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Resumo

Nos 50 anos desde proposto, o efeito Unruh tem sido discutido extensivamente na
literatura, com varios resultados tedricos apoiando sua existéncia e alguns questionando
se ¢é de fato observado. O efeito Unruh afirma que observadores com aceleracao prépria
constante no espaco tempo de Minkowski responderao como se interagindo com um banho
térmico a uma temperatura proporcional a aceleracao. Para aceleracoes comuns essa
temperatura é muito baixa, tornando dificil verificagoes experimentais. Para entender
esse efeito e a discussao que o acompanha, revisamos alguns resultados importantes da
teoria quantica de campos e mostramos uma derivacao detalhada do efeito Unruh para
campos com e sem massa, incluindo o calculo dos coeficientes de Bogoliubov para esses
problemas. Além disso, acompanhamos uma discussao sobre o papel das condigoes de
contorno nesse problema, mostrando que podem levar a uma descricao incompleta do
campo no espaco tempo de Minkowski quando escrito em termos dos modos no espago
tempo de Rindler.

PALAVRAS CHAVE: Efeito Unruh, Teoria quantica de campos, Condicoes

de contorno.



Abstract

In the 50 years since it was first proposed, the Unruh effect has been discussed ex-
tensively in literature, with many theoretical results supporting its existence and some
questioning whether it is actually observed. The Unruh effect states that observers with
constant proper acceleration in Minkowski spacetime will respond as if interacting with
a thermal bath at a temperature proportional to the acceleration. For common acceler-
ations this temperature is very low, so experimental confirmation has been challenging.
To understand the effect and the discussion around it, we review some important results
from quantum field theory and work out a detailed derivation of the Unruh effect for
massless and massive fields, including the calculation of the Bogoliubov coefficients for
these problems. Furthermore, we follow a discussion on the role that the boundary con-
ditions play in this effect, showing that they may lead to an incomplete description of the
field in Minkowski spacetime when written in terms of the modes in Rindler spacetime.

KEYWORDS: Unruh effect, Quantum field theory, Boundary conditions.
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Introduction

The Unruh effect was first proposed almost 50 years ago [I] and has been discussed
extensively in literature, with many theoretical results supporting its existence [2] 3], [4), 5]
0l [7, [8 9] and some questioning whether it is actually observed or not [10] 11}, 12} 13| [14].
Some of these show that the Unruh effect is very important for the consistency of quantum
field theory, providing strong evidence that the effect must exist, at least in some form
[15].

The Unrubh effect states that observers with constant proper acceleration a in Minkowski
spacetime detects the vacuum state as a thermal bath at temperature T'= a /27 [2]. The
absence of additional hypothesis regarding the physics of the detector indicates that its
characteristics are not important: the effect is universal.

Now, uniformly accelerated observers are particularly interesting once we consider
Einstein’s equivalence principle [16], indicating that those observers connect with ob-
servers under the influence of gravity. As there is still no satisfactory understanding of
quantum gravity, accelerated observers may hint at what might be the nature of this
fundamental interaction.

In this master’s dissertation we show a derivation of the Unruh effect and bring to
light some of the points that make the Unruh effect an ongoing discussion. This is by no
means an exhaustive review on this long going discussion, but hopefully may serve as a
stepping stone in a challenging subject.

We start our discussion with a review of some important aspects of quantum field
theory, showing how this theory can lead to surprising results, one of the most curious
being the Unruh effect.

Chapter 2 shows a derivation of the Unruh effect for massless fields in two dimensional
spacetime. The simplifications brought here allows us to focus on certain crucial details
that may be overlooked otherwise. In particular, we discuss the connection between
different description of the quantum field as seen by inertial and accelerated observers.

The next chapter is dedicated to a detailed derivation of the Unruh effect in four
dimensional spacetime for massive fields, including the quantization in both Minkowski
and Rindler spacetimes. We also calculate the Bogoliubov coefficients, connecting the
field description in both spacetimes, which eventually leads to the Unruh effect.

The fourth chapter follows a discussion regarding some implicit boundary conditions



and what their implications may be. To simplify the calculations, we will use an equivalent
two dimensional model, and it is useful to review the quantization schemes and introduce
a new one for Minkowski spacetime, with an interesting application to the discussion.
Finally, we discuss our findings and evaluate the Unruh effect for a reasonable value
of acceleration, showing that the effect is extremely small, thus very difficult to measure
experimentally. Moreover, in the appendix we show a derivation for the density matrix
of a boson gas, discuss in details the trajectory of accelerated detectors, and show the

connection between black-holes and the Unruh effect.



Chapter 1
A brief review

To satisfy the requirements of both relativity and quantum theory, we need to abandon
some comfortable notions that work fine in less demanding contexts, such as a universal
time coordinate or a unique zero energy (vacuum) state. In this chapter we review some
important background concepts related to the Unruh effect, a significant one being that
the vacuum state may have drastically different properties when perceived by different
observers.

Before we proceed, it should be made clear that we are using natural units, in which
G =k =h=c=1. We will also use spacetime metrics with signature (+,—, —, —).

Under these considerations, the metric for Minkowski spacetime reads

ds® = dt* — da* — dy? — d2*. (1.1)

1.1 Classical field theory

Before heading into quantum field theory and the Unruh effect, we should understand
how classical fields are promoted to quantum operators, so it is interesting to review
some concepts from classical field theory. In analogy with classical mechanics, we define
the system in terms of its Hamiltonian or Lagrangian, which are commonly written as

integrals of Hamiltonian or Lagrangian densities [17]:

H= [ dzH and L= / d*x L. (1.2)
R3 R3
The Lagrangian density is defined as a functional of the fields ¢ and their conjugate
momenta 7, and the Hamiltonian density is then defined as the Legendre transform of
the Lagrangian density.
As in classical mechanics, in most cases it is possible to identify the Hamiltonian as

the sum of potential and kinetic energy, or the total system energy, and the Lagrangian



as their difference. The Hamiltonian is then a constant of motion, and for that reason it
is commonly used in non-relativistic systems. The Lagrangian, however, is not a constant
of motion, but it is Lorentz invariant, and therefore much more convenient when working
with relativistic systems.

To obtain the equations of motion, we define the action, S, as the integral of the

Lagrangian over time, or of the Lagrangian density over the entire spacetime:

S:/dtL:/ d'z L. (1.3)
R R4

Minimizing the action we obtain the Euler-Lagrange equations, which describes the dy-
namics of the field [17]:

0 0

2 r-v -
0¢ (V)

where we have used the Einstein summation convention, which will be used throughout

L =0, (1.4)

this text. In particular, we are interested in Lagrangian densities that may be written as

L=+/~g (Vud V'6+m*¢?)/2, (1.5)

with g being the metric determinant and V, indicating the covariant derivative. La-
grangian densities like this leads to equations of motion given by the minimally coupled

Klein-Gordon equation

(V.V¥+m?) ¢ =0. (1.6)

Given two solutions to this last equation, f4 and fgp, we define the Klein-Gordon

current as

T gy (@) = Filw) V" fo(x) = fo(x) V" fi(2), (1.7)

and it is simple to show that VMJ(’}A o) = 0:

Vidlpg) = Vaufi@) V¥ fa(a) + f3() V.V fa(2) = Viufa(e) V" i)
— fe(x) V.V" fi(2) (1.8)
= fa(z) V,V*fg(x) — fg(x) V, V" fi(x) .

= —m?fi(x) fa(x) +m?fa(z) fi(z) =0,
On the first line we simply expand the divergence using the usual product rule. From the
first to the second line we write V, f4(z) = g,, V¥ fi(x) and similarly for V, fg(x), then,

with a simple change of labels on the indices and using the metric symmetry g, = gu,,

we cancel the first and third terms. On the second line we use the Klein-Gordon equation

4



(1.6) on both terms, that are finally canceled out in the third line.
The fact that VHJ(‘}A o) = 0 implies the existence of a conserved quantity, namely,

the Klein-Gordon inner product:

(fa, f8)kc :i/zd?’X\/a Mt oy (1.9)

where d3X is the integration element for the spatial coordinates X, G is the metric
associated with these coordinates, ¥ is a hypersurface with constant time coordinate,
and 7, is the future-oriented unit vector normal to the hypersurface X. Using Stokes’s
theorem it can be shown that this inner product is time independent (see Appendix E
from reference [18]).

