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Resumo

Angie Tatiana Suarez Romero. Piecewise Smooth Vector Fields:
Conley Index and Asymptotic Analysis. Goiania, 2022. 100p. Tese
de Doutorado. Instituto de Matematica e Estatistica, Universidade Federal
de Goias.

Nesta tese propomos usar a teoria de Conley para investigar uma classe de
campos vetoriais suaves por partes (PSVF) onde é possivel construir um sistema
semi-dindmico usando a convencao de Fillipov para PSVF. Inicialmente, construimos
um semifluxo gerado pelas trajetérias positivas de um PSVF em uma variedade
fechada tridimensional com uma variedade de comutacao sem regides de escape.
Além disso, o resultado é estendido para qualquer variedade de dimensao finita onde
a variedade de comutagao admite apenas regides de cruzamento. Assim, construimos
um sistema semi-dindmico que nos permite aplicar a teoria classica de Conley para
garantir a existéncia de 6rbitas periédicas para uma classe de PSVF. Posteriormente,
fazemos algumas aplicagoes deste resultado em dimensdo dois e aplicagbes em
sistemas biologicos de dimensao 3. Além disso, estudamos o comportamento de
trajetorias positivas proximas a origem na classe de sistemas suaves por partes com
origem do tipo cuispide-dobra, resultado na linha do teorema de Poincaré-Bendixson

para esta classe de sistemas em dimensao 3.

Palavras—chave
Indice de Conley, campos de vetores suaves por partes, ctspide-dobra,

Poincaré Bendixson.



Abstract

Angie Tatiana Suarez Romero. Piecewise Smooth Vector Fields:
Conley Index and Asymptotic Analysis. Goiania, 2022. 100p. PhD.
Thesis. Instituto de Matematica e Estatistica, Universidade Federal de
Goias.

In this thesis, we propose to use Conley theory to investigate a class of piecewise
smooth vector fields (PSVF) where it is possible to construct a semi-dynamical
system by using Fillipov’s convention for PSVF. Initially, we build a semi-flow
generated by the forward trajectories of a PSVF on a closed three-dimensional
manifold with a switching manifold without escaping regions. Furthermore, the
result is extended to any finite-dimensional manifold where the switching manifold
admits only crossing regions. Thus, we build a semi-dynamical system that allows us
to apply the classical Conley theory to guarantee the existence of periodic orbits for
the PSVF class. Subsequently, we make some applications of this result in dimension
two, as well as applications in systemic biology with systems of dimension 3. On the
other hand, we study the behavior of positive trajectories near the origin in the class
of piecewise smooth systems having the origin of cusp-fold type. A result along the
lines of the Poincaré-Bendixson theorem for this class of systems in dimension 3 is

obtained.

Keywords
Conley index, piecewise smooth vector field, cusp-fold singularity, Poincaré

Bendixson.



Introduction

A dynamical system describes the evolution of a phenomenon throughout
time, where time could be considered discrete or continuous. At the beginning of
the 19th century Henri Poincaré, while investigating the movement of the planets
and interested in the study of periodic orbits, gave rise to what today is known
as modern dynamical systems; his work combined topology and geometry, thus
conducting a qualitative study of dynamical systems. Later, David Hilbert, at
the Second International Congress on Mathematics in 1900, proposed a list of 23
relevant problems, now called Hilbert problems. One of the most famous and still
unsolved problems being of the 16th, which refers to finding the maximum number
of limit cycles of a polynomial vector field of degree greater than or equal to 2. This
great interest in the existence of periodic orbits and limit cycles is due to the fact

that, in general, it is not easy to explicitly obtain solutions of a dynamical system.

In dynamical systems, a modern research topic concerns the piecewise smooth
vector fields (PSVF shortened). PSVFs are vector fields that are not completely
differentiable but are differentiable in parts, where the trajectory of a vector field
is suddenly interrupted and changed by another different one. These systems are
widely used to model problems associated with control theory, economics and
biology, see [2]. We are interested in guaranteeing the existence of periodic orbits
in PSVF. Moreover, in 1978 Charles Conley introduced a new topological index
called the Conley Index as a generalization of the Morse Index. The Conley index
guarantees the existence of invariant sets within a particular compact set; we are
interested in invariant sets corresponding to periodic orbits. One of the main goals

of this work is to use Conley’s theory to obtain periodic orbits in PSVF.

Conley theory has a significant number of applications in the study of dynamical
and semidynamical systems. In [10], Charles Conley began to develop this theory
for two-sided flows in compact or locally compact spaces and this was continued
by Dietmar Salamon, see [43], and extended to semiflows by Rybakowski, see [41].

In the paper [31], the authors presented a useful result for finding periodic orbits



in semidynamical systems; this result is the main tool in Chapter 2. A modern
application in the search for periodic orbits in neuroscience is found in the thesis [42],
where the author uses numerical techniques to obtain periodic orbits in dynamics

given by Competitive Threshold-Linear Networks and Wilson-Cowan networks.

The Conley theory has been developed for continuous and discrete dynamical
systems, multiflows, and semiflows. With respect to flows, one of the first works
related to Conley Theory and discontinuous systems corresponds to [8]. The authors
use a regularization of a discontinuous vector field, see [46], to adapt Conley index
for continuous flows. They define the notion of D-Conley index and show its
invariant under homotopy. Most recently, Cameron Thieme has been extending the
Conley theory for multiflows. The main objective being to generalize Conley index
theory to differential inclusions having the Filippov systems as motivation. Firstly,
in [52], it was introduced introduces differential inclusions and Filippov systems,
and it was showed the existence of a multiflow for this class of system. Subsequently,
in the preprints [51] and [53], the author exposes a definition of perturbation (see
Definition 3.1 in [51]) and shows that both the isolating neighborhoods and the
attractor-repeller decomposition are stable, which are essential objects in Conley

theory.

Our approach is to construct a semiflow for Filippov systems in order to apply
the well-established results of Conley theory. Recently, related work has been done
by Mrozek and Wanner in [38]. Their engaging paper shows the construction of a
continuous semiflow on a finite topological space X for a combinatorial vector field

(a discretization of a piecewise smooth vector field).

Another important aspect of the modern dynamical system theory studied by
Poincaré is description the asymptotic behavior of solutions and the structure of
their limit sets. The Poincaré-Bendixson theorem guarantees that, under suitable
hypotheses, a limit set can be an equilibrium point, a periodic solution, or closed
curves consisting of a finite number of equilibrium points connected by regular
orbits. Some advantages obtained when working with smooth systems in dimension
two is that the Poincaré-Bendixson theorem is valid, besides being valid also on
some surfaces such as the sphere. Recently, a significant and important topic in
research is to answer whether, in the case of PSVF, these results are true or not. A

first result in this context can be found in [3].

Another important object concerning PSVF are the tangency points. Particularly in



dimension three, there are two important types of generic tangential singularities.
One of them corresponds to points where the contact with a co-dimension one
smooth manifold is quadratic, and the second where it presents a cubic contact.
These are called fold and cusp singularities, respectively. Some work addressing
three-dimensional PSVFs are [54], [7] and [13]. In Chapter 4, we study the behavior
of forward orbits near the origin, in the spirit of the Poincaré-Bendixson theorem
but in dimension three, for a class of piecewise smooth systems having the origin as

a cusp-fold singularity.

The overall description of the main results and, in general, the structure of this

thesis is as follows:

o In the first chapter, we present the definitions, notations, and the main results
on Conley index and discontinuous systems used in this thesis. With respect

to the Conley index, we provide a sketch of the proof of the theorem of [31].

o In Chapter 2, we prove that the positive trajectories generated by a
piecewise-smooth vector field defined on a closed 3-manifold without escape
region produce a semidynamical system. With this result, and using the main
theorem of the paper [31] we guarantee the existence of periodic orbits in an

isolating neighborhood. Finally, we present some applications.

e In Chapter 3, we present an application of the main result of the previous
chapter in biological systems. We present a method that guarantees the

existence of periodic orbits for a particular network called Repressilator.

« In Chapter 4, we analyze the behavior of positive trajectories near the origin
in a PSVF having the origin of cusp-fold type. We state three results along

the lines of the Poincaré-Bendixson theorem for this class of vector fields.

» Finally, in Chapter 5, besides concluding remarks, we indicate some future and

in-progress works that arise from this thesis.
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CHAPTER 1

Preliminaries

This preliminary chapter recalls some basic concepts and results from
Conley theory and the Filippov convention for piecewise-smooth vector fields
defined in dimension 3 which is the main object of study in this work. In Chapter

2, we use topological tools and in Chapter 4 analytics tools.

Throughout this thesis, we denote the intervals (—oo,0] and [0,00) by R~ and R*,
respectively. Let X be a topological space and f a real-valued function on X. We say
that f is upper semi-continuous at z* if and only if limsup,_, .« f(x) < f(z*). We

adopt the following definition of semidynamical systems, [44].

Definition 1.1 The pair (X,¢) is called a continuous semiflow or continuous
semidynamical system if X is a topological space satisfying the Hausdorff property
and ¢ is a map ¢ : X x Rt —= X, satisfying the following properties:

i. ¢(x,0) ==z, for every x € X (initial value property);
ii. ¢(p(w,t),s) =o(x,t+s), for each v € X and t,s € RT (semigroup property);

iii. ¢ is continuous on the product space X x RT (continuity property).

In order to simplify the notation, in some cases, we denote ¢(x,t) by x-t.

1.1 Conley Index

In this section, we review Conley index theory, for more details see [9], [10],
[31], [32], [33], [35] and [43]. Throughout this section assume that X is a metric
space and ¢ : X x RT — X a semiflow. A subset S C X is said to be an invariant
set with respect to the semiflow ¢ if, for all p € S, one has p-t € S for all t € RT.
In other words, ¢(S,RT) =S. Let N C X be a subset of X. The mazimal invariant
set of N is defined by: inv(N)={z € X| z-t € N, for all t e R*}. A subset S C X

is called an isolated invariant set if there exists a compact neighborhood N of S in
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X such that S Cint(N) and S = inv(N). In this case, N is said to be an isolating
neighborhood for S in X. The set N is called an isolating neighborhood for ¢ if it is
closed, contained in the domain of ¢, and inv(N) C int(V).

Definition 1.2 Let S C X be an isolated invariant set. A pair (N,L) of compact
sets in X is said to be an index pair for S in X if L C N and

1. N\ L is an isolating neighborhood for S in X;

2. L is positively invariant in N, that is, if x € L and z-[0,T] C N then
x-10,T) C L;

3. L is the exit set of the semiflow, that is, if v € N and x-RT G N then there
exists T'> 0 such that z-[0,T7] C N and z-T € L.

Conley defines isolating blocks in [9], as follows.

Definition 1.3 Let V be a smooth vector field on a smooth manifold M and let
¢y M xR — M. Let N C M be a smooth compact submanifold (with boundary)
of M with dim N =dim M, and let ON =n. Define

nt={pen|Ie>0 with p-(—€,0)NN =0},
n~:={pemn| Je>0 with p-(0,e)NN =0},
T:={pen|X istangent to n at p}.

Definition 1.4 Using the notation of Definition 1.3, N is an isolating block for ¢y
if ntNn~ =7, if 7 is a smooth submanifold of n with codimension one and (as a

consequence) nT and n~ are submanifolds with common boundary T.

It follows that an isolating block is an isolating neighborhood.
Given a pair (N, L) of topological spaces with L C N and L # (), define:
r~y&sSr=yorxy€ L. (1-1)

Denote by N/L the pointed space (N/~,[L]). Figures 1.1 and 1.2 show the index

pair (N, L) for various hyperbolic invariant sets.
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Z
z
Z

o

_LARN

Figure 1.2: The index pair (N, L) for three hyperbolic invariant sets in dimension
three.

Next, we present several definitions that we use throughout this work.

Definition 1.5 The Homotopy Conley Index of S is defined as the homotopy type
of the pointed space N/L, where (N, L) is an index pair for S.

Note that, by definition, the homotopy Conley index is the homotopy type of a
topological space. The homotopy Conley index is well defined, that is, it does
not depend on the isolating neighborhood that isolates the isolating set, see [32].
Unfortunately, operating with homotopy classes of spaces is difficult. It is helpful to

consider the cohomology Conley index to evade this problem.

-0

Figure 1.3: Homotopy type of the pointed space N/L for inv N correspond to a
saddle.

N

L
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Definition 1.6 Let S be an isolated invariant set with respect to the semiflow ¢
and let (N, L) be an index pair for S. The cohomology Conley index of S is defined

as

CH*(S)=CH*(S,¢):=H"*(N/L)~ H*(N,L) (1-2)
where H* denotes the Alexander-Spanier cohomology with integer coefficients.

The robustness under perturbation of an isolating neighborhood is one of its most
important property. To state formally this property, called the continuation theorem,

we need the following definition.

Definition 1.7 Let N C X be a compact set. Let ¢ be a I-parameter family of
flow and Sy =inv(N,¢y). Two isolated invariant sets Sy, and Sy, are related by
continuation or Sy, continues to Sy, if N is an isolating neighborhood for all

S)\,)\ € [)\0,)\1].

Now, we state this important theorem for the Conley index, whose proof is nontrivial
and it can be found in [43].

Theorem 1.8 (Continuation Property) Let Sy, and Sy, be isolated invariant

sets that are related by continuation. Then,
CH*(S),) = CH*(Sy,).

Let us now consider, as an example, the Conley index of a stable periodic orbit in

two dimensions.

Example 1.9 The homotopy type of the pointed space N/L of a stable periodic orbit
in two dimensions is equal to the homotopy type of S'V SO (see Figure 1.4), hence

7, k=01,

0, otherwise.

CH*(S) ~ {

N °
L=10

Figure 1.4: The homotopy type of the pointed space N/L of a stable periodic orbit

in dimension two.

The following result generalizes Example 1.9.
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Proposition 1.10 (Mischaikow, [32]) Let S be a hyperbolic periodic orbit with

an oriented unstable manifold of dimension n+1. Then

Z, k= 1
CHk(S)%{ ) n,n+1,

0, otherwise.

1.1.1 Discrete Conley index

In this subsection, we present some definitions and results on discrete
Conley index. Further details can be found in [31] and [36]. Let f: U — X be a
continuous map defined on a subset U of X. Denote it by f:X-e—+X this map. We
say that K is an invariant set if f(K)= K. A function v, : Z — X is called a (full)
solution to f through x € X if f(yz(n)) =vz(n+1) for all n € Z and ~,(0) = «.
A full solution v, is in N C X if 7,(Z) C N. If N C X then we define the mazimal
invariant set in N by inv(N) :={z € N | 3 a full solution v, in N}.

Let N be a compact subset of X. We say that N is an isolating neighborhood for f
if N is closed, contained in the domain of f and inv(/N) Cint N. A subset K of X is
called an isolated invariant set if there exits an isolating neighborhood N of K such
that inv(V) = K, and A C N is positively invariant with respect to N if, and only
if, AN f~Y(N) C f~1(A). If N is an isolating neighborhood for K, we define the sets

o invt(N):={zeX|VieZ", fi(z)eN},
o inv (N):={zeX|VieZ, fi(zx) €N},
o inv(N):=invh(N)Ninv™ (N).
Definition 1.11 A pair (Py, P) of compact subsets of N is called an index pair of
K in N (with respect to f) if, and only if, the following three conditions are satisfied:
1. Py and Py are positively invariant with respect to N ;
2. inv™(N) Cinty Py and invt (N) C N\ Py;

3. P\ P, Cint NN f~1(int N).

The family of all index pairs in N is denoted by IP(N). In [34], the author shows
that for every neighborhood W in K there exists an index pair P = (P, P;) in N
such that P\ P, CW.

Example 1.12 Let X = S? = R?U{oc} and f: X — X be a continuous map such
that f(Ro) = So and f(Ry) =S1, see Figure 1.5. This map is called a G-horseshoe,
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Figure 1.5: G-horseshoe map.
see [30].

We are interested in finding an index pair for inv(N), where N is the square
ABCD. The description of the dynamics of f in N is completely analogous with
Smale’s horseshoe dynamics that can be found in [{0]. We take N = [0,5] x [0,5] an
isolating neighborhood and let us show that P = (Py, Py) is an index pair of N where
Py =[1,4] x[0,5] e Po =1[1,4] x ([0,1]U[2,3]U[4,5]).

1. Note that PN f~Y(N) C f~YPy) and PN f~Y(N) C f~Y(P), that is, P| and

Py are positively invariant with respect to N, see Figure 1.6.

0

Py

f7HN)

Figure 1.6: The sets P} and P» are positively invariant.

2. Observe that inv™— (N) Cintx Py, in fact inv™ (N) =Np>0 fM(N) S NN F(N)N
f2(N), see Figure 1.7. Similarly, inv¥(N) C N\ Py, in fact invT(N) =
Nzo fH(N) CNOFTHN)NFT2(N).
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v 7 )

P, P P \&

Figure 1.7: inv™ N Cinty P;.

3. Finally, we have that Py\ Py Cint NN f~1(int N), see Figure 1.8.

o
g

Int NN f~'(Int N)

Figure 1.8: P;\ P, Cint NN f~!(int N).

Leray functor

This subsection is based in [36]. Let € be the category of graded modules over a
ring = and homomorphisms of degree zero. We denote by €(E, F') the set of all
morphisms of F in F with EF € €. Let eE be the category of graded modules
equipped with an endomorphism. The objects of this category are pairs (F, f),
where F' € € and f € €(F, F') is an endomorphism.

Fix (F,f) and (E,e) in eF. A morphism between (F,f) and (F,e) is a map
¢ : F'— F such that the following diagram commutes

f

F— F

of e

E—=— FE
We define the covariant functor LM which transforms a pair (F, f) € eE in a pair
in eM. We fix (F, f) € eE and we define the generalized kernel gker(f) of f as

gker(f) = J{f7"(0)|n € N} = {z € F|f"(x) =0 for some n € N}.
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As f(gker(f)) C gker(f), we have the following induced monomorphism

' F/gker(f) —F/gker(f)
[z] = [f(2)].

And so, we define LM (F, f) := (F/gker(f),f') €.

We take ¢ : (E,e) — (F, f) a morphism, then p(gker(e)) C gker(f), and so, we

have an induced map

@' E/gker(e) > [x] — [p(x)] € F/gker(f).

Therefore the diagram below is commutative:

E/gker(e) e, E/gker(e)

/| |

Flgker(f) —L F/gker(f)

We define LM (p) := ¢, then LM is a covariant functor LM : e — eM.

Now, we define another covariant functor LI which transforms a pair (F, f) € eM in
a pair belonging to LI. Assume that (F, f) € eE. We define the generalized image
of f as

gim(f) = {f"(F)ln € N}.

As f(gim(f)) C gim(f), we can consider the contraction

f' gim(f) 32 — f(z) € gim(f),

and we obtain that f” is a monomorphism that is also an epimorphism, then f” is
an isomorphism. We define LI(F, f) := (gim(f), f") € eI

Now, we take (E,e),(F,f) € eM and ¢: (F,e) — (F, f), we have that ¢(gim(e)) C
gim(f). Let ¢ be the contraction ¢ : gim(e) > x — ¢(x) € gim(f), causing the

diagram below to be commutative

gim(e) AN gim(e)

<‘D//J/ J/@/l
f/l

gim(f) —— gim(f)
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We define LI(¢) :=¢", so LI is a covariant functor LI : eM — €l.

Definition 1.13 The functor L: eE — €l defined by the composition LI o LM is

called Leray functor.

