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Resumo

Santos, R6bson. Sistema eletrostatico e formulas divergentes. Goiania,

2023. 92p. Tese de Doutorado . Programa de P6s-Graduacdao em Matemética,

Instituto de Matemadtica e Estatistica, Universidade Federal de Goiés.
Uma questao cléssica em relatividade geral € a classificacdo de solucdes de buracos
negros regulares estéticos das equacoes Eisntein-Maxwell (ou sistema eletrovacuo).
Nés provamos alguns resultados de classificagdo para um sistema eletrovacuo tal
que o potencial elétrico é uma funcao diferencidvel da funcao lapso. No6s, partic-
ularmente, mostramos que um espaco n-dimensional eletrovdcuo localmente con-
formemente plano satisfazendo algumas condicoes deve estar na classe Majumdar-
Papapetrou. Além disso, nés provamos que qualquer espaco eletrovdcuo de dimen-
sdo 3 ou 4 em que algumas condicoes sdo satisfeitas deve ser localmente con-
formemente plano. Mais ainda, n6s demonstramos que um espaco electrovacuo n-
dimensional satisfazendo algumas condicoes, sem divergéncia de quarta ordem do
tensor de Weyl e curvatura radial de Weyl zero tal que o potencial elétrico estd na
classe Reissner-Nordstrom é localmente uma variedade produto torcido com fibra
Einstein de dimensao n— 1. Finalmente, um espaco electrovacuo tridimensional sat-
isfazendo algumas condicdes, sem divergéncia de terceira ordem do tensor de Cot-
ton, também é classificado. N6s também provamos que variedades eletrostaticas
(ou eletrovacuos) tridimensional com constante cosmolégica ndo nula e tensor de
Bach livre de divergéncia sdo localmente conformemente planos, desde que o campo
elétrico e o gradiente da funcao lapso sejam linearmente dependentes. Consequente-
mente, uma variedade eletrostdtica tridimensional admite uma estrutura local de
produto torcido com uma base unidimensional e fibra uma superficie de curvatura
constante.

Palavras—chave
Teoria da Relatividade, Sistema eletrostatico, Variedades conformemente

planas, Férmulas divergentes, Tensor de Bach.



Abstract

Santos, Robson. Electrostatic system and divergence formulas. Goiania,
2023. 92p. PhD. Thesis . Programa de P6s-Graduacao em Matematica, Insti-
tuto de Matematica e Estatistica, Universidade Federal de Goias.

A classical question in general relativity is about the classification of regular static
black hole solutions of the static Einstein-Maxwell equations (or electrovacuum sys-
tem). We prove some classification results for an electrovacuum system such that the
electric potential is a smooth function of the lapse function. We particularly show
that an n-dimensional locally conformally flat electrovacuum space satisfying some
conditions must be in the Majumdar-Papapetrou class. We also prove that any three
or four-dimensional electrovacuum space that some conditions are satisfied must
be locally conformally flat. Moreover, we prove that an n-dimensional electrovac-
uum space satisfying some condition with fourth-order divergence-free Weyl ten-
sor and zero radial Weyl curvature such that the electric potential is in the Reissner-
Nordstrém class is locally a warped product manifold with (n— 1)-dimensional Ein-
stein fibers. Finally, a three-dimensional electrovacuum space satisfying some con-
ditions with a third-order divergence-free Cotton tensor is also classified. We also
prove that three-dimensional electrostatic (or electrovacuum) manifolds with a non-
null cosmological constant and divergence-free Bach tensor are locally conformally
flat, provided that the electric field and the gradient of the lapse function are linearly
dependent. Consequently, a three-dimensional electrostatic manifold admits a local

warped product structure with a one-dimensional base and a constant curvature sur-
face fiber.

Keywords
Relativity Theory, Electrostatic System, Conformally flat manifolds, Diver-
gence formulas, Bach tensor.
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Introduction

The electrostatic system, in short, is Einstein’s Field Equation - formulated
by Albert Einstein in his studies of General Relativity — coupled to the Faraday tensor.
This system is also called Einstein-Maxwell, and it will be the research object of this
dissertation. This system has a lot of relevance to physics since it describes the rela-
tionship between Relativity and Electromagnetism. Furthermore, some well-known
solutions for the electrostatic system are standard models for electrically charged
static black holes or stars [15, 19, 22, 23]. It is also relevant because it is a set of Par-
tial Differential Equations on an abstract Riemannian manifold. It generalizes the
well-known static vacuum Einstein space system, whose most important model is
the Schwarzschild space (cf. [1], and the references in there).

There are some important works about the research object of this disser-
tation and we can quote a few: Cederbaum and Galloway [15] who established
the uniqueness of suitably defined subextremal photon spheres in an asymptoti-
cally flat electrovacuum spacetime; Chrusciel and Delay [19] constructed infinite-
dimensional families of non-singular static spacetimes, solutions for the vacuum
Einstein-Maxwell equations with a negative cosmological constant; Cruz, Lima, and
Sousa [23] connected the electrostatic system with the min-max theory; Hartle and
Hawking [28] analyzed some of the stationary solutions of the electrostatic equations;
Jahns [33] showed a uniqueness result for the n-dimensional spatial electrovacuum
manifold using similar techniques used by [15]; Kunduri and Lucietti [36] proved that
any asymptotically flat static spacetime in a higher dimensional electrostatic system
must have no magnetic field; Coutinho and Leandro [22] proved that the lapse func-
tion must be identically zero at the horizon boundary of an electrostatic system with
null cosmological constant. The horizon boundary is closely related to the event hori-
zon, the edge of a black hole.

Specifically, in this work, the electrostatic system will be constructed in
Chapter 1. Moreover, we will present essential definitions, examples, and results for
our work in this chapter. Also, we will establish the notation used throughout this
dissertation. The deduction of the electrostatic system is based on Chrusciel and De-
lay [19, Appendix]. A brief discussion about conformal geometry is also made in this
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chapter, along with the presentation of some models for the electrostatic system, such
as the Reissner-Nordstrém, Majumdar-Papapetrou, and Charged Nariai space.

We must discuss the cosmological constant briefly. Einstein introduced the
constant in his equation to solve some inconsistencies in General Relativity Theory.
The cosmological constant is fundamental to describe more precisely some astro-
nomic phenomena, for instance, the expansion of the universe discovery by Hubble
(cf. [51]). In this dissertation, the cosmological constant performs a significant role.
We will call the electrostatic system with the null cosmological constant by electrovac-
uum system, which will be studied in Chapter 2; the electrostatic system with a non-
null cosmological constant will be reviewed in Chapter 3.

More specifically, in Chapter 2, inspired by the Reissner-Nordstrém and Ma-
jumdar-Papapetrou solutions, some results concerning the local geometric structure
of the electrovacuum system are proved (see [3]). As a fundamental hypothesis in
this chapter, we supposed that the electric potential is a smooth function of the lapse
function. We prove a characterization of the solutions for the electrovacuum system
satisfying the above condition. Thus, one of the goals of this dissertation is to investi-
gate this class of solutions and to prove some results about their geometric structure.

It is important to highlight that the results in Chapter 2 follow from the con-
formal structure of the metric. Locally conformally flat manifolds are very important
for many research works in recent years (cf. [9, 10, 13, 32, 37, 44]). Observing this,
we can state the main question of this work: what are the curvature conditions we
need to guarantee that an electrovacuum (or electrostatic) space is locally conformally
flat? In other words, we are interested in finding some natural conditions for an n-
dimensional electrovacuum system to be locally conformally flat.

In Chapter 2, based on Andrade, Leandro, and Lousa [3], we find some suffi-
cient conditions for the electrovacuum system (with a null cosmological constant) to
be a locally conformally flat manifold. In higher dimensions, this condition is on the
nullity fourth-order divergence of the Weyl tensor. In dimension three, the condition
corresponds to the third-order divergence of the Cotton tensor being identically zero.

These studies about conformally flat manifolds are inspired by: Cao and
Chen [9], in which the authors classified n-dimensional (n > 3) complete Bach-flat
gradient shrinking Ricci solitons, showing that any 4-dimensional Bach-flat gradient
shrinking Ricci soliton is either Einstein, or locally conformally flat; Catino [12], where
the author proved a local characterization for locally conformally flat quasi-Einstein
manifolds; Catino, Mastrolia, and Maticelli [13] classified complete gradient Ricci
solitons satisfying a fourth-order vanishing condition on the Weyl tensor, making use
of the conformally flat results; Hwang and Yun [32] studied static vacuum spaces with
the complete divergence of the Bach tensor and Weyl tensor, implying in conformal
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flatness; Leandro [37], in which similar results were found for Einstein-type manifolds
with fourth-order divergence-free Weyl tensor.

In Chapter 3, we study the electrostatic system with a non-null cosmologi-
cal constant in the three-dimensional case. This chapter is based on the work of Le-
andro, and Lousa [39], where the authors found a sufficient condition for a three-
dimensional electrostatic space to be a locally conformally flat manifold. We will
prove that an electrostatic system with a divergence-free Bach tensor must be, locally,
awarped product space with a one-dimensional base and fiber being a constant cur-
vature surface. Chapter 3 is, in a sense, a continuation of Chapter 2. The most crucial
difference lies in the fact that we are considering a non-null cosmological constant
and no direct dependence on the electric function of the lapse function. We recom-
mend to the reader to see [23] as a recent and good overview of the system considered
in Chapter 3.

Furthermore, the strategies used in Chapter 3 make use of the differential
forms theory. Consequently, the condition used in Chapter 2 of the electric potential
be a function of the lapse function is not used in Chapter 3. We will assume an
analogous, however, weaker condition. The electric field and the gradient of the
lapse function must be linearly dependent. This is always true for an electrostatic
space at the horizon boundary. Also, a straightforward computation shows that this
assumption implies the assumption used in Chapter 2 about the electric potential
and the lapse function. These conditions will be presented in that chapter, along with
an in-depth discussion.

We will discuss the theme studied in each chapter, presenting the main re-
sults and demonstrations. Moreover, we will establish the connection between the
results and the standard models stated in the preliminary section (Chapter 1).



CHAPTER 1

Conformally flat manifolds and electrostatic

system

Our main goal in this chapter is to present some results about the locally
conformally flat manifolds and deduce the electrostatic system from the warped
product structure. To that end, we need first to present the definition of some tensors
that will be fundamental through this work. We also will describe other well-known
elements from differential geometry as well as some of its properties. Thus, this
chapter is important to fix our notation and remember some widely known facts and
results in the literature. Therefore, we refer to great works such as [5], [16], [26], [41],
[43], among others that will be referenced throughout the chapter, and the entire
dissertation.

An n-dimensional Riemannian manifold (M",g) is a smooth manifold
equipped with a Riemannian metric g. Moreover, throughout this work, Einstein’s
convention will be used. We will consider 2" (M) and Z(M) as the sets of all C*
vector fields on M and C* real functions defined on M, respectively. Let f : M" — R
be a smooth function of M, that is, f € Z(M) and (xi, ..., X,) be a local coordinate
system, then

Vif = g"0yf,

denotes the gradient of f. Here, (9Xl.f stands for the partial derivative of f with respect
to x;. Moreover, 9" are the components of the inverse metric g~ ! of the metric g, with
components gj;.

In what follows, we will remember some important well-known definitions
to fix notation. These definitions can be found in [26, Chapter 3]. Similar definitions
can be found in [5, Chapter 1], [16, Section 2.5], and [35, Section 6C].

Definition 1.1 ([26, Chapter 3]) The gradient of f € (M) in a point p € M is the
vector field Vf € T,M given by

(Vf, v) =dfy(v),
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forallv e ToM.

Definition 1.2 ([26, Chapter 3]) The Hessian tensor of a function f € (M), denoted
by V?f, is given by
VZH(X,Y) = (Vx(V1), Y),

forallX,Y € Z'(M).

Definition 1.3 ([26, Chapter 3]) The Laplacian operator Af of a smooth function f €
P(M) is defined by
Af = div(Vf),

where
divX(p) = trace of the linear application{ Y(p) — VyX(p)}.

Here,p € Mand X,Y € Z (M). Moreover, div stands for the divergence of a vector field

with respect to the metric defined over M.

1.1 Conformally flat manifolds

In this section, we discuss some properties of (locally) conformally flat man-
ifolds.

Definition 1.4 ([16, Chapter 1]) A Riemannian manifold (M",g) is said to be locally
conformally flat if for a point p € M, there exists a local coordinate system {x;} in a
neighborhood U of p such that

Jd d
= _—, = = fé iis
for some function f € Z(U). Here, §; stands for the Kronecker delta.

For an important characterization of (locally) conformally flat manifolds,
we will present some special tensors that play a fundamental role in this work. The
first tensor that we will present is the Riemann (Curvature) tensor Rp,. This tensor is
named in honor of G. Riemann, and it is also known as Riemann-Christoffel tensor
(see [49, 50, 51]).

From now on, we will consider a Riemannian manifold (M", g), n > 3, with

metric tensor g = (-, -). The Riemann curvature tensor is defined by

Rm: Z (M) x Z(M)x Z(M)x Z (M) — Z(M)
(X.Y.Z,W) — BRn(X.Y,Z,W)=(R(X,Y)Z,W)
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where R(X,Y)Z: 2 (M) x Z (M) x Z' (M) — Z (M) is
RIX.Y)Z =VxV,Z~VyVxZ+VixyZ, X.Y.ZeZ (M)

Here, V and [, -] stand for the Levi-Civita connection and the Lie bracket, respectively.
In alocal coordinate system (xq, ..., x,) with associated base {ey, ..., e,} for
the tangent space of M,the Riemannian curvature tensor is Rjjx = (R(ei, &)éex, e)).

Remember that this tensor has the following symmetries:

* Rijks + Rjkis + Rkijs = O (First Bianchi Identity);

* Rijxs = —Rjiks = —Rijsk = Bks;ji.

Moreover, the Riemannian curvature tensor can be related to f € (M) by

using the Ricci identity
VVVif—VVVif = Ry V'F. (1-1)

Remember that we are assuming Einstein’s convention for sum. Furthermore, the

second Bianchi identity is
VmBijki + VkRijim + VRijmk = 0. (1-2)

Contracting the curvature tensor over the first and last indices, we obtain the

Ricci tensor, Ric, which in coordinates is given by
Kl
Rij = g" RikjI-

Taking the trace one more time, now over the remained indices, the scalar curvature
R is obtained, that is,
R= gij R,'j.

The covariant derivatives of the Ricci tensor and the scalar curvature are
related by the contracted second Bianchi identity. Note that we can contract the

second Bianchi identity (1-2) over mand /, to obtain
g™V mRijii + ViRj — V,Ri = 0.
Now over j and k, we have

gmiva,'/ + gjkaRj/ —V,R=0,
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reordering the indices, we get
if 1
9’ViRyj = EVkR. (1-3)
We can rewrite the above equation as
R 1
div Ric = EdR’

where dR is the differential form associated to R.
Let us now present the Weyl tensor, which is related to the Riemannian cur-
vature tensor. This tensor was first defined in the year of 1918 by the German math-

ematician Hermann Weyl in [52]. The Weyl tensor is defined, in a local coordinate

system, by
1
Wiki = Rijki— E(Rikgj/ — Rigjk + Rjigix — Rix9ir) (1-4)
b (00— 1)
(n—l)(n—Z) glkgj/ gl/gjk .