We will be working with metrics of the form

ds? = N(x)?dt* — Gop(x) dada®. (1.10)

It should be noted that the indices a and b run only through the spatial coordinates, and
that every spacetime discussed in this text has metric of this form. These metrics describe
globally hyperbolic spacetimes, which can be understood as spacetimes with well defined
causality. This is particularly important because it allows us to obtain the behavior of
a field for all time once we know the equations of motion and the field’s state at some
initial time.

For metrics like the one in equation , the Klein-Gordon inner product is written

as

(fa, fB)kc = z‘/zd?’X\/@N‘l(fZ Oifs — fB 0cf}); (1.11)

and the conjugate momentum, defined as 7 = 9L/ D¢, is given by

m(x) = NG di¢(x). (1.12)

We now define the momenta p4 and pg, corresponding to the fields fi and fg, respec-

tively, as p;(r) = N~'V/G 0,f;(x), and rewrite equation (L.11)) as

(fa, fB)kG Ii/EdDX{fZ(w) ps(x) = fo(x) pi(2)}. (1.13)

1.2 Quantum field theory

As classical field theory provides a framework to work with classical fields, quantum
field theory does the same for quantum fields. The canonical field quantization proceeds

as follows.



We denote by ngS and 7 the operators corresponding to the fields ¢ and 7, respectively,

and impose the canonical equal time commutation relations

~

[b(t, X), #(t, X)] = i6(X — X'), (1.14)

[0(t, X), o(t, X")] = [#(t, X), #(t,X")] = 0. (1.15)

For two arbitrary solutions to the Klein-Gordon equation, f4 and fg, we have

[(an QE)KGU (&7 fB)KG] :_/Ed:sX/Ed?)X,

X [fZ(t7X) ﬁ(t7X> - Qg(uX) p;(t,X), éfA)T(taX/) pB(t7X/) - fB(t7X/> ﬁ-T(t?X/)L

(1.16)
where the integrand may be simplified using ((1.14)), being reduced to
[]=—i6(X = X) {fa(t, X) ps(t, X') — f(t, X') pa(t, X)}. (1.17)

Thus equation ((1.16)) becomes

[(an QB)KG, (QA% fB)KG] - /EdSX/Eng/
X i6(X — X') {[3(t.X) pu(t. X) — (L. X) f5(t, X"))
i / EX{F3(0X) pp(t, X) — fi(t. X) iyt X)}

= (fa, fB)KG-
(1.18)

We now assume that there exists a complete set of solutions to the Klein-Gordon
equation (1.6), {f;, f}, satisfying the orthonormalization conditions

(fi» fi)ka = —(fi5 f])xa = 0y (fi5 filka = (fi, f{)ka =0 (1.19)

where, for simplicity, it was assumed a discrete index. Expressions for the general case
may be obtained by replacing the following sums by the appropriate integrals, and the
inner products of equation ((1.19)) by the appropriate delta function. In Minkowski space-

time we choose f; as the positive frequency modes, however, in more general spacetimes



there may not always be a natural choice [15].
Since the modes {f;, f} form a complete set of solutions to the Klein-Gordon equa-

tion, we may expand the field in this base:

¢ = Z [(fiu P)xc fi+ (9. fi)ke f{k] = Z [@ifi +&If¢*} ; (1.20)
where we implicitly defined the operators a; = (f;, (/5) ke and &Z = (qg, fi)ka- Notice that
these operators are time independent and can be obtained by the inner product between
the modes f; and f; and the field quS at some starting time ty, where the field operator quS
at t = tg is known from the initial conditions.

With the help of equations ([1.18) and (1.19) we obtain the commutation relations for

the operators @ and a':

la;, a;] = [a], a] =0, la;, @] = 6, (1.21)
and we identify them with the annihilation and creation operators, respectively. The
vacuum state is now implicitly defined by a; |[vac) = 0, for every operator a;, and the
Fock space may be obtained by successive applications of the creation operators &j to the

vacuum state.

1.2.1 Bogoliubov transformation

We now assume that there is a second complete set of solutions to the Klein-Gordon
equation, {f, f}, satisfying relations similar to those in equation (1.19). The complete-

ness of this set allows us to expand the field ngﬁ in terms of either set:

o= |afiralf;] =3 ki +aisi]. (1.22)

I

where the operators a; and d} are defined in a similar manner to the operators a; and &L
and thus satisfy equivalent commutation relations.
Since both sets are complete, we may write the elements from one as a linear combi-

nation of the elements from the other:

fr= Zaufi + Bt Ii = Za?ifz‘* + Brifis (1.23)

and using the relations in equation ((1.19]) we obtain the coefficients ay; and £p;:



arni = (fi frike = (f1, fi)ke Pri = =(f7s e =1, fike: (1.24)

After substituting the expressions for f; and f; in terms of the functions f; and f;
in the field expansion, we compare the coefficients of each mode f; and f, and obtain
a relation between the annihilation and creation operators associated to the modes in

different sets:

A E ~ * AT A E * A * AT
1 i

These are known as Bogoliubov transformations, and the coefficients a; and Sy; are the

Bogoliubov coefficients.

1.2.2 Vacuum states

To see how the Bogoliubov relates to the Unruh effect, we consider the vacuum states
associated the annihilation and creation operators of modes in the different sets, which

are defined by

a; ‘vaci> =0, ay }Uacl> =0, (1.26)

and look at the expectation value of the number operator, N, = &I&i, on the state ‘vacl >:

(vac'| ala; lvac’y = Z (vac| (as,ah + Briag)(agiay + B5ah) lvac’)
,J

= (vac| (Briar)(85,dh) [vac’) (1.27)

1,J

= Z Brif37; <vacj‘ d;&T] ‘vacf> .
1,J

Where we have used the vacuum state definition to eliminate the terms associated with
the ay; coefficients.

Using the commutation relation for the operators a; and d}, it is easy to see that the
expectation value inside the sum in the previous equation reduces to dr;, from where it

follows

N,

<1)CZCI

vac’) = Z]ﬁnﬁ (1.28)
T



and with a similar derivation for the expectation value of N; in respect to the vacuum

associated with the set I we have:

(vac'| N; lvac’y = Z R (1.29)

From these calculations it is clear that the states |vac’) and |vacl > are distinct if the
coefficients fj; are non zero.

Although generally there is not a unique choice of the vacuum state, for spacetimes
with metric in the form of equation with the functions N(z) and Gu(x) indepen-

dent of time, the Klein-Gordon equation becomes

Ok = NG™30, (NGEG 0, 1) — N*m2f, (1:30)

and is natural to choose the positive frequency modes, f;, to depend on time with the
form exp(—iw;t), where w; can be understood as the energy of the particle with respect
to the Killing vector 9, [| This choice leads to a well defined vacuum state, which satisfies

time translation symmetry [15]. Such state is referred to as static vacuum.

Killing vectors are vector fields associated with metric symmetries [I8], which relate to conserved
quantities. They may be understood as translation generators. For instance, in Minkowski spacetime,
the vector 0; is the time translation generator, with the energy being the related conserved quantity.
Another example is the vector z9; + t0,, the boost generator in the z direction, related to some notion
of mass center conservation.



Chapter 2
The massless scalar field

In this chapter we derive the Unruh effect for a massless scalar field in two (1 + 1)
dimensional spacetime. Although we will do the same calculations for the massive scalar
field in four dimensional spacetime, the simpler calculations here may give a clearer
idea on the fundamental concepts of the Unruh effect. In particular, it should be easier
to understand how to extend the modes associated with the Rindler spacetimes into the
whole Minkowski spacetime, a critical step in the calculation of the Bogoliubov coefficients
and the Unruh effect.

