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Resumo

Filho, Vilmar Gehlen. Cubic Regularization Methods with Lazy
Hessian Approximations - Métodos de Regularizagao Ciibica
com Aproximacoes Preguicosas da Hessiana. Goiania-GO, 2025.
67p. Dissertacao de Mestrado. Departamento de Matematica, Instituto de
Matematica e Estatistica, Universidade Federal de Goias.

Neste trabalho, apresentamos implementagoes de uma variante da Regularizagao
Cubica de Newton, incorporando aproximagoes preguicosas da Hessiana para re-
solver problemas gerais de otimizac¢do nao convexa (0-3). Nos propomos dois méto-
dos: o primeiro (Algoritmo 1) utiliza de gradiente exato enquanto reutiliza a mesma
aproximacao da Hessiana para um bloco de m iteracoes, por outro lado, o segundo
(Algoritmo 2) estende essa ideia permitindo o uso de gradientes inexatos. Imple-
mentacoes de métodos, em que a informacao sobre as derivadas sao computadas por
diferencas finitas sao apresentadas. Um recurso interessante empregado pelos algorit-
mos é que ambos os parametros de regularizacao e a precisao das aproximacoes das
derivadas (quando sao atualizadas) sao ajustadas usando um critério de busca lin-
ear nao monotona. Estabelecemos complexidades de primeira ordem para ambos os
métodos. Especificamente, dado uma precisao € > 0, é mostrado que o Algoritmo 1
e o Algoritmo 2 requerem no maximo O (m!/?e73/?) iteracdes externas para gerar
um ponto critico e-aproximado do problema em questao. Quando as derivadas sao
computadas com aproximacoes por diferencas finitas, mostramos que o Algoritmo 1
(resp. Algoritmo 2) precisam no maximo O ((n+ m)m="%¢73/% + (n+m)) (resp.
O ((n? + mn)m=2¢732 4+ (n* + mn))) avaliacdes do gradiente e funcdo (resp.
fungdo) para gerar um ponto critico e-aproximado, onde n é a dimensao do dominio

da funcao objetivo.

Palavras—chave
Método de Regularizacao Cubica, Anélise de Complexidade, Hessiana

Preguicosa, Otimizagao Nao-Convexa.



Abstract

Filho, Vilmar Gehlen. Cubic Regularization Methods with Lazy Hes-
sian Approximations. Goiania-GO, 2025. 67p. MSc. Dissertation. Depar-

tamento de Matematica, Instituto de Matematica e Estatistica, Universi-
dade Federal de Goiés.

In this work, we present variants of the Cubic Regularization Newton’s (CRN)
method incorporating lazy Hessian approximations for solving general non-convex
optimization problems (0-3). We propose two approaches: the first (Algorithm 1)
employs the exact gradient while reusing the same Hessian approximation for a
block of m iterations, whereas the second (Algorithm 2) extends this idea by addi-
tionally allowing the use of inexact gradients. Implementations of methods, where
information about derivatives are computed through finite difference strategies, are
presented. One interesting feature of our algorithms is that the regularization pa-
rameter and the accuracy of the derivative approximations (when they are updated)
are jointly adjusted using a nonmonotone line search criterion. We establish first-
order complexity results for both methods. Specifically, for a given precision e, it is
shown that the Algorithm 1 and Algorithm 2 require at most O (m'/%¢=%/2) outer
iterations to generate an e—approximate critical point for aforementioned problem.
When the derivatives are computed by finite difference approaches, we show that
Algorithm 1 (resp. Algorithm 2) needs at most O ((n+m)m="2e3/2 + (n 4+ m))
(resp. O ((n? + mn)m~"2¢732 4 (n* + mn))) gradient and function (resp. function)
evaluations to generate an e-approximate critical point, where n is the dimension of

the domain of the objective function.

Keywords
Cubic Regularization Method, Complexity Analysis, Lazy Hessian, Non-

Convex Optimization.
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Introduction

Consider the optimization problem

min f(z), (0-1)

z€R™

where f : R®” — R is a twice continuously differentiable function, potentially
nonconvex. Among the various methods for solving (0-1) (see, e.g., [16]), the Cubic
Regularization of Newton’s (CRN) method |9, 14] is widely regarded as one of the
most effective in terms of iteration-complexity bounds. This method generates a

sequence {x;} by solving the subproblem
Ty € argmin My, o, (y),
yeR”

where o, > 0 is an appropriately chosen regularization parameter, and

Mg (4) = (V1 @),y = 2) + SV @)y — 2y =)+ Sy —al’. (02)

Assuming that V2f is L-Lipschitz continuous in R" and choosing o; proportional
to L, it has been shown that the CRN method requires at most O(¢~/2) iterations
to generate an e-approximate stationary point of (0-1), i.e., a point z; satisfying
IV f(z:)]| <€, where € > 0 is a given accuracy tolerance. Notably, |3| established
that, for the same class of problems, the standard Newton method (without
regularization) can require a number of iterations arbitrarily close to O(e72) to
achieve an e-approximate stationary point.

The iterations of the CRN method are computed by minimizing a cubic
model that incorporates both the gradient and the Hessian of the objective function
f. However, in some applications, evaluating these terms can be computationally
expensive. To mitigate this issue, several studies have proposed variants of the
CRN method in which the gradient and/or Hessian are computed inexactly; see,
for instance, [4, 8, 12, 17].

The recent work 8] introduced a CRN variant where the Hessian in the

model (0-2) is approximated using finite differences of gradient evaluations. This
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approach employs a nonmonotone line search to estimate the Lipschitz constant of
the Hessian and requires only an approximate solution of the CRN subproblem.
Under the assumption that V2f is L-Lipschitz continuous in R”, it was shown in
[8] that the proposed method achieves an iteration complexity of at most O(e~%/2)
iterations to produce an e-approximate stationary point of (0-1). In terms of function
and gradient evaluations, the complexity bound is O(ne~%/?). Numerical experiments
were also conducted, demonstrating the computational advantages of this new
approach.

In the setting of CRN methods with lazy approximations, some variants
have been recently proposed in [5, 6]. As far as we know, paper [5| was the first
one to propose a CRN method with lazy Hessian approximations (i.e., the same
Hessian approximation is reused during m consecutive iterations). The proposed
method with lazy Hessians for solving (0-1) has the iteration complexity bound of
O(y/me=3/?) for nonconvex problems. Moreover, when m = n, it requires in the
worst-case a number of Hessian evaluations smaller by a factor of CRN. Preliminary
numerical experiments were also discussed. On the other hand, work [6] proposes
zeroth- and first-order implementations of CRN method with lazy updates for the

Hessians in the more general problem

min F(z) := f(x) +(z), (0-3)
where f : R®™ — R is as in Problem (0-1), ¢ : R® — R U {oco} is simple, proper,
closed and convex, but possibly nondifferentiable, and ¢ = dom(v)). The term
“simple” above means that the corresponding CRN subproblem that involve ¢ can
be efficiently solved.

It is known that (0-3) contains a wide class of problems arising in applica-
tions from science and engineering, including machine learning, compressed sensing,
and image processing. There are important examples of this problem such as us-
ing (;-regularization to obtain sparse solutions with applications in signal recovery
and signal processing problems [1], the nearest correlation matrix problem [2], and
regularized inverse problems with atomic norms [18]. Paper [6] also use a special
adaptive search procedure in the algorithms, which simultaneously fits both the reg-
ularization constant and the parameters of the finite difference approximations, that
makes the schemes free from knowing the actual Lipschitz constants. It is shown that
the first-order (Hessian-free) and zeroth-order (gradient-free) methods of [6] need,
respectively, at most O ((n +m)m~ V2732 4 (n + m)) function and gradient eval-
uations and O ((mn +n*)m=/2¢73/2 + (mn + n?)) function evaluations to find an

e-approximate stationary point of (0-3). Some preliminary numerical experiments
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that illustrate the practical efficiency of the proposed methods were presented.

In this work, we also explore variants of the CRN method incorporating
lazy Hessian approximations for solving (0-3). We propose two new approaches:
the first (Algorithm 1) employs the exact gradient while reusing the same Hessian
approximation for a block of m iterations. The second (Algorithm 2) extends this
idea by additionally allowing the use of inexact gradients. It is worth pointing out
that the inexact conditions for the derivative approximations in our methods are
implementable because they depend only on the current variables; for further dis-
cussion on this issue, see, for example, [8, 10, 19]. Implementations of methods, where
information about derivatives are computed through finite difference strategies, are
presented. One interesting feature of our algorithms is that the regularization param-
eter o and the accuracy of the derivative approximations (when they are updated)
are jointly adjusted using a nonmonotone line search criterion.

We establish first-order complexity results for both methods. Specifically,
it is shown that the Algorithm 1 and Algorithm 2 require at most O (m!/2e=%/2)
outer iterations to generate an e—approximate critical point for problem (0-3).
When the derivatives are computed by finite difference approaches, we show that
Algorithm 1 (resp. Algorithm 2) needs O ((n+m)m/2¢732 + (n+m)) (resp.
O ((n? + mn)m=2¢7%2 4 (n* + mn))) gradient and function (resp. function) eval-
uations to generate an e-approximate critical point of (0-3). At the same time, when
we take m = n, it gives us the better complexity in terms of functions and gradient
(resp. function) evaluations of order O (n'/2¢=%/2 4+ n) (resp. O (n*2¢7%/2 4+ n?)) to
achieve an e-approximate stationary point of the main problem. In Remarks 2.5(vii)
and 3.5(v), we discuss some differences among our methods and the methods in [6].

This work is organized as follows. Chapter 1 presents some definitions,
notation and preliminary results. Chapter 2 presents our first method with lazy
Hessian approximations and its first-order complexity results, whereas Chapter 3
discuss our second method with inexact gradient and lazy Hessian approximations

and its first-order complexity results. Some final remarks are given in 4.



CHAPTER 1

Preliminary material

In this chapter, we present some definitions, notations, and key results
essential for this work.

The symbol ||.|| denotes the 2-norm for vectors or matrices (depending on
the context), while ||.||r denotes the Frobenius norm for matrices. The Euclidean
inner product of z,y € R” is denoted by (z,y). For j =1,...,n, e; € R" is the j-th
orthonormal vector of the canonical basis for R".

Throughout this work, the following conditions, besides those on f and %

stated after Problem (0-3), are assumed:

(A1) The Hessian of f is L-Lipschitz continuous, i.e.
IV2f(z) = V2f()ll < Lllz —yl.V @,y €R", (1-1)

where L > 0 is the Lipschitz constant.
(A2) Exists a constant F™* such that F'(xz) > F* for all x € R™.

Next, we establish some function related definitions.
Definition 1.1. A set C' C R" is said to be convez if the set
[z, y] ={(1 —t)x +ty:z,y € R" t €[0,1]},

s all contained in C. Let C C R™ be a convex set, f is said to be convex if

F((L=t)z +ty) < (A=) f(x) +f(y),
for all z,y € C and t € [0,1].

Definition 1.2. A function f : R" — R s called proper if dom(f) # 0, and for
every x € dom(f),
f(z) > —o0.
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Definition 1.3. A function f : R™ — R is closed if its epigraph, defined as

epi(f) = {(z,y) e R"': f(z) <y},
18 a closed set.

Definition 1.4. Let f : R" — RU{+00} be a convex function and let & € dom(f).
An element r € R™ s called a subgradient of f at T if

f(x) > f(z) + (r,x —z), forall x € R".

The collection of all the subgradients of f at T is called the subdifferential of the
function at this point and is denoted by Of(x), equivalently:

of(z) ={r e R" | f(z) > f(Z) + (r,z — ), Vo € R"}.

In the following, we present our concept of approximate first-order station-

ary points.

Definition 1.5. Given ¢ > 0, we say that T € R™ is an e-approximate first-order
stationary point of (0-3) if |V f(z)+ ¢'(Z)|| <€, for some ' (Z) € OY(Z).

We begin by presenting well-known properties for the function f when it

satisfies A1. The proofs are shown for the sake of completeness.

Proposition 1.6. (/14, Lemma 1]) Suppose A1 holds, then, for all x,y € R", we

have

IV f(y) = V() = V() (y — )] < glly —af?, (1-2)

and

F) ~ @)~ (VF(@)y — )~ HV2F@)y — )y~ a)| < Cly— ol (19

Proof. Since
SV S+ rly — ) = V(e rly — 2))(y — ),

we obtain

/0 VEf (2 + 7(y — )y — 2)dr = VI(y) - V().



