RRlC(Vf’ V).

Considering (3-7) we can infer that

2Ric(Vf, V) = (2Ric(Vf),Vf)
| = VR||V /]|

IVR[|[V].

IN A
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Thus,

/aQ(l—R)<VR+RVf, /m{R<1} 2)%D|?]

/ﬂ{R<1}
L=
NCE

(n+ DRV

—2) vpp
IVR]? + 1)

—1)

[VR|

;szz

Now, from hypothesis

(n+1)++/(n—1)(7n—13)
3n—2

R|Vf| <|VR|.

Therefore,

(3n—2)
2(n—1)

Consequently,

(n+ DRV/|

1y VR (n=3) 21y 412 <0

VR|?
IVR|” + (n=1)

/Qm{R<1} [(n—2)*D] < _/895(1 —R)(VR+RVF, V).

Now, consider an exhaustion of M by bounded domains €2, such that

lim [ |VR+RVf|=

L—o0 JOQY,

Then, making ¢ — oo, we have

22l < 1 B
/{R<1}[(” 2)°IDF] < = lim o, IR VR+RV,V)

< |1im /aQ (1—R)(VR+RV,V)

f—ro0

<lim [ (1—-R)|(VR+RVf,V)| < lim/ [IVR+RVf| =
l—e0JOQ, l—e0JOQ,

Since M is complete, from (3-2) we can infer that {R < 1} is dense. Otherwise, it would

exist Q C {R < 1} such that R‘Q =1, and so |Vf|*|p = 0, thus f will be a constant

function. Therefore, the D-tensor is identically zero on M.

To finish the proof, we need to invoke Theorem 1.4, Theorem 1.5, and Theorem
1.6. ]

Remark 3.3. Let {E|, Ey, -+, E,} be a local orthonormal frame consisting of eigenvec-
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tors of the Ricci tensor. Then, if the sectional curvature is non-negative, we obtain

1 1
SR—Ri = 5(2&7—&7)

i7i
1
= 52 (Rjj—Rjuj)
i
1
= 5 Z Rijjxk < 0.
jiF ]

Thus, 0 < %Rgij —R,'j and lfO < Rij we get 0< (%Rgij _Rij>Rij = %RZ — |RiC|2.
Therefore,
IVR|?> < 2R*|Vf|?.

1+7

This shows us that (3-4) can be interpreted as a lower bound for |VR|. In fact, 6 < 3
see also [31, Lemma 2.3].

One conjecture concerning the curvature decay of a gradient steady Ricci soliton

is

Conjecture 3.1 ([22]). If (M,g,f) is a complete non-Ricci flat gradient steady Ricci
soliton with |Rm| — 0, then either one of the following estimates holds outside a compact
set of M

clrl< |Rm| < crl;

Cle < |[Rm| < Ce™ ",

where C is a positive constant and r is the distance function.

In this sense, Chan and Zhu in Theorem 1.13 proved that in a gradient steady
Ricci soliton (M4, g, f) with limy_,. f = —co and linear scalar curvature decay, these
estimates hold.

In citechan2019 (see Corollary 1.1), the author proved the scalar curvature
of a steady Ricci soliton with nonnegative Ricci curvature decays exponentially if an
asymptotic condition holds.

In Theorem 1.14, Chow, Lu, and Ni proved that the scalar curvature of complete
and non-compact gradient steady Ricci soliton with positively pinched Ricci curvature
has exponential decay. In that sense, condition (3-5) can be replaced by an exponential

decay for the scalar curvature (cf. Corollary 3.1), i.e.,
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where r stands for the geodesic distance from a fixed point. Here, “0”” means that exist a
positive constant A such that |R| < Ae™", for r > ry.

In Theorem 1.15, the authors proved that the sectional curvature Rm of a gradient
steady Ricci soliton (non-flat) with potential function f bounded from above by a constant

and such that |Rm|r = o(1), at infinity, decays like
IRm| < c(14r)3 D (3-10)

where c is a positive constant and r stands for the geodesic distance. It is known that the
assumption over f holds true when Ric > 0. The exponential decay rate in the theorem is
sharp as seen from M = N x X; where X is the cigar soliton and N is a compact Ricci flat
manifold.

The control of the curvature is an important issue in the analysis of a Ricci
soliton. Several results prove that the scalar curvature controls the sectional curvature,
see [9, 19]. Here is important to emphasize that four-dimensional Ricci solitons must
satisfy the following condition:

|Rm| <A (% + |Ric|) )
where A is an universal positive constant (see also [9, 53]). Please, see also [19, Proposi-
tion 2].

Therefore, inspired by the above curvature properties of four-dimensional steady

Ricci solitons we will prove that if the Ricci curvature is controlled, we get the Bryant

soliton. Moreover, we will not assume that the steady Ricci soliton is K-noncollapsed.

Theorem 3.2. Let (M", g, f) be a complete non-compact gradient steady Ricci soliton

with positive Ricci curvature and

1 [3|VR}?
yRic|§Z{| | 2R2]

2V
Suppose that

limR=0 and lim |Rm|r=o(1).
r—>00 r—

Then (M", g, f) is isometric to the Bryant soliton (up to scalings).
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Proof. From (3-6) we get

/89(1—R)<VR—2(1—R)Vf,v>:—/

QN{R<1}

- / [§|VR|2+6(1—R)Ric(Vf, Vf)+2R(1—-R)3.
QN{R<1}

2
{(n 2 pp s IVR + 2RV | ]

2(n—1)
2

Hence, by rearranging the equation, we get

2
[(n_2)2’D|2 N IVR+2RVf]| ]

/aQ(l—R)(VR+2RVf,v):—/ )

QN{R<1}

3 .
- /m{R<l}[§|VR|2+6<1—R)Rw(Vf,Vf)+2R(1—R>2]+2/BQ(1—R)<Vf,v>.