Let P= (P, P), Q= (Q1,Q2), R=(R1,R2) and S = (51,S52) be are index pairs
such that RC P and SC @, and f: P, — @ with f(R) C S. Consider the map
fr,s: R1 — 51, hence it R1 N Ry into S1N Sy, frg is be called the contraction of
f to the pair of pairs (R,S). Moreover, we denote by ip g(p) the contraction of the
identity map id : S(P) — S(P) to the pair of pairs (R,S).

Let f: X — X be a homeomorphism and N an isolating neighborhood with respect
to f. We consider an index pair P = (P, P») € IP(N), and we define the index pairs

S(P):=(PUf(P), P2U f(P)),
T(P):= (PLU(X \int N), BU(X \int N)).

Proposition 1.14 (Mrozek-1990, [36]) Let P € IP(N). Then f(P) C S(P) C
T(P) and the inclusions ips(P); Ls(P),T(P)s ond ipp(py induce isomorphisms in the
Alexander-Spanier cohomology.

We define fp:= fp7(p) and ip :=ipp(p). Then by Proposition 1.14, we have that
H*(ip) is an isomorphism.

Definition 1.15 The endomorphism H*(fp)o H*(ip)~' of H*(P) is called the
index map associated to P and denoted by Ip.

Theorem 1.16 Let K be an isolated invariant set with respect to f. Then for
all isolating neighborhoods N, M of K, and for all P € IP(N), Q € IP(M),
the reductions of Leray of the Alexander-Spanier cohomologies L(H*(P),Ip) and
L(H*(Q),1q) are isomorphic.

Corollary 1.17 The Leray reduction of the Alexander-Spanier cohomology of an

index pair of an isolated invariant set K depends only on K.

Definition 1.18 The cohomological Conley index of K is L(H*(P),Ip), where P

is an index pair of K in N.

Therefore, the cohomological Conley index of K consists of a graded module over a

ring = equipped with a zero-degree endomorphism. This module is represented by
CH*(inv(N), f) and the isomorphism by x*(inv(N), f). So,

Con*(inv(N), f) = (CH*(inv(N), f),x" (inv(N), f)).
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Remark 1.1 The Conley index satisfies the Wazewski property of additivity and the

homotopy (continuation) property.

Direct group limit

We define a directed set as a non-empty set Z together with a reflexive and transitive
binary relation <, with the property that for any a < b in Z there exists ¢ in Z such
that a <c and b <c. Let (Z,<) be a directed set, {A;|i € Z} be a family of groups
indexed by Z and f;; : A; — A; homomorphisms such that for every ¢ < j, fj
corresponds to the identity map in A; and fi, = fjro fi;, for all i < j < k. (A;, fij)

is called a direct system in Z.

Definition 1.19 The direct limit of the system (A;, fij) is liﬂAi = U;Aj/~ where
if v; € A; and xj € Aj then x; ~ x; if, and only if, there exist k € T with i <k and
J <k such that fi(z:) = fir(x;).

We denote by End(R—GMod) the category of endomorphisms of graded R-modules.
Similarly, Auto(R — GMod) denotes the category of automorphisms of graded
R-modules. The objects of these categories are pairs (F, f), where F' € R—GMod
and f: F — F is an endomorphism (automorphism).

Fix (F, f) and (E,e) in End(R—GMod). A morphism between (F, f) and (E,e) is
a map ¢ : F'— FE such that the following diagram commutes

AN

g

%)

A
«—

—° S F.

= =

R—GMod) in Auto(R—GMod). This functor
assigns to each endomorphism f: E — F in End(R— GMod) the automorphism

Note that, hﬂ is a functor from End

induced by the direct limit of the sequence:

gtyp typ L,

In this case, we have the direct system (F;, eij) such that £; = F and e;; = f for all
i,j € Z=N. Then, lim E, = Up Epn/~ where g, ~ gp, if and only if g,, = f""(gn).
Each element of U, E, can be written as (n,g), and so, the map (n,g) — (n, f(g))

induces an automorphism in hﬂE .
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Definition 1.20 Let K be an isolated invariant set for a discrete dynamical system

f: X — X. Let P be an index pair for K. The Conley index for K is given by
Con* (K) i= (CH(K, ), (K. f)) = lim{ (H" (P), T p)}.

By properties of direct limit, we have that lim{(H*(P),Z"p)} = @{(H*(P’),I*p/)}
for P = (P;,P) and P’ = (P, Pj) index pairs for an isolated invariant set K.
The Conley index satisfies the Wazewski property of additivity and homotopy

(continuation) property.

Poincaré section

The content of this subsection can be found in [31]. Suppose N is an isolating
neighborhood for a semiflow ¢ with S = inv(/N). Assume that for a pair of
sequences {z,}2°; C N and {k,}2%; C N the map f*(z,) is defined and contained
in N for every n € N and ¢ =0,1,2,...,k,. We called N an admissible isolating
neighborhood if for every such pair of sequences, the set { f*»(z,)}2%; has compact

closure. Particularly, every compact isolating neighborhood is admissible.

We said that = C X is a local section for ¢ and N if there exists & > 0 such that
CN(Z):={zeN|z-(0,£)n = #0}

is open in N and for every x € C’év (CI(Z)) there exists an unique element of
z-(0,5)NE.
Definition 1.21 = C X is a Poincaré section for ¢ in N if:

1. = s a local section,

2. En:={ENN} is closed and

3. for every x € N, x-(0,00)NE # 0.

Observe that it is not necessary to know S to find a Poincaré section. Also it is not
required to be a subset of N. Certainly, if N has an exit set, then for any subset of
N, there will be points in N whose orbits exit N before they cross the section again.

So no subset of N can be a Poincaré section.

Suppose (A, p) is a metric space that parameterizes a continuous family of semiflows
#* : X x Rt — X. Furthermore, suppose that for some \g € A, N is an isolating

neighborhood for ¢*0 and = is a local section for N and Ag.
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Proposition 1.22 (Mccord, Mrozek and Mischaikow,[31]) Let W be an
admissible set for ¢* for all X € A. Assume that N C W is an admissible isolating
neighborhood for ¢ for all X\ € A C A, a neighborhood of Xg. Furthermore, assume
that N has a Poincaré section for ¢ and that inV(N,gb)‘O) # (0. Then, for A
sufficiently small, given X € A there exists an isolating neighborhood Ny C W for
& such that

inv(Ny, ¢*) = inv(N, ¢)

and Ny admits a Poincaré section.

The previous proposition is the main result that guarantees the existence of periodic
orbits that persist under perturbations of the system. In other words, for nearby
semiflows @0, there is an isolating neighborhood N that admits a Poincaré section

and has the same maximal invariant set for A € A.

Given a Poincaré section = for N, there exists a subset =y of =, opened in =, such
that =g = = NS C =y and such that, for every x € =, there exist a unique strictly

positive minimal time 7= (x) with z-[0,7=(x)] C N and z-7=(x) € =

The Poincaré map Il= associated with the Poincaré section = is defined as
(1-3)

Assume again that N is an isolating neighborhood under . We adopt the following

notation:
e« D=Dz:={zeX|z-(0,00)NZ #0},
o The first crossing time for a point in D= is given by 7(x) = m=(x) ;= inf{t >
Olz-te =Y,
e« D=Dz:={x€ Ds|z-[0,7=(x)] C N}.

Then, 7= : D= — R has an obvious discontinuity at = itself. However, aside from

this necessary discontinuity, m= is continuous.

Theorem 1.23 (Mccord, Mrozek and Mischaikow,[31]) Assume N is an
isolating neighborhood for the semiflow ¢ defined on a metric space X which admits
a Poincaré section =. Let II denote the corresponding Poincaré map, S =inv N,
and K ==NS. Then there is the following exact sequence of cohomology Conley
indices:

id—x" (K1)

oo — CH™(S, ) — CH™(K, ) CH™(K,IT) —»
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CH™(8,) — -+

Corollary 1.24 (Mccord, Mrozek and Mischaikow,[31]) In the setting of
Theorem 1.23, the Conley index for S under the semiflow  is determined from
Con*(K,II) by the exact sequence

0 — Coker(id—x""YK,II)) — CH"(S,p) — ker(id— x"(K,IT)) — 0.
If field coefficients are used for the cohomology, then
Coker(id — x"(K,II)) = ker(id — x" (K, II))

and
CH”(SAO) = K@T(’id—xn_l(K,H)) @K@T‘(’Ld—xn(K,H))

Compact attraction maps

The content of this subsection can be found in [31]. A map f: X — Y is locally
compact if every point x € X admits a neighborhood U such that the closure of f(U)
is compact. If, in addition, there exists a compact set A such that for every = € X,
cd{f"(x)|ln e N})NA#(, then f is called a map of compact attraction. A semiflow
@ on X is locally compact if there exists ¢ > 0 such that ¢y is locally compact and it

is of compact attraction if ; is a map of compact attraction for some t > 0.

Theorem 1.25 (Mrozek, [35]) Assume f: X — X is a map of compact attraction
and K is an isolated invariant set for f. Then the Conley index of K under f is of

finite type.

Zeta function

Let V' C R™ be an open set, and g: V — R™ a map. We say that (R*,g,V) is an
admissible triple if the set Fiz(g) := {x € V|g(x) =z} is compact. The content of
this subsection can be found in [31] and [15].

Definition 1.26 Consider an admissible triple (R",g,V), F' = Fiz(g) and
(1—q)s: Hy(V,V\F)— H,(R",R"\ 0) X Z.
Where (i —g)(x) = x — g(z). The fixed point index I, € Z of g is given by

(i = 9)«(0F) = 1400,



1.1 Conley Index 27

where 0, is the generator of Hp(R™/R™) and Op is the fundamental class of
Hy(V,V\F) around F.

Recall our assumptions: X is ANR and K an isolated invariant set of a locally
compact map f: X-e—+X. Then K N Fiz(f™) is an isolated set of fixed points of f.
Take the fixed point index i(K, f) = I». The (cohomological) zeta function of f in

K is defined as a formal power series

(5 (1) = eap ( i i(K, fn)tn).

n

Observe that, by properties of the fixed point index, if (x  # 1, then f has a periodic
point in K.

Theorem 1.27 (Mrozek [37]) Assume f: X — X is a map of compact attraction

and K is an isolated invariant set for f. Then

CK.f = IO_O[ det(Id —ty" (K, £)) V"

n=0

Define the Euler characteristic of the Conley index of K by EC(K,f) :=
o o(=1)"dim CH"™(K,f). Then it can be shown that if FC(K, f) # 0, then f

has a periodic trajectory in K.

Lemma 1.28 (Mccord, Mrozek and Mischaikow,[31]) Assume A is an
endomorphism of a finite dimensional vector space. If 1 is an eigenvalue of A,
then 1 is an eigenvalue of A™ for all n. If 1 is not an eigenvalue of A, then for

infinitely many n € Z7, 1 is not an eigenvalue of A™.

Periodic orbits and Conley index

In this subsection, we state the main result of the Conley theory used in this work.

Theorem 1.29 (Mccord, Mrozek and Mischaikow,[31]) Assume X is an
absolute neighborhood retract and ¢ : X x [0,00) — X is a semiflow with compact
attraction. If N is an isolating neighborhood for ¢ which admits a Poincaré section

= and either
dim CH*(N,¢) =dim CH*""Y(N,p)  for neZ" (1-4)

or
dim CH*"(N,p) =dim CH*""Y(N,p)  for necZv, (1-5)

where not all the above dimensions are zero, then ¢ has a periodic trajectory in N.
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Proof.[Sketch]

e« Fix t > 0 such that ¢; is a compact attraction map. By Theorem 1.25
we have that the Conley index of K under ¢; is of finite type, that is,
CH*(N,p)=CH*(N,y;) is finite.

o If I1:=5y— =, then CH*(ZN, 1) is finite.

o We define s, :=dim CH"(S,y) and ky, := dim ker(id — x"(K,II)). Corollary
1.24 implies that s, =k, + k,—1 for n € Z.

o The hypothesis 1-4 implies that ks,+1 =0 and kg, = so, for n € N. Then,
1 is not eigenvalue of x°% (K, IT) := &2 x>t (K,II) but instead it is an

eigenvalue of YV (K, IT) := @ ,x*"(K, IT) because not all so, are zeros.

o Using Lemma 1.28, we have the same result as before for y°% (K TT")

XU (K, IT) for some m sufficiently large.

o Finally, as (- 77» is well defined, by Theorem 1.27, (- 7m # 1.

Corollary 1.30 Under the hypotheses of Theorem 1.29, if N has the Conley index

of a hyperbolic periodic orbit, then inv(N) contains a periodic orbit.

1.2 Piecewise smooth vector fields and Filippov

systems

In this section, we introduce Filippov’s convention for piecewise smooth
vector fields (PSVF), see [19]. Let M be a closed n-dimensional C” manifold. Denote
by X(M) the space of C" vector fields on M endowed with the C"-topology where r
is finite and sufficiently large. Let % be a codimension one compact submanifold of
M that divides M in two regions, i.e. M = YT UY ", where ¥ and ¥~ are manifolds
with common boundary X% = 9%~ = X. Let h: M — R be a smooth function such
that h=1(0) =%, h=1([0,00)) = 2T, h71((—00,0]) = £~ and 0 is a regular value of
h. Define a PSVF as follows

Z(p) =

{ X(p), ifpext, (1-6)

Y(p), ifpeXx™.

For the points belonging to 3, we consider the Filippov convention which will
be described later. Let Z = (X,Y) € X(M,h) = X(M) x X(M) equipped with the
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product topology. We denote ¥F\ ¥ by int(X%).

For a vector field, X € X(M), the Lie derivative is defined as an operator Ly :
X(M) — X(M), such that Lx(Y) the Lie derivative of a vector field Y in the
direction of the vector field X is the vector field defined by
d ~1
Lx(V) =2 (Dl )Y (ol ),
t=0
where (t,z) — (z,t) is a local flow of X. Generally Lx(Y) is defined by [X,Y],

where [-, -] corresponds to the Lie bracket. The derivative for a differentiable function
h
hin M is Lx(h) = (Xh)(p) =>; mi(p)a—(p), where {;} is a basis associated
7

81‘,‘ 7
with a parametrization x : Uf C R" — M and each m; : U4 — R is a function in U. Then

Lx(h)=(X(p),Vh(p)), where h indicates the expression of & in the parametrization

x. Hence Lie derivatives are
Xh(p) = (X(p),Vh(p)) and X" ' h(p) = XX*h(p) = (X (p), VX"h(p)),

where (-,-) denotes the Euclidean inner product in R™.

Following Filippov’s convention in [19], we distinguish the following regions in the

switching manifold ¥ in R™:
o crossing region: ¢ = {p € ¥; Xh(p)Yh(p) > 0}, Xt = {p € &; Xh(p) >
0 and Yh(p) >0} and 3~ ={p € X; Xh(p) <0 and Yh(p) <0},
o escaping region: ¢ = {p € 3; Xh(p) > 0 and Y h(p) < 0},
o sliding region: ¥° = {p € ¥; Xh(p) <0 and Yh(p) > 0}.

Definition 1.31 The sliding vector field associated to Z is the vector field tangent
to X% in R™ and defined by

1

20 = Y = xh)

(Yh(p)X(p) — Xh(p)Y(p)).

If p € X% then p € X¢ for —Z and then we can define the escaping vector field on 3¢
associated to Z by Z¢ = —(—2Z)%.

Remark 1.32 The critical points in %° are considered pseudo-equilibria of Z and
the sliding vector field Z° can be C" extended beyond the boundary of X%, in fact, if
p € 0%° then:

1. if Xh(p) =0 and Y h(p) # 0 then Z*(p) = X (p);
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2. if Yh(p) =0 and Xh(p) #0 then Z5(p) =Y (p);

3. if Xh(p) =0 and Yh(p) =0 then p is a pseudo-equilibrium for Z° that is
Z*(p) =0.

For the following definitions, we consider as references the work of S. M. Vishik
[55], J. Sotomayor [49], and J. Sotomayor and M. A. Teixeira [46]. These papers
define tangential singularities for vector fields on a manifold with boundary using
Thom-Boardman singularities. These definitions for PSVF defined on a compact
manifold divided into two pieces by a submanifold of codimension 1 can be found
in [20], [21] and [23].

Definition 1.33 A point p € OXT is a tangential singularity of X € X(X) if the
orbit passing through p is tangent to the boundary of X% in p, i.e., Xh(p) =0 and
X(p) #0. If dim(X1) =m, then p is a tangential singularity of order m of X if
Xh(p)=X2n(p)=---=X""1h(p) =0, X™h(p) # 0 and the set {Dh(p), DXh(p),
DX?h(p),---,DX™ 1h(p)} is linearly independent.

When m = 2 and m = 3, the tangential singularities are called fold and cusp

tangential singularities, respectively.

Definition 1.34 Let Z = (X,Y) € X(M,h). A point p € X is said to be a tangential
singularity of Z if Xh(p)Y h(p) =0 and X(p) #0, Y(p) #0.

Denote by Sx and Sy the tangency sets of X and Y, respectively. If
Z = (X,Y) € X(M,h), then the tangency set of Z is given by Sz = Sx U Sy.
Also, denote by Sg( the set of tangential singularities of order ¢ of X, and by Sg(
the set of tangential singularities of order j of X, then S% and S{/ are submanifolds

of ¥ with codimensions ¢ — 1 and j — 1, respectively.

If p € 3¢, then the orbit of Z = (X,Y) € X(M,h) at p is defined as the concatenation
of the orbits of X and Y at p. Nevertheless, if p € ¥\ 3¢ then it a lack of uniqueness
of solutions may occur. In this case, the flow Z is multivalued and any trajectory

passing through p originating in orbits of X, Y, Z% and Z¢ is considered a solution
of Z. More details can be found in [19].

Definition 1.35 Let Z = (X,Y) € X(M,h). A point p € ¥ is said to be a
Y-singularity of Z if p is either a critical point of X orY, or a tangential singularity,
or a pseudo-equilibrium of Z. Otherwise, it is said to be a reqular-reqular point of

7. Hence we distinguish two more regions in the discontinuity manifold :

o singular points: Sz ={p € X; Xh(p)Y h(p) =0,X(p) #0 and Y (p) # 0} and
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o equilibrium points: S ={p € £; X (p)Y (p) = 0}.

Definition 1.36 A point p € ¥ is said to be a fold point or of even contact
for X € X(X1) if for k>0, Xh(p) = --- = X?**7Ih(p) =0 and X%*h(p) # 0
and {Dh(p), DXh(p), DX?h(p),---,DX?*71h(p)} is a linearly independent set. If
X% nh(p) >0 (resp. X?*h(p) <0), then p is a visible fold or of visible contact
(resp. invisible fold or of invisible contact). If X € X(X7), the visibility condition is

switched.

Definition 1.37 A point p € ¥ is said to be a cusp or of odd contact of
X € X(=1) if for k>0, Xh(0) = --- = X?!h(p) = 0, X**h(p) # 0 and
{Dh(p), DXh(p), DX?h(p),---,DX?*h(p)} is a linearly independent set.

Remark 1.38 Generically, a fold point of X belongs to a local curve of fold points
of X with the same visibility, and cusp points occur as isolated points located at the

extreme of curves of fold points.

Resuming the previous results we have the following definition for the local trajectory

of a point p € M.