From straightforward computation (cf. [9]), it is possible to observe that the Weyl
tensor has the same symmetries of the curvature tensor, i.e.,

Wikji = —Wkiji,  Wikjj = —Wiky;, and Wik = Wjk.

Also, the Weyl tensor is totally trace-free, in other words, the trace of the Weyl tensor

vanishes over any two indices, i.e.,
gtSW,'jk/ =0 Vtse {i,j, K, /} and t#s.

Still dealing with the Weyl tensor, we have some useful definitions for our
work. When the divergence of the Weyl tensor is identically zero, i.e.,

diviw =0,

we say that the manifold has a harmonic Weyl curvature. In alocal coordinate system,
we have
divW = g'PV, Wijx) = V' Wik

It is well-known that if the scalar curvature is constant, then harmonic Weyl curvature

implies harmonic curvature, and this follows from (1-3) and (1-4). Therefore, it is
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possible to calculate the divergence of the Weyl tensor at most in its fourth order, i.e.,
div* W = VK Wy,
Moreover, a Riemannian manifold (M", g) has zero radial Weyl curvature if
w(,-, -, Vf)=0,

where Vf is the gradient of f € Z(M). This condition was used in [12] and [37] in the
study of Einstein-type manifolds. It is important to say that Catino [12] proved that
this condition can not be removed in the classification of quasi-Einstein manifolds
having harmonic Weyl tensor. This condition over the Weyl tensor will be important
in the classification of the Electrovacuum system having a fourth-order divergence-
free Weyl tensor, i.e., div*w = 0.

The curvature tensor is determined by the Ricci tensor in dimension three

since the Weyl tensor is identically zero (see [35, Corollary 8.25]).

Theorem 1.5 ([35, Corollary 8.25]) Let (M, g) be an 3-dimensional Riemannian
manifold, then
W =0.

In 1899, Emile Cotton [21] defined a third-order tensor that we will discuss

ahead, the Cotton tensor. This tensor is written as

Ciik = ViRjx — V;Rix — (ViRgjk — V;Rgik)- (1-5)

1
2(n—1)

The tensor is totally trace-free. Moreover, it is skew-symmetric under the two
first indices, i.e.,
Cijk = = Gjik-

Furthermore, from a straight computation, we have
V¥ Ckij = V¥ Cyji.
The Cotton tensor also satisfies a Bianchi-type identity;, i.e.,
Cijk + Cjki + Ckijj = 0. (1-6)

Thus, from the contracted second Bianchi identity (1-3), and the commuta-
tion formulas, we have
ViCjk/ =0. (1-7)
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In [12], Catino proved that the Cotton tensor and the derivative of the Weyl

tensor are related by the identity

n—2
n—3

Cijk = — V! Wik, (1-8)

for n > 3. The equation (1-8) provides that the Cotton tensor vanishes if, and only if,
the Weyl tensor is harmonic.
Assuming that n > 4, we can define the Bach tensor

| R [~y
Bj= nT3V \% VVikjl‘*’ER Wikji. (1-9)

It was defined in 1921 by Rudolf Bach in [4]. Combining (1-8) and (1-9), we deduce a

relationship between the previous tensors, that is,

1 1
Bjj = _—n_zvkcikj+—n_2RkIM/ikj/- (1-10)

It is natural (see [9]) to define the 3-dimensional Bach tensor by
Bjj = V¥Cyjj. (1-11)

This definition is natural due to the identity (1-10), and the fact the Weyl tensor is
identically zero in dimension n= 3 (Theorem 1.5). We can also express the divergence
of the Bach tensor as a function of the Cotton tensor

n—4
(n—2)?

The Bach tensor appeared naturally from studies of Huyghens'’s principle and

VB, = CiikR*. (1-12)

has some psychical significance mainly about wave propagation (see for instance [48]
and the references therein). It is easy to see that this tensor is also trace-free since the
Weyl tensor and the Cotton tensor are totally trace-free.

Finally, we describe the last tensor important for this dissertation. This tensor
was first defined by Schouten in 1921 [46]. The Schouten tensor can be described by

1 R
Sij= — (Rij T2n=1) 1)Q'ij) . (1-13)

From this definition, we obtain
(n—2)Cijk = ViSjk — V;Sik.

We can rewrite the other tensors in terms of the Schouten tensor (cf. [9]).
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Taking into account these tensors, we can return to the theme under discus-
sion and characterize the locally conformally flat manifolds. The characterization is
given by Theorem 1.6 which follows below (see [16, Proposition 1.31]). Any locally
conformally flat manifold of dimension n > 4 is characterized by the Weyl tensor. For
dimension three, since W = 0 (Theorem 1.5), the locally conformally flat manifolds
are characterized by the Cotton tensor. For dimension n = 2, it is well-known that ev-
ery two-dimensional Riemannian metric is locally conformally flat (see [16, Chapter
2], and [35, Corollary 8.29]).

Theorem 1.6 ([16, Proposition 1.31]) A Riemannian manifold (M", g) is locally
conformally flat if and only if

¢ (for n > 4) the Weyl tensor vanishes,
¢ (for n = 3) the Cotton tensor vanishes.

For n = 3 we can see that the result holds when the Schouten tensor S is Codazzi, i.e.,
(VxS)(Y,Z2) = (VyS)(X,2)

forall X,Y,Z € 2 (M) (see [35, Theorem 8.31]).

There are a lot of examples of conformally flat manifolds in the literature:
S", R", and H". Moreover, Chow, Lu, and Ni [16, Corollary 1.33] showed that if a
Riemannian manifold has constant sectional curvature, then it is locally conformally
flat. Other conditions are well-known in the literature. In the next section, we will
provide an important criterion [7, Theorem 1] showing when a warped product is

locally conformally flat. This result is very important for our work.

1.2 The electrostatic system

In this section, our goal is to deduce the electrostatic system from Einstein’s
field equation coupled to the Faraday tensor. The main ideas of this computation can
be found in [19, Appendix], see also [23] and the references therein. For this purpose,
it is fundamental to bring forward some well-known discussions about the warped
product of a Riemannian manifold. The demonstrations of these results concerning
warped product structure can be found in [5, Chapter 9] and [43, Chapter 7]. We start

with the following definition.

Definition 1.7 ([43, Definition 33]) Let (B,gg) and (F,gr) be Riemannian mani-
folds furnished with their respective metrics. Moreover, let f : B— R be a positive smooth
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mapping. A warped product manifold M = B x¢ F is defined by the product manifold

B x F furnished with metric tensor

g=m"(gs) + (fom)*a*(gr),

wherem: M — B and o : M — F projections of B x F onto B and F, respectively.

[n

Figure 1.1: Warped product [43, Page 205].

P

The manifolds Band F are called the base and the fiber of the warped product
manifold M, respectively. The function f is called warping function. Moreover, we can
verify quickly that if the warped function f = 1, then the warped manifold is just the
standard product manifold. The functions h = hom € Z(M) and p = Ppo o € Z(M)
are called lifts of h € 2(B) and { € Z(F) to M. Also, we denote by £(B) and £(F)
the sets of all lifts X and V of X € 27 (B) and of V € .2 (F). Now we can state some
well-known results about warped product manifolds.

Theorem 1.8 ([43, Chapter 7]) Let M = B x; F be a warped product manifold, h €
P(B) andp € Z(F). Then,
i) Vyh= 6/;\/7/,
i) Vab = @,
i) Agh=Aggh— 498(Vas" Vs 1)
iv) Agh = Ag, ).

, Where d is the dimension of the fiber F,

Let us remember some important terms of the Ricci tensor and scalar curva-

ture for a warped product manifold that will be important for this dissertation.

Theorem 1.9 ([43, Chapter 7]) Let (M, g) = (B, gg) Xt (F, gr) be a warped product
and X,Y € £(B). Then,
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d
i) Ricy(X,Y) = Ricg,(X,Y) — 7Vng(x, Y);

.o RQF Agsf |Vf 53
ll) Rg:R95+f_2_2dT_d(d_l>f—2’
where d performs the dimension of the fiber F, Ry, and Ry, are the scalar curvature of

B and F, respectively.

Remark 1 It is convenient to notice that [43, Corollary 43] takes the dimension of F
more than 1 in item i) of the Theorem 1.9, but the result also follows if the dimension is

equalto 1.

To relate the warped product structure with conformally flat manifolds we

have the following well-known result, see [7, Theorem 1] and the references therein.

Theorem 1.10 Let M = B X F be a semi-Riemannian warped product.

e Ifdim B =1, then M = B xF is locally conformally flat if and only if (F,gF) isa
space of constant curvature;
e Ifdim B> 1anddimF > 1, then M = B x¢ F is locally conformally flat if and
only if
- (F,gF) is a space of constant curvature cr.
— The functionf: B— R defines a global conformal deformation on B such
that (B, (1/f*)gg) is a space of constant curvature cg = —Cr.
e IfdimF =1, then M = B X F is locally conformally flat if and only if the function
f: B — R defines a conformal deformation on B such that (B,(1/f*)gg) is a

Space ofconstam‘ curvature.

To finish our considerations about the warped product structure we will
consider the following scenario (see [10] and [5, Chapter 9]). Let M be a warped

product manifold given by
(M", g) = (I, dr*) x4 (N""1, 3),
where / C Ris a interval and g = dr* + d)(r)2§, and let
0=(02,03,---,0n)

be a local coordinate system on N"~!, in which (X1, X0, X3, -+, Xp) = (r, 02, -+, 0p).
Let also a, b, ¢, - - - be the range from 2 to n, thus the Riemannian curvature tensor of

(M", g) is given by

Rlalb = d)d)//gab’ Rlabc =0
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and
Rabcd = d)zﬁabcd - ((bd)/) z(gacgbd - gadgbc)-

Therefore, contracting the above equations, we obtain the following Ricci

tensor formulas for (M", g):

Fm:—(n—l)%, R]a:()
and
Rap = ﬁab - [(n_ 2)((1)/)2 + d)d)”]gab-
Finally,
N 2 "
R=¢ 2R—(n—1)(n—2) (%) —2(n— 1)%

Now, to construct the electrostatic system following the ideas in [19, Ap-
pendix], it is necessary to consider (M", g) an n—dimensional Riemannian manifold

with n > 3, and f : M — R a positive function. Now, let

M =MxsR
be a warped product with metric
g=g+efrdt?
where ¢ = £1. Hence, suppose that x' = (x!,---,x"), xX® = t, and x* = (x%,x!,--- , x™)

are ordinary vectors of M, R and .#, respectively. To maintain the same notation used
by [19] the greek letters range from O to n.
Remember (see [26, Chapter 2]) that Christoffel’s symbols are given by

5 loam (99ma , 99mp  99up
r“ﬁ_ig dxB + oxx  gxm |’ (1-14)

Therefore, observe that the Christoffel’s symbols for (.#"*!,g) are given by

oif

where V stands for the Levi-Civita derivative operator associated with the metric
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tensor g.
We conclude that the components of Riemann curvature of (.#, g) are

Rijki = Rijki, ﬁ010/ = —¢fV;V)f, and ﬁijko = Rjjor = ﬁOjkl =0.
For the Ricci tensor of (.#, g) we have

- ViVif  ~ .
Rix = Rix — kf L Ro=0, and Ry = —¢efAf. (1-15)

Thus, from Theorem 1.9 the scalar curvature of .Z is

ﬁ:R—27. (1-16)

We point out that the Einstein field equation is given by

I~ ~
Rap — 5 A0 + AJup = Tap- (1-17)
Here, we will consider T as the Faraday tensor, i.e.,
T—FoF—1 IF|*g
= le) — —
4 2
where the Hadamard-Schur product is given by
(FOF)ocB = QWFoch[sy,
and the Hilbert-Schmidt norm of F is given by
[F? = g™ g™ Foqu Fiv.

Moreover, we can observe that the trace of T is

(n+1)

~ n—3
TrgT =% o = |FI* = = |FI* = ——~IFP" (1-18)

Remark 2 Here it is important to point out that in the three-dimensional case, T is

trace-free.

Now, from the Maxwell equations (see [18] and [19, Equation 1.2]) we can
infer that
divzF =0, F=d(}dt), and dnp =0,
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where { € Z(M). Here, we are assuming the existence of a hypersurface-orthogonal
globally timelike Killing vector X = d/dt such that, over g (with ¢ = —1), we get

8tf = 3tg =0.

In what follows, we will consider only ¢ = —1. Contracting (1-17) over g we

obtain the scalar curvature of (.#,g), given by

R—

— (Trg T—(n+1)A). (1-19)

where Trgz T represents the trace of T over g. Replacing the curvature in (1-17) we have

the following equation
- 2N — Tra T
Ryg=—""2—

of

7 ap + Top. (1-20)

Now, replacing (1-20) in (1-15) we get
B V,‘ij 2A Tl"g T

+——0ij+ Tj— ——9jj- (1-21)

R..
" f n—1 —1

Contracting this equation over metric g, we have the scalar curvature of M, i.e.,

_Af . n
f n-1
Also, we can combine (1-19) with (1-16) to obtain

Af— f2 _R+Tr§T—(n—|—1)/\
2 n—1 ’

R

(2A —TrzT) +TrgT.

Replacing the scalar curvature R in the above equation we have

(1-22)

Try T —2A
fAf = f? (T(XBN"‘NB +g—>,

n—1

where N%d, is the unit timelike normal to the level sets of t, i.e., Tap NNP = Try T —
TI‘@ T.

From the Maxwell equations, we get

V[

2
P =2

thus, (1-18) is given by
—3|Vy?
trzT = n—3Vu| .

5 % (1-23)
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Hence, from the Faraday tensor we have

VAV VP

TI] = 2 2 gij. (1_24)
Contracting (1-24) we have
j (n—2) V]
g'Tij= 7 e
o e IVOP .
Considering Tog N*NP = Y2 in (1-22) gives us
-2 2AF
af="" vy - 2L (1-25)
n—1 n—1
Furthermore, combing (1-21), (1-23) and (1-24), we obtain
A VbV 1|V
fR;=V;Vf4+2 i — 1-2
ij iVl + n—lg" 7 ‘|’n_1 f gij (1-26)

Since F = dip A dt, from the Maxwell equations (i.e., div5(F) = 0 and dnp = 0)

and the Laplacian formula for a warped product metric (cf. Theorem 1.8) we have

g(Vi, Vi)

A — . =0. (1-27)
On the other hand,
(VY 1 g(V, V1)
le <T) = 7 |:Ag'll)— f .
Thus, from (1-27) we obtain
. (VU

Finally, taking \ := /21 (for the convention assumed in this work) in (1-25),
(1-26), and (1-28) we obtain the electrostatic system that can be defined as follows.