Thus, we use that div[2(1 —R)V f] = —2(VR, V) +2(1 — R)R to obtain

VR+2RVf]2}
1 —R)(VR+2RV =— —2)?|DJ? |VR+2RV 1|7
[ - RIVR+2RVS ) /M{M[(n piop+ o EEE
—/ 2 VR +2(1 = 3R)Ric(Vf, VF) — 2R2(1 — R)).
Qn{R<1} 2
Now, since Ric > 0 and —R > —1 we can infer that
VR +2RVf|?
- 1—R)(VR+2RV, >/ —2)2|D|? |—]
[0 RVR 2RV, V) > m{kl}{(n piop+ P

/ 2 \VRP — 4Ric(V f,V ) — 2R2(1 — R)].
QN{rR<1} 2

From Kato’s inequality (Proposition 1.1) , for the steady solitons we have

) 2 .12 2 > |VR]?
= |V2f? > |VIVF|? = |[VVI—R]? = :
Ric|”=|Vf|" > |VIVf]|"=|[VV1—R| VI
Therefore,
2Ric(Vf,Vf) = —(VR,Vf) < |VR||Vf| < 2|Ric||Vf]*. (3-11)
So,
IVR+2RVf?
— [ (1=R)(VR+2RVf,v >/ n—2)?2|pp 4 Lo TRV
R sz [ T 2piop PR

3
/ 2 |VR|? — 4[Ric||V f|? — 2RV £]7].
Qn{r<1} 2
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From the hypothesis, we get

/ [(n—=2)*D]*] < —1lim [ (1—R)(VR+2RVf,V)
{R<1} {—0 JOQ,

lim/a (1—R)(VR+2RVf,V)
Qy

{—o0

< lim [ (1=R)|(VR+2RVf,V)|
l—0 /0y,

< lim [VR+2RVf].
Q

{—00 J9

By Corollary 1.2, we have that |B,(p)| < wr"~! where w is a constant, thus
particularly the bounded domains as geodesic balls, |9 < wr(£)"~!, where w is a
constant. Here, ¢ — oo implies that r — oo. For a nontrivial gradient steady soliton with
Ric >0 and lim, ., R = 0, we know that |Ric|> < R? (see [14] and [19, page 12]), and that

f 1s an exhaustion function for M (cf. Section 3 in [21]). Consider
Qry={xeM; f(x)<r}.
Thus, from (3-11) and using that [VR| < V2R, we have

2112 . ‘
/{R<1}[(n_2) DI} < Jim [(WR|+2R!VfDSélggo/aQé(\/iRJrzR)ny

{—o0 JOQ

< A(n) 1i_>m (2+V2)wr" Y Rm|.
Here, ¢ = A(n)(2+4 v/2)w and A(n) a constant depending on n. From (3-10) we get

/{R 1} [(n_2>2’D‘2} < A(l’l) ]im(2—|—\/E)W,ﬂfl(1+r)3(n+l)efr

r—veo

< clim(1+r)22ther =,

r—

Then, D = 0 and the proof follows like in Theorem 3.1. ]
Remark 3.4. It is easy to see from (3-3)

2
D> = —= _|Ric]*|Vf]>—

1
——|VR]?
1 2 2 2
IVR|“4+4R(VR, V) +4R*|V f|7).

2(n— 1)(n—2)2(
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that if we consider that

Ricf < 1 |VR|?
ic —
AV
then
D> + ! IVR+2RVf]> < 0
2(n—1)(n—2)2 -

Therefore, D = 0 and VR + 2RV f = 0. Moreover, it is well-known that if the
Ricci curvature is positive and its scalar curvature converges to zero at infinity, then the

potential function is an exhaustion function for the steady Ricci soliton.
According to Hamilton [40, 42], we have the following definition

Definition 3.1. A Riemannian manifold (M", g) is positively pinched Ricci curvature if

there is a uniform constant & > 0 such that
ORg < Ric.

where R is the scalar curvature and Ric is the Ricci curvature of metric g.

Steady Ricci solitons with pinched Ricci curvature have been studied in the past
years (cf. [32] and the references therein). In [56], Ni proved that any steady Ricci soliton
with pinched Ricci curvature and nonnegative sectional curvature must be flat. Then, Deng
and Zhu [30] proved that Ni’s result is true without the assumption over the sectional
curvature for steady Kdhler-Ricci solitons.

Deng and Zhu [30] proved that any (n > 2)-dimensional complete non-compact
steady Kihler-Ricci soliton (M", g, f) with positively pinched Ricci curvature should be
Ricci flat (provided that there is a point p so that Vf(p) = 0). The existence of such a
point p is called the equilibrium point condition. Under our approach, we shall show that

this condition is not necessary. To be precise, we have established the following results.

Corollary 3.1. Let (M”, g, [), n >3, be a complete non-compact gradient steady Kdihler-
Ricci soliton. If (M", g) has positively pinched Ricci curvature , then (M", g, f) is Ricci-

flat.