19

Hence, using A1, we find

1
IVF(y) = V() = Vf(2)(y - 2)| = ; [V2f(x +7(y —2)) = V2 f(2)](y — @)dr

1
< [ 1925t + 7l 0) = V1) Iy - alar
2 ! 1 2
< Lly—al? [ rir = 3Ly~ o

which concludes the proof of (1-2). Now, since

f(y) — flx) = / (Vf(x+(y — ).y — 2)dr,

we obtain

7o) F (@)~ (V(x),y — ) — (V@) — 2),y— )]
= | [ Vst o= ) = V@) = 7P @)y )y~ )

< [ 195t 47y = 2) = V1) = 1925y = Dy - ol
Take % = z + 7(y — ), then 7(y — z) = & — , 50
F()=F@) = (T () y = 2) = 5V @)y = 2).y — )]
< [195) - 95) - V5@ - )y — i
combining the last inequality with (1-2), vields
F(0)=F (&) = (VS () — 2) = 5V @)y — 2,y — =)
< gtlly =l [ 72ar = Cly - ol

which proves (1-3). O

The next result, provides a useful inequality that is fundamental in the

analysis of first-order methods for optimization.

Proposition 1.7. (15, Lemma 1.2.3]) Suppose that V f is Ly-Lipschitz continuous.
Then, for all x,y € R", we have

7))~ (V). g — )] < oy (14
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Proof. Note that

/0 (Vf(x+ (g — ). (g — o))dr = f(y) — F(x).

then

/0 (Ve +7y—2) = Vf(x),(y—x)dr = fly) = f(x) = (Vf(2),y —x).

Consequently

) = F(@) — (Vf(@)y— 2] < Iy - 2] / IV f (x4 7y — ) — V()| dr
<y — 2| / rlly — alldr

< —lly =,

-1
2
which gives the desired result. O]

The next lemma states a property for convex function known as the Jensen’s

inequality; see, for example, [13].

Lemma 1.8. Let D C R" a convex set and f : D — R a convex function in D.
So, for anym € N, ; € R" and p; € Ry, i = 1,2,...,m such that >_;"  p; =1, it

follows
S <sz$z> < szf(%) (1-5)
i=1 i=1

Proof. We will prove by induction on m. First, let m = 2. As f is a convex function,
we have f((1—t)zy+tza) < (1—1t)f(x1)+tf(x2), for all t € [0, 1]. Hence, by defining
p1 and py such that py = (1 —t) and p; = ¢, we obtain that the inequality (1-5)
holds for m = 2. Now, suppose that (1-5) is true for some m > 2, that is,

<Zp@:cl> <
with > p; = 1. Then,

m—+1 m
/ (Z Pz‘%‘) =f (Z Dpi%; + pm+1$m+1>
i=1

=1

pif (i),

||M3

m

bi
=f <(1 — Pm+1) Z T it pm+1$m+1> ;

i—1 L = pmia
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which, combined with the fact that f is convex, yields

m—+1 m A
f (Z piﬂb‘i) < (1 - pm+1)f (Z %:&) +pm+1f(xm+1).

i=1 m+1

Since py +p2 + -+ + pm =1 — ppi1, we have D27 pi/(1 — ppmy1) = 1. So, by (1-5),
we conclude that

m+1 m+1
(Z ]%%) < Z pz xz + pm-l—lf xm—l—l Z pz xz
which proves the lemma. O

The next inequality is essential to establish the complexity of our algorithms.

Proposition 1.9. (/7, Lemma B1]) If {r;}77' is a sequence of non-negative

numbers, then

m—1 k 3 m3 m—1

{SBIEES o
: 3

Proof. We will prove the inequality by induction on m. First, consider m = 2. Hence,

m—1 k 3 1 3 2 m m—

() -3 (3n) ~edn-rEa

Then (1-6) holds for m = 2. Assume now that the inequality in (1-6) is true for
m > 2, let us prove that it holds for m + 1. Note that

m m :3

Since t + 3, t > 0, is convex, by applying Lemma (1.8) with f(t) = 3, p; = 1/m

and x; = r;, we have
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which implies that the inequality in (1-6) is true for m + 1. O

The following inequality, see [11, Example 1.2-3|, is known as Young’s
inequality, and it is essential for the construction of our algorithm acceptance

conditions.

Proposition 1.10. If a,b are positive numbers and p,q > 1 satisfies

1 1
4D =1,
P q
then
ab? b
ab < — + —.
p q
Proof. Let p,q > 1 such that
1 1
-+ -=1
P q

From the equation above, we can deduce that

_Ppty
P

1

So pq = p + q. Additionally, note that

(P—1Dg—-1) =1

From this, we observe that
1

—— =q-1.

p—1 °
Now, consider u = t*~!, then t = u?~!. These follow directly from the relationship
between p and ¢q. Let a and 3 be any positive numbers. Since af is the area of a

rectangle, see the figure from below, we obtain by integration the inequality

a B P q
af < / P dt +/ utdu = — + 6—,
0 0 p q

and it is trivially true if « =0 or § = 0. [

s

u = Pl \}/ u = :p'1>/

e
(2)
0 0
0
t —>

[ ——
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1.1 Approximations of the gradient and Hessian

In this section, we outline methods for approximating the gradient and Hes-
sian of f using finite difference techniques. Gradient approximations are discussed in

detail in Section 1.1.1, while Hessian approximations are presented in Section 1.1.2.

1.1.1 Approximations of the gradient

Here, we discuss how to compute approximations for the gradient of f using
finite differences approaches. The first lemma provides an approximation without

requiring any additional assumptions beyond A1l.

Lemma 1.11. Suppose A1 holds. Given x € R™ and h > 0, define g € R" by

o(z) = (f(x+hel)—f(x—hel) f(x+hen)—f(x—hen)> ‘ (1-7)

2h Y 2h

lota) ~ )l < Velne (1)

Proof. Leti € {1,2,...,n}. Applying inequality (1-3) at the points y = = + he; and

y = x — he;, we obtain, respectively,

Flo+ hes) = f(@) = MV F (), ) = V2 (@es, | < GH

and
h’2 2 L 3
flz —he;) — f(z) + h(Vf(z),e)— 3<V fx)ei e < Eh :

Combining the last two inequalities, we obtain
L
fla+ heo) = (o — hei) = 20{9 (), )| < SH,
dividing the last inequality by 2h, and from the definition of g, yields

(9(x) = VF(x))es] < ghz

Therefore )
u L
lg(z) = V@) <> I(gx) = Vi(@)el” < n6—2h4,
=1

which implies the desired inequality. O]
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Next, we present an alternative method for approximating the gradient of
f. However, this approach requires the additional assumption that the gradient of

f is Li-Lipschitz continuous. Under this condition, we obtain the following lemma.

Lemma 1.12. Suppose that V f is Ly-Lipschitz continuous. Given x € R"™ and
h >0, define g € R" by

oy = (Lethl=10) | fehe) = )Y, o
oz) = <f(x + h61)2—hf(x — hel)’. L flx + hen)z—hf(x — hen)) | (1-10)
ooy = (P Llemhen) | S femhe)
Then,
lota) ~ V(@) < Y2 (112

Proof. Let i € {1,2,...,n}. Using the inequality in (1-4) with y = = + he;, we have

Ly

[f (@ + hei) = f(z) = h(Vf(x),e)] < 7’12, (1-13)

or, equivalently,

f(x 4+ he;) — f(x)
h

L
Consider g as defined in (1-9). Hence,
Ly
(o)~ Vf(@)edl < 2. (114)

With similar arguments, it can be proven that (1-12) also holds for ¢g as in (1-11).
On the other hand, taking y = x — he; in (1-4), we have

L
7(@) — (o~ he)) = WV F (@), ed] < 20
Combing the last inequality with (1-13), we get
|f(z + he;) — f(x — hey) — 2h(V f(z),e;)| < LR,

which, combined with g as defined in (1-10), implies that (1-14) also holds for the
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second choice of g. Thus, it follows from (1-14) that

& nlL?
lg() = V()2 < Y ll(g(x) = Vf(@)el < -
t=1
then JiL
n
lg@) = V()] < = “h,
which proves the inequality (1-12). O

1.1.2 Approximation of the Hessian

In this section, we discuss ways to approximate the Hessian of f using
function or gradient evaluations.
We begin by presenting approximations based on gradient evaluations; the

result for the first choice of A can be found in [§].

Lemma 1.13. Suppose A1 holds. Given x € R™ and h > 0, consider A € R™*"

defined by
Al) = [Vf(x%— he;L) - Vf(x)’ L Vf(x+he;) - Vf(:r)] | (1-15)
or
Al) = [Vf($ + hel)Q—th(x — hel), L Vf(x+ hen)Q—th(x - hen)]  (1-16)
or
Alz) = {W(w) — Vhf(m —he) | V@) Vhf(”“" - he”)} . (1-17)
Then, the matrix
B(z) = 5 (Ax) + AT(x) (1-18)
satisfies
I1B) - V2 @) < Y2l (1-19)
Proof. Let ¢ € {1,2,...,n}. From inequality (1-2) with y = x + he;, we have
IV (e + heo) = V() — A2 F()ed] < 1
equivalently,
H Vit hefi) —VI@) g2 payel| < gh. (1-20)
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For A as in (1-15), it follows from the last inequality that
9 L
I(A(2) = Vof(@))es]| < Sh. (1-21)

With similar arguments, it can be proven that (1-21) also holds for A as in (1-17). On
the other hand, take A as in (1-16), applying inequality (1-2) at the point y = x—he;,

we get
—Vf(x—he;) + Vf(z) _ V2 f(n)e; Séh.
h 2
Combining the last inequality and (1-20), we have

which implies that the inequality (1-21) also holds for the second choice of A.
Consequently, it follows from (1-21) that

[A(x) = V2 (@) < [A@) = P2f@)E = Y I(Ale) = Pf@)ed* < n (gh) |

which gives

\/_L

[A(z) = V2 f(2)|| < ~—— (1-22)
Finally, combining (1-18) and (1-22), we obtain
\/_L
1B(z) = V2 f(2)]| < [ A(z) = V*f(2)]| < -~
which proves the derived result in (1-19). O

In the next two lemmas, we explore methods to approximate the Hessian of

f using only function evaluations.

Lemma 1.14. Suppose A1 holds. Given x € R™ and h > 0, consider A € R™*"

defined by
Ay () = f(z + he; + he;) — f(z 4}—12hei) — f(x + hej) + f(yc)7 (1.23)
fori,7=1,...,n. Then, the matrix
B(z) = % (A(x) + AT (2)), (1-24)



1.1 Approximations of the gradient and Hessian 27

satisfies

1B() - V()] < 22Eh. (1-2)

Proof. Let i,j € {1,2,...,n}. It follows from inequality (1-3) with y = = + he; + he;
that

1
f(z + he; + he;) — f(x) — (Vf(x), he; + hej) — §<V2f(x)(hei + he;), he; + he;)
L 3
If © # j, we obtain
Lh3 Lh3+/2
W 5s_ Lh V2

L
E||h€i+h6j||3: - 5

. (1-27)

Now, if ¢ = 7, we have

Lh? 43_8Lh3_4Lh3
6 6 3

L
thei + he;||* = (1-28)

From (1-26), (1-27) and (1-28), it follows that

f(x + he; + hej)—f(z) — h(V f(z),e;) — h(Vf(x),ej) — %<V2f(:r;)ei, e;)
S @) — W @ene)| < HE (1a9)

Now, using the inequality in (1-3) at the points y = x + he; and y = = + he;, we
obtain, respectively

Lh3

)= fla+ hes) + M1 (0), ) + 5 (0| < Gllnedl® = 5. (130)

and

10) = 1o+ hes) 4 1VF @), 4] + (02T whes e < lhesl® = 5. (1)
Combining (1-29), (1-30) and (1-31), we get

£ o+ D+ hey) — fla -+ hey) — F(a + he,)+ F(x) ~ (T2 @) )] < 22

Dividing the last inequality by h? and from the definition of A, it follows that

5Lh

|Aij(x) = V2 f(x)y] < =5
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which, combined with the definition of B in (1-24), yields

|B(z) — V2f(2)| < ||A(z) — VAf(2)| < n max |Aij(x) — V2 f(2)y] < 5n3Lh7

proving the inequality in (1-25). O

Lemma 1.15. Suppose A1 holds. Given x € R™ and h > 0, consider A € R™*"
defined by
fx+h(e;+ej)) — f(x+hle; —ej) — f(x+hle; —e)) + f(x— h(e; +ej))

Aij(w) = e » (1-32)

fori,5=1,...,n. Then, the matriz

B(z) = (A(:r) + AT(.CE)) ,

DO | —

satisfies

1B() — V5] < 25"

Proof. Let i,5 € {1,2,...,n}. Using the inequality (1-3) at four different points,

namely y = x+he; + he;j, y = v+ he; — hej, y = x4+ he; — he;, and y = x — he; — he;,

we obtain, respectively:

h2

ot et he) = @) = VS ), 0) = V)¢ g (P @)

h?