Definition 1.11 Let (M",g) be an n-dimensional smooth Riemannian manifold with
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n>3 andf,\b: M— R be smooth functions satisfying

N2
19 =)

2
fRic = sz—7d¢®d¢+2n f\le)|2g,

Af =

2<n—2|V1|)|2_ A ) (1-29)

n—-1 f n—1

0 = div (2) ,

where V?* and A stand for the Hessian tensor and the Laplacian operator with respect

to metric g, respectively. We refer (M", g, f,\) as an electrostatic system (or space).

Moreover, the smooth functions f, 1, and the manifold M" are called lapse
function, electric potential, and spatial factor for the electrostatic system, respec-
tively. Furthermore, f > 0 on M, and f~!(0) = dM (see [3, 19, 18, 23]).

Now, note that by taking the contraction of the first equation of Definition

1.11, we obtain )

= 1)f|w)|2.

FR=Af+2— 1 fA+
n—1

Then, combining it with the second equation in (1-29), we get a useful equation that
does not depend on the dimension of M and relates the scalar curvature R with the

lapse function and the electric potential, i.e.,

FPR=2(|V* +A). (1-30)
We can assume
vy
— = E.
f

Hence, from a straightforward computation, analogous to the deduction of Definition

1.11, the electrostatic system can be rewritten in the following form:

2 2
V2f = f[Ric——Ag+2E0@E ——=_|E|?g),
(IC n—1 g+ = n—l| g

—2 I _
Af = 2f(ZEZIEP - —A), (1-31)
n—1 n—1

0 = div(E) and curl(fE)=0,

where E € 27 (M) is called electric field, f € C*(M) is the lapse function, and £ is the

one-form metrically dual to E. The above system will be considered in Chapter 3. In
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the three-dimensional case, the above system was studied in [23].

It is worth highlighting that both systems (1-29) and (1-31) are equivalent if M
is simply connected. In fact, if cur/(fE) = 0 and M is simply connected, we obtain that
the field fE is a path-independent vector field, that is, there exists a smooth function
P called potential function (that we called it electric potential) such that fE = V1.

The contraction of the first equation and combining it with the second equa-
tion in (1-31) we obtain

R=2(|E*+A). (1-32)

Furthermore, we can observe that (see [23, Lemma 4]) over dM = f~1(0), the
electric field E and the gradient of the lapse function are linearly dependent, i.e., there
exists a smooth function p : M — R such that E = pVf. In fact, since cur/(fE) = 0 we
obtain

df\NE’ + fdE’ = 0. (1-33)

Since f is identically zero over d M, we get
dfNE’ =0.

More properties of the electrostatic system will be presented in the following
chapters.

1.3 Solutions for the electrostatic system

In this section, we aim to present some well-known solutions for the electro-
static system.

Reissner-Nordstrom solution (RN). In 1918 G. Nordstrom and H. Reissner,
independently, found a class of exact solutions to the Einstein equation for the gravita-
tional field of a spherical charged mass (see [47] for a wide-ranging discussion about
this solution). The Reissner-Nordstrém (RN) electrostatic spacetime is one of the most
important solutions to the electrostatic system, and it can be thought of as a model
for a static black hole with electric charge q and mass m. It is called subextremal, ex-
tremal, or superextremal depending on if m> > g%, m* = q*> or m* < g, respectively.
For instance, we have the following RN solution given by the Riemannian manifold
M" = S"1 x (rT, +oo) with metric tensor

B dr?
C1=2mr2n 4 g2r2@-n)

g + rzgSn—l,
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where r represents the radial coordinate. Here, m? > q2 are constants, and r > (m+
M)l/ (n=2) " Moreover, the outer horizon for the Reissner-Nordstrom spacetime
is located at (m+ +/m? — qz)l/ ("=2) " which corresponds to the zero set of the lapse
function of the RN manifold. The static horizon is defined as the set where the lapse
function for a static manifold is identically zero. This set is physically related to the
event horizon, the boundary of a black hole. The RN space is locally conformally flat
(see [17, 33] for instance).

It is well-known that the lapse function f and the electric potential\) of the
solution Reissner-Nordstrom satisfies the following relationship (see [15, Equation A.1]

and [36, Lemma 3]):
-2 -2
n wz—zfﬂ/zn . (1-34)
n—1 q n—1

Majumdar-Papapetrou solution (MP). Another important electrovacuum

=142

solution is the Majumdar-Papapetrou (see [17, 28, 42]), which is related to an extremal
RN solution. The Majumdar-Papapetrou (MP) solution to the electrostatic system rep-
resents the static equilibrium of an arbitrary number of charged black holes whose mu-
tual electric repulsion exactly balances their gravitational attraction. A spacetime will

be called a standard MP spacetime if the metric tensor is given by
G=—d?+ 120D (ax? + ...+ dx?),

in Cartesian coordinates x = (xy, ..., Xp) and M™! = (R"\ {g; I_) xR, for a finite set
of points a; € R", where
1

/
mj
—_—1—|—2 = |x—al, 1-35
OV )

for some positive constants m;, and the electric potential

2(n—2)
(n—1)

(see [28, Equation 2.3] and [36, Lemma 1]).

Solution invariant by translation. In [38], the authors found a family

+ v=1-f,

of examples for a non-complete n-dimensional electrostatic space distinct from the
Reissner-Nordstrom solution. This example is locally conformally flat and invariant
under the action ofan (n— 1)-dimensional translation group. Moreover, the lapse func-

tion f and the electric potential \ are related (see more details in [38, Theorem 1.5]). It
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is not understood if this solution has any physical meaning.
The classification problem of an electrovacuum spacetime can be stated as
follows. Suppose that

qiqi >0, Vi,/j,

where q; is the charge of the /-th connected degenerate component of the electric-
charged black hole. Then, the black hole is either an RN black hole or an MP black
hole. There are some important and recent results in the literature concerning the
classification of electrovacuum spaces (see for instance [20, 36, 42] and their refer-
ences).

Furthermore, considering the null cosmological constant and the electric
potential constant everywhere (or electric field identically zero), we have that the
system (1-29) is a generalization of the static vacuum Einstein spacetime. The static
vacuum Einstein spacetime is broadly explored in the literature. Furthermore, the
most important solution for this system is the Schwarzschild solution.

Now we present some solutions for the system (1-31), with non-null cosmo-
logical constant and dimension 3. The following three examples can be found in [23].
These examples are locally conformally flat (see Theorem 1.10).

Unit hemisphere. The n-dimensional unit hemisphere S| C R™! equipped

with the standard metric gsn,

For this example, we have that the lapse function is f = xp1, and electric potential
constant everywhere (cf. [1]). In other words, the unit hemisphere is an example of a
static metric and an electrostatic system with a non-null cosmological constant.

Charged Nariai system. The charged Nariai system is the 3-dimensional
space

0.

with metric tensor g = dr? + @2 gs2, Where @ is a constant and g is the standard metric

of the sphere S? with radius 1. The electric field and the lapse function are given by

E= %8, and f(r(x)) = sin(ar(x)),

where r(x)* = x? + x5 + x3 such that (x1, X2, x3) are Cartesian coordinates,

2 1 1
q and —<(p2<—.

x=\A 2A A
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Moreover,

1
0<m= T {1 +12¢°A+4/(1 —4q2/\)3}

and
0<|ql < (pzﬁ.

The following two examples are pretty similar to the above one. However, there
are essential differences that we need to highlight.
Cold Black Hole. The cold black hole is the 3-dimensional space

[0, ) x S?

with metric tensorg = dr?> + @2 9s2, Where @ is a constant and g is the standard metric
of the sphere S? with radius 1. The electric field and the lapse function are given by

E:%a, and f(r(x)) = sinh(Br(x)),

2 20,22 ? 2 _ 1
wherer(x)” = x; + x5 +x3, B = %—/\and0<(p < 34
Moreover,

1
0<m’ =t {1 +12¢°A+4/(1 —4q2/\)3}

and
(pz\/Kg lq].

Ultracold Black Hole. The ultracold black hole is the 3-dimensional space
[0, ) x S?

with metric tensor g = dr* + (ngsz, where @* = ﬁ = q°. The electric field and the lapse
function are given by

E=Ad, and f(r)=r.

Moreover,

Our last example is a generalization of the Reissner-Nordstrém solution with
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a non-null cosmological constant, and we will provide the n-dimensional case.
Reissner-Nordstrom-de Sitter solution (RNdS). In some recent works (see
[11, 23, 24, 27, 29, 30, 34]) we can find a well-known example for the electrostatic
system in which the cosmological constant is non zero. In fact, the Reissner-Nordstrom-
de Sitter space is the Reissner-Nordstrom system with a positive cosmological constant.
Topologically, the Reissner-Nordstrom-de Sitter space is the product of the R with the
unit radius sphereS™~'. The Reissner-Nordstrém-de Sitter spacetime with mass m and
charge q (cf. [24, Equation 2.2] and [34, Equation 1]) is given by
dr?

f(r)

where gsn-1 is the standard metric of S"~!. The lapse function f(r) is

g=—f(r)dt*+ + P gen-1,

2Ar? 2m q°

f(r)=1- n(n—1) - -2 + r2(n-2)’
the electric field is given by
q
E= s f(r)or

and the cosmological constant and the mass are positive, i.e., A > 0 and m > 0 (cf.
[11, 23]). Hence from (1-30) we have R > 0.



CHAPTER 2

The electrostatic system with a null

cosmological constant

In this chapter, we prove some results concerning the geometric structure
of an electrostatic system with a null cosmological constant (electrovacuum system)
such that the electric potential is a smooth function of the lapse function. We will
show that an n-dimensional locally conformally flat electrovacuum space satisfying
(2-2) with null cosmological constant must be in the Majumdar-Papapetrou class,
and we also prove that any three or four-dimensional electrovacuum space satisfying
(2-3) with null cosmological constant must be locally conformally flat.

Static electrovacuum spacetimes model exterior regions of static configura-
tions of electrically charged stars or black holes (see [15, 20, 28] and the references
therein). Equations of motion for an (n+ 1)-dimensional reduced Einstein-Maxwell
spacetime are given by

(Ric);j = 2 <F,-/F,-’— |F!2§,-,-); 1<ij<n+1,

2(n—1)

where F represents the electromagnetic field (the Faraday tensor) and Ric is the Ricci
tensor for the metric g.

Our main ground is the static spacetime (I\A/I”“ ,g) = M" x¢R such that
g(x. ) =g(x)—FA(x)dt*; xeM,

where (M", g) is an open, connected, and oriented Riemannian manifold, and f is a

smooth warped function [15, 17, 36]. Considering as electromagnetic field
F=d{Adt+B,

for some smooth function 1\ on M. Here, & = % is the static Killing field and the mag-

neticfield Bis a2-tensor on M such that iz B = 0. We will be considering n-dimensional
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spatial slices, i.e., the Riemannian manifold M is orthogonal to the static Killing field.
Therefore, it is more convenient to use the dimensionally reduced Einstein-Maxwell
equations, i.e., B = 0 (see [33, Definition 6] and the references therein). If £ is strictly
timelike in the spacetime then M is a complete manifold. If & is null anywhere the
above coordinate system breaks down at the level set {f = 0}. In this case, we extend
M to a manifold with a smooth boundary d M containing {f = 0}, which could cor-
respond to an event horizon or an ergosurface if the hypersurface is null or timeline,
respectively. We say that (M, g) is complete away from the horizon dM if for any se-
quence of points {p;} such that p; — p € dM on the metric of M one has f(p;) — 0.
Conversely, if {p;} is a bounded sequence of M such that f(p;) — 0, then the defini-
tion of (M, g) implies that a subsequence of {p;} converges to a point p € dM [2].

The most common assumption in the analysis and classification of an elec-
trovacuum space is to consider that such space is asymptotically flat (see [15, 17, 36,
42]). Then, we can use classical results to prove that the solution for the electrovac-
uum system is either MP or RN (cf. [17, Theorem 3.6]). Even though these asymptotic
conditions are restrictive in the topological sense, it is physically reasonable in the
study of isolated gravitational systems. Usually, in differential geometry, we often as-
sume some conditions over the curvature in the analysis and classification of a Rie-
mannian manifold. In this work, considering just a condition over the curvature for
the classification of the electrovacuum space seems to be not enough, since a priori
we do not have any additional information about the electric potential and the lapse
function.

Usually, in differential geometry, we often have some conditions over the
metric or curvature (or both) in the attempt to classify an arbitrary space. Locally
geometric conditions over the curvatures (Riemannian, Ricci, or scalar) and Weyl
tensor have been used in the study and classification of static vacuum spaces (cf.
[1, 32, 37]). For instance, it is well known that if a Riemannian manifold has constant
scalar curvature and harmonic Weyl curvature, then its curvature tensor should be
harmonic (but not necessarily flat). Clearly, the harmonic Weyl curvature condition is
weaker than the locally conformally flat condition (we refer to the reader [12, Remark
1.2]). It is interesting to remember that some classical proofs for the uniqueness
of the static Schwarzschild black holes used the conformally flat structure of the
static metric to obtain the classification result (cf. [45] and the references therein).
Naturally, we can assume weaker integrability conditions on a Riemannian manifold
to understand its geometry. Some of our main results were inspired by the idea used
by [14] to classify Ricci solitons, where the authors considered that the Weyl tensor is
free from divergence as a hypothesis, which is a weaker assumption than harmonic
Weyl curvature. These conditions will be discussed ahead.
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We remember that an asymptotically flat n-dimensional electrovacuum
space is extremal (i.e., m = |q|) if, and only if, the magnetic field is zero and

f=1++2(n-2)/(n—1),

admitting f = 0 at JM (see Lemma 1 in [36]). Also, in [36, Lemma 3], certain elec-
trovacuum solutions combined with an equation relating { and f have implications
on the non-existence of magnetic fields. It is worth saying that an extremal RN space-
time contains a unique photon sphere, on which light can be trapped and it has the
largest possible ratio of charge to mass (see [15]). The theory of extremal black holes is
very important in physics and has very interesting properties. For instance, extremal
charged black holes may be quantum mechanically stable, which is consistent with
the ideas of cosmic censorship (see [31]). There is also an important type of elec-
trovacuum solution in supergravity theory (see [42]). Moreover, there is evidence that
this type of black hole is important to understanding the no-hair theorem (see [8]).

The RN and MP solutions for the electrovacuum system suggest to us that
there exists a class of solutions where the electric potential is a smooth function of
the lapse function, i.e., \p = (f). We will prove that an n-dimensional electrovacuum
space with null cosmological constant, fourth-order divergence free Weyl tensor, and
zero radial Weyl curvature such that the electric potential satisfies the above condi-
tion is locally a warped product manifold with an (n— 1)-dimensional Einstein fibers.
Finally, a three-dimensional electrovacuum space with no cosmological constant and
third-order divergence-free Cotton tensor is also classified.

The electrovacuum system was constructed in Section 1.2 (Chapter 1). For
the sake of completeness and to specify which system will focus on, we will state the
definition here once more.

Definition 2.1 Let (M",g) be an n-dimensional smooth Riemannian manifold with
n> 3 and let f,\p : M — R be smooth functions satisfying

2

(n_l)f|vﬂ)|29,

2
fRic = V?f— 7ohp ® d +
-2\ [V |? \%
ar = 222V a0 —aiv (Y.
n—1 f f
In this chapter, we refer to (M", g, f,\b) as the electrovacuum system (or space).