Proof. It is well-known that for Kidhler manifolds with nonnegative Ricci curvature the

following inequality holds:

2Ric(Vf,Vf) <RIVf%
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see Theorem 3.2 in [33]. So, from (3-9) we get

i 3 ~opipp 4 MR RV
/89(1 R)(VR+RVf,v) < /m{M} [(n 2)°IDI" + 20—1)

3n—4
— VR[> + / R%|Vf|>.
/Qm{R<1}| | 2(n—1) Jon{r<1} v/l

Assuming % 3n—4 Rg < Ric, from (3-7) we have

2(n—1)
3n—4 CVE VL -1 VR
— R <2R = VR,V — 3-12
V2= =g ) = e VR Y = ey (3-12)
Thus
_ _ 22 ”|VR+—RVf|2]
/aQa R)(VR+RVf,V) < /m{m} [(n T

VR|?
B
/Qﬂ{R<l}‘ | IV£|? Qm{R<1}| U

The result follows the same steps of Theorem 3.2. By Theorem 1.16 and
Corollary 1.2, we have that M has exponential growth, i.e., |B,(p)| < we™" where w, a
are constants, thus the bounded domains [0Q| < wedV” , where a and w stand for positive
constants. Moreover, it is well-known that if the Ricci curvature is positive and its scalar
curvature converges to zero at infinity, the potential function is an exhaustion function
for the steady Ricci soliton. We know that if Ric > 0 we have |VR| < 2R|V f|, thus from

Proposition 1.6-(3) with p = 0 and normalized Cp = 1 we can conclude that (3-5) satisfies

lim (IVR|+R|Vf]) <3w lim ¢™ e =0,
r=-+e J30(r) rr-teo

Here, we consider that the scalar curvature has an exponential decay at infinity, i.e.,
R=o(e™"), r— oo,
where r stands for the geodesic distance from a fixed point, see [27, Theorem 9.56].

Therefore, we obtain VR+ RV f = 0 and D = 0. Moreover,

3n—4
———R*|Vf]* =|VR]®.
2(n—1)

So, either n =2 or (M, g) is Ricci-flat and f a constant function. ]

Thus, Corollary 3.1 answers a question proposed by Chow, Lu and Ni in case of
steady Kéhler-Ricci solitons (cf. [27, 56]), and proves Corollary 1.5 in [30] without the
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hypothesis of equilibrium point condition. In fact, the above corollary still holds for any

gradient steady Ricci soliton (not necessarily Kihler).

Remark 3.5. We highlight that in the Kdhler case, Cao found two examples of complete
rotationally symmetric non-compact gradient steady Kdhler-Ricci solitons (see [7] and
the references therein). These examples are U(n) invariant and have positive sectional

curvature.



CHAPTER 4

Rigidity results fot shrinking and expanding
Ricci solitons

4.1 Preliminary Results

Before we start, we shall present some preliminaries that will be useful for
establishing the desired results. It is well-known that from Proposition 1.6, a gradient

Ricci soliton satisfies the equation
VR = 2Ric(Vf). (4-1)
Moreover,
R+|Vf]?—2pf=C.
Note that if we normalize f by adding the constant C to it, then we have
R+|Vf[* =\f, (4-2)

where A = 2p.
Now, recalling the covariant 3-tensor D, see (1-6), we have the following impor-

tant lemma.
Lemma 4.1. Let (M", g, f) be a gradient shrinking (or expanding) Ricci soliton. Then,

2RV f — VR|?

(n=2P 1P+ 55

= |VfI*(VR,Vf)— |Vf]?AR

1
+AR|Vf|? — 5|We|2.

Proof. Let us write the norm of D only depending on the function f and the scalar
curvature R. We begin the computation using (1-6) and Definition 1.1. We start with the
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following identity:

2 2
D = m|RiC|2|Vf|2—(n_—z)zRiijijkVif
1
+ 2<n_1)(n_2)2]2RVf—VR\2
2
= Dn—27

RiVif —RyV;if)2RVf — V;R)gik.

Then, by using equation (1-3), (4-1) and (4-2) we get

2 .
|D|2 = (n_2)2|RlC‘2|Vf|2—

2(n— 1)(n—2)2|

—2RiVif2R Vi

2RV f —VR|?

= 1)2 — (2RV;f —V;R)(2RV ;f —VR)

2 121w 12 1 2
= — IR Vf*—-——=|VR
1
— 2RV f —VR|*.
2(n—1)(n—2)2| / |

Now, we need to use the following identity (cf. Proposition 1.6-(5)):

2|Ric|* = (VR,Vf)+AR — AR.

Therefore, by combining these last two identities, we obtain

2, 2RVf—VR?  |Vf]? ik

o S D=2~ e VRV
2

}\’R|Vf| . 1 ’VR‘z.

(n—272 2(n-2)7
O

Our next lemma is a divergence formula inspired by the works of Brendle [1], and
Robinson [62]. Those divergence formulas were key in classifying steady Ricci solitons
and static vacuum spaces.

Now, consider a smooth function y : R — R such that
Y = VR+y(|[Vf)Vf

onM.
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Lemma 4.2. Let (M", g, f) be a gradient shrinking (or expanding) Ricci soliton. Then,

2RV f — VR|?
(n—1)
2

+2(xf—R)[R2—%(n+2f)R+%(n+2)f].

2(Mf —R)iv(Y) = —2(n—2)*D? - — |VRP

Proof. Remember that Af = pn— R and |V f|*> = Af — R. Hence,

div(Y) = AR+MY|Vf]?—(VR,Vf)+VAf
= AR+M|Vf]> —(VR,Vf)+ (pn—R)y.