L
- §<V2f(37)€j>€j> — B (V2 f(x)es, e5)| < g”h@i + he; |’

o+ ey hey) = F(0) = W (0),) + TS ) ) T (V2 (er)

h2

L
_ 7<V2f(:c)ej,ej) + h2<V2f(m)ei,ej> < thei — hej||3

‘ Fla+hey — hey) = Fa) —~ WV (x),e5) ~ (VT (). ) — o
h2
2

(V2f(x)ej, e;)

(V2 f@)es,ei) + WAV (@)ers )] < ¢ llne; — he®

‘f(x — hej — he;) — f(x) + L(Vf(z),e;) + h(Vf(x),e5) — %(sz(x)ei, e;)

h?

L
- §<V2f(l’)€j,€j> — W3 (V2 f(x)e;, e5)| < g“hei + hej|.
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Combining these four inequalities, we get

| f(z + he; + hej) — f(x + he; — he;) — f(x + he; — he;) + f(z — hej — he;)
16Lh?  SLh?
6 3

Lh?
— 4R} (VP f(z)e;, €5)| < T(QH@ +ei]* + 2[le; — ¢;*) <

Dividing the last inequality by 4h2, and from the definition of A, it follows

2Lh
[Aij(w) = VEf (@)i] < ==

From the definition of B and the last inequality, we have

Lh
1B(x) = V3 @)l < IAG@) = V2 @)l < 1 max |4y (x) = V3 ()] < 75,

which concludes the proof. O

The following chapter presents some auxiliary results, our first algorithm
for solving the general problem (0-3) and last the global complexity results related
to the algorithm.



CHAPTER 2
Cubic Regularization Method with Lazy

Hessian Approximations

In this chapter, we present our first algorithm for solving (0-3). It consists
of a variant of the cubic regularization method in which the gradient of the function
f is assumed to be available, and the Hessian is approximated in such a way that a
suitable condition is satisfied. It is worth mentioning that the approximation of the
Hessian is not updated at every iteration.

The Chapter is organized as follows. Section 2.1 introduces some essential
auxiliary results. Section 2.2 presents the first algorithm. And finally, Section 2.3

shows iteration complexity results for the algorithm.

2.1 Auxiliary results

The subproblem of the proposed algorithm will be associated to the follow-

ing cubic model

Moeo9) = (&) + (VS (2)oy = ) + 5 (BG)y — 0y =2+ Sy =2, (2)

where z, 2z € R", 0 > 0 and B(z) is an approximation to the Hessian of f on a point
z. In the context of the implementation of the algorithm, the point 2+ € R™ is taken

to be an approximate solution to the subproblem

min M, . »(y) + ¢ (y).

yeQ

Recall that F(z) = f(z) + ¢(z), we will first derive an estimate for the expression
F(z)— F(z™), which is related to our algorithm acceptance condition. Subsequently,
we acquire a bound on |V f(z") + ¢/(zT)||, which is later used in the complexity

results.
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This follow proposition provides an estimate for F'(x) — F(z™%) if M, .,(-),

B(+), T € R™ and ¢ > 0 satisfy certain conditions.

Proposition 2.1. Suppose A1 holds and assume that x+ € R™ satisfies
My p0(x™) +p(a™) < F(z), (2-2)

for some x € R" and o > 0. Moreover, suppose that for some kg > 0 and z € R",
it holds that

|B(x) — V2f(2)]| < rglle — i (2:3)
I
3 1
0 >2(L+ V2kpp?), (2-4)
for some p > 0, then
Fa)— Fe) > Lllet —alf — 2z — ¢ (2-5)
=12 35

Therefore, by the last inequality, along with (2-2), (2-3), F = f + ¢ and Cauchy-

Schwarz inequality, we obtain

1 L—o
F(z%) < F(x) + SIB(x) — V2 f()lfla* — 2| + o — z|?
KB . L—o
< Fa) + S llz = =™ —2)*+ THCE+ —z|?
z— | kpps|lzt —z|? L-o
p3

From Proposition 1.10 with

rpps||zt — |
2 Y

[ — 2|

P

and b=

3
p=3 q¢=35 a=

W=

we have ,
R _1 . 3 1
lz =&l kppillat =2l _ |l =27 | spp2llat — o
s 2 - 3 3v/2
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Combining the last inequality and (2-6), we obtain

3
L+ V2k3p7 — 1
F(a) SF<x>+< + Vo ") ot =l + e = 2,

which, combined with (2-4), implies (2-5). O

The next proposition gives another estimate for F'(z)—F(z ™). In the context
of the algorithm implementation, the approximation B of the Hessian that we made

on z € R" is reused for the next m > 0 fixed iterations.

Proposition 2.2. Suppose A1 holds and assume that x+ € R™ satisfies

M, . o(x") +(zh) < F(x), (2-7)

for some x,z € R" and o > 0. Moreover, suppose that for some kg > 0, 2 € R", it

holds that

1B(z) = V2 ()] < msll — 411 (2-8)
If
3
o > 2(L+V2L3p2 +v2k23p?), (2-9)
for some p,p > 0, then
Fa) = Fet) > Tl —alf — Sl — 2P — =fz— 2P, (2-10)
=12 35 3p

Proof. From (1-3) and definition of M, . ,(-) in (2-1), we have

)+ 5 (VI@) @t — )2t~ a) + gt — ol
L—o
6

J@h) < flx) +(V(z

—Mocza( )

)7
%<(V2f( )~ B@) (" —x),a" )+

[Eadlis

The last inequality, combined with (2-7), (2-8), F' = f + ¢ and Cauchy-Schwarz
inequality, yields

Fa®) < F@) + IV () - V2 )llla* — 2l + 51B() - V] o+ — a?

— + _ 3
+ ==t —al
L KB R —0
< Plo)+ gl = llle” =l 2= Al =+ 25— o
|z — 2] Lp |z — 2| kp _1
= F(a) + T = ) 4 P g
p3 p3
L—o
+ la* — 2|, (2-11)
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From Proposition 1.10 with

3 —~ Lp3
p=3 q=3 aznx—lzn and b= "2t — af)?
2 p3 2
we obtain
3
|z — 2| kB 1 1 . V2k3p7
EoA bt — ol < e 2P+ Y2 o — . (1)
p? P
Again, from Proposition 1.10 with
3 _
p=3 g=2 a=222 g b= SBpkyer — )
2 ps 2
we get
1 Lp3 V2122
Sl =l < gl ol 4 S e el 19)

It follows from inequality (2-11), (2-12) and (2-13) that

e =21 NIz — 2P

3
L+V2L%p2 +\2k2p2 — 0
FlzH) < F B + _ 3
(z7) < F(x) < 6 [l — x| + 3 355
which, combined with (2-9), implies the desired inequality. O

Combining the last proposition with Lemma 1.13, we can establish condi-
tions on h and o such that || B(z) — V2f(2)|| < kg||z — 2||, and the inequality (2-10)
holds.

Theorem 2.3. Suppose A1 holds. Let x,z,2 € R", kg > 0 and o0 > 0. Consider
M, .. o() as in (2-1) where the matriz B(z) € R™™ is defined by

B(z) = 3(A(z) + AT(2),

where A is as in (1-15), (1-16) or (1-17) with x = z and

|z = 2| (2-14)

3
P+ V2300, (2-15)
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for some p,p > 0, then

F(z) — F(z%) > [ —

|

o9

Proof. 1t follows from Lemma 1.13 with x = z and (2-14) that

1B(2) = V2 f(2)Il <

Iz =2l =

\/ZLh < VnL 2kp

- 2 no

Since (2-15) implies L/o < 1, we have
1B(2) = V2f(2)Il < kpllz - 2.

Therefore, since all the hypothesis of Proposition 2.2 hold, then the desired inequality

follows trivially from Proposition 2.2. O]

The next proposition establishes a bound on |V f(z™) 4+ ¢/(™)| if B(-),

VM, () and zt € R" satisfy some conditions.

Proposition 2.4. Suppose A1 holds and assume that (2-8) holds for some kg > 0

and z,z € R™. Moreover, assume that x+ € R™ satisfies
IV Mz (27) + ¢/ (27)|| < 0l — a7, (2-16)

for some ' (z7) € O(xt), x €R™, 8§ >0 and o > 0. If p,p* > 0, then

s o+ L+ L2+ K2p" + 20\ 2
||Vf(x+)+¢(w+)||2§\/§( Pt Kpp )||x+—x||3

2
lz — =2l ]z — 2|
(2-17)
3 3 3 3
22p2 22p*2

Proof. From the definition of M, ,,(-) in (2-1), we have

VMieay) = VI () + B)y — @) + Zlly - 2ll(y — ).
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Hence, using (2-16) and the triangle inequality, we obtain

IVf(@) + ' @) S V(@) = VMo o@D + IV Moo (27) + 4 (7))
<|IVf(@") = Vf(z) - B(z)(@" —2)]| +0ll=" — 2]

g

7) = V@)t =)l + (5 +0) ot — x|’
+ (V2 (@) = V2 ()" = o)l + (V2 (2) = BE) " - )]l

IA
<
=
8
+
S~— ~— N— N~—
|
<
=

From last inequality, (1-1), (1-2) and (2-8), we get

L+o

IVFat) + @) < (

+apllz = 2f[la" — =l (2-18)

+ﬂ>m+—ﬂP+Hw—dWﬁ—xH

On the other hand, it follows from Proposition 1.10 with p = ¢ = 2 that

a’ b
b< —4+ —,Va,b>0.
WEGg T Ter=
Hence, using the last property with a = ||z — 2||/p'/? and b = Lp'/?||z* — 2|, we

obtain ) ) N )
|z — 2| N Lopllz* — x|

Lz —z|[la* — 2 <
2p 2

(2-19)

Again, by the same property with a = Hz—éH/p*% and b = /in*%Her — x|, we have

Iz — 2| | sppllat — x|
+

— At — 2l < 2-20
walls = 2l — ol < : (220)
It follows from (2-18), (2-19) and (2-20) that
o+ L+ L+ x%p* + 20 1
IVf(@™) + 4/ (@) < : lo* = 2[|* + o= [lv — 2[|*
2 2p
+ 2 llz — 2|2

Raising the last inequality to the power of 3/2 and using the inequality (1-5) for the
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function t s t3/2, ¢ > 0 with p; = py = ps = 1/3, we get

IV f(@t) + ¢/ (@h))2 < V3

3
L+ L? 2"+ 20\ 2
(a—i— + Lp+ kpp* + ) Izt — o

2
I S [l
2%p% 2%,0*% ’
which proves (2-17). O

2.2 Cubic Regularization Method with Lazy Hes-

sian Approximations

In this section, we propose and analyze an algorithm that finds an e-

approximate critical points for the problem (0-3).
Algorithm 1. Cubic Regularization Method with Lazy Hessian Approximations

Step 0. Choose z_1,20 e R", m €N, g9 > 0,0 >0, kg > 0, and set t := 0.
Step 1. Find the smallest integer i > 0 such that 210y > a¢(m + 1).
Step 1.1. Construct B;; such that

|Builwe) = V2 F(@)ll < 55 e =z (2-21)
Step 1.2. Compute z7; such that
My, 200, (013) F0(@5) S F(a2)s [V My 30, (0) + @5 | < Ollaf, — el (2-22)

for some w’(x;fi) € OY(xf;), where M, . »(-) is as in (2-1).