Moreover, using the electrovacuum equations, we get

2R =2|V|°. (2-1)
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2.1 Structural lemmas

In this section, motivated by [6, 12, 37, 44| we will obtain some structural
lemmas, which are fundamental to prove the main results of this chapter. To that
end, we will first demonstrate Theorem 2.2 which shows us how related the electric
potential and the lapse function can be.

In what follows, we will consider that the critical set of the lapse function f,
i.e., crit(f) ={x € M, Vf(x) =0}, is not dense on M. Moreover, | Vf| # 0 at d M is known

as the non-degeneracy condition.

Theorem 2.2 Let (M",g,f,\p), n > 3, be an electrovacuum space such that\p =(f).
Then, the electric potential (locally) is either

2(n—2) 4(n—2) 2(n—2) n—1

2 2 _ 2
1=2)y - = gy gy 4 202 g2y ML (2-2)
or
Y(f) =B =+ 2((””__12))f, (2-3)

where o, 3 € R. Moreover, 0 = 0 if and only if \)(f) is an affine function of f.

Proof. Since \ = (f) we obtain
Vi = (f)VF. (2-4)

Then,

VA = W(fdfedf +(f)V>H,
where ® is the tensor product. Now, by contracting the above equation, we obtain
Ap = P(H)|VI+(NAF.

From the second equation of our system and (2-4), we have

2 (=2 e 2ipep2
Af = ; <n_1)1|)(f) |V~

\%
Combining the last equations with the divergence of Tll) and (2-4), we get

n—2> P(F)3|VF? i |vi?

apvrp e (223 PO g ]
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Notice that {Vf = 0} is not dense. By a straightforward computation, we arrive at

. 2
h+2 (”—> e =0,

n—1

where .

h=".
f
So, by solving this ODE, we get
) +f
PY(f) = ; oeR. (2-5)
20D p o

(n=1)

By integration, we obtain, either

W(f) = ﬁiz((';__lz))\/z(”_2> 220, o#0,peR,

n—1

or

_ (n=1) .
V() =P+ 2(n_2)f, c=0,B R

Moreover, from (2-5) we have the following useful identity

: (n—1)f
2 = Ty (2-6)

Finally, we observe that if ¢ = 0, then from the above equation \(f) is a
constant, which implies that {(f) is an affine function. O

Itis interesting to remark how o and {3 given by (2-2) are related with the mass
m and electric charge g for an RN solution which satisfies (1-34). A straightforward
computation shows us that

and o=

So, we can say that a solution satisfying Theorem 2.2 is called subextremal, extremal,
or superextremal depending on if 0 < 0, 0 = 0 or ¢ > 0, respectively.

It is worth highlighting that the completeness assumption over (M", g) is just
to ensure that the critical set {Vf = 0} is not dense on M. So, here, completeness can

be replaced by assuming that the critical set is not dense.
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The above theorem shows us that an electrovacuum system such that { =

P(f) has two possible solutions, which are closely related to the RN and MP solutions.

Now we will prove the first structural lemma which relates some tensors

described in Section 1.1 (Chapter 1), and to prove that we write the electrovacuum

equations in a local coordinate, i.e.,

fRix

Af

Vjka— %lel)Vkll)+—1ngjk, (2-7)
n—2 A

——1R= 2( _1> ; (2-8)
A — ;<Vf, V). (2-9)

The following lemma relates the Cotton and Weyl tensors with the electrovac-

uum structure.

Lemma 2.3 Let (M", g, f,\), n > 3, be an electrovacuum system. Then,

1
fCix = WiV'f+ E(levlfgik — RyV'tgi)
R
+ m(vifgjk — Vitgix)
2
— f—[f( VAViVh - VapVv; Vi) — VitVbVi + V,-fV,-xkaq)]
—1 1 5 ’
+ 5 (RiVjf = RuVif) + m(viww gk = VjIV[“gik)-

Proof. We take the derivative of (2-7) to obtain

2
RjkV,-f+ fV,-Rjk = f2 [ (V lel)vkll) —f—le])V Vkll)) V,‘ijll)Vkll)] (2-10)
1 f
+ VVka—f— —3 (5ViR+ ?Vi|V1|)|2> gik
and
2
RixVif+fViRix = —a [F(ViVAbVib +VibViViap) — Vi iVapVip]  (2-11)
1 /f 1 )

Subtracting (2-10) from (2-11)

and using that the Hessian operator is symmetric, we
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can deduce that

R,-kV,-f — R,'ijf + f(V,'Fi'jk — VjR,'k) = V,'Vjka— V/-V,-VKH— (V,‘jok — VjRg,'k)

2(n—1)
- f%[ijtl)V,-thb —VAPVVid) — VitV bV + VYV p V)
T l)f(vi|vw|zgfk = ViVl gi).

Then, using the Ricci identity (1-1) and the Cotton tensor (1-5), we can infer
that

fCik = RyaV'f+ (n_l)f(v,-|vq)|2g,-k—V,-|V1|)|2g,-k)—R,-kV,-f+ RikVf

- f%[fWﬂbV,-thb — VAPV Vid) — ViV bV + ViV pViap).

Now, using the Weyl formula (1-4), we have

1 ; , ,
fCi = WiynV'f+ —— (RuVfgi — RiV'fgjx) — (gi V' — gk V'f)

R
(n—1)(n-2)
2
- F(VADViVih = VADVVih) = Vif VAV + Vi VAP V)]

n—1 - ; 1
RixV'f — R V'f
n—2< « Ik )+(n—1)f

So, the proof is finished. O

(Vi|V|2gik — V|V [ gik).-

In the sequel, we define the covariant 3-tensor Vi by

1
—2

Vik = (RuV'fgi — RyV'fgix) + (Vifgik — Vifgix)

R
(n—1)(n—=2)

n—1

+ (RikV;f — Ry Vif) + ViIVU [ gik — V|V 2 gix).

3
[\

1
(n—l)f(

The tensor Vjj was defined similarly to D;jx in [9, Equation 1.2].
Note that from a straightforward computation, we observe that the tensor V
has the same symmetries of the Cotton tensor, C, i.e.,

Viik = —Vjix and  Vjjx+ Vjkj + Viij = 0.
Moreover, this tensor is totally trace-free, i.e.,

gV =0, g*Vjx=0 and g*V=0.
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The first equality holds trivially, and the last two are similar. In fact, note that

: 1 R
ik / /
Vik = RNV'f—R V') +————— (Vif—nVf
9 Vijk n_z(n | il )+(n_1>(n_2)( j=n /)
2 , .
— f—z[f(vjq)mp — VAPV, V) — Vi VoV + V| V)]
n—1 1
RVif — RyV'f)+ ————— (V,|VU|> — nV;| Vi |?
+ n_z( / J )+(n_1)f( /l 11)‘ n l| II)|)

2 j '
= —SI(VbAY = VpVVP) = VifVpVip + Vif [ Vip ]

1
+ RV;f— 7v,-yvq)|2.
Now, note that since |V|?> = g*V V1, then

ViV = g“VivibViah + g VbV Vb
= 2VAV,Vab.

Therefore, from this equation and (2-9), we obtain

: 2
g Vi = — S [Vib(VE, Vi) = Vb (VE, Vip) + Vif|VU|*] + RV, f
p— O,

where we used (2-1).
The V-tensor has a fundamental importance in what follows. From Lemma
2.3, we have
fCijk = Wiy V'f + Vijk. (2-13)

In particular, if we suppose that {p = 1\ (f) in the Lemma 2.3, we obtain the

following result.

Lemma2.4 Let (M", g, f,\), n > 3, be an electrovacuum system such that\p = P (f).
Then,

Vijk = P(R,'/V/fgjk — Rj,V’fg,-k) + Q(R,'ijf— F?jkV,-f) + U(V,’fgjk — ijg,'k), (2—14)

where 11)( )2
_2U(f 1 _n—l_ o
P= n-1 n-2 Q_n—2 2b(f)
and o .
U R 1 _21])(f) +f1.])(f)

Th—1 -2 (-1 %)
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Proof. In fact, since { = {(f), the equation (2-4) is satisfied. Now, using (2-7) we
obtain

ViVib = () VfVif +)(f)ViVf

= P(HVkIVif + A (F) Rei + %u}(fﬁwvif— %fﬂb(fmgk,-.

Replacing the above equation in (2-12) we can rewrite the V-tensor in the following

form:

V()R| (Vifg — Vitgix)

1 R 2
Vik = ——=(RyV'fgix— RyV'tg; -
ijk n 2( 1Y TGk il gjk)+ |:<n_1)(n_2) N1

(VilVb gk — V|V gix) (2-15)

n—1 .
- {n_z —211)(f)2} (RikV,f — Ry Vif) +

1
(n—1)f

Now, by taking the derivative of (2-1) and using (2-4) we deduce that
4)(HY(FVif |V +20(F)2 V| V| = 2fRV,f + f*VR.
Combining (2-7) and (2-4), we obtain
4D (HP(F)Vif|VE? +4(f)? (fR,-,V,f—I— %Ll}(f)zV,-f|Vf|2 — ﬁfRV,-f) = 2fRV;f+f*VR,
which implies that

. , 2. 1
ViR = 4)(HY(HVif| VI +4P(f)? (fR;,V/f+71b(f)2V,f|Vf|2—ﬁfRV,-f)

— 2fRV/f
_ fp(f) 2(n—2) ., .» | g
= 2fFf<1b(f) += (") —1) Vif + 41 (f)*RyV f. (2-16)

Then, using (2-1) and (2-16), we get

f2
ViIVp|? = fRVf+ S ViR

fp(f)  2(n—2) . .
fﬂ(u.)(f) +=— w(f)z) Vif +20p(F)2RyV f.

Thus, replacing the above equation in (2-15) the result follows. O

On the other hand, by a conformal change of the metric, we get our next

lemma.



2.1 Structural lemmas

46

Lemma 2.5 Let (M",g,f,\p), n > 3, be an electrovacuum system such that\p =\ (f) is

given by (2-3). Then, the Cotton tensor satisfies

(n—2)2fC,-jk = VV,'jk/Vlf. (2—17)
In particular, when n = 3, then (M, g) is locally conformally flat, i.e, C = 0.
Proof. We consider the conformal change of the metric
~ 2
g=fn2g.
From [12, Appendix] the Cotton tensor for g is given by
- 1
(n— 2) Cijk = (n— 2) Cijk — m VV,'jk/Vlf. (2-18)
Moreover, for g (see [5, page 58]) we obtain
- 1 (n—1) Af
Ric = Ric— - V?f df@df — ————
i I Ly T oy
.1 (n—1)
= Ric— - V*f+ ~——dfodf - : 2-19
VI R T T (2-19)
where in the last equation we used (2-8).
Considering { = (f), from (1-29), we get
- 1 (n—1) 1 (n—2) |VU|? 2
Ric = — af df— d d 2 — Af| fn2
© T Bh" bedb+ e —2)f{ (n—1) f g
1 (n—1) 1 [(n=1) )
= = af df——d d —= -2 df @ df. 2-20
F(rma) o o= (12 are (2-20)
Moreover,
5 _L[(n=1) o] 52
R=— -2 Vi~
di=Rld
By hypothesis, \» = 1(f) satisfies (2-3). So,
) -1)
o — (1= 2-21
U =) (2-21)

Consequently, from (2-20) and (2-21), we conclude that (M", g) is Ricci-flat. In this
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case, the Schouten tensor (1-13) for g is given by

e 1~
I S
s n—2( I ) g)

(n—1) _21[)2 S
- \Y
— LﬁLQ____j_<dﬂ®df___i__g>Q

(n—2)f? 2(n—1)

This shows that S is Codazzi, i.e., (% xS)(Y) = (% yS)(X) forall X, Y € TM. Therefore,
the Cotton tensor for the metric g is identically zero. So, from (2-18) we have

(n — 2)2fC,'jk = VV,'jk/Vlf.
Thus, we conclude our proof. O

Now our goal is to obtain a useful formula for the norm of the Cotton tensor
involving the divergence of the tensor V.

Lemma 2.6 Let (M",g,f,\}), n > 4, be an electrovacuum system. Then,

Viki —3CyiVKf 1
(n—2)B; = —V* (ﬂ)+”_ jki + = Wi (VEIVI E—2VEp V). (2-22)

f n—-2 f f2

Proof. In fact, from (1-10) and (2-13), we can deduce that

(n=2)Bj = —V"Cixj+R" Wi

Vikik Wik V'f
—Vk (4""’ + %) + R Wi,
i [ Vikj VEW V't Wi VEEVIE - Wi VEVIE
= -Vii—)- + 5 - + R Wikjr.
f f f f
Now, using (2-7), we obtain
k[ Vikj VAWVt Wi VKV f
(n=2); = -V )-——F —+— 5

Wiki 2 1
- (mk' + VOV - —— ngk’) + R Wi

Since the Weyl tensor is trace-free we have

Vi \ VAW Ve 1
(n—2)B; = —V* (;f"/) - %ﬂ—z kit (VEIV! = 2VFp Vi),
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From (1-8), we get the result. O

Proceeding, we can use the previous lemma to obtain the following result.

Lemma 2.7 Let (M", g, f,\p), n > 4, be an electrovacuum system. Then,

) . Viei 1 )
CikiR* = (n—2)V'Vk (;f"f)—(n—z)?vwkj,ﬁ"ka (2-23)

Wi _ Wik
+ 2(n-2) f’zkf’vkxpv'v’q)—2(n—2)#v'ka1pv’¢.

Proof. Taking the divergence of (2-22) and using (1-7), we can infer that

i ; V'k' n—3 C'k,' ; ;
—2)W'B; = —VIVK[ )4 = (VIVEF—VEVif
(n=2)V'Bj (f Tasap )
1 . . . ]
+ 2 Wik (VIVKIVI 4+ VEFVIVIF— 2V’Vk1|)V’1|) —2VRpVIVRp)  (2-24)
1 .
+ f—zv'mkj,(kav’f VKV — ,k,,(v FVEEVIE— 2V VYY) .

Since the Hessian is symmetric, renaming indices and using the symmetries of the

Weyl tensor we get
2VIVEY Wikj = VIV Wikjy + VRV Wiy = VIVE (Wi + Wigjr) = 0. (2-25)
Analogously, we have the same expression for the lapse function f, i.e.,
VIVEf Wi = 0.
Combining (2-24) and (2-25), we obtain

(FV'VKf —VKEVIE)

(n—2)V'B; = —Vivk <_k/> 3G

f n—2 2

4 : 1_;
+ 5 Wik V' IV PV — f—zv' Wi (VEFVIE—2VFpVip)

1 . )
+ 25 Wik (VErVIVIF—2vkpvivip) .