Thus,

—2(Af —R)div(Y) = —2(Af —R)AR—A2(ALf —R)|Vf|?
F2(Af = R)W(VR,V[) =2(Af —R)(pn—R)y.

Combining the above equation with the previous lemma we get

2RV f — VR|?

2(n—2)%D|)* + o)

= —2(Af —R)AR+2(Af —R)(VR, V)

+2AR(Af —R) — |VR|?.

Hence,

|2RV f — VR|?
(n—1)

= —2(Af = R)div(Y) +20M(Af — RV f|* —2(Af — R)W(VR, V)
+2(Af —R)(pn—R)W+2(Af —R)(VR, Vf) + 2AR(Af —R) — |VR]*.

2(n—2)*|DJ” +

Consequently,

_ 2
2(n—2)*|D|* + % = —2(Af — R)div(Y) +2A(Af — R)W|V f|?

+2(Af —R)(pn— R)W+2AR(Af — R) — |[VR|> +2(Af —R)(1 —y)(VR, Vf).
Consider ¥ as an identity function, i.e.,

y=(Af—R).
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Therefore,

2RV f — VR|?
(n—1)
+2(Af —R)*(pn—R) + 2AR(Af —R) + 2A(\Lf — R) |V f>.

2(Mf —R)div(Y) = —2(n—2)%|D|*— — |VR)? (4-3)

By a straightforward computation, we get the result.

4.2 Main Results

Now, inspired by [38] and Catino [15] we will show that the triviality of compact
gradient shrinking Ricci solitons can be characterized by a gap in the potential function

(or on the scalar curvature).

Theorem 4.1. Let (M", g, f, p) be a compact gradient shrinking Ricci soliton such that

the potential function satisfies

n+2  8\> nd n+2 9§
f<x>§¢( o) ()

where 8 = miny (R) is a constant. Then, (M", g, f) is Einstein.

Proof. Now, from Lemma 4.2 we can infer that

2RV f — VR|?
(n—1)
2

+2(7»f—R)[R2—%(n+2f)R+%(n+2)f].

2(Mf —R)div(Y) = —2(n—2)*D|*— — |VR)?

On the other hand, from (4-2) we have R < 2pf = Af, and since M is compact

we can assume that R > 6 = miny(R). Therefore,

2 2
Rz_%(n+zf)1e+(n+2) %fg?»zf2+(n+2) %f—%(nJer)S.

Then, considering

O n+2 n+2  8\> nd o0 n+2 n+2  8\% nd
= _ _ AP S G _ i
w4 \/( 5 n) TR sIEn Ty +\/( 4 2x> o
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we can infer that

AR+ [(n+2)%2 —sx} f- ’%‘8 <0
Now, since Af — R > 0 we can conclude that
div(Y) <0.
Therefore, div(Y) = 0 and
0 = 2(n—2)*D*+ 2RV~ VRI* +|VR|?

(n—1)

2(0f — RYRF + (A~ R) (0 — R)] > 0.

Finally, we can conclude that (M, g, f) is Einstein. Ol

Remark 4.1. It is well-known there exists a non-Einstein compact shrinking Ricci soliton
on CP2#(—CP2). This example does not satisfy the hypothesis assumed in Theorem 4.1,
i.e., the maximum of f in CP2#(—CPP2) is bigger than the bound assumed for the potential

function in the above theorem.

In [53, Theorem 6.1], the authors proved an upper bound for the diameter of
a compact shrinking Ricci soliton. This bound depends only on the dimension and the
injectivity radius of the manifold. Moreover, in [38] they proved that a compact shrinking
Ricci soliton has a diameter bounded below by a constant depending of the geometry of
the manifold.

It is important to highlight that the scalar curvature R on a shrinking Ricci soliton

is nonnegative and (Theorem 1.9)

1

() =) < f@) < S (r(0) +e2)?, (4-4)

A

where r(x) = d(x, x) is the distance function from some fixed point xo € M, and ¢| and ¢;
are positive constants depending only on n and the geometry of g;; on the unit ball By, (1)
(cf. [12]).

For expanding Ricci solitons we have Theorem 1.11. On a complete non-
compact gradient expanding soliton with nonnegative Ricci curvature (or pinched Ricci

curvature) the potential function f satisfies the estimates

(r(x) +2v/~f(x0))*. (4-5)

1

LW —aP - - <

B
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Here, ¢; > 0 and ¢, > 0 are constants.
In what follows, we remember some examples of shrinking and expanding Ricci

solitons. More examples can be found in [20].

Example 4.1 (Einstein manifolds). The first and trivial examples of gradient Ricci
solitons are Einstein manifolds. By choosing f to be a constant function, they are endorsed

with a soliton structure.

Example 4.2 (Gaussian solitons). The flat metric on R" with the potential function

£ =8k

Example 4.3 (Cylinders).

2, where p is either positive or negative (i.e., either Shrinker or Expander).

o (Shrinker:) Consider M" = R" % x Sk, k > 2, (x,y) € R * x SK, the potential
function f(x,y) = @\x\z and p = (k—1). This soliton has positive constant

scalar curvature.

o (Expander:) Consider M" = R" % x H¥, (x,y) € R"* x H¥, the potential function
flx,y) = #Mz and p = —(k — 1). This soliton has negative constant scalar

curvature.