Step 1.3. Take v, :=m if t = 0 and v; := 0 otherwise. If
2, 0o

+A R
24(m + 1)

F(x) — F(xf;) > e — 2o 1%, (2-23)
set i; := ¢ and go to Step 2. Otherwise, set ¢ := ¢+ 1 and go to Step 1.1.

Step 2. Set @441 := a7}, Ory1 = 2oy, By = By, t =1+ 1.

Step 3. If m > 0, let { :==t, B := B;_; and go to Step 3.1. Otherwise, return to
Step 1.

Step 3.1. Find the smallest integer j > 0 such that 2771, > og(m + 1).

Step 3.2. Compute z;7; such that

My i (55) + 0() < F@0), VM, 2o () + 0 )| < Ol — )
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for some w/(:nzfj) € 81/}(35;;.), where M, . »(+) is as in (2-1).
Step 3.3. Take vo := m if £ = 1 and 7o := 0 otherwise. If

2j0t

g0
Fae) = Flaf) 2 5oy —aill* = gom gl — @il
UO 3
-z, —a; 2-24
24(72_'_1)th—1 Ti_oll”, (2-24)

set j; := j and go to Step 3.4. Otherwise, set j := j + 1 and go to Step 3.2.
Step 3.4. Set x4y1 1= ma‘jt, Opy1 i= 2t g, and t =t + 1.
Step 3.5. If t <t +m, go to Step 3.1; otherwise, go to Step 1.

Remark 2.5. (i) We mention that a Hessian approzimation By ; satisfying the condition
(2-21) can be obtained, for example, by means of finite difference approaches. Indeed, it

follows from Lemma 1.13 with

2w — 41|

r:=xt and h= 9i—1 ;

that the approzimation By; as defined in (1-18) satisfies (2-21) with kg = /nL. (ii) Note

that xzrl as in Step 1.2 is an inexact solution of the problem

min Mxt,mt,QiUt (y) + IZJ(Z/) .
yeQ

Conditions in (2-22) only require a decrease of the cubic reqularized model summed with
the function ¥ and an approzimate first-order stationary point of the above problem. (iii)
Note that the sequence of parameters {o;} can be nonmonotone. Indeed, if iy = 0, we
have o411 = 2 1oy = 04/2 < 0y. (iv) Note that both conditions (2-23) and (2-24) allow

acceptance of a trial point xfl such that

Consequently, the sequence {F(x¢)}i>0 may be nonmonotone. (v) If m = 0, we obtain
an algorithm similar to CNM (Cubic Newton Method) with finite-difference Hessian
approzimations proposed in [8]. (vi) Whenever we refer to a block, it mean a group of
iterations which the same Hessian approximation B is used. For instance, if x_1 # xo € R”
are the two inicial points of Algorithm 1, then in the first block we have that B approximates
the Hessian on the point xo. Hence, the same approzimation B is used for the subsequent
m iterations. In this case, the sequence {:rt}?gil corresponds to the first block. Similarly,
the sequence {xt}fg;ﬁQ corresponds to the second block, and the Hessian approzimation B
in the second block is computed at the point xp,11. This process repeats block by block, with
the Hessian approzimation B updated at the beginning of each new block. (vii) Considering
Bi;i as described in (i), the main differences between our algorithm and the first-order
CNM of [6, Algorithm 2] lie in the choice of the parameter h used for the finite-difference

approrimations and the timing of Hessian updates. In their method, the parameter h



2.3 Tteration-complexity for Algorithm 1 38

depends on the precision € and may be smaller than our choice. On the other hand, we
obtain o suitable Hessian approximation—possibly updating it multiple times—at the first
iteration of each block and retain it for the remaining iterations of that block. In contrast,
the method in [6, Algorithm 2] constructs a Hessian approzimation at the first iteration of
each block but terminates the block’s iterations (starting a new block) if a certain acceptance

condition is not met.

2.3 Iteration-complexity for Algorithm 1

In the following, we proceed to the complexity analysis of Algorithm 1. We begin
by proving that the sequence of parameters {o;} is bounded from above. In particular, we

show that the inner procedures in Steps 1.3 and 3.3 end in a finite number of iterations.

Lemma 2.6. Suppose A1 holds. Then, the regularization parameters oy in Algorithm 1
satisfies

1
4(m + 1)2> 2

300

t 4R} <8<m“)> : ) (2-25)

oo(m+1) < 0y < Opmae = op(m + 1) +2<L+ \@L% (

g0

for all t > 1. As a consequence, the inner procedures in Steps 1.3 and 3.3 end in a finite

number of iterations.

Proof. Let us prove by induction on t that (2-25) holds. For ¢t = 1, by Step 1, we obtain
oo(m + 1) < 200=15y = o1. Now, assume by contradiction that 207l = 01 > Omax-

Hence, we have

1 1
: 4 1)2\ 2 3 /8 1)) 2
Py 5 2 (ng (At 12Y g (Se ) )

o0
-2 <L+\/§ (fe)? = 1));> (2-26)
> 9 <L+\/§(QZB1)S (;)2> (2-27)

where we used the fact that 4 > v/2/(2°071)3/2 and iy > 0 in the second inequality. Then,

by inequality (2-26) and Proposition 2.1 with o = 2071y | kg = Rp/207 !, 2t = xafi,

x=ux0, & =x_1 and p = 8(m + 1)/oy it follows that

2i0—14
2|zg; — wol® —

[ %0
12 0,

24(m + 1)

F(xo) — F(g;) = lzo — 21 1*.



2.3 Tteration-complexity for Algorithm 1 39

Therefore, (2-23) is satisfied for i = iop — 1 and 1 = m, contradicting the minimality of g,
which proves the inequality in (2-25) for ¢ = 1. Now, suppose that (2-25) holds for some
natural number ¢ > 1, that is, cg(m+1) < 04 < Opas- Let us consider the case that oy is
given in Step 3.4 (the proof for the case where o441 is given in Step 2 follows with similar
arguments). We divide the proof into two cases:

Case (j; = 0): From Step 3.1, we obtain
ji—1 _ 50—1 1
oolm+1) <opyp =2 =2""0, = 20t < 0y < Omax-

Case (j; > 0): From Step 3.1, we have o441 = 2/¢"loy > oo(m + 1). Now, assume by

contradiction that o441 = 2t= g, > ez Hence, we have

1 1
, 4 1)) 2 3 /8 1)) 2
2jt10t>2<“m; <<w;+>) 4 ard (<m+> )

0 70
o (Y ey ()
> 2 <L+\/§L3 <4(n;:)1)2>%+\/§<;31)3 <080>2> (2-29)

where we used the fact that 4 > v/2/(27¢71)3/2 in the last inequality. It follows from

inequality (2-29) and Proposition 2.2 with o = 2/t ~loy | kg = Rp/2/t 71, 2t = :p;fj, T = x4,

z=x; 4, 2 =1; o, p=4(m+1)?/(300) and p = 8/0y that

QJ't*lat
Flar) = Flaf) 2 =5~ llef; - e ||® —

t,g

o 00
t,j )2 |z — $£—1||3 - ﬂ“xf—l - $£—2H3-

4m+1

Therefore, (2-24) is satisfied for 7 = j; — 1 and 75 = 0, contradicting the minimality
of j;. On the other hand, from inequality (2-28) and Proposition 2.2 with o = 2/t~ 1oy,
kp = kg2t L ot = x;fj, T =, 2 = x5, 2= x4, p = 4(m+ 1)?/(30¢) and

p=28(m+1)/og, we get

— =z P [l — |
4(m +1)2 L o4(m 4 1) L TR

2jt*10t || N

F(zy)—F(z) > TR ._th3_

t,g t,j

Consequently, inequality (2-24) is satisfied for j = j; — 1 and 75 = m, contradicting again

the minimality of j;. So, 0441 < Opmaa, Which concludes the proof. ]

Next, we present some key results to establish a global iteration-complexity bound
for Algorithm 1.

Lemma 2.7. Suppose A1 holds. Let {x;}1_; be the sequence generated by Algorithm 1.
Let 7 € N—{0} be the block number associated with the T-th iteration of Algorithm 1, that
is, T=(t—1)«(m+1)+ ¢ with?{€Nand1<¢<m-+1. Then,

3 < (m-gl)S T-1

(i) ZtT:?i_1)(m+1)+1 l|lze — x(‘rfl)(erl)‘ t=(r—1)(m+1) |zt+1 — J3tH3;
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(“) F(xT) < F(:U(T—l)(m—s—l)) - w z:_(‘l,-,l)(erl) ||5L't+1 - xt”g +

00(7;1+71)||‘T(7'71)(m+1) — X7 1)(m+1 B i > 1

(iti) F(xr) < F(ag) — 20 STy — 2| + 83w — 2|3, if 7= 1.

Proof. (i) Using the triangle inequality, we have

T—1 T—1 t 3
> |z = (1) many I* < > > |z — @i
t=(7—1)(m+1)+1 t=(r—1)(m+1)+1 \i=(r—1)(m+1)+1
-1 /1 3
< (Z ||$z+ (r=1)(m41) — Lit(r—1)(m+1) 1”)
=1 \i=1

where we used the variable changes t :=t — (1 — 1)(m+ 1) and i :=i — (1 — 1)(m + 1) in
the last inequality. Then, from last inequality, (1-6), f <m+1and t :=t— (7 —1)(m+1),

we obtain
T—1 3 63
Z |zt — x(r—l)(m+1)|| Z ”l”t+ (1—=1)(m+1) = TH(r—1)(m+1)— 1||
t=(7—1)(m+1)+1 t=1

T-1

m—|—13
SRR -

3
t=(7—1)(m+1)

which proves the inequality in (i).

(ii) For 1 < ¢ < m + 1, consider the sequence {l’t}: ):Zﬁ;ill
the block 7 > 1. It follows from Algorithm 1, that the ((7 — 1)(m + 1) + 1)-th iteration
satisfies (2-23), whereas the (¢ — 1)-th consecutive ones satisfy (2-24). Hence,

associated to

O(r—1)(m+1)+1
F(x(’r—l)(m-l-l)-i—l) < F($(r—1)(m+1)) - %”xﬁ—m(mﬂ)ﬂ - $(T—1)(m+1)”3

00 3
+ ﬂHx(T—n(mH) = Z(r—1)(m+1) -1

O(r—1)(m+1)+2
F($(771)(m+1)+2) < F($(771)(m+1)+1) - %Hl’(rq)(mﬂ)w - 33(771)(m+1)+1”3
o) 00
- A(m + 1)2 1% (1) mt1)+1 — Tr—1)mrn) I+ ﬂ”x(’r—l)(m—kl) — Ty mr) -1l
O(r—1)(m+1)+3
F($(771)(m+1)+3) < F($(771)(m+1)+2) - %Hﬂ?(rq)(mﬂ)ﬁ - 33(771)(m+1)+2”3

+LH!’E 1 )42 — T(r—1 1H3+@||5C 1 1) — T(r—1 ol
T 4 12 ez = Fenmen[” 4 5 gllEenmen = 2e-pmen-l’
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O(7—1)(m+1)+1

F(@-nm+n+) S F@r-nmen+a-1) = =5 [@r-1m+1+1 — Z(r—1)(m+1)+ -1 |I°
|1t 1+ 1=1) = Byt DI F eal|Z 1)) — Tyt 1)1 I

Combining the above inequalities with (2-25), we get

o (m 4 1) (T—1)(m+1)+1-1
0
F(ar) < F(z(r—1)(m+1)) — — 5 ) [Em—
t=(r—1)(m+1)
(r—1)(m+1)+I—1

oo l|z(r— — T(r— )
00 _ 3 0l|L(7—1)(m+1) (t—1)(m+1)—1
- 4(m +1)? th_%ﬁl)“ 1zt = 21y eman 7 + 24 ’
which, combined with T'= (7 — 1)(m + 1) + £ and £ < m + 1, yields
o0 T-1
F(xr) < F(T(r—1)(m+1)) + m Z |2 — x(Tfl)(erl)”g
t=(r—1)(m+1)+1
T-1 3
og(m +1 oo(m + DZr—1)(m+1) = Tr—1)(mt1)—1l
B (6 ) S e -l + (r=1)( ;4) (r=1)(mt1)-1l”

t=(r—1)(m+1)

Combining the last inequality with (i), we obtain the desired result. Analogously, we obtain
the result in (iii). O