Since the Cotton and Weyl tensors are trace-free, using the symmetries of the
Weyl tensor, (1-8) and (2-7) we get

; ; Viki n—3 1
(n_2>V’B/j = —V'VK (;fkl)‘{'n 2C/klR +fWk/IR’/ka

2 2
7 WigiVEp V' Vb + — Wi V' VIRV, (2-26)
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Now, we need to remember some facts. Firstly, Bj; = Bjj, R’ = R/ and the Cotton tensor
is skew-symmetric, then an analogous computation as the one made in (2-25) gives
us

Ci;R™ = 0. (2-27)

Secondly, using (1-6), we infer can that Cjix = Cj; + Cjj, this implies that CjjR'* =

Cjk;R’k . Thus, from (1-12) and using these observations, after renaming the indices,

we obtain A A
. n— ; n—
V'Bj = ——=CikR™ = —— CiiR™.
if (I’l — 2)2 jik (I’l 2) ki
Finally, using the above equation in (2-26) the result holds. O

Now, we will prove the last structural lemma of this section.

Lemma 2.8 Let (M",g,f,\}), n > 4, be an electrovacuum system. Then,

1 e . Viki 1 ,
~ICP+R*Vic, = (n—2)VIVIVK ([ 2K ) _(n—2)V/ | = Wi, RIVKF
2 / f o

Wikji

W
— 2(n—2)V! { . l

vakll)vllb}—l—Z(n 2)Vf[f thl)VV’d)].

Proof. Taking the divergence of (2-23), we have
j pik ikvoj jikVikj jl il k
Cjk,'VR +R VCjk,' = (n—2)VVV T —(n—2)V ?VV,'kj/Fi’V f
j Wikjl i ook o
—2(n—=2)V TV VAPV (2-28)
+2(n—2)V/ { kv V’xp]
Hence, from the symmetries of the Cotton tensor and renaming indices,
2Cjk,'VjRik = Cjk,'VjRik + ij,'VkRij = Cjk,'(VjRik — VkRij). (2-29)

Then, combining (2-28) and (2-29), we can infer that

1 o .. o o Viei
5 Cii( VR = VERT) + R¥VIGy, = (n—2)V/V'V" (;fkj)

T1 .
—(n—2)V/ |:7 VV,'kj/RIlef}

T Wi
—2(n—2)V! {%V’fv’&pv’w}

+2(n—2)V/ { Wikit gk Vllb}
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From (1-5) and using that the Cotton tensor is trace-free, we obtain the result.
(I

2.2 Classification Results

Now we are ready to present and prove the main results of this chapter. In
what follows, we demonstrate that an electrovacuum space, under specific hypothe-
ses, necessarily must be in the Majumdar-Papapetrou class, i.e., (M", g) is Ricci-flat
(see Lemma 2.5) with respect to the metric g = f2/(n=2)g the inverse of the electric
potential ﬁ given by (2-3) is harmonic with respect to g, [36, Remark 1]. Then, if we
consider asymptotic conditions, by the positive mass theorem, (M", g) is isometric to
the Euclidean space minus a compact set. These facts are important for the classifica-
tion of electrovacuum solutions. For n = 3, the space (M", g) is trivially flat, and this is
a direct consequence of (M", g) being Ricci-flat; however, in higher dimensions, this
need not be the case.

As pointed out in [36, Remark 1] and [42], any suitably regular asymptotically
flat black hole solution in the Majumdar-Papapetrou class must have a space isomet-
ric to Euclidean space (minus a point for each horizon) and a harmonic function of
the form (1-35). In this case, the spacetime is in the class of Majumdar-Papapetrou
multi-centered black hole solution (see [42]). We need to emphasize that we are not
considering any asymptotic condition, so the positive mass theorem is not necessar-
ily valid here.

Theorem 2.9 Let(M", g, f,\}),n> 3, bean electrovacuum space satisfying (2-3). Then,
the Schouten tensor for the metric g is Codazzi. If (M", g) is locally conformally flat,
then the space must be in the Majumdar—Papapetrou class, i.e., the static spacetime
(M1, §) = M" x ;R must have (locally) metric tensor given by

g(x, t) = 22 (dx? + ...+ dx2) — FPat>.

Moreover, any four or five-dimensional electrovacuum spacetime such that the spatial
factor (M, g, f,\) satisfies (2-3) must have (locally) the above geometric structure.

Proof. The proof follows from the previous section. In fact, remember that when 1
is an affine function of f, we have equation (2-21). Then, from (2-14) we conclude
that P = Q = U =0, so the V-tensor is identically zero. Thus, from (2-13) we obtain
fCijk = WUK/V' f. Immediately, for n = 3 the Cotton tensor is identically zero which
means that (M3, g, f, ) is locally conformally flat.
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Considering n > 3, from the proof of Lemma 2.5 we obtain that the Ricci
tensor, ﬁic, for the conformal change of the metric g = £2/(n=2) jg identically zero, and

so the Cotton tensor 5,-,-;(. At the same time, using (2-17), we can infer that
(n — 2)2fC,'jk = VV,'jk/V/f,
which combined with (2-13) gives us
[(n— 2)2 — l]fC,'jk =0.

Consequently, the Schouten tensor (1-13) is Codazzi, i.e., (VxS)(Y) = (VyS)(X) for
all X, Y € Z°(M). Furthermore, since Ric is identically zero, we conclude (M3, g)is
isometric to R3,

— f2/ n—2)

Using again the conformal change of the metric g = )g (see [5, page

58]), we have

Rijs = 122 [Rijkl — (9 Tjt+ g1 Tik — 9 Tjk — Gjk Til)} , (2-30)
where
1 1 n—1 1
T, = —ViVjf - ——VifVif+ ————|Vf|g;
L n—2(f M )P +2( —7! |g”>

1 /1 (n 1) R

In the last equality, we have used (2-8) and (2-21). Then, from (2-19), we get

1 (n—1) R
Rj=-VVif— =) v Vs
i = VT Ty T oy 9

Combining these two last identities, we obtain

1 R
T — R — e
L n—2( L 2(n—1)g’f)

Note that the tensor T coincides with the Schouten tensor S given by (1-13). If the

Weyl tensor for g is identically zero, then from (1-4) we have
9ik Tji+ 9ji Tik — 9it Tik — 9jk Tir = Rijkis

see [9, Remark 2.1]. Therefore, replacing the above formula in (2-30), we can conclude
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that
Fi'ijk/ =0.

Thus, we can say that (locally) g = 8, where 8 is standard Euclidean metric. Hence, we
can infer that g = f~2/("=2)5,

We finish the proof considering the four-dimensional case (see [9, Lemma
4.3]). First, remember that in any open set of the level set X = {f = ¢}, where cis any
regular value for f, and using the local coordinates system

(x1, X2, X3, X4) = (f, 62, 03, 04),

we can always express the metric g in the form

1
where gap(f,0)d0,d0, is the induced metric and (05, 03, 04) is any local coordinate
system on X (see [9, Comment 3.4]). We use a, b, ¢ to represent indices on the level
sets that range from 2 to 4. While /, j, k are used to represent indices ranging from 1 to

4. Next, consider that v = |’V—Vf|f is the normal vector field to . Consider the referential

{e1, e, 3, es}, where e is normal and e, are tangent to Z. Since the Schouten tensor
is Codazzi and the V-tensor is identically zero, from (2-13) we have Wjj; = 0. Hence,

we only need to show that
Wabcd — 0; va, b, C, d - {2, 3, 4}.

The Weyl tensor has all the symmetries of the curvature tensor and is trace-free in any
two indices. Thus,
Wai21 + Waopo + Wazoz + Waana =0,

this implies that

Wh323 = — Whgo4.

Thus, from

Whar4 = —Whs434 = Wh3p3,

we conclude that W53,3 = 0. Moreover,
Wi314 + Wazoa + W33y + Wizas = 0,

which implies that Wh3y4 = 0. This shows that Wypcq = 0, unless a, b, ¢, d are all
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distinct. But there are only three choices for the indices since they range from 2 to
4. Then, the Weyl tensor Wiy, is identically zero. Therefore, (M4, g) is locally confor-
mally flat. O

As an interesting consequence of the above theorem, we get the following
corollary.

Corollary 2.10 Any five-dimensional electrovacuum spacetime satisfying (2-3) must

be in the Majumdar-Papapetrou class.

Remark 3 Lucietti [42, Theorem 1] proved that an asymptotically flat higher dimen-
sional (n > 3) extremal electrovacuum space is in the MP class, by requiring a mild
extension of the positive mass theorem to manifolds with conical singularities. Fur-
thermore, the author was able to prove that f must be given by (1-35). Remembering

that we are not assuming any asymptotic condition.

Next, we prove Theorem 2.11 concerning the classification of an electrovac-
uum space without any asymptotic condition as a hypothesis. To that end, it is con-
venient to remember that we say that a Riemannian manifold has a harmonic Weyl
curvature when

diviw =0

and a Riemannian manifold also has radial Weyl curvature if
w(,-,-,Vf) =0.

A straightforward computation from (1-8) shows us that the harmonic Weyl
tensor condition is equivalent to the Schouten tensor being Codazzi when n > 3. For
the sake of simplicity of the next results, we will now adopt this new definition of
harmonic Weyl tensor as the terminology whenever necessary.

Now, we are ready to announce our next classification result.

Theorem 2.11 Let(M",g,f,\p), n > 3, be an electrovacuum space with harmonic Weyl
curvature and zero radial Weyl curvature such that\p is in the Reissner-Nordstrom
class, i.e., such that\p is given by (2-2) and o < 0. Then, around any regular point of f,

the manifold is locally a warped product with (n— 1)-dimensional Einstein fibers.

Proof. We consider an orthonormal frame {ej, e, ..., e,} diagonalizing the Ricci ten-
sor Ric at aregular point p € £ = f~!(¢), with associated eigenvalues Rkx, k = 1,...,n,

respectively. That is, Rjj(p) = R;;d;;(p). From Lemma 2.4, we infer

ij[PHjj + QR — U] =0, Vi#]j, (2-31)
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where P, Q and U are given by (2-14). Without lost of generality, consider V;f # 0 and
V;f =0 for all i # j. Observe that Ric(Vf) = R;;Vf, i.e., Vf is an eigenvector for Ric.
From (2-31), we obtain that A = Rj; and p = Rj;, j # i, have multiplicity 1 and n— 1,
respectively. Moreover, if V;f # 0 for at least two distinct directions, then we have that
u= Rj; =...= Rypand we also obtain that Vfis an eigenvector for Ric. It is important
to point out that for the above discussion, the solutions satisfy P # 0, Q # 0, and U # 0.

Therefore, in any case, we have that Vf is an eigenvector for Ric. From the

above discussion we can take {e; = ,€2,...,en} as an orthonormal frame for X

—Vt
v
diagonalizing the Ricci tensor Ric for the metric g.

Now, from (2-7) we obtain

Rf
(n—1)

Hence, equation (2-32) gives us | V| is a constant in . Thus, we can express the metric

1 21)?
fRagVZf:EVa|Vf|2—%\Vf\2Vaf+ V.f; ac{2,....n}. (2-32)

g in the form

gij = |Vlf|2 df* + gap(f,0)d0,d0p,
where gap(f,0)d0,d0) is the induced metric and (65, ..., 0,) is any local coordinate
system on X. We can find a good overview of the level set structure in [9, 37].
Observe that there is no open subset Q) of M” where {Vf = 0} is dense. In
fact, if f is constant in Q since M"” is complete, we have that f is analytic, which
implies f is constant everywhere. Thus, we consider X a connected component of the
level set f~!(c) (possibly disconnected) where c is any regular value of the function
f. Suppose that / is an open interval containing ¢ such that f has no critical points in
the open neighborhood U; = (/) of Z. For sake of simplicity, let U C M\{f =0} be

a connected component of f~! (/). Then, we can make a change to the variables
df
rx)= | ==
t0 / Vi
such that the metric g in U) can be expressed by

Let Vr = a , then |Vr| =1 and Vf = f’( )(9 on U,. Note that f'(r) does not

change sign on U,. Moreover, we have V,,dr =
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From (2-7), i.e.,

2 1
fRjx = Vijf— ?qu)thl) + mfﬁgjk

and the fact that Vf is an eigenvector of Ric, the second fundamental form on X is
given by

Vavbf

hap = _<el,vaeb>:

1 ‘R Rf _ R _ H
Lz ab n_lgab Nz H=0 Qab—n_lgab,

where pis the eigenfunction associated to Ric at X. Moreover, contracting the Codazzi

equation
Ricap = Vahbc - Vbhac

over ¢ and b, it gives

1 n—2
— 1Va,(H) = Va(H).

On the other hand, since R;; = 0, we conclude that H is constant in X.

In what follows, we fix a local coordinate system

(X5 s Xp) =(ry...,0p)

in U;, where (03, ...,0,) is any local coordinate system on the level surface £. Consid-

ering a,b,c,--- € {2,...,n}, we have
Now, by definition of Christoffel’s symbols (1-14) we have
1 d 10
rl_ 2 (_2 _ 19,
ab 29 < argab) 3 argab

Then,
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Hence, we can infer that

9an(r,0) = @(r)*gan(ro,0),

Ji H(s)ds)

where @(r) = e™! ( and the level set {r = rp} corresponds to the connected
component L of f~!(c).
Now, we can apply the warped product structure (see [5, Chapter 9] and

Section 1.2 of Chapter 1). Hence, considering
(M, g) = (I.dr*) xo (N, G);  g=dr’+ g,

we deduce that

Wiaip= ——FRap— —————gap.

Note that if W(-, -, -, Vf) = 0 we obtain that N is an Einstein manifold.

Since
(M", g) = (I,dr*) x¢ (N""',9),

applying the warped product formulas discussed in Section 1.2 of Chapter 1, the Ricci
tensor of (M3, g) is

Ru=-(n-1)Y  RL=0 (2-33)
©
and
Rab = Rab — [(”_2)(@/)24'(9(9”] Gab (a be{2,3}).
On the other hand, since
2 "
- @’ ®
R=¢ *R—(n—1)(n=2 <—) —2(n—1)—,
(n—1)(n—2) " ( )(p
we get

R= @A+ (n—1)(n—2)(¢)*+2(n—1)pe".

2
Since R = ZLL\Vf\z and |V{| is constant at ~ we get

A= 20" W 90P + (n— 10— 2) (0P + 20— 1o,
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We can conclude that R does not depend on 0. Therefore, R is a constant. O

2.3 Fourth-order divergence-free Weyl tensor

In this section, we prove some integral theorems in dimension n > 4 with a
fourth-order divergence-free Weyl tensor for an electrovacuum space in the RN class.
To that end, we use the lemmas provided in the previous section. We are considering
Riemannian manifolds satisfying (2-2) with the zero radial Weyl curvature is consid-
ered in our results. Indeed, the fact that electrovacuum space can not satisfies (2-3)

appears naturally in the following theorem.

Theorem 2.12 Let (M",g,f,\p), n > 4, be an electrovacuum space satisfying (1-29),
(2-2) and (1.1). For every ¢ : R — R, C? function with ¢(f) having compact support
K C M. Then,

) f -
_n / d)f( >kaV’V]V/Viji/,
M

—2(n—11)20/M|C’2¢(f) [(n—1)o—(n-2)f] = o

where o is a non-null constant.

