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“If physical theories were people, thermodynamics would be the village witch. Over
the course of three centuries, she smiled quietly as other theories rose and with-
ered, surviving major revolutions in physics, like the advent of general relativity
and quantum mechanics. The other theories find her somewhat odd, somehow dif-
ferent in nature from the rest, yet everyone comes to her for advice, and no-one dares

to contradict her.”

J. Goold, M.Huber, A Riera, L.del Rio and Psryzpezyk [1].



“A todos que ja duvidaram de si mesmos em sua jornada académica: acreditem,
somos capazes!”
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Resumo

Neste trabalho, formalizamos e estendemos o approach para a termodinamica quantica como
uma teoria de gauge, inicialmente proposta por Céleri e Rudnicki na Ref. [3]. Nesse formalismo,
as quantidades termodinamicas sdo descritas como funcionais do operador densidade e emergem
de um processo de Coarse-graining sobre todas as transformacdes unitarias que preservam a en-
ergia do sistema - conjunto que denominamos grupo termodinamico. Essa abordagem incorpora
intrinsicamente as limitacdes de acesso informacional ao sistema, restrito ao conhecimento de
medicdes na base de energia. Nossa contribui¢do generaliza as expressdes para calor e trabalho
invariantes além do tratamento apresentado em [3], incluindo explicitamente a consideracgao de
niveis de energia degenerados dinamicos. Mais que uma extensdo formal, estabelecemos uma in-
terpretacéo fisica rigorosa dessas quantidades através da dinamica néo unitaria do estado efetivo
obtido pelo Coarse-graining induzido pelo grupo termodinamico. Demonstramos que a restricido
fundamental a medicdes na base de energia implica na inacessibilidade de parte da energia do
sistema, interpretada como um calor efetivo associado a producao de coeréncias na base de en-
ergia. Consequentemente, o trabalho derivado corresponde ao trabalho efetivo do sistema, com
sua contribuicdo energética reduzida pela parcela alocada como calor. No contexto da segunda
lei, introduzimos a entropia invariante de gauge, provando que satisfaz todas as propriedades re-
queridas para uma entropia termodinamica. Essa entropia apresenta uma dependéncia explicita
do grupo termodinamico, manifesta através de uma contribuigido entrépica diretamente vincu-
lada as degenerescéncias do espectro do Hamiltoniano. Crucialmente, identificamos que a origem
da producdo de entropia coincide com a do calor em sistemas fechados, ambas emergindo da
nao-unitariedade inerente a dindmica do estado de Coarse-graining. Como aplicacéo final, im-
plementamos nosso formalismo na dinamica quéntica de sistemas de spins sujeitos a quenches,
revelando que o calor coerente captura assinaturas de irreversibilidade. Em sistemas criticos, as
quantidades derivadas nesta teoria provam-se fundamentais para entender as modifica¢des na
estrutura de simetrias do sistema em relacdo as simetrias internas do grupo de gauge termod-
inamico.

Palavras-chave: Termodinadmica quantica; Grupo termodinamico; Calor em sistemas fecha-

dos; Coeréncias quanticas; Simetrias.



Abstract

In this formalism, thermodynamic quantities are described as functionals of the density op-
erator and emerge from a coarse-graining process over all unitary transformations that preserve
the system’s energy - a set we refer to as the thermodynamic group. This approach intrinsically
incorporates informational access limitations to the system, constrained to energy basis measure-
ments. Our contribution generalizes the expressions for invariant heat and work beyond the treat-
ment presented in [3], explicitly including the consideration of dynamic degenerate energy levels.
More than a formal extension, we establish a rigorous physical interpretation of these quantities
through the non-unitary dynamics of the effective state obtained by the coarse-graining induced
by the thermodynamic group. We demonstrate that the fundamental restriction to energy basis
measurements implies the inaccessibility of part of the system’s energy, interpreted as an effec-
tive heat associated with the production of coherences in the energy basis. Consequently, the
derived work corresponds to the system’s effective work, with its energetic contribution reduced
by the portion allocated as heat. Within the second law context, we introduce the gauge-invariant
entropy, proving it satisfies all required properties for a thermodynamic entropy. This entropy
exhibits an explicit dependence on the thermodynamic group, manifested through an entropic
contribution directly linked to the Hamiltonian’s spectral degeneracies. Crucially, we identify
that the origin of entropy production coincides with that of heat in closed systems, both emerg-
ing from the inherent non-unitarity in the coarse-grained state’s dynamics. As a final application,
we implement our formalism in the quantum dynamics of spin systems undergoing quenches, re-
vealing that coherent heat captures signatures of irreversibility. In critical systems, the quantities
derived within this theory prove fundamental for understanding modifications in the system’s
symmetry structure relative to the internal symmetries of the thermodynamic gauge group.

Keywords: Quantum thermodynamics; Thermodynamic group; Heat in closed systems; Quan-

tum coherences; Symmetries.
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Chapter 1
Introduction

Among the physical theories, thermodynamics certainly stands out as an extremely peculiar the-
ory. Indeed, fundamental theories such as General Relativity and the Standard Model of particle
physics aim to describe how processes and interactions occur in their respective regimes. How-
ever, thermodynamics is constructed from a different perspective, which instead of progressing
in the same direction, focuses on establishing the conditions and limitations for which physical
processes can occur and, most importantly, which processes cannot occur in nature.

This distinctive character of thermodynamics is, in essence, what differentiates it from other
physical theories. Moreover, this type of description possesses a certain operational character
which guides thermodynamics to a certain universality intrinsic to the theory. In fact, these sub-
tleties of the theory have led various physicists to understand and recognize thermodynamics as
a solid pillar within Physics, which probably should not be violated[4]. Particularly, in Ref.[1], the
authors present a simple passage that, in a poetic way, encapsulates the strength and universality

of thermodynamics, which we quote below.

If physical theories were people, thermodynamics would be the village witch. Over
the course of three centuries, she smiled quietly as other theories rose and with-
ered, surviving major revolutions in physics, like the advent of general relativity and
quantum mechanics. The other theories find her somewhat odd, somehow different
in nature from the rest, yet everyone comes to her for advice, and no-one dares to

contradict her. [1]

In this passage, the "witch of physical theories" is exalted not only for its generality and
extent of validity but also for its unwavering persistence throughout the development of other
physical theories. Certainly, referring to thermodynamics as a "witch" is extremely interesting
in the context of comparing it to other physical theories. However, the last sentence of this
passage suggests that labeling thermodynamics as just any "witch" might not be very fitting;

1n

perhaps elevating it to the title of "oracle'" of physical theories places it in the position that

thermodynamics truly deserves.

!Oracles were priests or priestesses residing in sacred places in ancient Greece, consulted by people to receive
answers and guidance from the gods on personal and political matters.
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In the classical context, the wisdom of this "oracle" is essentially founded on the existence
of three laws. Indeed, the zeroth law of thermodynamics establishes the conditions for ther-
modynamic systems to be in states of equilibrium, which are, in summary, the states in which
thermodynamic description is made. The first law of thermodynamics moves in the direction of a
generalization of the principle of conservation of mechanical energy, which can be summarized as
the energy of the universe being constant [4]. Finally, the second law of thermodynamics guides
us to an understanding of which physical processes can occur, thus establishing conditions of va-
lidity and limits for their realization. From a quantum perspective, it is still possible to consider
a third law, which ensures a relationship between the entropy established by the second law and
the thermodynamic temperature, asserting that the entropy of a system is zero at absolute zero
temperature [5].

The laws of thermodynamics are the fundamental tools that ensure its universality, which
essentially lies in the type of questions thermodynamics aims to resolve. In effect, all of classical
thermodynamics is constructed on the notion that measurements, in the thermodynamic limit,
are, in essence, a coarse-graining of space and time intervals. Through this coarse-graining,
thermodynamic variables emerge from the averages of dynamic microscopic variables, which
are not measured by any macroscopic apparatus. As a result, thermodynamics establishes itself
as a robust theory that sets limits on physical processes since microscopic degrees of freedom are
eliminated by coarse-graining. Consequently, this introduces an independence of the theory from
the microscopic description of the system. Because of this, thermodynamics can then be applied
to an extremely wide range of physical systems, such as in engineering, biology, neuroscience [6—
8], as well as in complex systems [9], computing [10], and even in black holes [11].

However, when we consider equilibrium states, which are the states where classical ther-
modynamics is established, a certain characteristic becomes prominent. Indeed, in equilibrium
states in the thermodynamic limit, the net flows of all quantities are zero, and consequently, mi-
croscopic fluctuations are negligible. In fact, within the thermodynamic limit, these fluctuations
can be ignored, as the descriptions emerge as averages from spatial and temporal coarse-graining.
Nevertheless, as we move into systems far from the thermodynamic limit, for example in very
small systems, the usual formulation of thermodynamics ceases to be applicable. In such cases,
it is necessary to employ other approaches for studying systems, particularly stochastic thermo-
dynamics [12]. Additionally, other formulations of thermodynamics can also be considered, such
as those based on information theory [1] and elegant axiomatic formulations [13, 14]. In these
formulations, fluctuations previously ignored become amenable to consideration in systems de-
scribed by states out of equilibrium.

Nonetheless, when we begin to delve into the realm of quantum systems, the laws of quantum
mechanics become relevant. Thus, understanding how aspects of classical thermodynamics can
be translated into the quantum context becomes significant. In this regard, the seminal work

of Robert Alicki [15] plays a significant role in this description, as it introduces the notions of
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heat and work in the context of quantum thermal machines. However, a complete, robust, and
fully consistent theory of quantum thermodynamics has not yet been fully developed [16, 17].
In this context, several questions remain open, particularly understanding how thermodynamic
quantities such as work, heat, and entropy should be defined in the quantum scenario.

In particular, different approaches are being explored to define how these quantities should be
established. For instance, work is generally defined as changes in the energy of the system due to
external modifications resulting from some time-dependent process. Moreover, the Hamiltonian
of the system must be modified through one or a family of Hamiltonian parameters.

Furthermore, a common method of evaluating work in this sense is the two-point measure-
ment scheme, where work is defined as the difference in energy between two projective mea-
surements of the Hamiltonian at the beginning and end of the process [18, 19]. This definition
treats work as a stochastic variable and, in the context of quantum systems, work then gives way
to average work, which is associated with the averages of individual quantum trajectories [20].
Nonetheless, other definitions may also be considered, such as those involving the coherence
elements of the density operator [21].

Similarly to work, notions of heat and their definitions in the quantum context are also dis-
cussed. In his seminal work, Alicki [15] introduces the notion of heat as a physical quantity that
emerges in open systems, that is, when the physical system is in contact with a reservoir, caus-
ing the evolution of the system to be non-unitary. Specifically, in this context, closed quantum
systems should not present heat contributions due to any change in the Hamiltonian. However,
there are works that provide definitions of heat even for closed quantum systems [22-24]. In
this context, the notion of heat acquires additional meanings, which can sometimes be related to
uncertainties in the energy basis [22-24].

Furthermore, another important issue in constructing quantum thermodynamics lies in defin-
ing thermodynamic entropy. Indeed, various schools of thought have emerged in this area, guided
by different philosophical perspectives [25, 26]. The Von Neumann entropy [27], which is con-
sistent with the Gibbs entropy for thermal states, does exist; however, it presents some inconsis-
tencies as a thermodynamic entropy [26]. Nonetheless, other significant notions of entropy can
also be elaborated, such as Boltzmann entropy, observational entropy, and diagonal entropy [25,
26]. In particular, diagonal entropy stands out due to its direct connection with the energy basis
of the system, more precisely, with the diagonal elements of the density operator in the energy
basis of the system’s Hamiltonian [28].

Moreover, information theory itself provides a family of definitions for entropic quantities,
with relative entropy being substantially important in the context of quantum thermodynamics.

Relative entropy quantifies the "distance" between two quantum states and is fundamental to

ZStrictly speaking, relative entropy is not a metric in the traditional sense of distance. However, this notion of
entropy provides a measure of distinguishability between quantum states, justifying the use of the term "distance."
Moreover, it is possible to construct a metric from relative entropies through simple symmetrization. In Appendix
A2, these aspects are discussed.
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the concept of irreversibility and the arrow of time in quantum processes [29-31].

In light of these various open questions, a recent work proposed a new formulation for quan-
tum thermodynamics as a gauge theory [3]. In this work, Céleri and Rudnicki, inspired by the
success of fundamental theories, particularly field theories such as General Relativity and the
Standard Model of particle physics, introduced the notion of a thermodynamic gauge group. The
transformations of the thermodynamic group form the basis for constructing physical quantities
that would be invariant under the action of this group. These physical quantities would then be
obtained through a process of coarse-graining, similar to classical thermodynamics.

Thus, the theoretical framework introduced in Ref. [3] defines a symmetry structure known as
the Thermodynamic Gauge Group, or thermodynamic group, which facilitates a type of coarse-
graining within the informational realm. Just as the detailed microscopic dynamics of a classical
system can be irrelevant to Thermodynamics, a portion of the information within a quantum state
becomes superfluous for Quantum Thermodynamics. The thermodynamic group was specifi-
cally designed to eliminate this superfluous information. Hence, Quantum Thermodynamics is
described as a gauge theory governed by this thermodynamic group. By invoking the principle
of gauge invariance, quantum thermodynamic quantities are derived uniquely from this frame-
work. Ref. [3] provides an extensive discussion on the gauge-invariant concepts of work and heat
and their associations with quantum properties such as quantum coherences.

Moreover, an important issue concerning the establishment of the thermodynamic gauge
group introduced in Ref. [3] arises. In essence, the thermodynamic gauge group is not fundamen-
tal, meaning it does not naturally originate from the mathematical underpinnings of the theory
as seen in field theories. Instead, the thermodynamic gauge emerges from the coarse-graining
paradigm, which is hypothesized by the theory. In analogy with conventional field theories, the
density operator in this context becomes similar to potentials. As such, the density matrices,
which act as the bearers of information, assume the role of these potentials. Consequently, the
information within the system’s state is deemed redundant exclusively from a thermodynamic
viewpoint but retains its relevance in Quantum Information or Quantum Mechanics. Essentially,
the thermodynamic group was devised to systematically eliminate such redundancy. Therefore,
the function of the thermodynamic group is to transition from the state space to thermodynamic
variables by excising redundant data, thus implementing a form of coarse-graining reminiscent
of classical thermodynamics.

However, the initial developments proposed by Céleri and Rudnicki in Ref. [3] were still some-
what nascent. Indeed, this work addressed various issues within essentially specific contexts,
necessitating broader generalization. Consequently, several aspects that were left unresolved

include:

I) The consideration of Hamiltonian systems whose degeneracies do not change over time.
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II) The understanding and interpretation of the obtained quantities—particularly heat in closed

systems—still require further discussion.

III) The development following the first law, particularly the definition of an entropy obtained

in an invariant manner, as well as a second law for the theory.
IV) Applications of the formalism to physical problems, particularly in many-body systems.

In this context, the present work emerges as a continuation, formalization, and generalization
of the theory initially proposed by Céleri and Rudnicki in Ref. [3]. Our aim is essentially to address
the four items mentioned above. For organizational purposes, as well as to summarize what will

be done throughout the text, we will provide a brief description of the work below.

« Chapter 2 of this dissertation consists of a brief review of Thermodynamics. Indeed, in this
chapter, we will present concepts and general notions regarding relevant physical quanti-
ties in the context of classical and quantum thermodynamics. Additionally, we will discuss

some general aspects of certain definitions of entropy in the quantum context.

« In Chapter 3, we will construct the foundations of thermodynamics as a gauge theory.
Thus, starting from a set of assumptions, we will build the thermodynamic group and
subsequently establish the notion of physical quantities within this approach, which are
invariant under the thermodynamic group. General aspects of the formalism will also be

discussed.

« In Chapter 4, we will obtain the associated expressions for heat, work, and entropy within
the formalism of the Gr-group. Then, we will revisit some of the basic applications devel-
oped by Céleri and Rudnicki in Ref. [3].

+ In Chapter 5, we will obtain expressions for the heat and work, defined in an invariant
manner, associated with out-of-equilibrium processes. We will also argue how these quan-
tities connect with the notions of irreversibility and state asymmetry. Finally, we apply
this approach to the study of two spin systems that exhibit quantum phase transitions,

specifically:

— The Landau-Zener model, which is solved analytically,

— The Lipkin-Meshkov-Glick model, which we develop numerically,

for both, we evaluate the main thermodynamic quantities (Heat, work, and entropy) through-

out the quench process.

« In Chapter 6, we present a general discussion on the developments from the previous chap-
ters and further explore some perspectives that have already been initially discussed and

are left for future investigations.
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In addition to the chapters presented, there are two appendices included at the end of the
dissertation. In summary, these appendices were constructed with two main objectives. The first
objective is related to the self-contained nature of the text, ensuring that it is comprehensive and
accessible. To this end, we present some general results that span both the scope of quantum in-
formation theory and group theory, including Haar measures, which were employed throughout
the text to derive the main results of each chapter. On the other hand, the second objective is
rooted in the educational purpose of the dissertation. Specifically, the appendices were designed
to provide potential readers with a brief introduction to the concepts and foundational elements
that underpin the text, thereby serving as a didactic resource for readers who may not be as
familiar with these topics.

Regarding the notations and constants, we will use a coordinate system where the constants
kp = h = 1, with kg being the Boltzmann constant and / the reduced Planck constant. In some
cases, these constants may appear to clarify the topics discussed. However, we emphasize that

all numerical and analytical calculations will treat these constants as 1.



Chapter 2

Thermodynamics: An overview

In this chapter, we will revisit some general aspects of classical and quantum thermodynam-
ics. In short, the concepts and discussions presented here constitute part of some fundamental
elements for the work that will be developed in the following chapters. Indeed, our goal here is
to go through some particular elements of thermodynamics, especially the usual definitions of

heat and work as well as the formulations of the first and second law.

2.1 Classical Thermodynamics

Thermodynamics, unlike most physical theories, does not concern itself with describing the
mysteries of the natural world. However, it provides us with a robust formalism on how to ex-
plore this world, for example, by indicating suitable routes for extracting resources, such as hot
gas or magnetized metal, to achieve specific objectives, whether moving a train or formatting a
hard drive [1]. Moreover, thermodynamics also establishes the limitations for these explorations,
imposing fundamental constraints on the processes of energy and matter transformation, delin-
eating what is possible and what is unattainable [1].

In fact, the early developments of thermodynamics traverse an extensive historical journey of
empirical results [32-38] which guide us to its modern axiomatic formulation [5]. In this context,
the foundations of thermodynamics are laid out in a set of postulates that synthesize the results
obtained throughout its development. Furthermore, the nature of macroscopic measurement pro-
cesses is rigorously grounded in the Central Limit Theorem [39].

In particular, macroscopic measurements are established under the assumptions of being ex-
tremely slow compared to the atomic time scale and are extremely coarse on the atomic scale of
distance. Indeed, these two assumptions about the macroscopic measurement process ensure not
only simplicity in the description of these systems but also a universal character for thermody-
namics.

This description is what we call coarse-graining, which, in this context, emerges from the
impossibility of determining all the microscopic details of a macroscopic system. Consequently,

we do not evaluate the individual components of the system, as microscopic fluctuations are
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expected to average out over time and space, thus forming a well-defined behavior for laws and
average physical quantities that are independent of microscopic details.

In this sense, note that in a macroscopic measurement, the atoms composing the system un-
dergo extremely rapid and complex movements. However, since macroscopic measurements are
extremely slow on the atomic time scale, any sets of atoms associated with rapidly oscillating
movements should, on average, cancel out over time and not contribute to the system’s de-
scription. Nevertheless, a particular set of combinations of atomic coordinates, which are time-
independent, will be macroscopically observable [5].

The surviving atomic coordinates are then those that have characteristic times similar to the
measurement method employed. As a result, the hypothesis that macroscopic measurements
are extremely slow on the atomic time scale reveals that thermodynamics describes only static
macroscopic systems.

Furthermore, macroscopic measurements are also coarse on the atomic scale of distance. In-
deed, the motion of individual atoms is strongly coupled; consequently, these atoms tend to orga-
nize and move in patterns called normal modes. That is, it becomes more convenient to describe
an atomic state by specifying the instantaneous amplitudes of each normal mode. These ampli-
tudes are called normal coordinates, and there are exactly the same number of normal coordinates
as atomic coordinates [5].

Consequently, spatial averages over these macroscopic systems do not consider individual
atoms but rather sets that can be identified in their measurement. As a result, it is the normal
modes associated with long wavelengths that survive in spatial averages. Since these modes
have a spatially homogeneous structure, they survive spatial averaging. Moreover, it is these
same low-frequency normal modes that survive temporal averaging, as the contributions from
high-frequency modes should cancel out on average [5].

Note that the surviving coordinates, which may be of different natures, form the set of ther-
modynamic variables. Indeed, the study of these surviving coordinates forms areas of physics
such as Mechanics and Electricity. On the other hand, thermodynamics is concerned with the
manifestations of effects from the numerous atomic coordinates that, due to the coarseness of
macroscopic observations, do not explicitly appear in the macroscopic description of the system.

In this sense, there are two strictly important consequences for thermodynamics that result
from these hidden modes. The first consequence is that these modes can be used as repositories
and carriers of energy. For example, energy transferred by mechanical and electrical modes is
respectively termed mechanical work and electrical work. Nevertheless, it is also possible that
hidden modes of motion, associated with high frequencies, can be used to transfer energy within

a system. In particular, the transfer of energy through these hidden modes is what we call heat

[5].
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This discussion synthesizes some notions about measurement processes, particularly in ther-
modynamics. In this sense, note that thermodynamics is a theory that essentially describes av-
erage quantities based on an elegant coarse-graining in macroscopic systems. Furthermore, note
that the entire discussion does not make any assumptions about the nature of the thermodynamic

coordinates, highlighting the universality of the theory.

2.1.1 Axiomatic formulation of thermodynamics

Once we have determined the scope of interest of thermodynamics, we will proceed to its
construction. Indeed, classical thermodynamics can be set in an axiomatic formulation [5]. In
this sense, the description of a closed system, i.e., one that can only interact with another system
through a sufficiently controlled transfer of energy, is usually made in terms of the quantities:
volume V', mole number of the k-th chemical component /Ny, and internal energy U, and is based
on three postulates. The first postulate is associated with the existence of equilibrium states,

which we present below.

Postulate 1. (Equilibrium [5]). There exist particular states (called equilibrium states) of simple
systems that, macroscopically, are characterized completely by the internal energy U, the volume V,

and the mole numbers Ny, N, ..., Ni of the chemical components.

Equilibrium states form a manifold of thermodynamic states in which there are no macro-
scopic changes over time. Indeed, Postulate 1 is equivalent to characterizing an equilibrium state
as a thermodynamic state in which all net fluxes within the system cancel out. Moreover, any
state in a closed system, in classical thermodynamics, tends toward the equilibrium state.

That is, in a scenario where some process is carried out, causing the system to depart from
equilibrium, once the system is closed again, the resulting state tends to return to the thermody-
namic equilibrium state. In this context, we can then define the heat flux, for any process, as the
difference between the change in internal energy and the work done in that process.

In this sense, let us consider a quasi-static process, that is, a thermodynamic process suffi-
ciently slow such that the system never departs from equilibrium throughout the process. Then,

the infinitesimal heat flux for this process is defined by:
0QQ =dU—-oW (2.1)

where 0 denotes an inexact differential, W and () are, respectively, the total work and total heat
flux. The inexact differentials that appear in Eq. (2.1) are associated with the fact that both work
and heat flux in a closed system depend on the process. However, starting from Eq. (2.1), we can

write:

AU=Q+W (2.2)
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where AU = Uy — U, with f and 7 labeling the final and initial states, respectively. Egs. (2.1)
and (2.2) correspond to the first law of thermodynamics.

However, it is important to note that Eq. (2.1) does not imply that internal energy is the sum
of energy contributions from work and heat flux. Certainly, this becomes clear through Eq. (2.2),
which shows that the sum of these contributions equals the change in internal energy.

Nevertheless, note that both expressions reveal that the first law of thermodynamics is a
conservation law. More specifically, it details an energy balance between contributions from
work and heat flux. Moreover, although () and W depend on the thermodynamic process, the
change in internal energy is independent of any process. In short, this is a consequence of the
fact that the state function U is a conservative field.

Besides the state function U, other functions can be used to represent a thermodynamic state
[5]. In particular, the second postulate of thermodynamics introduces a new state function that
depends on extensive parameters (which scale with the system), such as internal energy, volume,

and number of particles. In this sense, we introduce the second postulate.

Postulate 2. (Existence of entropy [5]) There exists a function (called the entropy S) of the extensive
parameters of any composite system, defined for all equilibrium states and having the following
property: The values assumed by the extensive parameters in the absence of an internal constraint

are those that maximize the entropy over the manifold of constrained equilibrium states.

Note that Postulate 2 not only establishes the existence of entropy but also asserts that this
quantity must be maximized in the manifold of equilibrium states. However, this postulate does
not uniquely determine, nor even from any set of transformations, the behavior and properties

that entropy must satisfy. The following postulate specifies the characteristics of entropy.

Postulate 3. (Entropy properties [5]) The entropy of composite systems is additive over their con-
stituent subsystems. Furthermore, entropy is a continuous and differentiable function almost every-

where, and it is a monotonically increasing function of energy, i.e

0S
P (2.3)

The first property of thermodynamic entropy, as stated in Postulate 3, can be expressed by
the following equality.

S=>"5, (2.4)

in which the total entropy function of a system .S is expressed as the sum of the entropies 5; of
each i-th subsystem. The assumptions of continuity and differentiability almost everywhere are
specially important. Indeed, in various natural scenarios, particularly in thermodynamic equilib-

rium, entropy is expected to be continuous and differentiable. However, there are particular cases
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where this property may be violated. For example, during first- and second-order phase transi-
tions, the entropy and its derivative, respectively, exhibit a discontinuity at the critical point of
the system. Nevertheless, except on a set of measure zero, it is reasonable to assume that entropy
is a function of class C*°.

From Postulate 3, we can then define the concept of thermodynamic temperature. Indeed, the

thermodynamic temperature 7" of a system, in a state of equilibrium, is defined by:

ou

Note that the inequality 7" > 0 is a consequence of the monotonicity of entropy with
respect to internal energy as defined by Postulate 3 and expressed by Eq. (2.3). From the definition
of thermodynamic temperature, it becomes possible to specifically address thermal equilibrium
and thus formulate the so-called zero law of thermodynamics, which establishes a transitivity
relationship between systems in equilibrium.

Observe that, as established by Postulate 3, the temperature defined by Eq. 2.5 is strictly pos-
itive, in particular, it is non-zero. In fact, within the context of classical thermodynamics, we do
not expect to encounter any system with zero temperature. However, in some scenarios, such as
in quantum systems, we can have zero temperature. The possibility of having 7" = 0 leads us to

the following postulate.

Postulate 4. The entropy S for any system vanishes in the state for which

ou

a5~

that is, at the zero of temperature.

Postulate 4 sometimes appears in the literature as the third law of thermodynamics or even as
Nernst’s Postulate [5]. In truth, this postulate is only fully explained with quantum mechanics.
However, the bulk of thermodynamics does not require this postulate [5]. Thus, Postulates 1, 2,
and 3 establish all the essential characteristics for the definition of thermodynamic entropy. We
will then proceed to the formulation of the second law of thermodynamics.

Unlike the first law, the second law of thermodynamics does not consist of a conservation
principle or even an energy balance. In fact, the implications of the second law have another level
of sophistication since it imposes limits on the occurrence of physical processes. In particular, one
of the results establishing the second law was given by Clausius, who states that it is impossible
to carry out a process whose only effect is to extract heat from a source at temperature 7. to a
source at temperature 7, > T..

Mathematically, Clausius’s result can be expressed by the following inequality:

50
— <0 .
5 < 29)
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where C' denotes a path between two points A and B. Equality in expression (2.6) occurs if and
only if the path C' is reversible, that is, along the entire trajectory C' the thermodynamic state of
the system is always in equilibrium. However, from Clausius’s result, we can obtain a formulation
of the second law in terms of entropy.

Indeed, let U = U(S, X) be the thermodynamic state function, where X is a set of parameters
X} that can be associated with different normal coordinates due to the nature of the system. Thus,

it is possible to expand U as:

ou

e (2.7)

oU oU
dU = dS— Zkaa

X =TdS + Zka

in which we assume that the quantities involved may depend on a parameter ¢, which could be

time. Thus, by inspecting Eq. (2.1), we can identify the following equality
TdS=d4Q, (2.8)

since the variables X} must specify contributions as work. Thus, it is immediate from the equality
(2.8) that:

0Q

TdS =060 = AS:% — (2.9)

T

in which the path C, is associated with a reversible process and AS = Sg — 5S4, where A and B
are labels associated with two equilibrium states. Now, consider a process described by the path

C' = C;U(—C,) where C; refers to an irreversible process. From this and Clausius’ inequality (2.6)

N
C:Ciu(_cr)T

— —AS+% — <0

we obtain:

C;

As discussed previously, equality in Eq. (2.10) holds if and only if C; is a path associated with a
reversible process. The expression given by Ineq. (2.10) corresponds to the second law of ther-
modynamics in terms of entropy. In particular, for an isolated system 6() = 0 and thus it follows
that entropy must always increase.

Now, note that we can describe the quantities involved above with respect to the time ¢ asso-
ciated with the process we are considering. Consequently, the change in entropy can be written

as AS = S(t) — S(0) and the inexact differential of heat can be written as 6Q) = Qdt, and thus
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Ineq (2.10) gives us

ds
— >
e

; (2.11)

N[O

note that we consider the temperature 7" constant throughout the entire process. This considera-
tion stems from a basic assumption that the heat exchange occurs with systems that are infinitely
large compared to our system.
Thus, according to Ineq. (2.11), there must exist a non-negative quantity, which we will denote
by &(t), such that:
ds Q

o7t a(t). (2.12)

Indeed, the quantity o(t) represents the entropy production in the system. In summary, this

development provides us with another inequality for the second law, which is:
a(t) >0, (2.13)

that is, the rate at which entropy is produced in a system is always positive. Note that, in iso-
lated systems, the notion of entropy production becomes equivalent to the temporal variation of
entropy.

Notice that Eq. (2.12) shows that the second law is not some kind of conservation law since it
is possible to see that the term associated with entropy production acts analogously to a source

term in a continuity equation.

2.2 Quantum Thermodynamics

Having discussed some aspects of the essence of classical thermodynamics, we will now delve
into quantum thermodynamics. To do this, we will begin our discussion by revisiting some ele-
ments of quantum mechanics, which can be found in various well-established literature such as
[40, 41]. Next, we will define the usual notions of heat and work in quantum thermodynamics as
in Ref.[15, 42].

In this context, let us consider a d-dimensional Hilbert space denoted by #?. In the context
of Quantum Mechanics, the most general representation of a quantum system is made in terms
of an operator, which we denote by p € L'(H?) where L'(H?) denotes the space of Lebesgue
measurable functions over the Hilbert space #?. Such an operator is associated with an ensemble
{pi, |¥i) }, where p; denotes the probability associated with each state [¢);) and carries all the
information of a given physical system. Additionally, the following properties are satisfied by

the density matrix operator p [41]:
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(i) The density matrix p has trace equal to one.
(i) The operator p is hermitian, i.e. p = pf.
(iii) The density matrix p is a positive operator.

The property (i) ensures the normalization of the density operator, (ii) guarantees that the
eigenvalues of the density operator are real, while (iii) ensures the positivity of its elements.
Furthermore, the elements of the density matrix p have certain relevant physical significance,
especially in this work, to be discussed. In summary, the diagonal elements of p are real and
are referred to as state populations or simply populations, which carry the physical information
about the probabilities of the states, while the off-diagonal elements are called coherences [40,
41, 43].

In this sense, the most general form of density operator [41] is given by
p=2_pslts) (W5l (2.14)
J

The density operator allows us to characterize a given state p as either pure or mixed. In partic-

ular, when Tr {p2} = 1, p is a pure state; on the other hand, if
P=tr(p) =) p <1
J

p is called mixed state and P denote the purity of state. In particular, we can see that Tr {p?} is
bounded [41] as

<tr(p?) <1, (2.15)

S

1
where g occurs when we have the maximally disordered in the system which occurs where the

density matrix is given by

= = 2.16
p=7 (2.16)

where 1, denotes a d X d identity matrix.
Another important aspect in this scenario, is how the density operator evolves in time. In
this sense, for a quantum system under unitary evolution, we have that the unitary evolution

operator U (t, to) satisfies the following initial value problem:

0
iU (& to) = H(OU (¢, to) (2.17)

Ulto, ) =1
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where 1 denotes the identity operator and H (t) is the time-dependent Hamiltonian operator

defined on H?. The most general solution of Eq. (2.17) is given by:

U (t,to) = 1+Z< )/dt1/ dts - - /Jldth(tl)H(tQ)---H(tj).

(2.18)

A particular case of the system in Eq. (2.17) and, consequently, of the solution in Eq. (2.18) oc-
curs when the Hamiltonian operator is time-independent. In this case, the problem in Eq. (2.17)

reduces to a simple differential equation whose solution is given by:
Ult, ty) = e Ht=to), (2.19)

In particular, the set of evolution operators U (¢, to) forms a semigroup with respect to the
usual multiplication operation between operators [40, 44].
With this, it follows that given a state at a time ¢, given by p(to) the state at a time ¢ > ¢ is
given by:

p(t) = U (t,t0) p (to) U' (¢, o) , (2.20)

where U(t, 1) satisfies the problem in Eq. (2.17). The equality in Eq. (2.20) determines the time
evolution of the density operator under unitary dynamics, however, we can still obtain a dynamic
equation for the density operator. To this end, let us consider a system governed by a Hamiltonian
H(t) and consider the quantum states |1);(¢)) such that |¢;(¢)) = U(t, to) |¢j(to)). Then, from
the density operator in the most general form given by Eq. (2.14) it follows that:

20 > (i2 |¢j<t>>) i1+ 10 (15 ()
_ ZH )15 (8)) (65 (0)] — 145500 (5(8)| HL)
— H(D0l) — ) H(D)

Therefore, we obtain the following equation:

S — il (), p(t)] (2:21)

which is called the Liouville-von Neumann equation [40] due to the similarity with respect to the
Liouville equation that emerges in the context of classical mechanics [45].
The quantum dynamics given by Eq. (2.21) is established under the hypothesis that the evo-

lution of the system is unitary, that is, the states evolve according to the Schrédinger equation.
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However, even in non-relativistic quantum mechanics, this is not the most general scenario for
describing the dynamics of the density operator, since in this regime we can have cases where

the dynamics of the operator is non-unitary.