2.1 Massless scalar field in Minkowski spacetime

Roughly following the procedure laid out in the previous chapter, we start by evalu-

ating the Klein-Gordon equation in Minkowski spacetime, which reads

(82 —9%) @ = 0. (2.1)

The solutions to this equation are plane waves, which we use to write the most general

solution in integral form:

o > dk N ) ) Ay .
o :/ — [bk e—z|k|t+2k’z +b2 ez|k|t—zkz] ) (22)

We now split the integral at £ = 0 and change the integration variable signal in the

negative integral, which leads to

>

- < dk
|

With the variables change U =t — z and V =t + 2, the field can be rewritten as

e by e e (2:3)

A A A

b(t,z) = D_(U) + D, (V), (2.4)

10



that is, it can be factored into two non interacting sectors, one moving to the left, the

other to the right. For that reason, we may focus on the left moving sector, which reads

A

b V) = [k [baa £V + B 10 00)]. (25

with the modes f,; (V) satisfying

Fon(V) = (4mk) "2 ™V, (2.6)

2.2 Rindler spacetime

Minkowski spacetime is invariant under boost transformations, motivating the follow-

ing coordinates change:

t = psinhn, z = pcoshn, (2.7)

where p is a positive real number and 7 any real number. The metric is then written as

ds? = p*dn* — dp* — da* — dy?. (2.8)

It should be noted that the coordinates p and 1 map only the region |t| < z of
Minkowski spacetime, also known as the right Rindler wedge. With appropriate signal
changes to the right side of equation we obtain a map to the region |t| < —z, or the
left Rindler wedge, with metric identical to the one in equation ([2.§]).

Maps for the remaining regions of Minkowski spacetime, named expanding and con-

tracting degenerate Kasner universes, may be obtained with a similar coordinates change:

t' = £pcoshn, 2/ = psinhn. 2.9
P n P n

However, this leads to a time dependent metric, describing a non static spacetime, where
there is not a natural vacuum [I5]. Therefore, the fields in the degenerate Kasner uni-
verses do not play an important role in the following discussion.

With an appropriate choice for the starting conditions, the trajectory of a point
particle with constant proper acceleration a along the z axis may be obtained from

special relativity calculations (check appendix , and is given by

{(r) = L sinh(ar), 2(r) = L cosh(ar). (2.10)

a a
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Comparing with the transformation given by equation ([2.7)), it follows that an observer
at rest in Rindler spacetime, with trajectory (n, po, o, yo), corresponds to an observer in
Minkowski spacetime with constant proper acceleration py ' in the z direction, and the
relation between Rindler spacetime and accelerated observers becomes clear.

fa

>

5 const. > " p const
lr:l CETLST. .r" I.:-.fr;,r,:._

’, 1} cearat,

Figure 2.1: Rindler coordinates system for both Rindler wedges.

The map for the left Rindler wedge is obtained by taking z — —z and (n, p) — (7, p)
in equation . Figure shows the lines with constant p, n, p and 7 in that equation,
describing the Rindler wedges in terms of these variables. Notice that the dashed lines
indicate the “light cone”, expressed mathematically as |t| = |z]| or p = p = 0.

2.3 Massless scalar field in Rindler spacetime

To obtain a description of the field in Rindler spacetime we introduce the following

coordinates change, with £ and 7 accepting any real value:

t =a ‘e sinhar, z=a'e" coshar. (2.11)

This transformation is similar to the one used to map Rindler spacetime, equation ,
which may be obtained by setting

p=alte® and n=ar. (2.12)

12



Notice that this transformation maps the entire right Rindler wedge and only that, and
that taking & = 0 gives the trajectory of an object in Minkowski spacetime with constant
proper acceleration a.

The metric then takes the form

ds® = €% (dr® — d&?) — da* — dy? (2.13)

and the Klein-Gordon equation for the massless scalar field reads

(02 -92) & =0, (2.14)

T

which is the same equation as in Minkowski spacetime, with a simple variable label
change. As was the case in Minkowski spacetime, we can separate the field into two non

interacting sectors, one depending on v = 7 — £ and the other on v = 7 + &:

A

D(7,6) = O_(u) + Dy (v), (2.15)

with the fields @ (v|u) satisfying

b (ofu) = / "o fas Faolol) + b, FLu(olu)]. (2.16)

The variables U, V', u and v are related by the following expressions

U=—a"te ™, V =a"te", (2.17)

which can be used to write v in terms of V as v(V) = a 'In(aV). We now write the

modes f., as functions of V', obtaining

fw(U(V)) = (47Tw)—%e—iw In(aV)/a

= (4mw)~2 (aV) /e, 219

It’s important to remember that this expression is only valid in the right Rindler wedge,
that is, for V' > 0 and U < 0. However, this is an analytic function for V' > 0, so there is
no reason not to take this as the definition of the modes f.,, for all V> 0, or both the
right Rindler wedge and the expanding Kasner universe (¢t > |z|). As such, we can write

the field expansion for this region of Minkowski spacetime

d,.(V>0) = /0 dw [dw fro(v) +aby, £ro)]. (2.19)

Similarly, the modes associated with the field <i>_, also originally defined only on the

13



right Rindler wedge, can be extended to the whole U < 0 region, that is, the right Rindler
wedge and the contracting Kasner universe (t < —|z|).

For the left Rindler wedge, we use the map

t = a 'e®sinhar 2= —a"'e® coshar, (2.20)

)

where the variables o = 7 + € and V are related by V = —a~"'e™®, and similarly for @

and U. Following the same procedure from the right wedge, we find two non interacting
sectors, depending on the variables u or v. Once again we extend the modes of each

sector to an entire half of the Minkowski spacetime, and thus may write

bV <0) = [ o fulo) + b 710)]. (2.21)

We now have two sets of modes, fi,(v) and f,,(v), each covering half the Minkowski
spacetime, and may write an expression for the field that is valid over the whole Minkowski

spacetime [1]:

b, (V) = /0 T [ OV) Fro(0) + ase 0(=V) fru(®) 4 Hel,  (2.22)

where we have used the Heaviside function 6(x) to select the appropriate contribution

when evaluating the field modes in each half of the Minkowski spacetime.

2.4 The Bogoliubov coefficients

Knowing both field descriptions, we are in a position to calculate the Bogoliubov
coefficients. We do that by writing the modes from one space as a linear combination of
the modes from another space, as indicated by equation (|1.23)), and find

< dk . .
H(V) fw(v) - 0 \/m (afk e_ZkV + Bfk esz) ) (223)
_ > dk L —ikV L _ikV
0(=V) fu(v) = (agp ™ + 85 ™). (2.24)

o Vark

These last equations are just Fourier integrals, so the Bogoliubov coefficients may be

+ikV R

obtained by multiplying the equations by e and then integrating over V. For o), we

find

14



. /0 h fo(v(V)) e*Vav
= - kfw /Oo(a‘/)_i“’/‘z e®Vav (2.25)

1 <a) —iw/a /OO —iw/a iz d
= - x e Z.
2nvkw \k 0

For this integral to converge we must introduce a small imaginary part to x by setting

x — x + i€, with € — 0%. The integral then gives

* —iw/a it go. (_')iw/a (1 —iw/a)

x e dr =1 (—1 w/a

/0 (2.26)
=i ™/ (1 —iw/a),

and we obtain the first set of Bogoliubov coefficients. An identical procedure may be

performed to obtain the remaining coefficients. In explicit form, they read

: mw/2a
R _ :pL Le -
o, =102, = —F—T'(1 —w/a), 2.27
wk 6 k QW\/E ( / ) ( )
- —mw/2a
B_job =-'% D1 -iw/a) (2.28)

2.5 The Unruh Effect for massless fields

An inspection of equations ([2.27)) and ([2.28)) shows us that the Bogoliubov coefficients

satisfy the relations

B = —emlealk, B = e, 229
These relations are actually more important than the explicit form of the coefficients,
as they will also appear in the derivation for the massive scalar field, with equivalent
consequences.