Remark 4 It is important to point out that the choice of ¢ in the above theorem should

o(f)

be made in such a way that terms like ~pm where m = 1, 2 or 3, will be integrable at
K.

Now, let us prove Theorem 2.12.

Proof. From Lemma 2.8, we have
1 ikvj oivk [ Viki
§|C| S(F)+d(HR"VICii = (n=2)d(f)VV'V -
T1 .
— (n=2)p(HV/ {?W,-kj,R”ka}
T Wikir
— 2(n=2)¢p(HV/ {%V’fvﬁpv'w}
Wikji

+ 2(n=2)¢p(HV/ [f—zvkwva’w} .
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Now, integration by parts leads us to
1 2 ik : jeoivk  Viki
> [1cPot+ [ e(R*ViG= — (n-2) [ $(nVire've (L8
2Jm M M f
. T )
b (0-2) [ GO | W'
( j Wikil gk, i
— 2(n=2) Mcb(f)Vf f—ZV PV'Vip
( o | Wikil Gi ook ol
+ 2(n—2)/ S(NVI | VvV
M
From Lemma 2.7, we obtain
1 L ) . .
5 | IPo(0+ [ 6(0R*ViCk =~ [ $(1)VirCuR"
Using (2-7), we deduce that
1 f ; 2 1 .
E/M|cyzq>(f) - A@(V'V"f—?v'kammmg,k) V! Cixi
b(f) o 20 1
= — /M—d)g )V/f <V"V’f— ?Vllbvkl])—l——n_lfﬁg;k) Ciki.
Since the Cotton tensor is totally trace-free, we can infer that
1 f) . . fl . .
§/M|C|2d)(f) + /Mwv'kawcjk,—2/M¥v'¢vkwvfcjk,-
o . o
- _ /M yvlkaV'ijk,'—l—Z /M %va'kaq)c,k,. (2-34)
Analogously to (2-25), we have the following equation
2VIVEY Ciyi = VIV Cixj + VIVEY Cyji = VEVIP(Cixi + Cyji) = 0. (2-35)
Then, using this, we get

S (f) i ' o) 20N oo
—2/M%V¢V’<¢V/cjk, = 2/M(f—2—f—3) VIV VEY Cyj
+ 2 /M @W"wv’&qu,.

Replacing this equation in (2-34), since the Cotton tensor is skew-symmetric, and
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renaming indices we obtain
1 d(f) _; . G(f) i
5/M|C|Zq>(f) + /M¥V'kawc,-k,’—4/M%wfv&pvkwcjm
AN
+ 2 /M %V/V'wv’&pcjm

e '
= _/MQV/N"VVCW

O(F) o i b(f) () j :
= TV/foVijki—i_//\/](T_T) Cjk,'vaka/f

M

O(f o
+ kaV/fV’fC-k,-
Mo f !

O(F) ..
= @ijvlkacj'k,'
M

G(F) o ok poi Vo (f) o
= —/MTV’fV ijCjk,':—/M f —=V ijCjkI

— (1)5 )'V'kaV]Cjki_/ %Vlkafvjcjk’
%

M
f .
+ @V"fv'w Ciki-
M

Hence, from (1-7), i.e.,
V/Ciki =0,

and the symmetries of the Cotton tensor, by integration we have

1 2 Cl)(f) i ok o)
5/,\,1’0’ o(f) + /Mf—2V V5V Ciyi

= / kafv’vfcij / MfoV"tI)VklI)C/ki
d(f)

m f?

+ 2 / ¢f—3(fV/1|)VkV’1b+2foVk1])V’1b)Cjk,-.
M

- 2

Now, considering that { =1 (f), we deduce

/ @(fvfxpv"v’ip+2fothl)V’1b)Cjki
M
d>( $(f)

= /M d’f—zq')zvf FVEV FCii.

[FOVIE(OVEVIF LDV FVEE) 1 202V VRV ] Cg

59

va¢vk¢c,,_/ *W) grpyi ViICii  (2-36)
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Again from the symmetries of the Cotton tensor and renaming indices we obtain

d(f)

m

o(f)

2 (VIO VEVAD 4 2V VR VD) Cg -

L PAVIFVEVI FCi;
G(F) ¢ 2ok poi j
f—21|)(f) VEVIVI Cigi.

M

Thus, replacing the above equation in (2-36), we get

2/ ICIPd(f +/ 1—211) ))kaVfoc,,_/ (1) S LVKEVIVICy;.  (2-37)

From now on, we will analyze just one part of the above equation. Since the
Cotton tensor is trace-free and skew-symmetric, another integration by parts gives us

¢f(2)(1—21|)( NOVKIVIIVIC = 4 Md>f(2) (Fb(HVHIVIEV'ECii
- /M (d)fgf) 2¢;( )) (1= 20(F)*) VH IV V' G
_ M¢f(2)(1_21p( ) )VIVEEV FCiki
d>( )

- (1 — 20 ()} VKFVIVIFCiys
M
= / d) f) )Rf’V"ka,-,-.
In the last equality, we used (2-7) and renamed indices. Now, since M" has zero radial

Weyl curvature and the Cotton tensor is totally trace-free, from (2-13) and (2-14), we
can infer that

1

R'VKfCy = 5ck,-,-(Rf"V"f — RKIVIF)
1 Kji
where Qis the same as given in Lemma 2.4, i.e.,, Q = Z%; — 21]3 (f)z. Therefore, we have
¢ g d(f)
W 12V viviG = 1 > | B a-2icr

_ —2)(1-29(f)*)
B 2/' { —2(n—2)1 ()2
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Now, from (2-6) we can conclude that

@(1—2¢(f)2)kavffquk, =
M

Replacing it in (2-37), we obtain

1

3o 10 |40 (= Do (n-2)7] = [ Blvervicy,

Using (1-8), the result holds. O

Next, we will take an appropriate ¢ (f) satisfying the conditions of integrabil-
ityin Theorem 2.12 to obtain an important result concerning the geometric structure
of electrovacuum space.

For our next result, remember the following definition [41, Page 372].

Definition 2.13 [41, Page 372] Let M and N be two topological spaces. Amap f : M —
N is said to be proper if for each compact subset K C N, the preimage f~'(K) C M is
compact.

Now we can demonstrate the next theorem.

Theorem 2.14 Let (M", g, f,\), n > 4, be an electrovacuum space satisfying (1-29),
(2-2) and (1.1) with fourth-order divergence-free Weyl tensor, i.e., div*W = 0. If f is a

proper function, then the Weyl tensor is harmonigc, i.e., diviW = 0.

Proof. Let s > 0 be a real number fixed, so we take X € C*(R) a real non-negative
function defined by x = 1 in [0,s], X < 0 in [s,2s] and x = 0 in [2s,+<] (see Figure
2.1). Since f is a proper function, we have that ¢ (f) = f*x(f) has compact support in

Figure 2.1: An example for x.
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M for s > 0. From Theorem 2.12, we get

1 n—2 i
m/M|C|2f4x(f) (n=1)o=(n-2)f] = =" [ Fx(OVHVIIV' W,

n—2 -
= — AVEAVIVIVIW,

n—2 i

= — = AFPVEVIVIVIW,,

4(”-3) /MX( ) kil
n—2

4(n—73)

/M X (O VEEVIVIV W,

In the last equality, we use integration by parts. Now, we take ¢ (f) = £x(f) in
the Theorem 2.12 and since div* W = 0, we obtain

s 7 J R0 [(n= Do~ (n-2)7] =
ﬁ/ﬂ/ﬁcpﬁx(f) [(n_ 1)o— (n—2)f2} .

Hence,
[ HICRx() + 3% [(1- Do~ (1-2)] =0,
M

Define Ms = {x € M; f(x) < s}. We have, by definition of x thatx () + 1 fX(f) =
1 on the compact set Ms. Thus, on Mg, since o < 0,

og/ FICP [(n—2)R — (n—1)0] =0,
Ms
i.e., C =0in Ms. Taking s — 4o, we obtain that C = 0 on M. O

In conclusion, we have the main result of this section which follows from
Theorem 2.11 and Theorem 2.14.

Corollary 2.15 Let (M",g,f,\p), n > 3, be an electrovacuum space with fourth-order
divergence free Weyl curvature and zero radial Weyl curvature such that the electric
potential\D is in the Reissner-Nordstrom class (i.e., satisfying Equation (2-2)). Around
any regular point of f, if f is a proper function, then the manifold is locally a warped
product with (n— 1)-dimensional Einstein fibers.

2.4 Third-order divergence-free Cotton tensor

We will return to the previous results of the last section and study them in

dimension n = 3. Firstly, it is essential to point out that Lemma 2.6, Lemma 2.7, and
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Lemma 2.8 are not valid in the three-dimensional case due to (1-8), which was used
in the proofs. However, we can prove another version of those lemmas conveniently
when n = 3. Another point is that Theorem 2.12 is not valid in dimension n = 3, but
the main issue here is that the Weyl tensor vanishes in dimension three. Therefore, for
n = 3 the radial Weyl curvature condition is not necessary anymore. Nonetheless, the
computations for the three-dimensional case are very similar to the previous results.
We will prove all those results for n = 3 in this section for completeness.

After these considerations, we can proceed with our results. To that end, since
the Weyl tensor vanishes identically in dimension n = 3, from (2-13) we can observe
that

fCijk = Vijk. (2-38)

Consequently, we have the following lemma.

Lemma 2.16 Let (M3, g, f, ) be an electrovacuum space. Then,

. . Vei:
Ck/','Fw”k = Vivk (%) .

Proof. In fact, from (1-11) and (2-38) we obtain

Taking the derivative over /, we have
VB =V'Vk (@) :
Since n = 3, from (1-12), using (1-6) and (2-27) after renamed the indices, we have
V'Bj = —CixR™ = —CjiR* = CijiR™.

Thus, combing these two last relations the result holds. a

Lemma 2.17 Let (M3, g, f, ) be an electrovacuum space. Then,
1 b s Viii
5\0\2 + R VI = —VIV'V¥ (%) .
Proof. Taking the divergence in Lemma 2.16, we get

ij,'V/RIk + R’ijCk/',' = VIVivk (%) .
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Use (2-29) to obtain

1 . o e
Eckff(V’R'k — VKR + R*VICy; = VIVIVK (%) .

Now, since the Cotton tensor is trace-free, from (1-5) and renaming the indices we

obtain | v
5 CxiiC' — R*VI Gy = VIV <%) .
Therefore, the result holds. O

Theorem 2.18 Let (M?, g, f,\) be an electrovacuum space satisfying (2-2). For every
¢ : R — R, C? function with ¢(f) having compact support K C M. Then,
1 f o
—/ ICI2dp(F)[20 — ] = / wVKfV'VJCjki.
80 Jm m f

where o is a non-null constant.

Proof. The idea is to proceed as in Theorem 2.12. From Lemma 2.17, we obtain
1 2 I'kvj _ V]vlvk Vkij
S |CF () + d(HRTV i = —b(f) -+ )
Hence, upon integrating this expression we get
1 2 ik oo poivk [ Vil
—/ ICI2() +/ bR VICy = / b(HVIrvive (e )
2)m M M f
Then, from Lemma 2.16 and the symmetries of Cjjx, we have
1 L . , ,
> | 1cRem+ [ oA VIGy - [ b(1vircuR®

Now, from (2-7) and the fact that Cjj is trace-free and skew-symmetric we
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obtain the following identity

%/M|c!2d>(f)+/M@(V’ka—%ﬂ3(f)2Vikaf)Vj(3/ki
_—/ MV/Y VkVif—%ll3(f)2Vikaf)Cjki
/‘1’ VIFVEYI£Cy
_/( — )fokav fCixi
+/Md)TVijfViijki+/A4@ijwfv,(cjk/

L
:/vajfvlkacj'k/.

Note that in the last equality, we have used (2-35). From now, we rename the

indices and, integrating by parts again, we infer
/ycy o(f) /‘W VIVKIVIC) 2/ (N2VIFVE VI Cye
f ki jiKi
f) P Vid(f
_/M_(b; kaV'fV/Cjk,':—/M d;( )kavlcjkl
f C o f) o
— / kav'fwc,-k,— / %kav'fwc,-k,-
M M
f .
+/M$V"fV’VJC,-k,-.
Thus,
2/ IClPo(f +/ — 2 (H)})VKIVIEVIC ,_/ S G pyi VICii. (2-39)

Furthermore, from the proof of Theorem 2.12 (Equation 2-38), we get

d(f)

y f2 (]—211)() )kaV’ijCjk, = /M@(l_ZLI}(f)Z)RjIkaCkﬁ-

As we did in Theorem 2.12, from (2-14) and (2-38), we have
RIVKfCyji = —if| cl?
/! 2Q '
Note that for n = 3, from Lemma 2.4 and (2-6), we obtain, respectively,

Q=2(1-$(1?)
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and
2 f?
()" = PRy where o #0.
Finally,
M@(l —2B(HA\VKIVIIVIC = —%/M|C|2¢(f) [ +20].
Therefore, replacing the above equation in (2-39) the result holds. a

Theorem 2.19 Let (M?, g, f,\p) be an electrovacuum space satisfying (2-2) with o < 0
and third-order divergence-free Cotton tensor i.e., div’ C = 0. If f is a proper function,

then the Cotton tensor is identically zero, i.e., (M, g) is locally conformally flat.

Proof. Let s > 0 be a real number fixed, and so we take x € C° a real non-negative
function defined by x = 1 in [0,s], x’ < 0 in [s,2s] and x = 0 in [2s, 40| (see Figure
2.1). Since f is a proper function, we have that ¢ (f) = f*x(f) has compact support in
M for s > 0. From Theorem 2.12, we get

1 o
" /M CPFx(F) 20 -] = /M Px(F)VEIVIVICy,

1 . .
= Z/Mx(f)V’f“VkV/C,-k,-
1

= =5 J, X" FVIVEVICy

1 . .
+ = / X(H)FV FVEVI Gy
4 /M

In the last equality, we used integration by parts. Now, since div’C = 0 we
take ¢ (f) = £x(f) in Theorem 2.12 one more time to obtain

1 244 o1 _L/ 265, _p
80/M|C|fx(f)[2(r ] = o M|C|fx(f)[4cy ],

i.e.,

/M e [x(f) + %fx(f)] 20— ] =0.

Let be M defined as in Theorem 2.14, i.e., Ms = {x € M;f(x) < s}. We have,
by definition, x(f) + %fx(f) = 1 on the compact set Ms. Thus, on Mg, since o < 0,

0< / *1C)? [ —20] =0.
Ms
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Therefore, C = 0 in M. Taking s — +oo, we obtain that C =0 on M. O

We can finish this chapter by announcing the following result concerning the

local geometric structure of three-dimensional electrovacuum spaces.

Corollary 2.20 Let(M3 .0, 1, ) bean electrovacuum space with third-order divergence
free Cotton tensor such that \p satisfies (2-2) with o < 0. Around any regular point of
f, if f is a proper function, then the manifold is locally a warped product with a one-

dimensional base and a constant curvature surface fiber.