2.2.1 Work, heat and first law

From this, we can begin to introduce some important notions for quantum thermodynamics.
In summary, the unitarity or non-unitarity of the system’s dynamics, and consequently of the
density operator, is a crucial aspect for defining closed and open systems in the context of quan-
tum thermodynamics. Certainly, we say that a quantum system is closed as long as its dynamics
are unitary, that is, described according to the Schrodinger Equation Eq. (2.17) or, equivalently,
the Liouville-von Neumann Equation Eq. (2.21).

Furthermore, note that even a system with a time-dependent Hamiltonian, meaning the en-
ergy of the system is not conserved, is still said to be a closed system. This is particularly the case
because we consider that the injection or removal of energy in the system is done in a sufficiently
controlled manner so that the system can still be considered closed, which resembles the classical
description of a piston that can move in the context of quantum thermodynamics.

Consequently, we say that a system is open if its evolution is non-unitary. In particular,
this scenario occurs when we consider a quantum system, described by a Hamiltonian Hg, that
interacts with an environment described by a Hamiltonian H . Therefore, the total Hamiltonian

of the system is given by:
H:HS®|R+|3®HR+€H[ (2.22)

where Ig and |g represents, in order, the identity operator in the Hilbert space associated to the
environment Hp and the open system Hg. The Hamiltonian H; characterizes the interaction
between S and R, the parameter € characterizes the strength of the coupling of the interaction
Hamiltonian.

The description provided by Eq. (2.22) is valid under weak coupling conditions, meaning the
reservoir R is sufficiently large with an infinite number of degrees of freedom, the parameter e
is small, and the system-reservoir interaction is irreversible. In particular, under these assump-
tions we can derive the system’s state dynamics, which becomes non-unitary as we trace out the
reservoir’s degrees of freedom. That is, the dynamics previously described by the Liouville-von
Neumann equation Eq. (2.21) no longer holds under these conditions.

However, even under a non-unitary regime, it is still possible to describe the dynamics of

the density operator. In summary, the evolution of this operator is then defined by the Lindblad
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Master Equation [46] given by:

WO i), o)) + Dlo(e), (2.23)
d2
Dot = S (LwLL—%{Lsz,p@)}) (224

where D[p(t)] is called dissipator, and the right side of the equation Eq. (2.23) defines a linear
superoperator L(p) = —i[H(t), p(t)] + D[p(t)] it is also customary to call L{p} the Liouvillian
because the analogy betweeen Eq. (2.23) and the Liouville equation Eq. (2.21).

With these discussions, we now have the main results associated with the density operator in
quantum mechanics, as well as the determination of concepts that define what we call closed and
open systems in the context of quantum mechanics. So, let’s now begin to define the notions of the
main thermodynamic quantities in the context of the first law. In particular, the first definitions
of heat and work in the context of quantum thermodynamics were made by Alicki [15].

Indeed, following the notions presented in [15], we define the internal energy of a system by

the expected value of the Hamiltonian operator, i.e.:
U= (H)=Tr{p)H(t)}, (2.25)

notice that we denote the energy of the system by U which differs from the notation used for the
time evolution operator U (¢, ty). From this, using the linearity of the trace functional, and taking

the differential of the expression in Eq. (2.25) it follows that we have
dU=dTr{p(t)H(t)} = Tr{dp(t)H(t)} + Tr{p(t)d H(t)}. (2.26)

The first term that appears in the last equality is what we associate with the differential con-
tribution of heat to the system, while the second is what we associate with the differential of
work.

Notice that the quantity we associate with work is connected to modifications in the Hamilto-
nian, which is well-behaved since we have a high level of controllability over quantum systems.
On the other hand, the change in states is not something controllable; in summary, these changes
emerge as responses to the modifications experienced by the system. Thus, these energy contri-
butions are identified as heat, in analogy to the classical notion we discussed earlier.

Therefore, the notions of heat and work in quantum thermodynamics are expressed, in dif-

ferential form, as:

dQulp(t)] = Tr{H d p}, (2.27)
dW[p(t)] = Tr{d Hp}, (2.28)
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in which Q,[p(t)] and W, [p(t)] denote heat and work respectively, the subscript label u designates
the word usual, which will be relevant in later chapters where we will introduce other notions of
heat and work. More commonly, these quantities can be written as:

o] = [ {4 m0}, (2.29)

Wilp() = [ arme { ol L0 } |

(2.30)

considering a dynamics defined such that ¢ € [0, 7] where 7 is the time of evolution. Note that
the notion of usual heat introduced in Eq. (2.30) reasonably agrees with the classical notion of
work understood as the integral of a power function [42, 45]. With this, we can then formulate
the first law of thermodynamics in the context of quantum thermodynamics, which is expressed,

in differential form, by:
dU =dW,[p(t)] + d Qu[p(?)] (2.31)

more usually:

AU = W, lp(0)] + Qulp(t)] (232)

since W, [p(0)] = Qu[p(0)] = 0and AU = U(t) — U(0).

The expressions for heat Eq. (2.29) and work Eq. (2.30) were obtained without any considera-
tions regarding the nature of the dynamics of the density operator. Thus, these definitions remain
valid both in the context of open systems and closed systems. In this sense, it is interesting to
evaluate the behavior of heat in the particular case where we have a closed system. In this regime,
the density operator evolves according to the Liouville-Von Neumann equation Eq. (2.21), thus,
it follows that the heat Eq. (2.29) is such that

Qulp(t)] = AFVHF%gH@}
— /OTdtTr{—i[H(t),p(t)]H(t)}
_ /0 Qe TE {[H(0), p() H (1))}

=0

since the trace of any commutator is always zero, that is, Tr{[A, B]} = 0 for all operators A
and B. Consequently, this establishes a result analogous to what we have in classical thermo-
dynamics: The heat involved in a given thermodynamic process, in a closed system, is always

Z€rO0.
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However, note that the heat introduced by Alicki is closely tied to the unitarity of the dy-
namics, particularly describing the energy exchange associated with the interaction between the
system and a possible coupled bath. In this sense, the previous result indicates that this energy
contribution is null in closed systems. Nevertheless, there are several other developments in
quantum thermodynamics where notions of energy, analogous to heat, are introduced in closed
systems. These contributions, in turn, can have different natures, such as being connected to
"internal frictions" [23], non-adiabaticity in unitary dynamics [22], and even out-of-equilibrium
processes [47]. In particular, these distinct contributions emerge in the quantum scenario through
the production of uncertainties in energy measurements arising from the generation of quantum
coherences in the energy basis [24].

In Chapter 4, we will discuss in more detail specific situations where energy contributions,

more specifically parts of the work done on a system, can be interpreted as heat [3].

2.3 Different notions of entropy

In the previous section, we introduced the physical quantities associated with heat and work,
as well as the first law of thermodynamics in the context of quantum mechanics. A natural
continuation would then be to establish a notion of entropy and, consequently, establish a second
law for quantum thermodynamics. However, the concept of entropy is one of the most debated
and mystified in the history of science [25]. As a result, various schools of thought have emerged,
leading to the concept of entropy being formulated with different notions both philosophical-
conceptual and quantitative-numerical [48]. With this in mind, let us then discuss some notions

of entropy that appear as candidates for microscopic entropy [25, 48].

2.3.1 Von Neumann entropy

The first definition of entropy that we will revisit is the so-called Von Neumann entropy, which

usually appears as thermodynamic entropy [25, 49] and is defined by:

Sulpl = —Tr{plog(p)} - (2.33)

This entropy is associated to the minimization of Shannon entropy [50, 51] over all basis [52].
In this work, we reefears to the Von Neumann entropy as usual entropy. In fact, this entropy

is consistent with thermodynamic entropy only in two cases
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I) When the system is in equilibrium and is represented by statistical ensembles. For example,

the Gibss thermal state given us:

e PH
pc = 7 - Su[pG] = - ; E, log(En> (2-34)
where £3 is the inverse of temperature and Z == Tr{e #} is the partition function.

II) The second case is for ensembles even out of equilibrium that describes open systems cou-
pled to an ideal heat bath.

The consideration that Von Neumann entropy is not, in general, a thermodynamic entropy is fun-
damentally important. Indeed, there are numerous works, especially in the realm of information
theory, that employ its use as such without due concern for the precise conditions necessary for
this attribution. With this in mind, we can cite, as an illustrative example, the case of an ideal gas
undergoing free expansion, where the entropy increases during the expansion. However, free ex-
pansion is a reversible process, and thus the Von Neumann entropy in this process is zero, which
does not correspond to the actual physical nature of the problem [53]. Furthermore, inconsisten-
cies in the very derivation of entropies can also be observed when comparing the origin of the
line elements associated with typically informational entropies and thermodynamic entropy.
The Von Neumann entropy possesses several particular properties, which we will now present.

Indeed, these are:

(i) VonNeumann entropy is invariant under unitary transformation. In fact, consider a unitary

transformation V' then we have:
S, VpV] = —=Te{VpVilog(VpV1} = Tr {Vplog(p)V'} = S.[p] (2.35)

since, for every differential function F’ and a unitary transformation V we have (V2 V) =

V F(z)V7, and the last equality holds by cyclic property of the trace.

(i) Von Neumann entropy is invariant in closed system. This follows immediately from the in-
variance under unitary transformation since that in closed system the evolution is unitary,

then p(t) = U(t,to)p(to)UT(t, to) which gives the time invariance:

Sulp(t)] = SulU(t, to)p(to)U' (t, t0)] = Sulp(to)]. (2.36)

(iii) Spectral decomposition of density operator in Von Neumann entropy. Since the density

matrix p is a Hermitian operator, it can be spectrally decomposed as p = Z i | Vk) (Vkl,
k

where {py} is a set of eigenvalues and {|¢;) } is a set of corresponding eigenvectors that
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form an orthonormal basis. Using this decomposition in Von Neumann entropy we have

Sulp(t)] = —Tr{p(t) loglp(t)]}

= — Z (U] lzpk |[Vr) (Vx| log <an |%n) <¢n|>] 1)

= - Z <wj|¢k>pk log <an <¢k|¢n> <¢n|¢1>>
= =) pilog(ps)

then, we can write the Von Neumann entropy as

- Zpk log (p) (2.37)
k

where py, € [0, 1] since that p is a positive operator and his trace is equal to 1.

(iv) Von Neumann entropy is equal to zero if and only if p(¢) is a pure state, i.e.
Su[pt)] =0 <= Tr{p*(t)} = 1. (2.38)

In fact, let us consider a normalized a quantum state [¢;(¢)), and a orthonormal set {|¢),}

where j = 1,...,k,.... The density matrix associated to this pure state labeled by k is

p(t) = |[¢x(t)) (Yr(t)| therefore:

Sulp(t)] = Sullw()) (We(t)]]
= = Tr{[v(t)) (u(t) [ Log[|vw(t)) (Wi ()[]}
= —Z (Wj| [[¥e(2)) (Wr(t)[og [t (8)) (b ()] [¥5)

= < k() 1og[Pn () (L ()]] or)

= —log[(vx(t)) (¥ (1))]
= —log(l)=0

since the |1 (t)) is normalized. For other hands, suppose, by contradiction, that p(t) is a
mixed state as Eq. (2.14) and S,[p(t)] = 0 therefore, from (iii) we have

Sulp(t)] =0 = _Zpkk)g(pk) =0 = pr=1

since py € [0, 1]. Therefore, if S,[p(t)] = O the density operator is a pure state.
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The Von Neumann entropy has a considerable number of other properties [41, 50]. The prop-
erties we highlighted and proved above are relevant in our discussion about a microscopic defi-
nition of thermodynamic entropy. Indeed, in the preceding discussions, we will always compare

each entropy with the Von Neumann entropy, particularly concerning these properties.

2.3.2 Boltzman entropy

Another important definition of entropy is the Boltzmann entropy. Let us consider H be the
Hamiltonnian of an isolated system where we drive any dependence on external paramater g;.

In this sense, the system is governerd by the following stationary Schrédinger equation:
H|E;, ;) = E; |Ey, 1)

where {|E;, [;) } correspond to the set of energy eigenstates with energy eigenvalues F; and labels
possible exact degeneraries.

Now, let us consider a scenario where our objective is to perform an energy measurement.
Indeed, in the situation where our system is sufficiently simple and controllable such that the ob-
server has full control of the experiment, any energy measurement can be understood in relation
to the projection of each eigenenergy I1; = |E;, ;) (E;, l;].

However, this is an ideal scenario, and certainly in more realistic systems, one may not have
full control over the experiment such that there is some uncertainty § associated with the ig-
norance of the energy measurement. In this sense, we have a scenario in which the energy

measurement is then characterized by the following projector

g = Z Z | B, L) (B L] (2.39)
¢

E,€[E,E+6) 4;

In fact, the uncertainty associated with the parameter ¢ is related to the observer’s ignorance
regarding some element of the system and/or the inherent impossibility of fine measurement in
the conducted experiment. The projectors obtained by Eq. (2.39) form an orthogonal set such that

the equalities:

Hpllp = 0p pllg
ZE =1

(2.40)

where 0 g/ the Kronecker delta. In particular, sets of projectors that satisfy the equalities given
in Eq. (2.40) define what we call a coarse-grained measurement. The most general case is when

we have information about further macroscopic variables, such as the particle number V.
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If a coarse-grained measurement results in outcome £, the Boltzmann entropy of the system

is
Sp(E) =log(Vg), Vg = Tr{llg} = dim{Ilg} (2.41)

where V is referred as the system’s volume element which is the rank of the projector Ilg.
When information about additional macroscopic variables, such as particle number N, is

available, the Boltzmann entropy can be generalized as
SB(E,N, ) = IOg(VE7N7m) (242)

where Vg y . counting all the microstate compatible with the macroscopic constraints £, [V, ...
A particularly interesting case is to compare the Boltzmann entropy with the Von Neumann
entropy, especially concerning the result of property Eq. (2.38). Indeed, let us consider a closed

system that is governed by the following Hamiltonian:

a 0
Hz(o b)’ a#b (2.43)

now, let’s consider a pure state p = |¢) (¢| confined to an energy shell [a, a + ¢) with § being the
imprecision in the energy measurement such that § > b. Consequently, we have that [a,a + b] C

[a,a + ¢), and therefore the projector 11 is given by:
mr =la, 1) {a,1] + |b,1) (b, 1| (2.44)
then, the Boltzmann entropy is given by:
Sp(E) = log(Vg) = log(Tr{mg}) = log(2) # 0, (2.45)

therefore, this simple case reveals the Boltzmann entropy is nonzero even for a pure state. In the
case of the measuremeant is perfect i.e. 6 = 0 the Boltzmann entropy is zero if and only if the
systems is non-degenerated.

Another interesting aspect of the Boltzmann entropy is related on how intuitively this en-
tropy explain the second Law of thermodynamics without needing the notion of the statistical
ensembles [26]. For an isolated system, the evolution towards a state of higher volume is statis-
tically favored, resulting in the system spending a significant fraction of its time in the state of
maximum volume. This state of maximum volume corresponds to thermodynamic equilibrium.
This phenomenon explains the increase in entropy observed upon the removal of a constraint

and the general tendency for systems to evolve towards a state of maximum entropy [26].
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However, the dependence of the coarse-grained measurement in the Boltzmann entropy re-
veals some inadequacy in the description of small quantum systems, where an experimenter
usually has precise control over the quantum degrees of freedom. In this case, the volume term

Vg reduces to 1, and the description of Boltzmann entropy vanishes.

2.3.3 Observational entropy

The Von Neumann and Boltzmann entropy can be interpolated into another concept of en-
tropy, which is called observational entropy [54]. This concept of entropy is defined in a general
way based on the notion of a coarse-grained measurement, which we introduced in Eq. (2.40). In
this sense, let us consider a general coarse-graining measurement defined by the set C = {II.}
of orthogonal projectors that satisfy the same relations in Eq. (2.40). Therefore, for any system

described by the state p (pure or mixed), the observational entropy is defined as:

SSe(p) = =Y pelog (pv) (2.46)

where p. = Tr{Il.p} is the probability of observing the outcome ¢ while V, = Tr{Il.} is the

volume term of I1... Specially, we can rewrite this entropy as:
Sops = — ch log(pe) + pelog(Ve) = S (pe) + (SB())p.

where S, (pe) = — Y. pclog(p.) is the Shannon entropy associated with the probabilities p. and
(SB(c))p. is the mean of the Boltzmann entropy.

The generality of the type of coarse-graining introduced in the definition of observational
entropy allows us to restore the notions of Von Neumann and Boltzmann entropy as particular
cases associated with when we have specific coarse-grainings. In effect, these cases correspond

to the following:

I) When we have access to all physical information about the system, we can choose coarse-
graining C,, = {|¢) (¥|} correspondent to the eigenstate of the system’s density operator
p =2y, Py ) (¥| Inthis case each volume term is equal to one, i.e. V, = 1, therefore the

observational entropy recalls:
p
S50 = = Sowstow (52) = Sl + S lovlos)) = Sulp). (24
( ()

this situation corresponds when the measuremant is the most informative possible.

II) The second case, which restore the Boltzmann entropy is associated where we only access

to imprecise measuremnts, i.e. the set of coarse-graining is resctricted to the coarse-graning
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as Co = {|o) (o|}. Furthermore, after the measurement the system we will have full confi-
dence that the system’s state p is found in a given macrostate II,,,, therefore the probability

P, fall to be
po = Tr{lo) (o p} = (O] p|0) = dmo

then, the observational entropy reduces to:

Co - _ 1 Po
Sobs(p) ;po 0og (‘/;)
= Sa(p) + > polog(Vo)

= 10g(Vm) = SB<Hm) (2'48)

since pg = o, it follows that Sy, (p) = —dpmo log(dme) = 0. Here, Sp(I1,,) denotes the
Boltzmann entropy associated with the volume generated by the macrostate II,,. On the
other hand, when the choice of macroscopic observable O is the energy of the system,
Eq. (2.48) corresponds to the Boltzmann entropy given in Eq. (2.41). Equivalently, if O
corresponds to a set of observables, then Eq. (2.48) reduces to the general expression for

Boltzmann entropy given in Eq. (2.42).

In summary, observational entropy provides us with a family of entropies, each associated
with a type of coarse-graining measurement. However, notice that we have no indication of
which coarse-graining measurement to choose or even any guiding criterion for such a choice.
Certainly, such arbitrariness in its definition, which can be considered a major positive point for
observational entropy, also becomes a negative point in its definition, since its connection with
thermodynamic entropy necessarily requires an appropriate choice of coarse-graining measure-
ment [25].

Nevertheless, even with such arbitrariness, it is still possible to obtain certain properties for
observational entropy. In effect, consider a coarse-graining measurement X = {II,}; therefore,

some of the properties of observational entropy are:

i) If the system is governed by the finite d—dimensional Hamiltonian defined in the Hilbert

space H¢ the observational entropy is bounded as
Su(p) < Sops(p) < log(d). (2.49)

ii) The observational entropy is extensive in the limit where one expects it to be extensive.

Consider a composite system in the decorrelated state p = p; ® - - - ® p,, and a composite



26 Chapter 2. Thermodynamics: An overview

coarse-graining X = X; ® - - - ® X,, with projectors I, ® - -+ ® II,,, . Then,
obs Z Sobs p] (250)
iii) We have

Sors(p [Z pep(z)| + pr 2)||w(z)). (2.51)

where D[||-] denotes the Kullback-Leibler divergence,! which is defined by D[p|loc] =
Tr{plogp— plogo}.

iv) We have S,(p) = S5

(o]

bs (p) if and only if

p=" pww(z) (2:52)

for an arbitrary set of probabilities p,.

v) If Sobs( ) = Su[p(0)], then

ASKe (¢

obs

(t) = S (t

obs

(t) = 32 (0) > 0. (253)

These properties are all presented and proven in [25]. In fact, the property in item v) is
substantially important in the context of observational entropy. Indeed, the second law of ther-
modynamics, both in closed and open systems, is formulated from the inequality in Eq. (2.53)

considering the coarse-graining measurement given by projectors of the form Eq. (2.39).

2.3.4 Diagonal entropy

Finally, let’s now revisit an important definition of entropy. To do this, consider the case where
we have a closed system which is described by some time-dependent Hamiltonian H (¢). Then,

we define the diagonal entropy or d-entropy of any state p(t) by:
D] == pin(t) loglo, (1) (2.54)

where the superscript £ is associated of the instantaneous energy eigenbasis of the Hamiltonian
H(t).

'In Appendix A.2, we present fundamental elements and key results from quantum information theory, with a
particular focus on the Kullback-Leibler divergence.
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The diagonal entropy was first introduced in Ref. [28]. In special, this entropy can be rewrite

as:

Salp(t)] = Sulpliay(t)] (2.55)

where pdEmg(t) is the diagonal part of the state p in instantaneous energy eigenbasis. Notice
that pgiag(t) is obtained by erasing the elements outside the main diagonal. Consequently, the
state obtained in this way necessarily depends on the energy basis, and therefore the property of
the associated Von Neumann entropy of being invariant under unitary transformations does not
apply in this case, i.e., Su[p4,(t)] # Sulp”(t)].

One of the motivations pointed out by Polkovnikov in Ref.[28] for the definition of diagonal
entropy is associated with some inherent problems related to Von Neumann entropy. To make
this discussion somewhat clearer, let’s discuss a problem presented in Ref.[22].

In effect, consider an observable O and a sufficiently complex system that was subject to a
process which started and ended in a distant past, and eventually achieved some steady state as

in
pE(t) =Y poe BB B, ) (B, (2.56)

where the Hamiltonian of the system H is such that H |E,) = E,|E,) for the final time-
dependent Hamiltonian. By the ergodic hypothesis time average of any thermodynamic observ-
able should be equivalent to the equilibrium ensemble average. Therefore, the average of the

observable O(t) is given by

(O1)) = lim % /0 d(O(t)), (2.57)

T—o0

where the total time dependence of the average of O is in the density operator. Then, we can
expand the Eq.Eq. (2.57) as

0F) = lim% /0 dt(O)

I 2
. . - —i(Em—FEn)t
= lim — /0 dt Emnjpnme (E,| O |E,)

T—o0

E L ( )
_ : —i(Em—En)t

mn

mn
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therefore, the time average of the observable O is:
O1) = 0 Onn, (2.58)

which is dependent only on the time-independent diagonal elements of the density operator in the
eigenbasis of the Hamiltonian. Thus, this development reveals that all relevant thermodynamic
information in a measurement is completely present in the diagonal elements of p in the energy
basis.

Consequently, since only the diagonal elements of the density operator become truly relevant
for a thermodynamic measurement, it follows that we have two possibilities for the Von Neumann

entropy, which are:

i) Von Neumann entropy contains additional information, which does not appear in any ther-

modynamic measurement,

ii) The time average of an observable is different from the time average of entropy for an

equilibrium ensemb]e.

In both cases, we see that the Von Neumann entropy faces difficulties in providing a correct
description that would be physically expected.

In all these developments, it is always assumed that the Hamiltonian spectrum is non-degenerate,
or if it is degenerate, these degeneracies are not relevant to the system. Thus, we can then in-
terpret this entropy as a physical quantity that quantifies the amount of randomness observed in
the energy basis of the system [28]. Specifically, diagonal entropy can be identified as measuring
the total amount of information lost to a limited set of evaluable measurements.

Also in Ref.[28], several properties of diagonal entropy are presented and demonstrated. In
effect, many of these properties confer a thermodynamic character to this entropy, among which

we list some below.
i) Sqlp(t)] = Su[p(t)] if the state p(t) is stationary (diagonal).

ii) We can define the relative entropy of coherences by:

C = Salp(t)] = Sulp(t)] (2.59)

which quantifies the amount of entropy that is "lost" when the coherence elements are

ignored.

iii) If the initial state is stationary then for any time-dependent process in a closed Hamiltonian

system we have

Salp(t)] = Salp(0)] (2.60)
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iv) Diagonal entropy respect the fundamental thermodynamic relation

ouU
AU =TAS — —| A\, 2.61
U S Zm A, (2.61)
which is given by:
au-S oY AN, (2.62)
3)\3 p
d

which is direct consequence f the thermodynamic postulate that require the entropy to be

a unique function of energy F and the external parameters \;.

Formally, all this property is also proved in Ref.[28]. Here, I will give special attention to property

iv), which can be obtained by expanding the system’s energy as:
AU=Y" punl(t)En Z AB,(t)pnn(0) + Z E(0)Apan(t) (2.63)

where AE,(t) = E,(t) — E,(0) is the change in the instantaneous energy eigenstates due to the
time evolution while Ap,,,,(t) = ppun(t) — pnn(0) is the change in the diagonal component of p in
energy eigenbasis. In Ref.[22] Polkovnikov identifies the terms contained in the Eq. (2.63) as:

« The first term in Eq. (2.63) is

AE, = AE,(t)pun(0) (2.64)

which is the adiabatic change of the system’s energy, i.e. the work done by the system due

to the changes of the external parameters ;.

+ The second term in Eq. (2.63) is

Z En(0)Appn(t) (2.65)

which correspond to the non-adiabatic change of the energy, i.e. the heat generated by the

system when the process is non-quasi-static.

Another property and discussion of the diagonal entropy can be found in Ref.[28].

In this sense, the diagonal entropy can be connected to the notions of work and heat. Specifi-
cally, the heat introduced in Eq. (2.65) appears in both open and closed systems, which contradicts
the usual definition of heat that we introduced in Eq. (2.29). In effect, the heat term introduced

by Polkovnikov initially in Ref.[22] is associated with changes in the energy basis that are not
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adiabatic and can occur even in closed systems. Consequently, it is directly linked to the entropy

of the system and is non-negative if the system starts in some equilibrium state [22, 24].
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Chapter 3

Gauge invariant quantum

thermodynamics: Foundations

This chapter introduces the fundamental concepts associated with the principle of gauge invari-
ance in the context of quantum thermodynamics. In this sense, we begin by providing a concise
overview of gauge theories, both within the framework of physics and as a mathematical the-
ory. Specifically, we will initially present classical electrodynamics as a foundational example
and motivation for the principle of gauge invariance.

Subsequently, the remaining sections of this chapter focus on review of the work of Céleri
and Rudnicki [3] over gauge-invariant quantum thermodynamics, along with generalizations of
some specific aspects of this work. This involves constructing the emergent gauge group and
establishing the principle of gauge invariance inspired by the fundamental concepts of gauge
theory, as discussed in the first section.

With the emergent gauge group defined, we introduce the concept of invariant quantities, in
context of quantum thermodynamics, that form the invariant space associated with the emergent
gauge group in quantum thermodynamics.

Here, two generalization are employed with respect to the development in [3], they are:

+ We consider the system has arbitrary number of the degeneracies which can changes in

relation a specific one parameter (time),

+ The definition of invariant quantities is reformulated for a general case of the Haar average.

3.1 Brief overview of gauge theories

The principle of gauge or gauge invariance is a strong mathematical principle that underlies
several physical theories, for example, the standard model of particle physics. In effect, gauge
invariance emerges in physical theories, especially in field theories, from some mathematical
redundancy associated with their descriptions, which allows for the introduction of sets of trans-
formations that leave the equations of motion of the theory invariant. Among the theories that

exhibit gauge invariance, we can mention classical electrodynamics.
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Classical electrodynamics is a classical field theory that describes the interaction and evolu-
tion of electric fields (7, t) and magnetic fields B(7, t) as well as their temporal evolutions. In
effect, such a description is provided by a set of equations, namely the four Maxwell’s equations,
along with the continuity equation for the volume charge density p(Z,t) and volume current

density J(Z, t), which, in the absence of magnetic monopoles, are given by:

Coulomb’s law: V- D(i,t ) p(Z, 1) (3.1)
" L mo OD@ )
Ampere’s law: 'V x H(Z,t) — = (Z,t) (3.2)
Faraday’s law: (Z,t) + % =0 (3.3)
Absence of free magnetic poles: V.- B(Z,t)=0 (3.4)
Continuity equation: 8p(8t .Y +V-J(@t) =0 (3.5)

in the S.I system. Here, D(7,t) and H (7, 1) are the displacement electric field and magnetic field
respectively. Furthermore, in classical electrodynamics we have two others essentials elements

wich emerges from the Maxwell equations. In fact, from absence of free magnetic poles we have

—

V-B(@t)=0 = 3JA(x,t)eyg., B@t)=V x Az, t) (3.6)

where /Y(f, t) is called vector potential. From Faraday’s Law,

" 5 o 0B(Z,t)
= E(z,t
0 V x E(Z,t) + BT
_ 6XE—»<f7t)+8VXA(ZE,t)
ot
- - OA(x,t)
= E
9 (£ + 200)
then, exists a scalar function ®(z, t) such that:
QA(x,t) . » 0A(z,t)

—V&(Z,t) = E(Z,t) + — E(Z,t) = —V®(&,t) — (3.7)

ot ot

where ®(Z, t) is called scalar potential. Then, the equations (3.6) and (3.7) define the fields E (Z,t)
and B(Z,t) in terms of a pair of potentials {®(Z, t), A(Z,t)}. However, the mathematical formu-
lation of these two differential equations establishes a redundancy in the determination of the

fields under a specific transformation of the potentials. This transformation is called a gauge
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transformation and is given by

S S . da(Z,t)
P B(F,1) = BT, 1) —
(E0) = ¥ = 6(E ) - oy
A(Z t) — A7, t) = A(Z,t) + Va(Z, t)

where (7, t) is a scalar function (real or not) of class C=2. In fact, using the transformed po-
tentials we can see that the fields £'(7,t) and B'(Z, ) (where the superscript ’ denote the fields
with the potentials (7, ¢) and A'(Z,t)) are equivalent to the fields E(Z,t) and B(Z,t). In an-
other words, the fields are invariant under this transformation, indeed we proof it below, for the

magnetic field:

B'(Z,t) = VxA(Z1)
1(Z,t

= VUx (A(zf, ) + Va(7, t))
= VxAF )+ x (%(f, t))

Il

o <L
X

N1

o

=

and for the electric field:

E'(Zt) = —ﬁ@’(f,t)—aff’(f,t)
R . Oa(Z)t) 0 (= -
= -V (q>( ST )‘5(’4( 7t)+Voz(:v,t)>
— Ve - 400
= E(&,t)

Therefore, the gauge transformations of the potentials doesn’t modify the physics of the elec-
trical and magnetic field. In reality, the function «(Z,¢) merely introduces redundancy in the
determination of the potentials. Thus, we can then impose a specific constraint on each poten-
tial, or even on both, such that the function a(Z, t) is determined to satisfy this constraint, which
is commonly referred to as a gauge. Fixing the function «a(Z, t), or equivalently, fixing the gauge,
eliminates all redundancies in the description. In addition, when we can ensure that the function
a(Z, t) satisfies this gauge, we say that the gauge is realizable.
In this sense, go to a practical example. Let us consider the Lorenz gauge:

g 1 09(Z,t)
CA(Z )+ =
VARG )+02 ot

= 0. (3.9)

In addition, consider a pair of potentials {®; (7, ¢), A, (Z, )} that do not satisfy the Lorenz gauge
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(3.9). Therefore, the Lorenz gauge can be realizable by a gauge transformation (3.8), then we

have:

¢z ot
=y > . 1 da(Z,t)

= (6 AL(@ 1) + lM) + <V2a(f, ) L 9al@, t))

2 ot
thus, the function «(Z, t) satisfy the following differential equation

1 52 . 5 o, 1 09y (2t

This results in a non-homogeneous D’Alembert wave equation for a(Z, t), where the non-homogeneous
term arises from the contributions of the potentials. Since «(Z, t) satisfy the equation (3.10), the
Lorenz gauge is achievable for a gauge transformation of the potential pair {®:(Z, 1), 4, (Z, t)}.

Another interesting aspect to the gauge transformation defined in (3.8) is associated to the
group theory. In the literature, the gauge redundancy of the fields, arising from the transforma-
tion of the potentials (3.8), is often referred to as gauge symmetry. In fact, the gauge symmetry it
is not a symmetry of the system in the sense that it takes one physical state to a different physical
state. Instead, it is a redundancy in our mathematical description of the system.

However, the gauge transformation (3.8) can be associated with the notion of symmetry es-
tablished by group theory. In this context, the symmetry perspective is introduced by the group
formed by all elements that satisfy the transformation (3.8), which, in the case of electrodynamics,
corresponds to the group of unitary transformations ¢/(1).

In this sense, we will demonstrate that the transformation of the potentials and their compo-
nents under an arbitrary transformation of the /(1) group is given by (3.8). To this end, we will

—

introduce the four-potential notation A, (Z,t) = ( ®(,t), A(Z, t)) and the derivative operator

Oy = <_c_12%’ ﬁ) which are more commonly used for treating classical electrodynamics as a
gauge theory. Within the context of the unitary group ¢/(1), the most general element can be
expressed as Q(Z, t) = e~ @Y where a(7, t) is an arbitrary complex scalar function. The trans-
formation of each component of the four-vector potential under a /(1) transformation is then

given by:

AE0) = AL(E 1) = QE 1) (Au(E,1) + 0,) Q7 (7, 1)
( t

7
= Au(Z 1)+ 0,a(Z, 1), (3.11)
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which is equivalently with the gauge transformation defined in (3.8).

Therefore, since they gauge transformation of the potentials are can be written as a unitary
transformation follows that the gauge transformations of the potentials that ensure the invari-
ance of the fields E(Z,t) and B(Z,t) under Maxwell’s equations are given by the /(1) group.
This analysis establishes a elegant results: the electrodynamics as a abelian gauge theory which
respect to the unitary group U(1).

This invariance is not limited in over the fields in electrodynamics. Indeed, other structures
in electrodynamics are also invariant under transformations of the type described in Eq. (3.11).

In this sense, we define the eletromagnetic tensor by the following relation:
F,=90,A,—0,A,. (3.12)

For notational simplicity, i will henceforth omit the arguments (7, ¢) from the potentials and

fields. Then, we can write the field components as

1
Ei = F()z' and Bz = _éeiijjlw (313)

where ¢, is the levi-civita symbol [55]. Furthermore, we also introduce the Lagrangian £ and

the action S, respectively, as:

1
L(A,,0,A,) = —Z—lFWF””—ej“AM, (3.14)
S :/ d*x £ (A, 0,A,) (3.15)

R1.3

where the measure d*x is associated with the temporal component 2° = ¢ and the spatial com-
ponents 7 = (2!, 2%, 13).