Definition 1.39 The local trajectory vz (p,t) of a PSVF of the form (1-6) through

a point p € M is defined as follows where every interval I contains zero:

1) Forp € int(X7) and p € int(X7) the trajectory is given by pz(p,t) = px(p,t)
and pz(p,t) = vy (p,t) respectively, where t € I C R.

2) Forp € Xt the trajectory is defined as oz (p,t) = oy (p,t) fort € IN(—o00,0])
and oz(p,t) = px(p,t) for t € IN[0,00). For the case p € X~ the definition

is the same reversing.

3) For p € X%, the trajectory is defined as vz(p,t) = @zs(t,p) for t € IN[0,00)

and oz (p,t) = 1(t,p) and vz, (p,t) is either px (p,t), ey (p,t) or @zs(p,t) for
teIn(—oo,0].

4) For p a tangential singularity either a wvisible or an invisible tangency for at
least one of the fields X or Y, the trajectory is defined as pz(p,t) = ¢1(p,t)
fort € IN(—00,0] and @z(p,t) = a(p,t) for t € IN[0,00) where each p1, p2
is either ox or @y or @pgs.

5) For p an equilibrium point, i.e., the equilibrium points of X, Y and Z%, the
trajectory is defined as pz(p,t) =p for all t € R.



CHAPTER 2

Existence of periodic orbits for
piecewise-smooth vector fields with

sliding region via Conley theory

Conley theory has a tool to guarantee the existence of periodic trajectories
in isolating neighborhoods of semidynamical systems. We prove that the forward
trajectories generated by a piecewise smooth vector field Z = (X,Y) defined on
a closed three dimensional manifold without the escape region produces a semi
dynamical system. Thus, we built a semiflow that allows us to apply the classical
Conley theory. Furthermore, we use it to guarantee the existence of periodic orbits

in this class of piecewise smooth vector fields.

Since periodic orbits do not correspond to local objects, our study of these systems
is global. In this chapter, we consider M as a closed manifold. A PSVF defined on
M is a tangent vector field on M, which is not differentiable only on a submanifold
N of codimension one, where N is, called switching manifold. There exist two
approaches in the literature for formulating the equations for PSVF; namely the
control method of Utkin and the convex method of Filippov. In Filippov’s book,
see [19], the author establishes conversions used in this chapter to define solution
orbit for a PSVF. The problem of guaranteeing the existence of periodic orbits in
piecewise smooth vector fields is of colossal importance. In the literature, one of the
tools studied for this purpose is the first recurrence map or Poincaré map; a fixed
point for this map corresponds to a periodic orbit. Some of the work done in this
context are: [4], [16] and [28]. In the papers [29], and [30], the authors use the first
integral to studies the existence of crossing periodic orbits. Finally, the well-known
theory of averaging was also used, for example, in [27]. Moreover, in [18], [25] and
[54], the authors also study the existence of periodic orbits in piecewise smooth

systems.
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This chapter is structured as follows. In Section 2.1 we provide the construction of
a semiflow using the forward trajectories of a PSVF, where the switching N admits
only crossing and sliding regions, in other words, there exists a unique solution for
forward trajectories of the PSVF. In Section 2.1, the main result is presented. In
Section 2.2, we use Conley theory applied to the semidynamical system constructed

in Section 2.1 to find periodic trajectories of PSVF.

2.1 Main Results

The main goal of this section is to generate a semidynamical system that
arises from the forward trajectories of a PSVF, where the convex method of Filippov
is used. Furthermore, for this semiflow one can use Theorem 1.29 to guarantee the

existence of periodic orbits of PSVF without escaping region.

Assume X is a topological space which is a finite union of closed subsets X;, i.e.
X =Ui; X;. If for some topological space Y, there are continuous maps f; : X; — Y

that agree on overlaps (i.e., f;

x;nx; = fj Xij)a then the generalized gluing lemma
says that there exists a unique continuous function f: X — Y with f ‘Xi = f;, for all
1. We apply the gluing lemma for the semiflows generated by forward trajectories

of the vector fields X, Y, and Z°.

Throughout this chapter, we restrict the dimension of the manifold M to n < 3.
This assumption is needed to simplify the construction of a semiflow for the cases
where the switching manifold ¥ has tangencies. For n > 4, the ideas will be similar;
however, the challenge consists in analyzing more tangency cases and defining
Filippov’s convention for submanifolds with tangencies. Observe that, for Filippov
systems with only sliding and crossing regions, the assumption that M be a three

dimensional manifold can be dropped, see Theorem C.

Assume that M = YT UYX ™ is a closed 3-dimensional C'!' manifold, where ©T and
37 are submanifolds with common boundary given by the switching manifold ¥
with crossing and sliding regions. We begin by introducing useful notations for same
subsets of 3.

Definition 2.1 For X € X(XV), denote S ={p€ ¥; Xh(p) >0} and Xy ={p€
Y; Xh(p) <0} subsets of Xx. Furthermore,

1. S% ={p € Sx; p is a visible fold of X},

2. S& ={p € Sx; p is an invisible fold of X},
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3. S ={peSx; pisacusp of X and X3h(p) <0} and
4. S¥={pe Sx; pisa cusp of X and X3h(p) > 0}.
Analogously to' Y € X(X7) and Z° € X(%%).

In the following definition, ¢ (p) is the minimal time necessary for the forward

trajectory of p to leave XF. This is essential when defining the domain of a semiflow.

Definition 2.2 Let Z = (X,Y) be a PSVF given by (1-6) defined on a closed
manifold M with switching manifold Y. For X € X(M), let A% = {p €
St ox(p,[0,00)) € X} and t} : B — RTU{oo} such that

00 if pé A%,
th(p)=< inf{t>0; px(p,t) € SEUDL}  if ox(p,[0,t]) C T fort € INRT with t #0,
0 otherwise .

Analogously for Y € X(M).

To better understand the previous definition, we present the following example with

different cases for t}L(.

Example 2.3 For X € X(XT) consider points as in Figure 2.1. Note that p; € A%
for i =1,...,6. Observe that only for p1,p2 and ps, ©x(p,[0,t]) C ZT then for
t € INRT with t # 0 we have that t (p;) >0 fori=1,2,3 with t(p2) > t¥(ps) and
t¥(pi) =0 fori=4,5,6. Now, for p; fori=1,...,9 we have that ¢x(p,[0,00)) C T

then, these points are not in Ay and so t¥(p;) = oo, fori=71,...,9.

Figure 2.1: p; € A} fori=1,...,6 but p; ¢ A} for j=17,...,9.

Remark 2.4 [In order to extend Definition 2.2 to the vector field Z*® € X(X*), note
that:
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1. Locally X% is a submanifold with boundary 0%° = Xh=1(0) or 0%° = Yh=1(0).
Without loss of generality, we take p € Sx such that Y h(p) > 0 then locally the
set Sx, which is a submanifold of codimension 1, separates the discontinuity
manifold into two pieces ©5 and £ such that ¥5 = Xh=1((~00,0]) and
¥t = Xh71((0,00)).

2. If p€ Sx and Yh(p) > 0. If p€ S% then (Z°)Xh(p) <0 but if p € S% then
(Z%)Xh(p) > 0. If p € S§ then p € S%. and if p € SY¥ then p € Sy,. This
assertion is supported by the following Lemma, 6.3 and 6.4 in [50].

Figure 2.2: Local behavior of cusp-regular singularities in a PSVF.

Next result shows that the vector field Z* can be extended beyond the boundary of

¥:¥ as in [50]. The same extension is applicable to Definition 2.2.

Lemma 2.5 Let Z = (X,Y) with Filippov vector field Z°, then:

(i) The vector field Z* can be smoothly extended beyond the boundary of ¥°.

(ii) If a point p in OX° is a fold point (resp. cusp point) of X and a regular point
of Y then Z* is transverse to 0%° at p (resp. Z*° has a quadratic contact with
0¥ atp).

In the following proposition, we show that the function t} is upper semi-continuous.
Consider the notation, if U is open in M then vx(p) = {¢x(p,t); t € I} denotes the
local orbit of a point p € U; v%(p) and vy (p) the local positive and negative orbits

of p, respectively.

Proposition 2.6 Let Z = (X,Y) be a PSVF given by (1-6) defined on a closed
manifold M with switching manifold . The map t% : T — RY U{oo} such that
P> t} (p) is upper semicontinuous. Analogously for t1, and t;;.
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Proof. We divided the proof into cases depending on whether p is in or not in
A% For p ¢ A% then t}(p) = oo and limsup,_,,, t3(q) <t¥(p), thus t} is upper

semicontinuous at p.

Assume that p € A%, then either p € ¥ or p ¢ 3. Without loss of generality, we
can assume p € X. In fact, for p ¢ 3 it is enough to use the first tangency point
of v on X, denoted by p; € ¥, to be in the same case as p € X when proving
limsup,_,,t%(q) < t%(p). Hence, it remains to prove the upper semi-continuity for
pEALNY.

Let p€ AL NY. Denote ¢ = px(p,t%(p)) and v = ¢x(p,[0,t%(p)]). For p # q, assume
that ¢ € ¥%. In fact, the other case is when ¢ € S§ and the proof is similar.

Choose local coordinates (z1,x2,23) of the vector field X at p € ¥ such that locally
X =(1,0,0). Let x3 = g(x1,22) be a C* solution of h(z1,z2,23) =0 with g(0,0) = 0.
Let N = {(x1,72,73) € R3; 21 = 0} be the transverse section to X at p. Define the
projection o, : (3,p) — (N,p) of ¥ along the orbits of X onto N given by

UXp(SUhSUz,g(ﬂ?l,SUz)) = (0,22,9(71,22)).

Since ¥ = Y x U Sg( U S:;( is the disjoint union of submanifolds of decreasing
dimension, then the map o, is an immersion at p. This implies that every orbit
meets the boundary of X7 in a discrete set of points. Let I/ be an open neighborhood
of pin M and Us+ =UNXT. Since ¥ =X x U Sg( US%, we split the proof in three
cases: (1) p € Xx; (2) p€ S%; and (3) p € S¥. By Definition 2.2, we have that
q € X3 USY, where g € ¥y for cases (1) and (2), and p = g € S¥ for case (3).

(1) Assume that p € ¥x and the trajectory  does not have internal tangencies.

(1.1) If p€ X% then t§(p) =0 and so for all p € Us+ (case (a) of Figure 2.4), we
have that t% (p) — t% (p) whenever j — p.

(1.2) Ifpe E} and the trajectory v does not have internal tangencies in U other
than p, then for all p € Us,+ we have that t1(p) — % (p) whenever § — p.
In fact, by the long tubular flow theorem (see [39]), there exists a tubular
flow (F, f) of X such that F' D ~. Take F' small enough such that the vector
field in the box induced by f and X is the constant field f,X = (1,0,0)
(see Figure 2.3), thus if 5 — p then t(p) — t% (p).
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Figure 2.3: The tubular flow (F, f) of X such that v C F.

(2) Assume that p is a tangential singularity of order two and the trajectory =

does not have internal tangencies other than p. Observe that p is a fold of ox
2
(X2h(p) = 2% #0).

(2.1)

(2.2)

If p € S% then g(x1,72) is conjugate to (v1,z2) 1— 3. If p = (71,42,73) €
>*, and only if, 3 > &7 (case (b) of Figure 2.4). Hence, for all p — p
with p € X% there exists a unique ¢(p) > 0 such that the orbit solution
t — ¢x(p,t) of X through p meets ¥ at a point § = ¢x(p,t(p)), so

lim #3 (p) = lim #(p) = t(p) = 0= tx (p).
Now, assume that p € S% then g(z1,x2) is conjugate to (z1,x2)1—> —x12.
If p= (47,72,73) € £, and only if, #3 > —7% (case (c) of Figure 2.4).
Reduce the neighborhood U if necessary to guarantee that v does not
have internal tangencies in U other than p. Thus, Us+ = U Ul Uls
with Uy = {p € Us+;75(P) NSy # 0}, Us = {p € Ust;v%(D) N Sx #
0 or v (P)NT =0} and Us = {p € Us;+;vx (P) NS% # 0}. Hence, for points
pel, vk () NSy #0 and limy_, t%(p) =0.

Let p € Us UUs. Using the long tubular flow theorem (reduce F', if necessary,
such that there is no internal tangency in F) and Xh(q) <0 then for
all p € Us UUs there exists a unique £(p) > 0 such that the orbit-solution
t — ¢x(p,t) of X through p meets © at q. Hence, t(p) = t§(p). Thus,
limsupy £ () = inf{sup{t (5); € (th Utk Us) \ {p})}} <t (0).
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Figure 2.4: Local coordinates where X is conjugate to a constant vector field and X

represents the switching manifold in the local coordinates.

(3) Assume that p is a tangential singularity of order three and the trajectory -y

does not have internal tangencies other than p, then p is a cusp of ox.

(3.1) If pe S}? then g(x1,72) is conjugate to (x1,22) — 21> 4+ x122. Then,
p= (#1,22,73) € T if, and only if, &3 > 73 4+ &1 (case (d) of Figure 2.4).
Thus () Nint(UNX™) # 0 and limgpt 1 (P) = t§ (p).

(3.2) If p € S¥ then g(z1,72) is conjugate to (w1,z2) 1— —x1°

— z179 (case
(e) of Figure 2.4). Hence, Us,r = V1 UVoUV3 with Vi ={p € Us+; p €
Sk orvE(P) NSy # 0}, Vo= {p € Ust+; 7L () € S%} and V3 = {p €
Us+; pgV1IUVL}

For the points in Vy, by definition of t%, we have that lim;_,, % () = 0. For
points in VU Vs it follows that lims_,,t % () = t%(p), since it is precisely

case 2.2. Therefore t;} is upper semicontinuous at p.

Now assume that v has a finite number of internal tangencies. If p € X5 U Sé( U S}f
then p = g and there is nothing to prove. Assume that p € E} and ¢ € ¥y (for the
cases p € S% and p € S§ the proof is similar). Let p; € 7 be the next tangency
in SY% after p. Consider #; > 0 such that px(p,t1) = p1 then t; < t(p) and

limppt % () = t1. Thus t% is upper semicontinuous at p. O

The following corollary is a noteworthy consequence from the previous proposition.
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Corollary 2.7 Let Z = (X,Y) be a PSVF given by (1-6) defined on a closed
manifold M with switching manifold ¥. For X € X(M), if pe Xt and p — p then
limsup t3(P) is equal to O or t(p) or the time t > 0 such that ¢x(p,t) is the first
poiri?gf internal tangency of ~y.

The upper semicontinuity of t}, t; and t}s proved in Proposition 2.6 is crucial to
guarantee that the forward trajectories of the vector fields X, Y and Z° over ¥,
>~ and ¥ are continuous functions and therefore the gluing lemma is applicable. In
particular, when t}L(, t;; and t}. are continuous functions, the forward trajectories
are continuous and then we can apply the gluing lemma without using Proposition
2.6. In other words, this is the particular case where the hypothesis on the dimension
of M and the types of tangency points on ¥ are not required. Hence, the natural
question to be answered is: What are the conditions for the function t} to be
continuous? We address this question by observing that Proposition 2.6 together

with Corollary 2.7 imply the following corollary.

Corollary 2.8 Let Z = (X,Y) be a PSVF given by (1-6) defined on a closed
manifold M? with switching manifold, given by p — t}(p), is continuous whenever
Y = Nx US%. Analogously for th, and t;;.

Proof. Following the proof of Proposition 2.6, the map t} is not lower
semi-continuous when 3% # ), in other words, this happens when there exists
tangential singularities of order two. Hence, when > = Xx US&, t} is also lower

semi-continuous, therefore it is also continuous. O

Now, we describe the regions where it is possible to create a semidynamical system
by using the gluing lemma. Recall that M is a closed 3-dimensional C'! manifold and
the switching manifold only has crossing regions and sliding regions. The boundary
of these regions is composed by tangency points. We classify the points in X in types
A and B, as follows:

Type A. The Y-singularity points of singular-regular type;

Al. pe S% and Yh(p) >0 (or pe Sy and Xh(p) < 0);
A2. pe SX and Yh(p) >0 (or p € S% and Xh(p) < 0);
A3. pe S and Yh(p) >0 (or p € S¥ and Xh(p) < 0);
A4, pe S¥¥ and Yh(p) >0 (or p € Sy¢ and Xh(p) <0).

Type B. The Y-singularity points of singular-singular type;

Bl. pe S%NSi (or pe S NSY) with p € 9X¢ NIxe;
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Figure 2.6: Local behavior of the points of the type B.

B2. pe S and p € Si (or p € S¥ and p € S ) with Sy and Sy tangent of p.

We denote “Al to B2” the sets of points of the type Al, A2, A3, A4, B1 and B2.
Note that, by Definition 1.31, if p is a point of type B2 then Xh(p) = Yh(p) =0
and so Z°h(p) = 0. With the following lemma, we guarantee that the forward local
trajectory for tangency points of types Al to B2 is unique.

Lemma 2.9 The forward local trajectory ¢z(p,t) of a PSVF of the form (1-6)
through a point p € Sz of some type Al to B2 is unique.

Proof. In fact, by Definition 1.39 and Remark 2.4:

1) for p of type Al, A4 and B1, the trajectory is given by ¢z(p,t) = px(p,t)
(pz(p,t) = ¢y (p,1));

2) for p of type A2 and A3, the trajectory is given by ¢z (p,t) = pzs(p,t);
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3) for p of type B2, the trajectory is given by vz (p,t) = vzs(p,t) =p

forte INRT and 0 € [. O

In the next definition, for each p € M, we build a sequence of points on the switching
manifold using the function t}L(. We will use these sequences to define intervals in
which the solutions of the systems of the vector fields X, Y, and Z° are defined.
The objective of these intervals is to use them to restrict the domains of the flows

generated by the associated vector fields.

Definition 2.10 Let Z = (X,Y) be a PSVF given by (1-6) defined on a closed
manifold M with switching manifold . Assume ¥ = X°UX*USy and p € Sy

is some type Al to B2. If p € M then it is denoted by po = p and p; =

CZi 1) (pi—latz.il(p) (pi-1)) for i€ Z*, where

P X  difpeint(Eh),
W) Yy ifpeint(m);
and
X ifpieXorp € (ALTUA4UBL) N (S USY),
Zipy =1 Z° if pi € Xfo0r p; € A2UA3UB2,
Y ifpi€Xorp; € (ATUA4UBL)N(SY USY).
Fiz A% (p) ={i € ZT; Zypy = X} and Qx ={(p,t) € M xR"; t € Ix(p)}
with

Ixp)= U Ixb),

i€eAT (p)
where I%(p) = [O,CLO(p)}, I (p) = [ai_l(p),ai(p)} for i >0 such that a;p) =
i
ZtJer(p) (pj). Analogously, we define Qy and Qzs for the vector fields Y and Z*,
j=0

respectively.

Now, we define the functions glued together by the generalized gluing lemma, hence

obtaining the desired semiflow.

Definition 2.11 Let ¢x, ¢y and pzs be the flows of the vector fields X € M,
Y € M and Z° € X(X°), respectively. Denote

¢XZQ)(—>Z+,
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(by : Qy — > and
¢Zs IQZS —>ZS,

by the restriction of ¢x, ¢y and pzs to the domains Qx, Qy and Qzs, respectively.
For (p,t) € Qx then t € I4(p) with i € A% (p) and ¢x(p,t) = ox (it — ai_1(p))-
Analogously, for ¢y and ¢yzs.