The relations in equation are now used to write the Rindler spacetime field
expansion in terms of the modes in Minkowski spacetime, where we notice that the

following expressions must be satisfied

(af, — e ™/ atl) ‘vacM> =0, (ak,, —e ™/ ah) lvac™) = 0. (2.30)
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Together with the canonical commutation relations for the creation and annihilation

operators, these last equations lead to a very important result:

(dflafw dﬂuaiw ‘vacM> =0, (2.31)

that is, there must be the same number of excitations on both Rindler wedges, which
means the Minkowski vacuum state can be written in terms of the Rindler vacuum state

and the creation operators as

lvac™) o H Z (altfgliyne lvac™) (2.32)

W no>0 "
where we have used an approximation for discrete w. For a more general verification of the
thermal state, one should check whether the state satisfies the Kubo-Martin-Schwinger
equilibrium condition or not [19]. However, for the discussion here it suffices to introduce
an approximation for discrete w, explicitly calculate the state’s density operator, and
compare it with the density operator for a relativistic boson gas (check appendix .
With further manipulation of these results, we find the coefficients K, and construct
the density operator corresponding to the Minkowski vacuum seen by an observer with

constant proper acceleration:

pur = |vac™ Yvac™| = H (Kg(w) Z e~ 2mwnw/a |nw>(nwl> : (2.33)

N >0

with Ko(w \/ 1 — exp(—27w/a). This is, of course, the density operator for a rela-
tivistic gas Wlth temperature a/2m, i.e., the Unruh effect: T = a/27.
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Chapter 3
The massive scalar field

We now tackle the complete problem of a massive scalar field in four (3 + 1) dimen-
sional spacetime. The overall procedure is the same as for the massless scalar field, but
the calculations are more complicated, requiring some interesting insights. One of the
results showed here is that the problem can be reduced to two dimensions without loss

of generality, which will come in handy for the discussion that follows.

3.1 Massive scalar field in Minkowski spacetime

We start with a description of the quantum field in Minkowski spacetime. The massive
Klein-Gordon equation (1.6)) takes the form

(07 =02 — 02— 2+ m?) ¢ =0, (3.1)

and has plane waves as solutions:

fr(z) = [(27) 2Py] 2 exp(—iPyt + iP - X), Po=vVP>+m?,  (32)

which form a complete set of solutions to the Klein-Gordon equation , and are
orthonormal with respect to the Klein-Gordon inner product . Notice that X and
P are three dimensional vectors.

The quantization procedure described in the first chapter leads to the quantum field

operator

o(z) = / P (! fp(x) + a7 fp()}, (3.3)

where the operators a¥¥ and d]]\gﬁ are the annihilation and creation operators, satisfying

the canonical commutation relations.
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3.2 Massive scalar field in Rindler spacetime

The description of the massive scalar field in Rindler spacetime can be obtained by
using the same coordinates changes as in equation (2.11). In this coordinates system, the

Klein-Gordon equation is

D¢ = [352 + e (02 + 85) — m?e*] ¢. (3.4)

As discussed in the previous chapter, we choose the positive frequency solutions to have
time dependency in the form exp(—iwT). It is not hard to see that the general solution

to this equation may be written as

(ST

vf‘KL = (27r\/ Qw) B

with X| = (z,y), K| = (K,, K,), and g,k (§) satisfying the following equation:

e—im——&-iKL~XlngL (5)7 (35)

L% T (KL mﬂ Gorc, (€) = & gurc, (6) (3.6)

This is a time independent Schrodinger equation with an exponential potential, and
it is known that solutions of physical interest go to zero when ¢ — oo and behave as
exp(£iwé) for £ — —oo. We also impose the orthonormalization of the modes vaL with
respect to the Klein-Gordon inner product , and it can be shown that they should
satisfy [15]

sinh(mw/a) , K
UﬁKL(Ta&XJ_) = % KL X1 —iwr Kiw/a <E€a§> . k= /Ki +m2, (37)

where K, (x) is the modified Bessel function of second kind.
After performing the canonical quantization procedure we obtain an expansion for the

quantum field in Rindler spacetime in terms of the modes v/ (2/):

o) = [ dw [ PR, alh ol (00 +all, i, (), 38)

with the Rindler spacetime annihilation and creation operators, alix —and o™ also
wk |
satisfying the canonical commutation relations.

Performing a coordinates change similar to the one in equation (2.11)), namely

1

t = a 'e* sinh ar, z = —a 'e® cosh a7, (3.9)

we obtain the quantum field operator for the left Rindler wedge:
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/ dw / K {al b (@) +all vhk (@)}, (3.10)

L

with the operators a;; —and &w &, satisfying the canonical commutation relations. The

modes vl are defined as
1

sinh(7w/a)

L iK | -X ) —iwT K af
le(T 6 X ) 47_(_4(1 (& + + Kiw/a (ae > 3 (311)
which is just the expression for val with a label change.

Finally we write the quantum field operator for the union of both Rindler wedges:

/ dw/d2Kl {awKJ_ wK | +CLOJKJ_ w;(J_ +G/UJKJ_ ({;KJ_ —"_awKJ_UQL);{J_} (312)

and define the vacuum state for this region of the spacetime as:

il Jvac™) =0, L, |vac™) = 0. (3.13)

3.3 The Bogoliubov coefficients

We are now able to calculate the Bogoliubov coefficients. Before we proceed, it should
be noted that the equations and only define the modes vfx —and v, in
the Rindler wedges, and they should be extended to the appropriate region in Minkowski
spacetime.

Equation shows that we may use the Bogoliubov coefficients to write the modes
in Rindler spacetime as a linear combination of the plane wave modes in Minkowski

spacetime:

—iPyt+iP-X + ﬁleP elPot—iP.X}, (314)

e
wKL / W{ wK | P

—i1Pyt+iP-X _I_/BwKLP ezpot—iP-X}‘ (315)

e
wPL / W wKLP

Notice that by replacing P, with — P, in the rightmost term of the previous two equations

we can rewrite them as

oiPL X1

—iPyt+iP,z
z + —’
2

iPot—iP,z }

(3.16)

wKJ_P €

U(JJKJ_ - M{QWKLP €
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oiPL X1

71P0t+iPzz +5L iPot—iP,z
e b——
wK | P 2 )
v

wKJ_ / M{QWKLP (317)

and comparing these with equation (3.7)) it becomes clear that the Bogoliubov coefficients

with P, different from K| are zero, i.e.

O‘fKLP = O‘sz 6(PL— K1), EKLP = 55132 6(PL— K1), (3.18)

and similarly for the coefficients associated with the modes on the left Rindler wedge.
Equations (3.16)) and (3.17) are then further simplified to

R XL > i Pot+1i P, R i Pot—i P,

_ e thottiP:z iPyt—iP,z
et = " / ol Sl L (3100)
’UUI:KL — 671P0t+1Pzz 4 BU[;PZ ezPotfzpzz}. (320)

m r,

This is very interesting as it shows that the components x and y are not important for

the Unruh effect and we may work with models in lower dimensions, which significantly
simplifies the calculations.

The modes v) ~were defined as the modes v/% ~with a change of labels 7 — 7
and & — &, which corresponds to the change z — —z. Comparing equations and
under these changes we obtain a simple expression for the Bogoliubov coefficients

associated with the left Rindler wedge in terms of the coefficients from the right wedge:

L _ R L _ pR
Ay, P, = Qu,—P, and P, = Bu-p.-

Therefore, we may now focus on equation ([3.19).
It is interesting to look at what happens in the right future Killing horizon, ¢ = z for

t > 0, where we have
eiKJ_-XJ_ /'OO {
o /— wPZ

with V' =t + z, and it’s convenient to define U = t — z. Equation (3.7) is valid in the
right Rindler wedge, with the map in equation (2.11)), where the same Killing horizon is

R

. (P=P)V/2 4 gR - GiPo—Po)V/2y, (3.21)

located at & — —o0, so we should look at that equation under this condition.
We start with an approximation for the modified Bessel functions, K, (z), under the
condition |z| — 0. The modified Bessel function is defined as [20]

20



K, () miJ_y(iz) — i*”J,,(iac)7 (3.22)

2 sin vm

where J,(x) are the Bessel function of the first kind, which satisfies the small arguments

approximation [21]

- _(@/2)"

gy () ~ INTEk (3.23)
and K, (z) takes the form
o |2 (=/2)”
Ry(a) = 2sinvr [T(1—v) T(1+ 1/)} ' (3:24)