Using the gauge transformation for the four-vector A, given in Eq. (3.11), we can show that
both the Maxwell tensor and the action remain invariant over this gauge transformation. Indeed,

for the Maxwell tensor we have:

Fu(A,,) = 0,A,—0,4,
= 0,(A,+0,a) — 0, (A, + 0ua)
= 0,A, —0,A, + 0,0, — 0,0,
= O, A — 0, A, =F, (Aw/)
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and for the Action, we have

S[A] = d*x L (A, 8,A.)

1,3

(o
"

! —}lFW (A) P (AT) — et (A;)}

et
o

(1
o A FP () = e (4,4 0,0)]

Il
“a
b

[ 1

= | d*x _ZFW(A)FW(A) —ej" (A, + E)Moz)} (3.16)
1

= [ a5 WF“”—ej"Au} iy /R i [j0,0] (3.17)

_ S[A]—e / d'x [j9,0] = S[A], (3.18)
R1,3

note that, in this development, the transformation of the four-vector A, (Z,t) under the action
of the U (1) group generates, in the action S, a term associated with the components of the four-
current j#, connected to the phase « that characterizes the group. However, using the invariance
of the Maxwell tensor, previously demonstrated, we obtain Eq. (3.16), and consequently, Eq. (3.17)
is naturally derived, allowing the identification of its first term as the action associated with the
four-potential A. Furthermore, the invariance of the action under the /(1) group is then achieved
by showing that the integral associated with the current j# and the phase « in Eq. (3.18) vanishes.

Indeed, we detail this result below:

/ d'x [j“0,0] = / a5 [0, (" a) — ad, "]
R1.3 R1.3

_ / ds[ja] — / d'x [a(9,5")] = 0, (3.19)
HR1:3 RL,3

where we integrated by parts in the first line above and then applied the generalized Stokes
theorem, so that the volume integral of d,,(j*«) over R™* can be written as an integral over the
boundary of RY3, denoted by OR'3, whose measure is denoted by d¥. However, it is assumed
that the components j* have finite support, i.e., they are defined over a subregion of IR with
finite measure. As a result, the first integral in Eq. (3.19) vanishes. On the other hand, the second
integral in Eq. (3.19) vanishes due to the continuity equation, i.e., 9,7* = 0.

Notice that the result established by the invariance of the action under gauge transformations
of the group U(1) is even stronger than just the invariance of the fields. Indeed, besides ensuring
the invariance of the equations of motion, this result also provides us with the existence of a
conserved quantity () (charge) due to Noether’s Theorem.

The invariance of electrodynamics under gauge transformations of the group ¢/(1) was gen-

eralized by Yang and Mills in Ref. [56]. In this work, Yang and Mills provided an explanation for
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the conservation of isospin in collisions involving strong interactions based on the invariance of
motion equations over the transformations of the group SU/(2) [56]. The transformations of the
group SU(2) do not commute with each other like the transformations of the group /(1) and
therefore are called non-abelian. Furthermore, the family of gauge theories over the group SU(d)
is called Yang-Mills theories.

The work of Yang-Mills for the strong interaction is a historical milestone for physics and
especially for modern gauge theories [57]. In fact, this work did not have much relevance when
first published in 1954, however, it pointed directions for a formulation of a gauge theory capable
of explaining the mechanism of spontaneous symmetry breaking [58-60] which was initially
proposed by Anderson in Ref.[61] in 1960. The explanation of the mechanism occurred in 1964
simultaneously by several independent groups [58, 59].

In this same decade, more precisely in 1961, Glashow in Ref.[62] proposed a theory for weak
and electromagnetic interaction based on a gauge theory with symmetry SU(2) xU (1) where the
groups SU(2) and U (1) are associated with weak and electromagnetic interactions, respectively.
Glashow’s initial proposal had some weaknesses, in particular, the Higgs mechanism was not in-
cluded in his description. However, in 1967 and 1968, physicists Steven Weinberg [63] and Abdus
Salam [64] incorporated the description of the Higgs mechanism into Glashow’s theory and thus
achieved the unification of weak and electromagnetic interactions in the so-called electroweak
theory as a gauge theory associated with the non-abelian symmetry group SU(2) x U(1) [63,
64]".

Moreover, the strong interaction has also been described as a gauge theory. In summary, the
current description of the strong interaction that we know today as quantum chromodynamics

(QCD) has gone through various works [65], particularly regarding which symmetry group the

! A reader with some knowledge of field theory should note that here we are identifying the weak interaction in
a simplified manner with respect to the associated gauge group. In fact, the group /(1) here is not exactly the same
unitary group as in electrodynamics, which we will denote as Uy, (1), but rather the unitary group associated with
the weak hypercharge ("), which we will denote by Uy (1), while the special group will be denoted by SU 1, (2), since
the gauge transformations act only on left-handed fermions (and right-handed antifermions). Thus, in a simplified
way, what the Higgs mechanism does is, under certain conditions, spontaneously break the gauge symmetry of the
group SUL(2) xU(1)y — Uem(1) when the Higgs field (a doublet of SU 1, (2) with weak hypercharge Y = 1, whose
first component is charged while the second is neutral) acquires a non-zero Vacuum Expectation Value (VEV). This
arises from the fact that the Higgs field is not invariant under all transformations of the group SUL(2) x U(1)y,
but it is invariant under all transformations of the group Uey, (1). In this sense, after symmetry breaking, the original
4 massless vector bosons (which constitute the relevant degrees of freedom of the system when the Higgs field
has a zero VEV) of the electroweak interaction combine to form new effective vector bosons, in particular, the
photon, which is constituted by a linear combination of the original massless vector bosons, corresponding also to
the symmetric phase of the primordial electroweak interaction. However, in addition to the massless photon, there
are three other massive combinations that emerge in this mechanism, which acquire mass proportional to the VEV of
the Higgs field: the W and W~ bosons (responsible for mediating the charged weak interaction) and the Z° boson
(responsible for mediating the neutral weak interaction). Thus, the photon and the massive vector bosons W+t w-,
and Z° are the relevant vector bosonic degrees of freedom in the broken phase of the electroweak interaction, where
the weak and electromagnetic interactions manifest in very different ways. The idea behind the proposed unification
initially refers to an informal description that often originates from the fact that the electric charge observed today,
associated with the gauge group Uey, (1) of electromagnetism, can be written as a non-linear combination of the
couplings g’ of the group Sl (2) and g of the group Uy (1).
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theory should be associated with; however, the group SU(3) has always been a strong candidate
for the theory [66-69]. In fact, it was in Ref.[70] that physicists Gell-Mann, Fritzsch, and Heinrich
Leutwyler conceived QCD as a gauge theory associated with the group SU(3).

The unification of the strong and electroweak interactions resulted in the formulation of the
standard model of particle physics, which is a gauge theory associated with the non-abelian group
U(1) x SU(2) x SU(3) [71].

Indeed, the fundamental field theories are strongly based on gauge invariance and conse-
quently on the employment of symmetry groups for the description of the theory. Additionally,
the formulation of a theory from a gauge invariance also provides a pathway for a geometric
formulation of the theory. This perspective is associated with the fact that symmetry groups are
Lie groups, i.e., differential manifolds equipped with group structures [72].

In particular, from a mathematical point of view, a gauge theory is the study of connections
in vector or principal bundles (vector spaces associated with each point of the manifold) that
satisfy some gauge invariant curvature condition in the manifold associated with the group [73,
74]. This group is called the gauge group, and in the most general scenario of gauge theories, the

potentials A and the tensors F' transform under the gauge transformation

A, = A =VAV I +Vo V! (3.20)
F, — F,=VE, V! (3.21)

where V is one element of the gauge group. If we choose V' = ¢'® € U/(1), we obtain the same
result expressed in Eq. (3.11), which is a particular case, restricted to the unitary group, of how
gauge transformations act on the potentials. From a geometric perspective, the potentials A and
the tensors F' correspond to connections and curvatures, respectively, associated with the variety
of the gauge group.

Thus, gauge theories are established on the solid mathematical framework of Lie group theory

[72, 75] and, consequently, in differential geometry and topology [74, 76].

3.2 Thermodynamic gauge group

Now, we will develop the main notions for our formalism, with the notions of gauge transfor-
mation and gauge group being the first elements that we will seek to develop. In summary, this
section follows the ideas initially proposed by Céleri and Rudnicki [3]. However, the formalism
developed in this article is limited to a particular case where the spectrum of the Hamiltonian of
the system is non-degenerate. Next, we will develop the entire formulation without this hypoth-
esis.

First of all, it is important to emphasize that classical and/or quantum thermodynamics is not

a gauge theory as we presented in the previous section. Indeed, their mathematical formulations



3.2. Thermodynamic gauge group 39

do not involve the introduction of redundancies as discussed in Section 3.1. However, it is possible
to formulate a notion of gauge invariance for the theory in an emergent manner from the intrinsic
nature of the measurement processes that are performed in classical thermodynamics.

In fact, as we already discussed in Section 2.1, the precise description of all the constituents of
a thermodynamic system, in the classical context, would involve solving a system of differential
equations on the order of 10%* equations. But, this set of equations are the Newton’s law is
a second order ordinary differential equation which have the unique solution since the initial
position and velocity of all therms are known, this its is a simple application of the Theorem of
existence and uniqueness for ODEs [77].

However, obtaining solutions to these equations is computationally unfeasible, and the exact
description of this macroscopic system, by the Newton’s law, are impossible due to our compu-
tational limitation even though this solution exists and are unique.

Therefore, from this limitation the thermodynamics are developed over the fact of macro-
scopic measurements are extremely slow on the atomic scale of time, and they are extremely
coarse grained on the atomic scale of distance [5]. In special, a macroscopic observation cannot
respond to the great variety of atomic coordinates which evolves in time with typical atomic pe-
riods. In this sense, the classical thermodynamics is constructed under the paradigmatic notion
of the all measurement are a process of coarse-graining. Thus, the measurement process effec-
tively filters out redundant information, focusing solely on the variables relevant to the system’s
description. This redundant information are redundant only in the perspective of the classical
thermodynamics [3].

On the other hands, in the context of the quantum mechanics, all information of the system
are contained in a physical vector or more general in the density matrix operator p. Moreover, in
the context of quantum mechanics, our ability to manipulate systems allows for a quantum de-
scription that is substantially more comprehensive than a classical description encompassing the
entire physical system. This is particularly due to the intimate connection between the descrip-
tion of physical states and the eigenbasis (basis of the Hamiltonian) of the system’s Hamiltonian
operator [40].

Therefore, classical and quantum thermodynamics rely on very different paradigms. But the
connection of this paradigms given us a perspective for the gauge notion in quantum thermody-
namics. From this two distinct paradigms, motivate us to the introduce the concept of emergent
redundancy in the quantum thermodynamics from the parallel to the measurement in classical
thermodynamics.

In fact, since the physical states carries all physics information of the system we can see this
states plays the same role as the potentials in the field theories, i.e. all relevant thermodynamics
quantities are obtained by the physical states, more specific, the density matrix. Furthermore, in
the same spirit of the classical thermodynamics, the same notion of coarse-graining is extended

to the setting of quantum thermodynamics, implying that the all information are not necessary
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to the description of the relevant thermodynamics quantities [3].

This perspective given us the concept to the emergent gauge. In fact, the emergent gauge
is associated to the redundancies in the thermodynamics theory, which not is fundamental as a
gauge transformation in Electrodynamics or other field theories, but emerges from the nature of
this description. Then, the emergent gauge not is fundamental, but he carries information about
the symmetries and redundancies of the system in the thermodynamics context.

Having established the necessary background, we can now turn our attention to the con-
struction of a framework for gauge-invariant quantum thermodynamics. First, we note the usual
development presented in the section 2.2 are been considered from the start point to the this

framework. Then, we will introduce a set of fundamental assumptions of this framework:
(i) All theory are defined over a finite d—dimension Hilbert space which us denote by H¢.
(ii) The thermodynamics quantities are all treated as functionals of the density matrix p = p(t).
(iii) The gauge transformation are unitary linear transformation.
(iv) The gauge transformation preserves the energy (2.25) of the system.

The first assumption set all framework over a finite arbitrary d dimensional Hilbert space.
In fact, this assumption is associated to a fact that a very large class of quantum systems which
are interesting in quantum thermodynamics (qubits, heat machines, spins chains) are defined
in a finite dimensional Hilbert space. A infinite dimensional extension can be considered, but
mathematics problems can be emerges from this, like a divergences in operators.

The second hypothesis follows from the usual thermodynamics quantities presented in the
section 2.2. Furthermore, the density matrix p is a physical state who carrier all physics informa-
tion of the dynamics in this scenarios. Then, since all thermodynamics are treated as functionals
of the density matrix we can evaluate all framework over the coarse-graining perspective for a
quantum thermodynamics.

The last two assumptions are the particularly relevant from us. The item (iii) characterizes
a gauge transformation and reduces all possible transformation to the unitary transformations
which is natural choice since the linearity and unitary nature of quantum mechanics. Therefore,
the assumptions (ii) and (iii) they characterize that the state p transformed by the gauge action

must transform by:
p— VipVl, (3.22)

where V; are an unitary transformation on %% which is a candidate to a gauge transformation.
Por fim, a hipétese (iv) é necessaria para eliminar a arbitrariedade na hipoétese (iii) sob trans-

formacoes unitarias. No entanto, ha ainda um significado mais profundo que reside sob essa
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hipdtese a qual alinha-se diretamente com a motivacéo fisica para nosso approach: Fixar as trans-
formacdes de gauge desse modo garante a nés que conseguimos ter acesso a medicdes na base de
energia.

Em particular, é essa hipotese entdo que estabelce o principio de gauge do nosso formal-
ismo. Nesse sentido, faz-se relevante estabelecermos esse resultado formalmente pela seguinte

definicao.

Definition 1. (Principle of gauge energy invariance [3]) An unitary transformations V; : H¢ — H4
are admissible gauge transformation if it preserve the mean energy, independently of a particular

state of the system i.e.
UVipVi'] = Ulp] (3.23)

forallp e L* (1)

That is, Eq. (3.23) restricts the unitary transformations to a specific subset of unitaries that are
indeed admissible as gauge transformations for our theory. In particular, Eq. (3.23) thus estab-
lishes a thermodynamic equivalence class among quantum states with the same energy under the
action of gauge transformations, even though these states may have very distinct informational
meanings.

In this sense, we can say that the group formed by these transformations is emergent rather
than fundamental. These transformations arise from our lack of control over the system, rather
than from a fundamental redundancy in the system’s description, as seen, for example, in Classi-
cal Electrodynamics discussed in Section 3.1. The limitation of control and informational access
over quantum systems is quite natural. Indeed, if we aim to fully reconstruct the density matrix
of an arbitrary system, a sufficiently large number of measurements in different bases would be
required, which is often unfeasible, as described in the experiment in Ref. [78]. Even in a closed
quantum system, quantum state tomography is prohibitive due to the dimension of the Hilbert
space, allowing only energy measurements. Nevertheless, for the scenario of continuous quan-
tum systems, not even point-like energy measurements are permitted, and energy measurements
encompass a finite-sized energy window.

Having discussed the physics of the gauge principle, we can now proceed with the devel-
opment starting from Def. 2 to obtain a general expression characterizing the admissible gauge

transformations. Along this path, we present the following proposition.

Proposition 1. Every unitary transformation V; that satisfies the equality (3.23) of Definition 1

commutes with the Hamiltonian H = H (t), i.e.

Vi, H] = [V, H] = 0. (3.24)
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Proof. If V; satisfies the equality (3.23), then, from the definition of usual mean energy, we have

the following development

UVipVl1 = Ulp] = Te{VipV;'H} = Tr{pH}
—  Tr{pVHV;} = Tr{pH}
— Tr{p<Vij;—H>}=0

for all p € L'(H?). Therefore, if we choose a p such that p = |j) (k| where {|n)} is a arbitrary

orthonormal basis we have:
0 = Tr {p <ijVt _ H)}

= > (nl|l5) (k] (Z @i 1) (m] = by |0) <7‘I>] n)

n lym

= Z al,mén,j(sk,lém,n - Z bq,rén,jék,q(sﬁn

n,l,m n,q,r

= a; — by,

therefore ay ; = by ; where a; ; = (VJHV})M and by, ; = (H)k,;. Thus, all matrix elements are

equal which implies:
ViHV,-H=0 = HV,—HV/=0 = [H,V)]=0

where 0 denotes the null vector. From this, the first equality are obtained. The second equality is

directly, since H is hermitian operator we have
Vi, H]' = (VIH — HV)T = (HV, = ViH) = [H, V]

therefore we obtain [V;, H] = [V,', H] = 0, as wished. O

This result is interesting and will have significant consequences for future developments. In
particular, the gauge transformation V; acts on the Hamiltonian operator in a manner analogous
to a unitary channel, as mentioned in Section 2.2. Furthermore, it is important to note regarding
this result that, in the context of resource theory, we have thermal operations [79, 80], which
are defined as quantum channels that commute with the total Hamiltonian, which is the sum of
the Hamiltonians of the system, the reservoir, and the interaction between the system and the
IeServoir.

In our definition, the gauge transformation V; does not equate to thermal operations, since
the transformation V; does not include the interaction of a thermal bath with the system in such a

way that the thermal bath can be traced out from the system without affecting the determination
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of the gauge transformation V;. However, the transformations V; form a particular subset of
thermal operations, where the bath-environment interaction is irrelevant [3].

Now, let us proceed with the construction of the gauge transformation in order to have a
general expression for any given Hamiltonian. Since, by hypothesis, the gauge is unitary, it
follows that the transformations V; are representations of the unitary group of dimension d,
i.e., U(d), the set of all linear transformations (matrices in this context) of order d x d that are
unitary. In fact, the group U(d) will be the starting point for obtaining the group associated with
our framework. In the sense of group representation theory, and since the Hamiltonian H is a

Hermitian operator, we can write this as

(@ A(t) ) ul = wh(tyuf, h(t) = @ M(t)L,s (3.25)

where p is the number of its distinct eigenvalues, n! is the multiplicity of each eigenvalue \.(t),
P

that is, n” are the instantaneous degeneracy degrees such that Z n¥ = d for each instant of time
k=1
tand 1, is the identity matrix whose dimension is n¥. This implies that the degrees of degeneracy
P

can change in time, but the constraint Z n¥ = d is always satisfied in reason the Hamiltonian

k=1
is hermitian operator for all values of ¢. In sequence, we can consider the construction to theory

under this assumption with purpose to generalize the initially work proposed in [3].
Since the Hamiltonian can be decomposed as in (3.25), we can obtain a decomposition for
the operators V; such that equality (3.23) is satisfied. In particular, V; can be decomposed into

irreducible representations of some unitary group. In fact, we will show this result below.

Proposition 2. Let V; : H? — H? be a unitary transformation defined on the d-dimensional
Hilbert space H®. Then, if [V;, H] = 0, the transformation V; can be written as:

V, = wVoul, with V, = Eth, (3.26)

withvF € U(n¥) and V; € U(d), where the setU(d) represents the group of d x d unitary matrices.

Proof. Since the Hamiltonian operator H is hermitian follows from the decomposition of (3.25)

and the equality (3.23) the following development:

[Hy, Vi] = 0 = uthu:{‘/} - Vtuthuz =0

— huz‘/}ut — uIVtuth =0
— [h, uIV}ut =0
—

—

[h, V] =0
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where V; = ui Viuy. Expanding this commutator:

[h.V] = (Zw u) (Z( D [0 ><n\)—<2<m> )(Zw u>

m,n

Now, for the element j, k we have:

GIAVIR) =0 = > Aa (V) O = D An (Vo) GjamOnse = 0

m,n m,n

- (Vt)jk Aj — (Vt)jk Ak =0
= (W) =) =0,

Therefore, if \; # A, the last equality implies that (V;),, = 0 and, for symmetry (V;),; = 0
then the block jk is a simple diagonal block matrix which we denote by v¥, in addition v € /(1)
since V} is unitary. On the other hands, if \; = )\ then the matrix element (1) jx are arbitrary,
real or complex and zero or nonzero. Additionally, the matrix block j, k£ are non diagonal which
implies that vf € U(nf > 1) which n} is degree of degenerated of each eigenvalue.

Consequently, the matrix V; can be decomposed into a direct sum of unitary matrices v¥, each

associated with the group U (n¥ > 1), as follows:

p
:@vt — utVtut @vt — V}—ut@vtut,
k=1

and thus, we have arrived at the desired result. O

The result of Proposition 2 is associated with the obtaining of a set of irreducible representa-
tions vF of the unitary group U(n}); in particular, each unitary representation is associated with
a Hilbert subspace of H¢ that we denote by ;. In effect, the matrix V; is then a block diagonal
matrix, with each v} being one of its elements.

With the general expression for the gauge transformation V; at hand, we can then define the

gauge group for quantum thermodynamics. In fact, this gauge group is formally defined by:

Definition 2. (Thermodynamic group) Let H = H (t) be a time dependent Hamiltonian operator
defined on a d-dimensional Hilbert space H® and u; be defined as in Eq. (3.25). Then, the thermody-

namics gauge group is defined as the following set of transformations

Ty = {w e U(d)| Vi, H] = 0,V; = u, (@ﬁ) ul } (3.27)
k=1
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where v € U(nF) C U(d) and T = {nf}i=. , is the set of labels of the degeneracies of the

eigenvalues of H at time .

The thermodynamic or gauge group is associated to each instant ¢ € (t—e, t+¢) with arbitrary
€ > 0. Therefore, all gauge transformations are defined in instantaneous form with is related to
changes in the degeneracy set I'.

From the topological point of view the thermodynamic gauge group can be analyzed by the
by the introduction to isomorphic group Gr with is associated to each matrix V; in (3.26). The

following proposition, establishes the group Gr:

Proposition 3. (Gp-group) The emergent gauge group is isomorphic to the gauge group Gr defined
by:

Gr =U(n;) x L{(n?) X o X L{(nf), (3.28)

for each instant t, where X denote the Cartesian product.
Proof. Trivial. ]

Since the group Gr is isomorphic to the group Ey, we will sometimes refer to Gy as the
emergent gauge group or simply gauge group.

The gauge group is directly associated to the decomposition of the gauge V; in him irreducible
representations vF given in (3.26) and consequently to the subgroups U(n¥) of U(d). In fact,
this groups is construct by a finite Cartesian product of the compact Lie subgroups, therefore,
Gr is also compact Lie group, whose Lie algebra we denote by gr. In special, the dimension
of the Lie algebra of the gauge group is specially interesting to this framework, firstly this Lie

Algebra is associated to the Hilbert space H? which is decomposed in the following direct sum:

p
H = @ ‘Hy. This isomorphism is represented below in Fig 3.1.

k=1
From the Proposition 2 we can see that the dimension of Lie algebra of Gr is determined

by the degeneracies in the Hamiltonian spectrum. Specially, in the case of the Hamiltonian is
non-degenerated each v} matrix is a simple element of unitary group U(1), i.e.vf is complex a
number which is completely identified by one parameter. On the other hands, if each (%) is a
degenerated eigenvalue, for example double degenerated, the matrix v is a unitary 2 x 2 matrix
and v} € U(2) which elements can be are nonzero.

Then, the dimension of Lie algebra of the Gt group in these cases are dim{gr} = dim{U/ (1) }+
. +dim{U(1)} = d and dim{gr} = dim{U(2)} + ... + dimU(2) = 4d. This reveals the follow-

ing result: degeneracies in the Hamiltonian spectrum implies in more redundancies in the system

which are related to the dimension of the Lie algebra of the gauge group. From the topological
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FIGURE 3.1: Schematic representation of the isomorphism between the differential manifold of the

thermodynamic group 7 and the gauge group Gr. This isomorphism allows us to identify the general

structure of the Hamiltonian symmetry unitaries V; as a direct sum of unitaries v}’ associated with

each Hilbert subspace Hy.

perspective, gauge group, which is a Lie group, defines a manifold which dimension is given by

p

dim{er} =) dim{U(nf)} = (nf)?, (3.29)

k=1

where the maximum dimension of this Lie algebra is obtained when nf’ = d, therefore in this
case dim{gr} = d? which occurs when the Hamiltonian spectrum is completely degenerated,
i.e. all eigenvalues are equal.

Since the degeneracies of the Hamiltonian can be changed in time, the dimension of the mani-
fold of the gauge group changes in time. Consequently, for a time-dependent Hamiltonian evolv-
ing under a specified protocol, the gauge group continuously adapts to encompass submanifolds
within the maximal manifold defined by H, specifically when its spectrum attains the maximum
possible degeneracy. In fact, for a given Hamiltonian the case when all eigenvalues are equal is
impossible, however, there exists a maximum number of degeneracies that can occur, so for a

given Hamiltonian the maximum dimension of the Lie algebra of the gauge group is

P
max [dim{gr}]| = max [; dimU (nf)| < d2. (3.30)

This construct establishes the mathematical formalism from the thermodynamics or emergent
gauge group. Indeed, so far we have only constructed the notion of gauge group and gauge
transformation for thermodynamics, but we have not yet introduced any aspects related to the

description of quantum thermodynamics. In this sense, in the following section we will introduce
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the notion of functionals and invariant spaces, which is where we will construct new quantities

of interest for quantum thermodynamics.

3.3 Gauge theory of Gr-group

The thermodynamics group is the fundamental element in the formalism we are establishing.
However, the notion of invariance introduced in Definition 1 should not be restricted simply to
the unitary transformations V; that we constructed in Proposition 2. In fact, the main physical
quantities in the context of thermodynamics, such as work for example, are not invariant under

the gauge transformation V;, indeed, note that:

T dH
W, [VipVil] = / dtTr{%p% dt}
0

" AV HV,)  dVy] -7
= dt T — H H—
/O r{p dt a AV Vel

T dH v, v,
= dtTr § p— — |—HpV, =L + pHV}!
/ r{"’d { o tdt”

v dH v,
_ T HV]
/0 dt r{pdt o H]V: dt}
- Wi+ | dtTr{[p,HM@}.
; dt

Consequently, we have that W, [V;pV,'] # W, [p] since the equality [p, H] = 0 does not
always hold. In particular, this follows from the fact that certain functionals of the density ma-
trix operator are not necessarily invariant under unitary transformations. In this sense, we will
construct a notion such that functionals, especially the functionals relevant in the context of
thermodynamics, are invariant under the gauge transformation V;.

From this perspective, the subscript u, introduced in all thermodynamics quantities in the
Section 2.2, plays a important to denotes the usual thermodynamics quantities since further we
going to introduce a new analogous notions (heat and work) which are invariant counterpart
with respect to the emergent gauge group.

To this end, we will construct the notions of invariant Hilbert spaces in the context of the
thermodynamic gauge group. In effect, note that the gauge group, defined by the isomorphism
(3.28), is the product of different unitary groups, all of which are compact Lie groups [81]. There-
fore, it follows that the gauge group is also a compact Lie group, and thus there exists a unique

normalized, left and right invariant measure [81] associated with the group G, which we denote

by:

dGr = dp [U(ng)] x dp [U(nF)] % ... x du[U(n})] (3.31)
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where dp [Z/{ (n,’f)] are the Haar measure associated to unitary group U (n¥) for all values of k, and
dGr is a multidimensional Haar measure. In apppendix B.2 we formally present the Definition of
Haar measure for compact Lie groups and some properties.

Since this measure is defined with respect to time, and as the set of degeneracies of the Hamil-
tonian may change, it is necessary to introduce a general Haar measure that preserves the maxi-
mal measure element obtained when the system has d degeneracies. In effect, the Haar measure

associated with the group U(d) is then decomposed into:
dul(d)] = dGr - 4G5, (332)

where dGr is defined in (3.31) and dG§ denotes the complementary measure with respect to the
Haar measure of the gauge group defined in Eq. (3.31).

In effect, both dGr and dG§ are normalized Haar measures. However, we must introduce dG$.
to ensure that the dimensionality of the measure is always guaranteed; in this sense, we com-
plete the dimensionality until we achieve the maximum possible dimensionality, equivalently,
the maximum configuration of degeneracies. Indeed, this technical aspect allows us to modify
the measure dGr across any interval associated with the parameter ¢ since the complementary
measure ensures the preservation of dimensionality. Nevertheless, note that the complementary
measure is merely a mathematical artifact introduced to ensure the consistency of the modifica-
tion of the gauge group’s measure, such that it is only relevant to consider the integration with
respect to the induced measure of the thermodynamic gauge group.

With this in mind, we can then define the notion of invariant quantities with respect to the
gauge group, using group averaging techniques. This leads to the definition of gauge-invariant

quantities or physical quantities as follows:

Definition 3. (Gauge-invariant quantities). Given functional (linear or not) F'[p] which are not

invariant over unitary transformation, its counterpart invariant with respect to the thermodynamic

gauge group is
Einlp] = / dGrF [thVJ} : (3.33)

and if F|p| is invariant over unitary transformation, its counterpart invariant with respect to the

emergent gauge group is:
Finulp] = F [D(p)], (3.34)

where D is a linear operator in H defined by D(-) = /dgTVt()vj, V; is given in (3.26) and dGr

is the multi dimensional Haar measure on the group Gr defined in (3.31).



3.3. Gauge theory of Gr-group 49

Definition 3 establishes the notion of invariant quantities. In particular, in the context of
the first law of thermodynamics, we are interested in studying the functionals W,,[p] and Q,[p],
both of which are linear and non-invariant under unitary transformations, thus their invariant
counterparts are given by Eq. (3.33). In special, the subset of all linear functionals obtained by
(3.33) forms a subspace of the dual space H? of the Hilbert space H<.

Furthermore, with Definition 3, we obtain the key elements for our formulation of thermo-

dynamics as a gauge theory. Schematically, these elements are represented in Figure 3.2 below.

Thermodynamic
group

Thermodynamics quantities
as a gauge field

FIGURE 3.2: Gr-thermodynamics. The density operator acts as a gauge potential, with the Hamil-
tonian’s internal symmetries constrained by average energy invariance. This defines the thermody-
namic group Ty, formed by all unitaries V; commuting with H. The Lie group G, isomorphic to
Ty is built and connect to the irreps of each k-eigenspace of H, inducing the Haar measure dyu Gr.
Physical quantities, treated as a gauge fields, emerges through Haar averaging over Gt group.

The Haar integral which appears in the Definition 3 can be interpreted by the averaging of
the integrand over all elements in the group and this implies that this integral can remove all re-
dundancies established by the group whose induced the Haar measure [82]. Here, the discussion
of dimension of Lie algebra of the gauge group returns, in special we can see that the contributed
of the degeneracies can increase the dimension of the Lie algebra of the gauge group and, con-
versely, the integral is evaluated over the more elements with respect to the non-degenerate case.

Another important aspect is associated to the two definitions of gauge invariant quantities in
3. In fact, the objective of gauge transformation employed here is associated to capture and wash
away redundancies information in quantum states, whose carriers of quantum information of the
physical system. However, the assumption of the gauge is a linear and unitary transformation any
physical quantities invariant under unitary transformation is immediately invariant over Haar
integral, therefore if we assume the unique definition in Eq. (3.33) we have F,,,[p] = F'[p] and no
redundancy information has been eliminated. Therefore, the definition Eq. (3.33) is not enough to
define the invariant quantities, in this sense we extend the initial propose in [3] introducing the

second notion in Eq. (3.34). Specially, for functionals invariant under the unitary transformation
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the linear operator D eliminate the redundancy information in density operator and apply this

in functional F'.

3.3.1 Quantum twirling operator

Definition 3 introduces the linear operator D. Indeed, this operator is sufficiently important in
our context as it guarantees the elimination of redundancies in the state described by the density
matrix. Furthermore, we can connect it to an important class of operators: the quantum twirling
operators.

Moreover, we can formally present this

D:LYHY — LY HYim € LY(HY)
p — D(p)=u (/ dgTthEVtT) qu (3.35)

where pf = uI pu, correspond the density matrix in energy eigenbasis (denoted by superscript
E). The subspace L' (H%);,, of the L' (#?) is the Hilbert space of the invariant states with respect
to the Haar average.

Particularly, from the perspective of information theory, specially, from the quantum infor-
mation theory, the operator D(p) is a quantum channel [41, 83]. In this sense, we are motivate

to define the following auxiliary operator:

Ag, : LY(HY — LYHY i € LY(HY)
X() e LMY — A, [X()] = [ dgrviX(t)V] (336)

for some operator X (t), which are called quantum Twirling operator [83, 84]. In fact, the Twirling
operator (3.36), or superoperator, appears in the context of the unitary £k—designer [84-86] asso-
ciated a noisy quantum channel. Particularly, the integral in (3.36) can be evaluated analytically
for any operator X, since X is Haar integrable and the Haar measure is known, specially by the

general Haar measure induced by the gauge group (3.31) we have:

PEUTRX (¢
Xaa(t) = Ngp [X ()] = /dgTVtX(t)VtT = @ wlnf (3.37)
k=1 t

where X, = II» X1I» with IL,;» the projector associated to the each subspace spanned for the
eigenvectors related to the kth eigenenergy.

The result obtained in Eq. (3.37) is known in the literature [87]. Moreover, its derivation
requires the use of several technical details that involve the use of group averaging techniques
and results from group representation theory. In this sense, the interested reader can refer to

Appendix B, more specifically in section B.2.
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With equality in Eq. (3.37), we can obtain some properties associated with the quantum
twirling operator. In particular, we will show that it is a unital quantum channel; more details
can be found in Appendix B.2. That is, we will demonstrate that the quantum twirling operator is

a completely positive trace-preserving (CPTP) map and that Ag, [1] = 1. In this sense, we have:

« Since the quantum twirling operator is given by (3.37), it follows that for any density matrix

p, we will have:

1. (3.38)

In other words, the matrix resulting from the quantum twirling operator is a diagonal ma-
trix whose diagonal elements are formed by sums of the diagonal elements of the matrix
p. Therefore, all of these are positive, and thus the map Ag,. preserves the positivity of the

density operator.

« This operator preservers the trace. Indeed:
T {Agy o]} = Tr { / dgTvtpvJ} = [agr{vvi} = 39
Since the cyclicity of the trace gives us Tr {thVtT } =Tr { thT Vt} = Tr{p}, because the

matrices V; are unitary. Therefore, the map Ag, preserves the trace.

« Finally, note that for the identity operator we have:

Ag,[1] = / dGrV,1V) = / dGrV,Vi = / dGrl=1 (3.40)

therefore, the quantum twirling operator is a unital quantum channel.