Remark 2.12 The function ¢x : Qx —> M introduced in 2.11 is continuous, in
fact gx =iopx|a, wherei is the inclusion function of X% in M. Analogously, for

oy and ¢ys.

The following lemma guarantees that the limit points of the domain of ¢ x, ¢y, and

¢zs are correctly glued when the gluing lemma is applied.
Lemma 2.13 If (p,s) € Qx then $Zy,) (P:8) € BT, where s € [%i(p) (p).

Proof. Assume by contradiction that ¢ = ¢Zi(p) (p,s) ¢ X then ¢ € int(X7). Let
V' be an open neighborhood of int(37) such that ¢ € V. Then by Remark 2.12
¢y (V) is an open neighborhood of M x R such that (p,s) € ¢y (V) and for all
(5,3) € dy (V), 5 € Iy (p) \ Ix(p) and so ¢y (V)N Qy = 0 that is (p,s) ¢ Uy, O

For (p,s) € M xR™, fix v;(p) = P2 (ps, [O,tJZri(p) (pi)]), for each i € AL (p), and let
I be the concatenation of all ;(p). Fix AL (p) = AL (p) UAT(p) UAS. (p).

Proposition 2.14 Let (p,s) € Qx with s € I%i(p) (p) and i € AL (p) then

z‘ljig}»(bX (D:8) = bz, (p.5)
S—S

whenever (p,3) € (V x I)NQx, where V x I is a neighborhood of (p,s) in M x R*.

Analogously for (p,s) in Qy and Qys.

Proof. Since ¢x is continuous, then lim ¢x(p,$) = D7y, (p,s), for all (p,s) € Qx.
p—p !
S—s

If (p,s) ¢ Qx then s € (Iy(p) Ulzs(p))\ Ix(p), that is, there exists i € Az(p)* such

that s € I%i(p (p) with Z;(,y # X. Fixing p € M, we proceed by induction on 4.

)
Induction basis: Assume that i =0 then (p,s) € M x R™ is such that s € [%O(p) (p),
hence p € X7, Firstly, assume that p € int(X7) then Zy(,,) =Y, and by Lemma 2.13
we have that s # 0. Thus vo(p) = ¢y (p,[0,a0()]) = ¢y (p, 0,5 (p)]) and so we have
the two cases with respect to s in [0,ag(,)]: either (1) s < ag(,) or (2) s = ag(y,).
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1. For s < ag,), that is yo(p) has internal tangencies. An internal tangency
is an adherent point of Qx if, and only if, it is a point of type Bl. Let
q= ¢y (p,s) =y (p,s) be the first internal tangency of yo(p), so q € Sk NSY
and also g € 92T NIXc. We are going to show that ¢x(p,5) — ¢ when
p—pand § — s.

Note that § € I (p) (see Figure 2.7). As p € int(X7) and 7o(p) has internal

tangencies, by Corollary 2.7, we have that lim ¢{-(p) = s and limp_,p1 =
p—p

limsp y (5,65 (9)) = @y (limpp p, lims_,, 13- () = oy (p,s) = ¢, and so

lim p,S5) = lim D1,S — ag(s
@_wébx(l? ) @_}psox(m )
S—S S—S
= lim p1,5 —ty-(p
i ox (1,5 =ty (p))
S—S

=px <limﬁ1, lim § — lim ti,(p’))

p—p S5—s p—p

:¢X(q75_5)ZQ-

Now, if vy (p, s) is not the first internal tangency, the proof follows by induction

in k, where k is the position of internal tangency, in fact vo(p) has a finite

number of tangencies with X.

Figure 2.7: ¢ = ¢y (p,s) is a point of Figure 2.8: ¢ = ¢y (p,s) is a point of

type B1 and p; € X°T. type A3, p1 € X% and po € OX°.

2. For s = ay(,), we have two cases to analyze: (2.1) assuming that vy, has no

internal tangencies or (2.2) assuming that Yo(p) has internal tangencies.
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(2.1)

(2.2)

Assume that s = ag() and 7y have no internal tangencies. Then
q = ¢y (p,s) = oy (p,agy)) = ¢v(p,ty(p)) = p1 is a point of type either
Al or A3. For ¢ € Al, the proof is analogous to case (1). It remains to
prove for ¢ € A3. As (p,s) is an adherent point of Qx then either 5 € I (p)
if p1 € X UO® (analogous to case (1)) or § € I%(p) if p1 € ¥° (see Figure
2.8).

For § € I%(p) then p; — ¢ when p — p and, by using part 2.2 of

the proof of Proposition 2.6 with the map t}, : 5 — RT, we have

that lim ¢}, (51) = 0. In fact, v1(p) = pzs(p1,[0,t5s(P1)]) has no internal
p1—q

tangencies with 9>¢ and so

lim po = lim @zs(p1,t5s(P1)) = wzs (lim py, lim t5.(p1)) = ¢zs(q,0) = q.
limpa = 1 i wzs(D1,t s (P1)) =z (ﬁ_mpl dim t7 (P1)) = 2:(q,0) = ¢q
pP1—q

Thus,

lim ¢x (p,5) = p},igIl)SOX (p2,5—a1(p))

P—p p
S—S S—S
= lim @ (P2,5 — (15 () + 5. (51)))
e

= lim p1, lim § — (lim £5-(p) + lim t5.(p
pux (lim i Jim 5 — (Jim £:(5) + lim t.(51)))

=px(q,5s—(s+0))=q.

Assume that s = ag(,) and 7y(,) has internal tangencies. Then each internal
tangency point is a point of type Bl. Thus, we use item (1) and item
(2.1) replacing p by p; with j € AL(p) such that p; — § where ¢* is
the last of the internal tangencies of vy, such that (p,s*) € Qx with
DZoy (P:57) = Oy (p,5%) = ¢"

Now, assume that p € X. Since s € [%0(;)) (p) then either s =0 or 0 < s < t}o( )(p).
p

If s =0 then p is a point of type A2, A3 or B1 and by similar analysis as in items

. ~ o~ — < + . ~ o~ .
(1) and (2) we have that 1135111)¢X(p,3) p. ff0<s< tZO(p) (p) then %gr;gbx(p,s) is

§—0 §—s

either an internal tangency of yo(p) (tangency contact with ¥ when Zy,y =Y or

with 0%° when Zy,) = Z %) of p1, and the proof is analogous to the previous items
(1) and (2). Analogously for (p,s) in Qy and Qzs with s € [%0(17) (p).



2.1 Main Results 45

Inductive step: We assume that the proposition is true for all (p,s) € Qx ((p,s) € Qy
or (p,s) € Qzs) with s € [%i
Z*=X,Y or Z*¢

o (P) = lai—1(p), i) For s =), if (p, a;(y)) € Qz- with

li «(p,S) = oz, = Pitl-

) ]51_1)1}7 (bZ (p7 8) (bZz(p) <p7 S) Pi+1
s%ai(p)

Then there exists j € A% (p) such that §; — pi+1 and by continuity of ¢ Zi_1(5 W€

have that a;_y ) — a;(,) whenever p — p. Now, assume that a;,) < s < a;41(p),

that is, 7;+1(p) C X has internal tangencies. We analyze Z; () = Z°, Zipi(p) =Y

and Zi+1(p) =X.

(a) If Z;i1(p) = Z° then vi41(p) C ¥ and g = ¢zs(p,s) € A3 with ¢ visible cusp
points for X, when p;;; € 3° (See Figure 2.9). Since V is a neighborhood of
M containing p by the induction hypothesis 5 € I 24}1@) (p) with Zj 15 = X
for each (p,5) € (V x I)NQx. Then

lim  the (i) = s — a;(y),
Fi—Pit1 Z (pj) i(p)

limpjp1 = lim oz (Bj b5 (D)) = @z (Div1,5 — i) = dzs(p,s) = ¢, and

p—p Pj—"Pi+1

. s . + ~\ __ o
T ajip) = lmajg)+, m - 15:(5)) = aig) + (5 = i) = 5
Thus,

p}ig;}(ﬁx (p,3) = p}ig})@x (Pj+1,5 — ajp)
5—s 5—s
= px (lim 11, lim §— lim a;(5))
P—p 5—s p—p AP

=x(¢,0) =q.
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Figure 2.9: ¢ = ¢y (p,s) with a;,) < s < a;41(p) is a point of type A3, p; € ¥° and
Pj+1 € 0X°.

(b) If Zip1pp) =Y or Z;q(p) = X then the proof is analogous to item (1) of the

induction basis using the induction hypothesis as in item (a).

For (p,s) € Qx with s = @jy1(p) the proof is similar to item (b) in the induction basis.
In this case we use the induction hypothesis as in item (2) of the induction step.
Analogously for (p,s) in Qy and Qgs.

O

A direct consequence of the previous proposition is the corollary below.

Corollary 2.15 The map ¢x : Qx — X7 is continuous and if (p,s) € Qx \ Qx with
s € I%i(p) (p) then ¢x(p,s) = ¢Zi(p) (p,s). Analogously for the maps ¢y : Qy — 3~
and (sz : QZS — ES.

Now, we are ready to construct the semidynamical system for a PSVF.

Theorem A Assume M is a closed 3-dimensional C' manifold and Z € X(M,h).
If Y =%°UX*USy with p € Sy being of type Ai, i=1,...,4 or Bj, j=1,2 then the
trajectories of Z = (X,Y) € X(M,h) generate a semidynamical system (M,¢z).

In order to prove Theorem A we need the following lemmas.

Lemma 2.16 Under the hypothesis of Theorem A:
(a) For all (p,t) € Qx NQzs we have that ¢x(p,t) = dzs(p,t);
(b) For all (p,t) € Qy NQzs we have that ¢y (p,t) = dzs(p,t) and

(c) For all (p,t) € Qx NQy we have that ¢x (p,t) = ¢y (p,t).
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Proof. Fix (p,t) € Qx NQyzs then:

(1) If (p,t) € Qx NQzs then there exists i € A} (p) such that t € I (p) NI (p)
(similarly for ¢ € I (p) NI (p)) so t = a;(py and

ox(p,t) = px(Pi+1,t — @) = px (Pi+1,0) = pit1 = 0 z:(pi+1,0) = @25 (p,1).

(2) If (p,t) € (Ox NQzs)\ Qx (similarly for (p,t) € (Ux NQzs)\ Qzs) then there
exists i € Ays(p) such that ¢ € I4.(p) and by Corollary 2.15 we obtain that
¢x (p,t) = dzs (p,1).

(3) If (p,t) € (Ax NQyzs) \ (Qx NQys) then t =0 and p is a point of the type Al.
Thus ¢x (p,t) = ¢x(p,0) =p=¢z:(p,0) = ¢z (p,1).

The proves of items b) and c¢) are analogous.

Lemma 2.17 Under the hypothesis of Theorem A, the map ¢z : M x RT —s M

such that o
(b <p7) Zf<p7)EQX7

t t
¢z(p:t) =9 ¢zs(p,t), if (p,t) € Qzs,
ng(pat)v Zf (pat) € QY

is well defined for all (p,t) € M x R*.

Proof. For all p € M, applying Definition 1.39 and Lemma 2.9 we have that:

(a) if p € int(XT) then ¢z (p,t) = dx(

(b) if p € int(X7) then ¢z (p,t) = dx(p,t) for all t € [0,ag(,)];
(c) if p € X then ¢z(p,t) = ¢x(p,t) for all t € [0,ag(,)];

t)

) dx (p,t) for all t € [0,ag(y);
)
)
(d) if p € X then ¢z (p,t) = by (p,t) for all ¢ € [0,aq();
)
)
)
)

(e) if p € X% then ¢z(p,t) = dzs(p,t) for all t € [0,ag)];

(f) if pis of the type A1, A4 or B1 for X then ¢z(p,t) = ¢x (p,t) for all t € [0,ag(p],
() if p is of the type A2, A3 or B2 then ¢z(p,t) = ¢pzs(p,t) for all t € [0,a()],

( (

h) if p is the type A1, or A4, or Bl for Y then ¢z(p,t) = py (p,t) for all t € [0, ag(y)]-

If ag(p) is a real number then ¢, () (P, ag(y)) € X hence apply item c¢) to h) above for

th  (po) +tZ1( )(pl) < 00 and so forth. O

all t € [ag(p), a1(p)] and do it again if a; (p) = Zots)

Proof.[Theorem A]
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Applying the gluing lemma for ¢x : Qx — M, ¢y : Qy — M and ¢zs : Qzs — M,
and by Remark 2.12, Proposition 2.14, Lemmas 2.16 and 2.17 we have that the map
¢z M xRt — M given by

t t
¢Z(p,t) = QﬁZs(]?,t) if <p7t) S stu
t t

is continuous.

Now, we prove the conditions in items (1) and (2) of Definition 1.1 for
¢z(p,t). The initial value property of ¢z(p,t) is satisfied since px, ¢zs and py are
flows. Now, we prove the semigroup property for ¢z (p,t). In fact, let p € M and
t,s € RT. Let j € NU{0} such that t € I‘éj(p) (p) and

q= ¢Z(p7t) = ¢Zj(p) (pat) = (ij(p) (pjvt_a'jfl(p))' (2_1)

Let i € NU{0} be such that s € [%i(p) (p) then t+s € Iéﬁi(p) (p) and Z(g) = Zj1i(p)-

Hence, we use induction on i € A} (p) to prove that:
1. g; = pj4i for ¢ > 0;

2. ai_l( aj+i_1(p) —1 fOI' 7> O,

a) —
3. and ¢z(¢z(p,t),s) = ¢z(p,t +5).

Induction basis: Assume that ¢ =0 then s € I%O(p) (p), t+se I%j(p) (p) and

ZO( = Zj(p)' Thus,

q)

0z(0z(p.t),s) = dz(¢:5) = ¢z, (¢:5)
= PZyqy) (¢ (M(PJ’ aj(p)),S)
Zitn (P2 (it = () 5)
Zjip (Pjrt— @j(p) +5)
=9z, (Dj, (t+5) —ajp)
=z, (Dt +5)
= oz (p,t+5).

Inductive step: Assume that i € Az(p) such that s € [%i (p), then t+s €

(p)

IJZJFi( )(p) and (1), (2) and (3) are satisfied, that is, ¢; = pj1i, ai—1(q) = aj+i—1(p) —t,
JTup
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and ¢z(oz(p,t),s) = ¢z(p,t+s). We need to prove that, for i+ 1 € Az(p) and

s e [?21( )(p) then properties (1), (2) and (3) are satisfied. In other words,
i+1(p

Gi+1 = Pj+i+1, ai(q) = aj+i(p) —t, and ¢z (dz(p,t),s") = dz(p,t+5'). In fact,
L givr =9z, (@15, (@) = 02,50, Pivisth,,,  (Piti) = Pivitt
_ + _ + _
2. ai(q) = ai—r(q) Tz, (@) = (@jpicrp) =) T 17, (Dj+i) = Qjqip) — 1, and

3.

¢z(0z(p.1),5") = 02(¢,5) = bz, (@1, 5" —ai(y))
= 0% i1 Piti+1s s' = (aj4i(p) — 1))
=07 i1 Pttt T+ 8) = ai0)
- ¢Zj+z'+1(p) (pt+ S/)
=¢z(p,t+5).

Therefore (M,¢z) and ¥ =X UL UX*USy, and with p € Sz being of type Al

to B2 is a semidynamical system. 0

As consequences of Theorem A, we obtain two significant corollaries.

Corollary 2.18 Assume M is a closed 2-dimensional C' manifold and 7 =
(X,Y) € X(M,h). If E=%X°UX°USz and p € Sz has type Al, A2 or Bl then

the trajectories of Z generate a semidynamical system (M, ¢z).

: e A
AT T N

Figure 2.10: Example of points of type A and B in 2-dimension.

Corollary 2.19 Assume a closed n-dimensional C1 manifold M and Z € X(M,h).
If ¥ =3°UX* then the trajectories of Z = (X,Y) € X(M,h) generate a
semi-dynamical system (M,¢z).

Proof. Note that, in the proof of Theorem A, if ¥ empty then we can work with px
and ¢y instead of ¢ x and ¢y. In this case, Definitions 2.2 and 2.10 are valid for R™.
For X € X(M),let Ay ={p€XT; px(p,(—00,0]) £ £} and t} : BT — R~ U{o0}
such that

—00 ifpé Ay,
tx(p) =191 sup{t <0; px(p,t) € SEUXL}  if ox(p,[t,0]) CET for t € INR™ with ¢ #0,

0 otherwise .
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Analogously, for Y € X(M). Let p € M, denote py = p and p; =

SOZ(;,l)(p) <pi*1’tZi_1(p) (pi—1)) for ¢ € Z~, where
P X ifpeint(Th),
0w~ y if p €int(X7);
and
X if p; € Y Tor pi € Bl ﬂS}’(,
Zi(p) =

Y if p; € 3 or p; € B1N Sy
Fix Ax(p) ={i e Z; Zi(p) = X} Qx ={(p,t) e M xR; t€ Ix(p)} and
Ixm= U Ix()
iEATUAL (p)
where I$(p) = {a&p),ao(p)}, I (p) = {a;l(p),aif(p)} for ¢ < 0 such that

i
() = jz:%tzj(p) (pj). Analogously, define Qy for the vector field Y.
0

Finally, the following theorem is the main result of this chapter. It provides very
general conditions under which an isolated invariant set must contain a periodic
orbit of a PSVF.

Theorem B Let Z = (X,Y) € X(M,h) be a PSVF given by (1-6) defined on a
3-dimensional C* manifold M with switching manifold ¥.. Assume that ¥ = X°UXSU
Sz and p € Sz being of type Ai, i=1,...,4 orBj, j=1,2, and ¢z : M x[0,00) = M
is the semiflow generated by the trajectories of Z. If N is an isolating neighborhood

for ¢ which admits a Poincaré section = and either
dim CH?(N,¢) =dim CH*""Y(N,p)  for neZ" (2-2)

or
dim CH*"(N,p) =dim CH*""Y(N,p)  for necZv, (2-3)

where not all the above dimensions are zero, then ¢ has a periodic trajectory in N.

Corollary 2.20 Under the hypotheses of Theorem B, if N has the Conley index of

a hyperbolic periodic orbit, then inv(N) contains a periodic orbit.

The following theorem is an n-dimensional version of Theorem B, where we assume

that the system has only crossing and sliding regions without tangency points.
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Theorem C Let Z = (X,Y) € X(M,h) be a PSVF given by (1-6) defined on a closed
n-dimensional C* manifold M with switching manifold ¥. Assume that ¥ = X°UYXS
and ¢z : M x[0,00) = M is the semiflow generated by the trajectories of Z. If N is

an isolating neighborhood for ¢ which admits a Poincaré section = and either
dim CH*(N,¢) =dim CH*"Y(N,p)  for neZ* (2-4)

or
dim CH*(N,p) =dim CH*""YN,p)  for neZ", (2-5)

where not all the above dimensions are zero, then ¢ has a periodic trajectory in N.

2.2 Some applications

2.2.1 Regularization

In this subsection, we wuse Proposition 1.22, the regularization of
discontinuous vector fields in [46], and the robustness of the Conley index under
perturbation to provide an immediate consequence of Corollary 2.18 and Theorem
B. Denote by transition function a C* function ¢ : R — R such that: ¢(t) =0 if
t<—1,pt)=1ift>1and ¢ >0ift € (—1,1).