Now we prove a rigidity result for complete shrinking Ricci solitons assuming
the curvature (Ricci or scalar) is pinched and an asymptotic condition on the gradient of
the scalar curvature at infinity holds. Rigidity results for shrinking Ricci solitons assuming

pinched conditions was proved by Catino in [15, 16].

Theorem 4.2. Let (M", g, f, p) be a complete gradient shrinking Ricci soliton such that
VR =0(r™"7%); r—eo,

and one of the following conditions hold:

(I) Ric < R(%—p)3 .
(2p(1+f) —"=3R)

(1)

(n—1)
(3n—2)

(n—1) (n=3).\* 4Gn-2) ( R
(Gn—2) 'Vf'\/<2"“+f> aot) e (o)

Then, the D-tensor must be identically zero. Consequently,

—~

n—73)

VR < G 91 (20(040) - (= )R)

+
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(i) (M*, g) is either Einstein, or a finite quotient of R* or S* x R;
(ii) (M",g), n > 5, is either Einstein or is a finite quotient of the Gaussian shrinking

soliton or is a finite quotient of N"~! x R, where N"~! is Einstein.

Proof. Let Q be a bounded domain on M with a smooth boundary. Using that ¥ =
VR + (Af — R)Vf and the divergence theorem, from Lemma 4.2 equation (4-3) we get

| (as=ry.v)= [ divr—RyY)

Q
_ /Q(xf—R)div(YH/QMVf,m—/Q<VR, Y)
. 2 2
/ [—(n—2)2|D|2— |2R2V<£_ IV)R| . |V2R|
+(Af —R)*(pn—R) +AR(Af —R) + MAf —R)|Vf|*]
+/x<Vf,VR+(xf—R)Vf>—/ (VR,VR+ (Af — R)Vf)
Q Q
_ 2 2
— / |:—(I’l—2)2|D|2— |2R2V(£_ ER| . |V§|
+(Af —R)*(pn—R) +AR(Lf —R) + A(Af —R)|V£|?]

+ [ MAS = RV A (VF.VR) ~[VRE — (. = R) (VS.VR)

2RVf—VR]> 3|VR|?
/fl{_(n_2)2|D|2_ 2i—1) 2
+(Af —R)*(pn—R) +AR(ALf —R) +2A(\Lf —R)|Vf|?
+A(Vf,VR) — (Af—R)(Vf,VR)].

Furthermore, using (pn—R) = Af we get

(A —R)*(pn—R) = div((Af—R)*Vf) +2(Af —R)(VR,Vf)
—2MAf —R)|VfI%.

Thus,

/aQ ((Af —R)VR+ (Af — R)2V£,v)

2RV f—VR?> 3|VRJ?
_/ I’l 2 ’D‘Z | f | o | |
2(n—1) 2

+div (Af —R)*Vf) + AR(Af —R) +A(Vf,VR) + (Af —R) (Vf,VR)],
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and so

B 2RV f—VR|*> 3|VR|?
[ or-rery = | {—(n—zﬁwﬁ— A
FAROLf —R) +A(Vf,VR)+ (Lf —R) (Vf,VR)].

Hence, from (4-2) we get

_ . wnpe 2RV —VR]* 3|VR]?
[ s -rvry) = [ |- 2piop - PR TR AT
FAR|VF? +A(V£,VR) + |Vf|*(VF,VR)].

By a straightforward computation, we obtain

| 0 -RvRY) = [ [~(n—22DP
_ (nzTRl _x) RIVf>+ (nzTRl +k> (Vf,VR)

3n—-2 5 5
‘(z<n_1>>|VR! +IV/] <Vf,VR>]. (4-6)

From (4-1) and (4-6) we get
_ e M2IDI2
| (s =RrVRY) = [ [~(n=27D
2
—<2L—XR> |Vf]2+2<2—R+7\.)Ric(Vf,Vf)
n—1 n—1

3n—2 2 25
_ (2<n_ 1)) VR +2/Vf] ch(VﬁVf)} -
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So, from (4-1) we get

[ Gr-rvry) < - [0-2p0p - [ (2 e
+/{ (—+x+\Vf\2>ch(Vf,Vf)
(e
=~ fm-2pop - [ (5= ) vR?
+2/Q sz(1+f)—Z—jR> Ric(Vf, V)
— <n% —p) RIVf|2]
- -2 [ () vRE
+ [ KZpr) no )|VR||Vf| @-7)
-2 (n% —p) R|Vf|2] .

From the first inequality above we conclude the first item (I) of this theorem.

IN

Then, by considering

o= 528 oy (-G a5

< 5 (n—3)
o )|Vf|(2p(1+f> <_1>R>

we conclude that

3n—-2 2 n—3 R 2
_ - - o = _ < 0.
| 1vrE (20014 )= 23R ) 1919R -2 (0 RivAE <0
Hence,
/(n—z)2|D|2 < —/ (Mf = R)VR,V). 4-8)
Q oy
Therefore, making ¢ — o we have

2 2 . 2 . _
[, [n=22i0p] < fim [ (9 7PIVRI=im [ Guf < R)IVR

<7Lhm |VR| — 0.
oQ
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Consider the bounded domains with Euclidean growth, i.e., |0Q| < c3r(£)"~!, where c3
is a positive constant. Here, £ — oo implies that r — oo (see Theorem 1.10). From (4-4) we

get

/M [(n —2)2]D\2} < kzli_>n°1° anf|VR| < Q%rl_i)rfwr”_l(r—{—cz)ZWR] — 0.
In fact, by [12] we know that f is an exhaustion function, so Q = {x € M, B(x) <
r(x)}, where B(x) = 2,/f(x). Moreover, the authors proved that the geodesic ball has
Euclidean growth.
Therefore, D vanishes identically, and R must be constant. Now, we invoke
Theorem 1.7. O

Remark 4.2.