In fact, the property that the quantum twirling operator is a unital quantum channel will be
extremely useful for proving some properties of functionals such as the entropy that we will
define in Chapter 4.

Certainly, we can introduce a twirling operator that allows our linear operator D to be written

as:

Do) = w ( / dgTvtpEWJ) ul = g [P0l = wply(t)ul (3.41)
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where

() = Mg, [0 ()] = @) ——F—Lups s = M p" Ty (3.42)
k=1
Then, in the case of the functionals, which are invariant under the unitary transformations, they

functionals can be writen explicity in terms of the Twirling operator:

Fyulp(®)] = FID()) = F [uhg, [ (0O)ul] = F [Ag, 05 (@)]] = FIh()]  (343)

since the u; is a unitary transformation. In the context of Haar integral, F;,,[p| is associated a
functional evaluated using the averaging of the density matrix in energy eigenbasis over all ele-

ments in gauge group, i.e. the redundancy information has been eliminated in energy eigenbasis.

3.3.2 Invariant states

In effect, the property that characterizes Ag, as a unital quantum channel, i.e., Eq. (3.40), shows
us that the state p = — is a fixed point of the operator Ag... In fact, just as this operator, there may
be other states that are fixed points of Ag,. In summary, these states are those that are naturally
invariant under the thermodynamic gauge group. Note that in this case, the discussion is distinct
from that which we used to introduce the second definition of invariant quantities in the previous
section; here, we have states that are invariant not under unitary transformations but rather by
the gauge transformation defined by Eq. (3.26).

So, let us now define the set of these invariant states as:

Definition 4. (Invariant States) The set of invariants states over the gauge group is defined by:
Einy = {p € L'(H")|D[p] = p} . (3.44)

Note that the equality D[p] = p can be rewritten in terms of the Twirling operator through

the following development:

Dl =p = uhg[p"(®)uf =p (3.45)
= Ag[p" ()] = p" (). (3.46)

Certainly, invariant states represent a peculiar and interesting subset of states that emerge
from the mathematical formulation of this formalism. With this in mind, we will explore what

types of states p belong to the set £,
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First, we will consider the case where the invariance arises from the Haar average. Thus, from

Eq. (3.37) for the operator p”, we must have:

Te{ps (1)}
Ag,[p"] = p" = — = P (3.47)
t

for all the n! labels of m, that is, {m;, ms, ..., m;} associated with the subspace H,,, it follows
immediately that p” must necessarily be diagonal. Furthermore, Eq. (3.47) provides us with a

linear system of n¥ equations, which are of the form:

/ k
(1 - nf)pfuwu + anE’lel =0
=2
k
Pmim +(1_nk)pmm+ pfmmzo
o ! “lz:;” . (3.48)

k-1
\ =1

This set of n} equations is linearly dependent and provides infinitely many solutions. However,
the solutions of the system are fixed by a constraint among all the elements of the density oper-
ator. In fact, by subtracting each equation pairwise, it is possible to obtain that:
Pr o = Prmsns = -+« = Proge (3.49)
In other words, we obtain that a given block is invariant if all the elements of the density matrix
associated with that subspace are equal; consequently, this is the condition that each block is
maximally mixed in its subspace. In fact, this further implies that if p” is a state invariant under
the Haar average, we can associate this state as being one obtained from a Twirling with the
Haar measure defined by Eq. (3.31). Consequently, a state will be invariant with respect to the
average if all its blocks are invariant, i.e., maximally mixed with respect to each subspace Hj.
Certainly, this result is already expected and well-known in the context of quantum computing
and resource theories [41, 83, 88].
On the other hand, the coarse-graining defined by the Haar measure in Eq. (3.31) allows an-
other type of state invariance to emerge. Certainly, since the gauge is not just any unitary trans-
formation, its commutativity property allows other states to be invariant. In this context, for

example, the Gibbs states:

Pe = — (3.50)

where [ is the inverse of the temperature and Z is a partition function given by Z = Tr {e*BH }
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Effectively, these states are naturally invariant since we can treat them as functions of the Hamil-
tonian, and consequently, this state commutes with the matrices of the gauge group, thus the
state is invariant under Haar averages. In summary, all states with explicit dependence on the
Hamiltonian are invariant states.

Finally, it is also worth mentioning the particular case where there are no degeneracies in
the system. In this case, the induced measure of the gauge group is given by a product of Haar

measures of the group U(1), that is:

d
dGr = [ [ dulu(1)). (3.51)
k=1

Consequently, the Haar average of any density operator reduces from Eq (3.42) to:

d
@ Tr{pEn‘]]j> <k‘} — gmg (352)
k=1 t

where nf = 1 for all k. That is, the Haar average reduces to the diagonal part of the energy basis
density matrix. Consequently, the criterion for invariance under the Haar average reduces to the
imposition that p¥ be diagonal.

In summary, this construction leads us to formalize the following result.

Proposition 4. Consider the operator p € L(H?), then p belongs to the set Ej,, if and only if it is

diagonal in the energy basis and satisfies at least one of the following properties:
(i) Each block n} of the operator pZ, is maximally mixed in its subspace Hy,

(ii) The state p is associated with some statistical ensemble.

3.4 Some considerations of the gauge approach

With Sections 3.2 and 3.3, we have constructed the fundamental notions of the gauge formal-
ism for quantum thermodynamics. However, there are some important considerations we must
address before proceeding with the work.

First, in consequence the constraint established by Definition 1, there is a natural class of
quantities which are gauge-invariant by construction. These are all quantities solely defined on
the equilibrium manifold. More general, they quantities which solely depend on the Hamiltonian,
e.g., the microcanonical state are preserved [3].

The first point is associated to the existence of two transformations here. The first set of

transformation are the unitary transformations that are the elements on gauge group G, which
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describes the symmetry transformations on the system and not dynamical processes. These trans-
formations their role is to identify the set of states, for each instant of time, that cannot be distin-
guished by measuring thermodynamic variables. The other set of transformations are associated
to physical process, which can be any complete positive and trace preserving map, including
adiabatic (reversible) transformations, quenches and others. These are the ones governing the
time evolution of the physical system, which implies our theory applies to both equilibrium and
non-equilibrium transformations [3].

Finally, there is a crucial point for us to discuss: the choice of the invariance principle. In
summary, the entire development done in Sections 3.2 and 3.3 is based on the hypotheses of
the theory mentioned at the beginning of Section 3.2. Indeed, the non-triviality of the theory
is ensured by hypothesis (iv), which establishes a gauge invariance criterion and determines the
entire subsequent construction of the theory.

However, hypothesis (iv) admits a generalization, at least from the mathematical perspective
of the theory. Indeed, instead of characterizing the theory by fixing the principle based on energy

invariance, we can state it more generally for any observable O as follows:

Definition 5. (Gauge observable invariance) An unitary transformations V; : H? — H? are admis-
sible gauge transformation if the preserve the expected value of a fixed observable O, independently

of a particular state of the system i.e.
(0), = (), s = T{Op} =T {%pVJO} (3.53)

forallp € L' ('Hd) .

Indeed, the choice O = H retrieves Definition 1 and consequently all the results obtained
in Sections 3.2 and 3.3. However, the generalized version of the invariance principle leads to

analogous results, which are:

+ The comutativity relation:
[‘/t’ O] = [Vjv O] =0.
+ The decomposition of the observable O:

p<d

O =ulO(t)u", O(t) = @ o(t)1,
k=1

where 1 is the matrix that diagonalizes the observable O, and n} is the degeneracy of

each eigenvalue of the observable O.
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+ The general form of the gauge transformation:

p<d

— ,01,,,0°f — k
Vi = uy Vi 7Vt*@vt
k=1

with of € U(n}).

« The gauge group is defined by:
p
To = {W cU(d)|[V;,0] =0,V; = u? (@ vf> u?T} . (3.54)

+ The Haar measure induced from the gauge group:
dGr = dp [U(ny)] x dp [U(nF)] % ... x du[U(n})]. (3.55)
where p < d.

In other words, the entire theory is developed analogously. However, the gauge group is modified
such that the topological structure of the Haar measure is associated with the degeneracy degrees
of the observable O. Consequently, the manifold defined by the gauge group may be distinct from
that of the Hamiltonian operator.

Furthermore, certain complications arise from this generalized choice. Indeed, we will see
in the following sections that the choice of the invariance principle over the Hamiltonian leads
to various simplifications in usual expressions within the thermodynamics context, particularly
showing certain consistencies with existing literature results, thus favoring the choice of this
principle.

Nonetheless, it is important to consider that this generalization arises from a mathematical
perspective on the theory. In this sense, the initial choice of the invariance principle over energy
introduced in Ref. [3] brings a physical significance that relates to the relevance of the energy
basis in the context of quantum thermodynamics. Since the coarse-graining introduced by the
definition of invariant quantities is then based on the manifold of the gauge group associated

with the Hamiltonian, it consequently relates to the energy basis.
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Chapter 4

Laws of quantum thermodynamics in

gauge approach

In this chapter, we study the Laws of quantum thermodynamics over the perspective of the
gauge-invariant approach establishes in the last chapter.

Accordingly, we structure the chapter into three sections. In the first, we present a novel
result within the gauge formalism: the derivation of an explicit dynamical equation governing
the density operator invariant under the thermodynamic group. This result provides a consistent
and systematic physical interpretation for the thermodynamic quantities that will be developed
in the subsequent sections.

The second section is dedicated to obtaining the concepts of heat and work that have already
been derived for continuous protocols in the work of Céleri and Rudnicki [3]. Thus, we derive in
detail all the expressions obtained in their work and discuss the physical aspects associated with
the invariant quantities of heat and work, bringing a new perspective on their interpretations.

In the following section, we develop the notion of entropy in the context of gauge-invariant
quantum thermodynamics and discuss its properties and relationships with other entropies, such
as observational and diagonal entropy. Here, all results and discussions are based on original
findings from this work, which are grounded in the extension of Definition 3 that we introduced

in the previous chapter.

4.1 Dynamics of the Gr—invariant density operator

Having established the formalism of the thermodynamic group in Chapter 3, we now pos-
sess the fundamental principles necessary for constructing thermodynamic quantities within this
framework. However, there remains a crucial element to characterize: the dynamics of the den-
sity matrix invariant under the thermodynamic group.

Since our quantum thermodynamic description is fundamentally emergent, the effective den-
sity operator in our formalism must be obtained through coarse-graining of the conventional
density operator. Consequently, it is the dynamics of this effective density operator that becomes

relevant in our approach.
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With this in mind, we shall derive the dynamical equation for this operator, denoted as:

palt) = / dg Vip(t)V] (4.1)

where p(t) represents the conventional system operator without coarse-graining. In general, the

density operator dynamics follows from Eq. (2.24):

—= = —il[H(t), p| + Dlp(t)] (4.2)

Taking the Haar average of this expression yields:

[ g 2vi = —in [ agviw. avi + [ agviplpny;

dt
= —ih [H(t), PG (t)] + Dinv [p(t)] (4'3)

where Dy [p(t)] = [ dg ViD[p(t)]V}, since:

[ dgvitm. av; = [H<t>, [ s mvﬁ] — (H(®). po(t) (44)

On the other hand, the time derivative of pg(t) gives:

dpg(t) d t
g —E/@WWM
= / dg thfl—iﬂw + / dg (th@)VJ + vtp<t)VJ) (4.5)
— iB{H (1), po(6)] + Dinlp(t)] + L(0) (46)
where the term £(p) is defined as:
cio)= [ dg (Vip()Vi + Viott) 1) @)

Thus, the effective operator dynamics governed by Eq. (4.6) applies to open systems under the
Markovian approximation. However, our primary interest lies in closed systems, where Eq. (4.6)
reduces to:

W) b (1), o (0)] + £0) 43

Remarkably, the dynamics of the thermodynamic group-invariant operator becomes non-

unitary, with £(p) acting as an effective dissipator. This implies that the coarse-graining proce-
dure induces non-unitary effects in the density operator dynamics, analogous to those caused by
coupling to a reservoir. However, in this case, the £(p) contribution directly reflects modifications

in the gauge group structure, manifested through the time derivatives of the transformations V;
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in Eq. (4.8).

In the following sections, we will develop the invariant notions of heat, work, and entropy,
subsequently connecting these expressions with the effective density operator dynamics de-
scribed by Eq. (4.8). This connection will enable us to establish a consistent physical interpretation

for these thermodynamic quantities within our framework.

4.2 First law in gauge invariant quantum thermodynamics

The definition of invariant quantities under the thermodynamic group, as well as the Haar
average of the elements of the thermodynamic group, is the starting point for obtaining the in-
variant counterparts associated with any functionals. In this sense, we will now construct the
first law of thermodynamics in an invariant form over the thermodynamic group and the Haar
average associated with the functionals. For this, we can use Definition 3 applied to the usual
notions of work Eq. (2.30) and usual heat Eq. (2.29). Here, the label u introduced in Section 2.2
becomes non-trivial and differentiates the new functionals obtained. These results are initially

presented in [3], which are given the following Theorem.

Theorem 1. (Gauge-Invariant Work). Let H (t) be a time-dependent Hamiltonian whose decom-
position is given by Eq. (3.25), and let u; be the diagonalizing unitary matrix of the Hamiltonian,
ie, H(t) = uh(t)u], where h(t) is differentiable for allt € R. Then, the notion of work that is

invariant with respect to the thermodynamic gauge group is given by

Winw [p] = /OT dt Tr {puthuz} ) (4.9)

Proof. Firstly, we derive the notion of invariant work and, subsequently, we obtain the invariant

heat. In this sense, from Definition 3 of invariant quantities, the invariant work is given by

Winlel = [ a0, [Vipty]
_ /dQT/ av T { VipV;' 11}
0
- / dGr / dtTr{putvjuiﬁutvtui}
0

= / dt Tr {putgtui}, (4.10)
0

where ¢, = / dGr V; (ul H ut) V. In this case, we commute the Haar integral and the integral

over t since, given the continuity of the protocol ¢(t), it follows that H(¢) is modified continu-

ously, as is its eigenbasis.
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Now, using the decomposition of the Hamiltonian in Eq. (3.25), We can expand the parentheses

above to yield:

ul Hu, = uI (uthui + ughul + uthul> Uy
= h+ulih + hiju,
= h+ h’diut — uiuth
= B+ [hidu]

Then, the g; can be write as
g = /dQT Vi (h+ [h,ulutD v,
- / dGr VIRV, + / AGr VI [h,uiut] v,

= h / dGr [é Ly
k=1

+ [h, b(t)] (4.11)

with b, = {h, / dGr VJ qutth. Then, substituting Eq. (4.11) into the expression given by
Eq. (4.10) we obtain

Wino [p] = /0 ' dt Tr {PutbtUI }

T [ P 1
= / dtTr{put (h/dQT @1@ + [h, bt]> ul}
0
- P
— / dt Tr {puthui /dQT @ 1.k } + Tr {put [h, b] ul} : (4.12)
0

Now, we evaluate the two Haar integrals in Eq. (4.12). First, we have

p
k=1

since the Haar measure is normalized.
From the second Haar integral, let us consider a partition of the interval [0, 7] into intervals
[ti,, ti,] such that U, .,

sponds to an interval where the configuration of degeneracies nf of the Hamiltonian is fixed.

[ti,ti)] = [0,7], where L is a set of indices and each set [t;,, ;] corre-

Consequently, the Haar measure dGr of the thermodynamic group is fixed in each interval. This
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decomposition allows us to write

/OTdt-:Z

ig€L

tig
/ dt - (4.14)
til

Therefore, the commutator of 4 and b; are given by

/dtTr{put[h,bt]uI} = {h,/dQTVJqutVt}
0
tig p
= Z/ dtTr{p h,@bk(t)lnf]}
tip k=1

iq€L

= 0

where
p
/ dgr Viifu,V = @ bi(t)1,¢ (4.15)
k=1

for some function by () since the Haar measure over any unitary subgroup is a diagonal matrix,

which commutes with / therefore we obtain [h, b(t)] = 0 in each interval [t; ,¢; ] i.e.
p p p
[h,b(t)] = [h, ) bk(t)lnf] = [@ ()1, D bk(t)lnf] = 0. (4.16)
k=1 k=1 k=1

Therefore, substituting Eq. (4.13) and Eq. (4.16) in Eq. (4.12) we obtain the invariant work
introduced in Eq. (4.9).

Now, we prove the invariance property of this functional, in fact:
0 L

= / dt Tr -putVtTthuI
0 L

= / dt Tr _puthuz] = Winu|p) (4.17)

0 L
since V/hV; = V/V;h = h. Therefore, the invariant work is invariant under the gauge transfor-
mation as desired and this finish this proof. [

In sequence, we formally introduce the expression for the invariant heat in the following

theorem.
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Theorem 2. (Gauge-invariant Heat) Over the same assumptions of the invariant work Theorem 1.

Then the notion of heat which is invariant with respect to the thermodynamic gauge is given by
Qinv[p] = Qulp] + Qclp] (4.18)
where Q,,[p] is the usual heat defined in Eq. (2.29) and
Q.lp] = /T dt Tr {puthuI + puthul} (4.19)
0

is the coherent heat.

Proof. In fact this proof is similar to Theorem 1. Indeed, using the Definition 3 we have

Qinv [p] = / dGr Q. [thVtT]

— /dgT/ dtTr{ mpvt)H}

— / dGr / dt Tr (thVJ + VipV)! + thVJ) H }
0

where [; and I, are defined by

(
I

G+ /0 "t Tr {(vipvil) i}

where

/
/ / & Tr thVt ) H} . (4.21)
\14z/dgT/0 dtTr thVt)H}

For simplicity, i will subsequently treat each term separately. Firstly, for /; we have:

I, - /dgT/TdtTr{mpvJH}
0
- /dgT/ At Tr {pH)
0

_ / dt Tr {pH) = Qulp), (4.22)

0

since the Haar measure is normalized. Therefore the first term in Eq. (4.20) is the usual heat de-

fined in Eq. (2.29). We must now evaluate /5 and I for this, we compute the following derivatives
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of V; and V,;T:

(utVtuD = iLtVtUI + utvtu;r + Utvtﬂ:{

<utVJuI> = utvjui + utVtTuI + utvjui.

Firstly, for I3 we have

I3

dt Tr (thVT> }

dt Tr p [UtVtUt + utVtut + utVtUt] }

dt Tr [utVt Wl + w V] hututVtut] }

o], e
[ier |, e
- / dGr /0 at T { puVihuf [Vl +wad + uviid] }
frer | wnie
Jeen )

dt Tr { pu ViRVl }

The development for I, is similar, in effect we have:

I4E

/dGT /OTdtTr{(WpV;T) H}

dgr

/
/dg
/

dt Tr p utvjul + utVtTuI + utV } UthUtUtVtut}

H

agr | "t T puthut}

/ dt Tr utV thut + utVTututthut] }

Then, substituting Eq. (4.25) and Eq. (4.26) in /> we obtain:

Iy

Is+ 1,

/ dGr / dt Tr {puthut / dGr / dt Tr puthut}

/ dGr / dt Tr{ utvj WVl + w V) hututVtut} } n

/ Gy / dtTr{ [utVTthut +uthututhvtut”

/0 dt Tr {p [uthut n uthut} } / dGr 1,5 + Qulp]
Qeclp] + Qulp]

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)
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where Q).[p] is the coherent heat defined in Eq (4.19) and Q4[p] is given by

0

n / dGr /0 "t T { 0 [utvj huli Vol + u V) ajuthvtuﬂ } . (4.28)
Indeed, let us show Q[p] = 0. Using the unitary property of V, and u; we can write:
Qulpl = /dgT /O dt Tr {puth [vjvt v vm} ui} +
+ / dGr /0 "t T { s [hvj wliV, — Vi ulu‘tvth} ui}

T T
= / dGr / dt Tr{puth%uz } + (4.29)
0

tig
Z/ dt Tr {put [h,/dQT VJqutVt] ui} (4.30)
tip

igeL

_l_

First, since VtVtT = 1, the Integral in Eq. (4.29) is zero. The second integral appearing in Eq. (4.30)

vanishes due to the application of the Haar average, in fact, note that

p

/ dgr ViulinV, = @ r(t)1, (4.31)

k=1

for some function () in each interval [t;,, ¢;, ] which is constructed in the same way as we did in
the proof of the Theorem 1. Therefore, (); = 0 and I, in Eq. (4.27) reduces to ()., from this and
from Eq. (4.22) the invariant heat in Eq. (4.20) becomes the sum of the usual (), and coherent ().
heat as desired.

Lastly, we proof the invariance of the invariant heat over the gauge transformation, indeed

Qimo[VioV] = QulVipV/l] + Q.[VipViT]
= Qulp] + Qclp] + Q:[p] + Qc[VipVy] (4.32)

where (), is defined by:

Q[0 = / dtTr{p [utvjhuiutvtui+utvju1uthvtu1]}. (4.33)
0
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In this sense, we will then show that Q = Q,[p] + Q.[VipV,'] is equal to zero. In this sense we
expand Q),[p] as follow

O, = / dtTr{p [utvjhujutvtui+utvju1uthvtuﬂ}
0
- / dt Tr{p [WHU,:UIVMLVJUWIHV;”
0

= / dt Tr {thVtT [H Uiy} + ugi] H} } , (4.34)
0
and we rewrite Qc[thV:r] as:

ViVl = [ avte {VipVi [iuhad + wihaf]}
0
= / dt Tr {thvj [UtuIH+ Hutuﬂ } (4.35)
0
Using Eq. (4.34) and Eq. (4.35) we obtain for O:

0 — / dt Tr {thvj [HutuI Vil H + wgul H + Hutui] }
0

r t
; at

since u; is unitary and we have utiLI = —utuI . Thus the invariant heat in Eq. (4.32) becomes
invariant under the thermodynamic group. O]

4.2.1 The physical meaning of invariant work and heat

In Theorems 1 and 2, we formally introduced the invariant counterparts associated with work
and heat, respectively. With this in mind, we will now discuss the physical implications of these
quantities in the context of gauge-invariant quantum thermodynamics.

First, note that under the notion of invariance we established, the heat associated with the
system is given by the sum of two contributions, which are (), and ()., defined by Eq. (2.29) and
Eq. (4.19), respectively. Indeed, as we discussed in Chapter 2, the usual heat @), initially intro-
duced in the seminal work of Alicki in Ref.[15], describes the amount of heat exchanged between
the environment and the system over a given protocol. Furthermore, as we showed in Chap-
ter 2, closed systems, i.e., under unitary evolution, do not exchange heat with the environment;
consequently, we have ,, = 0 in closed systems.

However, note that the invariant heat in Eq. (4.18) is not necessarily zero in the case of a closed

system. In fact, in this scenario, the formalism introduced in Chapter 3 for invariant quantities
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indicates that throughout a given dynamics, whether unitary or not, the energy part of the system
referred to as heat has another contribution, which we denote as ().

The term (). introduced in Eq. (4.19) was originally derived in the work of Céleri and Rudnicki
in Ref.[3] using the gauge invariance of the first law of thermodynamics as per Definition 1. In this
work, the authors showed that such a contribution emerges as a consequence of the production
of coherence in the energy basis. In fact, expanding (). with the density operator in the energy

basis {|a,(t))} given by p(t) =>_;, P (t) laz) (

, we obtain:

Qo) = [ atTe{p(o) (ahad + i)}
- [ {Z i () ] + [ay) (i) ) <an\}

7.kn

— / dt Z ij n (| a) Ok n + A (Qs|an) O] Onm

J,k,n,m

- [ 03 06O n(0) (An0) = 1(0) (4.36)

where we changed some dummy labels and used the orthogonality of the state basis {|a,(t))}

such that we have:

d({an|am))

=)
<an|am> n.m - dt

=0 = (ap|am) = — (an|am) - (4.37)
In summary, note that the expression for (). in Eq. (4.36) depends only on the terms associated
with the coherences in the energy basis, thus justifying the designation of the quantity (). as
coherent heat [3]. As a consequence, coherent heat emerges as a result of the transitions that
occur in the energy basis, which are fundamentally connected to irreversibility (heat generation)
[3].

This discussion reveals the connection between the (). term and quantum coherences. How-
ever, it is the effective density operator dynamics that demonstrates this energy contribution
must be interpreted as heat rather than some peculiar form of "work" or "friction". Indeed, start-
ing from Alicki’s thermodynamics, we obtain that the heat associated with the effective state

dynamics is given by:

Qupsto) = [ are{arn o]

_ / "t Ty () (=8, pa(8)] + L)}

0

_ / ST {HL(0)} = Oup(1)] (4.38)

0
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where the conclusion in the last line follows from identifying the £(p) term in the integral with
the expression obtained for the I, term given in Eq. (4.21).

The result in Eq. (4.38) shows that the coherent heat associated with a state p(t) is equiva-
lent to the Alicki heat of an effective state pg(t) under the non-unitary effective dynamics given
by Eq. (4.8). This allows us to understand the physical meaning of the Q).[p(t)] term, which is
fundamentally an effective heat contribution emerging from the coarse-graining over unitary
transformations V; that preserve the Hamiltonian symmetries.

That is, the Haar-average coarse-graining induces effective dissipation that can be attributed
to an effective thermal bath. The associated heat is given by the Q.[p(t)] term, justifying its
physical interpretation as heat. Thus, coherent heat is interpreted as the amount of energy that
becomes inaccessible due to measurement limitations on the system. Consequently, this energy
loss carries an inherent irreversibility that remains uncontrolled, even in closed systems.

Now, observe that Eq. (4.36) establishes that coherent heat explicitly depends on both the
energy-basis coherences and changes in the energy eigenstates. Given our interpretation of co-
herent heat, we can attribute this to how system accessibility limitations induce heat generation
that manifests through both quantum coherence production in the energy basis and non-adiabatic
changes in the energy basis. Note in Eq. (4.36) that only coherences survive the summation (since
Am — An = 0 when n = m), and in the adiabatic regime |G, (¢)) ~ 0 nullifies this contribution.

Therefore, coherent heat emerges as a direct manifestation of quantum information access
limitations, linking irreversibility, coherence production, and non-adiabaticity even in closed sys-
tems.

Let us now discuss the physical meaning of the quantity associated with invariant work. In
this context, we again turn to Alicki’s thermodynamics, where the work associated with the

effective state dynamics yields:

Walpo(t] = [ arm ot 5}

- Jon{(jon) )
- / dGr /0 CdtTe { (Vio(tyvi!) %}

- / AGr W, [Vip(t) V1] = Wi [p(2)]. (4.39)

This result shows that the invariant work for a state p(t) corresponds to the standard Alicki
work associated with the effective state after coarse-graining. Consequently, there remains no
doubt that the contribution we call invariant work should indeed be interpreted as work. Funda-
mentally, the invariant work represents the effective work emerging from our limited access to

the system.
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Furthermore, we can establish a connection between invariant work and coherent heat, which
provides deeper insight into how the Haar-average coarse-graining redistributes energy contri-

butions within the system. Starting from the invariant work expression:

dGr / dtTr{(v;pu)v;* ﬂ}: [ao [ TdtTr{p(t)W%vt}
0

dGr / dt Tr { VTHV;> —ViHY, - VJHVtH
0

/
[ oo [ et
_ /dgT/o dtTr{ } /dQT/ dtTr VTHV;&—FVTHV;}}
Jron [ et
J,

Winv [p(t)] =

dgr /O dt Tr } dt Tr{H { / dGr Vip() V! +th(t)ij

0 dtTr{ d—}—/o dt Tr {HL(p)}
= W.lp Qclp(t)]-

We thus obtain the fundamental relation:

Wino[p(t)] = Wa[p(t)] — Qc[p(1)], (4.40)

The equality in Eq. (4.40) reveals crucial aspects of our approach, particularly concerning the
physical interpretation of both invariant work and coherent heat. To properly evaluate Eq. (4.40),

we must first understand the role of the coherent heat sign. Three distinct possibilities emerge:

« Qc[p(t)] > 0. In this case, Q.[p(t)] is strictly positive, and consequently:
Wino[p(t)] < Waulp(t)].

This represents the physical situation where information limitations about the system man-
ifest as effective dissipation. Here, part of the energy previously interpreted as work be-
comes inaccessible, necessitating that the effective work be strictly less than the conven-
tional work predicted by Alicki’s framework. This case further emphasizes how Q.[p(?)]
embodies irreversibility in closed systems, where this contribution reduces the extractable
work from the system. An immediate consequence is the diminished efficiency of quantum

thermal machines operating under such conditions.

« Q.[p(t)] = 0. This scenario arises under specific conditions. First, when the Hamiltonian
is time-independent or more precisely, when its eigenstates are time-independent. Here,
the matrices u; become effectively constant, eliminating non-adiabatic effects and conse-

quently nullifying coherent heat, making the invariant work equivalent to conventional
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work:

Winolp(t)] = Wu[p(t)].

Another possibility is adiabatic evolution, where by similar reasoning the coherent heat
vanishes. A particularly important case occurs in the thermodynamic limit. From Eq. (4.40),

we explicitly derive the coherent heat expression:

Qelp(t)] = Wulp(t)] = Winu[p(t)]
= /OTdtTr {p(t)cil—lj} —/OTdtTr {p(t)ut%uz}
= /OT dt Tr {p(t) {Cii—i] - Ut%ul} } (4.41)

which describes coherent heat as the difference between the total Hamiltonian’s time deriva-
tive and that of the energy-basis diagonal Hamiltonian. In the thermodynamic limit, these

quantities coincide as basis-dependent notions vanish, yielding Q.[p(t)] — 0.

« Q[p(t)] < 0. This subtle case requires careful analysis. Here, the work relation becomes:

Wino[p(£)] > Walp(?)]

representing enhanced work extraction despite informational constraints. We expect this
situation only under specific circumstances. First, in finite-dimensional Hilbert spaces
where state dynamics may permit periodic returns to initial conditions, potentially releas-
ing quantum coherences that render coherent heat negative. Additionally, optimal control

protocols may provide alternative pathways to achieve Q.[p(t)] < 0.

Through this analysis, we establish the physical meaning of invariant heat and work while
demonstrating how energy relations consistently satisfy the first law framework. Indeed, Egs. (4.38),

(4.39), and (4.40) yield the following equivalent formulations of the first law within the G group

thermodynamics:
AUlp(t)] = Walp(t)] + Qulp(t)] (4.42)
= Wulpg(t)] + Qulpg(t)] (4.43)
= Winolp(t)] + Qulp(t)] + Qc[p(t)] (4.44)

ensuring thermodynamic consistency in our formalism. This emerges naturally from the gauge
invariance principle formulated through mean energy invariance according to Definition 3. The

proofs of Theorems 1 and 2 explicitly show that invariant quantities require Haar averaging over
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the thermodynamic group at each time interval. Furthermore, the differentiability of energy
eigenbasis vectors proves essential for deriving the invariant heat and work expressions.

This discussion gains particular relevance by clarifying how the gauge theory formalism of the
thermodynamic group Gr, developed by Céleri and Rudnicki in Ref. [3], fundamentally enables
these results.

Another noteworthy aspect concerns the absence of quantum coherences in invariant quan-
tities. Indeed, Eq. (4.40) reveals that invariant work corresponds to the conventional work contri-
bution devoid of energy-basis coherences. This becomes explicit when expanding the invariant

work term:

Wnll = [ atme{oi}
- [ dtTr{ijkA o) (] Jan) G0l + 5 ) <an|>)}

J.kn

= / dt Z p]n ”p]k 6k,m

J,n,m

= /0 dt> " ph, (A1) (4.45)

This result underscores how the coarse-graining procedure systematically treats energy con-
tributions from quantum coherences as a distinct energy form—specifically, as heat.
Remarkably, while coherent heat relates to energy-basis coherence production, both invariant

heat and work remain coherence-independent. For invariant heat:

Qinv [p) = / dt Tr{Hp} + Tr {puthuz + puthUI}
0

= /OTdtTr{h%(quut)}
= /dtTr{ZA ) o) {a] <p]k|a]><ak|+—<'“j;t<ak’>)}

Jiksm

_ / dtz/\ Vo, (t (4.46)

The energy expectation value similarly exhibits coherence independence:

U =Te{pH} = Te{p"h} =D pk,(t)Au(0). (4.47)
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The results in Eqs. (4.45)-(4.47) align with classical thermodynamic expectations [3], where
work and heat fundamentally derive from population dynamics rather than coherence. This co-
herence independence in our invariant quantities contrasts with standard quantum thermody-
namics frameworks [3], yet precisely mirrors classical energy-exchange notions that inherently

disregard quantum coherences.

4.2.2 Covariant derivative and their properties

In the sense of the Gauge theory like introduced in the Section 3.1 we going to introduce an-
other interesting element here, indeed, the notion of covariant derivative and we analyze some
properties of this covariant derivative. Then, the formal notion of covariant derivative are intro-

duced in the following definition.

Definition 6. (Covariant derivative) Let us introduce a Hermitian potential A; = iutuI . Then, we
can deine the covariant derivative by:
Vi L(HY — L(HY

b e LIHY) — V(o) = o (6) +il A0 (419)

for all operator ¢ = ¢(t), where L(H) is the vector space of the bounded operators in H.

Proposition 5. (Transformation of covariant derivative). The covariant derivative operator, defined

in Eq. (4.48), transforms under the emergent gauge transformation V; as follows:

V(o) — VI0) =V [Vuiov)] V= 2 1ifaL ) (4.49
where A} = V;TAtVt — ZV;TV}
Proof.

Ve (Viort) = 2 (viev) +i A viovi]

= VigV + ViV + VioV,! + 4, VoV
= ViV + Vi (VA = iviV) oV

— iig (VA =iV v

= VoV +iVi (A0 — oA) V]

= Vi(+ilde]) V]

= V[V @)V
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Therefore, we have:
Vi (Viol!) = VW o)V = Vi (0) =V [V (Vo) | v

and the result is obtained. O]

Theorem 3. The invariant work and heat can be written as:

Wonldl = [ avTr {p 9.0} (4.50)

Qinvlp] = /OT dt Tr{H V(p)} . (4.51)

Proof. First, we will derive the expression for the invariant work. Note that obtaining Eq. (4.51)
is equivalent to showing that V(H) = u;hu). Starting from this, we have the following devel-

opment.