We now write the approximation for the modes UEKL in equation (3.7 near the future

Killing horizon £ — —oc:

K- X | —iwT
v,

R . ie (%)iw/aeiwf B (%)—iw/ae—iwf
Y yrJasinh(mw/a) [T +iw/a)  T(1 —iw/a)
i eiKLXL _(%)iw/ae—iwu (%)—iw/ae—iwv]

- 4my/asinh(rw/a) | T(1+iw/a) - T(1—iw/a)

(3.25)

where we implicitly defined v = 7 — & and v = 7+ £. Inverting equation (2.11f) we obtain

expressions for 7 and £ as functions of ¢ and z:

t
7=a"tanh '(¢/2) =a'In G £=a'ln (a\/ 22 — t2>, (3.26)

z—1

which gives us functions of v and v in terms of U and V| respectively:

u=—a "In(—al) and v=a"In(aV). (3.27)

Equation (|3.25) may then be written as functions of U and V:

R i e’[:KJ_'XJ_ (%)iw/a(_a[])iw/a (%)—iw/a<av)—iw/a
Ule — - . - .
4t\/asinh(rw/a) I'(1+iw/a) I'(1—iw/a)

(3.28)

it {(—Um)“/“ (vﬁ/zriw/a}

- 4m\/asinh(rw/a) N

'l+iw/a) TI'(1—iw/a)
We approach the right future Rindler horizon from ¢ < z, so U =t — z goes to zero from
the left, i.e. U — 07, and it follows, ignoring any delta contributions for w — 01, that
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the left term inside the square brackets is zero.

Notice that both equations (3.21]) and (3.28)) have the modes v/, written as functions

of V and X,. Comparing them gives:

> dP, , .
/ — {af, o—i(Po—P:)V/2 + B8R, GiPo=PIV/2)

B i (Vi /2)" /e
4asinh(rw/a) I(1 —iw/a)’

(3.29)

and, with the variable change v = (Py — P,)/2, the left side of equation (3.29)) can be
written as
[e's} 1 2 4 2
ay LA g or
0 \/ 47TPO (’}/)

which is clearly a Fourier expansion with coefficients

eV 4 gl Y, (3.30)

1+r2/49° g

1 2 /4~2
of, and 1+6/47° o
47TPO(")/)

, 3.31
47TPO ("}/) wP; ( )

obtainable by multiplying the expansion ([3.30) by exp(4iy'V) /27 and integrating over
V. Doing this with equation (3.29) for the Bogoliubov coefficient o yields

R iRl Py— P,
aLp =— .
wh I'(1 —iw/a) /167 Pyasinh(rw/a

; /0 dV (V/2)~w/a gilth=P)V/2 (3 39)

Working out the integral and applying the same procedure to equation ((3.29) mul-
tiplied by exp(—iy'V)/2m in order to obtain 8%, we find an explicit expression for the

Bogoliubov coefficients:

Tw/2a —iw/2a
ok, —al , = il (P°+PZ) / (3.33)
© YT (A Pyasinh(rw/a) \ o — P: 7
—7w/2a P+ P —iw/2a
e z
N =L = _ ( 0 ) : (3.34)
VAT Pyasinh(rw/a) \ Fo — P

We finish this section with a discussion on the extension of the Rindler modes to the
whole Minkowski spacetime. The Bogoliubov coefficients in equations and (|3.34])
were obtained with calculations using only the right future Rindler horizon, which should
not really be a surprise considering that the field dynamics are entirely determined from

its state in a ‘slice’ of the spacetime, i.e., the initial conditions. Due to symmetries in the
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definitions of the modes in the left and right Rindler wedges, we have a further reduction
in the information required to obtain the coefficients, and may focus on only the future
half of the ‘slice’ t = z. For that reason we can write the explicit form of the Bogoliubov
coefficients in equations and and take these as the extensions of the Rindler

modes to the whole Minkowski spacetime.

3.4 The Unruh effect

We now use the Rindler modes defined in equations (3.14]) and (3.15)), with the Bo-
goliubov coefficients found in equations (3.33) and (3.34]), to write the quantum field
expansion in both Rindler wedges, as shown in equation (3.12)), in terms of the modes in

Minkowski spacetime:

q@RL:/OOOdw/fm /\/%{

~R R ~Rt R« L L Lt oLs —iPytiP-X
<ale Oy, p T 0,k Pok, pt gk, Ok, pt Ok, Puk, p) €

+ Hel}. (3.35)

Now, equation indicates that the operators that appear as coefficients to the positive
frequency modes are the annihilation operators of the field in Minkowski spacetime, which
means that we may write the operator inside the big parenthesis in equation as a
linear combination of the Minkowski annihilation operators a}. All of these operators

annihilate the Minkowski vacuum, so we may write

/d3P f(P) ap Jvac™) =0, (3.36)

for every distribution f(P).

For that reason we may write, for some function f(P),

~R R ~ Rt Rx ~L L ~ Lt L M\
(5w, O p+ o, Bl p+agk, g, p+ g, Bk, p)|vac') =

/d3P f(P) ap [vac™) =0. (3.37)

An inspection of equations (3.33)) and ([3.34)) shows that the Bogoliubov coefficients satisfy

the relations
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R . —nw/a . Lx L o —nw/a . Rx
wK, P — —€ OuK | P /BUJKLP = —¢ QLK | P (3.38)
L _ 2iwQ(P)/a . R ’
and Quir,p=F¢€ OuK P

in which we introduced the rapidity Q(P) = In % = tanh™'(P,/P,). Equation

(3.37) may then be rewritten as

. _ AL N - ~R
[aleP (afKL — e /e %}g) + O‘ﬁKlP (CL£KL — e ™/ %}g)} }UGCM> =0

(3.39)
~ —nw/a AL W a (A —nw/a AR

[(ale — e ™/ aw}{l) 4 ZwQ(P)/ (aﬁKL — e ™/ awgﬁ)} }vacM> = 0.

This last equation must be satisfied for all P,, implying that the operators in paren-

thesis must annihilate the Minkowski vacuum state:

(aff — e7mw/e LTy lvac™) =0, (af — emmw/a Rty lvac™) =0, (3.40)
where we have omitted the K, index on the annihilation and creation operator in order
to simplify the notation.

We now take the expectation value of (afif +e~™/a gL)(af — e=™/a gL1) with respect
the the vacuum state |vacM >, which must be zero according to the previous equation,

and obtain:

(vac™| [al" aff — em2mw/a gL gLt _ pmmw/a (gBY gLt gL Ry lvac™) = 0. (3.41)

The operator in parenthesis is anti-Hermitian while the remaining terms form a Hermitian

operator, so their expectation values must go to zero independently, and we may write

(vac" | (af" aff — e~ 2mwla gl G LT lvac™) =0, (3.42)

where we use the commutation relations [aZ, a£T] =1 to find

<vacM‘ alit aft }vacM> = g tmw/a <vacM| alt ot ‘vacM> + e 2m/a, (3.43)
Similarly, the expectation value of (a£t 4 e~/ aF)(al — e=™/@ Ft) which is also

zero according to the right expression of equation (3.40)), leads to

(vac™| alt al |vac™) = e~ 2mw/a (vac™ | aff" alf |vac™) + e~2mla, (3.44)
We now simultaneously solve the two previous equations to obtain the expectation value

24



of the number operators associated with both Rindler wedges:

(vac"| akt al lvac™) = (vac"| altt ol lvac™) = (e2™/a — )71, (3.45)

which is the Bose-Einstein statistics, exactly what we would expect for a boson gas at

temperature 7" = a/27 [22]. Of course, this is not enough to establish the Unruh effect,

as it does not imply that the other matrix elements characterize a thermal bath.
Applying the creation operators afff and 4T to the left and right expressions in equa-

tion (3.40)), respectively, and subtracting the equations we find

—alt al — e (6t alt —alt afih)] jvac™) =0, (3.46)

where using the commutation relation [aZf, alt] = 0 we obtain

(@i al —alt ab) lvac™) =o. (3.47)

This means that, for each mode w, the Minkowski vacuum has the same number of
excitations on both Rindler wedges. We now use the same approximation for discrete w

discussed in the previous chapter, and may write

"U(ICM> X H Z

w nw>0

ART LT N

lvac™) . (3.48)

Multiplying the last equation by (af — emw/a al™) we find the recursion relation
satisfied by the coefficients K,

K, =K, e ™/ =FK,e ™n/a, (3.49)

Minkowski vacuum may then be written as

lvac™) = H (KO Z —mwne/a Inf) ® ‘n£>> , (3.50)

N >0

where the states |nfj> and }n£> are the eigenstates of the Hamiltonian operator written in
terms of Rindler spacetime coordinates. The product symbol indicates the tensor product

of the states in parenthesis for every mode w, and the constant Ko( ) are obtained by the

normalization condition of the vacuum state, which reads Ky(w) = /1 — exp(—27nw/a).