1. In the shrinking case we can infer that

2R n—3
0< ——+2p+|Vf?=2p(1+f)——R.
n—1 n—1
Observe that condition (I) is trivially satisfied for the Gaussian shrinking Ricci
soliton. Also, considering S® with f =0 we can see that this condition is trivial.
Condition (I) is compatible with [54, Equation 2.20].

2. Moreover, condition (II) holds for Cylinders and for Gaussian solitons. For in-
stance, S* x R have p =2 and R = 6. Thus, the bad term is zero, i.e., p—R/(n—1) =
0. Thus, condition (II) is trivially satisfied. Any shrinking Ricci soliton with non-

negative Ricci curvature satisfies
VRI> <4R*|V ],
By following the same strategy of Theorem 4.2 we can prove our next result for

expanding Ricci solitons.

Theorem 4.3. Let (M3, g, f) be a complete gradient expanding Ricci soliton with non-
positive Ricci curvature such that 1 < —f and R goes to zero at infinity. Suppose that

IVfI*|VR| = o(r ),

where r is the distance function. Then, (M3, g) is rotationally symmetric. Moreover, R

must be constant, particularly R = 0.

Remark 4.3. The hypothesis over f, i.e., 1 < —f, is reasonable considering the cylinder

R x H? and the Gaussian soliton, see also (4-5). We also recommend to the reader [20,
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Theorem 30]. In this theorem P.-Y. Chan proved that, an 3-dimensional complete gradient

expanding Ricci soliton such that liT r(x)2R(x) = 0 must be isometric to R>.
X—r+o0

Proof of Theorem 4.3. 1t is well-known that if Ric > 0 (or Ric < 0) we have (cf. [57,
Equation 2.7]):

IVR|> < 4R*|Vf|%.

In fact, consider an orthonormal frame {e},e;,e3,...,e,} diagonalizing Ric at a regular
point p, with associated eigenvalues oy, k = 1,...,n, respectively. That is, R;; = @;;;.
From Proposition 1.6-(2), VR = 2Ric(V f) we can infer that

2
IVR|? = 4(Ric(Vf), Ric(Vf)) 4Za (Vif) <4<Za,> ZVf) — 4R?|V f]?.
Thus, if R < 0 we can conclude that
(IVR[+2R|Vf])(IVR| —2R|Vf]) <0

1.e.,
|IVR| < —2R|Vf].

Considering Z%?R <2p(1+ f) from (4-2) and (4-7) we have

fmmy < fo-aion (o
+2/ [( 20(1+ f) —i—n—?R) (n%—p)]l?lvfl2
_ _/Q(n_2)2|D|2 /Q<23(Z 2)>|VR|2

3R
2 (p1vste )Rt

=~ [w-2ppr- [ (23(2 f))Wer

6 n—4
2 [ (b P 2w R
Q n—1 n—1

Assuming n =3 and p = —1/2, the condition Z%fR <2p(1+f) is equivalent to
1 < —f. We can see that
—1<1<—f<4(-f).
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Hence,

/BQ<(7£J'—R)VR,V> < _/Q(n_z)lelz_/Q(;(Z 2))| VAP
- sV R

- [ n=220p = [ (522 ) e

— | (1= VPRIV,

IN

Since R < 0, from (3-2) we get —f — \Vf|2 < 0. Thus,

/BQ<(M R)VR,V) /|D|2 /4|we|2

Now, since Ric < 0, for some geodesic y(s) of M we have

~1(s) ~ 3¢0 = Rie(¥ (), 7(5)) <0
Hence,
—f(x) < T +err(x) ez,

where ¢; is constant (i = 0, 1, 2), and r(x) is the distance function from a fixed point.

Therefore, by the same steps of [12, Equation 3.1] we have
Q(r) ={x €M, p(x) < r(x)},

where p(x) =21/—f(x).
Then making, r — oo we get

2 7/ 2 _ o / 2
[ pP+5 [ IVR? < lim (= R)IVRI=lim | = VfP|VE|

r=re JoQ(r

We invoke Corollary 1.12 to infer that the geodesic ball has Euclidean growth, i.e.,

lim IV£|?|VR| < Clim 2|V f|*|VR| =
r—e2 [3Q(r) r—»oo
where C is a constant.

Therefore, D vanishes identically, and R must be constant. Since D is equivalent
to the Cotton tensor in three dimensions, the result follows (Lemma 1.7), i.e., (M?, g, f) is

locally conformally flat. The rotational symmetry now follows from Proposition 1.9. []



Bibliography

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

BRENDLE, S. Uniqueness of gradient Ricci solitons. Math. Res. Lett., 18(3):531—
538, 2011.

BRENDLE, S. Rotational symmetry of self-similar solutions to the Ricci flow.
Invent. Math., 194(3):731-764, 2013.

BRENDLE, S. Rotational symmetry of Ricci solitons in higher dimensions. J.
Differential Geom., 97(2):191-214, 2014.

BRYANT, R. Ricci flow solitons in dimension three with so(3)-symmetries, 2005.