0 ,
Vt(H) = aH—FZ[At,H]

— % (UthUD +1i [Atyuthuﬂ

= uthuz + uthuz + uthui + i(AtuthuI — uthuIAt>
= uthuI + uthuI + uthiLI — (uthuI — uthuiutu;{ >
= uthuz + uthui + uthulutul

= uthuz + uthuf — uthuf utui

= uthuI + uthuI — uthUI = uthuI

therefore V(H) = ushu] as wished.
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To obtain the expression in Eq. (4.51), we will perform a direct derivation starting from
Eq. (4.51). In effect, we have:

/OTdtTr{HVt(p)} _ /OTdtTr{H,bJri[At,p]}

= /T dtTr{H,b+ Hputu;r — Hutulp}
0

= /T dt Tr {Hp' + uthuiputul — uthquIqu}
0

= /T dt Tr {H,b + pighul — push (Uiut> UI}
0

_ / CdtTe {Hp + plghu} + push (ulm) uf }
0

_ [Tavn {mg whul 4 uht)
/o t r{ ,0+p<u U + U u)}
therefore Q. [p] = /T dt Tr {H V¢(p)} as desired. O

0

Corollary 1. (Invariance of covariant derivative) The invariant work and heat are invariant under

the covariant derivative, i.e.

Winolo] = / T [p VL (1)) = / " AT [p O (H)) (452)

Qimelp] = /0 AT [H V()] = /0 "t [H V()] (4.53)

where V' () are defined in Eq. (4.49).

Proof. 1t follows from Theorem 1 that W;,, is invariant under the thermodynamic group, i.e.
Wine [V},OV;T] = Win[p]. Therefore, we obtain

Wl = [T {9, (10} = Way [Vighd ] = [“aete (v )
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with proves Eq. (4.52). On the other hand, note that the invariant heat, expressed in terms of the

covariant derivative in Eq. (4.51), under the action of the thermodynamic group, is given by:

Qun[VirVi] = /0 TdtTr{HVt (%pVJ)}

_ /OT dt Tr {VJHVt v (Wﬂ%)}

_ /0 av T {H |V, (Vv ) vi] }

0
Therefore, using the invariance of heat under the thermodynamic group, i.e Q;,,,[V; p‘/j] =

Qinv [P] , we obtain

Qunlf] = / QO {H Vi(p)} = QualVipVil] = / AT {H VY ()

and the equality Eq. (4.53) is atingible. O

4.3 Entropy in gauge invariant quantum thermodynamics

Having obtained the new formulations for quantities such as heat and work, we will proceed
with the construction of gauge invariant quantum thermodynamics by developing the notion of
entropy associated with the second law.

As we discussed in Section 2.3, quantum thermodynamics and, more specifically, information
theory have introduced various notions of entropy, which have distinct interpretations and their
applicability may be restricted to particular contexts [89]. Consequently, defining the notion of
entropy within this formalism involves the choice of a functional related to some entropy that
we refer to as the usual one. In particular, we understand that a natural choice is to adopt Von
Neumann entropy as the usual entropy.

Indeed, in Chapter 2, we introduced and discussed some concepts of candidates for micro-
scopic thermodynamic entropy. However, note that among the mentioned entropies, Boltzmann
entropy is necessarily excluded since we cannot associate it as a functional of the density opera-
tor and therefore it does not meet the basic hypotheses of the theory discussed in Chapter 3. On
the other hand, note that we can view both observational entropy and diagonal entropy as the
application of a modified density operator on Von Neumann entropy.

Thus, the natural choice to be made is Von Neumann entropy, which we interpret as a measure

of information in Quantum Mechanics.
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Therefore, since the Von Neumann entropy is invariant under unitary transformation we can
use the Definition Eq. (3.34) of the invariant quantities to construct the invariant entropy version.

In this sense, we formally established this in the following theorem.

Theorem 4. (Gr-entropy) The notion of invariant entropy under the emergent gauge group is the
gauge entropy which is denoted as Sg,. and gives by:

Sg:lp(t)] = Sulpaa(®)], (454)
where p¥, is defined in Eq. (3.42).

Proof. First, since the Von Neumann entropy is invariant under the unitary transformation the

notion of invariant Von Neumann entropy is given by:

Soxlp(t)] = Sinulp(t)] = SulDg] (p(1)] = Sulpzl,

with pZ, defined in Eq. (3.42). O]

Thus, we finally have the notion of gauge entropy formulated. In this sense, it is now appropri-
ate to explore some properties associated with this entropy. In summary, the main characteristics
of gauge entropy are associated with the aspects of the state pZ,(¢). In particular, the notion of
invariant states that we introduced in Chapter 3 will be of certain relevance in this section.

In fact, gauge entropy is obtained from the Haar integral with the induced measure from the
gauge group defined by Eq. (3.31). Consequently, since the Haar integration process is analogous

to a type of coarse-graining, we can then define a specific type of coarse-graining given by:
C = {IL,}, (4.55)

in which each projector II,. is associated with the Hilbert subspace Hy of the energy basis.

Certainly, it is easy to verify that these projectors satisfy the relations:

L, T = O IL 0
S -1, (4.56)
k

where 0y ,,, is the Kronecker delta. Thus, the set C is indeed a coarse-graining as defined in [90,

91]. In this sense, we are motivated to define the volume of each subspace by Vj, = Tr{an}.
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With this, the Gr-entropy reduces to the following:

Serlp(®)] = Sulpga(t)]
= —TT{Pdd 10g(/0dd( ))}
- {Tr{pnw

nf nk 108

Tr{p”.(t)} ] }
- —ZTr{p (1)} log [—{pnf< )}]

note that nf =V}, = Tr{IL,:}, then we can writhe the Gr-entropy as:

Te{oF, (1))

SQT Z Tl“{p k } 10g Vk

(4.57)

Thus, the Gr-entropy can be expressed similarly to an observational entropy [54] where
the "coarse-graining" is defined by Eq. (4.55). Consequently, the derivation of Eq. (4.57) guarantees
that the Gr-entropy possesses all the properties that we stated in Section 2.3.3.

However, note that the notion of coarse-graining introduced by the set C defined in Eq. (4.55)
is not necessarily connected to the physical notion of coarse-graining as discussed in Chapter
3. In summary, there is no imposition regarding the possibility that the energy levels are dis-
tinguishable. In other words, from a conceptual perspective, even though we can associate the
Gr-entropy with observational entropy, we cannot claim that both are equivalent.

Furthermore, the distinction between these two notions of entropy becomes even clearer as
we evaluate the Gr-entropy considering invariant states. Indeed, we introduced in Definition 4
the notion of invariant states; consequently, the Gy-entropy for any invariant state p;,, is such
that:

Sgr [pinv] = SU[D(pmv)] = Su[pinv(t)]- (4.58)

That is, no coarse-graining measurement is applied to the state, and the Gr-entropy re-
duces to Von Neumann entropy. A particular importance of this discussion arises when we con-
sider the case of states that are invariant under the second condition we presented in Proposition
4, that is, when the states are determined solely by the Hamiltonian operator. Therefore, states
described by statistical ensembles, such as the canonical or microcanonical ensemble, are invari-
ant, and thus the description of the Gr-entropy reduces to the Gibbs entropy associated with
these distributions.

Therefore, the Gr-entropy is consistent with Gibbs entropy for thermal states in equilibrium.
In summary, note that this result is independent of the gauge group, as long as the Haar measure

is associated with the Hamiltonian of the system. Thus, we see a subtle difference here between
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observational entropy, which is consistent with Gibbs entropy for states in thermal equilibrium
if and only if there is an appropriate choice of coarse-graining.

Now, we will discuss the continuity of the Gr-entropy. In fact, we know that Von Neumann
entropy is a continuous function [41, 50], so it would be natural to expect such behavior for
the Gr-entropy. However, note that the state p%, is obtained through a map associated with
the quantum twirling operator in Eq. (3.36). Furthermore, the Haar measure induced by the
thermodynamic group is associated with a parameter, which can be, for example, time. As a result,
certain modifications in the gauge group, equivalently in the distribution of the Hamiltonian’s
degeneracies, may cause the gauge entropy to exhibit some type of discontinuity.

Still, in this context, we will evaluate some interesting cases. First, note that if we have a
time-dependent Hamiltonian H (t) associated with a controllable parameter g(¢) that behaves
well, then the thermodynamic group will change smoothly, and any possible change in the con-
figuration of degeneracies should not produce any discontinuity in the Gr-entropy. Similarly, if
g(t) does not modify the degeneracies of the Hamiltonian, the gauge group remains the same,
and thus the gauge entropy should not exhibit any discontinuity.

On the other hand, cases where the parameter ¢(¢) is not well behaved may cause certain
discontinuities. In Chapter 5, we present, in one of our applications, a particular case that reveals

this behavior. Next, we will discuss how the Gr-entropy relates to diagonal entropy.

4.3.1 Gr-entropy and diagonal entropy

Initially, we showed that the Gr-entropy can be written as an observational-type entropy.
However, we can approximate gauge entropy as diagonal entropy, which we understand to be
the natural way to comprehend the physical meaning of the Gr-entropy. In this sense, let us begin
our discussion by establishing a limiting case for the Gp-entropy that emerges in the absence of
degeneracies in the spectrum of the Hamiltonian, which is presented as a corollary of Theorem
4.

Corollary 2. The Gr-entropy coincides with the diagonal entropy if:
(a) If a Hamiltonian exhibits no degeneracies,
(b) If a p(t) is invariant accordingly to the Definition 4.

Proof. We begin by proving case (a). Indeed, if the Hamiltonian has no degeneracies, the gauge

group Gr can be written as:
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Therefore, the general expression of the density operator Eq. (3.42) reduces to:

st =€ O (459

where pf., , 1s the density operator with the off-diagonal (in the the energy eigenbasis) elements

removed. Therefore, the Gr-entropy becomes:

Sar[p(t)] = Sulpiag(t)] = Salp(t)] (4.60)

where S;[p(t)] is the diagonal entropy.

For the case (b), if p is a invariant state we have:

Dip(t)] = p = Ag,[p"(t)] = pliag(t) (4.61)

therefore, the Gr-entropy becomes:

Sarlp(t)] = SulAgr[p" ()] = Sulpdiag] = Salp(t)] (4.62)

then, the corollary is proved. ]

In general, we are not interested in working with invariant states, as the description becomes
redundant. Therefore, in these cases, the diagonal entropy emerges from the Gr-entropy due to
the absence of degeneracies, which is consistent with the definition of diagonal entropy since it
is well-defined, generally, when the system has no degeneracies or when these are not relevant
[28].

Next, we will explore in more detail the relationship between gauge entropy and diagonal
entropy. In fact, as we refine this relationship, we will be able to assign a physical meaning to
the Gr-entropy, thus allowing us to establish the formulation for the second law in our theory.
Therefore, let us consider the following properties of gauge entropy associated with diagonal

entropy.
Properties 1. The following properties holds:

(iii) The Gr-entropy is greater than the diagonal entropy, i.e.
Serlp(t)] > Sulo(t)]. (463)

(iv) If there exists at least one non-degenerate level in the spectrum of the Hamiltonian, then the

Gr-entropy can be written as:

S [p(t)] = Salp(t)] + Sr[fi] (4.64)
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where s[f;] = — Tr{ f; log(|f:|)} and f; is a block diagonal matrix given by

Non degenerate 0
—pig(t)
Je= Degenerate (4.65)
0 Tr{p” ()L}
nf

which each block of f; is diagonal.

(v) Srl|f:| defined above is non-negative, i.e Sr[f;] > 0. And the equality is saturable if p(t) is a

invariant state accordingly to the Definition 4 or the Hamiltonian spectrum is non degenerated.

Proof. First, let us demonstrate property (iii). Since the Haar average of an operator is equal to
the Haar average of the diagonal part of that same operator (proved in Appendix B.3), it follows
that the gauge entropy is:

Sar[p(t)] = SulAgy o™ (D] = SulAgy[Pdiag(t)]]. (4.66)

Thus, since the quantum twirling operator Ag,. is a unital quantum channel, it follows from

the Data Processing Inequality that:

D [paiag ()] = D [Ag,[pgiag (]| Age [0 (1)] (4.67)

for any operator o where D[-||-] is the Kullback-Leibler divergence. Therefore, let us take o =
1, which leads to the following result, as well as from the definition of the Kullback-Leibler

divergence:

D [phag®llo@®)] = Tr{pfia,(t)108]p5a, ()] — piiag(t) log (1)}
= Tr{pla,(t) log[pkia, (0]}
— Sulole) (4.69

On the other hands, we have:

D [Agy[Phiay 1 Agr 0] = Tr {Agy [pfiay ()] lo8[Agy [Py ()]}
= S [ol0)] (4.69)

Therefore, from the Data processing inequality in Eq. (4.67), we have:

—=Salp(t)] = =Sg,[p(t)] = Salp(t)] < Sg,[p(t)] (4.70)
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and the property (iii) is proved.
In sequence, we prove the item (iv). We go to construct the therm Sr[f;] from Sg_[p(t)]. Let
us consider the Hamiltonian ' which spectrum has a such number of degeneracies, therefore,

we can split the Gr-entropy as

Sa.[p] = —Tr{piylog(ph)}
= - Z(pfd)nn log[(p5)nn]

- Z Paa) mm 108[(Pga) ] Z Pk 108 (k) k) (4.71)
k

the labels m and k refer to the average elements of p¥ associated with the /(1) group and the
U(n¥ > 1) group, respectively.

On the other hands, we can split the diagonal entropy such as

d

Salo) = = _(ph,) log(p},)

n=1

= = (phm)10g(phn) = > (o) log(pir) (4.72)
k

m

Then, substituting Eq.(4.72) into Eq.(4.71), we obtain the following expression:

Seclpl = Salpl + > (i) logl(pr)] = > (ph)k og[(ph)kk]- (4.73)
k k
Now we introduce the functional Sr[f;] = — Tr{f:log(|f:|)} and we define f;, for we have the

compact notation, by

(4.74)

Tr{ fk}

In fact, f; are a diagonal matrix composed by two diagonal blocks, the first block are associated
to all density matrix in energy eigenbasis and the second block we have the average Haar of all
density matrix elements associated to groups U (n¥ > 1), that is, Eq.(4.74) is the compact form
of the equality in Eq.(4.65). Consequently, using the relation Eq. (4.73), the functional Sr[f;] and
the f; defined by Eq. (4.74) the equality Eq. (4.64) is obtained.

Now, we prove (v). Indeed, from (iv) we have:

Srlfi] = Sg.[p(t)] — Salp(t)] = 0. (4.75)

Since from item (iii) we have that Sg.[p(t)] > Sa[p(t)]. On the other hand, the cases where
the equality holds result directly from Corollary 4.3.1. Thus, all properties are demonstrated as
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desired. O]

First, note that the bound established for gauge entropy in property (iii) also allows us to

obtain the following chain of inequalities:
0 < Sulp(t)] < Salp(t)] < Sgr[p(t)] < log(dim{H}), (4.76)

where the last inequality follows from the concavity of the Von Neumann entropy functional.
Moreover, note that we constructed the term Sr under the assumption that the Hamiltonian
has at least one non-degenerate state. However, we can easily extend this result to any possible
configuration of degeneracy. To this end, we need to introduce a quantity called the Holevo
asymmetry measure, which was initially introduced in the context of finite groups in Ref. [83]

and later extended to any Lie groups in Ref. [84]. Thus, let us define it.

Definition 7. (Holevo asymmetry measure [84]). Let us consider a some group Lie group G which
elements are denoted by g and the Haar measure induced by G is du. Then, for any unitary matrices

V, and distribution probability function p(g) the quantity Sy defined by:

Se = SulA2[p(B)] — Sulp(t)], AZ[p(t)] = / A p(gVuplt)V) (4.77)

is called Holevo asymmetry measure.

Notice that, taking the case where the Haar integral is uniform, that is, p(¢) = 1, and con-
sidering the group G as the thermodynamic group, we can identify St introduced by Eq.(4.64)
as the Holevo asymmetry measure in Eq.(4.77) by inspection, noting that the expression for f;
emerges in the particular case where we have at least one non-degenerate state, whereas the
Holevo asymmetry measure always exists.

The Holevo asymmetry measure is an important physical quantity that appears in the context
of Information Theory [41, 83, 84, 88]. Physically, St quantifies the asymmetry present in the
original state p concerning the group G associated with the quantum twirling operator. There-
fore, in the context of the thermodynamic group, the asymmetry of a quantum state is related to
how much the diagonal elements of the density operator p, in the energy basis, projected onto
each subspace H, differ from the configuration of maximum randomness in that same subspace
Hy.

Furthermore, the introduction of the Holevo asymmetry gives us a new way to evaluate the
continuity of the Gr-entropy. In fact, since diagonal entropy is a continuous function, we can
then establish a continuity condition for the Gr-entropy by imposing that these entropy’s become

sufficiently close, thus we have:

1Sg:[p(8)] = Salp(®)]] = Sr <€, Ve >0 (4.78)
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Thus, note that the condition for the diagonal entropy to emerge as a particular case of gauge en-
tropy is described in terms of the Holevo asymmetry, with equality reached when St is arbitrarily
small. Also, note that we have already proven the implication that the absence of degeneracies
implies equality between gauge and diagonal entropy; however, we have not shown the con-
verse of this statement. In fact, considering states that are not symmetric with respect to the
gauge group, we can easily verify this assertion. To this end, let us consider the Data Processing

Inequality given by:

Dp@)llo@)] = D [Ag, [p(t)][[Agy[o(t)]] (4.79)

where the equality holds if and only if

p=0" (Mg [o () (Agu[p(1)]) (Agylo(t)])) ™2 02, (4.80)

Therefore, if 0 = 1, and using the fact of the quantum twirling operator is a unital quantum

channel these expressions reduces to:

SgT [pclliag(t)] = Su[pcllzag] — IOdEz'ag = AQT [pdEiag] (481)

which is an contradiction, because we suppose that p is not invariant state. Then, for states
which are not invariant the equality between diagonal and gauge entropy never is achieved.

Consequently, the entropy’s are equal if and only if the associated thermodynamic group is given

by

i.e. the case of the Hamiltonian has no degeneracies.

With this, we can then conceive a physical interpretation for gauge entropy. In fact, while
diagonal entropy is understood as quantifying the amount of randomness observed in the energy
eigenbasis of the system, gauge entropy quantifies this randomness more in relation to the ran-
domness associated with the degeneracy configuration of the Hamiltonian, which appears in the
form of the symmetry of the thermodynamic group.

Finally, we will ensure that gauge entropy satisfies the same thermodynamic properties as
diagonal entropy [28]. In fact, we can use the operator D to construct the other relation between
diagonal and gauge entropy. To do this, let us consider the state 0 = D(p) = Upaqu); since
uy is not trivially the state, o is not in the energy eigenbasis, but this state is invariant over

the thermodynamic group. Therefore, if we consider the state o, we can evaluate the diagonal



4.3. Entropy in gauge invariant quantum thermodynamics 83

entropy of this state; now note that

Oliag = UiOU = Pl (4.82)

therefore the diagonal entropy of ¢ is:

Salo] = Salpial = Sa. () (4.83)

which implies that: the Gr-entropy can be viewed of the diagonal entropy. This equality implies
that the some thermodynamics properties for the diagonal entropy must be valid for the gauge

entropy, in special this prove the following relation:

ASg,[p(t)] = Sg.[p(t)] = Sgr[p(0)] = 0 (4.84)

which describes the gauge entropy production in closed system.

4.3.2 Gr-Entropy and coherent heat

Having established both the expression for gauge entropy and evaluated its properties, we can

now explore its relationship with coherent heat. Indeed, starting from Eq. (4.54), we obtain:

d d

%SQT[p(t)] = -5 Tr {pgdlog(PdEd)}

= =g { ([ aorvistowi ) e ([ o vinoi) |

_ _% Tr {pg (t) log(pg(t))}
d

= = { % o0 os(o(t) + polthg (013 ro(0]}

= = {5 o) ogto(0) | (45

where the second term in the penultimate line vanishes due to the density operator’s normaliza-
tion conservation.

From Eq. (4.85) and using the effective density operator dynamics given by Eq. (4.8), we derive:

ngT[p(t)] = —Tr{(=ihlpg(t), H(t)] + L(p)) log(pg(t))}

dt
= —Tr{L(p)loglpg(t)]} . (4.86)

Equation (4.86) establishes a connection between entropy changes and the non-unitary term

of the effective dynamics, which essentially generates the coherent heat energy contribution.
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Consequently, this analysis again highlights the irreversible character induced by the coarse-
graining through Haar averages.

Nevertheless, the connection between these quantities via the £(p) term already suggests a
possible qualitative relationship - first identified through numerical results in Ref. [3] and now

theoretically explained in this work.

4.4 Simple aplications

Having obtained the invariant quantities for heat and work as in Ref. [3] and also the G-
entropy, we will now revisit some of the application examples presented in Ref. [3], which il-
lustrate the applicability of the gauge theory formalism of the thermodynamic group Gr. In
particular, the purpose of this section is to present the results shown as examples in Ref. [3] in a
pedagogical manner, with the aim of providing the reader with a technical understanding of how
the quantities obtained here are calculated. Furthermore, both applications agree with what we
discussed in Section 4.2 regarding the behavior of coherent heat and its relation to the production

of coherence in a dynamics involving modifications in the energy basis.

4.4.1 Open systems

Let us consider an example presented in Ref.[3] associated with the non-unitary dynamics of
a single qubit described by the Hamiltonian H(t) = ¢(t)o®, where g(t) is a time-dependent
function.

While the dynamics are non-unitary, the density operator p(t) satisfies the following Lindblad

equation:

p(t) = —i[H(1), p(t)] + D [p(t)] . (4.87)

with D being the non-unitary part of the dynamics (dissipator). Furthemore, let us consider the
following dissipator:
o 11dec

Dilp] = —=5= (0", 0", ] (459)

where 0* are the z—th Pauli matrix, I'4.. represents the decoherence rate Dj; is called the dephas-
ing quantum channel. The second quantum channel is called generalized amplitude damping

which is described by the dissipator:

1 1
D.lpl =Tu(n+1) |0 pot — 3 {a*o,p}] +T.n {U*pa -3 {o7o", p} (4.89)
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* are the usual spin ladder operators, i = (e~?“ — 1)~! stands for the mean excitation

where o
number of the bath mode with frequency w and [ stands for the inverse temperature while I'; is
the decoherence rate.

Note then that, since the Hamiltonian H (t) is always diagonal, it follows that H () is already
in its energy basis. By convention, we can diagonalize it so that h(t) = —g,0°, hence h = —g,0.,

and in this case, the invariant work is given by:

Wino[p] = /OT dt Tr {—p(t)g(t)o"} = /OT dt () [p22(t) — pua(2)].

On the other hand, since the matrices u; are time-independent, the coherent heat of the
system is zero, indicating that there is no production of coherence in the energy basis. Thus,
immediately from equality 4.40, we obtain that the invariant work, in this case, is equal to the
usual work, i.e., W, = W,.

Note that this analysis holds for any dissipator D. In the same vein, we can evaluate the

invariant heat, which, in both cases, reduces to the usual heat, i.e., );,, = Q... Thus, we obtain:

Qunalp] = / At g(t) Tr{o*D [p(t)]} = / "t g() (D [(p(E)1) — (D [p(E)])as)

Now, note that in the case where the dissipator is given by Eq. (4.88), we have Q);,, = Q, =
0 since all coherence is destroyed by the decoherence process induced by the action of the bath.
On the other hand, when the dissipator is given by Eq. (4.89), in addition to the decoherence pro-
cess, there is also an energy exchange between the system and the bath, which is identified as heat.
Integrating the invariant heat identifies the function ®5(t) = ¢(¢) [(D [(p(t)])1;) — (D [p(£)])4s)
associated with the instantaneous energy flow.

This simple example reveals some interesting points about our formalism. First, note that
when we have Hamiltonians that are always diagonal, as in the example discussed, we will not
have the production of coherence in the energy basis, and thus the expressions obtained for
invariant work and heat reduce to the usual notions of quantum thermodynamics presented in
Ref. [15]. This ensures consistency with existing developments in the literature [3].

This analysis, along with what we have already discussed in Chapter 3, shows us that the
gauge theory of the group G is a theory about how the energy basis of a given Hamiltonian
changes over some dynamics. The transitions in the energy basis generate coherence that appears
in our description associated with the coherent heat term @)...

At the end of this chapter, we will present two examples that were initially explored by Céleri
and Rudnicki in Ref. [3], which illustrate this discussion when we have systems where changes
occur in the energy basis. In these applications, we will show the connection between coherent
heat and the relative entropy of coherences as well as with the notion of invariant entropy that

we will introduce in Section 4.3.
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4.4.2 Driven single qubit

Consider the problem of a single qubit in a guided magnetic field, which is driven by a protocol

g(t) and is described by the following time-dependent Hamiltonian:

H=0"4¢g(t)o" = < ! g(t)) (4.90)

g(t) —1

where 0% and 0” are the Pauli matrices associated with the z and  components, respectively. In
fact, this Hamiltonian is a very special case of the Landau-Zener model [47, 92-94]. Specifically,
here g(t) is a smooth continuous time-dependent function that describes the controlled injection
or extraction of energy in the system. In this sense, this system is closed, and the evolution of the
density matrix follows the Liouville-Von Neumann Eq. (2.21); therefore, the usual heat is zero,
ie, Qulp] = 0.

Our goal will be to obtain expressions for the invariant heat and work. In fact, let us start by

obtaining the eigenvalues A\(t), which can be easily obtained from Eq. (4.90), given by:
A(t) =X A= /1+g(t)% (4.91)

Furthermore, the normalized eigenvectors associated with each eigenvalue are given by:

g(t) 14+ A
V2 0+ 1) AN+ 1)
lao(t)) = , Jai(t)) = ; (4.92)
1+ A() g(t)
AN+ 1) AN+ 1)

and consequently, the matrix u; associated with the energy basis of the Hamiltonian in Eq. (4.90)

is given by:
B g(t) 1+ A
V2AA+1) 2A0(A+1)
up = . (4.93)
1+ A(1) g9(1)

V2AXA+1)  2X(A+1)

Since the set{|ag(t)),|ai(t))} is orthonormal basis, the following relations hold:

: _ : _ @)
(do()]ar(t)) = —{ao(t)las(t)) = T3

(ao(t)]ao(t)) = (a1 ()]ar(t)) = 0

(4.94)
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With this, we can already obtain the expressions for invariant work and coherent heat. Indeed,

using Eq. (4.45), we obtain that the invariant work is given by:

Wl = (0308, 030 = [ 20O 60 (499

1+ g%(t)

On the other hand, the coherent heat is easily obtained using Eq. (4.46), which gives us that:

Qclp(t)] = /dt Z P (1) (an () () (A (t) = A1)

- /O dt 01()’;(;3 '(—2>\)—p1o(t)92(—>2'(2>\)
i)
_ /0 ArRelgfy ()25 (4.96)

Finally, note that both Eq. (4.95) and Eq. (4.96) depend on the coefficients of the density
operator. To obtain these terms, we must solve the Liouville-Von Neumann equation considering
the Hamiltonian given in Eq. (4.90). In this sense, we must have, considering the operators in the

energy basis:

=P ik
T ifh, p”]
= Z )‘ pnm |&n am‘ - Z p]n ‘aJ> <an’
n,m=0 n,j=0

= —i [Mopoo |ao) (ol + Xoppy lao) {ar| + Mprg ar) (aol + Mipry lar) (aa|] +

+ i [poo ao) {aol + prodo lar) {aol + poi A fao) {ar] + priAr |ar) (aal]

= —i [(Mopor — Mpgr) lao) (aa] + (Mapgy — Aopip) lar) (aol]

= —2i)o [poy ao) (] — prp far) (aol] - (4.97)

On the other hands, we can expand the derivative of p”(t) as:

d p¥
'a':¢<2&ww%0

J,k=0

Z pix lag) (akl + pi ;) (arl + pi laz) (axl
§,k=0

= poo|ao) {ao| + p1o |ar) (aol + por |ao) (ax| + pi1 ar) (a1| +
poo |@o) {ao| + p1o|a1) {aol + por |ao) (a1| + p11 |a1) (ar| +

+ -

poo |ao) {ao| + p1o|a1) (Gl + por |ao) (a1| + p11|a1) (@1l . (4.98)
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Given the equalities between Eq. (4.97) and Eq. (4.98) and using the relationships between
the eigenstates |ag) and |a;) expressed in Eq. (1), we can obtain the following set of ordinary

differential equations:

(. g(t)
=50 (P + p)
. . g(t)
ple = 200y + 555 (P — p) (4.99)
. . 9(t) '
PR = —2i\ph — o2 (P — pth)
)
G o2 (pf + k) .

The system displayed in Eq. (4.99) is not analytically integrable. However, with an initial
condition in hand, the system in Eq. (4.99) can be easily solved numerically.

Then, in order to retrieve the results developed by Céleri and Rudnicki in Ref. [3], let us choose
g(t) = cos(t). Regarding the Gr-entropy, note that the eigenvalues are given by Eq. (4.91), and
since g2 is always positive, it follows that \o(t) < \;(¢) for every instant of time ¢, meaning
that the system is non-degenerate. Consequently, the Gr-entropy reduces to diagonal entropy,
as shown in the previous section.

Thus, by choosing the initial state as the ground state of the Hamiltonian in Eq. (4.90), i.e.,
p(0) = [ao(t = 0)) {ao(t = 0)
coherence entropy Eq. (2.59), which we present in Figure 4.1.

, we manage to obtain the invariant heat and work as well as the

- Winv Qinv C
0.6
0.4/
0.2 \ v J v J v J
0.0 2 v
0 5 10 15 20 25 30 35 40
t

FIGURE 4.1: Invariant work, Invariant Heat and Coherence for single qubit with drive in Hamiltonian
in Eq. (4.90).

Unlike the example we presented in Section 4.2, this example contrasts with what we expect
from usual quantum thermodynamics when assuming unitary evolution [17, 95, 96]. However,

this result is perfectly consistent with the definitions of heat introduced in closed systems for
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quantum adiabatic processes [22, 24, 28]. Our findings establish a strong physical foundation
- the gauge theory of the thermodynamic group Gr - for understanding the link between heat
in closed quantum systems and energy delocalization. This principle explains the oscillatory

behavior of heat during closed evolution, where coherences fluctuate over time.

4.4.3 Driven spin chains

The Landau-Zener model described by the Hamiltonian in Eq. (4.90) presents certain inherent
difficulties in the formalism. In particular, these difficulties emerge when we think about how to
generalize the previous development to many-body systems, which are particularly relevant in
the context of quantum thermodynamics [47, 97, 98]. However, we often find ourselves relying on
numerical methods due to the impossibility of an analytic treatment of certain systems. Indeed,
one of the difficulties we encounter is in evaluating the coherent heat, given the need to obtain
the derivatives of the matrices u;. However, at least in the context of closed systems, we can
simplify this process through the first law of thermodynamics.

In this sense, we will show a practical approach to addressing the problem associated with

determining the invariant heat and work. To this end, we will consider Hamiltonians of the form:
H(t) = HO +g(t)H1 (4.100)

where ¢(t) is the control protocol associated with the coherent injection of energy into the sys-
tem. Moreover, [, and /1, are two Hermitian operators that may or may not commute with each
other.

Now, let us consider that we have an initial state prepared at ¢ < 0, given by p(0). It fol-
lows that if p(0) is some pure state, then the temporal evolution can be obtained by solving the
Schrodinger equation with H(¢) using some numerical method. If p(0) is a thermal state, its
evolution is then determined by the solution of the Liouville-Von Neumann equation.

Thus, as H(t) is given by Eq. (4.100), we can obtain that the derivative of the system’s energy
is given by:

dUlp®)] _ d

d d
Fra aTr {pH} =Tr {pa [Ho +9(t)H1]} = %Tr {pH:} . (4.101)
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On the other hand, the derivative of the energy also gives us the following development:

dUpp@)] _ d
= g i}
d

— Ty {p(t)a(uthul)}
= Tr {p (uthui + utth } + Tr {P(Uthtui)}

- % UOT dt Tr {p <uthul + uthul> } + Tr {p(uthtUI)}}

dQ.[p(t)] N d Winw[p] (1)
dt dt -

(4.102)

With Egs. (4.101) and Eq. (4.102) at hand, we can obtain the coherent heat in an alternative
way, which is then given by:
dQclp(t)] _ dUlp(t)]  dWiny[p(t)]

1t 1t — 1t . (4.103)

Thus, the problem for the case where the system dynamics is unitary can be expressed by the

following set of equations.

(Wintott] = [ avme 40

0

W] _ 4900 3, 5 . (4.109)

Q)] _ dUlp(t)]  dWinilp(t)]

L dt dt dt
In this sense, we will apply this technique to study the unitary dynamics of the following
Hamiltonian:
koo
H(t) = —TJJC —g(t)J. (4.105)
J

where J, = ZZJ\LI 0{'/2; (o = z,y, z) are the collective spin operators, with o denoting the
« Pauli matrix acting on the i-th site of a chain of N = 2j sites, and j is the total angular
momentum.

The Hamiltonian presented in Equation Eq. (4.105) represents a specific case of the widely
recognized Lipkin-Meshkov-Glick (LMG) model, as detailed in references [99-101]. The LMG
model has been extensively investigated in various fields, including nuclear physics [102], optics
[103], quantum information [104], and condensed matter physics [105], among others.

In particular, the Lipkin-Meshkov-Glick (LMG) model is relevant to our context due to the
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existence of degenerate energy levels for certain values of the magnetic field g(¢). In particular,
for g < k, the energy levels are doubly degenerate, while for g > £, the Hamiltonian in Eq. (4.105)
exhibits no degeneracies in the thermodynamic limit [104, 106]. Indeed, at this moment we are
only interested in obtaining a model that can serve as a platform to test our formalism; there-
fore, we have no particular interest in effects associated with the model, such as quantum phase
transitions, which we will explore in the following chapter.

For simplicity, let us consider £ = 1, and the function associated with the magnetic field will
be given by: g(t) = [ tanh(at). The choice of the hyperbolic tangent function as a protocol is
strategic [3], as the parameters o and 3 allow us to control the speed and amplitude of the proto-
col, respectively. For arbitrarily large values of o, i.e. & — o0, the dynamics of the Hamiltonian
operator tends toward a sudden quench; on the other hand, when we take the opposite limit, i.e.,
a — 0, we obtain the case of very slow driving.

For the LMG model, as with the previous model, we need to solve the time-dependent Schrédinger

equation. In this sense, we have two paths to follow. The first path consists of writing the state

) as:

Z fm(t) |5, m (4.106)

m=—j

where we expand the state in the angular momentum basis {|j, m)} with time-dependent coef-

ficients f,,(t). Then, substituting the above state into the Schrodinger equation and taking the

inner product with the bra (j,n

i Gonlo(®) = =5 Gl [6(0)) - 9(0) Gl . ()

2]
k Ji+Jf+{J+,J_}
2— (J n’ 1

Jonl JE ) + Gonl{Te, T )] = g(Onfu(t)

[¥) = g(t)nfu(t)

— g Gl +
— g [VOF R DG - DG DG - sl

+ VGG - D0~ DG+ ) fas(t) + 206+ 1) = n2) falt)]
— g(Onfa(t).