As a consequence of the last lemma, we obtain the following bound to the sum of

the sequence {||xi11 — =[]}

Lemma 2.8. Suppose A1 and A2 hold. Let {x;}1_, be the sequence generated by Algorithm
1. Let T € N — {0} be the block number associated with the T-th iteration as defined in
Lemma 2.7. Then,

T-1
1 24(F (zg) — F™)
Z g1 — 2| < mal < - 4 |lwo — 1| ) .
t=0

Proof. It follows from Lemma 2.7(ii) for multiples values of 7 and Lemma 2.7(iii) that

oo(m +1) o
Flenn) < Flag) ~ 75D S o g —
t=0

2m+1

oo(m—+1 oop(m+1
Flagman) < Flmn) = 2D S a4 0 D,
t=m-+1
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3m+2

oolm + 1)
F(z3(n11)) < F(@a(my1)) — (12 Z |ze1 — ze|?
t=2m+2
oo(m+1
+ ¥H»’U2(m+1) - $2(m+1)71H3~
24
T—1
Uo(m + 1)
F(zr) < F(z(r—1)(mi1) — — 1 Z | ze1 — ze|®
t=(r—1)(m+1)
O‘o(m + 1)
+ =T 1)mt1) — 1) mt1)—1]>-
24
Combining the above inequalities, we obtain
T-1 r—1
oo(m+1 oog(m + 1)
F(zr) < F(zo) — (12) zt41 — $t||3 + (24 ||$k(m+1) - $k(m+1)—1|\3
t=0 k=1

N oollzo — z_1|?
24 ’

where T'= (1 —1)(m+1)+¢ with ¢ € Nand 1 < ¢ < m+1. Hence, using that F'(zp) > F*

and some algebraic manipulations, we have

T-1
x oo(m + 1) 3, 00 3
P < Flan) = "5 3 v =l + oo = 2l
which implies the desired inequality. O

The following lemma, gives us a key relation in the analysis of the algorithm

complexity.

Lemma 2.9. Suppose A1 holds. Let {x;}_, be the sequence generated by Algorithm 1. Let
7 € N—{0} be the block number associated with the T-th iteration as defined in Lemma 2.7.
Then,

Njw

T—-1 3
WA V@) + )l < <A+<m“>>

t=(r—1)(m+1) 3(2)2
-1
X Z 21 — 2el® + 12— 1) omt1) — Tr—1)me1)—11I; (2-30)

t=(7—1)(m+1)

where \ := Omag + (L + L2(m +1))/2 4+ 0 + 2(m + 1)?/3R%,.
Proof. For 1 </ <m+1, let {xt}gngZiBﬁ

7. Consider first ¢t = (7 — 1)(m + 1). Since Z(r_1)(m41)41 is the first iteration of this block,

be the sequence associated with the block

it follows from Algorithm 1 and Proposition 2.4 with o = 2%0y, ot = 2441, © = x4, 2 = 24,
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Z=ux4 1, kg =Fkg/2%" !, p=m+1and p* = (m + 1)2/3 that

. 2
2“Ut+L+2L2(m+1) o4 (m—12—1)3 ( kB )2>

(V3) YV f(2e41) + ¢ (@es1) |7 < (
[y — 1|

X |21 — @e|® + 3
2z2(m+1)

which, combined with 2%~'o; = 0441 < Omas (see Step 2 of Algorithm 1 and (2-25)) and
iz > 0, yields

3
a 3 3 Ty — Ty
(V3) MV f(@er1) + ¢ (m41) 2 §>\2||$t+1—xt||3+u.

23 (m + 1) (2-31)

Let us now consider the case where x441 corresponds to the remaining iterations of the
sequence, i.e., t satisfies £ := (7 —1)(m+1)+1 <t < (7 —1)(m + 1) + £ — 1. Hence, from
Proposition 2.4 with 0 = 2oy, ot = w1, v = @y, 2 = 2; 4, 2 = x; o, kg = kp/27t7 1,
p=m+1and p* = (m+ 1)?/3 it holds that

Nlw

(\/§>_1va(-%'t+1)+¢/($t+1)H% < <2jt0't+L+L2(m+1) " (m—i—1)§ ( kB >2+9)

2 2 27t—1
lze — 2 1Pz — 2o
X lzpen = m|* + T+
22(m+1)2 2z2(m+1)

Since 2710y = 0411 < Opax (see Step 3.4 of Algorithm 1 and (2-25)) and j; > 0, we get

e — 2 P gy — 2l

23 (m+1)2 23 (m + 1)

3
2

|21 — 2e|® +

(V3) MV f (1) + ¢ (@) |2 < X

for all £ <t < (7 —1)(m + 1) + £ — 1. Combining the last inequalities and (2-31), we get

(t—1)(m+1)+£—1 (r—1)(m+1)+£—-1
- 3 <3
(vV3)~! Z IVf(2e1) + 4 (ze2) |2 < A2 Z |es1 — ¢
t=(7—1)(m+1) t=(rt—1)(m+1)
1 (t—=1)(m+1)+£-1 ’
+ Tt — T(r—1)(m 3—1—717, m — T(r—1)(m41)— 3,
2%(m+1)% Z (e (r=1)(m+1) 2%(m+1)|| (r—1)(m+1) (r—1)(m+1)—1l

t=(r—1)(m+1)+1

Since T = (r —1)(m+1) + ¢ and £ < m + 1, we obtain

T-1 T-1
V3™ YT V) Y )2 <A Y e —
t=(r—1)(m+1) t=(r—1)(m+1)
1 =, s T me) — Ze—1)men -1l
LD P Z [z = (1) mrnlI” + 3 ;
22(m+ 1) i 2
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which, combined with Lemma 2.7(i), yields

= s (m 3
V3™ > IVF(mg) + ()7 < (5\2 + (+13)>

t=(r—1)(m+1) 3(2)2
= s NzE—1)man) — Zae—1)men)-1l®
X Z [e+1 — 2e]|” + 3 )
t=(r—1)(m+1) 22
which implies the desired result. O

We are now ready to present an iteration complexity bound for the Algorithm 1

in terms of the outer iteration number.

Theorem 2.10. Suppose A1 and A2 hold. Let {x;}1_, be the sequence generated by
Algorithm 1. Let 7 € N — {0} be the block number associated with the T-th iteration as
defined in Lemma 2.7. Then,

T—-1 3
SV (1) + ¥ @) < V3 (1 +5E “”3&”) A+ Vil —a %, (2:32)
t=0 2

where X is as in Lemma 2.9, and X := (24(F (x0) — F*) /oo + ||zo — z_1]]*)/(m +1). As a
consequence, given € > 0, Algorithm 1 needs at most O (m1/2e*3/2) iterations to generate
an e—approzimate critical point for problem (0-3).
Proof. Tt follows from inequality (2-30) for multiples values of 7 that
m 3 ~3 (m + 1)% Ui
(VBT IV o) + ¥ )| < (m + 3(2)) >l - @il
t=0 2 t=0

+ llzo — z—1]3,

(NI

2m+1
(v3)™! Z IV f(2tq1) +¢/($t+1)H% < <:\

t=m+1

3 2m—+1
m+1)2
+(2) S s — ]

3(2)2 t=m-+1

+ [ 2mr1 =z,

wlw
Nl

(V3)~! 3%2 IV £ (1) + 9/ >|3<<X
Tt+1 Tt+1 <

t=2(m+1)

3m—+2

m+1

PR ) S s —
3(2)2 /] —sma)

+ ||3U2(m+1) - $2(m+1)—1||3,
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T-1

3 T-1

- 3 13 m+1)2

VI Y I )+ ) < (Az +‘32)> > e -l
t=(r—1)(m+1) 22 ) - Dma

+ 1@ (1) (m+1) — Tr—1)(ma)—1]>

Combining the last inequalities, we get

! 3 ~3 m—l—l 3 =1
VBT IV A (i) + 0 (@) |2 < (M ) [T
t=0 t=0
7—1
+ Z |2k (met1) = Trman)—1 ]l
k=0

where T = (7 — 1)(m + 1) + ¢ with £ € N and 1 < ¢ < m + 1. From last inequality and

some algebraic manipulation, we have

T—1 3 T—1
_ 3 ~3 m+ 1 2
NIV ) + & (@) < (1 + 284 ) et — a0
t=0 t=0

Hence, using Lemma 2.8, we obtain

T-1 3
3 ~3 m+1)2
Y IV I (@) + ¢ (@)l]2 < V3 (1 +A2 o+ H) A+ V3llzo — -,
=0 3(2)

which concludes the first result. Now, note that the inequality in (2-32), along with the

definitions of oymaz, A and A, implies the second result of the theorem. O

The next theorem gives us a complexity on the number of functions and gradient

evaluations of Algorithm 1.

Theorem 2.11. Suppose A1 and A2 hold. Consider that Algorithm 1 is implemented such
that By ; in Step 1.1 is computed as in (1-15). Then, the number of gradient and function
evaluations up to the T-th iteration, FGE(T), is bounded as follows:

(n+m+2)(T +m)
m+ 1

FGE(T) < <2+lo g, ) + log, E””i (2-33)
2]

m+ 1)

As a consequence, given € > 0, the total number of FGE required to generate an e-

approzimate critical point is O ((n +m)m=1/2e3/2 + (n +m)).

Proof. Consider an arbitrary block 7. Hence, using the notation in Lemma 2.7, that is,
T=(r—-1)(m+1)+¢with £ € N, 1 < /¢ < m+1, it follows from Algorithm 1 that
the number of functions and gradient evaluations for the first and for the other iterations
te{(r—-1)(m+1)+1L,(r—1)(m+1)+2,....,(7r —1)(m+1)+1—1}) of block 7 are
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bounded, respectively, by
(ir—1)(m+1y + D0+ 1), (e +1), (2-34)
if 7 is not the first block and
2+ (ir=1)(m+1) T D+ 1), (Je + 1),

otherwise. From Steps 2 and 3.4 of Algorithm 1, we have 2~ 1oy = 04,1 and 2/t~ Loy = 0y,

which implies that

ir—1)(m+1) T 1 =108 01y (ma1)+1 — 1082 0(r_1)(m+1) + 2,

and j; + 1 = logy 0441 —logg oy + 2 for all (1 —1)(m+1)+1 <t <T — 1. Combining the
last equalities with (2-34), we have

T-1

(ir-tymen + D+ + > e+ 1)
t=(7—1)(m+1)+1
T-1

= (n+1)(logy 0(r—1)(m4+1)+1 — 1082 O(r—1)(m41) +2) + Z (logy 041 — logy 0y + 2)
t=(t—1)(m+1)+1

<2(n+m+2)+ (n+1)(108; 0(r—1)(m+1)+1 — 1082 T(r—1)(m+1)) + 1083 o1 — 1083 T(7 1) (m+1)+1-

Applying the last inequalities for multiples values of 7, we obtain

m
2+ (io+ 1)(n+ 1)+ Y _(ji + 1) = 2(n + m+2) + (n + 1)(logy 01 — logy 70)
t=1
+ 1085 01 — logy o1,
2m—+1
(imp1 + D +1)+ > (Gr+1) <2(n+m+2)+ (n+1)(logy oma — logy i)
t=m+2

+ 1083 02(m11) — 108 o2,

T—1
(itr—1y(min) + 1) (n+1) + > Ge+1) <2(n+m+2)
t=(7—1)(m+1)+1

+ (n+ 1)(10g2 0(r—1)(m+1)+1 — 1082 O(r—1)(m+1)) + 1082 01 — 108y T (7 _1)(mt1)41-
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Combining the last inequalities and (2-25), we obtain

k(m—i-l Omazx
FGE(T) <2 2) 2) 1 logg ———.
(T)<2r(n+m+2)+ (n+ Zo ) —|—og200<m+1)

which, combined with o; > o9, implies that

Omazx

oo(m + 1)’

2(T+m)(n+m+2) (T‘|‘m)(n+2) log2 Omazx

FGE(T) <
(T) < m—+1 m+ 1

+ logy
where in the last inequality we used 7 < (T'+ m)/(m + 1), which implies the desired
inequality. On the other hand, the second result follows from (2-33) and the complexity on
the term 7. 0

Remark 2.12. (i) If By, is updated as in (1-16), it can be shown that the statement of

the last theorem still holds, however with o slight modification:

(2n+m+2)(T+m) Omax
< _.
FGE(T) < p— 2-+logy =7 ) + logy —owt

(ii) Comparing the results in Theorem 2.11 with the ones in [6, Algorithm 2], we see that
the bound in (2-33) is similar, in terms of n and m, to the one in [6, Lemma 4.4]. At the
same time, their bound on the total number of function and gradient evaluations to generate
an e-approzimate critical point, is O ((n +m)m Y2732 4 (n + m)), so the complexity in
Theorem 2.11 is maintained. (iii) Taking m = n in Theorem 2.11 we get a complexity of
@) (n1/26_3/2 + n) to the number of function and gradient evaluations, which is a reduction

1/2

by a factor of n'/< in comparison with the CNM proposed in [8].