We now write the density operator associated with the Mlnkowskl spacetime vacuum

po = [uacoae¥ | = [T | 3e) 3 el (] @ nfnl)| . (350

N >0
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Due to the causal structure of Minkowski spacetime, there must be no communications
between observers located on the left Rindler wedge and observers on the right wedge,
therefore we trace out the components from either wedges from the tensor product in
equation (3.50). We finally obtain the Minkowski vacuum state operator, accessible to
observers in either wedges of Rindler spacetime, written in terms of latter spacetime’s

energy eigenstates:

pn=11 <K§<w> S e \nw><nw|> . (352

w N >0
Comparing this last equation with the density operator for a relativistic boson gas (equa-

tion (A.4), we find the same expressions if we set 27/a = (3, and we have the Unruh
effect:

o
o

In words, an observer with constant proper acceleration a in Minkowski spacetime cannot

T (3.53)

distinguish the vacuum state (described by the Minkowski vacuum density operator py
in its reference frame) from a thermal bath with temperature 7' = a/27 (described by
the density operator in equation (A.4))).

26



Chapter 4
Implicit boundary conditions

We now focus on certain conditions that may have been overlooked in our derivation
of the Unruh effect. The discussion here is based on calculations published in reference
[23].

As discussed in the previous chapter, the perpendicular components X, and P, are
not important for the calculations of the Unruh effect. Therefore, in order to simplify
the calculations, we will consider the problem of a massive scalar field in 1+1 dimensions

spacetime.

4.1 Quantum fields in two dimensional spacetime

For future reference, in this section we rewrite some of the results from the previous
chapter for two-dimensional spacetimes. The overall similarities between the equations
should make clear that there is no generality loss if using this simpler model.

In Minkowski spacetime the massive Klein-Gordon equation is written as

(63 — az + mz) Qs]y[(.%’) = 0, (41)

and its solutions are the plane waves indexed by the momentum p € R:

1 . )
@p(l') — —ezpz—zpot’ Po = /p2 + m?2. (42)

These functions form a complete set of solutions to the Klein-Gordon equation, and are

orthonormal under the Klein-Gordon inner product for Minkowski spacetime:

(.9 =i / " F(a) dugle) de. (4.3)
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The quantization procedure laid out in the first chapter leads to the following field

description:

(e 9]

dn(z) = / dp [a, ©,(z) + a} ©3(z)] (4.4)

—0
where the operators a, and d; are the annihilation and creation operators in Minkowski
spacetime. As we have seen, these operators satisfy the canonical commutation relations
and define the Minkowski vacuum state a, ‘vacM ) =0.

In Rindler spacetime, described by the coordinates change in equation (2.7) (and
similarly for the left Rindler wedge), the Klein-Gordon equation reads

(82 = p0, p0, +m?p) Pr(&) =0, (4.5)

and has the following functions as solutions:

—ipn 1
P,(z") = eﬁ Yu(p), with Yu(p) = - 2psinh mp K, (mp), (4.6)

where K;,(x) are the modified Bessel functions and y is a non negative real number. No-
tice the similarities between equations (3.7)) and (4.6) under the transformation described

by equation ([2.12]).
The functions described by equation (4.6)) also form a complete set of solutions to the
Klein-Gordon equation and are orthonormal when used with the inner product (1.11)) in

Rindler spacetime:

Uﬂhziéw%fﬂw%mf) (4.7)

Therefore the quantization procedure leads to the expansion of field in Rindler space-
time the as a linear combination of the modes ®,(2’), and the annihilation and creation

operators ¢, and éL, respectively:

&mwzlﬁmmﬁmw+¢%w» (48)

with the operators ¢, and éL satisfying the canonical commutation relations. It follows

that the vacuum state in Rindler spacetime is defined by ¢, ‘vacR> = 0.

4.2 Boundary Conditions

In this section we’ll consider the one-particle amplitude ¢¢(x), defined as
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¢5(x) = (vac| o ()| ), (4.9)

which determines all matrix elements of the field operator ¢y [23]. In Minkowski space-

time, the one-particle state |f) is defined as

) = / " dp £(p) a [vac), (F1f) = / T 1) = 1. (4.10)

—00

From the field Lagrangian we obtain the Hamiltonian density and may evaluate the

field energy, which reads

1

11 =5 [ dz (10651 + 005+ mlorl®) (1)

The finiteness of the one-particle field energy requires that each one of the three inde-

pendent integrals be finite, from which it follows the finiteness of

/ 10.¢|°dz and / |65 1dz, (4.12)

—00 [e.9]

implying, respectively, the field continuity and the boundary conditions

¢f(t,z = £o0) = 0. (4.13)

The solution to the Klein-Gordon equation in Rindler spacetime (4.5)), can also be
written as

Or(a') = e~ Y(p) + ey (p), (4.14)

with the functions ¢ (p) obtained from the field’s initial conditions:

1 i .
(o) = 508(0,p) + 5K (0. ). (4.15)
It should be noted that Kr = —pd, pd,+m?p? in these last equations acts as an operator

on the fields.

We once again consider the one-particle amplitude, which in Rindler spacetime reads

0,(2") = (vac®| Gr(a’) lg) = exp(=inky{? ), (), (4.16)

where we used equation (4.14]) and the fact that the term on the left is associated with
the creation operators and are eliminated once applied to the vacuum state <vacR‘. The

one-particle state is written as
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l9) = / s () g fvac®) - with - {glg) = / ol =1 (417)
0 0

and it follows that the spatial component 1,(p) satisfies

< g(p) (sinhmp)?
Uelp) = | dp Kiy(mp). (4.18)
0 n I
Performing the Langer transformation u = In(mp), mapping p = 0 to u = —oo, the

operator K is rewritten as

Kr=—-02+V(u) with V(u) = e*. (4.19)

The form of the potential V' (u) immediately tells us that physically relevant solutions
satisfy the boundary condition ¢4(n,+o00) = 0. In order to obtain the condition for

u — —oo, we look at the one-particle field energy, which reads:

1 [*d o0
(9] H |g) =§/0 ?p{|@n¢g|2+p2|ap¢g|2+m2p2|¢g|2}:/0 du lg(p))?,  (4.20)

implying the finiteness of each of the following integrals

| Lol [ Ll ad [Cawlgl @2
o P o P 0

The equivalent to these last expressions for Minkowski spacetime led us to the bound-
ary conditions (4.13), but here there is no obvious limitation for the behaviour of ¢,(z’)
when p — 0 from these alone. However, there is an important condition that must be

satisfied, namely:

¢q(n,0) = 0. (4.22)

In order to prove this we split the integral in equation (4.18)) in three parts:

o0

w1 w2
h=[ G =[G wd L[ G )
0 H H

1 2

where and p; and po are arbitrarily small and large positive numbers, respectively, and

G(u, p) is the integrand in that equation, given by:
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sinh 7 1/2
@@J?(iﬁ Kou(mp). (1.21)

The small arguments approximation for the modified Bessel equation (3.24]) is once

again useful, and we write

Ki (6“)

T [eiuu+iu In2 ei,uufi,u 1n2:|
)

— —00. 4.
Ti—7) TaTi) for u— —o0 (4.25)

™ 2isinh [T
For small p we may set I'(1 — iu) ~ I'(1 + i) ~ I'(1) and sinh ym ~ pum and obtain an

asymptotic expression for G, (p):

Gulp) ~ 9ln) _ sin(pu — pln2), for p<«1 and u— —ooc. (4.26)

NG
Analysis on the behaviour of the I'(1 4+ ¢u) and sinh(7p) functions for the conditions
p~~1and pu > 1 gives us the approximation

—sin(pu — pln 2), n<1
Gulp) ~ 9 cos(pu — pIn2 — arg T(ip)), pal (4.27)

Ve
sin(plnpg — pu+p(n2 —-1)+7/4), pw>1
The asymptotic expression in equation shows that the functions G,(p) oscillate
everywhere, therefore, from the normalization condition of |g) and the inequality |g| <
(1 +] g|*), it is clear that the integral [ :1 *|gl/p di converges. The Riemann-Lebesgue
lemma then tells us that Io must go to zero as p — 0. Applying the Schwartz inequality

to I3, we obtain

BOP < [ low)ds (428
T2 J s
and it follows that I3 yields arbitrarily small values by the appropriate choice of py. It
should be clear that only /; contributes to the field as p — 0.