Proof. This result is a consequence of Theorem 2.11 and Theorem 2.19. a



CHAPTER 3

The electrostatic system with a non-null

cosmological constant

The main goal of this chapter is to show that an electrostatic system with
divergence-free Bach tensor, i.e., div>B = 0, must be locally conformally flat. It is im-
portant to say that div?B = 0 is less restrictive (topologically speaking) than asymp-
totically flat conditions. The focus of this chapter is the electrostatic system with a
non-null cosmological constant in dimension three. Even though the idea is to prove
similar results as we did in the previous chapter, important differences arise in the
present chapter. This will become clear in the discussion that follows.

In the three-dimensional case, the Cotton tensor is associated with the Bach
tensor, B, accordingly to B = divC. The Bach tensor was defined in 1921 by Rudolf
Bach and it is connected to general relativity and conformal geometry. This tensor
appeared naturally from studies of Huyghens’s principle and has some psychical
significance mainly about wave propagation (see for instance [48] and the references
therein). Let us start by remembering the definition provided by (1-31).

Definition 3.1 Let (M?,g) be a Riemannian manifold with E a tangent vector field on
M and f € C*(M) satisfying

V2f = f(Ric—Ag+2E°®E’ —|E|?g),
Af = (|EP—=A), 0=div(E) and 0 = curl(fE).

Here, Ric, V2, div and A stand for the Ricci tensor, Hessian tensor, divergence, and Lapla-
cian operator concerning the metric g, respectively. Moreover, E’ is the one-form metri-
cally dual to E. We refer to the above equations as electrostatic system with cosmological
constant /\ for the electrostatic spacetime associated to (M3, 9.f,E).

Remember the curl stands for an operator that describes the circulation (or
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rotation) of a vector field (Section 1.2). Thus, we have curl(fE) = 0 if, and only if,
df NE’ + fdE’ = 0.

Moreover, the smooth function f is called the lapse function, the field E is known as
the electric field, and M is the spatial factor for the electrostatic spacetime. Further-
more, f > 0 on M. If M has boundary d M, we assume in addition that ! (0) = dM (cf.
[18, 19, 23, 36]).

It is also important to remember that with the contraction of the first equa-
tion and combining it with the Laplacian of f given by Definition 3.1, we obtain (1-32),
i.e.,

R=2(E[*+A).

Furthermore, since curl(fE) = 0 we have that the electric field and the gradient of
the lapse function are linearly dependent on dM = f~1(0) (Section 3.3 of Chapter 1).
Thus, from the electrostatic solutions presented in Section 1.3, we see that the electric
field and the lapse function are related.

There are some well-known classification results of some important geo-
metric structures like static vacuum manifolds and Ricci solitons carrying a metric
such that the Bach tensor is free from divergence (cf. [9, 13, 32, 37, 44]). Any three-
dimensional Riemannian manifold is locally conformally flat if, and only if, its Cot-
ton tensor C is identically zero. In what follows we will present a classification result
for the electrostatic space carrying this geometric condition over the Bach tensor. We
must remember Section 1.3, where explicit solutions for the electrostatic system with
a non-null cosmological constant were given.

3.1 Structural lemmas

In this section, our aim is to prove some preliminary results. We will discuss
briefly some properties of differential forms based on [25, Chapter 1] and [40, Chapter
2].

Definition 3.2 [25, Definition 3] An exterior k-form in M" is a map w that associates
to each p € M" an element w(p) € /\k(Mg)*, that is, a k-linear and alternate map at
pe M.

Following the notation used in [25, Chapter 1], let

wp)= Y a.in(P)(dx ... Adx;)p

ih<...<ip
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be a k-form in M". Here, a; : M — R are smooth functions and / is the k-upla
(i1, b, -+ i) With iy < i < --- <, jj € {1,2,---,n}. The exterior differential dw of w is
the (k+ 1)-form defined by
dw =Y daAdx,
/

where A performs the wedge product. Considering {e;}7_, as a base for the tangent

space of M, we are considering dx;(e;) = 0;;. We know that

(@1 A@2A--Npk)(er, e, ,e) = det(i(e)),
here @; are 1-forms. In general, ifby w =}, a,dx;and ¢ =Y, bydxy, then

WAP = Z aibydx; N\ dxy,
1J

where | = (i, ..., i), i} < ...<lx,and J = (i}, ..., I5), i} < ... < is. Moreover, if | = J

we can define the sum of forms:
w+od= Z(a/ + b/)dX/.
!

It is important to highlight some facts about differential forms. For instance,
since dx; A dx; = —dx; A dx;, then dx; A dx; = 0. Other facts are described in the
following proposition.

Proposition 3.3 [25, Chapter 1] Let w € A\*(M")* and ¢ € \S(M")*. Then,

a) (wA@)=(—1)*(¢Aw);
b) dlwA@)=dwAe+(—1) wAde;
¢) d(dw) = d’w =0.

Now we will construct a covariant V-tensor similar to (2-12) defined in Chap-
ter 2. First of all, we note that by combining the first equation of Definition 3.1 with
(1-32) we get

R
sz:f<Ric+2Eb®Eb—Eg). (3-1)

On the other hand, since the Hessian operator is symmetric, taking the co-

variant derivative of Equation (3-1) over / and j and using the Ricci identity (1-1), we
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get

RijV'f = VVVif—V,VVf
f
= f(V,'Fi’jk — VjR,'k> — E(Vijok — VjRg,'k)

R
_5<Vifgjk — ijgik) + (FfjkV,-f— R,'ijf)

+2(E"IV,E — E''V;E* + V,E I E’* — V,E" E’%)

+2(V,fEN B —VfE"E™).
Here, we are considering {e,-}?:] as a base for the tangent space of M. Moreover, we
define

E' = E’(e),
i.e.,
3
E =Y E’dx;.
i=1

Note that the Cotton tensor (1-5) over a three-dimensional Riemannian manifold is
defined by

1
Cijk = ViR — VR — 7 (ViRgjx — V;Rgik). (3-2)

Furthermore, since the Weyl tensor (1-4) in dimension 3 is identically null, the Rie-

mann curvature tensor is given by

R
Rijki = Rikgji — Rigjk + Rji9ik — Rjkgir — E(QIKQj/ — Gilgjk)-

Therefore, by combining these equations we get
fCijk = (F?j/vlfgik — R//V/fgjk) + F?(V,-fgjk — ijg/k) + Z(R,kV,-f — F?,-kV,-f)
—2f(E"IVE — E''VE’* + V,EYIE’* — V,E" ) (3-3)
. , f
—2E(E’IVif — E'Vf) + 7 (ViRgj — VjRix).

Now, using curl(fE) = 0, from the definition of the wedge product of differential forms

we can infer that

fdE’ (e, ) = —(dfAE’)(ei, ) = E’(e)df(e) —E’(e)df(e)
= E"Vif—EIVif,

Denoting
dE’ (e, ) = E’V,
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from the above equation, we have
fE’T = E"V;f — E'IVf,
On the other hand, let E” = ,3:1 ajdx;, where g; = Eb(e,-) — E’ . Then,
Ebij = dEb(e,-, ej)
3
= | Y dandx | (eig)
(=1

= daj(e)) —dai(ej)
= (dE%)(e) — (dE")(gy).

Therefore,
E’i = V,E’ —V,E", (3-4)
Further, we can see that
f(ViE" —V,E") = E"V;f — E'IV/f. (3-5)

We can rewrite (3-3) using the above discussion about differential forms and
curl(fE) = 0. So,

fCix = (RyV'fgix — RiV'tgix) +2(RiV,f — Ry Vif) + R(Vifgi — Vifgix)

f
+Z(Vijok — Vng,'k) — 2f(Eij,'Ebk — EbiVijk). (3-6)

Thus, we define the covariant 3-tensor Vjjx by

. . f
Vijk = 2f(Eb’Vijk — Eb/V,'Ebk) + Z(Vijok — VjRg,'k) + R(V,’fgjk — ijgik)
—(R,'/VIfgjk — R,-,V’fg,-k) — Z(V,‘fFl’jk — ijR,‘k), (3-7)

where E” = E’(e;). The V-tensor has the same symmetries as the Cotton tensor C,
i.e.,
Viik = —Vjixk and  Vjjx+ Vjkj + Viij = 0.

This tensor is totally trace-free, and the proof follows from the same ideas of the
previous chapter.

From (3-6) and (3-7) we can conclude our next result.
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Lemma 3.4 Let (M, g, f, E) be an electrostatic system. Then,
fCijk = Vijk. (3-8)

Consequently, we have the following lemmas concerning the divergence of
the V-tensor.

Lemma 3.5 Let(M?, g, f, E) be an electrostatic system. Then,

. . Vi
CjiR™* = VIVk (%) .

Proof. In dimension n = 3, the Bach tensor is defined as in (1-11). Thus,

V ..
Bjj = V¥Cyjj = V¥ (%) )

Taking the derivative over /i, we have
VB =V'Vk (@) :
On the other hand, remember (1-12) and the properties of the Cotton tensor, i.e.,
V/B; = —CiR", Cijk = —GCjik, VK Crij = V¥ Cyji,

and
Cijk + Ckij+ Ciki = 0.

Then, from a straightforward computation, we obtain
A% (%) =V'Bj = —CuR* = —CyiR* = C;iR™,

which is the expected result. O

Lemma 3.6 Let (M3, g, f, E) be an electrostatic system. Then,
1 o o Vi
E‘C‘2+ R*VICy; = —VIVIVK (%) .
Proof. Taking the divergence in Lemma 3.5, we get

Ciji V' R* + R*VICyj; = VIVIVK <$) :
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Note that from the symmetries of the Cotton tensor and renaming indices, we have
2CiiV!R™ = CiiVIR* + C;;i V¥R = Ciyi(V/R™ — V¥ RY).

Hence,

1 i i ii ; ; . Viii
5 Cuil(VRY — VERY) 1 VI Gy = VIVIV (%) .

Now, since the Cotton tensor is trace-free, from (3-2) and renaming the indices, we

obtain | ¥
5 CuiC' — R*VI Gy = VIV <%) .

It is important to notice that in Chapter 2 we demonstrated Theorem 2.2,
which is true for a null cosmological constant and assuming thatp =1 (f). Since we
are dealing with a more general framework, we cannot apply this result. Nonetheless,

we proved a similar result.

Theorem 3.7 Let(M?, g, f, E) bean electrostatic system. For every C*-function : R —
R, with &(f) having compact support K C M such that KN dM = 0 we have

: [Lomier = [ Elviwicy+ [ onenvte e,

Proof. From Lemma 3.6, we obtain

Integrating this expression, we get
1 2 ik\j : eoivk [ Vi
—/ C| d)(f)+/ b(f)R Vijk,-:/ b(VIrvive (i)
2)m M M f
Thus, from Lemma 3.5, we have
1 e . e
5 16200+ [ $A VGl == [ $(NA*VIC

We will perform integration in some parts of the above equation, separately, using
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Definition 3.1 and the fact that Cjj is trace-free and skew-symmetric. First,
_ . ) .
/ O(NR Vi = / ) Givkevic,, -2 / b (N E E**VICye
M m f M
_ [ O ivkrwin AV R
m f M
+2/A4d)(f)vj(EbiEbk)Cjk/.
On the other hand,

/M¢(f)R’kaijki = /Mwvjfvlkacjki—Z/A”d)(f)VIfEb’Ebqui-

Note that, since the Hessian tensor is symmetric
2VIVKECii = VEVICiyi + VIV FChji = VEVIF(Ciri + Ciji) = 0.
Hence,
1 f)_ : .
—/ |C|2cb(f)+/ mV’V"fV/(:,-k,-Jrz/ & (F)\VI(E"E™) Ci
2/m m f Mo
f) i f) i
=— / wwv'kac,k,: / wwv'kacjk,
Vig(f
/ b1 va"foc,k, /M d;( )kaV/C,k,
= ( vakaqu,+/ h VkaV/qk,

w2

+ /M ‘bTVk fV'VICi.

-9-

Therefore, we get
$(7) v 1 () o -
/MTkav'VIc,k,- = E/M\C\zd)(f)+/Mf—2V’kafV/Cjk,-
+2 / & (F)\VI(E"E™) Ci. (3-9)
M

Then, since the Cotton tensor is trace-free and skew-symmetric, another

integration by parts gives us
f_. .
/M —d’f(z)v'fv"foc,k,- = / va FVEECi

= / Ff"f +2E7 EY)VKFCyji.
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We used Definition 3.1 in the last equality. Thus, (3-9) can be rewritten in the following

form:
f o 1 :
/kafv'wc,-k, _ _/ \C|2cb(f)+2/ O (F)VI(EE) Ce
Mo f 2J/m M
f f) .
-2 / ﬁEb’Ebkaijki—k / mR’kafck,-,-.
m f m f
Now, from (3-7) and (3-8), we have
) 1 ) S
RIVKfCyji = Eck,-,-(kaﬁ’f’—fo/a’k')
1 1 .. .
= —51C4i {5 CHi 4 (EWVHE" — EkafEbf)]
1 1 :
= —Zf|C]2—§f<EbkaEb’—EkafEb') Ciii
So,

1 f -
- / b(f)|Cl* = / YN Grryivic,
4 fu m f
f : f : P
+2 /M @ [Ebebfv"f— fVI(E E) +7 <Eka/Eb" - EbkaEb’ﬂ Ciki-
Furthermore, from (3-5) we have
E’VKf — EVIf = (VI E’* — VKE™).

Combining the last two equations and the fact that the Cotton tensor is skew-

symmetric, yields to
1 f .
_/¢(f)|C|2:/kafV'V’Cka
4 Jm Mmoo f
. . 1 .
+2 /M b(f) [Ebf (V'E —VKE") — VI(E"E™) + GAY=E=0% Eb’)] Cikin
ie,
1 2 O (F) ok roivi
—/ d)(f)|C| :/ —2V*fV VjCjk,'
4 Jm m f

‘ : 3 5 .
+2/M¢(f) [EbfV,Eb" — E"VIE* — ZEb"V/Eb‘ — ZEb/VkEb’} Ciki.
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Note that

EV'E*Cyi = —E*V'EiCyi,  E"VIE*Cyi = —E"VKE" Gy,
E*VIE' Cyj = —E"'VKE'Cy; and E'VXE’Cjy; = —E'*VIE” Cy;.

Then,
1 2 bingi Ehx biv7i bk brrj =i
Z/MdJ(f)ICI = /Md)(f) [ZE/VE —2E"VIE + EVIE | Cyi
f -
+ / @kav'wcjk,,
M

From (3-4), since
VIE’*Cjgj = —V¥E" Cixi,

hence
2ENVIE Gy = " (VIE" — VKE) Cyi = EV E"F C,

we can infer that
%/Mq)(f)ycﬁ - /Mq>(f) [—2EkaiEb/—Eb"Ebf"—i—Ekaij’] Ciki
+ /M @kavafcjk,
_ /M () [—Eka’Eb/JrEb"Eb"/—i—EbkEbf’} Ciki
+ /M @V"fvafcjk,
N /m(b(f) "B+ EVVIE + EVEM | Gy
+ /M @kavafcjk,
_ /M d(f) [Ebk E% + EYE" 4+ E"E*% + ENVKE bi] Ciki
+ /M @kavafcjk,.
On the other hand, from (3-5), we get

f(EXE" + ENE"* + EE™W) = E*EIVf— EXE'VIf 4 ETETVKS
—ENEVf+ B ERVIf — BV EN VS
= 0.