Definition 2.21 A ¢.—regularization of Z = (X,Y) € X(M,h) defined on a closed
2-dimensional manifold is a one parameter family of vector fields Z¢ in X(M) given
by

Ze(q) = (1= 0e(h(q))) Y (q) + we(h(q)) X (q),

where @.(t) = ().

Using the homotopy invariance of the Conley index and Proposition 1.22

we have the following proposition.

Proposition 2.22 Let v be a periodic orbit in an isolating neighborhood N of the
semiflow generated by the trajectories of Z = (X,Y) € X(M,h) defined on a closed
2-dimensional manifold. Then there is ey such that for every e < ey, Ze contains a

pertodic orbit in N.

2.2.2 Closed poly-trajectories

For a PSVF defined on a region of the plane, in [47], the authors present
a concatenation of arcs of trajectories called closed poly-trajectories. They show

that if the regularization of a PSVF contains a poly-trajectory, then there exists one
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periodic orbit. Applying our results, we can further provide necessary conditions to
guarantee the existence of closed poly-trajectories solutions in a disk of M when a
PSVF has sliding motion.

Definition 2.23 Let M be a closed 2-dimensional C1 manifold and Z = (X,Y) €
X(M,h).

1. A curve I is a closed poly-trajectory if I' is closed and

o T contains reqular arcs of at least two of the vector fields X|X+, Y|X~, Z¢

and Z* or is composed by a single regqular arc of either Z% or Z¢;

o the transition between arcs of X and arcs of Y happens in sewing points

(and vice versa);

o the transition between arcs of X (or'Y ) and arcs of Z° or Z¢ happens
through fold points or regqular points in the escape or sliding arc, respecting
the orientation. Moreover if I' # X then there exists at least one visible fold

point on each connected component of I' NX.
2. Let T" be a canard cycle of Z. We say that I is a closed poly-trajectory

o of type I if I' meets X just in sewing points;
o of type Il if I' =33,
o of type III if T contains at least one visible fold point of Z.
In Figures 2.11, 2.12 and 2.13 poly-trajectories of type I, II and III are

respectively illustrated.
3. Let T" be a closed poly-trajectory. We say that I' is hyperbolic if it

o is of type I and n/(p) # 1 where n is the first return map defined on a
segment T" with p € TN

o s of type II;
e s of type III and either TNX C YUY or 'NX CXCUXC.

N
- S

Figure 2.11: Closed poly-trajectories of type I (left), I (center) and III (right).
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Let (pg) z+ be the arc ¢z«(p, [0,t,]), where ¢, > 0 is the time such that ¢z«(p,t,) =g,
and Z* is either X or Y. We say that (pq) z+ has focal type if there are no fold points
between p and ¢ (see Figure 2.12) and we say that (pq)z+ has graphic type if it has
only one fold point between p and ¢ (see Figure 2.13).

GED AW

D q p q

Figure 2.12: Focal type arc. Figure 2.13: Graphic type

arc.
Applying Theorem C, we obtain existence results for poly-trajectories.

Proposition 2.24 Let U = {(x,y,2) € R%; 22 4+y% <6} be a disk of R? where § >0
and Z = (X,Y) € X(U,h) such that X =X°UX*USy, and for allp € Sz, p is of type

A1, A2 or B1. Moreover, assume that X is a linear vector field, and

(1) int(U)NS £,
(2) UNint(XT) contains only one equilibrium point &, which is an unstable focus

and the unstable manifold of T intercepts X in an arc,
(3) there are no pseudo-equilibrium points in U NY,

(4) Yh(x) >0 for allz eUUNX.

Then, there exists a hyperbolic poly-trajectory of type I11 in U.

Proof. A closed poly-trajectory of Z = (X,Y) € X(U,h) is a periodic orbit for
semiflow ¢ 7. Thus under the hypothesis of Theorem B we obtain the existence of a
poly-trajectory. Therefore, it remains to show that the hypothesis of Theorem B is
satisfied.

Let  be the unstable focus in & Nint(X) and p be the visible fold point for X such
that vo(p) = p-[0,t% (p)] is the focal type arc. Let § and ¢ be the intersection of oU
with ¥ such that Xh(z) > 0 for all € (pp)x. \ {p}, where (pp)s; is the arc in ¥ from
the point p to p, and Xh(x) <0 for all x € (pg)x \ {p}. Take ¢ € int(pp)x such that
q1 € int(pd)s, and vo(¢) CU. Consider u < 0 such that 3, = h~1(y) is parallel to X
and ¥, Nint(U) # 0. Consider the points v, € ¥, satisfying that ¢ =01 and ¢; = v;.
Let N be the region bounded by the curve (v9)s,, Uyo(?) Uno(q) Uyo(v), see Figure
2.14.
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Figure 2.14: Construction of the isolating neighborhood.

Let = (x,,y,) € U be a point such that x, =z, and y, > Yz, where zo = (24, Y, )-
Let Z be a local section for ¢x at r such that ox N = (), that is, = is transverse
to the flow ¢x, as in Figure 2.15. Let a +bi be the eigenvalues of X associated to
Z. Then fix r € = such that 6(r) < 90° when b < 0 or 90° < 6(r) < 180° when b > 0,
where 0(r) is the angle between the vector X (r) and the tangent space of ¥ at r.
Since 7 is an unstable focus, using the Poncaré map there exists 7 € = such that

7 =m=(r). Let 4, be the arc from r to 7 by flow px.

By Jordan curve theorem, the curve 4, U (r7)z delimits a topological disk D.

Therefore, N = N\ int(D) is a compact region.

—
i
—

N

Figure 2.15: Poincaré Section.

Note that, inv(N) C int(N); in fact, in what follows, we will show that the exit set
of N, denoted by L is empty. Firstly, for all x € ¥*NU there is s, > 0 such that
x -8, =p. To show this we can consider that X = (z,y) = (—x+y—¢,—x—y+¢) and
Y =(-1,1),s0 2= (0,¢), p=(£,0), and the forward orbits of the points in ¥* using
7% = (—22,0) tends towards p. Then, if 2/ € NNt we have that by hypotheses
(3) either 2’ € ¥% or there exists t%(2/) € (0,00) such that z’-t%(2') € £%; then,
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there exists s, > 0 such that 2’ (t%(2') + s,) = p. Now, if 2/ € NNX™ then there
exists #y-(2') > 0 such that 2’ -#{-(z') € ¥ C ©F. Therefore L = . Note that N is an
annular region since it is a set homomorphic to a disk with a hole, see Figure 2.16.
Therefore, the homotopy type of N is the same as that of a stable periodic orbit,
thus

Z, k=01,

0, otherwise.

CHY(N) ~ {

P
y

\/ ]

\ £
/\\//
=~
ol
=

!
2()
o
<
2 o

Figure 2.16: The homotopy type of N/L.

Poincaré Section. Let = be a local section for ¢ x crossing the stable manifold
of & as in Figure 2.15. We claim that = is the required Poincaré section for N. It is a
closed set and transverse to the semiflow generated by Z = (X,Y’). Finally, we must
show that the forward orbit of every point in N intersects =. But this was already
shown when it was proved that L = (). Thus Z is a Poincaré section for the semiflow
¢z in N.
OJ
Let Z = (X,Y) € X(U,h) be a PSVF. We assume X under the same hypotheses of
the vector field X in Proposition 2.24. Assume that >N contains a point ¢ that
is an invisible fold of Y on the left side of Figure 2.17. Then using the ideas of
Proposition 2.24 it is possible to show that in the disk i/, there exists a hyperbolic
poly-trajectory of type I11. We have the same result assuming that >N contains
a point ¢ that is an invisible fold and a point ¢ that is a visible fold of Y, as on the
right side of Figure 2.17.

U

Figure 2.17: In both cases, there exists a hyperbolic poly-trajectory of type II1

inside in U.



CHAPTER 3

Existence of periodic orbits for switching

networks via Conley theory.

In this chapter, we apply the previous results obtained to biological systems.
The method presented in this chapter guarantees the existence of periodic orbits for

the gene regulatory network called Repressilator.

3.1 Introduction

In the human body, we can find a wide range of different cells; nevertheless,
the genetic code inside each cell is identical. The genetic regulation networks have
the function of modulating the genes present in each cell and thus can distinguish
between them. In particular, the identity of a cell depends on how these genes are
turned on and off and how they interact among themselves. To understand the
underlying interaction between genes, we present a model for the gene regulatory
based on Dynamic Signatures Generated by Regulatory Networks (DSGRN) in
[11], where given a regulatory network RN, the associated database of dynamic

signatures encoding the global dynamics can be built in the entire parameter space.

The Repressilator (See Elowitz and Leibler, 2000) was the first synthetic genetic
network built in the bacterium Escherichia coli. It consists of a system of three
proteins, called Lacl, tetR, and Acl that, when combined with a green fluorescent
protein (a protein produced by the jellyfish Aequorea victoria) makes E. coli cells
flash periodically. The protein expressed by Lacl acts as a repressor of tetR. In
turn, the protein expressed by tetR acts as a repressor of A c/. Finally, the protein
expressed by A ¢l acts as a repressor of Lacl. The mathematical conceptualization
of a regulatory network RN, introduced in [11], is a directed graph where the nodes
(vertices) V = {1,---,M} indicate the genes, and the edges F indicate the activation
or repression of a production of protein from one gene to another. Although the

method presented in this chapter is applied to a particular network, our main
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objective is to guarantee the existence of periodic orbits in a wide variety of gene

regulatory networks.

Figure 3.1: The repressilator.

The phase space dimension of the model equals to the number of nodes, and the
associated parameter space consists of one parameter for each node and three
parameters for each edge. The parameter of each node is called a decay rate, and
the parameters for each edge are called the low level of expression, the high level
of expression, and the threshold at which expression levels change. The associated
switching system of a regulatory network RN with M nodes is an M-dimensional
system of ODE of the form # = —I'z+ A(x), where I' is a diagonal matrix with
positive entries and A is a piecewise constant function. Each of the terms in the
diagonal of " (a decay rate) is denoted by 7; and corresponds to each variable x;.
For simplicity, the decay rates are fixed and equal to 1 for all the nodes. The goal is
to show that the repressilator admits a periodic orbit in a region of the parameter
space of dimension 9. Moreover, the same idea can be extended to show the existence

of periodic orbits in the networks shown in Figure 3.2.

O—2
\@/

Figure 3.2: Other network which admits periodic orbit.

3.2 Switching networks

The definitions and results presented in this section are based on paper [11].
A switching network is one M-dimensional system of ordinary differential equations
generated by a regulatory network RN with M nodes. Mathematically, a regulatory
network is a directed graph where the nodes (vertices) V' = {1,...,M} indicate the
gene, and the edges F indicate the activation or repression of the production of

proteins produced by the gene represented by the incoming edge.
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Definition 3.1 A regulatory network RN = (V, E) is an annotated directed graph
with wvertices V= {1,...,M} called network nodes and annotated directed edges
E CcV xV x{—,4} called interactions. An — annotated edge is referred to as an
activation and an = annotated edge is called a repression. We indicate either 1 — j
or i -7, without specifying which one by writing (i,5) € E. We allow for self-edges
but admit at most one edge between any two nodes, e.g., we cannot have both v — j

and i = j simultaneously. The set of sources and targets of a node n are denoted by
S(n):=A{i| (i,n) € E} and T(n):={j| (n,5) € E}.

The cardinality of S(n) and T(n) are denoted by #S(n) and #T(n). Fach node is
equipped with a multilinear function M; L R#S() R, called the logic of node 1.

An essential aspect of the regulatory network is understanding associate parameters

to a RN that describes a biological system.

Definition 3.2 Given a requlatory network RN = (V| F), for each edge (i,j) € E
(i.e., i — j or i-j) we associate three parameters: lj;, wuj;, and 0j;. (Note
the matriz-style subscript order convention.) Additionally, to each node i € V' we
associate a decay rate v;. Fach of these parameters is a real number, so we may
regard the collection of all these parameters as a tuple (l,u,0,v) € RP, where
D =M+ 3#(FE). We call this collection of numbers a parameter for RN.

An RN with M nodes, can be modeled by a switching system given by

M-dimensional piecewise system of ordinary differential equations defined as follows.

Definition 3.3 Given a regulatory network RN the associated switching system at

parameter (1,u,0,7) € RP is given by
:L:j:—’)/jl‘j+Aj(l‘), 7=1,....M,
where
A](l‘) = Mj OO’j.

Here o :RM 5 R#90G) s @ multidimensional step function defined componentwise

(i.e. by its coordinate projections m;i(o;)) for each i € S(j) as

lj if i —j and x; < 0j;, orifi4j and x; > 0;;.
0ij =mi(0j(x)) = Uji if i — j and x; > 0;;, orif i 4j and x; < 0;;.

undefined  otherwise.
(3-1)
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The nonlinear functions M; are logical expressions involving truth variables v;,
logical conjunctives A (i.e. ANDs), and logical disjunctives V (i.e., ORs) leads to
an analogous arithmetic expression by replacing A with - and V with 4. Note that
given truth variables v;, a logical expression L(vi,vs,...,v,) (without negations)

leads unambiguously to the multilinear expression M (x,x2,...,x,) given by

M(zq,xo,...,xp) = Z H (1—;) H i,
v, =T

L(v1,v2,...,;0n)=Tv;=F

where z; € R.

Definition 3.4 A requlatory network RN and a choice of parameter values z € Z
leads to a uniquely defined switching 3-4 and set of cells K(z). The k-cell vector field
for a cell k € K(2) is given by

FF(@) = =Tz +A(k). (3-2)

3.3 Analysis and Method

In this section we show that the repressilator model admits a periodic orbit

for the following combination of parameters

0< l173 < 9271 < U3,
0< 1271 < «9372 <u21, (3-3)
0< l372 < 0173 < U322

We begin by constructing an isolating block N in R? such that the Conley index
corresponds to an unstable hyperbolic periodic orbit. After, we show that N
admits a Poincaré section then inv(N) contains one periodic orbit. We say that
a compact set N is an attracting block if it is an isolating block such that the
forward image of N is entirely contained in N. Using Definitions 1.3 and 1.4, we
say that a compact set N is an attracting block if n~ = @), where n = ON and
n~ ={p€n|Je>0 with p-(0,e)NN =0}

Applying Definition 3.3, the switching equations for the repressilator take the

following form

1 =—7x1+ Al(l’)
Zg = —yox2 + Ag()
23 = —y3w3+ Az(2)
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Without loss of generality, we consider 7; = 1 for ¢ = 1,2,3. We use the

logic expression L(vy,vg,v3) = v1 Ava Avg and therefore My o o1(x1,29,23) =

o13(z1,22,23), My o o9(x1,29,23) = 021(21,22,23) and M3 o o3(z1,22,23) =

032(x1,22,23) is trivial for each node. Then we obtain the following smooth

piecewise system:

. l13
Tl =—x1+ ’
u1,3

lo
T9 = —T9 + ’
U1

. l32
I3 =—x3+ ’
u32

if x3 > 01 3,
if x3 <013,

if x1 > 091,
if x1 <6a71,

if x9 > 039,
if 9 S 9372.

Note that, the system (3-4) is a PSVF, also it has a single regulatory threshold for

each variable that divides the phase space into 8 regions,

C1 = {(z1,72,73
Co = {(z1, 72,73
C3 = { (21,72, 73
Ca={(

Cs = {(z1, 72,73
Co = { (21,72, 3
Cr = {(21, 72,23
Cs = {(

Using the system (3-4), in each region C;, a vector field Xj is defined as

2:

3:

6:

) ER3; 21> 0971,0 <19 < 039,0<x3<013};
) ER? 21 >091,0 < a9 < 039,23 > 013}

JERS 0< 21 <01,0< a9 <039,23>013};
r1,22,23) ER?; 0 <y <021,0 <9 < 032,0<a3<013}
) ER3; 0< 21 <ba1,m2 > 039,23 > 013}

JERS 0< 21 <fq,79 >032,0<z3<613};
)ER?; 21 > 091,290 > 0320 <23 <013);
21,72,73) € R 11 > 091,19 > 032,23 > 013}

X (—x1 +u173,—x2+l271,—x3+u372);
X (—x1-0—1173,—:62-0—[271,—1’3+U372);
X3=(—z1+113,—w2+u21,—23+u32);
Xy=(—21+u1 3, —x2+usi, —r3+u32);
X (—3:1+ll73,—x2+uQ71,—x3+l372);
Xo=(—z1+ur 3, —22+uzi,—r3+1032);
Xr=(—21+ur g, —x2+1l21,—23+132);
Xg=(—z1+l3,—z2+1l21,—23+132).

The remaining part of the current section is organized as follows: subsection 3.3.1

presents a construction of an isolating block, and subsection 3.3.2 contains the proof

of the existence of a Poincaré section.
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3.3.1 Isolating block for the Repressilator

In this section, we use the semi-flow obtained from the system 3-4 to
construct a neighborhood N that will isolate the desired periodic orbit. We build
the set N starting from a piece N and then by removing some open sets. Initially,

we construct one rectangular set of the form

3

N: H[ai,bi],

i=1
with a; < b;. We use N to construct a set such that the forward orbits generated by
(3-4) stay inside. Note that, the system (3-4) is a linear system that admits a unique
hyperbolic attractor for each vector field X;, and this attractor belongs in some C;.

This information is reflected in the following lemma.

Lemma 3.5 For each vector field X; there is a unique hyperbolic attractor p;, such
that p1 € Co, p2 € C3, p3 € Cs, pa €Cs, ps € Cs, pe € Cr, p7 € C1 and pg € Cy.

Observe that p; ¢ C;, this is fundamental for the existence of a Poincaré section. Note
that all C;’s are in the first orthant, then by Lemma 3.5 we can assume a rectangular

region N such that p; € N. More specifically, consider n;,7m2 and n3 such that:

N = [070271 +711] X [079372 +772] X [0791,3+773],

where 11 > w13 — 0271, 72 > u21 — 032, and 13 > uz 2 — 01 3. Using the notation of
Definition 1.3, note that, p € n* for all p € 9N = n for the vector field X;,i=1,...,8.

Topologically, it is represented by a rectangular region in Figure 3.3.

T3

01 3 + s

T u3.2

[ 85

=132

T
31 « 035 w21 Aio+m

1,3

T

Figure 3.3: The rectangular set N.
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We delimitate C; by the compact region C; = N NC; that are described as follows

[9271,9271 —0—771] X [0,«9372] X [0,«9173];
= [02,1,002,1 +m1] x (0,03 2] x [01,3,01,3 +n3];
03 =[0,602,1] x [0,032] x [01.3,61,3+13];
04 =[0,602,1] x [0,032] x 0,01 3];
= [0,021] x [03.2,032 +m2] X [01,3,01,3+n3];
06 =[0,602.1] x [03.2,05 2+ 2] % [0,61 3];
Cr=1[02.1,02.1+m] x [03,2,032 +12] x [0,01 3];
Cg = [02,1,00,1 +m1] ¥ [032,032 +m2] x [01,3,01,3+13].

Proceeding in the construction, we want to obtain an attracting isolating block. For
this, we need to remove a small region containing the intersection of hyperplanes:

x1 =021, 9 =032 and x3 = 01 3.

In order to construct the isolating block, we consider the following hyperplanes,
which are used to remove pieces from the rectangular set N. Let f; : R — R such
that fi =x1 —021, fo =22 — 032 and, f3 = x3—0;3. Note that, the points in the
intersection between C; and C; belong to some hyperplane f;- 1(O). We defined
i = fi71(0).