Therefore, we obtain the following expression:

i) = —g [VTTa DG - n= DG +nt DG — 1) fealt)

(J(j+1) —n?)
4j

+ng(t)| fu(t),
(4.107)

b VTG e DGR DG )] - |
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which defines a recursive expression for the coefficients f,,(¢) of the state ¢)(t) as 2j + 1 linear
first-order differential equations. Thus, studying the time-dependent dynamics of the LMG model
can be done using the above expression and implementing a suitable numerical method for its
solution. Indeed, it is worth noting that the implementation of numerical methods such as fourth-
or fifth-order Runge-Kutta for solving the above system is valid; however, this is only efficient for
low values of j. In fact, since it is interesting to study the dynamics of the system for large values
of 7 to approach the thermodynamic limit, these numerical methods become somewhat imprecise,
and their convergence is affected. This can be compensated for by excessively increasing the time
step, leading to a significant increase in computation time. With this in mind, this approach is not
very efficient. However, a way to circumvent this issue is by using the ‘mesolve‘ method from the
QuTiP framework [107], which, through adaptive methods, can handle these high-dimensional
systems with good accuracy.

In Figure 4.2, we can see the distinction between the Gr-entropy and diagonal entropy for

various values of amplitude intensity /.

6_

51 3]

4 4

3 3

2 2

1- 1-
! (a) | (b)

0 . | 0 . |
0 100 200 0 100 200

t t

FIGURE 4.2: Gr-entropy and diagonal entropy as functions of time for the ground state of the Hamil-
tonian (4.105) at t = 0 as a function of time, with the amplitude parameter 5 = 0.5 and § = 1.5
respectively in figures (a) and (b). We choose j = 50 and o = 1 for all curves.

As expected, figure Eq. (4.2) exemplifies the result we showed in Ineq. (4.63), thus highlighting
the increase of entropy in degenerate systems. Next, in Figure 4.3, we obtained the behavior
of the Gr-entropy for different values of the protocol speed a.. The coherent heat under the
same conditions as Figure 4.3 is shown in Figure 4.4. As expected, the behavior obtained for the
coherent heat in Figure 4.4 agrees with the way the Gr-entropy scales, as well as with the findings
in Ref. [3].
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FIGURE 4.3: Behavior of the gauge entropy for the evolution of the ground state of the Hamilto-
nian (4.105) at ¢ = 0 for § = 0.5 in (a) and 8 = 1.5 in (b) for different values of the speed of the

protocol a. We choose j = 50 for all curves.
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FIGURE 4.4: Coherent heat for the LMG model. The initial state is the ground state of the Hamilto-
nian (4.105) at ¢ = 0 for § = 0.5 in (a) and § = 1.5 in (b), for distinct values of the speed of the

protocol a. We choose j = 50 for all curves.

This example shows how the coherent heat scales with the generation of coherences. Over
time, we shift from an adiabatic Hamiltonian transformation (which is too slow to generate coher-
ences) to a regime where coherences are created. This transition is accompanied by an increase
in heat generation. In this regime, rapid changes in the Hamiltonian inevitably induce transitions

between energy eigenstates, and these transitions are associated with heat production.
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Chapter 5

Gauge approach to thermodynamics of

critical systems

In this chapter we will introduce a novel approach to the study of quantum critical systems under
the view of gauge invariant quantum thermodynamics.

Since the thermodynamics of the critical systems are the main focus of this chapter, we will
start the first section of this chapter with a brief overview of the quantum phase transition. The
following sections of this chapter constitutes the original development in the gauge-invariant
quantum thermodynamics. In this sense, we introduce the specific derivation of the expressions
for the invariant work and heat associated to the quench dynamics.

Finally, we will apply this formalism to study the quantum phase transition of two different

spin models: Landau-Zener model and Lipkin-Meshkov-Glick model.

5.1 Quantum phase transition

In the context of classical physics, phase transitions are a type of critical phenomenon that involve
changes in the macroscopic properties of a system. Particularly in equilibrium thermodynamics,
a phase change occurs when a certain parameter, usually temperature, reaches a critical value
at which certain thermodynamic quantities exhibit non-analytic behavior, thereby marking the
phase transition [5]. In this context, a classic example is the liquid-solid phase transition of wa-
ter, which occurs when the temperature decreases to the critical temperature of 7, = 273.15°K.
Beyond this value, the macroscopic structure of water shifts to the solid phase. During this pro-
cess, as water solidifies into ice, both the specific volume and the thermodynamic entropy of the
system become discontinuous, which is the non-analyticity that marks this phase transition [5,
108].

The liquid-solid phase transition of water is just one of the various examples of phase tran-
sitions that occur in classical systems. Other examples include magnetic systems, which may
exhibit transitions between ferromagnetic and paramagnetic phases, other simple fluids like wa-

ter, as well as fluid mixtures [108]. A precise understanding of this phenomenon was achieved
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through statistical mechanics, more specifically by the modern techniques introduced by the
renormalization group [108, 109].

However, prior to the establishment of the renormalization group formalism, several theories,
generally phenomenological, were developed to provide explanations for the phase transition
phenomenon, with particular emphasis on Landau’s phenomenological theory.

Landau’s phenomenological description introduced new elements and concepts for under-
standing phase transitions. In particular, his theory involved developing an expansion of the
Gibbs free energy functional f in terms of a function 1 = 7(g), which is called the order param-

eter, defined as follows:

n(g) # 0if g < gc
n(g) =0if g > g

(5.1)

The argument ( g ) corresponds to the physical quantity that drives the phase transition; in
the classical context, g generally represents temperature. Moreover, the value g. in Eq. (5.1) is
known as the critical point, which marks the phase transition that occurs between the ordered
phase g < g. and the disordered phase g > ¢.. Along with the existence of order parameters,
Landau’s theory also predicted the existence of critical exponents, which describe how certain
physical quantities behave throughout a phase transition.

Furthermore, Landau’s theory, based on the order parameter in Eq. (5.1), allows for the clas-
sification of a phase transition into two types. The first type is the first-order phase transition,
characterized by an abrupt change in the order parameter 7; consequently, Landau’s functional
f shows a discontinuity at the critical point g. . On the other hand, when the higher than second
order derivatives of the functional f exhibit discontinuity, the phase transition is said to be of
second order.

Indeed, the advances brought by these concepts were truly significant in understanding phase
transitions, even though these initial definitions were not sufficient to explain phase transitions in
general. However, the introduction of the renormalization group through the works of Kenneth
G. Wilson [110-112] provided an explanation for the phase transition phenomenon. In particular,
the renormalization group made it possible to calculate the critical exponents, which were not
precisely calculable within Landau’s phenomenological framework [108].

So far, we have discussed aspects associated with phase transitions that occur in classical
systems, which are generally driven by temperature. However, phase transitions can also be
observed beyond the classical limit, particularly in the context of quantum systems [113].

Indeed, in quantum systems at (7" = 0 ), we can observe quantum phase transitions (QPT),
which, unlike classical phase transitions, are not driven by temperature but rather by some con-

trol parameter g associated with the Hamiltonian of the system. However, note that at 7" = 0, the
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Gibbs free energy reduces to the ground state energy, and consequently, statistical averages are
replaced by ground state averages. Thus, the quantum phases of the system become characterized
by the ground state.

With this in mind, let us consider a Hamiltonian H(g) that depends on a dimensionless cou-

pling parameter g. In essence, we are interested in Hamiltonians of the following type:
H(g) = Ho + gH, (5.2)

where Hj and H, are two arbitrary observables. Notice that if Hy and H, commute, i.e., [Hy, H;] =
0, then there exists a common basis in which H, and H; can be simultaneously diagonalized. On
the other hand, if these operators do not commute, i.e., [Hy, H1] # 0, it is not possible to diago-
nalize them simultaneously. Consequently, the non-commutativity of the operators H, and H;
implies that the ground state and eigenenergy of the Hamiltonian H (¢g) are expressed as functions
of the coupling parameter g.

In this sense, the presence of the operator H; in a system initially described by H introduces
quantum fluctuations that are controlled by the coupling parameter g. Indeed, the strength of the
coupling g establishes a competitive relationship between the operators H, and H; that make up
the Hamiltonian, such that, for ¢ < 1, the system is dominated by H,, whereas for g > 1, the
system tends to be dominated by the contributions of H;. Therefore, since the parameter g can
be continuously modified, there must exist a critical value g. such that the energy gap A between
the ground state and the first excited state is minimized, resulting in a singularity in the ground
state for g = g¢..

In this context, the critical value g, is called the quantum critical point (QCP), analogous to
the critical point introduced in the context of classical phase transitions. Thus, as the system
approaches the thermodynamic limit, the gap A might close, and a singularity may develop in
the ground state and ground state energy [113]. In the context of the QPT, this constitutes a
continuous quantum phase transition. Especially as the system approaches the QCP, both for

g<gcand g > g,
A~K|g—gl™, (5.3)

where z and v are the dynamic and correlation length critical exponents and K is the energy scale
of characteristic microscopic coupling. In fact, the relation (5.3) can be made formal by a mapping
between the partition function of a d-dimensional quantum system and a (d + 1)-dimensional
classical system [113-115]. This mapping associates the inverse of the quantum energy gap with
a diverging correlation length in the classical model’s "time" direction. This correlation length

diverges with an exponent.
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In this sense, let us observe the behavior of the partition function Z in the limit as 7" ap-

proaches zero. Indeed, let the partition function be given by:
Z(8) = Te{e "}, (5.4)

where H is the Hamiltonian and 8 = (kgT)~!. In fact, we can reconstruct all thermodynamic
quantities from Z. Notice that we can identify the operator e *# equivalently as the time evolu-

tion operator including the time interval 7 = A3, therefore:
e P LS U(r)=e /MWE 7 = R, (5.5)

where operator U(7) is the imaginary-time propagator. This operator is equivalent to the time

—Ht/h if we identify the time interval ¢ with the imaginary value t = —ihf3.

evolution operator e
Since the mapping in Equation (5.5) is a rotation associated with the time interval 7, we can

obtain subintervals of time &7, such that
e PH S U(r) = e /MH (e_(‘ST/h)H)N (5.6)

where d7 is an imaginary time interval that is small on the relevant time scales, and N is a large
integer such that NoT = hpf.

So when we write the partition function as

ZB) = Y (e in) =" (n|e /M |n) (5.7)

n n

_ Z <7’L‘ e—(dr/h)H |n>

_ Z Z <n| e~ 0T/ H |m1> <m1‘ e~ 0T/ H |m2> <mN‘ e~ 0T/ H |n>

no M., MN

(5.8)

where in (5.8) we introduced the complete and orthogonal set {|m;)},—1_ n for every factor in
the expression of Z([3).

First, note that in Eq. (5.7), the partition function Z is the sum of transition amplitudes as-
sociated with the imaginary time the system returns to the same state after an imaginary time
t = —i7. The thermodynamic properties of a quantum system are inextricably linked to its
dynamics in imaginary time, a departure from the classical statistical mechanics framework.

In classical systems, dynamics and thermodynamics can be treated as independent entities,
with the position and momentum variables in the partition function being mutually independent.
However, the non-commutativity of position and momentum operators in quantum mechanics

necessitates a unified approach to dynamics and thermodynamics, resulting in a more elaborate
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treatment.

The expression of the quantum partition function in Eq. (5.8) has the same form resembles
a classical partition function formulated using a transfer matrix T, since we indentify T with
e 97H/M This implies that the imaginary time dimension in the quantum system can be inter-
preted as an extra spatial dimension in a classical system. Consequently, a d-dimensional quan-
tum system will exhibit a partition function analogous to that of a classical system in (d + 1)
dimensions.

However, this extra spatial dimension has a finite extent, being limited by 73 = h(kgT) ™! in
units of time. Therefore, as 7" — 0, the size of the additional spatial dimension diverges, and the
dual classical system becomes fully (d + 1)-dimensional.

This result provides us with an elegant connection between a quantum system that is d-
dimensional and a (d + 1)-dimensional classical system when 7" = 0. In this sense, we may
expect to be able to describe quantum phase transitions using the same tools as for classical phase
transitions. In particular, since diverging correlation lengths are a generic feature of classical
continuous phase transitions [113], this implies diverging correlation length ¢ and correlation
time &, at the continuous quantum phase transition (QPT), since both are effective correlation
lengths in a dual classical system. We also expect that as the system approaches the quantum
critical point by letting the parameter g move towards ¢., they will diverge according to some

critical exponents.
§ ~Klg—gl " and g ~ ¢ (5.9)

Then, utilizing the relations in Eq.(5.9), we arrive at the result stated in Eq.(5.3) for the char-
acteristic energy scale A, which is defined by the energy gap to the lowest excitation above the

ground state. In this sense, the energy scale A can be related as the lenght scale by
A~ &~ Klg—gel™ (5.10)

when g — g¢..

For the case of 7" = 0, a schematic representation of the phase diagram for a quantum phase
transition is shown in Figure 5.1.

In fact, the quantum phase transition are characterized by the null temperature. However, a
quantum phase transition (QPT) can also occur at non-zero temperatures. [113, 115], In particular,
it can occur even in systems at high temperatures. [47, 97].

Indeed, let L, be the size of the extra spatial dimension given by h3. As we consider 7' > 0,
the size of the extra dimension L, decreases. Thus, if g is far enough from the quantum critical
point g. such that the correlation time . is less than L, the non-zero temperature does not affect

the behavior of the system. Consequently, the system is fully quantum, as thermal fluctuations
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FIGURE 5.1: Schematic representation of a diagram of quantum phase transition at 7" = 0. The ordered
phase exists only at 7" = 0 and below the quantum critical point g., which is represented by the blue
line. Above the quantum critical point lies a region loosely bounded by 7' ~ |g — g.|*, where the

temperature scaling can be observed. This figure was created by the author, inspired by the illustra-
tions in Ref. [113].

cannot excite the ground states since the energy scale of the thermal fluctuations is always smaller
than the energy scale associated with the gap of the quantum system, that is, A > 571

On the other hand, as g — g, the correlation time will be such that £, > hfS. Therefore, un-
like the case when 1" = 0, the d-dimensional quantum system will be mapped to a d-dimensional
classical system. In this case, quantum phase transitions can still occur, being present in a region
called "quantum critical," see Figure 5.2, which is characterized by 5~! > A, where the energy
scales of the thermal fluctuations at the critical point are greater than the energy scale of the gap

between the ground state. In the quantum critical region, once we have 37! > A, the thermal

e
Quantum critical
1< A e
Thermally™. ! > L7 Quantum
disordered . disordered
A>pmh o A>pt
Ordered
>~
9e “g

FIGURE 5.2: Schematic representation of a diagram of quantum phase transition at 7" # 0. A line of
finite temperature critical points, indicated in red, ends at the quantum critical point. The shaded area
surrounding this line is where classical critical phenomena are observed. This figure was created by
the author, inspired by the illustrations in Ref. [113].

energies are capable of exciting the ground state. Consequently, the physical behavior of the
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thermal excitations is governed by the quantum critical point [113]. In this case, both thermal
and quantum fluctuations play equally significant roles in the quantum phase transition. Fur-

thermore, the system cannot be treated as a classical system but rather by a continuous quantum
field theory.

5.2 QPT in gauge Gr-theory

Critical effects, in particular, quantum phase transitions, are especially interesting in the context
of quantum thermodynamics. The criticality associated with these transitions can induce signifi-
cant effects, such as the production of entropy and the generation of quantum coherence [47, 61,
97]. In this sense, work protocols have proven to be valuable tools for investigating criticalities,
especially in quenches during quantum phase transitions (QPTs).

In a quench, the control parameter of a system is rapidly varied, driving the system through
a quantum critical point, where its fundamental properties change abruptly. By monitoring the
evolution of the work done during this process, it is possible to identify signatures of criticality,
such as the closing of the energy gap and the increase in work fluctuations [95, 116].

These protocols allow for the quantification of the average work and work distributions [95].
These are sensitive to changes in the characteristics of the system, such as the presence of low-
energy excitations and the non-equilibrium dynamics induced by the quench [95, 117].

In this sense, we construct a specific protocol for study quantum phase transitions in gauge
invariant quantum thermodynamics. For this, we construct a specific Hamiltonian inspired in

the quench protocol [95]. Indeed, let us consider the following general Hamiltonian:

H.(t) = Hy + [go + 09 fa(t)|H1, fa(t) = % + %tanh(a(t —7)). (5.11)

Here, Hy and H, are two Hermitian operators that generally do not commute, i.e., [Hy, H;] #
0, and both are time-independent. Furthermore, g is a fixed parameter in the Hamiltonian, and
the protocol is defined by the function f,(t), which modifies the Hamiltonian over time in such a
way that from a given instant ¢ = 7, the Hamiltonian smoothly changes so that the total coupling
associated with the operator H; changes from gq to g = go+0Jg. In Figure 5.3, we plot the protocol
function f,(t) for different values of the speed «.

The choice of the protocol given by the function f,(¢) allows us to control, smoothly, the
modification of the Hamiltonian H, (). In particular, the limiting case of high velocities, that
is, @« — 00, is extremely relevant for our objective of constructing a mathematical description

analogous to a quench. Indeed, in the high-velocity regime, we can obtain the following relations
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FIGURE 5.3: Representation of the protocol function f, () for different values of o, we use 7 = 0 and
T = b respectively in the panels (a) and (b).

for the function f,(t):

lim f,(t) = lim E + %tanh(a(t - T))} =0(t — 1),

a—0o0 a— 00

(5.12)

tim W) iy [© et (aft — 7)) = ot - 7),

a—+00 dt a—00

where (¢t — 7) and §(t — 7) are the Heaveside function and delta Dirac distribution respectively,

which are defined as:

« The Heaviside function is a simple unit step function defined by:

0, ift <,
Ot —71) = (5.13)
1, ift > .

« Delta Dirac distribution are characterized by:
/ dtd(t — 7)o(t) = ¢(7) and / dto(t—7) =1 (5.14)
E E

where E C R is any interval of the line centered at 7, and ¢(t) is an arbitrary test function,
ie,pec Cr.

«

d
In fact, the second equality—for the limit of d];

—in Eq. (1) is also valid in the sense of distribu-
tions. Furthermore, the relevant properties can be found in any standard text on mathematical
physics, such as [55, 118, 119], or even in more advanced treatments of functional analysis and
the theory of distributions, such as [120, 121].
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1

Proceeding with our objective, let us then evaluate the work associated with the protocol
described by the Hamiltonian given by Eq (5.11). Indeed, we have:

Walp(t) = [ aer {p@)%} = [ avn ptrsam) ) 519

where the protocol occurs in ¢t € [0,%]. Specifically, we are interested in the case where the
protocol occurs rapidly enough that it corresponds to taking the limit as & — oo. Furthermore,
the dynamics in a quench protocol must be such that at ¢ = 0, the initial state evolves under
the action of the post-quench Hamiltonian; that is, in addition to enforcing the limit for high
velocities of the protocol, we must use that {; = 7 + ¢, where 7 and ¢ are arbitrarily small.

Indeed, by applying these conditions to Eq. (5.16), we obtain the following development:

Waslo®] = lim Wolp(0) 65.17)
= gim [ aeT {p()ogH ) Lo
a—oo J dt
_ /T+€dtTr{p(t)§gH1}6(t—T) (5.18)
0
= L Tr{p(r)gHL}, (5.19)

in which, in Eq. (5.18), we use the distributional convergence of the protocol function f, () to
the Dirac delta distribution. Finally, we evaluate the integral and obtain Eq. (5.19), which is the
work performed by the system with the protocol function f,(t) in the rapid velocity limit.

Moreover, in this same limit of the protocol function f,(t), we have that:

H,(t) — Hy(t), where H,(t) = Hy + [go + dgb(t — 7)]|H1, (5.20)

!For a critical reader, we provide further details regarding the precise use of the Dirac delta function. Specifically,
we define the one-dimensional Dirac delta function, 4, as a linear functional on the Sobolev space W1P(Q) = {f €
LP(Q C R) | f' € LP, where f’ denotes the weak derivative of f}, mapping to the field K = R or C. That is, we
consider 6 : W1P — K, where, for every f € W1P(Q), we have the distributional equality

(£:0) Lo acry = f(0). (5.15)

Thus, the Dirac delta function is defined as an element of the dual space of W1?(2), which is precisely the Sobolev
space W, P (Q).

From a functional analysis perspective, in Sobolev spaces, classical notions of continuity and differentiation are
replaced by concepts of "almost everywhere" continuity and weak derivatives. Consequently, operations involving
the Dirac delta function become well-posed in the distributional sense. More precisely, the weak formulation ensures
that differentiation extends naturally to distributions, and elements of Wofl’p (€2) can be interpreted as continuous
linear functionals acting on W1?(Q). This approach not only legitimizes the use of the delta function in rigor-
ous mathematical settings but also aligns with the broader framework of Sobolev embedding theorems and duality
principles in functional spaces.
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since v — oo and, therefore, for t = 7 we have: 6gH;, = H, — H,, where H,) = H, + goH,.

Using this, we can write the following equalities:

Waaelolt)] = 5 T {o(1)3gH1} = 3 Tr {p(r)H, — p(r)H ). (5.21)

Therefore, the expression (5.21) gives us two equalities for the work, defined in the Alicki sense,
for this protocol.

Then, since we have the expression for this protocol, we can define invariant work and heat
in quenches. Firstly, we introduce the notion of invariant work to the quench limit for f,(t)

dynamics by the following theorem:

Theorem 5. (Gauge-Invariant work for quench). Let the Hamiltonian defined in (5.11), where H,
and Hy, may or may not commute. Then, the invariant work associated with a quench limit for f,(t)

dynamics of arbitrary amplitude g are given by:

Wanlpd = 5 Tr {0y () H,(r) — (1) iy ()} (5.22)

where pl, is given by (3.42) in instant t = 7. If the Hamiltonian as not degenerate energy level the

expression (5.22) reduces to:

Winal) = 5 T {(H, — Hy) ooy (7)) (5.29

Proof. Using Eq. (5.19) and the Definition 3 we have:

Wins [p] = / dGt Waee [Vip () Vi)
= /dgT % Tr {VTP<7'>VTT[H9 - Hgo]}
= %Tr {p(T)H,} — %Tr {/ dGr (Vep(T)V) Hgo}

= ST — T (A P 1)

1
= 5 Tr {pdEiag(T)Hg - pdEd(T)Hgo}

where the superscript £, here, denote the energy eigenbasis in instant 7, i.e. X = ul Xu, for
some matrix X and pZ%, are given in Eq. (3.42).
In the particular case where the Hamiltonian exhibits no degeneracy in its energy levels, i.e.

ny =mng = ... = ng = 1, therefore:

ok ) = €D TP

k=1
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which is the density operator with the off-diagonal (in the the energy eigenbasis) elements re-

moved. Then, the expression for the invariant work in this case follow as:

1
Win’u [p] = 5 Tr {(Hg - HQO) pg;ag(T)}
as wished. 0

On the other hands, the expression of invariant heat is easy obtained from the First Law of
Thermodynamics.
Furthermore, in the same spirit of the Chapter 4, we going to obtain the expression for the

invariant heat. Indeed, this quantity is presented in the following Theorem.

Theorem 6. (Gauge-Invariant heat for quenches). Under the same assumptions of Theorem 5. Then,

the notion of invariant heat is given by
Qinv[p] = Qulp] + Qclp], (5.24)
where
Qule) = 5 T { (Pa(r) — () Hyy} (5.29

Proof. This proof is simple, considering the regime of high speed of the protocol function f,, (%)

and using the Definition 3 we have the following development:

- /dgT /TdtTr{H(t)% (%MT)}

+ /dgT/ dtTr{V v*dH —V, vjdgt( >}

_ +/dgT T { H()vw} Winy[p]

- %M+—H&Mﬂuﬂ—Mﬂ%J—%ﬂUW) Pty

- Qu[p]+_Tr{(pdEd ) goa}
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where we using the commuting relation between the Hamiltonian and the gauge transformation

i.e. [Vi, H| = 0. Then, defining:

1
5 T {(pda — p”) Ho, }

QC[/O] = 5

we have the desired. O]

Before we proceed with the discussions on the invariant heat and work obtained for a quench
process, note that we can rewrite the expressions for both functionals. Indeed, using Eq. (5.19),

we can obtain the invariant work through the following development:
dg i
Winlel = [ dGr - Te{Vep(r)VZ Hi}
)
= Eg Tr {/ dgr VT/)(T)VTTHl}
o
= S Tr{pf () Ha}. (5.26)

Similarly, the coherent heat can be rewritten; in fact, starting from the development made in

the proof of Theorem 6, we have:

Qinolp] = Qulp] + Wass[p] = Winw[]
= Qulel + 5 T oot} — 2 Te{pfr) )
= QA+ 2T (0P ()~ () i} (527)

which identifies the coherent heat as:

Q) = 21 {(0"(r) — pfa(r)) 11} (528

Note that the development from the Hamiltonian (5.11) becomes equivalent to the develop-
ment arising from the high-velocity limit obtained by taking @ — o0, as given in Eq. (5.20). In
this sense, the problem of treating a Hamiltonian as given in Eq. (5.2) involves constructing a
time-dependent counterpart as in Eq. (5.11). Subsequently, all the results we obtained are analo-

gous.

5.2.1 Physical meaning of invariant heat and work in the QPT frame-
work
Now, just as we did in Chapter 4, we will discuss a bit about the physical meaning of the expres-

sions associated with the invariant heat and work obtained from Theorem 5 and Theorem 6, as

well as the equivalent expressions obtained in Eq. (5.26) and Eq. (5.28).



5.2. QPT in gauge Gr-theory 107

In fact, the expressions for invariant heat and work obtained in this section follow the same
spirit as the quantities obtained by Céleri and Rudnicki in Ref. [3] and reproduced in Chapter 4.
From a purely mathematical perspective, the results of Theorem 5 and Theorem 6 relax the dif-
ferentiability hypothesis of the energy basis w;, thus allowing a new class of physical processes
associated with abrupt and instantaneous modifications within the framework of the thermo-
dynamic group Gr. For this reason, the physical meaning associated with these quantities, as
discussed in Chapter 4, must also be extended.

Indeed, the physical interpretation of invariant work and coherent heat as, respectively, ef-
fective work and heat associated with information access limitations about the system remains
valid. As previously discussed in this section, we can mathematically develop these expressions
using test function sequences in distribution spaces, allowing us to achieve the desired equalities
in a distributional sense that naturally extends to the classical notion of continuity we are familiar
with. This analysis is particularly relevant for the derivation of the dynamical equation initially
obtained in Eq. (4.8).

With this technical caveat established, let us proceed to analyze the physical meaning of these
quantities. As mentioned, given the validity of Eq. (4.8), even in cases of abrupt Hamiltonian
changes H (t), the physical interpretation remains intact. However, what changes here is that due
to the nature of the control parameter g(¢), jump terms appear in both heat and work expressions,
explicitly associated with populations that originate from the thermodynamic group structure.

From Eq. (5.25) and writing p” (1) = p%,,(7) 4+ pZ (1), where pjj, (1) and pZ(7) represent the
diagonal (populations) and off-diagonal (coherences) parts of the density operator in the energy

basis, we obtain:

1 1 1
Qelp) = 5 Tr {(paa = p")Hyo } = 5 Tr{(Pla = Ptiag) Hoo } — 5 Tr {pc Hyo } (5.29)

The first term in Eq. (5.29) contains population contributions that emerge when Hamiltonian
spectrum degeneracies exist. Notably, when degeneracies are absent or removed (i.e., p5;(7) =
Phiag(T)), Eq. (5.29) reduces to:

1

1 1
Qelp] = 5 Tr {(ltag = Piiag) Hoo} = 5 Tr{p Hoo} = =5 Tr {p Hyy } (5.30)

recovering the result previously obtained in Eq. (4.46) for Q...

This contribution to coherent heat arises from the relative difference between populations
of the p%, state obtained through thermodynamic group coarse-graining and the diagonal part
of the density operator, both in the energy basis. However, the purely diagonal state can still
be associated with the gauge group when no degeneracies are present. Thus, the first term in
Eq. (5.29) can be interpreted as a relative difference between states obtained via coarse-graining

with an arbitrary thermodynamic group versus one without degeneracies.
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The coarse-graining procedure not only treats coherences as heat but also interprets degen-
eracy structure as heat. This is naturally expected since energy spectrum degeneracies induce
greater randomness in system configurations. In our framework, this randomness emerges as
an energy quantity corresponding to the first term in Eq. (2.63), which represents uncontrollable
energy and is therefore interpreted as heat.

This result aligns with the relation between gauge entropy and coherent heat in Eq. (4.86),
mediated by the heat generator term L(p) in the effective dynamics. This equation reveals that
coherent heat and gauge entropy are fundamentally connected, and as we’ve shown, the entropy
can be explicitly decomposed into diagonal entropy plus the Holevo asymmetry (Eq. (4.77)), which
has non-zero contribution if and only if the Hamiltonian spectrum is non-degenerate. Conse-
quently, Hamiltonian degeneracies translate to thermodynamic group asymmetry, causing both
entropic increase and additional heat contributions.

Furthermore, we can establish a mathematical connection between invariant work and co-
herent heat with the average work associated with quench processes (stemming from stochastic
work definitions) [23, 92]:

2Win[p] = (W) = 2Q[p), (5.31)

which bears striking resemblance to Eq. (4.40) obtained for continuous processes. This reinforces
the interpretation of invariant work and coherent heat, including all sign-dependent analyses
discussed in Chapter 4.

Here we also identify the so-called "inner friction" [23] - an energy contribution associated
with non-equilibrium processes often treated as closed-system irreversibility. However, the au-
thors in [23] do not clearly classify inner friction as either work or heat, despite suggesting its
typical association with heat. Within our formalism, we identify coherent heat as analogous to
inner friction, but with a well-defined physical interpretation as heat (not work or some form of
"friction"?).

The invariant work, conversely, depends entirely on populations and energy level differences
induced by Hamiltonian modifications. This result strongly supports our approach, particularly
the framework developed in Chapter 4, while maintaining consistency with classical heat/work
notions that inspired our formalism.

Having made this discussion, we will now proceed with the application of this formalism to

two spin systems, one without degeneracy and the other with degeneracy.

2The friction analogy attempts to connect this quantity with classical physics concepts. However, classically dis-
sipated friction energy emerges from electromagnetic interactions rather than intrinsic quantum effects. This termi-
nology introduces ambiguity for quantum-defined quantities, particularly those connected to energy basis changes
- a concept absent in classical physics.
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5.3 QPT in Landau-Zener model

Let us consider the dynamics of a single qubit described by the following Hamiltonian

A
Hpz(t) = <—5 + ag) o +€eo”, (5.32)

where ¢* and ¢® are Pauli matrices, and g stands for the strength of the externally controlled
magnetic field, whose coupling with the qubit is represented by a > 0. € is associated with the
crossing (¢ = 0) or non-crossing (¢ > () energy levels and A is the bare frequency of the qubit.
Hamiltonian Eq. (5.32) is the well-known Landau-Zener model, which is frequently employed
in studies of phase transitions as it is a prototype for critical systems [92, 97]. The system un-
dergoes a quantum phase transition at the critical point g. = A/2a and ¢ — 0. For ¢ > 0,
the transition is a first-order one, characterised by a discontinuous change in the order param-
eter. When e = 0, the transition becomes a second-order one, exhibiting a continuous change
in the order parameter and associated critical fluctuations. A schematic representation of these

situations is presented in Fig. 5.4.

FIGURE 5.4: Schematic representation of the eigenenergies of the Landau-Zener Hamiltonian with
and without energy crossing and the rate of variation of the ground state energy with respect to the
control parameter g.

Based on the Hamiltonian (5.11), the time dependent version of Eq. (5.32) can be construct,

resulting in

Hpz(t) = (—% + a(go + 6g0(t — 7'))) o +eo”. (5.33)
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In this way, H,, = (—A/2+ ago) 0* + eoc” and Hy = ao”. It is straightforward to compute
both the invariant work and heat associated to this quench.
First, we define, for simplicity, 70 = —A/2 + ago. For t > 7, the Hamiltonian of the Landau-

Zener model is given by Eq. (5.33), which can be exactly diagonalized resulting in the eigenvalues

Eo1(g0) = £F = £+/(adg + 7)? + €2 and respective normalized eigenvectors

e o
VO = | O+ (5.34)

VETe VR

where ¢ = (\/(aég +90)2 + €+ adg + 70) and g = go + dg.
In each process with gy — go + dg, the initial Hamiltonian of the system is

|ag) =

H, = (—=A/2+agy) o° + eo”

and we take the initial state of the system as p = p(0) = |ad’) (a’|, that is
1 Yo €
2 2 2 + 62 2 2 + 62
p= To ] 70% (5.35)

— S
2/ +et 20 2yg e

In the energy eigenbasis, we have p” transformed by the unitary matrix defined by |a)) and

|a{). Its elements in this basis are given by

(5 _ V25 +@/(adg +20)° + & + adgyo + 96 +
: 2798 + @\ (adg +70)* + €
B B adge
Pr2 = Po1 = — 5.36
v 2¢/12 + €2y/(adg + 70)? + €2 (5.36)
- Vs + €y (adg +70)* + € — p(adg +70) — €
[ 278 + €2/ (adg + 70)? + €
The operator pdEmg is given by the diagonal matrix whose elements are (Pfiag) ii = (p0)ij

and (pfiag) jk = 0. Similarly, the coherent density matrix in energy eigenbasis p. is defined by
(p) k= (pt) g and (p7) j; = 0.
Now, we need to transform each Hamiltonian to the energy basis for ¢ > 7. Since H(7) in

this basis is simply the diagonal matrix with its eigenvalues £ and £, we only need to obtain
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the representation of Hj, which is given by

adgyo + Vo + € adge
V(adg+70)2 + € \/(adg +70)? + €

Hy =
adge adgyo + Vo + €
V(adg+7)2+e  /(adg+70)? + €

We can now compute the invariant work and heat. Making it term by term, we have

(adgro + 72 + €2)°

Tr {pk . HE - (5.37)
Wieallo} = = 3 (s o+
B B adgyo + e + €
Tr{pr.H"} = — W (5.38)
2.2 .2
Te{pfHy} = — 9 (5.39)

VR + € ((ag +70)2 + €2)

Using these expressions, we can immediately obtain the following expressions for invariant work

and heat. In fact, the invariant work is given by:

_adg(adg + o) (adgo + 75 + €*)

Vva =
7 2\/76 + € ((adg + %)* + €2)

(5.40)

while, since we are considering a closed system, the invariant heat reduces to the coherent heat.
Therefore the heat takes the form

a’6g?e?
Qulpl = —— . (5.41)
2y + € ((adg +70)* + €)
Their derivative with respect to gq are given by
AWl a’6ge? <a46g4 + 3a0g3y0 + 2a%09°v3 + adgyo (Vo + €2) + (i + 62)2>
dgo 2(12 + )" ((adg +70)2 + €2)°
(5.42)
dQ.[p] _ _a*dg°e® (€(2adg + 37) + Y0(adg + 7o) (adg + 370)) (5.43)
dgo 2 (2 —|—62)3/2 ((adg + 70)? + €2)?