CAao0, H.-D. Existence of gradient Kahler-Ricci solitons. In: Elliptic and parabolic
methods in geometry (Minneapolis, MN, 1994), p. 1-16. A K Peters, Wellesley, MA,
1996.

CAo, H.-D.; CATINO, G.; CHEN, Q.; MANTEGAZZA, C.; MAZZIERI, L. Bach-flat
gradient steady Ricci solitons. Calc. Var. Partial Differential Equations, 49(1-
2):125-138, 2014.

CAo0, H.-D.; CHEN, Q. On locally conformally flat gradient steady Ricci solitons.
Trans. Amer. Math. Soc., 364(5):2377-2391, 2012.

CAo0, H.-D.; CHEN, Q. On Bach-flat gradient shrinking Ricci solitons. Duke Math.
J., 162(6):1149-1169, 2013.

Cao, H.-D.; Cul, X. Curvature estimates for four-dimensional gradient steady
Ricci solitons. J. Geom. Anal., 30(1):511-525, 2020.

CAo0, H.-D.; SuN, X.; ZHANG, Y. On the structure of gradient Yamabe solitons.
Math. Res. Lett., 19(4):767-774, 2012.

Cao, H.-D.; Yu, J. On complete gradient steady Ricci solitons with vanishing
D-tensor. Proc. Amer. Math. Soc., 149(4):1733—-1742, 2021.

Cao, H.-D.; ZHou, D. On complete gradient shrinking Ricci solitons. J.
Differential Geom., 85(2):175-185, 2010.



Bibliography 73

[13] Ca0o, X. Compact gradient shrinking Ricci solitons with positive curvature
operator. J. Geom. Anal., 17(3):425-433, 2007.

[14] CARRILLO, J. A.; NI, L. Sharp logarithmic Sobolev inequalities on gradient
solitons and applications. Comm. Anal. Geom., 17(4):721-753, 2009.

[15] CATINO, G. Complete gradient shrinking Ricci solitons with pinched curvature.
Math. Ann., 355(2):629-635, 2013.

[16] CATINO, G. Integral pinched shrinking Ricci solitons. Adv. Math., 303:279-294,
2016.

[17] CATINO, G.; MANTEGAZZA, C. The evolution of the Weyl tensor under the Ricci
flow. Ann. Inst. Fourier (Grenoble), 61(4):1407—-1435 (2012), 2011.

[18] CATINO, G.; MANTEGAZZA, C.; MAZZIERI, L. On the global structure of conformal
gradient solitons with nonnegative Ricci tensor. Commun. Contemp. Math.,
14(6):1250045, 12, 2012.

[19] CHAN, P.-Y. Curvature estimates for steady Ricci solitons. Trans. Amer. Math.
Soc., 372(12):8985-9008, 2019.

[20] CHAN, P.-Y. Curvature Estimates and Applications for Steady and Expanding
Ricci Solitons. ProQuest LLC, Ann Arbor, MI, 2020. Thesis (Ph.D.)-University of
Minnesota.

[21] CHAN, P.-Y.; MA, Z.; ZHANG, Y. Volume Growth Estimates of Gradient Ricci
Solitons. J. Geom. Anal., 32(12):Paper No. 291, 2022.

[22] CHAN, P.-Y.; ZHU, B. On a dichotomy of the curvature decay of steady Ricci
solitons. Adv. Math., 404:Paper No. 108458, 40, 2022.

[23] CHEEGER, J.; COLDING, T. H. Lower bounds on Ricci curvature and the almost
rigidity of warped products. Ann. of Math. (2), 144(1):189-237, 1996.

[24] CHEN, B.-L. Strong uniqueness of the Ricci flow. J. Differential Geom., 82(2):363—
382, 2009.

[25] CHEN, X.; WANG, Y. On four-dimensional anti-self-dual gradient Ricci solitons.
J. Geom. Anal., 25(2):1335-1343, 2015.

[26] CHow, B.; FREEDMAN, M.; SHIN, H.; ZHANG, Y. Curvature growth of some 4-
dimensional gradient Ricci soliton singularity models. Adv. Math., 372:107303,
17, 2020.



Bibliography 74

[27] CHow, B.; Lu, P.; NI, L. Hamilton’s Ricci flow, volume 77 de Graduate Studies
in Mathematics. American Mathematical Society, Providence, RI; Science Press
Beijing, New York, 2006.

[28] CHOW;BENNETT; LU, P. Y. B. Lower bounds for the scalar curvatures of honcom-
pact gradient Ricci solitons. C. R. Math. Acad. Sci. Paris, 349(23-24):1265-1267,
2011.

[29] DAaskaLoPOULOS, P.; SEsuM, N. The classification of locally conformally flat
Yamabe solitons. Adv. Math., 240:346-369, 2013.

[30] DENG, Y.; ZHU, X. Complete nhon-compact gradient Ricci solitons with nonneg-
ative Ricci curvature. Math. Z., 279(1-2):211-226, 2015.

[31] DENG, Y.; ZHU, X. Higher dimensional steady Ricci solitons with linear curva-
ture decay. J. Eur. Math. Soc. (JEMS), 22(12):4097-4120, 2020.

[32] DENG, Y.; ZHU, X. Steady Ricci solitons with horizontally e-pinched Ricci
curvature. Sci. China Math., 64(7):1411-1428, 2021.

[33] DERUELLE, A. Steady gradient Ricci soliton with curvature in L'. Comm. Anal.
Geom., 20(1):31-53, 2012.

[34] DERUELLE, A. Asymptotic estimates and compactness of expanding gradient
Ricci solitons. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 17(2):485-530, 2017.