The next section establishes an algorithm that finds an approximate solution to

the problem (0-3) when both the gradient and Hessian are not known.



CHAPTER 3

Cubic Regularization Method with Inexact

Gradient and Lazy Hessian approximations

In this chapter, we present our second algorithm for solving (0-3). It consist of a
variant of the cubic regularization method in which the gradient and Hessian of the function
f is assumed to be unavailable and both the Hessian and gradient are approximated such
that some conditions are satisfied.

The Chapters are organized as follows. Section 3.1 introduces some essential
auxiliary results. Section 3.2 presents the second algorithm. And finally, Section 3.3 shows

iterations complexity results for the second algorithm.

3.1 Auxiliary Results

The subproblem of the proposed algorithm will be associated to the following

cubic model

M o(0) = f() + (g@)y = 2) + 5(BE @ -y -2+ Sy ol (1)

where z,z € R, o > 0, g(z) is an approximation to the gradient of f on z, and B(z)
is an approximation to the Hessian of f on the point z. Note that the approximation B
constructed by (1-23) uses n times more evaluations of f compared to the approximation
g in (1-9). Therefore, computing the Hessian and maintaining it fixed for m > 0
iterations, while we update the gradient approximation g every iteration, might reduce
the computational cost in terms of f.

Under some assumptions on M . »(+), g(-), B() and o, we can establish a bound

on the term F(z) — F(z™), which follows from this next proposition.

Proposition 3.1. Suppose A1 holds and assume that x™ € R" satisfies

M, o(x") +(a™) < F(a), (3-2)

T,x,0

for some x € R" and o > 0. Moreover, suppose that for some kg,kp > 0 and T € R", it
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holds that

lg(x) = V(@) < rgllz — 2| and ||B(z) = V?f(2)|| < wpllz — 2. (3-3)
It 3
o > 2(L+ Vorp? + 185°K3), (3-4)

for some p > 0, then

1
Lzt — 2] — =z — 2|

F(z) - F(z%) > 5 3

[

Proof. From inequality (1-3) and definition of M, ,(-) in (3-1), we have

F@™) < f@) + (V@) a® —a) + SV @)@ —a),a® - a) + la® — aff

<MY, o (2) +(Vf(z) - g(a),a™ —x) + %<(V2f(w) — B(z))(z* —2),2" — 1)
L—o

%

ot — o
From (3-2), (3-3), F = f + ¢ and Cauchy-Schwarz inequality, we get

F(z™) < F(z) + lg(x) = V(@) [la" — 2| + %HB(%) = V@)l — 2|

L—o
+_ 3
+ =gl
. KB . L—o
< F(2) + gl = #lla* — ol + o = [l — 2]* + = llet —alf
1
lo =217 o2 o — &l r5(3p)3 o™ — 2]
= Fla) + =5 ry(3p)Slet —all + 5
(3p)3 (3p)3
L —
o llet —all”. (3-5)

Using Proposition 1.10 with

— &2 3
azu b:mg(3ﬁ)§||x+—w|] p=—- and g¢q=3,
(3p)5 2
we get
112 113 2+ 3,3
T —I 2 2lr — 2 9p*||lz™ — x||°K
(3p) P s

Again, by Proposition 1.10 with

A Ny o4+ 2 3
S e 1) Ll el W 3
(3p)3 2 2
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we have
. _ 3 a1l .
|z — &l 55(3p)" P lat —al® _ V265 (3p)2 [t — xff® Lz =2 (5-7)
(3p)3 2 - 6 95
Combining (3-5), (3-6) and (3-7), it follows that
3 1 _ .
V6kEp2 +180°k + L — o et — al® + |z — 2|3
3p

F(zt) < F(z) + G

From last inequality and (3-4), we have
F(at) < F(a) - Tt — 2l + - le 2l
- 12 3p ’
O

which implies the desired result.
The next proposition gives another estimate for F(z) — F(x™). In the context

of the algorithm implementation, the approximation B of the Hessian that we made on

z € R" is reused for the next m > 0 fixed iterations.
Proposition 3.2. Suppose A1 holds and assume that = € R™ satisfies

M. (=) + (") < F(a), (3-8)

or some x,z € R" and o0 > 0. Moreover, suppose that for some k,, kg > 0 and z,%2 € R",
’ g

it holds that

lg(x) = Vf(@)|| < wyllz = 2| and [|B(2) = V*f(2)|| < mplz— 2. (3-9)
If
3
o> 2(L+ V2L3 7 + V2r3p7 + +26357), (3-10)
for some p,p,p >0, then
2 1 1
F(z) - F(a™) > 1%||x+ —af® - 373||$ — 2| - ;ﬁl\x —z|* - 32— 2% (611

Proof. From inequality (1-3) and definition of M{ . ,(-) in (3-1), we get

Fh) < F@) + (VI @)t — ) + (V@) —a)at - o)+ Ll ol

< Mo (=) + llg(x) = V@) lla™ — 2 + %HV%‘(&") = B()|ll2" — 2|
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Combining the last inequality with (3-8), (3-9), F' = f+1 and Cauchy-Schwarz inequality,

we obtain

R L KB A
F(z*) < F(x) + rgllz — 2|l — 2| + Sl = 2l — 2| + — Iz = 22t — x)?
L—o
6

+ |2t — x|

From Proposition 1.10 with

_ e

3
b:,gg/}§||g;+—xH p=—- and ¢=3,
i 2

a

win

we have

|z — 2|

F;

e — 2P K3zt —z?
| [ I I

. 2
kgllr — 2]*[la* — 2 = kgpt [l — x| < 37 3

P (3-12)

Hence, by inequalities (2-12), (2-13) and (3-12), we have

3
V2307 +V2L3 % + 26357 + L — o

5 2
F(z) < F(x) + H»’U*—»’UHSJr*pr—ﬁ?H?’

< 5 Y
1 1
+ 373”33 —z|P + ?TpHZ —z|°.
From (3-10), it follows the desired result in (3-11). O

Combining the Lemmas 1.11 and 1.14, with the Proposition 3.2, we can find hg, hp
associated with the approximations g and B respectively and ¢ such that the inequality
(3-11) holds.

Theorem 3.3. Suppose A1 holds. Let x,%,2,2 € R", kp,kg > 0 and o > 0. Consider
M7 . +(-) as in (3-1) where the matriz B(z) € R™ ™ is defined by

B(z) = 5(A(z) + AT (),

and A is as in (1-23) with x = z, and g as defined in (1-7), with

1
6K 22 3KB )

where hy and hp are associated with the approzimations g and B respectively. Assume also
that x+ € R" satisfies (3-8). If

3
o> 2(L+V2L3 7 +V2r3p7 + 25357), (3-13)
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for some p,p,p >0, then

1 1 R
ol =2l = =z = 2.
3p 3p

(o}

Fla) - Fa*) 2 &

2 .
2% = 2]” = =l — 2]* -
1

—

Proof. It follows from Lemma 1.14 with x = z and (1-25) that

L L L
1B() - V3 ()l < Tothp < S = B o (314)
On the other hand, from Lemma 1.11 and (1-8), we have
VnL o _+/nL 6k, o _ kgL 02
lofe) = Vi@ < Ymnd < R o - st < Bje a2 (319)

The inequalities (3-14) and (3-15), combined with the fact that (3-13) implies L/o < 1,
yields

1B(z) = V2f(2)]| < mpllz = 2l and |lg(x) = V (@)l < rgllz — 2%,

Therefore, since the all assumptions of Proposition 3.2 hold, then the desired inequality

follows trivially from Proposition 3.2. 0

The next proposition gives us an upper bound for ||Vf(z™) + «'(zT)| if
g(-), B(-), VM{ . »(-) and z™ satisfy some conditions.

Proposition 3.4. Suppose A1 holds and assume that the matriz B(z) € R"*", g(x) € R"
in (3-1) satisfy (3-9) for some kp,kg > 0 and x,2,2,2 € R™. Moreover, assume that
xt € R"™ satisfies

IVME . o (27) + ' ()] < Ol — =, (3-16)

for some ¢/ (xt) € O(zT), >0 and o > 0. If p, p* > 0, then

IVf(@t) + o/ (ah))? <2

3
o+ L+ L%+ r5pc+20\2, | 3
. = ]

3
+ w2z — 2| +

e — =l | Iz~ zu?’]
3 3 .3 :
2p 22p*2

3
2

Proof. From (1-1), (1-2), (3-9), (3-16), triangle inequality and definition of MZ ,,(-) in
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(3-1), we get
IVF@") + ' @) < IVFa™) = VML ()] + VML . (™) + /()]

< V(@) —g(a) = BE)(* —2) = Zlla* —al| @ — )]
+ 0|zt — x|
< V(@) = g(@) + VI(@") = V(@) = BE)(@* — )|
+(5+6) ot —al?
< V™) = V() = V2f(@) (" =) + [V f(2) = B:) |+ — ]
+ llg(@) = VI @) + (5 +0) l* — ]

L+o N
< (B2 +0) et —al? + wllo — 217 + 18G) - V7)o ~ o

+IV2f(2) = V2 f(2)l|la* — =]

L+o . N
< (57 0) e —al? + wllo = 617 + mall — 2l i

+ Lz — 2|zt — z||. (3-17)

Hence, using Proposition 1.10 with a = ||z — z||/p"/?, b= Lp"/?||z* — z| and p = ¢ = 2,

we obtain
oz — 2| | L?pllat —z?
+ .

3-18

Lz = 2|la" - 2| <

Again, by Proposition 1.10 with a = ||z — 2H/p*%, b= ,%Bp*%”:ﬁ —z| and p=q =2, we

have

5112 2 k||t 2
wpllz = 2o —a < FE 4 B 2L (319)
It follows from (3-17), (3-18) and (3-19) that
o+ L+ L%p+ k%p* +20 . 1
IVf(zT) + ¢/ (") < ( 5 B [ —xH2—f—fing—xHQ—i—%Ha:—zHQ
1 5112
+ ZP*HZ—ZH .

Raising the last inequality to the power of 3/2 and using the inequality (1-5) for the
function ¢ — t3/2, ¢ > 0 with p; = py = p3 = py = 1/4, we get

3
3 o+ L+ L%+ r%5p* +20\ 2
Vs + vt <2 + o
3 A z—z|? z— 2|3
PR VI Lk g 2| ]
202 22p*2

which gives the desired inequality. O
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3.2 Cubic Regularization Method with Inexact
Gradient and Lazy Hessian approximations

In this section we discuss another algorithm that finds an e-approximate critical

point for the problem (0-3).

Algorithm 2. Cubic Regularization Method with Inexact Gradient and Lazy
Hessian approximations

Step 0. Choose z_1,z9 € R" such that ||xg — z_1|]® = ¢/(m + 1) for some ¢ > 0. Take
00>0,0>0,m>0, kg, kp > 0, and set ¢ := 0.

Step 1. Find the smallest integer i > 0 such that 2=1oy > og(m + 1).

Step 1.1. Construct g¢; and By ; such that

R R
1B,i(we) = V2 f(z)l| < Q%Hl‘t — |l and lgei(e) = V@)l < g lle — 1] (3-20)

Step 1.2. Compute :L'jl such that

MY, i @)+ 00T S Flo), VM2 o () + 0/ ()| < Ol — il (3-21)

for some v’ (:n“) € 0Y(x; ) where M7 , »(+) is as in (3-1).
Step 1.3. If

QiUt 3 (o)) 3
1 ;s — 2] = 8H$t—3€t—1H ) (3-22)

set ¢ := ¢ and go to Step 2. Otherwise, set ¢ := 4+ 1 and go to Step 1.1.