Looking at the normalization condition for (g|g), it is obvious that continuous func-
tions ¢g(x) must vanish for p = 0. We now consider functions approaching zero as a power
of u for p — 0: g(p) = ap®, a > 0. Using the approximation from equation , the

indefinite integral I7(u) is given by
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n
R~ —%/ i tsin(pu — aln2) di
0
1a

2y

where we implicitly defined « = u—1n2 = In(mp/2) and the incomplete gamma function

~
S
:

(4.29)

Q

u i I'(a, —ipu) — i I'(a, ipu) — 2isin(ra/2) T'(a)},

['(av, 2) satisfies, for imaginary z and |z| — oo [24]:

D(a,2) m 2% ey %z_k. (4.30)

k>0

Substituting this asymptotic expansion’s leading term into equation (4.29) we have

Ii(p) ~ —I_sz%/ﬂ_l sin(pu) + ﬂaCi/E sin(ra/2) T'(«)

(4.31)

a
~ sin(ma/2) I'(a) for <1,
o sn(ma/2) T(e) for g
which clearly goes to zero as © — —o0o. It is quite complicated to evaluate this integral for
arbitrary functions, but it can be shown that this integral must vanish for all physically
realizable states |g) [23], implying (4.22)). This means that, when deriving the Unruh effect
in different spacetimes, we could be obtaining solutions to effectively different problems,

and comparing the fields is pointless.

4.3 Boost modes quantization

There is an interesting derivation of the expression for the Rindler modes in terms of
the plane waves modes, which will be very useful for the following discussion. We start
by defining the operators &, labeled by the rapidity ¢ = In , /% = tanh™! (p%), as

&, = v/mcoshq a,, (4.32)

in which p = msinhq and it follows py = mcoshgq. It is straightforward to show that
these operators, along with their Hermitian conjugate, satisfy the canonical commutation
relations. We now define the operator b, as the Fourier transform of the operators dyg,

therefore they satisfy

~ 1 o0 . 1 o0 N
= [t a, wmda= s [Cane b us
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From these definitions it follows that the operators by, and bl satisfy [b,, bl,] = [@, &],
that is, the canonical commutation relations. Moreover, since the Fourier transform is
known to be unitary, the operators by, define the same vacuum as the operators ¢g, which
is clearly the same state defined by a,: the Minkowski spacetime static vacuum.

The field expansion is now rewritten in terms of the operators by, and 132

~

om(x) :/ dp/ dk (2%7r po) " He 1 by eFirol L H o)

— / dk {by, / dp (227 po)~te iaFtip=mivot L ff o} (4.34)

o0 [e.9]

- /Oo dk {by, Wy(x) + b} Wi(2)},

oo

with the modes Uy (z) defined by the integral form

Uy (z) = /00 dp (2%7r po) " exp[—iqk + ipz — ipot]
o o (4.35)
= (2%7r)_1 / dq exp|—igk + im(z sinh ¢ — t cosh q)].
These modes are also orthonormal with respect to the inner product in Minkowski space-
time and, along with W} (z), form a complete set of solutions to the Klein-Gordon equa-
tion. From this and the commutation relations for the operators by and ?)L we can say
that the quatization scheme in equation (4.34]) is appropriate.
Acting the boost generator B =i(z 0; +t 0,) on the modes Vi (z) we find

B V(x) = (Zgw)_l/ dq m (zcoshq — tsinhq) expl...], (4.36)
where we notice that the integrand may be written as (k — id,) exp]...], and the last

equation is reduced to

BV (z) = (2%7r)—1 /OO dq (k —10,) exp|...] (437)

=k Wi(z) —i (2%71‘)_1 exp]...] ‘J_ri =k Wi(x).

Therefore the modes Wy (z) are eigenfunctions of the boost generator with eigenvalue k.
Using the coordinates defined in equation the boost generator reads B = i0,, and
has as eigenfunctions the modes ®,(z') from equation (4.6)), with u as eigenvalues. It
should be clear now that the modes ¥,(z) may be identified as ®;(z') and by as the
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operators ¢ from equation (4.8)).

4.4 The zero boost mode

The Unruh effect is derived from equation (4.34) by splitting the integral at k = 0,
and changing the integration variable on one of the terms to obtain a single integral with
different limits, that is

() = /0 " dk {bp Up(ax) + 0] i)+ by U_p(z) 4+ b, ()} (4.38)

This last equation may then be rewritten as a linear combination of the Unruh modes
defined, with C,, = (2 sinh 7u)~%/2, as

R,(z) = C{e™?W,(z) — G_W'H/Q\I/*_”(I)} and
L,(z)= C’M{e”“/QIIf*_H(m) — e ™2y (1)}, (4.39)

and the associated annihilation (and creation) operators given by

ru=Cu{e™? b+ e} and 1, = C ™ by + e b)Y, (4.40)

respectively.
These operators naturally satisfy the canonical commutation relations and we may

identify the following field expansion

dn(z) = /O b dp {7, Ry (2) + 7 R (2) + 1, L% () + I L(2)}, (4.41)

with equation ({3.35]), from where it follows the Unruh effect.
The procedure above was actually the one used by Unruh on his original derivation
in reference [I]. Although it may seem harmless, the splitting of the integral would imply

the change of the integral by its Cauchy principal value at the point x = 0:

/_00 dk{...} — p.v. /Z dk{...}, (4.42)

and the exclusion of the zero boost mode from the complete set ¥,. This would be fine
if the modes Wy (z) where regular functions at k = 0, however, these modes have d-like
singularities at all points in the light cone, which obviously includes the origin.

What this means is that the exclusion of the zero boost mode implies the loss of some
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degrees of freedom of the field, which makes the modes W, incomplete when working in
the whole Minkowski spacetime. As we have seen, this loss is equivalent to setting the
boundary condition , or removing the entire light cone. This can be easily seen
once we consider the field initially described in the ‘slice’ n =t =0, where at p =2 =0

equation (4.35)) reads

U,,(0) = (227)7" /OO dq e = % 5(k), (4.43)

that is, the field at the origin of Minkowski spacetime is entirely described by the mode
\DO (x)
To illustrate this point, we evaluate equation (4.34]) for z = ¢ = 0, and obtain

~ l;o + ZA)(JS o dp
0 = —— =
(bM( ) 2 —oo V 47Tp0

from where, for the one-particle state defined in equation (4.10)), it follows

(ap+a}), (4.44)

65(0) = (vac™ | dur (0) |) = / T (4.45)

oo V4TD0

Notice that this expression is not generally zero, while on the other hand, the exclusion
of the zero boost mode implies ¢¢(0) = 0. This means that we can construct states
in Minkowski spacetime that are not possible when considering only the Unruh modes
defined in equation . More details on this discussion can be found in references
[25], 26].
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Conclusions

In this dissertation we have reviewed the derivation of the Unruh effect. This impor-
tant phenomenon states that an observer in Minkowski spacetime with constant proper
acceleration detects the quantum vacuum as a thermal bath with temperature propor-
tional to the acceleration [2]. This statement does not depend on the physical character-
istics of the detector in question, and is therefore understood as a universal effect. Under
Einstein’s equivalent principle, accelerated observers are particularly interesting due to
their connection with observers under the influence of gravity (this relationship is well
illustrated by the Hawking radiation, as can be seen in appendix . As far we know
there is no fully satisfactory understanding of gravity under quantum mechanics or vice
versa, these results are important in giving hints on what should be the nature of such
theories.