[35] bo CARMO, M. P. Geometria Riemanniana. Projeto Euclides. [Euclid Project].
Instituto de Matematica Pura e Aplicada (IMPA), Rio de Janeiro, 2015. Fifth edition,
second printing of [ MR0651516].

[36] EMINENTI, M.; LA NAVE, G.; MANTEGAZZA, C. Ricci solitons: the equation point
of view. Manuscripta Math., 127(3):345-367, 2008.

[37] FERNANDEZ-LOPEZ, M.; GARCIiA-Rio, E. Diameter bounds and Hitchin-Thorpe
inequalities for compact Ricci solitons. Q. J. Math., 61(3):319-327, 2010.

[38] FERNANDEZ-LOPEZ, M.; GARCIA-Rio, E. Some gap theorems for gradient Ricci
solitons. Internat. J. Math., 23(7):1250072, 9, 2012.

[839] FERNANDEZ-LOPEZ, M.; GARCiA-Rio, E. A sharp lower bound for the scalar
curvature of certain steady gradient Ricci solitons. Proc. Amer. Math. Soc.,
141(6):2145-2148, 2013.

[40] HAMILTON, R. S. Three-manifolds with positive Ricci curvature. J. Differential
Geometry, 17(2):255-306, 1982.



Bibliography 75

[41] HAMILTON, R. S. The Ricci flow on surfaces. In: Mathematics and general relativity
(Santa Cruz, CA, 1986), volume 71 de Contemp. Math., p. 237-262. Amer. Math.
Soc., Providence, RI, 1988.

[42] HAMILTON, R. S. The formation of singularities in the Ricci flow. In: Surveys in
differential geometry, Vol. Il (Cambridge, MA, 1993), p. 7-136. Int. Press, Cambridge,
MA, 1995.

[43] Hsu, S.-Y. A note on compact gradient Yamabe solitons. J. Math. Anal. Appl.,
388(2):725-726, 2012.

[44] HUANG, G.; LI, H. On a classification of the quasi Yamabe gradient solitons.
Methods Appl. Anal., 21(3):379-389, 2014.

[45] IVEY, T. Ricci solitons on compact three-manifolds. Differential Geom. Appl.,
3(4):301-307, 1993.

[46] Koiso, N. On rotationally symmetric Hamilton’s equation for Kéahler-Einstein
metrics. In: Recent topics in differential and analytic geometry, volume 18 de Adv.
Stud. Pure Math., p. 327-337. Academic Press, Boston, MA, 1990.

[47] KRANTZ, S. G. Function theory of several complex variables. AMS Chelsea
Publishing, Providence, Rl, 2001. Reprint of the 1992 edition.

[48] LEANDRO, B.; PovEDA, J. A comparison theorem for steady ricci solitons.
https.//arxiv.org/abs/2207.04259., 2022.

[49] LEANDRO, B.; POVEDA, J. A note on four-dimensional gradient Yamabe solitons.
Internat. J. Math., 33(3):Paper No. 2250020, 7, 2022.

[50] MA, L.; CHENG, L. Properties of complete nhon-compact Yamabe solitons. Ann.
Global Anal. Geom., 40(3):379-387, 2011.

[51] MA, L.; MIQUEL, V. Remarks on scalar curvature of Yamabe solitons. Ann. Global
Anal. Geom., 42(2):195-205, 2012.

[52] MUNTEANU, O.; ANNA SUNG, C.-J.; WANG, J. Poisson equation on complete
manifolds. Adv. Math., 348:81—-145, 2019.

[53] MUNTEANU, O.; WANG, J. Geometry of shrinking Ricci solitons. Compos. Math.,
151(12):2273—-2300, 2015.

[54] MUNTEANU, O.; WANG, J. Conical structure for shrinking Ricci solitons. J. Eur.
Math. Soc. (JEMS), 19(11):3377-3390, 2017.



Bibliography 76

[55] NETO, B. L.; TENENBLAT, K. On gradient Yamabe solitons conformal to a
pseudo-Euclidian space. J. Geom. Phys., 123:284-291, 2018.

[56] NI, L. Ancient solutions to Kahler-Ricci flow. Math. Res. Lett., 12(5-6):633—-653,
2005.

[57] NI, L.; WALLACH, N. On a classification of gradient shrinking solitons. Math.
Res. Lett., 15(5):941-955, 2008.

[58] PERELMAN, G. The entropy formula for the ricci flow and its geometric applica-
tion. https./arxiv.org/abs/math/0211159, 2002.

[59] PERELMAN, G. Ricci flow with surgery on three-manifolds.
https./7arxiv.org/abs/math/0303109, 2003.

[60] PETERSEN, P. Riemannian geometry, volume 171 de Graduate Texts in Mathe-
matics. Springer, Cham, third edition, 2016.

[61] PETERSEN, P.; WyLIE, W. Rigidity of gradient Ricci solitons. Pacific J. Math.,
241(2):329-345, 2009.

[62] RoBINSON, D. C. A simple proof of the generalization of israel’s theorem.
General Relativity and Gravitation, 8(8):695-698, 1977.

[63] WANG, L. F. On nhoncompact quasi Yamabe gradient solitons. Differential Geom.
Appl., 31(3):337-348, 2013.

[64] Wu, J.-Y. On a class of complete hon-compact gradient Yamabe solitons. Bull.
Korean Math. Soc., 55(3):851-863, 2018.