Step 2. Set x4 := x;rit, Otq1 i= 2i—lg, By = By, t:=t+1.

Step 3. If m >0, let t :=¢t, B := B;_; and go to Step 3.1. Otherwise, return to Step 1.
Step 3.1. Find the smallest integer j > 0 such that 2/~1o; > og(m + 1).

Step 3.2 Construct g;; such that

F(zy) = F(x];) >

R
gt (@) = V f(ze)]| < 2%1”% — x|

Step 3.3 Compute xzrj such that

MY () +ela) < Fa), Hv SO € R € )H<9||xtj—ajt||2

for some ¢/ (x7;) € Oy (a;;), where MY, 5(-) is as in (3-1).
Step 3.4 If

27 Ut oo(m +1) 00 3
12 m”xt — x4

Zgu-rg_l — 3yl (3-23)

F(x) = F(a;) > = me — x|’ - e — e ||* —



3.2 Cubic Regularization Method with Inexact Gradient and Lazy Hessian approximations 55

set j; := j and go to Step 3.5. Otherwise, set j := j 4+ 1 and go to Step 3.2.
Step 3.5 Set z;11 := x:jt, o1 =2 to and t =t + 1.
Step 3.6 If t <t +m, go to Step 3.1; otherwise, go to Step 1.

Remark 3.5. (i) We mention that a Hessian approximation B;; and gradient approxima-
tion g¢; satisfying the condition (3-20) can be obtained by evaluations of the function f.
Indeed, it follows from Lemma 1.11 with

9 1
6|ze — ze—1][* ) 2
2i—1 ’

r:=x; and hg:<

that the approxzimation g ; as defined in (1-7) satisfies (3-20) with kg = \/nL. On the other
hand, from Lemma 1.14 with

Bl — 1|

z:=x; and hp= T ,

that the approzimation By, as defined in (1-23) satisfies (3-20) with kg = nL. (ii) Note
that a;fl as in Step 1.2 is an inexact solution of the problem

min M? i
yeQ  TT2'o

(y) +¥(y)-

Conditions in (3-21) only require o decrease of the cubic reqularized model summed with
the function ¢ and an approzimate first-order stationary point of the above problem. (iii)
Note that the sequence of parameters {o;} can be nonmonotone. Indeed, if iy = 0, we
have o111 = 24 Yoy = 04/2 < oy. (iv) Note that both conditions (3-22) and (3-23) allow

acceptance of a trial point x?‘l such that

Consequently, the sequence {F(xt)}i>0 may be nonmonotone. (v) Considering Bi; as
described in (i), the main differences between our algorithm and the first-order CNM of
[6, Algorithm 4] lie in the choice of the parameters hy and hp used for the finite-difference
approzimations and the timing of Hessian updates. In their method, both the parameters
hg and hp depend on the precision € and may be smaller than our choice. On the other
hand, we obtain a suitable Hessian approzimation—possibly updating it multiple times—at
the first iteration of each block and retain it for the remaining iterations of that block. In
contrast, the method in [6, Algorithm J] constructs a Hessian approximation at the first
iteration of each block but terminates the block’s iterations (starting a new block) if a certain

acceptance condition is not met.
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3.3 Iteration-complexity for Algorithm 2

In the following, we proceed to the complexity analysis of Algorithm 2. We begin
by proving that the sequence of parameters {o;} is bounded from above. In particular, we

show that the inner procedures in Steps 1.3 and 3.4 end in a finite number of iterations.

Lemma 3.6. Suppose A1 holds. Then, the reqularization parameters oy in Algorithm 2
for Step 1.3 satisfy

a0 0o

1 2
3 /16 2 16
oo(m—+1) <oy < Fmaz :=0o(m+1) +2 <L + 4V3R3 () + 144/%3 <> ) , (3-24)

for allt > 1. As a consequence, the inner procedure in Step 1.3 end in a finite number of

iterations.

Proof. Let us prove by induction on t that (3-24) holds. For ¢ = 1 the proof is analogous
to the one in Lemma 2.6.

Now, suppose that the inequality (3-24) holds for some natural number ¢ > 1,
then og(m + 1) < 0y < Gpaz- Let us divide the proof into two cases:

Case (i; = 0): From Step 1, we have 2°~1o; > oo(m + 1), consequently
01 1 ~
oo(m +1) < 0141 = 2701 = 50t < 0t < Tmax.

Case (iy > 0): From Step 1, we get o441 = 2% loy > oo(m + 1). Now, assume by

contradiction that 2 1oy > Gynes. Hence, we have

1 2
. 3 /162 16
2" loy > 2 (L +4V3R3 <> + 144 <) )
00 g0
_ 3 1 — 3 2
KB \2 (162 Rg 16

where we used the fact that 4 > 1/2/(2%~1)3/2 in the last inequality. Then, it follows from

Proposition 3.1 with o = 247 1oy | kp = Kp/247 Y, Kk, = Ke/207 1, 2t = x;ri, T = xy,

T=T4_1, p= 16/0’0, that

2it—10.t
12

“ 0'0
F(xy) = Flayg;) > s = 2l = gl = zeall?,

hence, the inequality (3-22) holds for ¢ = i; — 1, contradicting the minimality of ;. So

Ot4+1 < Omaz, which implies the desired inequality. O

Lemma 3.7. Suppose A1 holds. Then, the reqularization parameters oy in Algorithm 2
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for Step 3.4 satisfy

1 1
24 1)2\ 2 3 /16 2

O’(](m—|—1) < 0t < Omaz = Jo(m+1)+2(L+\/§Lg <(7;L+)> +4Ré < )
00

167 <ao<n?+1))2 ) (3-25)

for allt > 1. As a consequence, the inner procedure in Step 3.4 end in o finite number of

iterations.

Proof. Let us prove by induction on t that (3-24) holds. For ¢ = 1 the proof is analogous
to the one in Lemma 2.6.

Now, suppose that the inequality (3-25) holds for some natural number ¢ > 1,
then og(m + 1) < 0y < Gpaz- Let us divide the proof into two cases:

Case (j; = 0): From Step 3.1, we have 2°~1o; > o¢(m + 1), consequently
0—1 1 ~
oo(m+1) <oy =20y = 30t < 04 < Omax-

Case (j; > 0): From Step 3.1, we get o111 = 2/t~ ta; > oo(m + 1), so the first inequality

holds. Now, assume by contradiction that 27t~ 1oy > Gppae. Hence, we get

1 1
. 24 1)2\ 2 3 /162 8 2
2t lg, > 2 | L++2L2 24(m +1)7 +4r% | — ) +16R) [ ———
909 o) 9\ oo(m +1)

22<L+\/§L3 (W;W)+\/§< i ><16>

o) 27t—1 o)

e (2§g—1>3 (aoo:ﬂ))Q)’

where we used the fact that 4 > v/2/(27+~1)3/2 in the last inequality. Then, it follows from

+
t,3°

E=m1, 2 =135, 2 =35, p=8/(co(m+1)), p=24(m + 1)?/(900) and p = 16/ay,
that

Proposition 3.2 with o = 2/t7loy | kg = kp/2t7 Y K, = Ry/20t71 2t = 2t x = 2y,

oo(m+1)
12

2it—1g
F(xy) — F(ay)) > L

=12 |z — zp_y |)?

oy — el — lze = ze | ~

g0 |
8(m +1)?
o)
- Pllaz_y - 21_l®

Therefore, the inequality (3-23) holds for j = j; — 1, contradicting the minimality of j;. So

Ot+1 < Omaz, Which implies the desired inequality. O

Next, we present some key results to establish a global iteration-complexity bound
for Algorithm 2.
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Lemma 3.8. Suppose A1 and A2 holds. Let {x;}1_, be a sequence generated by Al-
gorithm 2. Let T be the block number associated to the T-th iteration, that s, T =
(t—1)x(m+1)+LwithleNand1<{¢<m+1. Then,

(i) F(xr) S F(x(r—1)(m+1)) + %{rl)\lx(rq)(mﬂ) - Tr-Dmen-1l? -
% mH)Z yomt1) 741 —x]?, ZfT> L.

(i) F(zr) < F(ﬂ«“o) + o — D S lwes — i, if 7= 1.

Zﬁ;ﬁ associated to the block

7. It follows from Algorithm 2, that the ((7 — 1)(m + 1) + 1)-th iteration satisfies (3-22),

whereas the (£ — 1)-th consecutive ones satisfy (3-23). Hence,

Proof. For 1 </ <m + 1, consider the sequence {l‘t}(T 1

7—1)(m 1 1
F(l’(r )(m+1)+1) < F(x T(r— 1)(m+1)) Zr=t)mi)+t )(6 Ltlas Hﬂ?r ) (m+1)+1 — L(r— 1)(m+1)”3

90 3
+ @H»”U(T—n(mﬂ) — (1) mr1)-1°;

O(r—1)(m+1)+2

F(2(r—1y(ms1)+2) < F(Z(r—1)(mt1)+1) — TH?C (r—1)(m+1)+2 = Tr—1)(m+1)+1]°
og(m +1) 3 oo 3
+ T||$(T—1)(m+1)+1 = T(r—1)ym+1) |7 + 8(m + 1) 1Z(r=1)(m+1)+1 — Tr—1)(m+1) |l

00 3
+ @Hxh—l)(mﬂ) — (1) mt1)—1 17

O(r—1)(m+1)+3
F(x(f—l)(m+1)+3) < F($(T—1)(m+1)+2) - +‘|x(7'—1)(m+1)+3 - $(7—1)(m+1)+2||3
Uo(m —+ 1) . o) -
— -1 mt1)+2 — Tr—1)min 1>+ 2T -1 mt1) — Ter—1)mt1)—1 1
12 48
00

3
S0+ D2 1Pe-Demen+2 = Femnmen [

oo(m+1)
F(z(r—1)m+1)+1) < F(@(r—1)m+1)+0-1)) + T\\$(771)(m+1)+(171) — Tr— D) (mt1)+0-2)|°
O(r—1)(m+1)+1 (o))
— Dl )+ )(6 ) 12— 1) (mt 1)+ — Tr—1)mt1)+a-1) 1> + E“x('rfl)(erl) — Tyt ®

+ LIIBJ(PD(mHH(zq) — Ty I°-
8(m + 1)2

Combining all the above inequalities with the fact that T'— (7 —1)(m+1) = ¢, (3-24) and
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(3-25) hold, we get

(T —(r—=1)(m+1))o

0

F(or) < F(T(r—1)(m+1)) + 13 12 (1) mt1) — 1) mt)—1 1
T-—1 T—1
oo(m +1 o
O [Ty i A S PPN
6 8(m +1)
t=(7—1)(m+1) t=(t—1)(m+1)+1
T—2

Uo(m+1
$2UAD S
t=(r—1)(m+1)

Hence, from ¢ < m+1, some algebraic manipulations and Lemma 2.7(i), we get the desired

result. The result in Lemma 3.8(ii) follows analogously. O

Finally, from this lemma, we obtain a key bound result for the sequence {||x¢+1 —

%}

Lemma 3.9. Suppose A1 and A2 holds. Let {xt}thl be a sequence generated by Algorithm
2. Let 7 € N—{0} be the block number associated with the T-th iteration as in Lemma 3.8.

Then,
T-1
S e — ol < L (BE@I )
— t+ M= m+1 o0 ’

Proof. 1t follows from Lemma 3.8(i) with multiples values of 7 and Lemma 3.8(ii) that

opcC

oo(m + 1) &

0

F(zm41) < F(zo) — a1 E @1 — ae])® + 18
=0

2m+1

oo(m +1 5  oo(m+1) .
Faagnen) < Flamn) = 20 ED S a4 PO Dy,
t=m-+1

oo(m +1) =
0
F(ar) < F(!T(r—l)(mﬂ)) Y Z |zt+1 — l’tHB
t=(r—1)(m+1)
oo(m—+1 .
+ (zrg)H*’”(Tl)(mH) — (1))l

Combining all the last inequalities, it follows that

~

-1 T—1
oo(m+1 oo(m+1
(24) |@e1 — e ||® + (48) |Zk(ma1) — xk(m+1)—1H3

k=1

F(xp) < F(xo) —

~+
Il
o

opcC
+ TR



3.3 Iteration-complexity for Algorithm 2 60

From last inequality, some algebraic manipulations and F'(xp) > F*, we have

+1) Uoc
F*< F (L _
< F(zo) — 48 ; 2441 ﬁftH 48

which implies the desired inequality. O

The following lemma gives us another key bound in the algorithm complexity

analysis.