It is worth to mention that using the International System of Units, the Unruh effect

reads

_ah
" 2mwckp’

Ty (4.46)

and evaluates to roughly T ~ 4 x 1072’ K for accelerations near 1g. We may compare this
with the lowest temperature ever seen on Earth (and maybe even in the entire universe),
which is about 10° times higher than that, and cosmic background radiation corresponds
to a temperature of around 2.7K. Due to the incredibly low temperature, the Unruh
effect has not been experimentally observed, but there are some proposals to do so, as in
reference [27].

In sequence we have examined the controversies of the existence of the Unruh effect
due to the problem of the boundary conditions [23]. Unfortunately, to the present time
we have not obtained a decisive conclusion on the importance of the boundary conditions
in the thermal response indicated by the Unruh effect. It is known that several theoretical
results support that the thermal response is indeed observed [2, 3] 4], 5], 6, [7, [§], so these
conditions do not seem to be important, at least in some cases. On the other hand,
references [10 11, 12} 13, 14] question whether the Unruh effect is actually detected,
which could illustrate the effects of the boundary conditions showed here.

Finally, theoretical results indeed show accelerated systems reacting as if interacting

36



with a thermal bath at the temperature predicted by the Unruh effect [10} 111, T2} T3], [14],
some even indicating that this effect plays an important role in the consistency of quantum
field theory in general. This should make clear that the Unruh effect must exist, at least

1S some sense.
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Appendix A

Density matrix for a boson gas

The density operator of a thermodynamic system, which can be used to describe the

expectation value of observables in statistical quantum systems, may be expressed as [22]

. ePH
Tr(e—rPH)

where (3 is the inverse of the temperature and H is the systems Hamiltonian operator.
Notice that this operator is diagonal when expressed in the energy eigenstates basis, i.e.

In) with H |n) = €, |n), so we may write

pn = (n] p|n) = Tr(e ™)~ (n] e n) = Tr(e= )" e=Fen, (A-2)

For a free relativistic boson gas we have €, = wn, with positive real w and integer

n >0, so

Tr(e Pm) =Tr(e ") = Ze‘ﬁ“’" = (1—e ), (A.3)

n>0

and the matrix elements are p, = e #" /(1 — e#), leading to the density operator

=11 ((1 — LY e |nw><nw|> . (A4

w Ny >0
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Appendix B

Trajectory of an accelerated observer

In this appendix we derive the trajectory of an observer with constant proper acceler-

ation in Minkowski spacetime. With an appropriate choice of starting conditions, the set

of trajectories with proper acceleration o > 0 form a map (in terms of the acceleration

and the observer’s proper time) to the region z > ¢ in Minkowski spacetime: the right

Rindler wedge.

We start with the position 4-vector, x = (t, X ). The 4-velocity is defined as the total

derivative of the position 4-vector in respect with the observer’s proper time, 7:

e (@ ax
U_dT_ dr’ dr |~

Now, dt/dr is just the instantaneous time dilation factor, so we may write

a_ 1 and dX _dXdt
i~ T o dr ~ dt dr

which leads to

=V,

Working the derivatives give

dy _ _dy N2 T AT A
L=y~ = (1-VH 2 V. A=~V . A
7 =g =7 ) v

and we have

(B.1)

(B.2)

(B.3)



Let a be a constant with norm o and V point in the same direction as ff, it follows

042 = —Gu at a”

== (V- AP+ V(V - A + 4 A2 4 295(V - A)?
= VP(VAP + 44> = (V> + N A?
— 76142.

These considerations reduce the problem to a single spatial dimension, so we can drop
the vector notation. Equation (B.7)) gives us the equation of motion in terms of V' and ¢:
s dV
(1-vy o, B
which is solved by

at 1
V==—r—=w = X=—-va2?+1, B.9
V14 a?t? o (B.9)
where we have set the initial conditions V(¢ = 0) = 0 and X (¢ = 0) = o™, for reasons
that should become clear by the end of this section.
Assuming that the observers’ clocks are synchronized as t = 7 = 0, the accelerated

observer’s proper time in terms of ¢ is

dt ——— 1
T «

This last expression can be inverted into

1 1
t = —sinhar and X = —coshar. (B.11)
a a

1

If we set n = at and p = o~ we can write

t = psinhn and X = pcoshn, (B.12)

which can be inverted to yield

n = tanh ' (t/X) and p=VvX2-1t (B.13)

Notice that equations (B.12)) and (B.13)) form a smooth invertible map between the vari-
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ables (¢, X) and (7, p) in the region X > |t| (or p > 0) of Minkowski spacetime. This
region is known as the right Rindler wedge, and can be understood as a spacetime on it’s
own.

The right Rindler wedge is often used to study accelerated observers, as a trajectory
with fixed p describes the same trajectory as would an observer with constant proper
acceleration @ = p~! in Minkowski spacetime (considering the proper choice of initial

conditions).
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Appendix C

Black holes and the Unruh effect

There is a remarkable similarity between the Hawking temperature[28] and the Unruh
effect. This is not a coincidence, as the spacetime describing a black hole and Rindler
spacetime has some properties in common. Here we will show a simple calculation of how
the Hawking radiation can be obtained using the Unruh effect.

A black hole with no charge nor angular momentum and mass M (in a universe with

the cosmological constant set to zero) is well described by the Schwarzschild metric

2M oM\
g= (1 - T) dt* — (1 - —) dr?® —r? (d6* + sin*0 d¢?), (C.1)

r

where 2M is the Schwarzschild radius of this black hole. Introducing the coordinate

change

2

_ e
7‘—2M—|—8M, for p>0 (C.2)

we rewrite the metric and pick the terms of lower order on p, indicating an observer close

to the event horizon, which gives

- L2 2 52 59 59
g—<4M> dt? — dp? — da? — dy?. (C.3)

Notice that we transformed the # and ¢ coordinates in two locally flat coordinates x and
y. Setting n = t/4M we find the Rindler spacetime metric.

The transformation in equation only maps the universe outside of the black
hole. Of course, we have very good reason to believe that the field outside of the black
hole should not interact in any way whatsoever with the field inside the black hole. The

transformation

42



Pz

oy —
" SN

with 0 < p < 4M, (C4)
maps the interior of the black hole. What is interesting here is that this transformation
leads to a non-static globally hyperbolic metric, similar to the one used the describe the
degenerate Kasner universes. As we have seen, spacetimes like these do not have a well
defined vacuum state.

The spacetime near the black-hole horizon is described as two separate spacetimes:
one static and one non-static, described by the a metric identical to the ones for Rindler
spacetime and the Kasner degenerate universes, respectively. It follows that there is a
very good analogy between the problem of an observer near the outside of the event
horizon and an observer with constant proper acceleration. This should become obvious
if we consider that the metric in equation describes an observer accelerating with
proper acceleration p~! to avoid falling into the black hole. This is perfectly compatible
with Einstein’s equivalence principle.

The problem here is actually simpler than the Unruh effect, as our only concern is
some equivalent to a right Rindler wedge, and the calculations are pretty much exactly

as was done before. This leads to the result

1 1

T = = :
2rp  Am\/2Mr (1 —2M/r)

(C.5)
An observer at r is under the gravitational acceleration /1 — 2M /r. Applying the proper

adjustment due to gravitational redshift, an observer at r’ detects the temperature

1
T = ,
dmr/2Mr (1 —2M /r")

(C.6)

where we take the limit for » — 2M and " — oo, which corresponds to an observer very

far away from the black hole (like us), and obtain the Hawking temperature

1

Ty = —.
B enM

(C.7)
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