The first step is extract from N some rectangular cubes Cj, that correspond to
open sets in the topology of N. Note that, by Lemma 3.5, p1 € Co, ps € C3, p3 € Cs,
ps € Cg, pg € C7, and py € C1, and so, the cubes Cy and Cg do not belong to
this sequence. Then, the cubes to be removed are C4 and Cs. As the vector fields
Xy and Xg are such that py € int Cs and pg € int Cy, then Xgfi(p) < 0 for all
p € f71(0)N(CouUC;UCy) and X4fi(p) > 0 for all p € £ 1(0)N(C1UC3UCs).
Denote by Nj the set N\ (CyUCg). A direct consequence is that the flow is
transverse to the points in ON7, that is, p € nj for all p € ON7 = nj.
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Cs Cs

Cs

Cs

Ch

Cr

Figure 3.4: The set Nj.

Bear in mind that the points in N7 that belong to the hyperplanes i;s have two
or more vector fields defined on it. However, the Filippov convention is not defined
for more than two vector fields, and the next step is to solve this problem. Let us
make some cuts in the rectangular cubes C; to ensure that only two vector fields
are defined at the intersections of the rectangular subsets and so to be able to use

Filippov’s convention for the system (3-4).

Consider the values e1,e9,e3 € R sufficiently small such that

9271 +e1<uig and —«9271 +e1 < —l173;
9372 +e2 <wugi and —9372 +eo < —l271; (3-5)
th3+ez <ugp and —013+e3 < —I32;

We remove from each C; the open rectangular sets ¢; such that

c1 = [02,1,021 +e1) x [0,032] x [0,01,3];
c2 = (021,021 +m] x (032 — 2,032 x [01,3,01,3+n3];
c3=1[0,021] x [0,05 2] x [01.3,01.3+¢3);
cs = (021 —€1,021] % [03,2,032+m2] X [613,01,3+n3];
c6 =[0,021] X [032,0324¢c2) x (0,61 3];

[

cr = [02,1,02,1 +m1] % [032,032+m2] X (01,3 —€3,6013].

The conditions (3-5) are necessary conditions to guarantee that the forward image of
the new walls of the cubes are entirely contained in the corresponding cube. In fact,
if we consider the functions f;, : R3 — R such that fer,—=x1—(021—¢1), fe +=
x1—(021+¢€1), feg— =x2—(032—62), fey+ =22—(032+€2), fey,— =21 —(013—¢3),
fesr = 21— (01,3 +€3), then,
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0 ﬂég;

Olts
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)
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< 0 for allpefg;Jr 0)N Cs.

We define (71 :=C;\ ¢ and Ny := 6’1 U6’2U6'3 U(75 U(76U6'7, see Figure 3.5.

/

D
~

Figure 3.5: The set on the right is N2, and the rectangular set on the left is one of

the pieces that was removed.

Note that we construe the set No by removing open sets of a compact set, so
it remains a compact set; moreover, the fixed points of the vector fields stay
inside Nao. On each wall of the rectangular sets C;, at most, two vector fields
are defined except the points belonging to a piece of a straight line, in which
three vector fields are defined. An example of this, the vector fields defined in
the walls of the rectangular set C are X1, Xo, and/or X7, see Figure 3.6. The
following step corresponds to remove these pieces of a straight line in each C;. Also,
note that if p € (igﬂCﬁ) \C~'2 then p € ny; in fact, X1 f3(p) = =013 +uz2 > 0.

This also happens for other points in ng, but we want an isolating block with ny, = 0.

We make some cuts in each Cj so that n; and in the walls of each cube, at most

two vector fields are defined.
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X1 and X2 X1
/ Xl, X2 and X7

5 X,

— X1 and X7y

Figure 3.6: The vector fields are defined in some walls of the rectangular set Cf.

Let ;; >0 with i =1,2,3 and j =1,2,3,5,6,7, and consider the following functions

b1+ 032 —e3,1),

013+ 22091 +€32),

( )
— (03275 )
e, —S€2+ax1 (032 + 22021 —e23),
fa, = w3+ 2w — (O3 + 2052 +ess),
( )
( )-

625 €25

&, $3+m$1 b1+ 20021 —e36),

f =29+ 21 — (032 + 2101 + 27

€17 €17

We denote by Xj; f@ the Lie derivative of the vector field X; with the function f@
for each ¢+ =1,2,3,5,6,7. In order to construct the attracting isolating block, the
sets fZl(O) have to be planes such that X'f5 (p) <0 for all p e fgl(O)ﬂéi with
i=1, 3 6 and Xfc( ) >0 for all p e f ( 0)NC; with i =2,5,7. Tzhen, each €;;
satisfies the same conditions of ¢; of the equatlons (3-5), together with the following

conditions

(=03,1+12,1)e3.1 (=02,1+11,3)e3,2
€21 < (=018 ug ) tes 1’ 12 > (=01,3+ug p)+es,2”

(—02,1+11,3)e2,3 (—03,04u21)e35
F1.3 < (=03,24uy 1 )+e2,3” €25 < (=01,3413 5)+€3,5”

—0s 14+uq 3)e —02.1+u1 3)e
E16 > — (=02,1+u13)e3,6 17> — (=b21+u13)ea,7

(=01,3+13 ) +€3,6” (=0s,2415 ) Fe2,7

Now, use the functions fél, 1=1,2,3,5,6,7, to remove the open rectangular sets b;
of each of the C;.
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O30 —c21 32

i

Figure 3.7: Graphical representation of fal and f53'

by = {(371,562,373) € Cy; 021 <a1 <01 +m and O30 — 21 < 19 < O3
and — 2—:1962 — (9173 + iz—j@m —63,1) <wx3 < 9173} ,
by = {(1‘1,1‘2,1‘3) € C~'2; o1 <x1 <b21+¢€12and 0 <zp <039 and
thsy<w3< —Z’—éfm + (91,3 + 2—:29271 +€372)} :
by = {(1‘1,1‘2,1‘3) e Cs; 0o —c1,3 <1 <61 and
—2—:§$1 + (93,2 + 2—229271 —8273) <wp<032and th3<x3<013 +773} ;
bs = {($1,$2,$3) €Cs; 0<x1 <01 and 32 < 29 < 032 +e95 and
th3 <w3< —Zg—:ixz + (91,3 + %93,2 +€3,5)} ;
be = {(1,72,73) € C; Oa1 —£16 < 71 < 01 and 032 < 73 < O35+ 1 and
—Zf—zzfﬂ + (91,3 + 2—:292,1 —83,6) <w3 < 91,3} ;

br = {(371,372,373) € C7; b1 < w1 <b1+e17 and

30 < 29 < —2—’Z$1 + (93,2 + 2—’:92,1 +€2,7) and 0 < x3 < 91,3}-

We define B; := él\bl and N := B;1UByU B3 U BsU BgU By, see Figures 3.8 and 3.9.

By using the previous constructions, the have the following results.

Proposition 3.6 The set N is an attracting isolating block for the semiflow ¢ and

homotopic to a solid torus.
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Bg By

: The cubes B;.

B, Ji 5 ,’:‘ "7
i

Bg

B B.

Figure 3.9: The isolating block N = By U By U B3 U Bs U Bg U By.

Proof. By the above construction, and Definition 1.4, we have that n~ = and N

is an attracting block for ¢, and it is homotopic to a solid torus. 0

Since the isolating block N is homeomorphic to a solid torus and n~ = (), then the

Conley index is the same as an unstable hyperbolic periodic orbit.

Proposition 3.7 The Conley Index of the S = inv(N), where N is an isolating

neighborhood corresponds to

7, k=12,

0, otherwise.

CH"(S) ~ {

3.3.2 Construction of the Poincaré Section

In the following proposition consider the sets ¥; ; equal to the intersection
between C; and B;.
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Figure 3.10: The set X1 5.

Proposition 3.8 The set = = X1 2UXo3UX35UX56UXe7UM71 is a Poincaré

section for ¢ in N.

Proof. Let ¢ be the semiflow generated by the gluing of solution orbits of the
system (3-4) with the conditions (3-3). Let p € Cév(cl ¥1,2) for £ > 0 sufficiently
small, then p-(0,£)N = # 0, in particular p-(0,§)NE; 2 # 0. Since p € By \ 1,2,
then the local trajectory is defined by the vector field X;. By Lemma 3.5 the
w-limit of (p) is a point in the set By and so, there exist a unique t(p) > 0 such that
p-t(p) € ¥1,2. Analogously for the other sets ¥; ;. In the induced topology by R3,
the set Z NN is closed, in fact, it is a finite union of closed sets. Furthermore = NN
by construction is transverse to the semiflow (each set X;; is a crossing region in

the Filippov convention), therefore = is a local section for the semiflow ¢.

Now, we need show that the forward orbit of every point in N intersects =. Let
p € N, without loss of generality, assume that p € By. The vector field defined in By
is X7 and, since X7 has only one singular point p; € Bo, then there exists a time
T, > 0 such that the forward orbit intersects ¥ 9. The same behavior occurs with

all elements in B;.
O
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Figure 3.11: Behavior of semi-flow generate by system (3-4).

Theorem D Let ¢ be a semiflow generated by the system (3-4) of the repressilator

model. Then for the following combination of parameters

0<lig<ba1 <uygz,
0<loy <032 <wuai,
0< 1372 < 91,3 < ug?2,

the set inv(N) contains a periodic orbit.

Proof. To prove that the system (3-4) admits a periodic trajectory, we need to show
that the assumptions of Theorem B are satisfied. Firstly, note that any isolating
block is an isolating neighborhood, so by Proposition 3.6, the set N is an isolating
neighborhood for the semiflow ¢ generated by system (3-4). By Proposition 3.7, the
Conley Index of S = inv(NN) has the same homotopy type a periodic orbit. Finally,

the existence of the Poincaré section for ¢ in N is guaranteed by Proposition 3.8. [J



CHAPTER 4

Limit sets near a cusp-fold singularity

occurring in a piecewise smooth vector
field

In this chapter, we develop a local approach to study the behavior of the forward
orbits of a family of piecewise smooth vector fields presenting a co-dimension one
structure known as cusp-fold singularity. This chapter is structured as follows. In
Section 4.1, we state the problem using the Filippov convention and we state the
main results that will be proven throughout this chapter. Section 4.2 addresses to
the construction of the crossing and sliding Poincaré maps. Section 4.3 describes
the local structure around the cusp-fold singularity. Finally, Section 4.4 refers to the

demonstrations of the propositions and theorems.

4.1 Setting the problem

4.1.1 The cusp-fold singularity

Consider the piecewise smooth vector field

X IR = 07 ) + 2 f 207
2y, 2) = (z,y,2) = (0,a,B(x+y?)) if 2 (41)
Yy (z,y,2) = (7,1,6y) if 2 <0,

where «, 3,d,7 € R. We notice that orbits of X and Y in system (4-1) can meet the
separation region ¥ = {(z,y,2) € R% z =0} in distinct ways. Thus, Z, may not be
smooth over Y and may be piecewise smooth. In this chapter, we consider piecewise

smooth vector fields from a Filippov theory perspective, see [19].

We notice that the origin p = (0,0,0) is a fold singularity for the vector field Y,
since it is on its fold curve y = 0. On the other hand, p is a cusp singularity for

the vector field X and splits the fold points of the curve z = —y? into visible and
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invisible ones. Thus, p is a fold-singularity for (4-1) regardless of the value of ~.

The main goal of this chapter is to employ a local approach for studying the forward
orbits of (4-1). The incidence of a fold and a cusp singularity is a co-dimension
one phenomenon, see for instance [24], where the authors unfold a planar cusp-fold
singularity. In this chapter, we do not unfold the cusp-fold but analyze the local
dynamics around that singularity for small values of the parameter v. We emphasize
that the piecewise smooth vector field (4-1) is a particular system presenting a
cusp-fold singularity, that is, so far it is simply a model presenting the desired
object of study. Future work consists in checking whether equation (4-1) is a normal
form for the three-dimensional cusp-fold. Another paper considering a model of a
cusp-fold can be found in [7]. Theorem 1 in [7] presents the asymptotic stability of
a PSVF whenever it has a cusp-fold singularity.

The parameters «, 3, v, and § of system (4-1) characterize the contact of X and Y
with 3 and the different behavior of their orbits near the origin. In this direction, we
notice that the system (4-1) can present 8 possible behaviors in the local dynamic.
In all cases, the origin represents a tangential contact of cusp with X and invisible
fold with Y. The first four cases correspond to § > 0, where Y h(xg,0,0) < 0 when
yo < 0 and Yh(xo,y0,0) > 0 when yo > 0. The remaining four cases correspond
to 0 < 0. The parameter § changes the visibility of the cusp, and the parameter
a changes the visibility of the fold of the tangential contact of X with 3. The
parameter 7 changes the behavior of the vector field Z5 but does not create cases
other than those mentioned. The behavior of the 8 cases is described in Figures 4.1
and 4.2. We call “case A;” and “case B;” with i =1,...,4, the cases presented in
Figures 4.1 and 4.2.

We are interested in the case Ag since the sliding motion points toward the curve of
visible fold points. In such a scheme, we can define a Poincaré map using not only
the flows associated to X and Y but also, the Filippov vector field which produces

a rich dynamics near the cusp-fold singularity.

4.1.2 Results

In the following we present some auxiliary results that are important on
their own as well as the main results of the chapter. The next proposition concerns

the non-existence of periodic orbits of any kind around a cusp-fold singularity.
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Case A;: a>0and >0 Case As: a<0and <0

A v |
m St N s
A
o A d U :
Case A3: a<0and >0 Case Ag: a>0and <0
\ ; Y
v N ERY
Sy A7 SYy~Z—

Figure 4.1: Local behavior of the cusp-fold singularity in the system (4-1) when
6> 0.

Case Bi: a>0and >0 CaseBQ:a<0)and6<0

g nes . e S %e\“v Y=
> SN %s»
Y€ S

CaseB3:a<0and5>0 CaseB4:a>0and6<0

Figure 4.2: Local behavior of the cusp-fold singularity in the system (4-1) when
6 <0.

Proposition 4.1 The piecewise smooth vector field Z., has neither crossing nor
crossing-sliding periodic orbits around the cusp-fold singularity regardless the values
of a, B, v and 6.

The next two propositions describe some invariant center manifolds for the case

~ =0 and stable/unstable ones for the case v # 0 small.

Proposition 4.2 Consider the cusp-fold system associated to Zy such that a <0,
B <0, and 6 > 0. Let Zj be the respective normalized sliding vector field. The

following statements hold.

(i) The cusp-fold singularity belongs to the curve of equilibrium points MMy of Z§
denote by My = {(z,1,0) € By(0);x = 5(~By? + ady)} € T5UTEY,;

(i) The orbits of Zy form a piecewise smooth manifold;
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ME = {(0,0,0)}UT'x, UII(T'y,), where L'y, = {(z,y,0) € Sx; 0<y < 2:%55} and
IT s sliding Poincaré map;
(iii) 9)?(2) is filled with periodic orbits, and every other orbit outside M} is a regular

orbit.

Proposition 4.3 Consider the cusp-fold system associated to Z~, with v # 0, a <0,
p <0, and 6 > 0. Let Z5 be the respective normalized sliding vector field. The

following statements hold.

(1) The cusp-fold singularity of Z is an equilibrium point of Z35 which is a saddle
if v>0; a proper node if v <0 with v # W - and an improper node if v<0

with v = %‘5

(i) The stable and unstable manifolds associated to p on ¥° are tangent at p to
E* = {(2,y,0);2 =0} and E* = {(,,0); = = (v— %)y} withw=s if v <0
and w=u if v > 0.

For the next theorems we introduce the following notation: w(p) corresponds to
the w-limit set of the point p, the point p is an equilibrium point of Z3 and ¢ is a
closed periodic orbit of the center manifold 9)?(2) associated to Zp. The main results

of chapter are the following.

Theorem E Consider the cusp-fold system associated to Zy such that a <0, <0,
and 6 > 0. Let By be a ball of radius r < %5 centered at the cusp-fold. Then, the

positive orbit of an arbitrary point q € B satisfies one of the following statements:

(i.) w(g) = p € My;
(i) wig) =L € M,
(iii.) there exists ty >0 such that {¢z,(q,t);t > to} NBo = 0.

Theorem F Consider the cusp-fold system associated to Z- such that o <0, 3 <0,
and 0 > 0. Assume that v > 0 is sufficiently small. Let B be the ball of radius r < 122
centered at the origin. Then, the positive orbit of an arbitrary point q € B satisfies

one of the following statements:

(i.) wlg) =p=(0,0,0);
(iii.) there exists t > 0 such that {¢z,(q,t);t >1}NDB = 0.

Theorem G Consider the cusp-fold system associated to Z., such that a <0, 3 <0,
and 6 > 0. Assume that v <0 is sufficiently small. Let B be the ball of radius r < %fy
centered at the origin. Then for the forward orbits of the points in q € /‘3, satisfies

one of the following statements:
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(i.) wlg) =p=(0,0,0);
(iii.) there exists £ > 0 such that {¢z,(q,t);t > 1} NB = 0.

4.2 Crossing and sliding Poincaré maps

The Poincaré map, or first return map, is a classical, very powerful tool in
studying periodic behavior in a dynamical system. Based on it, in this chapter we
make use of the crossing Poincaré map, but also of what we call a sliding Poincaré
map which is a composition of two half return maps and a transition function.
It turns out that such a composition is a diffeomorphism between two semi-local
transversal sections as we describe next. We define the sliding Poincaré map on the

invariant manifold 97 for any value of 7.

4.2.1 The crossing Poincaré map

Note that, by time rescaling we can reduce the eight cases in Figures 4.1
and 4.2 to the four cases A;. Hence, without loss of generality, we only consider
the cases A; through Ay4. Let V' be an open neighborhood of the origin and
po = (20,%0,0) € Xt NV, so in particular yo > 0. The flow px(¢,py) associated to
X is given by

1
ox(t,z0,Y0,20) = <$0, Yo + o, 3 (320 + 3Bt + 3Btyo” + 3oty + 0z25t3)> -

Now, let 1 (po) be the smallest positive time such that ¢x(t1(po),po) € ¥ where
i=1,2,3,4 depending on the cases A;. Denoting A = \/—3(4z¢+y2) we have the

following:

(i) t12(po) = ﬁﬁi which is positive since in the case Ay we have o < 0;

(ii) t13(po) = _Sg%fA which is positive and less than _3%_A since in the case A3

we have a < 0;
(ili) t14(po) = ﬁixﬂ which is positive since in the case A4 we have a > 0;
(iv) there is no positive time such that ¢x(t1,1(po),po) € X. Then the case A; is

not considered in the construction of the crossing Poincaré map.
2
In all cases, because t1;(po) € R we assume that zg < —%.
Now set p1; = ¢x(t1,i(po),po). The point p;; either belongs to the regions X7, ¥*

or is a tangency point. But we are only interested in the cases such that py; € X.

The case Ay cannot occur because p14 = ¢x(t1,4(po),po) ¢ X~ and so it is not



4.2 Crossing and sliding Poincaré maps 75

possible the return to the region . Moreover, for the case Az, p13 € X if, and
2 2
only if, =% < g < —¥%-.