Furthermore, diagonal entropy can be computed using p¥; and p.

Figure 5.5 reveals the behaviour of the work [panel 5.5(a)], heat [panel 5.5(b)], and entropy in
the inset of [panel 5.5(b)] for distinct quenches from g, to g = gg + dg.

In particular, panel 5.5 (a) shows that the invariant work exhibits a similar behaviour to that

observed for the derivative of the ground state energy of the model, as shown in Fig. 5.4. This
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FIGURE 5.5: Invariant work (a), heat (b) and diagonal entropy per quench for Landau-Zener model.
In the inset of coherent heat, we plot the diagonal entropy per quench. We set a = 2, A = 1 and
€ = 0.001 for different values of the quench amplitude d¢g. The dotted vertical lines marks the critical

point of the model.

similarity is especially pronounced in the regime of small quenches, i.e., g — 0. Furthermore,
for small quenches, panel 5.5(b) indicates that the coherent heat approaches zero, suggesting a
negligible contribution of energy associated with the change of basis during the quench. Indeed,
for Q.[p] = 0 and considering the system with no degeneracies, we can connect W, [p] with the
variation of the ground state energy with respect to the parameter g as

dEy 2

~ _I/Vinv ) 5.44
0 gVl (5.44)

which follows from the Hellman-Feynman Theorem® [122]. In fact, from this theorem we have

dEo(g) 2 2
=Tr PH = —Winw pl+ _Qc P (5'45)
2L =T {pH} = W]+ Q)
since g # 0, Hy = (1/g)(H (1) — Hy) and p = pgiag + pc. This result is valid if and only if the
spectrum of the Hamiltonian is not degenerated. In the particular case where Q). [p] ~ 0, Eq. (5.45)

have only contributions from the invariant work. Which justifies the correspondence between

SHellman-Feynman Theorem. Let H) be a Hamiltonian depending smoothly on a parameter ), with normal-
ized eigenstates |1y ) and eigenvalues F):

H [¢x) = Ex |¥x)

Then the derivative of the energy expectation value equals the expectation value of the Hamiltonian derivative:

0H) }

dE
2 ‘1/’/\> =Tr {8)\0/\

dX

OH)
oA

= (¥a

where py = [1a) (¥a]-
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the variation of the ground state energy and the invariant work in Fig. 5.4 and Fig. 5.5 (a).

Another interesting aspect to consider in the Landau-Zener model is the case with energy
level crossing, i.e., ¢ = 0. In this case, the contribution of heat is zero, which is expected since
[Hy, H.] = 0. However, the model exhibits degeneracy at the critical point gy = A/4a. At this
point, the thermodynamic group Gr is isomorphic to the group U(2). Consequently, the Haar
measure induced by the thermodynamic group is d G%* = d u [U(2)]. Therefore, it follows that
the expression for the invariant work is modified to Wi [p] = —adg/2sgn (g0 — A/2), where
sgn(-) denotes the sign function.

Signatures of the QPT can be seen in the derivatives of invariant work and heat. As the system
approaches the critical point of the phase transition, these quantities exhibit divergent behaviour.

This divergence is visually evident in Fig. 5.6.

. — 6g=10"
° J 1001 e 6g =102
P e 6g=10"*
-50 o
5: @ 50 ge=4
£ S E
§ —100 %, J{
~150 [
—50 ﬂ (b)
—200(_ o | B |
0.0 0.2 0.0 0.2 0.4

9o

FIGURE 5.6: Derivative of invariant work (a) and heat (b) for different quenches for the Landau-Zener
model. In these plots, we set a = 2, A = 1, and € = 0.001. The divergence appearing in the invariant
work (coherent heat) for small (large) values of the quench amplitude is evident.

Note that the results obtained here are consistent with the expected physical understanding
of the Landau-Zener model and its quantum phase transition. In particular, the coherent heat be-
comes significantly relevant near the system’s critical phase transition point, which is associated
with the loss of control over non-adiabatic transitions and the generation of quantum coherence
in the energy basis around the model’s phase transition. On the other hand, the contribution of
coherent heat is negligible in regions far from the critical point. This behavior arises because we
are dealing with a physical system subjected to small quenches and confined to a low-dimensional
Hilbert space. In this context, as demonstrated by the Hellmann-Feynman theorem, our analy-
sis aligns with previous findings in the literature [92] regarding the model’s phase transition,

particularly the identification of the invariant work as the system’s order parameter.
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5.4 QPT in Lipkin-Meshkov-Glick model

In Chapter 4, we briefly presented a particular case of the Lipkin-Meshkov-Glick model [99-101].
Now, we will return to discuss this model, focusing on its quantum phase transition. In this sense,

let us consider the Hamiltonian:

k
H, = % (J2+~J)) = g (5.46)

The parameter 0 < v < 1 denotes an anisotropy constant of the model, while the other constants
are described as in Chapter 4, that is, J, = Zfil 0f/2; (o« = x,y,z) are the collective spin
operators, with o' denoting the o Pauli matrix acting on the i-th site of a chain of N = 27 sites,
where j is the total angular momentum and £ > 0 denotes the coupling between the spins. The
parameter g > 0 is the strength of the magnetic field along the z-axis.

As mentioned in Chapter 4, the LMG model has a variety of interesting applications. Fur-
thermore, the model exhibits a wealth of extremely interesting physical phenomena, such as the
presence of chaos [123] and critical phenomena like quantum phase transitions (QPT) [124, 125],
excited state phase transitions (ESQPT) [126, 127], and dynamic phase transitions (DQPT) [128,
129].

The quantum phase transition in the LMG model occurs in the thermodynamic limit as j —
00. In this scenario, the parity symmetry is broken as the magnetic field transitions from g < g.
(ferromagnetic phase) to g > g. (paramagnetic phase), with g. = k being the critical point of
the equilibrium phase transition [124]. A specific characteristic of these two phases is related to
the degeneracies of the Hamiltonian. While the ferromagnetic phase is doubly degenerate, the
paramagnetic phase is non-degenerate. Figure 5.7 illustrates these configurations.

The quantum phase transition in the LMG model can be identified through some quantities
that serve as order parameters for the model [92, 125]. In fact, two order parameters that we can
highlight are the average magnetizations of the spin chain and the transverse field, which are

given respectively by:
(Jo) = Tr{pd*J,} and (J.) = Tr{p%"J.} (5.47)

where pJ° denotes the density operator associated with the ground state of the Hamiltonian H, in
Eq. (5.46) for each value of g of the external magnetic field. In Figure 5.8, we present the behavior
of these order parameters for the QPT in the LMG model.

Having made this brief discussion, we will now evaluate how the formalism of the thermo-
dynamic group G connects with the QPT in the LMG model.

Indeed, the presence of degeneracies in one of the phases of the LMG model leads to a modifi-

cation of the structure of the thermodynamic group. Thus, unlike the Landau-Zener model, here
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FIGURE 5.7: Energy spectrum of LMG model in Eq. (5.46) for different values of . Here we used j = 10
for all panels. The vertical dotted line marks the critical point of the model.

FIGURE 5.8: Average magnetizations of the spin chain (J.) and the transverse magnetic field (.J,)
normalized by j in the LMG Hamiltonian in Eq. (5.46) as order parameters.

the thermodynamic group has the general form given by:

Gr =U(2) x U2) x U(2) x ... x U(2) (5.48)
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for the ferromagnetic phase, since in the thermodynamic limit, the energy levels are all doubly
degenerate. On the other hand, in the paramagnetic phase, the thermodynamic group reduces to

the following structure:
Gr=U(1) xU(L) xU(1) x ... xU(1). (5.49)

From the perspective of the thermodynamic group, the ferromagnetic phase has greater re-
dundancy associated with the topological structure of the Gr-group compared to the paramag-
netic phase.

Moreover, note that since we cannot practically reach the thermodynamic limit for a spin
chain associated with the LMG model, we are essentially describing a finite-dimensional system.
In this case, the structure of degeneracies in the model is subtly different; in fact, for values of
g < g., there exists a certain number of eigenenergies that are doubly degenerate. However,
in finite dimensions, as the intensity of the magnetic field g is increased, the degeneracies that
initially exist solely due to the coupling of the spins are broken.

As a result, as the degeneracies of the model are broken and the energy levels are split, the
thermodynamic group exhibits a symmetry breaking in one of its structures. Nonetheless, note
that the density operator p%, will not reduce to a complete dephasing as occurs in the Landau-
Zener model that we explored in the previous section. In this context, we must evaluate, for
each value of g associated with the Hamiltonian H,, the structure of the thermodynamic group
in order to assess the Haar average of the density operator.

Now, we will proceed to obtain the expressions associated with invariant work and heat.
To this end, we consider the time-dependent counterpart associated with the Hamiltonian in
Eq. (5.46) as

H,(t) = —% (J2+~J7) — (9o + 690(t — 7)) J.. (5.50)

We then have H,, = —(k/2j) (J2 +~J}) — goJ, and H; = —J,. In the present case, it is not
possible to obtain analytical expressions for the eigenvectors and/or eigenvalues in terms of the
control parameter g as we did for the Landau-Zener model. Therefore, we investigate this model
using numerical methods. However, before proceeding, we will rewrite the expressions for the

invariant work and heat in the more convenient form:

J

5
Winolp] = —79 Tr {pliz e} and Q.[p] = —79 Tr { (0" — paa) I} (5.51)

this expressions follows from Eq. (5.26) e Eq. (5.28) respectively.

Here, we proceed by fixing the quench amplitude at 6g = 0.01 and the anisotropy constant at
v = 0.75. Previous numerical analyses have shown that the qualitative behavior of the quantities
is independent of these choices.

A direct consequence of the theory emerges from the expression for the invariant work. It is
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an order parameter for the system, since the magnetisation (J,) = Tr{pJ,} (with a = z,y, 2)
is the usual order parameter in Eq. (5.47) signalling the quantum phase transition in the this
case [92]. Por outro lado, o calor coerente aqui é dado pela diferenca entre as magnetizagoes,
na direcao x, associadas aos estados p (que é o pardmtro de ordem usual do sistema) e o proprio

trabalho invariante, isto é:

il = L) (<L) =~ (e - ()
= _%(] <Jx>pE - Winv[p]a

ou seja, o calor coerente e trabalho invariante ficam conectados com o parametro de ordem do

modelo. Na Fig. 5.9 os resultados numéricos associados ao trabalho invariante e suas derivadas.

(c)

08 1.0 12 08 1.0 12
Jo do

FIGURE 5.9: Thermodynamics of the LMG model. Panel (a) shows the invariant work, normalized
by the quench, considering distinct values of j. Next, we see in Panel (b) the first derivative of the
invariant work with respect g, normalized by quench amplitude. Panel (c) revels the divergence of
second derivative of the invariant work in vicinity of the quantum critical point.
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As expected, the qualitative profile of the invariant work reveals its similarity with the be-
havior of the model’s order parameter for the quantum phase transition (QPT). Moreover, the
signature of an apparent divergence emerges only in the second derivative of the work, consis-
tent with the fact that we are dealing with a first-order phase transition.

Another key observation concerns the behavior of the invariant work, which remains con-
stant for go > 1. That is, quenches performed in the paramagnetic phase do not modify the
work. This interesting result can be explained by the fact that for go > 1, the system is in a
strong-coupling regime between the spin chain and the transverse magnetic field. Consequently,
infinitesimal quenches cannot generate significant work in this regime.

Regarding the coherent heat, its behavior is shown in Fig. 5.10. We observe that the heat
undergoes an abrupt change near the model’s critical point, while the divergence of its derivative

with respect to the quench clearly marks this transition.
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FIGURE 5.10: Invariant heat in Panel (a) and its derivative in Panel (b), for the LMG model considering
different values of j per quench.

Several noteworthy features emerge from the behavior of these invariant quantities. Indeed,
we again observe a peak in the coherent heat at the model’s critical point, which—as in the
Landau-Zener model—is linked to the loss of physical information due to the phase transition,
generating quantum coherences in the energy eigenbasis. However, in the paramagnetic phase,
the heat vanishes asymptotically, a consequence of the strong-coupling regime between spins
and the transverse field. Crucially, as the coherent heat disappears, the invariant work in this
phase converges arbitrarily close to the model’s true order parameter.

We now discuss the thermodynamic entropy Sg, for this system, which—unlike in the Landau-
Zener model—does not coincide with the diagonal entropy due to the presence of degeneracies.

As previously mentioned, the ferromagnetic phase (¢ < g.) is doubly degenerate, whereas the
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paramagnetic phase (¢ > ¢.) is entirely non-degenerate. Thus, we expect markedly distinct be-

haviors of Sg, in the two phases, as illustrated in Fig. 5.11.
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F1GURE 5.11: Thermodynamic Gr-entropy for the ground state of the LMG model as a function of gy,
considering different values of j. The inset shows a zoom near the critical point, highlighting the
abrupt change in Sg, at criticality.

A striking similarity exists between the Gr-entropy in Fig. 5.11 and the heat displayed in
Fig. 5.10(a). This is no coincidence but rather a direct consequence of the underlying theory,
which ties both quantities to the production of quantum coherence in the energy eigenbasis and
the degeneracies present in the ferromagnetic phase. In particular, as discussed in Chapter 4, this
result stems from the fact that both the gauge entropy and the coherent heat arise from the non-
unitary term in the effective coarse-grained state dynamics. This finding further corroborates
and extends the interpretation of heat proposed in Ref. [3].

Moreover, Fig. 5.11 clearly shows a tendency for an abrupt change in Sg,. in the vicinity of the
critical point. Such change occurs precisely at the point where the degeneracies of the system are
completely extinguished due to the competition between the contributions of the spin coupling
and the external magnetic field. The extinction of degeneracies before the critical point occurs
because we are dealing with a finite-dimensional system.

However, as shown in the Fig. 5.11, this point tends to shift to the critical point of the model
for larger dimensions, where we approach the thermodynamic limit. Additionally, we observe
that the abrupt change in Sg,. is more pronounced in chains with fewer spins, which is associated
with the contributions of degeneracies being more significant in systems further away from the
thermodynamic limit.

Accordingly, we analyze Sg, in comparison with the diagonal entropy Sy, highlighting the
contributions of degeneracies as quantified by the Holevo asymmetry measure Sr and also the
effect of the size of the chain. First, we observe from Fig. 5.12 that oscillatory behavior of the

Holevo asymmetry measure in the vicinity of the critical point arises from the breaking of energy
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level degeneracies, which results in modifications to the structure of the thermodynamic group
Gr. As the value of j increases, the oscillations in the Holevo asymmetry St decrease near the
critical point and eventually vanish at the quantum phase transition.

Then, from the point of view of the Holevo asymmetry measure, degeneracies produce asym-
metry and consequently increase the randomness and entropy of the state. However, it is the
relationship between the total volume of the subspaces H;, and the changes in degeneracies that
leads to abrupt modifications in the thermodynamic entropy. Consequently, we expect a greater
impact of degeneracies in lower-dimensional systems, since the Haar averages contained in St

are significant with respect to the contributions of populations coming from the diagonal entropy.

127 1.50

©0.6
0.4

do

FIGURE 5.12: Comparative of thermodynamic gauge entropy Sg,, diagonal entropy Sz and Holevo
asymmetry measure St for j = 100, 300, 500, 1000 in Panels (a), (b), (c) and (d) respectively. The
insets in all panels correspond to a zoom in the vicinity of the critical point.

However, this scenario is modified as we consider systems with larger dimensions, as already
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indicated in Fig. 5.12 (c). In this regard, in Fig. 5.13 we study how the entropies behave in the

vicinity of the critical point when we consider higher dimensional models. Thus, for large values
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FIGURE 5.13: Comparative of Thermodynamic gauge entropy Sg,., diagonal entropy S; and Holevo

assymetry measure St in the vinicity of the quantum critical point in the LMG model for j =
1500, 2000, 2500 in Panels (a), (b) and (c) respectively.

of j, near the critical point of the phase transition, the diagonal entropy approaches Sg.., while the
Holevo asymmetry fluctuates around values close to zero. Indeed, this behaviour emerges because
the contributions of the remaining degeneracies are not as significant as in smaller dimensions,
as shown by the St curve in Figs. 5.12 and 5.13. Therefore, from Eq. (4.64) it follows that near the
critical point |Sg, — Sy| = Sr and, since St becomes increasingly less significant, we conclude
that the Gr-entropy and the diagonal entropy approach each other. Thus, the Holevo asymmetry
acts as a parameter that determines the continuity of the thermodynamic gauge entropy.

On the other hand, for quenches occurring after the critical point of the phase transition, we

observe that Sg, asymptotically tends to zero. Indeed, after the critical point, the thermodynamic
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group is always given by Gr = ngl U(1), and consequently, the diagonal part of the states
p in the energy basis becomes increasingly symmetric with respect to the group Gr, thereby

asymptotically reducing the entropy.
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Chapter 6

Discussion and Future perspective

In this study, we develop a quantum thermodynamics theory structured as a gauge theory
for the thermodynamic group, following the approach outlined in [3] while considering limited
information access to the system. This methodology leverages the principle of gauge invari-
ance, inspired by conventional gauge theories in modern physics, and is founded on the premise
that only certain system observables are measurable. Consequently, thermodynamic quantities
emerge as Haar averages associated with this gauge group. As a result, we establish invariant
formulations for heat, work, and entropy applicable to general quantum systems, thereby pro-
viding a comprehensive quantum thermodynamics framework rooted in gauge invariance. To
demonstrate the physical implications of this framework, we apply the theory to quantum criti-
cal systems.

A significant achievement of this theory is the unambiguous separation of a system’s energy
into heat and work components, addressing a long-standing controversy in quantum thermo-
dynamics, particularly for closed quantum systems. Specifically, we show that the hypothesis
of limited information access redistributes the energy into: (i) a new work quantity (invariant
work), associated purely with population elements, and (ii) a new heat quantity (coherent heat)
connected to density matrix coherences.

Furthermore, we provide a clear physical interpretation of these quantities by demonstrating
their equivalence to Alicki’s standard quantum thermodynamics formulation [15] for the effec-
tive density operator obtained through coarse-graining over all transformations comprising the
thermodynamic group. The dynamics of this group is governed by a non-unitary equation where
the non-unitary term precisely generates the coherent heat contribution. Thus, we establish that
coherent heat represents energy inaccessible to the system, emerging from lack of control and
fundamentally linked to quantum effects - particularly modifications in quantum coherences and
non-adiabatic transitions in the energy basis. Conversely, the invariant work naturally corre-
sponds to the system’s effective work after this energy loss to coherent heat, depending solely
on population contributions, thereby aligning with classical thermodynamics’ notion of work.

Another fundamental result is our definition of thermodynamic entropy. By interpreting von
Neumann entropy as a quantum information measure, we derive a unified thermodynamic en-

tropy that remains invariant under the thermodynamic group. This entropy decomposes into two
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components: the well-known diagonal entropy [22] and a purely quantum contribution arising
from system degeneracies. The gauge-invariant entropy derived within our framework satis-
fies all key requirements for thermodynamic entropy. Notably, in the classical limit, the quantum
contribution vanishes, reducing the gauge-invariant entropy to diagonal entropy - thus emerging
naturally for non-degenerate or classical Hamiltonians in our formalism.

Moreover, thermodynamic entropy is fundamentally connected to the development of quan-
tum coherences in the energy eigenbasis, which naturally correlates with invariant and coherent
heat. Through the dynamical equation for the coarse-grained state, we demonstrate that gauge
entropy variation is generated by the same operator responsible for coherent heat, thereby ex-
plaining the qualitative connection between these quantities that was numerically observed in
Ref. [3] and is now rigorously established in this work. The physical basis for this connection lies
in the well-documented relationship between heat and quantum coherences [28]. From a thermo-
dynamic perspective, our ability to manipulate systems is inherently constrained - experimental
measurements typically access few observables (often just energy). Consequently, quantum co-
herence generation increases uncertainties in these observables, producing entropy. Within our
gauge framework (and in Ref. [3]), this connection emerges naturally.

These concepts become particularly evident when applying the theory to paradigmatic quan-
tum critical systems like the Landau-Zener and Lipkin-Meshkov-Glick (LMG) models. The Landau-
Zener model describes a non-degenerate two-level system, while the LMG Hamiltonian repre-
sents fully connected spin chains exhibiting doubly degenerate phases. In both cases, the in-
variant thermodynamic quantities developed herein show remarkable sensitivity to the quantum
phase transitions in these models, clearly revealing the intrinsically quantum nature of thermo-

dynamics.

6.1 Future perspective

Certainly, we have managed to develop and extend several results initially obtained by Céleri
and Rudnicki in [3]. However, we recognize that the framework presented here is still a modest
development compared to the various perspectives that can be pursued. Moreover, we can cat-
egorize these paths into two types: the first is associated with potential generalizations of the
formalism, and the second is aimed at expanding the scope of applications to physical problems
beyond critical systems. In this context, in the following two subsections, we will comment on

each of these paths and discuss how each possibility we outline could be developed.

6.1.1 Potential for Generalizations of the Theory

Firstly, we will highlight some aspects related to generalizing the theory. Certainly, the reader

might imagine that an initial approach for this generalization would be simply to relax the initial
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assumptions made in Section 3.2. However, assumptions (i) and (ii) do not have much potential
for generalization since the conditions they impose are sufficiently reasonable.

However, assumptions (iii) and (iv) can indeed be relaxed and then extended to a more gen-
eral framework, such that in a certain limit, the formalism developed in this work is recovered.
Additionally, there are other extensions we consider regarding the geometric nature of the the-
ory, due to our development being based on a non-abelian Lie group. Below, we discuss these

potential generalizations of the theory in some detail.

I) (Generalized invariance principle). As an initial perspective, we bring up the discussion
at the end of Chapter 3. Specifically, the development of the gauge invariance principle
constructed around a different observable. In effect, the Definition 3.53 of generalized in-
variance alters the Haar measure, and consequently, the expressions obtained for heat and
work in Chapters 4 and 5 will need modification. Regarding entropy, this generalization
only affects the type of coarse-graining applied; in this sense, Gibbs states may no longer
remain invariant, and therefore, the G-entropy becomes inconsistent with Gibbs entropy

for thermal states.

II) (Generalized invariant quantities). Another potential generalization is extending the Def-
inition 3 of invariant quantities. This possibility arises from the work of Marvian and
Spekkens [84], where the Haar average is defined in a non-uniform manner by introducing
a weight function ¢(G) associated with the thermodynamic gauge group. Consequently,

these expressions would become:

Funlolt)] = Flulo(t)] = [ 402 6(@) FVip(®)V] (61)

md—+p&:/H%¢wwwwwf 62)

However, modifying Definition 3 by introducing the weight ( ¢(G)) is not a trivial mat-
ter, particularly concerning the physical interpretation of this function. It alters the Haar
average in such a way that certain elements of the Haar group are "privileged" in this
process. Questions like: Why should this average select certain elements? must be con-
sidered. Thus, the feasibility of this generalization requires a discussion on suitable classes
of weight functions ¢(G) that align with the thermodynamic context. A priori, choosing
®»(G)=1, corresponding to the uniform Haar average case, seems to be the most appropriate

choice.

III) (Geometric/topological description of the theory). The thermodynamic gauge group (3.28)
is a Lie group composed of the product of several unitary groups U (n¥). Consequently, G is

a differentiable manifold, and thus, the gauge group inherently possesses a geometric and
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topological nature. In this context, a potential pathway for future developments would be
the formalization of the theory from a geometric and topological perspective, similar to how
conventional gauge theories are constructed. This would involve defining and constructing
elements such as bundles and connections. Naturally, a critical question would be whether

a Lagrangian functional exists within the theory.

6.1.2 Scope for applications of the theory

In addition to the development of the theoretical formalism, we also highlight several poten-

tial applications to physical problems.

I)

1I)

1)

V)

Since the numerical results obtained in Chapter 4 and Chapter 5 show a close qualitative
relationship between coherent heat and Gr-entropy, the possibility arises of analytically
deriving an expression that directly relates coherent heat and the entropy of the theory. In
particular, a possible Clausius-like relation from classical thermodynamics could be con-

sidered as a starting point for a new generalized relation within our theory.

While we have demonstrated the relationship between thermodynamic quantities and crit-
icality effects associated with quantum phase transitions (QPT), it is natural to question

whether critical effects could also emerge in systems exhibiting dynamical criticality [130].

Moreover, we observe that the structure of the thermodynamic group, particularly how
the group is modified as certain parameters of the Hamiltonian are altered, could suggest

a framework for identifying excited state quantum phase transitions (ESQPT).

Finally, we have thus far discussed applications in the context of closed systems. However,
considering open systems is another avenue to explore, particularly in evaluating how the
notions of invariant heat and work might alter the determination of thermal machine effi-

ciency.
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Appendix A

Some technical results

A.1 Mathematical results

Definition 8. (0-algebra [131]) A collection A of subsets of S, meaning A C P(S2), where P({Q2)

denotes the power set of ), is said to be a c-algebra on () if the following requirements are satisfied:
(i) ) e AandQ € A.
(ii) If A € A, then A° = Q\A € A.

(iii) If {An,n € N} is an arbitrary countable collection of elements of A, then | J
element of A.

nen An is also an

Definition 9. (Measure [131]) Let €} be a non-empty set and A a o-algebra on () (for the definition,
see Chapter 28, page 1483). We will present the formal concept of a measure. A measure on A is a
function pu that assigns to each element of the o-algebra A a real number > 0 or infinity, that is,
p: A — Ry U{oo}, such that the following conditions are satisfied:

(i) u(0) = 0.
(ii)) If A;,i € N, is a countable and disjoint collection of elements of A, then

M (U An) = ZN (An) (A1)

neN neN

The second property is sometimes referred to as countable additivity, or o-additivity.

Definition 10. (Measure Spaces). Let () be a non-empty set, A a c-algebra on P({)) (the power set
of ), and p a measure on A then:

I) The pair (2, pu) is called a measurable space.
I) The triple (2, A, 11) is called a measure space.

II) Ifin a measure space we have 11(€2) = 1, then the triple (2, A, ) is called a probability space.
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Theorem 7. Let (2, A, i) and (Y, A’,~) two measure spaces o-finite and v = p X .

a) (Tonelli Theorem). if f : Q x ' — R is a function A x A’'-mensurable and non-negative,

then the functions:

oo [ty e w o [ fpw)ds
Q Q

are A e A" mensurable respectively and

/Q[Q/f(w,-)d’y} du—/, {/Qf("wl)dﬂ} iy = QXQ,fd”

b) (Fubini). if f is p-integrable, then f(w,-) é y-integrable for for almost everything wlyu|, e
f (-,w") is p-integrable for almost everything w'[7]

/Q { o Wa')d’Y] dp = /Q/ {/Qf(o,w') du] dy = /QXQ/ fdv.

Proof. See Ref. [132] Theorem 5.2.2. O

More details on measure and integration theory, particularly regarding the Lebesgue measure,

Hausdorff measure, and other measures, can be found in Refs. [131-133].

A.2 Quantum information theory

Quantum information theory is, without a doubt, the foundation for the developments presented
in this work. Indeed, throughout the text, we continuously use methods, definitions, and results
from this theory to construct the thermodynamics of the group Gr. With this in mind, in this
appendix, we will present some of these definitions and results, which, in general, we will also
seek to demonstrate, aiming for this appendix to serve not only as a complement to the main
text but also as an educational resource for certain readers. In this sense, we will begin with the

definition of a quantum channel, which is one of the fundamental elements in our work.

Definition 11. (Quantum channel [41]) Let L(H™) and L(H™) be two spaces of density operators
associated with the Hilbert spaces H* and H®, respectively. We define a quantum channel (or

quantum operation) as the map

—  L(H®) (A.2)
peLHM) = p=Ep), (A3)

which satisfies the following properties:
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AL First, tr[E(p)] is the probability that the process represented by € occurs when p is the initial
state. Thus, 0 < tr[€(p)] < 1 for any state p.

A2. Second, & is a convex-linear map on the set of density matrices, that is, for probabilities {p;},

& (ZPsz) = Zpig (pi) -

A3. Third, £ is a completely positive map.

This definition above reflects the choice to treat a quantum channel in an axiomatic manner.
Indeed, this definition does not, a priori, assign a possible physical meaning to this map. How-
ever, the choice of the properties above can be understood as being motivated by an objective
physical meaning. In fact, property Al arises from the intrinsic probabilistic nature of quantum
mechanics; in particular, if the inequality above is saturated, i.e., tr[€(p)] = 1, then we say that
the quantum channel is a trace-preserving operation. Moreover, property A2 arises from the re-
quirement that the quantum channel be linear, and thus convexity is achieved. Finally, property
A3 ensures that the description of the evolution of a quantum state by the map is completely
positive, consequently guaranteeing a valid physical reality.

Indeed, one of the basic applications of quantum channels is associated with the description
of the evolution of a state p to a final state p. In closed systems, this evolution is governed
by the Schrodinger equation, which is then described by a unitary operator U. However, for
open quantum systems, there is no closed description in a single equation. Nevertheless, by
considering the system of interest plus the environment interacting with it, we can treat the
complete system (system + environment) as a closed system whose evolution is guided by a
unitary operator. Below, in Figure A.1, we schematically illustrate these two evolutions based on

quantum operations.

— [ &(ps)

— U —»UpUT E Ps
p : U

—>
env

FIGURE A.1: Models of closed (left) and open (right) quantum systems. An open quantum system
consists of two parts, the principal system and an environment.

Note that the map defined by £(p) = UpU' satisfies the properties of Definition 11, and thus

the unitary evolution operation in closed systems is a quantum channel. On the other hand, in
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open systems, the general state is the coupling between the system and the environment, i.e.,
P = ps @ Penvs Where p € L(H®) @ L(H). However, our interest is restricted to how the
state of the principal system evolves. In this sense, we can obtain this evolved state by taking the
partial trace, with respect to the environment, over the state p evolved under the unitary U that

acts on both the system and the environment. Indeed, this defines the quantum channel £ as:

£ LIHY) ® LIH™) — L(HY) (A4)
P = Ps ® Penv — 8(:0) = Tre’fw {UpUT} - Tre’fw {U(ps ® penv)UT} (AS)

The expression above in Eq. (A.5) defines, in general, the evolution of a quantum state. In partic-
ular, if there is no environment in the description of the complete system, then the general state
is p = ps, and the unitary can be identified as U,, which acts only on the Hilbert space of the

principal system. Thus, the partial trace over the environment is trivial, and we are left with:

E(p) = Treny {UpU'} = Tren, {Usps UL} = Usp U,

which is the limiting case of a closed system.

On the other hand, in the case of an open system, we can develop Expression (A.5). To do so,

suppose that the environment state is given by pepy = [Yens) (Yens|,
mal basis of the environment’s Hilbert space Moreover, any unitary U defined on the space
H® @ H can be written as U = Z ®@ U™, With this, we have the following development:

E(D) = Trons {U(ps @ pons)U'}

= > (L, (e]) [(Z Us ® Ue””) (Ps © |[Yenv) (Yenol) (Z U5T®U5"”> (1s ® lex))
= Z(Z <ek:| Uenv |¢env> ( pSUS ’[) <wenv| Uyean |6k>
S (Z< U ) U, ) 2 (Z U Wene U1 'ek>>

k Iz

Then, the operator E}, : H"" — H?® is defined, where for each |e; ), the operator F, is associated

Elc = Z <61€| Uem) |¢e7’w> <€/€|U|1/}env> (Aé)

o

which acts on the principal system. Note that the inner product appearing in the second equality
of Eq. (A.6) is the partial inner product, which acts only on the part of the unitary U that operates
on the Hilbert space H"". Indeed, the operators £}, are called sum operators, (super)operators

of Kraus, or simply Kraus operators. Thus, the most general evolution in a quantum system is
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described as:
E(p) =Y Ep.E}. (A7)
k

In particular, the set of Kraus operators { £, } forms a complete set only if the quantum channel

£ is trace-preserving. Indeed, observe that by taking the trace of £(p), we have:

1=Tr{E(p)} =Tr {Z EkpsE,j} = Tr { (Z EkE,1> ps} — ) EE[=1, (A8

since the above equality must hold for every state p, this implies that the operator > _, EkE,Z must
necessarily be the identity operator. In the general scenario, where £ is not trace-preserving, we

have:

Tr{€(p)} <1 = Tr { (Z EkE,i> ps} <1 = > EBE/<1, (A.9)
k k

where the result follows from the same argument as before. The previous inequality is defined in
the matrix sense, where for given matrices A and B of the same order, we say that A < B <=
u?'(B — A)u > 0 for all vectors u correctly defined with respect to the order of A and B, i.e.,
(B — A) is a non-negative operator.

In particular, the representation of the quantum channel £ obtained in Eq. (A.7) is called the
Operator-Sum Representation. Moreover, note that starting from the sum representation and
assuming that the set of Kraus operators is such that Eq. (A.9) holds, it is possible to show that
€ satisfies all the axioms A1, A2, and A3. Indeed, £ is linear, and thus the convexity imposed by
A2 is immediately satisfied. On the other hand, since Eq. (A.9) holds, it follows that the positivity

of the map £ is achieved, because:

Y EBE[ <1, = Tr{&(p)} =Tr {Z EkE,ip} < Tr{p} =1 (A.10)
k k

which shows that Tr{€(p)} < 1. On the other hand,

Te{E(p)} =Tr {Z EkElip} = ZTr {E,ZpEk} >0, (A.11)
k k

since every density operator p is positive. With this, axiom A3 is verified, and together with the
previous inequality, we have that axiom A1 is also verified. Thus, the sum representation satisfies
all the axioms A1, A2, and A3.