Lemma 3.10. Suppose A1 holds. Let {x;}1_, be the sequence generated by Algorithm 2.
Let 7 € N — {0} be the block number associated with the T-th iteration as in Lemma 3.8.

Then,
T—1

3
x> e =@l + (2692 1) oo ymen — 2e-nmin-il, (3-26)
t=(7—1)(m+1)

T-1

270 Y (V@) + ¥ @)])? < <ﬁ3/2+

t=(7—1)(m+1)

3
2

(m+1)
3

N

+ (2kg)

where 7 := Gmaz + (L + L2(m +1))/2 + 2k%(m + 1)% + 0 and Gpmar := max{Tmazs Omaz | -

Proof. For 1 <{<m+1, let {xt}(T b (nmzﬂ;ﬁ be the sequence associated with the block
7. Since Z(r_1)(m+1)4+1 18 the first iteration, it follows from Algorithm 2 and Proposition
3.4 with 0 = 2%y, 2t = 2401, © = T4, 2 = T4, 5 = T4_1, Kg = Rg/Qiﬁl, kp = kg /2471,

p=m+1, p*=(m+1)*%and t = (r — 1)(m + 1) that

2 L+ L7 1 1 2 = 2
2 )+ 0/ )|} < (FOEEEERE ) DR (200 )

- 3
I Tt — Te_q

e -zl + (=29 ) 7 g — gy )P 4 12 =2l
2u-1 22 (m + 1)

N|w

which, combined with 210, = 0441 < Gynae (see Step 2 of Algorithm 2, (3-24) and (3-25))
and i; > 0, yields

_ 3 3
27|V f(wep1) + U (mep )12 <777 |wern — P + (2Rg) 2 |2 — 241 |®
|zt — 24— 1H3

97
22(m+1) (3-27)

Let us now consider the case where x4 corresponds to the remaining iterations of the
sequence, i.e, t satisfies  := (1 — 1)(m + 1) +1 <t < (7 — 1)(m + 1) + £ — 1. Hence, it

follows from Algorithm 2 and Proposition 3.4 with 0 = 2%ty o7 = 2441, 2 = 24, 2 = Tj_q,
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F=ap oy, kg = Re/27Y kg =Kp/277 p=m+1and p* = (m+ 1)%3 that

3
2

3 9 % —
2V (o) + ¥ )l < (23 el O () ”)

2 2 21
3
Rg \2 e — 2y 1P ey — 2o
X ||lze1 — 2e]]* + <2jt91> |z =z |)® + 2§( ;11)3 + ;31< _:1; :
2(m 2 2(m

Since 2/t~ 1oy = 0441 < Gpmae (see Step 3.5 of Algorithm 2, (3-24) and (3-25)) and j; > 0,
we get
1 / 3 .3 3 _ 3 g Nz =2y
27|V (@eg1) + P (@) |2 S 02 llzepr — zel]” + (2Rg) 2 ||l2e — mea |I° + 57— — 5
22(m+1)2
lwg_y — 2,

23 (m + 1) (3-28)

forall f <t < (7—1)(m+1)+£—1. From relation (3-28) with <t < (1 —1)(m+1)+£—1
and the inequality (3-27) obtained, we have

N
3
_l_

=

N

(7—1)(m+1)+1—1

2 S V) )] S(ﬁ +3+<2Rg>3>
t=(r—1)(m-+1)

(r=1)(m+1)+i—1

DY me—wtu?’+(<2ﬁg>

t=(r—1)(m+1)

l

i (m+1)> (1)1 = @1yl

(NI

Where in the last inequality we used Lemma 2.7(i). From 7' = (7 — 1)(m + 1) + ¢, and
¢ <m+ 1, we obtain the desired result. O

We are now ready to present an iteration complexity bound for the Algorithm 2

in terms of the outer iteration number.

Theorem 3.11. Suppose A1 and A2 holds. Let {x;}1_; be a sequence generated by
Algorithm 2. Let 7 € N — {0} be the block number associated with the T-th iteration as
in Lemma 3.8, then it follows that

T-1
21 Z IV f(@e41) + 0 (@441)]

t=0

Tl
IN
VR
—_

+
S}

3
e
S+(m§ )2 +2(2,£g)3> 0

¢
1 -2
* )m—l—l’ (3-29)

where n = (48(F(zo) — F*) /oo + ¢)/(m + 1), 71 and Gmagz are as in Lemma 3.10. As a
consequence, given € > 0 Algorithm 2 needs at most O (m1/26_3/2) iterations to generate

an e—approzimate critical point for problem (0-3).

Proof. Let 7j:= ﬁ% + (m+ 1)%/3 + (2/%9)%. It follows from inequality (3-26) with multiples
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values of 7 that

m
§
1Z:HVf (@) + ¢ @er)|12 <7 e — 2
=0 =0
3
2

+ ((270)% +1) lzo — 21,

2m+1 2m+1

_ ER
27 Y V(@) + ¥ @ )l2 <0 Y llwgn — @)

t=m+1 t=m+1

3
+ (@Fg)% +1) lloms1 = @l

3m+2 5 3m+2
278 N V) H Y @)l2 <00 Y e — )
t=2(m+1) t=2(m+1)

_ .3
+ ((2’99)2 + 1) Z2(m41) — x2(m+1)71H37

T-1

T—
27t HVf(a:tH)w’(le)u%gﬁ Z o1 — @

t=(r—1)(m-+1) +1)

1
3
(2'€g)2 ) 12— 1)(mt1) = Tr—1)mr1)—1]I-

/N

Combining the last inequalities, we get

T-1
3

271 1V (o) + ¥ @ern)llE < (7 (20)F + )anm—xtn
t=0

3
2

+ ((2;?;9)

+Qum—xﬁw.

where T'= (71 —1)(m+1)+{¢ with € Nand 1 < /¢ <m+1. From Z?:Bl lzerr — 24| < m,
we obtain the inequality (3-29). Now, combining the inequality (3-29), definition of a4z,
n and 7 we get the second part of the theorem. O

The next theorem gives us a complexity on the number of functions and gradient

evaluations of Algorithm 2.

Theorem 3.12. Suppose A1 and A2 hold. Consider that Algorithm 2 is implemented such
that By; in Step 1.1 is computed as in (1-23) and g; in Steps 1.1 and 3.2 are computed
as in (1-7). Then, the number of function evaluations up to the T-th iteration, FE(T), is
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bounded as follows:

FET) <

n? +mn + 2n +m+ 2)(T +m) <2+10g2 Ama:c)
m—+1

Omax
+ 10g2 m7 (3—30)

where Omazr 15 as in Lemma 8.10. As a consequence, given € > 0, the to-

tal number of FE required to generated an e-approzimate critical point s
O ((n? + mn)m=2e73/2 4+ (n® + mn)).

Proof. Consider an arbitrary block 7. Hence, using the notation in Lemma 3.8, that
is, T = (t—1(m+ 1)+ ¢ with 1 < ¢ < m + 1, it follows from Algorithm 2
that the number of functions evaluations for the first and for the other iterations (¢ €
{r=1)(m+1)+1,(r—1)(m+1)+2,...,(r—1)(m+1)+1—1}) of block T are bounded,
respectively, by

(i(r—1)min) + D)% + 20+ 1), (n+1)(j + 1), (3-31)

if 7 is not the first block and
24 (igr—nymen) + D>+ 20+ 1), (n+1)(j + 1),

otherwise. From Steps 2 and 3.4 of Algorithm 1, we have 2/~ 'o; = 04,1 and 27t oy = 0441,

which implies that

i(r—1)(m+1) T 1 = 1083 0(r—1)(m+1)+1 — 1082 O(r—1)(m+1) + 2,

and j; + 1 = logy o441 —logg oy + 2 for all (1 —1)(m+1)+1 <t <T — 1. Combining the
last equalities with (3-31), we have

(ir-nminy + D +2+ )+ (n+1) Y (et 1)
t=(7—1)(m+1)+1

= (n® +2n 4 1)(1082 0/(r—1)(m+1)+1 — 1082 T(r—1)(m+1) + 2)
T-1
+(n+1) (logy o141 — logy o 4 2)
t=(t—1)(m+1)+1

<2(n” +mn+2n+m+2) + (n 4 1)*(108y 0(r—1)(m+1)+1 — 1082 O(r_1)(m+1))

+ logy op — log, O(r—1)(m+1)+1-
Applying the last inequalities for multiples values of 7, we obtain
m
2+ (ig+ 1)(n” +2n+ 1)+ (n+1) Y _(jr + 1) =2(n* + mn + 2n+ m + 2)
t=1

+(n+ 1)2(log2 o1 — logy 09) + logy 01 — logy o1,
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2m+1
(imp1+ D>+ 20+ 1)+ (n+1) D (e +1) < 2(n +mn+2n+m+2)
t=m+2

+ (n 4 1)%(logy Ot — 108y Ormi1) + logy T2(m+1) — 1083 Tm 2,

T—1
(ir—nymsy T D@+ 20+ )+ (n+1) Y (Gi+1) <
t=(7—1)(m+1)+1

2(n® +mn + 2n +m+2) + (n+ 1)*(108y 0 (r—1)(m+1)+1 — 1082 O (r_1)(m+1))

+ log, op — log, O(r—1)(m+1)+1-

Combining the last inequalities with (3-24) and (3-25), we obtain

T—1
g
FE(T) < 2r(n® +mn+2n+m+2) + (n+1)? + 1)} log, D
k=0 Thk(m+1)
a-maa:
+logy ———.
52 Go(m+ 1)
which, combined with oy > g, yields
FET) < 2T Em@ tmn g2 m+2) (Thm)((nt )’ 1)) G
a'ma:c
+logy ——m,
&2 Go(m+ 1)

where in the last inequality we used 7 < (T"+ m)/(m + 1). The inequality in (3-30) now
follows from the last inequality and some algebraic manipulations. On the other hand, the

second result follows from (3-30) and the complexity on 7. O

Remark 3.13. (i) If By, is updated as in (1-32), it can be shown that the statement of

the last theorem still holds, however with o slight modification:

Omaz Omax
2+1 —_ 1 _—
< + 0g9 o0 > + 0g9 O'[](m + 1)7

(n? 4+ mn +3n+m+2)(T +m)

FE(T) <
m+1

(i) Comparing the results in Theorem 3.12 with the ones for [6, Algorithm /], we see that
the bound in (3-30) is similar, in terms of n and m, to the one in [6, Lemma 5.4]. At
the same time, their bound on the total number of function evaluations, to generate an
e-approzimate critical point, is O ((n2 + mn)m~/2e73/2 4 (n? + mn)), so the complexity
in Theorem 3.12 is maintained. (111) Taking m = n in Theorem 2.11 we get a complezity of
O (n3/26_3/2 + nQ) to the number of function evaluations, which is a reduction by a factor

of n*/? in comparison with the method proposed in [4].



CHAPTER 4

Conclusion

In this work, we proposed and analyzed some methods for solving non-convex
optimization problems. We proposed two versions of the cubic regularization method with
lazy Hessian approximations for solving the general problem (0-3). For a given precision
€, it was shown that the first and second Algorithms require at most O (ml/ 2¢=3/ 2)
outer iterations to generate an e—approximate critical point for the aforementioned
problem. When the derivatives are computed by finite difference approaches, we show that
Algorithm 1 (resp. Algorithm 2) needs at most O ((n + m)m=1/2e=%/2 4 (n+m)) (resp.
O ((n% +mn)m=2673/2 + (n? + mn))) gradient and function (resp. function) evaluations
to generate an e-approximate critical point. In this regard, the two algorithms proposed
maintain the same complexity as in [6] in terms of both function and gradient evaluations,
as well as the number of outer iterations required to achieve an e-stationary point of
(0-3). At the same time, when we take m = n, it gives us the better complexity in terms
of functions and gradient (resp. function) evaluation of order O (nl/ 2e=3/2 +n) (resp.
@) (n3/26_3/2 + n2)) to achieve an e-stationary point of the main problem, where n is the
dimension of the domain of the objective function. In a future work, we will analyze the
numerical behavior of the proposed algorithms and compare them with other existing

methods.
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