Now, notice that the flow ¢y (t,po) associated to Y, is given by

1
Py, (tax()ay()az()) = (l‘o +7t, 1+ o, 5(220 +t25+ Qt(sy))

Let t2; be the smallest positive time such that oy (t2,i(p1,:),p1,1) € ¥ where i =2,3
depending on the cases Ay or Az. Then t22(po) =y+ A and t23(pg) =y — A. Finally,
assuming @y, (t2,i(p1,i),p1:) € Yt for the case Ay we obtain Iy : 2PNV — %
where Il = ¢y (t2,2(po), ¢x (t1,.2(po),po)) which can be written as:

- 1
My (w0, 90.0) = {0+ (0-+ &) 5 (30-+ A).0).

For the case As, we obtain Ils : {(z0,70,0) € V;—% <xp < —% } — ¥ where
HS = ¢Y(t273(p0)7¢X(t173(p0)7p0)) which can be written as:

(0-2),0).

N | —

M3(z0,10,0) = (IEO +v(o—A4),

Figure 4.3: Local behavior of the crossing Poincaré map for the case As.

We say that an orbit vz of Z, is a crossing orbit if ﬁl(q) =q for q € vz.

4.2.2 The sliding Poincaré map

Let V' be an open neighborhood of the origin and pg = (0,%0,0) € ['x, NV
a visible fold point contained in I'x, = {(z,y,0) € Sx; 0 <y < %} We define
the sliding Poincaré map II as a map defined on a one-dimensional region I'x, as
described next. Let V' be an open neighborhood of the origin and py = (z0,%0,0) €
I'x, NV a visible fold point contained in I'y, = {(x,y,0) € Sx; 0 <y < 234'55} We

define the sliding Poincaré map Il as a map defined on a one-dimensional region
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I'x

14
case Ag because it is the only case where oy, ((b X (F Xe)) is well defined and belongs

as the composition of the flows ¢x, ¢y, and ¢zs. Here we only consider the
to the sliding region.

First, consider the flow ¢y of X having pg = (—y¢,40,0) as initial condition, from

which we obtain
2 1 2 2 9.3
ox(t,po) = —yo,yo+at,§(3a6t Yo+ fBt7) ).

Let t1(pp) be the smallest positive time such that p; = @x(t1(po),po) € 3. We get
ti(po) = —%—0 which is positive since a < 0 and moreover p; = @x(t1(po),po) =
(—y2,—2y0,0). Similarly, using the flow associated to the vector field Y, we have
that t2(po) = 4yo and p2 = (=43 + 4vyo0,290,0).

From now on, since py belongs to the sliding region, the orbit from po must follow
the flow of the normalized Filippov vector field. Nevertheless, as we are doing a local
study, we consider the linearized flow denoted by ¢zs. One can see that ¢zs (t,p2)

can be written as

e P Byo(4y —yo) + e lyo (Byo + 2(ad — 7)) 0) .

pzs(t,p2) (e (4vy0 —y0°), Bt as

Moreover, 37+ ad does not vanish. Indeed, if v = — 92, then ps = (—yd - 4agy0 ,2Y0,0)
is a point of the sliding region only if yg > %. Let t3(po) be the positive time
such that p3 = ¢z:(t3(po),p2) € I'x,. One can see that t3(pg) = log[1 — %](ﬂv)*l,
in fact, t3(po) is the solution of the equations xa(t,y0) = —y3 and y2(t,y0) = Yo
As <0 and yg > 0 then t3(pg) > 0 only for the cases v =0 and v < 0. If v >0

then t3(po) > 0 if and only if yy > 4y which again does not correspond to a local study.

Let o be a parametrization of the curve I'y,. Therefore, composing the three maps
obtained previously we get the map Il(yg) = [gozg oy o px|(—y8,%0,0) with the
conditions 7 < 0 and 7 # —%‘5, where II(yo) is actually II(o(yp)). It can be written

as
Yo (—5% +(1-22)7" (Byo — 287+ 5))
By +ad

(yo) = | 3, ;0

Notice that II is a diffeomorphism despite the fact that Z, is a piecewise smooth

vector field.
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Figure 4.4: Local behavior of the sliding Poincaré map.

We say that an orbit vz of Z, is a crossing-sliding orbit if Il(y) = (—y?,y,0) for
(—4%9,0) € 7z.

4.3 The local structure of the cusp-fold

The approach in proving Theorems E, F, and G is based on the following
steps:

o First we consider a small ball B of radius r centered at the cusp-fold that we

are assuming to be the origin of R3;

o Then we intersect the ball 28 with ¥ to obtain a disk ® around the cusp-fold
contained in Y. This disk is split by some particular curves associated with
tangency points and crossing and sliding Poincaré maps, generating some

regions on the disk;

e Once we have fully analyzed the orbits of equation (4-1) on the disks in each

case, we study the limit sets of its orbits in order to prove the main results.

In order to follow the previous steps, we construct the disk ® and the respective
regions forming it. We analyze only the case Ay that corresponds to a <0, 8 <0
and ¢ > 0. Firstly, we analyze system (4-1) with v =0, then we study the case v #0
with v small.

Analyze of the case v=0

Consider a disk ® C R? centered at the origin and with radius r < %6

which is the intersection of a ball B C R? of same radius. We split the disk D into
4 regions from Ry to R4 divided by the tangency curves Sx and Sy of the vector
fields X and Y, namely the crossing regions R; and R3, the sliding region Ry and
the escape region Ry. In order to divide these regions into smaller ones, we use the

following curves and segments.
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Description of curves and segments

Let Cy be the parabola of equilibrium points associated to the normalized
Filippov vector field, see the dotted curve in Figure 4.1. We notice that C is given

by the parametric equation

o1(s) = <—32+%5s,5> . (4-2)

As %‘5 > 0, The curve C] is tangent at the origin, with the straight line having an
angular coefficient %‘5. Then C is entirely contained in the sliding and escaping
regions, passing through the origin. Taking the flow of the vector field Y, at the
points pg = (%o, Yo, 20) in C1 such that yo > 0, and assuming p1 = ¢y (t(po),po) € X~
and p2 = px(t1(p1),p1) € X, we obtain that to(po) = —2yp < 0 and ¢1(p1) = (38yo+
\/3 (35%/8 —4a65y0))(2a6)_1 < 0. The set of points as p; forms the curve Cy and

the set of points as po forms the curve Cs. The parametric equations of those curves

are given respectively by

oa(s) = <—52 + %55, —s) : (4-3)

and

, ad Ps+ \/3ﬂs (365 —4ad)
o5(s) = | —s°+ —s, . 4-4
(5 ( : > (4-4)
The curve ('3 is composed by the points satisfying x = 0. Now, notice that the
curves C'1 and Cy are parabolas witﬁertices at A= (05125522 , g‘—g) and B = (05125622 , —g‘—g),
respectively. Consider the segment AB. This segment is used to divide in the regions

Y7 and X® into subregions.

Now, for the construction of curve Cy, we take the points Sx such that y > 0, the
visible fold points of the vector field X, and apply the crossing Poincaré-map. The
curve Cy is given by the parametric equation o4(s) = (—52, —25) obtained by the
image of the visible fold points belonging to the disk. Applying the implicit function

theorem for the curve o5, we obtain that the graph of o5 is given by (z, f(z)) where

@ ad — /=42 +a?6? + \/6(—63352 +ad(—ad+/—4x[? + a?6?))
xTr) =
4

&

S

402682

and r < — 057

. Taking the flow associated to vector field Y, at the points on Cj
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with — 4 52 <r<-— 9;2 we obtain:
o5(z) = (, f(x)) (4-5)
where
 —ab A2 a2 | [6(—62? + ad(—ad + y/—4xB? 1 a26?)
) = e
and —% <r< —43232.

Now let us consider some distinguished points in the disk ©:

e (' is the point that belongs to quadrant I/l with » = 40?9 g is,

9ﬂ2 )
40248
BQ 7y >

252 ~
48‘5‘25 ,—23;"55) is the intersection between o5 and Sy,

057 ’W) is the intersection between C5 and Sy,

48‘53 ,yp> the point on the disk ® belong to quadrant/[],

3a
4ﬂ2 )

(-
(
b (-4
<
={-

O} is the intersection point between C5 and o5.

The above curves and points can be seen in Figure 4.5. This information will be

useful in the proofs of the results in this chapter.

Description of the subregions in the disk ©:

Next we fully describe the subregions of each region from R; to R4. The regions
Ry to Ry 5 belongs to the crossing region ¢ :

952

x,Y,2) €
. a2 2a0
x,Y,2) €9; (xz y° and — B<y<0 or (w>

(z,y,2)
(z,y,2)
(z,y,2) € D; O<x<—y2——yandy§0},
(z,y,2)
=1(@,9,2)

2; —y2§m§—ﬁ andy<0}
)

2 and y < — 20‘5)}

952 3

||
r—’Hr—’Hf—’Hf—’Hf—’H

r,y,2) €D; —y? —7y<x< 452 andy<0}

x,Yy,2) €D, (x> 452 and — 2B<y<0) (xZ—yQ— Byandy< 25)}

The regions Ro 1 to Ro 5 belong to the sliding region ¥°:

R2,1:{(x,y,z)€®; ( 2025‘52 and0<y<25) or (x> —y +Og5yandy>25)}
R2’2:{(x’y’z)€©¥ P+ Yy <z<oh and0§y<°‘5}

432 283
Ry 3= {(m,y,z) €D; 0<x< —y2—i—%5y and y > 0},
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Sx Co  Cs
Figure 4.5: The subregions formed in the crossing region.

252
R274:{(ﬂ:,y,z)€©; (—y2§x§0and0§y§%) or (—48‘655 §x§0andy2%)},
252
R2,5={(90,y,2)€©; —y* <z <43 andyzo}.

The regions R3; to Rs3 belong to the crossing region X"

R3) = {(w,y,Z) €D; 22 << 2and y > 0},

932
Ryy={(2,y,2) €D; —38 <o <-4 and 0<y < f(0)},

252 252 252
Ryg={(2,y.2) €D; 2 < —28 or (~328 <2< 228 and f(2) <y < v=7)}.

The regions R4 1 to R44 belong to the escaping region X°.

Ryq1= {(x,y,z) €mD; _4a?9? <z<—y?andy< 0},

932

252 252 ~
R472:{(x,y,z)€®; _3255 Sx§_4gﬂg and f(x) Sy§0}7
R4,3={(90,y,2)€©; (w§—3j‘;§2 andySO) or ,

(~38 <a< 128 and — vz <y < f@)}.

Remark 4.4 As the vector field Z§ has a curve of equilibrium points C1 and it is

defined on £¥UXE, then near the origin we have the following behavior (see Figure

4.7):

(i.) The positive orbit of the flow ¢zs at the points belonging to the sector Sy (same

region Ra2), tends to one point of the curve C1.
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Sy

G o,
Figure 4.6: The subregions formed to the sliding and escaping region

(ii.) Consider the set

252
B 3. ) ad ( g, ad a5>
Sl—{(x,y,z)GR,<x>4ﬁ2 and0<y<—2ﬁ>0r x> y+—/8yandy>—2/8

For the points belonging to the sector Sy, the positive orbit generated by the
flow ¢z escapes from any neighborhood of the origin.

(iii.) Consider the set

)
Sy = {(x,y,z) ER 0<z< —yz—i-%y andy>0}.

The positive orbit of the flow QSZS for the points belonging to this sector tends

to one point of the curve Cf.

(iv.) Consider the set

ad — /o202 — 4532z
ng{(x,y,z)eRS;x<0 and \/—x <y < b }

26

If ¢ € S3, then there exists t(q) > 0 such that ¢%(t(q),q) € Sx. Moreover, if
q € S2NSs, then there exists t(q) > 0 such that ¢%(t(q),q) is located at the

origin.

v.) The positive orbit of the flow ¢zs at the points belonging to sector Ry, tends
i ging
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to one point of the curve C.

Sy

Sx”

Figure 4.7: Behavior of the Z§ in some sectors near the origin.

Analyze of the case v#0

For the analysis of this case we assume that v is small. The normalized
Filippov vector fields are given by Z3 = (—67 (x+y2) ,—B (x+y2) +a5y) and it
has only the origin as equilibrium point. Using the Hartman-Grobman theorem and
the conditions a < 0, § < 0, and ¢ > 0, we have that the origin is locally topologically
equivalent to a stable node when v < 0 and to a saddle when v > 0. The eigenvalues
of the linearization of Z3 are Ay = —f7 and A2 = ad and the eigenspaces associated

with A\; and Ay are, respectively:

p
By+ad

Elz{(x,y,z)eZ; y= x} and Fy = {(z,y,2) € ¥; = =0}.
Similarly to the case v =0, for the cases v > 0 and v < 0 we consider a disk ® C R?
centered at the origin where ® =B N . Later we describe once more distinguished

curves and subregions.

Description of the dynamic when ~ > 0:

In this case, we consider the disk ® of radius r < 12y2. We split the disk © into
4 regions from Ry to R} divided by the curves Sy and Sy. The crossing region
R{ and R, the sliding region R3 and the escape region R . The sliding region is
divided in the subregions R{ 1 and R{ o. This subregions are separated by the curve

x = 0. The escaping region is divided into the subregions Ril and RIQ which are
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separated by the curve C which is formed by the points pgy in ¥ such that for some
time #(po) > 0, the point p1 = (21,91, 21) = ¢y, (to(po),po) € X and 21 = 0. The curve

C™T has the following parametric equation:

o6(s) = (—27ys,—s). (4-6)

Remark 4.5 Note that, p1 = ¢y, (to(po),po) € X belong to the first quadrant for all
points po = (o,Y0,20) such that xo > 2vyo and yo < 0. Moreover, when we take
a point py = (—y%,yo,()) € Sx such that 0 < yg < 47 and we apply the crossing
Poincaré map, we obtain a point ﬁ(po) = (—y +4vy0,2v0,0) = (%,7,0) with & >0
and 0 < g < 8.

Sx

+
R34

Sy

+
R4,1

Cc+
Figure 4.8: Behavior of the Z7 on the disk © when v > 0 and subregions formed in
this case.

Description of the dynamic when v < 0:

Now, we consider the disk ® with radius r < %7. We divided the disk ® into 4
regions R; through R; divided by the curves Sx and Sy. The crossing regions
Ry and Ry, the sliding region 5 and the escape region R, . The crossing region
Ry is divided in three subregions, Ry, Ry, and R; 3 which are separated by the
curves C7 and Cy . The curve C] is formed by the points pg in X~ such that for
a time to(po) > 0, the point p1 = (w1,y1,21) = ¢y, (to(po),po) € Sx, Cy is given by
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the parametric equation:

or(s) = (—275 — 52, —s) . (4-7)

The curve C, is formed by the points pp in £~ such that for a time to(po) > 0, the
point p1 = ¢y, (to(Po),po) € ¥ and 21 = 0. The curve C5 is given by the parametric
equation (4-6). Finally, the sliding region is divided in the subregions Ry, and Ry

which are separated by the curve xz = 0.

Sy

Sx

Cr
Figure 4.9: Behavior of the Z7 in the disk © when v <0 and subregions formed in
this case.

4.4 Proof of the results

In this section we prove the results of this chapter.

Proof.[Proposition 4.1] In order to show that no crossing periodic orbits occur
in equation (4-1), we use the Poincaré map ﬁg(xo,yO,O) = (x2,y2,0) associated
with (4-1), where z2 = zg + v(yo+A), yg%(y0+A), and A = /—3(4zo+1y3).
We need to show that II has no fixed points other than from the origin. Fix
®(zg,y0) = (2 — x0,y2 — Yo), then we are going to show that ®(zg,y0) = (0,0) if,
and only if, (zg,y0) = (0,0).



4.4 Proof of the results 85

It is clear that ®(0,0) = (0,0) and so we just need to solve the system of equations
xo—x9 =0 and y2 —yg = 0. By y2 — yg = 0, we have that zg = —%(21. Notice that
(—%Ql,yo,()) ¢ YT so setting w9 —x9 = 0, we conclude that yo = 0. Thus, the origin
is the unique fixed point of ﬁ(azo,yg). The same conclusion can be obtained for II3

using similar arguments.

Now consider the sliding Poincaré map I1(yo) = (=&, A(yo),0) with

Y0 <—ﬁy0 + (1 — ?,—Z) % (Byo —26va+ 6))
By +ad

A(yo) = — 0.
Observe that, the domain of the function A is [0,00) if v < 0, and [47,00) if v > 0.

The concavity of A does not change independent of the case considered. In fact,

ad

3200 (1-32)7 (—By+ ad)

Y2532 (yo —47)°

A"(yo) =

where 1— 3—3 > 0. Then A" (yg) > 0if —fy+ad <0 and A”(yg) <0 if —F~y+ad > 0.
Since v is small, we have that A”(yg) > 0 in the cases A3, A4, B, and By and
A"(y9) < 0 in the cases Ay, Ay, B3, and By. Finally, we analyze the function A
depending on the sign of v:

568y+ad
By+ad

o if v >0 then limy, ;oo A= —3 <0 and limy, 4, A = — < 0, similarly

o if ¥ <0 then limy, ;oo A = =3 <0 and limy, 0 A = -1 < 0.

Then, we claim that there are no real roots for the function A. Indeed, assume that
v > 0 and that there exists o such that A(gp) = 0. In this case, as limy, 4, A <0
the graph of A would increase to touch the yg—axis at gy either transversally or
tangentially. If A” > 0 then the contact is transversal and A(yg) > 0 for all y > 7o
but this is a contradiction to the fact that limy, ;oo A = —3 <0, that is, A should
assume negative values again. If A” < 0 then whatever the contact is at gy, there
exists o > Po such that A(gg) = —3 and such that A(yp) < —3 for all yg > 7o, but
this is again a contradiction to the fact that lim,, o, A = —3 < 0. Thus, there is no

such 7o satisfying A(gg) =0, that is, A(yp) < 0 for all yg € [47,00).

A similar proof can be carried out for the case v < 0 to show that A(yp) < 0 for all
Yo € [0,00) so the claim is proved. Therefore, there are no values of a <0, 5 <0,

0 >0 and ~y for which Z, has a crossing-sliding periodic trajectories. O
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Proof.[Proposition 4.2] Firstly, notice that the origin belongs to the curve C)
defined in section 4.3, thus item (7) is proved. In order to prove item (iz), let p be
a point belonging to the visible fold tangency curve, then py = (—y2,0,0) with
yo > 0. Using the construction of the sliding Poincaré map with v = 0 for these
points we obtain that p; = (—y3, —2y0,0) and p2 = (—y,2y0,0) € Z°. Then py is
a point of the curve z = —in, that is, po € Cy. Now, the curve of equilibrium

points of the normalized Filippov vector field is z =y (—y + %‘5) which is called Cy

and so the intersection point between C7 and Cjy is ¢ = (—43‘232 , %) In addition,
observe that, for all visible fold points p such that p, < g, the vector field Zj
points in a positive direction with respect to the y-axis, while for all p, > ¢, and
pz < 0 the vector field Z§ points a negative direction with respect to the y-axis.
Now, as the orbits of this normalized Filippov field are straight vertical lines and
the coordinate of the z-axis of p and py are equal, then for all visible fold points
p such that ¢, < p, < 0 there exists one positive time such that the orbit of po
intersects Sy at the point p. Finally, using the sliding Poincaré map for the points
in T'x, = {(z,9,0) € Sx; 0 <y < 22}, we have that M3 = {(0,0,0)} UT'x, UTI(T'x, ).
The proof of item (éii) follows from Proposition 4.1 and also from the fact that

there are no equilibrium points in the vector fields X and Y. O

The behavior of some orbits in 93 is represented in Figure 4.10.

Figure 4.10: Local behavior of the orbits in 9172(2), for specific values for a <0, 8 <0
and > 0.