77
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Finally,

i/ﬂ/’q)(f)|c|2:/M@V"N’Vfcjk,+/Mq>(f)EbfV"Eb’C,-k,_

3.2 Divergence-free Bach tensor

It is well-known that in dM = f~1(0), the electric field and the gradient of the
lapse function are linearly dependent (LD). Motivated by the Reissner-Nordstrom-de
Sitter solution, the charged Nariai solution, and the (ultra)cold black hole system as
presented in Section 1.3, we assume that both fields are linearly dependent on M, that
is, there exists a smooth function p : M — R such that E = pVf. Thus, we can rewrite
the V-tensor (3-7) as follows.

Lemma 3.8 Let (M3, g, f, E) be an electrostatic system in which E = pVf. Then, the
V-tensor is given by

1
Vik = folVI*(Viegi — Vipgix) + (R— ERfZPZ - fzpz/\> (Vifgik — Vifgix)
—|—2(f2p2 — 1)(V,’ijk — ijR,‘k) -+ (f2p2 — 1)(R,‘/Vlfgjk — R,-,V’fg,-k).

Proof. Since the electric field and the lapse function are linearly dependent (LD), a
smooth function p exists such that E = pVf. Using (3-1) we get

V,’Ebi = V,-(pV,-f)
= V,pV,f—i—pV,V,f
f
= VipV,f+2fp°V;fVif +foR; — 5 PR

In opposite side, from (1-32), we get

ViR = 2V,|E)?
= 4p|Vf*V,p+20°V|VF]

From (3-1), we know that

R
V|V = 2f (R,-,V’f+ 20%|VIVf — EV,-f) :
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Combining the last two equations and using Definition 3.1, we have
2 2 / 212 R
ViR = 4p|Vf| Vip+4fp (R,‘/V f+2p |Vf| Vif— 5V,’f> .
Then, from (3-7) it follows that
Vik® = 2fp(VifVipVif = VifVipVif) + ol VI (Vipgik — Vipgik)
+2(FPp* = 1)(VifRi — VifRi) + (Fp* — 1) (RyV'fgi — RyV'fgix)
3

+ |:(1 - §f2p2) Fi’+2f2p4|Vf|2} (V,‘fg/‘k — ijgik>-
Note that curl(fE) = 0 implies that df A E” 4 fdE” = 0, since we are considering E and
Vf linearly dependent, we get that E”i = 0, then V,;E’% = V,-Eb" (cf. Equation (3-4) and

Equation (3-5)). So,
V,'ijf = Vij,-f.

The above identity plays a vital role in the following results. We recommend the
reader’s attention to this identity.

Finally, the result follows by combining Definition 3.1 with the last two iden-
tities. O

We define the following function that appears in the Lemma 3.8,
Q=1-fp>

Remark 5 It is important to point out that Q > 0 at the boundary d M. Moreover, since
A # 0, there is no open set () C M such that Q =0, and E = pVf. Otherwise, taking the
derivative of >p> = 1 we can see that

prVH— f2pr =0.

So, we have |E|> + fp(Vp, V) = ((fp?Vf+f2pVp), V) = 0.
On the other hand, 0 = div(E) = pAf + (Vp, Vf) = pf(|E|> = A) + (Vp, Vf),
ie,fo(Vp,VF) = Pp?(A—|E]>) = A—|E]%.

Combining these equations we get /A = 0 on ), which is a contradiction.
Moreover, from Theorem 3.7 we obtain the following corollary.

Corollary 3.9 Let (M, g, f, E) be an electrostatic system where the electric field and
gradient of the lapse function are linearly dependent. For every ¢ : R — R, C* function
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with ¢(f) having compact support K C M such that KN dM = 0 we have
1L r1, ., S(F) ok oio
iy - f)= | ZLVkViIvic,

where we are assuming Q = 1 — f>p> # 0.

Proof. Taking into account that E = pVf in Theorem 3.7, since the Cotton tensor is
skew-symmetric and trace-free we obtain

1 f . . )
3 Lowier = [ Ovivvic [ apviratic
where we used that curl(fE) =0, i.e.,
VKoV'f = VIpVKT.

By contrast, from Lemma 3.8 we have

S 1 — y
VIR Cy = Ec,-k,-(foRk’—V"fﬁf’)
1 ki
= i
1
= ——f|C.
4Q cl
Therefore, replacing this equality in the integral, the result holds. O

Now, from this corollary and considering div’C = 0, we can prove our next
theorem.

Theorem 3.10 Let (M3, g, f, E) be a compact electrostatic system such that the electric
field and the gradient of the lapse function are linearly dependent. Suppose that the
Bach tensor is divergence-free and Q > 0 (or Q < 0). Then, (M, g) is locally conformally

flat.

Proof. Considering that M is compact, f~!(0) = dM, and ¢(f) = f, from Corollary 3.9
and
VK Crij = V¥ Cyji,

we obtain

1 1

— | Z|Cc]*f = /kav"vfc--
4 Jua® v "

- /M FVIVAVI Gy
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Since div’B = 0 (i.e., div’C = 0), then the right-hand side is identically zero, i.e.,

[ 5lek=o.

f
Since f > 0 on M and Q > 0 (or Q < 0) we notice that the function (—)|C|2
has a defined sign everywhere on M, then the above integral shows us that the Cotton
tensor C must be identically zero, i.e., (M, g) is a locally conformally flat manifold.
d

Now we can prove the non-compact case of the previous theorem.

Theorem 3.11 Let (M3, g, f, E) be an electrostatic system such that the electric field
and the gradient of the lapse function are linearly dependent. Suppose that the Bach
tensor is divergence-free and Q > 0 (or Q < 0). If f is a proper function, then (M?, g) is
locally conformally flat.

Proof. Let s > 0 be a real number fixed, and so we take x € C? areal non-negative
function defined by x(s) = 1 in [0,s], x/(s) < 0 in [s,2s] and x(s) = 0 in [2s, +o0]
(see Figure 2.1). Since f is a proper function, we have that ¢(f) = fx(f) has compact

support in M for s > 0. From Corollary 3.9 and
VK Crij = V¥ Cyji,
we get
4/ —|C|2 = /Mx(f)kav"vfc,-k,-
= — /Mx(f)fv"vkvfcjk,-

+ /M X (O V' FVEVI Gy

In the last equality, we used integration by parts. Now, since div’B = 0 and taking
¢(f) = 2x(f) in Corollary 3.9 one more time, we obtain

1 1
—|C*x( :—/—szz'f
1| glcPn = ¢ [ SloPrx)

[ 5hern - rn)=o.

i.e.,



3.3 The Warped Product Structure 82

Let be Ms = {x € M;f(x) < s}. Thus, by the definition of x, x(f) — fx(f) = 1

on Ms. Thus, on M,
v, Q N

Therefore, since Q > 0 (or Q < 0) and f is positive, C = 0 in M. Taking s — +o, we
obtain that C =0 on M. O

3.3 The Warped Product Structure

In this section, we will provide once more for the sake of completeness the
warped product structure of a 3—dimensional locally conformally flat electrostatic
system following the ideas of [9, 10].

We consider an orthonormal frame { e, &, 3} diagonalizing the Ricci tensor
Ric at a regular point p € £ = f~! (c), with associated eigenvalues Rkx, k = 1, 2, 3,
respectively. That is, Rj(p) = R;idj(p). Now, from Theorem 2.19 we can infer that
Vijk = 0 (since (M, g) is locally conformally flat). Then, from Lemma 3.8, for all / # j

we get

0=Vy = fp|VI*Vip+(fp* —1)(2R;+ Rij)Vif

1
+ (R— 5/a’fzp2 — f2p2/\) Vif. (3-10)

Without loss of generalization, consider Vf # 0 and V;f = 0 for all 1 # j.
Observe that Ric(Vf) = Ry Vf,i.e., Vfis an eigenvector for Ric. From (3-10), we obtain
that Ry; and Rj;, j # 1, have multiplicity 1 and 2, respectively. In fact,

2V1p

~1olVIP G

1
(R— 5szp2 — f2p2A> —(FPp? = 1)Ry =2(fp* — 1)Ry,
for j = 2, 3. The left-hand side of the above identity does not depend on j.
Moreover, suppose that V;f # 0 for at least two distinct directions. Assume
Vif#£0, Vof £ 0and Vif = 0. So, for instance, we have

% 1
_f |Vf|2 ”’ (R——szpz—fzpz/\>—(fzpz—l)Fi’H:2(f2p2—1)Fi’33

2

and

%
_f |Vf|2 2" (R—

1
Eszp2 — f2p2/\) — (Pp? —1)Ray = 2(*p* — 1) Ra3.
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Then, using that curl(fE) = 0 and E = pVf{, we already know that
VKoVt = V/pV¥t.

We can conclude that

Vip_ Vap

Vif  Vof’
Thus, R;; = Ry,. Analogously, if V;f £ 0 for all i € {1, 2,3}. Then, R} = Ry = Ras.
So, we can conclude that Ric has at most two distinct eigenvalues A and p with one of
them having multiplicity 2, let us say p.

Therefore, in any case, we have that Vf is an eigenvector for Ric. From the

above discussion we can take {e; = %, e, 3} as an orthonormal frame for X diag-
onalizing the Ricci tensor for the metric g.

Now, we have

R
V|VI? =2f (Ra,V’f+ 20%| V2V f — EVaf) . ac{2,3}.

Hence, |Vf| is a constant in X. Thus, we can express locally the metric g in the form

gij= #dﬂ + gan(f,0)d0,d0p,
where gz (f,0)d0,d0, is the induced metric and (0,, 03) is any local coordinate sys-
tem on X. We can find a good overview of the level set structure in [9, 37].

Observe that there is no open subset Q) of M" where {Vf = 0} is dense. In
fact, if f is constant in () and M" is complete, we have that f is analytic, which implies
f is constant everywhere. Thus, we consider X a connected component of the level
surface f~!(c) (possibly disconnected) where c is any regular value of the function f.
Suppose that /is an open interval containing c such that f has no critical points in the
open neighborhood U; = f~!(/) of Z. For sake of simplicity, let U; C M\{f = 0} be a
connected component of f~! (/). Then, we can make a change to the variables

df
r(X): W

such that the metric g in U, can be expressed by
gij = dr2 -+ gab(r, G)deadeb.

Let Vr = %, then |Vr| =1 and Vf = f’(r)% on U,. Note that f'(r) does not

d
change sign on U,. Thus, we may assume / = (—¢, ¢) with f'(r) > 0 for r € I. Moreover,
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we have V,,dr = 0.

The second fundamental form on X is given by

V.Vpf
h = —(e,V ==
ab <el aeb> |Vf|
B 1 ‘R Rf B f R B H (3-11)
= Wf\ ab 2gab = Wf\ |23 ) Gab = 2Qab,

where H = H(r), since H is constant in X. So, £ is totally umbilic. In fact, contracting

the Codazzi equation
Ricab = Vahoe — Vphac

over ¢ and b, it gives

R = Va(H) — %Va(H) _ %Va(H).

On the other hand, since R;; = 0, we conclude that H is constant in X.

For what follows, we fix a local coordinate system

(x1, X2, x3) = (r, 02, 63)

in U;, where (0,, 03 ) is anylocal coordinate system on the level surface X .. Considering
that a,b,c,--- € {2,3}, we have

hab = —9(0r, Vadp) = —Q(ar,r;bar) = - alb-
Now, by definition
1 0 -1
1 _ 4t 9 __19
Fap = 29 ( argab) 7 argab-
Then,
0
Egab = H(r)gab
implies that
gav(r,0) = @(r)?gap(r0,0),

where @(r) = e<f’0 H(S)ds) and the level set {r = ry} corresponds to the connected

component X of f~!(c).
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Now, we can apply the warped product structure (see [5] and Section 1.2).

Hence, considering
(M, g) = (I. dr*) x4 (N*,9),

where g = dr? + @?g. The Ricci tensor of (M, g) is

2

Ay =2, Ria=0
®

and

Rab = Rap — [(@/)2 + (P(PN} Jab (a,be{2,3}).

. - B—
Since Rap = 591

R _
Rab = [5 —(¢')*— cpcp”} Gab-
On the other hand, since
I\ 2 "
R=¢ 2R-2 (£> —42
®
we get
R=@’R+2(¢) +409".
From R = 2(p?|Vf|> + A) we get
R=2¢°0*(')*+2(¢')* +40¢" +2¢°A.
Moreover, from the electrostatic system, we know that
Mis
That is, from (1-30) and (3-12), we get
(p//
(V|VI|?, V) = 2£(f')? [pz(f’)z —2 - /\] :
Hence, using that Vf = f'd,, we obtain

2(F) " = 2f(f')? [p2(f/)2 — 2";” — /\} .

1 R
—(V|VI[]>, Vf) = 2f (R11 +20%|VF? — 5) .

(3-12)

(3-13)
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So,

1 f// (p//
2
- — 42 Al
= 7

Combining the above identity with (3-13) we can conclude that R does not

depend on 0. Therefore, R is a constant. Furthermore, from (3-11) we have

1 R
E‘Vf‘Hgab =V, Vpf=f (Rab —|—2p2Vabef - _gab) .

2
Thus,
1 Rf _
(E\Vf\H—F 7) 029, = Rab.
On the other hand,
R _
fRap = f {5 —(@")?— (P(P”} Gab-
Then,
1 1 Rf
fl-0’R m— (2 2
onsow] - (s %)
i.e.,
f 1
H=2_%_
fl o
Since ¢ = ef’i) H(s) ds, we have
f
(p/ _ 2F(p// — O
which implies that

©'(r)=af(n'?,

where ¢ € R.

Therefore, we can conclude the next results of this dissertation.

Theorem 3.12 Let (M3, g, f, E) be an electrostatic system such that the electric field
and the gradient of the lapse function are linearly dependent. Suppose that the Bach
tensor is divergence-free and Q > 0 (or Q < 0). If f is a proper function, around any

regular point of f the manifold is locally a warped product with a one-dimensional
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base and fiber (N?, ) of constant curvature, i.e.,
(M, g) = (I, dr*) x (N, G),

where | C R and @(r) = c¢| [ \/f(r)dr+ c; ¢| and ¢, are constants.

It is important to point out that if M? is compact in Theorem 3.12, it is not
necessary to ask for f to be a proper function.

Theorem 3.13 Let (M3 , 9, f, E) be a compact electrostatic system such that the electric
field and the gradient of the lapse function are linearly dependent. Suppose that the
Bach tensor is divergence-free and Q > 0 (or Q < 0). Then, around any regular point
of f the manifold is locally a warped product with a one-dimensional base and fiber
(NZ, g) of constant curvature, i.e.,

(M, g) = (I, dr*) x (N, G),

where| C R and @(r) = c; [ \/f(r)dr+ c2; ¢| and c; are constants.
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