However, it is also possible to show that any quantum channel that satisfies all the axioms
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Al, A2, and A3 must necessarily be expressed as a sum representation. The proof is simple; to do
so, let us define the general state o) = ) . |i5) ® |ieny). Furthermore, let us define the operator

o in the space H® @ H" as:
0 = (Lens x E)(|a) () (A.12)

where & is a quantum channel. We will show that £ admits an operator-sum representation.
To do so, let us take the state [1)) = >_,4;[js) in the principal system and the corresponding
¥) = 3% [Jenv) in the environment. Then, observe that:

(lofd) = (V] (Z lienw) (Jeno| ® € ([is) <js!)> ) = Z%w}fé’ (lis) Usl) = E(1¥) (@)

which follows from the convexity of £. Now, let 0 = ). |s;) (s;| be some decomposition of o,
where the vectors |s;) need not be normalized. Let us define the map E;(|¢))) = (¢|s;), which

gives us the following development:

ZE [0) (W E = (i) (sild) = (@l o [) = E(1) (). (A.13)

(2

Therefore, we obtain::
E([) (W) = Eile) (| B (A.14)

V), of H/. By convex-linearity it follows that

for all pure states,

E(p) = > Eipk] (A.15)

In general, the condition ) | ; E;f E; < I follows immediately from Axiom A1, which identifies
the trace of £(p) with a probability. This demonstrates that the axiomatic representation im-
plies the sum representation. Furthermore, combined with the previous result, we establish the
equivalence between the axiomatic and operator-sum representations.

Thus, any set of quantum operations must be characterized by a set of Kraus operators { £ }.
However, a natural question that arises in this context concerns the uniqueness of the Kraus
operators, i.e., can a quantum operation £ be described by only one unique set of Kraus operators
{Ex}? Indeed, the answer to this question is no. In fact, the Kraus operators are defined in
such a way that there is an inherent redundancy in their definition, which allows for their non-

uniqueness. Given the importance of this result, let us state it as a theorem below.

Theorem 8. (Unitary freedom in the operator-sum representation [41]) Suppose { E1, . .., E,,} and
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{F\,...,F,} are operation elements giving rise to quantum operations £ and F, respectively. By
appending zero operators to the shorter list of operation elements we may ensure that m = n. Then
& = F if and only if there exist complex numbers u;; such that E; = Zj w;; I, and w;; is an m by

m unitary matrix.

Proof. To begin, consider two quantum states |1/;) and |1);). It is well known that these states

generate the same density operator if and only if they are related by:
) = wigleg)
J

where u;; is a unitary matrix of complex numbers. If the states have different dimensions, we
use a trivial embedding between the Hilbert spaces such that they are completed with zeros until
both have the same dimension.

Now, suppose that {£;} and {F}} are two sets of operation elements for the same quantum
operation, satisfying ) . E; pE'Jr Z FypF; I for all p. We define the following states:

lei) =2k lkr) (EilkQ)),  [f3) Z|kR (Fj [kq)) (A.16)

Now, using the definition of the operator ¢ introduced in Eq. (A.12), it follows that 0 =
>_ilei) {eil = >, |f;) (f;], and thus there exists a unitary matrix u;; such that

le) = > w1 f5) - (A.17)
J
For an arbitrary state |¢), we have

E |¢ W@z ZU’L] w‘fj Zuiij W> = Ez = Zuz]F} (A-18)
J J

Conversely, assuming that £; and F} are related by a unitary transformation of the form F; =
>_ij uijFj, we can show that the Kraus operators { £;} generate the same quantum operation as

the operators { F; }. Indeed, consider a given E;:
ol = (L) o (S okt ] - > (Sl ) ot = Y =
ij ik i ik

This implies that, for each specific index 7, the operation E’ipEiT is equivalent to an operation at

a specific index j. Summing over all indices ¢, we obtain:

= EpEl =) FipF).
i J
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Thus, the equivalence between the quantum operations is established. [

The formalism of quantum channels is fundamentally rich. Indeed, the previous develop-
ments lay the foundation for several other particularly interesting results associated with quan-
tum channels. To illustrate one such application, we will present the measurement model. In
essence, the measurement model consists of constructing a measurement scheme based on a set
of trace-preserving Kraus operators { £, }.

In this context, for each m, let E,,; be a set of operation elements for &,,. Introduce an
environmental system F, with an orthonormal basis |m, k) in one-to-one correspondence with
the set of indices for the operation elements. Analogously to the earlier construction, define an

operator U such that

Uly) leo) = ZEmkW Im, k).

Then, given P,, = >, |m, k) (m, k| as a projector onto the environment, the measurement with

P, yields:
Tr{PmU[p®\eo) <€0|]UT} = { mzpa ([tha) (al ® |eo) <€0DUT}

= Tr{PmZPaU\%> leo) (U |¢a) |€0>)T}

= Tr Z paEmk'E:t Wa> <¢a| 5k,k’6m,r5k,t6mm’

a7m7k7
k't

_— {zpaEmkE;k ) w}
= Tr {Z Emk (Zpa ’wa> <wa|) E:nk} =Tr {Em<p)}

With E(p) =), B pE;k, this determines that the probability associated with the label m in a
measurement is given by Tr { £,,,(p)}. Given this result, we see that, according to the measure-
ment postulate, the post-measurement state p can be written as:

P [U (p ® leo) {eol) UT] P Emp)

P TR B U o ) ] T {Em(p)) AL19)

which establishes the result of how the measurement postulate in quantum mechanics is ex-
pressed in terms of a quantum operation.
Furthermore, there are other common models of quantum channels, which we state and

briefly highlight their applications below.
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« Partial trace. The partial trace is a quantum channel that acts on a composite system
pap, tracing out one of the subsystems (for example, B) and resulting in a reduced state on

subsystem A:

Eup(paB) = trp(pas).

The Kraus operators for the partial trace over B are:

E;=1a® (bil,
where {|b;)} is an orthonormal basis for subsystem B.

« Bit-flip Channel. The bit-flip channel performs a bit flip on the state |0) of the computa-
tional basis to the state |1), also in the computational basis. Indeed, this quantum channel

is characterized by the following Kraus operators:

10
0 1

— 01
EO:\/EJ-:\/E[ > E1: 1_p0x:\/1_p[1 0]
« Phase-flip Channel. The phase-flip channel introduces quantum phase errors through
the action of the Pauli matrix o, with probability 1 — p. Furthermore, the phase flip does
not modify the populations of the quantum state. The Kraus operators characterizing the

phase-flip channel are:

10
01

1 0
, Elzx/l—paZ:\/l—plo ]

—1

EO:\/m:\/p[

« Depolarizing Channel. The depolarizing channel is a quantum channel that models the
addition of quantum noise, where the state p is mixed with the maximally mixed state
7 assigning a probabilistic weight p € [0,1]. Specifically, the depolarizing channel is
represented by:

E(p) = %1 + (1 =p)p.

« Amplitude Damping. The amplitude damping channel is a model of quantum noise that
describes the loss of energy from a quantum system to the environment, as occurs, for ex-
ample, in spontaneous decay or relaxation processes. This channel is particularly relevant
for physical systems such as atoms, ions, or quantum circuits, where energy dissipation

is common. The amplitude damping channel can be represented by the following Kraus
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operators:
1 0

0 vI—7|

where ~ denotes the probability of decay from an excited state |1) to the ground state |0).

Ey = E, =

0 O

0 \/7]

+ Phase Damping. The phase damping channel is a model of quantum noise that affects the
relative phases between states in a superposition without altering the populations of the

states. It is described by the Kraus operators:

1 0 0 0
EOZ(o m) El:(o \/X>’

where ) is the probability of coherence loss.

Indeed, the quantum channels presented above constitute the main quantum channels em-
ployed in the context of quantum information theory. However, there are some particular results
that are obtained especially for certain channels possessing specific properties. In particular, for
the regime of Markovian dynamics, it is possible to show that the formalism of quantum channels
leads to the Lindblad equation for open systems [41].

In the specific context of our work, the quantum channel described by quantum twirling is
a unital quantum channel, that is, £(1) = 1, and furthermore, it is a conditional expectation

quantum channel, which we define below.

Definition 12. (Conditional expectation of quantum channel [134]). The map A : L(HY) —
L(H%) where H"' and H® are a d,,dy-dimensional Hilbert space which satisfies:

(i) A is a positive map,
(i) A(B) = B forall B € L(H™),
(iii) A(AB) = A(A)B forall A € L(H™) and all B € L(H™),
(iv) A is trace preserving.
is called a conditional expectation.

Certainly, it is easy to verify that the operator Ag, is a particular case of a conditional ex-
pectation because, as we defined in Chapter 3, £(H%) corresponds to the subspace of density
operators that are invariant under the action of the thermodynamic group.

In our work, a particular result of interest is the guarantee that the splitting of gauge entropy
into diagonal entropy plus Holevo asymmetry is valid, and that the Holevo asymmetry is zero
if and only if the Hamiltonian has no degeneracies (provided that the state p is non-invariant).
Indeed, this result is achieved by employing the Data Processing Inequality on the well-known

Kullback-Leibler divergence, which we define below.
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Definition 13. (Kullback-Leibler divergence [50]). Let p be a probability distribution defined on the
alphabet X, and let ¢ : X — [0, 00). The relative entropy D(p||q) is defined as follows:

x
.ol tog X5 i supp(o) € supno),

+00 else,

D(pllq) =

where supp(+) denotes the support of the argument.

In particular, it is worth noting that the Kullback-Leibler divergence is not a metric in the
usual (mathematical) sense. Specifically, it can be shown that the triangle inequality does not
hold for this map. However, it can still be used as a measure of information and similarity be-
tween two probability distributions p and ¢, with its application relating to how similar these two
distributions are in terms of their entropic content, given by the Shannon entropy (classical case)
and von Neumann entropy (quantum case).

Finally, we state the Data Processing Inequality, which constitutes a fundamental result in

quantum information theory.

Theorem 9. (Data processing inequality). Given A : A — N a conditional expectation and two
positive states p, o € A, the following inequality holds

D(pllo) = D(A(p)|[A(e)) (A.20)
and the equality holds if, and only if,
p= 01/20/:/1/2/)]\[0/}1/201/2. (A.21)

Proof. For inequality in (A.20) see Ref. [135]. The result associated with the necessary and suffi-
cient conditions for equality in (A.20) to be achieved can be found in Ref [134]. [
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Appendix B

Group theory and Haar average

Some definitions from group theory and Lie groups are presented. In addition, the general

result for Haar averages over the unitary group is obtained.

B.1 Group theory and Lie groups

Definition 14. (Group) A group is a tuple (G, -) where G is a non-empty set and - is a operation,
which we call the product, defined by:

GxG = G (B.1)
(a,b) — c=a-b,
where a,b and c are elements on G. And the product operation satisfies the following properties:
ca-(b-c)=(a-b)-cforalla,b,ce G.Le. the product operation is associativity,

o There exists an element k € G such that: a-k = a foralla € G. In special, k is called identity

element on G,

« For very element a € G exists an element b # a such thata -b =b-a = k. The element b is

called inverse of a and is usually denoted by b = a~!.

For simplicity, we will refer to the group simply as GG, omitting the notation (G, -), but making
it clear that the group structure is formed by the tuple of a non-empty set and an operation called

product as per Definition 14.

Definition 15. (Abelian group) If G is a group equipped with the product operation, and this

operation is commutative, i.e., the following equality holds:
a-b=>b-a (B.2)

forall a,b € G, then G is called abelian group. However, if this property not holds, we call G as

non-abelian group.
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Definition 16. (Finite group) The group G is called finite when the set G is finite. Therefore, G is
infinite when G not is finite.

In our work, we are interested in a specific type of groups, which are called Lie groups. In fact,
Lie groups differ from groups defined only according to Definition 14. In summary, Lie groups
possess an intrinsically geometric and topological character due to being defined under a specific
type of mathematical structure known as manifolds. Thus, we will briefly introduce the notion of

differentiable manifolds, and shortly thereafter, we will connect it with the structure of groups.

Definition 17. (Diferential manifold [136]) Let us consider a non-empty set G with a distinguished
family of open subsets with the following properties:

I) the empty set and the set G are both open,
II) the intersection of any finite collection of open sets is again open,
IlT) the union of any collection (enumerable) of open sets is again open.
Furthermore,
IV) G is provided with a family of pairs {(U;, ;) };

V) Ui is a family of open sets which covers G, that is, | J, U; = G where ; is a homeomorphism
from U; onto an open subset U] of R™.

VI) given U; and U; such that U; N U; # 0, the map 1);; = p; o goj_l from ¢; (U;NU;) to
©; (U; N U;) is infinitely differentiable.

If G satisfies properties I, II, and III, then G is said to be a topological space. If GG is a topo-
logical space that satisfies properties IV, V, and VI, then G is said to be a differentiable manifold.
In summary, properties I, I, and III of Definition 17 introduce a topological structure to the set
(3; consequently, notions of distance and measure can be constructed on this set based on that.
Moreover, properties IV, V, and VI introduce generality regarding the topology of the set G. How-
ever, the introduction of the homeomorphism constructed from the open sets U; of G with the
open sets U/ of R™ allows a manifold to be locally mapped into a subset of R™. Finally, item VI
introduces the map 1 that connects two topological descriptions made from different open sets
of the manifold, allowing for coordinate changes.

Requiring the differentiability of the manifold GG enables us to bring usual calculus concepts
into this set. With this framework in place, we can finally obtain the elegant notion of a Lie group

and Compact Lie group.

Definition 18. (Lie group) A Lie group is a smooth manifold G' equipped with an operation called
multiplication, such that the elements of G' satisfy it as in the Definition 14.
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With this, we already have an interesting mathematical structure; however, we still need to
introduce an important concept to Lie groups that will allow us to have a vector space structure

from our manifold (G).

Definition 19. (Lie algebra) A Lie algebra g associated with a group G' is a vector space formed by
the left-invariant vector fields X on G endowed with a product, called the Lie bracket or commutator

[-,:] - @ X g — g, which satisfies the following properties:
I) Bilinearity, i.e., linear in each argument.
II) Anti-symmetry, thatis, [ X, Y] = —[Y, X] forall X, Y € g.

Ill) The Jacobi identity, that is, for all X, Y, Z € g, we have

(X, Y, Z]|+ [Z,[ X, Y]] + [V, [Z, X]] = 0. (B.3)

Definition 20 (Compact Lie Group). A Lie group G is compact if and only if it For every collection
{Un}aer of open sets in G (where [ is an arbitrary index set) such that:

G C U U, (open cover) (B.4)

acl

there exists a finite subset J C I with:

G C U U, (finite subcover). (B.5)

aeJ

In particular, not all Lie groups are compact. Below we present some key examples:

Category Group Description and Physical Relevance
Compact SO(n) Special orthogonal group (rotations in R™). Preserves Euclidean
norm. Fundamental in rigid body dynamics.
SU(n) Special unitary group (unitary matrices with det= 1). Core structure
in quantum mechanics.
U(1) Circle group (complex phases ¢?). Governs gauge transformations in
QED.
Sp(n) Compact symplectic group. Important in Hamiltonian mechanics.

Non-Compact GL(n,R) General linear group (invertible n x n matrices). Basis for
representation theory.
SL(n,R)  Special linear group (det= 1). Appears in fluid dynamics.
SO(p,q) Indefinite orthogonal group. Preserves metric with signature (p, q).
Used in relativity.
Heiss Heisenberg group. Key in quantum harmonic oscillators.
Poincaré Poincaré group (isometries of spacetime). Fundamental in QFT.
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A particularly interesting Lie bracket is the commutator, usually defined by [A, B] = AB —
BA for any A, B € g. An interesting aspect is the relationship between a Lie group G and its
algebra g. In fact, this connection can be made through the so-called exponential map [72, 75],

which is formally defined by:

exp:g — G (B.6)
Xeg —» g=exp(X) €C (B.7)
Note that the exponential map is not necessarily equivalent to the exponential function;

however, for matrix Lie groups, the notions become equivalent, and thus the elements of a group

can be written as g = ¢~. Furthermore, the elements X € g are called generators of the algebra.

B.2 Group Representation Theory

The mathematical structure provided by a Lie group—and consequently its manifold—is still
not sufficient for constructing various important physical concepts, especially for defining vector

spaces. However, from a Lie group, we can obtain a vector space.

Definition 21. (Representations) A representation of a Lie group G is a pair (V, ), where V is a
vector space, and  : G — GL(V) is a linear G-action on V.

To illustrate the concept of representation in a Lie group G, let us consider the group G =
SU(2), the special unitary group of dimension 2. In fact, the Lie algebra of the group is su(2),

whose generators are the Pauli matrices defined by:

1(0 1 1 (0 —2 1(1 O
Or = 3 Oy =5 1. 0z = 5 ) (B.8)
2\1 0 2\7 0 2\0 -1

which satisfy the following commutation relation that characterizes the algebra su(2):

€a,
(00,08 = %0‘7. (B.9)

where €, g, is the Levi-Civita tensor. Now, let us consider the following matrices:

|
—_
o

[
~

(B.10)

o -
o O
o O O

In fact, it is not difficult to verify that the matrices defined in (B.10) have zero trace and
satisfy the same type of commutation relation presented in Eq. (B.9). In summary, this simple

example effectively illustrates the notion of a group’s representation; indeed, the matrices .J,
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represent the Lie algebra s1(2) in the space of 3 x 3 matrices. However, both sets in Eq. (B.8) and
Eq. (B.10) represent the same algebra and are associated with the same group of transformations,
SU(2), regardless of the dimension of the vector space for which the group is represented.

This small example leads us to important notions within representation theory. In this sense,

we will introduce these concepts next, first defining the notion of G-morphisms or intertwiners.

Definition 22. (morphism) Let my : G — V and myy : G — W be two representations of G in
the spaces V and W. A G-morphism (G—Homomorphism or intertwiners map) between them is a

linear map ¢ : V. — W such that

o(my(g) -v) = mw(g) - (v) (B.11)

forallg € G andv e V.

With this, we can define the following types of representations.

Definition 23. (Types of representations) Let m : G — G L(V') be a representation of a group G in

the space of linear operators on a vector space V. Then, we say:
(I) The representation 7 is trivial if for all g € G, we have w(g) = 1y,

(II) Consider a second representation of G in a space W, i.e, my : G — GL(W). Then, m and my,

are called equivalent representations if there exists a linear operator A : V. — W such that:
Ar(g) = mw(g)A (B.12)

forallg € G.

Now, let us define invariant subspaces.

Definition 24. (Invariant subspace) Consider the representation my of the group G in the vector
space V. A subspace W of V' is called an invariant subspace under the representation 7y if m(g)w €
W forall g € G, that is, 7(G)W C W.

Note that from the definition of invariant subspaces, it is immediate that any representation

always has at least two invariant subspaces, which are:
« The first invariant space is formed by the zero vector W = {0},
+ The other invariant space is the entire space, i.e., V = W.

These two subspaces are referred to as trivial invariant subspaces or simply trivial subspaces.
The notion of invariant subspaces is substantially important within representation theory
since it allows us to establish the notion of irreducible representations, which are formally defined

as follows.
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Definition 25. (Irreducible representations) A representation my of a group G in a vector space V' is
said to be irreducible if its only invariant subspaces are trivial. If a representation is not irreducible,

it is said to be reducible.

In particular, both irreducible and reducible representations are interesting and relevant to
the context of this work. Specifically, there is an interesting case concerning reducible repre-
sentations that occurs when a space V' can be decomposed into a direct sum of spaces Vj, i.e.,
V = @i:l Vi, where each subspace Vj, is invariant. Under these circumstances, we can write

the representation 7y as:

% (9)
va(9>

for all g € G, where each representation 7y, acts on a subspace V},. When all the representations
7y, are irreducible, we say that the representation 7y (¢g) is a maximally/completely reducible
representation.

In the context of operators, given an irreducible representation of some subspace 7y, , it fol-

lows that the set of operators A : V;, — V}, in this subspace such that:

Ty, (9)A = Amy, (g) (B.14)

for all g € G are of the form A = A1y, for some A € C. This result is demonstrated in Schur’s

Lemma in the following section.

B.3 Haar measure

In this section, we finally enter the context of Haar integration. In fact, the conception of a
measure associated with groups—in our particular objective of compact Lie groups—is a gener-

alization of the Lebesgue measure that we presented in Definition 9.

Theorem 10. (Haar [137]) Let G be a compact group. Then, there exists a unique positive and
normalized measure dp which is left and right invariant under the action of the group G'. Therefore,

for any integrable function, we have:

/G dyu(9)f(g) = /G dyu(g)f(hg) = /G dyu(9)f(gh) = /G dulg)Fg™) (B.15)

forallh € G.

Proof. See Chapter 3 of [72] for a detailed discussion ]
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The positivity of the Haar measure implies, form some g € GG

/ dn(9)f(g) >0 = / dp(9)f(g) =0 = f(g) =0 (B.16)
G G

since f > 0. The normalization of Haar measure is:

/ du(g) = 1. (B.17)
G

Certainly, our interest is to ensure that the formalism introduced in Chapter 3 is fully valid.
In this sense, the notion of Haar measure and integral must be extended to a multidimensional
context. Indeed, this can be done formally by the Fubini Theorem, which we state in Theorem 7.

With this, we finally obtain the result that ensures the existence of the Haar measure, as we
initially mentioned in Chapter 3. Furthermore, this result then establishes the foundation for
the existence of the induced Haar measure of the gauge group in Eq. (3.28), which is given by
Eq. (3.31), since for each instant ¢, the gauge group is always the Cartesian product of unitary
groups (which are compact Lie groups) and, consequently, is a compact Lie group.

Next, we will develop the necessary methods to rigorously obtain the Haar average result

given by Eq. (3.37). To do this, the first result we need to obtain is the so-called Schur’s Lemma.

Lemma 1. (Schur’s Lemma) Let 7wy and Ty, be irreducible representations of a Lie group G' in the

spaces V and W. Consider the G—morphism ¢ : V' — W, then we have the following implications:
(a) The G-morphism is either identically null or an isomorphism.
(b) If V. =W, then o = A1 for some A € C.

Proof. First, we will demonstrate item (a). We can show that the sets Ker(y) and Im(yp) are

G-invariant subspaces of 7y and 7y . Indeed, note that given = € Ker(p), we have:

p(my - x) =mw(g) - p(x) =mw(g)-0=0 (B.18)

for all g € G. Then, my(g)z € Ker(yp) for all g € G, therefore Ker(yp) is invariant under 7. On
the other hands, for some y € Im(¢) exist = such that

p(my - x) = mw(g) - o(x) = Tw(g) -y (B.19)

for all g € G. Then, mw (g)y € Im(¢p), therefore Im(y) is invariant under 7y .



146 Appendix B. Group theory and Haar average

Since 7y and 7y are irreducible representations, then your only invariant subspaces are the

trivial subspaces, therefore, it follows that there are four possibilities to consider:

Ker(p) =V e Im(p)=W. (B.20)
Ker(¢) = {0} e Im(p)=W. (B.21)
Ker(p) =V e Im(p)={0}. (B.22)
Ker(p) ={0} e Im(p)={0}. (B.23)

Note that the cases presented by Eq. (B.20) and Eq. (B.23) are impossible; indeed, both cases
violate the Rank-Nullity Theorem. The cases (B.21) and (B.22) may occur, and if (B.21) occurs,
then it follows that ¢ is an isomorphism from V' to W. On the other hand, if (B.22) occurs, then
the application ¢ is identically zero.

Now, we will prove item (b). Indeed, if V' = W, then from item (a) of the Lemma, it fol-
lows that ¢ is either the zero map; in this case, we only need to take A = 0, and the result is
demonstrated, or the application is an isomorphism. Let us consider ¢ as an isomorphism; thus,
it follows that for some A\ € C, we have p(\) = ¢ — A1 = 0, since A is the eigenvalue of .
Therefore, let us take Ker(p()\)), which is non-empty since the characteristic polynomial p(\)
has some root in C. Since Ker(p — A1) is non-empty, it follows that ¢ — A1 is not an isomor-
phism, according to item (a) of the Lemma; that is, the application p() is identically zero, hence
it follows that:

PA) =0 = p—Al=0 = =21 (B.24)

as desired. O

B.3.1 Haar average over the unitary group

The Schur Lemma plays a unique role in determining Haar averages. In the context where G
is a unitary group or a product of unitary groups, it is interesting to rewrite the Schur Lemma
for this particular case [138]. In this sense, let us consider two finite-dimensional complex vector
spaces H,,1 and H,2 as C™ and C", respectively, and let G = U(d).

Here, I introduced the notation with the label ¢. This index plays an important role in this
work because we are in a context where, for each fixed instant of time ¢, we obtain a different
group; furthermore, the label ¢ can also be associated with a simple parameter that, in some way,
modifies the studied group, as discussed in Chapter 5. Consequently, this notation is relevant
for this work; however, if the reader is not in a similar context, it can and should be avoided to

ensure simplicity and clarity in the notation.
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Now, let us define the G—morphism between these two spaces, in this context this G —morphism

are linear operators A : C" — C"i. Furthermore, the representations vf cU(d) — M, and

v?  U(d) — H,2 are irreducible representations of the unitary group on C" and C".

From this, we see that G-morphism A is characterized by:
v A= Av? <= v} A (vf)fl =A<+ v A (U?)T = A. (B.25)
With this in hand, we can now state Schur’s Lemma for unitary groups, which we formalize
below.

Lemma 2. (Schur’s Lemma for unitary group [138]) If v} andv? are irreducible representations of
U(d) onH,1 and H,,:> then:

o Ifn} # n? we have:

ViAW) = A = A=0. (B.26)

« Ifn} = n? and for equivalent v} and v? we have the following implication:
v AWHT =A = A=2)1 (B.27)

where \ is a constant.

As mentioned, our goal is to formally derive the mathematical results that ensure the validity
of the Haar average over a matrix X, as employed in this work. Specifically, we are interested in

averages of the form:
p
Xog = / dp VXV, Vv =} (B.28)
k=1
where each vf € U(n¥),V € U(d) and the Haar measure is
p
dp = [ dme: duy, = dpltd(nf)). (B.29)
k=1

We now employ Schur’s Lemma to derive an orthogonality relation associated with the irre-
ducible representations v* associated with each Hilbert subspace H;, of the Hilber space H,.. To

this end, we have the following Lemma.

Lemma 3. (Orthogonality) Let {vf} be a family of non-equivalent irreducible representations of the

P
unitary group on some complex vector spaces H;, and let H? = @ Hy. Let X € H? be arbitrary
k=1
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linear operator on H?. Defining the trivial immersion of operators on H, into operators on H<,
Ty, : Hy — HY, by:

p—1
v; (@Onm> , for: k=1
1 m=1 »
T (vF) = (@onm) @k @ ( ar) onm> L for: 1<k<p (B.30)

m=1 m=k+1

p—1
(@Onm> @ for: k=p
m=1

for each vf € Hy, whereQ,, are the n,, X n,, zero matrix.

\

Therefore, the averaging of X over all representations {vf} is diagonal in relation of the index

k, ie.

Xiqg = Z/dufk(vf)XIm(wZ”T) = Z/duklk(vf)XIk(va). (B.31)
k,m k

Proof. Let consider the unitary representations ¢ and ©/" which are associated to the Hilbert
subspace Hj, and H,,,. Therefore, using the trivial immersion and considering the element k, ¢ of

the matrix X4, i.e.(Xaq), ,,, we have:

To(0F) (Xaa) o I (") = Ti() [ / dp T (o) XL (0] | T (5771)
— / A T (08 T (0F ) X L (0] ) T (077
_ / A T (08 X T (0 57 (B.32)

where the equality in Eq (B.32) follows from the left and right invariance of the Haar measure.

Therefore, using the definition of (Xg44),,,» We obtain the following equality:

T (0F) (Xaa) gy Lo (571) = (X o) - (B.33)

From Eq.(B.33), we obtain £ = m. Indeed, we can identify the G-morphism as the matrix
(Xaa)km- Thus, the G-equivariance property, together with Schur’s Lemma, guarantees that
7,,(0F) and Z,, (") are associated with isomorphic spaces, i.e., Hj, = H,m. In particular, this
implies kK = m. Consequently, we find that the Haar average is diagonal in the index k, leading

to the orthogonality relation for Haar averages, and Eq.(B.31) is obtained. ]
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We can now apply this orthogonality relation to evaluate the Haar average within each sub-

space. The following lemma summarizes this result.

Lemma 4. (Haar average in subspace Hy,) Let vF be an irreducible representation of the unitary
group on some complex vector space H;, with dimension dim {H,,} = nF. Let X} € H,, be arbitrary

linear operator on Hy,. Then the Haar average of X} over the unitary group U(n¥) are:

Tr{X}}

(XEhas = [ et xiol! = o,

(B.34)
k

where dy;, = du[U(n¥)] and 1,5 is the identity operator in n; X n¥ dimension.

Proof. Let consider the unitary representation ¥ therefore, using the left and right invariance of

the Haar measure, we have:

0F (X Faad] = (/duk v X o) )’51

- / Ay () X (1))

= /dukthk

= [X7]ad
then, the equality is obtained:
o [Xk]ddUtT = (X (B.35)

which holds for any unitary represetation ¢F. Indeed, it follows from Schur’s Lemma that the

Haar average must be proportional to the identity operator. That is, we must have:
[XFaa = CF Ly, (B.36)

where CF is the proportionality constant. We now determine the proportionality constant. Since
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the Haar average is proportional to the identity operator, it is diagonal. Therefore, its trace com-

pletely characterizes this operator. Evaluating the trace of the operator [X/]44, we find that:
Tr{[X/a)} = Tr {/ dpy, vafoT}
= Yl ( [ amobxtit?) jo
= 3 [ i tal Xl o)
= /dﬂk Z (a| vEXFOFT o) . (B.37)

Note that the equality in Eq. (B.37) corresponds to the interchange of the Haar integral and the

trace, which follows from the fact that both the trace and the Haar integral are linear functionals.

Tr{[XHar} = / apy T { o X

— / dp,kTr{Xt’“vavf} (B.38)
- / dkar{Xt"flnf} (B.39)
= Tr{Xf / dy, 1,15} (B.40)
= Tr{X/}. (B.41)

The equality in Eq.(B.38) follows from the cyclic property of the trace. We then utilize the
unitarity of the operators v* to obtain the equality in Eq.(B.39). Next, we commute the integral
and the trace, as the Haar integral is evaluated only over the elements of ¢/(n¥), which do not
appear in Eq. (B.39). This commutation is permissible because the trace of X[ is treated as a

constant. Finally, we use the fact that the Haar measure is normalized, i.e.:

On the other hand, we can evaluate the trace of the operator [ X ] ;; using the equality Eq.(B.36),

obtaining:
Tr{[X{]aa} = Tr{CFLs} = CF Tr{1,5} = CF dim {H,}. (B.42)
Thus, from Eq.(B.41) and Eq.(B.42), we can determine the constant CF. Specifically,

. Tr { X7
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Substituting C¥ from Eq.(B.43) into Eq.(B.36), we obtain:

Tr { X/}
XHaa = w—t
[X¢laa dim {Hy} ™
which is the equality in Eq. (B.34). Therefore, the Lemma 4 is proved. [

With this result in hand, we can finally obtain the general result used in this work to evaluate
Haar averages over the thermodynamic gauge group defined in Eq. (3.28). Given the significance

of this result for our work, we state it as a Theorem below.

Theorem 11. (Haar average) Let us consider the G group defined by:
G=Un}) xUN) x...xUnY) (B.44)

which is a compact Lie group, similar to the structure to the gauge group defined in Eq. (3.28), which

P
is associated to the Hilbert space H® = EB Hy where p < d and dim {H},} = n}. Then, the Haar

k=1
measure induced by the group (B.44) is given by:

dG =[] dm, dpy = dpltd(nf)] (B.45)

k=1

which 1 < k < p. Therefore, the Haar average of any d X d matrix X over the G group is given by:

P Tl" Xnk
Xad = /CZQVXVT = @ mi—%%f, (B.46)

k=1
where X, = X1Ix withIL,x being the projector of each subspace H;, and dim {Hi} = n}.

Proof. Now, we going to obtain the relation (B.46). For this, we consider the
Xug = / dG VX VT
p p
- /dg P x Pt
k=1 k=1
p
-y / 49 T (v}) XT, (vf")
k=1
p
> / duy, i (vf) (Z o) <a|> X (Z 1) <ﬂ|) T, (v})
k=1 a B
p
= e T (vF) (T XTLe ) Z, (vf
5 a2 0) (im0
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where the projectors of all Hilbert space: Z |7) (7| = 1 with v = «, (3 effectively become the
v
projectors onto the nj subspace due to the other elements of the matrices Z;, (vf) and Z (vf T)

are zero outside this subspace.

Now, we going to define the following auxiliary matrix X7 as:
T(X{) = Ty Xy, (B.47)

where X} is the restriction of X to the subspace defined by the projectors IL,.x, resulting in an

n¥ x n¥ matrix. Utilizing the preceding relation, the following development is obtained:

p
Xaa = Y / duy, Ti (vF) T (XF)Z, (Uff)

k=1
p

-y / sy, T (vafva>
k=1
p

= ZI’“ (/ d,ukvatkva>
k=1

YN

B o dim {7} n

where the last equality follows from the Lemma (4). Finally, using the relation between X} and

X, we can obtain the following equality:
Tr {X{} = Tr{XIL;}. (B.48)

In fact, to obtain Eq. (B.48), we evaluate the trace of Z(XF). First, applying the definition of
immersion from Eq. (B.30), we find that for all k:

’Tr{xf@ (gga)} T {xt)

Tr {Zu(X))} = Tr{< ™ omn) o XFo < é onm>} =Tr{X/} , (B49)

m=1 m=k+1

-1

Tr{( onm> @Xf} =Tr {X}}

hS]
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therefore, the trace is invariant under changes in k. On the other hand, using Eq. (B.47) and the

cyclic property of the trace, we have:
Tr{Z(X[)} = Tr{ILs X105} = Tr{ XTI+ }. (B.50)

Combining Eq.(B.49) and Eq.(B.50), we arrive at the desired equality (B.48). Consequently, the

Haar average of X can be expressed as:

P Tr{ X, }
Xa =D P Lo
k=1
Thus, the proof of the Theorem is complete. O

Corollary 3. The Haar average of any matrix X is equal to the Haar average of the diagonal part
of X.

Proof. Trivial. ]
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