Proof.[Theorem 4.3] The proof of the items (i) and (i7) follows from the application
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of the Hartman-Grobman theorem to system (4-1), assuming the conditions a < 0,
£ <0, and 6 > 0. See Subsection 4.3. O

Now we prove the main results of this chapter.

Proof.[Theorem E] Fix a point pg in B. There exists two possibilities concerning
its forward orbit. Either there exists a time ¢’ > 0 such that ¢z, (p,t') € D, or the
forward orbit never reaches the disk ®. Then, it is sufficient to prove the result only
for the points in ®. Denote by ¢ a closed periodic orbit of 9t and let p be a point
of the curve (1, the singularities points of the normalized Filippov vector field. Let
J1(zo) = (ad — \/—462x0+a252)(26)_1 be the image of xy on the curve Cy in the
second quadrant, that is, f1(zp) > 0. We are going to consider the 13 cases which

depend on each one of the subregions of the disk ®. We begin with the points in

the region R; as follows.

o Case (1). Fix po = (20,y0,0) € int(R1,1). Assuming ¢y (to(po),po) € X,

we obtain fo(po) = —2yo and p1 = ¢y (to(po),po) = (20, —Yy0,0) = (z1,91,0) € E*.

2¢2
As xg < —%
such that ¢%(t1(p1),p1) € Sx. If pa = ¢%(t1(p1),p1), then applying the crossing

~ 2¢2
Poincaré map II(p2), we obtain one point py € C4 with x4 = g < —48‘53 (the

point p3 = ¢x(t2(p2),p2) belongs to 3, this point is generated by the flow of X).

and —yo < fi(zp), using Remark 4.4 there exists ti(p1) > 0

If ta(p2) +t3(ps) is a positive time such that py = II(p2), it follows that for all
t > to(po) +t1(p1) +ta(p2) +t3(p3) we have ¢z, (po, (t,00))ND = 0.

o Cuase (2). Fix po = (20,90,0) € int(R12). As in Case (1), p1 =
¢y (to(po),po) = (0, —¥0,0) = (21,41,0) € £%, and as —48‘;§2 <zp <0 and —yp <
f1(zo), there exists t1(p1) > 0 such that ¢%(¢t1(p1),p1) € Sx. If po = ¢%(t1(p1),p1),
then2 a2pplying the crossing Poincaré map ﬁ(pg), we obtain one point py € Cy with

4ad

—407

< g < 0, and by the Proposition 4.2, it follows that w(pg) = ¢.

e Case (3). Fix po = (%0,90,0) € int(Ry 3). Asin Case (1), p1 = (20, —Y0,0) =
(1,y1,0) with p1 € Ra3 € ¥°. As Rp3 C So, then by Remark 4.4, we have that
w(po) =p.

e Case (4). Fix pg = (x0,%0,0) € int(RlA). Then p; = (x9,—Y0,0) =
(21,y1,0) € Roo = Sp C X%, that is, w(pg) = p from Remark 4.4.

e Case (5). Fix py = (z0,90,0) € int(Ry5). Then p1 = (zo,—Y0,0) =
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(x1,y1,0) € S1 C X%, and by Remark 4.4, if t1(p1) > 0 is such that ¢y (to(po),po) = p1,
then for all ¢ > to(po) +¢ we have that ¢z, (po, (t,00)) ND = ), where ¢ > 0 is the
necessary time for p; to exit the disk © following the flow of Z;.

Considering the cases in which pg belongs to the intersection of the previous
subregions, we follow the next approach: for the points pg = (x0,%0,0) € R11 N Ry 2,
we use the same analysis of cases (1) and (2) and so w(po) = p. In this case,
p = ¢ (q is the intersection between Cj and Cjy). For the points py € R12N Ry 3,
w(po) is the cusp-fold point, in fact p; = (0,y1,0) with y; < %6 Continuing with a
similar analysis, we have that w(pg) = for all pg € Ri3NR14 or po € R14NR15
or po € Ri3NRys5.

Now, we consider the cases where the points belong to the region Ro;
then, the local orbit is given by ¢zs. Using the Remark 4.4, we obtain that
Po = (20,90,0) € int(R2 1) then there exists to(po) > 0 such that, for all ¢ > ty(po),
we have that ¢z, (po,(t,00)) N® = (. On the other hand, w(py) = p for all
po = (z0,Y0,0) € int(R22U Ra3). Notice that the points belonging to Rz N Ry 3 or
R2 2N Ry 3 are equilibrium points of Z§, furthermore, for all pg € R2 1N R21 we have
that w(pp) = p or, more precisely, w(pg) = {A}.

e Case (6). Fix po = (z0,Y0,0) € int(R24). Using Remark 4.4, there exists
to(po) > 0 such that ¢Zg<t0<p0),p0) € Sx. Let p; = (21,¥1,0) be this point. Note
that —43232 < x1 <0, then, similarly as in case (2), we have that w(pg) = ¢. It is
clear that, the cusp-fold point in the omega set of the points py belong to R 3M Ro 4.

e Case (7). Fix pyp = (20,%0,0) € int(Ry5). The forward orbit of py behaves
like the one of pj in Case (1), then py belongs to the orbit of some point as in Case
(1). Therefore there exists ¢ > 0 such that, for all t > ¥, ¢z, (po,(t,00)) ND = (.
Notice that w(pg) = p for all pg € Ra 4N Ry 5. Again, in this case p =g.

Now, the local orbit is given by ¢x for the points belonging to R3.

e Case (8). Fix py = (x0,%0,0) € int(R3,1). Applying the crossing Poincaré
map, we obtain ﬁ(xg,yo,O) = (xg, LV _zi2(4x+y2),0) = (z2,y2,22) = p2. As
43‘;32 < z9 < 0, by Remark 4.4 there exists ta(p2) > 0 such that
¢zs(t2(p2),p2) € Sx. So by Proposition 4.2, it follows that w(po) = ¢.

r9 = x9 and —

e Case (9). Fix py = (20,%0,0) € int(R32). Applying the crossing Poincaré

ay—+/—3a2 (4x+y?) O)
2 )

map, we obtain py = (zo, = (w2,y2,22) with yz < fi(z2).
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Employing Remark 4.4, there exists t2(p2) > 0 such that ¢ zs (t2(p2).p2) = p3 € Sx

with x3 = 29 < —48‘2552. Again, we apply the crossing Poincaré map to obtain
. 22
ps = (75,Ys5,20) with y5 > f1(z5) and g < —48‘53 . Asps € Sy, forall t > 31 ti(pi)

we get ¢z, (po, (t,00))ND = 0. It is clear that w(py) = p = ¢ for the points py in
R371 N R372.

e Case (10). Fix pg = (z0,%0,0) € int(R33). Using the crossing Poincaré
Ty _?;f(4x+y2),0) € 51, and by Remark 4.4, we obtain

map, we obtain py = (zg,
®2,(po, (t,00))ND =0 for all £ > ty(po) +t1(p1). By the definition of the curve Cs,

the omega limit set of the points in C5 is p.

There are three possibilities for the positive local orbit of the points
belonging to the escape region. So, in the following cases, we analyze all of those
options using the vector fields X, Y, and Z%. Firstly, using Remark 4.4 again, it
follows that w(pg) = p for all pg € R4 when we use the local orbit given by ¢zs.

e Case (11). Fix py = (x0,y0,0) € int(Ry4,1) with the local orbit given by

4026
942
Consequently, use the analysis of the Case (9) to obtain w(pg) = ¢. Now, using the

¢x. Using the crossing Poincaré map we obtain that py € S3 with — <1 <.

local orbit given by ¢y, we have that p; € R31 and from Case (8), w(pg) = ¢.

e Cuase (12). Fix po = (z0,90,0) € int(Ry2) with the local orbit
given by ¢x. We use the crossing Poincaré map to obtain ps € S3 with
48‘;‘252 and yo < fi(z2). Using Remark 4.4, there exisst t2(p2) > 0 such
that gbzg(tg(pg),pg) =p3 € Sy with z3 =29 < —48‘232. Again, with the crossing
Poincaré map, we obtain ps € Sy and ¢z, (po, (£,00)) ND = for all ¢ > 31 ¢;(p;).

To < —

Now, using the local orbit given by ¢y, we get p1 € R32 and by Case (9), there
exists £ > 0 such that, for all t >, ¢z, (po, (t,00)) ND = 0.

Regardless of the chosen local orbit ¢ x or ¢y, we have pg € Ry1 N Rypo. It
is easy to see that w(pg) = p, where p = g.

e Case (13). Fix po = (z0,y0,0) € int(R43) with the local orbit given by ¢x.
Then, TI(pg) = p2 € S3 with x5 < —% and y2 < f1(z2). So, by Remark 4.4, there
exists t2(p2) > 0 such that ¢zs(t2(p2),p2) = p3 € Sx with 23 < —%‘;‘f
the crossing Poincaré map for p3 and obtain ps = (25,95, 20) € C4 with ys5 > fi(z5)
and xg < —%. Therefore, there exists £ > 0 such that ¢z, (po, (t,00))ND =0 for
all t > ¢. On the other hand, using the local orbit given by ¢y we obtain p; € R33
and from Case (10), there exists ¢ > 0 such that ¢z, (po, (t,00)) ND = ( for all t > ¢.

. We apply
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The same happens with the points pg € 42N R4 3, regardless of which local path
(¢px or ¢y) is taken.

Finally, we analyze the forward orbits of the points in the disk © that also
belong to Sx USy. Notice that, if pg € Sy with g > 0 or pg € Sx with y > 0, then
Py € 0%, if py € Sy with 29 <0, then Py € 9X¢"; and if pg € Sx with yg < 0 then

Py € 0X°7. Therefore, we get the following conclusion.

(i) There exists £ > 0 such that ¢z, (po, (t,00))ND =0, for all ¢t > when py satisfies
the following conditions:

402682
952 )

22
— if ppeSyN® Withx0>%orxo<— or

40268
982
a?8?

(ii) w(po) = p, for all py € Sy such that 0 < zp < Sz and w(po) =p = A, for
252
po= (93,0,0).
(ili) w(po) = ¢, for all pg € Sx such that —

252
Po = (_%7070)

— if pg € Sx ND with zg < —

40258
932

< xp <0, and w(pg) =p = q, for

(iv) Lastly, the omega set of the cusp-fold point is itself.

Thus, we have proved Theorem E. O

Proof.[Theorem F] Similar to the case v = 0, it is sufficient to prove the
result only for the points in ®©. Fix pg = (z0,%0,0) € int(R]), the local orbit
is given by ¢y. Assuming ¢y (to(po),po) € X, we obtain tg(pg) = —2yo and
p1 = ¢y, (to(po),po) = (zo — 27Y0,—¥0,0) = (z1,41,0) € £°. As v is small, then
p1E R2+71- For the points pg € int(RQfl), the local orbit is then given by ¢z and so,
for all ¢ > ¢’ we have that ¢z (po,(t,00)) ND = () (where t' is the time needed for
po to exit the disk ® by the flow on Zi) The same analysis is made for the points
Po € Rf N R{l-

Let pg be a point of int(R{z) and using the vector field on Z7, there exist
a time ¢o(pg) > 0 such that p; = Gz (to(po),po) € Sx with y; > 0. Employing the
crossing Poincaré map p3 = (3,y3,0) = II(p1), there exist two possibilities for ps,
either y3 < 8y or y3 > 8. If y3 < 8, then there exist ¢’ > 0 such that for all ¢t > ¢’ we
have ¢z (po, (t,00)) VD = (. On the other hand, if y3 > 87, then again there exist
a time t3(p3) > 0 such that py = qbgg(tg(pg),pg) € Sx with y; >0 and 1 < x4 <0.
Since the origin is the single singular point of the Filippov vector field, and by
Proposition 4.1, Z, has no periodic orbits, then there exist ¢’ > 0 such that for
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all t > 1" we have ¢z (po,(t,00)) ND = (. Is clear that, if py € R2+,1QR2+,27 then
w<p0) = (07070)

Fix py € RZ2HR§F. Then py € R2+,1= where py = (22,12,0) = II(po). In
fact, this is a consequence of Remark 4.5 because ys < 8y. Taking into account
the behavior of the vector field Z7 in the first quadrant, if py € R{ QHRE{ then
there exists ¢’ > 0 such that for all t >t we get ¢z (po,(t,00))ND = 0. In fact,
t' =to(po) +t1(p1) +1t, where t is the time needed for py to exit the disk .

Fix pg € int(R7), the local orbit is given by ¢x, then p; = (z1,y1,0) is such

Yot/ —3(4zo+ys)
2

2 2 _
(—4v%,—2y), for 1 > —4v° and y; <0, then by Remark 4.5, p» = ¢y, (t1(p1),p1) € X
belongs to the first quadrant, that is ps € R; 1-

. As the intersection between C' and Sy is

that x1 =z9 and y; =

Now, there are three possibilities for the positive local orbit of the points
po € Rf. Assuming that the local orbit is given by ¢z, then there exist a time
to(po) > 0 such that for all ¢ > to(po), ¢z, (po,(t,00)) ND = (). Assuming that the
local orbit is given by the vector field X, similar to what happens in the region R;r,
we obtain pg € R{ 1- Finally, taking the local orbit given by ¢y, , we have one of the

following possibilities.

(i) Ifpo € int(RIl), then the forward orbit of pg escapes from the disk ®. In fact,
if the local orbit is given by ¢ x, we apply the crossing Poincaré map to obtain
Py = ﬁ(pg) € ¥° with xg < 0. Otherwise, if the local orbit is given by ¢y,
then p; € Xt or p; € X% with 21 < 0. The assertion follows because the two

possibilities are analogous to the analysis of the regions RI o and R;.

(i) If po € int(R},), then there exists ¢ > 0 such that for all ¢ > ¢ it holds that
¢z, (po, (t,00)) ND = . The same occurs for the points pg € RIQ NRY.

(iii) By the definition of the curve C'* if py € RL N RIQ then w(po) = (0,0,0), that

is, a cusp-fold point.

The previous arguments proves Theorem F. O]

Proof.[Theorem G] We prove the result only for the points in ®. Let py be a point
in int(R3 ). Then

yo+/—3(4zo + y3) ~
p2 = (72,42,0) = <$0+7(y0+\/—3(4$0+y3)), 5 020 = M(po).
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There are two possibilities for the forward orbit of the point po, either
p2 € LT or po € X%, In any case, w9 < . If po € X, we repeat the same approach
to obtain pg such that x4 < zo < zg. If po € ¥°, then there exist t2(p2) > 0 such
that p3 = ¢z (t2(p2),p2) € Sx and again we use the crossing Poincaré map getting
ps = (r5,95,0) with x5 < xg. Therefore, regardless of the case, the forward orbit of
the point pg escapes from the disk ®. With a similar analysis, we obtain the same

consequence for the points pg € int(R55) and Ry NRy 5.

Notice that p1 = ¢y, (to(po),po) € X belongs to Ry, for all the points
po = (20,Y0,20) such that xg > 2vyp and yp < 0. Therefore, w(pg) = (0,0,0) for all

Fix py € int(Ry o), then p1 = ¢y, (to(po),po) € ¥* is such that z1 < 0. So,
analogously to what happens in the region Ry, there exist t’ > 0 such that for
all £ >t we have ¢z (po,(t,00)) D = ). The points py € Ry ; N Ry, are such that
p1 = ¢y, (to(po),po) € Sx. Then their forward orbits escapes the disk ©. The same
happens for the points pg € int(Ry ;).

Fix po € Rf. Assuming that the local orbit is given by ¢zs, then
w(po) = (0,0,0). Assuming that the local orbit is given by the vector field Y,
so p1 = ¢y, (to(po),po) € ¥t and their forward orbits escapes the disk ®. The
same conclusion is obtained when we use the local orbit ¢ x and also for the points
po€ RijUR, and po € Ry UR, . 0



CHAPTER b

Closing remarks, future directions and

work in progress

In this thesis, we prove that the existence of an underlying semiflow given
by PSVF using Filippov’s convention, assuming no escaping region. Under the same
condition, in Chapter 2, we use topological tools, more specifically Conley theory,
to guarantee the existence of periodic orbits in a PSVF of dimension 3. Under the
condition that the switching manifold does not have tangencies then the result is
generalized for higher dimensions. Furthermore, the results in this thesis bring us
one step closer to generalizing the tool in [31] for piecewise smooth vector fields
using Filippov’s convention. The next step is to include tangential singularities of
order greater than 3 in systems defined on manifolds of dimension n > 3. The main
importance of the obtained result in Theorem B is to state a new topological tool

to find periodic orbits of piecewise smooth vector fields.

In Chapter 3, we present an application of the Theorem B obtained in Chapter 2
for biological systems. We defined a discontinuous system using switching systems
given by Dynamic Signatures Generated by Regulatory Networks (DSGRN), and
we employ the Filippov’s convention for switching systems. We describe one
method for guaranteeing the existence of a periodic orbit in a gene regulatory
network called the Repressilator. As future direction to this work, we are interested

in extending this method for other gene regulatory networks with more than 3 genes.

Other results in this thesis are in line with the Poincaré Bendixson Theorem. For
the system 4-1, the origin corresponds to the co-dimension one tangential singularity
called cusp-fold, regardless of the values of «, (3, §, or v. We prove that in the PSVF
given by the system 4-1 there exists neither crossing periodic orbits nor sliding
crossing periodic orbits. We assume that a < 0, 5 <0, § >0, and v =0, and we
prove that there exists a region filled with periodic orbits passing through the origin.

We show three results concerning Poincaré-Bendixson type theorems for PSVF. We
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perform a local study for the forward trajectories of the system 4-1 assuming that
a <0, 8<0and > 0. Also, the following work is in progress along the same lines
of the work done in the Chapter 4.

1. The local study of the forward trajectories of the system 4-1 regardless of
the values of «, 3, 0, or 7. As there exists neither crossing periodic orbits nor
sliding crossing periodic orbits, then the analysis for each point near the origin

concerning the w limit does not have many possibilities.

Conjecture 5.1 Consider the fold-cusp system associated to

Z(ry.z) = X(z,y,2) = (0,a,B(x+9?)) if 2>0, (5-1)
e Y, (x,y,2) = (v,1,0y) if z <0.

Assume that vy is sufficiently small, and o, B, and 6 in one of the cases from
Aq to By. Let B be the ball of radius 7 centered at the origin. Then, the positive

orbit of an arbitrary point q € B satisfies one of the following statements.

(i.) w(q) = p=(0,0,0);
(iii.) there exists t >0 such that {¢z,(q,t);t >t} NS = 0.

2. In [45], the author defines a Shilnikov homoclinic orbit, which is a trajectory
connecting a hyperbolic saddle-focus equilibrium to itself bi-asymptotically.
Some years later, with the qualitative study of piecewise smooth vector fields,
in paper [5], they define a sliding Shilnikov orbit for 3D Filippov systems.
Consider the following perturbation of the system (4-1) of Chapter 4.

X(z,y,2) = (0,a,B3(x+y?)) If 2>0,

) (5-2)
Yoe(z,y,2) = (e +ey,1,0y) If 2 <0,

ZO;(%?/,Z) = {
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Figure 5.1: a = —%, b= —%, 0=53

We have the following conjecture.

Conjecture 5.2 The system 5-2 with f < 0,a < 0,06 > 0 and € =

% (3 —/ %Jﬁ#‘”s) contains a Shilnikov-type orbit.
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